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Abstract

In this study, the method is proposed to obtain the design 

allowables of composite laminate with analysis, which are currently 

obtained by tests. The design allowable for a material property 

computed based on the statistical characteristics of that property, so 

several tests are required for same laminate configuration and 

environmental condition. But since the deterministic analysis method 

only gives averaged values for the analysis result, the Monte Carlo 

simulation method is adopted for the statistical values for the result. It 

is one of the main purposes to generate suitable samples which reflect 

the characteristics of the material for the Monte Carlo simulation. To 

do that, estimation of statistical distribution of the material properties, 

the correlations between the properties, and efficient sampling method 

by the Latin hypercube sampling method are considered.

For the composite material lamina level test data, which is 

performed to obtain the material's basic properties, The estimation of 

distribution results gives that each of the 13 basic properties obeys 

some distribution functions such and Weibull, normal or lognormal 

distribution. But some properties did not obey any of the 

pre-determined statistical distributions. To contrast the effects of 

applying different statistical distribution for each properties, tensile 

strength analyses for some laminate configuration were performed with 

classical laminated plate theory. The valid differences were found 

among the proposed method, the method assuming normal distribution 

for all properties, and the method assuming Weibull distribution for all 

properties.
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From the correlation analysis for the lamina level test data, it was 

found that correlations exist between some properties such as tensile 

strength and tensile modulus. For the random sampling method, no 

correlation exists between the property samples, the rank order 

correlation method was applied to reflect the correlation characteristics 

of real test data. Comparing analysis results between the samples with 

no correlation and samples modified by test data's correlation 

characteristics, the mean value of analysis results gives the negligible 

difference, but the standard deviation shows meaningful difference. The 

standard deviation values are not important in the deterministic analysis. 

But since the standard deviation value has large effect for the process 

to compute the design allowables, the correlation characteristics should 

be considered in the input sample generation.

To simulate the failure behavior of composite laminates properly, 

the progressive failure analysis method was applied. IPSAP which is 

in-house code developed in the Aerospace Structure Laboratory in Seoul 

National University, was used for the progressive failure analysis.

The analysis was performed for the 1,000 sample sets that reflect 

the statistical characteristic of the material test data and the correlations 

between the properties. Then the 1,000 analysis results were regarded 

as the population of the results, as the specimen sampling process in 

the real tests, the subsets were collected from the analysis results. The 

B-basis value were computed from the subset. By repeating this subset 

collecting for 100 times, 100 B-basis values are computed and 99% 

confidence interval of B-basis values can be presented. The B-basis 

estimation results are compared with the design allowable values from 

the laminate tests such as open-hole tensile tests for Hexcel 8552 IM7 
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and Hexcel 8552 AS4, most basis values were predicted well by this 

method based on the lamina level test data and the progressive failure 

analysis.

Keywords : Composite Laminates, Design Allowable, Monte Carlo 

Simulation, Sampling Method, Estimation of Distribution

Student Number : 2011-30201
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Chapter 1. Introduction

Although composite material has outstanding specific strength and 

stiffness compared to metallic material, its strength and other properties 

are not consistent. Thus it requires significantly larger amount of tests 

for deducing the design allowables than isotropic material does. 

The A-basis design allowable (A-basis value) is a value which 99% 

of measured values is expected to equal or exceed, associated with a 

95% confidence level. B-basis value is a value which 90% of the 

population is expected to equal or exceed. 

The building block approach (BBA), which is one of the famous 

methodologies used in aerospace industries for deducing the properties 

of composite material, as referred to the composite materials handbook 

CMH-17 [1], specifies the test procedures for the coupon, element, 

sub-component and component in the design of a composite material 

structure. Coupon tests, which consist of lamina level and laminate 

level tests, requires 20~30 repeated tests to derive statistics for the 

design allowables. According to the recommendation by Federal 

Aviation Administration (FAA), 1,500~3,000 repeated tests for the 

lamina level and laminate level test for the coupon specimen of a 

composite material will be required [2].

The laminate level test confirms influence of the laminate stacking 

sequence variation and existence of holes. Since the number of 

combinations may increase to infinity, only partial subsets will undergo 
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test. On the other hand, since the lamina level test is conducted on 

unidirectional laminates, most of the required properties can be obtained 

with a limited number of tests. As such, this study will seek possibility 

of replacing the laminate level test with finite element analysis using 

the lamina level test data. 

Many investigations have been reported which apply statistical 

theory for the uncertainty analysis on a composite material. Astill [3] 

and Oh [3] applied Monte Carlo simulation (MCS) to evaluate strength,  

considering the influence of statistical characteristics of composite 

material properties. Fukuda [4], Goda [5], Yuan [6], and Zhou [7] 

considered more properties, such as the strength of a fiber or the 

diameter of a fiber as a random variable that displays either normal or 

Weibull distribution. Manan [8] assumed fiber-direction angle and ply 

thickness as uncertainty variables, using polynomial chaos expansion 

method for normal distribution and Latin hypercube sampling method 

(LHS) [9], predicted statistical characteristics of aircraft flutter speed. 

Barbero [10] assumed composite material's properties follow Weibull 

distribution, proposed Weibull parameters and A/B-basis parameters for 

sample size. Vinckenroy [11] used the goodness-of-fit test to estimate 

the statistical distribution of the material properties such as strength, 

modulus, Poisson’s ratio from the tests, and using that properties with 

input parameters, performed MCS for the laminate strength.

In the field of reliability, the reliability index is estimated by a 

variety of methods, such as the first order second moment method 
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(FOSM) and the second order second moment method (SOSM) to 

compute the failure probability. The response surface method (RSM) 

has been suggested to improve efficiency of the reliability analysis. 

Kam [12] proposed reliability analysis method for composite laminates 

experiencing nonlinear-large deflection by random static loads. Rikards 

[13] applied RSM and LHS to obtain elastic properties of composite 

laminate. Lee [14] introduced the MCS, advanced SOFM (ASOFM) and 

RSM, and compared their efficiencies for analyzing the failure 

probability and reliability of the composite laminates. With the 

statistical finite element method (SFEM), statistics was used to 

introduce variances of input properties into the formulation of the finite 

element method [15].

Nonetheless, those theories assumed that all the input variables 

should obey pre-determined statistical distributions, mostly either normal 

or Weibull distribution. However, realistic test data may exhibit a 

distribution that is not previously known. In extreme situations, the data 

may not obey or exhibit any existing distributions. From the CMH-17 

handbook it can be determined which type among the existing 

distributions any specific test data obeys, in order to determine the 

design allowables for that specific distribution.

In this study, estimation of the specific distribution will be 

attempted by accounting for all the single properties provided by test 

data. This will permit complete examination the distribution 

characteristics of each property.
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Moreover, the composite material has non-linear characteristics and 

final failure is reached through degradation after the initial failure. To 

reflect this behavior, progressive failure analysis (PFA) will be used. 

For the PFA simulation, an improved version of IPSAP (Internet 

Parallel Structural Analysis Program) – in-house FEA code which is 

developed in Seoul National University will be used. This specific 

program is equipped with multi-frontal solver and parallel computing 

algorithm, recently improved and extended [16-19]. Park [20] improved 

it for analyzing composite material characteristics considering material 

characteristics when considering material nonlinearity, continuum damage 

mechanics, and material property degradation. He showed that IPSAP 

predicted un-notched laminate strength within a ±10% margin of error, 

especially when compared with test results of Hexcel 8552 IM7 [21].

This study attempts to present a method to create samples that 

properly reflect the statistical characteristics of the composite material's 

test data. It also tries to derive the design allowables from the 

analytical results, which use the samples as the input properties. To do 

this, theories including the pooling method [1], the Anderson-Darling 

goodness-of-fit test [22], the LHS method [9] and the rank order 

correlation method [23] will be adopted. A method of estimating design 

allowables - A/B-basis values from the FEA results will be proposed.
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Chapter 2. Theoretical Background

2.1. Statistical Method for Design Allowables of 

Composite Materials

To obtain the design allowables of composite materials, both the 

99% lower bound A-basis value and the 90% lower bound B-basis 

value associated with confidence level of 95% are usually estimated by 

tests, through using the building block approach.

Fig. 1. A/B-basis design allowable values

The 95% confidence level in the definition means: If we took 100 

data sets from the population and computed a B-basis value for each 

of the 100 data sets, 95 times out of 100 we would generate a basis 
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value which is lower (and thus conservative) than the true population 

90% reliability value. 5 time out of 100, the computed B-basis value 

would be higher than the true 90% reliability value [24].

The building block approach is an aircraft design methodology 

using composite materials referred to MIL-HDBK-17 of US department 

of defense. MIL-HDBK-17 was transferred to CMH-17 managed by 

FAA from July 2005 [1]. Since composite material properties have 

large deviations due to raw material type, manufacturing technology and 

processing,  the effects of changing that parameters should be reflected 

to statistical characteristics of the material properties by means of 

several tests. Due to uncertainty characteristics of composite materials, 

the design process for complex structured systems like aircrafts may 

accompany much risks. BBA was introduced to reduce possible risks of 

final stage through verification processes on each design stage, as 

shown in Fig. 2. The test stages are classified as below [1].

Ÿ Coupon (Lamina): This evaluates the properties of the fiber and 

matrix together in the composite material form. For the purpose 

of this discussion prepreg properties are included in this level, 

although they are sometimes broken-out into a separate level. 

Key properties include fiber areal weight, matrix content, void 

content, cured ply thickness, lamina tensile strengths and moduli, 

lamina compressive strengths and moduli, and lamina shear 

strengths and moduli.
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Ÿ Coupon (Laminate): Laminate testing characterizes the response 

of the composite material in a given laminate design. Key 

properties include tensile strengths and moduli, compressive 

strengths and moduli, shear strengths and moduli, interlaminar 

fracture toughness, and fatigue resistance.

Fig. 2. Building block approach process [1]

Ÿ Element :  This evaluates the ability of the material to tolerate 

common laminate discontinuities. Key properties include open and 

filled hole tensile strengths, open and filled hole compressive 

strengths, compression after impact strength, and joint bearing 

and bearing bypass strengths.

Ÿ Subcomponent : This testing evaluates the behavior and failure 

mode of increasingly more complex structural assemblies.

Ÿ Component : This testing is performed to approve the structural 

conformity of major parts of aircraft structures like wing, body, 
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fin, horizontal stabilizer.

Test Stage Detailed Test Items

Prepreg
Tests

Uncured Prepreg
-

Physical and 
Chemical Property 

Tests 

Resin Content
Volatile Content
Gel Time
Resin Flow
Fiber Areal Weight
IR (Infrared Spectroscopy)
HPLC (High Performance Liquid
Chromatography)
DSC (Differential Scanning Calorimetry)

Coupon
Tests

Cured Lamina
-

Physical Property 
Tests

Fiber Volume
Resin Content
Void Content
Cured Neat Resin Density
Glass Transition Temperature(dry)
Glass Transition Temperature(wet)

Cured Lamina
-

Mechanical 
Property

Tests

0° Tension
90° Tension
0° Compression
90° Compression
In-Plane Shear
Short-Beam Shear

Laminate
-

Mechanical 
Property

Tests
(Typical)

Un-Notched Tension
Un-Notched Compression
Short-Beam Shear
Open-Hole Tension
Open-Hole Compression
Filled-Hole Tension
Filled-Hole Compression
Single Shear Bearing
Interlaminar Shear
Compression After Impact

Table 1. Tests for material's basic properties [1]
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Tests and analyses are performed for each design processes of 

coupons, elements, details, sub-components, components. Most material 

properties obtained from coupon test process and made to form a 

database which is for approvement by certification authority.

At coupon test process, physical characteristic tests and mechanical 

property tests on cured lamina, mechanical property tests on laminate 

are performed. Physical and Chemical Properties of uncured prepreg are 

provided by manufacturers of raw materials, generally. Table 1 shows 

basic property test processes.

