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Abstract

Three Essays in the Agency Problems

Jung, Jin-Yong

Department of Economics

The Graduate School

Seoul National University

This dissertation consists of three articles which are related with the agency

problem. The first and second articles deal with the issue of the first-order

approach which has been one of the major issues in the agency literature. And

the third article deals with the relationship between an agent’s risk aversion

and his incentive cost in the agency problem.

In the first article, we derive four new sets of conditions to justify the

first-order approach. When the principal is risk-neutral, the optimal contract

for the agent which is derived using the first-order approach depends on the

signals of the agent’s effort only through the information variable (i.e., the

likelihood ratio of the signals). By analyzing the principal-agent problem

based on the information variable rather than the signals, we derive three

new sets of conditions under which the first-order approach is justified. We

show not only that they are more general than any sets of conditions in the

existing literature, including Conlon’s conditions in the multi-signal case and

Jewitt’s conditions in the one-signal case but also that they do not require the

monotone likelihood ratio property (MLRP) for the density function of the

signals. We also derive a set of conditions which applies when the principal

is risk-averse and show that those conditions are more general than Conlon’s

corresponding conditions.
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In the second article, we suggest a new method for the first-order approach.

To justify the first-order approach in the principal-agent problems, all the

existing results have been found by making the agent’s expected monetary

utility obtained from this approach “concave” in the agent’s effort. However,

relying on such concavity is sometimes overly sufficient. We have proposed a

new set of conditions for justifying the first-order approach which is derived

not from the concavity of the agent’s expected monetary utility but directly

from the original “argmax” incentive constraint. We also show that this set

of conditions can be applied to a wider range of principal-agent problems

(including the one with normal or gamma density function) than the existing

sets of conditions.

In the third article, we deal with the relationship between an agent’s

degree of risk aversion and his incentive cost in the principal-agent problem.

The question about this relationship has been raised by Grossman and Hart

(1983). However, this relationship still has not been disclosed completely.

The purpose of this paper is to provide a more general theory to explain

this relationship intuitively. We argue that not only an agent’s risk aversion

but also his incentive sensitivity affects his incentive cost. This indicates

that to analyze the relationship between the risk aversion and the incentive

cost, the incentive sensitivity should be controlled. We show that, when an

agent’s incentive sensitivity remains unchanged, the increase of his degree

of risk aversion leads to the increase of his incentive cost. Also, we show

that, when the agent becomes more risk-averse, only if his incentive sensitivity

decreases, his incentive cost increases.

Keywords : principal-agent model, first-order approach, likelihood-ratio, risk aversion,

incentive cost

Student Number : 2010-30076
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Chapter 1

Information Space Conditions for

the First-Order Approach in Agency

Problems
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Information space conditions for the
first-order approach in agency problems1

1.1 Introduction

Principal-agent problems have been typically solved using the “first-order approach”,

under which the agent’s original incentive compatibility constraint is replaced by the more

tractable constraint that the agent chooses an effort level at which his expected utility

is stationary.2 However, as noted by Mirrlees (1975), optimal contracts derived using

this approach may not be valid even in the standard setting.3 Accordingly, identifying

circumstances in which the first-order approach can be justified has been one of the major

issues in the agency literature.

Several sets of conditions justifying the first-order approach have been suggested, using

various perspectives. For instance, some conditions were found in the one-signal principal-

agent framework, while others were found in the multi-signal principal-agent framework.

Also, some conditions were found based on the state-space formulation of Spence and

Zeckhauser (1971) and Ross (1973), in which uncertainty is directly captured by under-

lying state variables, while others were found based on the Mirrlees (1975) formulation,

in which uncertainty is transferred to the signals of the agent’s effort.

The first set of conditions was introduced by Mirrlees (1975) and Rogerson (1985)

based on the Mirrlees formulation in the one-signal principal-agent model. Those condi-

tions are the well-known MLRP (monotone likelihood ratio property) and CDFC (con-

vexity of the distribution function condition) for the signal’s density function. However,

these conditions have received limited acceptance mainly due to poor applicability of the

1This article, co-authored with my thesis advisor, Prof. Son-Ku Kim, was published in the Journal of

Economic Theory in 2015.
2Grossman and Hart (1983) proposed another approach, the so-called “cost minimization method”.
3For the standard principal-agent model, see Spence and Zeckhauser (1971), Ross (1973), Mirrlees

(1975), Harris and Raviv (1979), Holmström (1979), Shavell (1979), and Grossman and Hart (1983)

among others.
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CDFC. Jewitt (1988) improved on the Mirrlees-Rogerson conditions by considering the

same one-signal case but restricting the agent’s utility function and assuming a risk-neutral

principal. His Theorem 1 presented a set of conditions that is often more applicable than

the Mirrlees-Rogerson conditions.

On the other hand, many principal-agent problems, in reality, arise where the principal

has access to more than one signal. However, neither the Mirrlees-Rogerson conditions

nor Jewitt’s Theorem 1 can be applied to the multi-signal case. Jewitt (1988) proposed

another set of conditions (Theorem 3 in Jewitt (1988)) under which the first-order ap-

proach can be justified in the multi-signal case, but with the restrictive assumption that

the signals are independently distributed and the principal risk-neutral. Assuming that

the principal can be risk-averse, Sinclair-Desgagné (1994) presented a set of conditions

for the multi-signal case without such an independence assumption. Those conditions are

the generalized CDFC (i.e., GCDFC) and the generalized stochastic dominance condition

(i.e., GSDC) for the joint density function of the multiple signals. However, his GCDFC

offers only a limited extension of the CDFC to the multi-signal case, and his GSDC offers

only a limited extension of the FOSD (first order stochastic dominance) to the multi-signal

case. Conlon (2009) later proposed two sets of conditions for the multi-signal case, also

without the independence assumption. One set of conditions (Proposition 2 in Conlon

(2009)), building on the state-space formulation, generalizes Jewitt’s multi-signal result

(Theorem 3 in Jewitt (1988)), and the other set (Proposition 5 in Conlon (2009)), building

on the Mirrlees formulation, generalizes Sinclair-Desgagné’s result. But we will show that

those conditions are still overly sufficient.

Moreover, since the above sets of conditions by Sinclair-Desgagné and Conlon are more

restrictive than the simple multi-dimensional versions of the MLRP and the CDFC, they

gave an impression that guaranteeing the validity of the first-order approach in the multi-

signal case must be more restrictive than guaranteeing it in the one-signal case; but this

is actually not true. In this paper, we provide conditions which can be used to justify the

first-order approach not only in the one-signal principal-agent framework but also in the

multi-signal principal-agent framework, and show that our conditions are actually more

7



general than any existing sets of conditions mentioned above. Furthermore, they do not

require the MLRP for the density function of the signals.

One thing that is common in the existing results is that all the conditions were derived

based on the signals of the agent’s effort.4 We instead derive such conditions based on the

likelihood ratio of those signals. This likelihood ratio contains the “information” carried

by those signals, which indicates how likely it is that the agent has exerted a given effort

level relative to other effort levels.

The ideas are easiest to see when the principal is risk-neutral, since in this case the op-

timal contract derived using the first-order approach depends on the signals only through

their likelihood ratio. This means that, when the risk-neutral principal designs the agent’s

wage contract, what really matters is not the signals per se but the information contained

in those signals. Thus, analyzing the principal-agent problem based on the information

variable (i.e., the likelihood ratio of the signals) has an advantage over analyzing it based

directly on those signals.

One immediate advantage of analyzing the principal-agent problem based on the infor-

mation variable comes from the fact that, even if there are multiple signals, the information

on the agent’s effort conveyed by those signals is always a scalar. Thus, we can avoid com-

plex dimensionality issues that inevitably arise when considering the problem based on

the signals themselves. This is why guaranteeing the validity of the first-order approach

in the multi-signal case is basically the same as guaranteeing it in the one-signal case.

Another advantage comes from the fact that the MLRP for the signals’ density function,

which is needed for all existing results, is not necessary at all. The MLRP restricts the

relationship between the signals and the information carried by them. However, given

that the optimal contract depends only on the information variable (i.e., the information

variable is a sufficient statistic for the signals), the underlying relation between the sig-

nals and the information variable should not matter for guaranteeing the validity of that

contract.

4In the state-space formulation, the signals are presented as functions of the state variables, whereas

they are considered as parametrized random variables in the Mirrlees formulation.
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When the principal is risk-averse, however, the agent’s optimal contract is not a func-

tion of the information variable alone. Instead, it can be represented as a function of

both the information variable and the principal’s return given the signals. Thus, analyz-

ing the principal-agent problem based on these two variables (the information variable

and the principal’s return), rather than based directly on the signals, offers similar ben-

efits. Indeed, even when the principal is risk-averse, analyzing the problem based on the

information variable and the principal’s return allows us to establish another set of con-

ditions for the validity of the first-order approach that is more general than the existing

results.

The remainder of the paper is organized as follows: In Section 2, we formulate the basic

principal-agent framework and briefly describe the issue of using the first-order approach.

In Section 3, we summarize various results which were previously derived to justify the

first-order approach in the existing literature. Section 4 presents our results with the risk-

neutral principal, and Section 5 deals with the risk-averse principal. Concluding remarks

are offered in Section 6, and all the formal proofs are relegated to Appendix A.

1.2 The basic model

We consider a one-period standard principal-agent model in which an agent works for

a principal. In the beginning of the period, the agent inputs his effort a ∈ [0,∞) into a

production technology provided by the principal. The principal cannot directly observe

the agent’s effort choice but the production technology generates commonly observable

signals, x̃ = (x̃1, x̃2, · · · , x̃n), where each x̃i is a one-dimensional random variable which

is imperfectly correlated with the agent’s hidden effort choice. Specifically, the signal

generating function is given by

x = X(a, θ),
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where x ∈ Rn is the realized value of signal vector x̃ and θ ∈ Rm is the realized value of

the vector of state variables θ̃ which has a joint probability density function p(θ).5

The agent’s utility function is given by u(s, a) = u(s) − c(a), where u(s) denotes the

agent’s utility from the monetary payoff s, with u′ > 0 and u′′ < 0, so the agent is

risk-averse, and c(a) denotes his cost of exerting effort a, with c′ > 0 and c′′ > 0, so his

marginal cost of effort is increasing.6 Also, the principal’s utility function is given by v(·),

v′ > 0, v′′ ≤ 0, indicating that she is either risk-neutral or risk-averse. Given that signal

x is realized, the principal’s value is denoted as π(x), and the principal pays the agent

his wage s which depends on x, i.e., s = s(x). Thus, the principal’s expected utility is

V (s(·), a) ≡
∫
v(π(X(a, θ))− s(X(a, θ)))p(θ)dθ,

whereas the agent’s expected utility is

U(s(·), a) ≡
∫
u(s(X(a, θ)))p(θ)dθ − c(a).

