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Abstract 

 

Hong-Lae Jang 

Industrial Engineering and Naval Architecture 

College of Engineering 

Seoul National University 
 

 A design sensitivity analysis (DSA) methodology of mechanical 

properties of nanomaterials is developed using the molecular dynamic (MD) 

simulation considering both non-shape and shape design variables. From a 

practical and engineering point of view, thermal effects are very important for 

simulations in atomistic level. For applications to practical nano-scale design 

problems, the constant temperature MD simulation is considered using the 

Nose-Hoover thermostat.  

 A huge amount of computation is usually required for the MD 

simulations since they are transient dynamic problems. Furthermore, for the 

DSA of MD systems that have many design variables, the computational cost 

is very expensive. The approximated DSA methods such as the finite 

difference method (FDM) are impractical from the viewpoint of sensitivity 

accuracy, because the MD simulations may include highly nonlinear design 

parameters. For an efficient and accurate DSA, an adjoint variable method 

(AVM) is employed. Since the adjoint equation of motion for transient 

dynamic sensitivity is derived in the form of a terminal value problem, the 

time reversibility of the dynamic system is required to develop the AVM. The 

time reversibility of both original MD and adjoint systems considering 

ensemble concept is investigated. Even though the MD systems for NVT 

ensemble are not reversible systems, the availability of whole time history in 

the original responses enables to develop the AVM for those path-dependent 

transient dynamic problems. The required adjoint terminal value problems are 

successfully solved since the tangent of the original system is exactly 
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reconstructed from the kinematics of atoms which are already kept in the 

original response analysis.  

 One of the reasons why nanomaterials can have physical properties 

which differ from those in their bulk counterpart is their extremely small size 

and morphology. To account for the shape effects in the nanoscale design of 

materials, the development of the shape DSA method is indispensable. We 

presented a shape design sensitivity analysis method for lattice structures 

using a generalized Langevin equation (GLE) to overcome the difficulty of 

discrete nature in atomic systems. Taking advantage of GLE forces, perturbed 

atomistic region is treated as the GLE impedance forces and the shape design 

problem of discrete atomic variations is converted into a non-shape problem 

with GLE impedance forces. The developed shape DSA method is applied to 

a dynamic crack propagation problem. 

 There are various nanomaterial structures such as nanowires, nanotubes, 

nanoparticles. Through some numerical examples the accuracy and efficiency 

of the developed method are demonstrated for various design problems. We 

especially concentrated on nanowires and carbon nanotubes due to their 

remarkable mechanical and thermal properties which differ from the bulk 

materials. To find out the optimal isotope doping configuration of a single-

walled CNT for the lowest thermal conductivity while satisfying the given 

isotope impurity percentage, the developed DSA method is further applied to 

the design optimization. 

 

Keywords: Molecular Dynamics (MD), Ensemble, Time Reversibility, 

Nanomaterial, Design Sensitivity Analysis (DSA), Adjoint 

Variable Method (AVM), Design Optimization 

 

Student Number: 2008-23023 
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Chapter 1. Introduction  

1.1 Motivation 

1.1.1 Design sensitivity of molecular dynamics (MD)  

Recently, with an increase of interest in nanoscale, molecular dynamics 

(MD) analysis methods are often used in many applications to create new 

materials, and elucidate complex physical phenomena such as solid fracture, 

surface friction, and plasticity. Therefore, the need for design optimization at 

the atomic level is naturally increasing for the development of new materials 

and to overcome the limitations in continuum-based analysis of modern 

engineering problems. However, a huge amount of computation is usually 

required for the MD simulations since they are transient dynamic problems. 

Furthermore, for the design sensitivity analysis (DSA) of MD systems that 

have many design variables, the computational cost is very expensive. The 

approximated DSA methods such as the finite difference method (FDM) are 

impractical from the viewpoint of sensitivity accuracy, because the MD 

simulations may include highly nonlinear design parameters. For instance, 

consider an MD simulation of a 1-dimensional atomic chain. Performance 

measure is time averaged temperature. Design variables are selected as the 

collision diameters of Lennard-Jones (LJ) potential, which are not practically 

controllable but for the testing purpose. Figure 1.1-(a) shows the comparison 

of computational costs to obtain the sensitivity using the FDM, direct 

differentiation method (DDM), and adjoint variable method (AVM). The 

AVM turns out to be the most efficient for multiple design variable problems. 

In Figure 1.1-(b), we notice that if we use an-harmonic potential which is 

highly nonlinear with respect to the design variables, the FDM is much more 

sensitive to design perturbations whereas it is moderately nonlinear for the 

harmonic potential. Too much or too less design perturbations in the FDM end 

up in inaccurate sensitivities. Therefore, an efficient and accurate analytical 
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DSA method is necessary in the problems that include molecular dynamics 

analysis. 

(a) Computing costs 

 

(b) Accuracy of FDM sensitivity 

Figure 1.1 Efficiency and accuracy 

 

 Nanomaterials describe materials of which a single unit is sized in the 

order of a nanometer ( 910  meter). One of the reasons why nanomaterials can 

have physical properties that differ from those in their bulk counterpart is their 

extremely small size and morphology. Using MD simulations, many 

researchers discussed the shape effects in the physical properties of nanowires 

(Koh and Lee, 2006, Wu et al., 2012, Yang et al., 2009) and nanoparticles 

(Armstrong and Peukert, 2012, Shibuta and Suzuki, 2008). To account for the 

shape effects in the nanoscale design of materials, the development of the 

shape DSA method is indispensable. 
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1.1.2 Design and what-if study of nanomaterials 

Development and improvement in technology of engineering devices 

depends on the availability of innovative materials which are capable of 

withstanding the strictest service conditions. The need for innovative 

materials lets scientists find out new materials for the service conditions. 

Nanomaterials such as nanotubes, nanowires, and nanoparticles have a 

potential to exhibit extraordinary combinations of properties. Due to their 

remarkable mechanical, electrical, thermal, and magnetic properties, 

nanomaterials have drawn considerable attention to the scientific community 

for the past decades.  

 Researchers have already demonstrated remarkable properties of 

nanomaterials by using both experimental and simulation approaches. 

Evidently, experimental studies can provide a wealth of meaningful 

information on the properties and performance of nanomaterials. However, 

the experimental approach to investigate nanomaterials has several drawbacks 

due to the difficulty in handling nanomaterials of extremely small dimensions 

and the huge cost for purchasing and maintaining the high precision 

equipment. In such context, MD simulation, one of the most popular computer 

simulation approaches, has been proposed by researchers and utilized to 

investigate properties of nanomaterials. Some new phenomena of 

nanomaterials in nano-scale have been discovered or approved by MD 

simulation studies, for example, the shape memory effect of metallic 

nanowires, superfast water transport in Carbon Nanotube (CNT) membranes 

and shape effects of nanoparticles on efficiency in drug delivery are reported 

by using MD simulation which are briefly illustrated in Figure 1.2. 

 Even though the cost for numerical approaches is lower than the 

experimental approaches, a huge amount of computation is usually required 

for the MD simulations since the limitation of both length and time scales 

exists. The MD simulation studies to discover the remarkable properties of 

nanomaterials and to design the nanomaterials of optimal performance in the 

given service conditions have been performed by trial and error. When the 

given MD system is large and the target performance of the nanomaterial 
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depends on many simulation parameters, a huge cost is required for the study. 

When it comes to the design sensitivity analysis the computational costs for 

the FDM and DDM is impractical since the costs are linearly proportional to 

the number of design variables as shown in Figure 1.1-(a). 

 In this research, we developed an analytical adjoint DSA method of MD 

simulations. For its applications to the nanomaterials, the constant 

temperature MD simulation is considered by using Nose-Hoover thermostat. 

Utilizing the developed DSA method, what-if studies of properties of 

nanomaterials are performed. Also, the design optimization problems of 

nanomaterials are formulated and solved using a gradient-based optimization 

algorithm.  
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(a) Shape memory effect of nanowires (Liang et al., 2005) 

 

(b) Superfast water transport through CNT (Walther et al., 2013) 

 

(c) Efficient drug delivery using nanoparticles (Vacha et al., 2011) 

Figure 1.2 Examples for MD simulation study of nanomaterials 

  



 

 6

1.2 Purpose and Scope 

In the fields of ship building, naval architecture, and ocean engineering, 

there have been difficulties with continuum-based approach to solve the 

problems such as collision of ships, fracture and thermally induced 

deformation in welding process of steel. Difficulties of these problems are due 

to their complex phenomena that cannot be captured in continuum sense. To 

elucidate these problems nanoscale analysis methods such as MD simulation 

are inevitable. Also, nanomaterials such as nanotubes, nanowires, and 

nanoparticles have a potential for applications in the field of naval 

architecture and ocean engineering due to their remarkable mechanical, 

electrical, thermal, and magnetic properties. For example, the demand for 

LNGCs (Liquefied Natural Gas Carrier) and offshore platforms in polar 

region are increasing due to growth of the market for the clean energy and 

high oil price. Therefore materials which have high performances in 

extremely low temperature condition are required for these kinds of ships and 

marine structures. Nanomaterials and their composites can have remarkable 

properties in these extreme conditions compared with the conventional bulk 

materials as surveyed in the previous section. 

The purpose of this research is to develop an efficient and accurate 

adjoint DSA method using MD simulation to overcome the difficulties of 

continuum-based analysis in modern engineering problems and to reflect the 

complex physical and chemical behaviors of nanomaterials in design 

optimization procedure. This research can be a foundation to design of 

nanomaterials which are applicable to the fields of ship building, naval 

architecture, and ocean engineering. 

From the engineering and practical point of view, thermal effects are 

very important for atomic level simulations. To make it realistic, we need to 

consider a statistical concept to deal with macroscopic behaviors due to the 

variations of microscopic variables since there are numerous cases for the 

microscopic states that can represent identical macroscopic properties 

(Frenkel and Smit, 2001). A canonical ensemble is used to represent the 
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possible states of a system which is in thermal equilibrium with a heat bath so 

that the resulting temperature is constant as shown in Figure 1.3. The 

thermodynamic variables of the canonical ensemble are the number of particle 

N, the volume V, and the temperature T, therefore, the canonical ensemble is 

called the NVT ensemble since each of these three quantities is fixed. Severe 

approaches for MD simulations in NVT ensemble have been proposed by 

researchers to maintain the desired temperature of a system. To develop an 

adjoint DSA method of constant temperature MD simulation, the Nose-

Hoover thermostat is introduced since it is known that the correct canonical 

distribution in phase space can be obtained the proper way by using that 

method. 

 

 

Figure 1.3 Schematic figure of NVT ensemble 

 

 Continuum-based DSA methods of transient dynamics are well 

established for both shape and non-shape design problems (Choi and Kim, 

2006b, Choi and Kim, 2006a). However, Continuum-based shape DSA 

methods are never extended to MD simulations due to the difficulty from the 

discrete nature of shape variations at the atomic level. Based on the 

generalized Langevin equation (GLE) derived by Adelman and Doll 

(Adelman and Doll, 1974, Adelman and Doll, 1976) for system reduction, a 

shape DSA method of MD simulations for lattice structures is derived using 

GLE impedance forces. Taking advantage of the GLE forces, perturbed 

atomistic region is treated as the GLE impedance forces and the shape design 

problem of discrete atomic variations is converted into a non-shape problem 
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with GLE impedance forces as shown in Figure 1.4.  

 

0



0

 , ,0
imp
l m tf

, , ( )ext
l m n tf

, , ( )ext
l m n tf

 

(a) Shape variation of added layer (b) GLE and lattice form 

Figure 1.4 Conversion of discrete shape variations 

 

 There are various nanomaterial structures such as nanowires, nanotubes, 

nanoparticles, etc. In this research, we concentrated on the metallic nanowires 

and single-walled CNT which are shown in Figure 1.5. For the MD simulation 

of metallic nanowires, the Embedded Atom Method (EAM) is widely utilized 

to describe the interaction between atoms since the EAM potential is known 

to be suitable for the metallic system due to the local electron density 

consideration in that potential. We performed the developed DSA method to a 

MD simulation of a copper nanowire under uniaxial tensile loading. Young’s 

modulus, which is one of the mechanical properties, is extracted from the 

stress-strain curve of that nanowire and the effects of the simulation 

parameters, such as temperature and empirical potential function values, are 

quantified using the obtained design sensitivities. Since the adjoint variable 

method is efficient for the design problems of many design variables, the 

design sensitivities with respect to many design variables can be obtained 

efficiently after another time integration for the adjoint system. 
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(a) an FCC metallic nanowire 

 

(b) a single-walled CNT 

 Figure 1.5 Examples of one-dimensional nanomaterials 

 

 Following the discovery of CNTs by Iijima in 1991 (Iijima, 1991), a 

large number of research groups have been attracted to the CNT’s unusual 

properties. One of the remarkable properties of the CNTs is its thermal 

conductivity ( ). Thermal conductivity of single-walled and multi-walled 

CNTs is reported to be about 3,000 W/mK or higher at room temperature, 

which is higher than that of diamond (Fujii et al., 2005, Kim et al., 2001, Pop 

et al., 2005, Yu et al., 2005). However, extremely low thermal conductivities 

of CNTs are also discovered when the given CNTs have certain chirality (Zhu 

and Li, 2014), junctions (Meng et al., 2007, Prasher et al., 2009, Yang et al., 

2014), and isotope doping configurations (Cheng et al., 2005, Zhang and Li, 

2005). These discoveries suggested that CNTs can be utilized as thermal 

insulation materials. Isotope doping provides an efficient method to adjust the 

thermal conductivity of nanomaterials (Chen et al., 2012). The developed 

DSA method is applied to the design optimization problem to find out the 

optimal isotope doping configuration of a single-walled CNT for the lowest 

thermal conductivity while satisfying the given isotope impurity percentage. 
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1.3 Literature survey 

1.3.1 Molecular dynamic simulations  

The MD simulation is the most famous tool in investigating mechanical 

behaviors. It is used to describe the instantaneous atomic behavior of material 

systems. It is a deterministic numerical solution of Newton’s equations of 

motion for the system of particles. In thermo-dynamics and physical 

chemistry, the average thermo-chemical properties is the most interesting 

thing rather than individual atomic motions, since random variables are 

included in the simulations. We obtain an average of all possible states on the 

system by using random variables as ensemble average. In realistic simulation, 

we can take a time average instead of an ensemble average by the ergodicity 

assumption (Frenkel and Smit, 2001). This is based on the intuition that every 

particle can visit all the states for a sufficient amount of time.  

 The interaction between atoms can be described by inter-atomic 

potentials. There are various kinds of inter-atomic potentials according to 

bonding and interaction types between the atoms. The most simple and 

famous one is the Lennard-Jones (LJ) potential which describes the pair-wise 

interaction (Jones, 1924a, Jones, 1924b), which is composed of the repulsion 

and attraction of atomic interactions having two parameters such as a collision 

diameter and an energy depth. Tersoff (1986) developed multi-body potentials 

for covalent materials to consider the bonding order of atoms. He got the 

parameters of potentials for silicon (Tersoff 1988a) and carbon (Tersoff 

1988b). For metallic systems, the embedded atom method (EAM) works well 

(Daw et al. 1993). To describe the metallic bonding, the embedding energy, 

which means the amount of energy required to insert one atom into the 

electron gas of a given density, are used. The potential includes this 

embedding energy and electro-static Coulomb interaction energy. 

 The simulated system using the MD is usually treated as an isolated 

system with conservation of total energy, since the equations of motion follow 

Hamiltonian. However, it is convenient to keep the temperature constant in 
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real experiments. Therefore performing constant temperature MD simulation 

is of great importance for the investigation of physical, chemical and 

biological problems. Several approaches have been proposed for this purpose. 

Since the temperature is related to the kinetic energy, the velocities of atoms 

in the system must be rescaled in order to maintain the temperature at the 

desired value. One crude way is to directly rescale the velocities at each time 

step or after a certain number of time steps. However, this direct velocity 

rescaling does not sample the phase space in the proper way as prescribed for 

a canonical ensemble since the condition of constant temperature is not 

equivalent to the condition that the kinetic energy per atom is constant from a 

statistical mechanical point of view (Frenkel and Smit 2002). Andersen (1980) 

proposed a constant temperature MD simulation method which is a hybrid of 

MD and Monte Carlo (MC) methods since the velocities of the atoms are 

changed by stochastic collision to induce Boltzmann distribution. The 

stochastic collisions introduce drastic change to the dynamics in a way that is 

not realistic, and it also lacks a well-defined conserved quantity. In the 

Berendsen method (Berendsen 1984), the velocities of atoms are rescaled 

more gradually than the Anderson method. The thermostat suppresses 

fluctuations of the kinetic energy of the system and therefore cannot generate 

a correct canonical ensemble rigorously. Based on the extended Lagrangian 

approach which is introduced by Andersen (1980), Nose introduced an 

extended Hamiltonian which consists an additional degree of freedom of the 

heat bath that acts as a time scaling factor (Nose 1984a, b). Nose’s method is 

simplified by Hoover (1985) by introducing a thermodynamic friction 

coefficient. Hoover’s formulation of Nose’s method is so-called the Nose-

Hoover thermostat. If an ergodic dynamic behavior is assumed, the correct 

canonical distribution can be obtained by utilizing the Nose-Hoover 

thermostat. However, for small or stiff systems, the Nose-Hoover dynamics is 

not ergodic (Hoover 1985; Tuckerman et al. 2001). Martyna and co-workers 

(Martyna et al. 1992; Tobias et al. 1993) proposed the Nose-Hoover chain 

method in order to fix these problems. However, for the system that is large 

enough to be sufficiently chaotic, the ergodicity is guaranteed so that the 

performance of Nose-Hoover thermostat is usually satisfactory (Frenkel and 

Smit 2002). The generalized Langevin equation (GLE) proposed by Adelman 
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and Doll (1974, 1976) is also used for the constant temperature MD 

simulation (Ceriotti et al. 2009; Evstigneev and Reimann 2010). The random 

force and frictional force in the GLE are balanced to maintain the desired 

system temperature (Hu and Sinnott 2004; Kim et al 2013). 