The lamina level test consists of five types of tests to obtain the 

basic properties such as strength and modulus, Poisson’ ratio of tension, 

compression and shear of unidirectional laminates. They are as follows:

- Longitudinal tension (LT) tests: tension property in the fiber direction;

- Longitudinal compression (LC) tests: compression property in the fiber 

direction;

- Transverse tension (TT) tests: tension property in the transverse 

direction of fiber;

- Transverse compression (TC) tests: compression property in the 

transverse direction of fiber;

- In-plane shear (IPS) tests: shear property.
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The laminate level tests are for the effects of stacking sequences as 

fiber direction, existence of hole and impacts. The stacking sequence 

variation is generally 3 variations: 25/50/25 (i.e. 25% of 0° direction 

plies, 50% of 45° plies and 25% of 90° plies), 10/80/10, 50/40/10.

- Un-notched tension (UNT) tests: tension property of un-notched 

laminates;

- Un-notched compression (UNC) tests: tension property of un-notched 

laminates;

- Open-hole tension (OHT) test: tension property of laminates which 

have a hole in the center of the plate;

- Open-hole compression (OHC) test: compression property of laminates 

which have a hole in the center of the plate;

- Filled-hole tension (FHT) test: tension property of laminates which 

have a hole filled by metal joint;

- Filled-hole compression (FHC) test: tension property of laminates 

which have a hole filled by metal joint;

- Compression after impact (CAI) test: compression property of 

laminates which is impacted by falling weight, izod or charpy impact;

Since the property of a composite varies greatly according to 

temperature and humidity, each test is conducted under the following 

four temperature and humidity conditions:
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- RTD: room temperature dry condition, 21 ± 5.5°C;

- CTD: cold temperature dry condition, -54 ± 2.8°C;

- ETD: elevated temperature dry condition, 121 ± 2.8°C;

- ETW: elevated temperature wet condition, 121 ± 2.8°C, 85 ± 5%.

Most of design allowables are determined by the coupon tests, and 

there are two sampling methods; the robust sampling method and the 

reduced sampling method. For A-basis value, the robust sampling 

method requires 75 specimens, the reduced sampling does 55 sampling 

for each environmental conditions. For B-basis value, the robust 

sampling method requires 30 tests and the reduced sampling method 

does 18 samples. These processes are shown in Figs 3-4.

Fig. 3. Number of tests (specimens) for A-basis, reduced sampling [2]
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Fig. 4. Number of tests (specimens) for B-basis, reduced sampling [2]

When real tests are conducted, over 18 tests may be performed as a 

backup, some of the tested data can be eliminated as outliers. So the 

number of tests may be different from Figs 3-4.

For fully conducting lamina level tests, required number of tests are 

about 1,500 and 500 for robust sampling, reduced sampling, 

respectively. On laminate level test, tests to find out the effects of 

stacking sequence, stress concentration due to hole existence are 

performed, robust sampling and reduced sampling require 1,500 tests 

and 1,000 tests, respectively [2].

When the methodologies of CMH-17 are adopted in aircraft design 

processes, some modifications are made adequately for that aircraft and 

materials. The material tests for the Boeing 777 empennage design are  

summarized as Table 2. The laminate tests takes one of the largest 
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potions as it consists of 2,300 tests, comparing the total number of 

tests is 8,300.

Level Test Type Number of Tests

Coupon/
Element

Ply properties 235
Long-term environmental exposure 200

Laminate strength 2,334
Interlaminar strength 574

Radius details 184
Crippling 271

Stress concentrations 118
Effects of defects 494

Bolted joints 3,025
Durability 385

Bonded repair 239

Sub-
component

Bolted joints (major splices) 110
Rib details 90

Spar chord crippling 50
Skin/stringer compression panels 26

Skin/stringer tension panels 4
Skin/stringer shear/compression 6

Skin/stringer repair panels 6
Skin splice panels 2

Skin/stringer runouts 4
Spar shear beams 6

Total 8,364

Table 2. Summary of tests for Boeing 777 empennage [25]

Since at least 18 test data are made for same condition and 

configuration, statistical characteristics of test results and design 
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allowables such as A/B-basis values can be determined. The A/B-basis 

values of laminates are obtained from the laminate test data as 

described as follows [1-2]:

i. eliminate outliers from the laminate test data for each 

environment;

ii. normalize the remaining data for each environment;

iii. check for the equality of variance among environmental groups;

iv. pool the normalized data groups with similar variance 

characteristics;

v. perform goodness-of-fit tests for the pooled data;

vi. estimate A/B-basis values for the estimated distribution or with 

non-parametric methods in accordance with the goodness-of-fit 

test results.

Fig. 5 shows the relevant procedure in a block diagram.

Composite material test configuration have too much variations such 

as stacking sequences, environmental conditions, to have enough data 

for estimating statistical characteristics for each condition. The pooling 

methods are introduced to bridge that gap. Steps i~iv above are related 

to the pooling method that combines data groups which have 15~30 

test data for each environment. After the pooling method is performed, 

the number of pooled data may reach to 60~120, which will be 

sufficient to evaluate the distribution characteristics statistically. 
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Fig. 5. Procedure for determining the design 
allowables

The outliers are identified by the maximum normal residual (MNR) 

method. Test data that deviate excessively from the overall data variance 

according to the MNR value are considered to be outliers [27].



 
    (    ) (1)

where

 = sample mean of i-th environmental group

 = sample standard deviation of i-th environmental group
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Critical value (CV) identifying outliers are calculated as follows, for 

the significance level α=0.05 and sample size n:

 

 





(2)

t is the [1-α/2n] quantile of the t distribution with n-2 degrees of 

freedom. CV values for some sample sizes are shown in Table 3.

n CV n CV

10 2.290 22 2.758

12 2.412 29 2.893

15 2.548 100 3.384

18 2.652 200 3.606

Table 3. Critical values of MNR to discard outliers

If MNR value computed from the test data which have n number of 

data, is larger than the CV value in Table 2, the data value shall be 

dispositioned from the data group. When an outlier is detected, the 

causes should be identified. Major conditions for eliminating outlier data 

are as follows: [2]

Ÿ Out of specifications of raw materials
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Ÿ Fabrication process outside the specified tolerance

Ÿ Defects in laminated test specimen

Ÿ An error in the specimen preconditioning

Ÿ Test specimen dimensions or orientation outside the specified 

tolerance

Ÿ Test equipments improperly set up

Ÿ Test specimen slip during the test

Ÿ Test specimen failed in a mode other than the mode under test

Ÿ A different failure mode still in the gage section

The data, excluding the outliers, will be used in the following 

procedures. The data of each environment are divided by the average 

value of the environment to be normalized into the group with an 

average of 1.0.

 

 (3)

where

 = the normalized j-th data point in the i-th group

 = the original j-th data point in the i-th group

 = a mean value of i-th group

The averages of the environments are set to the same level, and 
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variance analysis is performed to check whether the distribution 

characteristics among environmental groups are similar or not.

   
 (4)

where

 = the transformed value of the j-th normalized data in 

the i-th group

 = the median of the i-th group

With  values above, we compute the F statistic to check equality 

of variance among environmental data groups. Only the environmental 

groups with the F test's p-value of 0.05 or higher will be pooled. 

The goodness-of-fit test is then conducted on the pooled data to 

decide which statistical distribution best fits the test data. The tests 

examines for three distributions: Weibull, normal, and lognormal 

distribution. If the test data shows that the p-value of a distribution 

exceeds 0.05, the test data will be assumed to conform to the 

distribution. The test is performed first for the Weibull distribution, and 

normal, lognormal, respectively. If the p-value for the Weibull 

distribution exceeds 0.05, then more test for normal and lognormal 

distribution is not needed [26]. If none of the distributions is satisfied, 

the basis value will be obtained in by the non-parametric method.
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Pooled data characteristics are used only used for estimation of 

distribution, not to find the parameters, such as kA, kB, VA, VB, etc. 

When the number of tests increases, confidence of in the statistics from 

those tests will increase. The real number of tests cannot be increased 

by the pooling method. Confidence of in the test data will be 

determined by the number of the original test data before pooling.

Ÿ Basis values for Weibull distribution

If the test data conform to the Weibull distribution, the A/B-basis 

values are obtained using the following formula (VA and VB according 

to the number of data n, are listed in Tables in Ref. 1):

  exp

  (5)

 exp

  (6)

Ÿ Basis values for normal distribution, or lognormal distribution

If the test data conform to a normal distribution, the A/B-basis 

values will be obtained using the formula below (kA and kB are listed 

in Tables in Ref. 1). In case of the lognormal distribution, the average 

and standard deviation values of ln(x) are obtained, and logged 

A/B-basis values are estimated. A/B-basis values are then obtained 
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through the inverse log transformation.

   (7)

  (8)

Ÿ Non-parametric basis values for large samples

If the number of test data n exceeds 298, the rA-th smallest data 

among the test data will become equal to the A-basis value. If the 

number of test data n exceeds 28, the rB-th smallest data among the 

test data will become equal to the B-basis value. rA and rB according 

to n are given in Tables in Ref. 1.

Ÿ Non-parametric basis values for small number of samples

The A-basis value for the tests of n<299 and B-basis value of 

n<29 are obtained using the formula below. x(1) represents the smallest 

test data, x(r), r-th smallest data, and x(n), the largest data. kA and kB 

are given in Tables in Ref. 1.

 

 


(9)

 

 


(10)
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The equations (5)~(10) for the A/B-basis computation of CMH-17 

consider the drop of confidence level from the lack of the number of 

tests, and the drop is represented by the coefficients such as kA, kB, VA, 

VB, etc, which are originally lower 1% or 10% sigma values in the 

distribution functions. For the two different test sets having same mean 

and standard deviation values, one test set of smaller number of tests 

have the larger coefficient, so the smaller A/B-basis results. For n=18, 

kB for the normal distribution is 1.974, in Table in Ref. 1. The lower 

10% of population of the normal distribution is under -1.282 sigma. In 

Equation (8), kB means this value and 1.974 substitutes 1.282. This 

mean that n=18 number of tests is not sufficient to have full 

confidence, the factor 1.974/1.282=1.54 is needed. When n approaches 

to infinite, kB=1.282.

Fig. 6. kB value vs. the number of tests
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2.2. Estimation of Distribution of Test Data

The physical phenomenon such as the property can be modeled with 

the given data analysis or by the expert’s experiences [28]. The 

property of a material is known to obey either the normal or the 

Weibull distribution. The normal distribution function was used to 

simulate the concrete material properties [29] and the lognormal 

distribution for steel material properties in the steel load and resistance 

factor design (LRFD) specifications [30]. The Weibull distribution 

function has two versions: 2-parameter and 3-parameter functions. The 

2-parameter Weibull distribution function was used for wood materials 

[31]. For composite materials, even though the 3-parameter Weibull 

distribution fits the data well, the 2-parameter function is used more, 

because the location parameter does not improve the presentation of 

FRP material properties [32].

 The normal distribution is selected if there exists no information 

known in advance [33]. However, this study does not assume a 

distribution but conducts the goodness-of-fit test – including both 

normal and Weibull distributions – in order to reflect the exact trend 

of the test data. The goodness-of-fit test includes the chi-square test, 

Kolmogorov-Smirnoff (K-S) test [34-35], and Anderson-Darling (A-D) 

test [22], etc. For the most of these tests, the Weibull distribution does 

not give better results, but it has been used for composite materials 

commonly, especially in the aerospace industries for many years [36].
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Ÿ Chi squared test

The Chi Squared (χ2) statistic measures how well the expected 

frequency of the fitted distribution compares with the observed 

frequency of a histogram of the observed data. Chi Squared test makes 

the following assumptions [28]:

(1) The observed data consists of a random sample of n independent 

data points.

(2) The measurement scale can be nominal or numerical.

(3) The n data points can be arranged into histogram form with N 

non-overlapping classed or bars that cover the entire possible 

range of the variable.

