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Abstract

Scattering analysis of guided waves

in a plate using the T-matrix method

Heung Son Lee

School of Mechanical and Aerospace Engineering

The Graduate School

Seoul National University

The main focus of this dissertation is on development of semi-theoretical methods for

scattering analysis of guided waves in plates. The area of concern is problems related

to flat transversely isotropic plates which include single or multi-layer isotropic and

functionally graded plates. Specifically, we focus on the development of wavefunction

expansion methods based on the three-dimensional elasticity; in wavefunction expan-

sion method, wave fields are expanded in terms of the eigenfunctions for the governing

wave equation. We aim to solve problems that have not been solved before by previ-

ously existing wavefunction expansion methods and thus adopt the transition matrix

formalism that has been well known for bulk wave scattering problems. In this for-

malism, the relation between the coefficient vector of a scattered field and that of an

incident field is given by the transition matrix.

For this reason, we first derive the Green’s function by employing integral trans-

form whose transform kernel is the eigenfunctions for Lamb and SH waves. Then, we
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develop the extended boundary condition method based on the null-field integral equa-

tion by using the derived Green’s function. By using the extended boundary condition

method, the T matrix for a single scatterer such as an elastic inclusion, a hole, a step

thickness increase or reduction can be calculated. And the multiple scattering solu-

tion for these scatterers can be also obtained by using the single scatterer T matrices.

We also derive the general properties of the T matrix which represent the reciprocity,

energy conservation and time-reversal invariance.

Another development is a decomposition method particularly useful for solving

scattering problems regarding arbitrarily shaped elastic inclusions. In this method, an

elastic inclusion is decomposed into multiple small subscatterers and then a multiple

scattering among subscatterers is calculated. By employing this approach, the restric-

tions imposed by the inherent problem of the extended boundary condition method can

be relaxed and therefore elastic inclusions of various shapes and sizes can be covered.

The developed methods are validated by the finite element method or analytic so-

lutions obtained from the approximate plate theories.

Keywords: Elastic wave, Guided wave, Plate wave, Scattering analysis

Student Number: 2009-20715
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Chapter 1

Introduction

1.1 Motivation

Plates are commonly used in aircraft, marine, civil structures and etc. Since thick-

ness of a plate is small when compared with other dimensions, guided waves are ob-

served when excited by external forces. Because guided waves travel long distance in

bounded structures with a low attenuation, researchers have developed its ability to

scan large areas in nondestructive evaluation (NDE) and structural health monitoring

(SHM) techniques. These techniques have been studied for decades advancing towards

simultaneous identification of location, size and shape of structural defects.

In the context of identifying defects, however, information contained in guided

waves are still not being fully utilized. For example, when structural defects such as

cracks or corrosions exist, guided waves are scattered by these defects. During scat-

tering process, a guided wave mode is converted to many other guided wave modes;

this phenomenon is called mode conversion. Furthermore, each guided wave mode has

its own characteristics such as dispersion and mode shape that further complicate its

utilization. Therefore, most of these mode conversion informations are left out for the

sake of ease of analysis or neglected by the limitations imposed by transducers that

could sense wave fields on structures; this may result in loss of important information
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that can be used for reconstruction of defects.

On the other hand, researchers have investigated characteristics of guided wave to

resolve these problems. For this reason, theoretical or numerical analysis techniques

for calculation of scattering or dispersion relation could be used as supplements for

interpreting experimental data. Methods for calculating dispersion relations for flat,

cylindrical, spherical waveguides are based on a root-searching algorithm or an eigen-

value solver and have been well established [1]–[5]. When it come to choice of scatter-

ing analysis techniques, numerical analyses techniques based on differential equations

such as the finite element method are powerful in terms of its versatility since it can

be used for any complex geometry. However, in most cases, computational cost for

this method exceed the current state of the computing power because the domain in

which waves propagate should be discretized and absorbing layer around this domain

should be also modeled to simulate an infinite space. Furthermore, many reconstruc-

tion schemes for bulk or guided waves require scattered fields obtained from incident

waves of tens or hundreds of different angles [6]–[9]. Even with state of the art power-

ful computer and an efficient matrix equation solver, a guided waves scattering analysis

by the FEM for single incident wave requires at least a number of minutes to an hour,

and furthermore a substantial amount of memory is also needed. (For more details

about drawbacks of differential equation solvers for wave problems such as the finite

element or the finite difference method, see, e.g., [10].)

In this regard, theoretical or semi-analytical (semi-theoretical) analysis techniques

based on integral equations are attractive alternatives to numerical analyses techniques

based on differential equations. Unfortunately, these methods become more compli-

cated when applied to more complex geometries of waveguides or scatterers. However,

since even simple waveguide geometries that can be described with moderate mathe-

matical complexity commonly appear in structures, it may be still worth putting efforts

into theoretical techniques for relatively simple geometries.
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Therefore, in this dissertation, we will develop theoretical analysis techniques for

radiation and scattering of guided waves in flat plates that can be regarded as the most

basic waveguiding structure for studying guided wave transducers and defect imaging

methods. Before doing that, we will discuss in the next section about the current state

of the development for theoretical analysis techniques.

1.2 Background literatures

Many analysis techniques for scattering problems have been developed and each tech-

nique has its own strength. Generally, the applicable range of each technique depends

on the size of a scatterer relative to the wavelength [11]. When the sizes of scatterers

are comparable to wavelength, these scatterers are called to be in the resonance region.

Among many other method, the transition matrix (T matrix) method is one of powerful

techniques when dealing with scatterers in the resonance region and became popular

in analyzing electromagnetic wave scattering by particles [10]–[15].

Analysis techniques for bulk wave scattering problems have been highly advanced

and analysis techniques for guided wave problems have also been paid attention to for

decades in regard to ocean acoustics and seismology [1], [2]. But, when compared to

other fields, it wasn’t until recently that researchers paid them attention in fields of

NDE and SHM [16].

Especially, the T -matrix method almost has not been studied for problems regard-

ing NDE and SHM techniques based on elastic guided waves. The major issue of NDE

and SHM techniques are identifying and imaging defects in plates, pipes or thin shells

in presence of built-in inhomogeneities including holes, rivets, or weldings. To simul-

taneously obtain a certain level of imaging resolution, long range scanning ability and

efficient electro-mechanical transduction, researchers have used elastic guided waves

in ultrasonic frequency range up to a few MHz. In this case, defects, built-in inhomo-
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geneities and wavelengths are in the same order of magnitude.

For this reason, many of scattering problems in NDE and SHM can be considered

to be in the resonance region, and therefore the T -matrix method can be useful in

dealing with these problems. Since researchers have put efforts into studying on the T -

matrix methods for bulk waves, it is worth briefly discussing state of the art T -matrix

method for bulk waves before going into further about guided wave problems.

1.2.1 Review of advances in the T matrix formalism

For a external scattering problem, we can define the T matrix T as in the following

equation

α = TA. (1.2.1)

that operates on the coefficient vector A of a incident field and results in the coeffi-

cient vector α of a scattered field. For example, in the two-dimensional linear acoustic

wave fields, we seek, for a given incident field uInc, a scattered field uSc satisfying the

time-harmonic wave equation for a scattered field (pressure field or, displacement or

velocity potential field) in the external region De having a wavenumber k [11], [15],

∇
2uSc + kuSc = 0 in De, (1.2.2)

and also satisfying the Sommerfeld radiation condition

r1/2
(

∂uSc

∂ r
− ikuSc

)
→ 0 as r → ∞. (1.2.3)

Then, uInc and uSc are approximated as follows:

uInc =
∞

∑
m=−∞

Amϕm(r), uSc =
∞

∑
m=−∞

αmϕ̄m(r), (1.2.4)

where Am and αm are the coefficients of the expansions and therefore A = {Am}

and α = {αm}. In the above expansions, the basis functions are the solutions of the

Helmholtz equation in the two-dimensional polar coordinate system. Explicitly we use
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the regular cylindrical wavefunctions ϕm(r) = Jm(kr)eimθ which is regular at the ori-

gin and the singular cylindrical wavefunctions ϕ̄m(r) = H(1)
m (kr)eimθ which is singular

at the origin located somewhere in the internal region Di and satisfies the radiation

condition in Eq. (1.2.3). Then, the problem is to find the matrix T for a scatterer with

a boundary S subject to certain boundary conditions.

Variety of methods exist for the T matrix calculation for an arbitrarily shaped scat-

terer. The formulation using the T matrix for arbitrarily shaped scatterers was first

rendered from the extended boundary condition method (EBCM, also called the null-

field method) for a homogeneous scatterer developed by Waterman [12]. In the EBCM,

the incident field and the surface field on S are related through a particular form of the

integral equations so-called the null-field equation. Then, the surface fields are ex-

panded in terms of basis functions such as ϕm(r) or ϕ̄m(r). After the surface fields are

found, the scattered fields are obtained from the integral representation of the Huygens

principle. The EBCM, however, has inherent instability when dealing with scatterers

of some geometrical complexity or high aspect ration, or high-frequency range prob-

lems. Specifically, when these problems are concerned, the EBCM requires the use

of high-order Hankel functions that rapidly grow when m > kr resulting in poor ma-

trix conditioning. Therefore, researchers have sought alternative methods to overcome

these instabilities.

One of the alternatives applicable to transmission boundary-value problems (when

the boundary conditions allow transmission of waves into Di) is the use of basis func-

tions distributed at multiple coordinate origins [11], [17], [18]. Using this method, use

of high order Hankel functions can be avoided resulting in better matrix conditioning

that cannot be achieved by the EBCM.

The most flexible alternative to the EBCM is to decompose a scatterer into mul-

tiple subscatterer and apply a multiple scattering theory to these subscatterers [13],

[19]–[24]. This method originated from two similar but different approaches. One of
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them is so-called the discrete dipole approximation in electromagnetic field theory de-

veloped by Purcell [25]. In this approach, a scatterer is assumed as an assembly of

point-like dipoles and the relation between the incident and scattered fields for each

dipole are characterized by a quantity called Clausius-Mossotti polarizability. Another

approach originated from the fact that, in the two-dimensional space, a rectangular

scatterer small compared to the wavelength can be replaced with an equivalent circu-

lar scatterer of the same area [26]. Adopting this approach to the T matrix formalism

is done by Chew [19]. These approaches are applicable to a scatterer of any size and

shape. Furthermore, subscatterer methods can be accelerated by fast numerical algo-

rithms such as the fast Fourier transform, the fast recursive algorithm, or the fast multi-

pole method when a number of subscatterers are used [19], [21], [23]. Currently these

methods are the mostly flexible and efficient method for calculating the T matrix for a

scatterer of an arbitrary shape when dealing with bulk waves.

Another alternative is to use the method of moment (MOM) also called the bound-

ary element method (BEM) in mechanical engineering field in calculation of the T

matrix. Because local basis functions are used in the MOM, it is possible to handle

infinitely scatterers of arbitrary shape that has Neumann or Dirichlet condition that

cannot be handled by the EBCM or the subscatterer method. The connection between

the MOM and the T matrix formalism was studied by Gurel and Chew [27].

The finite element method (FEM) can also be adopted into calculation of the T

matrix [28]–[30]. In this approach, for example in two-dimensional acoustic problem,

the virtual circular boundary is first set to encircle the scatterer. Then, the fields in

the external region are described by sum of ϕ̄m(r) and the fields in the internal re-

gion described by the FEM. And the boundary conditions are matched on the virtual

boundary. Furthermore, this problem can be formulated to create sparse matrices [28].

Therefore, this approach is also flexible and efficient. However, since no comparison

have been made between subscatterer methods with fast algorithms and hybrid FEM
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method, we cannot tell which is better at this moment.

In another approach called the point matching method (PMM), boundary condi-

tions are matched at discrete points [31] as many as the number of unknowns but many

reports have shown that this method is not stable [32]. Better stability can be achieved

if the number of matching points exceeds that of unknowns resulting in overdetermined

system of equations. However, since for such system only a least-square solution can

be calculated, there yet seems to be no realization of calculating the T matrix through

this method.

1.2.2 Analytic or semi-analytic methods for scattering problems in elas-
tic plates

In this subsection, we will briefly discuss about advances in analysis techniques for

scattering problems in elastic plates. Particularly, we narrow down our interest to de-

velopments related to the T matrix formalism that adopts multipole series expansion

of fields.

Analysis techniques for guided waves in elastic plates that adopt multipole series

expansion can be divided into two approaches. One is based on the three-dimensional

elasticity and the other is based on the approximate plate theories. Methods based on

the three-dimensional elasticity would be exact, at least in theory, in any frequency

range. However, methods based on an approximate plate theory are more efficient due

to the smaller number of degree of freedom. Anyway since both approaches describe

the same phenomena, they are complementary to each other — an advance in one

approach results in an advance in other approach —.

Several approximate plate theories exist. Kirchhoff’s theory for describing flex-

ural waves is among the most frequently used approach. Poisson’s theory describes

extensional waves and shear horizontal waves. These two theories use the lowest order

approximation, and therefore these are accurate only at very low frequency. Mindlin’s
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theory adds an additional degree of freedom to Poisson’s theory resulting in extend

applicable frequency range. However it is still only accurate at near non-dispersive re-

gion of S0 (the lowest symmetric Lamb wave). Anyway, use of the approximate plate

theories reduces the number of degree of freedom (DOF) by average 20 ∼ 30% when

compared to methods based on the three-dimensional elasticity. For example, for rea-

sonably accurate description of guided waves at 500kHz ·mm, we can use Mindlin

and Kane’s theory for extensional and shear horizontal waves that has 3 DOF and

Mindlin’s theory for flexural waves that 3 DOF, therefore a total of 6 DOF. In case of

the three-dimensional elasticity theory, a total of 8 DOF [33] is required. Another ad-

vantage of the approximate plate theories is that it sometimes gives more insight into

guided wave phenomena, for example when a certain analytic property is derived.

Here, we list some of studies based on the approximate plate theories. Most of

them uses Rayleigh’s hypothesis. Rayleigh’s hypothesis is an assumption that a series

expansion of the scattered wave as in Eq. (1.2.4) are valid also on S. The fact is that

it is not obvious whether the waves in the region between the scatterer surface S and

its circumscribed circle S+ is outgoing or standing waves and there is still on-going

debate on this assumption [13], [32]. Leviatan et al. studied scattering of a flexural

wave (the lowest-order antisymmetric wave) by an inclusion of arbitrary shape using

fictitious point sources [34]. Norris and Vemula derived the energy conservation equa-

tion for scattering of the flexural wave and discussed the behavior of a rigid inclusion

and a hole [35]. McKeon and Hinders studied scattering of the extensional wave (the

lowest-order symmetric wave) [36]. Grahn proposed a method that couples Poisson’s

theory and Kirchhoff’s theory to analyze scattering of Lamb and shear-horizontal (SH)

waves by a partly through hole [33]. Celga used Mindlin’s theory instead of Kirch-

hoff’s theory to achieve better solution accuracy in some frequency range [37]. Wang

and Chang extended Kane-Mindlin theory for extensional wave to the case of trans-

versely isotropic material [38]. Lee and Chen proposed the null-field integration equa-
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tion method to analyze scattering of a flexural wave [39]. Rose and Wang developed

an imaging method based on the Born approximation [40]. In addition to those, the-

oretical analyses have been conducted to obtain the effective wavenumber of a plate

with a number of small scatterers [41], [42].

However, although the methods based on the approximate plate theories have the

advantage of relatively small degrees of freedom (20 ∼ 30% DOF reduction as we

mentioned above) when compared to those of methods based the three-dimensional

elasticity, even at low frequency there are situations that requires a method based on

the three-dimensional elasticity such as when fluid-loaded plates should be handled.

Up to now, methods based on Rayleigh’s hypothesis have been appeared in literatures.

The major issue in these researches has been the selection of the projection functions

(the trial functions) onto which the boundary conditions of the cavity are projected.

Diligent et al. analyzed the case of a circular through hole and used trigonometric

functions as the projection functions [43]. Grahn extended the previous method to a

circular part-through hole by considering the transmitted wave into the region beneath

or above the scatterer [33]. In this work, Grahn also compared the results from the

three-dimensional elasticity with those from the approximate plate theory, concluding

that the method based on the low order approximate plate theories is valid only for

a frequency·thickness range of <200 kHz·mm. Moreau et al. extended the aforemen-

tioned works to a cavity with an arbitrary shape in the horizontal plane by employing

a Fourier series expansion for the circumferential-direction-dependent functions [44],

[45]. They also suggested that the use of the displacement vectors as the projection

functions instead of the trigonometric functions reduces the number of guided wave

modes required for expansion and thus results in better convergence.
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1.3 Research objectives

Although many efforts have been made to improve analysis techniques for guided

waves in plates as we have mentioned in the preceding section, it still cannot handle a

variety of shapes and sizes. For example, when the previously mentioned methods are

applied to scatterers with aspect ratios > 4 in the horizontal plane of a plate, or with

a radial size > λmin/2 (where λmin is the minimum wavelength), numerical problems

such as matrix ill-conditioning occur when solving the linear system of equations.

These numerical problems are mainly due to the behavior of Hankel functions

and Bessel functions. For example, H(1)
m (kr) decrease rapidly as m increases when

m > |kr| and Jm(kr) becomes very large when k has an imaginary part comparable

to or larger than the real part. These behaviors easily make the system matrix to be

inverted ill-conditioned. And since Bessel function with a generally complex argument

is necessary for describing nonpropagating modes of guided waves, the method of

Rayleigh hypothesis is particularly more unstable for guided wave problems.

Another inevitable difficulty is observed particularly in guided wave problems

when dealing with a scatterer of a varying thickness. This problem is due to the

structure of the guided wave basis functions and can be stated as follows. The guided

wave basis functions are composed of the thickness-dependent functions and the car-

rier functions. The thickness-dependent functions which only appears in guided wave

problems are the eigenfunctions of governing equations that describe the motion of the

vertical section of the plate. These eigenfunctions for Lamb and SH wave have been

proven to be complete on the vertical section of the plate, but there seems no reason

that these eigenfunctions are complete as to considering arbitrary lines (or surfaces).

On the other hand, the bulk wave basis functions do not pose the same problem.

So far, it seems that no effort have been made in regard of overcoming these dif-

ficulties. Therefore, we now face a question of “how to deal with scatterers of a wide
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range of shapes and sizes”.

These difficulties can be undertaken through the subscatterer method that decom-

pose scatterer into multiple subscatterer as mentioned in Section 1.2.1. By introducing

the subscatterer method, the two major restrictions caused by the behaviors of Bessel

and Hankel functions and the structure of the basis function can be simultaneously

relaxed. The former problem is expected to be resolved since in subscatterer method

only Hankel functions of orders up to 2 are used. The latter problem can be resolved

because the even continuous thickness variation of scatterer is approximated as a piece-

wise constant variation among subscatterers.

To realize this idea, we focus specifically on the T matrix formalism based on

using the three-dimensional elasticity theory to deal with general situations appearing

in guided wave problems.

For calculation of the T matrix for a subscatterer, it is possible to adopt the method

of Rayleigh’s hypothesis mentioned in Section 1.2.2. However the system matrix equa-

tions given in Ref. [33], [45] do not directly yield the T matrix. Furthermore, it seems

that overall formulations including detailed description of the methods and choice of

trial functions can be more simplified if we adopt the extended boundary condition

method (EBCM) [12]. For these reasons, we discuss details about the EBCM and mul-

tiple scattering theory based on the T matrix formalism after deriving a particular form

of Green’s function required for use in the EBCM.

1.4 Thesis outline

The dissertation is organized as follows. In Chapter 2, the Green’s function and the

basis functions for guided waves in a plate are discussed. In Chapter 3, a scattering

theory based on the T -matrix formalism is presented.

In Section 2.2, the multipole expansion of the Green’s function that will be used
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in the EBCM is derived by using integral transform and the properties of the derived

Green’s function is also derived. In Section 2.3, the detailed explanation related to

calculation of the Lamb and SH wave basis functions based on the psuedospectral

collocation method is presented. In Section 2.4, analytic models for acutators typically

used in ultrasonic guided wave techqniue are presented based on the derived Green’s

function.

In Section 3.1, the extended boundary condition method (EBCM) based on the

null-field integral equation for evaluation of T matrix for a single scatterer is discussed.

In Section 3.2, a simple multiple scattering theory based on the T -matrix formalism

is discussed. In Section 3.3, the properties of the general T matrix is presented after

deriving the real and complex orthogonality relation between the guided wave basis

functions in the cylindrical coordinate system. In Section 3.4, the subscatterer method

to extend the applicable size and shape range is presented and numerical examples are

provide.
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Chapter 2

Green’s function for guided waves in a flat
transversely isotropic plate

In this chapter, we will discuss about the basis functions and the Green’s functions that

will be used for solving scattering problems in flat transversely isotropic plates. First,

we will derive the Green’s function in the cylindrical coordinate and in the Cartesian

coordinate by expanding it in terms of the basis functions; the derived Green’s function

in the cylindrical coordinate will be used for scattering analyses based on the transition

matrix method in Chapter 3. And next, we will explain a method for calculating the

basis functions by numerical methods. Then, we will cover problems related to radia-

tion of guided waves by surface tractions since guided wave transducer are effectively

modeled as surface tractions and the Green’s function is useful for solving radiation

problems. To validate the theory, we provide examples which compare results obtained

from the theory with those from the finite element method and the approximate plate

theories.

2.1 Backgrounds

The method of Green’s functions is an effective way to solve inhomogeneous partial

differential equations (PDEs) including wave equations. For wave propagation prob-
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lems in an elastic plate which are the subject of this study, earlier efforts to obtain

Green’s functions used either approximate plate theories or three-dimensional elasto-

dynamic equations with plain-strain or axial-symmetry assumptions [46]–[49].

By using three-dimensional elastodynamic equations, among others, Liu and Xi

[50] derived the time-domain Green’s function for anisotropic layered materials in

the Cartesian coordinates based on the eigenfunction expansion technique. By using

the elastodynamic reciprocity, Tan and Auld [51] derived the Green’s functions for a

isotropic plate in the Cartesian coordinates and Achenbach and Xu [52], in the cylin-

drical coordinates. Bai [53] derived the Green’s functions for a layered isotropic plates

by using the Fourier transform in the Cartesian coordinate system and converting the

resulting expressions into those in the cylindrical coordinate by the coordinate trans-

form. The Green’s functions for seismic problems derived by Aki and Richard [1] and

Hisada [54] and Guzina [55] may be extended to wave problems in a plate.

In this study, we aim to derive the Green’s function in a certain form that is con-

venient for using the transition matrix (T-matrix) method [56], [57]. Specifically, the

bilinear form composed of the regular and singular eigenfunctions in the cylindrical

coordinates is known to be effective. Although the above mentioned earlier works pre-

sented the Green’s function in different forms, none of them can be directly used in the

T-matrix method. To this end, we adopt the method suggested by Tai [58] for electro-

magnetic wave problems.

While the method by Tai [58] has been used to deal with electromagnetic guided

wave problems, it appears that no earlier work has utilized it to derive the Green’s

function for an elastic plate, a mechanical counterpart of an electromagnetic waveg-

uide. The underlying concept of the method in Tai [58] is basically the same as that by

Liu and Xi [50] who derived the Green’s function in the Cartesian coordinate, but we

derive the Green’s function directly in the cylindrical coordinates. Because we expands

the Green’s function in terms of the waveguide mode eigenfunctions, it is important to
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Figure 2.1 Guided wave excitation in an infinite plate of the thickness d with the coor-

dinate system.

establish the orthogonality of the eigenfunctions for further development. The resulting

orthogonality relation given in the transformed space is different from the well-known

bi-orthogonality [59], [60] of the eigenfunctions of an elastic plate.

2.2 Derivation of the Green’s function

In this section, the Green’s functions will be derived by the eigenfunction expansion

method. To begin with, let us consider an infinite linear-elastic plate of thickness d

with a generic field point r = (r,θ ,z) = (x,y,z) as illustrated in Fig. 2.1. The domain

V under consideration is defined to be 0 ≤ r < ∞, 0 ≤ θ < 2π and 0 ≤ z ≤ d in the

Cylindrical coordinate system, 0 ≤ x < ∞, 0 ≤ y < ∞ and 0 ≤ z ≤ d in the Cartesian

coordinate system. The cylindrical coordinates (r,θ ,z) are converted to the Cartesian

coordinates (x,y,z) using x= r cosθ and y= r sinθ . Displacement u(r) and stress σ(r)

in the plate satisfy the following three-dimensional equations for a plate made of an

elastic isotropic medium with elastic properties of the Lamé constants λ , µ and the

mass density ρ:

∇ ·σ(r)+ρω
2u(r) = 0. (2.2.1)
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The traction-free conditions on the top and bottom surfaces (z = 0,d) are expressed as

σzr = σzθ = σzz = 0, at z = 0,d. (2.2.2a)

or

σzx = σzy = σzz = 0, at z = 0,d. (2.2.2b)

In writing Eq. (2.2.1) solution dependency on time t is omitted by assuming harmonic

motion in the form of e−iωt where ω is angular frequency and i =
√
−1.

If a point excitation source is located at r′ = (r′,θ ′,z′) = (x′,y′,z′), the dyadic

displacement Green’s function G(r|r′) and the triadic stress Green’s function Σ(r|r′)

satisfy the following equation,

∇ ·Σ(r|r′)+ρω
2
extG(r|r′) =−Iδ (r− r′), (2.2.3)

with the boundary condition given by Eq. (2.2.2). The symbol ωext in Eq. (2.2.3) de-

notes the excitation angular frequency and the symbol I, a 3×3 identity tensor and

δ (r− r′), the Dirac delta function. It should also be noted that the operator ∇ in Eq.

(2.2.3) operates only on the terms related to r.