The principal’s optimization program is then

max
a,s(x)∈S

V (s(·), a)

s.t. i) U(s(·), a) ≥ U,

ii) a ∈ argmaxa′ U(s(·), a′),

where S denotes the set of admissible contracts and U denotes the agent’s reservation

utility level. In the above, the constraints are the typical participation and incentive

compatibility constraints, respectively. This program shows that the principal has to de-

cide both the agent’s wage contract, s(x), and the target effort level, a, simultaneously to

maximize her expected utility under the constraints that the self-interested agent actually

5We use a letter with a tilde such as x̃ to denote a random variable and a letter without it such as x

to denote a specific value of that random variable.
6Thus, we consider the case in which the agent’s utility function has an additively separable form. In

a more general setting where the agent’s utility has a nonseparable form, u(s, a), the conditions needed

to justify the first-order approach are slightly different. For some such conditions, see Alvi (1997) and

Fagart and Fluet (2013).
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chooses such an effort level when s(x) is offered and that his resulting expected utility is

not less than U .

Since the incentive compatibility constraint is composed of infinitely many inequality

constraints, the above program is not directly solvable. Thus, the typical way of solving

the above program is to replace the original incentive compatibility constraint with the

“relaxed” constraint that the agent’s expected utility is stationary at that effort level, a,

i.e.,
∂U(s(·), a)

∂a
≡ Ua(s(·), a) = 0.

This is known as the first-order approach.7

Now, by taking the Mirrlees formulation along with the first-order approach, the prin-

cipal’s optimization program can be written as

max
a,s(x)∈S

V (s(·), a) =

∫
v(π(x)− s(x))f(x|a)dx

s.t. i) U(s(·), a) =

∫
u(s(x))f(x|a)dx− c(a) ≥ U,

ii)

∫
u(s(x))fa(x|a)dx− c′(a) = 0.

In the above, f(x|a) denotes a joint density function of x̃ conditional on the agent’s

effort, a, which is defined from a cumulative distribution function of x̃ given a, i.e.,

F (x|a) ≡ Pr[x̃ ≤ x|a]. We assume that the support of f(x|a) is independent of a, and

that both F (x|a) and f(x|a) are continuous and at least twice differentiable with respect

to a.

Let (so(x), ao > 0) solve the above optimization program.8 Then the optimal incentive

contract, so(x), should satisfy

v′(π(x)− so(x))

u′(so(x))
= λ+ µ

fa(x|ao)
f(x|ao)

, for all x, 9 (1.1)

7Hereafter, subscripts and primes denote partial and first derivatives, respectively.
8Thus, the existence of an optimal solution, (so(x), ao), is assumed. In addition, we assume ao > 0 to

rule out a trivial case.
9We do not assume a limited liability constraint for the agent, and also assume away the unpleasant

case discussed by Mirrlees.
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where λ and µ are the Lagrange multipliers of the participation and relaxed incentive

compatibility constraints, respectively.

The well-known problem with using the first-order approach is that the optimal incen-

tive contract, so(x), satisfying (2.1) may not be a solution for the original optimization

program. This is because the optimal contract satisfying (2.1) is obtained by replacing

the original “argmax” incentive constraint with a relaxed constraint, and the principal’s

opportunity set for s(·) satisfying the “relaxed” constraint is usually larger than her true

opportunity set for s(·) satisfying the original “argmax” constraint. Thus, to sufficiently

guarantee that so(x) in (2.1) also solves the “unrelaxed” original program, we need to

show that the agent’s expected utility given so(x) is concave in a, i.e., Uaa(s
o(·), a) < 0,

for all a, so so(x) is also contained in the smaller, unrelaxed, opportunity set.

1.3 Previous results

Before presenting our results, we briefly summarize the existing results in this section.

As mentioned in the Introduction, conditions that justify the first-order approach have

been derived from various perspectives. For example, (i) some conditions were derived

based on the state-space formulation whereas others were derived based on the Mir-

rlees formulation, and (ii) some conditions were derived for the one-signal principal-agent

model whereas others were derived for the multi-signal principal-agent model. Also, (iii)

some conditions were derived by imposing an additional restriction on the agent’s utility

function whereas others were derived without that restriction.

Since most of the conditions apply to the case in which the principal is risk-neutral and

usually one extra condition is needed when the principal is risk-averse, we first present the

conditions for the case with the risk-neutral principal and then present the extra condition

needed when the principal is risk-averse.

When the principal is risk-neutral, i.e., v′′ = 0, we can assume without loss of generality

that v′ = 1, so (2.1) reduces to

1

u′(so(x))
= λ+ µ

fa(x|ao)
f(x|ao)

, for all x, (1.2)
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and, by following Lemma 1 in Jewitt (1988), one can easily see that µ > 0 in (2.5) even

in the multi-signal case.10

We first summarize the existing results based on the state-space formulation. The

basic idea for the state-space formulation results is the following. Under the state-space

(i.e., θ-space) formulation, the agent’s expected utility given so(x) can be written as

U(so(·), a) ≡
∫
u(so(X(a, θ)))p(θ)dθ − c(a).

Given the convexity of c(a), if u(so(X(a, θ))) is concave in a “for all θ”, then U(so(·), a)

is also concave in a because the set of concave functions is convex and closed.

As defined in Jewitt (1988),

w(z) ≡ u(u′−1(1/z)). (1.3)

Substituting λ+ µfa(x|ao)
f(x|ao) for z in (2.6) and using (2.5) give

u(so(X(a, θ))) = w
(
λ+ µ

fa(X(a, θ)|ao)
f(X(a, θ)|ao)

)
. (1.4)

Since a nondecreasing concave function of a concave function is also concave and since

µ > 0, one can immediately obtain the following result that appeared in Conlon (2009).

Conlon’s conditions based on the state-space formulation (Proposition 2 in

Conlon (2009)): If

(1CS) the coordinates of X(a, θ) are concave in a for any θ ∈ Rm,

(2CS) fa(x|a)
f(x|a)

is nondecreasing concave in x ∈ Rn for any a, and

(3CS) w(z) is nondecreasing concave in z,

then the first-order approach is justified in the multi-signal principal-agent framework.

Based on the same idea, Jewitt (1988) had previously proposed a similar result for the

case of independent signals.

10Note that, when the principal is risk-neutral, one does not even need to assume that f(x|a) satisfies

the MLRP to prove µ > 0 in (2.5) (See the proof of Lemma 1 in Jewitt (1988)). However, as shown in

Rogerson (1985) and Sinclair-Desgagné (1994), when the principal is risk-averse, an extra condition along

with the MLRP is needed to prove µ > 0 in (2.1). The exact definition of the MLRP is given below.
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Jewitt’s conditions based on the state-space formulation (Theorem 3 in Jewitt

(1988)): Given that signals x̃1, x̃2, · · · , x̃n are independent, so F (x|a) = F 1(x1|a) · · ·F n(xn|a),

if

(1JS) F i(xi|a) is quasi-convex in (xi, a) where xi ∈ R,

(2JS) f ia(xi|a)
f i(xi|a)

is nondecreasing concave in xi for any a, and

(3JS) w(z) is nondecreasing concave in z,

then the first-order approach is justified.

Actually, Jewitt (1988) derived the above result in the two-signal case, i.e., x̃ =

(x̃1, x̃2). But the extension to n signals is straightforward. One major difference between

Conlon’s conditions and Jewitt’s conditions is that (1CS) is presented using the state-space

formulation whereas (1JS) is translated into a condition using the Mirrlees formulation.

In fact, the reason Jewitt had to assume independent signals was because, to translate

condition (1CS) into a condition based on the Mirrlees formulation (i.e., (1JS)), he had to

use his Lemma 2, which works only when x̃ and θ̃ are one-dimensional random variables,

respectively.11

We next discuss the existing results based on the Mirrlees formulation. The agent’s

expected utility given so(x) can be represented under the Mirrlees formulation as

U(so(·), a) =

∫
u(so(x))f(x|a)dx− c(a). (1.5)

Thus, given the convexity of c(a), any conditions that make E[u(so(x))|a] ≡
∫
u(so(x))f(x|a)dx

concave in a are sufficient for guaranteeing that U(so(·), a) is concave in a.

Following Mirrlees (1975), Rogerson (1985) proposed a set of sufficient conditions in

the one-signal case, i.e., x ∈ R.

Definition 1: f(x|a) satisfies the monotone likelihood ratio property (MLRP) if

f(x|a2)

f(x|a1)
is increasing in x, for any a1 < a2.

11Jewitt’s Lemma 2 states that, given a function x = X(a, θ) which is nondecreasing in θ for all a,

where x ∈ R and θ ∈ R are the realized values of random variables x̃ and θ̃, x = X(a, θ) is concave in a

for any θ if and only if F (x|a) is quasi-convex in (x, a).
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Definition 2: f(x|a) satisfies the convexity of the distribution function condition (CDFC)

if

F (x|a) is convex in a, for any x.12

The Mirrlees-Rogerson conditions based on the Mirrlees formulation13: If

f(x|a) satisfies the MLRP and the CDFC, then the first-order approach is justified in

the one-signal principal-agent framework.

The Mirrlees-Rogerson conditions were actually based on the following concavity of

expectation rule.

Concavity of Expectation Rule I: For any function φ(x) which is nondecreasing in

x ∈ R,

Φ(a) ≡
∫
φ(x)f(x|a)dx (1.6)

is concave in a if and only if f(x|a) satisfies the CDFC.

This concavity of expectation rule can be easily confirmed since

Φ(a) = φ(x)−
∫
F (x|a)φ′(x)dx,

which is obtained by transforming Φ(a) in (1.6) through integration by parts with respect

to x ∈ R “once”. In the Mirrlees-Rogerson conditions, the MLRP for f(x|a) is needed to

ensure that u(so(x)) in (2.8) is nondecreasing in x and the CDFC for f(x|a) is needed to

make use of the above concavity of expectation rule.