The χ2 statistic is computed as follows:

 
 






(11)

where 

O(i) = the observed frequency of the i-th histogram class

E(i) = the expected frequency from the fitted distribution of 

x-values falling within the x-range of the i-th histogram bar

Since the χ2 statistic sums the squares of all of the errors, it can be 
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sensitive to any large errors. It is the most commonly and easily used 

goodness-of-fit statistics, it is very dependent on the number of bars N 

that are used. By changing the value of N, one can quite easily switch 

ranking between two distribution types. Generally, Scott's normal 

approximation used [37]:

   (12)

Ÿ Kolmogorov-Smirnoff (K-S) test

The K-S statistic Dn (K-S distance) is defined as:

  max (13)

where

n = total number of data points

F(x) = distribution function of the fitted distribution

Fn(x) = i/n

i = the cumulative rank of the data point
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Fig. 7. Example of the K-S statistic Dn [28]

The K-S statistic is thus only concerned with the maximum vertical 

distance between the cumulative distribution function of the fitted 

distribution and the cumulative distribution of the data. The K-S 

statistic is generally more useful than the χ2 statistic in that the data is 

assessed at all points and avoids the problem of determining the 

number of bands to split the data into. However, its value is only 

determined by the one largest discrepancy and takes no account of the 

lack of fit across the rest of the distribution. 

Ÿ Anderson-Darling (A-D) test

The insensitivity of the K-S statistic to lack of fit at the extremes 

of the distributions is corrected for in the Anderson-Darling statistic. 

Statistical procedures of the handbook CMH-17 [1] recommends to use 

A-D test. The A-D statistic AD is defined as:
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ln ln  (14)

where

n = total number of data points

F(x) = distribution function of the fitted distribution

i = the cumulative rank of the data point

The Anderson-Darling statistic is a sophisticated version of the 

Kolmogorov-Smirnoff statistic. The vertical distances are integrated over 

all values of x to make maximum use of the observed data. The A-D 

statistic is a generally useful measure of fit especially where it is 

important to place equal emphasis on fitting a distribution at the tails 

as well as the main body. On the other hand, it requires a lot more 

number of calculations. If the number of data points are smaller than 

30, the adjusted value AD* can be calculated as follows, proposed by 

Stephens(1986) [38].

 





 (15)

If AD* statistic is larger than 0.752, the null hypothesis 'the data 
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comply with the distribution' shall be rejected. It means: for the normal 

distribution function, AD* computed with Equation (15) is smaller than 

0.752, the data can be simulated with the normal distribution. The 

p-value is calculated with different equations depending on the value of 

AD*. If p-value for the specific distribution is larger than 0.05, it is 

appropriate that the data obeys that distribution [27].

 exp   when  ≧ (16)

 exp   when ≦ 

 exp  when ≦ 

 exp   when  ≦

And it has been reported that the A-D test is more sensitive for the 

discrepancies in tail regions [39].
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2.3. Random Number Generation

After the estimation of the statistical distribution that best fits the 

test data, the samples that obey the distribution with random number 

generators. Using general random generator that gives the numbers in 

[0,1] for the uniform distribution, the random numbers for the Weibull, 

normal or lognormal distribution can be obtained with methods such as 

inverse transform method, direct transform method, or 

acceptance-rejection method [40].

Fig. 8. Inverse transform method to make normal 
distributed x from uniform distributed F(x) [28]
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In the inverse transform method, both ranges of the distribution 

function F(x) and random number R are between 0 and 1, for the 

inverse function of F(x)=R, which is X=F-1(R), X obeys the distribution. 

It can be used for generating the random numbers for the Weibull and 

the exponential distribution.

The direct transform method and the acceptance-rejection method are 

used when the inverse function of the distribution function does not 

exist. For the normal distribution, the direct transform method are used 

and for the Poisson and the gamma distribution, the  

acceptance-rejection method are used.

For the Weibull, normal, lognormal distribution, generally used 

random number generation methods are as follows.

Ÿ Weibull distribution random number generator

The inverse function of the Weibull distribution function is obtained 

like Equation (17), random numbers for the Weibull distribution can be 

generated using the inverse transform method.

 exp  (16)

 ln (17)

R is a random number of the range of [0, 1], 1-R is also a random 
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number of same range. So x of Equation (17) obeys the Weibull 

distribution for random numbers R.

Ÿ Normal distribution random number generator

- Box-Muller Method : When u1 and u2 are independently sampled 

in the range [0,1], the normal distribution random numbers whose mean 

and standard value is μ, σ, respectively, can be obtained by Equation 

(18) [41].

ln  (18)

- Approximate Inverse Transform Method : Since the normal 

distribution function does not have an inverse function, Box-Muller 

method is used generally. But for some case the approximate method is 

used. In Equation (19), for random number u in [0,1], x approaches the 

normal distribution. The maximum error of this method is 0.45×10-4, 

which can be neglected generally [42].

 (u>0.5) (19)

  (u≤0.5)

where
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 ln (u>0.5)

 ln (u≤0.5)

c0=2.515517 d1=1.432788

c1=0.802853 d2=0.189269

c2=0.010328 d3=0.001308

Ÿ Log-normal distribution random number generator

Log-normal distribution random numbers can be obtained using the 

normal distribution random numbers. In Equation (20), x obeys the 

lognormal distribution for the mean value of ln(μ) and the standard 

value of ln(σ).

   (20)
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2.4. Latin Hypercube Sampling for Monte Carlo 

Simulation

In the analysis of a structure using a composite material with 

significant uncertainty in its properties, it is difficult to predict behavior 

accurately with deterministic analysis, which considers only the average 

values of the properties. Therefore, it is rational to use the statistical 

approach, which can predict the statistical properties, such as average, 

distribution, and distribution form.

The main modeling variables such as shape and external force - in 

addition to the properties - are given values containing the uncertainties; 

the techniques reflecting them include the random sampling technique, 

expansion method, optimization method, statistics-based response 

function method, and statistics-based approximate integration [15]. 

Although all those methods (except the random sampling technique) 

improve efficiency by simplifying the model for approximation, they 

require additional formulation steps and contain inaccuracies arising 

from the simplification of the model.

The random sampling method based on the Monte Carlo simulation 

(MCS) can be applied directly, without modifying the basic model or 

formula, but requires an increased amount of computations. To 

supplement the efficiency problem of MCS, sampling techniques such 

as Latin hypercube sampling, orthogonal array-based sampling and 
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importance sampling, which all reduce the number of computations 

required yet obtain the same result, have been developed. They allow 

excellent results with a relatively small number of samples [9].

MCS uses the statistical sampling technique to reflect the uncertainty 

of the model, and executes repeated analyses of the input variable sets 

extracted from the probability density of input variables of the model, 

using a random or pseudo-random number. Each input variable set is 

extracted in accordance with the definition by the probability density 

function based on the test data or known results. The normal 

distribution is generally assumed for the cases no information is known 

[33].

When the limit state function is given as g(x), probability 

distribution function is fX(x), the failure probability Pf is computed as 

Equation (21).

 
≤

 (21)

In most structure problem, it is difficult to obtain the solution by 

integrating g(x) for fX(x), approximate method is generally used. For 

MCS, with enough number of samples which reflect the statistical 

characteristics of input variables, a sample that has minus value for the 

limit state function gives a fracture, the failure probability is estimated 

by Equation (22) approximately.
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 ≈


(22)

Like above, MCS can be applied simply without any modification in 

g(x), comparing the SOFM and ASOFM which need a explicit function 

of g(x). Moreover, the reliability methods like SOFM, ASOFM 

approximate the limit state function as first or second order curve, but 

for the functions for MCS do not require any approximation, so more 

exact solution can be expected. One weak point of MCS is that it 

requires enough number of samples. The error estimation method for 

MCS is proposed by Shooman [43], the maximum error can be 

computed using Equation (23) for the 99% confidence interval.


×

×  (23)

For the Equation (23), to have 1% failure probability for the A-basis 

and 10% probability for the B-basis, the number of samples needed are 

39,600 and 3,600, respectively. MCS is not proper for the complex 

model which require comparatively long time.
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Failure Probability Error (%) Required # of Run

1 %
(A-basis)

20.0 9,900 
10.0 39,600 
1.0 4,000,000 

10 %
(B-basis)

20.0 900 
10.0 3,600 
1.0 390,000 

Table 4. Required number of runs for the basis values

Reh [44] used the rule of thumb,  ≈. For 10% failure 

probability, 1,000 number of analyses are required.

Like this, if a sufficient number of samples are used, the input 

variable distribution can be properly reproduced, and a solution with 

improved accuracy can be obtained. Note, however, that such a task 

will not be suitable for complex models because of the excessive 

processing time required.

LHS has been applied and improved extensively, since it is simple 

to apply and highly efficient. Proposed by McKay, et al. [9], it creates 

samples that are evenly distributed throughout the range, without bias. 

The space where the input variables are distributed is uniformly divided 

into the size of sample N so that the samples are extracted in the 

sample probability in each section. N is generally larger than k+1 (k is 

the number of changing input variables) and is usually much larger, to 

ensure accuracy [43]. Random sampling is performed in each divided 

distribution domain. Only one sampling is allowed in each domain, 
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with sampling performed in all domains. McKay proved that LHS 

requires fewer samples than basic random sampling method to obtain 

the same accuracy level.

The LHS procedure is described as follows [45][46]:

(1) Define P = (pnk) in the N×K matrix; {1, 2, …… , N} in each 

column of P is randomly permutated and rearranged.

(2) U = (ξnk) (n = 1, …, N,  k = 1, …, K) is assumed to be a 

random variable independent from P, conforming to N×K 

uniform distribution U [0,1].

(3) The LHS matrix Xnk is defined as follows.

 
    (24)

In the procedure above, p represents the partition of the distribution 

divided into N, where the sample is located; ξ is where the sample is 

located in each partitioned distribution. So a ξ of 0.5 means that the 

LHS sample is located at the center of the section (midpoint Latin 

hypercube design, MLHD) [47]; if ξ is given randomly in range of 

[0,1], the sample is randomly placed in each section (random Latin 

hypercube design, RLHD). Park [48] stated that there would be no 

difference in efficiency between Midpoint LHS and Random LHS when 

the examination count and number of input variables were large enough 

(a relative efficiency of 0.9996 when there are four input variables and 
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25 examination counts). When the data points X obey the uniform 

distribution or the normal distribution, example of Midpoint LHS and 

Random LHS are shown in Figs. 9-12.

Fig. 9. Sampling example of 
Midpoint LHS for uniform 

distribution

  
Fig. 10. Sampling example of 

Midpoint LHS for normal 
distribution

Fig. 11. Sampling example of 
Random LHS for uniform 

distribution

  
Fig. 12. Sampling example of 

Random LHS for normal 
distribution

When collecting 5 samples for the variable x, the range is devided 

as 5 sub-division like examples in Figs. 9-12. In each sub-division, 

sample can be collected in the mid-point or random point of that 

sub-division.
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2.5. Rank Order Correlation

If there are two or more variables such as X1, X2, ... , Xd, each of 

the independently sampled X1, X2, etc., is randomly matched to create 

sample X composed of d number of samples. In the process, cases of 

correlation that do not exist originally between the variables being 

assigned or d-dimensional space not being filled may be generated. 

Such a situation can be improved as the number of samples increases, 

or removed by checking the correlation between the sampled variables 

and change ranks of each data with rank order correlation [22].

For the material such as composites, generally the material properties 

have correlations. When explaining the relations between variables, the 

terms such as dependency, correlation, or regression are used, and they 

have different meanings each other. Dependency means that an 

independent variable has statistically meaningful relation with other 

variable (dependent variable). Correlation is a statistic which represent 

the degree of the relation. Pearson‘s correlation coefficient is computed 

with Equation (25). Cov(X, Y) is covariances of variable X and Y, σ(X) 

and σ(Y).

 


(25)



- 39 -

Pearson‘s correlation coefficient exists between -1 and 1, as the 

absolute value approaches 1, the variables have a strong relation, and 

as the value approaches 0, the variables have no relation. Generally for 

the value over 0.4, it is assumed that the properties have a meaningful 

relation. 

Regression analysis is the method that minimizes the error to obtain 

the mathematical equations between independent and dependent 

variables. The linear relationship can be found by the simple linear 

regression as Equation (26).

    (26)

where

Xi: the independent variable

Yi: the dependent variable

β0: the intercept

β1: the gradient

εi: the error between the equation and real measured data

With the least square method, β0 and β1are obtained that minimizing 

the error term εi. With the result of a regression analysis, the 

correlation coefficient and p-value are also obtained, p-value under 0.05 
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means that the properties have correlations.

Since the random numbers for properties are randomly matched each 

other, they have not any correlations. But if the regression analysis 

results for the original test data give that there are some correlations, 

the samples for the same properties should have same level of 

correlations. The rank order correlation method [23][49] is the one of 

the easiest method, and moreover it does not influence the each 

property's distribution characteristics. The statistic ρ, Spearman's rank 

order correlation coefficient are computed as Equation (27).

