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V� 1 *�× "� Òeµ

1.1 ¥o>Ä© :�¿R�

�Ð4�©(Robot)�Ér ]j�̧ /BN&ñ
 ��1lx�o, ��<�Ê 8̈��â
 ���\O� Ãº'��, �̧t� �ÃÐ�� 1px ���çß�s� Ãº

'���l� #Q§>����� Ô�¦��0pxô�Ç ���\O��̀¦ @/'���l� 0Aô�Ç 3lq&h�Ü¼�Ð ���[j>� ú́§�Ér �<Æ��[þt_�

���½̈ @/�©�s�÷&#QM®o��.s��Qô�Ç�Ð4�©_�1lx���&ñ
SX�$í
�̀¦Z�}s�l�0Aô�Çr��̧_�{9�8̈�Ü¼�Ð

�Ð4�© ½̈1lxl�_� ]j#Q r�Û¼%7� ½̈$í
 õ�&ñ
\�"f #��Q ��t� G'p"fü<_� ]X�3lqs� r��̧ ÷&#QM®o

Ü¼ 9, s� õ�&ñ
\�"f 1970�̧�@/\� Shirai, Inoueü< °ú �Ér �<Æ��[þt\� _�K� %�6£§ %ò
�©� &ñ
�Ð

\�¦ �Ö̧6 xô�Ç �Ð4�© ��[j ]j#Q l�ZO�s� ]jr�÷&%3��� [1]. s�[þt�Ér �Ð4�© ½̈1lxl� ���̂_� &ñ
x9�

�̧\�¦Z�}s���H�
ëß��pus���%ò	כ�©�G'p"f�ÐÂÒ'�S\�1pqô�Ç%ò
�©�&ñ
�Ð\�¦÷&"3�e��(Feedback)&ñ


�Ð�Ð �Ö̧6 x�#� �̀ÀÒáÔ(Closed-Loop) +þAI�_� ]j#Q r�Û¼%7��̀¦ ½̈$í
���H ��s	כ �Ð4�© ½̈

1lx r�_� &ñ
SX�$í
 x9� y©����$í
 ]j�¦\� ò́Ö�¦&h�s�����H �¦e���̀	כ �Ðe��Ü¼�Ð+� �Ð4�© ]j#Q õ�&ñ


\�"f %ò
�©� G'p"f�� �̧{9�÷&��H >�l�\�¦ ��º���%i�Ü¼ 9, s�Êê J. Hill & W. T. Park\� _�

K� �̀ÀÒáÔ +þAI�_� %ò
�©� &ñ
�Ð l�ìøÍ �Ð4�© ��[j ]j#Q l�ZO��̀¦ #��� ���Ér l�ZO�õ� ½̈ì�r�

l� 0A�#� q�ÅÒ\O� "f�Ðeç
(Visual-Servoing)s�����H 6 x#Q\�¦ ��6 x�l� r�����%i��¦ [2],

Õª s�Êê�Ð %ò
�©� G'p"f, Õª ×�æ\�"f�̧ ÅÒ�Ð ��r� F�g��� %ò
%i� OÉ�%ò
\� s�6 x÷&��H 
�Bj��_�

�����õ� $í
0px ���\�"f_� >h���õ� �<Êa� �&³F���t� ú́§�Ér ���½̈�� s�ÀÒ#Qt��¦ e����.

q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér {9�ìøÍ&h�Ü¼�Ð ³ð&h�_� %ò
�©� &ñ
�Ð\�¦ ÷&"3�e�� ~ÃÎ6£§Ü¼�Ð+� �Ð4�©

½̈1lxl� �'p×¼-s�&7�'�(End-Effector)ü< 3lq³ðÓüt ��s�_� �©�@/&h���� 0Au�/��[j, 7£¤, �íÝ¼

\�¦ ��6 x���� 3lq³ð�Ð ���H �©�@/ �íÝ¼\�¦ �¾ÓK� ¹¡§f��s��̧2�¤ �Ð4�© ½̈1lxl�\�¦ ]j#Q���H �	כ

�̀¦3lq&h�Ü¼�Ð��¦e����.s��Qô�Çq�ÅÒ\O�"f�Ðeç
l�ZO��Ér{9�ìøÍ&h�Ü¼�Ð%ò
�©�G'p"fü<�Ð4�©

½̈1lxl�_� r�Û¼%7� ½̈$í
 ~½Ód��\� ���� �'p×¼-s�&7�'�\� %ò
�©� G'p"f\�¦ ÂÒ�ÃÌ�#� %ò
�©� G'p"f

1



�� �Ð4�©_� ½̈1lx\� ���� �'p×¼-s�&7�'�ü< 1lxr�\� s�1lx���H ��s�-���-�½�×¼(Eye-in-Hand)

~½Ód��õ� �Ð4�©_� ���\O� ìøÍ�â
 ü@ÂÒ\� %ò
�©� G'p"f\�¦ �¦&ñ
�#� %ò
�©� G'p"f�� �Ð4�© ½̈1lxl�ü<

³ð&h��̀¦ 1lxr�\� ���d�����H ��s�-ÈÒ-�½�×¼(Eye-to-Hand) ~½Ód��, Õªo��¦ �â
Äº\� ���� s�

Ñüt�̀¦ ���½+Ëô�Ç a�?1lx ���\O�(Cooperative) ~½Ód��Ü¼�Ð ��*'#Qt�>� �)a��. s� ×�æ ��s�-���-�½�

×¼~½Ód���Ér���\O� 8̈��â
 ½̈$í
s�6 xs�� 9Ø�æì�rô�ÇK��©��̧(Resolution)_�³ð&h�%ò
�©�]j/BN

s� ��0px�Ù¼�Ð ú́§�Ér q�ÅÒ\O� "f�Ðeç
 ë�H]j\�"f s� ~½Ód���̀¦ G�×þ��#� ë�H]j\�¦ K������¦

e���� [3].

s��Qô�Ç ��s�-���-�½�×¼ ~½Ód��_� q�ÅÒ\O� "f�Ðeç
�Ér /BN:�x&h�Ü¼�Ð q�ÅÒ\O� "f�Ðeç
 õ�&ñ


\�"f %ò
�©� G'p"f�ÐÂÒ'� S\�1pqô�Ç %ò
�©� &ñ
�Ð\�"f 3lq&h�\� ���� ³ð&h�_� :£¤fç
&h�, :£¤fç
���

[4], <�Ê�Ér s�p�t� �̧F'pàÔ(Image Moment) [5]ü< °ú �Ér #��Q��t� +þAI�_� ³ð&h�_� :£¤

fç
(Feature)�̀¦ ÆÒØ�¦ x9� ��/BN�<ÊÜ¼�Ð+� ³ð&h�\� @/ô�Ç &ñ
�Ð\�¦ ]j#Ql�\� ���²ú�K�ÅÒ��H ~½Ó

d���̀¦ G�×þ���¦ e����. ����"f, ��s�-���-�½�×¼ q�ÅÒ\O� "f�Ðeç
 ~½Ód��\�"f��H �Ð4�©_� s�1lx

õ�&ñ
\�"f %ò
�©� G'p"f_� r���(Field-of-View, FOV) ?/\� ³ð&h�_� %ò
�©�s� �½Ó�©� �>rF�K�

��ô�Ç����Hs��Ér����r� �̧|	�(Visibility Constraint)_�ëß�7á¤s��9�Ãº&h�s� 9,³ð&h�_�%ò


�©��Ér �Ð4�©õ� ³ð&h�_� �©�@/&h���� î�r1lx\� _�K� ���&ñ
÷&Ù¼�Ð q�ÅÒ\O� "f�Ðeç
 ]j#Ql�_� [O�

>� õ�&ñ
\�"f ³ð&h�_� î�r1lx\� @/ô�Ç �¦�9�� q�ÅÒ\O� "f�Ðeç
 e��Áº_� $í
/BN x9� ��r� �̧|	�

_� ëß�7á¤�̀¦ 0Aô�Ç Ùþ�d��&h���� %i�½+É�̀¦ �>� �)a��.

q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér ���:�x&h�Ü¼�Ð ]j#Ql� [O�>� õ�&ñ
\�"f ³ð&h�_� :£¤fç
 &ñ
�Ð

�Ö̧6 x x9� �©�I� ���Ãº_� [O�&ñ
 ~½ÓZO�\� ���� %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
(Image-Based

Visual-Servoing, IBVS)õ�0Au�l�ìøÍq�ÅÒ\O�"f�Ðeç
(Position-Based Visual-Servoing,

PBVS) x9� s�[þt_� Ö6x½+Ë l�ZO� (Hybrid Approach)Ü¼�Ð ��Ðüt Ãº e����. %ò
�©� l�ìøÍ q�ÅÒ

\O� "f�Ðeç
�Ér ÅÒ�Ð ³ð&h�_� :£¤fç
&h� ýa³ð &ñ
�Ð\�¦ �©�I� ���Ãº�Ð &ñ
_���¦ :£¤fç
&h�_� ¹¡§f��

e���̀¦ ]j#Q�<ÊÜ¼�Ð+� 3lq³ð �íÝ¼\�¦ �¾ÓK� �Ð4�©�̀¦ ½̈1lxr�v���H ~½Ód���̀¦ G�×þ���¦ e��Ü¼ 9

[6], :£¤fç
&h� 0Au�\�¦ ]j#Q���H :£¤$í
Ü¼�Ð ����#� ��r� �̧|	� (Visibility Constraint)�̀¦
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ëß�7á¤���H X<\� �̧�FK �8 &h�½+Ëô�Ç ~½Ód��Ü¼�Ð ·ú��94R e���� [46]. ìøÍ���, 0Au� l�ìøÍ q�ÅÒ\O�

"f�Ðeç
_� �â
Äº �&³F� x9� 3lq³ð �Ð4�© �íÝ¼\�"f S\�1pqô�Ç ³ð&h�_� :£¤fç
&h� &ñ
�Ð\�¦ �Ö̧6 x�#�

3	�"é¶/BNçß��©�\�"f_��Ð4�©_��íÝ¼\�¦ÆÒ&ñ
��¦�Ð4�©_��íÝ¼\�¦�©�I����Ãº�Ð&ñ
_��#�

3lq³ð �íÝ¼\�¦ �¾ÓK� î�r1lx½+É Ãº e����H ]j#Ql�\�¦ ½̈$í
���H ~½Ód���̀¦ G�×þ���¦ e��Ü¼ 9 [22],

{9�ìøÍ&h�Ü¼�Ð q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f :£¤fç
&h�_� î�r1lx\� @/ô�Ç ]j#Q\�¦ �¦�9�t� ·ú§Ü¼

Ù¼�Ð ��r� �̧|	�_� ëß�7á¤\� 2[���ô�Ç :£¤fç
�̀¦ ������� [46]. ¢̧ô�Ç, Ö6x½+Ë l�ZO��Ér %ò
�©� l�ìøÍ

q�ÅÒ\O� "f�Ðeç
õ� 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
_� éß�&h��̀¦ "f�Ð �Ð¢-a�l� 0AK� ¿º l�ZO�

çß�_� ���8̈� [34, 33]s��� #î
��� î�r1lx�Ér %ò
�©� l�ìøÍ, �r��� î�r1lx�Ér 0Au� l�ìøÍ q�ÅÒ\O� "f�Ð

eç
�̀¦ &h�6 x���H 1px ��Ä»�̧\�¦ ì�r½+É�#� y��y�� ���Ér ~½Ód���̀¦ &h�6 x���H 1px_� l�ZO� [32]�̀¦

G�×þ���¦ e����.

s��Qô�Ç q�ÅÒ\O� "f�Ðeç
 l�ZO�[þt�Ér ��r� �̧|	�_� ëß�7á¤�̀¦ 0AK� ���ª�ô�Ç ~½ÓZO��̀¦ ]jr�

��¦ e��Ü¼ 9, s���H ìøÍµ1Ï ���0A�©�(Repulsive Potential Field) l�ZO�, �â
�Ð >�S\�ZO�, ��r�

|9�½+Ë l�ZO� 1pxÜ¼�Ð ì�rÀÓ½+É Ãº e����. ���$� l��>r q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f ���©� f���'a&h�

��� ~½ÓZO�Ü¼�Ð V,�o� G�×þ�÷&�¦ e����H ìøÍµ1Ï ���0A�©�_� �â
Äº, �'p×¼-s�&7�'�_� î�r1lx õ�&ñ
\�

"f ³ð&h�_� %ò
�©�s� %ò
�©� G'p"f �oy��_� ���©���o�ü< ����0>|9�Ãº2�¤ %ò
�©� G'p"f�� F�g»¡¤ ~½Ó

�¾ÓÜ¼�Ð Êê�@��̧2�¤ ]j#Ql�\�¦ [O�>��<ÊÜ¼�Ð+� ��r� �̧|	�s� 0AC�|̈c �©�S!�s� {��'¬I�̀¦ M:

%ò
�©� G'p"f_� r���\�¦ V,�)� ³ð&h�_� %ò
�©�s� �oy���̀¦ #Á	#Q��t� ·ú§�̧2�¤ �Ð4�©_� î�r1lx�̀¦ ]j

#Qô�Ç�� [7], [16], [32], [35]. ¢̧ô�Ç, �â
�Ð >�S\�ZO�_� �â
Äº, [9, 12, 13] 1px\�"f��H %ò
�©� l�

ìøÍ �â
�Ð >�S\� l�ZO�(Image-Based Path Planning)�̀¦ ]jr��#�, �Ð4�©_� �íl� �íÝ¼ x9�

3lq³ð �íÝ¼_� ÆÒ&ñ
 ���õ�\�¦ ���½ÓÜ¼�Ð 3	�"é¶ /BNçß� �©�\�"f �Ð4�©_� �íl� �íÝ¼ü< 3lq³ð �í

Ý¼ ��s�_� f����� �â
�Ð �©�_� �íÝ¼[þt�̀¦ Ò�re�¦a�A��¦, �̧áÔ�����\�"f y�� Ò�re�¦ �íÝ¼\�"f_�

³ð&h�_� %ò
�©��̀¦ F�½̈$í
�<ÊÜ¼�Ð+� ��r� �̧|	��̀¦ ëß�7á¤�<Êõ� 1lxr�\� 3	�"é¶ /BNçß� �©�\�"f_�

�Ð4�©_� î�r1lx %i�r� �����Û¼�Qî�r �â
�Ð\�¦ ���� ¹¡§f��{9� Ãº e����H ~½ÓZO��̀¦ ]jr��%i���. ¢̧

ô�Ç, [28]\�"f��H ÅÒ��� 8̈��â
_� 3D &ñ
�Ð\�¦ ����� �©�I�\�"f ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H
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3	�"é¶ /BNçß� �©�_� �â
�Ð\�¦ [O�>�½+É Ãº e����H l�ZO��̀¦ ]jr��%i���. ô�Ç¼#�, [24], [29] 1px\�"f

��H ��r� |9�½+Ë(Visible Set) >h¥Æ��̀¦ �̧{9��#� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H �©�I� ���Ãº

[þt_� |9�½+Ë, 7£¤, ��r� |9�½+Ë�̀¦ &ñ
_�ô�Ç Êê, %ò
�©� G'p"f_� �íÝ¼\�¦ ����?/��H �©�I� ���Ãº��

��r� |9�½+Ë�̀¦ #Á	#Q��t� ·ú§�̧2�¤ ]j#Ql�\�¦ ½̈$í
�<ÊÜ¼�Ð+� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f ��

r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H l�ZO��̀¦ ]jr��%i���. s��Qô�Ç ���ª�ô�Ç r��̧[þt�Ér ��r� �̧|	�

_� Ø�æ7á¤s�����H 8£¤���\�"f��H &h�]X�ô�Ç ���õ�\�¦ �Ð#�ÅÒ�¦ e��t�ëß�, [29]\�"f ]jr��)a ��r�

|9�½+Ë >h¥Æ��̀¦ ]jü@ô�Ç @/ÂÒì�r_� l�ZO�[þts� ³ð&h�s� &ñ
t�÷&#Q e������H ��&ñ
s� ,9 &÷̈½¹כ

s�1lx ³ð&h�Ü¼�Ð SX��©�½+É �â
Äº &h�6 xs� Ô�¦��0pxK�t���H ë�H]j&h��̀¦ îß��¦ e����.

ô�Ç¼#�, q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f_� ³ð&h�_� î�r1lx�Ér {9�ìøÍ&h�Ü¼�Ð ³ð&h�õ� �Ð4�© çß�_�

�©�@/&h���� �íÝ¼\� @/ô�Ç 1lx%i��<Æ ~½Ó&ñ
d�� �©�\�"f ÂÒ��&h���� ü@ÂÒ {9�§4�_� +þAI��Ð ���6 x�

>� ÷&Ù¼�Ð, s�\� @/ô�Ç �Ð�©�s� \O��̀¦ �â
Äº ]j#Q $í
0px_� $��\�¦ ��4R�̧>� H�ds� ·ú��94R

e���� [3]. ����"f, f���'a&h�Ü¼�Ð �Ð��¤�̀¦ M:, s�1lx ³ð&h�\� @/�#� ëß�7á¤½+Éëß�ô�Ç q�ÅÒ\O� "f

�Ðeç
 $í
0px�̀¦ %3�l� 0AK�"f��H %ò
�©� G'p"f\�¦ :�xK� ³ð&h�_� î�r1lx�̀¦ ÆÒ&ñ
��¦ ]j#Ql� [O�>�

éß�>�\�"f s�\�¦ �Ð�©�K�ÅÒ��H ��s	כ &h�]X�ô�Ç K����Õþ�s� |̈c Ãº e����. %ò
�©� G'p"f\�¦ s�6 xô�Ç

³ð&h� î�r1lx ÆÒ&ñ
l� [O�>� l�ZO��Ér %ò
�©� %�o� ì�r��\�"f ú́§�Ér ���½̈��[þt_� ÅÒ3lq�̀¦ ~ÃÎ���:r

l�ZO�s���. {9�ìøÍ&h�Ü¼�Ð %ò
�©� G'p"f\�¦ s�6 xô�Ç ³ð&h� î�r1lx ÆÒ&ñ
l�_� [O�>� õ�&ñ
\���� ³ð&h�

_� U�·s� &ñ
�Ð\�¦ {9�#Q!Qo�>� ÷&��H %ò
�©� G'p"f_� :£¤$í
Ü¼�Ð ����#� ³ð&h� î�r1lxõ� �'a8£¤u�

çß�_� �'a>��� q����+þA +þAI��Ð l�Õüt÷&��H ��s	כ :£¤fç
s���. s� �â
Äº, 4�¤ú̧�ô�Ç q����+þA ÆÒ&ñ


l�\�¦ [O�>������ SX��©� ºú�ëß� �9�'�(Extended Kalman Filter) 1px�̀¦ G�×þ��#� ÆÒ&ñ
l�

\�¦ [O�>��>� ÷& 9 [59], [58], s���� &h�[þt�̀¦ >h����#� &h�]X�ô�Ç �'a8£¤u� [O�&ñ
�̀¦ :�xK� ���+þA

+þAI�_� ÆÒ&ñ
l�\�¦ [O�>����H l�ZO�[þt�̧ {9�ÂÒ ]jîß�÷&#Q e���� [60]. Õª�Q��, s��Qô�Ç Ä»+þA

_� ³ð&h� î�r1lx ÆÒ&ñ
 l�ZO�[þt�Ér Ãº§4�$í
\� @/ô�Ç ì�r$3� ���̂�� #Q§>����� ÆÒ&ñ
l� Ãº§4� �̧

|	�_� ëß�7á¤�̀¦ 0AK� %ò
�©� G'p"f_� Û¼W1s�(ç
(Snaking)s��� ��5Åq�̧ î�r1lx 1px :£¤&ñ
ô�Ç �ª��©�

_� ¹¡§f��e��s� ��H&÷̈½¹כ ��s	כ {9�ìøÍ&h�s���. ô�Ç¼#� s��Qô�Ç ë�H]j\�¦ x�K���l� 0A�#� ³ð&h�
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��t�_� U�·s� &ñ
�Ð\�¦ 8£¤&ñ
 ��0px�����H ��&ñ
 �\� ³ð&h� î�r1lx ÆÒ&ñ
 ë�H]j\�¦ éß�í�H�o�#�


�Bj��_� Ô�¦�9¹כ�ô�Ç l�1lx�̀¦ ~½Ót�ô�Ç l�ZO�[þt�̧ ]jr�÷&%3��� [61], [62], [63] :�x�©�&h�Ü¼�Ð

q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér ��r� �̧|	�s� ��H&÷̈½¹כ �©�S!� �\�"f ³ð&h�õ� %ò
�©� G'p"f_� �©�@/

&h���� 0Au� x9� ��[j�� �©�Ãº�� ÷&�̧2�¤ %ò
�©� G'p"f_� î�r1lx�̀¦ ]j#Q���H ��s	כ 3lq&h�s���.

����"f, s��Qô�Ç "f�Ðeç
 õ�&ñ
\� Û¼W1s�(ç
(Snaking)s��� ��5Åq�̧ î�r1lx 1px_� ¹¡§f��e���̀¦

ÆÒ�����H ��Ér	כ ���\O� z�́J��Ð s�#Qt���H 0A+«>s� ��\�¦ Ãº e��Ü¼ 9, s���H q�ÅÒ\O� "f�Ðeç


õ�&ñ
\�"f_� ³ð&h� î�r1lx &ñ
�Ð_� ÆÒ&ñ
�̀¦ �8¹¡¤ #Q§>�>� ëß�×¼��H �¹���sכ �)a��. ¢̧ô�Ç, ³ð&h�

_� U�·s� 8£¤&ñ
�̀¦ ��0pxH� �l� 0AK�"f��H ÆÒ��&h���� �©�q��� ¹כ��9�Ù¼�Ð r�Û¼%7� ½̈$í
 q�

6 x�̀¦ 7£x��r�v���H �¹���sכ �)a��.

��±ú�s� Ãº¹כ�� Zþt#Q���¦ e����H ��1lx�o r�Û¼%7�\�"f_� ]j¾¡§_� ���Ãº x9� î�rìøÍ, �̧wn�

1pxs��� þj��H ú́§�Ér ÅÒ3lq�̀¦ ~ÃÎ�¦ e����H �̧��{9� �Ð4�©, Áº��� q�'���̂ 1px�̀¦ �Ö̧6 xô�Ç ³ð&h�

_� ÆÒ&h� x9� y��r�, ¼#�@/ Ä»t� ]j#Q 1px s�1lx ³ð&h�\� @/ô�Ç q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ �Ö̧6 x

½+É Ãº e����H %ò
%i��Ér &h�	� SX�@/|̈c �Ü¼�Ð	כ l�@/��¦ e����. s�1lx ³ð&h�\� @/ô�Ç %ò
�©� l�ìøÍ

�Ð4�© ]j#Q��H Õª 1lxîß� ³ð&h��̀¦ �¾Óô�Ç r���� ~½Ó�¾Óëß��̀¦ ]j#Q���H q�ÅÒ\O� àÔA�(ç
 (Visual

Tracking) ì�r��\�"f ÅÒ�Ð �¦�9÷&#Q M®oÜ¼ 9 [37]-[40], q�ÅÒ\O� "f�Ðeç
\� @/K�"f��H s�

1lx ³ð&h��̀¦ Õª @/�©�Ü¼�Ð ô�Ç \V�� �&³$�y� &h��� [18], [19]. ����"f, �:r �7Hë�H\�"f��H q�î̈


��� +þAI�_� s�1lx ³ð&h��̀¦ q�ÅÒ\O� "f�Ðeç
 @/�©�Ü¼�Ð [O�&ñ
��¦ s�\� @/�#� q�ÅÒ\O� "f�Ð

eç
 õ�&ñ
\� &h�½+Ëô�Ç +þAI�_� ³ð&h� î�r1lx ÆÒ&ñ
 l�ZO��̀¦ ]jîß�� 9, s�\�¦ s�6 x�#� 3lq³ð �í

Ý¼�Ð_� Ãº§4�$í
õ� "f�Ðeç
 õ�&ñ
\�"f_� ��r� �̧|	��̀¦ 1lxr�\� ëß�7á¤½+É Ãº e����H q�ÅÒ\O� "f

�Ðeç
 l�ZO��̀¦ ]jîß���̧2�¤ ô�Ç��.
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1.2 ¥o>Ä©  ấØ̧

�:r �7Hë�H\�"f��H ��s�-���-�½�×¼ ½̈$í
 ~½Ód��\� l�ìøÍ�#� éß�îß�(Monocular) ��r� F�g���


�Bj��\�¦ %ò
�©� G'p"f�Ð �Ö̧6 x�<ÊÜ¼�Ð+� q�î̈
��� s�1lx ³ð&h�\� @/K� ���%i�&h� îß�&ñ
$í
õ� ��

r� �̧|	��̀¦ 1lxr�\� ëß�7á¤½+É Ãº e����H 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jîß�ô�Ç��. ³ð&h�

�Ér +þAI�\� @/ô�Ç ]jô�Ç�̀¦ ��t�t� ·ú§��H e��_�_� +þAI�s� 9 1px5ÅqÜ¼�Ð #î
��� î�r1lxëß��̀¦ ��¦

e��Ü¼ 9 �r��� î�r1lx\� _�ô�Ç ��[j ����o��H \O������¦ ��&ñ
ô�Ç��.

���$�, �Ð4�© �íÝ¼ü< �'aº���)a �©�I� ���Ãº x9� ³ð&h�_� î�r1lx�̀¦ ÆÒ&ñ
�l� 0A�#� ³ð&h�õ�


�Bj���� �̧¿º s�1lx���H 8̈��â
�̀¦ �¦�9ô�Ç \�G'p[>� '��§>=(Essential Matrix)�̀¦ Ä»�̧ô�Ç��.

\�G'p[>� '��§>=�Ér "f�Ð ���Ér ¿º 0Au�\�"f S\�1pqô�Ç %ò
�©�\�"f_� ³ð&h� :£¤fç
&h� ýa³ð çß�_�

�'a>�\�¦ ����?/��H '��§>=s���. s� '��§>=�Ér ³ð&h�_� 0Au� x9� ��[jü< 
�Bj��_� î�r1lxõ� �'a

º���)a ����p�'�[þt�̀¦ �í�<Ê��¦ e��Ü¼Ù¼�Ð, 
�Bj���� ³ð&h�_� �íÝ¼\�¦ ÆÒ&ñ
���H ë�H]j\�

"f B�Äº Ä»6 x�>� ��6 x�)a��. Õª�Q��, l��>r_� \�G'p[>� '��§>=_� Ä»�̧ õ�&ñ
\�"f��H ³ð&h�

<�Ê�Ér 
�Bj���� �¦&ñ
÷&#Q e����H �©�S!��̀¦ ��&ñ
��¦ e��Ü¼Ù¼�Ð, ³ð&h�õ� 
�Bj���� 1lxr�\�

s�1lx���H �©�S!�\���H &h�6 x½+É Ãº \O���. s�\� ���� ³ð&h�õ� 
�Bj��_� î�r1lx �̧¿º\�¦ �¦�9

ô�Ç \�G'p[>� '��§>=_� +þAI�\�¦ Ä»�̧��̧2�¤ � 9, s� \�G'p[>� '��§>=_� ì�rK� ���õ���H %ò
�©� G'p

"fü< ³ð&h�_� î�r1lx &ñ
�Ð\�¦ �̧¿º �í�<Ê��¦ e��#Q s�Êê ³ð&h� î�r1lx &ñ
�Ð ÆÒ&ñ
l�ü< q�ÅÒ

\O� "f�Ðeç
 ]j#Ql�_� �©�I� ���Ãº ÆÒ&ñ
\� �Ö̧6 x½+É Ãº e����.

��6£§Ü¼�Ð s�1lx ³ð&h��̀¦ �¦�9ô�Ç \�G'p[>� '��§>=_� ì�rK� ���õ�ü< %ò
�©� G'p"f_� î�r1lx &ñ


�Ð\�¦���½ÓÜ¼�Ð³ð&h�î�r1lx\�@/ô�Ç1lx%i��<Æ~½Ó&ñ
d���̀¦Ä»�̧��̧2�¤ô�Ç��.³ð&h�_�U�·s�&ñ


�Ð\� Ô�¦SX�z�́$í
s� �>rF�ô�Ç����H ��&ñ
 �\� &h�]X�ô�Ç �'a8£¤u�(Measurement)\�¦ [O�&ñ
�<ÊÜ¼

�Ð+� ³ð&h� î�r1lx\� @/ô�Ç �©�I� ~½Ó&ñ
d���̀¦ ���+þA r�Û¼%7� +þAI��Ð l�Õüt½+É Ãº e��Ü¼ 9, s�\�¦

���½ÓÜ¼�Ð ÀÒ�'p!Q�� �'a8£¤l�\� l�ìøÍ�#� ³ð&h�_� #î
��� î�r1lx ÆÒ&ñ
l�\�¦ [O�>�ô�Ç��. [O�>�

�)a �'a8£¤l���H ���'a8£¤$í
 ì�r$3��̀¦ :�xK� �½Ó�©� Ãº§4�s� ��0px�<Ê�̀¦ �Ð�©�� 9, ÀÒ�'p!Q�� �'a8£¤
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l� +þAI��Ð ����#� >�íß�|¾Ós� &h�Ü¼ 9, Ãº§4� 5Åq�̧ %i�r� ��6 x���� �̧]X�½+É Ãº e����H �©�&h�

�̀¦ �������. ¢̧ô�Ç, ³ð&h�_� U�·s� &ñ
�Ð\� Ô�¦SX�z�́$í
s� �>rF����H �â
Äº\� @/K� Ãº§4�$í
 ì�r

$3��̀¦]j/BN�<ÊÜ¼�Ð+�q�ÅÒ\O�"f�Ðeç
õ�&ñ
\���6 x�l�&h�½+Ëô�ÇÆÒ&ñ
l�e���̀¦{9�7£x��̧2�¤

ô�Ç��.

��6£§Ü¼�Ð, ½̈��� ýa³ð>� x9� �̧ï�r��� ýa³ð>� >h¥Æ��̀¦ �̧{9��#�, 
�Bj��, <�Ê�Ér �Ð4�©

½̈1lxl�_� �'p×¼-s�&7�'�_� 0Au�ü< ��[j\�¦ l�Õüt�l� 0Aô�Ç 6��Ä»�̧_� �©�I� ���Ãº\�¦ &ñ


_�ô�Ç��. 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
\�"f��H f���§ ýa³ð>�\�¦ ��6 x���H ��s	כ {9�ìøÍ&h�s�t�

ëß� ½̈��� ýa³ð>�ü< �̧ï�r��� ýa³ð>�\�¦ ��6 x½+É �â
Äº ��r� �̧|	�õ� �'aº���)a ����p�'�[þts�

6��Ä»�̧�©�I����Ãº\��í�<Ê÷& 9, s�\�����&h�]X�ô�Ç�â
�Ð>�S\��̀¦:�xK��Ð4�©]j#Qõ�&ñ


\�"f �����Û¼XO�>� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e���̧2�¤ ]j#Ql�\�¦ [O�>�½+É Ãº e����. s��Qô�Ç

�©�I� ���Ãºü< ·ú¡\�"f ��&ñ
ô�Ç ³ð&h�_� î�r1lx �̧4Sq�̀¦ s�6 x�#� ³ð&h�_� î�r1lx�̀¦ �¦�9ô�Ç �©�

I� ���Ãº_� 1lx%i��<Æ ~½Ó&ñ
d���̀¦ Ä»�̧��̧2�¤ ô�Ç��.

¢̧ô�Ç, ³ð&h���t�_� �©�@/ ��o� x9� �̧ï�r��� �̧	�\�¦ s�6 xô�Ç ��r� |9�½+Ë�̀¦ �̧{9���̧2�¤

ô�Ç��. ³ð&h� %ò
�©�_� �̧��H :£¤fç
&h�s� 
�Bj��_� �oy�� ?/ÂÒ\�  QÁº2£§Ü¼�Ð+� ��r� �̧|	�s�

ëß�7á¤÷&�9��� 
�Bj���ÐÂÒ'� ³ð&h���t�_� ��o�ü< 
�Bj��\�¦ l�ï�rÜ¼�Ð ³ð&h��̀¦ �����Ð��H

~½Ó�¾Ós�&h�]X�y� �̧]X�s�÷&#Q��ô�Ç��.s���H�Ð4�©_��íÝ¼ü<�'aº���)a�©�I����Ãº×�æ 3>h_�

�©�I� ���Ãº\� _�K� �̧]X�½+É Ãº e��Ü¼ 9, s� 3>h_� �©�I� ���Ãº�� {9�&ñ
 |9�½+Ë\� 5Åq½+É �â
Äº

³ð&h�_� +þAI��� î�r1lx\� �'a>� \O�s� ��r� �̧|	�s� ëß�7á¤|̈c Ãº e����. s�XO�>� ��r� �̧|	��̀¦

ëß�7á¤½+É Ãº e����H �©�I� ���Ãº_� |9�½+Ë�̀¦ ��r� |9�½+Ës��� g�A� 9, s� |9�½+Ë�Ér 
�Bj��_� �o

y��õ� ��ðøÍ��t��Ð �	� 7�Û¼(Convex)s���. s��Qô�Ç �	� 7�Û¼ :£¤$í
�Ér ��r� �̧|	�õ� �'aº���)a

�©�I� ���Ãº[þts� ��r� |9�½+Ë ?/ÂÒ\�"f ¹¡§f��{9� Ãº e���̧2�¤ ]j#Ql�\�¦ [O�>����H õ�&ñ
\�"f

Ä»6 x�>� ��6 x½+É Ãº e����H :£¤$í
s���.

��t�}��Ü¼�Ð, �Ð4�© �íÝ¼ �©�I� ���Ãºü< ³ð&h� #î
��� î�r1lx ÆÒ&ñ
u�\�¦ s�6 x�#� ��r�

|9�½+Ë ?/ÂÒ\�"f �©�I� ���Ãº�� #Á	#Q��t� ·ú§�̧2�¤ ���H �©�I� ���Ãº_� 3lq³ð C�&h�(Desired
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Trajectory)�̀¦ Òqt$í
��¦ s�\�¦ &h�]X�y� ÆÒ7áx½+É Ãº e����H ]j#Ql�\�¦ [O�>���̧2�¤ ô�Ç��. �©�

I� ���Ãº_� 3lq³ð C�&h��Ér ��r� |9�½+Ë_� �	� 7�Û¼ :£¤$í
�̀¦ s�6 x�#�, çß�¼#��>� �íl� x9� 3lq

³ð�Ð4�©�íÝ¼\�"f_��©�I����Ãº[þt�̀¦f�����Ü¼�Ðe±	��H�â
�Ð\�¦×þ��%i���.��6£§Ü¼�Ð,³ð&h�

_� ß¼l� &ñ
�Ð\� Ô�¦SX�z�́$í
s� �>rF�½+É �â
Äº\�¦ �¦�9�#�, [O�>�ô�Ç ]j#Ql�\� @/ô�Ç îß�&ñ
$í


ì�r$3��̀¦ Ãº'���<ÊÜ¼�Ð+� ³ð&h� ß¼l� &ñ
�Ð_� Ô�¦SX�z�́$í
\��̧ Ô�¦½̈��¦ ��r� �̧|	�_� ëß�7á¤

õ� 3lq³ð �íÝ¼�Ð_� Ãº§4�s� ��0px�<Ê�̀¦ �Ð%i���. �:r �7Hë�H\�"f ��ÀÒ�¦ e����H ë�H]j��H ��r�

�̧|	�\� _�K�, ]jô�Ç �̧|	��̀¦ ��t���H q����+þA r�Û¼%7� ]j#Q ë�H]j�Ð ³ð�&³÷&Ù¼�Ð, ë�H]j K�

��� õ�&ñ
\� Z�}�Ér èß�s��̧�� .��a(�̈½¹כ Õª�Q�� ��r� |9�½+Ë_� �	� 7�Û¼ :£¤$í
�̀¦ s�6 xô�Ç 3lq

³ð C�&h� [O�>�ü< ³ð&h� î�r1lx ÆÒ&ñ
l� �̧	�_� :£¤$í
�̀¦ s�6 x�<ÊÜ¼�Ð+� s�\�¦ q��§&h� çß�éß�ô�Ç

���+þA r�Û¼%7� ]j#Q ë�H]j�Ð ���8̈��#� K����½+É Ãº e����. s�1lx ³ð&h�\� @/K� ��r� �̧|	� x9�

3lq³ð �íÝ¼�Ð_� Ãº§4�$í
�̀¦ ëß�7á¤���H ë�H]j��H l��>r\� r��̧÷&t� ·ú§��¤~�� ë�H]js� 9, s�\�

 »	·¡#� ³ð&h� ß¼l� &ñ
�Ð_� Ô�¦SX�z�́$í
\� @/ô�Ç y©����$í
 %i�r� SX��Ð�<ÊÜ¼�Ð+�, l��>r_� l�ZO�

[þt\� q�K� �Ö̧6 x�̧�� Z�}�̀¦ �Ü¼�Ð	כ óøÍéß��)a��. ¢̧ô�Ç, 
�Bj��ü< ³ð&h�_� î�r1lx�̀¦ ½̈�&³ô�Ç

�̧_� z�́+«> 8̈��â
õ� 6»¡¤ �Ð4�© ½̈1lxl�\�¦ s�6 xô�Ç z�́+«> 8̈��â
�̀¦ ½̈»¡¤�#� ·ú¡"f ���/åLô�Ç ���

õ�[þt\� @/ô�Ç 7áx½+Ë&h���� $í
0px î̈
��\�¦ Ãº'���<ÊÜ¼�Ð+� ]jîß�ô�Ç l�ZO�_� z�́6 x$í
�̀¦ {9�7£x�

%i���.
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V� 2 *�× j�ÌÁá�
 "��×�b� k�â«�̀g �¿5�

s� �©�\�"f��H �:r �7Hë�H_� ���>h õ�&ñ
\�"f ¹ô�Çכ��9 l��:r&h���� (��ÉÓ'� q���� �'aº�� l�Õüt&h�

?/6 xõ� q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f ��ÀÒ��H ë�H]j[þt�̀¦ l�Õüt��̧2�¤ ô�Ç��. ���$�, �2;f.Ë 
�

Bj�� �̧4Sq(Pin-Hole Camera Model)�̀¦ ��6 x�#� 3	�"é¶ /BNçß� �©�_� :£¤fç
&h�s� 
�Bj��

\� ÈÒ%ò
÷&��H õ�&ñ
�̀¦ Ãº�<Æ&h�Ü¼�Ð �̧4Sqa�A�<ÊÜ¼�Ð+� Äºo��� %ò
�©�Ü¼�Ð �Ð��H :£¤fç
&h�õ�

Õª\� K�{©����H 3	�"é¶ /BNçß� �©�_� :£¤fç
&h� çß�_� ���8̈� �'a>�\�¦ "fÕüt��̧2�¤ ô�Ç��. ��6£§Ü¼

�Ð, l��í '��§>=_� :£¤$í
�̀¦ ¶ú�(R 4�§Ü¼�Ð+� %ò
�©��̀¦ s�6 x�#� ³ð&h�_� ��[j x9� 
�Bj��_�

#î
���/�r��� î�r1lx�̀¦ ÆÒ&ñ
½+É Ãº e����H l��:r&h���� ÆÒ&ñ
 l�ZO� 1px�̀¦ �è>h��̧2�¤ � 9, ��t�

}��Ü¼�Ð, q�ÅÒ\O� "f�Ðeç
 l�ZO� ë�H]j [O�&ñ
õ� {9�ìøÍ&h���� q�ÅÒ\O� "f�Ðeç
 l�ZO�[þt\�"f ����

����H ë�H]j[þt�̀¦ �è>h�̧2�¤ ô�Ç��.

2.1 
�Rc�� �¿D�fÿb�

2.1.1 ÏÙ�� ��ÆZ�ß�� - 
�Rc�� gCÉÙ ê�>��


�Bj��, 7£¤, 
�Bj��_� �̧4Sq�Ér E$�Ý¼\�¦ ��5g OÉ��©� �è��\� �©�s� ë�By���H ~½Ód��\� ��

�� �2;f.Ë (Pin-Hole) 
�Bj�� �̧4Sq, #Qîß� E$�Ý¼(Fish-Eye) 
�Bj�� �̧4Sq, ���~½Ó�¾Ó(Omni-

directional) 
�Bj�� �̧4Sq 1px ���ª�ô�Ç ~½Ód��Ü¼�Ð ì�rÀÓ½+É Ãº e����. s� ×�æ �:r �7Hë�H\�"f ��

6 x½+É �2;f.Ë 
�Bj�� �̧4Sq�Ér ÈÒ�� ��%ò
ZO�(Perspective Projection)�̀¦ :�xK� �̧4Sqa�A½+É Ãº

e����H +þAI�_� 
�Bj��s� 9, ���©� {9�ìøÍ&h�Ü¼�Ð V,�o� ��6 x÷&�¦ e����H 
�Bj��[þts� s� #3�ÅÒ

\� 5Åq�>� �)a��. s� �2;f.Ë 
�Bj�� �̧4Sq�Ér 
�Bj�� ýa³ð>�_� ×�æd�� "é¶&h�õ� 3	�"é¶ /BNçß�

�©�_� &h�[þt ��s�\�¦ e±	��H f�����[þts� ×�æd�� "é¶&h�\�"f {9�&ñ
 ��o�\� 0Au�ô�Ç s�p�t� î̈
���õ�

ëß��� %ò
�©��̀¦ ½̈$í
���H +þAI�_� �̧4Sqa�A ~½Ód��s���. ���$�, 
�Bj�� ýa³ð>�\�¦ C�� �%i��̀¦
M:, ÕªaË> 2.1ü< °ú s� ýa³ð>� C_� ×�æd�� "é¶&h� OC\� @/�#� F�g»¡¤ ~½Ó�¾ÓÜ¼�Ð �í&h� ��o�
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fëß��pu b��#Q��� 0Au�\� s�p�t� î̈
���s� 0Au�K� e�����¦ ��&ñ
��̧2�¤ ô�Ç��. OCü< 3	�"é¶

/BNçß� �©�_� ô�Ç &h� Cp = [X Y Z]T ��s�\�¦ e±	��H f�����s� s�p�t� î̈
���õ� ëß�����H &h�,

7£¤, Cp�� s�p�t� î̈
��� 0A�Ð ��%ò
�)a &h��̀¦ Cm = [fx fy f ]T�� ½+É M:, Cm�Ér ��6£§õ�

°ú s� ����èq Ãº e���� [36].

Cm =
f

Z
M CP

= f
[

X
Z

Y
Z 1

]T
(2.1)

#�l�"f M , [I3 03×1] ∈ R3×4�Ér ��%ò
 '��§>=(Projection Matrix)\�¦ _�p�� 9,

CP , [ CpT 1 ]T�Ér Cp_�  ñ�̧t�m�#QÛ¼ ýa³ð(Homogeneous Coordinate)s���. s�

Êê_� l�Õüt õ�&ñ
\�"f��H ¼#�_�\�¦ 0A�#� Cmõ� Cp�̀¦ y��y�� :£¤fç
&h�_� s�p�t� ýa³ð, /BN

çß� ýa³ð�� ×�¦#�  ñg�A��̧2�¤ ô�Ç��.

ô�Ç¼#�, {9�ìøÍ&h�Ü¼�Ð 3	�"é¶ /BNçß� �©�_� ô�Ç &h�_� ýa³ð\�¦ 
�Bj�� ýa³ð>�\�¦ s�6 x�#�

f��]X� ³ð�&³�l���H #Q�9î�r �â
Äº�� ú́§��. s�\�¦ @/����#� /BNçß� �©�\� ¢̧ ���Ér ýa³ð>�, \V

\�¦ [þt#Q ³ð&h�_� ×�æd�� <�Ê�Ér �Ð4�©_� l�$�ÂÒ 1px�̀¦ l�ï�rÜ¼�Ð ô�Ç B \�¦ [O�&ñ
�#� s�\�¦ l�
ï�rÜ¼�Ð &h� p_� ýa³ð\�¦ l�Õütô�Ç Êê ýa³ð>� Cü< ýa³ð>� Bçß�_� ���8̈� �'a>�\�¦ s�6 x���H
��s	כ �8 ò́Ö�¦&h�{9� Ãº e����. s� �â
Äº, Cmõ� BP çß�_� �'a>���H ��6£§õ� °ú s� ����èq Ãº

e���� [36].

Cm =
f

Z
M̄ BP (2.2)

#�l�"f M̄ ,
[
CRB

COB

] ∈ R3×4s� 9 M̄\� �í�<Ê�)a CRBü<
COB\�¦ ��o�&� 
�Bj

�� ü@ÂÒ �����(Extrinsic Parameters)�� g�Aô�Ç��. s� 
�Bj�� ü@ÂÒ �������H l�ï�r ýa³ð>�

B�ÐÂÒ'� 
�Bj�� ýa³ð>� "é¶&h�_� 0Au� x9� 
�Bj�� ýa³ð>�_� ��[j\�¦ ���&ñ
½+É Ãº e����H ���
��[þts���. BP , [ BpT 1 ]T��H Bp_�  ñ�̧t�m�#QÛ¼ ýa³ðs���. (2.4)ü< °ú �Ér �'a>���H

s�Êê_� ���>h õ�&ñ
\�"f [O�&ñ
�>� |̈c y��7áx ýa³ð>� çß�_� ���8̈� �'a>�\�¦ s�6 xK� ³ð&h� :£¤
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X

Y

Z

p

CO

m

Image Plane

Camera 

Principal Axis
y

x
f

ÕªaË> 2.1: �2;f.Ë 
�Bj�� �̧4Sq

fç
&h�_� s�p�t� ýa³ð\�¦ >�íß����H õ�&ñ
\�"f B�Äº Ä»6 x�>� ��6 x�)a��.

2.1.2 
�Rc�� 6�ÉÙ ê�>��

2.1.1]X�\�"f l�Õütô�Ç :£¤fç
&h�_� s�p�t� ýa³ð Cm��H Cp�� 
�Bj�� �©�\� ��%ò
÷&��H 0A

u�\�¦ �̧4Sqa�Aô�Ç ���|�s	כ �t�ëß� Äºo��� f��]X� �Ð��H %ò
�©��̀¦ l�ï�rÜ¼�Ð �����·p :£¤fç
&h�

_� ýa³ðü<��H Õª _�p��� ��ØÔ��. {9�ìøÍ&h�Ü¼�Ð 
�Bj��_� 
�Bj����H OÉ��©� �è���Ð ��6 x

÷&��H CCD (Charged Coupled Device) <�Ê�Ér CMOS (Complementary Metal-Oxide

Semiconductor) �è���� ���Ð[j�Ð�Ð ÃºÑþ�ëß�\�"f Ãº��;ëß�>h s��©�s� C�\P��)a +þAI��Ð ½̈

$í
÷&#Q e����. y��y��_� �è����H E$�Ý¼\�¦ :�xõ��#� �:r ynC�̀¦ {9�&ñ
 ÅÒl� 1lxîß� ~ÃÎ�� ���l� ���

 ñ�Ð ��Ë̈#Q ÅÒ��H %i�½+É�̀¦ � 9, s� ��� ñ\�¦ &h�]X�y� �ª����o�)a Ãºu��Ð l�2�¤�#� �̧6£§

Ü¼�Ð+� ���_� %ò
�©��̀¦ ½̈$í
���H �.���s	כ ���_� �è����H Äºo��� z�́]j�Ð �'a¹1Ï½+É Ãº

e����H %ò
�©� �©�_� ô�Ç i��!sq(Pixel)\� @/6£x÷&#Q e��Ü¼ 9, Äºo��� %ò
�©�\�"f S\�1pqô�Ç :£¤fç
&h�

_� ýa³ð��H s� i��!sq_� ���Ð x9� [j�Ð ~½Ó�¾Ó Ì�	Ãº\�¦ l�ï�rÜ¼�Ð ½̈$í
ô�Ç i��!sq ýa³ð\�¦ ��6 x

��¦ e��Ü¼Ù¼�Ð, :£¤fç
&h�_� i��!sq ýa³ðü< s�p�t� ýa³ð çß�_� �'a>�\�¦ "î
SX�y� µ1ß)�Ñüt �9�

��¹כ e����.