2.2.1 Green’s function in the cylindrical coordinate system

In this section, the Green’s function is expanded in terms of the cylindrical coordinate

system. The resulting Green’s function is expressed in the form of summation over

multipoles (e.g., monopole, dipole, qudrupole) in the horizontal plane of a plate. This

form is useful, because multipolar terms are truncated at some order and thus, it is

easy to find the dominant terms of the resulting field. In addition to this, multipolar

expansion form will be used in theoretical scattering analysis.
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2.2.1.1 Orthogonality of eigenfunctions for a fixed wave number k

Here, we first introduce an integral transform that will be used to expand an arbitrary

wave field in a plate in terms of the guided wave eigenfunctions. We start from the

well-known fact that an arbitrary three-dimensional displacement field u(r) in an elas-

tic plate can be expressed in terms of three independent scalar potentials (see, e.g.,

Morse and Feshbach [61] and Miklowitz [62]). Because the plate in consideration is

an infinite plate, the potentials can be expressed through the Hankel transform in r

with the corresponding transform variable k, the complex Fourier series in the circum-

ferential coordinate (θ) with the integer index m denoting the Fourier number (m = 0,

±1, ±2, · · ·). Along the z direction, the displacement field will be expanded in the

Lamb and shear-horizontal (SH) modes [60], [62], [63] that satisfy the traction-free

conditions on the top and bottom surfaces. The mode number in the z direction will be

indicated by the nonzero positive integer index n (n = 1, 2, · · ·). If these expansions in

r, θ and z are employed, u(r) can be written as the following inverse transform as

u(r) =
1

2π

∫
∞

0
kdk ∑

n,m
Am

n (k)ϕ
m
n (k,r), (2.2.4)

where Am
n (k) are unknown expansion coefficients to be determined. The kernel ϕm

n (k,r)

of the above integral transform is the eigenfunction of the following eigenvalue equa-

tion,

∇ ·σ(ϕm
n (k,r))+ρω

2
n (k)ϕ

m
n (k,r) = 0, (2.2.5a)

and satisfies the traction-free boundary conditions in Eq. (2.2.2a). In the above equa-

tion, ∇ ·σ may be viewed as an operator acting upon the eigenfunction ϕm
n (k,r) be-

cause the stress field σ is explicitly written in terms of ϕm
n (k,r) through the constitutive

relation and the strain-displacement relation. In Eq. (2.2.5a), ωn(k) represents the nth

(angular) eigenfrequency for some k and ϕm
n (k,r), the corresponding eigenfunction. It

is emphasized that there exist a number of real eigenvalues of ωn for a given radial
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wavenumber k. Note that ωext in Eq. (2.2.3) is the excitation frequency by an external

source while ωn(k) in Eq. (2.2.5) denotes eigenvalues determined from the dispersion

curve of a plate for a given k.

For future compact notation, the following abbreviations will be used whenever

possible:

σ
m
n = σ(ϕm

n (k,r)); ϕ
m
n = ϕ

m
n (k,r).

With these notations, Eq. (2.2.5a) is rewritten as

∇ ·σm
n +ρω

2
n (k)ϕ

m
n = 0. (2.2.5b)

Obviously the nth eigenfrequency ωn(k) satisfies the dispersion relations [60], [62],

[63] for the Lamb or SH waves for a given mode n and a wavenumber k. The explicit

forms of regular eigenfunctions ϕm
n (k,r) are given by

· Lamb type wave mode:

ϕ
m
n (k,r) =


Un(k,z)J′m(kr)

Un(k,z)imJm(kr)/kr

Wn(k,z)Jm(kr)

eimθ , (2.2.6)

· Shear-horizontal (SH) wave mode:

ϕ
m
n (k,r) =


Vn(k,z)imJm(kr)/kr

−Vn(k,z)J′m(kr)

0

eimθ , (2.2.7)

where Jm(kr) are the Bessel functions of the first kind of order m and the prime in-

dicates derivative with respect to the argument. In Eqs. (2.2.6) and (2.2.7), three dis-

placement components in the r, θ and z coordinates are given in order and the method

for obtaining Un(k,r), Wn(k,z) and Vn(k,z) are provided in Section 2.3.

To expand the dyadic Green’s function G(r|r′) in terms of ϕm
n (k,r) through the

integral transform (2.2.4), it is important to show the orthogonality of ϕm
n (k,r) with
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respect to n, m and k. To this end, let us consider two sets of equations Eq. (2.2.5b) for

different indices and wavenumbers:

∇ ·σm
n +ρω

2
n (k)ϕ

m
n = 0, (2.2.8a)

∇ ·σ−m′

n′ +ρω
2
n′(k

′)ϕ−m′

n′ = 0. (2.2.8b)

The negative sign in (−m′) can be viewed as the complex conjugate of the expressions

with m′. The dot-product of Eq. (2.2.8b) with ϕm
n can be subtracted from the dot-

product of Eq. (2.2.8a) with ϕ
−m′

n′ to yield (after some manipulations)

(2.2.9)∇ · (σm
n · ϕ

−m′

n′ − ϕ
m
n · σ

−m′

n′ ) = ρ[ω2
n′(k

′)− ω
2
n (k)]ϕ

m
n · ϕ

−m′

n′ .

Integrating Eq. (2.2.9) over V (0 ≤ r < ∞, 0 ≤ θ < 2π , 0 ≤ z ≤ d) results in

(2.2.10)
∫

V
dv∇ · (σm

n · ϕ
−m′

n′ − ϕ
m
n · σ

−m′

n′ ) =
∫

V
dvρ

[
ω

2
n′(k

′)− ω
2
n (k)

]
ϕ

m
n · ϕ

−m′

n′ .

The volume integral
∫

V dv∇ ·(σm
n ·ϕ−m′

n′ −ϕm
n ·σ−m′

n′ ) can be reduced by the divergence

theorem to a surface integral
∫

S ds{n ·σm
n ·ϕ−m′

n′ −ϕm
n · [n ·σ−m′

n′ ]} where n ·σm
n is the

traction vector on the boundary surface S. Because of the traction-free surface condi-

tion (n ·σ = 0) at z = 0,d and the decaying far-field asymptotic behavior of the stress

and displacement eigenfunctions (see Eqs. (2.2.6) and (2.2.7) for their explicit expres-

sions) on the circular cylindrical surface as r → ∞, the left-hand side of Eq. (2.2.10)

identically vanishes.

To simplify the right-hand side (RHS) of Eq. (2.2.10) and better interpret the re-

sulting equation, let us consider the volume integration of RHS in Eq. (2.2.10):∫
V

dv(· · ·) =
∫ d

0
dz
∫

∞

0
rdr

∫ 2π

0
dθ(· · ·).

At this point, we should consider threes cases for defining orthogonality relations;

between two Lamb type wave modes, between two SH wave modes and between a

Lamb type mode and an SH mode. We first derive the orthogonality relation between
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two Lamb type wave modes. By substituting the explicit expression of eigenfunctions

ϕm
n in Eq. (2.2.6) into RHS of Eq. (2.2.10) and integrating over θ , we have the follow-

ing equation

0 = 2πδmm′

∫ d

0
dz
∫

∞

0
rdr

∫
∞

0
dk
[
Un(k,z)Un′(k′,z)

∂Jm(kr)
∂ r

∂J−m′(k′r)
∂ r

+Un(k,z)(k,z)Un′(k′,z)m
Jm(kr)

r
m′ J−m′(k′r)

r
+Wn(k,z)Wn′(k′,z)Jm(kr)J−m′(k′r)

]
.

(2.2.11)

The recurrence relations of the Bessel function given as,

Jm(kr) =
kr
2m

[Jm−1(kr)+ Jm+1(kr)], (2.2.12a)

∂Jm(kr)
∂ r

=
k
2
[Jm−1(kr)− Jm+1(kr)], (2.2.12b)

J−m(kr) = (−1)mJm(kr), (2.2.12c)

simplify Eq. (2.2.11) as follows [58]:

0 =
∫

V
dvρ

[
ω

2
n′(k

′)−ω
2
n (k)

]
ϕ

m
n ·ϕ−m′

n′

=
[
ω

2
n′(k

′)−ω
2
n (k)

]∫ d

0
dz
∫

∞

0
rdr2πδmm′(−1)m′

×ρ[Un(k,z)Un′(k′,z)Jm−1(kr)Jm−1(k′r)/2

+Un(k,z)Un′(k′,z)Jm+1(kr)Jm+1(k′r)/2

+Wn(k,z)Wn′(k′,z)Jm(kr)Jm(k′r)
]
. (2.2.13)

For additional simplification of Eq. (2.2.13), the following relation [61] is used:

δ (k− k′)
k′

=
∫

∞

0
rdr Jm(kr)Jm(k′r), (2.2.14)

where δ (k− k′) represents the Dirac delta function. Substituting Eq. (2.2.14) into Eq.

(2.2.13) yields,

0 =
[
ω

2
n′(k

′)−ω
2
n (k)

]
2π

δ (k− k′)
k′

δmm′(−1)m′

×
∫ d

0
dzρ

[
Un(k,z)Un′(k′,z)+Wn(k,z)Wn′(k′,z)

]
. (2.2.15)
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Now let us further analyze Eq. (2.2.15) by integrating over the positive real-line of

the k′ space (
∫

∞

0 k′dk′(· · ·)) and summing over all m′:

0 =
[
ω

2
n′(k)−ω

2
n (k)

]
2π(−1)m

×
∫ d

0
dzρ [Un(k,z)Un′(k,z)+Wn(k,z)Wn′(k,z)]. (2.2.16)

Equation (2.2.16) states that if ω2
n′(k) ̸= ω2

n (k), i.e., if n ̸= n′ for a given k, the integral

over z in Eq. (2.2.16) must vanish. This implies that the eigenfunctions ϕm
n (k,r) are

orthogonal with respect to each other if n ̸= n′ over the volume integral. Therefore,

in terms of the eigenfunctions, the general form of the orthogonality relation can be

stated as

(2.2.17)
∫

V
dvρϕ

m
n (k,r) · ϕ

−m′

n′ (k′,r) = (−1)m′
2π

δ (k − k′)
k′

δnn′δmm′En′(k′),

where En(k) is defined as

En(k) =
∫ d

0
dzρ

[
U2

n (k,z)+W 2
n (k,z)

]
. (2.2.18a)

The orthogonality relation between two SH modes are very similar to the case of

two Lamb type modes except that we have

En(k) =
∫ d

0
dzρ V 2

n (k,z). (2.2.18b)

Now, we consider the orthogonality relation between a Lamb type mode and an SH

mode. By substituting the explicit expression of eigenfunctions ϕm
n in Eqs. (2.2.6) and

21



(2.2.7) into RHS of Eq. (2.2.10) and integrating over θ , we have the following equation

2πδmm′(−1)m
∫ h

−h
dz
∫

∞

0
rdr

∫
∞

0
dk

×
[
Vn(k,z)Un′(k′,z)im

{
Jm(kr)

r
∂Jm(k′r)

∂ r
+

∂Jm(kr)
∂ r

Jm(k′r)
r

}]
=2πδmm′(−1)m

∫ h

−h
dz
∫

∞

0
rdr

∫
∞

0
dk

×
[
Vn(k,z)Un′(k′,z)

imkk′

4
{

Jm−1(kr)Jm−1(k′r)− Jm+1(kr)Jm+1(k′r)
}]

=0 (2.2.19)

Note that, in the last line of the above equation, the definition of the Deltal function in

Eq. (2.2.14) was used. Therefore, now, we can conclude that the orthogonality relation

in Eq. (2.2.17) applies to any cases.

The orthogonality derived here as Eq. (2.2.17) differs from the bi-orthogonality

relation derived earlier [59], [60]. Equation (2.2.17) represents the orthogonality of

the displacement eigenfunctions having different eigenfrequencies ωn (belonging to

different mode number in z) for a given (fixed) real-valued k. Referring to Fig. 2.2(a)

that shows the dispersion relation for the SH wave modes, the corresponding eigen-

frequencies are marked by circles in Fig. 2(a). On the other hand, the bi-orthogonality

relation [59], [60] repersents the orthogonality of a set of displacements and some

stress components having different wave numbers k (real, imaginary or complex) for

a given (fixed) frequency ωext. The corresponding wavenumbers are marked by circles

in Fig. 2.2(b).

If u(r) is expressed in terms of ϕm
n (k,r) as (see Eq. (2.2.4)),

u(r) =
1

2π

∫
∞

0
kdk ∑

n,m
Am

n (k)ϕ
m
n (k,r), (2.2.20)

the orthogonality derived as Eq. (2.2.17) can be used to obtain the expansion coeffi-

cient Am
n (k) as

Am
n (k) =

(−1)m

En(k)

∫
V

dvρϕ
−m
n (k,r) ·u(r). (2.2.21)
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Figure 2.2 The dispersion curve for the shear horizontal wave modes with (bi-

)orthogonal modes marked by circles. (a) The orthogonality relation derived in the

present theory along the constant real k line, (b) the bi-orthogonality relation from the

previous research [59] along the constant ωext line. Symbols: κ = dk/π (dimensionless

wavenumber), Ω = dω/πct (dimensionless frequency), cl = 6198 m/s (longitudinal

wave speed), ct = 3130 m/s (shear wave speed).
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The result given by Eqs. (2.2.20) and (2.2.21) will play a key role in representing the

Green’s functions in terms of the eigenfunciton ϕm
n (k,r). Note that Eqs. (2.2.20) and

(2.2.21) are also valid when material properties of a plate vary in z.

2.2.1.2 Eigenfunction expansion of the Green’s function

To find the Green’s function G(r|r′) in Eq. (2.2.3), we first need to expand the source

term Iδ (r− r′) in the right-hand side of Eq. (2.2.3) in terms of the eigenfunctions

ϕm
n (k,r). To this end, Eq. (2.2.21) is substituted into Eq. (2.2.4):

u(r) =
1

2π

∫
∞

0
kdk

∫
V

dv′ρ ′
∑
n,m

(−1)m

En(k)
ϕ

m
n (k,r)ϕ

−m
n (k,r′) ·u(r′), (2.2.22)

where ϕm
n ϕ−m

n implies the dyadic product of ϕm
n and ϕ−m

n . By using the following

property of the Dirac delta function Iδ (r− r′),

u(r) =
∫

V
dv′Iδ (r− r′) ·u(r′), (2.2.23)

and comparing Eq. (2.2.22) and Eq. (2.2.23), one can identify Iδ (r− r′) as

Iδ (r− r′) =
1

2π

∫
∞

0
kdkρ ∑

n,m

(−1)m

En(k)
ϕ

m
n (k,r)ϕ

−m
n (k,r′), (2.2.24)

where ρ ′ in Eq. (2.2.22) is replaced by ρ since δ (r−r′) is non-zero only when r = r′.

Because the source-term Iδ (r − r′) is expanded in terms of the eigenfunctions

ϕm
n (k,r) as Eq. (2.2.24), it will be convenient to write the Green’s function G(r|r′) as

G(r|r′) = 1
2π

∫
∞

0
kdk ∑

n,m
am

n (k)
(−1)m

En(k)
ϕ

m
n (k,r)ϕ

−m
n (k,r′), (2.2.25)

where am
n (k) are unknown scalar expansion coefficients to be determined. The substi-

tution of Eqs. (2.2.24) and (2.2.25) into Eq. (2.2.3) and the use of Eq. (2.2.5) yield

am
n (k) =

1
ω2

n (k)−ω2
ext

.
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Therefore, G(r|r′) is now explicitly given as

G(r|r′) = 1
2π

∫
∞

0
kdk ∑

n,m

(−1)m

[ω2
n (k)−ω2

ext]En(k)
ϕ

m
n (k,r)ϕ

−m
n (k,r′). (2.2.26)

The examination of the right-hand side of Eq. (2.2.26) shows (as found in the process

of the derivation of the eigenfunction orthogonality) that the following type of definite

integrals should be evaluated:

f (r,r′) =
∫

∞

0
kdk g(k)Jm(kr)Jm(kr′), (2.2.27)

where g(k) is an even function of k. Among others, it is noted that g(k) involves[
ω2

n (k)−ω2
ext
]−1, which becomes singular when ωn(k) = ωext. Therefore, one can use

the residue theorem by converting the integral over the real axis in Eq. (2.2.27) to a

complex contour integral.

For evaluating integration, we use the method suggested by Sommerfeld [64] (see

also Tai [58] and Baddour [65]) and rewrite f (r,r′) in Eq. (2.2.27) as, depending on

the location of the field point r relative to the source point r′:

f (r,r′) =
1
2


∫

∞

−∞
kdk g(k)H(1)

m (kr)Jm(kr′),r > r′,∫
∞

−∞
kdk g(k)Jm(kr)H(1)

m (kr′),r < r′.
(2.2.28)

Then, Eq. (2.2.26) can be rewritten as

G(r|r′) = 1
4π

∑
n,m

∫
∞

−∞

kdk
(−1)m

[ω2
n (k)−ω2

ext]En(k)
ϕ̄

m
n (k,r)ϕ

−m
n (k,r′), r > r′, (2.2.29a)

G(r|r′) = 1
4π

∑
n,m

∫
∞

−∞

kdk
(−1)m

[ω2
n (k)−ω2

ext]En(k)
ϕ

m
n (k,r)ϕ̄

−m
n (k,r′), r < r′, (2.2.29b)

where the singular eigenfunctions ϕ̄m
n (k,r′) is obtained by replacing the Bessel func-

tion Jm(kr) with the Hankel function of the first kind H(1)
m (kr). If the contribution of

mode (m, n) to G(r|r′) is denoted by Gm
n (r|r′), Eqs. (2.2.29) can be simply written as

G(r|r′) = ∑
n,m

Gm
n (r|r′). (2.2.30)
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Figure 2.3 A contour enclosing (a) a pole on the real axis, (b) a pole on the imaginary

axis and (c) a pair of complex-valued poles.

We will evaluate Eq. (2.2.29) by the residue theorem through the complex contour

integral as illustrated in Fig. 2.3. Let us denote by kn (real, imaginary, or complex)

the pole satisfying the condition ω2
n (k)−ω2

ext = 0 where ωn is the frequency of the

nth branch in the dispersion (as shown in Fig. 2.2, for example). When the contour

consisting of a semi-circle in the upper plane (Im[k] > 0) and the real axis shown in

Fig. 2.3 is used, we only need to consider poles with Im[kn]> 0. If a pole belongs to a

propagating wave with Im[kn] = 0, it is convenient to add an artificial infinitesimally-

small non-zero value of ε such that ε = Im[kn] > 0 during integration and put ε = 0

afterwards. [58] If this technique is used, the principal value integration (which of

course yields the same result) may be avoided when a pole exists on the real axis. Note

that if kn is a solution to ω2
n (k)−ω2

ext = 0, −kn, k∗n and −k∗n (*: complex conjugate) are

also solutions. Therefore, two poles need to be included if kn is complex as shown in

Fig. 2.3(c).

Let us now perform the integration for Gm
n for r > r′. If a pole is on the real or

imaginary axis, the contour encloses a single pole as shown in Fig. 2.3(a) or in Fig.
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2.3(b). In this case, Gm
n (r|r′) (from Eq. (2.2.29a)) becomes

Gm
n (r|r′) =

1
4π

∫
∞

−∞

kdk
(−1)m

[ω2
n (k)−ω2

ext]En(k)
ϕ̄

m
n (k,r)ϕ

−m
n (k,r′)

=
1

4π

{
2πi(−1)mk

∂ [ω2
n (k)−ω2

ext]/∂kEn(k)
ϕ̄

m
n (k,r)ϕ

−m
n (k,r′)

}∣∣∣∣
k=kn

=
i(−1)mkn

4ωextcg,n(kn)En(kn)
ϕ̄

m
n (kn,r)ϕ−m

n (kn,r′). (2.2.31)

In the last expression of Eq. (2.2.31), the definition of the group velocity cg,n of the nth

mode is used:

cg,n(k) =
∂ωn(k)

∂k
. (2.2.32)

When poles are complex-valued, the residue contributions from two poles at kn and

−k∗n should be included. (Note that the corresponding waves are non-propagating.) In

this case, Gm
n (r|r′) becomes

Gm
n (r|r′) =

i(−1)mkn

4ωextcg,n(kn)En(kn)
ϕ̄

m
n (kn,r)ϕ−m

n (kn,r′)

+
i(−1)m(−k∗n)

4ωextcg,n(−k∗n)En(−k∗n)
ϕ̄

m
n (−k∗n,r)ϕ

−m
n (−k∗n,r

′). (2.2.33)

Results similar to Eq. (2.2.31) and Eq. (2.2.33) can be obtained for r < r′. If these

results and those obtained in Eqs. (2.2.31) and (2.2.33) are substituted into Eq. (2.2.30),

the Green’s function is finally expressed as

G(r|r′) = ∑
n,m

(−1)mikn

4Pn
ϕ̄

m
n (r)ϕ

−m
n (r′),r > r′, (2.2.34a)

G(r|r′) = ∑
n,m

(−1)mikn

4Pn
ϕ

m
n (r)ϕ̄

−m
n (r′),r < r′. (2.2.34b)

where

Pn = ωextcg,n(kn)En(kn). (2.2.35)

and we have used the notation ϕm
n (r) = ϕm

n (kn,r). Note that in case of complex valued

kn’s, the summation of Gm
n (r|r′) must be understood as the expression shown in Eq.

(2.2.33) in order for the contributions both from kn and −k∗n to be included.
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2.2.1.3 Properties of the Green’s function

The derived Green’s function in Eq. (2.2.34) satisfies some fundamental properties of

linear elasticity. Therefore, in this section, we will derive two properties of the Green’s

function. One of them will be of the well known form that is commonly observed in the

Green’s function for bulk waves. However, we will also newly derive another property

exclusively valid for guided waves.

Let us first consider two point sources located at r1 and r2:

f1(r) = Iδ (r− r1) · f1, f2(r) = Iδ (r− r2) · f2, (2.2.36)

Then, the fields u = u(r) and v(r) generated by these point sources are given by the

definition of the Green’s function as follows

u(r) = G(r|r1) · f1,

v(r) = G(r|r2) · f2. (2.2.37)

To derive a property of the Green’s function, we manipulate u and v similarly as in

derivation of Eq. (2.2.9):

[u,v]S =
∫

V
dv[u · f1(r)−v · f2(r)]. (2.2.38)

where we have used the compact notation for the surface integral:

[u,v]S ≜
∫

S
ds{u · [n ·σ(v)]−v · [n ·σ(u)]}. (2.2.39)

Now, we assume that the volume V in the above equation is an annular cylinder which

encloses f1 and f2 with its inner surface located at the radius r = a and the outer surface

at r = b. Then, by using the Green’s function for r < r′ in Eq. (2.2.34b), it can be shown

that the fields u and v on the inner surface at r = a are described in terms of the regular

basis functions ϕm
n (r). In this case, the surface integral at r = a is vanished as a result
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of the orthogonality relations between the basis functions which will be derived in

Section 3.3.1.1:

[ϕm
n ,ϕ

µ

ν ]r=a = 0. (2.2.40)

In the same manner, we can show that the surface integral at r = b is described in

terms of the singular basis functions ϕ̄m
n (r) and that this surface integral also vanishes

because of the following orthogonality relation:

[ϕ̄m
n , ϕ̄

µ

ν ]r=b = 0. (2.2.41)

Therefore, Eq. (2.2.38) becomes∫
V

dv[u · f1(r)−v · f2(r)] = 0. (2.2.42)

Substituting Eqs. (2.2.36) and (2.2.37) into Eq. (2.2.42) and some manipulation yield

0 =G(r2|r1) · f1 · f2 −G(r1|r2) · f2 · f1

=f2 ·G(r2|r1) · f1 − f2 · [G(r1|r2)]
T · f1. (2.2.43)

where [G(r1|r2)]
T denotes the transpose of G(r1|r2).

In the above equation, we have used f1 ·G(r1|r2) · f2 = f2 · [G(r1|r2)]
T · f1. Since

Eq. (2.2.43) is valid for any f1 and f2, this equation can be rewritten as

G(r2|r1) = [G(r1|r2)]
T. (2.2.44)

This is the first property known as the reciprocity relation of the Green’s function.

However, it should also be noted that, unlike the Green’s function for an unbounded

medium, the Green’s function G(r|r′) in Eq. (2.2.34) is not a symmetric tensor. This

means that

G(r2|r1) ̸= [G(r2|r1)]
T. (2.2.45)
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Another property can be derived by taking the complex conjugate of the field v in

Eq. (2.2.38), then we have

[u,v∗]S =
∫

V
dv(u · f∗2 −v∗ · f1). (2.2.46)

In this case, the problem is more complicated because the LHS of the above equation

does not vanish. To explain this, we need the following two properties of the basis

functions that will be derived in Section 3.3.1.2:

[ϕm
n ,(ϕ

µ

ν )
∗]r=a = 0, [ϕ̄m

n ,(ϕ̄
µ

ν )
∗]r=b = τn8i/knPnδmµδnν , (2.2.47)

where τn = 1 for propagating modes and τn = 0 for non-propagating modes.