Although the Mirrlees-Rogerson result is simple and clear, it has two serious limita-

tions. First, this result cannot be directly extended to the multi-signal case. For instance,

12These two definitions can be directly extended to the multi-signal case, i.e., x ∈ Rn, if one simply

replaces x with x, though these will not, in general, be enough to justify the first-order approach in the

multi-signal case.
13Mirrlees (1975) first proposed these conditions. However, his proof contained a serious logical mistake

which was later corrected by Rogerson (1985).
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as shown in Jewitt (1988), even in the two-signal case where x̃1 and x̃2 are independently

distributed, it cannot be ensured that

E[u(so(x̃1, x̃2))|a] ≡
∫ ∫

u(so(x1, x2))f1(x1|a)f2(x2|a)dx1dx2

is concave in a, even when both f1(x1|a) and f2(x2|a) satisfy the MLRP and the CDFC.14

In the above, f1(x1|a) and f2(x2|a) denote the density functions of x̃1 and x̃2, respectively.

Actually, Concavity of Expectation Rule I, on which the Mirrlees-Rogerson result crucially

hinges, does not work when x ∈ Rn, n ≥ 2. To transform Φ(a) in (1.6) when x ∈ Rn,

n ≥ 2, one has to take integration by parts with respect to every xi, i = 1, 2, · · · , n,

sequentially, and it can be easily seen that, in order to guarantee that Φ(a) is concave in

a, much more complicated conditions on f(x|a) than the CDFC are needed in addition

to some other conditions on φ(x).15

Second, the CDFC itself is often criticized in the literature, since it is too restrictive

in the sense that, even in the one-signal case, most familiar families of distributions do

not satisfy the CDFC. For example, if the simple signal generating function x = a+ θ is

assumed, then the CDFC is satisfied only when f(x|a) is nondecreasing in x.

To overcome the first drawback (i.e., one signal), Sinclair-Desgagné (1994) proposed

a different set of conditions which justifies the first-order approach in the multi-signal

principal-agent model; that is, f(x|a) should satisfy the MLRP and the generalized CDFC

(GCDFC). However, as shown in Conlon (2009), Sinclair-Desgagné’s conditions (i.e., the

MLRP and the GCDFC) are much stronger than needed.16

14For a simple example on this, see Jewitt (1988, p.1184).
15Using this method, Conlon (2009) showed that, in the two-signal case, if (i) fa(x,y|a)

f(x,y|a) is nondecreasing

and submodular in (x, y), (ii) F (x, y|a) is convex in a for all (x, y), and (iii) w(z) is nondecreasing concave

in z, then the first-order approach is justified. This generalizes Jewitt’s Theorem 2 which was based on

independent signals (See Conlon (2009), p.274). For a further generalization, also see René Kirkegaard

(2014).
16The GCDFC in Sinclair-Desgagné (1994) requires that, for at least one signal x̃i, its upper cumulative

distribution function Hi(x
0
i ,x−i|a) ≡

∫∞
x0
i
f(xi,x−i|a)dxi be concave in a for all x0

i and x−i. Later,

Conlon (2009) showed that the GCDFC implies that, for almost all x−i, the marginal density of x̃ on

x−i, f−i(x−i|a) ≡
∫
Xi
f(xi,x−i|a)dxi is an affine function of a, i.e., f−i(x−i|a) can be represented as

α(x−i) + β(x−i)a.
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Conlon (2009) instead proposed another set of conditions to justify the first-order

approach in the multi-signal principal-agent model, which is more general than Sinclair-

Desgagné’s conditions.

Definition 3: Set E ⊆ Rn is an increasing set if, for any x ∈ E, any y ≥ x (i.e., yi ≥

xi, i = 1, 2, ..., n) is also a member of E.

Definition 4: f(x|a) satisfies the concave increasing set probability (CISP) condition if,

for any increasing set E ⊆ Rn, the probability Pr[x̃ ∈ E|a] is concave in a.

Conlon’s conditions based on the Mirrlees formulation (Proposition 4 in Con-

lon (2009)): If f(x|a) satisfies the MLRP and the CISP condition, then the first-order

approach is justified in the multi-signal principal-agent framework.

Actually, Conlon’s conditions were obtained from the following concavity of expecta-

tion rule, which is an extension of Concavity of Expectation Rule I to the multi-signal

case.

Concavity of Expectation Rule II: For any function φ(x) which is nondecreasing in

x ∈ Rn,

Φ(a) ≡
∫
φ(x)f(x|a)dx is concave in a

if and only if f(x|a) satisfies the CISP condition.17

It is easy to see why the CISP condition is less restrictive than the GCDFC. The

GCDFC requires that any upper cumulative distribution in the direction of at least one

signal be concave in a (see footnote 15). Thus, the GCDFC implies the CISP condition,

which requires that the probability of any increasing set be concave in a, but the converse

is not true. This is because the class of what one might call “upper sets” in the direction

of one signal x̃i (i.e., E satisfying the condition that (xi,x−i) ∈ E and xoi ≥ xi imply

(xoi ,x−i) ∈ E) is larger than the class of all increasing sets.

17For the proof of this rule, see the Appendix in Conlon (2009).
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On the other hand, to overcome the second drawback (i.e., the restrictiveness of the

CDFC), Jewitt (1988) proposed a set of conditions which contains a weaker and more

applicable condition than the CDFC in the one-signal principal-agent model.

Jewitt’s conditions based on the Mirrlees formulation (Theorem 1 in Jewitt

(1988)): In the one-signal case (i.e., x ∈ R), if

(1JM-1)
∫ y
F (x|a)dx is nonincreasing convex in a for each value of y,

(1JM-2)
∫
xdF (x|a) is nondecreasing concave in a,

(2JM) fa(x|a)
f(x|a)

is nondecreasing concave in x for each value of a, and

(3JM) w(z) is nondecreasing concave in z, where w(z) is defined in (2.6),

then the first-order approach is justified.

Note that condition (1JM-2) is implied by condition (1JM-1) as long as
∫
F (x|a)dx

exists as a function of a. However, since
∫
F (x|a)dx may not exist, condition (1JM-2)

is incidentally needed. Thus, without such an existence problem, (1JM-2) would not be

needed. Hereafter, we will use (1JM) to denote (1JM-1) and (1JM-2) jointly.

To get the above result, Jewitt (1988) used the following concavity of expectation rule.

Concavity of Expectation Rule III: For any function φ(x) which is nondecreasing

concave in x ∈ R,

Φ(a) ≡
∫
φ(x)f(x|a)dx is nondecreasing concave in a

if and only if
∫ y
F (x|a)dx is nonincreasing convex in a for all y.18

To make E[u(so(x̃))|a] ≡
∫
u(so(x))f(x|a)dx in (2.8) concave in a, conditions (2JM)

and (3JM) are needed to ensure that u(so(x)) ≡ w
(
λ+µfa(x|ao)

f(x|ao)

)
is nondecreasing concave

18Jewitt (1988) called this rule the Concavity Preserving Property. While Jewitt did not present a proof

of this result in his published paper, the ‘if’ part of the proof can be easily confirmed by transforming

Φ(a) through integration by parts with respect to x ∈ R “twice”, i.e.,

Φ(a) = φ(x)− φ′(x)

∫
F (x|a)dx+

∫ ∫ x

F (t|a)dtφ′′(x)dx.

See footnote 7 in Conlon (2009). Also, the ‘only if’ part of the proof can be confirmed by using φt(x) ≡

min{x, t}, t ∈ R.
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in x, and condition (1JM) is needed to make use of the above concavity of expectation

rule. Based on the Mirrlees formulation, Jewitt could place a less restrictive condition

on f(x|a) (i.e., (1JM)) than the CDFC, by imposing an additional but somewhat sensible

restriction on u(s) (i.e., (3JM)).19 However, it is worth noting that the above conditions

of Jewitt’s work only in the one-signal case.

Up to now, we have summarized the existing results which were derived assuming a

risk-neutral principal. When the principal is risk-averse, however, we generally need an

additional condition to justify the first-order approach. This is mainly because guaran-

teeing µ > 0 in (2.1) needs this additional condition.20

As shown in Rogerson (1985), in the one-signal case in which signal x itself is the

principal’s value, the MLRP for f(x|a) is sufficient to guarantee µ > 0 in (2.1) even when

the principal is risk-averse.21 Sinclair-Desgagné (1994) showed that, in the multi-signal

case where the principal’s value function π(x) is nondecreasing in x ∈ Rn, an additional

condition is needed to guarantee µ > 0 in (2.1). That is, for at least one signal x̃i,

Hi(x
0
i ,x−i|a) ≡

∫∞
x0i
f(xi,x−i|a)dxi must be nondecreasing in a for all x0

i and x−i (i.e., the

generalized stochastic dominance condition (GSDC)).22 Later, Conlon (2009) generalized

this by proposing a weaker condition which he called the nondecreasing increasing set

probability (NISP) condition.

Definition 5: f(x|a) satisfies the nondecreasing increasing set probability (NISP) condi-

tion if, for any increasing set E ⊆ Rn, the probability Pr[x̃ ∈ E|a] is nondecreasing in

a.

19Since Jewitt’s conditions were derived by imposing a restriction on the agent’s utility function, they

cannot be used for the unbiased study of, for instance, contingent audits (Fagart and Sinclair-Desgagné

(2007)) or executive compensation (Hemmer, Kim, and Verrecchia (1999)).
20For this, see Rogerson (1985).
21To be more precise, Rogerson (1985) actually showed that his doubly relaxed incentive constraint,

Ua ≥ 0, is binding even if µ = 0. But if he used the traditional definition for FOSD (i.e., the SDC in

his paper) such that Fa(x|a) ≤ 0, ∀x, and “strict inequality holds for a positive measure of x”, then he

would also have µ > 0.
22Conlon (2009) showed that the GSDC implies that the marginal density of x̃ on x−i, f−i(x−i|a) ≡∫
Xi
f(xi,x−i|a)dxi is independent of a for almost all x−i, so x̃−i is an “ancillary statistic”.
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Conlon’s conditions with a risk-averse principal (Proposition 5 in Conlon

(2009)): Given that the risk-averse principal’s value function π(x) is nondecreasing in

x ∈ Rn, if f(x|a) satisfies the MLRP, the CISP condition, and the NISP condition, then

the first-order approach is justified in the multi-signal principal-agent framework.