 To reduce the computation of MD simulations to the locally confined 

region of interest considering the effect of surrounding, reduced MD models 

are proposed. In such reduced MD models, it is very important to impose the 

appropriate boundary conditions that could replace the effect of eliminated 

degrees of freedom (DOFs) and to suppress the spurious wave reflections at 

the interface between the domain of interest and the outer region. Holian and 

Ravelo (1995) imposed uniaxial and homogeneously expanding periodic 

boundary conditions on a simulation box that can be expanded according to 

initial strain rate to prevent unrealistic wave reflection in crack propagation 

problems. Adelman and Doll (1974, 1976) tried to eliminate the unnecessary 

atomic DOFs to analyze inelastic atomic motion when gas collisions occur in 

a solid surface. They derived the generalized Langevin equations (GLE), 

where the effects of the eliminated atoms are treated at the boundary as a 

damping force consisting of a damping kernel matrix and the velocity of 

atoms. Wagner and Liu (2003) employed the damping kernel matrix terms as 

a dynamic multiscale boundary condition to prevent the wave reflection of 

fine scale at the molecular-continuum boundaries. However, the analytical 

damping kernel function is only available for one-dimensional problems and 

its size should be equal to the eliminated number of DOFs. Cai et al. (2000) 

calculated each term of damping kernel matrix numerically, performing 

several MD simulations for the perturbed displacement of an atom in the 

region of interest. However, a somewhat larger domain than that of interest is 

necessary and the size of damping kernel matrix is equal to the number of 

atomic DOFs along the boundary of the domain of interest. E and Huang 

(2001, 2002) used a discrete summation form of damping forces together with 

the optimally determined coefficients to minimize the reflection of phonons at 

the boundary between the atomistic and continuum regions. Li and E (2006) 

tried to find the variational boundary conditions which minimize the total 

phonon reflection by minimizing the energy flux due to the phonon reflections. 
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In the approach of E, Li, and their coworkers, the geometry of lattice must be 

considered explicitly, which implies that a new formulation for each different 

lattice structure is required. Karpov et al. (2005) derived the boundary 

conditions, based on the concept of lattice dynamics using Green’s functions 

together with Laplace and Fourier transformations. Due to the translation 

symmetry of lattice structures, they obtain a compact time history kernel 

which is composed of time derivatives of damping kernel matrix. The time 

history kernel can be predetermined for a given lattice structure and its size 

could be equal to the number of DOFs in a unit cell. This method is 

successfully applied to the boundary conditions for a multi-dimensional 

bridging scale method (Wagner et al. 2004; Park et al. 2005). 

 

1.3.2 DSA of transient dynamics 

Mathematically, DSA methods have well developed based on continuum 

mechanics for structural systems (Choi and Kim 2004a, b). Until now, most of 

researches on the DSA have been devoted to static problems. Recently, 

efficient and accurate DSA methods for transient dynamic problems are 

attracting researchers’ attention in various disciplines. Since the MD is one of 

the transient dynamic problems, DSA for transient dynamic problems is 

indispensable for the design of nano- and micro- scale problems. 

 Dynamic problems require the time integration of partial differential 

equations to compute dynamics responses. For the DSA of dynamic problems, 

the time-history of design sensitivity of state variables is required to calculate 

the sensitivity at a given time t. For such path dependent problems, the history 

of design sensitivity over loading paths is needed up to the load level at which 

the sensitivity is desired. The response sensitivity at a given time and position 

depends on both response and response sensitivities of all the previous time 

steps and locations of the structure. In other words, the exact paths of 

response and its sensitivity are needed. Thus, the AVM is not appropriate for 

path-dependent problems because each adjoint solution yields the sensitivity 

of only one performance measure, rather than the sensitivities of the full 
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response fields (Cho and Choi 2000a). For transient dynamic problems with 

large deformation elastic-plastic materials, an analytical DSA method (Cho 

and Choi 2000b) is developed in the updated Lagrangian formulation using 

the direct differentiation method (DDM). Hsieh and Arora (1984) developed 

DSA methods for the dynamic problems of point-wise constraints; the DDM 

and the AVM were used in their research. Tortorelli et al. (1989) derived the 

design sensitivity for nonlinear transient thermal systems, based on the adjoint 

approach using the Lagrange multiplier method and the convolution theory. 

Tsay and Arora (1990) derived nonlinear DSA for path-dependent problems in 

the frame of total Lagrangian formulation considering both geometrical and 

material nonlinearities. Gao et al. (2008) performed shape optimization for 

time-dependent Navier-Stokes flows. They used the Piola transformation to 

bypass the divergence-free condition for the shape DSA. In the MD system in 

this paper, we kept only the time history of kinematics for all the atoms since 

the tangent stiffness can be easily recovered directly from the original 

responses. 

 Extension of DSA methods to the atomic level transient dynamics was 

never attempted due to the limitation of computational resources and lack of 

efficient DSA method even though the MD simulations were already 

established. When the performance measure is only dependent on the terminal 

time state and the internal force term is linear with respect to the displacement 

due to the harmonic approximation of the inter-atomic potential, the adjoint 

equation of motion can be independently solved from the original system. In 

that case, there is an advantage of saving the computational storage to keep 

the original response history (Kim et al. 2013a, b). In the case of non-linear 

internal forces, however, the adjoint equations depend on the path of original 

responses and thus the tangent stiffness in the adjoint systems changes with 

each time. In this case, the adjoint problem is time history dependent, which 

means that we must follow all the history of response analysis for solving that 

problem.  
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1.3.3 Organizations of thesis 

In Chapter 2, the MD simulation is reviewed. Starting from Lagrangian 

and Hamiltonian, Newtonian and Hamiltonian equations of motion are 

derived for given conserved particle systems. The Nose-Hoover thermostat for 

constant temperature MD simulations is derived to consider NVT ensemble. 

Inter-atomic potentials used in this research are also introduced. In Chapter 3, 

we discuss the adjoint DSA method of MD simulations considering both non-

shape and shape design variables. For the problem of large systems, parallel 

computation in DSA is discussed. In Chapter 4, some numerical examples are 

demonstrated to verify the feasibility of developed DSA method in practical 

design problems of nanomaterials. What-if studies of crack propagation 

problem and mechanical properties of FCC metallic nanowires are performed. 

Developed DSA method is further applied to the design optimization problem 

of single-walled CNT to find out the optimal isotope doping configuration for 

the lowest thermal conductivity. Suggested optimal design can be utilized to 

the investigation of new thermal insulation materials which can be used in 

modern engineering problem of various research fields. 
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Chapter 2. Molecular Dynamics Simulations  

 In this chapter we review the molecular dynamics (MD) simulation 

which is a typical transient dynamic problem. In mechanical problems 

considering continuum-scale materials, the finite element method (FEM) is 

widely used, which is based on variation formulations assuming that the 

solution fields are included in continuous functional spaces to meet boundary 

conditions. However, when we consider the nano-scale phenomena in the 

nanomaterials, the FEM is not sufficient since the assumption of continuum is 

not acceptable in the discrete atomic level so that another tool should be 

employed for the analysis of atomic phenomena. 

 For investigating mechanical behaviors and extracting material 

properties of nanomaterials, the MD is one of the most popular tools to 

simulate nano-scale phenomena in discrete atomic-level. Since atomic 

structures are governed by the interactions among atoms, inter-atomic 

potentials need to be defined. The choice of the inter-atomic potential depends 

on the given MD system. Some potentials which are appropriate to the 

problem what we concentrated are briefly introduced. 

 The computational cost for the potentials is very expensive since all of 

the interactions between atoms should be considered. This problem gets more 

serious when millions of atoms are considered in simulations so that various 

computational techniques are developed for reducing the cost of inter-atomic 

potentials and forces evaluation which is dominant in overall cost of MD 

simulations. To overcome this difficulty in MD simulations, the periodic 

boundary conditions is introduced. 

 This chapter is organized as follows. In Section 2.1, the equations of 

motion for the molecular dynamics simulation are derived using the classical 

Lagrangian and Hamiltonian formulations. The equations of motion for 

constant temperature molecular dynamics are also derived using Nose-Hoover 

thermostat (Nose 1984a, b; Hoover 1985) to simulate more practical 
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engineering problems. In Section 2.2, the inter-atomic potentials are 

introduced. To speed up the simulation, cut-off radius of potential is also 

introduced. In Section 2.3, the periodic boundary conditions are briefly 

reviewed. 

 

2.1 Equation of motion 

2.1.1 Lagrangian and Hamiltonian equations of motion  

 The Lagrangian is defined by the difference of kinetic and potential 

energy in Cartesian coordinates as 

  1 2
1

1
( , ,..., )

2

an

i i i N
i

L m U


   r r r r r  , (2.1.1) 

where ( , , )i i i ix y zr  is the position vector of atom i  in 3-dimensional 

space; superposed dot denotes time derivatives; im  is the mass of atom i ; 

and an  is the total number of atoms. To get the equations of motion for the 

given systems, we use the following Euler-Lagrange equations as 

  0
i i

d L L

dt

 
 

 r r
, 1,2,..., ai n . (2.1.2) 

By substituting Equation (2.1.1) into Equation (2.1.2), the equations of motion 

can be written in the Newtonian form as 

  1 2( , ,..., )N
i i i

i

U
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r r r

r f
r

 , 1,2,..., ai n . (2.1.3) 

The force vector if  is the internal force exerted on atom i . 

For a general expression of Equation (2.1.3) in arbitrary coordinates, we can 
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define s  independent variables q  ( 1,2,..., s  ) as generalized 

coordinates that define the spatial positions of atoms, uniquely. The 

relationship between the position vectors of Cartesian coordinates and 

generalized coordinates can be expressed by the following transformation 

equations, 

  1 2( , ,..., )i i sq q qr r , 1,2,..., ai n , (2.1.4) 

which are the representation of the position vector ir  in terms of the 

generalized co-ordinates q . The total degrees of freedom are 3 as n  in 3-

dimensional space. Using Equation (2.1.4), the velocities can be expressed as 

  
1

s
i

i q
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 r
r

  , 1,2,..., ai n ,  (2.1.5) 

and Lagrangian of (2.1.1) can be re-written in generalized coordinates as 

  1 2 1 2
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    , (2.1.6) 

where the transformed mass matrix is written as 
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  r r 
. (2.1.7) 

Then, the corresponding Euler-Lagrange equations in generalized coordinates 

are expressed as 

  0
d L L

dt q q 

 
 

 
, 1,2,..., s  . (2.1.8) 

Description of mechanical systems in terms of generalized coordinates and 

velocities is not unique. Alternative formulation in terms of generalized 

coordinates and momenta can be utilized. This formulation is used in 

statistical mechanics to get the macroscopic properties from the microscopic 
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results. Legendre’s Transformation is the passage from one set of independent 

variables to another like ( , )q q   to ( , )q p   where p  is the 

generalized momenta of   degree of freedom defined as 

  
L

p
q




 

, 1,2,..., s  , (2.1.9) 

The classical Hamiltonian of system can be derived from the following 

Legendre transformation of Lagrangian given in Equation (2.1.6) as 

  
1

s

H q p L 
 

   . (2.1.10) 

This transformation changes the variables q  to p , mathematically. The 

complete differential of Hamiltonian is written as 
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, (2.1.11) 

Then, Hamiltonian equations of motion are obtained by 

  
H

q
p






  and 
H

p
q



 


 . (2.1.12) 

Equations (2.1.12) are the first order ordinary differential equations with 

respect to time. The number of equations and unknowns are instead double, 

compared with Newtonian equations given in Equation (2.1.3). 

Since there are no explicit time terms in Hamiltonian, the total time derivative 

of Hamiltonian gives the following. 
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dp dq
dt t p q t 

   

   
    

      . (2.1.13) 

Equation (2.1.13) implies that the value of Hamiltonian function is an integral 

of motion for conservative systems since Hamiltonian is defined to be the 

total energy of system in terms of the generalized co-ordinates and momenta. 

The MD systems which are governed by classical Newtonian equations 

conserve the total energy E , the number of particles N  and the volume 

V , so that they are so-called NVE ensembles. 

 

2.1.2 NVT ensemble    

 To perform a molecular dynamics simulation on a system where the 

number of particles N , the volume V , and the temperature T  are fixed, 

the physical system is considered that contacts with a heat bath. Hamiltonian 

for the extended system in terms of the extended variables can be written as 

     
2 23
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i s
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p p
H p q p s V q z s

m s Q

       , (2.1.14) 

where q , p  and potV  are atomic position, the momenta conjugate to q , 

and potential energy function respectively. s , sp  and Q  denote the 

additional degree of freedom for heat bath, the momentum conjugate to s , 

and an effective mass associated to s . z  is a factor for sampling a 

canonical distribution. The upper tilde denotes the extended variables 

corresponding to the scaled time  .  

The equation of motion of the extended system variables are found to be 

  i
i

dp
F

d



, (2.1.15)  
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  spds

d Q



. (2.1.18) 

It can be considered that the real (physical) time t  is scaled to the scale time 

  in the extended system according to 

  d sdt  . (2.1.19) 

If we sample the canonical distribution or calculate the ensemble average with 

the extended variable  , the sampling is done at integer multiples of the 

extended time step   that are not constant. Therefore, for the sampling at 

equal intervals in physical time, it will be convenient to do the integrations in 

terms of the physical system variables by means of the transformations 

/i ip p s   and Equation (2.1.19). Using the transformations, we can come 

up with the equation of motion for physical system variables and heat bath 

variables 
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We can obtain the second order Lagrangian equation of motion in terms of 

physical variables which most often are used in molecular dynamics 

simulations by combining the first order equations of motion. By introducing 

the friction coefficient /s s    proposed by Hoover (1985), the equation of 

motion according to 

  i
i i

i

F
q q

m
   , (2.1.24) 
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  . (2.1.25)  

The factor z  is determined in order to recover a canonical sampling 

  3 Bz Nk T . (2.1.26) 

Notice that the number of atoms N  is used in Equation (2.1.26) since 

Equations (2.1.24) and (2.1.25) are written in physical variable formulation. 
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2.2 Interatomic potentials 

 The interactions between atoms can be defined through inter-atomic 

potential 1 2( , ,..., )NU r r r  defined in Equation (2.1.1). To describe accurate 

atomic interactions within the simulated system, we consider subatomic level 

nature such as the complicated quantum effects that are responsible for the 

bonding and breaking of atoms and spatial arrangement of atomic valence. In 

order to obtain reliable results from the MD simulations, the classical inter-

atomic potential should include these quantum mechanical processes. Even 

though it is difficult and complicated, we can express the general structure of 

potential energy as 

  

1 2
1 2

,

3

, ,

( , ) ( ) ( , )

( , , )

N i i j
i i j i

i j k
i j i k j

U


 

   

  

 



r ,r r r r r

r r r



 , (2.2.1) 

where m  is the m -body potential. The first term is the potential energy 

due to the gravity and the electrostatic force. The second term is due to the 

pair-wise interactions of particles and the third is due to the three-body inter-

atomic potential energy. Generally, the pair-wise interaction is employed, 

truncating the sum of Equation (2.2.1) after the second term. The potential is 

instead designed to include the multi-body effects in the pair-wise potential 
2 .  
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2.2.1 Lennard-Jones (LJ) potentials 

 The most well-known pair-wise potential is the Lennard-Jones (LJ) 

potential given as 

 
12 6

2 ( , ) ( ) 4i j r
r r

 
             
     

r r , i jr  r r . (2.2.2) 

  is the energy depth which shows the bonding/dislocation of particles; the 

work required to be done in order to remove one of two coupled atoms from 

its equilibrium position. This means that the value of   is the minimum 

value of Equation (2.2.2).   is the collision diameter; the distance at which 

( ) 0LJ r   and related with the equilibrium bond length. The equilibrium 

length is found such that the following inter-atomic force is equal to zero. 
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r
F r

r r r

  

             
     

. (2.2.3) 

The equilibrium length is 62  . The dimensionless potential and force 

functions in Equations (2.2.2) and (2.2.3) are shown according to the inter-

atomic distance in Figure 2.1. Typically, the unit of   is Joule (J) or electron 

volt (eV) and the magnitude is around 1910  to 1810  J.   has the length 

scale unit and has several Angstroms (Å).  

 Physically, the first term of this potential represents the atomic repulsion 

while the second term shows the attraction between atoms. The repulsion 

force rapidly increases as the distance decreases while the attraction force 

slowly increases as the distance increases from the equilibrium distance, since 

the order of repulsion terms is higher than that of attraction. As the distance 

increases from the equilibrium distance, the inter-atomic potential and force 

almost approaches zero, which implies that breaking of interaction occurs 

between the two atoms. 
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Figure 2.1 L-J potential (red), L-J force (green), and the derivative of force 

(blue) 

 

2.2.2 Embedded Atom Method (EAM) for metallic systems 

 Many body effects are important in real materials. It became clear that 

there are certain things we could not get right with pair potentials because of 

problems of the ‘wrong form’ rather than problems of ‘wrong parameters’. 

Pair potentials do not have environmental dependence. Pair potentials also 

have quantitative problems; the vacancy formation energy and the ratio 

between cohesive energy and the melting temperature are overestimated or 

underestimated since metals have some “extra cohesion”. The EAM potential 

is known to be suitable for the metallic MD system since the local electron 

densities are considered to describe the bonding in metallic systems. 

 In the EAM potential, the potential energy of an atom i  is given by 

     1

2i i i ij ij
j i

E F r 


   , total i
i

E E ,  (2.2.4) 

where iF  is the embedding energy which is a function of the atomic electron 

density i  which is given by 
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   i j ij
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 . (2.2.5) 

  is a pair potential interaction which has the form of 

       ij ij i ij j ij ijr z r z r r  , (2.2.6) 

where iz  is effective charge function of an atom i . 

EAM force acting on the atom i  is derived from Equation (2.2.4). 
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   (2.2.7) 

In the public MD simulation packages such as LAMMPS (Large-scale 

Atomic/Molecular Massively Parallel Simulator), the functions  F  , 

 r ,  z r  which do not have analytical forms are given as a table of data 

points that result from fitting to experimental data. Given the data points 

 if , the cubic Hermite interpolant is defined for 1 i n   as 

         2 3
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. (2.2.9) 

The local mesh spacing is 1/2 1i i ix x x    , and the slope of the piecewise 

linear interpolant between  the data points is 1/2 1/2 1/2/i i iS f x     . The 

slope  if  is numerical approximated at ix  utilizing the fourth-order finite 
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difference. This is a local approximation, so that the interpolant (2.2.8) has a 

continuous first derivative,   1p x C , but the second derivative is not 

continuous. The non-local approximation for  if  is inevitable for 

  2p x C , which is necessary for calculation of the sensitivity of the 

interatomic force. Figure 2.2 shows the interpolated embedding energy, 

electron density, and pair potential energy of copper with corresponding 1st 

derivatives. 
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(a)  F  , /dF d  

 

(b)  r , /d dr  

(c)  r ,   /r dr  

 

Figure 2.2 Graphs of the embedding energy  F  , electron density  r , 

and pair potential  r  functions of copper which are obtained 

from the spline fitting. The green solid lines denote the 

corresponding derivatives. 
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2.2.3 Tersoff bond-order potential for covalent bond  

 Tersoff (1988) first developed the basis for the potential which is 

appropriate to the covalently bonded system for his simulation of covalent 

silicon. The Tersoff bond-order potential is widely used to describe Carbon-

Carbon bond in Carbon nanotubes. 

 The Tersoff bond-order potential is given in the form of 

  
1

2 ij
i j i

E V


  , (2.2.10) 

where the potential energy for i-j pair is given as 

       ij C ij R ij ij A ijV f r f r b f r    . (2.2.11) 

 Cf r  is a cut-off function which has the form of 
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The repulsive and attractive terms are defined as 

     1expRf r A r  , (2.2.13) 

     2expAf r B r   . (2.2.14) 

The repulsive term can be treated as a pair-wise term. However, the attractive 

term includes a three-body interaction. 