Now, we can evaluate the LHS of Eq. (2.2.46). The integral over the inner surface

at r = a vanishes because of the first relation in Eq. (2.2.47) vanishes. However, the

integral over the outer surface at r = b does not vanish and we can show, by using

Eq. (2.2.37), the explicit expression of the Green’s function in Eq. (2.2.34a), and the

second relation in Eq. (2.2.47), that it becomes

[u,v∗]r=b = 2∑
m,n

τn
ikn

4Pn
f∗2 ·ϕm

n (r2)ϕ
−m
n (r1) · f1, (2.2.48)

where we have used (ϕ−m
n (r2))

∗ = ϕm
n (r2). On the other hand, we can easily show as

before in deriving Eq. (2.2.43) that the RHS of Eq. (2.2.46) is∫
V

dv(u · f∗2 −v∗ · f1) = f∗2 ·G(r2|r1) · f1 − f∗2 · [G(r1|r2)]
H · f1. (2.2.49)

where [G(r1|r2)]
H denotes the conjugate transpose of G(r1|r2). Therefore, we finally

have the second property of the Green’s function as follows

G(r2|r1)− [G(r1|r2)]
H = 2∑

m,n
τn

ikn

4Pn
ϕ

m
n (r2)ϕ

−m
n (r1). (2.2.50)

Validity of the above property can be checked by using the relations between two

nonorthogonal modes that will be discussed in Section 3.3.1.2.

30



2.2.2 Green’s function in Cartesian coordinate system

This section is devoted to the derivation of the same Green’s function, but we starts

from the Cartesian coordinate. Overall procedure is similar to that in the cylindrical

coordinate system. The Green’s function we first obtain is in the form of superposition

of plane waves in all possible direction and later this will be converted to the multipole

expansion form.

2.2.2.1 Orthogonality of eigenfunctions for a fixed wave number k

As we have shown in Section 2.2.1, the displacement can be expressed in the cylin-

drical coordinate system by using an inverse integral transform based on the Hankel

transform and the Fourier series. Similarly, in the Cartesian coordinate, the double

Fourier transform is employed for motion along the horizontal plane of the plate in-

stead of the Hankel transform and the Fourier series. Then, the displacement field u(r)

can be written as the following inverse fourier transform :

u(r) =
1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dky ∑
n

An(k)ϕn(k,r) (2.2.51)

where An(k) are unknown expansion coefficients to be determined. The kernel ϕn(k,r)

of the above integral transform is the eigenfunctions of the following eigenvalue equa-

tion,

∇ ·σ(ϕn(k,r))+ρω
2
n ϕn(k,r) = 0. (2.2.52)

and satisfies the boundary conditions in Eq. (2.2.2b). Because wave propagation in the

horizontal plane (x-y plane) will be mainly considered, the wavenumber k will be set

to be k = (kx,ky,0) and its magnitude is denoted by k =
√

k2
x + k2

y . The explicit forms

of the eigenfunctions are given by

31



· Lamb type wave mode:

ϕ
m
n (k,r) =


i(kx/k)Un(k,z)

i(ky/k)Un(k,z)

Wn(k,z)

eik·r, (2.2.53)

· Shear-horizontal (SH) wave mode:

ϕ
m
n (k,r) =


i(ky/k)Vn(k,z)

−i(kx/k)Vn(k,z)

0

eik·r. (2.2.54)

To expand G(r|r′) in terms of the eigenfunction ϕn(k,r), the orthogonality rela-

tion of the eigenfunctions should be first defined. To derive the orthogonality relation,

consider the following two equations resulting from equation Eq.(2.2.52)

∇ ·σn +ρω
2
n (k)ϕn = 0, (2.2.55a)

∇ ·σn′ +ρω
2
n′(−k′)ϕn′ = 0. (2.2.55b)

In the above equations, the compact notations as shown in Eq. (2.2.5b) of Section 2.2.1

are similarly employed. In Eq.(2.2.55b), the terms with the subscript n′ are associated

with −k′, which results from the complex conjugate of terms with k′. The dot-product

of Eq.(2.2.55b) with ϕn can be subtracted from the dot-product of Eq.(2.2.55a) with

ϕn′ to yield (after some manipulations)

∇ · (σn ·ϕn′ −σn′ ·ϕn) = ρ(ω2
n′(−k′)−ω

2
n (k))ϕn ·ϕn′ . (2.2.56)

Using the definition of the divergence operator, the above equation can be rewritten as

∂

∂x
(σn ·ϕn′ −σn′ ·ϕn) · êx +

∂

∂y
(σn ·ϕn′ −σn′ ·ϕn) · êy

+
∂

∂ z
(σn ·ϕn′ −σn′ ·ϕn) · êz = ρ(ω2

n′(−k′)−ω
2
n (k))ϕn ·ϕn′ . (2.2.57)
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Now, by separating eik·r in ϕn, the following notations are defined,

ϕn = ϕ̃n(k,z)e
ik·r

ϕn′ = ϕ̃n′(−k′,z)e−ik′·r

σn = σ(ϕ̃n(k,z))e
ik·r

σn′ = σ(ϕ̃n′(−k′,z))e−ik′·r.

(2.2.58)

Note that k · r = kxx+ kyy. Substituting these into the first term on the RHS of Eq.

(2.2.57) results in,

∂

∂x
(σn ·ϕn′ −σn′ ·ϕn) · êx

=

[
∂

∂x
(σn) ·ϕn′ +σn ·

∂

∂x
(ϕn′)−

∂

∂x
(σn′) ·ϕn −σn′ ·

∂

∂x
(ϕn)

]
· êx

= i(kx − k′x) [σ̃n · ϕ̃n′ − σ̃n′ · ϕ̃n]e
i(k−k′)·r · êx. (2.2.59)

The second term on the RHS of Eq. (2.2.57) can be similarly rewritten. Then, sub-

stituting Eq. (2.2.59) into Eq. (2.2.57), integrating this equation over V (0 ≤ x < ∞,

0 ≤ y < ∞, 0 ≤ z ≤ d) and use of the definition of the Dirac delta function,

δ (k−k′) =
1

(2π)2

∫
∞

−∞

dx
∫

∞

−∞

dyei(k−k′)·r, (2.2.60)

results in the following equation:

(2π)2
δ (k−k′)

{∫ d

0
dz [σ̃n · ϕ̃n′ − σ̃n′ · ϕ̃n] · [i(kx − k′x)êx + i(ky − k′y)êy]

+
∫ d

0
dz

∂

∂ z
[σ̃n · ϕ̃n′ − σ̃n′ · ϕ̃n] · êz

}
= (2π)2

δ [k−k′)ρ[ω2
n′(−k′]−ω

2
n (k))

∫ d

0
dzρ[ϕ̃n(k,z) · ϕ̃n′(−k′,z)]. (2.2.61)

Then, it is easily found that the first term on the RHS of Eq. (2.2.61) always vanishes

for any combination of k and k′, and the second term on the RHS of Eq. (2.2.61) also

vanishes because of the traction free boundary conditions on the top and the bottom
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surfaces of the plate,∫ d

0
dz

∂

∂ z
[σ̃n · ϕ̃n′ − σ̃n′ · ϕ̃n] · êz = [(σ̃n · ϕ̃n′ − σ̃n′ · ϕ̃n) · êz]

z=d
z=0 = 0. (2.2.62)

For further analysis, it is better to simplify Eq. (2.2.61) by integrating over the k′ space

(
∫

∞

−∞
dk′x

∫
∞

−∞
dk′y(· · ·)). Then, we have the following relation:

ρ[ω2
n′(−k)−ω

2
n (k)]

∫ d

0
dzρ[ϕ̃n(k,z) · ϕ̃n′(−k,z)] = 0. (2.2.63)

Equation (2.2.63) states that ω2
n′(−k) ̸= ω2

n (k), i.e., if n ̸= n′ for a given k, the integral

over z must vanish as we explained for the case in the cylindrical coordinate in Section

2.2.1. Therefore, for two eigenfunctions the following orthogonality relation holds:∫
V

dvρϕ
m
n (k,r) ·ϕm

n′(−k′,r) = (2π)2
δ (k−k′)δnn′En. (2.2.64)

En in the above equation is defined in Eqs. (2.2.18a) and (2.2.18b). Having obtained

the orthogonality relation for eigenfunctions, now we can define integral transform

pairs for a field u(r),

u(r) =
1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dky ∑
n

An(k)ϕn(k,r), (2.2.65a)

An(k) =
1

En

∫
V

dvρϕn(−k,r) ·u(r). (2.2.65b)

Eq.(2.2.65b) can be obtained by taking the dot product of Eq. (2.2.65a) with ϕn′(−k′,r)

, integrating it over V with the use of Eq. (2.2.64).

2.2.2.2 Eigenfunction expansion of the Green’s function

For derivation of the Green’s function G(r|r′) in Eq.(2.2.3), the source term Iδ (r−r′)

appearing in the right-hand side of Eq.(2.2.3) should be expanded in terms of the eigen-

functions ϕn(k,r). In this reason, we first substitude Eq. (2.2.65b) into Eq. (2.2.65a):

u(r) =
1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dky

∫
V

dv′ρ ′
∑
n

1
En

ϕn(k,r)ϕn(−k,r′) ·u(r′). (2.2.66)
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By using the definition of the Dirac delta function, Iδ (r− r′) is expressed as

Iδ (r− r′) =
1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dkyρ ∑
n

1
En

ϕn(k,r)ϕn(−k,r′). (2.2.67)

In the above equation, ρ is used instead of ρ ′ because δ (r−r′) is non-zero only when

r′ = r.

Because the source-term Iδ (r− r′) is expanded in terms of eigenfunctions ϕn as

Eq.(2.2.67), one can also assume that the Green’s function G(r|r′) can be expanded in

terms of ϕn as follows:

G(r|r′) = 1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dky ∑
n

an(k)
En

ϕn(k,r)ϕn(−k,r′), (2.2.68)

where an(k) are unknown scalar expansion coefficients to be determined. Substituting

Eqs.(2.2.67) and (2.2.68) into Eq.(2.2.3) with the use of Eq.(2.2.52) yields

an(k) =
1

(ω2
n (k)−ω2

ext)
. (2.2.69)

Finally, by substituting Eq. (2.2.69) into Eq. (2.2.68), we have the Green’s function

G(r|r′) as follows:

G(r|r′) = 1

(2π)2

∫
∞

−∞

dkx

∫
∞

−∞

dky ∑
n

1
(ω2

n (k)−ω2
ext)En

ϕn(k,r)ϕn(−k,r′). (2.2.70)

Here, we have two choices for calculation of Eq. (2.2.70). One way is to integrate

directly over the two-dimensional infinite k space. The other choice is to take the in-

tegral over an infinite interval analytically for one of kx and ky and then, the remaining

integral is computed numerically.

Because the latter is easier in many cases, here we perform the integration with re-

spect to kx for example. The analytic integration can be carried out by the residue

theorem in which closing contour of a semicircle can be located in the upper or

lower-half complex plane. For x > x′, the resiude theorem is applied by using the

contour closing the upper-half complex plane couter-clockwisely. Here, we define the
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pole kn = (kx,n,ky,0) satisfying ωext = ωn(k) for given ky. Then, the integration in

Eq.(2.2.70) over kx becomes∫
∞

−∞

dkx
1

(ω2
n (k)−ω2

ext)En
ϕn(k,r)ϕn(−k,r′)

=
2πi

∂/∂kx[ω2
n (k)−ω2

ext]|kx=kx,nEn
ϕn(kn,r)ϕn(−kn,r′)

=
πi

ωextcg,nEnkx,n/kn
ϕn(kn,r)ϕn(−kn,r′), (2.2.71)

In the above equation, the following definition was used:

∂ωn

∂kx

∣∣∣∣
kx=kx,n

=

[
dωn

dk
∂k
∂kx

]
kx=kx,n

≜ cg,n
kx,n

kn
(2.2.72)

Since details related to the complex contour integral are similar to the case of the

cylindrical coordinate, details are omitted here (see, Section 2.2.1).

G(r|r′) =
∫

∞

−∞

dky ∑
n

ikn

4πPnkx,n
ϕn(kn,r)ϕn(−kn,r′), x > x′. (2.2.73a)

where

Pn = ωextcg,nEn.

For x < x′, we use a clockwise contour in the lower-half complex plane. Therefore, the

Green’s function valid for x < x′ is expressed as

G(r|r′) =
∫

∞

−∞

dky ∑
n

ikn

4πPnkx,n
ϕn(κn,r)ϕn(−κn,r′), x < x′. (2.2.73b)

where κn = (−kx,n,ky,0). Theoretically, Eqs. (2.2.73a) and (2.2.73b) are valid for gen-

erally complex vauled k. However, for a real-valued k, the equation diverges at kx,n and

thus we need to apply a change of variables to avoid this problem. Then, for example,

Eq. (2.2.73b) can be rewritten as follows,

G(r|r′) =
∫

Γ

dφ ∑
n

ikn

4πPn
ϕn(kn,r)ϕn(−kn,r′), x > x′, for real kn, (2.2.74)
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Figure 2.4 A path in the complex plane of φ over which the contour integration is

performed when kn is (a) real or complex, (b) imaginary.

where

kn = (kx,n,ky,n,0), kx,n = kn cosφ , ky,n = kn sinφ . (2.2.75)

There may be many possible choices for a path Γ for the contour integration. For

example, for a real and complex kn, Γ can be a path through −π/2+ i∞, −π/2, π/2,

π/2− i∞ as indicated in Fig. 2.2.74 (a) [66] and for a imaginary kn, Γ can be a path

through i∞, −i∞ as depicted in Fig. 2.2.74 (b).
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2.3 Calculation of basis functions

Here, we will deal with more details about the basis functions. For brevity of explana-

tion, the compact notion for the eigenfunctions ϕm
n (r) = ϕm

n (kn,r) will be used in the

subsequent sections. And from now on, we will redefine the notation for the angular

frequency of an external force as ω = ωext.

For the use in scattering analyses in Chapter 3, we first provide the components of

the displacement and stress basis functions in the cylindrical coordinate system.

Lamb type wave mode basis functions are in the form of

ϕ
m
n (r) =


Un(z)J′m(knr)

Un(z)imJm(knr)/knr

Wn(z)Jm(knr)

eimθ . (2.3.1)

And the corresponding stress basis functions are in the form of

σ
m
n,rr(r) =

{
2µLUn(z)

Jm+1(knr)
r

−
[

2m(1−m)µLUn(z)

+k2
n(λL +2µL)Un(z)r2 − knλLr2 dWn(z)

dz

]
Jm(knr)

knr2

}
eimθ , (2.3.2a)

σ
m
n,θθ (r) =

{
λL

[
dWn(z)

dz
− knUn(z)

]
Jm(knr)

−2µLUn

[
Jm+1(knr)

r
+m(m−1)

Jm(knr)
knr2

]}
eimθ , (2.3.2b)

σ
m
n,zz(r) =

[
(λL +2µL)

dWn(z)
dz

− knλLUn(z)
]

Jm(knr)eimθ , (2.3.2c)

σ
m
n,rθ (r) =−2imµLUn(z)

[
(1−m)

Jm(knr)
knr2 +

Jm+1(knr)
r

]
eimθ , (2.3.2d)

σ
m
n,θz(r) =

{
imµL

[
dUn(z)

dz
+ knWn(z)

]
Jm(knr)

knr

}
eimθ , (2.3.2e)

σ
m
n,rz(r) =

{
µL

[
dUn(z)

z
+ knWn(z)

]
[m

Jm(knr)
knr

− Jm+1(knr)]
}

eimθ . (2.3.2f)
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Shear-horizontal (SH) wave mode basis functions are in the form of

ϕ
m
n (r) =


Vn(z)imJm(knr)/knr

−Vn(z)J′m(knr)

0

eimθ . (2.3.3)

And the corresponding stress basis functions are in the form of

σ
m
n,rr(r) =2imµLVn(z)

[
(m−1)

Jm(knr)
knr2 − Jm+1(knr)

r

]
eimθ , (2.3.4a)

σ
m
n,θθ (r) =−σ

m
n,rr(r), (2.3.4b)

σ
m
n,zz(r) =0, (2.3.4c)

σ
m
n,rθ (r) =µLVn(z)

{
−2

Jm+1(knr)
r

+

[
kn −

2m(m−1)
knr2

]
Jm(knr)

}
eimθ , (2.3.4d)

σ
m
n,θz(r) =µL

dVn(z)
dz

[
Jm+1(knr)−m

Jm(knr)
knr

]
eimθ , (2.3.4e)

σ
m
n,rz(r) =imµL

dVn(z)
dz

Jm(knr)
knr

eimθ . (2.3.4f)

When an isotropic plate is considered, analytic solutions for Un(z), Wn(z) and Vn(z)

in the eigenfunctions ϕm
n (k,r) exist and its explicit expressions can be found in many

literatures [62], [67], [68]. In case of a layered isotropic plate, analytic solutions also

exist [3] but we recommend using a numerical method that will be discussed in Sec-

tion 2.3.2. This numerical method called the pseudo-spectral collocation method for

general transversely isotropic plates provides some convenient features when dealing

with the scattering analysis technique that will be discussed in Chapter 3.

2.3.1 Analytic solutions for an isotropic plate

In this section, we summarize analytic solutions for an isotropic plate. In Section 2.2,

we assumed that the top and the bottom surfaces are located at z = 0,d. However,

when the expressions of analytic solutions for an isotropic plate are concerned, it is

convenient to place the top and bottom surfaces at z =±d/2 =±h.
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For the symmetric Lamb waves in an isotropic plate, Un and Wn in Eq. 2.3.1 are in

the form of

Un(z) = kn cos(pnz)+ γS,nqn cos(qnz), (2.3.5a)

Wn(z) =−pn sin(pnz)+ γS,nkn sin(qnz), (2.3.5b)

(2.3.5c)
γS,n =

(λLk2
n + λL p2

n + 2µL p2
n)cos(pnh)

2µLkqcos(qnh)

=
2kn pn sin(pnh)

[(k2
n − q2

n)]sin(qnh)
,

p2
n =

ω2

c2
l
− k2

n, q2
n =

ω2

c2
t
− k2

n, (2.3.5d)

where cl and ct denote the longitudinal and transverse wave velocities, respectively. In

the above equations kn, pn and qn satisfy the well-known Rayleigh-Lamb frequency

equation[60], [62], [63]:
tan(qnh)
tan(pnh)

=− 4pnqnk2
n

(q2
n − k2

n)
2 . (2.3.5e)

The coefficient En appearing in the Green’s function as in Eq. (2.2.34) is

En = ρ[h(k2
n + p2

n)+ γ
2
S,nh(k2

n +q2
n)+(k2

n/pn − pn)cos(hpn)sin(hpn)

+4γS,nkn cos(hpn)sin(hqn)+ γ
2
S,n(qn − k2

n/qn)cos(hqn)sin(hqn)]. (2.3.5f)

The eigenfunctions for the anti-symmetric Lamb waves in Eq. (2.3.1) are described

by using the following expressions:

Un(z) = kn sin(pnz)− γA,nqn sin(qnz), (2.3.6a)

Wn(z) = pn cos(pnz)+ γA,nkn cos(qnz), (2.3.6b)

where

(2.3.6c)
γA,n = −(λLk2

n + λL p2
n + 2µL p2

n)sin(pnh)
2µLknqn sin(qnh)

= − 2kn pn cos(pnh)
[(k2

n − q2
n)]cos(qnh)

,
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p2
n =

ω2

c2
l
− k2

n, q2
n =

ω2

c2
t
− k2

n, (2.3.6d)

For kn, pn and qn, the following relations hold:

tan(qnh)
tan(pnh)

=−(q2
n − k2

n)
2

4pnqnk2
n
. (2.3.6e)

The coefficient En is

En = ρ[h(k2
n + p2

n)+ γ
2
Ah(k2

n +q2
n)− (k2

n/pn − pn)cos(hpn)sin(hpn)

+4γAkn sin(hpn)cos(hqn)− γ
2
A(qn − k2

n/qn)cos(hqn)sin(hqn)]. (2.3.6f)

When the symmetric SH waves are considered, we have the following expressions

for the eigenfunctions in Eq. (2.3.3) [60]:

Vn(z) = kn cos(snz), (2.3.7a)

s2
n =

ω2

c2
t
− k2

n, (2.3.7b)

and

En = ρ(1+δ0)hk2
n, (2.3.7c)

where δ0 = 1, for SH0 (the lowest symmetric SH wave) else 0. For the anti-symmetric

SH waves, we have

Vn(z) = kn sin(snz), (2.3.8a)

s2
n =

ω2

c2
t
− k2

n, (2.3.8b)

En = ρhk2
n. (2.3.8c)

The following SH wave dispersion relation is used to calculate kn for a given ω :(
2knh

π

)2

=

(
2ωh
πct

)2

−n2, (2.3.9)

where n = 0,2,4, ... for symmetric modes and n = 1,3,5, ... for anti-symmetric modes.

41



For the SH wave modes, the wavenumber kn for a given ω can be very easily

found by using Eq. (2.3.9). In case of the Lamb wave modes, the wavenumber kn for

a given ω in Eqs. (2.3.5e) and (2.3.5e) can be found only by numerical methods such

as a root-finding algorithm. However, in most cases, it is recommended to use the

numerical method described in the next section and use the analytic solutions only as

a means of validation for the numerical method.

2.3.2 Numerical solutions by using the pseudo-spectral collocation method
for a transverse isotropic plate

2.3.2.1 Matrix eigenvalue equations for the depth-dependent functions

When a transverse isotropic plate such as a layered plate as illustrated in Fig. 2.5

is considered, a problem becomes more complicated and a numerical technique is

needed for the computation of Un(z), Wn(z), Vn(z) and kn in Eqs. (2.3.1) and (2.3.3)

at given frequency. For this computation, we adopt the method proposed by Denolle

et al. [69] for seismic surface waves. However, frequency range of seismic waves is

below 100 Hz and numerical tests of this method in typical NDE application frequency

range (10 kHz ∼ 20 MHz) show that the matrix representation for Lamb waves used

by Denolle et al results in wrong eigenvalues and eigenvectors caused by the badly

scaled matrices. Therefore, we will introduce a different matrix representation of the

governing equation for Lamb waves.

Substituting expressions for basis functions as in Eqs. (2.3.1) and (2.3.3) into the

governing equations of elastic waves in Eq. (2.2.1) results in the governig equations

for Un(z), Wn(z) and Vn(z). Let us consider SH waves first. A field V = V (z) and a

wavenumber k of SH waves satisfy the governing equation,

0 = µLk2V − d
dz

(
µL

dV
dz

)
−ρω

2V. (2.3.10)

42



Figure 2.5 (a) Layered plate and (b) layered plate in contact with a fluid.

Eq. (2.3.10) can be written in the following form:[
ρω2 + d

dz

(
µL

d
dz

)][
V
]
= k2

n

[
µL

][
V
]
. (2.3.11)

The next step is to discretize V on N +1 collocation points and to introduce the differ-

entiation matrix D of size (N+1)×(N+1) for the discretized field. Then, Eq. (2.3.11)

becomes a matrix equation:

[
ρω2 +D(µLD)

]
V1
...

VN+1

= k2
[
µL

]
V1
...

VN+1

. (2.3.12)

In the above equation, ρ and µL are diagonal matrices whose elements represent ρ or

µL on corresponding collocation points of the plate.

Now, the boundary conditions at the top and bottom surfaces must be applied in

the above matrix equation. The traction-free boundary conditions are given from the

stress-displacement relation as

0 = µL
dV
dz

, at z = 0,d. (2.3.13)
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Then, the first and the last row of the coefficient matrices in Eq. (2.3.12) should be

replaced by the boundary conditions. Specifically, the first row of the coefficient matrix

on the LHS in Eq. (2.3.12) is replaced by the first row of the matrix µLD. Similarly,

the second row of the coefficient matrix on the LHS in Eq. (2.3.12) is replaced by the

second row of the matrix µLD. Then, the first and the second row of the coefficient

matrix on the RHS in Eq. (2.3.12) should be replaced by zeros.

In case of a plate composed of K layers in the thickness direction as illustrated in

Fig 2.5(a), Eq. (2.3.11) becomes


ρ1ω2 +D1

(
µL,1D1

)
· · · 0

...
. . .

...

0 · · · ρKω2 +DK
(
µL,KDK

)




V 1
1
...

V 1
N1+1

...

V K
1
...

V K
NK+1



= k2


µ1

L · · · 0
...

. . .
...

0 · · · µK
L





V 1
1
...

V 1
N1+1

...

V K
1
...

V K
NK+1


. (2.3.14)

In this case, the displacement and the stress continuity condition at the interfaces be-
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tween two layers should be also applied. Then, one finds:

µ
1
L

dV 1

dz
= µ

2
L

dV 2

dz
, (2.3.15)

V 1 =V 2, (2.3.16)

at the interfaces. For example, let us consider an interface between the first and second

layers of the plate. Then, the (N1 +1)th rows of the coefficient matrices in Eq. (2.3.14)

are replaced by the matrix representation of Eq. (2.3.15) and the next rows ((N1 +2)th

rows) are replaced by by the matrix representation of Eq. (2.3.16). Other interfaces

between layers can be treated similarly.

Next, we consider Lamb type waves. Fields U =U(z) and W (z), and a wavenum-

ber k of Lamb type waves satisfy the governing equation,

kλ
dW
dz

+ k
d
dz

(µW )+
d
dz

(
µL

dU
dz

)
+ρω

2U = k2(λL +2µL)U,

−kµL
dU
dz

− k
d
dz

(λLU)+
d
dz

[
(λL +2µL)

dw
dz

]
+ρω

2W = k2
µW, (2.3.17)

the boundary conditions at the top and bottom surfaces

−kλLU − (λL +2µL)
dW
dz

= 0, at z = 0,d,

kµLW +µL
dU
dz

= 0, at z = 0,d. (2.3.18)

Because Eq. (2.3.17) is a quadratic eigenvalue problem, we need to linearize this first.

