Contests with Externalities

Sanghack Lee '

This paper examines contests in which aggregate efforts
generate positive externalities to participants. In such contests
the equilibrium effort may exceed or fall short of the socially
optimal level of effort. This paper derives the relationship
between the equilibrium effort, the size of prize, and the socially
optimal level of effort. The equilibrium effort proves to exceed
the social optimum when it is less than the prize times the
exponent R of the Tullock (1980) contest-success function. On
the other hand, when the equilibrium effort is greater than the
prize times the exponent R, it indeed falls short of the social
optimum.
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I. Introduction

There exists a large set of economic, political and social inter-
actions that can be modeled as contests. In such contests players
compete to win prizes such as fame, government subsidies, monop-
oly rents, patents, prestige, promotion, and so on. Many authors
have examined characteristics and efficiency implications of contests
in various settings. Examples include Tullock (1980), Appelbaum
and Katz (1987), Cleeton (1989), Lee (1993, 1995), and Mantell
(1996).1
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Aggregate efforts made in contests often generate positive
externalities to contest participants. Reflecting this, several authors
have examined implications of the externalities on contest outcomes
and social welfare. Congleton (1989) has analyzed status-seeking
contests in which individuals not actively involved in the contests
are affected by externalities. Chung (1996) has analyzed a rent-
seeking contest where the size of the rent increases in aggregate
efforts. Lee and Kang (1998) have examined contests in which the
aggregate efforts exhibit characteristics of a pure public good. Baik
and Lee (2000) have examined a two-stage contest with spillover
effects between the stages.

Contests with externalities are indeed ubiquitous. To facilitate
intuitive understanding, several examples of contests with externali-
ties are now offered. The first example is a cost-reducing R&D
contest between firms in which the aggregate expenditures on R&D have
cost-reducing spillover effects on all firms, (see, e.g. d’Aspremont
and Jacquemin 1988; and Suzumura 1992). One of the firms can
obtain a patent as a result of the R&D contest. This patent is the
prize of the contest, while the cost-reducing effect is captured by
the externality term. Both the winner and the losers can obtain
positive spillover effect from the aggregate expenditures on R&D.
Therefore, expenditures of the losing firms are not totally wasted.
Even if there is no cost-reducing effect, some proportion of total
outlays on R&D contest can be recovered in the form of increased
R&D know-how, training of researchers, and spillover of knowledge
between the firms.

Sports contests are also likely to be associated with externalities.
Most participants, for example, though not all, in Olympic games
rejoice in feeling of pride or accomplishment regardless of the
outcome of the contest. Art and music contests also generate
positive externalities to participants, for they obtain prestige, pride,
and experience, while expending resources to win prizes. The level
of pride of the participants in these contests is certainly related to
the level of aggregate efforts made in the contests.

Competition for publication in academic journals is an example
pertaining to the academic profession. The more manuscripts are
submitted to journals, the higher the average quality of published
papers. The authors of rejected papers would also obtain benefits
from referees’ comments and editors’ general guidance, since they
can improve analytical and stylish skill through the refereeing
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process. Improvements in quality of published papers and wide
dissemination of knowledge through this process are positive exter-
nalities associated with competition for publication.

The purpose of this paper is to examine contests in which
aggregate efforts generate positive externalities with characteristics
of a club-good. Extending the work of Chung (1996) and Lee and
Kang (1998), this paper allows for the possibility of congestion in
externalities. Section II sets out the model of the contest associ-
ated with externalities. This paper also compares the equilibrium
effort with the socially optimal level of effort. With externalities in
the contests, the aggregate effort may exceed or fall short of the
socially optimal level of effort. This paper offers a simple rule by
which one can tell whether the effort made in the contests is
excessive or not. The equilibrium effort proves to exceed the social
optimum when it is less than the prize times the exponent R of the
contest-success function adopted by Tullock (1980). On the other
hand, when the equilibrium effort is greater than the prize times
the exponent R, it indeed falls short of the social optimum. The
comparative static effects of changes in prizes and number of
players are also examined. Concluding remarks are offered in
Section III.