   
1

21 n n n
ij ijb  


  , (2.2.15) 
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     , (2.2.16) 
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. (2.2.17) 

For the given atom pair i j , we need to calculate the interatomic forces 

which is acting on the atoms ,i j  and  ,k k i j  due to the bond angle 

term  ijkg  . 

 

2.2.4 Cut-off radius of potentials 

 One critical issue in the molecular dynamics is the computational cost 

for inter-atomic force given in Equation (2.1.3). Even if the pair-wise 

interactions are used, ( 1) / 2N N   times calculations of potential energy are 

required, where N  is the total number of atoms. Since the interaction forces 

are almost equal to zero from a certain distance as shown in Figure 2.1, 

interactions of atoms away from that distance can be ignored. The distance is 

called the cut-off radius and the potential energy can be expressed as 

  
( ),

( )
0 ,

cutcut off

cut

r r R
r

r R
  

   
 (2.1.18) 

for a given cut-off radius cutR . 
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2.3 Periodic boundary conditions 

 Periodic boundary conditions enable a simulation to be performed using 

a relatively small number of particles, in such a way that the particles 

experience forces as if they were in bulk. Figure 2.6 shows the interaction 

between the i-th atom in simulation box with j-th atom in the image when 

performing the periodic boundary condition. Half the dimension of the 

simulation box must be larger than the cutoff radius. 

 

cut off
r 

i
j j

 

Figure 2.3 Illustration of periodic boundary conditions 
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Chapter 3. Design Sensitivity Analysis 

 In this chapter, we develop a design sensitivity analysis methodology of 

molecular dynamics by using an adjoint variable method (AVM). The adjoint 

variable method is not appropriate for path-dependent problems but employed 

in this research since the path is readily available from response analysis. Also 

the AVM is very efficient for many design variables, since only one additional 

computation is needed for sensitivity analysis compared to the original 

response analysis. However, the sensitivity computation cost using the DDM 

or the FDM increases depending on the number of design variables.  

 The required adjoint system for transient dynamics is derived as a 

terminal value problem. In Section 3.1, time-reversal symmetry in dynamics 

systems is discussed whether the trajectories of the adjoint variables can reach 

the correct initial conditions from given terminal conditions or not. In Section 

3.2, design sensitivity analysis methods for NVE and NVT ensemble MD 

systems are presented. Some numerical aspects in practical applications are 

discussed. In Section 3.3, a shape DSA method for MD is presented. Utilizing 

the generalized Langevin equation (GLE) concept, the shape variation in 

discrete atomic structure can be successfully transformed to an equipotent 

force. Therefore the given shape design problem can be reformulated to a non-

shape design problem. Finally, for practical applications including huge 

number of degree of freedom, the parallel computation in DSA is discussed in 

Section 3.4. 

3.1 Time-reversal symmetry in dynamics systems 

A reversible system is any second-order system that is invariant under 

t t  and v v  , where v  is velocity (Strogatz, 2001). The 

implication of a reversible system (or time reversal symmetry) is that if the 

system is propagated forward in time up to a time t  and then the clock is 

allowed to run backwards for a time t , the system will evolve according to 
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the same equations of motion but the direction of the velocities will be 

reversed, so that the system will simply return to its initial condition. 

The mathematical notion for general nonautonomous reversible system is 

given in the reference (Lamb and Roberts, 1998). 

   ,
d

F t
dt


x

x . (3.1.1) 

Namely, we call     : , ,aR t R t a x x  a reversing symmetry of 

(3.1.1) whenever (3.1.1) is invariant under the transformation aR  (for some 

aR ), i.e. 

  
    ,

dR
F R t a

dt
   

x
x , (3.1.2) 

where  ,x r p  is a phase space vector and R  is reversing symmetry. In 

the context of classical mechanics, where the ordinary differential equations 

are derived from a Hamiltonian  ,H r p , the conventional reversing 

symmetry is given by 

     , ,R  r p r p . (3.1.3) 

 Sometimes, there is confusion about the use of terminology. The notion 

of invertibility differs from the notion of reversibility. The meaning of 

invertibility is that the evolution operator of dynamics has an inverse operator, 

where the evolution operator is 

     :t t   x x . (3.1.4) 

In dynamic problems, an adjoint equation is usually given as a terminal value 

problem and the initial conditions can be recovered according to the time 

reversibility of the system. A reversible system (or time reversal symmetry) is 

defined as any second-order system that is invariant under the reversed time 
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and velocity ( t t  and v v  ). Only the initial conditions, not the 

equations, can differ in the “reversed flow” of the reversible system (Strogatz 

1994; Lamb and Roberts 1998). To investigate the characteristics of adjoint 

system in dynamics problems, consider a simple one-dimensional dynamic 

system with initial conditions, 

     0u t au t  ,   00u u ,   00u v , 0 Tt t   (3.1.5) 

and a design sensitivity system with initial conditions, 

      u t au t a u t     ,  0 0u  ,  0 0u  , 0 Tt t  . (3.1.6) 

The system governed by Equation (3.1.5) is conservative and reversible. The 

design variable is a  and the performance measure is the displacement 

( )Tu t  at the terminal time. Figure 3.1-(L) shows the phase trajectories of 

original response, adjoint response, and the sensitivity of the reversible system. 

In this case, 0 1.0u  , 0 1.0v  , 50,000Tt t  , and 410t   . Since 

both original and adjoint systems possess the time-reversal symmetry, the 

trajectories of systems are symmetric about the u-axis. However, the 

sensitivity trajectory is not symmetric due to the history-dependent force in 

the sensitivity equation. Figure 3.1-(R) shows the procedure of solving the 

adjoint terminal value problem of the reversible system, where the trajectory 

of adjoint response is shown until the terminal time step of 4,000.  
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Figure 3.1 Phase trajectories of original response, adjoint response, and 

sensitivity 

 

The red curve represents the actual trajectory of adjoint response by solving 

the terminal value problem with ( ) 0.0,    ( ) 1.0T Tt t    . The blue curve 

shows the trajectory of the adjoint response by solving the initial value 

problem with (0) 0.0,    (0) 1.0   . In the trajectories of blue and red 

curves, since the adjoint system is reversible, the histories of displacement are 

identical but those of velocity are identical in magnitude but different in sign. 

With the reversed sign of adjoint velocity in the blue curve, the adjoint system 

is regarded as an initial value problem. Figure 3.2 shows the time histories of 

original and adjoint responses in forward direction. The adjoint system is 

identical to the original system except the initial conditions and thus has the 

same frequencies. 
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Figure 3.2 Original and adjoint responses: (L) displacement, (R) velocity 

 

3.2 Design sensitivity analysis for non-shape design 

variables 

3.2.1 Adjoint variable method for NVE ensemble 

 From Equation (2.1.3) for MD systems, the equations of motion can be 

written, in a matrix-vector form, as 

      ,A M b u f b u , (3.2.1) 

where AM , u , and b  are the atomic mass matrix, displacement vector, and 

design variable vector, respectively. The term    , ,U   f b u b u u  is 

the interaction force calculated from the potential energy  ,U b u . Taking 

the first order variation of Equation (3.2.1) with respect to the design b  

leads to the following design sensitivity equation 

   
   , ,( )

( ) A
A  

     
  

f b u f b uM b
M b u u bu b

u b b
  . (3.2.2) 

Since the initial conditions are independent of design, the corresponding 

initial conditions for the design sensitivity are selected as 
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      0 0  u u 0 . (3.2.3) 

For a general performance measure that could include both terminal value and 

time history quantity for the MD system, 

      
0

, , , ,
T

T

t

t t
g h dt


  b u u b u u  , (3.2.4) 

taking the first order variation of Equation (3.2.4) with respect to the design 

b  and integrating the last term in the integrand by parts lead to 

  
0

T

T

t

t t

g g g h h h
dt  



                            b u u b u u
b u u b u u

 
 

 

 

0

T

T

t

t t

g g h g h h d h
dt

dt
 



                                     
b u u b u

b u u u b u u


  
.

   (3.2.5) 

Note that the notation    d

d


  b
b

. For the Lagrange multiplier function 

λ, the equation of motion should hold for all time spans. 

    
0

( ) , 0
Tt T

A dt  λ M b u f b u . (3.2.6) 

Assuming that the Lagrange multiplier function or adjoint response λ  is 

independent of design b , the first order variation of Equation (3.2.6) is 

obtained as 

   
0

, ,( )
( ) 0

Tt T A
A dt 

           


f b u f b uM b
λ bu M b u b u

b b u
  .

 (3.2.7) 

Integration by parts and using the initial conditions    0 0 0  u u , we 
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obtain the following. 

  

   

 

0

0

,

,

T

T

T

tT T T T
A A A

t t

t T A

dt

dt



 
      

 
     





f b u
λ M u λ M u λ M λ u

u

f b uM
λ u b

b b

 

 . (3.2.8) 

Comparing Equation (3.2.8) with Equation (3.2.5), an adjoint system is 

defined as 

  
 ,

( )
T

A

h d h

dt

         

f b u
M b λ λ

u u u



, (3.2.9) 

where the corresponding terminal conditions are given as 

    1( )
T

T A

g
t  




λ M b
u

 and   1( )
T

T A

g h
t         

λ M b
u u




.(3.2.10) 

Thus, the adjoint design sensitivity can be obtained by using the analysis and 

adjoint responses, 

  
0

( , )T

T

t T A

t t

g h
dt  



                


M f b u
b λ u b

b b b b
 .(3.2.11) 

Thus, the design sensitivity of general performance measure can be obtained 

using the original response in Equation (2.1.3) and the adjoint response in 

Equation (3.2.9) with the terminal conditions of Equation (3.2.10). Note that if 

the adjoint system is reversible, we can obtain the adjoint response by time 

integrating the adjoint system in forward direction by changing the sign of the 

terminal velocity. Even if the original MD system has time reversal symmetry, 

the time reversibility of adjoint system is not related to the reversibility of the 

original one but to the type of performance measure 
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3.2.2 Adjoint variable method for NVT ensemble 

 The derivation of AVM for the NVT ensemble is similar to that for the 

NVE ensemble derived in section 3.2.1. The difference is that there is an 

additional degree of freedom for thermostat variable in both extended 

Hamiltonian and equations of motion. A general performance measure   of 

Nose-Hoover thermostat can be defined including both terminal time value 

and time history quantity as 

     
0

, , , , , ,
T

T

t

t t
g h dt  


  b q q b q q  . (3.2.12) 

Taking the first order variation of Equation (3.2.12) with respect to design b  

and integrating by parts lead to 

  
0

T

T

t t

t

g g g h g

h h h d h
dt

dt

  


 




                     

                


b q q
b q q q

b q
b q q


 


. (3.2.13) 

Equations of motion for Nose-Hoover thermostat can be re-written in matrix-

vector form for convenience as 

       A At t t m q f m q  , (3.2.14) 

       T

AQ t t t z  q m q   , 3 Bz Nk T . (3.2.15) 

Two adjoint variables  tλ  and  t  is introduced. Note that  tλ  is a 

vector function whereas  t  is a scalar function. Multiplying adjoint 

variables and integrating with respect to time, we have 

  

      
      

0

0

,

0

T

T

t T
A A

t T
A

dt

Q z dt



 

 

   




λ m b q f b q m b q

b q m b q b

 

   . (3.2.16) 
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Assuming that the Lagrange multipliers are independent of design, taking first 

order variation of the Equation (3.2.16) and integrating by parts yields 
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2
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T
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T T T T
A A A A

t t

t T T T T T T
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f
λ m λ λ m λ m q m q m q

q

λ m q
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λ q q q q b

b b b b b b

 

    



    . 

   (3.2.17) 

Matching the resulting identity of Equation (3.2.17) with Equation (3.2.13), 

we can obtain the following adjoint system with corresponding terminal 

conditions for NVT ensemble MD systems. 

 1 12 2
T

A A

h d h

dt
        

          

f
λ λ m λ λ q q m

q q q
    


,

 (3.2.18) 

  
1 T

A

h

Q



 

   
λ m q  , (3.2.19) 

    1
T

g
t

Q








, (3.2.20) 

    1

T

T A

g
t   

   
λ m

q
, (3.2.21) 

    1 2
T T

T A

g g h g
t

Q




                            

λ m q
q q q

 
 

. (3.2.22) 
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Thus, the adjoint design sensitivity can be obtained by using the analysis and 

adjoint responses, 

 

 

0

0

T

T

T

t

t t

t T TA A

g h
dt

z Q
dt

  

   



   
 

                         





b b
b b

m mf
λ q q q q b

b b b b b
    .  

   (3.2.23) 

 

3.2.3 Discontinuity problems introduced by cut-off 

 A cutoff introduces a discontinuity in both the potential energy and the 

force near the cutoff value. This creates problems, especially in molecular 

dynamics simulations where energy conservation is required. In the context of 

design sensitivity analysis this discontinuity also creates problems when 

evaluating sensitivities. There are several ways to overcome this issue. We 

have compared three numerical treatment techniques often used in MD 

simulation for improving the energy conservation and stability of time 

integration scheme. One approach is to use a shifted potential, in which a 

constant term is subtracted from the potential at all values.  

  
     

  0
c c

c

r r r r r

r r r

    
  

, (3.2.24) 

where cr  is cutoff radius. As the additional term is constant, it appears when 

the potential is differentiated and so does not affect the force calculation in 

molecular dynamics. Use of the “shifted potential” does improve energy 

conservation, however, there is an additional problem in discontinuity of force 

calculated with the shifted potential. This can also give instabilities in a 

simulation. To avoid this, a linear term can be added to the potential, making 

the derivative zero at the cutoff (Park et al. 2005). 
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  0
c

c c c
r r

c

d
r r r r r r r

dr

r r r



      

  

. (3.2.25) 

The shifted potential in Equation (3.2.25) is called the “shifted-force 

potential”. 

 An alternative way to eliminate discontinuities in the energy and force 

equations is to use a switching function  S r  as 

       r r S r   . (3.2.26) 

An acceptable switching function smoothly changes from a value of 1 to a 

value of 0 between two cutoff lr  and ur  and satisfies the following 

requirements 

  1
lr rS   , 0

lr r

dS

dr 

   
 

, 
2

2
0

lr r

d S

dr


 
 

 
, (3.2.27) 

  0
ur rS   , 0

ur r

dS

dr 

   
 

, 
2

2
0

ur r

d S

dr


 
 

 
. (3.2.28) 

By ensuring that the first derivative is zero at the endpoints the force also 

approaches zero smoothly. A continuous second derivative is required to 

ensure that the integration algorithm works properly for both MD simulation 

and sensitivity equations. If the switch function is assumed to take the 

following form 

 
2 3 4 5

0 1 2 3 4 5
l l l l l

u l u l u l u l u l

S r

r r r r r r r r r r
c c c c c c

r r r r r r r r r r

             
                           

 

   (3.2.29) 
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then the following values of coefficients 0 5, ,c c  satisfy the six 

requirements in Equations (3.2.27) and (3.2.28) (Leach 1996),  

 0 1c  , 1 2 0c c  , 3 10c   , 4 15c  , 5 6c   . (3.2.30) 
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Figure 3.3 Switching function  S r  ( 2.25lr   and 2.5ur  ) 

 

  

Figure 3.4 Shifted and shifted-force potential and potential with switching 

function 
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(a) number of interatomic pairs 

 

(b) standard LJ potential 

(c) with switching function 

 

Figure 3.5 Conservation or total energy 
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 The shifted, shifted-force, and switched potentials denote the function of 

distance r  which have 0C , 1C , and 2C  continuities near the cutoff 

respectively. The potential, force and force derivative are given in Figure 3.6. 

One can easily see the discontinuities near the cutoff.  

 To investigate the effect of truncated potential to the sensitivity, we 

performed a simple MD simulation and DSA. As shown in Figure 3.7, 512 

argon gas with a simple cubic lattice structure is considered and periodic 

boundary condition is imposed with cutoff radius 2.5cr  . The Lennard-

Jones 12-6 potential in Equation (2.2.2) is used for describing interaction 

between atoms. Performance measure is selected as the terminal time 

diffusivity which is derived as 

  
1

3 T

T

t tN



 u u . (3.2.31) 

We compared the design sensitivity of terminal time ( 10,000Tt t  , 

 310t ps  ) diffusivity with respect to the atomic mass m  obtained 

from the FDM and DDM as shown in Figure 3.8. The switched potential 

(black solid line) show good agreement of numerical (FDM) and analytical 

(DDM) sensitivities in the interval of 
13 1110 / 10m m    whereas the 

shifted and shifted-force potentials do not. Due to the long-time evolution and 

high nonlinearity of the system, the FDM can give inaccurate results with 

respect to the design perturbation amount. Of course, when the switched 

potential is utilized, the agreement between the numerical and analytical 

sensitivities is better than the results from the other potentials in appropriate 

interval of design perturbation amount.  
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Figure 3.6 Comparison of the three numerical techniques. (top) potential (mid) 

force and (bot) 1st order derivative of force 
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(a) 0 t  

 

(b) 5,000 t  

(c) 10,000 t  

 

Figure 3.7 Diffusion of argon gas in NVE ensemble  



 

 50

 

Figure 3.8 Numerical study of design perturbation amount.  
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3.3 Shape design sensitivity analysis for molecular 

dynamics 

3.3.1 Definition of shape variation in discrete systems 

 Shape design sensitivity in MD systems is based on a GLE approach. 

The technical point is to convert the discrete shape variation of MD systems 

into a continuous non-shape variation using the GLE impedance forces. 

Consider the shape variation through a mapping 1( , )T px  of a single 

parameter p from the original domain 0  to the perturbed one p  as 

shown in Figure 3.9. 

 

0 ( , )tu x

p

0

0

( , )p p tu x

( , )p tu x
( )imp tf

1( ( ), )T t px

0 ( ( ), )T t px

 

Figure 3.9 Definition of discrete shape variations 

 

 The open domain of interest a  and the removed open domain b  in 

the GLE formulation are respectively regarded as the original design 0  and 

the added layers  that constitute the perturbed design 0p   . 
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Using the Taylor expansion, the perturbed solution can be expressed, in two 

ways, as 

  

0 0

0

0

( , ) ( , ) ,     
( , )

( , ) ( , ) ,     

p

pp

p

p

t t p p
t

t t p p








      
    

u x u x x
u x

u x u x x




, (3.3.1) 

where the superscripts 0 and p respectively denote the physical quantities in 

the original design 0  and the perturbed one p . For 0p  x x , the 

material derivative of response is written as 

  
0

0
0 0

( , ) ( , ) ( , )
( , ) lim ( , )

p p p

p
p p

t t t
t t

p p
 

    


u x u x u x
u x u x .(3.3.2) 

For ,   p x x , 

 

0
0

0

0
0

0
0

( , ) ( , )
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( , ) ( , )
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p

p
p

p
p

p p p p
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p

t t
t

p

t t

p

t t
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u x u x
u x

u x u x

u x u x x x

x x



. (3.3.3) 

Note that for 0x , 0 ( , )tu x  and ( , )tu x  are defined in 0  and , 

respectively. Thus, pu  continuously approaches u . However, due to the 

discrete nature of the MD domain, u  and px  do not continuously approach 
0u  and x , respectively, as p approaches zero. The second terms in Equation 

(3.3.3) can be defined using the weak derivative. 
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Definition (Weak derivative):  

For an arbitrary function ( )g x , 1 1( ) ( ) 0g x g x      in an 

infinitesimal interval 1 1[ ,  ]x x   , the weak derivative of discrete 

function ( )x  where 0 1( ) ,  ( )x x       is given by 

   1 0 1( ) ( )x x x       , (3.3.4) 

where 
1 1

1 1

( ) ( ) ( ) ( )
x x

x x
x g x dx x g x dx

 

 
 

 

 
     . 