The linearization can be done by employing kU and kV as another variables. Then, Eq.
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(2.3.17) can be put into the following form:
0 0 ε 0

0 0 0 ε

d
dz µL

d
dz +ρω2 0 0 λL

d
dz +

d
dz µL

0 d
dz(λL +2µL)

d
dz +ρω2 −µL

d
dz −

d
dz λL 0




U

W

kU

kW



= k


ε 0 0 0

0 ε 0 0

0 0 λL +2µL 0

0 0 0 µL




U

W

kU

kW

, (2.3.19)

where ε is the scaling factor. The reason for introducing ε is that, although the above

matrix representation is theoretically correct, when the sizes of certain elements of the

above matrices differ by many orders of magnitude from those of others, it becomes

numerically problematic. Therefore, to scale the problematic elements, we choose ε =

ω2 for the examples in this dissertation and we also have confirm that this works

well in typical NDE application frequency range (10 kHz ∼ 20 MHz). The boundary

conditions at the interfaces between two layers are

U1 =U2,

W 1 =W 2,

kλ
1
LU1 − (λ 1

L +2µ
1
L)

dW 1

dz
= kλ

2
LU2 − (λ 2

L +2µ
2
L)

dW 2

dz
,

kµ
1
LW 1 +µ

1
L

dU1

dz
= kµ

2
LW 2 +µ

2
L

dU2

dz
. (2.3.20)

Then, the similar element scaling should be applied to the rows for the boundary con-

ditions. The rest of the procedure is similar to SH wave cases.

In addition to purely elastic plates, fluid-loaded plates as illustrated in Fig 2.5(b),

are commonly observed in many industrial fields. Thus, we extend the above equa-

tions to such problems. Here, we consider ideal (nonviscous) fluid which only has
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irrotational fields. Theoretically, ideal fluid can be dealt with by using the elasticity

equations with µL → 0. However, numerical tests show that the results obtained from

the elasticity equations with µL → 0 is unstable and convergence of the solution is

slow. Therefore, it is preferable to expand the fields in acoustic layers using the acous-

tic wave equations.

For this reason, let us consider a fluid layer below a plate which has a pressure field

p whose depth-dependent function is described by P(x). Then, one finds the governing

equation for P(x) as follows [2]:

ρ
d
dz

[
1
ρ

dP
dz

]
+

[
ω2

c2
f
− k2

]
P = 0. (2.3.21)

The governing equation can be rewritten as 0 ε

Kρ
d
dz

1
ρ

d
dz +ω2ρ 0

 P

kP

= k

ε 0

0 K

 P

kP

. (2.3.22)

where we have used cf =
√

K/ρ and K denotes the bulk modulus of the fluid. In the

above equation, the linearization used for Lamb type waves have been also adopted for

coupling with equations for Lamb type waves. Note that, since the field is irrotational,

it does not interact with SH waves. At the interface between solid and fluid layers,

the boundary conditions for the continuity of the normal displacement and the normal

traction are

1
ρω2

dP
dz

=W,

0 = kµ
1
LW 1 +µ

1
L

dU1

dz
,

−P = kµ
2
LW 2 +µ

2
L

dU2

dz
. (2.3.23)

In the above equation, we have used the pressure-displacement relation obtained from

the Newton’s second law [70]:

∇p =−ρ
∂ 2u
∂ t2 . (2.3.24)
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The bottom of the fluid layer is usually described as a rigid wall with the following

boundary condition:
1

ρω2
dP
dz

= 0. (2.3.25)

2.3.2.2 Discretization of the depth-dependent functions

Now, a quadrature rule for the discretization of fields U , W , V and P should be chosen.

Once a quadrature rule is chosen, the corresponding quadrature nodes, differentia-

tion matrix and quadrature weights are specified. For example, the Chebyshev-Gauss-

Lobatto quadrature rule can be employed. Then, the corresponding quadrature nodes

in the interval −1 ≤ x ≤ 1 are defined by

xn =−cos
nπ

N
,n = 0, ...,N. (2.3.26)

And the differentiation matrix related to the above nodes can be computed by using

the method in Ref. [71], [72]. Using the nodes and the differentiation matrices with an

appropriate scaling of domain, the matrix eigenvalue problem can be constructed. This

matrix eigenvalue problem can be categorized as a generalized eigenvalue problem

which can be solved by QZ algorithm implemented in most of standard linear algebra

packages [73]–[75]. After solving the generalized eigenvalue problem, in most cases,

the eigenvalues k are sorted in ascending order of the absolute value and used in order

from the least to greatest value.

Once the field values on these nodes are found, the field values not on the nodes

can be calculated using the backward discrete Chebyshev transform [76]:

U(x) =
N

∑
n=0

ŨnTn(x), (2.3.27)

where Tn(x) is the Chebyshev polynomial defined by the recurrence relation,

Tn+1(x) = 2xTn(x)−Tn−1(x), n ≥ 1, (2.3.28)
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with T0(x) = 1 and T1(x) = 1 , or

Tn(x) = cosnθ , θ = arccosx, n ≥ 0, (2.3.29)

Ũn can be evaluated by the forward discrete Chebyshev transform:

Ũn =
2

c̃nN

N

∑
j=0

1
c̃ j

U(x j)cos
n jπ
N

, 0 ≤ n ≤ N, (2.3.30)

where c̃0 = c̃N = 2 and c̃ j = 1 for j = 1,2, ...,N − 1. Here, U(x j) corresponds to the

calculated field value from the aforementioned eigenvalue problems.

And an integration involving the computed field values such as the ones in Chapter

3 can be done by using the Clenshaw-Curtis quadrature weights w j in the following

way: ∫ 1

−1
f (x)dx ≈

N

∑
j=0

f (x j)w j. (2.3.31)

Clenshaw-Curtis quadrature weights w j can be efficiently calculated using the fast

Chebyshev transform [77].

2.3.2.3 Group velocity calculation

Another commonly used physical quantity for guided waves is the group velocity de-

fined as

cg,n =
∂ωn(k)

∂k
. (2.3.32)

For a plate made of lossless materials, the group velocity of a guided wave mode can be

obtained by using the computed field values and its derivatives [1], [69]. Here, we will

show how the group velocity is related to the computed field values and this approach

is different from that in Ref. [1]. In this context, we again consider two fields ϕn(k,r)

and ϕn′(−k′,r) in the Cartesian coordinate system same in guided wave mode n but
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different in wavevector k and −k′, and the following equation similar to Eq. (2.2.56):

∇ · [σn(k,r) ·ϕn(−k′,r)−σn(−k′,r) ·ϕn(k,r)]

= ρ[ω2
n (−k′)−ω

2
n (k)]ϕn(k,r) ·ϕn(−k,r). (2.3.33)

Integrating the above equation over the thickness direction yields

i△k ·
∫ d

0
dz[σn(k,r) ·ϕn(−k,r)−σn(−k,r) ·ϕn(k,r)]

=△ω
2
n

∫ d

0
dzρϕn(k,r) ·ϕn(−k,r), (2.3.34)

where

△k = k−k′, △ω
2
n = ω

2
n (k)−ω

2
n (k

′). (2.3.35)

Now, by using the definition of the normal vector n =△k/△k, Eq. (2.3.34) becomes

i
∫ d

0
dzn · [σn(k,r) ·ϕn(−k,r)−σn(−k,r) ·ϕn(k,r)]

=
△ω2

n

△k

∫ d

0
dzρϕn(k,r) ·ϕn(−k,r). (2.3.36)

Taking the limit of △ω2
n/△k, meaning that k′ becomes close enough to k′, and using

the definition of the group velocity in Eq. (2.3.32) result in

i
∫ d

0
dzn · [σn(k,r) ·ϕn(−k,r)−σn(−k,r) ·ϕn(k,r)]

= 2ωn(k)cg,n

∫ d

0
dzρϕn(k,r) ·ϕn(−k,r). (2.3.37)

σ̃n(k,z) and ϕ̃n(k,z) in the above equation are defined in Eq. (2.2.58).

Equation (2.3.37) can be further simplified. In this reason, let us consider the LHS

of (2.3.37) first. For the normal vector n in Eq. (2.3.37), any unit vector on the x-y

plane can be used. Here, we choose n = êx and k = (kn,0,0). Then LHS in Eq. (2.3.37)
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becomes

i
∫ d

0
dzêx · [σn(kn,r) ·ϕn(−kn,r)−σn(−kn,r) ·ϕn(kn,r)]

=i
∫ d

0
dz[σn,xx(kn,r)ϕn,x(−kn,r)+σn,xz(kn,r)ϕn,z(−kn,r)

−σn,xx(−kn,r)ϕn,x(kn,r)−σn,xz(−kn,r)ϕn,z(kn,r)].

(2.3.38)

Because of the explicit expressions ϕn and the stress-displacement relation, we have

the following relations:

ϕn,x(−kn,r) =−ϕn,x(kn,r), ϕn,z(−kn,r) = ϕn,z(kn,r),

σn,xx(−kn,r) = σn,xx(kn,r), σn,xz(−kn,r) =−σn,xz(kn,r). (2.3.39)

Using the above relation and Eq. (2.3.38), Eq. (2.3.37) becomes

−2i
∫ d

0
dz[σn,xx(kn,r)ϕn,x(kn,r)−σn,xz(kn,r)ϕn,z(kn,r)]

=2ωncg,n

∫ d

0
dzρ[−ϕn,x(k,r)ϕn,x(k,r)+ϕn,z(k,r)ϕn,z(k,r)]. (2.3.40)

Note that we used ωn(kn) = ω in the above equation.

Now, with some manipulation, we have the following relation:

cg,n =
Pn

ωEn
, (2.3.41)

where for Lamb type modes,

En =
∫ d

0
dzρ[Un(z)2 +Wn(z)2], (2.3.42a)

Pn =−
∫ d

0
dz
[
Un(z)S1

n(z)−Wn(z)S3
n(z)

]
, (2.3.42b)

S1
n(z) =−kn(λL +2µL)Un(z)+λL

dWn(z)
dz

, (2.3.42c)
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S3
n(z) = µL

dUn(z)
dz

+µLknWn(z), (2.3.42d)

and for SH wave modes,

En =
∫ d

0
dzρ[Vn(z)2], (2.3.43a)

Pn = kn

∫ d

0
dzµL[Vn(z)Vn(z)]. (2.3.43b)
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2.4 Modeling of guided wave actuators

Many guided wave problems in plates are closely related to design and analysis of

guided wave transducers. Therefore, researchers have developed analytic methods to

solve fields generated by a surface traction for modeling guided wave transducers. A

circular or a finite straight line traction have been rigorously analyzed by applying

the Fourier transform or the Hankel transform [78], [79]. Somewhat informal analyses

also appear in literatures [80], [81].

Using the derived Green’s function in Section 2.2, many guided wave actuators can

be easily modeled. These actuators include piezoeletric transducers, magnetostrictive

transducers, electromagnetic acoustic transducers [78]–[88]. A force exerted by these

transducers is commonly represented as a traction on the bottom or top surface of

the plate z = 0, d. Then, the field u(r) actuated by a line traction is expressed by the

following equation:

u(r) =
∫

lext

dl′G(r|r′) · t(r′), at z′ = 0 or d, (2.4.1)

where lext denotes a line on the surface of the plate exerted by a traction and t(r′) is a

traction vector defined on this line.

Then, at this point, what we need to do is choose a Green’s function that is appro-

priate for the given problem. In what follows, we will show how the derived Green’s

function in a multipole expansion form as in Eq. (2.2.34) can be employed to obtain

analytic expressions for guided wave actuator models. This will be also used to calcu-

late the coefficient vectors of incident waves in scattering analyses in Chapter 3.

In this context, the Green’s function in Eq. (2.2.34a) is substituted into Eq. (2.4.1):

u(r) =
∫

lext

dl′ ∑
n,m

(−1)mikn

4Pn
ϕ̄

m
n (kn,r)ϕ−m

n (kn,r′) · t(r′). (2.4.2)

The above equation can be rewritten as

u(r) = ∑
n,m

cm
n ϕ̄

m
n (kn,r). (2.4.3)
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Figure 2.6 Guided wave actuation by an axisymmetric traction on the surface of an

infinite plate.

where

cm
n =

(−1)mikn

4Pn

∫
lext

dl′ϕ−m
n (kn,r′) · t(r′). (2.4.4)

Based on Eq. (2.4.3), we derive an analytic field expressions for some basic actuator

models in the following section.

2.4.1 Axisymmetric line tractions

An axisymmetric guided wave actuators can be found in many literatures [78], [79],

[86], [87]. Although analytic expression of axisymmetric actuators have been also

suggested [78], [79], we here provide more simple procedures for deriving such ex-

pressions. Furthermore, the following results can be also applicable to transversely

isotropic plates.

Let us consider an axisymmetric line traction vector t′(r′) of radius a on the top

surface z = d as illustrated in 2.6 which can be put into the following general form:

t′(r′) = [trêr + tθ êθ + tzêz], at r′ = a and z′ = d. (2.4.5)

For actuation of Lamb type waves, we choose tθ = 0. Then, substituting Eq. (2.4.5)
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into Eq. (2.4.4) yields the coefficient for the singular basis functions ϕ̄m
n (kn,r),

cm
n =

(−1)mikn

4Pn

∫ 2π

0
adθ

′ [
ϕ
−m
n,r (kn,(a,θ ′,d))tr +ϕ

−m
n,z (kn,(a,θ ′,d))tz

]
. (2.4.6)

Substituting Eq. (2.3.1)and (2.3.3) in (2.4.6) shows that only the m = 0 terms of Lamb

type modes are non-zero. Therefore,

c0
n =

ikn

4Pn
2πa

[
Un(d)J′0(kna)tr +Wn(d)J0(kna)tz

]
. (2.4.7)

For actuation of SH waves, we choose tr = 0 and tz = 0. Then, similar procedure yields,

c0
n =

ikn

4Pn
2πa

[
−Vn(d)J′0(kna)tθ

]
. (2.4.8)

2.4.2 Straight line tractions

Guided wave transducers that can be modeled as finite straight line traction vectors also

can be found in many literatures [81], [83], [85]. When a traction under consideration

is in the form of a finite straight line with uniform strength, an analytic solution of

the resulting field can be obtained by using the plane wave expansion of the regular

cylindrical wavefunction appearing in Eq. (2.4.4).

The plane wave expansion of the regular cylindrical function is given by Stratton

[89] as follows:

Jm(kr)eimθ =
i−m

2π

∫ 2π

0
eimφ+ixk cosφ+iyk sinφ dφ . (2.4.9)

Since the above equation is the integral of a periodic function, the integral can be

efficiently approximated by using the N points rectangular rule [90]. Then, we have

Jm(kr)eimφ =
i−m

N

N−1

∑
ξ=0

eimφξ eikξ ·r,

=
N−1

∑
ξ=0

wm
ξ

eikξ ·r, (2.4.10)
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where φξ = 2πξ/N and

kξ = kξ xêx + kξ yêy

= k[cosφξ êx + sinφξ êy], (2.4.11)

r = xêx + yêy + zêz

= r[cosθ êx + sinθ êy]+ zêz. (2.4.12)

In the above equations, we have used the weighting function wm
ξ

,

wm
ξ
=

i−m

N
eimφξ . (2.4.13)

Although there is no formal rule for determining N, it is empirically chosen to be

N > 2(|kr|+|m|)+ 1. Then, by replacing the cylindrical wavefunctions appearing in

Eqs. (2.3.1) and (2.3.1) with the expression in Eq. (2.4.10), the cylindrical wave basis

functions in Eq. (2.4.4) can be expressed in terms of the plane wave basis functions in

Eqs. (2.2.53) and (2.2.54):

ϕ
m
n (r) =

N−1

∑
ξ=0

wm
ξ

ϕn(kξ ,r)

=
N−1

∑
ξ=0

wm
ξ

ϕ̃n(kξ ,z)e
ikξ ·r (2.4.14)

where ϕ̃n(kξ ,z) denotes z-dependent functions as in Eq. (2.2.58).

Now, let us consider a line traction t on the top surface as illustrated in Fig. 2.7

with ψ = 0:

t = txêx + tyêy + tzêz, for x = 0, −L < y < L, z = d. (2.4.15)

By substituting Eqs.(2.4.14) and (2.4.15) into Eq.(2.4.4), we have the coefficients for
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Figure 2.7 Guided wave actuation by a straight line traction having finite length on the

surface of an infinite plate.

the outgoing waves represented by ϕ̄m
n (kn,r):

cm
n =

(−1)mkn

4Pn

N−1

∑
ξ=0

w−m
ξ

ϕ̃n(kξ ,d) · t
∫ L

−L
dy′eikξ yy′ .

=
(−1)mkn

4Pn

N−1

∑
ξ=0

w−m
ξ

ϕ̃n(kξ ,d) · t
2

kξ y
sinkξ yL. (2.4.16)

Next, we consider a case where a line traction is not aligned with an coordinate

axis. In this case, a tractions is represented as

t1 = tx1 êx1 + ty1 êy1 + tzêz, for x1 = 0, −L < y1 < L, z = d, (2.4.17)

where (x1,y1,z) represents a coordinate system inclined in an angle of ψ in counter-

clockwise (CCW) direction with respect to the (x,y,z) coordinate system. Then, substi-

tuting Eqs.(2.4.14) and (2.4.17)into Eq.(2.4.4), we have the coefficients for ϕ̄m
n (kn,r)

as follows:

cm
n =

(−1)mkn

4Pn

N−1

∑
ξ=0

w−m
ξ

ϕ̃n(kξ1 ,d) · t1

∫ L

−L
dy′1eikξ y1

y′1 .

=
(−1)mkn

4Pn

N−1

∑
ξ=0

w−m
ξ

ϕ̃n(kξ1 ,d) · t1
2

kξ y1

sinkξ y1L. (2.4.18)

57



where

kξ 1 = kξ x1êx1 + kξ y1êy1. (2.4.19)

kξ x1 = kξ x cosψ + kξ y sinψ, kξ y1 =−kξ x sinψ + kξ y cosψ. (2.4.20)
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Figure 2.8 The material variation profile (λL, µL, ρ) of an aluminum-zirconia func-

tionally graded plate governed by Eq. (2.5.1) with different values of n.

2.5 Numerical examples regarding functionally graded plates

In this section, we provide some examples regarding calculation of the basis functions

in Section 2.3 and use of the derived green’s functions in Section 2.2. Guided wave

actuation models in Section 2.4 will be applied for functionally graded plates. Other

types of isotropic or layered isotropic plates can be, of course, treated similarly.

2.5.1 Material properties of functionally graded plates

The functionally graded plates are assumed to have material properties — the Lamé

constants λL, µL and mass density ρ — continuously varying through the thickness.

The continuous change in material properties of functionally graded plates is known

to reduce or avoid problems such as debonding and delamination between layers while

these problems are likely to occur when there is a jump in mechanical properties across

an interface of two different materials in layered plates.

In the subsequent examples, material properties are assumed to vary according
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to a power-law distribution in terms of the volume fractions of the constituents by

following the notations in Ref. [91]:

P(z) = (Pt −Pb)V +Pb, (2.5.1a)

V = (
z
d
+

1
2
)n, (2.5.1b)

where P denotes a generic material property such as λL, µL or ρ , Pt and Pb denote

the property at the top and bottom surfaces of the plate, respectively, d is the plate

thickness, and n is a parameter for the material variation profile through the thickness.

As in Ref. [91], Aluminum-Zirconia plates are considered in the examples. The

Young’s modulus, Poisson’s ratio and density for Aluminum used in the examples

are 70 GPa, 2700 kg/m3, and 0.33, respectively. And for Zirconia, they are 151 GPa,

3000 kg/m3, and 0.33, respectively. We assumed that at the top surface of the plate,

the material properties are taken to be those of Zirconia and, at the bottom surface,

they are taken to be those of Aluminum. Therefore, for example, Et = 151 GPa and

Eb = 70 GPa.

2.5.2 Through-thickness mode shapes of guided waves

In this subsection, the through-thickness mode shapes U(z), W (z) and V (z) in Eq.

(2.3.1) and (2.3.3) of the aluminum-zirconia plate of frequency·thickness f d = 500 kHz·

mm and of the material properties described by Eq. 2.5.1 with n = 1 were calculated.

The pseudo-spectral collocation method in Section 2.3.2 was implemented by using

double precision arithmetics in Python programming language and the NumPy pack-

age. The Chebyshev-Gauss-Lobatto quadrature rule in Eq. (2.3.26) was employed by

using 30 nodes.

In Fig. 2.9, the through-thickness mode shapes for in-plane and out-of-plane mo-

tions of S0 (extensional) — U(z) and W (z), respectively — are plotted. It is shown

that the derivative of displacements are understandably continuous along the thickness
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Figure 2.9 The through-thickness mode shape of the S0 mode wave in an Aluminum-

Zirconia functionally graded plate.

due to continuous material property profiles. It is observed that the motion is also not

symmetric because the material property profile is not symmetric with respect to the

mid-plane of the plate. However still, the motion retains characteristics of extensional

waves, in-plane motions of the top and bottom surfaces are in-phase and out-of-plane

motions are out-of-phase. A0 (flexural) and SH0 (shear-horizontal) waves.

The mode shapes of the A0 mode are shown in Fig. 2.10, and characteristics of the

flexural waves are observed. In Fig. 2.11, the mode shape of the SH0 mode are shown.

From the results shown, it can be concluded that the motions of the basic 3 modes,

S0 (extensional), A0 (flexural) and SH0 (shear-horizontal) modes in functionally graded

plates are almost similar to those of an isotropic plate.

For the purpose of comparison, we also provide in Fig. 2.12 the S0 mode shape of

an aluminum-zirconia layered plate of frequency·thickness f d = 500kHz ·mm whose

zirconia layer thickness to aluminum layer thickness ratio is 2:8. It is observed that,

unlike the functionally graded plate, the derivative of displacements are not continuous
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Figure 2.10 The through-thickness mode shape of the A0 mode wave in an aluminum-

zirconia functionally graded plate.

Figure 2.11 The through-thickness mode shape of the SH0 mode wave in an aluminum-

zirconia functionally graded plate.

across the interface between two layers due to the discontinuity of the material profile.
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Figure 2.12 The through-thickness mode shape of the S0 mode wave in an aluminum-

zirconia layered plate.

2.5.3 Beam patterns of waves generated by a line traction

Here, we consider waves generated by a line traction on the top surface of the func-

tionally graded plate defined by

t = êy, for x = 0, −L < y < L, z = d. (2.5.2)

which had been dealt with in Section 2.4.2. The frequency is f = 500 kHz and the

thickness of the plate is d = 1 mm. The material properties of the functionally graded

plate are described in Section 2.5.1. The coefficient for the basis functions can be

calculated by using Eq. (2.4.16). Displacement fields were observed at r = 0.01 m on

the top surface of the plate.

For validation of the theory, the same configuration is implemented in the finite

element method discussed in detail in Appendix A.

Fig. 2.13 shows the beam patterns of the line traction evaluated by the theory. The

results computed by the theory agrees very well with those computed by the finite
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Figure 2.13 Beam patterns of guided waves generated by a line traction in Eq. (2.5.2)

with L = 2 mm in the aluminum-zirconia functionally graded plate. The power-law

material variation of the plate in Eq. (2.5.1) is governed by n = 1.

element method. Additionally, in Fig. 2.14, the beam patterns are compared according

to the different power-law material variation in Eq. (2.5.1).

2.6 Approximate plate theories

In this section, we compare results obtained from using the derived Green’s function

based on the three-dimensional elasticity with those obtained from using the Green’s

function based on approximate plate theories for flexural waves in isotropic plates.

Since, many approximate plate theories for isotropic plates are well known to re-

searchers in engineering fields [33], [35], [39], [92], we here only foucus on results.
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Figure 2.14 Comparison beam patterns of guided waves generated by a line traction in

Eq. (2.5.2) with L = 2 mm according to the different power-law material variation of

the aluminum-zirconia functionally graded plate in Eq. (2.5.1).

2.6.1 Kirchhoff plate theory

The lowest order approximate theory for flexural waves in plates is Kirchhoff theory

and valid for very low-frequency range. vertical motion w is described by the following

fourth order differential equation [35], [39]:

D∇
4w−ρdω

2w = q, (2.6.1)

where D = Ed3/12(1−ν2) and q is applied load. The three displacement components

are obtained from w as follows:

ur =−z
∂w
∂ r

, uθ =− z
r

∂w
∂θ

, uz = w. (2.6.2)

For a vertical point load at the origin, q/D = δ (r), the solution to Eq. (2.6.1) is
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given as [35], [93]

wG(R) =
i

8Dk2 [H
(1)
0 (kR)−H(1)

0 (ikR)], (2.6.3)

where k =
(
ω2ρd/D

)(1/4) and R is distance from the origin.

2.6.2 Mindlin plate theory

Mindlin plate theory additionally includes shear-deformation and rotary-inertia effect

being known to be accurate result for higher frequency range. In this theory, flexural

waves are expressed by using the following equations of motion by using the rotation

Ω and the deflection w [92]:

D
(

∇∇ ·Ω− 1−ν

2
∇×∇×Ω

)
+ µ̄d (∇w−Ω)+

ρd3

12
ω

2
Ω = m, (2.6.4a)

µ̄d∇ · (∇w−Ω)+ρdω
2w =−q, (2.6.4b)

where D = Ed3/12(1− ν2) denotes the flexural rigidity of the plate and µ̄ = α2µ;

m is external bending moment; q is external vertical load. For the value of the shear

coefficient α in subsequent examples, we use α2 = π2/12 which is known to be correct

for low-frequency behavior. Then, the three displacement components are obtained

from Ω and w as follows:

ur =−zΩr, uθ =−zΩθ , uz = w. (2.6.5)

For a vertical point load at the origin, m = 0, q = δ (r), the vertical motion in Eq.