II. The Model

Consider a contest in which n risk-neutral players compete to
win a private-good prize. The size of prize is S. To win the prize,
player i expends x; in units commensurate with the prize. As in the
literature following Tullock (1980), player i's probability of winning,
II;, is given by a logit-form function

(Xi)R
ILi=——7—77, (1)
Zj(xj)R

where the exponent R(>0) represents the degree of marginal
returns to efforts. The aggregate outlays are denoted by X(= >x).
The contest is assumed to be associated with externalities in the
sense that each player’'s real cost of participation in the contest is
affected by the aggregate outlays? (This follows the literature on
R&D contest, e.g. d’Aspremont and Jacquemin 1988; and Suzumura
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1992). Specifically, player i's real cost is assumed to be given by (x;
—f(X)/n), where f(X)/n’ satisfies the following assumptions:

(Al) f(X) is twice continuously differentiable.

(A2) f(0)=0, f/X)>0 and [f"(X)<0, where the equality sign in

the second weak inequality holds only when f’(0)=0.

(A3) r>0.

(A4) For any finite and positive S, there exists a finite, positive

X’ such that S+f(X")/n '=X".

The meaning of each assumption is transparent. The larger the
aggregate effort, the greater is f(X). The denominator n’ captures
congestion effects. The larger r is, the greater the congestion effect,
and when r=0, there is no congestion effect at all. If r=1, the
aggregate externality is independent of the number of participants
in the contest. (A4) is adopted to guarantee existence of a finite
social optimum. Note that this model is reduced to the conventional
rent-seeking contest when f(X)=0. The model of Lee and Kang
(1998), where f(X) is given by BX, satisfies all of the above
assumptions except the last part of (A2), that of f"(X)<O.

The expected payoff of participation in the contest to player i, V;,
is given by

JX) J&X
Vie 1 $= [ =) fr 0= mof ~ (x| (2a)
=ITIi(S—x)+ (1 — ITi)(—x) + f(),() (2b)
=SHi—x1~+f(X) . (2¢)

r

To make explicit two possible interpretations of externality, the
payoff function V; is written in two different forms as equations (2a)
and (2b). Equation (2a) corresponds to the above interpretation that
each player's real cost is reduced due to externality effects.
Equation (2b) represents the other interpretation that each player
obtains some proportion of aggregate efforts as an externality effect,

It is quite possible that non-participants are also affected by the
aggregate effort, as in Congleton (1989). The present paper abstracts from
this possibility.
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irrespective of whether he is a winner or not. This interpretation
seems valid in art, music, or athletic contests. Note that both (2a)
and (2b) yield the same form of payoff function as equation (2c).
With slight modification, this contest can also be viewed as one in
which the size of the prize increases in aggregate effort, (see Chung
(1996)). In this case, the sum of the prize and the aggregate
externality is given by S+f(X)/n"', which accrues solely to the
winner. However, in the present model the increased portion
fX)/n"" is equally shared by all the players.

The sum of individual payoffs is S—X+ f(X]/nr'l. This is maxi-
mized at the socially optimal level of efforts X*. Note that the social
optimum X* is independent of S. When f’(0)>n"", there exists a
unique and positive social optimum X*. In this case, it also follows
that f “(X*)=n"'. On the other hand, if the externalities are not
large enough so that f’(0)<n’"', then the social optimum is given
by X*=0. In the conventional rent-seeking contest, the social
optimum X* is zero, since f'(X)=0. When X*>0, by implicit
function theorem

ax* _(r—l)n”2
dn  f'xn

(3

When r>1, dX*/dn<0 since f"(X)<O0. This is the case where
serious congestion is associated with the externality. Therefore an
increase in the number of participants decreases the socially
optimal level of effort. When r<1, the congestion is not large
enough to offset the positive externality resulting from an increase
in n. Thus, it follows that dX*/dn>0.3