���$�,{9�ìøÍ&h����i��!sqýa³ð>���H%ò
�©�_�ýa�©�éß�_� �̧Ú�æs�t�&h��̀¦"é¶&h�Ü¼�Ð �̧�ÉrAá¤

~½Ó�¾Ó�̀¦ x-~½Ó�¾Ó, ��A�Aá¤ ~½Ó�¾Ó�̀¦ y-~½Ó�¾ÓÜ¼�Ð [O�&ñ
ô�Ç��. ����"f, ÕªaË> 2.2�̀¦ �ÃÐ�̧����,
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u

v

x

y

0u

0v

sφ

ÕªaË> 2.2: 
�Bj�� �©�_� i��!sq ýa³ð>� [O�&ñ


���_� :£¤fç
&h�\� @/ô�Ç i��!sq ýa³ð Cq = [u v 1]Tü< s�p�t� ýa³ð Cm = [x y 1]Tçß�

_� �'a>���H ��6£§õ� °ú �Ér ���+þA ~½Ó&ñ
d�� +þAI��Ð ����èq Ãº e���� [32].

Cq = KCm

=




fku −fku cotφs u0

0 fkv/ sinφs v0

0 0 1




Cm
(2.3)

#�l�"f K\�¦ 
�Bj�� ?/ÂÒ ����� (Camera Intrinsic Parameters) '��§>=s��� ô�Ç��. 
�Bj

�� ?/ÂÒ �������H 8úx ��$Á	��t� Ãºu��Ð ������ 9 y��y��_� _�p���H ��6£§õ� °ú ��. u0, v0��H

y��y�� s�p�t� î̈
��� x, y-~½Ó�¾ÓÜ¼�Ð_� �̧áÔ!Ó	�̀¦, ku, kv��H éß�0A U�́s� {©� i��!sq_� Ì�	Ãº\�¦,

φs��H 
�Bj��_� ���Ð x9� [j�Ð »¡¤s� s�ÀÒ��H y���̧\�¦ _�p�ô�Ç��. �&³@/_� 
�Bj�� ]j��� õ�

&ñ
�Ér �¦�̧�Ð &ñ
x9��o÷&#Q e����H �'a>��Ð {9�ìøÍ&h�Ü¼�Ð φs��H 90◦�Ð çß�ÅÒ½+É Ãº e��Ü¼ 9, �:r

�7Hë�H\�"f�̧ s�\�¦ ��ØÔl��Ð ô�Ç��. ¢̧ô�Ç, �í&h� ��o� f��H ¼#�_��©� 1�Ð [O�&ñ
��̧2�¤ ô�Ç��.
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�Bj�� ?/ÂÒ ����� x9� ü@ÂÒ �������H :£¤fç
&h�_� i��!sq ýa³ðü< s�p�t� ýa³ð x9� /BNçß�

ýa³ð\�¦ "f�Ð ������r�&� ÅÒ��H %i�½+É�̀¦ ô�Ç����H X<\�"f Õª _�p��� ×�æ¹כ����¦ ½+É Ãº e��

��. :£¤y� 
�Bj�� ?/ÂÒ �������H ���©�_� ýa³ð��� i��!sq ýa³ð\�¦ z�́]j /BNçß� �©�_� ýa³ð��� s�

p�t� ýa³ðü< ������r�&� ÅÒ��H %i�½+É�̀¦ �Ù¼�Ð y��7áx (��ÉÓ'� q���� �'aº�� l�ZO�\���� 
�Bj

�� ?/ÂÒ �����\� @/ô�Ç ÆÒ&ñ
 õ�&ñ
�̀¦ l��:r&h�Ü¼�Ð ��u�>� �)a��. t��FK��t� l�Õütô�Ç 
�Bj

�� ?/ÂÒ ����� x9� ü@ÂÒ �����\�¦ s�6 x���� :£¤fç
&h� i��!sq ýa³ðü< /BNçß� ýa³ð çß�_� �'a>���H

��A�ü< °ú s� l�Õüt½+É Ãº e����.

Cq =
f

Z
KM̄ BP (2.4)

¢̧ô�Ç,#��Q>h_�:£¤fç
&h�ýa³ð&ñ
�Ð\�¦s�6 x�#�0Ad���̀¦l�ìøÍÜ¼�Ð
�Bj��?/ÂÒ���

��\�¦ ÆÒ&ñ
½+É Ãº e����H 
�Bj�� Ö�qo�ÚÔYUs����(Camera Calibration)l�ZO�[þts� ]jr�÷&#Q

e��Ü¼Ù¼�Ð [41], �:r �7Hë�H\�"f�̧ s��Qô�Ç l�ZO�[þt�̀¦ &h�6 x�#� 
�Bj�� ?/ÂÒ �����\�¦ ÆÒ&ñ


��̧2�¤ � 9, s�\� ���� :£¤fç
&h�_� s�p�t� ýa³ð��H ·ú� Ãº e�����¦ ��&ñ
��̧2�¤ ô�Ç��.

2.2 ÆZ�(�×£�· l�£� ø5� Ø̧�\��+ 3	�xjS Ça��× ¡�́xjS

�:r ]X�\�"f��H 2>h s��©�_� ���Ér 0Au�\�"f 
�Bj��\�¦ s�6 x�#� S\�1pqô�Ç &ñ
t� ³ð&h�_� %ò


�©�Ü¼�ÐÂÒ'� \�G'p[>� '��§>=�̀¦ s�6 x�#� 
�Bj��_� 0Au� x9� ��[j ����o\�¦ ÆÒ&ñ
���H ~½Ó

ZO�\� @/K� l�Õüt��̧2�¤ ô�Ç��. ���$� 3	�"é¶ /BNçß� �©�\�"f_� ô�Ç &h� p\� @/�#�, ¿º >h

_� 
�Bj�� ýa³ð>� C1, C2\�"f �����·p p_� /BNçß� ýa³ð\�¦ C1p = [X1 Y1 Z1]
T , C2p =

[X2 Y2 Z2]
T�� ½+É M:, y��y��\� @/6£x÷&��H s�p�t� ýa³ð\�¦ C1m = [x1 y1 1]T , C2m =

[x2 y2 1]T , i��!sq ýa³ð\�¦ C1q = [u1 v1 1]T , C2q = [u2 v2 1]T�� ���. Õª�Q���, ��
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6£§õ� °ú �Ér �'a>��� $í
wn����H '��§>= E, F ∈ R3×3�� �>rF��<Ês� ·ú��94R e���� [52].

C2qTF C1q = 0 (2.5)

C2mTE C1m = 0 (2.6)

#�l�"f, Fü< E\�¦y��y������8F'p»1Ï'��§>=,\�G'p[>�'��§>=s���g�Aô�Ç��.ô�Ç¼#�, (2.3)\�¦s�

6 x���� (2.5)ü< (2.6)�ÐÂÒ'� ��6£§_� �'a>�\�¦ ·ú� Ãº e����.

E = KTFK (2.7)

����"f, 
�Bj�� ?/ÂÒ �����\�¦ ·ú��¦ e���¦, i��!sq %ò
�©�Ü¼�ÐÂÒ'� ����8F'p_O� '��§>= F\�¦

>�íß�K�èq Ãº e������� s�p�t� ýa³ð çß�_� �'a>���� \�G'p[>� '��§>= E\�¦ ·ú� Ãº e����. E <�Ê�Ér

F��H Û¼H�{9��̀¦ ]jü@���� 8>h_� ��Ä»�̧\�¦ ��t�Ù¼�Ð 8>h s��©�_� :£¤fç
&h� i��!sq ýa³ð <�Ê

�Érs�p�t�ýa³ð\�¦S\�1pq½+ÉÃºe���̀¦�â
ÄºÕª°ú̀�כ¦>�íß�K�èqÃºe����.\�G'p[>�'��§>=_�>�

íß�õ� �'aº���)a #��Q ��t� l�ZO�[þt�Ér [36]_� 11�©�\� ú̧� �è>h ÷&#Q e��Ü¼ 9, �:r �7Hë�H_� ���

>h õ�&ñ
\�"f�̧ s� l�ZO�[þt�̀¦ ~ÃÎ��[þt#� \�G'p[>� '��§>=�̀¦ >�íß���̧2�¤ ô�Ç��.

ô�Ç¼#�,s�\�G'p[>�'��§>=_�Ä»�̧ õ�&ñ
�̀¦ì�r$3�K��Ð���\�G'p[>�'��§>=�Ér��6£§õ�°ú s�
�

Bj��_� î�r1lxõ� �'aº���)a &ñ
�Ð[þt�̀¦ �í�<Ê��¦ e��6£§�̀¦ ·ú� Ãº e���� [36].

E =
[
C2OC1

]
×

C2RC1 (2.8)

¢̧ô�Ç, [42], [43] 1px\�"f ]jr��)a l�ZO�[þt�̀¦ :�xK� \�G'p[>� '��§>=�̀¦ &h�]X�y� ì�rK��<ÊÜ¼�Ð

+� C2RC1 ,
C2OC1

‖C2OC1‖�̀¦ S\�1pq½+É Ãº e����. #�l�"f ÅÒ3lq½+É ��Ér	כ 
�Bj��_� #î
��� î�r1lx�̀¦

����?/��H C2OC1��H f��]X� %3��̀¦ Ãº \O�Ü¼ 9, �½Ó�©� 
�Bj��_� s�1lx ~½Ó�¾Ó\� @/ô�Ç &ñ
�Ðëß��̀¦

%3��̀¦ Ãº e������H �.���s	כ s���H ÈÒ�� ��%ò
\� _�ô�Ç %ò
�©� S\�1pq õ�&ñ
\�"f :£¤fç
&h�_� U�·s�

&ñ
�Ð\�¦ {9�#Q!Qo���H :£¤$í
\� _�ô�Ç �,s� 9	כ ����"f, &ñ
SX�ô�Ç #î
��� î�r1lx &ñ
�Ð\�¦ ·ú�l� 0A
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1 , 1,...,
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2 , 1,...,C
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ÕªaË> 2.3: \�G'p[>� '��§>=

K�"f��H :£¤fç
&h�_� U�·s�, <�Ê�Ér :£¤fç
&h� çß�_� ��o�ü< �'aº���)a �����[þt\� @/ô�Ç &ñ
�Ð\�¦ ��

���\� ·ú��¦ e������ <�Ê�Ér Z>��̧�Ð ÆÒ&ñ
���H õ�&ñ
s� ¹כ��9���. ¢̧ô�Ç, ÅÒ_�K��� ½+É ��Ér	כ

(2.8)\� l�Õüt÷&#Q e����H \�G'p[>� '��§>=_� ì�rK�d���Ér &ñ
t� ³ð&h��̀¦ ��&ñ
�%i��̀¦ M:\�ëß�s�

$í
wn�ô�Ç����H �.���s	כ ³ð&h�s� 
�Bj��ü< ��ðøÍ��t��Ð s�1lx�̀¦ �>� |̈c �â
Äº, (2.8)�Ér �8

s��©� $í
wn��t� ·ú§Ü¼ 9, ³ð&h�_� î�r1lxõ� �'aº���)a �����[þts� \�G'p[>� '��§>=_� ì�rK�d��\� ��

����>� �)a��. s�ü< �'aº���)a Ä»�̧ õ�&ñ
 x9� ���õ���H 4.1]X�\�"f ��ÀÒ�̧2�¤ ô�Ç��.

2.3 j�ÌÁá�
 "��×�b� %K�V�

�:r ]X�\�"f��H q�ÅÒ\O� "f�Ðeç
 l�ZO�_� {9�ìøÍ&h���� 3lq&h�õ� Õª\� ÃºìøÍ÷&#Q ��������H ë�H]j

[þt\� @/K� ��ÀÒ�̧2�¤ ô�Ç��.

q�ÅÒ\O� "f�Ðeç
s�êøÍ %ò
�©� l�ìøÍ �Ð4�© ]j#Q l�ZO�_� ô�Ç 7áxÀÓ�Ð"f, %ò
�©� G'p"f�ÐÂÒ'�

÷&"3�e�� ~ÃÎ�Ér ³ð&h�_� &ñ
�Ð\�¦ �Ö̧6 x�#� �Ð4�©_� î�r1lx�̀¦ ]j#Q���H +þAI�_� l�ZO�s���. q�

ÅÒ\O� "f�Ðeç
�Ér {9�ìøÍ&h�Ü¼�Ð ú́§�Ér íß�\O�6 x �Ð4�©[þts� Ãº'����¦ e����H ³ð&h� Óüt�̂_� S\�1pq

s��� s�1lx�̀¦ 0AK� �Ð4�©_� �'p×¼-s�&7�'�\�¦ :£¤&ñ
ô�Ç 0Au��Ð s�1lxr�v���H +þAI�_� ���\O�\�
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ÕªaË> 2.4: q�ÅÒ\O�"f�Ðeç
\Vr� [46] - (a)³ð&h�\�@/ô�Ç
�Bj��_�3lq³ð�íÝ¼ (b)³ð&h�\�
@/ô�Ç 
�Bj��_� �íl� �íÝ¼ (c) 
�Bj�� �íl� x9� 3lq³ð �íÝ¼\�"f_� ³ð&h� %ò
�©�

@/�#� �Ð4�© 1lx���_� &ñ
SX�$í
�̀¦ Z�}s�l� 0Aô�Ç 3lq&h�Ü¼�Ð >hµ1Ï÷&l� r�����%i���. %ò
�©� G'p

"f �̧{9� �íl�\���H %ò
�©� G'p"f r�Û¼%7�õ� �Ð4�© ]j#Q r�Û¼%7�s� "f�Ð ì�ro�÷&#Q %ò
�©� G'p

"f�� ³ð&h�õ� �'aº���)a &ñ
�Ð\�¦ {9�~½Ó&h�Ü¼�Ð ]j/BN���H >hÀÒáÔ +þAI�_� r�Û¼%7��̀¦ ½̈$í
�<Ê

Ü¼�Ð+� ����̂&h���� $í
0px �¾Ó�©��Ér ß¼t� ·ú§��¤Ü¼��, [1]\�"f %ò
�©� G'p"f�ÐÂÒ'� %3��Ér ³ð&h�_�

0Au� �̧	� &ñ
�Ð\�¦ �Ð4�© ]j#Ql�\� ÷&"3�e�����H �̀ÀÒáÔ r�Û¼%7��̀¦ ½̈$í
�#� �Ð4�©_� ��

[j ]j#Q $í
0pxs� >h���|̈c Ãº e��6£§�̀¦ z�́+«>&h�Ü¼�Ð 7£x"î
�<ÊÜ¼�Ð+� q�ÅÒ\O� "f�Ðeç
 l�ZO�s�

&h�	� ú́§�Ér ���½̈��[þt_� y��F�g�̀¦ ~ÃÎ>� ÷&%3���.

q�ÅÒ\O� "f�Ðeç
_� 3lq&h��Ér %ò
�©� G'p"f\�¦ s�6 x�#� ��6£§õ� °ú s� �Ð4�© �'p×¼-s�&7�'�

ü< ³ð&h� ��s�_� �©�@/&h���� �íÝ¼\�¦ ��6 x���� "é¶���H 3lq³ð �íÝ¼ü< {9�u���̧2�¤ �Ð4�©�̀¦

��1lxÜ¼�Ð ]j#Q���H �.���s	כ

lim
t→∞

CRT
T

C∗RT ∗ = I3 (2.9)

lim
t→∞

∥∥∥COT − C∗OT ∗
∥∥∥ = 03×1 (2.10)

#�l�"f, (CRT , COT )ü< (C∗RT ∗ ,
C∗OT ∗) �Ér y��y�� 
�Bj�� ýa³ð>�\�¦ l�ï�rÜ¼�Ð �����·p

³ð&h�_� �&³F�, 3lq³ð �©�@/ �íÝ¼\�¦ ����?/ 9, ��[jô�Ç &ñ
_���H s�Êê\� �è>h��̧2�¤ ô�Ç��.

{9�ìøÍ&h�Ü¼�Ð, q�ÅÒ\O� "f�Ðeç
 ]j#Ql���H s��Qô�Ç 3lq&h� ²ú�$í
�̀¦ 0A�#� ³ð&h�õ� �Ð4�© �'p
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×¼-s�&7�'� ��s�_� �©�@/ �íÝ¼\�¦ l�Õüt½+É Ãº e����H �©�I� ���Ãº x\�¦ &h�]X�y� [O�&ñ
�<ÊÜ¼�Ð+�

(2.9), (2.10)_� ë�H]j\�¦ ���+þA�#� ��6£§õ� °ú �Ér +þAI�_� �̧	�\�¦ þj�è�o���H �¦̀�	כ 3lq³ð

�Ð ]j#Ql�\�¦ [O�>��>� �)a�� [3].

e , x (m(t),A)− x∗ (2.11)

#�l�"f, m(t)��H :£¤fç
&h�, :£¤fç
���, s�p�t� �̧F'pàÔü< °ú s� %ò
�©�Ü¼�ÐÂÒ'� q�ÅÒ\O� "f�Ð

eç
_� @/�©��̀¦ @/³ðK�"f ����èq Ãº e����H :£¤fç
 &ñ
�Ð[þt�̀¦ _�p�� 9, A��H 
�Bj��_� ?/,

ü@ÂÒ ����p�'� 1px_� q�ÅÒ\O� "f�Ðeç
 r�Û¼%7�_� 8̈��â
&h� ¦þt�̀]���¹כ {���¦ e����H ����p�'�

\�¦ _�p�ô�Ç��. x (m(t),A)��H :£¤fç
&h�, :£¤fç
��� 1px %ò
�©� :£¤fç
[þt_� |9�½+Ë <�Ê�Ér 3	�"é¶ /BN

çß��©�\�"f_�0Au�/��[j&ñ
�Ð1pxÜ¼�Ð ½̈$í
÷&#Q�Ð4�©õ�³ð&h���s�_��©�@/&h�����íÝ¼\�¦

���&ñ
 t��̀¦ Ãº e����H �©�I� ���Ãº�Ð"f q�ÅÒ\O� "f�Ðeç
 l�ZO�\� ���� ���ª�ô�Ç +þAI��Ð &ñ
_�

÷& 9, x∗��H ��6 x���� "é¶���H 3lq³ð �©�I� ���Ãº\�¦ _�p�ô�Ç��. :�x�©�&h���� q�ÅÒ\O� "f�Ðeç


r�Û¼%7�\���� x∗��H ��6 x���� f��]X� >h{9��#� q�ÅÒ\O� "f�Ðeç
 r�Û¼%7�\� ]j/BN���H ��s	כ

��m� 9, 3lq³ð �íÝ¼\� 0Au�ô�Ç 
�Bj��\�¦ s�6 x�#� K�{©� �íÝ¼\�"f_� ³ð&h� %ò
�©��̀¦ OÉ�%ò


�#� q�ÅÒ\O� "f�Ðeç
 r�Û¼%7�\� ]j/BN���H õ�&ñ
�̀¦ ��u�>� �)a��. Õª Êê, q�ÅÒ\O� "f�Ðeç


r�Û¼%7�\�"f��H "f�Ðeç
 r���� r�&h�\�"f �&³F� %ò
�©�õ� ³ð&h� %ò
�©��̀¦ ì�r$3��<ÊÜ¼�Ð+� x∗�̀¦

��1lxÜ¼�Ð ÆÒ&ñ
K�?/��H ���\O��̀¦ Ãº'���>� ÷& 9 #�l�"f %3��Ér x∗\�¦ l�ï�rÜ¼�Ð �Ð4�©s� 3lq

³ð �íÝ¼�Ð s�1lxK� °ú� Ãº e���̧2�¤ �Ð4�©�̀¦ ]j#Q�>� �)a��. s�\�¦ {9�ìøÍ&h�Ü¼�Ð ‘Teach by

Showing’s��� � 9, ú́§�Ér q�ÅÒ\O� "f�Ðeç
 r�Û¼%7��Ér ‘Teach by Showing’\� l�ìøÍ�̀¦ ¿º

�¦ [O�>�÷&�¦ e����. ÕªaË> 2.4\� Õª \V\�¦ ����?/%3���.

·ú¡"f���/åLô�Çq�ÅÒ\O�"f�Ðeç
3lq&h��̀¦²ú�$í
�l�0A�#�
�Bj��ü<�Ð4�©�̀¦���½+Ëô�Çq�

ÅÒ\O� "f�Ðeç
 r�Û¼%7��̀¦ ½̈$í
���H õ�&ñ
\�"f��H ���$� 
�Bj��_� �Ö̧6 x 6 x�̧\� @/ô�Ç ë�H]j

�� ������÷&#Q�� ô�Ç��. s� õ�&ñ
\�"f q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér 
�Bj��_� �¦&ñ
 0Au�\� ��

�� ÕªaË> 2.5ü< °ú s� ��s�-���-�½�×¼ q�ÅÒ\O� "f�Ðeç
 ½̈$í
õ� ��s�-ÈÒ-�½�×¼ q�ÅÒ\O� "f�Ð
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Robot

Camera

Target

(a) ��s�-���-�½�×¼ q�ÅÒ\O� "f�Ðeç


Robot Camera

Target

(b) ��s�-ÈÒ-�½�×¼ q�ÅÒ\O� "f�Ðeç


ÕªaË> 2.5: q�ÅÒ\O� "f�Ðeç
 r�Û¼%7� ½̈$í
 +þAI�Z>� ì�rÀÓ

eç
 ½̈$í
 x9� ¿º l�ZO�_� a�?§4� ½̈$í
Ü¼�Ð ��*'#Qt�>� �)a�� [39]. y��y��_� ½̈$í
 ~½ÓZO��Ér 
�

Bj��_� �¦&ñ
 0Au� 	�s�\� _�K� 
�Bj���� y��t�K��� ���H @/�©�\��̧ 	�s�\�¦ �Ðs�>� �)a

��.���$�,��s�-���-�½�×¼q�ÅÒ\O�"f�Ðeç
_��â
Äº,
�Bj�����Ð4�©_��'p×¼-s�&7�'�\�ÂÒ�ÃÌ

÷&#Q 
�Bj��_� î�r1lxs� �Ð4�©_� î�r1lx\� ���1lx÷&#Q ¹¡§f��s���H +þAI��Ð ½̈$í
�)a��. ����"f,


�Bj����H ³ð&h� %ò
�©��̀¦ �Ð4�© ]j#Q r�Û¼%7�\� ���²ú����H %i�½+É�̀¦ �>� �)a��. ��s�-���-�½�

×¼ q�ÅÒ\O� "f�Ðeç
 r�Û¼%7��Ér l��:r&h�Ü¼�Ð ½̈$í
 õ�&ñ
\�"f /BNçß�&h���� ̈½¹כ �̧|	�s� ß¼t�

·ú§Ü¼ 9, 
�Bj���� ÅÒ�Ð �'p×¼-s�&7�'�\� ÂÒ�ÃÌ÷&��H +þAI�\�¦ �>� ÷&Ù¼�Ð, ��o��� &h�]X�

½+É �â
Äº Ø�æì�rô�Ç K��©��̧_� ³ð&h� %ò
�©��̀¦ ]j/BN½+É Ãº e��#Q %ò
�©� &ñ
�Ð ì�r$3� õ�&ñ
\�"f_�

&ñ
SX�$í
�̀¦ Z�}{9� Ãº e������H :£¤fç
�̀¦ �������. ô�Ç¼#�, ��s�-ÈÒ-�½�×¼ q�ÅÒ\O� "f�Ðeç
_� �â


Äº, 
�Bj����H �Ð4�©_� ���\O� /BNçß� ü@ÂÒ_� �¦&ñ
�)a 0Au�\�"f �Ð4�©õ� ³ð&h��̀¦ 1lxr�\� OÉ�

%ò
���H +þAI��Ð ½̈$í
�)a��. ����"f, �¦&ñ
�)a 0Au�\�"f V,��Ér %ò
%i�_� %ò
�©��̀¦ ]j/BN�<ÊÜ¼�Ð

+� ³ð&h�_� ��r� �̧|	� ëß�7á¤\� @/ô�Ç �¦�9�� ¹כ��9 \O�����H :£¤fç
s� e����. Õª�Q�� ½̈$í
 õ�

&ñ
\�"f_� ̈½¹כ /BNçß�s� V,�#Qt�>� ÷& 9, ³ð&h�õ� �Ð4�©_� %ò
�©��̀¦ 1lxr�\� ì�r$3��#� ì�ro�

���H õ�&ñ
s� ¹כ��9�����H &h�, ³ð&h�õ�_� ��o��� �¦&ñ
÷&#Q ³ð&h� %ò
�©�_� &ñ
x9��̧�� ]jô�Ç

&h�{9� Ãº e������H &h� 1pxs� éß�&h�Ü¼�Ð ���6 x��¦ e��#Q, ú́§�Ér q�ÅÒ\O� "f�Ðeç
 r�Û¼%7�\�"f

��H ½̈$í
s� çß�¼#���¦ ³ð&h�_� K��©��̧\�¦ Ø�æì�ry� Z�}{9� Ãº e����H ��s�-���-�½�×¼ ½̈$í
�̀¦ ×þ�

��¦ e����.
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(u,v) in pixel (x,y,z) in meter

FOV boundary

Camera

ÕªaË> 2.6: ��r� �̧|	�_� 0AC� �â
Äº \Vr� [12]

��s�-���-�½�×¼ ½̈$í
s�#��Q���\�"f��s�-ÈÒ-�½�×¼~½ÓZO�\�q�K��©�&h��̀¦��t�l���H�

t�ëß� ��s�-���-�½�×¼ ½̈$í
 ���̂_� :£¤fç
[þt�Ð ����#� µ1ÏÒqt���H ë�H]j[þt %i�r� �>rF�� 9,

���©� @/³ð&h���� ë�H]j�Ð ��r� �̧|	�_� ëß�7á¤ #�ÂÒ\�¦ [þt Ãº e����. q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�

"f��H 
�Bj���� �Ð4�©_� è�H %i�½+É�̀¦ {��{©��>� ÷&Ù¼�Ð q�ÅÒ\O� "f�Ðeç
 ���\O��̀¦ ¢-aÃº�l�

0AK�"f��H �½Ó�©� ³ð&h�_� %ò
�©� &ñ
�Ð\�¦ �Ð4�© ]j#Q r�Û¼%7�\� ]j/BN½+É Ãº e��#Q�� ô�Ç����H

���]j�� ��ØÔ>� �)a��. s���H ��7
 ú́����� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f��H ³ð&h�s� 
�Bj��_�

r���\�"f #Á	#Q��t� ·ú§���� �<Ê�̀¦ _�p�� 9, s�\�¦ {9�ìøÍ&h�Ü¼�Ð ��r� �̧|	�s��� g�A��¦

e����. ·ú¡"f l�Õütô�Ç ��ü< °ú s� ��s�-���-�½�×¼ ½̈$í
 ~½Ód���Ér 
�Bj��_� î�r1lxs� �Ð4�© î�r1lx

_� t�C�\�¦ ~ÃÎ��H +þAI�s�l� M:ë�H\� �Ð4�©s� s�1lx���H õ�&ñ
\�"f ³ð&h�_� %ò
�©�s� t�5Åq&h�

Ü¼�Ð ����o�>� �)a��. s� õ�&ñ
\�"f ÕªaË> 2.6_� \Vr�ü< °ú s� 
�Bj��_� r���\�"f ³ð&h�
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_� %ò
�©�s� #Á	#Q�� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº \O�>� ÷&���, �Ð4�© ]j#Ql� {9��©�\�"f��H �8 s�

�©� %ò
�©� %�o�\�¦ :�xK� ³ð&h�õ� �'aº���)a &ñ
�Ð\�¦ %3��̀¦ Ãº \O�>� ÷& 9 s���H q�ÅÒ\O� "f�Ðeç


���\O�_� z�́J��Ð s�#Qt�>� �)a�� [45].

ô�Ç¼#�, 
�Bj���� �Ð4�©õ� ���1lx÷&#Q î�r1lx�̀¦ �>� ÷&��H ��s�-���-�½�×¼ ½̈$í
_� :£¤$í
Ü¼

�Ð ����#�, %ò
�©� &ñ
�Ð �©�\�"f ÆÒØ�¦�>� ÷&��H :£¤fç
&h�s��� :£¤fç
��� 1pxõ� °ú s� {9�ìøÍ&h�

Ü¼�Ð ��6 x÷&��H ³ð&h�_� :£¤fç
 &ñ
�Ð��H �Ð4�©_� î�r1lxõ� ³ð&h�_� î�r1lx\� _��>r���H �<ÊÃº�Ð

������>� �)a�� [47]. ����"f, ³ð&h�s� s�1lx�̀¦ ���H �â
Äº, 
�Bj��ü< ³ð&h�s� 1lxr�\� s�

1lx���H �©�S!�s� µ1ÏÒqt�<ÊÜ¼�Ð ����#� ��r� �̧|	�_� ëß�7á¤s� �8¹¡¤ �8 #Q�90>t���H èß�&h�s�

µ1ÏÒqt�>� �)a��. ���$� ��r� �̧|	�_� ëß�7á¤�̀¦ 0A�#� ���©� V,�o� ��6 x÷&�¦ e����H ìøÍµ1Ï ���

0A�©�_� �â
Äº, q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f ³ð&h�_� %ò
�©�s� �oy��_� ���©���o�\� ]X���H�>�

÷&���, 
�Bj��\�¦ F�g»¡¤ ~½Ó�¾ÓÜ¼�Ð Êê�@�<ÊÜ¼�Ð+� ³ð&h�_� %ò
�©�s� �oy��_� ×�æ�©�Ü¼�Ð s�1lx

��̧2�¤Ä»�̧���H~½Ód���̀¦2[ô�Ç��.Õª�Q��,s��Qô�Ç~½ÓZO��Ér³ð&h�s�ìøÍ×¼r�&ñ
t�÷&#Qe��

#Q��ëß� 
�Bj��_� Êê�@�� ³ð&h� %ò
�©�s� �oy�� ×�æ�©�Ü¼�Ð s�1lx���H �¦̀�	כ �Ð�©�½+É Ãº e��Ü¼

 9, ³ð&h�s� s�1lx���H �â
Äº�'p �8 s��©� s�\�¦ �Ð�©�½+É Ãº \O�����H ��s	כ 	�H éß�&h�Ü¼�Ð ���6 x

�>� �)a��. ¢̧ô�Ç, [9]_� %ò
�©� l�ìøÍ �â
�Ð >�S\�ZO�s�s���, [24]_� ��r� |9�½+Ë�Ér ³ð&h�s� &ñ


t�÷&#Q e������H ��&ñ
�\� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H 
�Bj��_� �íÝ¼\�¦ p�o� >�íß��

��H ~½Ód��s�Ù¼�Ð s� %i�r� ³ð&h�s� s�1lx½+É �â
Äº s�6 xs� Ô�¦��0px���.

����"f,s��Qô�Çèß�&h��\�"f��r� �̧|	��̀¦ëß�7á¤�<Êõ�1lxr�\� (2.11)_� �̧	�\�¦þj�è

�o �l� 0Aô�Ç ]j#Q "î
§î
 Òqt$í
�̀¦ 0AK�"f��H ³ð&h�_� î�r1lx\� @/ô�Ç �Ð&ñ
s� ¹כ��9�t�ëß�,

l��>r_� q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f��H {9�ìøÍ&h�Ü¼�Ð &ñ
t� ³ð&h�Ü¼�Ð Õª @/�©��̀¦ ô�Ç&ñ
�<ÊÜ¼

�Ð+� s��Qô�Ç ë�H]j\�¦ ¢-a�or�v��¦ e����. Õª�Q��, q�ÅÒ\O� "f�Ðeç
_� &h�6 x #3�0A\�¦ V,�y�

l� 0AK�"f��H �����y� Õª @/�©� ³ð&h��̀¦ s�1lx ³ð&h�Ü¼�Ð SX��©����H r��̧�� É+½¹כ��9 �Ü¼�Ð	כ

�Ðs� 9, s��Qô�Ç r��̧_� {9�8̈�Ü¼�Ð �:r �7Hë�H\�"f�̧ s�1lx ³ð&h�\� @/K� ��r� �̧|	��̀¦ ëß�

7á¤½+É Ãº e����H q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jîß���̧2�¤ ô�Ç��.
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V� 3 *�× e�×iµ ®̧�Áo> ¥o>Ä© Úr
ø� �¿5�

�:r �©�\�"f��H %ò
�©��̀¦ s�6 xô�Ç ³ð&h� î�r1lx &ñ
�Ð ÆÒ&ñ
 l�ZO�õ� q�ÅÒ\O� "f�Ðeç
 l�ZO�\� @/

ô�Ç çß�|ÄÌô�Ç [O�"î
 x9� Õªü< �'aº���)a l��>r ���½̈ ���õ�[þt�̀¦ �è>h��̧2�¤ ô�Ç��.

3.1 ÆZ�(�×£�· l�£� ø5� Ø̧�\� (P��â Ça��× ÍÙÇa� e�ß��

³ð&h�_� ÆÒ&h�õ� �'aº���)a ú́§�Ér ]j#Q ë�H]j\�"f G'p"f\�¦ :�xK� [þt#Q�̧��H &ñ
�Ð\�¦ s�6 x�#�

³ð&h�_� î�r1lx &ñ
�Ð\�¦ ÆÒ&ñ
���H {9��Ér B�Äº ×�æ¹כ�>� ��ÀÒ#Qt��¦ e����. {9�ìøÍ&h�Ü¼�Ð ³ð

&h�_� î�r1lx�Ér 3	�"é¶ /BNçß� �©�\�"f_� �r���õ� #î
��� î�r1lxs� �D¥½+Ë�)a 6��Ä»�̧ î�r1lx_� +þAI�

�Ð ������>� �)a��. s��Qô�Ç ³ð&h�_� î�r1lx�̀¦ ÆÒ&ñ
�l� 0A�#� �¦���&h�Ü¼�Ð &h�ü@��� �ÃÐt�

l�(Infrared Seeker)�� �è��(Sonar)ü< °ú �Ér G'p"f[þt�̀¦ s�6 x�#� ³ð&h�_� #î
��� î�r1lx &ñ


�Ð 1px�̀¦ ò́õ�&h�Ü¼�Ð ÆÒ&ñ
½+É Ãº e��%3�t�ëß� ³ð&h��̀¦ ���_� &h� +þAI��Ð @/³ð�>� ÷&��H

:£¤$í
Ü¼�Ð ����#� $í
0px\� ô�Ç>�\�¦ �Ð#� M®o��. ô�Ç¼#�, 
�Bj��_� �â
Äº, ³ð&h�_� +þA�©�s���

Ò�o�©�, 0Au� ~½Ó�¾Ó 1px_� Û�æÂÒô�Ç &ñ
�Ð�̀¦ ]j/BNK�×�¦ Ãº e������H �©�&h�Ü¼�Ð ���K� ���ª�ô�Ç ì�r

��\�"f ÅÒ3lq�̀¦ ~ÃÎ�� M®oÜ¼ 9, 
�Bj��[þt_� $í
0px �¾Ó�©�õ� q�6 x $�y�� 1px\� jËµ{9�#Q %ò
�©�

G'p"f\�¦ s�6 xô�Ç ³ð&h�_� î�r1lx &ñ
�Ð ÆÒ&ñ
 l�ZO� %i�r� ú́§�Ér µ1Ï����̀¦ s�ÀÒ#Q M®o��.

3.1.1 k�¤n>ḈÐ£�· l�£� ø5� Ø̧�\� (P��â Ça��× ÍÙÇa� e�ß��

r����y���̀¦s�6 xô�Ç³ð&h�ÆÒ&h�l�ZO� (Bearings-Only Tracking)�Ér�'a8£¤��\�¦l�ï�rÜ¼�Ð³ð

&h��̀¦ �����:r r����y��(Line-of-Sight Angle)�̀¦ s�6 x�#� ³ð&h�_� #î
��� î�r1lx &ñ
�Ð\�¦ ÆÒ

&ñ
���H l�ZO�s���. ³ð&h�_� î�r1lx�Ér {9�ìøÍ&h�Ü¼�Ð 3	�"é¶ /BNçß��©�\�"f_� �r��� x9� #î
��� î�r

1lxÜ¼�Ð ����èq Ãº e��Ü¼ 9, y��y��_� î�r1lx�Ér 3>h_� ��Ä»�̧\�¦ ��t�Ù¼�Ð ³ð&h�_� î�r1lx�Ér

8úx 6>h_� ��Ä»�̧�Ð ³ð�&³½+É Ãº e����. r����y�� s�6 xô�Ç ³ð&h� ÆÒ&h� l�ZO��Ér &h�ü@��� G'p"f,
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IX

IY

IZ

CX

CZ

CY

TX

TY

TZ

Tv

CvOwn-Craft

Target

Line-of-Sight

θ

ψ

ÕªaË> 3.1: ³ð&h�õ� �'a8£¤�� ��s�_� r���� x9� r����y�� [O�&ñ


�è�� 1px_� ³ð&h� �ÃÐÒ�ol� G'p"f�ÐÂÒ'� S\�1pqô�Ç &ñ
�Ð\�¦ :�xK� ³ð&h�_� 6��Ä»�̧ î�r1lx ×�æ #î


��� î�r1lx &ñ
�Ð\�¦ ÆÒ&ñ
���H l�ZO�Ü¼�Ð+� Ãº×�æ 6£§�¾Ó �ÃÐt� ì�r��, p���{9� Ä»�̧ ]j#Q ì�r

�� 1px\�"f ~½Ó0Ay�� ÆÒ&h� l�ZO�(Bearings-Only Tracking)_� +þAI��Ð ÅÒ�Ð ��6 x÷&#Q M®o

�� [48], [49]. ~½Ó0Ay�� ÆÒ&h� l�ZO��Ér ���y�� 8£¤|¾Ó l�ZO�\� l�ìøÍ�̀¦ ¿º�¦ ³ð&h��̀¦ ���_� &h�

Ü¼�Ð ���d���#� �'a8£¤���� ³ð&h��̀¦ �����Ð��H ~½Ó�¾Ó &ñ
�Ð\�¦ ���½ÓÜ¼�Ð ³ð&h�_� #î
��� î�r1lx

0Au�/5Åq�̧\�¦ ÆÒ&ñ
���H l�ZO�Ü¼�Ð"f, &h�ü@��� �ÃÐt�l��� �è��ü< °ú �Ér l��:r&h���� Ãº1lx+þA

G'p"f�Ð ½̈$í
÷&#Q e���̀¦ �â
Äº B�Äº Ä»6 xô�Ç ~½ÓZO�s���. ÕªaË> 3.1\�"fü< °ú s� ³ð&h��̀¦ �¾Ó

ô�Ç ~½Ó�¾Ó &ñ
�Ð θ, ψ \�¦ �'a8£¤u��Ð ��6 x�Ù¼�Ð ³ð&h�_� î�r1lx\� @/ô�Ç �©�I� ~½Ó&ñ
d��s� q�

���+þA +þAI��Ð ��������H ��s	כ {9�ìøÍ&h�s� 9, ÆÒ&ñ
l�_� [O�>��� èß�K�K�t���H :£¤fç
s� e����.

Õª\� ���� [48], [50]ü< °ú �Ér l��>r ���½̈\�"f��H �'a8£¤��ü< ³ð&h� ��s�_� �©�@/ 0Au�  7�'�

ü< ���y�� �<ÊÃº ��s�_� �'a>�d���̀¦ s�6 x�#� �©�I� ~½Ó&ñ
d��_� Ø�¦§4� ~½Ó&ñ
d���̀¦ ���+þA +þAI��Ð

���8̈���¦ ����̂ �©�I� ~½Ó&ñ
d���̀¦ ���+þA r����s� r�Û¼%7�(Linear Time-Varying System)%�

!3� ��ÀÒ>� H�dÜ¼�Ð+� ³ð&h� î�r1lx ÆÒ&ñ
l�_� [O�>�\�¦ 6 xs��>� ��¦ ���'a8£¤$í
_� ì�r$3� ¢̧

ô�Ç ��0px�>� ���H l�ZO��̀¦ ]jr��%i���. ~½Ó0Ay�� ÆÒ&h� l�ZO�\�"f_� ���'a8£¤$í
_� $í
wn��Ér
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³ð&h� î�r1lx ÆÒ&ñ
l�_� �>rF�$í
õ� ������÷&��H ë�H]js� 9, {9�ìøÍ&h�Ü¼�Ð N	� 1lx%i��<Æ�̀¦ ��t�

��H î�r1lx ³ð&h�\� @/�#� �'a8£¤���� �����:r ³ð&h�_� �©�@/ 0Au�  7�'�\�¦ r(t) ∈ R3�� ½+É

M:, r(t)�� ��6£§_� �̧|	��̀¦ ëß�7á¤½+É �â
Äº ~½Ó0Ay�� ÆÒ&h� l�ZO�\�"f_� ���'a8£¤$í
s� $í
wn�H�d

s� ·ú��94R e���� [51].

r(t) 6= α(t)




∑N
k=0 a1kt

k

∑N
k=0 a2kt

k

∑N
k=0 a3kt

k




,∀ajk ∈ R, j = 1, 2, 3, k = 1, ..., N. (3.1)

#�l�"f α(t)��H e��_�_� Û¼ºú��� �<ÊÃºs���. ����"f, ���'a8£¤$í
s� $í
wn��l� 0AK�"f��H �'a

8£¤���� :£¤Z>�ô�Ç +þAI�_� ¹¡§f��e���̀¦ K���½+É ��¹כ��9 e����. :£¤y�, �'a8£¤���� ³ð&h� r���� ~½Ó

�¾ÓÜ¼�Ð s�1lx���H �â
Äº�'p ���'a8£¤$í
s� $í
wn��t� ·ú§>� ÷&#Q ³ð&h� î�r1lx &ñ
�Ð ÆÒ&ñ
\� z�́

J�½+É Ãº e��Ü¼ 9, ���'a8£¤$í
_� >h����̀¦ 0A�#� �'a8£¤��_� Û¼W1s�(ç
(Snaking)õ� °ú �Ér :£¤

Ãºô�Ç +þAI�_� l�1lx�̀¦ '�������H l�ZO�[þts� ]jr�÷&#Q e���� [50]. s��Qô�Ç �©�S!��Ér q�ÅÒ\O�

"f�Ðeç
õ� °ú s� s�p�t� î̈
��� �©�\�"f ³ð&h�_� %ò
�©��̀¦ :£¤&ñ
ô�Ç 0Au�\� �¦&ñ
��9��H 3lq&h�

õ���H C�u�|̈c Ãº e��Ü¼ 9, ¢̧ô�Ç, ³ð&h��̀¦ ���_� &h�Ü¼�Ð @/³ð�#� ����?/l� M:ë�H\� ³ð

&h�_� #î
��� î�r1lxëß��̀¦ ÆÒ&ñ
½+É Ãº e��#Q, ³ð&h�_� ��[j ����o\� ���Ér ³ð&h� �ÃÐt� 0Au� ����â


�̀¦ #î
��� î�r1lx ÆÒ&ñ
 õ�&ñ
\�"f y��t�K�èq Ãº \O�����H ô�Ç>�&h��̧ t�m��¦ e����.