   

  (28)

When X and Y are sorted in ascending order, rank means the order,  

ΔR is the difference of the ranks of i-th data. n is a size of the data. 

Like the Pearson‘s correlation coefficient, the Spearman's correlation 

coefficient has a value between -1 and 1. The original sample data has 

the correlation coefficient near zero, for that data the rank order 

correlation method re-sort the data X and Y so that the sample data has 

same level of Spearman's correlation coefficient as the original test 

data. Table 5~7 and Figs. 13~15 show that the ranks that have 

different correlations.



- 41 -

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

1 2 6 4 11 20 16 6

2 1 7 18 12 16 17 15

3 8 8 3 13 10 18 11

4 17 9 7 14 14 19 12

5 5 10 9 15 13 20 19

Table 5. Correlation matrix example of ρ=0.5

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

1 3 6 11 11 6 16 18

2 8 7 5 12 13 17 9

3 12 8 1 13 19 18 16

4 4 9 10 14 15 19 20

5 2 10 7 15 17 20 14

Table 6. Correlation matrix example of ρ=0.7

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

rank of 
X

rank of 
Y

1 5 6 4 11 12 16 18

2 6 7 2 12 11 17 19

3 3 8 9 13 14 18 13

4 1 9 10 14 15 19 17

5 8 10 7 15 16 20 20

Table 7. Correlation matrix example of ρ=0.9
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Fig. 13. Rank of X vs. Y for ρ=0.5

Fig. 14. Rank of X vs. Y for ρ=0.7
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Fig. 15. Rank of X vs. Y for ρ=0.9

The matrices such as a ranks in Table 5-7, are called the correlation 

matrices, and with this matrix, the correlation can be applied in that 

samples. Procedures for the rank order correlation method are as 

follows.

(1) Compute the Spearman's correlation coefficient for the analysis 

of raw test data

(2) Generate the correlation matrix which has same size with the 

sample sets, and same correlation coefficient with the test data

(3) Re-arrange the two variables as the ranks from the correlation 

matrix

Since Spearman's correlation coefficient can be obtained for the 
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lamina level test data, same correlation should be applied to the 

analysis samples from random sampling. Since the properties that 

consist of the sample are only sorted again and the original value is 

not modified, each properties maintain the original statistical distribution 

characteristic such as Weibull and normal distribution.
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2.6. Progressive Failure Analysis Using IPSAP

A progressive failure analysis (PFA) is a useful way to predict the 

mechanical behavior of composites. A common and practical approach 

to model damage is adopting the material property degradation methods 

(MPDM) in the analysis. A continuum damage mechanics (CDM) 

approach using internal state variables is to incorporate the statistical 

nature of the material into constitutive relationships to describe the 

accumulation of damage in composite materials. In this work, 

predictions of the tensile strengths of carbon-fiber laminate composites 

are attempted using an improved CDM model with emphasis on the 

material non-linearity of fiber, shear stiffness reduction, the damage 

contribution of matrix cracks in adjacent layers, and the statistical 

distribution of the fiber strength as caused by defects. The damage 

model and progressive failure analysis modules are implemented in 

IPSAP, which is a general structural analysis program developed at 

Seoul National University. An implicit integration procedure for the 

proposed material and degradation model will also be developed. The 

Newton-Raphson method for equilibrium calculations will be adopted in 

IPSAP. 

 Constitutive equations of unidirectional composites are based on a 

regression model considering rational expressions to describe the shear 

stiffness precisely throughout the strain range. A multi-scale approach is 

used to reveal the relationship between the meso-scale and macro-scale 
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by determining damage variables using a generalized Weibull 

distribution. A Weibull location parameter is added to describe 

degradation induced by localized delamination. This value is investigated 

by means of cross-ply experimental results rather than inserting a 

cohesive zone layer with interface properties and damage indicators 

which are associated with modes I~III. The revised CDM method will 

enable accurate predictions of the strength, with shell elements and 

without the use of cohesive zone layers. Because it is not necessary to 

determine additional material properties which come from the setting of 

a cohesive zone layer, this method can be used easily for any materials 

of which the ply-level properties and their distributions are known.
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Chapter 3. Proposed Method

3.1. Analytical Approach for Design Allowables

The procedure in Section 2.1 is used to estimate the A/B-basis 

values from the laminate test data. To obtain the basis values without 

laminate test data, the new method is proposed together with the 

sampling technique and finite element analysis. Only the lamina level 

test data are used for the proposed method. The procedure is described 

in Fig. 16.

Ÿ Pre-processing: Sample generation from the lamina level test data 

for FEA

i. Eliminate outliers from the lamina level test data for each 

environment (nm test data × m properties × t environments);

ii. Normalize the lamina level test data for each environment;

iii. Examine for the equality of variance among environmental 

groups;

iv. Pool the normalized data groups with similar variance 

characteristics;

v. Perform goodness-of-fit tests for the pooled data;

vi. Generate samples from the proper distribution function or direct 

sampling from the test data in accordance with the 

goodness-of-fit test results.
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Fig. 16. Procedure of the proposed method using lamina level test data 
and FEA (shaded blocks are newly added or modified procedures)
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Steps i~v above for determining the distribution characteristics of 

laminate level test data in the original procedure are performed to 

determine the distribution characteristics of lamina level test data. Since 

the goodness-of-fit test assumes that the sample population conforms to 

a specific distribution, it will be rational to extract the sample from the 

determined distribution function.

Because the A/B-basis values are directly extracted from the data if 

the test sample is deemed not to conform to any specific distribution in 

the original procedure in Section 2.1, we also extract the samples 

directly from the test data without making any assumption on 

distribution. If N samples are selected from each property, a sample set 

given in X can be obtained.

 


















(29)

   

  

  

     

  (30)

Ÿ Post-processing: Computing A/B values from the FEA results

vii. Calculate laminate strength with FEA for the samples (N×m 

array);

viii. Build subset which consists of random nmin samples from N 
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strength calculation results;

ix. Perform goodness-of-fit test for the subset;

x. Calculate A/B-basis values for the proper distribution or with 

non-parametric methods;

xi. Repeat viii~x 100 times;

xii. Estimate A/B-basis values with confidence intervals.

Analysis results numbering N can be obtained if N samples are 

used as input to FEA. The simplest method is to determine the 

distribution characteristics of such N number of results, and then obtain 

the coefficients such as kA and kB according to N and estimate the 

A/B-basis values. Note, however, that the coefficients for the basis are 

set to reflect the reliability of the input data as the number of test data 

increases, and it will not be rational to increase reliability by simply 

increasing the repetitions of FEA. It is more rational to determine 

reliability considering the number of lamina level tests used as input.

Estimation of the A/B-basis values from N number of analytical 

results is a point estimation, with a less useful result. It is more useful 

to present the A/B-basis values with a confidence interval.

Considering these two factors, Steps viii~xii are presented. 

Assuming the number of the m-th property data of the lamina level test 

to be nm, the smallest number is denoted by nmin. Conservatively, it is 

rational to assume the reliability of the input information used for 

analysis as the level of nmin. Subsets having nmin number of data from 
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N number of result values can be extracted, and the A/B-basis values 

are estimated from these subsets. In example, if this process is repeated 

100 times randomly, 100 A/B values will be obtained. Thus, 95% or 

99% confidence intervals can be acquired. The number of 100 is  

suitable number of trials at which A/B-basis value became stable, and 

selected by several analyses.
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3.2. Sample Generation for Analysis from Lamina Level 

Tests

The test data to be used in this study are of Hexcel 8552 IM7, 

Hexcel 8552 AS4 presented in Ref. 21 and 50. The types of tests and 

the number of tests for each test configurations are shown in Table 

8-9.

Property Symbol
# of Data

Test Stacking 
sequenceRTD CTD ETD ETW

LT strength F1
tu 18 22 - 18

Longitudinal 
Tension [0]6

LT modulus E1
t 18 22 - 29

LT Poisson's 
ratio ν12

t 18 22 - 25

TT strength F2
tu 20 21 - 19 Transverse 

Tension [90]11
TT modulus E2

t 20 21 - 19

LC modulus E1
c 15 20 17 35

Longitudinal 
Compression [0]14LC Poisson's 

ratio ν12
c 15 20 17 35

TC strength F2
cu 20 20 - 25

Transverse 
Compression

[90]14
TC modulus E2

c 20 20 - 9

TC Poisson's 
ratio ν21

c 20 20 - 9

IPS 0.2% 
yield strength F12

s0.2%ε 12 - - 19
In-Plane 

Shear
[+45/

-45]3sIPS strength F12
s5%ε 16 21 - 20

IPS modulus G12
s 16 21 - 20

Table 8. Number of test data of Hexcel 8552 IM7 lamina level properties [21]
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Property Symbol
# of Data

Test
Stacking 
sequenceRTD CTD ETD ETW

LT strength F1
tu 21 19 - 24

Longitudinal 
Tension [0]6

LT modulus E1
t 21 19 - 24

LT Poisson's 
ratio ν12

t 21 19 - 24

TT strength F2
tu 17 18 - 19 Transverse 

Tension [90]11
TT modulus E2

t 17 18 - 19

LC modulus E1
c 19 20 19 21

Longitudinal 
Compression [0]14LC Poisson's 

ratio ν12
c 19 20 19 21

TC strength F2
cu 19 20 - 19

Transverse 
Compression [90]14

TC modulus E2
c 19 20 - 19

TC Poisson's 
ratio ν21

c 19 20 - 18

IPS 0.2% 
yield strength F12

s0.2%ε 16 - - 19
In-Plane 

Shear
[+45/

-45]3sIPS strength F12
s5%ε 22 20 - 19

IPS modulus G12
s 22 20 - 19

Table 9. Number of test data of Hexcel 8552 AS4 lamina level properties [50]

As shown in Table 8-9, the number of data in each environment is 

18~22 on average, which is too small to estimate the statistical 

distribution, particularly for the material. Since the testing of composite 

material is conducted on a number of cases, it is difficult to obtain a 

sufficient number of data for each case. The pooling method discussed 

in CMH-17 [1] is presented to overcome such difficulties.

This section describes the pooling procedure with the E1
t property of 
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Hexcel 8552 IM7, which is the longitudinal tensile modulus of the 

material. The raw data for each environment of E1
t are given in Table 10.

Item
E1

t (Msi)
RTD CTD ETW

Test Data

22.553 22.425 23.285
23.43 22.078 23.975

22.588 22.573 23.793
23.785 22.937 23.382
23.433 21.852 25.578
23.528 22.667 23.761
22.795 22.342 24.389
23.305 22.541 23.281
23.076 22.54 23.977
21.835 22.436 23.622
23.716 22.801 24.702
23.731 23.099 23.496
20.707 22.103 23.719
23.225 22.034 23.828
23.053 23.03 23.558
22.09 22.039 23.738

22.973 22.651 24.063
23.941 23.119 24.356

23.219 23.222
22.468 24.329
22.832 24.378
22.706 23.449

24.831
23.769
23.93
24.023
24.79
24.023
24.778

Average 22.987 22.567 24.001
Std. Dev. 0.812 0.387 0.557

# of Data(n) 18 22 29

Table 10. E1
t data from IM7 lamina level tests [21]
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Firstly, outlier removal and normalizing for each environment’s data 

are performed in accordance with the procedure explained in Section 

2.1. The normalized data are shown in Table 11.

Item E1
t (Msi)

RTD CTD ETW

Normalized Data

0.9754 0.9937 0.9702
1.0134 0.9783 0.9989
0.9769 1.0002 0.9913
1.0287 1.0164 0.9742
1.0135 0.9683 1.0657
1.0176 1.0044 0.9900
0.9859 0.9900 1.0162
1.0080 0.9988 0.9700
0.9981 0.9988 0.9990
0.9444 0.9942 0.9842
1.0257 1.0103 1.0292
1.0264 1.0235 0.9790
1.0045 0.9794 0.9883
0.9971 0.9763 0.9928
0.9554 1.0205 0.9815
0.9936 0.9766 0.9890
1.0355 1.0037 1.0026

1.0244 1.0148
1.0289 0.9675
0.9956 1.0137
1.0117 1.0157
1.0061 0.9770

1.0346
0.9903
0.9970
1.0009
1.0329
1.0009
1.0324

Average 1.0000 1.0000 1.0000
Std. Dev. 0.0258 0.0172 0.0232

# of Data(n) 17 22 29

Table 11. Normalized data of E1
t of IM7
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The equality of variance analysis of the sets of all the 

environmental groups yielded a p-value of 0.34, indicating similar 

variance characteristics. Therefore, the data of all three environments of 

E1
t can be grouped together to estimate the distribution characteristics 

of the lamina level E1
t property. As a result, the data size became 68 

as shown in Table 12; which is sufficient to infer the statistical 

distribution.