 To handle the third term in Equation (3.3.3), consider the mapping 

0 ( , )T px  in Figure 3.9. Using the GLE impedance forces from Langevin 

dynamics, the MD problem in the perturbed domain p  can be converted 

into the one in the converted (original) domain 0 . Thus, using ( , )p tu x  in 

the converted (original) domain instead of ( , )p p tu x , the third term in 

Equation (3.3.3) can be eliminated. Finally, Equation (3.3.3) can be rewritten 

as 

 

0

0 0
0 0

( , ) ( , ) ( , ) ( , )
( , ) lim lim

( , ) ( , )

p

p p
p p

t t t t
t

p p

t t

 
 

 
 

  

u x u x u x u x
u x

u x u x



 . (3.3.5) 

 

3.3.2 Shape design sensitivity with finite variations 

 No matter how small a macroscopic design variation is made, it results 

in almost an infinite number of atom variations. To derive the time history 

kernel for the shape design sensitivity analysis based on the impedance forces, 

a Fourier transformation is additionally performed to account for an infinitely 

periodic space. Consider the original MD system as shown in Figure 3.10-(a). 

Neglecting the external forces for simplicity and using Equation (2.1.3), the 

equation of motion for the original design 0  is rewritten as 
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0

0 0 0 0
0

( )
( )A

U
  


u

M u f u
u

 , (3.3.6) 

where 0
AM , 0u , and 0f  represent the mass matrix, displacement vector, 

and inter-atomic force in the original design, respectively. In lattice form at 

site ( , , )l m n , we have the following. 

  0 0 0 0
, , , , ( ),    0A l m n l m n n m u f u . (3.3.7) 

 

0



0

 , ,0
imp
l m tf

, , ( )ext
l m n tf

, , ( )ext
l m n tf

 

(a) Shape variation of added layer (b) GLE and lattice form 

Figure 3.10 Conversion of discrete shape variations 

 

Also, the equation of motion for the perturbed design 0p    is 

rewritten as 

  ( )p p p p
A M u f u , (3.3.8) 

or in the lattice form, 

  , , , , , ,

m nl
p p

A l m n l l m m n n l m n
l l m m n n

 

  

 

       
       

   m u k u . (3.3.9) 

Assuming a linear interaction between the atoms in the original and the 
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perturbed designs, the effect of added atoms in the perturbed design can be 

substituted into impedance forces based on the Langevin dynamics as shown 

in Figure 3.10-(b). Noting that 0p
A A A m m m  in 0 , the equations of 

motion for the perturbed design are written, at the lattice site ( , , )l m n  in the 

original domain 0 , as 

 , , , , 0 ,0 , ,0( )p p p imp
A l m n l m n n l m m u f u f  

  , , , , ,0 , ,0

m nl
p imp

l l m m n n l m n n l m
l l m m n n

 

  


 

       
       

    k u f , 0,  0n n  ,  

   (3.3.10) 

where 

 

 
/2 1 /2 1

, ,0 , , ,0 , ,0 , ,00
/2 /2

( ) ( ) ( ) ( ) ( )
L M timp p p p

l m l l m m l m l m l m
l L m M

t t d t   
 

      
  

     f θ u r r


. 

   (3.3.11) 

To obtain the impedance force , ,0
imp
l mf , consider the equations of motion for the 

added domain  due to shape perturbations. 

 , , , , , , ,0 , ,0( ) ( ) ( )
m nl

p p bc
A l m n l l m m n n l m n n l m

l l m m n n

t t t
 

  


 

       
       

   m u k u f , 

   0,  0n n  ,  (3.3.12) 

where , ,0
bc
l mf  represents the boundary force exerted on the interface at 0n  . 

The application of the discrete Fourier transformation in the spatial domain of 

Equation (3.3.12) yields 

 1 1ˆˆ ˆ ˆ( , , , ) ( , , ) ( , , , ) ( , , )p p bc
A Ah q r t h q r h q r t h q t  u m k u m f , (3.3.13) 
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where 

  ( )
, ,

ˆ ( , , ) i hl qm rn
l m n

l m n

h q r e
 

  

  

  

   k k . (3.3.14) 

Also, applying a Laplace transformation in the temporal domain, Equation 

(3.3.13) is rewritten as 

 1ˆˆ ˆ ˆ( , , , ) ( , , , ) ( , , , ) ( , , )p p bc
Ah q r s h q r s h q r s h q s U R G m F , (3.3.15) 

where 

  ˆˆ ˆˆ( , , , ) ( , , , ) ( , , , 0) ( , , , 0)p p ph q r s h q r s s h q r h q r R G u u  (3.3.16) 

and 

    1
2 1ˆ ˆ( , , , ) ( , , )Ah q r s s h q r


 G I m k . (3.3.17) 

Applying the inverse Fourier transformation in n-direction leads to 

 1( , , ) ( , , ) ( , , ) ( , , )p p bc
n n n Ah q s h q s h q s h q s U R G m F   , (3.3.18) 

where 

  
/2 1

/2

( , , ) ( , , ) ( , , 0) ( , , 0)
N

p p p
n nn n n n

n N

h q s h q s s h q h q


  


 R G u u   , (3.3.19) 

and 

  
2/2 1

/2

1 ˆ( , , ) ( , , , )
rniN

N
n

r N

h q s h q r s e
N





 G G  . (3.3.20) 

To eliminate the boundary force ( , , )bc h q sF , we rewrite Equation (3.3.18) at 

0n   and at 1n   as 
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  1 1
0 0 0( , , ) ( , , ) ( , , ) ( , , )bc p p

A h q s h q s h q s h q s  m F G U R    

   1
1 1 1( , , ) ( , , ) ( , , )p ph q s h q s h q s G U R   . (3.3.21) 

Thus, 1 ( , , )p h q sU  can be expressed in terms of 0 ( , , )p h q sU . 

 1 1 0 0( , , ) ( , , ) ( , , ) ( , , ) ( , , )p p p ph q s h q s h q s h q s h q s  U R Π U R     , (3.3.22) 

where 

       1
1 0, , , , , ,h q s h q s h q sΠ G G  . (3.3.23) 

The inverse Fourier transformations of Equation (3.3.22) in l, m-directions 

lead to the following. 

  
/2 1 /2 1

, ,1 , ,1 , , ,0 , ,0
/2 /2

( ) ( ) ( ) ( ) ( )
L M

p p p p
l m l m l l m m l m l m

l L m M

s s s s s
 

      
  

   U R Π U R , 

   (3.3.24) 

where 

   
/2 1 /2 1

2  
,

/2 /2

1
( ) 2 , 2 ,

L M
i hl L qm M

l m
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s h L q M s e
LM

 
 



 

  Π Π , (3.3.25) 
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, ,0

/2 /2

1
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L M
i hl L qm Mp
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s h L q M s e
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  U U , (3.3.26) 

and from Equation (3.3.19) 

  , , , ,

/ 2 1 /2 1 /2 1

, , , ,
/2 /2 /2

( ) ( ) (0) (0)
l m n l m n

L M N
p p p
l m n l l m m n n

l L m M n N

s s s
     

  

    
    

   R G u u . 

   (3.3.27) 
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The impedance force in Equation (3.3.10) is expressed at boundary as 

 ,0 , ,0 , , , ,

m nl
imp p

n l m l l m m n n l m n
l l m m n n

 

  


 

       
       

   f k u , 0,  0n n  , (3.3.28) 

and in the Laplace-transformed domain, 
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R Π U R . 

   (3.3.29) 

Applying the inverse Laplace transformation leads to 

 

 
/2 1 /2 1

, ,0 , , ,0 , ,0 , ,00
/2 /2

( ) ( ) ( ) ( ) ( )
L M timp p p p

l m l l m m l m l m l m
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     f θ u r r


, 

   (3.3.30) 

where 

  1
, , ,0 1 ,( ) ( )

ml

l m s t l l m m l m
l l m m

t s


 




      
    

 
  

 
 θ k ΠL , (3.3.31) 

   1
, ,0 , ,0 , ,0 , ,0( ) ( ) ( ) ( )p p p p

l m l m s t l m l mt t s s
  u r U RL , (3.3.32) 

and 
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  1
, ,0 , ,0 1 , ,1( ) ( )

ml
p p

l m s t l l m m l m
l l m m

t s


 




      
    

 
  

 
 r k R

 L . (3.3.33) 

To obtain the shape design sensitivity, we take the first variation of Eq. 

(3.3.10) using Eq. (3.3.5). 

 , , , , , , ,0 , ,0 , 0,  0
m nl

imp
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        m u k u f , 

   (3.3.34) 

where 
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,  

   (3.3.35) 

   0 0
, ,0 , ,0 , ,0 , ,0( )l m l m l m l m           u u u x x u , (3.3.36) 

   1
, ,0 , ,0 , ,0 , ,0( ) ( ) ( ) ( )l m l m s t l m l mt t s s

     u r U RL , (3.3.37) 

  1
, ,0 , ,0 1 , ,1( ) ( )
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l m s t l l m m l m
l l m m

t s


 




    
    

 
    

 
 r k R

 L , (3.3.38) 

and 

  , , , ,

/2 1 /2 1 /2 1

, , , ,
/2 /2 /2

( ) ( ) (0) (0)
l m n l m n

L M N

l m n l l m m n n
l L m M n N

s s s
     

  

    
    

     R G u u . 

   (3.3.39) 

Note that the random variable quantity R is independent of the shape design 

variation. 
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3.3.3 Adjoint variable method 

 MD systems usually require a huge amount of computation, which 

naturally leads to the development of efficient DSA method for extended 

researches such as what-if studies by parameter perturbations, the optimal 

parameter design of MD systems, parameter identification, and so on. 

Consider a generalized performance functional consisting of responses , ,l m nu  

and , ,l m nu  in the original MD domain 0  at terminal time Tt . 

   , , , , , , , ,0
( , ) , , 0

T

T

t

l m n l m n l m n l m nt t
g h dt n


  u u u u  . (3.3.40) 

 For the simplicity of problems, assume that there is no explicit 

dependent term in the general performance measure for shape design 

problems in MD. Also, neglecting the lattice sites for the simplicity of 

expressions, the design variation of general performance measure is derived 

by 

    , , ,0

T

T

t

t t
g g h h dt


       u u u uu u u u    

     , , , ,0

T

T

t

t t
g h g h h dt


      u u u u uu u u  

 , 0n  . (3.3.41) 

Multiplying the design independent Lagrange multiplier λ  and performing 

the time integration for the sensitivity equation of Equation (3.3.34), we have 

the following. 

  , , ,00
0, 0,  0

T

n

t T imp
A l m d dt n n


         uλ m u f u f , (3.3.42) 

where n  is an interface at 0n   without loss of generality. Integrating 

the first term of Eq. (3.3.42) by parts twice, we have the following. 
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A A A

ttT T T
A A A

dt dt
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λ m u λ m u λ m u

λ m u λ m u λ m u

  

  . (3.3.43) 

Note that    0 0  u u 0  since the initial conditions are independent of 

the design. Then, Equation (3.3.42) can be rewritten, using Equations (3.3.5), 

(3.3.35), and (3.3.43), as 
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. (3.3.44) 

Changing the order of integration, the 3rd term in Equation (3.3.44) is 

rewritten as 
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Thus, Equation (3.3.44) is rewritten, using Equation (3.3.5), as 
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. (3.3.46) 

Subtracting Equation (3.3.46) from Equation (3.3.41), we obtain the following 

adjoint system. 
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 , (3.3.47) 

with the terminal conditions 

  1
,( ) T

T At g uλ m   (3.3.48) 

and 

   1
, ,( ) T T

T At g h  u uλ m 
 . (3.3.49) 

Finally, the adjoint shape design sensitivity is obtained as 
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θ u u r r


. 

   (3.3.50) 

Although the adjoint system is a terminal value problem, we can solve it as an 

initial value problem by changing the variable ( )tλ  to ( )Tt tμ . Also, 

Since the THKF , ( )l m tθ  and the tangent for the adjoint system are already 

available from the original response analysis, Equations (3.3.47) and (3.3.48) 
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can be solved very efficiently. 

3.4 Parallel computation 

 For short-range molecular dynamics, three parallel algorithms are 

presented by Plimpton (1995). To each processor, the atomic decomposition 

method assigns a fixed subset of atoms; the force decomposition method does 

a fixed subset of inter-atomic forces; and the spatial decomposition method 

does a fixed spatial region. The arithmetic and communication costs of each 

method are listed in Table 3.1, where N and p denote the numbers of atoms 

and processors, respectively. 

 

Table 3.1 Comparison of parallel computation costs 

Decomposition 

method 

Arithmetic

cost 

Communication

cost 

Atomic  O N p  O N  

Force  O N p  O N p  

Spatial  O N p  O N p  

 

The spatial decomposition method 

 For the parallel processing of MD simulations with short-range 

interactions, we generally employ the spatial decomposition method such that 

a processor has the position information of atoms in each spatial box to 

evaluate the kinematics of atoms. Thus, the interaction forces in each spatial 

box are easily obtained from the position of internal atoms. Also, to compute 

the interaction forces between atoms in different spatial boxes, we need the 

position information of atoms in nearby boxes which is readily available. 

 In the MD simulations using the spatial decomposition method, it is 
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impossible to balance the number of atoms and the computation loads in each 

processor since some of the atoms could leave or enter the processor. 

However, the spatial decomposition method has the advantage of reducing the 

communication costs; it requires data communications with at most 26 

neighboring processors in three-dimensional simulation if the length of spatial 

box in each processor is larger than the cut-off radius. For a single time step, 

the algorithm is shown in Figure 3.11. Step (1) sends the kinematics and other 

identifying information for the atoms leaving the box. Steps (1) and (2) are 

processed at the initial time-step but need not be done at each time-step. Step 

(3) separately computes the forces at each node, which do not require the 

communication of force data and thus reduces the communication costs. 

However, duplicated force computations could occur at the atoms on the 

boundary of subdomain. Step (4) updates the position information of atoms 

using the obtained forces. Step (5) requires 6 communications to obtain the 

position information of atoms in the neighboring processors. 
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Figure 3.11 Computing steps for a single time-step in spatial decomposition 

 

 

 

Figure 3.12 Data exchange of all atom positions in adjacent boxes 
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The communication scheme we use to acquire the positions of 

neighboring atoms is illustrated in Figure 3.12. The data communication 

occurs in the horizontal direction. If the length of box (L) is longer than the 

cut-off radius ( cr ) for short range interactions, the processor communicates 

with only one adjacent processor. However, if L is smaller than rc, each 

processor exchanges data with more than one adjacent processor. Next, data 

exchanges in the vertical direction occur in a similar way. Thus, for 3-

dimensional problems, we can complete all data exchanges within just 6 data 

exchanges. A more detailed algorithm for the data exchanges can be referred 

in the reference (Plimpton, 1995). 

 In this simulation, L is determined to be larger than rc, cr L . There 

are three advantages to this scheme; first, when cr L , the necessary 

positions of atoms from all 26 surrounding boxes are efficiently obtained in 

just 6 data exchanges; second, when cr L , more distant boxes are necessary 

for the position information of atoms but only a few extra data exchanges are 

required; third, the amount of data communicated is minimized as shown in 

Table 3.1. For the design sensitivity analysis, the spatial decomposition 

method is applicable and requires the position and its sensitivity information 

from the neighboring processors. Also, the same spatial decomposition 

method as used in the MD simulation is applicable for the MD simulation of 

adjoint system by substituting the forces with the adjoint loads. 
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Chapter 4. Numerical Examples 

 In this chapter, some numerical examples are given to verify the 

developed adjoint design sensitivity analysis method and to design the 

nanomaterials. To verify the accuracy of the adjoint DSA methodology, the 

obtained adjoint sensitivity result of each numerical example is compared 

with those obtained from both numerical (FDM) and analytical (DDM) 

methods. 

 In Section 4.1, through a benchmark problem, the implementation of 

MD and DSA by using our in-house code is verified by comparing the time 

histories of energy quantities with the results from the public MD package, 

LAMMPS (Plimpton 1995). In Section 4.2, DSA of dynamic crack 

propagation problems is performed. Both non-shape and shape design 

variables are considered. Through shape DSA of centro-symmetry parameters, 

we can perform a what-if study of shape effects on the crack growth direction. 

In Sections 4.3 and 4.4, more practical applications to design of nanomaterials 

are presented. The mechanical and thermal properties of one dimensional 

nanomaterials such as metallic nanowire and Carbon nanotubes (CNT) are 

investigated by using MD simulation with proper inter-atomic potentials. By 

using DSA developed in this research, we can design the experimental 

environment in which the performance of given nanomaterials is optimized. 

Finally, a design optimization problem for the optimal isotope doping pattern 

for CNT is formulated. Initial and optimal designs of CNT are compared in 

the context of phonon vibrational modes. 

 

4.1 Verification of in-house MD code implementation 

 In this section, we verify the accuracy of our in-house MD code 

implementation by comparing it with well-known public MD code LAMMPS. 

Starting from same initial conditions, the potential, kinetic, total energies 
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(Hamiltonian) and averaged mean-squared displacement (MSD) obtained 

from LAMMPS and in-house code is compared in the selected benchmark 

problems considering both NVE and NVT ensembles.  

 The simulation model for the MD simulation is a Lennard-Jones fluid. 

The simulation box consists of 5 5 5   unit cells with 500 atoms. The 

atoms construct FCC lattice structure, where lattice constant is set to 1.6796 

for satisfying L-J reduced density 0.8442. At first, NVE ensemble is 

considered, where the velocity-Verlet algorithm is utilized for propagating the 

trajectory which is consistent with the microcanonical ensemble. The initial 

temperature is 1.44. The atomic mass 1.0m  , L-J interaction parameters are 

set to 1.0  , 1.0  , and the cut-off radius 2.5cutr  . The periodic 

boundary condition is utilized and the neighborhood list is updated every time 

step. (Note that the unit of all the quantities is a dimensionless reduced LJ unit 

when the unit style “LJ” is utilizing in LAMMPS.) 