1.4 Our results with a risk-neutral principal

As summarized in the previous section, when the principal is risk-neutral, the following

three results are the most general existing sets of conditions for justifying the first-order

approach, classified according to the frameworks in which they were explored: (i) Conlon’s

conditions based on the state-space formulation in the multi-signal case, (ii) Conlon’s

conditions based on the Mirrlees formulation in the multi-signal case, and (iii) Jewitt’s

conditions based on the Mirrlees formulation in the one-signal case. In this section, we

propose three new sets of conditions by taking these same frameworks into consideration,

and show that our conditions are more general than the above three sets of conditions.

In searching for conditions which justify the first-order approach, the existing literature

has analyzed the principal-agent problem based on the signal variables x̃ = X(a, θ̃), either

in the state space or in the signal space.23 Our main idea is that such conditions can be

better established by analyzing the problem based on the information variable,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

≡ Qao(x̃), (1.7)

where ao is the optimal effort level to be induced by the principal.24 This variable reflects

how likely it is that the agent has taken ao rather than some nearby action. As shown

in (2.5), if the principal is risk-neutral, the optimal contract so(x) depends on x only

through the information, q = fa(x|ao)
f(x|ao) . This indicates that, when designing an incentive

23This equation indicates that two random vectors x̃ and θ̃ have a functional relationship such that

x = X(a, θ) where x and θ are the realized values of x̃ and θ̃, respectively.
24This also indicates that two random variables q̃ and x̃ have a functional relationship such that

q = fa(x|ao)
f(x|ao) ≡ Qao(x), where q and x are the realized values of q̃ and x̃, respectively. Note that the

functional form of Qao(·) depends on ao.
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contract for the agent, the only thing that matters to the risk-neutral principal is the

information carried by x, i.e., fa(x|ao)
f(x|ao) , rather than signal x itself.

We define G(q|a) to be the cumulative distribution function of q̃ given a, i.e.,

G(q|a) ≡ Pr[q̃ ≤ q|a] = Pr

[
fa(x̃|ao)
f(x̃|ao)

≤ q
∣∣∣a], (1.8)

and let g(q|a) be its density function. Thus, G(q|a) is the conditional probability of the

event that fa(x̃|ao)
f(x̃|ao) ≤ q given a. This is the event that the likelihood ratio (i.e., information)

of the agent’s having taken ao rather than some nearby action is less than q. Note that

the probability of this event changes as a changes (i.e., the distribution of q̃ ≡ fa(x̃|ao)
f(x̃|ao)

changes as a changes) because the distribution of x̃ changes as a changes. Also, note that

the functional form of G(·|a) depends on ao because the random variable q̃ ≡ fa(x̃|ao)
f(x̃|ao) is

defined given ao.

For example, consider a one-signal case in which x̃ = a+ θ̃, where θ̃ ∼ N(0, σ2). Then

f(x|a) =
1√
2πσ

e−
(x−a)2

2σ2 .

Thus,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

=
x̃− ao

σ2
,

and

q̃|a ∼ N
(a− ao

σ2
,

1

σ2

)
.25

Therefore,

g(q|a) =
σ√
2π
e−

σ2

2
(q−a−a

o

σ2
)2 ,

and G(q|a) is the corresponding cumulative distribution function.

Especially, when f(x|a), x ∈ R, satisfies the MLRP in the one-signal case, we more

25In this example, the more precise the signal x̃ is (i.e., the smaller σ), the bigger the variance of the

information variable, q̃, is. For a more detailed explanation of this, see Kim and Suh (1991).
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generally obtain

G(q|a) = Pr[q̃ ≤ q|a] = Pr[Qao(x̃) ≤ q|a]

= Pr
[fa(x̃|ao)
f(x̃|ao)

≤ q
∣∣a]

= Pr[x̃ ≤ x(q, ao)|a]

= F (x(q, ao)|a)

(1.9)

where x(q, ao) solves q = fa(x(q,ao)|ao)
f(x(q,ao)|ao) . The existence of such an x(q, ao) comes from the

fact that f(x|a) satisfies the MLRP. Also, we have

g(q|a) = f(x(q, ao)|a) · dx(q, ao)

dq
= f(x(q, ao)|a) · 1

Q′ao(x(q, ao))
. (1.10)

Define

r(q) ≡ w(λ+ µq) ≡ u
(
u′−1

( 1

λ+ µq

))
. (1.11)

Then, as shown in (2.7), r(q) denotes the agent’s indirect utility given so(x) which is

defined on q-space, i.e.,

r(Qao(x)) = u(so(x)). (1.12)

Accordingly, the agent’s expected utility given so(x) can be denoted as

U(so(·), a) =

∫
u(so(x))dF (x|a)− c(a)

=

∫
r(Qao(x))dF (x|a)− c(a)

=

∫
r(q)g(q|a)dq − c(a), (1.13)

where the last step uses the change of variables from Qao(x) to q.

1.4.1 Our result based on the state-space formulation

Building on the state-space formulation, (1.13) can be written as

U(so(·), a) =

∫
r(Qao(X(a, θ)))p(θ)dθ − c(a),
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where information Qao(X(a, θ)) ≡ fa(X(a,θ)|ao)
f(X(a,θ)|ao) is denoted explicitly as a function of a and

θ.26 Thus, given the convexity of c(a), conditions guaranteeing that r(Qao(X(a, θ))) is

concave in a for each value of θ ensure that U(so(·), a) is concave in a, and we obtain the

following proposition.

Proposition 1: If

(1a) q = Qao(X(a, θ)) is concave in a for each value of θ, and

(2a) r(q) is concave in q,27

then the first-order approach is justified.

Note that information q = Qao(X(a, θ)) ≡ fa(X(a,θ)|ao)
f(X(a,θ)|ao) is always a scalar. It is therefore

obvious that the above result can be applied not only to the one-signal case but also to the

multi-signal case. In the following proposition, we show that the conditions in Proposition

1 are more general than Conlon’s corresponding conditions, (1CS), (2CS), and (3CS).

Proposition 2: If conditions (1CS), (2CS), and (3CS) are satisfied, then conditions (1a)

and (2a) are also satisfied. But, the converse is not true.

From (2.5),

so(x) = u′−1
( 1

λ+ µQao(x)

)
.

Thus, by defining ν(z) ≡ u′−1(1/z) and L(q) ≡ λ + µq and substituting λ + µQao(x) for

z, we obtain

so(x) = ν(z) = ν(λ+ µQao(x)) = ν(L(Qao(x))).

Then, as shown in Conlon (2009),28 the agent’s utility given so(x) can be separated out

26Again, note that information for the agent’s taking ao (i.e., q = fa(X(a,θ)|ao)
f(X(a,θ)|ao) ) changes as a changes

for any given θ in the state-space formulation. By contrast, the distribution function for the information

variable q̃ changes as a changes in the Mirrlees formulation.
27Note that r(q) as defined in (1.11) is always nondecreasing in q. Note also that r(q) concave in q

follows immediately from w(z) concave in z (from (3Cs) or (3JM)) since µ > 0. The implications of

condition (2a) for u(s) are discussed in Jewitt (1988).
28See equation (9) in Conlon (2009).
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into five distinct functions:

u = u(s), s = ν(z), z = L(q), q = Qao(x), and x = X(a, θ). (1.14)

That is,

u(so(X(a, θ))) = u ◦ ν ◦ L ◦Qao ◦X(a, θ). (1.15)

Thus, if u, ν, L, and Qao are nondecreasing concave and X(a, θ) is concave in a for all

θ, then the agent’s indirect utility will be concave in a for all θ, which will be sufficient

to justify the first-order approach. Jewitt (1988) combined the two separate conditions

that u and ν are nondecreasing concave into the weaker condition that w(z) ≡ u(ν(z)) is

nondecreasing concave (i.e., (3CS) or (2a)). This is possible because the characteristics of

w(z) depends only on the functional form of u(s).

Analogous to Jewitt (1988), one can also combine the two conditions that Qao(x) is

nondecreasing concave in x (i.e., (2CS)) and that X(a, θ) is concave in a (i.e., (1CS)) into

a weaker condition that Qao(X(a, θ)) ≡ Qao ◦X(a, θ) is concave in a (i.e., (1a)). This is

again possible because the characteristics of Qao(X(a, θ)) depend only on the stochastic

technology x = X(a, θ). Thus, what is needed for justifying the first-order approach is

the concavity of information Qao(X(a, θ)) with respect to a, but not separate conditions

that X(a, θ) is concave in a and that Qao(x) is nondecreasing concave in x.

To be more precise, consider a one-signal case in which the signal generating function

is given by X(a, θ) = ap/kθ, where p, k > 0 and θ̃ ∼ Weibull(1, k).29 Then, we have

f(x|a) = kxk−1a−p exp {−xka−p} and fa(x|a)
f(x|a)

= p(xk−ap)
ap+1 . Thus, we need to have 0 < p ≤ k

for (1CS) (i.e., X(a, θ) concave in a) and 0 < k ≤ 1 for (2CS) (i.e., the likelihood ratio

concave in x). But, since q = Qao(X(a, θ)) = p
(ao)p+1 (apθk−(ao)p), we only need 0 < p ≤ 1

for this expression to be concave in a (i.e., (1a)), with no condition on k, and this is

weaker.

For instance, assume that p = 2
3

and k = 3
2
. Then, the signal generating function,

X(a, θ) = a4/9θ, is concave in a which satisfies (1CS). But fa(x|a)
f(x|a)

= 2
3
a−5/3(x3/2 − a2/3) is

29A general Weibull distribution with two parameters (λ, k) has a probability density function

p(θ;λ, k) = kθk−1λ−k exp {−θkλ−k}I{θ>0}(θ), denoted by θ̃ ∼Weibull(λ, k).
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not concave in x, which violates (2CS). However, since p = 2
3
< 1, one can see that using

the first-order approach is still valid in this case. This is because, although q = fa(x|ao)
f(x|ao) is

not concave in x, if the signal generating function x = X(a, θ) is sufficiently concave in a,

then the information generating function q = Qao(X(a, θ)) can be concave in a, which is

actually all that is needed to justify the first-order approach.