(2.6.4) is obtained as follows [92]:

wG(R) =
i

4D(k2
1 − k2

2)

(
H(1)

0 (k1R)
γ1

−
H(1)

0 (k2R)
γ2

)
, (2.6.6)

where

γ j = 1− ρ

µ̄

(
ω

k j

)2

, j = 1,2,

k2
1,2 =

1
2
(k2

l + k2
t )±

√
k4

f +
1
4
(k2

l − k2
t )

2,
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kt =
ω

ct
, ct =

(
µ̄

ρ

)1/2

, kl =
ω

cl
, kf =

(
2ρdω2

D

)1/4

.

2.6.3 Multipole expansion of flexural waves excited by arbitrary vertical
loads

To obtain flexural waves generated by arbitrary vertical loads, we can superpose the

point load solution as in Eqs. (2.6.3) and (2.6.6) over the region S of arbitrary vertical

loads. However, for use of the solution in scattering problems as in Chapter 3, we

should expand Eqs. (2.6.3) and (2.6.6) in terms of multipoles using Graf’s addition

theorem:

H(1)
0 (kR) =

∞

∑
m=−∞

H(1)
−m(kr′)e−imθ ′

Jm(kr)eimθ , b > r, (2.6.7a)

H(1)
0 (kR) =

∞

∑
m=−∞

J−m(kr′)e−imθ ′
H(1)

m (kr)eimθ , b < r. (2.6.7b)

where

R2 = (r cosθ − r′ cosθ
′)2 +(r sinθ − r′ sinθ

′)2. (2.6.8)

Then, the resulting field can be calculated using the following relation [92]:

w(r) =
∫

S
ds′wG(r|r′)q(r′). (2.6.9)

2.6.4 Comparison of the elasticity theory with plate theories

Here, we consider axisymmetric actuation of flexural wave as illustrated in Fig. 2.6 and

compare results from the elasticity theory with those from plate theories. In examples,

an aluminum plate of thickness d = 1 mm is excited by a vertical load (1 N/m) along

a ring of radius a = 2d on the top surface of the plate. Flexural waves are observed

at r = 100d on the top surface of the plate. In case of elasticity theory, other wave

components, mainly S0 wave, are neglected.

In Fig. (2.15), the results from elasticity theory, Kirchhoff and Mindlin plate the-

ory are compared. The result from elasticity theory can be unarguably regarded as the
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reference solution. In 0∼200 kHz range, the magnitudes from different theories are

consistent with each other. However, as to consistency of phase, the result from Kirch-

hoff theory starts to deviate around 25 kHz. The result from Mindlin plate theory also

starts to show some phase deviation around 100 kHz, however in many cases, this level

of deviation may be regarded as acceptable. In 200∼400 kHz range, the magnitudes

resulted from Kirchoff theory deviates from others. Even Mindlin theory shows in-

consistency in magnitude and phase from 300 kHz. In case of Mindlin theory, these

inconsistency may be suppressed by changing the value of the shear coefficient α in

Section 2.6.2. However, we could not find formal rule for choice of this value.

From this observation, we can conclude that approximate plate theories can pro-

vide results with relatively simple equations and implementation procedures for low-

frequency range. However, care must be taken when mid or high-frequencies are con-

cerned.
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Figure 2.15 Flexural wave excited by an axisymmetric vertical load (1 N/m) on a ring

of radius a = 2d in an aluminum plate of thickness d = 1 mm. Flexural waves were

observed at r = 100d.
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Chapter 3

Scattering analysis for guided waves in a
flat transversely isotropic plate by using the
T -matrix method

We have discussed about the basis functions for guided waves in flat plates and dervied

the Green’s function expanded in terms of the basis functions in the previous chapter.

Now, we will discuss about the scattering analysis techiqnue based on the transition-

matrix (T -matrix) formalism. The T -matrix relates the coefficent vector of a scattererd

field to that of an incident field as described in Eq. (1.2.1).

First, we will discuss about the extended boundary condition method (EBCM) for

calculation of the single scatterer T matrix. In theory, the EBCM is able to calculate

the T matrix for any single scatterer of arbitrary shape and size. However, in practice,

the EBCM can caculate T matrices for scatterers of certain simple shapes. Anyway,

we will develop fomulas that can deal with some of them such as a through hole, a

step thickness reduction and increase. After discussion of the EBCM, we will discuss

about a multiple scattering theory to construct the multiple scatterer T matrix based on

the single scatterer T matrices obtained through the EBCM. Then, general properties

of the T matrices representing the reciprocity, energy conservation and time-reversal

invariance are derived. And finally, we develop a method to solve scattering problems
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Figure 3.1 Notations used for the extended boundary condition method illustrated in

the horizontal plane (the x-y plane) of a plate when the field point r of Eqs. (3.1.1) and

(3.1.2) is located (a) in Di and (b) in De.

regarding arbitrarily shaped elastic inclusion.

3.1 T matrix calculation using the extended boundary condi-
tion method for a single scatterer

In this section, we will derive the transition-matrix (T matrix) for a single scatterer

through the extended boundary condition method (EBCM) [56], [57] by using the

Green’s function for transversely isotropic plates derived in the preceding chapter.

3.1.1 The extended boundary condition method

Let us consider time-harmonic waves of excitation angular frequency ω with a scat-

terer Di bounded by a surface S within an infinite exterior elastic plate De; Fig. 3.1

shows notations related to the field point r in Di and r in De illustrated in the horizon-

tal plane (x-y plane) of the plate. The EBCM starts with the Helmholtz integral formula
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also called the null-field integral equations [18], [94] for states a relation between the

incident field uinc(r) and the total field u(r):

uinc(r)+
∫

S ds′
{

u′
+ · [n′ ·Σ0(r′|r)]− t′+ ·G0(r′|r)

}
=

{
u(r); r ∈ De,

0; r ∈ Di.

(3.1.1a)

(3.1.1b)

and, for a scatterer that allows wave transmission through the boundary, another pair

of equations can be defined

−
∫

S ds′
{

u′
− · [n′ ·Σ1(r′|r)]− t′− ·G1(r′|r)

}
=

{
u(r); r ∈ Di,

0; r ∈ De.

(3.1.2a)

(3.1.2b)

In Eq. (3.1.1), u′, t′ and n′ denote displacement field, traction field and normal vec-

tor on the surface S; the subscripts ‘+’ and ‘-’ denote ‘approached from De and Di’,

respectively; the strokes indicate that it is a function of r′; Σ(r′|r) is the stress coun-

terpart of G(r′|r) evaluated through the displacement-stress relation with respect to r;

the subscripts ‘0’ and ‘1’ indicate ‘for the exterior plate’ and ‘for the scatterer’, respec-

tively. Obviously, the total field is written as a sum of the incident field uinc(r) and the

scattered field usc(r) as

u(r) = uinc(r)+usc(r), (3.1.3)

where we assume that the incident and scattered displacement fields can be expanded

in terms of the regular and singular basis functions in Eqs. (2.3.1) and (2.3.3):

uinc(r) = ∑
n+,m

Am
n+ϕ

m
n+,0(r), (3.1.4a)

usc(r) = ∑
n+,m

α
m
n+ ϕ̄

m
n+,0(r). (3.1.4b)

where n+ is the index for the expansion in terms of the guided wave modes for the

exterior plate.
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Figure 3.2 Illustrations for cross sections of (a) an elastic inclusion and (b) a through

hole embedded in an exterior infinite plate. Thickness of the scatterer is same with that

for the plate.

3.1.2 Derivation of the T matrix in case when a plate and a scatterer are
of the same thickness

In this subsection, we will derived the T matrix when a scatterer and an exterior plate

have the same thickness as illustrated in Fig. 3.2. In this case, only Eqs. (3.1.1)(a) and

(3.1.1)(b) is used.

Let us first consider a field point r lying inside S− as in Fig. 3.1 (a). In this case,

substituting Eqs. (2.2.34b) and (3.1.4a) into Eq. (3.1.1b) yields

∑
n+,m

[am
n+ϕ

m
n+,0(r)]=− ∑

n+,m

∫
S

ds′
{

u′
+ ·
[
n′ ·Σm

n+,0(r
′|r)
]
− t′+ ·Gm

n+,0(r
′|r)
}
, r inside S−,

(3.1.5)

where

Gm
n+,0(r

′|r) =
(−1)mikn+

4Pn+
ϕ̄
−m
n+,0(r

′)ϕm
n+,0(r), (3.1.6a)

Σ
m
n+,0(r

′|r) =
(−1)mikn+

4Pn+
σ(ϕ̄−m

n+,0(r
′))ϕm

n+,0(r). (3.1.6b)

In the above equations, G0(r′|r) was obtained from Eq. (2.2.44). Equating the coeffi-

cients of ϕm
n+,0(r) on the both sides of Eq. (3.1.5) yields

am
n+ =−

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

u′
+ · t(ϕ̄−m

n+,0(r
′))− t′+ · ϕ̄−m

n+,0(r
′)
}
, (3.1.7)
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where t(ϕ̄−m
n+,0(r

′)) denotes the traction vector obtained from applying the traction-

displacement relation on ϕ̄
−m
n+,0(r

′). Similarly, for r lying outside S+ as in Fig. 3.1 (b),

we substitute Eqs. (2.2.34a), (3.1.4b) into (3.1.1a) to obtain

∑
n+,m

[αm
n+ ϕ̄

m
n+,0(r)] = ∑

n+,m

∫
S

ds′
{

u′
+ ·
[
n′ ·Σm

n+,0(r
′|r)
]
− t′+ ·Gm

n+,0(r
′|r)
}
, r outside S+,

(3.1.8)

where

Gm
n+,0(r

′|r) =
(−1)mikn+,0

4Pn+,0
ϕ
−m
n+,0(r

′)ϕ̄m
n+,0(r), (3.1.9a)

Σ
m
n+,0(r

′|r) =
(−1)mikn+,0

4Pn+,0
σ(ϕ−m

n+,0(r
′))ϕ̄m

n+,0(r). (3.1.9b)

Then, by equating the coefficients of ϕ̄m
n+,0(r) on the both sides of Eq. (3.1.8), the

coefficient αm
n+ can be written as

α
m
n+ =

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

u′
+ · t(ϕ−m

n+,0(r
′))− t′+ ·ϕ−m

n+,0(r
′)
}
. (3.1.10)

For solving Am
n+ and αm

n+ , u′ and t′ on S should be expanded in terms of some

basis function sets. For an elastic inclusion as in Fig. 3.2(a), the displacement and

traction field continuity boundary conditions should be satisfied and therefore we use

the following choice for the expansions [57]:

u′
+ = ∑

µ,ν+

dµ

ν−ϕ
µ

ν−,1(r
′),

t′+ = ∑
µ,ν+

dµ

ν−t(ϕµ

ν−,1(r
′)).

(3.1.11)

where ν− is the index for the expansion in terms of the guided wave modes for the

interior plate.

For a through hole as illustrated in Fig. 3.2(b), the traction-free boundary condition

should be satisfied and therefore we use

u′
+ = ∑

µ,ν+

dµ

ν+
ϕ

µ

ν+,0(r
′),

t′+ = 0.

(3.1.12)
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instead of Eq.(3.1.11).

If Eq. (3.1.11) is substituted into Eq. (3.1.7) and Eq. (3.1.10), the following rela-

tions in matrix form can be obtained:

a =−Q̄d, α = Qd. (3.1.13)

where a =
{

am
n+

}
and α =

{
αm

n+

}
are the coefficient vectors of length N+(2M + 1)

if the number of guided wave modes in the expansion in z-direction (n+, ν+) for the

exterior plate is N+ and the highest terms in the expansions in θ (m, µ) is M. For

instance, the coefficient vector a is given by

a =
{

a−M
0 ,a−M+1

0 , · · · ,aM
0 ,a−M

1,···, · · · ,a
M
1,···, · · · ,aM

N−1

}T
.

The coefficient vector d =
{

dµ

ν−

}
for the surface field has the length N−(2M + 1) if

the number of guided wave modes in the expansion (ν−) for the interior plate is N−.

However, we here choose N− = N+ to make Q and Q̄ square matrices. Therefore, Q̄

and Q are square matrices of size N+(2M+1)×N+(2M+1) where

Q̄ =
[
Q̄m,µ

n+,ν+

]
, Q =

[
Qm,µ

n+,ν+

]
, (3.1.14)

and, for an elastic inclusion,

Q̄m,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

ϕ
µ

ν−,1(r
′) · t(ϕ̄−m

n+,0(r
′))− t(ϕµ

ν−,1(r
′)) · ϕ̄−m

n+,0(r
′)
}
,

(3.1.15a)

Qm,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

ϕ
µ

ν−,1(r
′) · t(ϕ−m

n+,0(r
′))− t(ϕµ

ν−,1(r
′)) ·ϕ−m

n+,0(r
′)
}
,

(3.1.15b)

For a through hole, the second terms in the integrands of Eqs. (3.1.15a) and (3.1.15b)

should be removed. Then, we have

Q̄m,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

ϕ
µ

ν+,0(r
′) · t(ϕ̄−m

n+,0(r
′))
}
, (3.1.16a)

Qm,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
S

ds′
{

ϕ
µ

ν+,0(r
′) · t(ϕ−m

n+,0(r
′))
}
, (3.1.16b)
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Figure 3.3 Illustrations for cross sections of (a) a thickness reduction and (b) a thick-

ness increase embedded in an exterior infinite plate.

The explicit expressions of the displacement and stress basis functions for the

above equations are given in Eqs. (2.3.1), (2.3.2), (2.3.3) and (2.3.4), and Pn,0 is de-

fined in Eqs. (2.3.42b) and (2.3.43b). The matrix Q, for instance, is arranged in the

following form:

Q =


Q−M,−M

0,0 Q−M,−M+1
0,0 · · · Q−M,M

0,N−1

Q−M+1,−M
0,0 Q−M+1,−M+1

0,0 · · · Q−M+1,M
0,N−1

...
...

. . .
...

QM,−M
N−1,0 QM,−M+1

N−1,0 · · · QM,M
N−1,N−1

.

If a, the coefficient vector for an incident wave, is given, the coefficients of the

scattered field α are computed from

α = TA, T =−QQ̄−1, (3.1.17)

The numbers N and M determining the size of T depend on the shape and size of the

scatterer [44], [45].

76



3.1.3 Derivation of the T matrix in case when there is a thickness differ-
ence between a plate and a scatterer

In this subsection, we will derived the T matrix when a scatterer and an exterior plate

have different thickness as illustrated in Fig. 3.3. In Fig. 3.3, Sc denote the boundary

surfaces where the continuity condition is applied and St denote the boundary surfaces

where the traction-free condition is applied; therefore, Sc ∪St = S. In this problem, the

second pair of the null-field integral equation in Eq. (3.1.2) is also used in addition to

the first pair in Eq. (3.1.1).

3.1.3.1 Interior plate having a step thickness reduction

We first consider the case of a step thickness reduction in Fig 3.3 (a). Following the

same procedure as in the preceding subsection and rewriting Eqs. (3.1.7) and (3.1.10)

yield

am
n+ =−

(−1)mikn+,0

4Pn+,0

{∫
Sc∪St

ds′u′
+ · t(ϕ̄−m

n+,0(r
′))−

∫
Sc

ds′t′+ · ϕ̄−m
n+,0(r

′)

}
, (3.1.18a)

α
m
n+ =

(−1)mikn+,0

4Pn+,0

{∫
Sc∪St

ds′u′
+ · t(ϕ−m

n+,0(r
′))−

∫
Sc

ds′t′+ ·ϕ−m
n+,0(r

′)

}
. (3.1.18b)

Note that in the second terms in the above two equations, the traction-free boundary

condition t′+ has been applied to St.

Now, we choose u′
+ and u′

− to be expanded in terms of the displacement basis

functions for the exterior plate and t′+ and t′− to be expanded in terms of the traction

basis functions for the interior plate:

u′
+ = u′

− = ∑
µ,ν+

dµ

ν+
ϕ

µ

ν+,0(r
′),

t′+ = t′− = ∑
µ,ν−

gµ

ν−t(ϕµ

ν−,1(r
′)),

(3.1.19)

where ν+ and ν− are indices for the expansion in z-direction for the exterior plate

and the interior region. Then, we choose N+ to be the number of guided wave modes
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(n+, ν+) used for the exterior plate and N− to be that (n−, ν−) for the interior plate.

Note that, by the above choices, the displacement and traction continuity boundary

conditions are satisfied.

Then, by substituting Eq. (3.1.19) into Eqs. (3.1.18a) and (3.1.18b), we obtain the

following matrix equations:

a =−
(
M̄d− N̄g

)
, α = Md−Ng. (3.1.20)

In the above equations, M̄ =
{

M̄m,µ
n+,ν+

}
is a square matrix of size N+(2M + 1)×

N+(2M + 1) and N̄ =
{

N̄m,µ
n+,ν−

}
is a generally non-square matrix of size N+(2M +

1)×N−(2M+1) where

M̄m,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
St+Sc

ds′
[
ϕ

µ

ν+,0(r
′) · t(ϕ̄−m

n+,0(r
′))
]
, (3.1.21a)

N̄m,µ
n+,ν− =

(−1)mikn+,0

4Pn+,0

∫
Sc

ds′
[
t(ϕµ

ν−,1(r
′)) · ϕ̄−m

n+,0(r
′)
]
. (3.1.21b)

M and N can be similarly obtained by replacing ϕ̄
−m
n+,0(r

′) with ϕ
−m
n+,0(r

′).

Now, g in Eq. (3.1.20) should be eliminated by using the another null-field integral

equation in Eq. (3.1.2b). For this reason, we substitute Eq. (3.1.19) into Eq. (3.1.2b),

and obtain the following matrix equation:

Pa−Rb = 0, (3.1.22)

In the above equation, P =
{

Pm,µ
n−,ν+

}
is a generally non-square matrix of N−(2M+1)×

N+(2M+1) size and R =
{

Rm,µ
n−,ν−

}
is a square matrix of N−(2M+1)×N−(2M+1)

where

Pm,µ
n−,ν+ =

(−1)mikn−,1

4Pn−,1

∫
Sc

ds′
[
ϕ

µ

ν+,0(r
′) · t(ϕ−m

n−,1(r
′))
]
, (3.1.23a)

Rm,µ
n−,ν− =

(−1)mikn−,1

4Pn−,1

∫
Sc

ds′
[
t
(

ϕ
µ

ν−,1(r
′)
)
·ϕ−m

n−,1(r
′)
]
. (3.1.23b)

From Eq. (3.1.22), we obtain following relation between d and g:

g = R−1Pd. (3.1.24)

78



Substituting Eq. (3.1.24) into Eq. (3.1.20) yields

a =−
(
M̄− N̄R−1P

)
d, α =

(
M−NR−1P

)
d. (3.1.25)

Therefore, now we have the T matrix T:

α = Ta, T =−QQ̄−1, (3.1.26)

where

Q̄ = M̄− N̄R−1P, Q = M−NR−1P. (3.1.27)

3.1.3.2 Interior plate having a step thickness increase

Next, we consider the case of a step thickness increase in inner plate with respect

to that of the exterior plate as illustrated in Fig. 3.3 (b). We again follow the same

procedure as in the preceding discussion and obtain the following equations:

am
n+ =−

(−1)mikn+,0

4Pn+,0

∫
Sc

ds′
{

u′
+ · t(ϕ̄−m

n+,0(r
′))− t′+ · ϕ̄−m

n+,0(r
′)
}
, (3.1.28a)

α
m
n+ =

(−1)mikn+,0

4Pn+,0

∫
Sc

ds′
{

u′
+ · t(ϕ−m

n+,0(r
′))− t′+ ·ϕ−m

n+,0(r
′)
}
. (3.1.28b)

In this case, we choose u′
+ and u′

− to be expanded in terms of the displacement

basis functions for the interior plate and t′+ and t′− to be expanded in terms of the

traction basis functions for the exterior plate:

u′
+ = u′

− = ∑
µ,ν−

dµ

ν−ϕ
µ

ν−,1(r
′),

t′+ = t′− = ∑
µ,ν+

gµ

ν+
t(ϕµ

ν+,0(r
′)),

(3.1.29)

where ν+ and ν− are indices for the expansion in z-direction for the exterior plate

and the interior region. Then, we choose N+ to be the number of guided wave modes

(n+, ν+) used for the exterior plate and N− to be that (n−, ν−) for the interior plate.
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Note that, by the above choices, the displacement and traction continuity boundary

conditions are satisfied.

Then, by substituting Eq. (3.1.29) into Eqs. (3.1.28a) and (3.1.28b), we obtain the

following matrix equations:

a =−
(
M̄d− N̄g

)
, α = Md−Ng. (3.1.30)

In the above equations, M̄=
{

M̄m,µ
n+,ν−

}
is a generally non-square matrix of size N+(2M+

1)×N−(2M+1) and N̄ =
{

N̄m,µ
n+,ν+

}
is a square matrix of size N+(2M+1)×N+(2M+

1) where

M̄m,µ
n+,ν− =

(−1)mikn+,0

4Pn+,0

∫
Sc

ds′
[
ϕ

µ

ν−,1(r
′) · t(ϕ̄−m

n+,0(r
′))
]
, (3.1.31a)

N̄m,µ
n+,ν+ =

(−1)mikn+,0

4Pn+,0

∫
Sc

ds′
[
t(ϕµ

ν+,0(r
′)) · ϕ̄−m

n+,0(r
′)
]
. (3.1.31b)

M and N can be similarly obtained by replacing ϕ̄
−m
n+,0(r

′) with ϕ
−m
n+,0(r

′).

Now, d in Eq. (3.1.30) should be eliminated by using the another null-field integral

equation in Eq. (3.1.2b). For this reason, we substitute Eq. (3.1.29) into Eq. (3.1.2b),

and obtain the following matrix equation:

Pd−Rg = 0, (3.1.32)

In the above equation, P =
{

Pm,µ
n−,ν−

}
is a square matrix of N−(2M+1)×N−(2M+1)

size and R =
{

Rm,µ
n−,ν+

}
is a generally non-square matrix of N−(2M+1)×N+(2M+1)

where

Pm,µ
n−,ν− =

(−1)mikn−,1

4Pn−,1

∫
Sc∪St

ds′
[
ϕ

µ

ν−,1(r
′) · t(ϕ−m

n−,1(r
′))
]
, (3.1.33a)

Rm,µ
n−,ν+ =

(−1)mikn−,1

4Pn−,1

∫
Sc

ds′
[
t(ϕµ

ν+,0(r
′)) ·ϕ−m

n−,1(r
′)
]
. (3.1.33b)

From Eq. (3.1.32), we obtain following relation between d and g:

d = P−1Rg. (3.1.34)
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Substituting Eq. (3.1.34) into Eq. (3.1.30) yields

a =−
(
M̄P−1R− N̄

)
g, α =

(
MP−1R−N

)
g. (3.1.35)

Therefore, now we have the T matrix T:

α = Ta, T =−QQ̄−1, (3.1.36)

where

Q̄ = M̄P−1R− N̄, Q = MP−1R−N. (3.1.37)

3.1.4 Translation of fields generated by tractions to the coordinate sys-
tem for the scatterer

We have discussed about fields excited by a line or surface traction on surfaces of

plates (e.g., through a transducer) in Section 2.4. However, one of difficulties arises

when dealing with the cylindrical coordinate system is that, unlike the rectangular co-

ordinate system, it is not easy to relate two or more coordinate systems having different

coordinate origin. For example, when we need the incident field coefficient vector for

scattering problem as shown in Fig. 3.4, the radiated field calculated by Eq. (2.4.1)

cannot be directly used because the coordinate system for describing the scatterer is

different from that for the tractions.

In other words, in most of the cases, the resulting radiated field u(rext) from trac-

tions is described in terms of the local coordinate system rext = (rext,θext,z) with an

origin Oext centered at bext = (bext,βext,0) for the traction as illustrated in Fig. 3.5

on the horizontal plane (x-y plane) of the plate. Then, the results should be translated

into that in the global coordinate system centered at O for use in scattering problems.

For example, in case of a line traction, the resulting field can expressed in the local

coordinate system rext by using the form we discussed in Eq. (2.4.3):

u(rext) = ∑
ν ,µ

cµ

ν ϕ̄
µ

ν ,0(rext), rext > max(r′ext), (3.1.38a)
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Figure 3.4 Guided wave incident on a scatterer by an externally applied traction.

Figure 3.5 Notations used for translation between coordinate systems.

where

cµ

ν =
(−1)µ ikν ,0

4Pν ,0

∫
lext

dl′ϕ−µ

ν ,0(r
′
ext) · t(r′ext). (3.1.38b)

Here, max(r′ext) denotes the maximum value of r′ext. Having obtained c=
{

cµ

ν

}
in terms

of the local coordinate, we can convert c to aext which is the coefficient vector in terms

of the global coordinate by using the translational theorem that will be discussed in

Eq. (3.2.1) of Section 3.2 as follows:

aext = R̄(−bext)
Tc. (3.1.39)

This form will be used throughout the rest of this chapter whenever externally applied

tractions are concerned in scattering problems.
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Figure 3.6 Scattered fields from circular cylindrical partly through-hole (step thickness

reduction) of radius λA0/2 in an aluminum plate of d = 1 mm thickness. The thickness

reduction of the scatterer compared to an exterior plate is 50 %.

3.1.5 Numerical examples

In this subsection, two numerical examples of the EBCM discussed in the preceding

subsections are provided. The developed theories were implemented by using double-

precision (16 decimal digits) arithmetics in the NumPy package of the Python pro-

gramming language [74].