3.1.2 ÆZ�(�× Ça��×��· l�£� ø5� Ø̧�\� (P��â Ça��× ÍÙÇa� e�ß��

%ò
�©� G'p"f_� �â
Äº, G'p"f�Ð ÈÒ���)a ³ð&h�_� %ò
�©� &ñ
�Ð\�¦ �Ö̧6 x�#� ³ð&h�s��� %ò
�©� G'p

"f_� î�r1lx &ñ
�Ð\�¦ ÆÒ&ñ
���H l�ZO��Ér �̧A� ���ÂÒ'� ���½̈�� s�ÀÒ#Q4R �&³F���t��̧ �Ö̧µ1Ï

�>� ��,Xt��¦ e����H ÅÒ]js�l��̧ ���. ú̧� ·ú��94R e����H ~½ÓZO�Ü¼�Ð��H ¿º �©�_� ³ð&h� %ò


�©� ��s�_�  ñ�̧ÕªA�x� '��§>=(Homography Matrix)<�Ê�Ér\�G'p[>� '��§>= 1px�̀¦ ½̈�#� Õª

�ÐÂÒ'� %ò
�©� G'p"f_� r�&h� ����o�� ³ð&h�_� ��[j 1px�̀¦ ÆÒ&ñ
���H l�ZO�[þts� �è>h÷&#Q e��

�� [52], [53].  ñ�̧ÕªA�x�'��§>=õ�\�G'p[>�'��§>=�Ér¿º>h_�%ò
�©��©�\�"f"f�Ð&ñ
½+Ë÷&��H
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:£¤fç
&h�[þt_��'a>�\�¦y��y�����+þA(Linear), s�	�d��(Quadratic)+þAd��Ü¼�Ð����èqÃºe����H

'��§>=[þts� 9, %ò
�©� G'p"f_� î�r1lx &ñ
�Ð\�¦ �í�<Ê��¦ e����. ����"f,  ñ�̧ÕªA�x� '��§>=õ�

\�G'p[>� '��§>=_� ì�rK�\�¦ :�x�#� s��Qô�Ç 
�Bj��_� î�r1lx &ñ
�Ð\�¦ ì�ro�K�èq Ãº e��6£§s� ·ú�

�94R e���� [52], [42]. s��Qô�Ç l�ZO�[þt�Ér ¹ô�Çכ��9 %ò
�©� &ñ
�Ð_� �ª�s� &h��¦ ½̈�&³s� 6 xs�

�����H �©�&h�s� e��t�ëß�, ³ð&h� %ò
�©� &ñ
�Ð\� �>rF����H �̧s�Ý¼\� ß¼>� %ò
�¾Ó�̀¦ ~ÃÎ��H éß�

&h�s� e����. ô�Ç¼#�, ³ð&h� î�r1lx &ñ
�Ð ÆÒ&ñ
 ���õ�_� &ñ
SX�$í
 ]j�¦\�¦ 0A�#� #��Q �©�_� %ò


�©� r�$ã¶Û¼(Image Sequence)\�¦ �Ö̧6 x�#� ³ð&h�_� î�r1lx &ñ
�Ð\�¦ ÆÒ&ñ
���H l�ZO�[þts� �è

>h ÷&%3���. [54], [55]\�"f��H {9�&ñ
 >hÃº s��©�_� :£¤fç
&h�[þt_� 0Au�\�¦ �'a8£¤u��Ð �Ö̧6 x�

�¦ ºú�ëß� �9�'�(Kalman Filter)\�¦ &h�6 x�<ÊÜ¼�Ð+� ³ð&h�_� 0Au�/5Åq�̧\�¦ ÆÒ&ñ
½+É Ãº e����H

l�ZO��̀¦]jîß��%i���. ¢̧ô�Ç, [56]\�"f��Hs�p�t� �̧F'pàÔ(Image Moment)\�¦�'a8£¤u��Ð��

6 x�#� ³ð&h�_� 0Au�/��[j\�¦ ÆÒ&ñ
½+É Ãº e����H l�ZO��̀¦ ]jîß��%i�Ü¼ 9, ���'a8£¤$í
\� @/

ô�Ç ì�r$3��̀¦ ]j/BN�<ÊÜ¼�Ð+� �ÃÐ°úכÜ¼�Ð_� Ãº§4�s� ��0px�<Ê�̀¦ �Ðs��¦ e����. {9�ìøÍ&h�Ü¼�Ð s�

�Qô�Ç l�ZO�[þt�Ér éß�{9� %ò
�©� G'p"f�ÐÂÒ'� çß�éß�����"f�̧ ò́õ�&h�Ü¼�Ð ³ð&h�_� 0Au�, ��[j

1px�̀¦ ÆÒ&ñ
½+É Ãº e��#Q Z�}�Ér �Ö̧6 x�̧\�¦ ��t��¦ e����. Õª�Q��, @/�©�Ü¼�Ð ���H ³ð&h�s� &ñ


t� ³ð&h�Ü¼�Ð ô�Ç&ñ
÷&#Q e������ %ò
�©� G'p"f�� &ñ
t�K� e��#Q�� ���H 1px_� ]jô�Ç �̧|	�s�

¹כ��9�l� M:ë�H\� %ò
�©� G'p"fü< ³ð&h�_� s�1lx�̀¦ 1lxr�\� �¦�9K������H �©�S!�\���H &h�½+Ë

�t�·ú§��.����"f,s�ü<°ú s�³ð&h�õ�%ò
�©�G'p"f_�s�1lx�̀¦�¦�9ô�Ç��Ü¼�Ð"f,Áº���q	כ

'���̂(Unmanned Aerial Vehicle)_� ¼#�@/ q�'���̀¦ ]j#Q���H ë�H]j\� @/ô�Ç þj��H ���½̈ ���

õ��Ð éß�{9� s�1lx 
�Bj��_� %ò
�©�Ü¼�ÐÂÒ'� o��8l�_� 0Au�, 5Åq�̧ 1px�̀¦ ÆÒ&ñ
���H l�ZO�s�

]jîß�÷&%3���. s� ~½ÓZO��Ér ~½Ó0Ay�� ÆÒ&h� l�ZO�\� Dh�Ðî�r ÆÒ&ñ
u��Ð %ò
�©�\� ÈÒ���)a ³ð&h�

_� ß¼l���� ×�æd��y��(Subtended Angle)�̀¦ ÆÒ���#� ³ð&h�_� 0Au�\�¦ ÆÒ&ñ
���H l�ZO�s���

[57]. %ò
�©�\� ����èß� ³ð&h�_� ß¼l��� �¦�9÷&%3�l� M:ë�H\� ~½Ó0Ay�� ÆÒ&h� l�ZO�õ���H ²ú�o�

³ð&h�õ� %ò
�©� G'p"f�� r����~½Ó�¾ÓÜ¼�Ð 1lx{9��>� s�1lx��8���̧ ³ð&h�_� 0Au�/5Åq�̧ 1px�̀¦

ÆÒ&ñ
½+É Ãº e����H �©�&h��̀¦ �������. Õª�Q��, ³ð&h�_� �r����̀¦ �¦�9�t� ·ú§�¦ e��l� M:ë�H\�
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8£¤&ñ
u�_�Ãº�<Æ&h� �̧4Sqs�ÂÒ&ñ
SX�� 9,Õª\�����³ð&h�_�0Au�ÆÒ&ñ
���õ� ¢̧ô�ÇÂÒ&ñ
SX�

K�|9� Ãº e��#Q ³ð&h�_� @/|ÄÌ&h���� 0Au� &ñ
�Ðëß��̀¦ ]j/BNK�×�¦ Ãº e����H ô�Ç>��� e����. ¢̧ô�Ç,

#����y� %ò
�©� G'p"f_� ¹¡§f��e��\� ���� ���'a8£¤$í
s� $í
wn��t� ·ú§�̀¦ Ãº e��Ü¼�� s�\� @/

ô�Ç &ñ
SX�ô�Ç ì�r$3�s� ÂÒ7á¤���. ô�Ç¼#�, [58], [60]\�"f��H ³ð&h�õ� %ò
�©� G'p"f�� �̧¿º s�1lx�

��H �©�S!�\�"f ³ð&h�_� �r��� x9� #î
��� î�r1lx 5Åq�̧\�¦ ÆÒ&ñ
���H l�ZO��̀¦ ]jîß��%i���. [58]\�

"f��H [32]\�"f ]jr�ô�Ç ³ð&h�_� î�r1lxõ� �'a8£¤u�_� ����o|¾Ó çß�_� �'a>�\�¦ ���½ÓÜ¼�Ð ³ð&h�

_� �r��� x9� #î
��� î�r1lx 5Åq�̧ ÆÒ&ñ
l�\�¦ [O�>��%i�Ü¼��, ³ð&h�_� {9�&ñ
 ÂÒì�r_� z�́]j U�́s�

ü< ÆÒ&ñ
 �íl�_� %ò
�©� G'p"fü< ³ð&h� ýa³ð>� ��s�_� �r��� ���8̈� '��§>=�̀¦ p�o� ·ú��¦ e��#Q

�� ô�Ç����H &h�, %ò
�©� G'p"f �̧s�Ý¼\� @/ô�Ç �¦�9�� \O�Ü¼ 9 �̧y��9 �̧s�Ý¼�� �>rF�½+É r�

ÆÒ&ñ
u� �̧ÀÓ�� 7£x;�¤�)a����H &h� 1pxs� ô�Ç>�&h�Ü¼�Ð ���6 x��¦ e����. [60]\�"f��H %ò
�©� G'p

"fü< ³ð&h�_� î�r1lx�̀¦ �¦�9ô�Ç  ñ�̧ÕªA�x� '��§>=�̀¦ Ä»�̧��¦ s� '��§>=_� ì�rK� ���õ�\�¦ 8£¤

&ñ
u��Ð ��6 x�<ÊÜ¼�Ð+� q����+þAÜ¼�Ð ������~�� ³ð&h�_� î�r1lx �©�I� ~½Ó&ñ
d���̀¦ ���+þA r����

s� r�Û¼%7� +þAI��Ð ³ð�&³��¦ ���'a8£¤$í
s� >h���H�d�̀¦ �Ð%i���. Õª�Q��, y = C(t)x_� +þA

I��Ð ��������H 8£¤&ñ
 ~½Ó&ñ
d��\�"f C(t) '��§>=s� %ò
�©� ú̧�6£§\� _�K� %ò
�¾Ó�̀¦ ~ÃÎ>� ÷&���"f

ÆÒ&ñ
 $í
0pxs� $��÷&��H éß�&h�s� �>rF�� 9, s�\�¦ �FG4�¤�l� 0AK�"f��H 	�H ��5Åq�̧�� ¹כ��9

�>� ÷&Ù¼�Ð ÏãÎ�FG&h�Ü¼�Ð ³ð&h�õ� 1lx{9�ô�Ç î�r1lx�̀¦ ���H ��s	כ 3lq&h���� q�ÅÒ\O� "f�Ðeç
\�

&h�6 x�l���H &h�½+Ë�t� ·ú§��.
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3.2 j�ÌÁá�
 "��×�b� e�ß��

q�ÅÒ\O� "f�Ðeç
�Ér l��:r&h�Ü¼�Ð %ò
�©� &ñ
�Ð_� ÷&"3�e���̀¦ :�xK�, �Ð4�© �'p×¼-s�&7�'�_� 0Au�

x9� ��[jü< �'aº���)a �©�I� ���Ãº x = x(q(t),K)\�¦ Äºo��� 3lq³ð�Ð ���H 3lq³ð �©�I� ���Ãº

x∗�Ð Ãº§4���̧2�¤ �Ð4�©_� î�r1lx�̀¦ ]j#Q���H �¦̀�	כ 3lq&h�Ü¼�Ð ô�Ç��. #�l�"f q(t)��H r�çß�

\� ���Ér :£¤fç
&h�[þt_� i��!sq ýa³ð  7�'�\�¦ ����?/ 9, (2.4)�ÐÂÒ'� 
�Bj��ü< ³ð&h�_� �©�

@/&h���� 0Au�/��[j �'a>�\� _�K� ���&ñ
H�d�̀¦ ·ú� Ãº e����. ����"f, �Ð4�©_� î�r1lx�̀¦ ]j#Q

�l� 0A�#� �©�I� ���Ãº x\�¦ Áº%Á	Ü¼�Ð [O�&ñ
�#� ]j#Ql�\�¦ [O�>����H��\� @/ô�Ç K�²ú�

Ü¼�Ð ß¼>� %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�õ� 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�_� ¿º ��

t� °ú�A��� ]jr�÷&#Q M®oÜ¼ 9, ¿º ��t� l�ZO�_� :£¤$í
�̀¦ &h�]X�y� �D¥½+Ër���� Ö6x½+Ë l�ZO�[þt

�̧ ����Ðs��¦ e����.

3.2.1 ÆZ�(�× e�ð5� j�ÌÁá�
 "��×�b� e�ß��

%ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér �Ð4�©_� ]j#Q\�¦ 0Aô�Ç �©�I� ���Ãº�Ð ³ð&h� :£¤fç
&h�_�

s�p�t� ýa³ð\�¦ �Ö̧6 x���H +þAd��_� q�ÅÒ\O� "f�Ðeç
 l�ZO�[þt�̀¦ 8úxg�Aô�Ç��. �¦���&h���� %ò
�©�

l�ìøÍ q�ÅÒ\O� "f�Ðeç
�Ér ÅÒ�Ð ³ð&h�_� :£¤fç
&h� ýa³ð &ñ
�Ð\�¦ �©�I� ���Ãº�Ð &ñ
_���¦ :£¤

fç
&h�_� ¹¡§f��e���̀¦ ]j#Q�<ÊÜ¼�Ð+� 3lq³ð �íÝ¼\�¦ �¾ÓK� �Ð4�©�̀¦ ½̈1lxr�v���H ~½Ód���̀¦ G�×þ�

��¦ e���� [6]. �Ð4�©_� 5Åq�̧ü< ³ð&h� :£¤fç
&h�_� 5Åq�̧ çß�_� ���8̈� �'a>���� s�p�t� ���ïq�

���(Image Jacobian)�̀¦ >�íß���¦ ³ð&h�_� :£¤fç
&h�s� �&³F� �íÝ¼\�"f S\�1pqô�Ç ³ð&h�_� :£¤

fç
&h�õ� 3lq³ð �íÝ¼\�"f S\�1pqô�Ç ³ð&h�_� :£¤fç
&h� ��s�\�¦ e±	��H f����� �â
�Ð\�¦ ���� ¹¡§f��

{9� Ãº e���̧2�¤ �Ð4�©_� 5Åq�̧ "î
§î
�̀¦ Òqt$í
K�?/��H ~½Ód��s���. s��Qô�Ç ~½Ód���Ér �Ð4�©_� î�r

1lxs� ³ð&h�_� :£¤fç
&h��̀¦ %ò
�©� G'p"f_� �oy�� ?/ÂÒ\�  QÓüt�Q e��>� ���H ~½Ó�¾ÓÜ¼�Ð ���'��÷&

Ù¼�Ð ��r� �̧|	� (Visibility Constraint)�̀¦ ëß�7á¤���H X<\� �̧�FK �8 &h�½+Ëô�Ç ~½Ód��s���.

Õª�Q�� �Ð4�©_� ]j#Q õ�&ñ
\�"f :£¤fç
&h�s� %ò
�©� �©�\�"f_� f����� �â
�Ð\�¦ ���� ¹¡§f��s�l�

0A�#� �Ð4�©_� î�r1lxs� õ��̧�>� 	�H ¹¡§f��e���̀¦ �Ðs����� �â
Äº\� ����"f��H �Ð4�©s� ���
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\O� ìøÍ�â
_� ô�Ç>�\�¦ �Å�#Q"f��H ¹¡§f��e���̀¦ �Ð#� ���\O� Ãº'���̀¦ ½+É Ãº \O���H ��0px$í
�̧ �>rF�

ô�Ç��. ¢̧ô�Ç, s�p�t� ���ïq����_� :£¤$í
Ü¼�Ð ����#� t�%i�&h� îß�&ñ
$í
(Local Stability)ëß�

s� �Ð�©�÷&Ù¼�Ð �íl� �íÝ¼ü< 3lq³ð �íÝ¼ ��s�\� 	�s��� 	�H �â
Äº\���H &h�6 x�l� #Q�9î�r

éß�&h��̧ ��t��¦ e���� [46].

l��:r&h���� %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér ��6£§õ� °ú ��. ���$�, 3	�"é¶ /BNçß� �©�_�

Nf>h_�³ð&h�:£¤fç
&h�[þt
Cpi =

[
CXi

CYi
CZi

]T
, i = 1, . . . , Nf x9�Õª\�@/6£x÷&��H:£¤

fç
&h� s�p�t� ýa³ð Cmi =
[
Cxi

Cyi 1
]T

, i = 1, . . . , Nf\� @/�#� {9�ìøÍ&h�Ü¼�Ð %ò
�©�

l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f_� ]j#Q @/�©�s� ÷&��H �©�I� ���Ãº x��H ��6£§õ� °ú ��.

x ,
[
xT

1 . . . xT
Nf

]T
(3.2)

xi ,
[
Cxi

Cyi

]T
, i = 1, . . . , Nf . (3.3)

#�l�"f 1	�&h�Ü¼�Ð ��&ñ
K��� ½+É ��Ér	כ �©�I� ���Ãº x\� _�K� �Ð4�© �'p×¼-s�&7�'�_� 0Au�

x9� ��[j�� Ä»{9��>� ���&ñ
�)a����H �,s� 9	כ s���H {9�ìøÍ&h�Ü¼�Ð ���_� f�����\� 5Åq�t� ·ú§

�Ér 4>h s��©�_� :£¤fç
&h� ýa³ð\�¦ ·ú��¦ e���̀¦ �â
Äº $í
wn�ô�Ç���¦ ·ú��94R e���� [45].

:£¤fç
&h�_� s�p�t� ýa³ð��H ³ð&h�õ� 
�Bj�� çß�_� �©�@/&h���� 0Au�/��[j\� _�K� ���&ñ


÷&Ù¼�Ð, s�p�t� ýa³ð_� 1lx%i��<Æ�Ér p�ì�r�̀¦ :�xK� ��A�ü< °ú s� 
�Bj��_� î�r1lxõ� �'aº���)a

d��Ü¼�Ð ����èq Ãº e���� [46].

ẋi = Liv (3.4)

#�l�"f v ,
[
CvT

C
CωT

C

]T
s� 9, CvC , CωC��H y��y�� 
�Bj�� ýa³ð>�\�¦ l�ï�rÜ¼�Ð ����

�·p
�Bj��_�#î
���x9��r���5Åq�̧\�¦�����·p��. Li��Hs�p�t����ïq����(Image Jacobian)

<�Ê�Ér ���'�Ïþ���� '��§>=(Interaction Matrix) 1pxÜ¼�Ð Ô�¦o�Äº 9 ��6£§õ� °ú �Ér +þAI�\�¦ �����

��.
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Li ,



− 1

CZi
0

Cxi
CZi

Cxi
Cyi −(1 + Cx2

i )
Cyi

0 − 1
CZi

Cyi
CZi

1 + Cy2
i −Cxi

Cyi −Cxi


 (3.5)

����"f, y��y��_� :£¤fç
&h�\� @/ô�Ç s�p�t� ���ïq�����̀¦ Ãº|9��#� ���_� '��§>=�Ð ëß�

[þt���, ��6£§õ� °ú �Ér ����̂ �©�I� ���Ãº x\� @/ô�Ç 1lx%i��<Æ�̀¦ %3��̀¦ Ãº e����.

ẋ = Lv (3.6)

L ,




L1

...

LNf




(3.7)

%ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér 0A 1lx%i��<Æ d���̀¦ ���½ÓÜ¼�Ð ��6£§õ� °ú s� &ñ
_�÷&

��H �̧	� e\�¦ þj�è�o���H ~½Ó�¾ÓÜ¼�Ð ]j#Ql�\�¦ ½̈$í
��¦ e����.

e = x(Cq,K)− x∗ (3.8)

0A d��õ� (3.6)�̀¦ s�6 x���� �̧	�\� @/ô�Ç 1lx%i��<Æ�Ér ��6£§õ� °ú s� jþt Ãº e����.

ė = Lv (3.9)

#�l�"f, q�ÅÒ\O� "f�Ðeç
 r�\���H �Ð4�©s� Ø�æì�ry� Ö¼o�>� ¹¡§f��s��¦ y�� �'a]X� ½̈1lxl�

_� @/%i�;�¤s� Ø�æì�ry� À1Ï�� 5Åq�̧ "î
§î
 v∗\� @/�#� ��H��&h�Ü¼�Ð v ' v∗s� $í
wn�ô�Ç���¦

��&ñ
���H ��s	כ {9�ìøÍ&h�s���. ����"f, ��A�ü< °ú �Ér �Ð4�© ½̈1lxl� ]j#Ql�\�¦ [O�>�½+É Ãº

e�������,

v∗ = −λL−1e (3.10)

�̧	� 1lx%i��<Æ�̀¦ ��6£§õ� °ú �Ér 1	� ���+þA p�ì�r ~½Ó&ñ
d�� +þAI��Ð ëß�[þt Ãº e��Ü¼Ù¼�Ð ���
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õ�&h�Ü¼�Ð �̧	��� y���è�#� 0Ü¼�Ð Ãº§4��<ÊÜ¼�Ð+� ]j#Q 3lq&h��̀¦ ²ú�$í
½+É Ãº e����.

ė = −λe (3.11)

Õª�Q��, #�l�"f_� ë�H]j&h��Ér 4>h s��©�_� :£¤fç
&h� ýa³ð\�¦ ��6 xK��� �l�\� s�p�t�

���ïq���� Ls�&ñ
~½Ó'��§>=s� |̈cÃº\O�Ü¼ 9, (3.5)\�"f �̂¦Ãºe��1pws� CZi,7£¤,y��:£¤fç
&h�_�

U�·s�&ñ
�Ð\�¦�9¹כ��Ðô�Ç����H&h�s���.����"f,l��:r&h����%ò
�©�l�ìøÍq�ÅÒ\O�"f�Ðeç
l�ZO�

\�"f��HU�·s�&ñ
�Ð\�¦·ú��¦e������Z>��̧_�·ú��¦o�7£§�̀¦:�xK�ÆÒ&ñ
s���0px�������H��&ñ


�\�, L_� _��� %i�'��§>=(Pseudo Inverse Matrix)\� @/ô�Ç ÆÒ&ñ
u� L̂+ = (L̂T L̂)−1L̂T �̀¦

s�6 x�#� ]j#Ql�\�¦ ��6£§õ� °ú �Ér +þAI��Ð ½̈$í
���H ��s	כ {9�ìøÍ&h�s� 9,

v∗ = −λL̂+e (3.12)

Õª\� ���Ér �̧	� 1lx%i��<Æ�Ér ��A�ü< °ú ��.

ė = −λLL̂+e (3.13)

Õª�Q��0A �̧	�1lx%i��<Æ�Ér LL̂+es���t���Hq����+þA$í
x9�Ï��ß¼ �̧|	�\�_�K�{9�ìøÍ&h�

Ü¼�Ð e = 0 ��H%�_� ²DG�è&h� %ò
%i�\�"f_� îß�&ñ
$í
ëß��̀¦ �Ð�©�� 9, ����"f %ò
�©� l�ìøÍ q�

ÅÒ\O� "f�Ðeç
�Ér {9�ìøÍ&h�Ü¼�Ð ���%i�&h� îß�&ñ
$í
�̀¦ �Ð�©��l� #Q�9î�r l�ZO�Ü¼�Ð ·ú��94R e��

�� [46]. ¢̧ô�Ç, s��Qô�Ç %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér :£¤fç
&h�_� ¹¡§f��e���̀¦ f��]X� ]j

#Qô�Ç����H :£¤$í
 M:ë�H\� ��r� �̧|	��̀¦ ëß�7á¤�l�\� &h�½+Ëô�Ç +þAI�s�t�ëß� ���%i�&h� îß�&ñ
$í


�̀¦ �Ð�©��t� 3lw���H ë�H]j ü@\��̧ #��Q��t� ë�H]j&h�[þt�̀¦ îß��¦ e����.

���$�,%ò
�©�l�ìøÍq�ÅÒ\O�"f�Ðeç
l�ZO��Ér:£¤fç
&h�_�¹¡§f��e���̀¦]j#Q��9��H:£¤$í
Ü¼�Ð

����#� 3	�"é¶/BNçß��©�\�"f_��Ð4�©_�î�r1lx\�>pw�t�·ú§�Ér1lx���s�����z��Ü¼�Ð+���r�

�̧|	�s� 0AC�÷&���� ]j#Q 3lq&h��̀¦ ²ú�$í
�l� #Q�90>t���H �â
Äº�� µ1ÏÒqtô�Ç��. :£¤y� Êê��
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\� @/ô�Ç @/³ð&h���� \V�Ð Chaumette Conundrums��� Ô�¦o�Äº��H 
�Bj�� Êê�@ �&³�©�s�

e���� [7]. ÕªaË> 3.2ü< °ú s� 
�Bj��_� 3lq³ð %ò
�©�s� �íl� %ò
�©�\�"f 0Au� ���1lx \O�s� �̧

�Ðt� F�g»¡¤, 7£¤, Z-»¡¤�̀¦ l�ï�rÜ¼�Ð 180�̧ �r���ëß��̀¦ ̈½¹כ���H �â
Äº\� @/�#� (3.12)_�

]j#Ql�\�¦ &h�6 x½+É �â
Äº, :£¤fç
&h�_� î�r1lxs� �íl� x9� 3lq³ð :£¤fç
&h��̀¦ f�����Ü¼�Ð e±	��H �â


�Ð\�¦ ���� ¹¡§f��s���H �â
�¾Ó�̀¦ (̀�̧2�¤ �Ð4�© �'p×¼-s�&7�'�_� î�r1lxs� ���&ñ
÷&Ù¼�Ð ���õ�&h�

Ü¼�Ð �Ð4�© �'p×¼-s�&7�'��� F�g»¡¤ ~½Ó�¾ÓÜ¼�Ð Áºô�Çy� Êê�@���H ���õ�\�¦ ±ú¢>� �)a��. s���H

{©����y� q�ÅÒ\O� "f�Ðeç
 ���\O�_� z�́J��Ð )���÷&>� �)a��.

[7]\�"f��H 
�Bj�� î�r1lx_� Z-$í
ì�r�̀¦ ���Ér $í
ì�r[þtõ� ì�ro��#� >hZ>�&h�Ü¼�Ð ]j#Q�<Ê

Ü¼�Ð+� %ò
�©� ���ïq����(Image Jacobian)_� +þAI�\� _�K� µ1ÏÒqt���H %ò
�©� :£¤s�&h��̀¦ �r

x�½+É Ãº e����H l�ZO��̀¦ ]jîß��%i�Ü¼ 9, s� õ�&ñ
\�"f 
�Bj�� r���_� �â
>�ü< :£¤fç
&h� s�

p�t� ýa³ð[þt çß�_� ��o�\�¦ l�ï�rÜ¼�Ð ìøÍµ1Ï ���0A�©��̀¦ &h�6 x�#� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�

"f_� ��r� �̧|	� ëß�7á¤ ��0px$í
�̀¦ Z�}s��¦ e����. [8]\�"f��H 
�Bj��_� 0Au�ü< ��[j ]j#Q

\�¦ ì�ro��#� í�H	�&h�Ü¼�Ð Ãº'�����H l�ZO��̀¦ ]jr��#� %ò
�©� :£¤s�&h��̀¦ �rx���¦ ��r�

�̧|	�_� ëß�7á¤�̀¦ �̧�̧�%i���. ¢̧ô�Ç, [9]∼[13]\�"f��H s�p�t� î̈
��� �©�\�"f_� &h�]X�ô�Ç :£¤

fç
&h� C�&h� [O�>� l�ZO��̀¦ ���½ÓÜ¼�Ð ��r� �̧|	�_� ëß�7á¤õ� 1lxr�\� 3	�"é¶ /BNçß� �©�\�"f_�

�Ð4�© �'p×¼-s�&7�'�_� ¹¡§f��e�� %i�r� ]j#Q½+É Ãº e����H ~½ÓZO�s� ]jr�÷&l��̧ Ùþ¡��. s�ü< Ä»

���>� [14]∼[16]\�"f��Hq�ÅÒ\O�"f�Ðeç
õ�&ñ
\�"f��r� �̧|	�_�ëß�7á¤õ��<Êa� 3	�"é¶/BN

çß� �©�\�"f_� �Ð4�©_� ¹¡§f��e���̀¦ �����Û¼XO�>� �l� 0A�#� /BNçß� �©�\�"f f����� �â
�Ð\�¦ ��

�� ¹¡§f��{9� Ãº e���̧2�¤ s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h��̀¦ [O�>����H l�ZO��̀¦ ]jr��

l��̧ �%i���.

¢̧ ���Ér ë�H]j&h�Ü¼�Ð��H ]j#Q õ�&ñ
\�"f s�p�t� ���ïq����_� +þAI�\�"f q�2�©÷&��H ²DG

t�&h�þj�è&h�(Image Local Minima)Ü¼�Ð_�Ãº§4�x9�%ò
�©�:£¤s�&h�(Image Singularity)\�

_�ô�Ç ]j#Q "î
§î
 Òqt$í
 z�́J� 1px�̀¦ [þt Ãº e����. ²DGt�&h� þj�è&h� ë�H]j��H ��6£§õ� °ú �Ér �â


Äº\� µ1ÏÒqtô�Ç��.
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e ∈ Null(L̂+), e 6= 0 (3.14)

#�l�"f Null(L̂+)��H L̂+_� V,� Û¼�̀s�Û¼(Null Space)\�¦ _�p�ô�Ç��. 0s� ����� �̧	�

e�� L̂+_� V,� Û¼�̀s�Û¼\� 5Åq�>� |̈c �â
Äº (3.13)\�¦ s�6 x���� ���õ�&h�Ü¼�Ð ė = 0s�

÷&#Q z�́]j�Ð��H �©�I� ���Ãº �̧	��� �>rF��t�ëß� �8 s��©� �̧	�\�¦ ×�¦s�l� 0Aô�Ç ]j#Q "î


§î
s� Òqt$í
÷&t� ·ú§��H �©�S!�s� µ1ÏÒqt�>� �)a��. s���� �â
Äº, �Ð4�© �'p×¼-s�&7�'���H ��6 x��

�� 3lq³ð�Ðô�Ç �íÝ¼ü<��H 1lxb��#Q��� /BMÜ¼�Ð Ãº§4��>� ÷&Ù¼�Ð q�ÅÒ\O� "f�Ðeç
 ���\O��Ér z�́

J��>� �)a��. ¢̧ô�Ç, �Ð4�© �'p×¼-s�&7�'��� s�1lx���H õ�&ñ
\�"f :£¤fç
&h�_� s�p�t� ýa³ð

��H t�5Åq&h�Ü¼�Ð ����o� 9, Õª õ�&ñ
\�"f s�p�t� ýa³ð_� ½̈$í
\� ���� s�p�t� ���ïq�

��� Ls� :£¤s�&h��̀¦ ��4R Û�¦ Ï��ß¼(Full Rank)�� ÷&t� 3lw���H �â
Äº�� µ1ÏÒqtô�Ç��. s��Q

ô�Ç:£¤s�&h��̀¦%ò
�©�:£¤s�&h�(Image Singularity)��g�A� 9·ú¡"fl�Õüt�%i�~�� Chaumette

Conundrum�Ér s� %ò
�©� :£¤s�&h�õ� �'aº���)a ë�H]js�l��̧ ���. %ò
�©� :£¤s�&h�s� µ1ÏÒqt�>�

|̈c �â
Äº, L̂+_� >�íß�s� Ô�¦��0pxK�4R ���õ�&h�Ü¼�Ð ]j#Q "î
§î
_� >�íß� ���̂�� z�́J����H

���õ�\�¦ ��4R�:r��. s��Qô�Ç ²DGt�&h� þj�è&h� x9� %ò
�©� :£¤s�&h� 1px�Ér :£¤fç
&h�_� 0Au� ½̈$í


s� #Qb�G>� ����Ö¼��\� ���� µ1ÏÒqt �̧|	�s� ��;	�ëß�Z>�s�Ù¼�Ð s��:r&h�Ü¼�Ð ¢-a#4��>� µ1ß

y�l���H #Q�9Äº 9, s�\�¦ çß�]X�&h�Ü¼�Ð K�����l� 0Aô�Ç �̧§4�[þts� s�#Qt��¦ e����.

[8]\�"f��H s�\�¦ K�����l� 0A�#� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
�̀¦ #î
��� î�r1lx ]j#Qü< �r���

î�r1lx]j#Q�Ð��¾º#Qí�H	�&h�Ü¼�Ð]j#Q��̧2�¤]j#Ql�\�¦ ½̈$í
�<ÊÜ¼�Ð+�%ò
�©�:£¤s�&h�_�

µ1ÏÒqt�̀¦ þj�è�o½+É Ãº e����H ~½ÓZO��̀¦ ]jr��%i���. Õª�Q��, ²DGt�&h� �FG�è&h�Ü¼�Ð_� Ãº§4�\�

@/ô�Çë�H]j��H#����y�z����e��Ü¼ 9,
�Bj��_�F�g»¡¤s�³ð&h� î̈
���\��½Ó�©�Ãºf��s�����H��

&ñ
s� ¹כ��9�Ù¼�Ð #3�6 x$í
 ���\�"f ò́Ö�¦&h�s�t� 3lw���. ¢̧ô�Ç, [11]\�"f��H s�p�t� î̈
���

�©�\�"f_� �â
�Ð >�S\�ZO��̀¦ :�xK� ²DGt�&h� �FG�è&h� ë�H]j\�¦ x��<Êõ� 1lxr�\� Ô�¦SX�z�́ô�Ç 
�Bj

�� ?/ÂÒ ����� ÆÒ&ñ
 ���õ�\� @/K�"f�̧ ��r� �̧|	�õ� ���%i�&h� îß�&ñ
$í
�̀¦ �Ð�©�½+É Ãº e����H

q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jr��%i���. Õª�Q�� #�l�"f��H %ò
�©� :£¤s�&h�\� @/ô�Ç �¦�9�� p�
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Initial Desired

ÕªaË> 3.2: Chaumette Conundrum

���ô�Ç z�́&ñ
s���.

¢̧ô�Ç, ·ú¡"f \P���ô�Ç l�ZO�[þt_� �â
Äº��H ���¶nq&h�Ü¼�Ð &ñ
t� ³ð&h��̀¦ �¦�9��¦ e������H

ô�Ç>�&h�s� e��Ü¼ 9, s�1lx ³ð&h�\� @/ô�Ç q�ÅÒ\O� "f�Ðeç
 l�ZO�Ü¼�Ð��H [18], [19] &ñ
�̧�� ]j

îß�÷&%3���. [18]\�"f��H �Ð4�©_� l�½̈�<Æ&h� &ñ
�Ðü< 
�Bj��_� ?/,ü@ÂÒ �����\� @/ô�Ç &ñ
�Ð

\O�s�, ³ð&h�_� �&³F� %ò
�©�\�"f_� :£¤fç
&h�õ� 3lq³ð %ò
�©�\�"f_� :£¤fç
&h� ��s�_� �̧	��ÐÂÒ

'��Ð4�©�'a]X�y������o\�@/ô�Ç���ïq�����̀¦ÆÒ&ñ
���H~½Ód���̀¦]jîß���¦,F�)&h�þj�è��

5pxZO�(Recursive Least Squares Method)\�¦ s�6 x�#� :£¤fç
&h� �̧	�\�¦ þj�è�o½+É Ãº e��

��H �'a]X�y�� "î
§î
�̀¦ Òqt$í
���H l�ZO��̀¦ ]jîß��%i���. Õª�Q��, 3lq³ð �íÝ¼�Ð_� Ãº§4�$í
s���

��r� �̧|	�s� ëß�7á¤\� @/ô�Ç ì�r$3��̀¦ ]j/BN��¦ e��t� ·ú§Ü¼ 9, �'a]X�y��\� @/ô�Ç :£¤fç
&h� �̧

	��� q����+þA +þAI��Ð ³ð�&³÷&Ù¼�Ð ²DGt�&h� �FG�è&h�Ü¼�Ð Ãº§4�½+É Ãº e����H ��0px$í
s� �>rF�

ô�Ç��.ô�Ç¼#� [19]\�"f��H�ª�îß�(Binocular)
�Bj��\�¦s�6 x�#�³ð&h�:£¤fç
&h�_�U�·s�\�¦>�

íß���¦, s�\�¦ s�6 x�#� ³ð&h�_� 5Åq�̧\�¦ ÆÒ&ñ
�#� q�ÅÒ\O� "f�Ðeç
 ]j#Ql� ½̈$í
 õ�&ñ
\�

"f s�\�¦ �Ð�©�K� ÅÒ��H +þAI�_� q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jîß��%i���. ³ð&h�_� U�·s�\�¦ &ñ


SX�y� ·ú��¦ e��Ü¼Ù¼�Ð 5Åq�̧_� ÆÒ&ñ
s� B�Äº çß�¼#�K�t���H �©�&h�s� e��Ü¼��, "f�Ð ���Ér r�

��\�¦ ��t��¦ e����H ¿º 
�Bj��\� @/K� ��r� �̧|	��̀¦ ëß�7á¤K��� �Ù¼�Ð ���õ�&h�Ü¼�Ð 
�Bj

��_� r����� a%v��t���H ò́õ�\�¦ ��4R�̧>� ÷& 9, ��r� �̧|	�_� ëß�7á¤\� @/ô�Ç �¦�9�� \O�

��H ��s	כ ô�Ç>�&h�Ü¼�Ð ���6 xô�Ç��.

32



3.2.2 �Dn� e�ð5� j�ÌÁá�
 "��×�b� e�ß��

0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér �Ð4�©_� �íÝ¼\�¦ ���&ñ
���H �����[þt�̀¦ f��]X� �Ð4�©_� ]j

#Q\�¦ 0Aô�Ç �©�I� ���Ãº�Ð [O�&ñ
�#� �Ö̧6 x���H +þAd��_� q�ÅÒ\O� "f�Ðeç
 l�ZO�[þt�̀¦ 8úxg�Aô�Ç

��. {9�ìøÍ&h�Ü¼�Ð �&³F� x9� 3lq³ð �Ð4�© �íÝ¼\�"f S\�1pqô�Ç ³ð&h�_� :£¤fç
&h� &ñ
�Ð\�¦ �Ö̧6 x�

#� 3	�"é¶ /BNçß� �©�\�"f_� �Ð4�©_� �íÝ¼\�¦ ÆÒ&ñ
��¦ �Ð4�©_� �íÝ¼\�¦ �©�I� ���Ãº�Ð &ñ
_�

�#� 3lq³ð �íÝ¼\�¦ �¾ÓK� î�r1lx½+É Ãº e����H ]j#Ql�\�¦ ½̈$í
���H ~½Ód���̀¦ G�×þ���¦ e����

[22]. ����"f, �Ð4�©_� ]j#Q "î
§î
 Òqt$í
 8£¤���\�"f �Ð��¤�̀¦ M:, �&³F� �Ð4�©_� �íÝ¼\�¦ ���½Ó

Ü¼�Ð ]j#Q "î
§î
�̀¦ Òqt$í
���H ~½Ód��s�Ù¼�Ð %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
\� q��#� íß�\O� �Ð

4�© ½̈1lxl�_� ]j#Ql� ½̈$í
\� �8 &h�]X�ô�Ç ~½Ód��Ü¼�Ð ·ú��94R e���� [28]. ¢̧ô�Ç, �Ð4�©_� �í

Ý¼\�¦f��]X�]j#Q�l�M:ë�H\�%ò
�©�l�ìøÍq�ÅÒ\O�"f�Ðeç
õ�q��§�%i��̀¦M: 3	�"é¶/BNçß��©�

\�"f_� �Ð4�©_� î�r1lx�̀¦ ]j#Q�l� �s̀��� 6 xs�� 9, {9�ìøÍ&h�Ü¼�Ð ���%i�&h� îß�&ñ
$í
(Global

Stability)�̀¦ �Ð�©�½+É Ãº e������H �©�&h��̀¦ ����� l�ZO�s���. Õª�Q��, �̧�Ðt� �Ð4�©_� �íÝ¼

ëß��̀¦ l�ï�rÜ¼�Ð �Ð4�©_� î�r1lx�̀¦ ]j#Q�l� M:ë�H\� %ò
�©� �©�\�"f_� :£¤fç
&h�_� ¹¡§f��e���̀¦

]j#Q½+ÉÃº\O�Ü¼ 9,:£¤fç
&h�_�î�r1lx\�@/ô�Ç]j#Q���¦�9÷&t�·ú§l�M:ë�H\���r� �̧|	�_�

ëß�7á¤ 8£¤���\�"f %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�\� q�K� 2[���ô�Ç ����̧\�¦ �Ð�����. [46].

0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
\�"f_� �©�I� ���Ãº x��H �Ð4�©_� �íÝ¼\�¦ l�Õüt½+É Ãº e����H

6��Ä»�̧_� ���Ãº�Ð"f ���ª�ô�Ç ~½ÓZO�Ü¼�Ð [O�&ñ
½+É Ãº e����. Õª�Q��, #î
��� î�r1lxõ� �'aº���)a

�©�I� ���Ãº��H �Ð:�x COC∗ <�Ê�Ér
COT_� ¿º ��t� ~½Ód��Ü¼�Ð [O�&ñ
���H ��s	כ {9�ìøÍ&h�s���.

#î
��� î�r1lx �©�I� ���Ãº�Ð COC∗�̀¦ ��6 x½+É �â
Äº 3lq³ð �©�I��� 0\� K�{©��Ù¼�Ð �Ð4�© �í

Ý¼ ÆÒ&ñ
 õ�&ñ
\�"f #î
��� î�r1lx_� Û¼H�{9�\� @/ô�Ç ÆÒ&ñ
 ���õ� &ñ
SX�$í
\� @/ô�Ç ÂÒ{���̀¦ #Q

Ö¼&ñ
�̧W=�Ãºe����.Õª�Q��,��r� �̧|	�_�ëß�7á¤8£¤���\�"f��H COT �̀¦�©�I����Ãº�Ð[O�&ñ


���H�8��s	כ ò́Ö�¦&h�s����¦·ú��94Re��Ü¼ 9 [25], ����"f�:r]X�\�"f��H COT �̀¦�©�I����

Ãº�Ð s�6 xô�Ç l��:r&h���� 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�\� @/K� �è>h\�¦ ��̧2�¤ ô�Ç��.

���$�, �©�I� ���Ãº x��H ��6£§õ� °ú s� [O�&ñ
ô�Ç��.
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x ,
[
COT uθ

]T
(3.15)

#�l�"f, uθ��H �Ð4�©_� �&³F� ��[j x9� 3lq³ð ��[j_� ��[j 	�s�\� @/ô�Ç �r���»¡¤(u)/�r

���y��(θ) ³ð�&³s���. s� �r���»¡¤õ� �r���y���Ér ·ú¡"f l�Õütô�Ç  ñ�̧ÕªA�x� '��§>=_� ì�rK� l�

ZO�õ� °ú �Ér 
�Bj�� �íÝ¼ ÆÒ&ñ
 l�ZO�Ü¼�ÐÂÒ'� C∗RC\�¦ ÆÒ&ñ
½+É Ãº e���̀¦ �â
Äº ��6£§õ� °ú 

s� >�íß�½+É Ãº e����.

u = cos−1

(
tr

(
C∗RC

)− 1
2

)
(3.16)

θ =
1

2 sin θ




(
C∗RC

)
32
− (

C∗RC

)
23

(
C∗RC

)
13
− (

C∗RC

)
31

(
C∗RC

)
21
− (

C∗RC

)
12




(3.17)

s� �â
Äº, �©�I� ���Ãº x\� @/ô�Ç 1lx%i��<Æ d���Ér ��6£§õ� °ú s� ����èq Ãº e��Ü¼ 9,

ẋ = Lpv (3.18)

���ïq���� Lp��H ��6£§õ� °ú �Ér +þAI��Ð ����èq Ãº e����.

Lp ,



−I3 [COT ]×

03×3 Lω


 (3.19)

Lω , I3 − θ

2
[u]× +

(
1− sincθ

sinc2 θ
2

)
[u]2× . (3.20)

ô�Ç¼#�, �©�I� ���Ãº �̧	�\�¦ e , x − x∗s��� ���� �̧	�\� @/ô�Ç 1lx%i��<Æ�Ér 0A_� 1lx%i�

�<Æ d��Ü¼�ÐÂÒ'� ��6£§õ� °ú 6£§�̀¦ ·ú� Ãº e����.
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ė = Lpv (3.21)

s��Qô�Ç �̧	� 1lx%i��<Æ�̀¦ l�ìøÍÜ¼�Ð, %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f l�Õütô�Ç ��ü<

°ú s� v ' v∗s��� ��&ñ
½+É M:, ]j#Ql���H {9�ìøÍ&h�Ü¼�Ð ��6£§õ� °ú �Ér +þAI��Ð ½̈$í
�>� �)a

��.

v∗ = −λL̂p
−1

e (3.22)

#�l�"f, λ ∈ R+s���. s� ]j#Ql�\�¦ &h�6 x�<Ê\� ���� ��A�ü< °ú �Ér �̧	� 1lx%i��<Æ�̀¦ %3��̀¦

Ãº e����.

ė = −λLpL̂p
−1

e (3.23)

Lp��H Õª ½̈$í
 �©� �Ð4�© �íÝ¼ü< �'aº���)a ����p�'�[þt�̀¦ �í�<Ê��¦ e��l� M:ë�H\� ]j#Ql�

_� [O�>� õ�&ñ
\�"f��H L−1
p \� @/ô�Ç ÆÒ&ñ
u���� L̂p

−1
�̀¦ ��6 x��¦ e����. ����"f, �Ð4�©_�

�íÝ¼ ÆÒ&ñ
s� ¢-a#4�½+É �â
Äº, −λLpL̂p
−1

= I6s� ÷&#Q (3.23)_� �̧	� 1lx%i��<Æ d��s� éß�í�H

ô�Ç 1	� ���+þA r�Û¼%7�Ü¼�Ð ����̧�>� H�dÜ¼�Ð+� ���%i�&h� îß�&ñ
$í
�̀¦ �Ð�©�½+É Ãº e��>� �)a��.

0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér ]j#Ql�_� [O�>� õ�&ñ
\�"f�̧ �̂¦ Ãº e��1pws� %ò
�©�

l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�\�"f ������~�� ²DGt�&h� �FG�è&h� ë�H]j�� %ò
�©� :£¤s�&h�õ� °ú �Ér

ë�H]j&h�[þts� �>rF��t� ·ú§Ü¼ 9, ���%i�&h� îß�&ñ
$í
�̀¦ �Ð�©�½+É Ãº e������H �©�&h�Ü¼�Ð ����#�

ú́§�Ér ���½̈��[þt_� ÅÒ3lq�̀¦ ~ÃÎ��¤��. Õª�Q��, ]j#Ql� [O�>� õ�&ñ
\�"f �̂¦ Ãº e��1pws� ]j#Q

@/�©�s� �̧�Ðt� �Ð4�©_� �íÝ¼\�ëß� ²DGô�Ç÷&#Q e��l� M:ë�H\� �Ð4�©s� î�r1lx���H õ�&ñ
\�"f

³ð&h� :£¤fç
&h�s� 
�Bj��_� �oy��\�"f #Á	#Q�� ��r� �̧|	�s� 0AC�÷&��H �©�S!��̀¦ x��l���

#Q�9Äº 9, ]j#Ql� [O�>� õ�&ñ
\�"f �Ð4�©_� �íÝ¼\� @/ô�Ç ÆÒ&ñ
s� ¹כ��9�Ù¼�Ð �íÝ¼ ÆÒ&ñ


���õ�_� &ñ
SX�$í
\� q�ÅÒ\O� "f�Ðeç
 $í
0pxs� ß¼>� ýaÄº÷&��H éß�&h��̀¦ ��t��¦ e��l� M:ë�H\�,
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0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
\� l�ìøÍ�̀¦ ¿º�¦ e����H ú́§�Ér l��>r ���õ�[þts� s�ü< �'aº���)a ë�H

]j[þt�̀¦ K�������H X<\� �í&h��̀¦ ú́�ÆÒ�¦ e����.

[23]\�"f��H �Ð4�© �'p×¼-s�&7�'�_� #î
��� î�r1lxõ� �r��� î�r1lx\� @/ô�Ç ]j#Q\�¦ "f�Ð ì�r

o���¦, ³ð&h�_� ×�æd��\� @/6£x÷&��H :£¤fç
&h�_� s�p�t� ýa³ð�� s�p�t� î̈
��� ?/\�"f 3lq³ð

s�p�t� ýa³ð��t�_� f����� �â
�Ð\�¦ ���� ¹¡§f��s��̧2�¤ ]j#Ql�\�¦ ½̈$í
�<ÊÜ¼�Ð+� ��r� �̧

|	��̀¦ ëß�7á¤½+É Ãº e����H 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jr��%i���. Õª�Q�� ³ð&h�_�

×�æd��\� @/6£x÷&��H :£¤fç
&h� s�ü@_� ���Ér :£¤fç
&h�_� ��r� �̧|	�\� @/ô�Ç ¢-a#4�ô�Ç �Ð�©��Ér #Q

�9î�r :£¤$í
�̀¦ �������. ¢̧ô�Ç, [26]\�"f��H [23]\�"fü< °ú s� #î
��� î�r1lxõ� �r��� î�r1lx\� @/

ô�Ç ]j#Q\�¦ ì�ro���¦ 
�Bj�� Êê�@ü< �'aº���)a ]j#Ql�\�¦ ÆÒ���#� ��r� �̧|	�s� 0AC�|̈c

�©�S!�s� {��'¬I�̀¦ M: y��y��_� ]j#Ql�\�¦ &h�]X�y� Û¼0Ag�A���H ~½ÓZO��̀¦ :�xK� ��r� �̧|	��̀¦ ëß�

7á¤½+É Ãº e����H l�ZO�s� ]jr�÷&%3���. s� l�ZO��Ér ��r� �̧|	�_� ëß�7á¤ 8£¤���\�"f��H ò́Ö�¦&h�

s���Û¼0Ag�Aõ�&ñ
\�"f_�G�'�a�A(Chattering)µ1ÏÒqt\�_�ô�Ç]j#Q$í
0px$��\�¦x�½+ÉÃº

\O���H 8£¤���s� e����. [27]\�"f��H 3	�"é¶ /BNçß��©�\�"f "é¶ ñü< Ä»��ô�Ç s�1lx �â
�Ð\�¦ [O�>��<Ê

Ü¼�Ð+� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H �â
�Ð >�S\�ZO� l�ìøÍ_� q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]j

îß��%i���. "é¶ ñ\� ����î�r �â
�Ð\�¦ [O�>��<ÊÜ¼�Ð+� ³ð&h�õ�_� ��o�\�¦ {9�&ñ
 Ãºï�r s����

÷&t� ·ú§�̧2�¤ Ä»t��<Êõ� 1lxr�\� �Ð4�© �'p×¼-s�&7�'�_� ��[j\�¦ �½Ó�©� ³ð&h��̀¦ �����Ð�̧2�¤

&h�]X�y� ]j#Q�<ÊÜ¼�Ð+� ��r� �̧|	��̀¦ ëß�7á¤r�v���H ~½Ód���̀¦ G�×þ���¦ e����. Õª�Q��, 3lq³ð

�íÝ¼ ��H~½Ó_� ²DGt�&h� %ò
%i�\� @/K�"fëß� îß�&ñ
$í
 ì�r$3��̀¦ Ãº'����¦ e��Ü¼ 9, Õª õ�&ñ
\�"f

#î
��� î�r1lxõ� �r��� î�r1lx_� ���½+Ë ò́õ�(Coupling Effect)\�¦ Áºr���¦ e����. ¢̧ô�Ç, [24],

[29]\�"f��H ��r� |9�½+Ë >h¥Æ��̀¦ s�6 x�#� 
�Bj��_� 0Au� x9� ��[j\�¦ ����?/��H �©�I� ���

Ãº�� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f ��r� |9�½+Ë ?/ÂÒ\�"f î�r1lx½+É Ãº e���̧2�¤ ]j#Ql�\�¦ ½̈$í


�<ÊÜ¼�Ð+� ��r� �̧|	��̀¦ ëß�7á¤���H l�ZO��̀¦ ]jîß��%i���.