 Same MD simulations are performed using LAMMPS and in-house code 

from the same initial conditions. Initial positions and velocities are calculated 

via LAMMPS. The terminal time is 1,000 t  with a time step size 

0.005t   (default value in LAMMPS). 
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(a) Hamiltonian history 

 

(b) Mean-squared displacement history 

 

(c) Agreements of Hamiltonian and MSD 

Figure 4.1 Verification of NVE ensemble code implementation compared with 

results from LAMMPS 
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 Next, to verify the implementation of Nose-Hoover NVT ensemble in 

our in-house code, we also performed the constant temperature MD 

simulation to the same simulation model as shown in Figure 4.2. The desired 

temperature is 1.0, and the time step size is set to 0.001. From the initial time 

0 to terminal time 1,000 t , the time histories of temperature and potential 

energy obtained from the in-house code and LAMMPS are compared in 

Figure 4.3. When we consider the NVE ensemble, the trajectories of atoms 

obtained from the in-house code are exactly the same with the ones obtained 

from LAMMPS as shown in Figure 4.1. The agreements of Hamiltonian and 

MSD are the same as shown in Figure 4.1-(c) since the time integration 

scheme in the in-house code is the same with the LAMMPS. The temperature 

history when considering the NVT ensemble slightly differs from the 

LAMMPS as shown in Figure 4.3-(c) since the time integration schemes in 

the two MD code are different. However, the difference ratio (%) does not 

exceed 0.1 % so it is acceptable. 

 

 

(a) 0 t  (b) 1,000 t  

Figure 4.2 Simulation of FCC lattice structure 
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(a) Temperature history 

 

(b) Potential energy history 

 

(c) Agreements of temperature and potential energy 

Figure 4.3 Verification of NVT ensemble code implementation compared with 

results from LAMMPS 
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4.2 Dynamic Crack Propagation Problem 

 The behavior of crack initiation and its growing process is very 

important for the safety of ship and marine structures. Also, sensitivity 

analysis of a crack-driving force plays an important role in many fracture-

mechanics applications involving the stability and arrest of crack propagation, 

reliability analysis, parameter identification, or other considerations. For 

example, the derivatives of the stress intensity factor (SIF) or other fracture 

parameters are often required to predict the probability of fracture initiation 

and/or instability in cracked structures. So far, many researches based on 

linear elastic fracture mechanics have been performed to predict the behavior 

of the crack. 

 

4.2.1 Non-shape design variables 

 Consider the MD simulation for the dynamic crack propagation of 

general FCC solid structures presented by Liu et al. (2006). The purpose is to 

demonstrate the efficiency and accuracy of the proposed adjoint DSA method 

for the problem that has many degrees of freedom and design variables. The 

problem definition of dynamic crack propagation is illustrated in Figure 4.4. A 

pre-crack is positioned in the center of FCC structure by eliminating the atoms 

in the dark gray region. 
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Figure 4.4 Problem definition of dynamic crack propagation 

 

The LJ 6-12 potential is utilized and the crack opens due to the constant 

velocity imposed on the top and bottom planes. The constant velocity is taken 

as    0.5 /cu t nm ps . The cut-off radius is determined as 01.5cr r  and 

the simulation parameters such as  ,  , and all atomic masses are taken to 

be unity. The MD simulation is consist of 255,424 atoms under the condition 

of nearest-neighbor interaction only. The step size of time is  210t ps   

and the terminal time is 1,000Tt t  . For a parallel computing of MD 

simulation and DSA, the massage passing interface (MPI) library is used with 

a cluster including 8 processors. The time history of crack propagation 

simulation is shown in Figure 4.5. Only atoms that have potential energy 

greater than 80 percent of the equilibrium value are contoured in Figure 4.5. 

Notice that the potential energies of atoms near the pre-crack become larger as 

the crack propagates. 
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Figure 4.5 Analysis results for 3D MD crack propagation 
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Consider the performance measure of potential energy summed over all 

atomic bond pairs at the terminal time. 

      

12 6

, 4

T

i j ij ij
t t

U
r r

  




    
              

b u
u u

, (4.2.1) 

where the total number of atoms is Design variables are the mass of each 

atoms excluding the atomic mass on the boundary. Thus, the total number of 

design variables is 249,024. The adjoint DSA results are shown in Figure 4.6, 

where some highly sensitive atoms are plotted for visualization purposes. 

High sensitivity is observed at the atoms where the bond breaks as the crack 

propagates. 

 

 

Figure 4.6 Contour of selected atoms whose design sensitivity is greater than 

(L: 10, R: 50)  

 

Required computational costs for the MD simulation, AVM, and FDM are 

listed in Table 4.1. About 1.1 times of MD simulation time is additionally 

required to obtain the adjoint sensitivities with respect to 0.25 million design 

variables. If the FDM is employed, about 550 years are additionally necessary 

to obtain the equivalent sensitivities. Even though the AVM requires more 
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storage space to keep all the time history of solutions, the AVM is appropriate 

and indispensable in the DSA of MD systems that include a huge number of 

design variables. 

 

Table 4.1 Comparison of computational costs 

Time MD Simulation AVM 

Computation (sec.) 70,004.61 74,819.47 

Computation 19.4 hours 20.8 hours 

Normalized 1.0000 1.0688 

 

To verify the accuracy of the adjoint design sensitivity, we compared the 

sensitivity results of selected design variables obtained by using FDM, DDM, 

and AVM. In this problem the number of design variables is 249,024 so that 

all of the design variables cannot be considered due to a huge amount of cost 

when we use DDM or FDM. 16 arbitrary design variables are selected for the 

verification; 2 design variables are included in each processor. The forward 

finite difference is used for FDM and the perturbation amount is set to 
7

010 b  due to the highly nonlinearity of transient dynamic sensitivity. As 

shown in Table 4.2, it turns out that the adjoint sensitivity agreements are very 

good compared with DDM and FDM. 
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Table 4.2 Comparison of sensitivity results with respect to 16 design variables 

D.V. 

(a) FDM 

ib   

(b) DDM 

DDM   

(c) AVM 

AVM   

(c)/(a)

 (%) 

(c)/(b) 

 (%) 

1 -1.1178E+02 -1.1167E+02 -1.1167E+02 99.90 100.00 

2 1.2590E+02 1.2590E+02 1.2590E+02 100.00 100.00 

3 2.5034E+02 2.5021E+02 2.5021E+02 99.95 100.00 

4 1.3007E+02 1.2998E+02 1.2998E+02 99.93 100.00 

5 -1.6966E+02 -1.6966E+02 -1.6966E+02 100.00 100.00 

6 2.5019E+02 2.5021E+02 2.5021E+02 100.01 100.00 

7 -1.1149E+02 -1.1167E+02 -1.1167E+02 100.16 100.00 

8 -1.2531E+02 -1.2545E+02 -1.2545E+02 100.11 100.00 

9 1.3018E+02 1.2998E+02 1.2998E+02 99.85 100.00 

10 2.5023E+02 2.5021E+02 2.5021E+02 99.99 100.00 

11 1.2598E+02 1.2590E+02 1.2590E+02 99.94 100.00 

12 -1.1157E+02 -1.1167E+02 -1.1167E+02 100.09 100.00 

13 -1.2570E+02 -1.2545E+02 -1.2545E+02 99.81 100.00 

14 1.3876E+02 1.3859E+02 1.3859E+02 99.88 100.00 

15 -1.6411E+02 -1.6450E+02 -1.6450E+02 100.23 100.00 

16 1.3002E+02 1.2998E+02 1.2998E+02 99.96 100.00 
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As shown in Table 4.1, the developed adjoint sensitivity analysis methodology 

needs only 1.07 times of the original MD simulation cost regardless of the 

number of design variables we considered. To demonstrate the efficiency of 

the developed method, we further considered various systems including 

different number of atoms. The energy or force calculation is the most time-

consuming part for almost all of MD simulations. If no tricks are used, the 

amount of CPU time to calculate the total energy of a system including N 

atoms can be written as 

     1 / 2cN N   . (4.2.2) 

An arbitrary constant c  denotes the required CPU time for calculating an 

energy between a pair of particles. If we use the Verlet list (Frenkel and Smit, 

2001), the CPU time is 

    2v
v v

u

c
cn N N

n
   , (4.2.3) 

where the first term arises from the calculation of the interactions and the 

second term from the update of the Verlet list, which is done every un -th 

time step. vn  and vc  denote the number of pairs in the list and the required 

CPU time to update the list between a pair of particles. To investigate the 

costs for a MD simulation and corresponding adjoint DSA, we consider four 

systems which are consist of 31856, 68864, 130672, and 255424 atoms. The 

initial and terminal configurations of each systems are shown in Figure 4.7. 

Only atoms that have potential energy greater than 80 percent of the 

equilibrium value are contoured. 
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(a) 31,856 atoms 0 t  
 

(b) 31,856 atoms 1,000 t  

(c) 68,864 atoms 0 t  
 

(d) 68,864 atoms 1,000 t  

(e) 130,672 atoms 0 t  
 

(f) 130,672 atoms 1,000 t  

Figure 4.7 MD simulation results of various systems 
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Figure 4.8 Comparison of costs corresponding to system size 

 

In Figure 4.8, we compared required CPU times for MD simulation of crack 

propagation problem corresponding to system size. The black, blue and red 

solid lines denote the costs when using the simple 2N  algorithm, Verlet list 

without and with updating the list, respectively. The dashed lines denote the 

costs for the AVM which are corresponding to MD simulations using each 

algorithm. All the costs are normalized by the one of system which is consists 

of 31856 atoms. As shown in Figure 4.8, when we use simple 2N  algorithm, 

the required cost increases by four times when the number of atoms are 

increased by two times as derived in Equation (4.2.2). However, if we use 

Verlet list and no update of list during the time integration, the cost 

corresponding to the number of atom N  has the order of  O N . In all the 

cases, the AVM needs almost the same computation cost of the MD 

simulation. The required time for MD simulation and corresponding AVM is 

listed from Tables from 4.3 to 4.5. 
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Table 4.3 Computational costs of 2N  algorithm 

The number of atoms (a) MD (Sec.) (b) AVM (Sec.) (b)/(a) 

31,856 1803.36 1852.92 1.0275 

68,864 5086.09 5426.15 1.0669 

130,672 18219.07 19745.09 1.0838 

255,424 70004.61 74819.47 1.0688 

 

Table 4.4 Computational costs when using Verlet list without update 

The number of atoms (a) MD (Sec.) (b) AVM (Sec.) (b)/(a) 

31,856 68.27 73.50 1.0766 

68,864 162.26 164.93 1.0164 

130,672 350.65 330.18 0.9416 

255,424 707.12 616.71 0.8721 

 

Table 4.5 Computational costs when using Verlet list updated every 100 time 

steps 

The number of atoms (a) MD (Sec.) (b) AVM (Sec.) (b)/(a) 

31,856 78.15 81.29 1.0402 

68,864 207.26 213.69 1.0310 

130,672 516.78 511.08 0.9890 

255,424 1368.87 1340.16 0.9790 
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We also compared the required computational costs corresponding to the 

number of processors used for the parallel computing. For the system of 

31,856 atoms which is shown in Figure 4.7-(a) and (b), the costs when using 1, 

2, 4, and 8 processors for parallel computing are shown in Figure 4.9. 

 

 

Figure 4.9 Reduction of computational costs 

 

In Figure 4.9, all the costs are normalized by the MD simulation time with a 

single processor using each algorithm for force calculation. When eight 

processors are used for the MD simulation and the DSA, the computational 

costs are reduced to 0.22 when the simple 2N  algorithm is used, and to 0.16 

when Verlet list is used since the required time for communication between 

processors is increased when the simple 2N  algorithm is used. The 

computational costs for AVM show the similar tendency of that of MD 

simulation. The required time for MD simulation and corresponding AVM is 

listed from Tables 4.6 to 4.8. 
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Table 4.6 Computational costs of 2N  algorithm 

Processors (a) MD (Sec.) (b) AVM (Sec.) (b)/(a)

1 4735.78 5166.93 1.0910

2 3505.82 3719.11 1.0608

4 2012.52 2128.04 1.0574

8 1064.75 1128.93 1.0603

  

Table 4.7 Computational costs when using Verlet list without update 

Processors (a) MD (Sec.) (b) AVM (Sec.) (b)/(a)

1 421.00 434.49 1.0321

2 242.02 255.95 1.0576

4 127.21 134.77 1.0595

8 68.14 74.43 1.0924

  

Table 4.8 Computational costs when using Verlet list updated every 100 time 

steps 

Processors (a) MD (Sec.) (b) AVM (Sec.) (b)/(a)

1 484.76 521.59 1.0760

2 269.06 292.84 1.0884

4 142.88 152.57 1.0678

8 80.62 81.38 1.0095
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4.2.2 Prediction of shape effects on crack growth direction 

 A what-if study using the developed shape sensitivity is performed for 2-

dimensional crack propagation problems. The hexagonal lattice structure of 

5,184 atoms in Figure 4.10 is considered. 

 

 rampv t

 

(a) Original (solid) and perturbed 

(dashed) designs 
(b) Velocity profile 

Figure 4.10 2-dimensional crack propagation 

 

 A numerical model is constructed such that the initial crack propagates 

breaking the atomic bonds. A ramp velocity profile is utilized to avoid the 

shock waves from the loading boundary, as shown in Figure 4.10-(b). Loading 

boundary conditions are imposed on the two atomic layers (shaded region in 

Figure 4.10-(a)) on the top surface. We use the same material properties as 

used in the wave propagation model. The time step of 0.001t   and the 

terminal time of 12,000Tt t   are used. 

 To predict the direction of crack propagation for the perturbed design 

that include infinite number of atoms along the bottom surface as shown in 

Figure 4.10-(a), a centro-symmetry (CS) parameter (Kelchner et al., 1998) is 

considered as a performance measure, 
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3

, , 31
( , )i i j i j i jj

P 
  u u R R , (4.2.4) 

where 

  , ( ) ( )i j i j i j   R X X u u . (4.2.5) 

The shape design variation of the centro-symmetry parameter is given as 

  ( , ) ( , )i i i j j i i jP P      u u u u u u . (4.2.6) 

For the selected atoms around the crack tip in Figure 4.11, the shape variation 

of the CS parameter is compared with finite differencing in Table 4.9, which 

shows good agreements. 

 

 

 

Figure 4.11 Selected atoms for CS parameter  
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Table 4.9 Verification of CS parameter variation 

atom# (a) original (b) perturbed
(c)   

((b)-(a)) 
(d)   

(d)/(c) 

×100 (%) 

840 5.0974E-2 4.5652E-2 -5.3221E-3 -5.1297E-3 96.39 

933 5.5174E-2 4.6257E-2 -8.9176E-3 -8.9043E-3 99.85 

1100 5.8454E-2 8.5799E-2 2.7345E-2 2.8238E-2 103.27 

1499 1.0409E-1 1.0294E-1 -1.1494E-3 -1.1559E-3 100.57 

3768 1.9028E-0 2.2144E-0 3.1158E-1 3.1564E-1 101.30 

3851 3.0413E-1 3.5102E-1 4.6897E-2 4.7245E-2 100.74 

 

The CS parameter at an atom determines the local symmetry of lattice 

structure around the atom. Both discontinuity and dislocation of atoms could 

result in the increase of the CS parameter. Figures 4.12-(a) and (b) show the 

contours of CS parameter in the original and the perturbed designs at the 

terminal time, 12,000Tt t  , respectively. Along the crack faces and 

around the crack tip, we observe big CS parameters and little difference in 

both designs. 
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(a) Original design (b) Perturbed design 

 

(c) Shape variation  

Figure 4.12 Centro-symmetry parameters (a, b) and shape variation (c)  
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 However, when it comes to shape variation, we observe big values in the 

downward direction of the crack tip. If the shape variation is made such that 

more atoms are added along the bottom surface as shown in Figure 4.10-(a), 

the crack tip shall be propagating obliquely downward. To verify the predicted 

direction, the crack propagation analyses are performed for both original and 

perturbed designs up to the time step of 30,000 t  as shown in Figure 4.13, 

where the CS parameters are contoured at the atomic position. As expected 

through the sensitivity of CS parameters in Figure 4.12-(c), the crack 

propagates obliquely downward in the perturbed design. Thus, the obtained 

sensitivity of CS parameters can be utilized in a what-if study to predict the 

propagation direction without the actual analysis of the perturbed design. 

 

 

Figure 4.13 Deformed shapes of original (left) and perturbed (right) designs at 

30,000 t .  
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4.3 Mechanical properties of FCC metallic nanowires 

 There have been many researches made on the temperature and strain-

rate effects on nanoscale wires via molecular dynamic simulation. Chang and 

Fang (2003) investigated tensile and fatigue behavior of nanoscale copper 

wire at various temperature. The modulus was larger than that obtained by 

previous studies and decreased with increasing temperature. From the fatigue 

test, the stress increased with increasing temperature. Also, Jiang et al. (2009) 

showed that the torsional buckling mode is dependent on both wire length and 

temperature. Fu et al. (2013) found that the ultimate tensile strength and 

Young’s modulus will decrease as the temperature and size of the CdSe 

nanowire increase.  

 Koh et al. (2005) investigated temperature and strain-rate effects on 

properties of solid platinum nanowire. Sutrakar and Mahapatra (2009) 

discussed about effects of isothermal and adiabatic thermal loadings on size 

and strain rate dependence of copper nanowire. Huang et al. (2011) 

discovered extremely high strain rate effect on the mechanical properties of 

nickel nanowires with different cross-sectional sizes. Liang and Zhou (2004) 

analyzed the size and strain effects in the tensile deformation of single-crystal 

copper nanowires and found that the yield stress decreases with specimen size 

and increases with loading rate. Lu et al. (2001) observed abnormal strain rate 

effect on the tensile ductility in an electrodeposited nanocrystalline Cu. Park 

and Zimmerman (2005) investigated inelasticity and failure of gold nanowires 

according to strain rate. Wang et al. (2013) showed tensile properties 

dependence of ultrathin nickel nanowires at different temperature and strain 

rates. Wen et al. (2008) analyzed strain rate effects on mechanical responses 

and deformation behavior of nickel nanowires. 

 Using MD simulation, unusual mechanical properties of metallic 

nanowire such as pseudoelasticity, shape memory, and cold welding are also 

reported. Liang and Zhou (2005) discovered rubber-like pseudoelastic 

behavior in face-centered-cubic (FCC) Cu nanowires in atomistic simulations. 

Under tensile loading and unloading, the nanowires exhibit recoverable strains 
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up to over 50% which is well beyond the typical recoverable strains of 5-8% 

for most bulk shape memory alloys. Park and Ji (2006) presented uniaxial 

thermomechanical deformation of single-crystal silver shape memory 

nanowires. The simulations show that the resulting mechanical response of 

the shape memory nanowires depends strongly upon the temperature during 

deformation and can be fundamentally different from that observed in bulk 

polycrystalline shape memory alloys. Pereira and da Silva (2011) investigated 

the cold welding of gold and silver nanowires at room temperature via 

molecular dynamics study. They have shown that the cold welding is possible 

process even after losing their crystalline structure after breaking. 