In the first example, we consider a circular part-through hole (step thickness re-

duction) of radius λA0/2 embedded in an aluminum plate of thickness of d = 1 mm;

see Fig 3.3(a) for illustration. The thickness reduction of the inner plate is 50 % com-

pared to the outer plate. The incident wave is actuated by a circular traction on the top

surface of radius aext = λA0/2 located bext = 3λA0 from the center of the scatterer O

on the negative x-axis; see Fig. 3.4. The traction is of magnitude 1 N/m directing in

z-axis. The considered frequency is 0.5 MHz. The scattered fields are observed on the
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Figure 3.7 Scattered fields from circular cylindrical step thickness increase of radius

λA0/2 in an aluminum plate of d = 1 mm thickness. The thickness increase of the

scatterer compared to an exterior plate is 50 %.

top surface at r = 5λA0 from O. For the EBCM, 8 guided wave modes are used for the

expansion of fields in the exterior plate, and for the interior plate 5 guided wave modes

are used. The configuration for the finite element method used as a reference solution

is discussed in detail in Appendix A. Fig. 3.6 shows that the results obtained from the

EBCM agrees well with those obtained from the finite element method indicating the

validity of the developed theories.

In the second example, we consider a circular step thickness increase of radius

λA0/2 embedded in an aluminum plate of thickness of d = 1 mm; see Fig 3.3(b) for

illustration. The thickness increase of the inner plate is 50 % compared to the exterior

plate. The incident wave is actuated by the same traction considered in the previous

example except that another traction is added to the bottom surface of the plate. The

considered frequency is also 0.5 MHz. For the EBCM, 10 guided wave modes are used

for the expansion of fields in the exterior plate, and for the interior plate 16 guided
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wave modes are used. Fig. 3.7 shows that the results obtained from the EBCM agrees

well with those obtained from the finite element method indicating the validity of the

developed theories.
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Figure 3.8 Notation for a coordinate translation of fields in the cylindrical coordinate

system.

3.2 Multiple scattering analysis using the T -matrix method

3.2.1 Derivation of the T-matrix for multiple scatterers

Having obtained the T matrix in (3.1.17) for a single scatterer in Section 3.1.2, we can

now calculate the scattered field from a finite number of multiple scatterers. Therefore,

in this section, we explain a multiple scattering theory based on the T matrix formula-

tion. While there are many multiple scattering algorithms available [15], [19]–[21], we

here choose an algorithm in [15], [95] which works robustly also for both propagating

and nonpropagating modes.

For the analysis, scatterers are assumed to have surfaces on the x-y plane denoted

by Sl (l = 1,2, . . . ,L) with circumscribed circle S+l as shown in Fig. 3.8. Since the

field impinging upon Sl is composed of the externally applied incident field and field

scattered from the other subscatterers except Sl itself, the T matrix in Eq. (3.1.17) is

used to obtain the scattered field from Sl by the impinging field upon Sl . Because,

the T matrix for Sl given by Eq. (3.1.17) is described in terms of its local coordinate

system, the consideration of the interaction between Sl and the other subscatterer S j

requires a translational operator connecting the field variables defined in two different
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coordinate systems. For the translational operation, it is convenient to introduce the

global coordinate system (r, θ , z) centered at O, and the local coordinate systems (rl ,

θl , z) and (r j, θ j, z) centered at Ol and O j. The position vectors of Ol and O j in the

global coordinate system are denoted by bl = (bl,βl,0) and b j = (b j,β j,0) in Fig. 3.8

and bl j is defined as bl j = bl −b j.

The Graf’s addition theorem used for translational operations in the cylindrical

coordinate system is defined as [96],

Jm(kr j)eimθ j =
∞

∑
µ=−∞

Jm−µ(kbl j)ei(m−µ)βl j Jµ(krl)eiµθl , (3.2.1a)

Hm(kr j)eimθ j =
∞

∑
µ=−∞

Hm−µ(kbl j)ei(m−µ)βl j Jµ(krl)eiµθl , rl < bl j, (3.2.1b)

Hm(kr j)eimθ j =
∞

∑
µ=−∞

Jm−µ(kbl j)ei(m−µ)βl j Hµ(krl)eiµθl , rl > bl j. (3.2.1c)

Using the above equations, the field defined in the local coordinates of S j can be rewrit-

ten in terms of the local coordinates of Sl . For this translational operation, we first

substitute Eqs. (3.2.1) into the explicit expressions of ϕm
n (rl) and ϕ̄m

n (rl) which are the

regular and singular basis functions for the exterior base plate (for explicit expressions,

see Eqs. (2.3.1) and (2.3.3)) resulting in the following equations:

ϕ
m
n (r j) = ∑

µ,ν

Rm,µ
n,ν (bl j)ϕ

µ

ν (rl), (3.2.2a)

ϕ̄
m
n (r j) = ∑

µ,ν

R̄m,µ
n,ν (bl j)ϕ

µ

ν (rl), rl < bl j, (3.2.2b)

ϕ̄
m
n (r j) = ∑

µ,ν

Rm,µ
n,ν (bl j)ϕ̄

µ

ν (rl), rl > bl j. (3.2.2c)

where

R̄m,µ
n,ν (bl j) = δnνH(1)

m−µ(knbl j)ei(m−µ)βl j , (3.2.2d)

and

Rm,µ
n,ν (bl) = δnνJm−µ(knbl)ei(m−µ)βl . (3.2.2e)
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Now, for the multiple scattering analysis, we need the T matrix for a scatterer Sl

defined as follows:

α l = Tlal, (3.2.3)

where α l is the coefficient vector of the field scattered from Sl . And the coefficient

vector al of the impinging field upon Sl is

al = al,ext +
L

∑
j, j ̸=l

al, j, l = 1, . . . ,L, (3.2.4)

where al,ext denote the contribution from an externally applied incident field expanded

in terms the local coordinate system associated with Sl and al, j, the contribution from

the impinging field upon Sl by S j. Then, by using Eq. (3.2.2b), the following relation

can be established between the scattered field coefficient vector α j of S j and al, j:

al, j = R̄(bl j)
T
α j. (3.2.5)

In the above equation, R̄(bl j)=
[
R̄m,µ

n,ν (bl j)
]

is the singular translational operator whose

elements are defined in Eq. (3.2.2d). Similarly, al,ext is obtained from aext given in

terms of the global coordinate system:

al,ext = R(bl)
Taext. (3.2.6a)

In the above equation, R(bl) =
[
Rm,µ

n,ν (bl)
]

is the regular translational operator whose

elements are similar to the one as in Eq. (3.2.2e),

Rm,µ
n,ν (bl) = δnνJm−µ(knbl)ei(m−µ)βl . (3.2.6b)

By substituting (3.2.4),(3.2.5), and (3.2.6a) into Eqs. (3.2.3), the following equation

can be obtained:

α l = Tl

{
R(bl)

Taext +
L

∑
j, j ̸=l

R̄(bl j)
T
α j

}
, l = 1, . . . ,L. (3.2.7)
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The last step is to express α l in the global coordinate system. If the contribution of α l

is simply denoted by αG
l , the following relation holds:

α
G
l = R(−bl)

T
α l. (3.2.8)

Now, by using Eqs. (3.2.7) and (3.2.8), the clustered T matrix denoted by T for multi-

ple scatterers can be obtained:

α = Taext, (3.2.9)

where α =
{

αG
1 ,α

G
2 , · · · ,αG

L

}T. The matrix T in Eq. (3.2.9) can be found to be

T = ED−1C, (3.2.10a)

where

D =


I −T1R̄(b12)

T · · · −T1R̄(b1L)
T

−T2R̄(b21)
T I · · · −T2R̄(b2L)

T

...
...

. . .
...

−TLR̄(bL1)
T −TLR̄(bL2)

T · · · I

,

E =


R(−b1)

R(−b2)
...

R(−bL),



T

, C =


T1R(b1)

T

T2R(b2)
T

...

TLR(bL)
T

. (3.2.10b)

Now, we discuss several considerations regarding the details of the multiple scat-

tering analysis for computing scattered fields from multiple scatterers. Let us first con-

sider an externally applied field incident on and a field scattered by multiple scatterers

that can be accurately expressed with the number of guided wave modes N and a max-

imum multipolar order MG in terms of the global coordinate system. Therefore, the T

matrix for multiple scatterers has a size of N(2MG + 1)×N(2MG + 1). Furthermore,

for a general distribution of scatterers, the number of guided wave modes used for each

scatterer should be also N.
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Now, let us take two scatterer S j and Sl (l ̸= j) with a maximum multipolar order

M j and Ml among a number of scatterers as an example. The scattered field from S j

expressed by M j orders in its local coordinate is converted by Eq. (3.2.5) to an imping-

ing field on Sl that may also include terms for m ≥ Ml orders. However, the T matrix

for the scatterer Sl is unaffected by terms for m > Ml orders. Therefore, R̄(bl j)
T in

Eq.(3.2.5) used for D in Eq. (3.2.10b) has size N(2Ml + 1)×N(2M j + 1). The exter-

nally applied incident field with MG on the original inclusion is also an impinging field

upon Sl that also includes terms for m ≥ Ml orders. Since the T matrix for the subscat-

terer is unaffected by terms for m > Ml orders, R(bl)
T in Eq. (3.2.6a) used for D in Eq.

(3.2.10b) has size N(2Ml +1)×N(2MG +1). Similarly, the scattered field from Sl ex-

pressed by Ml orders is converted to the field that also includes terms for MG ≥ m ≥ Ml

orders in the global coordinate by R̄(−bl)
T of size N(2MG + 1)×N(2Ml + 1) in Eq.

(3.2.8) used for E in Eq. (3.2.10b). The reason why the number N(2MG + 1) of rows

in R̄(−bl)
T should be greater than or equal to the number N(2Ml +1) of its columns

is that every multipolar term must be accurately represented in the global coordinate

system. In this way, the T matrix for the multiple scatterers so called ‘the clustered T

matrix’ [15] can be obtained and its size is N(2MG +1)×N(2MG +1) as expected.
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3.3 Properties of the T matrix

We have discussed about the transition-matrix (T matrix) for a single and multiple

scatterers in the previous sections. In this section, we derive three common properties

— the reciprocity, the energy conservation and the time-reversal invariance — of the

T matrices for guided wave problems. In theory, the T matrix for a scatterer is unique

regardless of derivation methods and should always satisfy properties which will be

derived in the rest of this section.

For the derivation of theses properties, orthogonality relations between displace-

ment basis functions defined in Eqs. (2.3.1) and (2.3.3) should be first derived. Or-

thogonality relations of the basis functions can be categorized into two types; the real

orthogonality and complex orthogonality relations which will be defined hereafter. The

real orthogonality of the guided wave basis functions in the cylindrical coordinate is

well known [60]. However, the complex orthogonality in the cylindrical coordinate

necessary for derivation of the energy conservation and time-reversal invariance of the

T matrix have not been derived. Therefore, we will derive the real and complex orthog-

onality relations in what follows; the derivation of the real orthogonality is included

because of the self-containment of the dissertation.

3.3.1 Orthogonality relations between basis functions in the cylindrical
coordinate system

For these two orthogonality relation, let us define a compact notation for an integral

representation of a product of two fields u = u(r) and v = v(r) over a surface S as

[u,v]S =
∫

S
ds{u · [n ·σ(v)]−v · [n ·σ(u)]}. (3.3.1)

A difference between two types of orthogonality relations is that the complex or-

thogonality relation exploits the complex reciprocity theorem that requires the com-

plex conjugate of a field. Thus, derivations of the complex orthogonality relations and
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related properties are more complicated that those of the real orthogonality relations,

especially for guided waves which also have non-propagating wave modes. We will

deal with these two orthogonality types separately in what follows.

3.3.1.1 Real orthogonality relations

Orthogonality relations for guided wave basis functions defined by real reciprocity

theorem in the cylindrical coordinate system can be found in literatures (see, e.g.,

Achenbach [60]) and thus we will follow the same procedure. The reciprocity theorem

states that, for any arbitrary two fields u and v in a plate on any arbitrarily shaped

closed surface St which does not enclose any sources, the following relation is satisfied:

[u,v]St = 0. (3.3.2)

Now let us assume that St is the surface of a circular cylinder composed of two circular

cylindrical surfaces at r = a and r = b, and the top and bottom surfaces coinciding with

the surfaces of the plate. We first consider a case when u = ϕm
n and v = ϕ

µ

ν and both of

these are the regular basis functions for Lamb type wave modes defined in Eq. (2.3.1).

Then, substituting these into (3.3.2) yields [60]

Qmµ

nν |r=b−Qmµ

nν |r=a= 0, (3.3.3)

where

Qmµ

nν = 2πr(−1)m
δm(−µ){PR

nνJ′m(knr)Jm(kνr)−PR
νn(z)Jm(knr)J′m(kνr)}, (3.3.4)

and

PR
nν =

∫ d

0
dz{Un(z)[S1

ν(z)]− [Wν(z)]S3
n(z)}. (3.3.5)

In the above equation, the term 2πrδm(−µ) is the result of the integration related to the

θ -dependent functions, and S1
n(z) and S3

n(z) are defined in Eqs. (2.3.42c) and (2.3.42d).
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Now, let us us consider a case when n ̸= ν and m = µ . Then,

Jm(knr) ̸= Jµ(kνr), (3.3.6)

and the reciprocity theorem in Eq. (3.3.3) is satisfied only if PR
nν = PR

νn = 0. Let us

consider another case, when n = ν and m = µ . Then,

Jm(knr) = Jµ(kνr). (3.3.7)

and the reciprocity theorem in Eq. (3.3.3) is satisfied even when PR
nν and PR

νn are not

zero. Therefore, PR
nν for the above two cases can be expressed as follows

PR
nν = Pnδnν , (3.3.8)

where

Pn =
∫ d

0
dz{Un(z)S1

n(z)−Wn(z)S3
n(z)}. (3.3.9)

Equation (3.3.8) is the real orthogonality relation between two Lamb type wave modes.

For SH waves, the above procedure can be similarly applied. Then, PR
nν are defined

as

PR
nν =−

∫ l

0
dzµL{Vn(z)kνVν(z)} (3.3.10)

And this can be rewritten as

Pnν = Pnδnν , (3.3.11)

where

Pn =−kn

∫ l

0
dzµL{Vn(z)Vn(z)} (3.3.12)

In addition, it can be shown that the Lamb waves and SH waves are orthogonal to each

other [60]. Therefore, we have the real orthogonality relation for any guided wave

modes:

PR
nν = Pnδnν . (3.3.13)
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Using the above result, we can derive the real orthogonality relations of the basis

functions by evaluating the following integrals over the circular cylindrical surface Sc

of arbitrary radius, which will be used in derivation of the properties of the T-matrix:

[ϕm
n ,ϕ

µ

ν ]Sc , [ϕ̄
m
n , ϕ̄

µ

ν ]Sc , [ϕ
m
n , ϕ̄

µ

ν ]Sc , [ϕ̄
m
n ,ϕ

µ

ν ]Sc . (3.3.14)

By using the similar procedure as in Section 3.3.1.1, it can be shown that the first

and second integral is always zero:

[ϕm
n ,ϕ

µ

ν ]Sc = 0, [ϕ̄m
n , ϕ̄

µ

ν ]Sc = 0. (3.3.15)

We consider third integral in Eq. (3.3.14) for two Lamb type wave mode basis

functions. Substituting the explicit expressions basis functions into the third integral

and using the orthogonality relation in Eq. (3.3.19) gives,

[ϕm
n , ϕ̄

µ

ν ]Sc = 2πr(−1)m
δm(−µ)δnνPn[J′m(knr)H(1)

m (knr)− Jm(knr)H(1)
m

′(knr)]

Then using the Wronskian relation,

J′m(kr)H(1)
m (kr)− Jm(kr)H(1)

m
′(kr) =−2i/(πkr) (3.3.16)

we have the following result:

[ϕm
n , ϕ̄

µ

ν ]Sc =−4i/kn(−1)mPnδm(−µ)δnν . (3.3.17)

The fourth integral can be obtained by using the similar procedure or it can also be

calculated using the result from the third integral,

[ϕ̄m
n ,ϕ

µ

ν ]Sc =−[ϕ
µ

ν , ϕ̄
m
n ]Sc = 4i/kn(−1)mPnδm(−µ)δnν . (3.3.18)

Therefore, the real orthogonality relations for the basis functions in the cylindrical

coordinate system can be summarized as follows:

[ϕm
n ,ϕ

µ

ν ]Sc = 0, [ϕ̄m
n , ϕ̄

µ

ν ]Sc = 0,

[ϕm
n , ϕ̄

µ

ν ]Sc =−4i/kn(−1)mPnδm(−µ)δnν ,

[ϕ̄m
n ,ϕ

µ

ν ]Sc = 4i/kn(−1)mPnδm(−µ)δnν . (3.3.19)
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3.3.1.2 Complex orthogonality relations

In what follows, the complex orthogonality relations for guided wave basis functions

in the cylindrical coordinate system will be derived. Here, we first consider a case

when v = ϕm
n and v = (ϕ

µ

ν )
∗, and these are two Lamb type wave mode basis functions

defined in Eq. (2.3.1). Substituting these into Eq. (3.3.2) and some manipulation yield,

[ϕm
n ,(ϕ

µ

ν )
∗]St = Qmµ

nν |r=b−Qmµ

nν |r=a= 0. (3.3.20)

where

Qmµ

nν = 2πrδmµ{PC
nνJ′m(knr)[Jm(kνr)]∗−PC∗

νn (z)Jm(knr)[J′m(kνr)]∗}, (3.3.21)

and

PC
nν =

∫ d

0
dz{Un(z)[S1

ν(z)]
∗− [Wν(z)]∗S3

n(z)}. (3.3.22)

In deriving the complex reciprocity relations, we divide into three cases according

to the types of a wavenumber; real, imaginary or complex. Then, unlike the proce-

dure used for deriving the real-reciprocity relations, these cases should be dealt with

separately.

We first consider a case when wave mode n and ν have a pure real wavenumber

kn and kν respectively, and assume that ν = n (kν = kn). In this case, we have the

following relation:

[Uν(z)]∗ =Un(z), [Wν(z)]∗ =Wn(z),

[S1
ν(z)]

∗ = S1
n(z), [S

3
ν(z)]

∗ = S3
n(z). (3.3.23)

Therefore, (3.3.21) becomes

Qmµ
nn = 2πrδmµPn[J′m(knr)Jm(knr)− Jm(knr)J′m(knr)] = 0. (3.3.24)

As a consequence, Eq. (3.3.20) is satisfied even though PC
nν and PC∗

νn in Eq. (3.3.21)

are not zero. On the other hand, when ν ̸= n (kν ̸= kn), Eq. (3.3.20) is satisfied only if

PC
nν = PC∗

νn = 0.
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Next, we consider a case when wave mode n and ν have an pure imaginary or

complex wavenumber kn and kν respectively. We suppose that a wavenumber kν of the

wave mode ν is

kν =


kn, for imaginary kn,

−k∗n, for complex kn.

(3.3.25)

For these two wave modes n and ν , the following relations hold:

[Uν(z)]∗ =−Un(z), [Wν(z)]∗ =Wn(z),

[S1
ν(z)]

∗ = S1
n(z), [S

3
ν(z)]

∗ =−S3
n(z), (3.3.26)

under condition that Un(z) and Wn(z) are consistently normalized to attain above re-

lations. (Note that different negative sign relations can be used too.) An we also need

the following properties of Bessel functions:

Jm(knr) = (−1)m[Jm(kνr)]∗, J′m(knr) = (−1)m+1[J′m(kνr)]∗. (3.3.27)

Then, substituting Eqs. (3.3.26) and (3.3.27) into (3.3.20) yields

Qmµ
nn = 2πr(−1)m

δmµPn[J′m(knr)Jm(knr)− Jm(knr)J′m(knr)] = 0. (3.3.28)

Consequently, in case when Eq. (3.3.25) holds, nonzero PC
nν and PC∗

νn can satisfy Eq.

(3.3.21). For cases other than those in Eq. (3.3.25), Eq. (3.3.20) is satisfied only if

PC
nν = PC∗

νn = 0. Therefore, by the above relations, we can conclude that, for both prop-

agating and non-propagating modes of Lamb type waves, the following relation holds:

PC
nν = Pnδn̸⊥ν . (3.3.29)

In Eq. (3.3.29), we used the symbol n̸⊥ to indicate the nonorthogonal mode for a wave

mode n which satisfies the following relation:

kn̸⊥ = kn, for a real kn,

kn̸⊥ =−k∗n, for an imaginary or complex kn.
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By the definition of PC
nν in Eq. (3.3.22) and the properties in Eqs. (3.3.23) and (3.3.26),

we have following relations:

PC∗
νn =


Pnδn̸⊥ν , for real kn,

−Pnδn̸⊥ν , for imaginary or complex kn.

(3.3.30)

For the complex mode orthogonality relation between SH waves, PC
nν is defined as

PC
nν =−

∫ l

0
dz µVn(z)k∗νVν(z). (3.3.31)

When ν = n (for real or imaginary wavenumber kν = kn), the following relation holds

[Vν(z)]∗ = [Vn(z)]. (3.3.32)

Thus, by proceeding similarly as in Lamb type wave cases, we have

PC
nν =


Pnδnν , for real kn,

−Pnδnν , for imaginary kn.

(3.3.33a)

and

PC∗
νn = Pnδnν for real or imaginary kn. (3.3.33b)

It is noted that the Lamb and SH wave modes are orthogonal to each other also by

complex-reciprocity theorem.

Now, we will calculate following integrals which will be used for derivation of

properties of the T-matrix,

[ϕm
n ,(ϕ

µ

ν )
∗]Sc , [ϕ

m
n ,(ϕ̄

µ

ν )
∗]Sc , [ϕ̄

m
n ,(ϕ

µ

ν )
∗]Sc , [ϕ̄

m
n ,(ϕ̄

µ

ν )
∗]Sc . (3.3.34)

For example, let us consider the second integral in Eq. (3.3.34) and evaluate this

integral similarly as in Eq. (3.3.20). Then, we have

[ϕm
n ,(ϕ̄

µ

ν )
∗]Sc = 2πrδmµ{PC

nνJ′m(knr)[H(1)
m (kνr)]∗−PC∗

νn Jm(knr)[H(1)
m

′(kνr)]∗}.

(3.3.35)
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For a real wavenumber kn of a Lamb or SH wave mode n, Hankel functions have the

following properties:

H(2)
m (knr) = [H(1)

m (knr)]∗, H(2)
m

′(kr) = [H(1)
m

′(knr)]∗. (3.3.36)

Substituting the relation in Eqs. (3.3.29), (3.3.30), (3.3.33a), (3.3.33b), (3.3.36)

and the Wronskian relation for Bessel and Hankel functions of second kind

J′m(kr)H(2)
m (kr)− Jm(kr)H(2)

m
′(kr) = 2i/(πkr), (3.3.37)

into Eq. (3.3.35) yields

[ϕm
n ,(ϕ̄

µ

ν )
∗]Sc = 4i/knPnδn̸⊥νδmµ . (3.3.38)

For an imaginary or a complex wavenumber kn of a Lamb type wave mode n and a

wavenumber −k∗n of its nonorthogonal mode, the following relation holds for Hankel

functions:

H(1)
m (knr) = (−1)m+1[H(1)

m (−k∗nr)]∗, H(1)
m

′(knr) = (−1)m[H(1)
m

′(−k∗nr)]∗. (3.3.39)

Substituting the relation in Eqs. (3.3.29), (3.3.30), (3.3.39) and the Wronskian re-

lation in Eq. (3.3.16) into Eq. (3.3.35) results in

[ϕm
n ,(ϕ̄

µ

ν )
∗]Sc = (−1)m4i/knPnδn̸⊥νδmµ . (3.3.40)

We can proceed similarly for an SH wave mode n having an imaginary wavenumber

kn using Eqs. (3.3.33a), then we have

[ϕm
n ,(ϕ̄

µ

ν )
∗]Sc =−(−1)m4i/knPnδnνδmµ . (3.3.41)

To simultaneously treat the results for Lamb type wave modes in Eqs. (3.3.38) and

(3.3.40) an SH wave modes in Eq. (3.3.41), we introduce the following expression for

wave modes having real, imaginary or complex wavenumber kn,

[ϕm
n ,(ϕ̄

µ

ν )
∗]Sc = ε

m
n 4i/knPnδn̸⊥νδmµ , (3.3.42)
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where

εm
n =


1 ; for modes with real kn,

(−1)m; for Lamb modes with imaginary or complex kn,

−(−1)m; for SH modes with imaginary kn.

Next the fourth integral in Eq. (3.3.34) is evaluated similarly as before, then we

have

[ϕ̄m
n ,(ϕ̄

µ

ν )
∗]Sc = 2πrδmµ{PC

nνH(1)
m

′(knr)[H(1)
m (kνr)]∗

−PC∗
νn H(1)

m (knr)[H(1)
m

′(kνr)]∗}. (3.3.43)

When a Lamb type or SH wave mode n having a real wavenumber kn is considered,

the following Wroskian relation are needed:

H(1)
m

′(kr)H(2)
m (kr)−H(1)

m (kr)H(2)
m

′(kr) = 4i/(πkr) (3.3.44)

Then, by using Eqs. (3.3.29), (3.3.30), (3.3.33a), (3.3.33b), (3.3.36) and the above

Wronskian relation, Eq. (3.3.43) becomes

[ϕ̄m
n ,(ϕ̄

µ

ν )
∗]Sc = 8i/knPnδmµδnν . (3.3.45)

For a Lamb type or SH wave mode n having an imaginary or complex wavenumber

kn, we can proceed as before using Eqs. (3.3.29), (3.3.30), (3.3.33a), (3.3.33b) and

(3.3.39), then Eq. (3.3.43) becomes

[ϕ̄m
n ,(ϕ̄

µ

ν )
∗]Sc = 0. (3.3.46)

To integrate two cases in Eqs. (3.3.45) and (3.3.46), we introduce the following ex-

pression:

[ϕ̄m
n ,(ϕ̄

µ

ν )
∗]Sc = τn8i/knPnδmµδnν . (3.3.47)
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where τn = 1 for a real kn and τn = 0 for a imaginary or complex kn. Evaluations for the

first and third integrals in Eq. (3.3.34) can be done in the similar manner. In summary,

we have the complex orthogonality relations for the basis functions as follows:

[ϕm
n ,(ϕ

µ

ν )
∗]Sc = 0, [ϕm

n ,(ϕ̄
µ

ν )
∗]Sc = ε

m
n 4i/knPnδn̸⊥νδmµ ,

[ϕ̄m
n ,(ϕ

µ

ν )
∗]Sc = ε

m
n 4i/knPnδn̸⊥νδmµ ,

[ϕ̄m
n ,(ϕ̄

µ

ν )
∗]Sc = τn8i/knPnδmµδnν .