3.2.3 e��� 	p TÒ¼ j�ÌÁá�
 "��×�b� e�ß���æ·

s���� ]X�\�"f ¶ú�(R�:r ��õ	כ °ú s� %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO�õ� 0Au� l�ìøÍ q�ÅÒ\O�
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"f�Ðeç
l�ZO��Éry��y��s���t��¦e����H�©�éß�&h�s�SX����y���ØÔÙ¼�Ðs�¿º��t�l�ZO��̀¦ �̧

¿º �Ö̧6 x�#� y������ ��t��¦ e����H éß�&h��̀¦ �Ð¢-a��9��H r��̧[þt ¢̧ô�Ç s�#Q4R M®o��. {9�

YV�Ð [32]\�"f]jr��)a 2-1/2 Dq�ÅÒ\O�"f�Ðeç
s���Ô�¦o���Hl�ZO�_��â
Äº,�Ð4�©_�#î
���

î�r1lx�Ér %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦, �r��� î�r1lx�Ér 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�

ZO��̀¦ �Ö̧6 x�<ÊÜ¼�Ð+� ¿º ��t� l�ZO�_� �©�&h��̀¦ ú̧� ¶ú��2; q�ÅÒ\O� "f�Ðeç
 l�ZO�s���. #î
���

î�r1lxõ� �'aº���)a �©�I� ���Ãº\�¦ %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ 6£x6 x�#� [O�&ñ
�<ÊÜ¼�Ð

+� �Ð4�© �íÝ¼_� Û¼H�{9��̀¦ ÆÒ&ñ
K������H ÂÒ{���̀¦ W=� Ãº e��Ü¼ 9, ³ð&h���t�_� U�·s� &ñ


�Ðü< 
�Bj�� ?/ÂÒ �����_� ÆÒ&ñ
u��� &ñ
SX��t� ·ú§�Ér �â
Äº\��̧ y©�����>� �Ð4�©�̀¦ ]j#Q

½+É Ãº e��6£§�̀¦ 7£x"î
�<ÊÜ¼�Ð+� #3�6 x$í
�̀¦ ]j�¦r���� l�ZO�s���. Õª�Q�� ³ð&h�_� ×�æd��\� K�

{©����H :£¤fç
&h�_� ��r� �̧|	�ëß��̀¦ ëß�7á¤r�~�́ Ãº e��Ü¼ 9, ��r� �̧|	�_� ëß�7á¤ �̀¦ 0AK�"f

ìøÍµ1Ï ���0A�©� l�ZO��̀¦ ��6 x��¦ e��Ü¼Ù¼�Ð, s�1lx ³ð&h�\� @/K� &h�6 x�l���H #Q�9Ö�¦ �¼Ü	כ

�Ð �Ð�����. ¢̧ô�Ç, [33], [34]\�"f��H %ò
�©� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 ]j#Ql�ü< 0Au� l�ìøÍ q�

ÅÒ\O� "f�Ðeç
 ]j#Ql�\�¦ �̧¿º �Ö̧6 x�#� {9�&ñ
 l�ï�r\� ���� �ª� ]j#Ql�\�¦ �§8̈��#� ��6 x

�<ÊÜ¼�Ð+� ¿º ]j#Q l�ZO�\�"f µ1ÏÒqt�~�� ë�H]j[þt�̀¦ x�K����9��H r��̧\�¦ �l��̧ �%i���.

s��Qô�Ç Û¼0Ag�A l�ZO�[þt_� �â
Äº îß�&ñ
$í
�̀¦ s��:r&h�Ü¼�Ð ì�r$3��l��� B�Äº #Q�9Äº 9, &ñ


t� ³ð&h�\� @/K�"f�̧ Û¼0Ag�A õ�&ñ
\�"f µ1ÏÒqt���H õ��̧ô�Ç s�1lx ��o� 7£x�� x9� Õª\� ��

�Ér ���\O� Ãº'�� Ô�¦�� ��0px$í
s� �>rF����H 1px_� õ�]j�� #����y� z���� e����H z�́&ñ
s�l��̧

���.
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V� 4 *�× j�Ë̂�¢�> l��â Ø̧�\��+ ÄZ�ë�> (P��â Ça��×

ÍÙÇa� e�ß��

�:r �©�\�"f��H q�î̈
��� s�1lx ³ð&h�_� î�r1lx�̀¦ �¦�9ô�Ç \�G'p[>� '��§>=_� :£¤$í
�̀¦ �¦¹1Ï��¦,

s�\�¦ ���½ÓÜ¼�Ð q�î̈
��� s�1lx ³ð&h�_� #î
��� î�r1lx(0Au�/5Åq�̧)�̀¦ ÆÒ&ñ
½+É Ãº e����H l�ZO�

�̀¦ ]jîß���̧2�¤ ô�Ç��. q�ÅÒ\O� "f�Ðeç
 r�Û¼%7�_� ½̈$í
�Ér ��s�-���-�½�×¼ (Eye-in-Hand)

½̈$í
�̀¦ G�×þ��%i�Ü¼ 9, ³ð&h�õ� �'aº���)a &ñ
�Ð S\�1pq�Ér �̧�Ðt� �Ð4�© �'p×¼-s�&7�'�(Robot

End-Effector)\� ÂÒ�ÃÌ�)a %ò
�©� G'p"f\�¦ :�xô�Ç ³ð&h� %ò
�©� OÉ�%ò
\� _�K�"fëß� s�ÀÒ#Qt��̧

2�¤ ½̈$í
�%i���. ����"f, ³ð&h�_� 0Au�/5Åq�̧_� l�Õüt õ�&ñ
\�"f��H 
�Bj�� ýa³ð>�ü< ³ð

&h� ýa³ð>�\� @/ô�Ç [O�&ñ
s� ¹כ��9���. ���$�, 
�Bj�� ýa³ð>�ü< ³ð&h� ýa³ð>���H y��y�� C,
T <�Ê�Ér (XC , YC , ZC), (XT , YT , ZT )�Ð ³ðr���̧2�¤ � 9, ³ð&h� î�r1lx ÆÒ&ñ
\� @/ô�Ç �í

l� r�çß���� t = 0\�"f_� 
�Bj��ü< ³ð&h�_� ýa³ð>���H :£¤Z>�y� ½̈ì�r�#� C0, T0Ü¼�Ð ³ð

l���̧2�¤ ô�Ç��. C, T_� "é¶&h��Ér y��y�� OC , OTÜ¼�Ð ����?/�̧2�¤ ô�Ç��. ¢̧ô�Ç, C, T\�¦ l�
ï�rÜ¼�Ð �����·p 3	�"é¶ /BNçß� �©�_� ô�Ç &h� p\�¦ y��y�� Cp, Tp ∈ R3Ü¼�Ð ³ðl���̧2�¤ ô�Ç��.

��6£§Ü¼�Ð, ýa³ð>� C\�¦ l�ï�rÜ¼�Ð �����·p ýa³ð>� T_� "é¶&h�_� ýa³ð��H COT ∈ R3�Ð ³ð

l���̧2�¤ � 9, ýa³ð>� C�̀¦ l�ï�rÜ¼�Ð ýa³ð>� T_� ��[j\�¦ ����?/��H �r��� ���8̈� '��§>=
�Ér CRT ∈ R3×3Ü¼�Ð ³ðl���̧2�¤ ô�Ç��.

4.1 Ø̧�\��+ (P��â £�· �§�bø5� Uc�¤dà�
 �ßjÝ~


���$�, 
�Bj��_� %ò
�©� S\�1pq õ�&ñ
�Ér ÈÒ�� ��%ò
 (Perspective Projection)Ü¼�Ð �̧4Sqa�A�

�̧2�¤ô�Ç��. 3	�"é¶/BNçß��©�_�ô�Ç&h� p\�@/�#�,¿º>h_�"f�Ð���Ér
�Bj��ýa³ð>� C1,

C2\�"f �����·p p_� /BNçß� ýa³ð C1p, C2pü< s�[þts� 
�Bj��_� s�p�t� î̈
��� �©�\� ÈÒ��
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��%ò
�)a &h��̀¦ ����?/��H p_� s�p�t� ýa³ð C1m, C2m\�¦ �¦�9���� y��y��_� /BNçß� ýa³ðü<

s�p�t� ýa³ð çß�_� �'a>���H ��6£§õ� °ú ��.

Cim =
Cip

(Cip)3

= [ui vi 1]T , i = 1, 2 (4.1)

#�l�"f (x)j��H  7�'� x_� j���P: "é¶�è\�¦ _�p�ô�Ç��.

{9�ìøÍ&h�Ü¼�Ð "f�Ð ���Ér ¿º r�&h�\�"f S\�1pqô�Ç :£¤fç
&h�_� /BNçß� ýa³ð <�Ê�Ér s�p�t� ýa

³ð[þt çß�\���H ��A�ü< °ú �Ér \�x�e�¦�� ]jô�Ç �̧|	�(Epipolar Constraint)�̀¦ ëß�7á¤���H '��

§>= E ∈ R3×3s� �>rF��<Ês� ·ú��94R e���� [42].

C2pTEC1p = 0. (4.2)

<�Ê�Ér, (4.1)�̀¦ s�6 x����

C2mTEC1m = 0. (4.3)

0A (4.2), <�Ê�Ér, (4.3)_� E '��§>=�̀¦\�G'p[>�'��§>=(Essential Matrix)s���ÂÒØÔ 9, ���_�

³ð&h�\� @/ô�Ç ¿º >h_� %ò
�©� �©�\�"f "f�Ð &ñ
½+Ë÷&��H :£¤fç
&h�[þt çß�_� �'a>�\�¦ ����?/#QÅÒ

��H '��§>=s���. &ñ
t� ³ð&h���� �â
Äº, [42]\� ]jr�÷&#Q e����H ��ü< °ú s� s� \�G'p[>� '��§>=�̀¦

ì�rK��<ÊÜ¼�Ð+� ¿º 
�Bj�� ýa³ð>� ��s�_� �©�@/&h���� 0Au� x9� ��[j &ñ
�Ð\�¦ S\�1pq½+É Ãº

e����. Õª�Q��, s��Qô�Ç \�G'p[>� '��§>=_� ì�rK� ���õ���H �̧�Ðt� &ñ
t� ³ð&h�\� ô�ÇK� &h�6 xs�

��0px� 9, �:r �7Hë�H\�"f ��ÀÒ�¦�� ���H s�1lx ³ð&h�\� &h�6 x�l� 0AK�"f��H ³ð&h�_� î�r1lx

�̀¦ �¦�9ô�Ç \�G'p[>� '��§>=_� Ä»�̧ õ�&ñ
s� ���'��÷&#Q�� ô�Ç��. ����"f, s�\�¦ 0A�#� ���$�

��6£§�̀¦ ��&ñ
��̧2�¤ ô�Ç��.

��Ça� 1. ³ð&h��Ér y©��̂(Rigid Body) î�r1lx�̀¦ ô�Ç��.

39



��6£§Ü¼�Ð, ³ð&h�\�"f Nf>h_� :£¤fç
&h� pi, i = 1, 2, . . . , Nf�̀¦ ���×þ���̧2�¤ ô�Ç��. Õª

o��¦, y��y��_� i = 1, 2, . . . , Nf\� @/�#�
Cpi ∈ R3õ� Tpi ∈ R3�̀¦ ýa³ð>� Cü< ýa³ð>�

T\�¦l�ï�rÜ¼�Ð�����·p i���P::£¤fç
&h�_�ýa³ð�Ð³ðl���̧2�¤ô�Ç��.Õª�Q���,��&ñ
 1\�_�

K� ��6£§_� �'a>�d���̀¦ %3��̀¦ Ãº e����.

T RC
Cpi + T OC = Tpi, i = 1, 2, . . . , Nf . (4.4)

¢̧ô�Ç, ��&ñ
 1\� _�K� ³ð&h�_� î�r1lx\� �'a>� \O�s� ��6£§s� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

Tpi = T0pi, i = 1, 2, . . . , Nf . (4.5)

s�]j (4.4)õ� (4.5)\�¦ s�6 x����, Cpiõ�
C0pi_� �'a>���H ��6£§õ� °ú s� jþt Ãº e����.

Cpi = CRT
T0RC0

C0pi − CRT
T0RC0

C0OT0 + COT (4.6)

ô�Ç¼#�, (4.6)_��ª����\� COT −CRT
T0RC0

C0OT0ü<_�ü@&h�(Cross Product)�̀¦2[������

6£§_� d���̀¦ %3��̀¦ Ãº e����.

[
COT − CRT

T0RC0
C0OT0

]
×

Cpi

=
[
COT − CRT

T0RC0
C0OT0

]
×

CRT
T0RC0

C0pi

(4.7)

#�l�"f, [z]× ∈ R3×3�Ér z , [a b c]T\� @/ô�Ç �=@/g�A'��§>=(Skew-Symmetric Matrix)�̀¦

_�p�� 9, ��6£§õ� °ú s� &ñ
_��)a��.

[z]× ,




0 −c b

c 0 −a

−b a 0




(4.8)
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¢̧ô�Ç, ü@&h�_� &ñ
_��ÐÂÒ'� ��6£§_� �'a>�\�¦ ·ú��¦ e��Ü¼ 9,

Cpi ⊥
[
COT − CRT

T0RC0
C0OT0

]
×

Cpi (4.9)

(4.9)õ� ?/&h�_� &ñ
_�\� _�K� ��A�_� d��s� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

CpT
i

[
COT − CRT

T0RC0
C0OT0

]
×

Cpi = 0 (4.10)

Õªo��¦, (4.7)õ� (4.10)�̀¦s�6 x����,þj7áx&h�Ü¼�Ð��6£§õ�°ú �Ér�'a>�d���̀¦%3��̀¦Ãºe����.

CpT
i

[
COT − CRT

T0RC0
C0OT0

]
×

CRT
T0RC0

C0pi = 0 (4.11)

����"f,�íl�
�Bj��ýa³ð>� C0ü<�&³F�
�Bj��ýa³ð>� C\�"fS\�1pqô�Ç³ð&h�_�%ò
�©�çß�
_� \�G'p[>� '��§>=�̀¦ E0(t)s��� &ñ
_�½+É M:, (4.2)_� \�x�e�¦�� �̧|	�õ� (4.11)\�¦ q��§����

E0(t)��H ��6£§õ� °ú s� jþt Ãº e����.

E0(t) = [τ (t)]×RM (t) (4.12)

#�l�"f

RM (t) , CRT
T0RC0 (4.13)

τ (t) , COT − CRT
T0RC0

C0OT0 (4.14)

s�]j, [42] <�Ê�Ér [43]\� ]jr��)a \�G'p[>� '��§>=_� ì�rK� l�ZO��̀¦ ��6 x���� E0Ü¼�ÐÂÒ'�

RMõ� τ_� ~½Ó�¾Ó $í
ì�r���

τ̄ (t) , τ (t)
‖τ (t)‖ (4.15)

_� &ñ
�Ð\�¦ S\�1pq½+É Ãº e����. #�l�"f ÅÒ_�K��� ½+É �,�Ér	כ ³ð&h�_� %ò
�©� S\�1pq õ�&ñ
\�"f��H

ÈÒ�� ��%ò
\� _�K� ³ð&h�_� U�·s� &ñ
�Ð\�¦ {9�#Q!Qo�>� ÷&Ù¼�Ð E0Ü¼�ÐÂÒ'� U�·s� &ñ
�Ð��
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�í�<Ê�)a τ\�¦ &ñ
SX�y� ì�ro�K�èq Ãº��H \O�Ü¼ 9, ~½Ó�¾Ó $í
ì�r��� τ̄ëß��̀¦ ·ú� Ãº e������H ��z�́

s��� [42]. ����"f, s�1lx ³ð&h�_� î�r1lx�̀¦ &ñ
SX��>� ÆÒ&ñ
�l� 0AK�"f��H ³ð&h�_� ß¼l���

U�·s� 1pxõ� �'aº���)a &ñ
�Ð�� ÆÒ��&h�Ü¼�Ð 9 �¹כ��9, s�\� @/K�"f��H ÆÒÊê\� �7H_��l��Ð

ô�Ç��.

ô�Ç¼#�, ³ð&h�s� &ñ
t�K�e���̀¦ �â
Äº, T RT0 = I3, T OT0 = 03×1�̀¦ (4.13)õ� (4.14)\� @/

{9��#� >�íß����� ��6£§õ� °ú �Ér ���õ�\�¦ %3��̀¦ Ãº e����.

RM = CRC0 (4.16)

τ = COC0 (4.17)

s���H ³ð&h�s� &ñ
t�K� e���̀¦ �â
Äº, (4.12)_� E0��H s�p� ú̧� ·ú��94R e����H &ñ
t� ³ð&h�\� @/

ô�Ç \�G'p[>� '��§>=õ� 1lx{9�ô�Ç +þAI�e���̀¦ �Ð#�ï�r��.
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4.2 Ø̧�\� ÄZ�ë�> (P��â �+ �â �]�Áþ� �¿D�f

Äºo�����6 x½+ÉÃºe����Hs�1lx³ð&h�õ��'aº���)a&ñ
�Ð��H �̧f��%ò
�©�G'p"f\�"f[þt#Q�̧��H³ð

&h�_� %ò
�©� r�$ã¶Û¼ ÷�rs�t�ëß�, ³ð&h� %ò
�©�\���H ³ð&h�õ� 
�Bj��_� î�r1lx &ñ
�Ð�� "f�Ð �D¥

F�÷&#Q e����H �'a>��Ð �̧�Ðt� %ò
�©� &ñ
�Ðëß��̀¦ s�6 x�#� ³ð&h�_� î�r1lx &ñ
�Ð\�¦ ¢-a���y� ÆÒ

&ñ
���H ��Ér	כ Ô�¦��0px���. ����"f, ��6£§_� ��&ñ
õ� �<Êa� s�Êê_� ���>h õ�&ñ
�̀¦ ���'���

�̧2�¤ ô�Ç��.

��Ça� 2. 
�Bj��_� ���0A  7�'� C0OCü< �r��� ���8̈� '��§>=
C0RC�Ér 8£¤&ñ
 ��0px���.

�Ð4�©�Ér {9�ìøÍ&h�Ü¼�Ð y�� �'a]X�ÂÒ\� ÂÒ�ÃÌ÷&#Q e����H ����ï�8\�¦ :�xK� �'a]X�_� �r���y���̀¦

·ú� Ãº e��Ü¼Ù¼�Ð, �Ð4�©_� l�½̈�<Æ&h� &ñ
�Ðü< ���½+Ë�#� �Ð4�© �'p×¼-s�&7�'�_� #î
��� î�r1lx

x9��r���î�r1lx�̀¦·ú�Ãºe����. ¢̧ô�Ç, �̧��{9��Ð4�©s���q�'���̂_��â
Äº»1ÑF��)a�'a$í
�½ÓZO�

�©�u�(Inertial Navigation System)�̀¦ s�6 x���� s�ü< °ú �Ér &ñ
�Ð\�¦ S\�1pq½+É Ãº e��Ü¼ 9,

C0OCü<
C0RC�Ér¿º0Au�\�"f_��©�@/&h�����íÝ¼,7£¤,�©�@/&h����0Au�/��[j[þt�̀¦_�p��

Ù¼�Ð�'a$í
�½ÓZO��©�u�_�¼#�×�æ �̧	�(Bias Error)�� t = 0\�"f_������ �̧	�(Propagation

Error)\� ß¼>� %ò
�¾Ó�̀¦ ~ÃÎt� ·ú§��H��. ����"f, ��&ñ
 2��H ½+Ë{©�����¦ �̂¦ Ãº e����.

¢̧ô�Ç, ³ð&h� î�r1lx ÆÒ&ñ
 ë�H]j_� çß�|ÄÌ�oü< q�ÅÒ\O� "f�Ðeç
 l�ZO�_� :£¤$í
�̀¦ �¦�9�l�

0A�#� 
�Bj��ü< ³ð&h�_� î�r1lx\� @/K� ��6£§õ� °ú �Ér ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 3. 
�Bj��ü< ³ð&h�_� #î
��� î�r1lx�Ér 5Åq�̧�� Ö¼o�>� ������H (Slowly-Varying) î�r

1lxs� 9, ³ð&h�_� ��[j��H ����t� ·ú§��H��.

0A ��&ñ
�Ér, 
�Bj��ü< ³ð&h�_� #î
��� î�r1lx 5Åq�̧�� Ò�re�¦a�A ÅÒl��� ÆÒ&ñ
l�_� @/%i�

;�¤(Bandwidth) �Ð�� Ø�æì�ry� Ö¼wn= �â
Äº ��{©�ô�Ç ��&ñ
s���. ¢̧ô�Ç, ³ð&h�_� ��[j ����o��

ÆÒ&ñ
l�_� @/%i�;�¤�Ð�� Ö¼wn= �â
Äº ³ð&h�_� ��[j\� @/ô�Ç ��&ñ
 %i�r� ��{©����. ô�Ç¼#�, q�
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ÅÒ\O� "f�Ðeç
 ë�H]j_� :£¤$í
 �©�, ³ð&h�s� �Ð4�© �'p×¼-s�&7�'��� èq Ãº e����H ô�Ç>� s��©�_�

5Åq�̧\�¦ ��|9� �â
Äº\���H ÆÒ&h� ���̂�� Ô�¦��0px�Ù¼�Ð q�ÅÒ\O� "f�Ðeç
 ë�H]j�� $í
wn�s� ÷&

t� ·ú§��H��. ����"f, 
�Bj��ü< ³ð&h�_� 5Åq�̧  7�'�\�¦ y��y�� vC(t), vT (t) ∈ R3�� ³ðl�½+É

M:, vC(t), vT (t)\� @/K� ��6£§õ� °ú �Ér ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 4. 
�Bj��_� 5Åq�̧ vC(t)ü< ³ð&h�_� 5Åq�̧  7�'� vT (t)\� @/�#� ��6£§�̀¦ ëß�7á¤���H

�ª�Ãº Bv�� �>rF�ô�Ç��.

‖vC(t)‖ ≤ Bv, t ≥ 0, (4.18)

‖vT (t)‖ ≤ Bv, t ≥ 0. (4.19)

¢̧ô�Ç, 
�Bj��ü< ³ð&h�_� ��5Åq�̧  7�'�\�¦ y��y�� aC(t), aT (t) ∈ R3�� ³ðl�½+É M:, ��

&ñ
 3_� Ö¼o�>� ������H 5Åq�̧ ��&ñ
�̀¦ 0A�#� aC(t), aT (t)\� @/K� ��6£§õ� °ú �Ér ��5Åq�̧

_� ]jô�Çõ� �'aº���)a ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 5. 
�Bj��_� ��5Åq�̧ aC(t)ü< ³ð&h�_� ��5Åq�̧ aT (t)\� @/�#� ��6£§�̀¦ ëß�7á¤���H

�ª�Ãº Ba�� �>rF�ô�Ç��.

‖aC(t)‖ ≤ Ba, t ≥ 0 (4.20)

‖aT (t)‖ ≤ Ba, t ≥ 0 (4.21)

s�]j, s�1lx ³ð&h�_� î�r1lx &ñ
�Ð ÆÒ&ñ
�̀¦ 0Aô�Ç ������ õ�&ñ
Ü¼�Ð 
�Bj��\� @/ô�Ç ³ð&h�_�

�©�@/&h���� î�r1lx ~½Ó&ñ
d���̀¦ Ä»�̧��̧2�¤ ô�Ç��. #�l�"f, 4.1]X�\�"f ���/åL�%i�1pws�, ³ð&h�

_� î�r1lx &ñ
�Ð\�¦ &ñ
SX��>� ÆÒ&ñ
�l� 0AK�"f��H ³ð&h�_� ß¼l�, <�Ê�Ér, U�·s�\� @/ô�Ç &ñ
�Ð
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�� ¹כ��9�Ù¼�Ð U�·s�\� @/ô�Ç ÆÒ&ñ
u�\�¦ p�o� [O�&ñ
����� Z>��̧_� ÆÒ&ñ
l�\�¦ [O�>��#�

³ð&h�_� î�r1lx &ñ
�Ð ÆÒ&ñ
õ� �<Êa� 1lxr�\� ÆÒ&ñ
���H õ�&ñ
s� ¹כ��9���. ����"f, ³ð&h� î�r

1lx 1lx%i��<Æ ~½Ó&ñ
d��_� ���>h õ�&ñ
\�"f��H ³ð&h�_� U�·s�\� @/ô�Ç &ñ
�Ð�� ÅÒ#Qt�t� ·ú§�Ér �â


Äºü< ÅÒ#Q��� �â
Äº�Ð ��¾º#Q y��y��_� �â
Äº\� @/K� ³ð&h�_� î�r1lxõ� �'aº���)a �©�I� ���Ãº\�¦

[O�&ñ
��¦ Õª\� ���Ér 1lx%i��<Æ ~½Ó&ñ
d���̀¦ Ä»�̧��̧2�¤ ô�Ç��.

���$�, ³ð&h�_� :£¤fç
&h� pi, i = 1, 2, . . . , Nf ×�æ pi[þt_� Áº>� ×�æd��\� ���©� ����î�r :£¤

fç
&h��̀¦ pn = [Xn Yn Zn]Ts���³ðl���̧2�¤� 9,³ð&h�ýa³ð>�_�"é¶&h� OT��H pn\�0A

u�r�v��̧2�¤ ô�Ç��. ¢̧ô�Ç, ýa³ð>� C\� @/ô�Ç pn_� /BNçß� ýa³ðü< s�p�t� ýa³ð��H ���Ér :£¤

fç
&h�[þtõ�_� ½̈ì�r�̀¦ 0A�#� y��y�� Cpn = [CXn
CYn

CZn]T , Cmn = [Cxn
Cyn 1]Ts�

�� ³ðl���̧2�¤ ô�Ç��. ô�Ç¼#�, 
�Bj��ü< ³ð&h�s� �̧¿º s�1lx���H �©�S!��̀¦ ��&ñ
��¦ e��Ü¼

Ù¼�Ð, ³ð&h�_� 1lx%i��<Æ�̀¦ l�Õüt���H õ�&ñ
\�"f��H l�ï�rs� ÷&��H �¦&ñ
�)a ýa³ð>��� ¹כ��9�

 9, Õª\� ����, #�l�"f��H �íl� 
�Bj�� ýa³ð>���� C0\�¦ l�ï�rÜ¼�Ð ³ð&h� ýa³ð>� T_� "é¶
&h� C0pn = C0OT_� î�r1lx�̀¦ l�Õüt��̧2�¤ ô�Ç��.

���$�, ³ð&h�_� î�r1lx�̀¦ l�Õüt�l� 0A�#� �íl� 
�Bj�� ýa³ð>� C0\�¦ l�ï�rÜ¼�Ð ����

�·p ³ð&h�_� 0Au�  7�'� C0OT (t) ∈ R3ü< 5Åq�̧  7�'� C0vT (t) ∈ R3\�¦ s�6 x�#� ��6£§õ�

°ú �Ér �©�I� ���Ãº\�¦ &ñ
_���̧2�¤ ô�Ç��.

xT (t) ,
[
C0OT

T (t) C0vT
T (t)

]T
(4.22)

Õª�Q���, ��&ñ
 3Ü¼�ÐÂÒ'� ³ð&h� #î
��� î�r1lx_� 1lx%i��<Æ �̧4Sq�Ér xT (t)\�¦ s�6 x�#� ��6£§õ�

°ú �Ér çß�éß�ô�Ç ���+þA r�Ô�¦��� r�Û¼%7� (Linear Time-Invariant System) +þAI��Ð jþt Ãº e��

��.

ẋT = ATxT + BT
C0aT , t ≥ 0 (4.23)
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#�l�"f, C0aT (t) ∈ R3��H ýa³ð>� C0\�"f �����·p ³ð&h�_� ��5Åq�̧\�¦ _�p�� 9,

AT ,



03×3 I3

03×3 03×3


 (4.24)

BT ,



03×3

I3


 (4.25)

s���. ô�Ç¼#�, (4.23)ü< °ú �Ér 1lx%i��<Æ�̀¦ ��t���H ³ð&h�_� î�r1lx�̀¦ ÆÒ&ñ
�l� 0AK�"f��H t�5Åq

#�l�(Persistent Excitation) �̧|	�s��� ���'a8£¤$í
(Observability) �̧|	�_� ëß�7á¤�̀¦ 0A�

#� 
�Bj���� Ø�æì�rô�Ç ��5Åq�̧\�¦ ��4R�� �<Ês� ·ú��94R e���� [51], [60]. Õª�Q��, ��r� �̧

|	��̀¦ ëß�7á¤K��� ���H q�ÅÒ\O� "f�Ðeç
 l�ZO�_� :£¤$í
 �©�, {9�ìøÍ&h�Ü¼�Ð 
�Bj����H 	�H ��5Åq

�̧\�¦ ?/l���H #Q�9Äº 9, 3lq³ð �íÝ¼\� s�ØÔ�Q"f��H ³ð&h�õ�_� �©�@/ 5Åq�̧\�¦ 0Ü¼�Ð ëß�×¼

��H ��s	כ 3lq&h�s�Ù¼�Ð s� éß�>�\�"f_� 
�Bj��_� 5Åq�̧��H 1px5ÅqÜ¼�Ð çß�ÅÒ½+É Ãº e��>� �)a

��. s��Qô�Ç �©�S!� �\�"f��H %ò
�©� S\�1pq õ�&ñ
\�"f_� ß¼l� �̧ ñ$í
(Scale Ambiguity)\�

_�K� ³ð&h� î�r1lx_� ~½Ó�¾Óõ� ß¼l� �̧¿º\�¦ ÆÒ&ñ
���H ��Ér	כ Ô�¦��0px� 9 �̧�Ðt� ³ð&h�_� ß¼

l� <�Ê�Ér U�·s�\� @/ô�Ç ³ð&h� 5Åq�̧_� q�Ö�¦ëß��̀¦ ÆÒ&ñ
 ��0px��� [42], [59]. ����"f, s��Q

ô�Ç ��z�́�̀¦ �¦�9�#�, ³ð&h�_� U�·s� C0ZnÜ¼�Ð &ñ
½©�o�)a ³ð&h�_� 0Au�ü< 5Åq�̧\�¦ ����

?/��H �©�I� ���Ãº\�¦ ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

xs
T (t) ,

[ C0OT
T (t)

C0Zn

C0vT
T (t)

C0Zn

]T

(4.26)

¢̧ô�Ç, ³ð&h�_� U�·s� C0Zn�Ð &ñ
½©�o�)a ³ð&h�_� ��5Åq�̧\�¦ ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç

��.

as
T (t) ,

C0aT (t)
C0Zn

(4.27)

Õª�Q���, ��&ñ
 3õ� (4.23)�̀¦ �ÃÐ�¦����, xs
T (t)_� 1lx%i��<Æ ~½Ó&ñ
d���Ér ��6£§õ� °ú s� jþt Ãº
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e����.

ẋs
T = ATxs

T + BTas
T , t ≥ 0 (4.28)

ô�Ç¼#�, τY (t)\�¦ ��6£§õ� °ú s� &ñ
_�½+É M:,

τY (t) ,
C0OC(t)

C0Zn
+ C0RC(t)τ z(t) (4.29)

τ z(t) , τ̄ (t)
‖τ (t)‖
C0Zn

+ RM (t)C0mn (4.30)

³ð&h�_� &ñ
½©�o�)a 0Au�
C0OT (t)

C0Zn
��H τY\�¦ s�6 x�#� ��6£§õ� °ú �Ér +þAI��Ð jþt Ãº e����.

C0OT (t)
C0Zn

= τY (t) (4.31)

s�\�¦ SX�����l� 0A�#�, ���$�, ýa³ð>� ���8̈��̀¦ s�6 x�#� C0OT �̀¦ ��6£§õ� °ú �Ér +þAI��Ð

����?/�̧2�¤ ô�Ç��.

C0OT = C0OC + C0RC
COT

= C0OC + C0RC
COT

+C0RC
CRT

T0RC0
C0OT0 − C0RC

CRT
T0RC0

C0OT0 (4.32)

0A (4.32) d���Ér (4.16)õ� (4.17)�̀¦ s�6 x���� ��6£§õ� °ú s� jþt Ãº e����.

C0OT = C0OC + C0RC

(
COT − CRT

T0RC0
C0OT0

)

+C0RC
CRT

T0RC0
C0OT0

= C0OC + C0RC

(
τ + RM

C0OT0

)
(4.33)
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#�l�"f, /BNçß� ýa³ðü< s�p�t� ýa³ð_� �'a>��ÐÂÒ'�

C0OT0 = C0pn

= C0Zn
C0mn

(4.34)

e���̀¦ ·ú��¦ e��Ü¼ 9, (4.15)õ� (4.30), (4.34)�̀¦ s�6 x����, (4.33)�Ér ��r� ��6£§õ� °ú �Ér +þA

I��Ð jþt Ãº e����.

C0OT = C0OC + C0RCτ z
C0Zn

= τY
C0Zn (4.35)

s�]j, 0A d��_� �ª�����̀¦ C0ZnÜ¼�Ð ��¾º��� (4.31)_� �'a>�d���̀¦ %3��̀¦ Ãº e����. ¢̧ô�Ç,

(4.26)_� xs
T_� &ñ
_�\�¦ s�6 x����,

C0OT
C0Zn

�Ér xs
T �̀¦ s�6 x�#� ��r� ��6£§õ� °ú s� jþt Ãº

e����.
C0OT

C0Zn
= CTxs

T (4.36)

#�l�"f

CT , [I3 03×3] . (4.37)

����"f, (4.31)õ� (4.36)�̀¦ q��§���� (4.29)_� τY��H ��6£§õ� °ú s� xs
T\� @/ô�Ç ���+þA ~½Ó

&ñ
d�� +þAI��Ð ³ð�&³½+É Ãº e��6£§�̀¦ ·ú� Ãº e��Ü¼ 9,

τY = CTxs
T (4.38)

0A d���Ér ³ð&h� î�r1lx �©�I� ~½Ó&ñ
d��_� Ø�¦§4� ~½Ó&ñ
d��Ü¼�Ð �Ö̧6 xs� ��0px���. #�l�"f SX����

K� �Ð���� ½+É ��Ér	כ (4.29)_� τY �̀¦ ½̈$í
��¦ e����H y��y��_� ���¹�è[þtכ
C0RC , C0OC , τ z,

C0Zns� ³ð&h� %ò
�©�õ� 
�Bj��_� î�r1lx &ñ
�Ð 1px_� ÅÒ#Q��� &ñ
�Ð�ÐÂÒ'� ]X���Hs� ��0pxô�Çt�

_� #�ÂÒs���.
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���$�, ��&ñ
 2�ÐÂÒ'� C0RC , C0OCs� ]X���H ��0px�<Ê�Ér ~1�>� SX����½+É Ãº e����. ��6£§Ü¼

�Ð (4.30)_� τ z_� �â
Äº, RMõ� τ̄��H (4.12)_� \�G'p[>� '��§>= E0�̀¦ ì�rK��<ÊÜ¼�Ð+� ·ú� Ãº

e����. ô�Ç¼#�, ‖τ‖
C0Zn

_� �â
Äº, ��6£§õ� °ú �Ér õ�&ñ
�̀¦ :�xK� >�íß�½+É Ãº e����. ���$�, (4.1)õ�

(4.6)�̀¦ s�6 x����,

CZn
Cmn = C0Zn

CRT
T0RC0

C0mn + COT − CRT
T0RC0

C0OT0 (4.39)

0A d��_� �ª�����̀¦ C0Zn�Ð ��è�H Êê (4.13), (4.14), (4.15)�̀¦ s�6 x�#� &ñ
o�����, ��6£§_�

d���̀¦ %3��̀¦ Ãº e����.
CZn

C0Zn

Cmn − ‖τ‖
C0Zn

τ̄ = RM
C0mn (4.40)

s�]j, '��§>= Ψ\�¦ ��6£§õ� °ú s� &ñ
_�½+É M:,

Ψ ,
[

Cmn −τ̄

]
∈ R3×2 (4.41)

(4.40), (4.41)Ü¼�ÐÂÒ'� ��6£§_� K�\�¦ %3��̀¦ Ãº e����.




CZn
C0Zn

‖τ‖
C0Zn


 = Ψ†RM

C0mn (4.42)

#�l�"f, Ψ†��H Ψ_� _���%i�'��§>=(Pseudo-Inverse Matrix)�̀¦ _�p�ô�Ç��. C0mn, Cmn�Ér

%ò
�©�Ü¼�ÐÂÒ'� f��]X� S\�1pq½+É Ãº e��Ü¼ 9, RMü< τ̄��H (4.12)_� \�G'p[>� '��§>= E0�ÐÂÒ'�

·ú� Ãº e��Ü¼Ù¼�Ð, (4.42)Ü¼�ÐÂÒ'� ‖τ‖
C0Zn

��H %ò
�©� &ñ
�Ðëß��̀¦ s�6 x�#� S\�1pqs� ��0px�<Ê�̀¦

·ú� Ãº e����. ����"f, τz��H ]X���H ��0pxô�Ç ���Ãºe���̀¦ ·ú� Ãº e��Ü¼ 9, C0Zn�̀¦ ]jü@ô�Ç τY_�

�̧��H ½̈$í
 ¹�è[þt�Érכ %ò
�©� &ñ
�Ðü< 
�Bj��_� î�r1lx &ñ
�Ð\�¦ s�6 x�#� S\�1pq ��0px�<Ê�̀¦ ·ú�

Ãº e����. ��t�}��Ü¼�Ð C0Zn�Ér Õª\� @/ô�Ç ÆÒ&ñ
u�
C0Ẑn\�¦ s�6 x�<ÊÜ¼�Ð+� K����½+É Ãº e��

Ü¼ 9, s�\� @/ô�Ç �7H_���H s�Êê\� ���>h��̧2�¤ ô�Ç��.

s�]j, ³ð&h� #î
��� î�r1lx ÆÒ&ñ
l� [O�>�\�¦ 0A�#� ���$� Ø�¦§4� y(t)\�¦ ��6£§õ� °ú s� &ñ
_�
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ô�Ç��.

y(t) , τY (t) (4.43)

Õª�Q���, (4.28)õ� (4.43)�ÐÂÒ'� ³ð&h� #î
��� î�r1lx\� @/ô�Ç �©�I� ~½Ó&ñ
d���̀¦ ��6£§õ� °ú s�

çß�éß�ô�Ç ���+þA r�Ô�¦��� r�Û¼%7�(Linear Time-Invariant System)Ü¼�Ð l�Õüt½+É Ãº e����.

ẋs
T = ATxs

T + BTas
T , t ≥ 0 (4.44)

y = CTxs
T (4.45)

ô�Ç¼#�, ³ð&h�_� %ò
�©� &ñ
�Ð_� S\�1pq�Ér �Ð4�©\� ÂÒ�ÃÌ�)a %ò
�©� G'p"f, 7£¤, 
�Bj��\�¦ :�x

K� s�ÀÒ#Qt� 9, 
�Bj��\� _�ô�Ç %ò
�©� S\�1pq õ�&ñ
�Ér {9�&ñ
ô�Ç Ò�re�¦a�A ÅÒl�\�¦ ¿º�¦ Âúª

�Ér r�çß� 1lxîß� 39'�\�¦ >h~½Ó�#� B� ÅÒl����� OÉ��©� �è���Ð [þt#Q�̧��H F�g|¾Ó�̀¦ 8£¤&ñ


���H ~½Ód��Ü¼�Ð ���'���)a��. ����"f, s��Qô�Ç ³ð&h� %ò
�©� S\�1pq õ�&ñ
_� :£¤$í
�̀¦ �¦�9�

���, ³ð&h� î�r1lx &ñ
�Ð_� ÆÒ&ñ
l� [O�>�\�¦ 0AK�"f��H ³ð&h�_� 1lx%i��<Æ�̀¦ s�íß� r�çß� r�Û¼

%7�(Discrete-Time System)Ü¼�Ð l�Õüt���H ��s	כ �8¹¡¤ Ä»6 x���. s�\�¦ 0A�#�, ���$�,

Ò�re�¦a�A ÅÒl�\�¦ Ts, t = kTs, k ∈ Z\�"f_� 
�Bj�� ýa³ð>�ü< ³ð&h� ýa³ð>���H y��y�� Ck,

Tk <�Ê�Ér (XCk
, YCk

, ZCk
), (XTk

, YTk
, ZTk

)�Ð ³ðr���̧2�¤ � 9, Ck, Tk_� "é¶&h��Ér y��y��

OCk
, OTk

Ü¼�Ð ����?/�̧2�¤ ô�Ç��. s�]j, s�íß� r�çß� �©�I� ���Ãº\�¦ ��6£§õ� °ú s� &ñ
_��

#� t = kTs\�"f_� &ñ
½©�o�)a ³ð&h�_� 0Au�ü< 5Åq�̧\�¦ ����?/�̧2�¤ � 9,

xs
T [k] , xs

T (kTs)

=
[

C0OT
Tk

C0Zn

C0vT
Tk

C0Zn

]T

(4.46)

��ðøÍ��t��Ð ³ð&h�_� ��5Åq�̧\�¦ ����?/��H s�íß� r�çß� �©�I� ���Ãº %i�r� ��6£§õ� °ú s� &ñ
_�
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��̧2�¤ ô�Ç��.

as
T [k] , as

T (kTs)

=
C0aTk

C0Zn
(4.47)

��6£§Ü¼�Ð s�íß� r�çß� Ø�¦§4� %i�r� (4.29), (4.43)�̀¦ �ÃÐ�¦�#� ��6£§õ� °ú s� &ñ
_���̧2�¤

��̧2�¤ ô�Ç��.

y[k] , y(kTs)

=
C0OCk

C0Zn
+ C0RCk

τ z[k] (4.48)

#�l�"f

τ z[k] , τ z(kTs) (4.49)

(4.44) ∼ (4.48)Ü¼�ÐÂÒ'� xs
T [k]\� @/ô�Ç s�íß� r�çß� �©�I� ~½Ó&ñ
d���Ér ��6£§õ� °ú s� jþt Ãº

e����.

xs
T [k + 1] = FTxs

T [k] + GTas
T [k], k = 0, 1, 2, . . . (4.50)

y[k] = HTxs
T [k] (4.51)
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#�l�"f

FT , eAT Ts

=




I3 TsI3

03×3 I3


 (4.52)

GT ,




T 2
s
2 I3

TsI3


 (4.53)

HT , CT (4.54)

s���. (4.50) ∼ (4.54)_� ³ð&h� î�r1lx �©�I� ~½Ó&ñ
d���Ér ���+þA r�Ô�¦��� r�Û¼%7� +þAI�s���. s�

��H ÆÒ&ñ
l� [O�>� õ�&ñ
\�"f_� 4�¤ú̧��̧\�¦ ×�¦{9� Ãº e��Ü¼ 9, ÆÒ&ñ
l�_� Ãº§4�$í
�̀¦ 0Aô�Ç ��

�'a8£¤$í
_� $í
wn� �̧|	� ¢̧ô�Ç #��� ³ð&h� î�r1lx ÆÒ&ñ
 l�ZO�\� q��#� ¢-a�o÷&��H �©�&h��̀¦ ��

t�>� �)a��. s�\� @/ô�Ç �7H_���H ��6£§ ]X�\�"f ���>h��̧2�¤ ô�Ç��.
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4.3 ÄZ�ë�> (P��â Ça��× ÍÙÇa�e� à�
N� ��� ò5ÑÇa�Å]� &P��7�

�:r]X�\�"f��H·ú¡"f 4.2]X�\�"fÄ»�̧ô�Ç³ð&h�î�r1lx1lx%i��<Æ~½Ó&ñ
d���̀¦���½ÓÜ¼�Ð³ð&h�_�#î


��� î�r1lx &ñ
�Ð ÆÒ&ñ
l�\�¦ [O�>���̧2�¤ ô�Ç��. ���$�, (4.50), (4.51)_� 1lx%i��<Æ ~½Ó&ñ
d���Ér ���

+þA r�Ô�¦��� r�Û¼%7� +þAI��Ð l�Õüt÷&#Q e��Ü¼ 9, s��Qô�Ç +þAI�_� r�Û¼%7�\� @/K�"f��H ÀÒ�'p

!Q�� �'a8£¤l�(Luenberger Observer)\�¦ G�6 x�#� ÆÒ&ñ
l�\�¦ [O�>�½+É Ãº e����. ¢̧ô�Ç, ÆÒ

&ñ
l�[O�>�õ�&ñ
\�"f_��'a8£¤l�s�1pq(Observer Gain)�Ér&ñ
�©��©�I�ºú�ëß��9�'� (Steady-

State Kalman Filter)\�¦�Ö̧6 x�<ÊÜ¼�Ð+�çß�¼#��>�[O�>�����0px���.#�l�"fÆÒ&ñ
l�[O�

>�\� ·ú¡"f ô�Ç ��t� |9��¦ �Å�#Q���� ½+É ��Ér	כ (4.48) �'a8£¤°úכ y[k]_� S\�1pq õ�&ñ
\�"f��H �ÃÐ

°úכ��� C0Zn�̀¦ ��6 x½+É Ãº��H \O�Ü¼ 9 Õª\� @/ô�Ç ÆÒ&ñ
u����
C0Ẑn °úכëß��̀¦ ��6 x½+É Ãº e����

��H &h�s���. ����"f, C0Ẑns� 8£¤&ñ
, <�Ê�Ér, ÆÒ&ñ
 õ�&ñ
\�"f_� �̧	�\� _�ô�Ç Ô�¦SX�z�́$í
�̀¦

?/�í��¦ e����H �â
Äº, �'a8£¤°úכ %i�r� �̧	�\�¦ �í�<Ê�>� �)a��. s�\�¦ �ÃÐ°úכ��� y[k]ü< ½̈ì�r

�l� 0A�#� Ô�¦SX�z�́$í
s� �í�<Ê�)a �'a8£¤°ú̀�כ¦ ȳ[k]�� &ñ
_���̧2�¤ � 9, (4.48)\�¦ �ÃÐ�¦�

��� ȳ[k]��H ��6£§õ� °ú s� jþt Ãº e����.

ȳ[k] ,
C0OCk

C0Ẑn

+ C0RCk
τ z[k] (4.55)

#�l�"fë�H]j��÷&��H&h��Ér xs
T [k]ü< ȳ[k]\�@/K�"f��H C0Ẑn 6= C0Zn����â
Äº, (4.51)õ�°ú 

�Ér���+þA+þAI�_�Ø�¦§4�~½Ó&ñ
d���Ér�8s��©�$í
wn��t�·ú§Ü¼ 9,��6£§õ�°ú s�#Q�����(Affine)

+þAI��Ðëß� ����èq Ãº e������H �.���s	כ

ȳ[k] =
C0OCk

C0Ẑn

−
C0OCk

C0Zn
+

C0OCk

C0Zn
+ C0RCk

τ z[k]

= HTxs
T [k] +

(
C0Zn

C0Ẑn

− 1
)

C0OCk

C0Zn
, k = 0, 1, 2, . . . (4.56)

����"f,s��Qô�Ç&h�\��ÃÌîß��#�Dh�Ðî�r�8p�(Dummy)�©�I����Ãº χs
T (t)ü< χs

T [k]�̀¦
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��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

χs
T (t) ,

[(
C0Zn

C0Ẑn

− 1
) C0OT

C(t)
C0Zn

+
C0OT

T (t)
C0Zn

(
C0Zn

C0Ẑn

− 1
) C0vT

C(t)
C0Zn

+
C0vT

T (t)
C0Zn

]T

(4.57)

χs
T [k] , χs

T (kTs)

=

[(
C0Zn

C0Ẑn

− 1
) C0OT

Ck

C0Zn
+

C0OT
Tk

C0Zn

(
C0Zn

C0Ẑn

− 1
) C0vT

Ck

C0Zn
+

C0vT
Tk

C0Zn

]T

(4.58)

Õª�Q���, ��&ñ
 3\� _�K� χs
T [k]_� 1lx%i��<Æ ~½Ó&ñ
d���Ér ��6£§õ� °ú s� jþt Ãº e����.