Consider next the two-signal case in which signal variables x̃1 and x̃2 are independent

and information from each signal, fia(xi|ao)
fi(xi|ao) , i = 1, 2, is linear in xi, where random variables

x̃i and θ̃i have the following functional relationship such that xi = Xi(a, θi) and fi(xi|a)

represents the probability density function of x̃i given a. Then, the combined information

from the two signals is

Qao(x1, x2) ≡ fa(x1, x2|ao)
f(x1, x2|ao)

= αx1 + βx2 + γ = αX1(a, θ1) + βX2(a, θ2) + γ,

where α, β, and γ are fixed given ao. Assume that α, β > 0 and also assume that X1(a, θ1)

is concave in a but X2(a, θ2) is not. Then, according to Conlon’s conditions, the incentive

contract based on x1 and x2, which is derived by using the first-order approach, cannot

be justified since condition (1CS), which requires both X1(a, θ1) and X2(a, θ2) be concave

in a, is violated. However, if α is sufficiently large relative to β,30 it is still possible

that information q = Qao(x1, x2) is concave in a, so it is still valid to design the agent’s

incentive contract based on x1 and x2, i.e., s = s(x1, x2), using the first-order approach.

More generally, when there are multiple signals, what is actually needed for the validity of

the first-order approach is not that every signal be concave in a, but only that the overall

information manufactured from those signals be concave in a.

As noted in Conlon (2009), one advantage of deriving conditions using the state-

space formulation rather than the Mirrlees formulation is that the conditions based on

the former can be better explained by standard economic intuition such that the signal

generating function x = X(a, θ) exhibits stochastically diminishing marginal returns in

a (i.e., (1CS)). The state-space formulation therefore has a certain pedagogical value.

Nonetheless, one of the reasons why most results on this issue have been presented using

30This is usually the case if the signal x̃1 is more precise than the signal x̃2. For the measure of

information precision in the agency setting, see Kim (1995).
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the Mirrlees formulation rather than the state-space formulation is because principal-agent

problems are often easier to solve using the Mirrlees formulation. In this case, conditions

justifying the first-order approach should also use the Mirrlees formulation. For example,

condition (1CS) must be translated into a condition on f(x|a).

When both signal x̃ and uncertainty θ̃ are one-dimensional random variables, such a

translation can be easily made because condition (1CS) is equivalent to condition (1JS)

as long as x = X(a, θ) is nondecreasing in θ for all a.31 However, it is not easy to make

this translation when signal x̃ and uncertainty θ̃ are multi-dimensional vectors due to

issues of dimensionality and identification.32 By adopting a tool known as the Rosen-

blatt transformation, Conlon (2009) suggested a method to accomplish this translation,

which he illustrated for the case in which x̃ = (x̃1, x̃2) is a two-dimensional random vec-

tor and θ̃ = (θ̃1, θ̃2) is also a two-dimensional random vector uniformly distributed on

the square [0, 1] × [0, 1].33 That is, if (F 1)−1(θ1|a) is concave in a and if (F 2)−1(θ2|x1, a)

is nondecreasing in x1 and concave in x1 and a, then there exist a pair, p(θ1, θ2) and

x = (X1(a, θ1, θ2), X2(a, θ1, θ2)), which generate F (x1, x2|a), where each Xi(a, θ), i = 1, 2,

is concave in a for each value of (θ1, θ1). In the above, F 1(x1|a) is the marginal cumu-

lative distribution function of x̃1 given a and F 2(x2|x1, a) is the conditional cumulative

distribution function of x̃2 given x1 and a. Of course, when signal x̃ is an n-dimensional

vector, n ≥ 3, similar conditions on F (x|a) can be derived by repeating the above process.

But this would come with significant computational difficulty. However, our conditions in

Proposition 1 are free from this dimensionality problem and can be easily translated into

the conditions based on the Mirrlees formulation. This is mainly because the conditions

in Proposition 1 are derived based on the information variable q̃, the value of which is

always a scalar. We therefore obtain the following proposition, which can be used instead

of Proposition 1 when the multi-signal principal-agent problem is specified in terms of the

31See footnote 10.
32Note that, given a signal generating function x = X(a, θ) and a density function p(θ), the conditional

density function, f(x|a), will be uniquely determined. But, there are usually multiple pairs of x = X(a, θ)

and p(θ) that generate the same f(x|a).
33For detailed explanation for this transformation, see Rosenblatt (1952).
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Mirrlees formulation, {u(s), f(x|a), c(a)}.

Proposition 3: Given a multi-signal principal-agent problem {u(s), f(x|a), c(a)}, if

(1a′) G(q|a) is quasi-convex in (q, a), and

(2a′) r(q), defined in (1.11), is concave in q,

then the first-order approach is justified.

1.4.2 Our results based on the Mirrlees formulation

1.4.2.1 Conditions with the agent’s utility function unrestricted

The Mirrlees-Rogerson conditions (the MLRP and the CDFC) were derived based on

the Mirrlees formulation in the one-signal case. In particular, the CDFC concept was

introduced to make use of Concavity of Expectation Rule I, but this rule does not work

for the multi-signal case. This is why, for conditions justifying the first-order approach in

the multi-signal case, Sinclair-Desgagné (1994) and Conlon (2009) proposed the GCDFC

and the CISP condition, respectively, which are extensions of the CDFC to the multi-signal

case. However, both conditions are stronger than the simple multi-dimensional version of

the CDFC (i.e., the CDFC for f(x|a), x ∈ Rn).34 This has given the impression that the

conditions for justifying the first-order approach in the multi-signal case must generally

be more restrictive than those in the one-signal case. However, if the problem is analyzed

based on the information variable q̃ ≡ fa(x̃|ao)
f(x̃|ao) , the value of which is a scalar, Concavity of

Expectation Rule I can still be used to derive a relevant condition even in the multi-signal

case, and there is no reason that the conditions for justifying the first-order approach in

the multi-signal case must be stronger than those in the one-signal case.

We start with the following definition.

Definition 6: f(x|a) satisfies the “convexity of the distribution function condition for the

likelihood ratio (CDFCL)” if, for any given ao, the cumulative distribution of the likelihood

ratio at ao (i.e., G(q|a)) is convex in a for all q.

34The CDFC for f(x|a), x ∈ Rn, is that F (x|a) is convex in a for all x where F (x|a) ≡ Pr[x̃ ≤ x|a].
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The CDFCL for f(x|a) requires, not the convexity of the distribution function of the

signal variables x̃ in a, but the convexity of the distribution function of the information

variable q̃ ≡ fa(x̃|ao)
f(x̃|ao) in a, i.e., the CDFC for g(q|a). Although the CDFCL and the CDFC

require the same convexity property for the distribution function, the difference between

these two conditions is not trivial. The following example clarifies this difference.

Example 1: Consider a class of density functions which is a convex mixture of two

probability density functions pH(x) and pL(x) such as

f(x|a) = α(a)pH(x) + [1− α(a)]pL(x), (1.16)

where α(a) ∈ [0, 1] is increasing concave in a. Since, given ao,

Qao(x) ≡ fa(x|ao)
f(x|ao)

=
α′(ao)[pH(x)− pL(x)]

α(ao)[pH(x)− pL(x)] + pL(x)
=

α′(ao)[pH(x)
pL(x)

− 1]

α(ao)[pH(x)
pL(x)

− 1] + 1
, 35

one can derive

G(q|a) = Pr[Qao(x̃) ≤ q|a]

= Pr
[pH(x̃)

pL(x̃)
≤ 1 +

q

α′(ao)− α(ao)q
≡ t(q, ao)

∣∣∣a]
=

∫
pH (x)

pL(x)
≤t(q,ao)

[α(a)pH(x) + (1− α(a))pL(x)]dx. (1.17)

Note that t(q, ao) is independent of a. Thus, as a changes, the set {x|pH(x)
pL(x)

≤ t(q, ao)}

itself is fixed, given ao and q, but the integrand in (1.17) changes. Therefore, using that

α(a) is increasing concave in a, we obtain

Ga(q|a) = α′(a)

∫
pH (x)

pL(x)
≤t(q,ao)

[pH(x)− pL(x)]dx ≤ 0, (1.18)

and

Gaa(q|a) = α′′(a)

∫
pH (x)

pL(x)
≤t(q,ao)

[pH(x)− pL(x)]dx ≥ 0. (1.19)

35For x with pL(x) = 0, we have Qao(x) = α′(ao)
α(ao) . Thus, without loss of generality, we will consider

pH(x)
pL(x) =∞ for x with pL(x) = 0.
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Thus, f(x|a) in (1.16) satisfies the CDFCL. In the above equations, both inequalities

come from the fact that
∫
pH (x)

pL(x)
≤t[pH(x) − pL(x)]dx ≤ 0, for any two densities pL(x) and

pH(x), and for any t. This is obvious for t ≤ 1. For t > 1, it comes from
∫
pH (x)

pL(x)
≥t[pH(x)−

pL(x)]dx ≥ 0 and
∫

[pH(x)− pL(x)]dx = 0.

Grossman and Hart (1983) actually showed that, in the one-signal case, the class of

density functions in (1.16) satisfies both the MLRP and the CDFC (i.e., justifies the

first-order approach), if pH(x)
pL(x)

is increasing in x ∈ R and α(a) is increasing concave in a.36

However, as shown above, to ensure that f(x|a) satisfies the CDFCL what we need is

only that α(a) is increasing concave in a, but not that pH(x)
pL(x)

is increasing in x ∈ Rn. This

is basically because the CDFCL for f(x|a) is a condition that restricts the relationship

between the information variable q̃ ≡ fa(x̃|ao)
f(x̃|ao) and a, but not the relationship between

the signal variables x̃ and a. As will be shown later, the CDFCL for f(x|a) is actually

sufficient to justify the first-order approach.37 Thus, the MLRP (i.e., pH(x)
pL(x)

increasing in

x) will not actually be needed to justify the first-order approach.