Item E1
t (Msi)

Pooled Data
(RTD/
CTD/
ETW)

0.9754 0.9937 1.0244 0.9883
1.0134 0.9783 1.0289 0.9928
0.9769 1.0002 0.9956 0.9815
1.0287 1.0164 1.0117 0.989
1.0135 0.9683 1.0061 1.0026
1.0176 1.0044 0.9702 1.0148
0.9859 0.99 0.9989 0.9675
1.008 0.9988 0.9913 1.0137

0.9981 0.9988 0.9742 1.0157
0.9444 0.9942 1.0657 0.977
1.0257 1.0103 0.99 1.0346
1.0264 1.0235 1.0162 0.9903
1.0045 0.9794 0.97 0.997
0.9971 0.9763 0.999 1.0009
0.9554 1.0205 0.9842 1.0329
0.9936 0.9766 1.0292 1.0009
1.0355 1.0037 0.979 1.0324

Average 1.0000
Std. Dev. 0.0218

# of Data(n) 68

Table 12. Pooled data of E1
t of IM7
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The consistency of the pooled data with the Weibull, normal, and 

lognormal distributions was evaluated by using the Anderson-Darling 

goodness-of-fit test [22]. Table 13 shows the estimation result for 

pooled E1
t data. The p-value for the Weibull distribution is 0.005 which 

is smaller than 0.05, so the hypothesis that the data obeys Weibull 

distribution is rejected. The p-value for the normal distribution is 0.786 

which is larger than 0.05, it is concluded that the normal distribution 

best fit the data of E1
t.

Distribution p-value of A-D test Result

Weibull 0.005 rejected (p<0.05)

Normal 0.786 accepted (p>0.05)

Lognormal 0.815 not considered

Table 13. Anderson-Darling goodness-of–fit tests for E1
t of IM7

The normal fit of initial data and pooled data are shown in Figs. 17 

and 18, respectively. Fig. 18 shows the data of each environment 

pooled to one group of data and the pooled data fit the normal 

distribution well.
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Fig. 17. Normal fit of E1
t test data for each environment

Fig. 18. Normal fit of pooled data of E1
t
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As a result of the procedure described above, the population of E1
t 

can be considered to have a normal distribution, and sampling can be 

performed using a normal probability distribution function. By the same 

procedure, the other properties of IM7 and AS4 were pooled, and the 

resulting estimation of distribution characteristics is given in Table 

14-15. It is shown that most of the properties follow the normal or the 

Weibull distribution.

Property # of 
Data

p-values of A-D Tests Best Fitting 
DistributionWeibull Normal Lognormal

F1
tu 40 0.032 0.381 0.326 Normal

E1
t 68 0.005 0.786 0.815 Normal

ν12
t 18 0.000 0.005 0.010 -

F2
tu 60 0.227 0.530 0.271 Weibull

E2
t 39 0.000 0.003 0.006 -

E1
c 87 0.000 0.190 0.208 Normal

ν12
c 70 0.000 0.017 0.257 Lognormal

F2
cu 65 0.067 0.507 0.376 Weibull

E2
c 49 0.009 0.196 0.144 Normal

ν21
c 49 0.066 0.026 0.000 Weibull

F12
s0.2%ε 30 0.058 0.909 0.921 Weibull

F12
s5%ε 37 0.001 0.030 0.038 -

G12
s 57 0.012 0.476 0.383 Normal

Table 14. Distribution estimation for each property of 
pooled lamina level test data of Hexcel 8552 IM7
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Property # of 
Data

p-values of A-D Tests Best Fitting 
DistributionWeibull Normal Lognormal

F1
tu 45 0.003 0.060 0.171 Normal

E1
t 63 0.000 0.031 0.029 -

ν12
t 64 0.334 0.469 0.219 Weibull

F2
tu 54 0.392 0.100 0.037 Weibull

E2
t 54 0.000 0.058 0.052 Normal

E1
c 40 0.279 0.002 0.001 Weibull

ν12
c 59 0.000 0.038 0.110 Lognormal

F2
cu 19 0.168 0.839 0.868 Weibull

E2
c 58 0.000 0.029 0.067 Lognormal

ν21
c 37 0.093 0.358 0.280 Weibull

F12
s0.2%ε 16 0.005 0.043 0.049 -

F12
s5%ε 61 0.000 0.026 0.045 -

G12
s 61 0.000 0.009 0.065 Lognormal

Table 15. Distribution estimation for each property of 
pooled lamina level test data of Hexcel 8552 AS4

Sampling is performed in accordance with the result of the 

estimation of distribution. Properties that follow Weibull, normal or 

lognormal distributions are sampled using probability distribution 

functions and a random number generator. Since general random 

number generators give random numbers in the range of [0,1] for 

uniform distribution, to obtain random numbers that are not uniformly 



- 61 -

distributed, an inverse transform method is generally used. Because the 

Weibull distribution function can be transformed to an inverse function, 

random numbers for this distribution can be obtained by inverse 

transform method. But there is no inverse function for normal and 

lognormal distributions; we used an approximate inverse transform 

method. Properties not obeying those three distributions are sampled 

directly in the pooled test data. The structure of the present sample set 

is shown in Table 16-17, when the sample set size is 1,000.

Property
Samples Sampling

MethodX1 X2 X3 ... X1,000

F1
tu (ksi) 356.56 364.41 369.52 ... 377.47 Normal Dist.

E1
t (Msi) 22.888 22.854 23.637 ... 23.959 Normal Dist.

ν12
t 0.3060 0.3250 0.3060 ... 0.3060 Direct Sampling

F2
tu (ksi) 8.3573 9.4621 8.6380 ... 9.8765 Weibull Dist.

E2
t (Msi) 1.4010 1.3330 1.2973 ... 1.3070 Direct Sampling

E1
c (Msi) 18.341 19.827 23.517 ... 18.137 Normal Dist.

ν12
c 0.3261 0.3458 0.3446 ... 0.3394 Lognormal Dist.

F2
cu (ksi) 46.486 42.616 39.043 ... 42.841 Weibull Dist.

E2
c (Msi) 1.4019 1.4288 1.2817 ... 1.3139 Normal Dist.

ν21
c 0.0245 0.0247 0.0228 ... 0.0208 Weibull Dist.

F12
s0.2%ε (ksi) 13.616 12.948 13.072 ... 12.713 Weibull Dist.

F12
s5%ε (ksi) 8.1170 7.8693 8.2790 ... 8.2790 Direct Sampling

G12
s (Msi) 0.7137 0.7120 0.6743 ... 0.7071 Normal Dist.

Table 16. Sample set of 1,000 samples for analysis of IM7
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Property
Samples Sampling

MethodY1 Y2 Y3 ... Y1,000

F1
tu (ksi) 263.04 300.15 345.84 ... 292.54 Normal Dist.

E1
t (Msi) 18.043 18.285 16.291 ... 18.433 Direct Sampling

ν12
t 0.2923 0.2966 0.2688 ... 0.3168 Weibull Dist.

F2
tu (ksi) 9.6973 7.8542 9.5886 ... 9.7718 Weibull Dist.

E2
t (Msi) 1.1804 1.2306 1.3070 ... 1.4603 Normal Dist.

E1
c (Msi) 16.539 16.332 14.625 ... 16.513 Weibull Dist.

ν12
c 0.3348 0.3016 0.3425 ... 0.3377 Lognormal Dist.

F2
cu (ksi) 38.420 39.948 37.282 ... 39.230 Weibull Dist.

E2
c (Msi) 1.5219 1.3632 1.4267 ... 1.3961 Lognormal Dist.

ν21
c 0.0254 0.0271 0.0264 ... 0.0283 Weibull Dist.

F12
s0.2%ε (ksi) 13.058 13.123 12.515 ... 13.123 Direct Sampling

F12
s5%ε (ksi) 8.8846 8.3036 7.9122 ... 7.7317 Direct Sampling

G12
s (Msi) 0.7164 0.6702 0.6659 ... 0.7063 Lognormal Dist.

Table 17. Sample set of 1,000 samples for analysis of AS4

Laminate Stacking Sequence

Open-Hole laminate 
Tension

OHT1 [45,0,-45,90]2s

OHT2 [45,-45,0,45,-45,90,45,-45,45,-45]s

OHT3 [0,45,0,90,0,-45,0,45,0,-45]s

Table 18. Laminate configurations for simulation
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Using the samples obtained above, the analysis for some laminate 

models are performed to compare the test results. The laminate models 

are open-hole tensile models as shown in Table 18.

First of all, the sensitivity analyses were performed to estimate the 

effects to the results for each variable. The longitudinal tensile strength 

for the laminate model was analyzed, changing one variable in range of 

-2σ ~ + 2σ of that variable and maintaining no change in the other 12 

variables. The mean values and the ranges for each input variables are 

shown in Table 19.

Property Mean (μ) Std. Dev. (σ) μ - 2σ μ + 2σ
F1

tu (ksi) 362.69 13.99 334.72 390.67 

E1
t (Msi) 23.121 0.501 22.119 24.123 

ν12
t 0.3156 0.0167 0.2821 0.3491 

F2
tu (ksi) 9.2862 0.7381 7.8100 10.7625 

E2
t (Msi) 1.2980 0.0547 1.1886 1.4073 

E1
c (Msi) 20.037 1.475 17.087 22.987 

ν12
c 0.3563 0.0449 0.2666 0.4461 

F2
cu (ksi) 41.436 2.066 37.304 45.568 

E2
c (Msi) 1.4087 0.0998 1.2091 1.6082 

ν21
c 0.0235 0.0022 0.0191 0.0279 

F12
s0.2%ε (ksi) 13.220 0.368 12.483 13.956 

F12
s5%ε (ksi) 7.7558 0.1833 7.3891 8.1225 

G12
s (Msi) 0.6787 0.0241 0.6304 0.7269 

Table 19. Range of each property for sensitivity analysis for IM7
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The sensitivity analysis results for OHT laminate models are shown 

in Table 20~22 and Figs. 19~21. Since E1
c, ν12

c, F2
cu, E2

c, and ν21
c have 

no effect to the analysis results, were excluded in the presentations and 

need not further sampled.

Overall, longitudinal tensile strength F1
tu, transverse tensile strength 

F2
tu, longitudinal tensile modulus E1

t, and transverse tensile modulus E2
t 

have large effect, and the other 4 variables have little effects which are 

under 0.5%. Among this, F1
tu has the biggest effect, especially in the 

OHT3 laminate which has many 0° plies. 

In Table 16 and 17, the dominant variables such F1
tu as F2

tu obey 

the normal distribution and the Weibull distribution.