χs
T [k + 1] = FT (k + 1, k)χs

T [k] + GT αs
T [k], k = 0, 1, 2, . . . (4.59)

#�l�"f

αs
T (t) ,

(
C0Zn

C0Ẑn

− 1
)

C0aC(t)
C0Zn

+
C0aT (t)

C0Zn
(4.60)

αs
T [k] , αs

T (kTs)

=
(

C0Zn

C0Ẑn

− 1
)

C0aCk

C0Zn
+

C0aTk

C0Zn
(4.61)

s� 9, C0aCk
∈ R3��H C0\�¦ l�ï�rÜ¼�Ð �����·p 
�Bj��_� ��5Åq�̧s���. ô�Ç¼#�, (4.55)_�

ȳ[k]��H ���çß�_� >�íß��̀¦ :�xK� ��6£§õ� °ú s� ��r� jþt Ãº e����.

ȳ[k] =
C0OCk

C0Ẑn

+ C0RCk
τ z[k]

=
(

C0Zn

C0Ẑn

− 1
)

C0OCk

C0Zn
+

(
C0OCk

C0Zn
+ C0RCk

τ z[k]
)

=
(

C0Zn

C0Ẑn

− 1
)

C0OCk

C0Zn
+ τY [k] (4.62)

#�l�"f,

τY [k] , τY (kTs) (4.63)

s���.Õª�Q���, (4.31), (4.54), (4.58), (4.62), (4.63)�ÐÂÒ'� ȳ[k]��H��6£§õ�°ú s� χs
T [k]\�
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@/ô�Ç ���+þA ~½Ó&ñ
d�� +þAI��Ð ����èq Ãº e����.

ȳ[k] = HT χs
T [k] (4.64)

����"f, (4.58), (4.64)Ü¼�ÐÂÒ'� ��6£§õ� °ú �Ér ���+þA r�Ô�¦��� +þAI�_� �©�I� ~½Ó&ñ
d���̀¦ %3�

�̀¦ Ãº e����.

χs
T [k + 1] = FT χs

T [k] + GT αs
T [k], k = 0, 1, 2, . . . (4.65)

ȳ[k] = HT χs
T [k] (4.66)

��6£§Ü¼�Ð, (4.65), (4.66)_��©�I�~½Ó&ñ
d���Ér���+þAr�Ô�¦��� r�Û¼%7�e���̀¦s�6 x�#�ÀÒ�'p!Q

�� �'a8£¤l� (Luenberger Observer)+þAI�_� χs
T [k]\� @/ô�Ç ÆÒ&ñ
l�\�¦ ��A�ü< °ú s� [O�>�

��̧2�¤ ô�Ç��.

χ̂s
T [k + 1] = FT χ̂s

T [k] + ΓT (ȳ[k + 1]−HTFT χ̂s
T [k]) (4.67)

#�l�"f, ΓT ∈ R6×3��H ÆÒ&ñ
l� s�1pqs� 9, ���+þA r�Ô�¦��� r�Û¼%7� (4.50) ∼ (4.54)s� �'a8£¤

��0pxs���� (4.67)s� e��_�_� �FG&h��̀¦ ��|9� Ãº e���̧2�¤ ÆÒ&ñ
l� s�1pq ΓT �̀¦ [O�>�½+É Ãº e��

�� [69, Theorem 2-2]. ����"f, ���+þA r�Ô�¦��� r�Û¼%7� (4.50) ∼ (4.54)_� �'a8£¤��0px$í
�̀¦

·ú����Ðl� 0A�#� �'a8£¤��0px$í
 '��§>= Ω(k,N)�̀¦ ��6£§õ� °ú s� &ñ
_�����,

Ω(k, N) ,




HT

HTFT

...

HTFN−1
T




(4.68)
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(4.52), (4.54)�̀¦ @/{9��#� >�íß����� ��6£§õ� °ú s� jþt Ãº e����.

Ω(k, N) =




I3 03×3

I3 TsI3

...
...

I3 (N − 1)TsI3




(4.69)

(4.69)Ü¼�ÐÂÒ'� Ω(k, N)�Ér �½Ó�©� Û�¦ Ï��ß¼\�¦ ��f���Ér ��"î
�Ù¼�Ð

r�Ô�¦��� r�Û¼%7� (4.65), (4.66)_� �'a8£¤��0px$í
 '��§>= Ω(k,N)�Ér


�Bj��_� î�r1lx\� �'a>� \O�s� k ≥ N\� @/K� �½Ó�©� Û�¦ Ï��ß¼\�¦ �������.
(4.70)

s�]j (4.67)_� ³ð&h� î�r1lx ÆÒ&ñ
l�_� ÆÒ&ñ
 �̧	�\� @/ô�Ç ì�r$3��̀¦ 0AK�, χs
T (t)ü< χs

T [k]\�

@/ô�Ç ÆÒ&ñ
 �̧	�\�¦ ��6£§õ� °ú s� &ñ
_�� 9,

eχT (t) , χs
T (t)− χ̂s

T [k], kTs ≤ t < (k + 1)Ts, k = 0, 1, 2, . . . (4.71)

eχT [k] , χs
T [k]− χ̂s

T [k] (4.72)

vχT (t), vχT [k], v̂χT [k], eχv(t), eχv[k]\�¦ y��y�� ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

vχT (t) , [03×3 I3] χs
T (t) (4.73)

vχT [k] , [03×3 I3] χs
T [k] (4.74)

v̂χT [k] , [03×3 I3] χ̂s
T [k] (4.75)

eχv(t) , vχT (t)− v̂χT [k], kTs ≤ t < (k + 1)Ts, k = 0, 1, 2, . . . (4.76)

eχv[k] , vχT [k]− v̂χT [k] (4.77)

��6£§Ü¼�Ð, (4.22)_� xT (t)\� @/ô�Ç ÆÒ&ñ
u�\�¦ x̂T (t)�� ½+É M:, x̂T (t)��H C0Ẑnõ� χ̂s
T [k]\�¦
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s�6 x�#� ��6£§õ� °ú s� [O�>���̧2�¤ ô�Ç��.

x̂T (t) , C0Ẑnχ̂s
T [k], kTs ≤ t < (k + 1)Ts, k = 0, 1, 2, . . . (4.78)

#�l�"f, C0Zn\� @/ô�Ç ÆÒ&ñ
u�
C0Ẑn\� @/K�"f��H ÆÒ&ñ
 õ�&ñ
\�"f_� �̧	� 1px�̀¦ �¦�9�

#� ��6£§_� ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 6. C0Ẑn\� @/�#� ��6£§_� #3�0A\�¦ ëß�7á¤���H �ª�Ãº zM , zms� �>rF�ô�Ç��.

zm ≤
C0Ẑn

C0Zn
≤ zM (4.79)

0A��&ñ
\�"f_� C0Ẑn_� �̧	�Ö�¦\�@/ô�Ç#3�0A zM , zm��H³ð&h�_�ß¼l�\�¦s�6 xô�Ç
C0Ẑn_�

���&ñ
 õ�&ñ
õ� ����'a÷&#Q e��Ü¼ 9, s�\� @/ô�Ç ?/6 x�Ér ��6£§ �©�\�"f �8 ��[jy� ��ÀÒ�̧2�¤

ô�Ç��.

��6£§Ü¼�Ð, xT (t)\� @/ô�Ç ÆÒ&ñ
 �̧	�\�¦

eT (t) , xT (t)− x̂T (t) (4.80)

s��� &ñ
_�� 9, 5Åq�̧\� @/ô�Ç ÆÒ&ñ
 �̧	�\�¦ ì�ro��#� ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

ev(t) , [03×3 I3] eT (t) (4.81)

= C0vT (t)− C0 v̂T (t) (4.82)

#�l�"f C0 v̂T (t) , [03×3 I3] x̂T (t)s���. ¢̧ô�Ç, 5Åq�̧ ÆÒ&ñ
 $í
0px ì�r$3� õ�&ñ
\�"f ¹ô�Çכ��9
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�©�Ãº\�¦ ��6£§õ� °ú s� &ñ
_�ô�Ç��.

λχ , 1
Ts

log
1

λM
> 0 (4.83)

δv , 1
1− λM

Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

(4.84)

#�l�"f λM�Ér '��§>= (I6 − ΓTHT )FT_� þj@/ �¦Ä»u�s���. Õª�Q��� 5Åq�̧ ÆÒ&ñ
 �̧	�\�

@/�#� ��6£§õ� °ú �Ér ���õ�\�¦ %3��̀¦ Ãº e����.

Ça�h� 1. ��&ñ
 3õ� ��&ñ
 6 �\�, (4.78)_� ³ð&h� î�r1lx ÆÒ&ñ
l�_� 5Åq�̧ ÆÒ&ñ
 �̧	�

(C0vT (t)− C0 v̂T (t))��H (4.76)_� eχv(t)\� @/�#� ��6£§õ� °ú �Ér +þAI�\�¦ ��t� 9

C0vT (t)− C0 v̂T (t) =

(
C0Ẑn

C0Zn
− 1

)
(
C0vC(t)− C0vT (t)

)

+ C0Ẑneχv(t), t ≥ 0 (4.85)

eχv(t)��H ��6£§õ� °ú �Ér ÂÒ1pxd���̀¦ ëß�7á¤ô�Ç��.

‖eχv(t)‖ ≤ ‖eχT (0)‖ e−λχt + δv, t ≥ 0 (4.86)

¥

&ñ
o� 1�Ér ³ð&h�_� U�·s� ÆÒ&ñ
u�\� Ô�¦SX�z�́$í
s� �>rF�½+É �â
Äº, 5Åq�̧ ÆÒ&ñ
 �̧	�\���H ³ð&h�

õ� 5Åq�̧_� �©�@/ 5Åq�̧\� K�{©����H C0vC(t)− C0vT (t)\� _�ô�Ç %ò
�¾Ós� {9�ÂÒ ������ 5Åq

�̧ ÆÒ&ñ
 $í
0pxs� $��|̈c Ãº e��6£§�̀¦ r����#� ï�r��. s���H 5Åq�̧ ÆÒ&ñ
 $í
0px�̀¦ $�K����H

�¹�è%�!3כ �Ðs�t�ëß� s�Êê\� q�ÅÒ\O� "f�Ðeç
 ]j#Ql�_� [O�>� õ�&ñ
\�"f��H �̧y��9 Ô�¦SX�

z�́$í
\�_�ô�Ç]j#Q$í
0px_�$��\�¦>h����#�ÅÒ��H%i�½+É�̀¦�>��)a��.&ñ
o� 1_�7£x"î
�Ér

��6£§õ� °ú ��.
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Ça�h� 1 ¤� ÃZ�) (4.80)_� ³ð&h� î�r1lx ÆÒ&ñ
 �̧	� eT (t)��H (4.58), (4.71), (4.78)�̀¦ s�6 x�

#� ��6£§õ� °ú s� jþt Ãº e����.

eT (t) = xT (t)− C0Ẑnχs
T (t) + C0Ẑnχs

T (t)− C0Ẑnχ̂s
T [k] (4.87)

#�l�"f, 0A d�� Äº���_� xT (t) − C0Ẑnχs
T (t)��H (4.57)�̀¦ @/{9��#� &ñ
o����� ��6£§õ� °ú 

�Ér +þAI��Ð ��r� jþt Ãº e����.

xT (t)− C0Ẑnχs
T (t) = xT (t)− C0Ẑn

((
C0Zn

C0Ẑn

− 1
)

xC(t)
C0Zn

+
xT (t)
C0Zn

)

=

(
C0Ẑn

C0Zn
− 1

)
(xC(t)− xT (t)) (4.88)

#�l�"f xC(t) ,
[
C0OT

C(t) C0vT
C(t)

]T
s���. s�]j, (4.71), (4.88)�̀¦ (4.87)\� @/{9��#�

&ñ
o����� eT (t)\� @/ô�Ç ��6£§_� ~½Ó&ñ
d���̀¦ %3��̀¦ Ãº e��Ü¼ 9,

eT (t) =

(
C0Ẑn

C0Zn
− 1

)
(xC(t)− xT (t)) + C0ẐneχT (t) (4.89)

¢̧ô�Ç,

C0vT − C0 v̂T = [03×3 I3] eT (4.90)

s���. ����"f, (4.90)\� (4.89)�̀¦ @/{9���¦ (4.73), (4.74), (4.81), (4.82)�̀¦ s�6 x�#�

>�íß����� (4.85)s� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

��6£§Ü¼�Ð, (4.85)_� eχv(t)��H (4.57), (4.58), (4.76)õ� ��&ñ
 3�̀¦ s�6 x�#� ��6£§õ�
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°ú s� jþt Ãº e����.

eχv(t) = (vχT (t)− v̂χT [k])

= (vχT [k]− v̂χT [k]) +
∫ t

kTs

αs
T (τ)dτ

= eχv[k] +
∫ t

kTs

αs
T (τ)dτ, kTs ≤ t < (k + 1)Ts, k = 0, 1, 2, . . . (4.91)

ô�Ç¼#�, (4.65) ∼ (4.67)_� 1lx%i��<Æ ~½Ó&ñ
d��Ü¼�ÐÂÒ'� eχT [k]\� @/ô�Ç 	�ì�r ~½Ó&ñ
d���Ér ��6£§

õ� °ú s� jþt Ãº e����.

eχT [k + 1] = (I6 − ΓTHT )FTeχT [k]− (I6 − ΓTHT )GT αs
T [k] (4.92)

#�l�"f, ��6£§õ� °ú �Ér '��§>= ḠT �̀¦ &ñ
_�����,

ḠT ,



−T 2

s
2 I3

TsI3


 (4.93)

(4.52), (4.53)�ÐÂÒ'� ḠT��H ��6£§_� �'a>�\�¦ ëß�7á¤�<Ê�̀¦ ·ú� Ãº e����.

GT = FT ḠT (4.94)

s�]j, (4.94)�̀¦ (4.92)\� @/{9��#� &ñ
o����� ��6£§_� ~½Ó&ñ
d���̀¦ %3��̀¦ Ãº e����.

eχT [k + 1] = (I6 − ΓTHT )FT

(
eχT [k]− ḠT αs

T [k]
)

(4.95)

ô�Ç¼#�, (4.68) ∼ (4.70)Ü¼�ÐÂÒ'� (FT ,HT )�� �½Ó�©� �'a8£¤��0pxe���̀¦ s�p� ·ú��¦ e��Ü¼Ù¼�Ð,

�½Ó�©� ��6£§_� ÂÒ1pxd���̀¦ ëß�7á¤���H 0 < λM < 1s� �>rF���̧2�¤ ÆÒ&ñ
l� s�1pq ΓT �̀¦ &h�]X�

y� [O�>�½+É Ãº e����.

‖(I6 − ΓTHT )FT ‖ ≤ λM (4.96)
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��6£§Ü¼�Ð, (4.77)_� eχv[k]_� &ñ
_�ü< (4.95), (4.96)�̀¦ s�6 x���� ��6£§_� ÂÒ1pxd���̀¦ %3�

�̀¦ Ãº e����.

‖eχv[k]‖ ≤ ‖eχT [k]‖

≤ λM ‖eχT [k − 1]‖+ λM

∥∥ḠT

∥∥ ‖αs
T [k]‖ (4.97)

#�l�"f (4.93)Ü¼�ÐÂÒ'� ��6£§�̀¦ ·ú� Ãº e��Ü¼ 9,

∥∥ḠT

∥∥ = Ts (4.98)

¢̧ô�Ç, ��&ñ
 5ü< (4.60), (4.61), (4.79)�̀¦ s�6 x�#� >�íß����� ��6£§�̀¦ ·ú� Ãº e����.

‖αs
T [k]‖ ≤ ‖αs

T (t)‖

≤
(

2
zM

zm
− 1

)
Ba

C0Ẑn

(4.99)

����"f, (4.98), (4.99)�̀¦ (4.97)\� &h�6 x�#� Û�¦��� ��6£§õ� °ú �Ér ÂÒ1pxd���̀¦ %3��̀¦ Ãº e��

��.

‖eχv[k]‖ ≤ ‖eχT [k]‖

≤ λM ‖eχT [k − 1]‖+ λMTs

(
2
zM

zm
− 1

)
Ba

C0Ẑn

...

≤ λk
M ‖eχT [0]‖+ Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

k∑

i=1

λi
M

≤ λk
M ‖eχT [0]‖+

λM (1− λk
M )

1− λM
Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

≤ λk
M ‖eχT [0]‖+

λM

1− λM
Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

(4.100)

#�l�"f, ��t�}�� ÂÒ1pxd���Ér 0 < λM < 1e���̀¦ s�6 x�%i���. s�]j, (4.91)_� �ª����\� �̧6�§
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�̀¦ 2[��¦, (4.99), (4.100)�̀¦ @/{9����� ��6£§_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖eχv(t)‖ ≤ ‖eχv[k]‖+
∥∥∥∥
∫ t

kTs

αs
T (τ)dτ

∥∥∥∥

≤ λk
M ‖eχT [0]‖+

λM

1− λM
Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

+ Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

= λk
M ‖eχT [0]‖+

1
1− λM

Ts

(
2
zM

zm
− 1

)
Ba

C0Ẑn

, kTs ≤ t < (k + 1)Ts, k = 0, 1, 2, . . . (4.101)

ô�Ç¼#�, çß�éß�ô�Ç >�íß��̀¦ :�x�#� ��6£§_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e��Ü¼ 9,

λk
M ≤ e

−
(

1
Ts

log 1
λM

)
t (4.102)

����"f, (4.101), (4.102)Ü¼�ÐÂÒ'� (4.86)s� $í
wn��<Ê�̀¦ ·ú� Ãº e����. ¥

l��>r_� ³ð&h� î�r1lx ÆÒ&ñ
l�_� [O�>� õ�&ñ
\���� ³ð&h� î�r1lxõ� �'a8£¤u� çß�_� �'a>��� q�

���+þA r�Û¼%7� +þAI��Ð l�Õüt÷&��H �â
Äº�� ú́§Ü¼ 9, s� �â
Äº, 4�¤ú̧�ô�Ç q����+þA ÆÒ&ñ
l�\�¦ [O�

>������SX��©�ºú�ëß��9�'�(Extended Kalman Filter)1px�̀¦G�×þ��#�ÆÒ&ñ
l�\�¦[O�>��

>� �)a�� [59], [58]. ¢̧ô�Ç, s���� &h�[þt�̀¦ >h����#� &h�]X�ô�Ç �'a8£¤u� [O�&ñ
�̀¦ :�xK� ���+þA +þA

I�_� ÆÒ&ñ
l�\�¦ [O�>����H l�ZO�[þt�̧ {9�ÂÒ ]jîß�÷&#Q e���� [60]. s��Qô�Ç Ä»+þA_� ³ð&h� î�r

1lx ÆÒ&ñ
 l�ZO�[þt�Ér Ãº§4�$í
\� @/ô�Ç ì�r$3�s� #Q§>����� ÆÒ&ñ
l� Ãº§4� �̧|	�_� ëß�7á¤�̀¦ 0AK�


�Bj��_� Û¼W1s�(ç
(Snaking)s��� ��5Åq�̧ î�r1lx 1px :£¤&ñ
ô�Ç �ª��©�_� ¹¡§f��e��s� &÷̈½¹כ

��H ��s	כ {9�ìøÍ&h�s���. Õª�Q��, q�ÅÒ\O� "f�Ðeç
 l�ZO��Ér ��r� �̧|	�s� ��H&÷̈½¹כ �©�S!� �

\�"f ³ð&h�õ� 
�Bj��_� �©�@/&h���� 0Au� x9� ��[j�� �©�Ãº�� ÷&�̧2�¤ 
�Bj��_� î�r1lx�̀¦ ]j

#Q���H ��s	כ 3lq&h�e���̀¦ �©�l�½+É M:, "f�Ðeç
 õ�&ñ
\�"f Õª�Qô�Ç 
�Bj��_� ¹¡§f��e���̀¦ ²ú�$í


���H ��Ér	כ ���\O� z�́J��Ð s�#Qt���H 0A+«>s� ��\�¦ Ãº e����. ����"f, &ñ
½©�o�)a ³ð&h�_� 0A

u�, 5Åq�̧\� @/ô�Ç ÆÒ&ñ
ëß��̀¦ Ãº'������, ·ú¡\�"f �Ð��� ��ü< °ú s� 
�Bj��_� î�r1lx\� :£¤Z>�
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y� ��H&÷̈½¹כ �̧|	�s� \O�s� �½Ó�©� Ãº§4�$í
�̀¦ �Ð�©�½+É Ãº e����H ÆÒ&ñ
l�\�¦ [O�>�½+É Ãº e��Ü¼

 9,s���Hq�ÅÒ\O�"f�Ðeç
õ�&ñ
\�&h�6 x�l�\��̧ B�Äº&h�½+Ëô�Ç+þAI�_�ÆÒ&ñ
l�s���.Õª�Q

�� ·ú¡"f ���/åL�%i�1pws� &ñ
½©�o �������� C0Zn\� @/ô�Ç ÆÒ&ñ
u�
C0Ẑ0\� Ô�¦SX�z�́$í
s� �>rF�

½+É �â
Äº, ³ð&h�_� 5Åq�̧ ÆÒ&ñ
 �̧	���H 
�Bj��ü< ³ð&h� çß�_� �©�@/ 0Au�/5Åq�̧\� K�{©����H

xC(t)− xT (t)_� %ò
�¾Ó�̀¦ ~ÃÎ�¦ e����H �¦̀�	כ ·ú� Ãº e��Ü¼ 9, s���H ³ð&h� î�r1lx ÆÒ&ñ
l�_� {9�

�©�\�"f��H ÆÒ&ñ
 $í
0px�̀¦ $�K����H ¹�è�Ðכ ���6 x�>� �)a��. Õª�Q��, 	�Êê\� l�Õüt½+É q�

ÅÒ\O� "f�Ðeç
 ]j#Ql� [O�>� õ�&ñ
\�"f��H s��Qô�Ç ��¹�èכ Áº�̧|	� "f�Ðeç
 $í
0px_� $�K�ëß�

�̀¦ ��4R�̧��H ��Ér	כ ��m� 9, �̧y��9 3lq³ð �íÝ¼�Ð_� Ãº§4� éß�>�\�"f C0Ẑn_� Ô�¦SX�z�́$í


\� _�ô�Ç ]j#Q $í
0px $��\�¦ ¢-a�or�&�ÅÒ��H %i�½+É�̀¦ �>� �)a��. s�\� @/K�"f��H ��6£§ �©�

\�"f l�Õüt��̧2�¤ ô�Ç��.
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V� 5 *�× j�Ë̂�¢�> l��â Ø̧�\�Uc 7�ø5� j�ÌÁá�
 "��×�b�

e�ß��

s� �©�\�"f��H ��s�-���-�½�×¼ q�ÅÒ\O� "f�Ðeç
 r�Û¼%7� ½̈$í
�̀¦ G�×þ��#� 0Au� l�ìøÍ q�ÅÒ

\O� "f�Ðeç
 l�ZO��̀¦ l�ìøÍÜ¼�Ð s�1lx ³ð&h�\� @/�#� ��r� �̧|	��̀¦ ëß�7á¤�<Êõ� 1lxr�\� ���%i�

&h� îß�&ñ
$í
�̀¦ �Ð�©�½+É Ãº e����H Dh�Ðî�r q�ÅÒ\O� "f�Ðeç
 l�ZO��̀¦ ]jr���̧2�¤ ô�Ç��.

5.1 ��Ø̧N� ��� (�×@� £o>ÊÁ à�
Ça�

�:r ]X�\�"f��H ]jîß����H q�ÅÒ\O� "f�Ðeç
 l�ZO�_� ���>h õ�&ñ
\�"f ¹ô�Çכ��9 ��Ãº_� ýa³ð>�

[O�&ñ
 x9� �©�I� ���Ãº\� @/�#� l�Õüt��̧2�¤ ô�Ç��.

���$�,
�Bj��ýa³ð>� (XC , YC , ZC), �̧ï�r��� (Line-of-Sight, LOS)ýa³ð>� (XL, YL, ZL),

³ð&h� ýa³ð>� (XT , YT , ZT ), �Ð4�© l�ìøÍ ýa³ð>� (XB, YB, ZB), �Ð4�© �'p×¼-s�&7�'� ýa³ð

>� (XE , YE , ZE)\�¦ y��y�� ýa³ð>� C, L, T , B, E�� ³ðl���̧2�¤ ô�Ç��. ¢̧ô�Ç, q�ÅÒ\O� "f

�Ðeç
 �̀¦ r�������H �íl� r�&h��Ér t = t0s��� ¿º 9, �íl�ü< 3lq³ð 0Au�\�"f_� ýa³ð>� C,
L, T\�¦ y��y�� Z>��̧�Ð CI ,LI , TIõ� C∗,L∗, T ∗Ü¼�Ð ³ðl���̧2�¤ ô�Ç��. 
�Bj�� ýa³ð>�_�

"é¶&h� OC��H 
�Bj��_� ��%ò
 ×�æd��(Center of Projection)\� 0Au�� 9, ZC-»¡¤�Ér "é¶&h��̀¦

l�ï�rÜ¼�Ð F�g»¡¤ ~½Ó�¾Ó�̀¦, XC-»¡¤�Ér "é¶&h��̀¦ l�ï�rÜ¼�Ð s�p�t� î̈
���\� î̈
'��� 9 s�p�t�

î̈
���_� ���Ð ~½Ó�¾Óõ� &ñ
§>=�)a ~½Ó�¾ÓÜ¼�Ð [O�&ñ
ô�Ç��. �̧ï�r��� ýa³ð>�_� "é¶&h� OL�Ér OCü<

{9�u�r�v��̧2�¤ � 9, ZL-»¡¤�Ér OL\�"f ³ð&h� ýa³ð>�_� "é¶&h� OT �̀¦ e±	��H r���� ~½Ó�¾ÓÜ¼

�Ð, XL-»¡¤�Ér COL, COTü<
COC∗ −

(
COT ∗ − COT

)
�� s�ÀÒ��H î̈
���\� �í�<Ê÷&�̧2�¤ [O�

&ñ
� 9, s�\� �'aK�"f��H s�Êê\� �8 �©�[j�>� l�Õüt��̧2�¤ ô�Ç��. #�l�"f, r���� ýa³ð>�

L\� @/ô�Ç 
�Bj�� ýa³ð>� C_� �r��� ���0A��H �̧{9��Q y�� ε , [εx εy εz]
T\�¦ s�6 x�#�
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ÕªaË> 5.1: ýa³ð>� [O�&ñ


����?/�̧2�¤ ô�Ç��. ��t�}��Ü¼�Ð ³ð&h� ýa³ð>�_� "é¶&h� OT��H :£¤fç
&h�[þt_� Áº>� ×�æd��\�"f

���©� ����î�r :£¤fç
&h�õ� {9�u�r�v��̧2�¤ � 9, XT -»¡¤�Ér OTI
\�"f OCI

\�¦ ��o�v���H  7�'�

ü< &ñ
§>=�)a ~½Ó�¾ÓÜ¼�Ð, ZT -»¡¤�Ér XL-»¡¤õ� ZL-»¡¤s� s�ÀÒ��H î̈
���\� Ãºf����� ~½Ó�¾ÓÜ¼�Ð [O�

&ñ
��̧2�¤ ô�Ç��. ÕªaË> 5.1\� y��7áx ýa³ð>� [O�&ñ
�̀¦ ����?/%3���.

³ð&h� ýa³ð>�\�¦ l�ï�rÜ¼�Ð �����·p 
�Bj�� ýa³ð>�_� "é¶&h�, 7£¤, 
�Bj�� ýa³ð>�_� 0A

u���H ��6£§õ� °ú s� ½̈��� ýa³ð>�\�¦ s�6 x�#� l�Õüt��̧2�¤ ô�Ç��.

T OC = fs(r, θ, φ) , [r sin θ cosφ r sin θ sinφ r cos θ]T (5.1)

s�ü< °ú �Ér ½̈��� ýa³ð>� ³ð�&³�Ér �©�I� ���Ãº_� [O�>� õ�&ñ
\�"f, s�Êê\� [O�"î
½+É ³ð&h�

_� ��r� �̧|	��̀¦ ëß�7á¤�l�\� F�g�©�y� 6 xs�ô�Ç :£¤$í
�̀¦ ��t�>� �)a��. ô�Ç¼#�, ·ú¡"f l�Õütô�Ç

ýa³ð>� [O�&ñ
Ü¼�ÐÂÒ'� ³ð&h�õ� �̧ï�r��� ýa³ð>� x9� 
�Bj��ü< r���� ýa³ð>� çß�_� �r��� ���

8̈� '��§>= T RL, CRL�Ér ��6£§õ� °ú ��.
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T RL = GT (θ, φ) ,




− sinφ cos θ cosφ − sin θ cosφ

cosφ cos θ sinφ − sin θ sinφ

0 − sin θ − cos θ




(5.2)

CRL = GC(ε) , Rx(εx)Ry(εy)Rz(εz) (5.3)

#�l�"f Rl(εl), l = x, y, z��Hy��y��ýa³ð>�_� x, y, z-»¡¤\�@/K� �̧{9��Qy�� εl, l = x, y, zëß�

�pu �r���Ùþ¡�̀¦ M:_� �r��� ���8̈� '��§>=�̀¦ _�p�ô�Ç��.

�̧ï�r��� ýa³ð>���H ýa³ð>� [O�&ñ
 �©� Õª ZL-»¡¤s� �½Ó�©� ³ð&h��̀¦ �����Ð>� ÷&Ù¼�Ð, 
�

Bj��_� ��[jü<��H �'a>� \O�s� �̧�Ðt� 
�Bj��ü< ³ð&h�_� 0Au� �'a>�\� _�K�"fëß� ���&ñ
s�

�)a��. ¢̧ô�Ç, �̧ï�r��� ýa³ð>�\�¦ l�ï�rÜ¼�Ð ô�Ç 
�Bj�� ýa³ð>�_� ��[j\�¦ �̧{9��Q y��Ü¼�Ð

����ÍÇrÜ¼�Ð+� (εx, εy)\�¦ s�6 x�#� 
�Bj���� ³ð&h��̀¦ �����Ð��H ~½Ó�¾Ó�̀¦ ����èq Ãº e��

Ü¼ 9, s�Êê\� l�Õüt�>� |̈c �©�I� ���Ãº_� [O�&ñ
\� s�\�¦ �í�<Ê�#� ]j#Ql�\�¦ [O�>��<ÊÜ¼�Ð

+� ��r� �̧|	�_� ëß�7á¤�̀¦ l�½+É Ãº e����.

ô�Ç¼#�, ³ð&h�Ü¼�ÐÂÒ'� 
�Bj����t�_� ��o�\�¦ _�p����H r�̀¦ @/����#� ��6£§õ� °ú �Ér

Dh�Ðî�r ���Ãº ρ\�¦ �̧{9���̧2�¤ ô�Ç��.

ρ(t) , r(t)
r0

(5.4)

#�l�"f, r0��H ³ð&h�_� "é¶&h��̀¦ ×�æd��Ü¼�Ð �#� :£¤fç
&h�[þt�̀¦ �̧¿º Õª ?/ÂÒ\� �í�<Ê½+É

Ãº e����H ½̈_� þj�è ìøÍt�2£§s�s���. 0A_� ρ\� @/ô�Ç &ñ
_��ÐÂÒ'� ρ��H ³ð&h�_� ß¼l�ü< ³ð

&h���t�_� ��o�_� �©�@/&h���� q�Ö�¦e���̀¦ ·ú� Ãº e��Ü¼ 9, s�\� ����, s�Êê_� ���>h õ�&ñ
\�

"f��H ³ð&h���t�_� �©�@/ ��o����¦ ³ð�&³��̧2�¤ ô�Ç��.

s�]j,·ú¡"fl�Õütô�Çýa³ð>�x9����Ãº[O�&ñ
���õ�[þt�̀¦7áx½+Ë�#�
�Bj��_�0Au�x9���
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[j\�¦ ����?/��H �©�I� ���Ãº  7�'� x\�¦ ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

x(t) = [ρ(t) θ(t) φ(t) εx(t) εy(t) εz(t)]
T ∈ R6 (5.5)

#�l�"f (ρ(t), θ(t), φ(t))��H ³ð&h�Ü¼�ÐÂÒ'� 
�Bj�� ýa³ð>� "é¶&h�_� 0Au�\�¦ Ä»{9��>� ���

&ñ
� 9, (εx(t), εy(t), εz(t))��H (θ(t), φ(t))ü< �<Êa� 
�Bj�� ýa³ð>�_� ��[j\�¦ Ä»{9��>�

���&ñ
�>��)a��.����"f,�©�I����Ãº x��H�&³F�
�Bj��_��íÝ¼\�¦Ä»{9��>����&ñ
f±	>�÷&

��H ���Ãºe���̀¦ ·ú� Ãº e����. ô�Ç¼#�, q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f 
�Bj��_� 3lq³ð �íÝ¼\�¦ ����

?/��H 3lq³ð �©�I� ���Ãº��H x∗ =
[
ρ∗ θ∗ φ∗ ε∗x ε∗y ε∗z

]T
Ü¼�Ð ³ðl���̧2�¤ � 9, s� s�

Êê�Ð 3lq³ð 
�Bj�� ýa³ð>� C∗ü< �'aº��÷&#Q e����H ���Ãº��H 0A '���� ∗�̀¦ s�6 x�#� ����?/
�̧2�¤ ô�Ç��.

ô�Ç¼#�, ·ú¡"f l�Õütô�Ç �©�I� ���Ãº x, x∗\�¦ s�6 x�#� q�ÅÒ\O� "f�Ðeç
 ]j#Ql�\�¦ [O�>��

l� 0AK�"f��H x, x∗_� S\�1pq õ�&ñ
s� 9 �¹כ��9, s���H ³ð&h� %ò
�©�Ü¼�ÐÂÒ'� S\�1pqô�Ç ³ð&h�

:£¤fç
&h� &ñ
�Ðü< (4.2)_� \�x�e�¦�� ]j����̧|	��̀¦ s�6 x�<ÊÜ¼�Ð+� K����½+É Ãº e����. s�\�¦ 0A

�#� ���$� ��6£§_� ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 7. q�ÅÒ\O�"f�Ðeç
õ�&ñ
\�"f³ð&h�_���l��̀Ò�o(Self-Occlution)�Érµ1ÏÒqt�t�·ú§��H

��.

0A��&ñ
�Érq�ÅÒ\O�"f�Ðeç
õ�&ñ
\�"f:£¤fç
&h�s�
�Bj��_�r���(Field-of-View, FOV)

µ1ÚÜ¼�Ð ������H �â
Äº s�ü@\���H ô�Ç ��� ���&ñ
ô�Ç :£¤fç
&h��Ér �½Ó�©� 
�Bj��_� r��� ?/\� �>r

F��<Ê�̀¦_�p�� 9,s���Hs�Êê�è>h½+É\�G'p[>�'��§>=_�S\�1pqõ�&ñ
\��9�Ãº&h������&ñ
s���.

s�]j, Nf ≥ 8��� :£¤fç
&h� pi, i = 1, 2, . . . , Nfü< Õª\� ���Ér ýa³ð>� C, C∗\�"f_� :£¤fç
&h�
_� s�p�t� ýa³ð Cmi, C∗mi, i = 1, 2, . . . , Nf\� @/�#� ��&ñ
 7ü< ��6£§_� \�x�e�¦�� ]j
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����̧|	��̀¦ s�6 x�<ÊÜ¼�Ð+� ýa³ð>� Cü< C∗ ��s�_� \�G'p[>� '��§>= E∗\�¦ %3��̀¦ Ãº e���� [36].

C∗mT
i E∗Cmi = 0, i = 1, 2, . . . , Nf (5.6)

Õªo��¦, 4.1]X�\�"f ���/åLô�Ç ��ü< °ú s� 0A \�G'p[>� '��§>=�Ér ��6£§õ� °ú �Ér +þAI��Ð ì�rK�½+É

Ãº e����.

E∗ = [τ̄ ∗]×R∗
M (5.7)

#�l�"f,

R∗
M , C∗RT ∗

T RC (5.8)

τ ∗ , C∗OT ∗ − C∗RT ∗
T RC

COT (5.9)

τ̄ ∗ , τ ∗

‖τ ∗‖ (5.10)

¢̧ô�Ç, (5.8),(5.10)\�"f �̂¦ Ãº e��1pws� \�G'p[>� '��§>=_� ì�rK� ���õ��Ð %3��Ér R∗
M , τ̄ ∗��H 
�

Bj��ü< ³ð&h�_� î�r1lx &ñ
�Ð�� �D¥½+Ë÷&#Q e����H ���Ãº[þt�Ð"f, �©�I� ���Ãº x, x∗_� >�íß� õ�

&ñ
\�"f Ä»6 x�>� ��6 x�)a��.

s�]j, �©�I� ���Ãº x\� @/K�, ���$� ρ_� >�íß��̀¦ 0A�#�, ³ð&h�_� :£¤fç
&h� pi, i =

1, 2, . . . , Nf ×�æ, ³ð&h�_� "é¶&h� pn\�"f ���©� ��o��� ��� �¦̀�	כ p1s�������, ìøÍt�2£§ r0��H

��6£§õ� °ú s� jþt Ãº e����.

r0 = ‖pn − p1‖ (5.11)

r0��H ³ð&h� #î
��� î�r1lx &ñ
�Ð ÆÒ&ñ
õ� q�ÅÒ\O� "f�Ðeç
 ]j#Ql� [O�>� õ�&ñ
\�"f ×�æ¹כô�Ç %i�

½+É�̀¦ �>� ÷& 9, s�\�¦ 0A�#� ���$� ��6£§õ� °ú �Ér ��&ñ
�̀¦ ��̧2�¤ ô�Ç��.

��Ça� 8. p1�̀¦ �����\� ·ú��¦ e����.
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ÕªaË> 5.2: î̈
��� Π ½̈$í


ô�Ç¼#�, :£¤fç
&h� pi, i = 1, 2, . . . , Nf ×�æ pn, p1õ� {9�f����� �©�\� e��t� ·ú§�Ér :£¤fç
&h� �

��\�¦ ×þ��#� p2�� ³ðl�½+É M:, pn, p1, p2�Ér ÕªaË> 5.2\�"fü< °ú s� ���_� î̈
��� Π\�¦

s�ÀÒ>� �)a��. s� M:, s� î̈
���_� ZO����  7�'�(Normal Vector)\�¦ ns��� ����, �&³F� 
�Bj

�� ýa³ð>� C\�¦ l�ï�rÜ¼�Ð �����·p ZO����  7�'� Cn�Ér ��6£§õ� °ú s� >�íß�½+É Ãº e��6£§�̀¦ �Ð
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s��̧2�¤ ô�Ç��.

Cn =
k
‖k‖ (5.12)

k = A†
kbk (5.13)

Ak ,




[
C∗mn

]
× τ̄CmT

n

[
C∗m1

]
× τ̄CmT

1

[
C∗m2

]
× τ̄CmT

2




(5.14)

bk ,




− [
C∗mn

]
×RM

Cmn

− [
C∗m1

]
×RM

Cm1

− [
C∗m2

]
×RM

Cm2




(5.15)

���$�, ô�Ç î̈
��� 0A\� 5Åqô�Ç :£¤fç
&h�[þt pj , j = n, 1, 2\� @/K�, ¿º >h_� 
�Bj�� ýa³ð>�

C, C∗\�"f %3��Ér :£¤fç
&h�[þt_� s�p�t� ýa³ð Cmj , C∗mj , j = n, 1, 2[þtçß�_� �'a>���H ��6£§

õ�°ú s� ñ�̧ÕªA�x�'��§>=(Homography Matrix) H∗\�¦s�6 x�#�����èqÃºe���� [52].

C∗mj = αjH∗Cmj , j = n, 1, 2 (5.16)

#�l�"f αi ∈ R��H :£¤fç
&h�_� U�·s�ü< �'a>��)a �©�Ãºs���. ¢̧ô�Ç, (5.16)_�  ñ�̧ÕªA�x� '��

§>= H∗��H s�1lx ³ð&h��̀¦ �¦�9½+É �â
Äº ��A�ü< °ú �Ér +þAI��Ð ����èq Ãº e��6£§s� ·ú��94R e��

�� [60].

H∗ = R∗
M +

τ ∗

d
CnT (5.17)

#�l�"f d��H 
�Bj�� ýa³ð>� C_� "é¶&h�\�"f Cpj , j = n, 1, 2�� s�ÀÒ��H î̈
��� Π��t�_� ��

o�s� 9, ����"f, ��6£§s� $í
wn�ô�Ç��.

CnT Cpj = d, j = n, 1, 2, (5.18)
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s�]j, (5.16)Ü¼�ÐÂÒ'�  ñ�̧ÕªA�x� '��§>= H∗��H \�G'p[>� '��§>= E∗_� �â
Äºü< °ú s� R∗
M ,

τ ∗_� &ñ
�Ð\�¦ �í�<Ê��¦ e��6£§�̀¦ ·ú� Ãº e��Ü¼ 9, ��A�ü< °ú �Ér +þAI��Ð ��r� jþt Ãº e����.

H∗ = R∗
M + τ̄ ∗kT (5.19)

#�l�"f k , ‖τ∗‖
d

Cns���. ¢̧ô�Ç, (5.16)�ÐÂÒ'� ��6£§_� �'a>�\�¦ ·ú� Ãº e��Ü¼ 9,

[
C∗mj

]
×

(
H∗Cmj

)
= 0, j = n, 1, 2 (5.20)

(5.19)\�¦ (5.20)\� @/{9��#� &ñ
o����� ��A�_� d���̀¦ %3��̀¦ Ãº e����.

[
C∗mj

]
×

τ̄ ∗CmT
j k = −

[
C∗mj

]
×

R∗
M

CmT
j , j = n, 1, 2 (5.21)

����"f, j = n, 1, 2\� @/K� 0A d���̀¦ '��§>= +þAI��Ð Áú¢�� &ñ
o����� (5.12) ∼ (5.15)_�

d���̀¦ %3�>� ÷& 9, :£¤fç
&h�_� s�p�t� ýa³ðü< 
�Bj�� ýa³ð>�_� ��[j ����o &ñ
�Ð�ÐÂÒ'�

Cn\�¦ >�íß�½+É Ãº e��6£§�̀¦ ·ú� Ãº e����.

s�]j (5.4), (5.11), (5.12)�̀¦ s�6 x���� �©�@/ ��o� ρ��H ��6£§õ� °ú s� >�íß�½+É Ãº e��

��.

ρ =

∥∥Cpn

∥∥
‖Cpn − Cp1‖

=
‖Cpn‖

d∥∥∥Cpn

d − Cp1

d

∥∥∥

=
‖Cmn‖

CnT Cmn∥∥∥ Cm1
CnT Cm1

− Cmn
CnT Cmn

∥∥∥
(5.22)

����"f 0A d��Ü¼�ÐÂÒ'� ρ��H ]X�@/ ��o�\� K�{©����H rõ� q��§�%i��̀¦ M:, �̧�Ðt� %ò
�©�

&ñ
�Ðëß��̀¦ ��t��¦ ÆÒ&ñ
s� ��0px�����H �©�&h��̀¦ ��f���̀¦ ·ú� Ãº e����.

ô�Ç¼#�, θ, φ_� �â
Äº, ���$�, r���� ýa³ð>�_� [O�&ñ
 õ�&ñ
s� ������÷&#Q�� ô�Ç��. s�\�¦ 0A
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�#� τC\�¦ ��6£§õ� °ú s� &ñ
_���̧2�¤ ô�Ç��.

τC , −R∗
Mτ ∗ (5.23)

s�]j, (5.23)\� (5.8), (5.9)\�¦ @/{9��#� &ñ
o����� ��6£§õ� °ú �Ér d���̀¦ %3��̀¦ Ãº e����.

τC = COT − CRT
T ∗RC∗

C∗OT ∗

= COC∗ −
(
COT ∗ − COT

)
(5.24)

#�l�"f ¿º ���P: 1px ñ��H ��&ñ
 3�̀¦ s�6 x�%i���. s� τC��H ³ð&h� ýa³ð>�\�"f �'a¹1Ïô�Ç 
�

Bj��_� ���0A  7�'�\�¦ 
�Bj�� ýa³ð>� l�ï�rÜ¼�Ð �����·p ��\	כ K�{©��Ù¼�Ð, r���� ýa³ð>�

XL-»¡¤�̀¦ τC ~½Ó�¾ÓÜ¼�Ð [O�&ñ
��¦ Õª\� ���� ³ð&h� ýa³ð>�\�¦ ·ú¡"f "fÕütô�Ç ��ü< °ú s�

[O�&ñ
����, θ, φ\�¦ ��6£§õ� °ú s� [O�&ñ
���H ò́õ�\�¦ ��t�>� �)a��.

θ(t0) = θ∗ =
π

2
(5.25)

φ(t0) = 0 (5.26)

s�]j, θ, φ_� >�íß��̀¦ 0A�#�, ���$�, (5.1)�̀¦ �ÃÐ�¦���� θ, φ��H T OCü< �'a>�÷&#Q e��Ü¼ 9,

��6£§õ� °ú s� jþt Ãº e����.

θ = cos−1

((
T OC

)
3

‖T OC‖

)
(5.27)

φ = tan−1

((
T OC

)
2

(T OC)1

)
(5.28)

¢̧ô�Ç, T OC��H ýa³ð>� ���8̈�\� _�K� ��6£§õ� °ú s� ����èq Ãº e����.

T OC = −T RC
Cpn (5.29)
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#�l�"f, (4.1)õ� ��&ñ
 2, ��&ñ
 3�̀¦ s�6 x����, (5.29)�Ér ��6£§õ� °ú s� ��r� jþt Ãº e����.

T OC = −CZn
TI RCI

CI RC
Cmn (5.30)

(5.30)\�¦ (5.27), (5.28)\� @/{9�����,

θ = cos−1

((
TI RCI

CI RC
Cmn

)
3

‖Cmn‖

)
(5.31)

φ = tan−1

((
TI RCI

CI RC
Cmn

)
2

(TI RCI
CI RC

Cmn)1

)
(5.32)

��6£§Ü¼�Ð, εx, εy, εz_� >�íß��̀¦ 0A�#�
Lpn�̀¦ s�6 x��̧2�¤ ô�Ç��. ³ð&h� ýa³ð>�_� "é¶&h�

�Ér pn\� 0Au���¦ e��Ü¼Ù¼�Ð, r���� ýa³ð>�_� &ñ
_�\� ���� r���� ýa³ð>�\�"f �����·p

³ð&h� "é¶&h�_� ýa³ð Lpn�Ér ��6£§õ� °ú s� jþt Ãº e����.

Lpn = [0 0 r]T (5.33)

Õªo��¦, r���� ýa³ð>�ü< 
�Bj�� ýa³ð>���H "f�Ð "é¶&h��̀¦ /BNÄ»��¦ e��Ü¼Ù¼�Ð ��6£§s� $í


wn�ô�Ç��.

Cpn = CRL
Lpn (5.34)

����"f, (5.3), (5.33), (5.34)�̀¦ s�6 x����, ³ð&h� ýa³ð>� "é¶&h�_� s�p�t� ýa³ð Cmn�Ér

��6£§õ� °ú s� jþt Ãº e��Ü¼ 9,

Cmn =
Cpn

(Cpn)3
= [tan εy sec εx tan εx 1]T (5.35)
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0A d��Ü¼�ÐÂÒ'� εx, εy\�¦ ��6£§õ� °ú s� >�íß�½+É Ãº e����.