To see this difference even more clearly, consider a simple one-signal example in which

pH(x) = 6x − 6x2 and pL(x) = 1 with support [0, 1]. Also, assume that α(a) = 2a − a2,

where a ∈ [0, 1], and ao = 1
2
.38 Then, we have

f(x|a) = (2a− a2)(6x− 6x2) + (1− 2a+ a2), a ∈ [0, 1], x ∈ [0, 1]. (1.20)

36For a more detailed explanation of this class of density functions, see Grossman and Hart (1983) and

Hart and Holmström (1987)
37Also, as shown in LiCalzi and Spaeter (2003), one very useful class of density functions associated

with the use of the first-order approach is

f(x|a) = 1 + h(x)α(a),

where h(x) ≥ −1, α(a) ∈ [0, 1], x ∈ [0, 1]n, and
∫
h(x)dx = 0. They showed that, in the one-signal case,

in order for these density functions to satisfy the MLRP and the CDFC (i.e., to justify the first-order

approach), not only must α(a) be increasing concave in a but h(x) must be increasing in x. But note

that this class of density functions is a special case of the density functions in (1.16) where pL(x) = 1 for

all x. Thus, in order for these density functions to satisfy the CDFCL, what is needed is only that α(a)

is increasing concave in a.
38We appreciate one of the anonymous referees for providing us with this simple example.
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Thus,
fa(x|a)

f(x|a)
=

(2− 2a)(6x− 6x2 − 1)

(2a− a2)(6x− 6x2 − 1) + 1
,

Qao(x) ≡ fa(x|ao)
f(x|ao)

=
4(6x− 6x2 − 1)

3(6x− 6x2 − 1) + 4
,

(1.21)

and

F (x|a) = (2a− a2)(3x2 − 2x3 − x) + x. (1.22)

From equations (1.21) and (1.22), one can easily see that neither the MLRP nor the CDFC

holds for f(x|a). However, using (1.17), one can derive

1−G(q|a) = Pr

[
6x̃− 6x̃2 ≥ 4 + q

4− 3q

∣∣∣a]
= Pr[x1(q) ≤ x̃ ≤ x2(q)|a], (1.23)

where x1(q) ≤ x2(q) and xi(q), i = 1, 2, are the two roots of 6xi(q) − 6x2
i (q) = 4+q

4−3q
.

Therefore,

G(q|a) = 1−
∫ x2(q)

x1(q)

f(x|a)dx, (1.24)

where f(x|a) = (2a − a2)(6x − 6x2 − 1) + 1 from (1.20). Since x1(q) and x2(q) are

independent of a,

Ga(q|a) = −(2− 2a)

∫ x2(q)

x1(q)

(6x− 6x2 − 1)dx,

and

Gaa(q|a) = 2

∫ x2(q)

x1(q)

(6x− 6x2 − 1)dx.

Note that
∫ x2(q)

x1(q)
(6x−6x2−1)dx ≥ 0 for all q. Thus, we have Ga(q|a) ≤ 0 and Gaa(q|a) ≥ 0

for all q, which ensures that f(x|a) satisfies the CDFCL.

Proposition 4: If f(x|a) satisfies the CDFCL, then the first-order approach is justified.

Using (1.15), we can represent the agent’s expected utility given so(x) as∫
u(so(x))f(x|a)dx =

∫
[u ◦ ν ◦ L ◦Qao(x)]f(x|a)dx.

The Mirrlees-Rogerson conditions (the MLRP and the CDFC) for the one-signal case

and Conlon’s conditions (the MLRP and the CISP condition) for the multi-signal case
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were derived by considering x̃ as a random vector, the distribution of which changes as

a changes. Thus, as shown in Concavity of Expectation Rules I and II, to guarantee

that
∫
u(so(x))f(x|a)dx is concave in a, the MLRP for f(x|a) is needed to ensure that

u ◦ ν ◦ L ◦Qao(x) is nondecreasing in x, and the CDFC or the CISP condition is needed

to apply these rules. In contrast, our condition in Proposition 4 is derived by considering

q̃ ≡ Qao(x̃) itself as a random variable, the distribution of which changes as a changes.

Then, based on q̃, the agent’s expected utility can be represented as∫
u(so(x))f(x|a)dx =

∫
[u ◦ ν ◦ L(q)]g(q|a)dq =

∫
r(q)g(q|a)dq,

as in (1.13), with ν and L defined a few lines above (1.14). But, since r(q) ≡ u◦ν ◦L(q) is

nondecreasing in q by definition, we do not explicitly need the MLRP for f(x|a) to make

use of Concavity of Expectation Rule I. This is why the MLRP is not needed to justify

the first-order approach. Furthermore, since q is a scalar, what we need for the concavity

of
∫
u(so(x))f(x|a)dx is just the CDFC for g(q|a) (i.e., the CDFCL for f(x|a)), based on

Concavity of Expectation Rule I.

Actually, the above example in (1.20) explains Proposition 4 more clearly. Define

Eq ≡
{
x|fa(x|ao)

f(x|ao) ≥ q
}

. Then, in that example, we have that Eq, given ao = 1
2
, is the

interval [x1(q), x2(q)] which is independent of a. Thus, as shown in (1.23), the probability

of the event that fa(x|ao)
f(x|ao) ≥ q given a is

1−G(q|a) = Pr[x̃ ∈ Eq|a] =

∫ x2(q)

x1(q)

[(2a− a2)(6x− 6x2 − 1) + 1]dx.

Since Ga(q|a) ≤ 0 and Gaa(q|a) ≥ 0, we have that, as a increases, the probability mass

flows into the set Eq (i.e., −Ga(q|a) ≥ 0), but at a deceasing rate (i.e., −Gaa(q|a) ≤ 0),

which is exactly what the CDFCL requires. Then, given that the optimal contract is

always increasing in q (although it may not be increasing in x without the MLRP), the

probability that the agent is rewarded with high payments increases at a decreasing rate

as the agent increases his effort a, which makes the agent’s expected utility concave in a,

and thus justifies the first-order approach.

To show that our CDFCL is more general than the Mirrlees-Rogerson conditions, we

begin with the one-signal case.
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Proposition 5: In the one-signal case, if f(x|a), x ∈ R, satisfies the MLRP and the

CDFC, then it always satisfies the CDFCL. But the converse is not true because the

CDFCL does not require the MLRP. However, given the MLRP, the CDFCL implies the

CDFC.

Proposition 5 illustrates one advantage of using the information variable over using

the signal variables in identifying conditions that justify the first-order approach.

As shown in the proof of Proposition 5, when x ∈ R, the CDFCL for f(x|a) is equiv-

alent to the CDFC for f(x|a) if f(x|a) satisfies the MLRP. However, the CDFCL for

f(x|a) requires neither the MLRP nor the CDFC. Thus, the benefit of using the CDFCL

for f(x|a) instead of the Mirrlees-Rogerson conditions in the one-signal case is that one

can dispense with the MLRP for f(x|a). In fact, the above example in (1.20) clearly

shows that the first-order approach can be justified even if fa(x|a)
f(x|a)

is not monotonic in x.

The MLRP for f(x|a) is a condition that restricts the relationship between information

q = fa(x|ao)
f(x|ao) and signal x. Thus, there is no need for the MLRP, because the optimal

contract is a function of q alone.

The advantage of using the information variable becomes even more prominent when

there are multiple signals. In the next proposition, we show that our CDFCL is more

general than Conlon’s conditions in the multi-signal case.

Proposition 6: In the multi-signal case, if f(x|a), x ∈ Rn, satisfies the MLRP and the

CISP condition, then it satisfies the CDFCL. But the converse is not true.

Although the use of the CDFCL does not require the MLRP for f(x|a), the comparison

between our CDFCL and Conlon’s CISP condition becomes much clearer if the MLRP for

f(x|a) is assumed. As explained above, the CDFCL for f(x|a) means that 1−G(q|a) =

Pr
[
q̃ ≡ fa(x̃|ao)

f(x̃|ao) ≥ q
∣∣∣a] is concave in a for any q. Given the MLRP for f(x|a), one can

easily see that the set of x ∈ Rn satisfying fa(x|ao)
f(x|ao) ≥ q is an increasing set for each

q. Therefore, the CDFCL for f(x|a) is weaker than the CISP condition because it only

requires the probabilities of a special class of increasing sets to be concave in a, whereas

the CISP condition requires the probabilities to be concave in a for all increasing sets.
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For instance, consider a two-signal case, i.e., x̃ = (x̃1, x̃2), in which information q is

linear in x1 and x2 such that q = αx1 + βx2 + γ where α > 0 and β > 0. Figure 1.1 is

Figure 1.1: CDFCL vs. CISP condition when x ∈ R2.

drawn assuming a specific value of q = fa(x1,x2|ao)
f(x1,x2|ao) . The negatively sloped line denotes the

set of (x1, x2) that generates information with a fixed value of q, and, as q changes, the line

shifts parallel. What can be seen from Figure 1.1 is that, for any given q, the CDFCL for

f(x1, x2|a) is weaker than the CISP condition for f(x1, x2|a) since the CDFCL requires

only the probability of areas such as D to be concave in a, while the CISP condition

requires the probabilities of all increasing sets (including areas such as D) to be concave

in a.39

39Jewitt (1988) provided a simple example showing that the most obvious multi-signal generalization of

the CDFC cannot be applied to justify the first-order approach in the multi-signal principal-agent model.

However, the reason behind this was unclear. Figure 1.1 above shows the reason more clearly. Note

that the CDFC for f(x|a) does not imply the CDFCL for f(x|a), and vice versa (a formal proof for this

was provided in the earlier version of this paper). For example, in Figure 1.1, the CDFC for f(x1, x2|a)

requires the probability of areas such as (B + C + D) to be concave in a for any (xo1, x
o
2) on the line,

which is different from requiring the probability of areas such as D to be concave in a (i.e., the CDFCL

for f(x1, x2|a)). In fact, the CDFC for f(x|a) is, like the CDFCL, weaker than the CISP condition in

the sense that it also requires that only the probabilities of a special class of increasing sets be concave

in a. However, this class of increasing sets is irrelevant for justifying the first-order approach. This is the

reason why the CDFC for f(x|a) cannot be applied to justify the first-order approach in the multi-signal

case. As pointed out already, when the risk-neutral principal designs the agent’s wage contract, what
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The counterexample provided in the proof of Proposition 6 explains this point even

more clearly.