Property
Tensile Strength Analysis Result Deviation

-2σ -1σ +1σ +2σ
F1

tu (ksi) -5.72% -2.84% 2.90% 5.84%

E1
t (Msi) -1.46% -0.71% 1.15% 1.84%

ν12
t 0.04% 0.02% -0.03% -0.08%

F2
tu (ksi) -3.98% -1.96% 1.95% 3.85%

E2
t (Msi) 2.39% 0.81% -0.83% -1.63%

F12
s0.2%ε (ksi) -0.98% -0.12% 0.85% 0.97%

F12
s5%ε (ksi) 0.05% 0.02% -0.02% -0.06%

G12
s (Msi) 0.48% 0.48% 0.14% -0.46%

Table 20. Sensitivity analysis results for OHT1 laminate model
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Property
Tensile Strength Analysis Result Deviation

-2σ -1σ +1σ +2σ
F1

tu (ksi) -4.57% -2.41% 2.23% 3.98%

E1
t (Msi) -1.28% -0.67% 0.45% 1.03%

ν12
t 0.51% 0.51% -0.11% -0.66%

F2
tu (ksi) -4.03% -2.21% 1.61% 3.18%

E2
t (Msi) 2.29% 0.77% -1.25% -2.01%

F12
s0.2%ε (ksi) -1.67% -0.82% 0.74% 1.40%

F12
s5%ε (ksi) 0.49% -0.01% -0.50% -0.62%

G12
s (Msi) -0.05% -0.03% 0.23% 0.33%

Table 21. Sensitivity analysis results for OHT2 laminate model

Property
Tensile Strength Analysis Result Deviation

-2σ -1σ +1σ +2σ
F1

tu (ksi) -7.26% -3.69% 3.03% 6.06%

E1
t (Msi) -1.93% -0.82% 1.31% 2.01%

ν12
t 1.01% 0.63% -0.09% -0.04%

F2
tu (ksi) -3.05% -1.42% 2.01% 4.02%

E2
t (Msi) 1.91% 0.95% 0.01% -0.11%

F12
s0.2%ε (ksi) -0.02% -0.01% 0.53% 0.98%

F12
s5%ε (ksi) 0.96% 0.00% -0.07% -0.07%

G12
s (Msi) 0.69% 0.38% 0.15% 0.28%

Table 22. Sensitivity analysis results for OHT3 laminate model
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Fig. 19. Sensitivity results of OHT1 laminate tensile strength analysis

Fig. 20. Sensitivity results of OHT2 laminate tensile strength analysis
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Fig. 21. Sensitivity results of OHT3 laminate tensile strength analysis

The analysis results for the 1,000 samples are shown in Table 23 and 24.

Sample
Tensile Strength Analysis Results (ksi)

OHT1 OHT2 OHT3

X1 58.248 45.521 86.449

X2 61.702 47.261 90.492

X3 58.130 45.212 86.144

... ... ... ...

X1,000 61.501 46.857 91.774

Mean 59.787 46.016 88.487

Std. Dev. 2.026 1.433 2.760

Table 23. Laminate tensile strength analysis results in simulation of IM7
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Sample
Tensile Strength Analysis Results (ksi)

OHT1 OHT2 OHT3

Y1 46.931 36.457 70.826

Y2 50.720 43.245 73.325

Y3 49.085 38.590 72.726

... ... ... ...

Y1,000 47.013 38.421 68.406

Mean 47.747 37.341 70.029

Std. Dev. 52.429 42.546 75.486

Table 24. Laminate tensile strength analysis results in simulation of AS4

Table 25-26 show the comparisons between the analysis results and 

test results of longitudinal tensile strength of OHT1/2/3 laminate model. 

Table 25 and Fig. 22 are for the results for Hexcel 8552 IM7. Table 

26 and Fig. 23 are for the results for Hexcel 8552 AS4. 
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Case Item OHT1 OHT2 OHT3

Mean
(ksi)

Test 59.003 43.653 86.59

Analysis 59.787 46.016 88.487

Difference 1.33% 5.41% 2.19%

Std. Dev.
(ksi)

Test 2.407 1.211 4.678

Analysis 2.026 1.433 2.760

Difference -15.8% 18.3% -41.0%

CoV (%)

Test 4.08 2.77 5.40

Analysis 3.39 3.11 3.12

Difference -16.9% 12.3% -42.3%

Table 25. Tensile strength from analysis and test results of IM7

Fig. 22. One sigma range of tensile strength from analysis and test 
results of IM7
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Case Item
OHT1 OHT2 OHT3

Mean

Test 47.63 39.169 68.554

Analysis 50.088 39.944 72.758

Difference 5.16% 1.98% 6.13%

Std. Dev.

Test 1.382 0.750 2.625

Analysis 2.341 2.603 2.729

Difference 69.4% 247% 3.94%

CoV (%)

Test 2.90% 1.91% 3.83%

Analysis 4.67% 6.52% 3.75%

Difference 61.0% 240% -2.07%

Table 26. Tensile strength from analysis and test results of AS4

Fig. 23. One sigma range of tensile strength from analysis and 
test results of AS4
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3.3. Effects of Correlation between Properties

Since the properties in samples are independently sampled and 

randomly matched each other, no correlations exist. If the lamina level 

test data of the material has no correlations, these samples can be used. 

But if the test data has some correlations, the correlations should be 

applied in samples.

First of all, the correlations of original test data are computed. The 

correlations can be estimated in same test configurations such as 

longitudinal tensile tests, transverse compressive tests. In example for 

longitudinal tensile tests, the relation between strength-modulus, 

strength-Poisson's ratio, and modulus-Poisson's ratio can be estimated. 

For each pairs, the regression analyses were performed to estimate there 

are any meaningful correlations. Table 27-28 are the results. A p-value 

under 0.05 means that the property pair has a significant level of 

correlation. For IM7, between longitudinal tensile strength F1
tu and 

modulus E1
t, and between in-plane shear strength F12

s5%ε and modulus 

G12
s, the significant correlations exist. For AS4, longitudinal compressive 

strength E1
c and Poisson's ratio ν12

c has meaningful correlation. But ν12
c 

has no effect in the analysis results, so effect of correlation estimation 

only accounted for Hexcel 8552 IM7 material.
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Test Properties Pair
p-value of 
regression 
analysis

Correlation

Longitudinal 
Tension

F1
tu , 

E1
t , 

ν12
t

F1
tu , E1

t 0.001 exists

E1
t , ν12

t 0.471 -

ν12
t , F1

tu 0.958 -

Transverse 
Tension

F2
tu , 

E2
t F2

tu , E2
t 0.517 -

Longitudinal 
Compression

E1
c , 

ν12
c E1

c , ν12
c 0.208 -

Transverse 
Compression

F2
cu , 

E2
c , 

ν21
c

F2
cu , E2

c 0.957 -

E2
c , ν21

c 0.327 -

ν21
c , F2

cu 0.656 -

In-Plane 
Shear

F12
s0.2%ε , 

F12
s5%ε ,

G12
s

F12
s0.2%ε , F12

s5%ε 0.772 -

F12
s5%ε , G12

s 0.000 exists

G12
s , F12

s0.2%ε 0.292 -

Table 27. Regression analysis results for IM7 lamina level properties
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Test Properties Pair
p-value of 
regression 
analysis

Correlation

Longitudinal 
Tension

F1
tu , 

E1
t , 

ν12
t

F1
tu , E1

t 0.128 -

E1
t , ν12

t 0.455 -

ν12
t , F1

tu 0.099 -

Transverse 
Tension

F2
tu , 

E2
t F2

tu , E2
t 0.673 -

Longitudinal 
Compression

E1
c , 

ν12
c E1

c , ν12
c 0.011 exists

Transverse 
Compression

F2
cu , 

E2
c , 

ν21
c

F2
cu , E2

c 0.632 -

E2
c , ν21

c 0.221 -

ν21
c , F2

cu 0.237 -

In-Plane 
Shear

F12
s0.2%ε , 

F12
s5%ε ,

G12
s

F12
s0.2%ε , F12

s5%ε 0.073 -

F12
s5%ε , G12

s 0.432 -

G12
s , F12

s0.2%ε 0.258 -

Table 28. Regression analysis results for AS4 lamina level properties

Property Pair
(of pooled lamina test data) Spearman's correlation coefficient

F1
tu , E1

t 0.559

F12
s5%ε , G12

s 0.967

Table 29. Spearman's correlation coefficients of test data of IM7

To apply the correlation characteristics from the test data to analysis 

samples, the rank order correlation method [23] is used. The 
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Spearman's correlation coefficients are shown in Table 29 for the 

property pairs. F1
tu and E1

t has intermediate correlation as shown in 

Fig. 24, and F12
s5%ε and G12

s has strong correlation as shown in Fig. 

25.

Fig. 24. Rank of F1
tu vs. E1

t test data of IM7 
(ρ=0.559)
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Fig. 25. Rank of F12
s0.2%ε vs. G12

s test data of IM7 
(ρ=0.967)

For the uncorrelated samples in Table 14-15, the rank order 

correlation method can be applied like below.

① Generate the correlation matrix which has same size with 

samples and same correlation coefficient with the test data

② Permutate the order of the samples as the correlation matrix

The correlation matrix example of ρ=0.532 which is similar level 

with ρ=0.559 from the lamina level test data F1
tu, E1

t is shown in 

Table 30. Using this matrix, permutating the ranks of the samples of 

Table 14 to have same ranks with correlation matrix, the correlated 

samples can be obtained (Table 32). Uncorrelated F1
tu vs. E1

t from 

Table 14 is presented in Fig. 26. Correlated F1
tu vs. E1

t from Table 32 

is presented in Fig. 27. 
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rank of 
F1

tu
rank of 

E1
t

rank of 
F1

tu
rank of 

E1
t

rank of 
F1

tu
rank of 

E1
t

rank of 
F1

tu
rank of 

E1
t

1 92 11 427 21 583 31 474

2 303 12 76 22 224 32 394

3 381 13 609 23 204 33 390

4 208 14 257 24 96 34 306

5 163 15 783 25 210 35 159

6 397 16 234 26 238 ... ...

7 368 17 152 27 346 997 531

8 198 18 227 28 340 998 589

9 45 19 62 29 260 999 908

10 51 20 70 30 134 1000 644

Table 30. Correlation matrix of ρ=0.532

Fig. 26. F1
tu vs. E1

t of IM7 for ρ=-0.012 (uncorrelated)
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Fig. 27. F1
tu vs. E1

t of IM7 for ρ=0.532 (correlated)

For the other pair (F12
s5%ε and G12

s), same method was applied, the 

results are shown in Table 31.

Property Pair
(of sample set)

Spearman's correlation coefficient

uncorrelated correlated

F1
tu , E1

t -0.012 0.532

F12
s5%ε , G12

s -0.027 0.931

Table 31. Spearman's correlation coefficients of sample set of IM7

As a result, the correlated samples in Table 32 are obtained to 

estimate the effects of correlation.
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Property
Samples

Correlation
X1,Corr X2,Corr X3,Corr ... X1,000,Corr

F1
tu 328.58 330.77 334.64 ... 397.55 -

E1
t 22.605 22.780 23.101 ... 23.556 Correlated with 

F1
tu

ν12
t 0.3060 0.3250 0.3060 ... 0.3060 -

F2
tu 8.3573 9.4621 8.6380 ... 9.8765 -

E2
t 1.4010 1.3330 1.2973 ... 1.3070 -

E1
c 18.341 19.827 23.517 ... 18.137 -

ν12
c 0.3261 0.3458 0.3446 ... 0.3394 -

F2
cu 46.486 42.616 39.043 ... 42.841 -

E2
c 1.4019 1.4288 1.2817 ... 1.3139 -

ν21
c 0.0245 0.0247 0.0228 ... 0.0208 -

F12
s0.2%ε 13.024 13.065 13.840 ... 12.921 -

F12
s5%ε 7.4017 7.4017 7.4017 ... 8.729 -

G12
s 0.6043 0.6082 0.6103 ... 0.7485 Correlated with 

F12
s5%ε

Table 32. Correlated Sample set of 1,000 samples for analysis of IM7

Tensile strength analysis results using IPSAP in Section 2.5 for the 

samples in Table 14 and Table 32, are presented in Table 33-34.
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Sample
Tensile Strength Analysis Results (ksi)

OHT1 OHT2 OHT3

X1,Corr 55.797 43.246 81.976

X2,Corr 57.086 44.752 83.981

X3,Corr 57.940 44.630 85.417

... ... ... ...

X1,000,Corr 61.398 46.636 91.313

Mean 59.844 46.090 88.549

Std. Dev. 2.123 1.404 2.923

Table 33. Laminate tensile strength analysis results in simulation of IM7 
(for correlated sample set)

Case Item OHT1 OHT2 OHT3

Mean
(ksi)

Test 59.003 43.653 86.59

Analysis (uncorr.) 59.787 46.016 88.487

Analysis (corr.) 59.812 46.021 88.514

Difference
(uncorr.-corr.)