εx = − tan−1
(
(Cmn)2

)
(5.36)

εy = tan−1

(
(Cmn)1√

1 + (Cmn)21

)
(5.37)

��t�}��Ü¼�Ð, εz_� �â
Äº Rz(εz) '��§>=_� &ñ
_��ÐÂÒ'� ��A�_� �'a>�d���̀¦ %3��̀¦ Ãº e����.

εz = arctan 2 (Rz(εz)21, Rz(εz)22) + 2lπ (5.38)

#�l�"f l�Ér t ≥ t0\� @/K� |εz(t)− ε∗z| ≤ π\�¦ �Ð�©��l� 0AK� &h�]X�y� ���×þ��)a &ñ
Ãºs�

��. ô�Ç¼#�, (5.38)_� Rz(εz)��H ��6£§õ� °ú �Ér d���̀¦ s�6 x�#� %3��̀¦ Ãº e����.

Rz(εz) = R−1
y (εy)R−1

x (εx)CRL

= R−1
y (εy)R−1

x (εx)CRCI

CI RTI

T RL (5.39)

¢̧ô�Ç, Ä»��ô�Ç õ�&ñ
�̀¦ ��5g, 3lq³ð �©�I� ���Ãº x∗ = [ ρ∗ θ∗ φ∗ ε∗x ε∗y ε∗z ]T %i�r�

��6£§õ� °ú s� >�íß�½+É Ãº e����.

ρ∗ =

∥∥∥C∗mn

∥∥∥
C∗nT C∗mn∥∥∥ C∗m1

C∗nT C∗m1
− C∗mn

C∗nT C∗mn

∥∥∥
(5.40)

θ∗ = cos−1

((
T RCR∗T

M
C∗mn

)
3

‖C∗mn‖

)
(5.41)

φ∗ = tan−1

((
T RCR∗T

M
C∗mn

)
2(

T RCR∗T
M

C∗mn

)
1

)
(5.42)

ε∗x = − tan−1
((

C∗mn

)
2

)
(5.43)

ε∗y = tan−1

(
(C∗mn)1√

1 + (C∗mn)21

)
(5.44)

ε∗z = arctan 2 (Rz(ε∗z)21, Rz(ε∗z)22) + 2l∗π (5.45)
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#�l�"f

Rz(ε∗z) = R−1
y (ε∗y)R

−1
x (ε∗x)R∗T

M
CRT

T ∗RL∗ (5.46)

s���. ����"f, 0A ���õ�[þt�̀¦ 7áx½+Ë����, (5.22), (5.31), (5.32), (5.36), (5.37), (5.38)õ�

(5.40)∼(5.46)Ü¼�ÐÂÒ'� q�î̈
��� ³ð&h�\� @/K� ³ð&h�_� î�r1lxõ� �'a>� \O�s� x, x∗\�¦ ³ð&h�

_� %ò
�©� &ñ
�Ðëß��̀¦ s�6 x�#� S\�1pq ��0px�<Ê�̀¦ SX����½+É Ãº e����.
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5.2 l��â Ø̧�\�£�· �§�bø5� �â �]�Áþ� ËÂ�¿

�:r ]X�\�"f��H ·ú¡"f 5.1]X�\�"f [O�&ñ
�%i�~�� �©�I� ���Ãº[þt_� 1lx%i��<Æ d���̀¦ Ä»�̧��̧2�¤ ô�Ç

��. ���$�, ³ð&h�_� s�1lx�̀¦ �¦�9�#� 
�Bj��_� #î
��� î�r1lxõ� �'aº���)a �©�I� ���Ãº[þt_� 1lx

%i��<Æ d���̀¦ Ä»�̧��̧2�¤ ô�Ç��. (5.1)\� ÅÒ#Q��� d��\� @/ô�Ç p�ì�r�̀¦ 2[����, ��A�ü< °ú �Ér

çß�éß�ô�Ç d���̀¦ %3��̀¦ Ãº e����.

d

dt
T OC = r0Jp(ρ, θ, φ)

[
ρ̇ θ̇ φ̇

]T
(5.47)

#�l�"f ���ïq���� '��§>= Jp��H ��6£§õ� °ú s� ÅÒ#Qt�>� �)a��.

Jp(ρ, θ, φ) ,




sin θ cosφ ρ cos θ cosφ −ρ sin θ sinφ

sin θ sinφ ρ cos θ sinφ ρ sin θ cosφ

cos θ −ρ sin θ 0




(5.48)

ô�Ç¼#�, T OC��H ³ð&h�õ� 
�Bj�� çß�_� �©�@/ 0Au�  7�'�s�Ù¼�Ð, �Ð4�© l�ìøÍ ýa³ð>�\�¦ s�6 x

�#� ��6£§õ� °ú s� jþt Ãº e����.

T OC = T RB

(
BOC − BOT

)
(5.49)

s�]j 0A d��_� �ª�����̀¦ p�ì�r����

T ȮC = T ṘB

(
BOC − BOT

)
+ T RB

(
BȮC − BȮT

)

=
[
T ωB

]
×

T RB

(
BOC − BOT

)
+ T RB

(
BȮC − BȮT

)

=
[
T ωB

]
×

T OC + T RB
BȮC − T RB

BȮT

=
[
T ωB

]
×

T OC + T RB
BRC

CvC − T RB
BRC

CvT (5.50)
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#�l�"f
[
T ωB

]
×��H

T ωB_� �=@/g�A'��§>= ³ð�&³s���. ¢̧ô�Ç, �Ð4�© l�ìøÍ ýa³ð>���H &ñ
t��)a

ýa³ð>�s�Ù¼�Ð, BωB = 0e���̀¦ �¦�9���� ��6£§_� �'a>�\�¦ ·ú� Ãº e����.

T ωB = T RB

(
BωB − BωT

)

= −T RB
BωT

= −T ωT (5.51)

0A d���̀¦ s�6 x����, d�� (5.50)\�¦ ��6£§õ� °ú s� &ñ
o��� ��0px���.

T ȮC = T RC
CvC −

(
TvT +

[
T ωT

]
×

T OC

)
(5.52)

#�l�"f, e��_�_�  7�'� a ∈ R3ü< Ä»m�'�o� '��§>=(Unitary Matrix) U ∈ R3×3\� @/�#�

��6£§õ� °ú �Ér �'a>��� $í
wn��<Ês� ·ú��94R e��Ü¼ 9,

[Ua]× = U [a]×UT (5.53)

s�\�¦ s�6 x���� (5.52) Äº���_� ¿º���P: �½Ó�Ér ��6£§õ� °ú s� ���+þA½+É Ãº e����.

TvT +
[
T ωT

]
×

T OC = T RC

(
CvT −

[
CωT

]
×

COT

)
(5.54)

����"f, d�� (5.52), (5.54)�ÐÂÒ'� #î
��� î�r1lx �©�I� ���Ãº_� 1lx%i��<Æ d���̀¦ ��A�ü< °ú s� %3�

�̀¦ Ãº e����.

[
ρ̇ θ̇ φ̇

]T

=
1
r0

J−1
p (ρ, θ, φ)T RC

CvC− 1
r0

J−1
p (ρ, θ, φ)T RC

(
CvT −

[
CωT

]
×

COT

)

(5.55)

#�l�"f���ïq����'��§>= Jp_�%i�'��§>= J−1
p s��>rF��l�0AK�"f��H Jp��&ñ
gË:'��§>=s�#Q��

ô�Ç����H �̧|	�s� 9 �¹כ��9, s�\�¦ 0AK�"f��H θ 6= 0, θ 6= πs�#Q�� ô�Ç��. s��Qô�Ç �©�S!��Ér
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s�Êê\� "fÕüt½+É ]j#Ql� [O�>� õ�&ñ
�̀¦ :�xK� ~½Ót�½+É Ãº e��Ü¼Ù¼�Ð Jp��H q�ÅÒ\O� "f�Ðeç


õ�&ñ
\�"f �½Ó�©� &ñ
gË:'��§>=s����¦ �̂¦ Ãº e��Ü¼ 9, s� M:, J−1
p �Ér ��6£§õ� °ú s� ÅÒ#Q�����.

J−1
p (ρ, θ, φ) ,




sin θ cosφ sin θ sinφ 0

cos θ cos φ
ρ

cos θ sin φ
ρ − sin θ

ρ

− sin φ
ρ sin θ

cos φ
ρ sin θ 0




(5.56)

��6£§Ü¼�Ð,
�Bj��_��r���õ��'aº���)a�©�I����Ãº[þt_�1lx%i��<Æd���̀¦Ä»�̧�l�0A�#�,���

$�, ωL�̀¦ �̧ï�r���ýa³ð>� L_��r���5Åq�̧ 7�'���½+ÉM:,
�Bj��ýa³ð>�õ� �̧ï�r���ýa³ð

>� çß�_� �©�@/&h���� �r��� 5Åq�̧  7�'���H �̧{9��Q y���̀¦ s�6 x�#� ��6£§õ� °ú s� ����èq Ãº

e����.

CωL − CωC =




ε̇x

0

0




+ Rx(εx)








0

ε̇y

0




+ Ry(εy)




0

0

ε̇z








= Jr(εx, εy)




ε̇x

ε̇y

ε̇z




(5.57)

Jr(εx, εy) ,




1 0 sin εy

0 cos εx − sin εx cos εy

0 sin εx cos εx cos εy




(5.58)

#�l�"f ���ïq���� Jrs� &ñ
gË: '��§>=s� ÷&l� 0Aô�Ç �̧|	��Ér εy 6= ±π/2s���. s���H z�́|9�&h�

Ü¼�Ð ³ð&h�s� s�p�t� î̈
����̀¦ :�xõ����H �©�S!�\� K�{©�� 9 ���ïq���� Jp_� �â
Äºü< ��ðøÍ

��t��Ð ]j#Ql� [O�>� õ�&ñ
\�"f s�\�¦ p����\� ~½Ót�½+É Ãº e����. ����"f q�ÅÒ\O� "f�Ðeç
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õ�&ñ
\�"f �½Ó�©� &ñ
gË: '��§>=s��� ½+É Ãº e����.

ô�Ç¼#�, ³ð&h� ýa³ð>�\�"f���� �:r �̧ï�r��� ýa³ð>�_� �©�@/ �r��� 5Åq�̧  7�'� T ω̄Lõ� ³ð

&h� ýa³ð>�\� @/ô�Ç �̧ï�r��� ýa³ð>�_� �r��� ���8̈� '��§>= T RL�Ér ��6£§õ� °ú �Ér �'a>�\�¦ ��

����� [64].
[
T ω̄L

]
× = T ṘL

T R−1
L , (5.59)

d�� (5.2)�̀¦d�� (5.59)\�@/{9��#��ª�����̀¦q��§���� T ω̄L��H��6£§õ�°ú s�jþtÃºe��Ü¼ 9,

T ω̄L =
[
−θ̇ sinφ θ̇ cosφ φ̇

]T

, (5.60)

¢̧ô�Ç, d�� (5.55)�ÐÂÒ'�, θ̇ü< φ̇\�¦ ��6£§õ� °ú s� jþt Ãº e����.

θ̇ =
1
r0

J2
T RC

(
CvC −

(
CvT −

[
CωT

]
×

COT

))
(5.61)

φ̇ =
1
r0

J3
T RC

(
CvC −

(
CvT −

[
CωT

]
×

COT

))
(5.62)

#�l�"f, J2, J3�Éry��y�� J−1
p _�¿º���P:,[j���P:\P�(Column)�̀¦�����·p��.����"f, (5.61),

(5.62)�̀¦ (5.60)\� @/{9��#� &ñ
o����� T ω̄L�Ér ��6£§õ� °ú �Ér +þAI�\�¦ ��f���̀¦ ·ú� Ãº e��

��.

T ω̄L =
1

ρr0
A(θ, φ)T RC

(
CvC −

(
CvT −

[
CωT

]
×

COT

))
(5.63)

#�l�"f,

A(θ, φ) ,




− cos θ sinφ cosφ − cos θ sin2 φ sin θ sinφ

cos θ cos2 φ cos θ sinφ cosφ − sin θ cosφ

− sin φ
sin θ

cos φ
sin θ 0




(5.64)

¢̧ô�Ç, T ω̄L��H³ð&h�ýa³ð>�ü< �̧ï�r���ýa³ð>�çß�_��©�@/�r���5Åq�̧ 7�'�s�Ù¼�Ð�Ð4�©l�
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ìøÍ ýa³ð>��̀¦ s�6 x�#� ��6£§õ� °ú s� jþt Ãº e����.

T ω̄L = T RB

(
BωL − BωT

)

= T ωL − T ωT (5.65)

����"f,

CωL = CRT
T ωL = CRT

(
T ω̄L + T ωT

)

=
1

ρr0

CRTA(θ, φ)T RC
CvC − 1

ρr0

CRTA(θ, φ)T RC

(
CvT −

[
CωT

]
×

COT

)
+ CωT

=
1

ρr0

CRLDLRC
CvC − 1

ρr0

CRLDLRC

(
CvT −

[
CωT

]
×

COT

)
+ CωT (5.66)

#�l�"f

D , LRTA(θ, φ)T RL

=




0 1 0

−1 0 0

− cot θ 0 0




(5.67)

(5.57)õ� (5.66)_� ���õ�\�¦ 7áx½+Ë���� �r��� î�r1lx\� @/ô�Ç 1lx%i��<Æ d���Ér ��A�ü< °ú 6£§

�̀¦ ·ú� Ãº e����.

[
ε̇x ε̇y ε̇z

]T

=
1

ρr0
J−1

r
CRLDLRC

CvC − J−1
r

CωC (5.68)

− 1
ρr0

J−1
r

CRLDLRC

(
CvT −

[
CωT

]
×

COT

)
+ J−1

r
CωT

����"f,t��FK��t�_����õ�\�¦7áx½+Ë����,
�Bj��_�î�r1lx\��'aº���)a1lx%i��<Æ~½Ó&ñ
d���Ér

��A�ü< °ú �Ér +þAI��Ð &ñ
o�½+É Ãº e����.
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ẋ = L diag(CRB, CRB)




BvC

BωC


− L




CvT −
[
CωT

]
×

COT

CωT


 (5.69)

#�l�"f,

L ,




Lv 0

Lvω Lω


 (5.70)

Lv , 1
r0

J−1
p (ρ, θ, φ)GT (θ, φ)GT

C(ε) (5.71)

Lvω , 1
ρr0

J−1
r (εx, εy)GC(ε)DGT

C(ε) (5.72)

Lω , −J−1
r (εx, εy) (5.73)

s� 9, diag(CRB, CRB)��H CRB, CRB\�¦ @/y�� $í
ì�rÜ¼�Ð ��t���H @/y�� '��§>=�̀¦ _�p�ô�Ç

��. ô�Ç¼#�, ��&ñ
 3\� _�K� CωT = 0s�Ù¼�Ð s�\� ���� (5.69)\�¦ ��r� &ñ
o�����

ẋ = L diag(CRB, CRB)




BvC

BωC


− L




CvT

03


 (5.74)

����"f 0A 1lx%i��<Æ ~½Ó&ñ
d���̀¦ ���½ÓÜ¼�Ð ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H q�ÅÒ\O� "f�Ðeç


]j#Ql�\�¦ [O�>���̧2�¤ ô�Ç��.
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5.3 V�#ae� à�
N� ��� ò5ÑÇa�Å]� &P��7�

�:r ]X�\�"f��H ·ú¡"f l�Õütô�Ç �Ð4�©_� 1lx%i��<Æ ~½Ó&ñ
d��õ� ³ð&h�_� î�r1lx &ñ
�Ð ÆÒ&ñ
 ���õ�\�¦

���½ÓÜ¼�Ð ��r� �̧|	��̀¦ ëß�7á¤�<Êõ� 1lxr�\� ���%i�&h� îß�&ñ
$í
�̀¦ �Ð�©�½+É Ãº e����H ]j#Ql�_�

[O�>�\� @/ô�Ç ?/6 x�̀¦ l�Õüt��̧2�¤ ô�Ç��.

���$�, 3	�"é¶ /BNçß� �©�_� Nf>h_� ³ð&h� :£¤fç
&h�[þt
Cpi =

[
CXi

CYi
CZi

]T
, i =

1, . . . , Nf x9�Õª\�@/6£x÷&��H:£¤fç
&h�s�p�t�ýa³ð
Cmi =

[
Cxi

Cyi 1
]T

, i = 1, . . . , Nfü<

i��!sq ýa³ð Cqi =
[
Cui

Cvi 1
]T

, i = 1, . . . , Nf\� @/�#�, {9�ìøÍ&h�Ü¼�Ð 
�Bj���ÐÂÒ'�

%3��Ér%ò
�©��Éri��!sqéß�0A�Ð³ð�&³÷&Ù¼�Ð
�Bj��_�r���(Field-of-View, FOV)��H��6£§õ�

°ú s� i��!sq ýa³ð\�¦ s�6 x�#� l�Õüt½+É Ãº e����.

Ωuv ,
{
q , [u v 1]T ∈ R3|0 ≤ u ≤ LuM , 0 ≤ v ≤ LvM

}
(5.75)

#�l�"f LuM , LvM�Ér �ª�_� �©�Ãº�Ð 
�Bj��_� OÉ��©� �è�� #QYUs�_� i��!sq Ì�	Ãº x9� ß¼l�

ü< �'a>��)a �©�Ãº[þts���. ¢̧ô�Ç, Ωuvõ� 
�Bj�� ?/ÂÒ ����� '��§>= K\�¦ s�6 x���� 
�Bj��

_� s�p�t� î̈
���\� K�{©����H |9�½+Ë Ωxy\�¦ ��6£§õ� °ú s� l�Õüt½+É Ãº e����.

Ωxy ,
{
m , [x y 1]T ∈ R3| − Lxm ≤ x ≤ LxM ,−Lym ≤ y ≤ LyM

}
(5.76)

#�l�"f

[−Lxm − Lym 1]T , K−1 [0 0 1]T (5.77)

[LxM LyM 1]T , K−1 [LuM LvM 1]T (5.78)

s���.

0A|9�½+Ë[þt_�&ñ
_��ÐÂÒ'���r� �̧|	��̀¦ëß�7á¤���Hq�ÅÒ\O�"f�Ðeç
l�ZO��Ér�Ð4�©_�î�r

1lx õ�&ñ
\�"f ��6£§_� �̧|	��̀¦ ëß�7á¤��̧2�¤ �Ð4�©_� ¹¡§f��e���̀¦ ]j#Q���H �Ü¼�Ð	כ �̂¦ Ãº e��
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Ü¼ 9,

Cmi ∈ Ωxy, i = 1, ..., Nf , ∀t ≥ t0 (5.79)

(5.75), (5.76)_� Ωuv, Ωxy\�¦ ��r� |9�½+Ë (Visible Set)s��� g�A��̧2�¤ ô�Ç��. ��r� |9�½+Ë

�Ér{9�ìøÍ&h�Ü¼�Ð (5.75), (5.76)ü<°ú s�:£¤fç
&h�_�ýa³ð\�¦s�6 x�#�l�Õüt÷&Ù¼�Ð%ò
�©�l�

ìøÍ q�ÅÒ\O� "f�Ðeç
õ� °ú s� :£¤fç
&h�_� î�r1lx�̀¦ f��]X� ]j#Q���H l�ZO�[þts� ��r� �̧|	�_� ëß�

7á¤ 8£¤���\�"f��H �8¹¡¤ y©�&h��̀¦ �������. ìøÍ���, �:r �7Hë�H\�"f ]jîß����H q�ÅÒ\O� "f�Ðeç
 l�

ZO��Ér 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
�̀¦ l�ìøÍÜ¼�Ð ��¦ e��Ü¼Ù¼�Ð :£¤fç
&h�_� î�r1lx\� @/ô�Ç f��

]X�&h����]j#Q��H���]j��¦e��t�·ú§��.Õª�Q���Ð4�©_�î�r1lxõ�&ñ
\�"f³ð&h�_�î�r1lx�̀¦�¦

�9�#� ³ð&h���t�_� ��o�ü< 
�Bj���� ³ð&h��̀¦ �����Ð��H ~½Ó�¾Ó\� @/ô�Ç &h�]X�ô�Ç ]j#Q��

��0px������ ��r� �̧|	��̀¦ Ø�æì�ry� ëß�7á¤½+É Ãº e����H q�ÅÒ\O� "f�Ðeç
 ]j#Ql�\�¦ [O�>�½+É Ãº

e���̀¦ �,s� 9	כ s�\�¦ 0A�#� ³ð&h���t�_� �©�@/ ��o� ρü< 
�Bj��_� �̧ï�r��� �̧	�\� K�{©�

���H (εx, εy)\�¦ �Ö̧6 x�#� ½̈$í
�)a ��r� |9�½+Ë�̀¦ s�6 x�<ÊÜ¼�Ð"f �̧��H :£¤fç
&h�_� î�r1lx\�

@/ô�Ç ]j#Q�� \O�s��̧ ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H 0Au� l�ìøÍ q�ÅÒ\O� "f�Ðeç
 ]j#Ql�

\�¦ [O�>�K� �Ð�̧2�¤ ô�Ç��.

���$�, (5.4)_� ρ\� @/�#� ÕªaË> 5.3�̀¦ �ÃÐ�̧���� ��A�ü< °ú �Ér $í
|9��̀¦ çß�éß��>� �Ð

{9� Ãº e����.

�̧��H :£¤fç
&h��Ér =�Gt�&h�s� OC\� 0Au���¦ >h½̈y���̧(Opening Angle)��

2 sin−1(1
ρ)��� "é¶Þ�¦_� ?/ÂÒ\� 5Åqô�Ç��.

(5.80)

s�ü< °ú �Ér $í
|9��Ér �&³F� �̧ï�r��� �̧	� (εx, εy)\� ���� ³ð&h�õ� 
�Bj�� ��s�_� ��o�\�¦

#QÖ¼ &ñ
�̧�Ð Ä»t�K��� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H��\� @/ô�Ç l�ï�r�̀¦ ]jr�K�×�¦ Ãº

e����. [29]\�"f��H s�\�¦ s�6 x�#� ��6£§õ� °ú �Ér ��r� |9�½+Ë Ω\�¦ ]jr���¦ e����.

Ω ,
4⋂

k=1

Ωk(ρ, εx, εy) (5.81)
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CO

C
X

CY

C
Z

Target
Image Plane

1 1
sin

ρ

−  
 
 

k
ψ

ÕªaË> 5.3: �©�@/ ��o� ρ\� @/ô�Ç ��r� �̧|	�

#�l�"f

Ωk ,
{
(ρ, εx, εy) ∈ R3|fk(εx, εy) < ρ, (εx, εy) ∈ Ωε

}
, k = 1, 2, 3, 4 (5.82)

¢̧ô�Ç,

Ωε ,
{

(εx, εy) ∈ R2
∣∣ |εx| < π/2, |εy| < π/2,

− tan−1 LyM ≤ εx ≤ tan−1 Lym, (5.83)

− tan−1(Lxm cos εx) ≤ εy ≤ tan−1(LxM cos εx)
}
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s� 9,

f1(εx, εy) ,
√

1 + L2
xm g(εy)h1(εx, εy) (5.84)

f2(εx, εy) ,
√

1 + L2
xM g(εy)h2(εx, εy) (5.85)

f3(εx, εy) ,
√

1 + L2
ym g(εy)h3(εx) (5.86)

f4(εx, εy) ,
√

1 + L2
yM g(εy)h4(εx) (5.87)

g(εy) , 1
cos εy

(5.88)

h1(εx, εy) , 1
Lxm cos εx + tan εy

(5.89)

h2(εx, εy) , 1
LxM cos εx − tan εy

(5.90)

h3(εx) , 1
Lym cos εx − sin εx

(5.91)

h4(εx) , 1
LyM cos εx + sin εx

(5.92)

s���.

0A��r�|9�½+Ë�ÉrÕªaË> 5.3\�¦�ÃÐ�̧����
�Bj��_�×�æd�� OC\�¦=�Gt�&h�Ü¼�Ð�#�³ð&h�

_� �̧��H:£¤fç
&h�[þt�̀¦�í�<Ê���HìøÍt�2£§ r0��� ½̈\�¦�í�<Ê½+ÉÃºe����H"é¶Þ�¦s�
�Bj���oy��

_� ���©���o�\� K�{©����H f�����õ� ëß���t� ·ú§�̀¦ �̧|	�, 7£¤ >h½̈y���̧�� y��y��_� �oy�� ��

�©���o�ü< s�ÀÒ��H y���̧ ψk�Ð�� ����̀¦ �̧|	��̀¦ �©�@/ ��o� ρü< �̧ï�r��� �̧	� (εx, εy)�Ð

��Ë̈#Q �����·p �.���s	כ s� ��r� |9�½+Ë�Ér �©�I� ���Ãº�Ð [O�&ñ
ô�Ç 6>h_� ���Ãº ×�æ\�"f

(ρ, εx, εy)_� [j ���Ãº ëß�s� �'a#��>� ÷& 9, �� Qt� 3>h_� ���Ãº��H ��r� �̧|	�\� %ò
�¾Ó�̀¦

ÅÒt� ·ú§Ü¼Ù¼�Ð 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��_� î�r1lx C�&h� >h���s��� �©�E�Óüt �rx� 1px

��r� �̧|	�_� ëß�7á¤õ� �<Êa� ¢̧ ���Ér 3lq&h��̀¦ ²ú�$í
���H X<\� Ä»����>� �Ö̧6 x½+É Ãº e���̀¦

�Ü¼�Ð	כ �Ðs���, �:r �7Hë�H\�"f ��ÀÒ��H #3�0A\�"f��H #Á	#Q��Ù¼�Ð s�\� @/K�"f��H ��ÀÒt�
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·ú§�̧2�¤ ô�Ç��. ¢̧ô�Ç, s�Êê�Ð��H s� ��r� |9�½+Ë Ω\�¦ s�p�t� ýa³ð ��r� |9�½+Ë Ωxyü< ½̈ì�r

f±	l� 0A�#� 3	�"é¶ ��r� |9�½+Ës��� g�A�l��Ð � 9, Ωxy��H 2	�"é¶ ��r� |9�½+Ës��� g�A�

�̧2�¤ ô�Ç��.

s� 3	�"é¶��r�|9�½+Ë�Ér
�Bj��?/ÂÒ�����x9��©�I����Ãº_�ÆÒ&ñ
s���0px½+É�â
Äº 2	�

"é¶ ��r� |9�½+Ëõ� ��ðøÍ��t��Ð ³ð&h�_� î�r1lxõ� 
�Bj�� ü@ÂÒ �����\� Áº�'a�>� l�Õüt½+É Ãº

e������H :£¤fç
s� e����. [29]\�"f��H ��6£§_� ¿º &ñ
o�\�¦ :�xK� 3	�"é¶ ��r� |9�½+Ës� 0Au� l�

ìøÍ q�ÅÒ\O� "f�Ðeç
\� &h�½+Ëô�Ç +þAI�e���̀¦ r����#�ÅÒ�¦ e����.

Ça�h� 2 [29] (ρ, εx, εy)�� ��6£§_� �̧|	��̀¦ ëß�7á¤½+É �â
Äº, (5.79)_� ��r� �̧|	�s� ëß�7á¤�)a

�� .

(ρ, εx, εy) ∈ Ω (5.93)

¥

Ça�h� 3 [29] (5.81)_� 3	�"é¶ ��r� |9�½+Ë Ω��H �̂¦2�¤ |9�½+Ë (Convex Set)s���. ¥

0A &ñ
o� 2��H q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f �̧ï�r��� �̧	� (εx, εy)ü< �©�@/ ��o� ρ_� C�

&h�s� ��r� |9�½+Ë Ω�̀¦ #Á	#Q��t� ·ú§�̀¦ �â
Äº, �½Ó�©� �̧��H :£¤fç
&h��̀¦ 
�Bj��_� �oy�� ?/ÂÒ

\�  QÁºØÔ>� �#� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e��6£§�̀¦ r�����¦ e����. ¢̧ô�Ç, &ñ
o� 3\�"f

��H ��r� |9�½+Ë Ωs� �̂¦2�¤ |9�½+Ës�����H $í
|9��̀¦ ��t�>� ÷& 9, s��Qô�Ç :£¤$í
�Ér 3	�"é¶ ��r�

|9�½+Ë ?/ÂÒ\� 5Åqô�Ç e��_�_� ¿º &h��̀¦ e±	��H f������Ér �½Ó�©� 3	�"é¶ ��r� |9�½+Ë ?/ÂÒ\� 5Åq�<Ê

�̀¦ �Ð�©�½+É Ãº e����.

s��Qô�Ç ��r� |9�½+Ë >h¥Æ��Ér s���� ���½̈ ���õ�\�"f�̧ çß�<�Ê �̂¦ Ãº e��%3���. [24]\�"f

��H �Ð4�©_� 6»¡¤ �'a]X�y���̀¦ s�6 xô�Ç ��r� |9�½+Ë�̀¦ &ñ
_���¦ {9�7áx_� ���0A �<ÊÃº(Potential

Function)�̀¦s�6 x�#���r�|9�½+Ë?/ÂÒ\�"f�Ð4�©_�î�r1lx�̀¦]j#Q½+ÉÃºe����Hq�ÅÒ\O�"f

�Ðeç
 l�ZO��̀¦ ]jr��%i���. s� l�ZO��Ér �Ð4�©_� 1lx%i��<Æ��t� °ú s� �¦�9�<ÊÜ¼�Ð+� �Ð�� �8

�&³z�́&h���� �©�S!�\�"f�̧ ��r� �̧|	�õ� ���%i�&h���� îß�&ñ
$í
�̀¦ �Ð�©���¦ e��t�ëß� ��r� |9�½+Ë
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_� ½̈$í
 õ�&ñ
\�"f ³ð&h�_� 3	�"é¶ 0Au� x9� ³ð&h�_� 3	�"é¶ u�Ãº &ñ
�Ð 1px�̀¦ �̧¿º ¹�Ðכ��9

�l�\� #3�6 x$í
s� ÂÒ7á¤� 9, ³ð&h�s� s�1lx���H �â
Äº�'p &h�6 xs� Ô�¦��0pxô�Ç éß�&h��̀¦ ��t�

�¦ e����. ¢̧ô�Ç, [65]\�"f��H :£¤&ñ
ô�Ç +þAI�_� ³ð&h�\� @/�#� �Ð4�©_� �íÝ¼ü< �'aº���)a 6��

Ä»�̧�©�I����Ãº\�¦ �̧¿º�Ö̧6 x�#���r� �̧|	��̀¦ëß�7á¤½+ÉÃºe����H��r�|9�½+Ë�̀¦&ñ
_��%i�

��. Õª�Q�� s� ��r� |9�½+Ë�̀¦ {9�ìøÍ&h���� +þAI�_� ³ð&h�\� &h�6 x�l� 0AK�"f��H ��H��\�¦ ��

5g�� � 9, s� �â
Äº ��r� |9�½+Ëõ� ��r� �̧|	�_� ����'a$í
�̀¦ ¢-a#4��>� 7£x"î
��¦ e��t���H

3lw���. ¢̧ô�Ç, ¿º l�ZO� �̧¿º ��r� |9�½+Ë_� l�Õüt õ�&ñ
\�"f �Ð4�©_� 6��Ä»�̧\�¦ �̧¿º ��

6 x��¦ e��t�ëß� 3	�"é¶ ��r� |9�½+Ë Ωü< °ú �Ér �̂¦2�¤ |9�½+Ë :£¤$í
�̀¦ ��t��¦ e����Ht� #�ÂÒ��H

·ú� Ãº \O�l� M:ë�H\� ��r� |9�½+Ë ?/ÂÒ\�"f 
�Bj��_� î�r1lx�̀¦ ]j#Q�l� 0AK�"f��H Z>��̧_�

l�ZO�s� ¹כ��9�����H ÂÒ{���̀¦ ��t��¦ e����.

��6£§Ü¼�Ð, q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f ��r� �̧|	�_� ëß�7á¤õ� 3lq³ð �íÝ¼�Ð_� Ãº§4��̀¦

�Ð�©��l� 0A�#�, ·ú¡"f ]jr��)a ��r� |9�½+Ë�̀¦ �Ö̧6 xô�Ç ��6£§õ� °ú �Ér +þAI�_� q����+þA C�

8̈� ]j#Ql�(Nonlinear Feedback Controller)\�¦ ]jîß�ô�Ç��.




Bv∗C
Bω∗C


 = diag(BRC , BRC)

[
L̂−1

{
ẋd + Kp(xd − x)

}
+ ˆ̄vT

]
(5.94)

#�l�"f Bv∗C , Bω∗C��H y��y�� �Ð4�© l�$� ýa³ð>�\�¦ l�ï�rÜ¼�Ð �����·p 
�Bj��_� #î
���, �r

��� 5Åq�̧ "î
§î
�̀¦ _�p�� 9, L̂−1�Ér ���ïq���� L_� %i�'��§>=\� @/ô�Ç ÆÒ&ñ
u��Ð, ��6£§õ� °ú 

s� &ñ
_��)a��.

L̂−1 ,




L̂−1
v 03×3

−L−1
ω L̂vωL̂−1

v L−1
ω


 , (5.95)
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L̂−1
v ,

(
1
r̂0

J−1
p (ρ, θ, φ)GT (θ, φ)GT

C(ε)
)−1

, (5.96)

L̂vω , 1
ρr̂0

J−1
R (εx, εy)GC(ε)DGT

C(ε), (5.97)

L−1
ω , −JR(εx, εy). (5.98)

s� 9, #�l�"f r̂0�Ér r0\� @/ô�Ç ÆÒ&ñ
u�s���. ¢̧ô�Ç, ˆ̄vT , [C v̂T
T 01×3]Ts� 9, C v̂T��H ³ð

&h� 5Åq�̧ ÆÒ&ñ
u��Ð"f s�Êê\� &ñ
_���̧2�¤ ô�Ç��. ��t�}��Ü¼�Ð xd��H 3lq³ð C�&h��̀¦ _�p�ô�Ç

��.

#�l�"f, Bv∗C , Bω∗C\� @/K�"f��H l��>r_� ���½̈[þt\�"fü< °ú s� ��6£§�̀¦ ��&ñ
��̧2�¤

ô�Ç��.

��Ça� 9. �Ð4�©�Ér 5Åq�̧ "î
§î
�̀¦ &ñ
SX��>� ÆÒ7áx½+É Ãº e����. 7£¤,

BvC = Bv∗C , BωC = Bω∗C (5.99)

¥

¢̧ô�Ç, r0\� @/K�"f��H ��6£§�̀¦ ��&ñ
��̧2�¤ ô�Ç��.

��Ça� 10. r0\� @/K� ��6£§_� #3�0A\�¦ ëß�7á¤���H �ª�Ãº rm
0 , rM

0 s� �>rF�� 9

rm
0 ≤ r0 ≤ rM

0 (5.100)

rm
0 õ� rM

0 �̀¦ �����\� ·ú��¦ e����. ¥

0A ��&ñ
 10\� ���� r0\� @/ô�Ç ÆÒ&ñ
u� r̂0��H ��6£§_� #3�0A ?/\�"f ×þ���̧2�¤ � 9,

rm
0 ≤ r̂0 ≤ rM

0 (5.101)
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Õª�Q���, ��6£§_� ÂÒ1pxd���Ér ��"î
���.

rm
0

rM
0

≤ r̂0

r0
≤ rM

0

rm
0

(5.102)

¢̧ô�Ç, C0Ẑn_��â
Äº��H
C0Znü< r0_��'a>�\�¦s�6 x�#�[O�>���̧2�¤ô�Ç��.���$� C0Znü<

r0_� �'a>���H (4.1), (5.11), (5.18)�ÐÂÒ'� ��A�ü< °ú Ü¼ 9

C0Zn =
r0∥∥∥C0mn − C0nT C0mn

C0nT C0m1

C0m1

∥∥∥
(5.103)

s�\�¦ s�6 x�#� C0Ẑn\�¦ ��6£§õ� °ú s� >�íß���̧2�¤ ô�Ç��.

C0Ẑn =
r̂0∥∥∥C0mn − C0nT C0mn

C0nT C0m1

C0m1

∥∥∥
(5.104)

#�l�"f, (5.100), (5.101), (5.103), (5.104)Ü¼�ÐÂÒ'� ��6£§_� �'a>�\�¦ ·ú� Ãº e��Ü¼ 9,

C0Ẑn

C0Zn
=

r̂0

r0
(5.105)

����"f, (5.102), (5.105)Ü¼�ÐÂÒ'�
C0 Ẑn
C0Zn

\� @/K�"f�̧ ��6£§õ� °ú �Ér ÂÒ1pxd���̀¦ %3��̀¦ Ãº

e��Ü¼ 9,
rm
0

rM
0

≤
C0Ẑn

C0Zn
≤ rM

0

rm
0

(5.106)

��&ñ
 6ü< (5.106)Ü¼�ÐÂÒ'�

zm =
rm
0

rM
0

(5.107)

zM =
rM
0

rm
0

(5.108)

s���. ¢̧ô�Ç, ³ð&h� 5Åq�̧ ÆÒ&ñ
u� C v̂T��H (4.78)_� ÆÒ&ñ
l�\�¦ s�6 x�#� ��6£§õ� °ú �Ér +þAI�

89



Pose Estimation

S-curve Motion 

Profiling

PBVS 

Controller

Robotic

Manipulator

CCD Camera

Desired image

Initial image

Current image

Joint angle

( )*

0
ˆ ˆ, tx x ,d d

x xɺ

x

* *
,

B B

C Cv ω

End Effector

Target Motion 

Estimation

[ ]ky ˆC

Tv

ÕªaË> 5.4: q�ÅÒ\O� "f�Ðeç
 r�Û¼%7� ½̈$í
 �̂¦2�¤ ��s�#QÕªÏþ�

�Ð ½̈$í
��̧2�¤ ô�Ç��.

C v̂T (t) = CRC0 [03×3 I3] x̂T (t) (5.109)

��t�}��Ü¼�Ð, ��1lq$í
�̀¦ Z�}s�l� 0AK� ·ú¡"f ]jîß�ô�Ç q�ÅÒ\O� "f�Ðeç
 ]j#Q r�Û¼%7�_� ½̈$í


�̀¦ �̂¦2�¤ ��s�#QÕªÏþ�Ü¼�Ð ³ð�&³�#� ÕªaË> 5.4\� ����?/%3���.

s�]j, q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f ��r� �̧|	�_� ëß�7á¤õ� ]j#Q 3lq³ð\�¦ 1lxr�\� ²ú�$í
½+É

Ãº e���̧2�¤ 3lq³ð C�&h� xd_� [O�>� õ�&ñ
\� ¹ô�Çכ��9 �̧|	��̀¦ ·ú����Ð�̧2�¤ ô�Ç��. 3lq³ð C�&h�

xd ∈ R6��H �íl� �©�I� ���Ãº xü< 3lq³ð �©�I� ���Ãº x∗ ��s�\�¦ e±	��H f����� �â
�Ð�� ÷&�̧2�¤

[O�>�� 9, ��6£§_� �̧|	��̀¦ ëß�7á¤ô�Ç��.

xd(t0) = x(t0), (5.110)

xd(t) = x∗, t ≥ tf (5.111)

#�l�"f tf��H3lq³ð�©�I�\� �̧²ú����Hþj7áxr�y���̀¦����?/ 9]j#Ql�[O�>�r�\���r� �̧

|	�_� ëß�7á¤�̀¦ �¦�9�#� [O�>�K������H �©�Ãºs���. ����"f, �íl� 
�Bj�� �íÝ¼ x9� 3lq³ð


�Bj�� �íÝ¼\� @/K� ��6£§�̀¦ ëß�7á¤½+É �â
Äº,

ζ0 , (ρ(t0), εx(t0), εy(t0)) ∈ Ω (5.112)

ζ∗ , (ρ∗, ε∗x, ε∗y) ∈ Ω (5.113)
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3lq³ð C�&h�\� @/K� ��6£§s� $í
wn�ô�Ç��.

ζd(t) ,
(
ρd(t), εd

x(t), εd
y(t)

)
∈ Ω, ∀t ≥ t0 (5.114)

z�́|9�&h�Ü¼�Ð ��r� �̧|	�_� ëß�7á¤�̀¦ 0AK� 3lq³ð C�&h��̀¦ [O�>�K��� ½+É @/�©��Ér (ρ, εx, εy)s�

t�ëß�, 3lq³ð C�&h�_� [O�>� õ�&ñ
\�"f_� ¼#�_�\�¦ 0A�#� (θ, φ, εz) %i�r� f����� �â
�Ð\�¦ ��ØÔ

�̧2�¤ [O�>���̧2�¤ ô�Ç��.

Óüt�:r,#�l�"fÅÒ3lqK���½+É�������&h��̀¦f��Ér3lq³ðC	כâ
�Ð�Ðµ1Ú\�[O�>�½+ÉÃº\O���H�	כ

�Ér ��m�����H &h�s���. f����� �â
�Ð [O�>���H 3lq³ð C�&h� Òqt$í
 õ�&ñ
\�"f ���©� çß�éß��>� >�

íß�½+É Ãº e���¦, ��r� |9�½+Ë\� 5Åq���H t�_� #�ÂÒ\�¦ ���©� SX�z�́y� �����½+É Ãº e����H :£¤$í


s� e��t�ëß�, (ρ, εx, εy)s� ��r� |9�½+Ë ?/ÂÒ\� 5Åq��̧2�¤ ��Ä»\�v>� [O�>�½+É Ãº e������� ��

r� �̧|	� ü@\� ¢̧ ���Ér �̧|	�, \V\�¦ [þt#Q, �©�E�Óüt �rx��� 3	�"é¶ /BNçß� �©�\�"f_� þjéß� ��

o� s�1lx 1px_� �̧|	��̀¦ ëß�7á¤����"f q�ÅÒ\O� "f�Ðeç
 3lq³ð\�¦ ²ú�$í
½+É Ãº e����H +þAI�_� 3lq

³ð C�&h� ¢̧ô�Ç Ø�æì�ry� [O�>�½+É Ãº e���̀¦ �Ü¼�Ð	כ �Ð�����. ζ0ü< ζ∗ ��s�\�¦ e±	��H f����� 0A

_� ô�Ç &h� ζ\� @/�#� ζ\�¦ ×�æd��Ü¼�Ð ��¦ ��6£§_� �̧|	��̀¦ ëß�7á¤���H ½̈ Sζ_� þj@/ ìøÍ

t�2£§�̀¦ rζ�� ��̧2�¤ ô�Ç��.

Sζ ∈ Ω, Sζ

⋂
∂Ω 6= ∅. (5.115)

#�l�"f ∂Ω��H Ω_� �â
>�\�¦ �����·p��. s�]j, rζ_� þj�è°ú̀�כ¦ δΩ�� &ñ
_�½+É M:, &ñ
o� 3\�

"f ]jr��)a ��r� |9�½+Ë_� �̂¦2�¤ |9�½+Ë :£¤$í
Ü¼�Ð ����#� ��6£§õ� °ú �Ér ���õ�\�¦ %3��̀¦ Ãº e��

��.

δΩ = min{rζ0, rζ∗} (5.116)

s� δΩ��H q�ÅÒ\O� "f�Ðeç
 ]j#Ql��� 3lq³ð C�&h��̀¦ ÆÒ7áx���H õ�&ñ
\�"f ��r� �̧|	�_� ëß�7á¤

�̀¦ 0AK� )�6 x ��0pxô�Ç þj@/ ÆÒ7áx �̧	�\� K�{©�ô�Ç��.
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ô�Ç¼#�, r�çß� ½̈çß� 0 ≤ t < t0\�"f��H q�ÅÒ\O� "f�Ðeç
 ]j#Ql�\�¦ &h�6 x�t� ·ú§�Ér �©�I�

\�"f ³ð&h� 5Åq�̧\� @/ô�Ç ÆÒ&ñ
ëß��̀¦ Ãº'���<ÊÜ¼�Ð+� 5Åq�̧ ÆÒ&ñ
l��� Ø�æì�ry� Ãº§4�ô�Ç �©�S!�

�̀¦ �©�&ñ
�%i�Ü¼ 9, &ñ
o� 1_� ���õ�\�¦ s�6 x�#� t = t0 r�&h� s�Êê�Ð ��6£§�̀¦ ëß�7á¤ô�Ç���¦

��&ñ
ô�Ç��.

‖eχv(t)‖ ≤ δv, t ≥ t0. (5.117)

#�l�"f, δv��H (4.84)\� (5.107), (5.108)�̀¦ @/{9��#� ��6£§õ� °ú �Ér +þAI��Ð ��r� jþt Ãº

e����.

δv =
1

1− λM
Ts

(
2
rM
0

rm
0

− 1
)

Ba

C0Ẑn

(5.118)

s�]j, r̂0_� Ô�¦SX�z�́$í
s� �>rF����H �â
Äº\� @/�#� �:r �7Hë�H\�"f ]jîß����H q�ÅÒ\O�

"f�Ðeç
 ]j#Ql�_� $í
0px ì�r$3��̀¦ Ãº'����̧2�¤ ô�Ç��. ���$�, �'aº���)a �©�Ãº[þt�̀¦ ��6£§õ� °ú 

s� &ñ
_�ô�Ç��.

α1 , 1
rm
0 cos δΩ

(5.119)

α2 ,

(
1 + L2

x + Lx

√
1 + L2

x

) 1
2

cos δΩ
(5.120)

Lx , max {Lxm, LxM} (5.121)

Bp , rM
0

rm
0

α1
C0Ẑnδv (5.122)

Bε , rM
0

rm
0

α1α2
C0Ẑnδv. (5.123)

Mx , ‖ep(tf )‖+ ‖eε(tf )‖ (5.124)

Bx , Bp

Kp
+

Bε

Kp
(5.125)
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s�]j, q�ÅÒ\O� "f�Ðeç
 ]j#Ql� $í
0px ì�r$3�õ� �'aº���#� ��6£§_� ���õ�\�¦ l�Õüt��̧2�¤

ô�Ç��.

Ça�h� 4 (5.94)_� q�ÅÒ\O� "f�Ðeç
 ]j#Ql�_� ]j#Ql� s�1pq Kp�� ��6£§_� �̧|	��̀¦ ëß�7á¤

½+É �â
Äº,

Kp >
1
δΩ

rM
0

rm
0

(1 + α2) α1
C0Ẑnδv, (5.126)

�½Ó�©� (5.79)_� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e��Ü¼ 9, ¢̧ô�Ç, ��6£§_� ÂÒ1pxd��s� $í
wn�ô�Ç��.

‖x∗ − x‖ ≤ min
{

Mxe−λx(t−tf ) + Bx, δΩ

}
, ∀t ≥ tf (5.127)

¤� ÃZ�) ���$�, ì�r$3� õ�&ñ
_� çß�|ÄÌ�o\�¦ 0A�#� %ò
�©� ú̧�6£§\� _�ô�Ç %ò
�¾Ó�Ér Áºr���̧2�¤ ô�Ç

��. ��6£§Ü¼�Ð, ÆÒ7áx �̧	�\�¦ ex , xd − x s��� &ñ
_�����, (5.74), (5.94), (5.109)õ� ��

&ñ
 9Ü¼�ÐÂÒ'� ex_� 1lx%i��<Æ ~½Ó&ñ
d���Ér ��6£§õ� °ú ��.

ėx = −KpLL̂−1ex +
(
I6 − LL̂−1

)
ẋd + L




CRC0ev

03×3


 , t ≥ t0 (5.128)

#�l�"f, LL̂−1��H (5.70)∼(5.73), (5.95)∼(5.98)�ÐÂÒ'� ��6£§õ� °ú ��.