The Nash equilibrium effort is now derived. The objective function
of risk-neutral player i is:

JX)

r

Max V,':SHI'—X,'—O-
Xi

SCaution is required when interpreting this result. When n is small, X*
can be zero. For a sufficiently large n, X* is positive. For a small decrease
in n, there can be a jump of X* from positive value to zero. Conversely, X*
can jump from zero to a positive value for a small increase in n, when n is
small.
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Each player decides the level of his or her effort, taking all the
other players’ decisions as given. Then, the first-order condition for
the above maximization problem is

oVi  SR[L)*(Z06)7) — (c)*™ '] 14 J'X
0Xi (Zi00)™? n

Assuming symmetry, equation (4) is simplified as

=DRS |, S & _,, ®)
nX n

To simplify the exposition, let us define a function of aggregate
effort

XX

r-1

gX)=(n—1)RS—nX+

Then, at the Nash equilibrium X", g(X) has a value of zero, i.e.
gx"=o0.

The Nash equilibrium X" is now compared with the social
optimum X* in four cases which are mutually exclusive and
exhaustive of all possibilities. When f "0)<n™, the externality effect
is not large enough and the social optimum is given by X*=0,
(Case 1). When f’(0)>n"", the externality effect is strong enough to
ensure a positive social optimum. There are three distinctive cases
depending upon the size of X* relative to the prize times the
exponent R, RS, (Cases 2, 3 and 4).4

Case 1: f'(0)<n"’

In this case the externality effect is not large enough to warrant a
positive social optimum so that X*=0. Note that g(0)=(n—1)RS>0.
Also,

g(RS)=RS {flr(l—fis]—l}<Rs{ fr'lff?’ -1 }go,

-

“Note that X* is independent of S.
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since f'(RS)/n"'<f’(0)/n"" by the assumption that f’(X)<0O and
f(0)<n™". For any X>0,

1 }+ Xf,(IX) —(n—1)<o0.
n

gL
Thus, the equation g(X)=0 has a unique solution X" that belongs
to the interval (0, RS). That is, X*=0<X"<RS. Social waste results
from the contest since X > -f ™/ n!. Note that this case encom-
passes most imperfectly discriminating contests analyzed in the
rent-seeking literature.

Case 2: n"'<f’(0) and X*<RS

This is the case where the externality is strong enough to ensure a
positive social optimum of efforts, and where the social optimum is
less than R times the prize. g(X) is now rewritten as

gX)=(Mn—1)RS—X)+X {fnﬁf 1}

Then it is easy to find that

9(RS)=RS {f :IRIS) -1 }<Rs { S

since f'(RS)<f'(X*). Also,

J XY

gX*)=(n— 1)(RS—X*)+X*{ - —1}=(n—l)(RS—X*]>O.

For any X<X*,

JS'x

-1

g0 =(n—1)RS—X) +x{ 1 ]>0,

since RS>X*>X and (f'(X)/n"'—1)>0. For any X>X*,
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XX +{ J'X

o fllf(n71)<0.

gX)=

r-1

These results in sum indicate that there exists a unique X"
between X* and RS, i.e. X* <X <RS.

Case 3: "' <f’(0) and RS<X*
In this case g(RS]=RS(f’(RS]/n"1—1)>0. For any X<RS, gX)>0.
Also, g(X*)=(n—1)(RS—X*)<0. For any X>X",

xr ,
g'X)= f(lX] +{ffiq —1}—(n—1)<0.
n n

It thus follows that X" lies between RS and X*, i.e. RS<X'<X*. In
the neighborhood of X", it also follows that

g'(X):XfrEXJ + J (r)l{] —n= XfrFl)O — (= 1RS <0 (by equation (5)).
n n n X

It can be shown that the equilibrium is unique. The contest
generates social surplus since X'< f(XN]/n”. However, the surplus
is not maximized since X" falls short of the social optimum X*.