(3.3.48)

3.3.2 Derivation for three properties of the T matrix

In this subsection, three properties of the T matrix is derived by using the orthogonality

relations derived in the preceding subsection. The reciprocity theorem in Eq. (3.3.2)

yields two special properties of the T matrix [15]. And the concept of time-reversal

invariance yields another property of the T matrix.

3.3.2.1 Reciprocity

Derivation of the first property called the reciprocity of the T matrix starts by consid-

ering two arbitrary fields, u and v consisting of an incident and scattered field:

u = uinc +usc = ∑
n,m

[Am
n ϕ

m
n +Bm

n ϕ̄
m
n ],

v = vinc +vsc = ∑
ν ,µ

[Cµ

ν ϕ
µ

ν +Dµ

ν ϕ̄
µ

ν ]. (3.3.49)

We assume that a surface St is composed of a scatterer surface Ss and an arbitrary

circular cylindrical surface Sc. By applying the boundary conditions on the integrals

over Sc, Eq. (3.3.2) becomes

[u,v]St
= [u,v]Sc

= 0, (3.3.50)

The reason for vanishing Sc related integrals in the above equation can be explained

as follows. When the scatterer is a cavity, it is apparent that the traction-free boundary
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condition gives vanishing Sc related integrals. However, when the scatterer is an elastic

inclusion, a different explanation is needed. For this, we apply the continuity of the

displacement and traction field to [u,v]Ss
, and then we have

[u,v]Ss
=
[
utr,vtr]

Ss
. (3.3.51)

For now, let us assumed that the scatterer has a circular cylindrical shape. In this case,

the fields utr and vtr transmitted into the scatterer can be described using the regular

basis functions ϕm
n (r) of the scatterer region. Then, by Eq. (3.3.19), Eq. (3.3.51) always

vanishes. This explanation can be extended to a case when the shape of the scatterer is

other than circular cylindrical, because we always can set a virtual circular cylindrical

scatterer that encloses the surface Sc. Since the transmitted field on Sc can be expanded

in ϕm
n (r) of the plate, Eq. (3.3.51) always vanishes by Eq. (3.3.19).

Substituting Eq. (3.3.49) into Eq. (3.3.50) yield

[u,v]St
= ∑

n,m
∑
ν ,µ

{Am
n Cµ

ν [ϕ
m
n ,ϕ

µ

ν ]Sc +Am
n Dµ

ν [ϕ
m
n , ϕ̄

µ

ν ]Sc

+Bm
n Cµ

ν [ϕ̄
m
n ,ϕ

µ

ν ]Sc +Bm
n Dµ

ν [ϕ̄
m
n , ϕ̄

µ

ν ]Sc}= 0. (3.3.52)

Using the real orthogonality relations in Eq. (3.3.19), we have

∑
n,m

Am
n D−m

n [(−1)mPn/kn] = ∑
n,m

Bm
n C−m

n [(−1)mPn/kn]. (3.3.53)

According to the definition of the T matrix, the following relation holds between the

coefficients of the incident and scattered field:

Bm
n = ∑

ν ,µ

T m,µ
n,ν Aµ

ν ,D
m
n = ∑

ν ,µ

T m,µ
n,ν Cµ

ν . (3.3.54)

Substituting the above relations into Eq. (3.3.53) results in

∑
n,m

∑
ν ,µ

Am
n T−m,µ

n,ν Cµ

ν [(−1)mPn/kn] = ∑
n,m

∑
ν ,µ

T m,µ
n,ν Aµ

ν C−m
n [(−1)mPn/kn]. (3.3.55)

Therefore, the property of the T matrix derived from the real reciprocity theorem is

T−m,−µ

n,ν [(−1)mPn/kn] = T µ,m
ν ,n [(−1)µPν/kν ]. (3.3.56)
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3.3.2.2 Energy conservation

It has been known that the property of the T matrix deduced from the energy conser-

vation law corresponds to that deduced from the complex reciprocity theorem [97].

Therefore, we again consider the complex reciprocity theorem based on Eq. (3.3.2),

but this time we take the complex conjugate of the field v in Eq. (3.3.49). Then, by

proceeding similarly as in Section, Eq. (3.3.2) becomes

[u,v∗]Sc = ∑
n,m

∑
ν ,µ

{
Am

n (C
µ

ν )
∗[ϕm

n ,(ϕ
µ

ν )
∗]Sc +Am

n (D
µ

ν )
∗[ϕm

n ,(ϕ̄
µ

ν )
∗]Sc

+Bm
n (C

µ

ν )
∗[ϕ̄m

n ,(ϕ
µ

ν )
∗]Sc +Bm

n (D
µ

ν )
∗[ϕ̄m

n ,(ϕ̄
µ

ν )
∗]Sc

}
= 0. (3.3.57)

Substituting Eqs. (3.3.48) into the above equation and performing the summation on

ν ,µ yield

∑
n,m

[
Am

n (D
m
n̸⊥)

∗
ε

m
n Pn/kn +Bm

n (C
m
n̸⊥)

∗
ε

m
n Pn/kn +2Bm

n (D
m
n )

∗
τnPn/kn

]
= 0. (3.3.58)

By applying the definition of the T-matrix as in Eq. (3.3.54), we have

∑
n,m

∑
ν ,µ

[
Am

n (C
µ

ν )
∗(T m,µ

n̸⊥,ν)
∗
ε

m
n Pn/kn +Am

n (C
µ

ν )
∗T µ,m

ν ̸⊥,nε
µ

ν̸⊥Pν̸⊥/kν̸⊥

]
=−∑

n,m
∑
ν ,µ

∑
η ,ξ

[
Am

n (C
µ

ν )
∗2T ξ ,m

η ,n (T ξ ,µ
η ,ν )∗κηPη/kη

]
. (3.3.59)

The above equation should be satisfied for any arbitrary coefficients for the incident

wave field. Therefore, the energy conservation property of T matrix is

(T m,µ
n̸⊥,ν)

∗
ε

m
n Pn/kn+T µ,m

ν̸⊥,nε
µ

ν̸⊥Pν̸⊥/kν̸⊥

=−2 ∑
η ,ξ

[
(T ξ ,µ

η ,ν )∗T ξ ,m
η ,n κηPη/kη

]
. (3.3.60)

3.3.2.3 Time-reversal invariance

The time-reversal invariance stands for the fact that time-reversed fields can be repre-

sented by the same equations that govern forward fields. This indicates that a property
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of the T matrix resulted from the time-reversal invariance can be derived by using the

fact that a time-reversed field u∗ can also be expressed in terms of the basis functions

ϕm
n (r) and ϕ̄m

n (r). In other words, this derivation is equivalent to a problem that looks

for vTR satisfying the following relation:

u∗ = vTR, (3.3.61a)

where

u∗ = (Am
n )

∗(ϕm
n )

∗+(Bm
n )

∗(ϕ̄m
n )

∗, (3.3.61b)

vTR = (Cm
n )

TR
ϕ

m
n +(Dm

n )
TR

ϕ̄
m
n . (3.3.61c)

It seems that directly comparing both side of Eq. (3.3.61a) does not give an an-

swer to this problem. It is because when the time-reversal (the complex conjugate)

of the basis functions are taken, its physical interpretation becomes ambiguous. In

case of bulk waves which do not involve nonpropagating waves, this ambiguity can

be avoided by splitting a standing wave represented by the regular basis functions ϕm
n

into an incoming wave and outgoing wave. Then, it is apparent that the time-reversal

of an incoming wave becomes an outgoing wave and vice versa. However, when non-

propagating modes which has an imaginary or complex wavenumber are involved, it

is hard to split a standing wave into an incoming wave and outgoing wave. Therefore,

a different approach is needed to tackle this problem.

One way is to use the real and complex orthogonality relations of the basis func-

tions in Eqs. (3.3.19) and (3.3.48). Since we have two unknown coefficients ((Cm
n )

TR,

(Dm
n )

TR), we consider the following two equations:

[ϕm′

n′ ,v
TR]ST = [ϕm′

n′ ,u
∗]ST , (3.3.62a)

[ϕ̄m′

n′ ,v
TR]ST = [ϕ̄m′

n′ ,u
∗]ST , (3.3.62b)
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Substituting Eq. (3.3.19) into the LHS in Eqs. (3.3.62a) and (3.3.62b) yields

[ϕm′

n′ ,v
TR]ST = ∑

n,m
{(Cm

n )
TR[ϕm′

n′ ,ϕ
m
n ]+ (Dm

n )
TR[ϕm′

n′ , ϕ̄
m
n ]}

=−(D−m′

n′ )TR4i/kn′(−1)m′
Pn′ , (3.3.63)

[ϕ̄m′

n′ ,v
TR]ST = ∑

n,m
{(Cm

n )
TR[ϕ̄m′

n′ ,ϕ
m
n ]+ (Dm

n )
TR[ϕ̄m′

n′ , ϕ̄
m
n ]}

= (C−m′

n′ )TR4i/kn′(−1)m′
Pn′ . (3.3.64)

Substituting Eq. (3.3.48) into the RHS in Eqs. (3.3.62a) and (3.3.62b) yields

[ϕm′

n′ ,u
∗]ST = ∑

n,m
{(Am

n )
∗[ϕm′

n′ ,(ϕ
m
n )

∗]+ (Bm
n )

∗[ϕm′

n′ ,(ϕ̄
m
n )

∗]}

= (Bm′

n′ ̸⊥)
∗
ε

m′

n′ 4i/kn′Pn′ , (3.3.65)

[ϕ̄m′

n′ ,u
∗]ST = ∑

n,m
{(Am

n )
∗[ϕ̄m′

n′ ,(ϕ
m
n )

∗]+ (Bm
n )

∗[ϕ̄m′

n′ ,(ϕ̄
m
n )

∗]}

= (Am′

n′ ̸⊥)
∗
ε

m′

n′ 4i/kn′Pn′ +(Bm′

n′ )
∗
κn′8i/kn′Pn′ . (3.3.66)

Then, by substituting Eqs. (3.3.63) and (3.3.65) into Eq. (3.3.62a), we get

−(D−m′

n′ )TR(−1)m′
= (Bm′

n′ ̸⊥)
∗
ε

m′

n′ . (3.3.67)

In the same way, substituting Eqs. (3.3.64) and (3.3.66) into Eq. (3.3.62b) gives

(C−m′

n′ )TR(−1)m′
= (Am′

n′ ̸⊥)
∗
ε

m′

n′ +(Bm′

n′ )
∗
κn′ . (3.3.68)

Now, having obtained ((Cm
n )

TR, (Dm
n )

TR) in terms of (Am
n , Bm

n ), we can derive a prop-

erties of the T matrix using the definition of the T matrix. Thus, we substitute Eq.

(3.3.54) into Eq. (3.3.67):

−∑
ν ,µ

T−m′,µ
n′,ν (Cµ

ν )
TR(−1)m′

= ∑
ν ,µ

(T m′,µ
n′ ̸⊥,ν

)∗(Aµ

ν )
∗
ε

m′

n′ . (3.3.69)
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Similarly, Eq. (3.3.68) becomes

(Cµ

ν )
TR = (−1)µ [(A−µ

ν ̸⊥ )∗ε
−µ

ν +2 ∑
η ,ξ

(T−µ,ξ
ν ,η )∗(Aξ

η)
∗
κν ]. (3.3.70)

Then, eliminating (Cµ

ν )
TR in Eqs. (3.3.69) and (3.3.70) results in

−∑
ν ,µ

T−m′,µ
n′,ν (−1)µ [(A−µ

ν ̸⊥ )∗ε
−µ

ν +2 ∑
η ,ξ

(T−µ,ξ
ν ,η )∗(Aξ

η)
∗
κν ](−1)m′

= ∑
ν ,µ

(T m′,µ
n′ ̸⊥,ν

)∗(Aµ

ν )
∗
ε

m′

n′ . (3.3.71)

This can be rewritten as follows:

−2 ∑
ν ,µ

∑
η ,ξ

T−m′,−ξ

n′,η (−1)ξ+m′
(T ξ ,µ

η ,ν )∗(Aµ

ν )
∗
κη

= ∑
ν ,µ

T−m′,−µ

n′,ν ̸⊥
(−1)µ+m′

(Aµ

ν )
∗
ε

µ

ν̸⊥ +∑
ν ,µ

(T m′,µ
n′ ̸⊥,ν

)∗(Aµ

ν )
∗
ε

m′

n′ . (3.3.72)

The above equation should be available for any Aµ

ν and therefore we have the time-

reversal invariance property of the T matrix in the following form:

T−m′,−µ

n′,ν̸⊥
(−1)µ+m′

ε
µ

ν̸⊥ +(T m′,µ
n′ ̸⊥,ν

)∗ε
m′

n′

=−2 ∑
η ,ξ

T−m′,−ξ

n′,η (−1)ξ+m′
(T ξ ,µ

η ,ν )∗(Aµ

ν )
∗
κη . (3.3.73)

It can be check that the above property is equivalent to the simultaneous application

of the reciprocity property in Eq. (3.3.56) and the energy conservation property in Eq.

(3.3.60) [97].

3.3.3 Summary

The three T-matrix properties are summarized as follows,

· Reciprocity:

T−m,−µ

n,ν (−1)mPn/kn = T µ,m
ν ,n (−1)µPν/kν , (3.3.74)

105



· Energy conservation:

(T m,µ
n̸⊥,ν)

∗
ε

m
n Pn/kn +T µ,m

ν̸⊥,nε
µ

ν̸⊥Pν̸⊥/kν ̸⊥

=−2 ∑
η ,ξ

[
(T ξ ,µ

η ,ν )∗T ξ ,m
η ,n κηPη/kη

]
, (3.3.75)

where the nonorthogonal mode n̸⊥ to mode n satisfy the following relation between

wavenumbers:

kn̸⊥ =

{
kn; for modes with a real or imaginary kn,

−k∗n; for a complex kn,

We also have the definitions

εm
n =


1 ; for modes with real kn,

(−1)m; for Lamb modes with imaginary or complex kn,

−(−1)m; for SH modes with imaginary kn,

and

τn =

{
1; for propagating modes,

0; for non-propagating modes.

· Time-reversal invariance:

T−m′,−µ

n′,ν̸⊥
(−1)µ+m′

ε
µ

ν̸⊥ +(T m′,µ
n′ ̸⊥,ν

)∗ε
m′

n′

=−2 ∑
η ,ξ

T−m′,−ξ

n′,η (−1)ξ+m′
(T ξ ,µ

η ,ν )∗(Aµ

ν )
∗
κη . (3.3.76)

It is noted from the above equations that the reciprocity properties of the T matrix

for guided waves is same with that for the bulk waves while the energy conservation

and time-reversal invariance properties of the T matrix for guided waves differ from

those for bulk waves because of the presence of nonpropagating modes.
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Figure 3.9 Guided wave scattering in an infinite transversely isotropic plate of thick-

ness d with the coordinate system.

3.4 Decomposition method for elastic inclusions using multi-
ple scattering theory

3.4.1 Overall description of the decomposition method

Although, we have obtained the T matrix solutions for a single or multiple scatterers

in the previous sections, the previously extended boundary condition method (EBCM)

is numerically not versatile when various sizes and shapes of scatterers are concerned.

Specifically, when the EBCM is directly applied to scatterers with aspect ratios > 4

in the horizontal plane of a plate, with a varying thickness, or with a radial size >

λmin/2 (where λmin is the minimum wavelength), numerical problems such as matrix

ill-conditioning occur when solving the linear system of equations. Therefore, to be

applicable to a scatterer with a wide range of shapes and sizes, an analysis technique

different from that used in the previous works should be developed.

Here, we specifically deal with scattering of guided waves in a flat transversely

isotropic plate by an arbitrarily shaped elastic inclusion as in Fig. 3.9. We will use

the semi-analytic solution (the T matrix) based on the three-dimensional elasticity de-

scribed in Section 3.1.2. To develop a method that can be applicable to inclusions with
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Figure 3.10 (a) Decomposition of a scatterer into a finite number of subscatterers in the

horizontal plane using the staircase approximation, (b) stacking a elastic inclusion ma-

terial with a base (plate) material for the use of the EBCM, and (c) use of an equivalent

circular cylindrical subscatterer for efficient T matrix calculation.

a wide range of shapes and sizes that cannot be treated by the aforementioned methods

based on the three-dimensional elasticity, we propose a method that decomposes an

inclusion into a number of small subscatterers using the staircase approximation, as

illustrated in Fig. 3.10(a), and applies a multiple scattering theory (MST) to take the

interaction of subscatterers into account and obtain the scattered wave. In this method,

the transition matrix (T matrix) that relates the incident and the scattered wave coef-

ficients of each subscatterer is calculated and used in a MST. Although this decom-
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position method for scattering analysis has been studied for bulk electromagnetic and

acoustic wave problems [19]–[21], [24], there have been no reports related to elastic

guided wave scattering problems. Especially because nonpropagating waves that only

occur in guided wave problems should be considered in addition to propagating waves

in this study, a proper analysis procedure is required.

In the proposed method, the inclusion is decomposed on the horizontal plane (x-y

plane in Fig. 3.10(a)) into subscatterers that are relatively small compared to the mini-

mum wavelength of the propagating modes and then the T matrix for each subscatterer

is calculated by using the extended boundary condition method [56]. The inclusion is

first decomposed into square cylindrical subscatterers, but calculating the T matrix for

each square cylindrical subscatterer requires computationally intensive numerical in-

tegration. Therefore, equivalent circular cylindrical subscatterers with the same height

and volume are substituted for the square cylindrical subscatterers for efficient calcula-

tion of the T matrices. Although this kind of approach is expected to be valid when the

size of the subscatterer is very small compared to the wavelengths, it has been tested

only for acoustic or electromagnetic problems [19]–[21], and thus its validity should

be numerically tested for elastic guided wave problems where nonpropagating modes

also exist.

When a multiple scattering analysis is conducted after decomposing an inclusion

into multiple closely packed subscatterers, the near-field interaction between subscat-

terers is important. Because the scattered guided wave from a subscatterer includes

nonpropagating modes as well as propagating modes, nonpropagating modes must be

also considered for the analysis to yield correct results in a near-field interaction prob-

lem whereas in a far-field interaction problem only propagating modes are crucial. The

effects of nonpropagating modes on the interaction between scatterers have not been

tested in bulk wave problems [19], [20] or in seismic wave problems [98], because

nonopropagating modes are either non-existent or omitted in these works. Therefore,
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nonpropagating modes, which the T matrix should include for a correct description of

the near-field interaction, need to be investigated to identify their effects when using

the suggested method. Moreover, for decomposition of an elastic inclusion, the rela-

tive size of subscatterers compared to the wavelengths should be investigated owing to

the existence of nonpropagating modes. Based on these investigation, the T matrix for

each subscatterer is calculated and then the scattered field of the decomposed inclusion

can be obtained by applying a MST to the T matrices.

Although, so far, the suggested methods are available specifically for an elastic

inclusions based on the three-dimensional elasticity, it is expected and also impor-

tant that this method will be generalized to traction-free scatterers (cavities) or also to

methods based on an approximate plate theory in the future studies.

More details related to implementation of the proposed method will be described

in the following subsections.

3.4.2 Details related to implementation

3.4.2.1 Calculation of the basis functions and wavenumbers

In the proposed method, an elastic inclusion is first decomposed by using the staircase

approximation in the horizontal plane into multiple small square cylindrical subscat-

terers, as illustrated in Fig. 3.10(a), and the T matrix for each subscatterer is calculated

with the EBCM using Eq. (3.1.17). The calculation of the T matrix requires the dis-

placement and stress basis functions defined by Eqs. (2.3.1), (2.3.2), (2.3.3) and (2.3.4)

for the plate and the inclusion. If the height h of the inclusion at a specific scatterer

location is smaller that the plate thickness d, the square cylindrical subscatterer is as-

sumed to be made of two material, the inclusion material of thickness h and the base

(plate) material of thickness d −h as illustrated in Fig. 3.10(b).

The procedure for computation of the basis functions is described in Section 2.3.2.
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By using the pseudo-spectral collocation method with the Chebyshev-Gauss-Lobatto

quadrature nodes, the calculated values of Un(z), Wn(z), and Vn(z) and the Clenshaw-

Curtis quadrature weights on the Chebyshev-Gauss-Lobatto quadrature nodes can be

used directly to integrate the z-dependent functions appearing in the calculation of

Q̄m,µ
n,ν and Qm,µ

n,ν in Eqs. (3.1.15). This is particularly more useful, when multiple scat-

terers with various thickness h in Fig. 3.10(b) should be dealt with. When the nodes

for the plate region and the subscatterer region coincide, this quadrature rule can be

directly applied to the nodal values of the plate and subscatterer region obtained from

solving eigenvalue problem described in Section 2.3.2.

3.4.2.2 Behavior of a single small subscatterer

Having obtained the basis functions, we can now obtain the T matrix for each subscat-

terer. However, if the T matrix for the square cylindrical subscatterer as in Fig. 3.10(b)

is directly computed, almost every element of the matrices Q j and Q̄ j for j = 1,2 in

Eqs. (3.1.15) are nonzero and the calculation of each element requires thousands of

Bessel functions to be computed for numerical integration of the θ -dependent func-

tions. Because the required computations are too intensive, we instead substitute the

square cylindrical subscatterer with an equivalent circular cylindrical subscatterer with

the same height and volume as suggested in Fig. 3.10(c). This approach was used in

electromagnetic bulk wave problems [19]. When using the equivalent circular cylin-

drical scatterer, only (Q j)
m,µ
n,ν and (Q̄ j)

m,µ
n,ν in Eqs. (3.1.15), corresponding to m = µ,

are nonzero and, even for these nonzero elements, the numerical integration of θ -

dependent functions can be replaced by an analytic integration. Therefore, calculating

the T matrix for the equivalent circular cylindrical subscatterer is very efficient when

compared to that for the square cylindrical subscatterer.

The approximation for the equivalence between the square cylindrical subscatterer

and the equivalent circular cylindrical subscatterer is expected to be valid because,
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when a scatterer is relatively small compared to the wavelengths, the subscatterer can

be treated as the line source along the thickness direction in guided wave problems,

while in bulk wave problems a small scatterer can be treated as a point source [19].

In other words, the scattered field from a small scatterer is not affected by the spe-

cific shape of the scatterer but only by the scattering strength related to the volume of

the scatterer. Moreover, as the size of the scatterer becomes small, there are dominant

multipolar order terms of the T matrix while other terms are almost insignificant in

describing the wave behavior by the scatterer. Therefore, the overall computation time

for the scattering analysis can be kept to a minimum, by including only these terms in

the T matrix. This equivalence assumption is valid only for a small scatterer; however,

it is hard to define a small subscatterer in terms of wavelengths in the current prob-

lem because nonpropagating modes of guided waves should also be considered. This

means that in guided wave problems it is hard to define a small subscatterer in terms

of wavelengths because wavenumbers of nonpropagating modes are purely imaginary

or complex; defining wavelength of these nonpropagating waves is somewhat ambigu-

ous. Therefore, this approximation should be validated before we describe the next

procedure.

As a means to validate the approximation, we choose a simple example, calculate

the near-scattered fields from a single square cylindrical subscatterer and a circular

cylindrical subscatterer and compare the results with regard to the different values

of the the maximum multipolar order M used in the T matrix computation. In this

example, the scattered fields from the original and equivalent subscatterer, made of

silicon with a shape defined by c = λA0/12 and h = l/2 in Figs. 3.10(b) and (c), in

an aluminum plate are calculated by using Eq. (3.1.17) and observed at the distance

r = λA0/2 on the top surface of the plate. Twelve guided wave modes N = 12 accord-

ing to the investigation in 3.4.3.2 were used in the T matrix. (The material properties

of the scatterer and the plate are defined in the first paragraph of Section 3.4.3; the inci-
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Figure 3.11 Near-scattered fields from the original square cylindrical scatterer and its

equivalent circular cylindrical scatterer with its shape defined by c = λA0/12 and h =

d/2 in Fig. 3.10(b) when an aluminum plate and a silicon inclusion are considered. The

incident wave is actuated by line tractions as illustrated in Fig. 3.12 with aext = λA0/2,

rext = λA0 and text = 1 N/m at frequency·thickness = 1 MHz·mm. The scattered fields

are calculated using the EBCM with N = 12 and observed at r = λA0/6 from the center

of the scatterer.

dent field is actuated from the same configuration described in the second paragraph of

Section 3.4.3 except that we used rext = λA0 in this example to include the contribution

of nonpropagating modes in the incident field.) The result in Fig. 3.11 shows that the

converged scattered field from the square subscatterer obtained by using M = 4 is sim-

ilar (with minor deviation) to that from the equivalent circular cylindrical subscatterer

obtained by using M = 2. Although not shown here, the same amount of similarity

and deviation is also observed for the far-scattered field. Therefore, we can conclude
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Figure 3.12 Configuration for an incident wave generation. (a) Simultaneous actuation

of symmetric and antisymmetric Lamb modes by a line traction on the top surface of

the plate. (b) Antisymmetric Lamb mode wave actuation by line tractions on the top

and bottom surfaces of the plate used in the numerical examples.

that, even with nonpropagating modes in the T matrix, a circular cylindrical subscat-

terer with M = 2 behaves similarly to a square cylindrical subscatterer with M = 4.