LL̂−1 =




r̂0

r0
I3 03×3(

r̂0

r0
− 1

)
LvωL−1

v I3


 (5.129)

s�]j, ep , [I3 03×3] ex, eε , [03×3 I3] exs��� &ñ
_�½+É M:, (5.129)�̀¦ (5.128)\� @/{9�

�#� 0Au�, ��[j\� �'aº���)a �½ÓÜ¼�Ð ��¾º#Q &ñ
o�����, ��6£§õ� °ú �Ér ep, eε\� @/ô�Ç 1lx%i�
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�<Æ ~½Ó&ñ
d���̀¦ %3��̀¦ Ãº e����.

ėp = −Kp
r̂0

r0
ep +

(
1− r̂0

r0

)
ṗd + Lv

CRC0ev, t ≥ t0 (5.130)

ėε = −Kp

(
r̂0

r0
− 1

)
LvωL−1

v ep −Kp eε

+
(

1− r̂0

r0

)
LvωL−1

v ṗd + Lvω
CRC0ev, t ≥ t0 (5.131)

���$�, 0Au� ÆÒ7áx �̧	� ep_� ì�r$3��̀¦ 0A�#�, (5.130)\� (4.85)õ� (5.105)�̀¦ @/{9��

#� &ñ
o�����,

ėp = −Kp
r̂0

r0
ep +

(
1− r̂0

r0

)
ṗd

+Lv

(
r̂0

r0
− 1

) (
CvC − CvT

)
+ Lv

CRC0
C0Ẑneχv(t), t ≥ t0 (5.132)

ô�Ç¼#�, p , [I3 03×3]xs��� &ñ
_�����, (5.74)�ÐÂÒ'� ��6£§_� �'a>�\�¦ ·ú� Ãº e��Ü¼ 9,

ṗ = Lv

(
CvC − CvT

)
, (5.133)

¢̧ô�Ç, ep_� &ñ
_��ÐÂÒ'� ��6£§�̀¦ ·ú� Ãº e����.

ėp = ṗd − ṗ (5.134)

s�]j, (5.133), (5.134)\�¦ (5.132)\� @/{9��#� &ñ
o����� ��6£§ ep\� @/ô�Ç 1lx%i��<Æ ~½Ó&ñ


d���̀¦ %3��̀¦ Ãº e����.

ėp = −Kp
r̂0

r0
ep −

(
r̂0

r0
− 1

)
ėp + Lv

C0Ẑn
CRC0eχv(t)

⇒ ėp = −Kpep +
r0

r̂0
Lv

C0Ẑn
CRC0eχv(t), t ≥ t0 (5.135)

��ðøÍ��t��Ð, ��[j ÆÒ7áx �̧	� eε\� @/K�"f�̧, (5.131)\� (5.133), (5.134)\�¦ @/{9��#�
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&ñ
o�����, eε\� @/ô�Ç 1lx%i��<Æ ~½Ó&ñ
d���̀¦ %3��̀¦ Ãº e����.

ėε = −Kp eε −
(

r̂0

r0
− 1

)
LvωL−1

v (Kpep + ėp) + Lvω
C0Ẑn

CRC0eχv(t)

= −Kp eε −
(

r̂0

r0
− 1

)
r0

r̂0
Lvω

C0Ẑn
CRC0eχv(t) + Lvω

C0Ẑn
CRC0eχv(t)

= −Kp eε +
r0

r̂0
Lvω

C0Ẑn
CRC0eχv(t), t ≥ t0. (5.136)

s�]j, (5.135)_� 1lx%i��<Æ ~½Ó&ñ
d��õ� (5.110)_� �íl� �̧|	�Ü¼�ÐÂÒ'� ep\� @/ô�Ç K�\�¦ ��6£§

õ� °ú s� %3��̀¦ Ãº e����.

ep(t) =
∫ t

t0

e−Kp(t−τ)

(
r0

r̂0
Lv

C0Ẑn
CRC0eχv(τ)

)
dτ, t ≥ t0 (5.137)

����"f, (5.137)_� �ª����\� 0lu(Norm)�̀¦ 2[��¦, (5.102)�̀¦ s�6 x�#� &ñ
o����� ��6£§õ�

°ú �Ér ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖ep(t)‖ ≤
∫ t

t0

e−Kp(t−τ)

(∣∣∣∣
r0

r̂0

∣∣∣∣ ‖Lv‖
∥∥∥C0Ẑneχv(τ)

∥∥∥
)

dτ

≤ rM
0

Kprm
0

(
1− e−Kp(t−t0)

)
sup

t0≤τ≤t
‖Lv‖ sup

t0≤τ≤t

∥∥∥C0Ẑneχv

∥∥∥

≤ rM
0

Kprm
0

sup
t0≤τ≤t

‖Lv‖ sup
t0≤τ≤t

∥∥∥C0Ẑneχv

∥∥∥ , t ≥ t0 (5.138)

s�]j 0A ÂÒ1pxd��Ü¼�ÐÂÒ'� Kp�� (5.126)_� �̧|	��̀¦ ëß�7á¤���H �â
Äº\� @/K�, )ÀÓZO��̀¦

s�6 x�#� ��6£§�̀¦ �Ðs��̧2�¤ ô�Ç��.

‖ep(t)‖ < δΩ, t ≥ t0 (5.139)

���$�, (5.110)Ü¼�ÐÂÒ'� ep(t0) = 0e���Ér ·ú��¦ e��Ü¼Ù¼�Ð, ëß����, (5.139)�� ��f±	s��� ��

&ñ
����,

‖ep(t)‖ < δΩ, t0 ≤ t < t1 (5.140)
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s�t�ëß�

‖ep(t1)‖ = δΩ (5.141)

s� ÷&��H t1 > t0�� �>rF�ô�Ç��. s� �â
Äº, (5.25), (5.110)Ü¼�ÐÂÒ'� θü< δΩ_� �'a>���H ��6£§

õ� °ú Ü¼ 9
∣∣∣θd − θ

∣∣∣ = |θ∗ − θ| =
∣∣∣π
2
− θ

∣∣∣ ≤ δΩ, t0 ≤ t ≤ t1 (5.142)

Õª\� ����, ��A�_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

| sin θ| ≥ cos δΩ, t0 ≤ t ≤ t1 (5.143)

ô�Ç¼#�, (5.2), (5.3), (5.56), (5.71)�̀¦ s�6 x�#� ‖Lv‖\�¦ >�íß����� ��6£§õ� °ú Ü¼ 9,

‖Lv‖ =
1
r0

max
{

1,
1

ρ |sin θ|
}

(5.144)

(5.144)\� (5.100), (5.143)�̀¦ &h�6 x���� ��6£§_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖Lv‖ ≤ 1
rm
0 cos δΩ

= α1 , t0 ≤ t ≤ t1 (5.145)

����"f, (5.138)\� (5.100), (5.117), (5.126), (5.145)�̀¦ &h�6 x�#� >�íß�����,

‖ep(t)‖ <
rM
0

rm
0

sup
t0≤τ≤t

‖Lv‖ sup
t0≤τ≤t

∥∥∥C0Ẑneχv

∥∥∥ rm
0

rM
0

δΩ

(1 + α2) α1
C0Ẑnδv

<
δΩ

1 + α2

< δΩ, t0 ≤ t ≤ t1 (5.146)

s���H (5.140), (5.141)\� �̧í�Hs�Ù¼�Ð, (5.139)��H �ÃÐe���̀¦ ·ú� Ãº e����. s�]j, s� ��z�́�̀¦

s�6 x�#� ��r� )ÀÓZO��̀¦ &h�6 x�<ÊÜ¼�Ð+� ��6£§�̀¦ �Ðs��̧2�¤ ô�Ç��.

‖ex(t)‖ < δΩ, t ≥ t0. (5.147)
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ep_� �â
Äºü< ��ðøÍ��t��Ð (5.147)�� ��f±	s��� ��&ñ
����,

‖ex(t)‖ < δΩ, t0 ≤ t < t1 (5.148)

s�t�ëß�

‖ex(t1)‖ = δΩ (5.149)

s� ÷&��H t1 > t0�� �>rF�ô�Ç��. ¢̧ô�Ç, (5.139)��H s�p� �ÃÐe���̀¦ ·ú��¦ e��Ü¼Ù¼�Ð, s����õ� Ä»

��ô�Ç õ�&ñ
�̀¦ ��u���� ��6£§_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e��Ü¼ 9,

| sin θ| > cos δΩ, t ≥ t0, (5.150)

(5.100), (5.144)õ� (5.150)�ÐÂÒ'�

‖Lv‖ < α1, t ≥ t0 (5.151)

ô�Ç¼#�, (5.3), (5.58), (5.71), (5.72)�̀¦ s�6 x���� ��6£§_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e��Ü¼ 9,

∥∥LvωL−1
v

∥∥ ≤ {(
sec2 εy + sec εx| tan εy|

)

× max
{

1,
1

2ρ2 sin2 θ
(1 + ρ2 + |ρ2 − 1|)

}} 1
2

, (5.152)

(5.83), (5.150)�̀¦ (5.152)\� &h�6 x�#� &ñ
o����� ��6£§õ� °ú �Ér ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

∥∥LvωL−1
v

∥∥ ≤ α2, t0 ≤ t ≤ t1. (5.153)

¢̧ô�Ç, (5.145)_� ÂÒ1pxd���Ér (5.150)\� _�K� #����y� Ä»ò́� 9, (5.145), (5.153)\�¦ s�6 x
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���� ‖Lvω‖\� @/ô�Ç ��A�ü< °ú �Ér ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖Lvω‖ ≤ ∥∥LvωL−1
v

∥∥ ‖Lv‖

≤ α1α2, t0 ≤ t ≤ t1. (5.154)

s�]j, (5.131)_� 1lx%i��<Æ ~½Ó&ñ
d��õ� (5.110)_� �íl� �̧|	�Ü¼�ÐÂÒ'� eε\� @/ô�Ç K���H ��6£§

õ� °ú ��.

eε(t) =
∫ t

t0

e−Kp(t−τ)

(
r0

r̂0
Lvω

C0Ẑn
CRC0eχv(τ)

)
dτ, t ≥ t0 (5.155)

��6£§Ü¼�Ð, (5.155)_� �ª����\� �̧6�§�̀¦ 2[�#� &ñ
o�����, ��A�_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e��

Ü¼ 9,

‖eε(t)‖ ≤
∫ t

t0

e−Kp(t−τ)

(∣∣∣∣
r0

r̂0

∣∣∣∣ ‖Lvω‖
∥∥∥C0Ẑneχv(τ)

∥∥∥
)

dτ

≤ rM
0

Kprm
0

(
1− e−Kp(t−t0)

)
sup

t0≤τ≤t
‖Lvω‖ sup

t0≤τ≤t

∥∥∥C0Ẑneχv

∥∥∥

≤ rM
0

Kprm
0

sup
t0≤τ≤t

‖Lvω‖ sup
t0≤τ≤t

∥∥∥C0Ẑneχv

∥∥∥ , t ≥ t0 (5.156)

s�]j, (5.156)\� (5.117), (5.153), (5.154)\�¦ &h�6 x���� ��A�_� ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖eε(t)‖ ≤ rM
0

Kprm
0

α1α2
C0Ẑnδv (5.157)

(5.126), (5.138), (5.157)�ÐÂÒ'�

‖ex‖ ≤ ‖ep‖+ ‖eε‖

<
rM
0

Kprm
0

(1 + α2) α1
C0Ẑnδv (5.158)
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����"f, (5.126)õ� (5.158)Ü¼�ÐÂÒ'� ��6£§s� $í
wn�ô�Ç��.

‖ex‖ < δΩ, t0 ≤ t ≤ t1 (5.159)

s���H "î
Ñþ�y� (5.149)\� �̧í�Hs�Ù¼�Ð (5.147)�� �ÃÐe���̀¦ ·ú� Ãº e����. Õª�QÙ¼�Ð, (5.116),

(5.147)õ� &ñ
o� 2�ÐÂÒ'� �̧��H t ≥ t0\� @/�#� ��r� �̧|	� (5.79)s� $í
wn��>� H�d�̀¦ SX�

���½+É Ãº e����.

��6£§Ü¼�Ð, ∀t ≥ tf\� @/K� (5.127)_� ÂÒ1pxd��s� $í
wn��<Ê�̀¦ �Ðs��̧2�¤ ô�Ç��. ���$�,

ep\� @/�#� Ä»�� o���áÔ�̧áÔ �<ÊÃº(Lyapunov-like Function) Vp : [0,∞) → R�̀¦ ��

6£§õ� °ú s� ���×þ���̧2�¤ ô�Ç��.

Vp , ‖ep‖2 (5.160)

Õª�Q���, (5.135)ü< (5.117), (5.151)�ÐÂÒ'� ��6£§_� Vp\� @/ô�Ç ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

V̇p = −2KpeT
p ep + 2eT

p

r0

r̂0
Lv

C0Ẑn
CRC0eχv(t)

≤ −2KpVp + 2
√

Vp
rM
0

rm
0

α1α2
C0Ẑnδvf , t ≥ tf (5.161)

����"f, (5.161)\� Comparison Lemma [68, Lemma 3.4]\�¦&h�6 x����,��6£§�̀¦�Ð{9�Ãº

e����.

‖ep(t)‖ < e−Kp(t−tf ) ‖ep(tf )‖+
Bp

Kp
, t ≥ tf (5.162)

¢̧ô�Ç, Ä»��ô�Ç õ�&ñ
�̀¦ ��u���� ��6£§õ� °ú �Ér eε\� @/ô�Ç ÂÒ1pxd�� %i�r� %3��̀¦ Ãº e����.

‖eε(t)‖ < e−Kp(t−tf ) ‖eε(tf )‖+
Bε

Kp
, t ≥ tf (5.163)
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����"f, (5.162), (5.163)�ÐÂÒ'� ��6£§_� ex\� @/ô�Ç ÂÒ1pxd���̀¦ %3��̀¦ Ãº e����.

‖ex‖ ≤ ‖ep‖+ ‖eε‖

< (‖ep(tf )‖+ ‖eε(tf )‖) e−Kp(t−tf ) +
Bp + Bε

Kp
, t ≥ tf (5.164)

����"f, (5.147)õ� (5.164)Ü¼�ÐÂÒ'� (5.127)�� $í
wn��<Ê�̀¦ SX����½+É Ãº e����. ¥

0A ���õ�\�¦ 7áx½+Ë����, (5.94)\�"f ]jîß�ô�Ç q�ÅÒ\O� "f�Ðeç
 ]j#Ql���H (5.126)_� �̧|	�

�\� q�ÅÒ\O� "f�Ðeç
 õ�&ñ
\�"f_� ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e��Ü¼ 9 
�Bj��_� ÆÒ7áx �̧	�

_� ß¼l���H r�çß�s� t�z��\� ���� Bx s�?/�Ð Ãº§4��>� H�d�̀¦ ·ú� Ãº e����. #�l�"f, 3lq³ð

C�&h�_� [O�>� õ�&ñ
\���H ú̧� ·ú��94R e����H S-curve >�S\�ZO� [66] 1px�̀¦ /BI���Ð �Ö̧6 x½+É Ãº

e��Ü¼Ù¼�Ð s�1lx ³ð&h�\� @/�#��̧ ��r� �̧|	��̀¦ ëß�7á¤½+É Ãº e����H 3lq³ð C�&h��̀¦ Òqt$í
K�èq

Ãº e��Ü¼Ù¼�Ð Õª �Ö̧6 x�̧�� Z�}�̀¦ �Ü¼�Ð	כ l�@/ô�Ç��. ¢̧ô�Ç, ÆÒ7áx �̧	�\� �'a>��)a �©�Ãº���

Bx��H (5.122), (5.123), (5.125)�ÐÂÒ'� δv\� q�YV���H �©�Ãºe���̀¦ ·ú� Ãº e����. t ≥ tf ½̈

çß��Ér x�� x∗_� ��H~½Ó\�"f x∗Ü¼�Ð &ñ
�ÃÌ���H éß�>�s�Ù¼�Ð 
�Bj��_� ��5Åq�̧��H B�Äº ���

�� 1px5Åq\� ����ÄºÙ¼�Ð, t ≥ tf��� ½̈çß�ëß��̀¦ �¦�9���� 
�Bj��ü< ³ð&h�_� �̧4Sqa�A �̧	�

\�_�ô�ÇÆÒ&ñ
 �̧	���� δv %i�r�B�Äº����Ér°úכe���̀¦ \V8£¤½+ÉÃºe��Ü¼ 9, 
�Bj��_�ÆÒ7áx �̧

	���H Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4�½+É �Ü¼�Ð	כ \V8£¤�)a��. s� ���õ���H Êê\� �̧_� z�́+«>õ� z�́

+«>�̀¦ :�xK� SX������̧2�¤ ô�Ç��.
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V� 6 *�× ��
��@ ��� �¿�+ ��
��@ Úr
ø�

�:r �©�\�"f��H z�́]j 6»¡¤ �Ð4�©�̀¦ �Ö̧6 xô�Ç z�́+«> r�Û¼%7�õ� (��ÉÓ'�\�¦ s�6 xô�Ç �̧_� z�́+«> r�

Û¼%7�_� ½̈»¡¤�̀¦ :�xK� ·ú¡"f ]jîß�ô�Ç ���õ�[þt_� ½̈�&³ ��0px$í
õ� Õª $í
0px�̀¦ ���7£xK� �Ð�¦��

ô�Ç��.

6.1 ��
��@ Úr
ø�

�:r ]X�\�"f��H 6»¡¤ �Ð4�©õ� 
�Bj��\�¦ s�6 xô�Ç z�́+«> r�Û¼%7� ½̈�&³�̀¦ :�xK� s���� �©�\�"f ]j

îß��%i�~�� q�ÅÒ\O� "f�Ðeç
 ]j#Ql�_� $í
0px�̀¦ ���7£x��̧2�¤ ô�Ç��. z�́+«> r�Û¼%7� x9� ³ð&h�

�Ér ÕªaË> 6.1\� ����?/%3���. z�́+«> õ�&ñ
\�"f ��6 xô�Ç r�Û¼%7��Ér Intel 2.85GHz CPU PC

ü< ���$í
 MMC ]j#Ql�, ���$í
 FARAMAN AS-3 6»¡¤ �Ð4�© ½̈1lxl��Ð ½̈$í
÷&#Q e��Ü¼ 9,

6»¡¤ �Ð4�© ½̈1lxl�_� �'p×¼-s�&7�'�\� Allied Vision Tech_� Marlin F-033C 
�Bj��\�¦ �©�

�ÃÌ�#� %ò
�©� G'p"f�Ð �Ö̧6 x�%i���. 
�Bj��_� K��©��̧��H 640× 480s���. 
�Bj��_� ?/ÂÒ

����� '��§>= K��H [41]_� 
�Bj�� Ö�qo�ÚÔYUs���� l�ZO��̀¦ s�6 x�#� ��6£§õ� °ú s� S\�1pq�

%i���.

K =




629.72 0 320.19

0 628.63 240.88

0 0 1




(6.1)

¢̧ô�Ç, �Ð4�© �'p×¼-s�&7�'�ü< 
�Bj�� çß�_� �©�@/&h���� 0Au� x9� ��[j��H �Ð4�©õ� 
�Bj��_�
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CAD �̧4Sq�̀¦ l�ï�rÜ¼�Ð 8£¤&ñ
�#� ��6£§õ� °ú s� S\�1pq�%i���.

ERC =




0 −1 0

1 0 0

0 0 1




(6.2)

EOC =
[

0 0 0.145

]T

(6.3)

³ð&h��Ér s�1lx ³ð&h��̀¦ ½̈�&³�l� 0A�#� ��s�ß¼�Ð ��ÄºÛ¼\�¦ ��6 x�%i�Ü¼ 9 :£¤fç
&h�

ÆÒØ�¦ õ�&ñ
_� &ñ
SX�$í
�̀¦ Z�}s�l� 0A�#� ��s�ß¼�Ð ��ÄºÛ¼\� ����ÉrÒ�o C��â
�̀¦ {9��2³ Êê

10>h_� ����Ér ��êøÍÒ�o n�Û¼ß¼\�¦ ·¡#� ��6 x�%i���. ³ð&h�_� s�p�t���H F-033C 
�Bj���Ð

ÂÒ'� 50Hz_� ÅÒ��Ãº�Ð S\�1pq�%i�Ü¼ 9, OpenCV ��s�ÚÔ�Qo�_� ��"é¶ ÆÒØ�¦ �<ÊÃº\�¦ s�

6 x�#� %ò
�©�Ü¼�ÐÂÒ'� n�Û¼ß¼_� ×�æd��&h��̀¦ ÆÒ&ñ
�#� :£¤fç
&h�Ü¼�Ð ��6 x�%i���. �:r �7H

ë�H_� z�́+«> õ�&ñ
\�"f��H ³ð&h�_� ß¼l�\� @/�#� �̧_� z�́+«>õ� ��ðøÍ��t��Ð rm
0 = 8cm,

rM
0 = 12cmÜ¼�Ð [O�&ñ
�%i�Ü¼ 9, z�́]j ³ð&h�_� ß¼l���H r0 = 8.5cms���. ¢̧ô�Ç, z�́+«> /BN

çß�_� ]j���Ü¼�Ð ����#� ³ð&h�_� 5Åq�̧��H 0.02m/sÜ¼�Ð [O�&ñ
�%i�Ü¼ 9, 30�í 1lxîß� î�r'��

��̧2�¤�%i���.z�́+«>�Ér�íl��íÝ¼\�"f³ð&h��̀¦ ú̧�l�0AK�\Vq�Õªo�iç
�íÝ¼(Gripping

Pose)�Ð s�1lx���H �©�S!��̀¦ �©�&ñ
�%i���. 1lx{9�ô�Ç �©�S!�\� @/�#� 1px5Åq î�r1lx ³ð&h� (Case

1-1)õ�, 5Åq�̧�� Ö¼o�>� ������H ³ð&h�(Case 1-2)Ü¼�Ð ³ð&h�_� 5Åq�̧\�¦ ����o�#� y��y��_�

�â
Äº\� @/K� z�́+«>�̀¦ Ãº'���%i�Ü¼ 9, y��y��_� �â
Äº\� @/ô�Ç �íl�, 3lq³ð �©�I� ���Ãº\�¦ ³ð

6.1\� &ñ
o��%i���. Case 1-1�Ér 1px5Åq î�r1lx ³ð&h�\� @/�#� ³ð&h�_� î�r1lx�̀¦ �Ð�©�Ùþ¡�̀¦ M:

ü< ÕªXO�t� ·ú§�Ér �â
Äº\� @/ô�Ç q�ÅÒ\O� "f�Ðeç
 $í
0px î̈
��\�¦ Ãº'���%i�Ü¼ 9, Case 1-2��H

³ð&h�s� s�1lx���H ×�æ\� ~½Ó�¾Ó�̀¦ ���8̈����H �â
Äº\� @/K� ³ð&h� î�r1lx_� �Ð�©�s� &h�]X�y� ÷&

��Ht� #�ÂÒ\�¦ î̈
���%i���. ��6£§Ü¼�Ð ÆÒ&ñ
l�_� s�1pq ΓTü< ÆÒ&ñ
l�_� �íl�°úכ χ̂s
T [0]��H
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ÕªaË> 6.1: z�́+«> r�Û¼%7� ½̈$í
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�â
Äº �©�I� ���Ãº �íl� �íÝ¼ 3lq³ð �íÝ¼

1
(ρ, θ, φ) (5.02, 1.62,−0.1989) (3.38, 1.67, 0.56)

(εx, εy, εz) (0.00,−0.08,−0.47) (0.01, 0.004,−1.87)

2
(ρ, θ, φ) (5.02, 1.62,−0.1989) (3.38, 1.67, 0.56)

(εx, εy, εz) (0.00,−0.08,−0.47) (0.01, 0.004,−1.87)

³ð 6.1: �íl� x9� 3lq³ð �íÝ¼\�"f_� �©�I� ���Ãº [O�&ñ


¿º �â
Äº /BN:�x&h�Ü¼�Ð ��6£§õ� °ú s� [O�&ñ
�%i���.

ΓT =




0.101 −0.026 −0.046

−0.026 0.123 0.093

−0.046 0.093 0.208

0.404 −0.308 −0.502

−0.308 0.710 0.944

−0.502 0.944 1.57




(6.4)

χ̂s
T [0] = [0 0 1 0 0 0]T (6.5)

Case 2-2õ� 2-1�Ér ��r� [j >h_� �0A �â
Äº�Ð ��¾º#Q, a) &ñ
SX�ô�Ç r0 ��6 x + ³ð&h�

5Åq�̧\�¦ �Ð�©�ô�Ç �â
Äº, b) Ô�¦SX�z�́ô�Ç r0 ��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©�ô�Ç �â
Äº, c) &ñ
SX�ô�Ç r0

��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©��t� ·ú§�Ér �â
Äº\� @/�#� z�́+«>�̀¦ ���'���%i���. �0A �â
Äº

a)ü< b)��H ³ð&h� ß¼l� &ñ
�Ð_� Ô�¦SX�z�́$í
s� q�ÅÒ\O� "f�Ðeç
 $í
0px\� p�u���H %ò
�¾Ó�̀¦ SX����

�l� 0Aô�Ç �,s� 9	כ c)��H ³ð&h� 5Åq�̧ �Ð�©�_� ò́õ�\�¦ q��§�l� 0AK� [29]_� ���õ�\�¦ ½̈

�&³ô�Ç ��\	כ K�{©�ô�Ç��. ���$� Case 1-1a)\� @/ô�Ç z�́+«> ���õ���H ÕªaË> 6.2 - 6.6\� ����?/

%3���. ³ð&h�_� 5Åq�̧��H (−0.02, 0, 0)[m/s]Ü¼�Ð [O�&ñ
�%i���. Case 1-1a)_� �â
Äº\���H ���

δΩ = 0.15�Ð ����z�¤Ü¼ 9, Õª\� ���� (5.126)_� �̧|	�Ü¼�ÐÂÒ'� Kp = 1.1 &ñ
�̧�Ð [O�&ñ


�%i���. ��6£§Ü¼�Ð, ³ð&h� î�r1lx ÆÒ&ñ
l�_� Ãº§4��̀¦ 0AK� t0 = 3s�Ð ¿º%3�Ü¼ 9, tf = 23sÜ¼

104



�Ð¿º�¦ S-curveC�&h�[O�>�\�¦s�6 x�#�3lq³ðC�&h� xd\�¦[O�>��%i���.ÕªaË> 6.2\���H�©�

I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.2�ÐÂÒ

'� ÆÒ7áx �̧	���H 3lq³ð C�&h� xd�̀¦ B�Äº ����Ér �̧	�ü< �<Êa� ú̧� ÆÒ7áx��¦ e��Ü¼ 9, ���õ�&h�

Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð ú̧� Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e����. ���ìøÍ&h�Ü¼�Ð

ex��H δΩÜ¼�Ð ]jô�ÇH�d�̀¦ SX����½+É Ãº e��Ü¼ 9, {9�ÂÒ Âúª�Ér ½̈çß�\�"f ex�� δΩ\�¦ ���çß� �íõ�

���H �â
Äº�� µ1ÏÒqt��� s���H %ò
�©� ú̧�6£§\� _�ô�Ç �Ü¼�Ð	כ �Ðs� 9 ]j#Ql� $í
0pxõ���H Áº�'a

ô�Ç �Ü¼�Ð	כ �Ð�����. ����"f, �½Ó�©� ��r� �̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s�

��H ÕªaË> 6.46\�"f SX����½+É Ãº e����. ¢̧ô�Ç, ÕªaË> 6.47\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ

\O� "f�Ðeç
 l�çß� 1lxîß�_� (ρ, εx, εy)_� C�&h��̀¦ ����?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©�

��r� |9�½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX����½+É Ãº e����. s���H ÕªaË> 6.8_� ���õ�ü<�̧ ú̧� {9�

u���¦ e����. ÕªaË> 6.10\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ��

��?/%3���. ÕªaË>Ü¼�ÐÂÒ'� 
�Bj����H ³ð&h��̀¦ �����Ð 9 ��_� ]j��o�\�"f ��[j ����â
ëß�

�̀¦ ��¦ e������, 3lq³ð �íÝ¼\�¦ ²ú�$í
ô�Ç s�Êê�Ð��H ³ð&h�õ� °ú s� f����� C��̧\�¦ ���� s�1lx

��¦ e����H �¦̀�	כ SX����½+É Ãº e����. ÕªaË> 6.6\���H ³ð&h� î�r1lx ÆÒ&ñ
 �̧	���� ev(t)\�¦ ����

?/%3���. t = t0 r�&h�\�"f ÆÒ&ñ
 �̧	��� Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4���¦ e����H �¦̀�	כ SX����

½+É Ãº e��Ü¼ 9, î̈
ç�H&h�Ü¼�Ð ��� ½̈çß�\�"f ÆÒ&ñ
 �̧	�\�¦ B�Äº ����Ér °úכÜ¼�Ð Ä»t���¦ e��

Ü¼Ù¼�Ð ³ð&h� 5Åq�̧\� @/ô�Ç ÆÒ&ñ
s� $í
/BN&h�Ü¼�Ð s�ÀÒ#Q&��6£§�̀¦ ·ú� Ãº e����.

��6£§Ü¼�Ð Case 1-1b)\�@/ô�Çz�́+«>���õ���HÕªaË> 6.7 - 6.11\�����?/%3���. �̧��H[O�&ñ


�Ér Case 1-1a)ü<1lx{9�� 9³ð&h�ß¼l�\�Ô�¦SX�z�́$í
�̀¦ÅÒl�0A�#� r̂0 = rM
0 = 0.12mÜ¼

�Ð [O�&ñ
��¦ z�́+«>�̀¦ ���'���%i���. ÕªaË> 6.7\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h�

xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.7�ÐÂÒ'� ÆÒ7áx �̧	���H "f�Ðeç
 r���� r�&h�

��� t = t0\�"f_� ρ_� ÆÒ7áx �̧	��� ô�Ç1lxîß� 7£x�����H �¦̀�	כ ]jü@���� 3lq³ð C�&h� xd�̀¦

B�Äº ����Ér �̧	�ü< �<Êa� ú̧� ÆÒ7áx��¦ e��Ü¼ 9, ���õ�&h�Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð

ú̧� Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e����. ¢̧ô�Ç, ����̂ r�çß� ½̈çß�\�"f_� î̈
ç�H&h���� ÆÒ7áx
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�̧	� ex��H ���ìøÍ&h�Ü¼�Ð δΩÜ¼�Ð ]jô�ÇH�d�̀¦ SX����½+É Ãº e����. #�l�"f, ρ_� ÆÒ7áx �̧	� 7£x

����H r0_� Ô�¦SX�z�́$í
\� _�K� µ1ÏÒqt���H ³ð&h� 5Åq�̧_� ÆÒ&ñ
 �̧	�_� 7£x��\� ���Ér �Ü¼�Ð	כ

óøÍéß�÷& 9, s���H ÕªaË> 6.11\�"f�̧ SX����½+É Ãº e����. ���ìøÍ&h���� ÆÒ7áx �̧	��� δΩs�� s�

Ù¼�Ð, �½Ó�©� ��r� �̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s���H ÕªaË> 6.8\�"f SX����

½+É Ãº e����. ¢̧ô�Ç, ÕªaË> 6.9\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ðeç
 l�çß� 1lxîß�_�

(ρ, εx, εy)_� C�&h��̀¦ ����?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK�

e����H �¦̀�	כ SX����½+É Ãº e����. r0_� Ô�¦SX�z�́$í
\��̧ Ô�¦½̈��¦ (ρ, εx, εy)_� C�&h��Ér f�����_�

+þAI�\�¦ Ä»t���¦ e��Ü¼ 9, ����"f ��r� �̧|	�_� ëß�7á¤\��̧ &h�]X��<Ê�̀¦ ·ú� Ãº e����. s���H

ÕªaË> 6.8_� ���õ�ü<�̧ ú̧� {9�u���¦ e����. ÕªaË> 6.10\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ�


�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË>Ü¼�ÐÂÒ'� 
�Bj����H 3lq³ð �íÝ¼\�¦ �¾ÓK� ÂÒ×¼

�Qî�rî�r1lxC�&h��̀¦Õªo� 9s�1lx��¦e��Ü¼ 9,3lq³ð�íÝ¼\�¦²ú�$í
ô�Çs�Êê�Ð��H³ð&h�õ�°ú 

s� f����� C��̧\�¦ ���� s�1lx��¦ e����H �¦̀�	כ SX����½+É Ãº e����. ÕªaË> 6.11\���H ³ð&h� î�r1lx

ÆÒ&ñ
 �̧	���� ev(t)�̀¦ ����?/%3���. r0_� Ô�¦SX�z�́$í
\��̧ Ô�¦½̈��¦ t = t0 r�&h�\�"f ÆÒ

&ñ
 �̧	��� Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, î̈
ç�H&h�Ü¼�Ð

��� ½̈çß�\�"fÆÒ&ñ
 �̧	�\�¦B�Äº����Ér°úכÜ¼�ÐÄ»t���¦e��t�ëß� Z-~½Ó�¾Ó_�5Åq�̧\���H���

çß�_� �̧	��� µ1ÏÒqt���H �¦̀�	כ SX����½+É Ãº e����. s���H r0_� Ô�¦SX�z�́$í
\� _�K� ³ð&h� 5Åq�̧

ÆÒ&ñ
 ���õ�\� 
�Bj��_� 5Åq�̧�� >h{9��)a �Ü¼�Ð	כ óøÍéß�÷& 9 &ñ
o� 1_� ���õ�ü<�̧ ú̧� {9�u�

ô�Ç��.

Õª��6£§Ü¼�Ð Case 1-1c)\�@/ô�Çz�́+«>���õ���HÕªaË> 6.12 - 6.15\�����?/%3���. Case

1-1c)_� �â
Äº\���H �̧��H [O�&ñ
�Ér Case 1-1a)ü< 1lx{9�� 9, ³ð&h� 5Åq�̧\� @/ô�Ç �Ð�©�s� \O�

��H �©�I�\�"f z�́+«>�̀¦ ���'���%i���. ÕªaË> 6.12\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h�

xd ��s�_�ÆÒ7áx �̧	�\�¦����?/%3���.ÕªaË> 6.12�ÐÂÒ'�ÆÒ7áx �̧	���H3lq³ðC�&h� xd�̀¦���

ìøÍ&h�Ü¼�Ð����Ér �̧	�ü<�<Êa� ú̧�ÆÒ7áx��¦e��t�ëß�, εx_��â
Äº\���H �̧	���>�5ÅqK�"f7£x

�����³ð&h�s�&ñ
t��©�I�����â
Äº\�ü<"f��y���è���H����,:SX����½+ÉÃºe����.s�M¦̀�	כ
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�̂ r�çß� ½̈çß�\�"f_�þj@/ÆÒ7áx �̧	���H 0.19&ñ
�̧�Ð δΩ�Ð�����çß�ß¼t�ëß� Case 1-1a)ü<

��ðøÍ��t��Ð %ò
�©� ú̧�6£§\� _�K� í�Hçß�&h�Ü¼�Ð µ1ÏÒqtô�Ç °úכs� 9 î̈
ç�H&h���� ex��H δΩÜ¼�Ð ]j

ô�Ç÷&�¦e����.����"f,��r� �̧|	�_�ëß�7á¤s���0px½+É�s���\V�©�½+ÉÃºe��Ü¼ 9,s���HÕª	כ

aË> 6.13\�"f SX����½+É Ãº e����. #�l�"f, 6.13Ü¼�ÐÂÒ'� t = tf s�Êê\��̧ ³ð&h� 5Åq�̧\� _�

K� :£¤fç
&h�s� 3lq³ð t�&h�Ü¼�Ð s�1lx�t� 3lw���H �¦̀�	כ SX����½+É Ãº e����. ��6£§Ü¼�Ð, ÕªaË>

6.14\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ðeç
 l�çß� 1lxîß�_� (ρ, εx, εy)_� C�&h��̀¦ ��

��?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX����½+É Ãº

e����. Õª�Q��, 3lq³ð C�&h�_� [O�>� éß�>�\�"f >�S\�Ùþ¡~�� �õ���H	כ ��ØÔ>� (ρ, εx, εy)_� C�

&h�s��íl�ü<3lq³ð0Au�\�"ff������â
�Ð\�¦��ØÔ�¦e��t���H·ú§Ü¼ 9s���H��r� �̧|	�_�0A

C� ��0px$í
s� Case 1-1a)�Ð�� 7£x���>� H�d�̀¦ r����#� ï�r��. ÕªaË> 6.15\���H 3	�"é¶ /BN

çß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. 
�Bj��_� s�1lx �â
�Ð��H Case

1-1a)ü< ��_� Ä»��ô�Ç +þAI�\�¦ (̀��H �¦̀�	כ SX����½+É Ãº e����.

ô�Ç¼#�, Case 1-2a)\� @/ô�Ç z�́+«> ���õ���H ÕªaË> 6.16 - 6.21\� ����?/%3���. ³ð&h�_� 5Åq

�̧��H (−0.017,−0.01, 0)[m/s] &ñ
�̧�Ð r�����#� ��� t = 10s ���Êê�Ð ~½Ó�¾Ó�̀¦ ���8̈��#�

(0,−0.02, 0)[m/s]_� 5Åq�̧�Ð ¹¡§f��s��̧2�¤ �%i���. Õª µ1Ú\� l��� [O�&ñ
[þt�Ér Case 1-1õ�

1lx{9��>� [O�&ñ
�%i���. ÕªaË> 6.16\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�

_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.16�ÐÂÒ'� ÆÒ7áx �̧	���H 5Åq�̧ ~½Ó�¾Ó ���8̈�s� s�ÀÒ#Q

t���H t = 10s ÂÒ��H\�"f �̧	��� 7£x����¦ e��t�ëß�, Õª s�Êê�Ð 3lq³ð C�&h��̀¦ ú̧� ÆÒ7áx�

#� ���õ�&h�Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð ú̧� Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e����. ���

�̂ r�çß� ½̈çß�\�"f_� %ò
�©� ú̧�6£§\� _�ô�Ç %ò
�¾Óõ� ~½Ó�¾Ó ���8̈�\� _�ô�Ç �̧	� 7£x���Ð ÆÒ7áx

�̧	��� δΩ = 0.15\�¦ �Å���H ½̈çß�s� ���r� µ1ÏÒqt�l���H �t�ëß� î̈
ç�H&h���� ex��H δΩÜ¼�Ð ]j

ô�ÇH�d�̀¦ SX����½+É Ãº e����. ����"f, ��r� �̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s�

��H ÕªaË> 6.17\�"f SX����½+É Ãº e����. ÕªaË> 6.19\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj

��_� î�r1lx C�&h��̀¦ ����?/%3���. ³ð&h�_� 5Åq�̧ ����o\� _�K�"f Case 1-1a)ü<��H ²ú�o� ���
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çß� Êê�@ô�Ç Êê\� ��r� 3lq³ð �íÝ¼\�¦ �¾ÓK� ��������H +þAI�_� ¹¡§f��e���̀¦ ��¦ e����. ÕªaË>

6.20, 6.21\���H ³ð&h�_� 5Åq�̧\� @/ô�Ç ��H��u� v̄Tü< ³ð&h� î�r1lx ÆÒ&ñ
 �̧	���� ev(t)\�¦ ��

��?/%3���. v̄T��H ³ð&h�_� Z�}s� 8£¤&ñ
õ� �Ð4�©_� l�½̈�<Æ&h� &ñ
�Ð, Õªo��¦ ³ð&h�_� :£¤fç
&h�

&ñ
�Ð\�¦ s�6 x�#� %i�íß��%i���. ÕªaË> 6.20_� ���õ��ÐÂÒ'� ��� t = 10s ÂÒ��H\�"f 5Åq�̧��

����o��¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, s� 5Åq�̧ ����o\� _�K� ev(t)\��̧ %ò
�¾Ós� ����

����H �¦̀�	כ ÕªaË> 6.21\�"f SX����½+É Ãº e����. Õª!3�\��̧ Ô�¦½̈��¦ î̈
ç�H&h�Ü¼�Ð ��� ½̈çß�\�

"f ÆÒ&ñ
 �̧	�\�¦ B�Äº ����Ér °úכÜ¼�Ð Ä»t���¦ e��Ü¼Ù¼�Ð ³ð&h� 5Åq�̧\� @/ô�Ç ÆÒ&ñ
s� $í


/BN&h�Ü¼�Ð s�ÀÒ#Qt��¦ e��6£§�̀¦ ·ú� Ãº e����.

ô�Ç¼#�, Case 1-2b)\� @/ô�Ç z�́+«> ���õ���H ÕªaË> 6.22 - 6.27\� ����?/%3���. l��� [O�

&ñ
�Ér Case 1-2a)ü< �̧¿º 1lx{9�� 9, ³ð&h�_� ß¼l�\� @/ô�Ç Ô�¦SX�z�́$í
�̀¦ ÅÒl� 0A�#�

r̂0 = 0.12m�Ð [O�&ñ
��¦ z�́+«>�̀¦ Ãº'���%i���. ÕªaË> 6.22\���H �©�I� ���Ãº xü< Õª\� @/

ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.22�ÐÂÒ'� ÆÒ7áx �̧	���H 5Åq

�̧ ~½Ó�¾Ó ���8̈�s� s�ÀÒ#Qt���H t = 10s ÂÒ��H\�"f �̧	��� 7£x����¦ e��t�ëß�, Õª s�Êê�Ð

3lq³ð C�&h��̀¦ ú̧� ÆÒ7áx�#� ���õ�&h�Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð ú̧� Ãº§4���¦ e����H

�¦̀�	כ SX����½+É Ãº e����. Case 1-2b)\�"f��H 5Åq�̧ ����o\� _�ô�Ç %ò
�¾Ós� r̂0\� _�K� 7£x;�¤÷&

��H �¦̀�	כ SX����½+É Ãº e����. Õª ���õ��Ð ρ_� ÆÒ7áx �̧	��� Case 1-2a)\� q�K� SX����y� 7£x

�����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, s���H Case 1-1a)\�"fü< °ú s� ev_� 7£x���� "é¶���s� �)a

�Ü¼�Ð	כ �Ðs� 9, ����"f &ñ
o� 4_� δv\� @/ô�Ç &h�]X�ô�Ç >�íß�s� ������÷&#Q�� ½+É �Ü¼�Ð	כ �Ð

�����. ô�Ç¼#�, ÆÒ7áx �̧	�_� 7£x��\��̧ Ô�¦½̈��¦ ÕªaË> 6.23Ü¼�ÐÂÒ'� ��r� �̧|	�_� ëß�7á¤

�Ér #����y� Ä»ò́�<Ê�̀¦ ·ú� Ãº e����. ÕªaË> 6.25\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��

_� î�r1lx C�&h��̀¦ ����?/%3���. 
�Bj��_� s�1lx �â
�Ð��H Case 1-2a)ü< ß¼>� ��ØÔt� ·ú§6£§

�̀¦ SX����½+É Ãº e����. ÕªaË> 6.26, 6.27\���H ³ð&h�_� 5Åq�̧\� @/ô�Ç ��H��u� v̄Tü< ³ð&h� î�r1lx

ÆÒ&ñ
 �̧	���� ev(t)\�¦ ����?/%3���. ÕªaË> 6.26_� ���õ��ÐÂÒ'� ��� t = 10s ÂÒ��H\�"f 5Åq

�̧�� ����o��¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, s� 5Åq�̧ ����o\� _�K� ev(t)\��̧ %ò
�¾Ós�
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��������H �¦̀�	כ SX����½+É Ãº e����. ¢̧ô�Ç, r0_� Ô�¦SX�z�́$í
\� _�K� ev(t)_� �̧	� %i�r� Case

1-2a)\� q��#� 7£x�����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, s��Ð ����#� ÆÒ7áx �̧	� %i�r� 7£x��

ô�Ç �Ü¼�Ð	כ óøÍéß��)a��.

��t�}��Ü¼�Ð, Case 1-2c)\� @/ô�Ç z�́+«> ���õ���H ÕªaË> 6.28 - 6.31\� ����?/%3���. l�

�� [O�&ñ
�Ér Case 1-2a)ü< �̧¿º 1lx{9�� 9, ³ð&h� 5Åq�̧\� @/ô�Ç �Ð�©�s� \O���H �©�I�\�"f z�́

+«>�̀¦ Ãº'���%i���. ÕªaË> 6.28\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ

7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.28�ÐÂÒ'� ÆÒ7áx �̧	���H 5Åq�̧ ~½Ó�¾Ó ���8̈�s� s�ÀÒ#Qt���H

t = 10s ÂÒ��H\�"f �̧	��� 7£x����¦ e��t�ëß�, Case 1-2a)ü<��H ²ú�o� θ_� ÆÒ7áx �̧	�_�

7£x���� ¿º×¼�Qt���H �¦̀�	כ SX����½+É Ãº e����. Õª s�Êê�Ð 3lq³ð C�&h��̀¦ ÆÒ7áx��¦��H e��t�

ëß� ���õ�&h�Ü¼�Ð 3lq³ð �íÝ¼�Ð_� Ãº§4��Ér ú̧� s�ÀÒ#Qt�t� ·ú§��¤Ü¼ 9, s���H 6.29_� :£¤fç
&h�

C�&h�_� ���õ��ÐÂÒ'� SX����½+É Ãº e����. ÕªaË> 6.31\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�

Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. 
�Bj��_� s�1lx �â
�Ð��H Case 1-2a)ü< ß¼>� ��ØÔt�

·ú§6£§�̀¦ SX����½+É Ãº e��t�ëß� ���õ�&h�Ü¼�Ð ���ìøÍ&h���� ÆÒ7áx $í
0px�Ér Case 1-2a)\� q�K� �&³

$�y� $��÷&��H �¦̀�	כ SX����½+É Ãº e����.
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ÕªaË> 6.2: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-1a)

ÕªaË> 6.3: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü< 3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-1a)
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ÕªaË> 6.4: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-1a)
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ÕªaË> 6.5: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-1a)
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ÕªaË> 6.6: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 1-1a)
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ÕªaË> 6.7: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-1b)

ÕªaË> 6.8: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü< 3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-1b)

113



-0.3

-0.2

ǫ
y
 [rad]

-0.1

0

0.1

0.2-0.3
-0.2

ǫ
x
 [rad]

-0.1
0

0.1
0.2

4

6

8

2

ρ
 [m

/m
]

ÕªaË> 6.9: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-1b)
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ÕªaË> 6.10: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-1b)
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ÕªaË> 6.11: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 1-1b)
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ÕªaË> 6.12: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-1c)

ÕªaË> 6.13: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü<
3lq³ð �íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-1c)
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ÕªaË> 6.14: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-1c)
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ÕªaË> 6.15: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-1c)

117



Time [sec]
0 10 20

e
ρ
 [m

/m
]

-0.2

-0.1

0

0.1

0.2

Time [sec]
0 10 20

e
θ
 [r

ad
]

-0.02

0

0.02

0.04

0.06

Time [sec]
0 10 20

e
φ
 [r

ad
]

-0.05

0

0.05

0.1

Time [sec]
0 10 20

e
ǫ x [r

ad
]

-0.01

-0.005

0

0.005

0.01

Time [sec]
0 10 20

e
ǫ x [r

ad
]

×10-3

-10

-5

0

5

Time [sec]
0 10 20

e
ǫ x [r

ad
]

-0.15

-0.1

-0.05

0

0.05

ÕªaË> 6.16: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-2a)

ÕªaË> 6.17: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü<
3lq³ð �íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-2a)
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ÕªaË> 6.18: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-2a)
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ÕªaË> 6.19: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-2a)
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ÕªaË> 6.20: ³ð&h� 5Åq�̧_� ��H��u� (Case 1-2a)
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ÕªaË> 6.21: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 1-2a)
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ÕªaË> 6.22: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-2b)

ÕªaË> 6.23: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü<
3lq³ð �íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-2b)
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ÕªaË> 6.24: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-2b)
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ÕªaË> 6.25: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-2b)
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ÕªaË> 6.26: ³ð&h� 5Åq�̧_� ��H��u� (Case 1-2b)
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ÕªaË> 6.27: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 1-2b)
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ÕªaË> 6.28: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 1-2c)

ÕªaË> 6.29: s�p�t� î̈
��� �©�\�"f_� :£¤fç
&h� C�&h�. ©, ×��H y��y�� �íl� r�çß� t = 0ü<
3lq³ð �íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 1-2c)
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ÕªaË> 6.30: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h� (Case 1-2c)
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ÕªaË> 6.31: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©� (Case 1-2c)
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6.2 �¿�+ ��
��@ Úr
ø�

ÕªaË> 6.32: �̧_� z�́+«> r�Û¼%7�_� Simulink ½̈$í


�̧_� z�́+«> 8̈��â
�Ér MathWork ��_� MATLAB�̀¦ s�6 x�#� ½̈$í
�%i���. �̧_� z�́

+«> r�Û¼%7�_� ½̈$í
�Ér ÕªaË> 6.32\� ����?/%3���. �̧_� z�́+«> õ�&ñ
\�"f ��6 xô�Ç ³ð&h�_� :£¤

fç
&h��Ér8úx 10>hs� 9,:£¤fç
&h�_�ýa³ð&ñ
�Ð��H �̧_�z�́+«>r�Û¼%7�_�l�ï�rýa³ð>� I\�¦l�
ï�rÜ¼�Ð ³ð 6.2\� &ñ
o��%i���. ³ð 6.2_� ýa³ð[þt�̀¦ �ÃÐ�̧���� r0 = 8.6cme���̀¦ ·ú� Ãº e��

Ü¼ 9, rm
0 = 8cm, rM

0 = 12cmÜ¼�Ð [O�&ñ
�%i���. ��6£§Ü¼�Ð, t = 0\�"f_� 
�Bj��_� �í

Ý¼��H ýa³ð>� I\�¦ l�ï�rÜ¼�Ð ��6£§õ� °ú s� [O�&ñ
�%i���.