 

4.3.1 Simulation method 

 To observe the mechanical properties of FCC metallic nanowires, we 

performed MD simulation to a Cu nanowire of 3.615 nm as shown in Figure 

4.14. The Cu nanowire is constructed by 5 5 10   unit cells and total 

number of atoms is 1,270. The EAM potential (Daw et al. 1993) is utilized to 

consider the bond between Cu atoms. The nanowire is at first thermally 

equilibrated at desired temperature for 5 ps  of 1,000 time steps using Nose-

Hoover thermostat while the Cu atoms in each end layer are fixed. The time 

step size for time integration is 5t fs   and half-step leap-frog scheme is 

utilized for the time integration. Periodic boundary conditions are not 

considered in any stage of simulation and DSA. After thermal equilibration, a 

tensile loading of constant strain rate is applied to the end layers. The strain 

rate is set to 10 13 10 s . During the tensile loading stage, the strain and stress 

in the longitudinal direction are recorded every time step.  
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Figure 4.14 Geometry of the FCC metallic nanowire constructed by 

5 5 10   unit cells 

 

 Strain is defined as engineering strain which is  0 0/zz z z zl l l   , 

where zl  is the current wire length in z direction and 0zl  is the initial wire 

length. Yield strain is defined as the strain at which the maximum tensile 

stress occurs. The localized axial stress for atom i was calculated using the 

virial theorem, which has the form of (Horstemeyer et al., 2001, Koh et al., 

2005) 

       
1,

1 1

2

N
i ij ij
zz z zi

j j i

F r   
 

 
    

 , (4.3.1) 

where ij
zF  refers to the [001] component of the interatomic force between 

atoms i  and j . ij i j
z z zr x x   is the interatomic distance in the [001] 
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direction of the pair. i  denotes the volume of atom i, which was assumed 

as a hard sphere in a closely packed undeformed crystal structure as shown in 

Figure 4.15. The axial stress on the nanowire is taken as the mean of the local 

stresses on all atoms as,  

     
1

1 N
i

zz zz
iN

   


  . (4.3.2) 

 

 

Figure 4.15 Closely packed FCC unit cell. Atomic radius 2 4R a , 

where a  is lattice constant. 

 

The resulting yield strain and stress with respect to the various desired 

temperature are listed in Table 4.10. The recorded stress-strain curve is also 

presented in Figure 4.16. When the temperature increases, the yield stress 

value is decreases as reported in literature. The tensile deformation of the Cu 

nanowire is shown in Figures 4.17 to 4.19. 
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Table 4.10 Yield stress and strain at different temperatures 

Temperature 100K 300K 500K 

Y  9.92E-02 9.93E-02 8.47E-02

Y  10.34856 8.475221 6.798572

 

 

 

Figure 4.16 Temperature effects on stress-strain curve of the Cu nanowire 
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(a) 2,000 t  (b) 4,000 t  

 

(c) 6,000 t  (d) 7,000 t  

Figure 4.17 Tensile deformation of the Cu nanowire at 100K (each atom is 

contoured by stress/atom value) 
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(a) 2,000 t  (b) 4,000 t  

 

(c) 6,000 t  (d) 7,000 t  

Figure 4.18 Tensile deformation of the Cu nanowire at 300K (each atom is 

contoured by stress/atom value) 
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(a) 2,000 t  (b) 4,000 t  

 

(c) 6,000 t  (d) 7,000 t  

Figure 4.19 Tensile deformation of the Cu nanowire at 500K (each atom is 

contoured by stress/atom value) 
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The strain-rate effects on the mechanical properties of metallic nanowire are 

also investigated by utilizing our simulation model. As reported in the 

literature (Lu et al., 2001, Wang and Ma, 2003, Koh et al., 2005, Koh and Lee, 

2006, Wen et al., 2008, Sutrakar and Mahapatra, 2009, Huang et al., 2011), 

the Young’s modulus, yield stress and strain are increased as the strain-rate 

increased. This behavior is also different from that of conventional Cu, whose 

yield strength is rate insensitive at room temperature (Wang and Ma, 2003). 

The strain-rate effects on the Young’s modulus, yield stress and strain of Cu 

nanowires are shown in Figures 4.20, 4.21, and 4.22, respectively. In this 

numerical experiment, the strain-rate is increased from 9 13 10 s  to 
10 13 10 s . Our simulation model and in-house code shows similar tendency 

of mechanical properties corresponding to both temperature and strain-rate. 

 

 

Figure 4.20 Strain-rate effect on Young's modulus 
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Figure 4.21 Strain-rate effect on yield stress 

 

 

Figure 4.22 Strain-rate effect on yield strain 
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4.3.2 Temperature effects on the mechanical properties of copper 

nanowires 

 We performed DSA to investigate the temperature effects on the Young’s 

modulus of Cu nanowires. The design variable is operation temperature T  

during tensile loading which is design parameterized as  0 1T T b  . 

Performance measure is the Young’s modulus of the copper nanowire which is 

obtained from the slope of the linear regression line of stress-strain curve in 

the elasticity region. For the analytic sensitivity analysis, the Young’s modulus 

as the slope of the linear regression line can be written as 

         

      
2 2 2

1 1 1

2 2

1 1

2 1

2
2

2 1

, , , , , ,

, ,

t t t

t t t

t t

t t

t t t t dt t dt t dt

t t t dt t dt

   


 

 


 

  

 

b b q b b q

b b
, (4.3.3) 

where   is strain induced by the tensile loading,   is the stress given as 

Equation (4.3.2). 1t  and 2t  denote the time intervals where the linear 

regression analysis is performed. 

 Time step size for the MD simulation is 1t fs  , and the Cu nanowire 

of 5 5 10   unit cells and 3.615 nm length is at first thermally equilibrated 

at 10K during 5 ps (5,000 time steps). And then tensile loading of constant 

strain rate 10 11.5 10 s  is applied to each end layers of the nanowire in the 

longitudinal direction during additional 2 ps (4,000 time steps). The time 

interval for calculating the Young’s modulus is between 1 5,500t t   and 

2 9,000t t  . We performed the perturbation step size analysis to verify the 

accuracy of the analytic sensitivity obtained from DDM and AVM as shown in 

Table 4.4. Even though we considered a time-averaged performance measure, 

when the perturbation amount of temperature is increased, the accuracy of 

numerical finite difference sensitivity is extremely decreased since the MD 

system is highly nonlinear with respect to the design. 
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Table 4.11 Perturbation step size analysis 

db  (a) FDM (b) DDM (c) AVM (b)/(a) (%) (c)/(a) (%) (c)/(b) (%) 

1.00E-10 -1.4300E+00 -1.4103E+00 -1.4130E+00 98.62 98.81 100.19 

1.00E-09 -1.4100E+00 -1.4103E+00 -1.4130E+00 100.02 100.21 100.19 

1.00E-08 -1.4105E+00 -1.4103E+00 -1.4130E+00 99.99 100.17 100.19 

1.00E-07 -1.4103E+00 -1.4103E+00 -1.4130E+00 100.00 100.19 100.19 

1.00E-06 -1.2003E+01 -1.4103E+00 -1.4130E+00 11.75 11.77 100.19 

1.00E-05 -2.8021E+00 -1.4103E+00 -1.4130E+00 50.33 50.42 100.19 

1.00E-04 -9.2028E-01 -1.4103E+00 -1.4130E+00 153.25 153.54 100.19 

1.00E-03 -1.6914E+00 -1.4103E+00 -1.4130E+00 83.38 83.54 100.19 

1.00E-02 -1.8541E+00 -1.4103E+00 -1.4130E+00 76.06 76.21 100.19 

 

In the case of slow strain-rate, we also investigated the design sensitivity of 

temperature to the Young’s modulus by utilizing the developed adjoint DSA 

method. When decreasing the strain-rate, the required time for the yielding of 

nanowires becomes longer. The terminal times required for strain-rates of 
103 10 , 101.5 10 , 96 10  and 93 10  are 9000, 11000, 18000 and 

25000 time steps. 

Table 4.12 Verification of sensitivity results for low strain-rate 

Strain 

 rate 

(a) FDM 

/ T   

(b) DDM 

DDM   

(c) AVM 

AVM   

(b)/(a)

 (%) 

(c)/(a) 

 (%) 

103 10  -1.4001E+00 -1.4103E+00 -1.4130E+00 100.73 100.92 

101.5 10  -2.0900E+00 -2.1091E+00 -2.1087E+00 100.92 100.90 

96 10  -7.9993E-01 -8.2211E-01 -8.4027E-01 102.77 105.04 

93 10  -2.9399E+00 -2.9151E+00 -3.0615E+00 99.15 104.13 
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As shown in Table 4.12, the agreements are still very good even though the 

terminal time for the case of strain-rate equal 93 10  is 25000 time steps 

(time step size is 1fs). This is because we saved all the history of responses 

from original analysis and then performed reverse time integration for adjoint 

variables along the saved history. 

 Typically, the resulting performance measure obtained from the MD 

simulation is averaged over a series of simulations which have different 

random initial condition satisfying the desired temperature. To investigate the 

trend of Young’s modulus with respect to the temperature, we performed a 

series of MD simulations and adjoint DSA from 40 random initial conditions. 

Note that the average operator is linear so that the sensitivity of averaged 

performance measure is equal to the average of sensitivities of the samples.  

 

 

Figure 4.23 High nonlinearity response with respect to design 
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The averaged Young’s modulus over 40 samples is shown in Figure 4.23 with 

standard error analysis from 10K to 20K. The standard error of the Young’s 

modulus is below 0.3 therefore it shows same trend as reported from 

experimental research (Wang and Ma, 2003). The red dashed line in Figure 

4.23 is tangent line of adjoint sensitivity evaluated at 10K. The design 

sensitivity is obtained by linearizing the MD transient dynamic system with 

respect to design variables. Since, molecular dynamics is highly nonlinear 

with respect to design in nature, when the perturbation amount is large, the 

difference between response and the tangent line will increase. However, the 

direction of design change is accurate since the developed adjoint DSA 

method provide an analytic design sensitivity results. Furthermore, the 

developed adjoint DSA method is super-efficient for the many design 

variables, which is typical case for common MD simulations. If we performed 

design optimization problem based on MD simulation, developed adjoint DSA 

method is indispensable due to its accuracy and efficiency. 
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4.3.3 Potential parameter effects on the mechanical properties of copper 

nanowires 

 There are various EAM potential functions proposed by different 

research groups. The EAM potential can be provided as an analytic function 

form or data points. When the function values of embedding energy, local 

electron density, and pair potential functions are provided, the overall function 

within the cut-off distance is extracted by interpolating the function values in 

proper order and algorithms. Like the previous example, we performed the 

design sensitivity analysis where the design variable is each data point values 

of given EAM potential. The effect of the potential parameters on the given 

performance measure can be quantified by using obtained sensitivities. 

Performance measure is same with the previous example, the Young’s 

modulus. Design variables are the potential parameters for the pair potential 

function  r  where the number of data points or design variables is 500. 

The computational costs for FDM and DDM are linearly proportional to the 

number of design variable. Therefore in this example, they are impractical due 

to the huge amount of costs. To verify the accuracy of adjoint sensitivity 

results, we compared the FDM and AVM results at the selected design 

variables. The resulting sensitivity results are listed in Tables 4.13 and 4.14. 

As shown in Table 4.13, when the perturbation amount is 810  the 

agreements between FDM and AVM are poor for certain design variables. 

However when we reduce the perturbation amount from 810  to 1010 , the 

agreements are almost 100% as shown in Table 4.14. Therefore, the adjoint 

sensitivity results turned out to be very accurate while the FDM results are 

inaccurate when the perturbation amount is improper value. 
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Table 4.13 Sensitivity results ( 810b  )  

D.V. # b  (a) FDM (b) AVM (b)/(a) (%) 

250 1.00E-08 -9.94E+02 -9.17E+02 92.27 

300 1.00E-08 -1.85E+00 -1.85E+00 99.99 

350 1.00E-08 -1.52E+03 -3.76E+02 24.78 

400 1.00E-08 -3.20E+02 -2.65E+01 8.31 

 

Table 4.14 Sensitivity results ( 1010b  ) 

D.V. # b  (a) FDM (b) AVM (b)/(a) (%) 

250 1.00E-10 -9.17E+02 -9.17E+02 100.00 

300 1.00E-10 -1.85E+00 -1.85E+00 100.14 

350 1.00E-10 -3.76E+02 -3.76E+02 99.93 

400 1.00E-10 -2.66E+01 -2.65E+01 99.92 

 

The adjoint design sensitivity results of 500 design variables are plotted in 

Figure 4.24. About half the values of sensitivity with respect to design 

variable turns out to be zero. This is due to the positions of two atoms which 

cannot be closer than certain value due to the repulsive force between them. 

This numerical example can be further expand to a design optimization 

problem to find proper value of potential parameter for given problem.  
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Figure 4.24 Adjoint sensitivity results at each data point  
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4.4 Design optimization of Carbon nanotubes 

 Since Iijima (1991) first discovered CNTs in 1991, it has become an 

important material in thermal sciences. Since that time, a significant amount 

of effort has been put into the theoretical and experimental study of these 

structures. There is immense interest in nanoscale graphitic structures and 

CNTs not only for their mechanical and electrical properties, but also for their 

thermal properties, which are fundamentally important in controlling system 

performance. Thermal conductivity of a SWNT has been reported to be as 

high as 6000 W/m K at room temperature by Berber et al. (2000) and is higher 

than both diamond and graphite under the same conditions. Therefore, it is 

important for researchers to study thermal conductivity of CNTs. Before 

investigations for thermal properties of single-walled CNTs, we briefly 

introduced the geometry of CNTs. 

 A single-wall Carbon nanotube can be viewed as a single sheet of 

graphite rolled up into a cylinder. Figure 4.25 shows a representation of the 

2D hexagonal plane that makes up a graphitic sheet, where the Carbon atoms 

lie at the corners of each hexagon (Saito et al., 1998). The vector hC


 shown 

in Figure 4.21, called the “chiral” vector, is that which uniquely determines 

the physical structure of a Carbon nanotube, and is perpendicular to the tube 

axis. The Chiral vector hC


 can be written in terms of the unit vectors of the 

hexagonal lattice, 1a


 and 2a


, such that 1 2hC na ma 
  

. Thus, the integer 

pair (n, m) so called chirality of the CNTs is used to completely describe the 

geometry of a Carbon nanotube. Because of the rotational symmetry of the 2D 

hexagonal lattice, it is only necessary to consider n and m such that 

0 m n  .  
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Figure 4.25 Schematic figure of unrolled graphitic sheet (from Saito et al. 

1998)  

 

 Table 4.15 lists the geometric parameters based on the chirality (n, m) 

which are contributing to construct a single-walled CNT. Utilizing the listed 

parameters we can obtained the geometric models of unit cells which are the 

building blocks of various type of CNTs as shown in Figure 4.26. In particular, 

there are three types of single-walled CNTs with different chirality. If 0m  , 

the CNT type is called zigzag. If m n  the CNT type is called armchair and 

otherwise, it is called chiral. From Figures 4.27 to 4.29 show the various 

chirality of CNTs which are constructed based on the parameters in Table 4.8 

and unit cells shown in Figure 4.26. From Figure 4.27 to 4.29, all three 

nanotubes are single-walled Carbon nanotubes. There also exist multi-wall 

Carbon nanotubes, which consist of two or more concentric single-walled 

Carbon nanotubes. The focus of study in this research is on single-walled 

Carbon nanotubes.  
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Table 4.15 Structural Parameters for Carbon nanotubes (from Saito et al. 1998) 

Symbol name Formula Value 

a  
Length of unit 

vector 
3 2.49C Ca a A 


 1.44C Ca A



   

1a


, 2a


 Unit vectors 
3 1

,
2 2

a
 
  
 

, 
3 1

,
2 2

a
 

  
 

 ,x y  coordinate 

1b


, 2b


 
Reciprocal 

lattice vectors

1 2
,1

3 a

 
 
 

, 
1 2

, 1
3 a

 
 

 
,x y  coordinate 

hC


 Chiral vector  1 2 ,hC na ma n m  
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(a) Geometry of a unit cell for armchair type of (5,5) chirality CNTs 

 

(b) Geometry of a unit cell for zigzag type of (4,0) chirality CNTs 

 

(c) Geometry of a unit cell for chiral type of (4,1) chirality CNTs 

Figure 4.26 Geometries of unit cells of different types of single-walled CNTs  
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Figure 4.27 A (5,5) armchair CNT with length of 5.0 nm 

 

 

Figure 4.28 A (4,0) zigzag CNT with length of 5.0 nm  
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Figure 4.29 A (4,1) chiral CNT with length of 5.1 nm 
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4.4.1 Thermal conductivity of single-walled CNTs 

 One of the remarkable properties of the CNTs is its thermal conductivity 

(  ). Thermal conductivity of single-walled and multi-walled CNTs is 

reported to be about 3,000 W/mK or higher at room temperature by 

experimental approaches. Kim et al. (2001) observed that the thermal 

conductivity of an isolated multi-walled CNT with a diameter of 14 nm is 

more than 3,000 W/mK at room temperature. Fujii et al. (2005) presented 

experimental data of thermal conductivity of single-walled CNT having 

various diameter. Their results also show that the thermal conductivity of 

CNT with a diameter of 9.8 nm exceed 2,000 W/mK. Yu et al. (2005) 

measured the thermal conductivity of a 2.76 m -long isolated single-walled 

CNT and the results are about 3,000 W/mK which have the same order of 

magnitude as the measurement results of an isolated multi-walled CNT. The 

thermal conductivity reported by Pop et al. (2005) of a single-walled CNT of 

length 2.6 m  and diameter 1.7 nm is nearly 3,500 W/mK at room 

temperature. Hone et al. (1999) observed that the thermal conductivity of 

aligned single-walled CNTs crystalline ropes is about 250 W/mK at 300 K. In 

their following works, the thermal conductivity of magnetically aligned 

single-walled CNT films is measured about 200 W/mK in the parallel 

direction, within a decade of graphite (Hone et al., 2000). A recent 

measurement on an isolated single-walled CNT by Yu et al. (2003) reveals a 

higher thermal conductivity than that of multi-walled CNT. Evidently, 

experimental studies can provide a wealth of meaningful thermal conductivity 

of CNTs. However, the experimental approach to measure the thermal 

conductivity has several drawbacks due to the difficulty in handling 

nanomaterials of extremely small dimensions of an isolated single-walled 

CNT and the huge cost for purchasing and maintaining the high precision 

equipment. Also, there exists large uncertainty in the measurement values. In 

such context, MD simulation, one of the most popular computer simulation 

approaches, is an alternative method to determine the thermal conductivity of 

CNTs. 

 In general there are three ways to obtain the thermal conductivity of a 
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single-walled CNT using MD simulation. Nonequilibrium MD (NEMD) 

method is based on Fourier’s law which relates the heat flux to the 

temperature gradient to obtain the thermal conductivity  . NEMD is also 

called the direct method since a fixed temperature gradient or a heat flux is 

imposed to the given system. An advantage of NEMD is that it involves large 

temperature gradients that can be reached experimentally and the convergence 

of the resultant heat flux or temperature profile is fast. In this research, we 

performed the NEMD or direct method to observe the thermal conductivity of 

single-walled CNTs. The detailed simulation method will be presented later. 