Case 4: n"'<f’(0) and RS=X*
For any X<X*(=RS),

gm:(n—l)(RS—)q+x{fn(ff] 71J>0.
Also, for any X>X"(=RS),
gX)=(n— 1)(RS—X]+X{ fn(flﬂ 71]<0.

In addition, g(X*)=0. Therefore it follows that RS=X"=X*, Surplus
from the contest, f(X)/ n!'—X, is maximized.

From the above analysis of the four cases, we derive the
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important relationship between the social optimum and the Nash
equilibrium effort. In Cases 1 and 2, X*<X"'<RS. In Case 3, RS<
XV<x*. X" always lies between X* and RS. Also, X*=X'=RS in
Case 4. These results are succinctly summarized as proposition 1.

Proposition 1
The set of X*, X' and RS satisfies one of the following three
conditions:

(1) X*<X"<RS, (2) X*=X"=RS, or (3) X*>X">RS.

When X"<RS, the efforts of participants in the contest might seem
lukewarm. However, the equilibrium efforts exceed the social opti-
mum. The rent-seeking contests belong to this case. On the other
hand, when X">RS, one might be impressed that too much effort
is being made in the contest. However, the equilibrium effort falls
short of the social optimum. If the aggregate effort is observable,
then one can obtain definite welfare implications of the contest. The
rent-seeking literature has focused on the case where R=1. In this
case the simple comparison of X' with S yields definite welfare
implications: Under-dissipation of the rent indicates that social
costs are incurred in the rent-seeking contest.

This paper now derives the comparative static effects of changes
in the size of prize and the number of participants. These results
might be utilized when making the equilibrium expenditure con-
verge to the social optimum by adjusting the size of prize and
number of contenders. Total differentiation and arrangement of
equation (5) gives

ax" -Rn-1)  —Rin-1) ©
as [0 | X' X'  (n—1)RS
r-1 + r-1 -n r-1 -
n n n X
and
ax® I e YRS —(r+ 1)n'X+Xf'(X) @
dn —n e nf (X0 + nXF(X) ’

From equation (5) it is easy to find out that f'(X)/ nl=in—-(n-
1)RS/X}. This can be used to show that the denominator of (6) is
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0 XX Xf'X) (n—1RS
— o n= - <

r-1

- o 0.
n n n X

Thus, dX'/dS>0. When the equilibrium effort falls short of R times
the prize, a reduction in the prize is suggested. This would reduce
the equilibrium effort, thereby making it converge to the social
optimum, and vice versa.

Equation (7) is now examined to see the effect of change in the
number of participants. Again from equation (5), it can be shown
that 1>f "™ /n’. This implies that denominator of equation (7) is

J'X

-l nf X)) +nXfX)=—-n"'(1- THan”(X]<0-

Thus, the sign of (dX"/dn) is the same as the sign of numerator of
equation (7). Simple manipulation shows that sign(dX"/dn)=sign[(rm
—r+1)RS—mX]. If X*<X"<RS and r<1, then dX"/dn>0. If RS<X"
<X* and r>1, then dX"'/dn<0. These results are summarized as
proposition 2.

Proposition 2
(1) dx"/ds=>0.
(2) The sign of dx"/dn is indeterminate.

III. Concluding Remarks

This paper has examined contests associated with externalities. It
is shown that the equilibrium effort may exceed or fall short of the
social optimum depending upon the extent of externalities. This
paper has derived the rule by which one can tell whether the
aggregate effort made in the contest fall short of, or exceed the
social optimum. The critical level turns out to be the prize times
the exponent R of the Tullock (1980) contest-success function.
When the aggregate effort falls short of the critical value, then it
indeed exceeds the social optimum. When the aggregate -effort
exceeds the critical level, one might be impressed that excessive
effort is being made in the contest. However, it falls short of the
social optimum. An adjustment in the prize or in the number of
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participants can induce changes in the equilibrium effort. While the
change in the prize has unambiguous effect on the equilibrium
effort, the effect of a change in the number of participants is
ambiguous.

(Received January, 2000; Revised March, 2000)
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