IRC0 =




−1 0 0

0 1 0

0 0 −1




(6.6)

IOC0 = [0 0 1]T (6.7)
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³ð&h�s�Z�~#�e��>�H�d�̀¦_�p�ô�Ç��. �̧_�z�́+«>�Ér Case 1-1\�@/ô�Ç �̧_�r�+«>���7£x(Case

2-1),5Åq�̧�����Ér1px5Åqî�r1lx³ð&h�(Case 2-2)õ�r�çß�\�����5Åq�̧��������H³ð&h�(Case

2-3)_�[j��t��â
Äº\�@/K�Ãº'���%i���. Case 2-1�Ér Case 1-1õ�1lx{9�ô�Ç�©�S!��̀¦[O�&ñ


�#� Case 1-1_� ���õ�ü< �̧_� z�́+«> ���õ�\�¦ q��§�%i���. Case 2-2ü< Case 2-3�Ér ���Ér

5Åq�̧�Ð s�1lx���H ³ð&h�\� @/�#� ³ð&h��̀¦ {9�&ñ
 ��o�\�¦ ¿º�¦ y��r����H �©�S!��̀¦ �©�&ñ
�

%i���. Case 2-2�Ér ���Ér 5Åq�̧�Ð s�1lx���H ³ð&h�\� @/�#� ³ð&h�_� î�r1lx�̀¦ �Ð�©�Ùþ¡�̀¦ M:

ü< ÕªXO�t� ·ú§�Ér �â
Äº\� @/ô�Ç q�ÅÒ\O� "f�Ðeç
 $í
0px î̈
��\�¦ Ãº'���%i�Ü¼ 9, Case 2-3��H

³ð&h�_� 5Åq�̧�� ��;��;y� ������H �©�S!��̀¦ �©�&ñ
�#� ³ð&h� î�r1lx ÆÒ&ñ
l�_� ÆÒ&ñ
 $í
0pxõ� q�

ÅÒ\O� "f�Ðeç
 ]j#Ql�_� $í
0px�̀¦ î̈
���%i���. y��y��_� �â
Äº\� @/K� ³ð&h�_� 3lq³ð %ò
�©��̀¦

S\�1pq�l� 0Aô�Ç 
�Bj��_� 3lq³ð �íÝ¼ü< ³ð&h�_� 5Åq�̧\�¦ ³ð 6.3\� &ñ
o��%i�Ü¼ 9, 
�Bj

��_� �íl� x9� 3lq³ð �íÝ¼��H ÕªaË> 6.33, 6.34\� ����?/%3���. ��6£§Ü¼�Ð ÆÒ&ñ
l�_� s�1pq

ΓTü< ÆÒ&ñ
l�_� �íl�°úכ χ̂s
T [0]��H /BN:�x&h�Ü¼�Ð ��6£§õ� °ú s� [O�&ñ
�%i���.

ΓT =




0.101 −0.026 −0.046

−0.026 0.123 0.093

−0.046 0.093 0.208

0.404 −0.308 −0.502

−0.308 0.710 0.944

−0.502 0.944 1.57




(6.8)

χ̂s
T [0] = [0 0 1 0 0 0]T (6.9)

Case 2-1�Ér ¿º >h_� �0A �â
Äº�Ð ��¾º#Q a) &ñ
SX�ô�Ç r0 ��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©�

ô�Ç �â
Äº, b) Ô�¦SX�z�́ô�Ç r0 ��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©�ô�Ç �â
Äº\� @/�#� �̧_� z�́+«>�̀¦ ���

'���%i�Ü¼ 9, Case 2-2, Case 2-3�Ér[j>h_��0A�â
Äº�Ð��¾º#Q, a)&ñ
SX�ô�Ç r0 ��6 x +

³ð&h� 5Åq�̧\�¦ �Ð�©�ô�Ç �â
Äº, b) Ô�¦SX�z�́ô�Ç r0 ��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©�ô�Ç �â
Äº, c) &ñ
SX�
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ô�Ç r0 ��6 x + ³ð&h� 5Åq�̧\�¦ �Ð�©��t� ·ú§�Ér �â
Äº\� @/�#� �̧_� z�́+«>�̀¦ ���'���%i���.

z�́+«> ���õ�\�"fü< ��ðøÍ��t��Ð �0A �â
Äº a)ü< b)��H ³ð&h� ß¼l� &ñ
�Ð_� Ô�¦SX�z�́$í
s� q�

ÅÒ\O� "f�Ðeç
 $í
0px\� p�u���H %ò
�¾Ó�̀¦ SX�����l� 0Aô�Ç �,s� 9	כ c)��H ³ð&h� 5Åq�̧ �Ð�©�_�

ò́õ�\�¦ q��§�l� 0AK� [29]_� ���õ�\�¦ ½̈�&³ô�Ç ��\	כ K�{©�ô�Ç��. Ô�¦SX�z�́ô�Ç r0_� �â
Äº��H

r̂0 = rM
0 Ü¼�Ð ¿º%3���. Case 2-1a)\� @/ô�Ç �̧_� z�́+«> ���õ���H ÕªaË> 6.35 - 6.39\� ����

?/%3���. Case 2-1a)_� �â
Äº\���H z�́+«> Case 1-1a)ü< ��ðøÍ��t��Ð ��� δΩ = 0.16Ü¼�Ð ��

��z�¤Ü¼ 9, Õª\� ���� Case 1-1õ� 1lx{9��>� Kp = 1.1[O�&ñ
�%i���. ��6£§Ü¼�Ð, ³ð&h� î�r

1lx ÆÒ&ñ
l�_� Ãº§4��̀¦ 0AK� t0 = 3s�Ð ¿º%3�Ü¼ 9, tf = 23sÜ¼�Ð ¿º�¦ S-curve C�&h� [O�

>�\�¦ s�6 x�#� 3lq³ð C�&h� xd\�¦ [O�>��%i���. ÕªaË> 6.35\���H �©�I� ���Ãº x ×�æ 
�Bj��_�

0Au�\�¦ ����?/��H ÂÒì�r��� p_� r�çß�\� ���Ér C�&h��̀¦ ����?/%3���. ÕªaË> 6.35(a)ü< ÕªaË>

6.35(b)�̀¦ q��§K� �Ð���, ρü< φ��H z�́+«>õ� �̧_� z�́+«>s� Ä»��ô�Ç C�&h�\�¦ �Ð#�ÅÒ�¦ e��Ü¼

 9, θ_� �â
Äº\�"f ���çß�_� 	�s�\�¦ �Ðe���̀¦ ·ú� Ãº e����. s���H θ(t0)ü< θ∗_� >�íß� õ�&ñ
\�

"f %ò
�©� ú̧�6£§s� %ò
�¾Ó�̀¦ p��2; �Ü¼�Ð	כ óøÍéß�÷& 9, @/|ÄÌ&h�Ü¼�Ð 0.01rad ?/ü@_� 	�s�\�¦

�Ðs��¦ e��Ü¼Ù¼�Ð θ_� �̧	�\� _�K� µ1ÏÒqt���H 
�Bj��_� 3lq³ð 0Au� �̧	���H 2mm ?/ü@

_� p�p�ô�Ç Ãºï�re���̀¦ ·ú� Ãº e����. ÕªaË> 6.36\���H �©�I� ���Ãº x ×�æ 
�Bj��_� ��[j\�¦ ��

��?/��H ÂÒì�r��� ε_� r�çß�\� ���Ér C�&h��̀¦ ����?/%3���. ÕªaË> 6.36(a)ü< ÕªaË> 6.36(b)�̀¦

q��§K� �Ð���, εx, εy_� C�&h��Ér z�́+«>õ� �̧_� z�́+«> �©�\� ���çß�_� 	�s��� µ1ÏÒqtô�Ç �¦̀�	כ ·ú�

Ãº e��Ü¼ 9, s���H %ò
�©� ú̧�6£§ ü@\��̧ z�́+«> õ�&ñ
\�"f_� �íl� x9� 3lq³ð �íÝ¼ü< �̧_� z�́+«>

�©�_� �íl� x9� 3lq³ð �íÝ¼_� [O�&ñ
 õ�&ñ
_� �̧	��� %ò
�¾Ó�̀¦ p��2; �Ü¼�Ð	כ óøÍéß��)a��. ÕªaË>

6.37\���H %ò
�©� î̈
��� �©�\�"f_� :£¤fç
&h�[þt_� C�&h��̀¦ SX����½+É Ãº e��Ü¼ 9, �íl� �íÝ¼ [O�

&ñ
 õ�&ñ
_� �̧	�\� _�K�, z�́+«>õ� �̧_� z�́+«>\�"f_� :£¤fç
&h� C�&h�s� ���çß�_� 	�s���H �Ð

s��¦ e��t�ëß� ���ìøÍ&h���� �â
�Ð��H Ä»���>� ��������H �¦̀�	כ SX����½+É Ãº e����. ÕªaË> 6.38\�

��H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË> 6.38(a)ü<

ÕªaË> 6.38(b)�̀¦ q��§K� �Ð���, 3	�"é¶ /BNçß� �©�\�"f B�Äº Ä»��ô�Ç �â
�Ð\�¦ Õªo� 9 s�1lx�
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�¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, y»¡¤ s�1lx �â
�Ð_� �â
Äº, �Ð4�© x9� "f�Ð ×¼��s�!Q_� 1lx

%i��<Æ\� _�K� µ1ÏÒqt���H t����(Delay)õ� %ò
�©� ú̧�6£§ 1px\� _�K� µ1ÏÒqtô�Ç ÆÒ7áx �̧	��� ìøÍ

%ò
÷&#Q z�́+«> x9� �̧_� z�́+«> ���õ�\�"f ���çß�_� 	�s�\�¦ �Ðs���H �Ü¼�Ð	כ óøÍéß��)a��. Õª�Q

�� t = tf s�Êê_� s�1lx �â
�Ð\���H 	�H 	�s�\�¦ �Ðs��¦ e��t� ·ú§Ü¼ 9, s���H ¿º �â
Äº �̧¿º

³ð&h�\� @/ô�Ç �©�@/&h���� 3lq³ð 0Au�\�¦ ú̧� Ä»t���¦ e��6£§�̀¦ r���ô�Ç��. ÕªaË> 6.39\���H ³ð

&h� î�r1lx ÆÒ&ñ
u���� C0 v̂T (t)\�¦ ����?/%3���. ÕªaË> 6.39(a)_� z�́+«> ���õ���H %ò
�©� ú̧�6£§\�

_�K� ��� r�çß�@/\� ���5g ���çß�_� o�e�¦(Ripple)s� µ1ÏÒqt��¦ e��t�ëß�, ÕªaË> 6.39(b)õ� q�

�§Ùþ¡�̀¦ M:, î̈
ç�H&h���� ÆÒ&ñ
u���H ú̧� {9�u����H �¦̀�	כ SX����½+É Ãº e����.

��6£§Ü¼�Ð Case 2-1b)\� @/ô�Ç �̧_� z�́+«> ���õ���H ÕªaË> 6.40 - 6.44\� ����?/%3���.

Case 2-1b)_� �â
Äº\���H �̧��H [O�&ñ
�Ér Case 2-1a)õ� 1lx{9�� 9, r0 &ñ
�Ð\�ëß� Ô�¦SX�z�́$í


�̀¦ ÅÒ#Q r̂0 = 0.12Ü¼�Ð [O�&ñ
��¦ �̧_� z�́+«>�̀¦ ���'���%i���. ÕªaË> 6.40\���H �©�I� ���Ãº

x ×�æ 
�Bj��_� 0Au�\�¦ ����?/��H ÂÒì�r��� p_� r�çß�\� ���Ér C�&h��̀¦ ����?/%3���. ÕªaË>

6.40(a), 6.40(b)_� z�́+«>õ� �̧_� z�́+«> ���õ�\�¦ q��§K� �Ð���, Case 2-1a)ü< ��ðøÍ��t��Ð

θ_� �â
Äº\�"f ���çß�_� 	�s�\�¦ �Ðe���̀¦ ·ú� Ãº e����. s� %i�r� θ(t0)ü< θ∗_� >�íß� õ�&ñ
\�

"f %ò
�©� ú̧�6£§s� %ò
�¾Ó�̀¦ p��2; �Ü¼�Ð	כ �Ðs� 9, Case 2-1_� �â
Äºü< ��ðøÍ��t��Ð 
�Bj��

_� 3lq³ð 0Au� �̧²ú�\���H 	�H %ò
�¾Ó�̀¦ p�u�t���H ·ú§��H �Ü¼�Ð	כ óøÍéß��)a��. ÕªaË> 6.41\���H

�©�I� ���Ãº x ×�æ 
�Bj��_� ��[j\�¦ ����?/��H ÂÒì�r��� ε_� r�çß�\� ���Ér C�&h��̀¦ ����?/

%3���. ÕªaË> 6.41(a)ü< ÕªaË> 6.41(b)�̀¦ q��§K� �Ð���, εx, εy_� C�&h��Ér z�́+«>õ� �̧_� z�́

+«> �©�\� ���çß�_� 	�s��� µ1ÏÒqt�l���H �%i�Ü¼�� Case 2-1_� �â
Äºü< q��§���� Õª 	�s�

�� y���è�%i�Ü¼ 9, ���ìøÍ&h�Ü¼�Ð z�́+«>õ� �̧_� z�́+«> ���õ��� B�Äº Ä»��ô�Ç �¦̀�	כ SX����½+É

Ãº e����. ÕªaË> 6.42\���H z�́+«>õ� �̧_� z�́+«>\� @/ô�Ç %ò
�©� î̈
��� �©�\�"f_� :£¤fç
&h�[þt_�

C�&h��̀¦ ����?/%3���. z�́+«> �©�\�"f_� �íl� x9� 3lq³ð �íÝ¼\�¦ �̧_� z�́+«> �©�\� ½̈�&³���H

õ�&ñ
\�"f ���çß�_� �̧	��� e��%3�l�\� �íl� x9� 3lq³ð :£¤fç
&h�_� 0Au��� ���çß�_� 	�s���H e��

Ü¼�� ���ìøÍ&h���� s�1lx �â
�Ð��H B�Äº Ä»���<Ê�̀¦ SX����½+É Ãº e����. ��6£§Ü¼�Ð, ÕªaË> 6.43\�
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��H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË> 6.43(a)ü<

ÕªaË> 6.43(b)�̀¦ q��§K� �Ð���, 3	�"é¶ /BNçß� �©�\�"f B�Äº Ä»��ô�Ç �â
�Ð\�¦ Õªo� 9 s�1lx�

�¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, y, z»¡¤ s�1lx �â
�Ð_� �â
Äº, Case 2-1a)\�"fü< ��ðøÍ��

t�_� "é¶���\� _��#� z�́+«> x9� �̧_� z�́+«> ���õ��� ���çß�_� 	�s�\�¦ �Ðs���H �Ü¼�Ð	כ óøÍéß�

�)a��. Õª�Q��, Case 2-1a)\�"fü< ��ðøÍ��t��Ð t = tf s�Êê_� s�1lx �â
�Ð\���H 	�H 	�s�

\�¦ �Ðs��¦ e��t� ·ú§Ü¼ 9, s���H ¿º �â
Äº �̧¿º ³ð&h�\� @/ô�Ç �©�@/&h���� 3lq³ð 0Au�\�¦ ú̧�

Ä»t���¦ e��6£§�̀¦ r���ô�Ç��. ÕªaË> 6.44\���H ³ð&h� î�r1lx ÆÒ&ñ
u���� C0v̂T (t)\�¦ ����?/%3�

��. ÕªaË> 6.44(a)_� z�́+«> ���õ���H Case 2-1a)ü< ��¹1Ô��t��Ð %ò
�©� ú̧�6£§\� _�K� ��� r�çß�

@/\� ���5g ���çß�_� o�e�¦(Ripple)s� µ1ÏÒqt��¦ e��t�ëß�, ÕªaË> 6.44(b)õ� q��§Ùþ¡�̀¦ M:, ���

ìøÍ&h���� ÆÒ&ñ
u���H ú̧� {9�u����H �¦̀�	כ SX����½+É Ãº e����.

s�#Q"f Case 2-2a)\� @/ô�Ç �̧_� z�́+«> ���õ���H ÕªaË> 6.45 - 6.49\� ����?/%3���.

Case 2-2_� �â
Äº\���H ��� δΩ = 0.2�Ð ����z�¤Ü¼ 9, Õª\� ���� (5.126)_� �̧|	�Ü¼�ÐÂÒ'�

Kp = 6 &ñ
�̧�Ð [O�&ñ
�%i���. ��6£§Ü¼�Ð, ³ð&h� î�r1lx ÆÒ&ñ
l�_� Ãº§4��̀¦ 0AK� t0 = 3s�Ð

¿º%3�Ü¼ 9, tf = 23sÜ¼�Ð ¿º�¦ S-curve C�&h� [O�>�\�¦ s�6 x�#� 3lq³ð C�&h� xd\�¦ [O�>�

�%i���. ÕªaË> 6.45\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ7áx �̧	�\�¦

����?/%3���. ÕªaË> 6.45�ÐÂÒ'� ÆÒ7áx �̧	���H "f�Ðeç
 r���� r�&h���� t = t0\�"f_� /åL���ô�Ç

¹¡§f��e���̀¦ ]jü@���� 3lq³ð C�&h� xd�̀¦ B�Äº ����Ér �̧	�ü< �<Êa� ú̧� ÆÒ7áx��¦ e��Ü¼ 9, ���

õ�&h�Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð ú̧� Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e����. s� M:,

����̂ r�çß� ½̈çß�\�"f_� þj@/ ÆÒ7áx �̧	���H 0.08�Ð δΩ �Ð�� Ø�æì�ry� ���Ü¼Ù¼�Ð �½Ó�©� ��

r� �̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s���H ÕªaË> 6.46\�"f SX����½+É Ãº e����. ¢̧

ô�Ç,ÕªaË> 6.47\���H��r�|9�½+Ë_��â
>����õ�q�ÅÒ\O�"f�Ðeç
l�çß�1lxîß�_� (ρ, εx, εy)_�C�

&h��̀¦ ����?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX�

���½+É Ãº e����. s���H ÕªaË> 6.46_� :£¤fç
&h�_� C�&h�_� ���õ�ü<�̧ ú̧� {9�u���¦ e����. ÕªaË>

6.48\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË>Ü¼�Ð
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ÂÒ'�
�Bj����H3lq³ð�íÝ¼\�¦�¾ÓK�ÂÒ×¼�Qî�rî�r1lxC�&h��̀¦Õªo� 9s�1lx��¦e��Ü¼ 9,3lq

³ð �íÝ¼\�¦ ²ú�$í
ô�Ç s�Êê�Ð��H ³ð&h�õ� °ú s� f����� C��̧\�¦ ���� s�1lx��¦ e����H �¦̀�	כ SX�

���½+É Ãº e����. ÕªaË> 6.49\���H ³ð&h� î�r1lx ÆÒ&ñ
 �̧	���� ev(t)\�¦ ����?/%3���. t = t0 r�

&h�\�"f ÆÒ&ñ
 �̧	��� Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, Õª

s�Êê�Ð ��� ½̈çß�\�"f ÆÒ&ñ
 �̧	�\�¦ B�Äº ����Ér °úכÜ¼�Ð Ä»t���¦ e��Ü¼Ù¼�Ð ³ð&h� 5Åq�̧\�

@/ô�Ç ÆÒ&ñ
s� $í
/BN&h�Ü¼�Ð s�ÀÒ#Q&��6£§�̀¦ ·ú� Ãº e����.

��6£§Ü¼�Ð ÕªaË> 6.50 - 6.54\� Case 2-2b)\� @/ô�Ç �̧_� z�́+«> ���õ�\�¦ ����?/%3���.

�̧��H [O�&ñ
�Ér Case 2-2a)ü< 1lx{9�� 9 r0 &ñ
�Ð\�ëß� Ô�¦SX�z�́$í
�̀¦ ÅÒ#Q r̂0 = 0.12Ü¼�Ð [O�

&ñ
��¦ �̧_� z�́+«>�̀¦ ���'���%i���. ÕªaË> 6.45\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�

&h� xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.50�ÐÂÒ'� ÆÒ7áx �̧	���H Case 2-2a)ü<

��ðøÍ��t��Ð "f�Ðeç
 r���� r�&h���� t = t0\�"f_� /åL���ô�Ç ¹¡§f��e���̀¦ ]jü@���� 3lq³ð C�&h�

xd�̀¦ B�Äº ����Ér �̧	�ü< �<Êa� ú̧� ÆÒ7áx��¦ e��t�ëß�, r̂0\� �>rF����H Ô�¦SX�z�́$í
_� %ò
�¾Ó

Ü¼�Ð ���ìøÍ&h���� ÆÒ7áx �̧	���H ���çß� 7£x��ô�Ç �¦̀�	כ SX����½+É Ãº e����. Õª!3�\��̧ Ô�¦½̈��¦,

���õ�&h�Ü¼�Ð 3lq³ð �©�I� ���Ãº��� x∗Ü¼�Ð $í
/BN&h�Ü¼�Ð Ãº§4���¦ e����H �¦̀�	כ SX����½+É Ãº e��

��. s� M:, ����̂ r�çß� ½̈çß�\�"f_� þj@/ ÆÒ7áx �̧	���H 0.16Ü¼�Ð Case 2-2a)\� q�K�"f

��H 7£x���%i�t�ëß� #����y� δΩ �Ð�� Ø�æì�ry� ���Ü¼Ù¼�Ð �½Ó�©� ��r� �̧|	��̀¦ ëß�7á¤½+É ��s	כ

�� \V�©�½+É Ãº e��Ü¼ 9, s���H ÕªaË> 6.51\�"f SX����½+É Ãº e����. ¢̧ô�Ç, ÕªaË> 6.52\���H ��

r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ðeç
 l�çß� 1lxîß�_� (ρ, εx, εy)_� C�&h��̀¦ ����?/%3�Ü¼ 9,

(ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX����½+É Ãº e����. s���H Õª

aË> 6.51_� :£¤fç
&h�_� C�&h�_� ���õ�ü<�̧ ú̧� {9�u���¦ e����. ÕªaË> 6.53\���H 3	�"é¶ /BNçß�

�©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË>Ü¼�ÐÂÒ'� 
�Bj����H 3lq³ð

�íÝ¼\�¦ �¾ÓK� ÂÒ×¼�Qî�r î�r1lx C�&h��̀¦ Õªo� 9 s�1lx��¦ e��Ü¼ 9, r̂0_� Ô�¦SX�z�́$í
\��̧ Ô�¦

½̈��¦ Case 2-2a)\�"f_� 
�Bj�� s�1lx C�&h�õ� 	�H 	�s�\�¦ �Ðs��¦ e��t� ·ú§6£§�̀¦ ·ú� Ãº

e����. ÕªaË> 6.54\���H ³ð&h� î�r1lx ÆÒ&ñ
 �̧	���� ev(t)\�¦ y��y�� ����?/%3���. t = t0 r�&h�\�
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"fÆÒ&ñ
 �̧	���Ø�æì�ry�����Ér°úכÜ¼�ÐÃº§4���¦e����H�,�SX����½+ÉÃºe��t�ëß¦̀�	כ t = t0 s�

Êê�Ð 
�Bj���� î�r1lx�̀¦ r��������"f µ1ÏÒqt���H ��5Åq\� _�K� ÆÒ&ñ
 ���õ�\� q��§&h� 	�H �̧

	��� µ1ÏÒqt���H �¦̀�	כ ·ú� Ãº e����. ¢̧ô�Ç, ÕªaË> 6.54�ÐÂÒ'� t0 ≤ t < tf ½̈çß�\�"f��H r̂0_�

Ô�¦SX�z�́$í
\� _�K� 
�Bj��_� ¹¡§f��e��\� _�ô�Ç ev_� �̧	��� µ1ÏÒqt���H �¦̀�	כ SX����½+É Ãº e��

Ü¼ 9, s���H &ñ
o� 1_� ���õ�ü<�̧ ú̧� {9�u�ô�Ç��. ¢̧ô�Ç, t = tf s�Êê ��� ½̈çß�\�"f r̂0_� Ô�¦

SX�z�́$í
\��̧ Ô�¦½̈��¦ ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	�\�¦ B�Äº ����Ér °úכÜ¼�Ð Ä»t���¦ e��Ü¼Ù¼�Ð

³ð&h� 5Åq�̧\� @/ô�Ç ÆÒ&ñ
s� $í
/BN&h�Ü¼�Ð s�ÀÒ#Qt�>� H�d�̀¦ SX����½+É Ãº e����.

ÕªaË> 6.55 - 6.58\���H Case 2-2c)\� @/ô�Ç �̧_� z�́+«> ���õ�\�¦ ����?/%3���. l��� �̧

��H [O�&ñ
�Ér Case 2-2a)ü< 1lx{9�� 9 ³ð&h� 5Åq�̧\� @/ô�Ç �Ð�©�s� \O���H �©�I�\�"f �̧_� z�́

+«>�̀¦ ���'���%i���. ÕªaË> 6.55\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ

7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.55�ÐÂÒ'� ÆÒ7áx �̧	���H ���ìøÍ&h�Ü¼�Ð Case 2-2a)ü< q��§

����$í
0pxs��&³$�y�$��÷&��H�.����SX����½+ÉÃºe¦̀�	כ r̂0\�Ô�¦SX�z�́$í
s�\O���H�â
Äºe��\�

�̧ Ô�¦½̈��¦ 3lq³ð C�&h��̀¦ ú̧� ÆÒ7áx�t� 3lw� 9, ����̂ r�çß� ½̈çß�\�"f 0.5s��©�_� B�Äº

	�H ÆÒ7áx �̧	�\�¦ �Ð#�ÅÒ�¦ e����. s���H δΩ �Ð�� �s̀��� 	�H Ãºu�s�t�ëß�, Õª!3�\��̧ Ô�¦½̈�

�¦, ÕªaË> 6.56\�"f SX����½+É Ãº e��1pws�, ���ìøÍ&h�Ü¼�Ð ��r� �̧|	��Ér ú̧� ëß�7á¤��¦ e��6£§�̀¦

·ú�Ãºe����.s���H��r� �̧|	��̀¦0Aô�Ç δΩs�B�Äº�ÐÃº&h���� �̧|	�e���̀¦r����#�ï�r��. ¢̧

ô�Ç,ÕªaË> 6.57\���H��r�|9�½+Ë_��â
>����õ�q�ÅÒ\O�"f�Ðeç
l�çß�1lxîß�_� (ρ, εx, εy)_�C�

&h��̀¦ ����?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX�

���½+É Ãº e����. s���H ÕªaË> 6.56_� :£¤fç
&h�_� C�&h�_� ���õ�ü<�̧ ú̧� {9�u���¦ e����. ÕªaË>

6.58\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. ÕªaË>Ü¼�Ð

ÂÒ'� 
�Bj����H 3lq³ð �íÝ¼\�¦ �¾ÓK� ÂÒ×¼�Qî�r î�r1lx C�&h��̀¦ Õªo� 9 s�1lx��¦��H e��Ü¼ 9,

t = tf s�Êê�Ð��H f����� �â
�Ð\�¦ Õªo� 9 ³ð&h��̀¦ k%z�� ��������H ��3!�%	כ �Ðs�t�ëß�, ·ú¡"f

l�Õütô�Ç ���õ�[þt�ÐÂÒ'� ³ð&h��̀¦ &ñ
SX�y� ÆÒ7áx��¦ e����H �Ü¼�Ð	כ óøÍéß�½+É Ãº��H \O�6£§�̀¦ ·ú�

Ãº e����.
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��6£§Ü¼�Ð Case 2-3a)\� @/ô�Ç �̧_� z�́+«> ���õ���H ÕªaË> 6.59 - 6.63\� ����?/%3���.

3lq³ð �íÝ¼�� Case 2-2õ� 1lx{9��Ù¼�Ð Õª\� ���� (5.126)_� �̧|	�Ü¼�ÐÂÒ'� Kp = 6 &ñ


�̧�Ð [O�&ñ
�%i���. ��6£§Ü¼�Ð, ³ð&h� î�r1lx ÆÒ&ñ
l�_� Ãº§4��̀¦ 0AK� t0 = 3s�Ð ¿º%3�Ü¼ 9,

tf = 23sÜ¼�Ð ¿º�¦ S-curve C�&h� [O�>�\�¦ s�6 x�#� 3lq³ð C�&h� xd\�¦ [O�>��%i���. Õª

aË> 6.59\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3�

��. ÕªaË> 6.59�ÐÂÒ'� ÆÒ7áx �̧	���H 3lq³ð C�&h� xd�̀¦ {9�&ñ
ô�Ç ÅÒl�$í
�̀¦ ��t��¦ ÆÒ7áx�

�¦ e��6£§�̀¦ ·ú� Ãº e����. ³ð&h�s� ÅÒl�&h�Ü¼�Ð ¹¡§f��s��¦ e��l� M:ë�H\� 3lq³ð �íÝ¼�Ð &ñ
SX�

�>� Ãº§4��t���H ·ú§Ü¼�� ���ìøÍ&h�Ü¼�Ð B�Äº ����Ér ÆÒ7áx �̧	�\�¦ ��t���H �¦̀�	כ SX����½+É Ãº

e����. s� M:, ����̂ r�çß� ½̈çß�\�"f_� þj@/ ÆÒ7áx �̧	���H 0.06Ü¼�Ð δΩ �Ð�� Ø�æì�ry� ���Ü¼

Ù¼�Ð �½Ó�©� ��r� �̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s���H ÕªaË> 6.60\�"f SX����

½+É Ãº e����. ¢̧ô�Ç, ÕªaË> 6.61\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ðeç
 l�çß� 1lxîß�_�

(ρ, εx, εy)_� C�&h��̀¦ ����?/%3�Ü¼ 9, (ρ, εx, εy)_� C�&h�s� �½Ó�©� ��r� |9�½+Ë ?/ÂÒ\� 5ÅqK�

e����H �¦̀�	כ SX����½+É Ãº e����. s���H ÕªaË> 6.60_� :£¤fç
&h�_� C�&h�_� ���õ�ü<�̧ ú̧� {9�u��

�¦ e����. ÕªaË> 6.62\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/

%3���. ÕªaË>Ü¼�ÐÂÒ'� 
�Bj����H ³ð&h�_� ¹¡§f��e��õ� °ú s� ����Ér t�ÕªF�Õª +þAI�_� î�r1lx C�

&h��̀¦ Õªo� 9 s�1lx��¦ e��6£§�̀¦ SX����½+É Ãº e����. ÕªaË> 6.63\���H ³ð&h� î�r1lx ÆÒ&ñ
 �̧	�

��� ev(t)\�¦ ����?/%3���. t = t0 r�&h�\�"f ÆÒ&ñ
 �̧	��� Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4���¦

e��t�ëß�,³ð&h�_�ÅÒl�&h����î�r1lx\�_�K� ev(t)\��̧���çß�_����1lxs�µ1ÏÒqt���H�����SX¦̀�	כ

½+É Ãº e��Ü¼ 9, s��Ð ����#� 
�Bj��_� î�r1lx\��̧ ³ð&h�_� ÅÒl�ü< 1lx{9�ô�Ç +þAI�_� ���1lx

s� ������>� H�d�̀¦ ·ú� Ãº e����.

��6£§Ü¼�Ð ÕªaË> 6.64 - 6.68\� Case 2-3b)\� @/ô�Ç �̧_� z�́+«> ���õ�\�¦ ����?/%3���.

�̧��H [O�&ñ
�Ér Case 2-3a)ü< 1lx{9�� 9 r0 &ñ
�Ð\�ëß� Ô�¦SX�z�́$í
�̀¦ ÅÒ#Q r̂0 = 0.12Ü¼�Ð [O�

&ñ
��¦ �̧_� z�́+«>�̀¦ ���'���%i���. ÕªaË> 6.59\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h�

xd ��s�_� ÆÒ7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.64�ÐÂÒ'� ÆÒ7áx �̧	���H Case 2-3a)ü< ��
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ðøÍ��t��Ð ÅÒl�&h���� ÆÒ7áx �̧	�\�¦ ����?/��H �¦̀�	כ ·ú� Ãº e����. s� M:, ����̂ r�çß� ½̈çß�

\�"f_� þj@/ ÆÒ7áx �̧	���H 0.13Ü¼�Ð Case 2-3a)\� q�K�"f��H 7£x���%i�t�ëß� s���H q�ÅÒ

\O� "f�Ðeç
 r����r�&h�\�"f_� /åL���ô�Ç 5Åq�̧ ����o\� _�ô�Ç �s� 9	כ ���ìøÍ&h���� �̧	���H Case

2-3a)ü< ß¼>� ��ØÔt� ·ú§6£§�̀¦ ·ú� Ãº e����. ¢̧ô�Ç, δΩ �Ð�� Ø�æì�ry� ���Ü¼Ù¼�Ð �½Ó�©� ��r�

�̧|	��̀¦ ëß�7á¤½+É ����s	כ \V�©�½+É Ãº e��Ü¼ 9, s���H ÕªaË> 6.65\�"f SX����½+É Ãº e����. ¢̧ô�Ç,

ÕªaË> 6.66\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ðeç
 l�çß� 1lxîß�_� (ρ, εx, εy)_� C�&h�

�̀¦����?/%3�Ü¼ 9, (ρ, εx, εy)_�C�&h�s��½Ó�©���r�|9�½+Ë?/ÂÒ\�5ÅqK�e����H�SX����½+É¦̀�	כ

Ãºe����.s���HÕªaË> 6.65_�:£¤fç
&h�_�C�&h�_����õ�ü<�̧ ú̧�{9�u���¦e����.ÕªaË> 6.67\�

��H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx C�&h��̀¦ ����?/%3���. 
�Bj��_� î�r1lx

C�&h��Ér r̂0_� Ô�¦SX�z�́$í
\��̧ Ô�¦½̈��¦ Case 2-3a)\�"f_� 
�Bj�� s�1lx C�&h�õ� 	�H 	�s�

\�¦ �Ðs��¦ e��t� ·ú§6£§�̀¦ ·ú� Ãº e����. ÕªaË> 6.68\���H ³ð&h� î�r1lx ÆÒ&ñ
 �̧	���� ev(t)�̀¦

����?/%3���. t = t0 r�&h�\�"f ÆÒ&ñ
 �̧	��� Ø�æì�ry� ����Ér °úכÜ¼�Ð Ãº§4���¦ e����H �¦̀�	כ

SX����½+É Ãº e��t�ëß�, t = t0 s�Êê�Ð 
�Bj���� î�r1lx�̀¦ r��������"f µ1ÏÒqt���H ��5Åq\� _�

K� ÆÒ&ñ
 ���õ�\� q��§&h� 	�H �̧	��� µ1ÏÒqt���H �¦̀�	כ ·ú� Ãº e����. ¢̧ô�Ç, ÕªaË> 6.68�ÐÂÒ'�

t0 ≤ t < tf ½̈çß�\�"f��H r̂0_� Ô�¦SX�z�́$í
\� _�K� 
�Bj��_� ¹¡§f��e��\� _�ô�Ç ev_� �̧	���

µ1ÏÒqt���H �¦̀�	כ SX����½+É Ãº e��Ü¼ 9, s���H &ñ
o� 1_� ���õ�ü<�̧ ú̧� {9�u�ô�Ç��.

ÕªaË> 6.69 - 6.72\���H Case 2-3c)\� @/ô�Ç �̧_� z�́+«> ���õ�\�¦ ����?/%3���. l��� �̧

��H [O�&ñ
�Ér Case 2-3a)ü< 1lx{9�� 9 ³ð&h� 5Åq�̧\� @/ô�Ç �Ð�©�s� \O���H �©�I�\�"f �̧_� z�́

+«>�̀¦ ���'���%i���. ÕªaË> 6.69\���H �©�I� ���Ãº xü< Õª\� @/ô�Ç 3lq³ð C�&h� xd ��s�_� ÆÒ

7áx �̧	�\�¦ ����?/%3���. ÕªaË> 6.69�ÐÂÒ'� ÆÒ7áx �̧	���H ���ìøÍ&h�Ü¼�Ð Case 2-3a)ü< q��§

���� $í
0pxs� �&³$�y� $��÷&��H �¦̀�	כ SX����½+É Ãº e����. r̂0\� Ô�¦SX�z�́$í
s� \O���H �â
Äºe��

\��̧ Ô�¦½̈��¦ 3lq³ð C�&h��̀¦ ú̧� ÆÒ7áx�t� 3lw� 9, ����̂ r�çß� ½̈çß�\�"f 0.6s��©�_� B�

Äº 	�H ÆÒ7áx �̧	�\�¦ �Ð#�ÅÒ�¦ e����. s���H δΩ �Ð�� �s̀��� 	�H Ãºu�s�t�ëß�, Õª!3�\��̧ Ô�¦

½̈��¦, ÕªaË> 6.70\�"f SX����½+É Ãº e��1pws�, ���ìøÍ&h�Ü¼�Ð ��r� �̧|	��Ér ú̧� ëß�7á¤��¦ e��
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6£§�̀¦ ·ú� Ãº e����. s���H Case 2-2\�"fü< ��ðøÍ��t��Ð ��r� �̧|	��̀¦ 0Aô�Ç δΩs� B�Äº �Ð

Ãº&h���� �̧|	�e���̀¦ �����·p��. ¢̧ô�Ç, ÕªaË> 6.71\���H ��r� |9�½+Ë_� �â
>����õ� q�ÅÒ\O� "f�Ð

eç
l�çß�1lxîß�_� (ρ, εx, εy)_�C�&h��̀¦����?/%3�Ü¼ 9, (ρ, εx, εy)_�C�&h�s��½Ó�©���r�|9�

½+Ë ?/ÂÒ\� 5ÅqK� e����H �¦̀�	כ SX����½+É Ãº e����. s���H ÕªaË> 6.70_� :£¤fç
&h�_� C�&h�_� ���õ�

ü<�̧ ú̧� {9�u���¦ e����. ÕªaË> 6.72\���H 3	�"é¶ /BNçß� �©�\�"f_� ³ð&h�õ� 
�Bj��_� î�r1lx

C�&h��̀¦ ����?/%3���. t = tf s�Êê�Ð��H ³ð&h�_� î�r1lxõ� Ä»��ô�Ç �â
�Ð\�¦ Õªo� 9 ³ð&h��̀¦

k%z�� ��������H ��3!�%	כ �Ðs�t�ëß�, ·ú¡"f l�Õütô�Ç ���õ�[þt�ÐÂÒ'� ³ð&h��̀¦ &ñ
SX�y� ÆÒ7áx�

�¦ e����H �Ü¼�Ð	כ óøÍéß�½+É Ãº��H \O�6£§�̀¦ ·ú� Ãº e����.

135



Ip1 (0, 0, 0.18) Ip2 (−0.05, 0, 0.18)

Ip3 (−0.05, 0.05, 0.18) Ip4 (0, 0.05, 0.18)

Ip5 (0,−0.05, 0.1550) Ip6 (−0.05,−0.05, 0.1550)

Ip7 (0.05,−0.05, 0.13) Ip8 (0.05,−0.02, 0.13)

Ip9 (0.05, 0.02, 0.13) Ip10 (0.05, 0.05, 0.13)

³ð 6.2: ³ð&h� :£¤fç
&h� ýa³ð (éß�0A : p�'�)

Case 2-1

3lq³ð ��[j (T RC∗)




0.99 −0.01 0.09

−0.02 −0.99 0.08

0.09 −0.08 −0.99




3lq³ð 0Au� (T OC∗) (−0.04,−0.03, 0.37)[m]

³ð&h� 5Åq�̧ (C0vT ) (0,−0.02, 0)[m/s]

Case 2-2 Case 2-3

3lq³ð ��[j (T RC∗)




−0.88 −0.37 −0.30

−0.12 0.78 −0.62

0.46 −0.51 −0.73







−0.88 −0.37 −0.30

−0.12 0.78 −0.62

0.46 −0.51 −0.73
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³ð 6.3: 
�Bj�� 3lq³ð �íÝ¼ x9� ³ð&h� 5Åq�̧ X<s�'�
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ÕªaË> 6.35: r�çß�\� ���Ér �©�I� ���Ãº p. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.36: r�çß�\� ���Ér �©�I� ���Ãº ε. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.37: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©�. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.38: 3	�"é¶/BNçß��©�\�"f_�
�Bj��ü<³ð&h�_�s�1lxC�&h�. (a)z�́+«>���õ� (b) �̧_�
z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.39: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
u� C0 v̂T . (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ�
(Case 2-1a)
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ÕªaË> 6.40: r�çß�\� ���Ér �©�I� ���Ãº p. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.41: r�çß�\� ���Ér �©�I� ���Ãº ε. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.42: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©�. (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.43: 3	�"é¶/BNçß��©�\�"f_�
�Bj��ü<³ð&h�_�s�1lxC�&h�. (a)z�́+«>���õ� (b) �̧_�
z�́+À> ���õ� (Case 2-1a)
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ÕªaË> 6.44: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
u� C0 v̂T . (a) z�́+«> ���õ� (b) �̧_� z�́+À> ���õ�
(Case 2-1a)
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ÕªaË> 6.45: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-2a)
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ÕªaË> 6.46: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 2-2a)
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ÕªaË> 6.47: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-2a)
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ÕªaË> 6.48: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-2a)
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ÕªaË> 6.49: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 2-2a)
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ÕªaË> 6.50: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-2b)
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ÕªaË> 6.51: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 2-2b)
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ÕªaË> 6.52: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-2b)
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ÕªaË> 6.53: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-2b)
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ÕªaË> 6.54: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 2-2b)
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ÕªaË> 6.55: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-2c)
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ÕªaË> 6.56: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 2-2c)
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ÕªaË> 6.57: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-2c)
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ÕªaË> 6.58: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-2c)
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ÕªaË> 6.59: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-3a)
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ÕªaË> 6.60: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 2-3a)
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ÕªaË> 6.61: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-3a)
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ÕªaË> 6.62: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-3a)
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ÕªaË> 6.63: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 2-3a)
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ÕªaË> 6.64: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-3b)
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&h�\� K�{©� (Case 2-3b)
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ÕªaË> 6.66: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-3b)
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ÕªaË> 6.67: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-3b)
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ÕªaË> 6.68: r�çß�\� ���Ér ³ð&h� 5Åq�̧ ÆÒ&ñ
 �̧	� ev (Case 2-3b)
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ÕªaË> 6.69: r�çß�\� ���Ér ÆÒ7áx �̧	� ex (Case 2-3c)

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
Image Trajectory
Initial Image
Desired Image

ÕªaË> 6.70: s�p�t� î̈
����©�\�"f_�:£¤fç
&h�C�&h�. ©, ?��Hy��y���íl�r�çß� t = 0ü<3lq³ð
�íÝ¼\�"f_� :£¤fç
&h�\� K�{©� (Case 2-3c)
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ÕªaË> 6.71: ��r� |9�½+Ë Ω ?/ÂÒ\�"f_� (ρ, εx, εy)_� C�&h�. ©, ×��H y��y�� �íl� x9� 3lq³ð
�íÝ¼\� K�{©� (Case 2-3c)
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ÕªaË> 6.72: 3	�"é¶ /BNçß� �©�\�"f_� 
�Bj��ü< ³ð&h�_� s�1lx C�&h�. ©, ?��H y��y�� �íl� x9�
þj7áx �íÝ¼\� K�{©�� 9, <ÉÊÒ�o z�́����Ér 
�Bj��_� F�g»¡¤ ~½Ó�¾Ó�̀¦ _�p� (Case 2-3c)
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Abstract

This dissertation proposes a novel eye-in-hand position-based visual servoing ap-

proach for tracking a moving target under visibility constraint without the informa-

tion of target depth.

Our visual servoing approach consists of an innovative time-invariant linear es-

timator of target motion and a nonlinear visual servoing controller for tracking a

moving target under visibility constraint. First, using the parameters of the essential

matrix for a moving target, we derive the dynamic equation of a moving target as a

time-invariant system under the assumption that the velocities of both the camera

and the target are varying slowly . Based on the derived dynamic equation of tar-

get motion, an innovative time-invariant linear estimator is constructed, which can

provide the information of target velocity required during the visual servoing proce-

dure. Differently from the prior works, the proposed estimator does not require any

specific specific motion of the camera, such as snaking or acceleration of the camera,

for estimation convergence. Besides, it can guarantee the convergence, even when

the information of target depth is unknown.

Next, a nonlinear visual-servoing controller for tracking a moving target under

visibility constraint is proposed. Firstly, the concept of 3-D visible set proposed in

our prior works is employed to handle the visibility constraint. The 3-D visible set

is a convex set. It describes the region for the target visibility. That is, the target

is certainly within the field of view, as long as the state variables, which represent

the pose of the camera, stay inside the 3-D visible set, regardless of target motion.
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Therefore, the visibility constraint can be ensured simply by controlling the camera

pose to follow a smooth straight-line trajectory in the 3-D visible set, which simply

connects two points determined by the initial and the desired pose of the camera.

Our innovative time-invariant linear estimator helps our nonlinear visual-servoing

controller to follow closely the smooth straight-line trajectory in the 3-D visible set,

even when the target is moving.

Finally, we present some rigorous mathematical stability analysis to prove that,

even when the information of the target depth is unknown, the proposed visual ser-

voing approach can have the camera move promptly from the initial pose to the

desired and continue to track the moving target with the desired pose thereafter.

Furthermore, to illuminate further the practicability of the proposed visual servo-

ing approach, we also present various experiment and simulation results using an

industrial 6-DOF robotic manipulator with a camera mounted on its end-effector.

To our best knowledge, it has not been done in the previously known results

that Ensuring the global stability for tracking a moving target with the desired pose

under visibility constraint is ensured without the information of target depth and

any specific motion of the camera motion. Thus, the proposed approach should be

more widely used in the industry and military applications which need for visual

servoing.

Keywords: Robot Visual Servoing, Computer Vision, Target Motion Estimation,

Nonlinear Feedback Control

Student number: 2005-21327
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