Figure 1.2: A simple example that satisfies the CDFCL but does not satisfy the CISP

condition.

In that example, the joint probability function is defined on four points, A, B, C, D, as

follows:

f(x1, x2|a) = α(a)pH(x1, x2) + (1− α(a))pL(x1, x2),

where α(a) ∈ [0, 1] is increasing concave and pL(A) = 0.1, pL(B) = pL(C) = pL(D) = 0.3,

pH(A) = 0.01, pH(B) = 0.04, pH(C) = 0.45, pH(D) = 0.5.

Since α(a) ∈ [0, 1] is increasing concave, f(x1, x2|a) satisfies the CDFCL as explained

in Example 1. The numbers next to A, B, C, and D in Figure 1.2 indicate pH(x1,x2)
pL(x1,x2)

at

each of those points. Thus, one can see that f(x1, x2|a) satisfies the MLRP. Now, in order

for f(x1, x2|a) to satisfy the CISP condition,∑
E

Pr[(x1, x2)|a] =
∑
E

{α(a)[pH(x1, x2)− pL(x1, x2)] + pL(x1, x2)}

must be concave in a for any increasing set E. Since pH(x1, x2) and pL(x1, x2) are inde-

really matters is not the signal x but the information q carried by x.
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pendent of a, we must therefore have

α′′(a)
∑
E

[pH(x1, x2)− pL(x1, x2)] ≤ 0, ∀E,

and, given α′′(a) ≤ 0, we should finally have∑
E

[pH(x1, x2)− pL(x1, x2)] ≥ 0, ∀E.

Note that there are FIVE possible increasing sets in this example: {A,B,C,D},

{B,C,D}, {B,D}, {C,D}, and {D}. But for the increasing set {B,D}, we have∑
{B,D}

[pH(x1, x2)− pL(x1, x2)] = −0.06 < 0.

Therefore, f(x1, x2|a) does not satisfy the CISP condition.

To see why f(x1, x2|a) satisfies the CDFCL, note that, since

q̃ ≡ fa(x̃1, x̃2|ao)
f(x̃1, x̃2|ao)

=
α′(ao)

[
pH(x̃1,x̃2)
pL(x̃1,x̃2)

− 1
]

α(ao)
[
pH(x̃1,x̃2)
pL(x̃1,x̃2)

− 1
]

+ 1
,

q̃ is increasing in pH(x̃1,x̃2)
pL(x̃1,x̃2)

. For given q, define Eq ≡ {(x1, x2)|fa(x1,x2|ao)
f(x1,x2|ao) ≥ q}. Then, in

order for f(x1, x2|a) to satisfy the CDFCL, we should have∑
Eq

{α(a)[pH(x1, x2)− pL(x1, x2)] + pL(x1, x2)} concave in a, ∀Eq (i.e., ∀q),

or

α′′(a)
∑
Eq

[pH(x1, x2)− pL(x1, x2)] ≤ 0, ∀Eq.

Thus it suffices if
∑

Eq
[pH(x1, x2)−pL(x1, x2)] ≥ 0, ∀Eq because α′′(a) ≤ 0. Since pH(A)

pL(A)
<

pH(B)
pL(B)

< pH(C)
pL(C)

< pH(D)
pL(D)

, and the likelihood ratio is increasing in pH(x1,x2)
pL(x1,x2)

, there are only

FOUR possible sets Eq as q varies, i.e., {A,B,C,D}, {B,C,D}, {C,D}, {D}. This list

does not include the troublesome increasing set {B,D}, so
∑

Eq
[pH(x1, x2)−pL(x1, x2)] ≥

0 for each of these four Eq. This clearly shows the reason why Conlon’s CISP condition

is over-sufficient for guaranteeing the first-order approach in the multi-signal case. The

concavity condition does not have to hold for all increasing sets, but only for all Eq.
40

40The CDFC for f(x1, x2|a) in the above example requires the concavity condition for the sets

{A,B,C,D}, {B,C,D}, {B,D}, {C,D}, which is again a different collection of sets than under the

CDFCL, for which the concavity condition is required.
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1.4.2.2 Conditions with the agent’s utility function restricted

As explained earlier, Jewitt (1988), by placing a restriction on u(s) (i.e., (3JM)), pro-

posed another set of conditions for justifying the first-order approach in the one-signal

case that is more practically applicable than the Mirrlees-Rogerson conditions. Jewitt’s

conditions, however, cannot be directly applied to the multi-signal case because Concavity

of Expectation Rule III, on which his conditions crucially hinge, is not directly applicable

to the multi-signal case. Yet, a set of conditions similar to Jewitt’s conditions can be

obtained even in the multi-signal case if the problem is analyzed using the information

variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , because the information variable has a value that is always a scalar.

Proposition 7: If

(1b-1)
∫ z
G(q|a)dq is convex in a for all z,41

(1b-2) m(a) ≡
∫
qg(q|a)dq is concave in a, and

(2b) r(q) is concave in q,

then the first-order approach is justified.42

To directly compare our conditions in Proposition 7 with Jewitt’s conditions, we first

consider the one-signal case. The following proposition shows that, even in this one-signal

case, our conditions in Proposition 7 are more general than Jewitt’s conditions.

Proposition 8: In the one-signal case, Jewitt’s conditions (1JM), (2JM), and (3JM) imply

conditions (1b) and (2b) in Proposition 7. But, the converse is not true.

As shown in the proof of Proposition 8, Jewitt’s conditions (1JM) (i.e., the integral

condition) and (2JM) (i.e., increasing concavity of fa(x|a)
f(x|a)

in x) are sufficient to guarantee

condition (1b) in Proposition 7. However, condition (2JM) is not explicitly needed in

41Unlike the counterpart of this condition in Jewitt’s result (i.e., condition (1JM-1)), we omit the

“nonincreasing” condition here. This is because the “nonincreasing” condition is not actually needed to

guarantee that U(so(·), a) is concave in a.
42As before, we separate condition (1b-2) from condition (1b-1) because

∫
G(q|a)dq may not exist as

a function of a. Without such an existence problem, (1b-2) would not be needed. Hereafter, we will use

(1b) to denote (1b-1) and (1b-2) jointly.
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our proposition. In Jewitt (1988), making u(so(x)) nondecreasing concave in x, which is

needed to use Concavity of Expectation Rule III, requires not only condition (3JM) (i.e.,

w(z) nondecreasing concave) but also condition (2JM). However, when the problem is

analyzed using the information variable, what is needed to use Concavity of Expectation

Rule III is that r(q) ≡ w(λ+ µq) is nondecreasing concave in q. This only requires (2b),

which is equivalent to (3JM), while (2JM) is subsumed in (1b).

The Weibull distribution example presented in the proof makes this clearer. Actually,

the Weibull distribution of x̃ such that f(x|a) = kxk−1a−p exp{−xka−p}, p, k > 0 and

x > 0, can be derived from the signal generating function X(a, θ) = ap/kθ1/k and the

density function p(θ) = e−θ, θ > 0 (i.e., θ̃ has an exponential distribution with mean 1).

Note that, in this case,

fa(x|a)

f(x|a)
= pa−(p+1)(xk − ap), (1.25)

and

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

= p(ao)−(p+1)[x̃k − (ao)p] = p(ao)−(p+1)[apθ̃ − (ao)p]. (1.26)

To make f(x|a) satisfy condition (1JM), we need at least 0 < p ≤ k, since E[x̃|a] =

ap/kΓ(1+1/k), and to make it satisfy condition (2JM), we need k ≤ 1 as seen from (1.25).

However, as shown in the proof, to make g(q|a) satisfy condition (1b), we only need p ≤ 1,

which is weaker, since it does not require any about k.

Given p ≤ 1, if k is very small such that k < p ≤ 1, then condition (1JM) will be

violated even if condition (2JM) is satisfied. On the other hand, if k is big such that k > 1,

then condition (2JM) will be violated even if condition (1JM) is satisfied. In either case,

however, our condition (1b) will be satisfied since p ≤ 1, and using the first-order approach

will be justified provided that w(z) is concave. This actually shows that the validity of

the first-order approach does not depend on k in this example. As seen from (1.26), the

distribution of the information variable q̃ is independent of k (since the distribution of

θ̃ is independent of k). In fact, given the signal generating function X(a, θ) = ap/kθ1/k,

different values of k do not make any difference in the sense that different signal generating

functions with different k generate the same information.
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The advantage of the conditions in Proposition 7 compared with Jewitt’s conditions

is even more obvious when signal x̃ is a multi-dimensional vector. As mentioned earlier,

Jewitt’s conditions cannot be directly applied to the multi-signal case. This is because

Concavity of Expectation Rule III cannot be generalized to the multi-dimensional case.43

But since our conditions in Proposition 7 are derived using the information variable,

q̃ ≡ fa(x̃|ao)
f(x̃|ao) , the value of which is a scalar, such dimensionality problems can be avoided

and Concavity of Expectation Rule III can still be used even in the multi-signal case.

There is one more thing to note regarding the conditions in Proposition 7. As men-

tioned in Conlon (2009), finding conditions for justifying the first-order approach based on

the state-space formulation can be superior to finding such conditions based on the Mir-

rlees formulation because the former generates conditions that can be easily understood

using standard economic intuition such as diminishing marginal returns. Although this is

true, one should also notice that the latter always generates more general conditions than

the former.

To show this more precisely, we compare the conditions in Proposition 1 (i.e., the con-

ditions based on the state-space formulation) with the conditions in Proposition 7 (i.e.,

the conditions based on the Mirrlees formulation), because the two sets of conditions have

a common restriction on the class of u(s) to be considered, that is, r(q) ≡ u(u′−1( 1
λ+µq

))

is nondecreasing concave in q.44 The following proposition formally shows that the con-

ditions in Proposition 7 are more general than the conditions in Proposition 1.

Proposition 9: The conditions in Proposition 1 imply the conditions in Proposition 7.