However, it still cannot be determined whether or not, with multiple subscatterer inter-

action, significant error caused by accumulation of this minor deviation is observed.

3.4.3 Numerical examples

Numerical examples were solved by using double-precision (16 decimal digits) arith-

metics in the NumPy package of the Python programming language [74]. The results

obtained by using the suggested method are compared with those obtained by using

the finite element method. For the finite element method, the commercially available

software COMSOL Multiphysics Structural Mechanics Module was used [99]; see

Appendix A for the detailed explanation.

Mechanical properties used in the examples are as follows. For aluminum, Young’s

modulus = 70 GPa, Poisson’s ratio = 0.33, mass density = 2700 kg/m3. For zirconia,

Young’s modulus = 151 GPa, Poisson’s ratio = 0.33, mass density = 3000 kg/m3. For
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Figure 3.13 A wedge-shaped inclusion in a plate and its decomposition into multiple

circular cylindrical subscatterers.

silicon, Young’s modulus 131 GPa, Poisson’s ratio 0.27, mass density = 2330 kg/m3.

In all problems, the incident fields are actuated by externally applied line tractions

as illustrated in Figs. 3.12(a) and 3.12(b). In the first configuration illustrated in Fig.

3.12(a), a circular line traction of radius aext = λA0/2 are centered at rext = 5λA0 on

the negative x axis and placed on the top surface of the plate; here, the uniform mag-

nitude text = 1 N/m of traction is imposed on the circle. In the second configuration

illustrated Fig. 3.12(b), two circular line tractions directing in the same direction along

the z axis are placed on the top and bottom surfaces of the plate for generation of an

anti-symmetric wave mode. For these configuration, the coefficient vector of the inci-

dent field needed in the suggested method can be calculated by using Eqs. (2.4.3) and

(3.2.5). Note that, because the resulting field and inclusions are chosen to be symmet-

ric with respect to the x axis, the results are also symmetric and therefore plotted up to

180◦.

3.4.3.1 Wedge-shaped scatterer

Here, we consider a wedge-shaped inclusion as show in Fig. 3.13 to investigate the

appropriate size of a subscatterer for the suggested method. A frequency·thickness of

1 MHz·mm and shape parameters w1 = λA0 (λA0/d = 2.326), w2 = λA0/4, h1 = 0,

115



Figure 3.14 Scattered fields from a wedge-shaped silicon inclusion in an aluminum

plate as in Fig. 3.13. The results with different values of subscatterer size c defined in

Fig. 3.10 are compared. The relative values of c compared to the smallest wavelength

λmin (λA0 in this problem) are used. The shape of the wedge is defined by parameters

w1 = λA0, w2 = λA0/4, h1 = 0, and h2 = d. The incident wave is actuated by line

tractions as illustrated in Fig. 3.12(b) with aext = λA0/2, rext = 5λA0 and text = 1 N/m at

frequency·thickness = 1 MHz·mm. The scattered fields are observed at r = 10λA0 from

the center of the scatterer on the top surface of the plate. For the suggested method,

N = 12 guided wave modes are used.

and h2 = d were used in the example. The shape of this kind of inclusion cannot be

dealt with by modifying the existing method for dealing with scattering by cavities

[44], [45]. Since h defined in Fig. 3.10(b) of the inclusion varies in subscatterers, the

staircase approximation along the z axis needs to be applied. In this case, discretization

over the thickness direction (0 ≤ z ≤ d) is made in calculating the basis functions. In
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Table 3.1 Lamination types of plates and scatterers made of Mat 1 and Mat 2, I:

isotropic, SL: symmetrically layered, NL: non-symmetrically layered.

Abbreviation I SL NL

Plate

Scatterer

this works, we used 20 discretizations. In Fig. 3.14, several results are plotted with

regard to the relative size c of the subscatterer defined in Fig. 3.10 when compared to

λmin (λA0 in this problem). Thus, we can conclude that c = λA0/8 ∼ λA0/16 can be

used for the size of the subscatterer and also that treating the arbitrary shape along the

z axis with the staircase approximation in the suggested method is useful. Since there

is very little difference in results as long as the subscatterer size c is in this range, we

will use c = λA0/12 in the following examples unless otherwise stated.

3.4.3.2 Number of guided wave modes to achieve convergence

As we stated above, near-field interactions can be correctly expressed only when not

only the propagating but also the nonpropagating modes are included in forming the

T matrix. However, use of many nonpropagating modes is not only efficient but also

can cause numerical error in some cases. In this context, we investigate and discuss the

number of guided wave modes, N (where NLamb and NSH are, respectively, the number

of Lamb-type wave modes and the number of SH wave modes), for obtaining a con-

verged solution is investigated for different lamination types of plates and scatterers.

The lamination types of plates and scatterers used in this investigation are categorized

and tabulated in Table 3.1. In Table 3.1, Mat 1 and Mat 2 denote aluminum and silicon,

respectively.

In Table 3.2, the results of this investigation are summarized according to the
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Table 3.2 The number of guided wave mode expansion terms, N (NLamb,NSH), needed

to obtain a converged solution. S: symmetric guided wave, A: antisymmetric guided

wave, C: nonsymmetric or coupled guided wave; I: isotropic, SL: symmetrically lay-

ered, NL: non-symmetrically layered.

Case
Type Frequency · thickness (MHz · mm)

Plate Scatterer Wave 0.05 0.5 1 1.5

1-1 I I S 2 (1,1) 2 (1,1) 4 (3,1) 6 (3,3)

1-2 I I A 4 (2,2) 4 (2,2) 4 (2,2) 7 (4,3)

1-3 I NL C 8 (5,3) 8 (5,3) 12 (7,5) 15 (9,6)

2-1 SL I S 2 (1,1) 5 (3,2) 6 (3,3) 8 (5,3)

2-2 SL I A 6 (4,2) 6 (4,2) 8 (6,2) 8 (6,2)

2-3 SL NL C 11 (7,4) 24 (17,7) 26 (19,7) 26 (19,7)

3-1 NL I C 6 (3,3) 12 (7,5) 12 (7,5) 14 (9,5)

3-2 NL NL C 14 (9,5) 16 (9,7) 24 (17,7) 24 (17,7)

frequency·thickness values. For example, in case 1-3 of Table 3.2, the wedge-shaped

silicon inclusion in an aluminum plate is considered as in Fig. 3.13. In this case, the

plate is isotropic (expressed as I in Table 3.1) and the subscatterers of the inclusion

should be treated as nonsymmetric layers (expressed as NL in Table 3.1) with respect

to the horizontal midplane of the plate for the T matrix calculation by using the EBCM.

Then, the number of guided wave modes, N, in the suggested method is increased until

the scattering solution is converged as in Figure 3.15. Other cases are handled similarly

with different values of w1, w2, h1, and h2 defined in Fig. 3.13.

As shown in Table 3.2, the low number N from cases 1-1, 1-2, 2-1, and 2-2 is

due to the decoupling of symmetric and antisymmetric guided wave modes and, as the

laminations of the plate and the scatterer become complex as in cases 2-3 and 3-2,

more terms are needed for convergence of the solution. The results in Table 3.2 could
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Figure 3.15 The scattered fields from a wedge-shaped silicon inclusion in an aluminum

plate as in Fig. 3.13. The results with different numbers of guided wave modes, N,

used in the suggested method are compared. The shape of the wedge is defined by

parameters w1 = λA0, w2 = λA0/4, h1 = 0, and h2 = d. The incident wave is actuated by

line tractions as illustrated in Fig. 3.12(b) with aext = λA0/2, rext = 5λA0 and text = 1

N/m at frequency·thickness = 1 MHz·mm. The scattered fields are observed at r =

10λA0 from the center of the scatterer on the top surface of the plate.

change depending on the properties of the plate and the scatterer but remain similar

for materials with properties of the same order of magnitude.

3.4.3.3 Comparison with other solutions for a circular cylindrical inclusion

In this subsection, we compare the result obtained from the proposed method with

those from other analytic methods. An aluminum plate of d = 1 mm thickness embed-

ded with a circular cylindrical inclusion of a = 4d as shown in Fig. 3.16(a) are con-
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Figure 3.16 (a) The circular cylindrical inclusion, (b) the irregularly shaped cylindrical

inclusion and (c) the spherical cap inclusion used to validate the suggested method.

sidered. One of comparable methods is the analytic solution based on Mindlin plate

theory for flexural waves (anti-symmetric Lamb waves) scattering [100]. Another so-

lution is obtained from the EBCM based on three-dimensional elasticity as discussed

in Section 3.1.

Fig. 3.17(a) shows that at frequency of 30 kHz, the results obtained from three

different method are in close agreement with each other. However, at 0.2 MHz and

0.5 MHz, the results obtained from Mindlin plate theory deviate from others. This

is because three-dimensional elasticity uses 4 guided wave modes for description of

flexural waves in an isotropic plate below 1 MHz·mm (as discussed in 3.4.3.2) while

Mindlin plate theory [100] uses 3 modes. Thus it can be deduced from this investiga-

tion that the flexural wave scattering analysis based on the three dimensional elasticity

have an advantage over approximate plate theories in mid and high frequency range.

3.4.3.4 An arbitrarily shaped scatterer

In this section, complex-shaped inclusions will be tested. In the first example, we con-

sider scattering by an inclusion as shown in Fig. 3.16(b) at a frequency·thickness value

of 0.5 MHz·mm. The inclusion is a cylindrical shape with radius r defined by the
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Figure 3.17 Scattered fields from an circular cylinder silicon inclusion in an aluminum

plate of d = 1 mm thickness at frequency of (a) 30 kHz, (b) 0.2 MHz and (c) 0.5 MHz.

The shape of the inclusion is illustrated in Fig. 3.16(a) with a = 4d,and h = d. The

incident waves are A0 actuated by a circular traction as illustrated in Fig. 3.12(a) with

aext = 2d, bext = 10d and text = 1 N/m. For the proposed method and the EBCM, the

symmetric modes are not included. The scattered fields are observed at r = 20d from

the center of the inclusion. N = 4 guided wave modes are used for the proposed method

and the EBCM. For 30 kHz, we used grid size c = λA0/20 instead of c = λA0/12 to

avoid poor approximation of the curved surface.

following equation in the horizontal plane of the plate:

r(θ) =
a1a2√

a2
1 cos2 θ +a2

2 sin2
θ

+
a2

10
cos3θ , (3.4.1)

where a1 = 2λA0 (λA0/d = 3.754), a2 = λA0/2, and h = d. Because this inclusion

has the largest radius of 2λA0, this shape would cause ill-conditioning of the system
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Figure 3.18 Scattered field from an irregularly shaped silicon inclusion in an aluminum

plate. The shape of the inclusion is illustrated in Fig. 3.16(b) and defined in the hori-

zontal plane by Eq. (3.4.1) with a1 = 2λA0, a2 = λA0/2, and h = d. The incident wave

is actuated by line tractions as illustrated in Fig. 3.12(b) with aext = λA0/2, rext = 5λA0

and text = 1 N/m at frequency·thickness = 0.5 MHz·mm. The scattered fields are ob-

served at r = 10λA0 from the center of the inclusion on the top surface of the plate.

The inclusion is decomposed into 452 subscatterers and N = 4 guided wave modes are

used for the suggested method.

matrix when solved by using the existing method [44], [45]. To handle the irregular

shape of the inclusion in the horizontal plane of the plate, the staircase approximation

was applied. Fig. 3.18 shows good agreement between the results from the suggested

method using 452 subscatterers and those from the finite element method. The good

agreement also supports the validity of the staircase approximation.

In the next example, the aluminum-zirconia functionally graded plate with the

same irregularly shaped inclusion in the previous example defined by Eq. (3.4.1) is
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considered. The through-thickness material property profile is defined by Eq. (2.5.1)

with n = 1. Since the through-thickness material variation of the functionally graded

plate is not symmetric with respect to the mid-plane of the plate, actuation of purely

symmetric or antisymmetric wave modes are very difficult. Therefore, the incident

wave is actuated by a circular traction on the top surface of the plate which simultane-

ously excites mainly quasi A0 mode along with quasi S0 mode in small magnitude.

Fig. (3.19) at the frequency·thickness value of 0.5 MHz·mm shows that the results

obtained from the proposed method by using the square subscatterers and equivalent

circular subscatterers are overall in good agreement with those from the finite element

method. However, for uθ components small deviations between the results are ob-

served. Specifically, the results obtained from using the original square subscatterers

with the maximum circumferential order M = 2 are in a better agreement with those

from the finite element method.

For the comparison, the same configuration in the previous example was analyzed

at the frequency·thickness value of 1 MHz·mm. The results obtained by the proposed

method also show small deviation for uθ component from those from the finite ele-

ment method. Therefore, from these observations, we can conclude that there is some

amount of loss of information regarding the uθ component of the field during the re-

placement of square subscatterers with circular subscatterers.

In the next example, we consider scattering by a spherical-cap-shaped inclusion as

illustrated in Fig. 3.16(c) at a frequency·thickness value of 1 MHz·mm. The shape of

the inclusion is defined by parameters a= λA0 (λA0/d = 2.326) and h= d/2. As in Fig.

3.21, the results from the suggested method using 452 subscatterers are overall in good

agreement with those obtained by using the finite element method for all displacement

components with minor deviation in the side robe for the uθ component.

From the results of the above examples, the suggested method is useful for a class

of elastic inclusions that cannot be solved by the previously developed techniques for
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Figure 3.19 Scattered field from an irregularly shaped silicon inclusion in an

aluminum-zirconia functionally graded plate with the power-law material variation

parameter n = 1. The shape of the inclusion is illustrated in Fig. 3.16(b) and defined in

the horizontal plane by Eq. (3.4.1) with a1 = 2λA0, a2 = λA0/2, and h = d. The inci-

dent wave is actuated by line tractions as illustrated in Fig. 3.12(a) with aext = λA0/2,

rext = 5λA0 and text = 1 N/m at frequency·thickness = 0.5 MHz·mm. The scattered

fields are observed at r = 8λA0 from the center of the inclusion on the top surface of

the plate. The inclusion is decomposed into 452 subscatterers and N = 8 guided wave

modes are used for the suggested method.

scattering analysis by cavities in a plate.
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Figure 3.20 Scattered field from an irregularly shaped silicon inclusion in an

aluminum-zirconia functionally graded plate with the power-law material variation

parameter n = 1. The shape of the inclusion is illustrated in Fig. 3.16(b) and defined in

the horizontal plane by Eq. (3.4.1) with a1 = 2λA0, a2 = λA0/2, and h = d. The inci-

dent wave is actuated by line tractions as illustrated in Fig. 3.12(a) with aext = λA0/2,

rext = 5λA0 and text = 1 N/m at frequency·thickness = 1 MHz·mm. The scattered fields

are observed at r = 8λA0 from the center of the inclusion on the top surface of the

plate. The inclusion is decomposed into 452 subscatterers and N = 12 guided wave

modes are used for the suggested method.
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Figure 3.21 Scattered field from a spherical-cap-shaped silicon inclusion in an alu-

minum plate. The shape of the inclusion is illustrated in Fig. 3.16(c) and defined

by parameters a = λA0 and h = d/2. The incident wave is actuated by line trac-

tions as illustrated in Fig. 3.12 with aext = λA0/2, rext = 5λA0 and text = 1 N/m at

frequency·thickness = 1 MHz·mm. The scattered fields are observed at r = 10λA0 from

the center of the inclusion on the top surface of the plate. For the suggested method,

the inclusion is decomposed into 452 subscatterers and N = 12 guided wave modes

are used.
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Chapter 4

Conclusion and future works

4.1 Conclusion

In this dissertation, a semi-analytic techniques for scattering analysis of guided waves

in flat transversely isotropic plates was developed. In terms of the development of

analysis method for general scattering problems in flat plates, the existing previous

semi-analytic methods based on the Rayleigh hypothesis have only partially fulfilled

essential attributes; several researches have suggested analysis methods for problems

regarding isotropic plates with a single scatterer of simple shape. Many problems typ-

ically faced in real industrial fields are still outside the area covered by these methods.

Therefore, we aimed to enlarge the area by employing the transition matrix (T ma-

trix) formalism. The major contribution of this dissertation to the related fields can be

summarized as follows:

• Development of the integral transform method for deriving the multipole expan-

sion of the Green’s function for transversely isotropic plates

• Development of the extended boundary condition method for single and multiple

scattering problems regarding an elastic inclusion, a step thickness increase or

reduction
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• Development of the decomposition method for scattering problems regarding

arbitrarily-shaped elastic inclusions

• Derivation of the properties of the transition matrix for transversely isotropic

plates

Specifically, in Chapter 1, we have developed the integral transform method for de-

riving the multipole expansion of the Green’s function for transversely isotropic plates.

In this method, we defined an integral transform pair that combines Fourier series ex-

pansion, Hankel transform and the eigenfunction expansion of the guided wave modes

and, therefore, the Green’s function appropriate for the T -matrix method was derived

by using this transform. After the derivation, we also gave suggestions on procedures

to solve radiation problems typically faced in NDE problems when modeling guided

wave transducers by using the derived Green’s function. In this context, we reviewed

the method for calculating the basis functions for transversely isotropic plates includ-

ing functionally graded plates.

In Chapter 2, we mainly have discussed about the extended boundary condition

method (EBCM) and its application to multiple scattering problems. By adopting the

EBCM, we have shown systematic approaches and simplified formula for scattering

problems involving an elastic inclusion, a step thickness increase or reduction when

compared to the previously existing methods based on Rayleigh hypothesis. The re-

sulting form also naturally extends to multiple scattering problems while the form

resulting from the previously existing needs further modifications in this sense. We

also developed a decomposition method that can be applicable to elastic inclusions of

arbitrary shapes since the previously existing methods have been strongly restricted in

shapes and sizes of scatterers by the inherent characteristics of the guided wave basis

functions. In this method, a scatterer of arbitrary shape is dealt with by decomposing a

scatterer into multiple subscatterers and applying a multiple scattering theory to single
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scatterer solutions. In addition to solving methods for scattering problems, we have

also derived the three properties of the T matrix, the reciprocity, the energy conserva-

tion, the time-reversal invariance that should be satisfied by any T matrix regardless of

its calculation method.

For validation of the proposed method, we have compared the results from the sug-

gested method to those from the finite element method and also the analytic solutions

based on the approximate plate theory for flexural waves showing good consistency.

4.2 Future works

As we have stated above, we have improved scattering problem solving technique

by adopting the T matrix formalism. However, this dissertation is just one of many

initiation towards a method that is efficient in computation time and that is also general

in terms of applicable scatterer range. Thus much improvement may be expected by

more extensive research in the future.

One can expect that the accuracy and the stability of the developed methods based

on the EBCM can be improved by employing Galerkin type spectral methods [76] in

calculation of the basis functions. This is because Galerkin type methods employ the

weak form of governing equations and therefore only the first order derivatives of vari-

ables are needed while the pseudo-spectral method employed in this dissertation em-

ploy the strong form and thus requires the second order derivatives. Another method

to improve accuracy is to employ extended or quad precision arithmetics for imple-

mentation on computer [101]. This approach does require some modification of the

computer program as the programing language demands. Anyway it has been known

that even with ill-conditioning of the matrix to be inverted extended or quad precision

arithmetics do more stable matrix inversion than double precision does. Therefore, it

is expected to be useful for calculations of the single scatterer T matrix through the

129



EBCM.

An improvement for the proposed decomposition method in need is adopting ef-

ficient multiple scattering algorithm; the most stable but slow method was adopted

in this dissertation. The challenge in employing other multiple scattering algorithm

is that guided wave scattering problems are inseparable from dealing with nonpropa-

gating modes posing many numerical problems not appearing in bulk wave problems.

This is because wavenumbers kn of nonpropagating modes have a large imaginary

part that makes Bessel functions Jm(knr) diverge as r → ∞. Thus, careful selection of

appropriate algorithms and tests will be needed even though versatility of many algo-

rithms are already proven in bulk wave problems. The recursive algorithm developed

by Chew [19] is one of efficient algorithms and worth testing. However, it is highly

possible that the previously stated problem regarding non-propagating modes occurs

when this method is adopted for guided wave problems. For other efficient algorithms

based on the T matrix formalism developed by Chew, see Ref. [102]. There is another

efficient algorithm developed by Mackowski [22] and this may be adopted for guided

wave problems without problems involving non-propagating modes. Preconditioned

iterative algorithms such as GMRES, CG or BICG supplemented by FFT may be also

a good candidate when solutions for a single or not many incident waves are needed

[7].

Other research topics that can be initiated by this dissertation are to apply the

proposed methods similarly to approximate plate theories such as Kirchhoff theory,

Mindlin theory for flexural waves, Kane-Mindlin theory for extensional and shear

waves. Efficiency and accuracy of employing such theories should be compared to

those of the proposed methods.
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Appendix A

Settings for the finite element method

In this appendix, we explain the details related to the settings used in the finite element

analysis which can be regarded as reference solutions among other solutions if finite

element meshes and the perfectly matches layers (PMLs) are carefully selected. For the

finite element analysis, the commercially available software COMSOL Multiphysics

[99] is used.

Fig. A.1 shows an example of the finite element meshes used in the dissertation.

The domain consists of two cylindrical domain; the inner domain is where the incident

and scattered fields propagate and the outer domain is the PML region to absorb the

outgoing waves from the inner domain.

As shown in Fig. A.1, the top or the bottom surface of the plate is meshed first

and then swept through the thickness direction. In this way, meshes can be evenly

distributed through the thickness direction. The surface of the plate is meshed by the

triangular elements in the inner domain and by the quadrilateral elements in the outer

domain. The mesh size of λmin/8 ∼ λmin/10 is used in the inner and outer domain

except the region around the scatterer which has the mesh size of about λmin/20.

The absorbing rate of the PML implemented in COMSOL depends on the mesh

size, the specified wave velocity to be absorbed and the geometry of the PML region.

In many of two-dimensional scattering problem, the cylindrical PML region is typi-
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Figure A.1 The finite element meshes for circular domains used for validation of the

proposed methods.

cally used. Therefore, we also used the cylindrical PML region even though problems

concerned in the dissertation can be regarded as semi-two-dimensional. The thickness

of the PML region used in example is λmin which is mostly λA0. We choose the wave

velocity to be absorbed and specified in the PML setting of COMSOL to be f λmin; f

denotes frequency and therefore f λmin is the phase velocity of the propagating mode

132



having the minimum wavelength. The radius of the inner domain is at least 5λmin be-

cause the PML for the cylindrical domain mainly absorbs waves outgoing along the

radial direction and waves propagating along the azimuthal direction are not absorbed

well; therefore, it is better to place the wave source near the specified origin for the

PML which is the center of the circular domain in the present problems.

Since scattered fields are of interest in the examples, the finite element analysis

procedures take two steps. The first step is for calculation of the field actuated by

tractions without the scatterers. The second step is for calculation of the field actuated

by the tractions with the scatterers. Then, the field calculated from the first step is

subtracted from the that from the second step.
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초록

매우평판구조물내의탄성유도초음파

산란현상에대한 T-matrix해법

이흥선

서울대학교대학원

기계항공공학부

본 논문은 평판에서 발생하는 유도파의 산란현상을 분석하기 위한 준 이론적 기법

을다룬다.연구목표는횡등방성을가지는평판—즉등방성평판,적층된등방성

평판과함수적구배를가지는평판—내에존재하는산란문제를다루기에적합한

방법을 개발하는 것이다. 특히, 삼차원 탄성방정식에 기반한 파동함수 전개 기법

을 개발하는 것에 중점을 두었다. 파동함수 전개 기법에서는 파동을 지배방정식의

고유함수로 전개한다. 이 논문에서는 기존의 파동함수 전개법에 기반한 해석 기법

에서 다루지 않은 문제를 다루고자 전환 행렬 기법(the transition matrix method)을

차용하였다; 전환 행렬 기법은 입사파의 전개 계수와 산란파의 기저 함수에 대한

전계계수를 T 행렬을통해서기술한다.

이러한이유로전환행렬기법에필요한요소들—즉기저함수와이를이용해

서유도할수있는그린함수—에대해서먼저다룬다.여기서유도한그린함수는

적분 방정식에 이용되며 이를 통해서 파동의 방사 문제 또는 산란 문제를 풀 수 있

다.이적분방정식을이용하면비교적단순한형상을가진단일산란체의 T 행렬을
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구할 수 있다. 이러한 방법으로 산란체가 탄성 함유물인 경우 또는 기저 평판과 두

께가 다른 산란체를 다루는 경우 등에 대해서 T 행렬의 식을 유도할 것이다. 또한

단일 산란체의 T 행렬을 이용하면 다수의 산란체에 대한 다중 산란 현상이 고려된

T 행렬도구할수있다.본논문에서는 T 행렬을구한방법외에도 T 행렬이가지는

세가지일반적인성질을유도할것이다.

마지막으로는산란체가탄성함유물(용접부등)인경우에다양한형상과크기의

산란체를다룰수있는기법을개발할것이다.이기법에서는탄성함유물을다수의

작은 산란체로 나누고, 여기에 다중 산란 현상을 적용한다. 이로서 적분 방정식에

기반해서단일산란체의 T 행렬을구하기위한방식에서나타나는한계를상당부분

해결할수있다.

본 논문에서 개발된 기법은 유한 요소 해석법 또는 근사 판 이론에 의한 해와

비교하여검증할것이다.

주요어:탄성파,유도파,평판파,산란현상해석

학번: 2009-20715
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