0.04% 0.01% 0.03%

Std. Dev.
(ksi)

Test 2.407 1.211 4.678

Analysis (uncorr.) 2.026 1.433 2.760

Analysis (corr.) 2.137 1.493 2.872

Difference
(uncorr.-corr.)

5.48% 4.19% 4.06%

Table 34. Tensile strength comparison between analysis and test of IM7
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In Table 34, the mean value difference is negligible, but standard 

deviation is increased by 4~5% with applying correlations.

As the analyses above, applying correlations between properties 

mainly affects the result's standard values. Especially for the analyses to 

obtain the statistical values such as design allowables are affected by 

standard deviation values, the correlation should be considered for these 

analyses.

To inspect the effects of the degree of the correlation, the other 

cases such as ρ=0.35, 0.54, 0.76 and 0.95 for F1
tu and E1

t are 

examined. Table 35 shows the results.

Case ρ OHT1 OHT2 OHT3

Mean
(ksi)

0.05 45.999 44.245 85.124

0.35 45.989 44.251 85.169

0.55 46.006 44.251 85.049

0.75 46.013 44.249 85.047

0.95 45.990 44.250 84.999

Std. Dev.
(ksi)

0.05 1.562 1.378 2.650

0.35 1.614 1.402 2.727

0.55 1.635 1.418 2.783

0.75 1.663 1.435 2.797

0.95 1.710 1.469 2.913

Table 35. Tensile strength as the degree of correlation
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Fig. 28. Tensile strength changes vs. correlation 
coefficient for OHT1 laminate

Fig. 29. Tensile strength changes vs. correlation 
coefficient for OHT2 laminate
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Fig. 30. Tensile strength changes vs. correlation 
coefficient for OHT3 laminate

From the analysis results, it is confirmed that the mean values of 

the analysis result are not affected by increasing the degree of the 

correlation between two properties, and the standard deviation values of 

the analysis are proportionally increased for the correlation coefficient. 

This results correspond with the sensitivity analysis in Section 3.2. 

Since the laminate tensile strength is proportional to both F1
tu and E1

t 

in Section 3.2, the correlation between the two properties makes more 

extreme values than mid-range values. It results in the growth of the 

standard deviation values.
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3.4. Effects of Distribution Selection

Classical laminated plate theory (CLPT) was used to estimate the 

effect of distribution selection with this method, comparing some 

current methods. The tensile strength of laminate which is made of 0°, 

45°, -45° and 90° plies can be computed. When we set 

longitudinal/transverse direction as x/y direction respectively, the 

constitutive equation will be as follows.















































  















(31)

For UNT2 laminate whose stacking sequence is [45/-45/0/45/-45/90 

/45/-45/45/-45]s, the strength of the laminate is obtained as follows.

















 





















 

 















 

 















  

















 






(32)

To obtain the longitudinal tensile strength, it can be assumed that 

final failure of a laminate occurs when the fibers in 0° layers fail. 
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When X is a 0° layer’ ultimate tensile strength, failure strains can be 

simplified as follows.





























 



















(33)

Laminate tensile strength is found by substituting Equation (33) to 

Equation (32). To estimate whether 45° or 90° layers fail or not, 

Hashin’ failure criteria was used [51]. Since the failure of 45° and 90° 

layer occurs in a matrix, we use the tensile direction matrix failure 

criterion.


 





 


≧ (34)

With Equation (32), longitudinal tensile strength SUT,x can be found. 

By Equations (32) to (34), the longitudinal tensile strength of a 

laminate is a function of the fiber direction tensile strength X(F1
tu), 

Poisson’ ratio ν12(ν12
t), fiber direction tensile modulus E1(E1

t), and 

transverse direction tensile modulus E2(E2
t) from lamina level tests. 

MATLAB was used to formulate the following function.
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  (35)

To evaluate the effects of distribution selections when carrying out 

sampling of strength analysis results, the following four methods were 

considered. Method A applies goodness-of-fit test distribution results on 

a sampling process for each property. Method B assumes that all the 

properties obey the normal distribution, and Method C uses the Weibull 

distribution only. Method D does not consider any existing distribution 

and performs direct sampling from realistic test data. The sampling 

methods used for each input property in Equation (35) are shown in 

Table 36.

Sampling 
Method

Statistical Distribution for Each Property Size of
Each 

Sample 
SetF1

tu E1
t ν12

t E2
t G12

s

Method 
A

Normal 
Dist.

Lognorm
al Dist.

Direct 
Sampling

Direct 
Sampling

Normal 
Dist.

20, 100, 
500, 1000

Method 
B

Normal 
Dist.

Normal 
Dist.

Normal 
Dist.

Normal 
Dist.

Normal 
Dist.

20, 100, 
500, 1000

Method 
C

Weibull 
Dist.

Weibull 
Dist.

Weibull 
Dist.

Weibull 
Dist.

Weibull 
Dist.

20, 100, 
500, 1000

Method 
D

Direct 
Sampling

Direct 
Sampling

Direct 
Sampling

Direct 
Sampling

Direct 
Sampling

20, 100, 
500, 1000

Table 36. Sampling methods for each property for CLPT analysis
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(XA,N=20)1 is a sample from the first trial of sampling that has a 

size of 20 with Method A, and has 20 computation results. From these 

results, the sample mean and sample standard deviation values can be 

found. This is a similar process as we find a property’ statistical values 

such as mean and standard deviation from several tests. As in tests, 

trial samplings can give different results. So we did 100 trials for the 

same case, made (XA,N=20)1 , (XA,N=20)2 , …, (XA,N=20)100. These samples 

have different statistical values, but finally 100 values for the sample 

mean and the sample standard deviation can be found. The structure of 

statistics computation results for Methods A~D is shown in Table 37.

Before evaluating whether the estimated value coincides with the 

test results, variance among trials should be considered, since when we 

conduct realistic analysis we will perform only one single trial. It is 

not preferable that greatly differing values are obtained in trials.

Fig. 31 shows the discrepancy of the sample mean values of 

strength computation results versus the size of the sample for Method 

A. For each size of sample, 100 trials were made, 100 points were 

presented for the same x-axis value. In Fig. 32, discrepancies in 

standard deviations are presented. It is found that the discrepancies of 

standard deviation are far larger than those for mean. It is natural that 

discrepancy values will decrease as the size of the sample increases. 

Hence, a large sample size will be preferred, to obtain a better result. 

But because of limited computational resources and time, size will be 

determined by the allowable discrepancy level. In this example, when 
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the size of the sample is 100, the maximum discrepancy to average 

value is 0.04% for mean and 5% for standard deviation. These results 

can be used as the maximum discrepancy levels.

Sampling 
Method

Size of 
Each 

Sample Set

Sample
Set

Computation Results (ksi)
Sample
Mean

Sample Std. 
Dev.

Method
A

20

(XA,N=20)1 50.607 1.817
(XA,N=20)2 50.742 1.531

... ... ...
(XA,N=20)100 50.679 1.454

100

(XA,N=100)1 50.681 1.584
(XA,N=100)2 50.681 1.614

... ... ...
(XA,N=100)100 50.682 1.594

500

(XA,N=500)1 50.697 1.577
(XA,N=500)2 50.697 1.595

... ... ...
(XA,N=500)100 50.697 1.573

1,000

(XA,N=1000)1 50.696 1.580
(XA,N=1000)2 50.696 1.586

... ... ...
(XA,N=1000)100 50.696 1.577

Method
B

20 (XB,N=20)1 50.648 1.848
... ... ... ...

1,000 (XB,N=1000)100 50.723 1.792

Method
C

20 (XC,N=20)1 50.591 1.991
... ... ... ...

1,000 (XC,N=1000)100 50.633 2.073

Method
D

20 (XD,N=20)1 50.374 1.825
... ... ... ...

1000 (XD,N=1000)100 50.699 1.562

Table 37. Structure of UNT2 laminate tensile strength computation 
results with CLPT
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Fig. 31. Discrepancy of sample mean versus each 
sample set size

Fig. 32. Discrepancy of sample standard deviation 
versus each sample set size

Sample means and standard deviations are presented in Figs. 31 

and 32, for sample sizes of 100 and 500, respectively. Method D 
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(direct sampling) shows greatly increased variances in comparison with 

the other methods. Methods A and B have smaller variances than C 

and D. Specially, in this example, Method A has a similar variance to 

Method B, because the properties of high sensitivity (F1
tu, E1

t) obey the 

normal and lognormal distributions. Method A lies between B, C and D 

by distribution selection for those properties. This suggests that 

distribution selection will influence the analysis result, and this reflects 

the real characteristics of a material.

Fig. 33. Discrepancy distribution of Methods A~D, 
for sample set size of 100
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Fig. 34. Discrepancy distribution of Methods A~D, 
for sample set size of 500

The trends in Figs. 33 and 34 can be quantified as follows. For 

the data normalized by the method in Section 3.1, the normalized 

variance can be found by subtracting the median value from the 

normalized data [2]. It can be presented by ‘distance’ – the root mean 

square of the normalized variance of the sample mean and sample 

standard deviation.

 


 (36)

where
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Size of Each 
Sample Set

Normalized Variances

Method A Method B Method C Method D

20 0.0496 0.0465 0.0668 0.1565 

100 0.0114 0.0119 0.0200 0.0242 

500 0.0034 0.0033 0.0054 0.0054 

1000 0.0022 0.0022 0.0032 0.0032 

Table 38. Average values of normalized variances for distribution 
selection

Table 38 shows that Methods C and D exhibit a ‘distance’ 1.5~2 

times larger than Methods A and B do. This signifies that the variance 

for trials can be 1.5~2 times, on average. The results above show that 

the distribution selection for sampling can influence results significantly, 

and estimation based on the test data is preferable (Method A).
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Chapter 4. Numerical Example

4.1. Laminate Design Allowables Using Laminate Level 

Test Data

In this section, the design allowable is computed using the current 

method - with tests for OHT1 laminates of Hexcel 8552 IM7 and 

Hexcel 8552 AS4. The number of test data for each test configurations 

is about 18 on average [21][42], so only the B-basis value can be 

obtained.

An outlier elimination, normalization, and equality of variance 

check were performed sequentially and the adequate data were pooled. 

With the goodness-of-fit tests for the pooled data, the distribution 

function which fits test data were determined. And the B-basis values 

is obtained for the equations for each distribution. The distribution 

estimation results are shown in Table 40-42.

Property Test
# of Data

RTD CTD ETD ETW

Tensile
Strength

OHT1 19 19 -

OHT2 19 19 - 18

OHT3 19 19 - 20

Table 39. Number of data for Hexcel 8552 IM7 laminate level tests [21]
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT1

60
(RTD/
CTD/
ETW)

Weibull
alpha: 60.170

0.003
beta: 24.958

Normal
 mean: 59.003

0.340
std. dev.: 2.4074

Lognormal
mean: 4.0768

0.396
std. dev.: 0.0407

Distribution Estimation Result: Normal

Table 40. Distribution Estimation of OHT1 laminate tests of IM7

OHT1 test data obey the normal distribution. For the number of 

OHT1 tests is 19, kB=1.949 in Table in Ref. 1. Then the B-basis value 

is computed using the Equation (8).

   ×  (37)
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT2

58
(RTD/
CTD/
ETW)

Weibull
alpha: 44.214

0.043
beta: 40.351

Normal
 mean: 43.653

0.049
std. dev.: 1.2113

Lognormal
mean: 3.7759

0.033
std. dev.: 0.0280

Distribution Estimation Result: No Dist.

Table 41. Distribution Estimation of OHT2 laminate tests of IM7

For any distribution does not fit OHT2 test data, the design 

allowable values are obtained with non-parametric methods. The 

coefficients for the non-parametric methods rB = 9, kB = 1.311 for 

n=19. In Equation (10),

 

 



 



 (38)
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT3

58
(RTD/
CTD/
ETW)

Weibull
alpha: 88.838

0.017
beta: 19.130

Normal
 mean: 86.590

0.327
std. dev.: 4.6783

Lognormal
mean: 4.4598

0.425
std. dev.: 0.0537

Distribution Estimation Result: Normal

Table 42. Distribution Estimation of OHT3 laminate tests of IM7

OHT3 test data obey the normal distribution. With Equation (8),

   ×  (39)
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT1

60
(RTD/
CTD/
ETW)

Weibull
alpha: 48.331

0.000
beta: 29.569

Normal
 mean: 47.630

0.019
std. dev.: 1.3822

Lognormal
mean: 3.8631

0.030
std. dev.: 0.0288

Distribution Estimation Result: No Dist.