The other methods are called the equilibrium MD (EMD) and the 

homogeneous NEMD methods (Evans, 1982). The EMD method is based on 

the Green-Kubo formula which is derived from the linear response theory 

(Hansen and McDonald, 1990). Through the EMD method, the thermal 

conductivity is calculated as in the form of 

     2 0

1
0

B

J t J dt
Vk T  


  , (4.4.1) 

where V , Bk , and T  denote the volume of the simulation box, Boltzmann 

constant, and temperature, respectively. Subscript   and   denote the 

component of the thermal conductivity matrix κ . The heat current  J t  

has the form of (Irving and Kirkwood, 1950) 

     i i
i

d
J r t E t

dt
 
 

. (4.4.2) 

The atomic energy stored in each individual atom iE  can be written as 

  
1

2i i i i iE m v v V  
 

, (4.4.3) 

Where iV  denote the potential energy stored in the atom i . The term inside 

the brackets in the Equation (4.4.1) represents the heat current autocorrelation 

function (HCACF). The HNEMD is a nonequilibrium approach in which an 
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external field is applied to the system to represent the effects of heat flow 

without physically imposing a temperature flux. Interested readers can obtain 

more detailed information about HNEMD in the reference of Evans (1982). 

 There are numerous results of thermal conductivities of single-walled 

CNTs presented by many research groups and by using different approaches 

using MD simulations. The thermal conductivity results of CNTs are listed in 

Tables 4.9 to 4.11 with corresponding reference, length of systems, potential, 

method and chirality of the CNTs. The results obtained from MD simulations 

range from 20-6,600 W/mK. 
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Table 4.16 Thermal conductivity values of CNTs predicted in MD studies 

reported in the literature using EMD method. All values are at room 

temperature, 300K. The nomenclature for the names of the 

potentials is explained in the references.  

Reference 
  

(W/mK)

Length

(nm) 
Potential Chiral 

Lukes and Zhong (2007) 20 - 160 5 - 40 REBO (10,10) 

Grujicic et al. (2004) 173 - 179 2.5 - 40 AIREBO (10,10) 

Bi et al. (2006) 400 - 600 2.5 - 25 Tersoff (10,10) 

Che et al. (2000) 240 - 305 2.5 - 40 Brenner (10,10) 

 

 

Table 4.17 Thermal conductivity values of CNTs predicted in MD studies 

reported in the literature using HEMD method. All values are at 

room temperature, 300K. The nomenclature for the names of the 

potentials is explained in the references. 

Reference 
  

(W/mK)

Length

(nm) 
Potential Chiral 

Berber et al. (2000) 6,600 2.5 Tersoff (10,10) 
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Table 4.18 Thermal conductivity values of CNTs predicted in MD studies 

reported in the literature using NEMD method. All values are at 

room temperature, 300K. The nomenclature for the names of the 

potentials is explained in the references. 

Reference 
  

(W/mK)

Length

(nm) 
Potential Chiral 

Padgett and Brenner (2004) 35-350
10 

- 310 
Brenner-II (10,10) 

Thomas et al. (2010) 300-365
200 

- 1,000
Brenner-II (10,10) 

Shiomi and Maruyama (2008) 130-475
14 

- 425 
Brenner (10,10) 

Feng et al. (2013) 50-590
6.52 

- 34.77
Brenner-II (10,10) 

Cao and Qu (2012) 1,580 4,800 Tersoff (10,10) 

Ren et al. (2010a) 1,430 60 AIREBO (10,10) 

Pan (2011) 243 29.4 Brenner-II (10,10) 

Xu and Buehler (2009) 301 49.26 AIREBO (10,10) 

Wei et al. (2011) 302 49.26 AIREBO (10,10) 

Osman and Srivastava (2001) 1,700 30 Tersoff-Brenner (10,10) 

Kondo et al. (2006) 88.04 10.8 Tersoff-Brenner (8,0) 

Maruyama 

(2002, 2003) 

Maruyama 

(2002, 2003) 

275-390
6 

- 404 
Tersoff-Brenner (10,10) 

150-500
6 

- 404 
Tersoff-Brenner (5,5) 

Zhang and Li (2005) 880 10.8 Tersoff (9,0) 

Zhang and Li (2005) 770 10.8 Tersoff (10,0) 

Zhang and Li (2005) 960 10.8 Tersoff (5,5) 

  

 In this research the thermal conductivity of an isolated single-walled 
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CNT is calculated by using NEMD method. First we consider an armchair 

type (5,5) single-walled CNT which is 2.824 nm long as shown in the Figure 

4.6. The diameter of the tube is 0.677 nm which is directly calculated from the 

chiral vector of that as shown in the Table 4.15. The number of unit cells 

(slabs) in longitudinal direction is 12 and the total number of Carbon atoms is 

240. To model the Carbon-Carbon (C-C) bonded interaction in the CNT, the 

Tersoff bond-order potential is utilized in this MD simulation which is given 

in the Chapter 2. 

 

 

Figure 4.30 The geometry of armchair (5,5) single-walled CNT 
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Figure 4.31 Schematic figure of NEMD method  

 

 The single-walled CNT is at first thermally equilibrated at 250K for 

10ps  using Nose-Hoover thermostat while the Carbon atoms in each end 

layer are fixed. Periodic boundary conditions are not considered in any stage 

of simulation and DSA. After thermal equilibration, a constant temperature of 

300K is placed at one tip of the single-walled CNT while the other tip has a 

temperature of 200K. During the simulation and DSA process, the time step 

size is fixed to 0.5fs and half-step leap-frog scheme is utilized for the time 

integration. Figure 4.31 shows the model of the nanotube divided into 

temperature control sections and the body tube section. 

 In the NEMD method, the thermal conductivity   is calculated from 

Fourier’s law as 

  
 /

J

dT dz
 
 , (4.4.4) 

where  /dT dz  is the temperature gradient and J  is the heat transfer per 

unit area which is given by 
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3 bNk T

J
A

  , (4.4.5) 

where the unit area of the CNT which is obtained as A bd  and 

0.34b nm  based upon the Van der Waals thickness. The heat transfer per 

unit area given in the Equation (4.4.5) is obtained by averaging the absolute 

value of heat flux in hot and cold slabs. Figure 4.32 shows the time history of 

the calculated heat flux values in hot and cold slab. After about 2,500 time 

steps, the heat flux value in each slab shows a trend of convergence. The 

average of absolute heat flux value in each slab is 4.817 2eV ps nm  after 

4,000 time step. 

 

 

Figure 4.32 Heat flux values in cold and hot slabs  

 

The temperature profile in which the temperature in each slab is averaged 

over 2,000 to 4,000 steps is shown in Figure 4.33. The average temperatures 

in two end slabs are reached stable points at first and the temperature 

distribution is converged as the simulation time goes on.  
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Figure 4.33 Temperature profile of the (5,5) single-walled CNT  

 

The temperature gradient is simply obtained from the slope of the linear 

regression line of the temperature profile graph. The temperature gradient can 

be mathematically derived in the form of 

  

 

10 10 10

3 3 3
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2
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1

1

n n
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n nslab

nT n T
nndT

dz l
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, (4.4.6) 

where slabn , sl , n , nT  denote the number of slab, the total length of slabs 

where the thermal transport is occurred, a slab number, and the time-averaged 

temperature in n-th slab which is derived as 

     
0 0

1 1T Tt t T
n n n n n

T d s B T

T T dt m t t dt
t n n k t

   q q   . (4.4.7) 

Temperature gradient can be re-written as in a simple form 
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      q q  , (4.4.8) 
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10

3

1

nslab

n n
n 

   
 
  and 

 
/ 210 10

2

3 3

1

1

slab
dT dz

d s B s T

n nslab

n
C

n n k l t
n n

n 


  

  
   

 
. (4.4.9) 

Obtained temperature gradient value can be found in the Figure 4.30 where 

the resulting value is 23.128 K/nm.  

 

 

Figure 4.34 Temperature profile and calculated temperature gradient  

 

The thermal conductivity is calculated as 33.4 /W mK   from our 

NEMD simulation procedure. The result is acceptable since our result is 

within the range of thermal conductivity of CNT in previous research which is 

about 20-6,600 W/mK. 
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 We performed the same NEMD method to single-walled CNTs of 

different diameters. The resulting thermal conductivities of CNTs are listed in 

Table 4.19. It is revealed that the thermal conductivities of thin CNTs increase 

with the decreasing diameters (Lindsay et al., 2010). Also tube length effect 

on the thermal conductivities of CNTs is reported (Zhang and Li 2005; 

Maruyama 2002, 2003). We considered ultrathin single-walled CNTs of (3,3) 

and (4,0) chirality. The number of Carbon atoms in those tubes is same with 

the (5,5) 2.456 nm-long CNT. The two ultrathin CNTs have small diameter 

and longer length compared to the (5,5) CNT model. As shown in the Table 

4.19, the thermal conductivities of those are higher than that of the (5,5) CNT. 

In the case of (3,3) and (4,0) CNTs, the NEMD simulation is performed 

during 8,000 time steps for the thermal equilibrium. 

 

Table 4.19 Thermal conductivity for different tubes 

Chirality (5,5) (3,3) (4,0) 

Unit cells 12 20 15 

Length (nm) 2.824 4.789 6.381

Diameter (nm) 6.770 4.062 3.127

  (W/mK) 33.372 44.113 41.708
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 To investigate the simulation parameter effects on the thermal 

conductivity of single-walled CNTs, the developed DSA method is applied to 

the NEMD simulation for extracting the thermal conductivity. The design 

variables are selected the mass of atoms in each slab as shown in Figure 4.35 

which is related to the isotope impurity of Carbon atoms. The isotope 

impurity effects on the thermal conductivity of CNTs are discussed in detail in 

section 4.4.2. The mass of each individual Carbon atom in i-th slab is design 

parameterized as 

    0i i im b m b  , 1, , 4slabi n  . (4.4.10) 

At the initial design 0ib  , and the initial mass for Carbon 0m  is 12. The 

number of design variable of each CNT is 4slabn   since we assumed the 

mass in fixed, hot and cold slabs is independent on design. 

 

 

Figure 4.35 Design parameterization of the (5,5) CNT 

 

The performance measure is thermal conductivity. For the analytic sensitivity 

analysis, the thermal conductivity is mathematically reformulated as 

  1

2
aC



 , (4.4.11) 

where the constant 
2

d s B s
a

n n k l
C

A
 ,  and dn , sn , Bk , and sl  denote the 
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dimension number, the number of atoms in a slab, Boltzmann constant, and 

length of slabs where the thermal transport is occurred, respectively. 1  and 

2  are written as 

  

        

            

1 0

0

2

T

T

t
d s B

L L R R
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t T T
J L L L R R R

n n k
J t T t t T t dt
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 q q q q    , (4.4.12) 

and 
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2 / 0
3

Tt T
dT dz n n n

n

dT
C n n m t t dt
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       q q  . (4.4.13) 

The first order design variation of the thermal conductivity can be derived as, 

  1 1 2

2 2 2
a a

a

C C
C

  
  

     
     

   
. (4.4.14) 

The DSA results of thermal conductivity of three different CNTs with respect 

to selected design variables are listed in Tables 4.20, 4.21, and 4.22. The 

analytic adjoint sensitivity AVM   with respect to each design variable is 

compared to those from DDM and FDM, which are denoted as DDM   and 

FDM  , respectively. For the FDM, the forward finite difference scheme is 

used, which is written as 

  
   

FDM

b b b

b

 


  
 


, (4.4.15) 

where the design variation b  is taken to 610  due to the high nonlinearity 

of the MD transient dynamic sensitivity. As shown in the Tables 4.20 to 4.22, 

the adjoint sensitivity is accurate compared to the FDM and DDM.  
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Table 4.20 Verification DSA results of (5,5) CNT 

Slab 
(a) FDM 

FDM   

(b) DDM 

DDM   

(c) AVM 

AVM   

Agreements (%) 

(c)/(a)

*100 

(c)/(b) 

*100 

4 -1.6905E+01 -1.6905E+01 -1.7186E+01 101.66 101.66 

6 -2.4311E+01 -2.4311E+01 -2.4447E+01 100.56 100.56 

8 2.0619E+00 2.0619E+00 2.3229E+00 112.66 112.66 

10 1.3295E+01 1.3295E+01 1.3799E+01 103.79 103.79 

 

Table 4.21 Verification DSA results of (4,0) CNT 

Slab 
(a) FDM 

FDM   

(b) DDM 

DDM   

(c) AVM 

AVM   

Agreements (%) 

(c)/(a)

*100 

(c)/(b) 

*100 

4 1.2267E+02 1.2267E+02 1.2169E+02 99.20 99.20 

6 9.2602E+01 9.2601E+01 8.9314E+01 96.45 96.45 

8 -6.7348E+01 -6.7346E+01 -6.6422E+01 98.62 98.63 

10 -7.1026E+01 -7.1026E+01 -6.8922E+01 97.04 97.04 

12 1.57E+02 1.57E+02 1.55E+02 98.58 98.58 
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Table 4.22 Verification DSA results of (3,3) CNT 

Slab 
(a) FDM 

FDM   

(b) DDM 

DDM   

(c) AVM 

AVM   

Agreements (%) 

(c)/(a)

*100 

(c)/(b) 

*100 

4 -5.1344E+01 -5.1344E+01 -5.4428E+01 106.01 106.01 

6 1.5897E+01 1.5897E+01 1.6241E+01 102.17 102.17 

8 2.0008E+01 2.0007E+01 1.7116E+01 85.55 85.55 

10 2.8316E+00 2.8307E+00 3.2954E+00 116.38 116.42 

12 -9.5934E+01 -9.5934E+01 -9.1533E+01 95.41 95.41 

14 1.2591E+01 1.2591E+01 1.0266E+01 81.53 81.53 

16 1.4269E+02 1.4269E+02 1.4252E+02 99.88 99.88 

18 3.8997E+01 3.8995E+01 3.8507E+01 98.74 98.75 

 

Table 4.23 Comparison of costs 

Chirality (5,5) (4,0) (3,3) 

D.V. # 8 11 16 

Analysis 10.65 (1.00) 23.17 (1.00) 25.94 (1.00) 

FDM 100.31 (9.41) 248.43 (10.72) 341.10 (13.15) 

DDM 251.19 (23.58) 681.51 (29.42) 982.99 (37.89) 

AVM 34.34 (3.22) 61.92 (2.67) 58.34 (2.25) 
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Figure 4.36 Comparison of computational costs between FDM and AVM  

 

The required computational costs for Analysis, FDM, DDM, and AVM for all 

the design variables shown in Table 4.23. In the Table, the normalized costs 

are listed in parenthesis. As the number of design variable is increased, the 

costs for FDM and DDM are also increased in a linear portion. However, the 

AVM need only 2-3 times of analysis costs regardless of the number of design 

variable. These results verify that the AVM is the most efficient DSA method 

for the problem of many design variables.  

The values of CNT thermal conductivity reported in the literature are listed in 

Tables 4.16, 4.17, and 4.18. They exhibit a large, up to an order of magnitude, 

variability that is commonly attributed to the variations in the computational 

setups. There are some literature in which the effects of computational 

parameters on the thermal conductivity of a single-walled CNT. Shelly et al. 

(2010) determine the thermal conductivities of (5,5) single-walled CNTs using 

NEMD method. They iteratively investigated the Nose-Hoover thermostat 

length and temperature effects on the thermal conductivities by performing 

several series of MD simulations with perturbed parameters. Salaway and 

Zhigilei (2014) also reported the effects of computational parameters of 
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NEMD, such as the type of boundary conditions, size and location of heat 

bath regions, CNT length, and the choice of interatomic potential. Their 

results are also obtained from massive serial simulations with perturbed 

parameters and models. Therefore, to investigate the effect of the 

computational results to the choice of individual simulation parameters, due to 

enormous computations, formal design sensitivity analysis of this field is 

challenging and though. Here, we investigate the effects of computational 

parameters of NEMD by utilizing the developed adjoint DSA method.  

Selected design variables are cross-sectional area A , desired temperatures 

LT , RT  and thermal masses LQ , RQ  in the cold and hot slabs. The 

subscript L and R represents cold and hot slabs, respectively. In this research 

the cross-sectional area of the CNT is given as A bd , where 

0.34b nm  is the Van der Waals thickness of Graphene sheets (Shelly et al., 

2010, Salaway and Zhigilei, 2014). The diameter d  has a value fixed to the 

chirality of the CNT. Therefore, the perturbation of Van der Waals thickness 

b  becomes the perturbation of cross-sectional area of the CNT as shown in 

Figure 4.37. 
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Figure 4.37 Design perturbation of cross-sectional area 

 

The desired temperatures in cold and hot slabs are calculated as 

0L diffT T T   and 0R diffT T T  , respectively. diffT  is considered as a 

design variable which denotes the temperature difference to impose heat flux. 

The thermal masses of cold and hot slabs are obtained from 23L s B L rQ n k T   

and 23R s B R rQ n k T   (Nose, 1984a, Nose, 1984b), where r  is a 

characteristic relaxation time. In this research, r  is set to ten times of time 

step size for the fast thermal equilibration. To consider the design perturbation 

of thermal mass, we select the relaxation time r  as a design variable. Also, 

if the temperature difference is perturbed, the thermal mass is also perturbed. 

The design variables are parameterized using the design variables 1 3, ,b b  

as  

  11b b b  ,  21diff diffT T b   and  31r r b   .  (4.4.16) 

By applying the developed adjoint DSA method, we can efficiently obtain the 
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design sensitivities of 3 computational parameters presented in Equation 

(4.4.16) which affect the computed thermal conductivity. In the Table 4.24, 

The resulting adjoint sensitivity values are compared with the forward finite 

difference sensitivity obtained using the perturbation amount of 810 . As in 

the case of mass of carbon atom case, the adjoint sensitivity results show good 

agreements with the FDM. 

 

 

Table 4.24 Accurate results of adjoint design sensitivities 

D.V. 

(a) FDM 

ib   

(b) AVM 

AVM   
(b)/(a) (%)

1b , A  -3.3371E+01 -3.3372E+01 100.00 

2b , diffT 4.2584E+00 4.2283E+00 99.29 

3b , r 2.2138E+01 2.2058E+01 99.64 
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4.4.2 Design optimization of an isolated single-walled CNT 

 CNTs are promising building blocks for thermal management 

applications due to their high thermal conductivities. However, extremely low 

thermal conductivities of CNTs are also discovered when the CNTs have 

certain chirality, isotope impurity, and defects. CNTs now have possibilities 

that can be also utilized as thermal insulation materials rather than heat 

conductors.  

 Zhu and Li (2014) discovered that the ultrathin CNT of (2,1) chirality 

exhibits a surprisingly low thermal conductivity by using MD simulations and 

a NEMD method. The thermal conductivity of their (2,1) CNT is calculated as 

only 16~30% of those in regular (2,2) and (5,5) CNTs. By examining phonon 

modes in (2,1) CNT, they found that the acoustic phonon modes in (2,1) CNT 

soften and the phonon lifetimes also show a great reduction compared to (2,2) 

CNT. They concluded that these two factors account for the significant 

reduction of thermal conductivity of (2,1) CNT. 