Table 43. Distribution Estimation of OHT1 laminate tests of AS4

As in OHT2 of IM7, the coefficients for the non-parametric 

methods rB = 9, kB = 1.311 for n=19. In Equation (10),

 

 



 



 (40)
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT2

58
(RTD/
CTD/
ETW)

Weibull
alpha: 39.535

0.010
beta: 54.572

Normal
 mean: 39.169

0.850
std. dev.: 0.7499

Lognormal
mean: 3.6677

0.884
std. dev.: 0.0192

Distribution Estimation Result: Normal

Table 44. Distribution Estimation of OHT2 laminate tests of AS4

With Equation (8) for the normal distribution,,

   ×  (41)
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Test # of
Pooled Data

Statistical Parameters
of Pooled Data

p-value of 
A-D test

OHT3

58
(RTD/
CTD/
ETW)

Weibull
alpha: 69.801

0.118
beta: 28.808

Normal
 mean: 68.554

0.533
std. dev.: 2.6251

Lognormal
mean: 4.2269

0.461
std. dev.: 0.0384

Distribution Estimation Result: Weibull

Table 45. Distribution Estimation of OHT3 laminate tests of AS4

The test data for OHT3 obey Weibull distribution, Equation (6) is 

used. When n=19, VB=5.533 in Table in Ref. 1.

 exp

 

  exp
  (42)
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The basis value computation results are summarized in Table 46 

for Hexcel 8552 IM7 laminate tests and in Table 47 for Hexcel 8552 

AS4 laminate tests.

Test Method Parameters B-basis Value

OHT1 Normal
with Eq. (8)

kB = 1.949
(for n = 19) 54.311

OHT2
Non-parametric
with Eq. (10)

rB = 9
kB = 1.311

(for n = 19)
39.158

OHT3 Normal
with Eq. (8)

kB = 1.949
(for n = 19)

77.472

Table 46. B-basis values from Hexcel 8552 IM7 laminate level tests

Test Method Parameters B-basis Value

OHT1
Non-parametric
with Eq. (10)

rB = 9
kB = 1.311

(for n = 19)
43.717

OHT2 Normal
with Eq. (8)

kB = 1.949
(for n = 19) 37.689

OHT3 Weibull
with Eq. (6)

VB=5.533
(for n = 19) 61.773

Table 47. B-basis values from Hexcel 8552 AS4 laminate level tests
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4.2. Laminate Design Allowables Using Analysis Results

Longitudinal tensile strength analysis results on the open-hole 

laminates under tensile loading using the sample set of Section 3.2 and 

FEA are given in Table 25, 26 and 34.

For IM7 OHT1 analysis results, the methodology for determining 

the B-basis value is presented as follows. Among the lamina level test 

data used for the sample generation, the smallest number of tests nmin 

is 12, for the property F12
s5%ε of in-plane shear tests.

As mentioned in Section 3.1, nmin is proposed to reflect the 

reliability of the data used for the sampling generation and analysis. 

Since we used lamina level test data for the sampling, the reliability of 

the analysis results from that sample set depends on the number of the 

lamina level test data.

Now, a subset of 12 values is collected randomly as shown in 

Table 48. The Anderson-Darling goodness-of-fit test was performed to 

estimate the distribution characteristic of strength values for subset of 

Table 48. As shown in Table 49, the first subset of OHT1 tensile 

strength results obeys the normal distribution.
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Data
# in the Original 1,000 

Results (random)
Tensile Strength of 

OHT1 (ksi)

OHT1
Strength
Subset

#1

907 58.747

952 60.023

665 56.566

18 58.012

753 59.676

457 64.249

40 60.414

282 60.273

97 60.316

646 60.873

120 59.160

611 61.232

Table 48. Subset for B-basis value computation

Data # of
Data

Statistical Parameters
of the Data

p-value of 
A-D test

OHT1
Strength
Subset

#1

18

Weibull
alpha: 61.534

0.043
beta: 43.739

Normal
mean: 59.962

0.331
std. dev.: 1.8778

Lognormal
mean: 4.0933

0.361
std. dev.: 0.03114

Distribution Estimation Result: Normal

Table 49. Distribution estimation of the subset
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# of 
Data, n

for Weibull for Normal, 
Lognormal for Non-parametric

VB kB rB kB

12 6.286 2.211 7 1.814

13 6.127 2.156 7 1.738

14 5.992 2.109 8 1.599

15 5.875 2.069 8 1.54

16 5.774 2.034 8 1.485

17 5.684 2.002 8 1.434

18 5.605 1.974 9 1.354

19 5.533 1.949 9 1.311

20 5.469 1.927 10 1.253

21 5.412 1.906 10 1.218

22 5.359 1.887 10 1.184

40 4.840 1.698 1 -

60 4.605 1.609 2 -

80 4.477 1.560 4 -

100 4.393 1.527 5 -

Table 50. Coefficients for B-basis calculation for some n values [1]

For the normal distribution, kB = 2.211 can be found in Table 50. 

1 for n = 12. With Equation (8), the B-basis value for the subset is 

obtained.

×  (43)
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In Fig. 35, distribution functions and their basis values are 

represented. The solid lines are from the laminated test data, and the 

dotted lines are from the analysis. The subset for the analysis is 

collected randomly, it's value is changed as trials. 

Fig. 35. B-basis value estimation for IM7 OHT1 laminate

For 100 subsets collected randomly, 100 B-basis values are 

obtained. For those 100 values, we can find both the lowest and 

highest discrepancy values for a 99% confidence level, as shown in 

Table 51.
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Subset #
OHT1 Strength

B-Basis Value (ksi)

1 55.810

2 53.604

3 56.309

4 55.371

5 55.460

... ...

100 55.812

0.5% Percentile (lower bound) 51.088

99.5% Percentile (upper bound) 57.564

Table 51. B-basis values for IM7 OHT1 laminate

The final result of the B-basis value for OHT1 laminate tensile 

strength can be presented as follows.

±    (99% confidence interval) (44)

For the other laminate configurations (OHT2/3) of IM7 and those 

of AS4, the B-basis values can be calculated by the same process. The 

estimation results are shown in Table 52 and Fig. 36. Overall, the 

analysis results for the B-basis values predict the test result well in the 

discrepancy range.
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Material
Laminate 

Model

B-Basis Value (ksi)

Analysis Test

8552
IM7

OHT1 54.326 ± 3.238 54.311

OHT2 42.335 ± 2.295 39.158

OHT3 81.036 ± 3.950 77.472

8552
AS4

OHT1 45.129 ± 2.827 43.717

OHT2 34.643 ± 3.423 37.689

OHT3 65.269 ± 4.352 61.773

Table 52. B-basis value computation results

Fig. 36. B-basis value estimation with 99% confidence interval for 
Hexcel 8552 IM7 and AS4 OHT laminates
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Chapter 5. Concluding Remarks

In this study, a methodology is proposed to predict the design 

allowables for laminates, without the costly and time-consuming 

laminate level tests, through a simulation using lamina level test data.

To accurately estimate distribution characteristics of the properties 

from lamina level test data, a pooling method and Anderson-Darling 

goodness-of-fit test were conducted. The Latin hypercube sampling 

method was used to create well-distributed random samples.

Ignoring realistic distribution characteristics of properties from 

lamina level tests may cause large variance when either the Weibull 

distribution or direct sampling is used. By using the samples which 

have the test results’distribution characteristics for each property and 

progressive failure analysis by an improved version of IPSAP was 

performed to obtain the tensile strengths for the three un-notched 

laminates and the three open-hole laminate configurations.

By collecting subsets in the strength analysis results, the B-basis 

values were obtained with certain discrepancy range. The B-basis values 

from laminate level tests were predicted well with the analysis, and the 

potential of substituting simulation for laminate tests was well 

demonstrated.

When determining the parameters for the basis computation, the 

reliability level was assumed in accordance with the smallest number of 
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data among the properties of the lamina level test. But, for the 

properties contributing to the result which have different sensitivities, 

more study is needed for determining the reliability level, considering 

the number of data of the property of higher sensitivity.
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초 록

본 논문에서는 기존에 실험을 통해서 얻어지던 복합재 적층판

(laminate)의 설계허용치(design allowable)를 해석을 통해 구하는 방법

론을 제안하였다. 설계허용치를 구하기 위해서는 해당 물성의 통계

적 특성을 알아야 하므로, 동일한 복합재 적층판 시편 및 시험환경

에 대하여 수십회의 실험을 통해 해당 정보를 알 수 있다. 그러나

기존의 결정론적 해석방법은 결과의 평균값만을 제공하므로, 통계적

인 해석을 수행하기 위하여 Monte Carlo 시뮬레이션 기법을 도입하

였다. Monte Carlo 시뮬레이션을 위해 소재의 특성을 잘 반영하는

적합한 샘플을 생성하는 것이 본 논문의 주요 목적이며, 이를 위해

소재의 기초물성 시험데이터에 기반한 통계적 특성 추정, 물성간 상

관관계 반영, Latin hypercube 추출법에 의한 효율적 샘플링 기법을

이용하였다.

소재의 기초물성 시험인 lamina level test data 분석 결과, 13개의

물성은 각각 정규분포, 로그정규분포, 와이불분포 등 다른 통계적

특성을 나타내는 것으로 확인되었으며, 때로 아무런 분포특성을 가

지지 않기도 한다. 물성마다 다른 분포특성을 반영해주는 방법의 유

효성과 효과에 대해 비교하기 위해 고전적층판이론을 통한 적층판

강도 계산을 수행하였다. 본 논문 제안 방법과 비교하여, 모든 물성

에 정규분포를 적용한 방법, 모든 물성에 와이불분포를 적용한 방법

의 계산결과는 유효한 차이를 보였다. 또한 와이불분포를 적용한 경

우 시도횟수에 따른 결과의 편차가 커서 실험에 의한 사전지식없이

적용하기에는 무리가 있는 것으로 보인다.

소재의 실험데이터 분석결과, 인장방향의 강도와 강성 등 일부

물성간에 상관관계가 존재하였다. 기존 랜덤샘플링 방법으로는 물성
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간 상관관계가 0에 가깝게 모사되므로, 실제 실험데이터의 경향을

반영하여 주기 위해 rank order correlation 방법을 이용하였다. 상관

관계를 적용한 샘플과 적용하지 않은 샘플에 대해 비교 해석을 수

행하였다. 강도 해석 결과, 평균값은 큰 차이를 보이지 않았으나, 표

준편차는 상관관계를 적용한 샘플의 결과가 다소 크게 나왔다. 표준

편차는 결정론적 해석에서는 중요하지 않으나, 설계허용치를 구하는

이 과정에서는 결과에 큰 영향을 주므로 샘플에 상관관계를 반영하

여 주는 것이 바람직하다.

복합소재 적층판의 파괴 거동을 적절히 모사하기 위해 점진적파

손해석기법을 사용하였으며, 해석엔진은 서울대학교 항공우주구조연

구실에서 개발한 IPSAP을 이용하였다.

소재의 기초물성 시험으로부터 구한 각 물성의 통계적 분포특성

과 물성간 상관관계를 반영한 1,000개의 샘플셋을 만들어, 해석을

수행하였다. 1,000개의 해석결과를 모집단으로 가정하고 실제 실험

과정을 모사하여 랜덤하게 표본을 추출하여 해당 표본에서 설계허

용치 B-basis 값을 구하였다. 랜덤 표본 추출을 100회 반복하여 100

개의 B-basis 값을 구하였으며, 여기에서 하위 0.5%와 상위 0.5%를

제외한 99% 신뢰구간에 해당하는 B-basis 범위의 추정결과를 제시하

였다. 설계허용치 추정결과를 적층판 실험결과와 비교한 결과, 해석

결과의 평균값과 표준편차의 에러가 큰 경우에는 설계허용치 예측

범위를 벗어날 수 있으나, 대부분의 경우 설계허용치를 잘 예측하였

다.

주제어 : 복합재 적층판, 설계허용치, Monte Carlo 시뮬레이션, 

추출법, 분포추정
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