 The thermal conductivity of the nanotubes with junctions was less than 

that of a straight nanotube as reported in studies on “Y” and “X” shaped 

junctions of single-walled CNTs using MD simulations. Cummings et al. 

(2004) investigated the thermal conductivity of a Y-shaped junction single-

walled CNT with a (14,0) trunk splitting into two (7,0) branches. They found 

that the thermal conductivity of the Y-shaped junction CNT is less than that of 

a straight (14,0) CNT. A jump in the temperature profile near around the Y-

shape junction is reported, and a similar discontinuity in the temperature 

profile can be obtained when defects were introduced to a corresponding 

straight zigzag (14,0) CNT. Meng et al. (2007) reported the thermal 

conductivity for ultrathin CNT with and without an X-shaped junction by 

using MD simulation and NEMD method. There is a jump in the temperature 

profile around junction where a large temperature gradient appears and thus a 

significant reduction in the thermal conductivity is occurred. Prasher et al. 

(2009) showed that the thermal conductivity of a packed bed of three-

dimensional random networks of single and multiwall CNTs is lower than that 

of thermally insulating amorphous polymers by an experimental approach. To 
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verify the reason why the thermal conductivity of a CNT bed is extremely 

lower than that of an isolated CNT, they compared those of an isolated CNT 

and two CNTs with a junction by using MD simulation and EMD method. 

Evaluating the tube-tube contact conductance G  from their MD simulation, 

they reported that the low thermal conductivity of a CNT bed is due to the 

multiple junctions of CNTs in the random network structure. Ren et al. (2010b) 

studied the thermal conductivity of single-walled CNTs with linear, “Y” and 

“X”-shaped hetero junctions by employing NEMD methods with empirical 

potentials. They related the shape of hetero-junctions to the number of point 

defects. Their calculation reveal that the thermal conductivity of their models 

are close to each other when almost equal number of defects are occurred, and 

all of them are lower than that of pristine CNTs. A discontinuity in the 

temperature profile at the junction area is also reported. Yang et al. (2014) 

employed NEMD method to investigate the longitudinal thermal conductivity 

of non-orthogonal extended X-shaped junction of single-walled CNTs. In their 

NEMD calculation of extended X-shaped junction of single-walled CNTs, 

there exist two distinct jumps in the temperature profile around the extended 

X-shaped junction which differ from the standard junctions of CNTs reported 

in previous studies. The origin of the significant decrease of thermal 

conductivity of extended X-shaped junction is discussed through phonon 

spectra analysis. 

 Isotope impurity affects many properties of materials, such as thermal, 

mechanical, and vibrational properties. There are three isotopes of Carbon 

atom, which are denoted as 12C , 13C , and 14C , where the left superscripts 

denote the atomic mass of each Carbon isotope. They have the same 

electronic structure, but the only difference between them is mass. The 

dependence of the thermal conductivity of single-walled nanotubes on isotope 

impurity is studied using MD simulation by many research groups (Cheng et 

al., 2005, Zhang and Li, 2005, Zhang and Li, 2010). Zhang and Li (2005, 

2010) study the isotope impurity effect on the thermal conductivity of single-

walled CNTs which have chirality of (5,5). In their simulation model, 14C  

atoms are randomly distributed in a 12C  single-walled CNT. They calculated 
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the thermal conductivity of a (5,5) single-walled CNT at room temperature 

300K by using NEMD approach where the temperature difference of each hot 

and cold slabs is set to 10K. With 40%–50% 14C , the thermal conductivity is 

reduced to about 40% of that one in a pure 12C  SWNT. Cheng and Zhou 

(2005) theoretically investigated the effects of isotope doping with 13C  on 

the vibrational, optical, and thermal properties of single-walled CNTs. Each 

investigations are taken by adopting the force constant model of CNTs. They 

compared the properties of three isotope doping configurations and CNTs of 

the armchair and zigzag type. Liu et al. (2014) investigates the thermal 

conductivity of silicone nanosheets (SiNSs) via MD simulation. They found 

that isotopic doping is efficient in reducing the thermal conductivity of SiNSs. 

Also they reported that when SiNSs are randomly doped with 30Si  at the 

doping percentage of 50%, a maximum reduction of about 20% is occurred. 

As in the case of Boron Nitride nanotubes, the thermal conductivity is 

reported that it is exceptionally sensitive to isotopic substitution (Chang et al., 

2006). 

 Isotope doping provides an efficient method to adjust the thermal 

conductivity of nanomaterials (Chen et al., 2012). However, the isotope 

doping configurations are considered as a random distribution and/or a simple 

topology like band structure as shown in the previous research. Our question 

is here. Is there an optimal isotope doping configuration of single-walled 

CNTs for a minimum value of thermal conductivity? Liu et al. (2014) reported 

that there is a possibility about existence of an optimal doping percentage to 

obtain a minimum thermal conductivity. Silicon and Carbon are similar atoms 

and Silicene and Graphene have similar electronic structures. Therefore, 

starting from the research of Liu et al. (2014) we expected that the CNT also 

have optimal isotope doping percentage and/or optimal doping configuration. 

Even though there exists an optimal design of isotope doping configurations, 

if accurate sensitivities of design variables are not available, there are 

difficulties to find out the optimal design. In the previous section, we verified 

the accuracy and efficiency of our adjoint DSA methodology. The developed 

DSA method is further applied to the design optimization problem to find out 
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the optimal isotope doping configuration of a single-walled CNT for the 

lowest thermal conductivity while satisfying the given isotope impurity 

percentage. 

 The main focus of this research is to develop design sensitivity analysis 

and optimization methodology of mathematically idealized models. The 

uncertainty due to the random initial conditions of MD simulation is not 

considered in this numerical example. To find out the optimal isotope doping 

configuration to minimize the thermal conductivity of a 2.824 nm-long (5,5) 

single-walled CNT, a design optimization problem is formulated as 

 Minimize         ,  (4.4.17) 

 Subjected to     
1

1
1 0

DVn

i i
i

g b b
c 

   ,  

  0 1l ib b   , 1, , DVi n  , (4.4.18) 

where c  in the normalized constraint function g  denotes a 13C  

concentration factor and DVn  is the number of design variables. For the (5,5) 

CNT, 160DVn   so that the FDM and DDM are impractical to obtain the 

sensitivity with respect to the design variables due to their huge amount of 

computational costs. lb  in the side constraint inequality is a very small 

number close to zero. The design variables ib  is related to the mass of each 

Carbon atom in the form of 

    0
pn

i i im b m b  , 1, , DVi n  , (4.4.19) 

where pn  is the penalty number to eliminate intermediate design variable 

values. For a pristine CNT, 0 12m   and 0ib   for all i , and when 

1ib   for all i , all the atoms in the CNT are 13C  isotope. We considered 

25% 13C  impurity percentage as a constraint in the optimization problem 
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where the concentration factor c  is set to 40. A gradient-based optimization 

algorithm, The Modified Method of Feasible Directions (MMFD) is utilized 

to solve the optimization problem we formulated where the required gradient 

values by the optimizer are provided from our developed adjoint DSA method 

(UsersManual, 1995). The obtained optimal designs and optimization histories 

are presented in Figures 4.38 and 4.39 when the penalty parameters pn  are 

set to 1 and 3.  
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Figure 4.38 Optimal mass distribution and optimization history where 40c   

and 1pn   
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Figure 4.39 Optimal mass distribution and optimization history where 40c   

and 3pn   
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The coordinate system is changed from rectangular to cylindrical for easier 

viewing. Each Carbon atom is contoured by its mass value. The thermal 

conductivity converges to the minimum value fast during the optimization 

process since the adjoint sensitivity is accurate as shown in Figures 4.38 and 

4.39. 

 

Table 4.25 Comparison of thermal conductivities 

pn  1 3 

Pristine CNT 33.3721 (100.0%) 33.3721 (100.0%) 

Optimal design 0.0001 (0.0002%) 3.3941 (10.17%)

 

The thermal conductivities of pristine CNT composed of 12C  only and 

optimal designs are listed in Table 4.25. When the penalty number 1pn  , 

the thermal conductivity of optimal design is 0.0002% of a pristine (5,5) CNT. 

However, as shown in Figure 4.38, there is no Carbon isotope of intermediate 

mass between 12 and 13 in nature. Therefore we can conclude the optimal 

design in Figure 4.39 is physically meaningful in practical CNT isotope 

doping configuration design. Even though the 13C  impurity percentage is 

25%, the reduction in thermal conductivity of the optimal design is about 90% 

which has never obtained in previous research where the isotope 13C  atoms 

are randomly distributed.  

The results listed in Table 4.25 are obtained from our in-house code. We 

performed same MD simulation by using open-source MD program 

LAMMPS to verify the extremely low values of thermal conductivities of 

optimal designs obtained from our in-house code. For convenience, optimal 

design #1 denotes that of 1pn   shown in Figure 4.38, and optimal design 

#2 denotes that of 3pn   shown in Figure 4.39. In our NEMD method to 

calculate the thermal conductivity, the time histories of thermostat variables 
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L  and R  are needed to obtain the heat flux as derived in Equation (4.4.5). 

However, LAMMPS does not provide the values so we extracted the values of 

thermostat variables from the kinematics of atoms. The thermal conductivity 

values of initial design, design #1, and design #2 obtained from in-house code 

and LAMMPS are compared in Table 4.26.  

 

Table 4.26 Comparison of results between in-house code and LAMMPS 

 
(a) In-house code (b) LAMMPS (a)/(b) (%) 

Initial design 33.5741 33.6127 99.8853 

Design #1 0.0001 0.0706 0.0796 

Design #2 3.3941 3.4263 99.0581 

 

As shown in Table 4.26, the agreements are good in the case of initial design 

and design #2. The agreement of design #1 is poor but the values obtained 

from our code and LAMMPS are both nearly zero so that infer that the 

difference is due to the cumulative numerical difference made when the 

program returns zero value. 

 Thermal properties strongly depends on the phonon density of states 

(DOS) which is the number of vibrational states per unit frequency. In MD 

simulations, the DOS in the longitudinal direction is calculated as 

       0j t
z zD S e v v t dt   , (4.4.20) 

where j  is the imaginary unit and the scale factor /a BS n m k T  and it is 

usually neglected in MD simulations to remove the effects of domain sizes 

and temperatures for comparing the DOS with the same scales. The DOS 

presented in Equation (4.4.20) is computed by performing Fourier transform 

to the velocity autocorrelation function (VACF). For this calculation, the 
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VACF is evaluated up to 2,048 time steps and averaged over all atoms in the 

CNT. We compared the DOS of pristine CNT and optimal design in the 

frequency domain as shown in Figures 4.40 and 4.41. Initial design denotes 

the pristine CNT composed of 12C  atoms. All graphs have a strong peak 

around 44 THz, which is similar to characteristic of the two-dimensional 

grapheme sheet phonon spectrum (Sokhan et al., 2000). In the cases of both 

optimal designs #1 and #2, the DOS at the peak frequency is decreased about 

30%. Note that we didn’t consider the vibrational properties of CNT during 

optimization process. The obtained optimal designs minimizes the 

performance measure given in Equation (4.4.4) which is just a functional of 

kinematics of atoms in the system. However one can see that the optimal 

design restraint the vibrational states at the frequency of strong peak as shown 

in the Figures 4.40 and 4.41. This fact shows that the design is changed in a 

physically meaningful way during the optimization. 
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Figure 4.40 Comparison of phonon DOS between initial design and optimal 

design #1 
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Figure 4.41 Comparison of phonon DOS between initial design and optimal 

design #2 
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The dominant vibrational mode in heat conduction of the (5,5) CNT we 

optimized is occurred at 44 THz. The equation of motion for the NEMD 

simulation of CNT is linearized and we performed the eigenvalue analysis. 

The linearized stiffness matrix is already available since the tangent is 

calculated every time step for solving the adjoint system. The mode shapes of 

initial design and optimal design #1 corresponding to the eigenfrequency 44 

THz is presented in Figure 4.42. 

 

 

Figure 4.42 Mode shapes of initial design and optimal design at 44 THz 
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 Even though the penalization of design variables is performed, there still 

exists some carbon atoms of intermediate mass in the optimal configuration in 

Figure 4.39. For manufacturability of an isotope doped (5,5) SWCNT, the 

masses of carbon atoms are design parameterized as shown in Figure 4.43. In 

this model, the number of design variables is reduce from 160 to 16 design 

variables. 

 

 

Figure 4.43 Design parameterization considering manufacturability 

 

 In this case the meaning of the constant c  for the constraint function in 

Equation (4.4.18) is the number of 13C  bands. The obtained optimal isotope 

doping configurations of 4c   and 8c   are shown in Figures 4.44 and 

4.45. The resulting optimal values of thermal conductivities are listed in Table 

4.27. Compared to the optimal designs in Figures 4.38 and 4.39, the designs 

in Figures 4.39 and 4.40 are seem to be more practical however the reduction 

of thermal conductivities is relatively low.  

 

Table 4.27 Comparison of thermal conductivities 

c 4 8 

Pristine CNT 33.5741 (100.00%) 33.5741 (100.00%) 

Optimal design 14.2587 (42.47%) 11.7668 (35.05%) 
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Figure 4.44 Optimal mass distribution where 4c   and 3pn   
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Figure 4.45 Optimal mass distribution where 8c   and 3pn   
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Chapter 5. Conclusions and Future Works  

5.1 Conclusions 

 An efficient and accurate adjoint design sensitivity analysis method 

using MD simulation is developed considering both non-shape and shape 

design variables. For the application to practical engineering problems of 

various nanomaterials, the constant MD simulation is considered by using 

Nose-Hoover thermostat.  

 To overcome the difficulty in design parameterization of shape of atomic 

structures due to their discrete nature, the generalized Langevin equation is 

utilized for the shape DSA method. The perturbed atomistic region due to the 

shape variation is treated as the GLE impedance forces and the shape design 

problem of discrete atomic variations is converted into a non-shape problem 

with GLE impedance forces.  

 Developed DSA method is applied to the investigation of mechanical 

and thermal properties of nanomaterials such as metallic nanowires and 

single-walled CNTs. All the problems are set up in a similar way with the 

ones reported in literatures. Furthermore, the accuracy and efficiency of the 

developed methodology are demonstrated. 

 Finally, a design optimization of isotope doping configurations for the 

minimum thermal conductivity of single-walled CNTs is performed using a 

gradient-based optimization algorithm with the developed DSA method. 

Through phonon vibrational analysis, the physical validity of obtained optimal 

design is verified. 
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5.2 Future works 

As an extension to this thesis, future studies include the following: 

 

(1) In this research, we obtained the optimal isotope doping 

configuration for minimum thermal conductivity of single-walled 

CNTs. The optimal design is compared by using the phonon density 

of states and thus we verified the obtained optimal design is 

physically meaningful. However all of the results are obtained from 

numerical simulations. The experimental approach is needed for the 

rigorous verification of the optimal design and for applying the 

developed method to nano industry.  

 

(2) In the numerical examples for determining the mechanical properties 

of various nanomaterials, the NEMD approach is utilized. In NEMD 

approach, the results are sensitive to the choice of parameters of the 

simulation setups. And the statistical consideration is not considered. 

The fluctuation-dissipation theorem is a powerful tool in statistical 

physics for predicting the response of molecular dynamic systems.  

Application of developed DSA method to EMD approach based on 

fluctuation-dissipation theorem is a future work.  
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분자동역학을 이용한 나노재료의 기계적 특성에 

대한 설계민감도 해석 

장 홍 래 

산업∙조선공학부 

공과대학 

서울대학교 

 

초 록 

 
본 연구에서는 비형상 및 형상 설계 변수를 고려하여 분자동역학 

(molecular dynamics) 을 이용한 나노재료의 기계적 특성에 대한 

설계민감도 해석 방법론을 개발하였다. 현실적인 공학 문제에 

있어서 분자 단위의 전산모사를 하는데 있어 온도의 영향은 매우 

중요하다. 실질적인 공학 문제에의 적용을 위해 노제-후버 온도 

조절 장치 (Nose-Hoover thermostat) 을 이용한 항온 

분자동역학 전산모사를 수행하였다. 

 분자동역학 전산모사는 과도 동역학 문제 (transient dynamic 

problem) 이기 때문에, 과중한 계산비용이 필요하다. 또한 많은 

설계변수를 고려하는 경우에 그 설계민감도 해석에 있어 더욱 많은 

계산비용이 요구된다. 그리고, 일반적으로 분자동역학 전산모사는 

비선형성이 높은 설계 변수들을 포함하기 때문에 유한차분법과 

같은 근사화된 설계민감도 해석법은 그 정확성을 보장하기 힘들다. 

따라서, 효율적이고 정확한 설계민감도 해석을 위해 애조인 변수법 

(adjoint variable method) 이 이용되었다. 과도 동역학 문제에서의 

애조인 운동방정식은 최종 조건 문제의 형태로 유도가 된다. 때문에 
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애조인 변수법을 개발하기 위해서는 동적 계의 시간 가역성 (time 

reversibility) 이 담보되어야 하며, 저장된 응답 해석의 이력을 

이용하여 애조인 최종 조건 문제를 경로 종속적 과도 동역학 

문제인 분자동역학에 대해 확보되지 않는 시간 가역성을 극복하여 

풀 수 있었다. 

 나노재료들의 물리적 특성들이 일반적인 재료들과 다른 이유는 

굉장히 작은 크기와 그로 인해 발생하는 형태에 있다. 나노 

규모에서의 재료 설계에 있어 형상 효과를 고려하기 위해서는 형상 

설계민감도 해석법이 필수적이다. 따라서 본 연구에서는 일반화된 

랑지뱅 방정식 (Generalized Langevin equation)을 이용한 

격자구조에 대한 형상 설계민감도 해석법을 개발하였다. 분자 

계에서의 형상은 그 이산적 특성으로 인해 매개화가 힘들다. 

일반화된 랑지뱅 방정식을 이용하여 형상 변화는 등가의 임피던스 

력으로 치환할 수 있으며, 이로 인해 형상 설계 문제는 비형상 설계 

문제로 변환될 수 있다. 이를 기반으로 개발된 형상 설계민감도 

해석법을 동적 균열 전파 문제에 적용하였다. 

 나노재료는 나노선, 나노튜브, 나노입자 등의 다양한 종류의 

구조를 가진다. 요즘 각광받고 있는 탄소 나노튜브에 대하여 최소의 

열 전도도를 가지도록 하기 위한 동위원소 도핑에 대한 최적 

배치를 찾기 위해 본 연구에서 개발된 설계민감도 해석법을 

적용하여 최적 설계를 수행하였고 물리적으로 의미 있는 최적 설계 

결과를 얻을 수 있었다. 

 

주요어: 분자동역학, 앙상블, 시간 가역성, 나노재료,  

설계민감도 해석, 애조인 변수법, 최적 설계 
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