Proposition 9 shows that condition (1a) in Proposition 1 is stronger than needed to

guarantee that
∫
u(so(X(a, θ)))p(θ)dθ =

∫
r(Qao(X(a, θ)))p(θ)dθ is concave in a for any

43Conlon (2009) pointed out in his footnote 7 that there is no simple multi-dimensional version of

Concavity of Expectation Rule III. In fact, he devoted Section 2 of his supplement to Conlon (2009) to

discussing the difficulty of generalizing Jewitt’s one-signal Theorem 1.
44We do not compare the conditions in Proposition 1 with the conditions in Proposition 4. This is

because, although the conditions in Proposition 4 are also derived based on the Mirrlees formulation,

they are derived without imposing any restriction on the class of u(s) to be considered.
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increasing concave function r(·), whereas condition (1b) in Proposition 7 is necessary and

sufficient for this. In fact, condition (1a) combined with (2a) ensures that r(Qao(X(a, θ)))

is concave in a for any θ, which is equivalent to the condition that
∫
r(Qao(X(a, θ)))p(θ)dθ

is concave in a “for any p(θ)”. However, even if q = Qao(X(a, θ)) does not show diminish-

ing marginal returns with respect to a for some θ, and thus r(Qao(X(a, θ))) is not concave

in a for those θ,
∫
r(Qao(X(a, θ)))p(θ)dθ can still be concave in a if p(θ) puts most of its

weight on values of θ for which Qao(X(a, θ)) is concave in a. This indicates that con-

ditions based on the Mirrlees formulation (e.g., (1b) in Proposition 7) are generally less

restrictive than conditions based on the state-space formulation (e.g., (1a) in Proposition

1). This is because the former, being based on f(x|a), take the characteristics of p(θ) into

consideration, whereas the latter do not.

1.4.3 Verifying the conditions in Propositions 4 and 7

Up to now we have proposed three new sets of conditions for justifying the first-order

approach, that are theoretically more general than the existing sets of conditions. How-

ever, whether those conditions are easy to verify or not is another matter. All of our three

sets of conditions are derived based on the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) . Among them,

the conditions in Proposition 1 are easy to verify because they are derived based on the

state-space formulation, treating the information variable as a function of a and θ̃, i.e.,

q̃ ≡ fa(X(a,θ̃)|ao)
f(X(a,θ̃)|ao) . Once a principal-agent problem is specified in terms of the state-space

formulation, i.e., {u(s), X(a, θ), p(θ), c(a)}, deriving q̃ ≡ fa(X(a,θ̃)|ao)
f(X(a,θ̃)|ao) as a function of a and

θ̃ is straightforward. However, verifying the conditions in Propositions 4 and 7 (i.e., the

CDFCL in Proposition 4 and condition (1b) in Proposition 7) may not be easy. Those

conditions are derived based on the Mirrlees formulation, treating the information vari-

able, q̃, as a random variable the distribution of which depends on a. Thus, to verify

those conditions, one must first calculate the distribution function of q̃ conditional on a,

i.e., G(q|a), which is not always easy.

As already shown in (1.9) and (1.10), calculating G(q|a) from F (x|a) is not difficult, if

the signal x̃ is a one-dimensional random variable and f(x|a) satisfies the MLRP. However,
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when the signal x̃ is a multi-dimensional vector, it may not be always easy to calculate

G(q|a) = Pr[x̃ ∈ Xq|a],

where Xq ≡
{

x
∣∣fa(x|ao)
f(x|ao) ≤ q

}
.

We have not been able to find a canonical approach for calculating G(q|a) in this case,

and whether G(q|a) is easy to calculate or not still depends on the case. Of course, when

G(q|a) is difficult to calculate, relying on the conditions presented in Conlon’s Section 8,

based on his CISP condition, can be a good alternative. Those conditions of Conlon’s are

relatively easier to check because they are local conditions for checking CISP. Likewise,

finding local conditions focused on checking the CDFCL would also be interesting.

There is, however, a useful class of joint density functions for which it is relatively

easy to calculate the distribution function of the information variable, G(q|a). Consider

a joint density function of the following form:

f(x|a) = ξ(x)h(a, T (x)), (1.27)

where ξ(x) ≥ 0, h(a, T (x)) ≥ 0 for all a, and ha(a,T (x))
h(a,T (x))

is increasing in T (x) for all a.45 This

form of density function contains many other families of density functions as special cases.

For example, the density function in (1.16) is actually a special case of the density function

in (1.27) as long as α′(a) > 0 since ξ(x) = pL(x) and h(a, T (x)) = α(a)[T (x) − 1] + 1,

where T (x) ≡ pH(x)
pL(x)

. The density function in (1.27) also includes the density function in

the n-dimensional canonical exponential family with one parameter,

f(x|a) = ξ(x) exp{a · T (x)− ψ(a)}, (1.28)

where ξ(x) ≥ 0, because one can set h(a, T (x)) = exp{a · T (x)− ψ(a)}.46

From (1.27), we have
fa(x|a)

f(x|a)
=
ha(a, T (x))

h(a, T (x))
,

45We again appreciate one of the anonymous referees for suggesting this form of density function.
46Brown (1986) shows that any n-dimensional exponential family can be reduced to the n-dimensional

canonical exponential family through sufficiency, reparametrization and a proper change of measure.
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and

Qao(x) ≡ fa(x|ao)
f(x|ao)

=
ha(a

o, T (x))

h(ao, T (x))
.

Since ha(a,T (x))
h(a,T (x))

is increasing in T (x) for all a,

G(q|a) = Pr[Qao(x̃) ≤ q|a] = Pr[T (x̃) ≤ q1(q, ao)|a],

where q1(q, ao) solves ha(ao,q1)
h(ao,q1)

= q. Note that the set {x|T (x) ≤ q1(q, ao)} is independent

of a, implying that G(q|a) depends on a only through the flow of probability mass across

the boundary of the fixed set {x|T (x) ≤ q1(q, ao)}.

Now, one can derive

G(q|a) =

∫
T (x)≤q1(q,ao)

f(x|a)dx =

∫
T (x)≤q1(q,ao)

ξ(x)h(a, T (x))dx. (1.29)

For example, if we assume for expository simplicity that there exists a coordinate xi in

which T (x) is increasing, then one can derive

G(q|a) =

∫
T (x)≤q1(q,ao)

ξ(x)h(a, T (x))dx

=

∫ ∫ x̂i(q
1(q,ao),x−i)

ξ(x)h(a, T (x))dxidx−i, (1.30)

where x̂i(q
1(q, ao),x−i) solves T (xi,x−i) = q1(q, ao) for given x−i, and

g(q|a) =

∫
ξ(x̂i(q

1(q, ao),x−i),x−i)h(a, q1(q, ao))
∂x̂i(q

1(q, ao),x−i)

∂q
dx−i

= ξ̂(q)h(a, q1(q, ao)), (1.31)

where ξ̂(q) ≡
∫
ξ(x̂i(q

1(q, ao),x−i),x−i)
∂x̂i(q

1(q,ao),x−i)
∂q

dx−i.
47

Once G(q|a) is calculated, verifying whether it satisfies the CDFCL in Proposition 4

is rather straightforward. However, there is an easier way to verify whether the density

function in (1.27) satisfies the CDFCL even without calculating G(q|a).

Lemma 1: The probability density function in (1.27) satisfies the CDFCL if haa(a, T (x))

changes sign once from positive to negative as T (x) increases.

47Even if there is no coordinate xi in which T (xi,x−i) is increasing, we have the same form of density

function as g(q|a) in (1.31) where ξ̂(q) is independent of a.
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For instance, in Example 1, we proved that the density function in (1.16) satisfies

the CDFCL if α(a) is increasing concave in a. But, as we have shown in the above,

this density function is a special case of the density function in (1.27) with h(a, T (x)) =

α(a)[T (x)− 1] + 1, where T (x) ≡ pH(x)
pL(x)

. Furthermore, since α(a) is concave in a, one can

easily see that haa(a, T (x)) = α′′(a)[T (x)− 1] changes sign once from positive to negative

as T (x) increases, and thus verify the CDFCL.

Consider next the generalized Jewitt conditions in Proposition 7. Even if G(q|a) (or

g(q|a)) can be explicitly calculated, verifying whether it satisfies condition (1b) in that

Proposition may still not be easy. In fact, exactly the same problem arises in verifying

condition (1JM) in Jewitt (1988), even in the one-signal case. This is why Jewitt (1988)

proposed a potentially easier set of sufficient conditions to verify condition (1JM): i.e., that

f(x|a) should be “totally positive of order 3” (i.e., TP3), and E[x|a] should be concave in

a.48 However, verifying whether a certain density function satisfies TP3 is not easy, either.

Therefore, to verify condition (1b) in Proposition 7 more easily, we propose another set of

sufficient conditions, which is simpler than Jewitt’s TP3-based conditions (and, as shown

in Jung and Kim (2015), less restrictive as well).

Lemma 2: If

(1c) m(a) ≡
∫
qg(q|a)dq is concave in a, and

(2c) Gaa(q|a) is positive for q small, and changes sign at most once as q increases,

then condition (1b) in Proposition 7 is satisfied.

Using Lemma 2, we obtain the following proposition.

Proposition 10: If

(1d) m(a) ≡
∫
qg(q|a)dq is concave in a, and

(2d) gaa(q|a)
g(q|a)

is quasi-convex in q for any a,

then condition (1b) in Proposition 7 is satisfied.

The conditions in Proposition 10 are generally easier to verify than condition (1b) in

Proposition 7, and, in many cases, verifying these conditions can be done even without cal-

48For the concept of “total positivity”, see Karlin (1963).
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culating G(q|a) (or g(q|a)). For instance, consider the density function in (1.27). Since q̃ ≡
fa(x̃|ao)
f(x̃|ao) = ha(ao,T (x̃))

h(ao,T (x̃))
, condition (1d) requires m(a) ≡

∫
qg(q|a)dq =

∫ ha(ao,T (x))
h(ao,T (x))

f(x|a)dx

to be concave in a. Also, since gaa(q|a)
g(q|a)

= haa(a,T (x))
h(a,T (x))

from (1.31), and since q = ha(ao,T (x))
h(ao,T (x))

is

increasing in T (x), condition (2d) is satisfied if haa(a,T (x))
h(a,T (x))

is quasi-convex in T (x) for all

a.49

Using this, one can even more easily verify the conditions in Proposition 10 for the

density function in the the n-dimensional canonical exponential family in (1.28). Since

q = ha(ao,T (x))
h(ao,T (x))

= T (x) − ψ′(ao) is increasing in T (x) and since haa(a,T (x))
h(a,T (x))

= [T (x) −

ψ′(a)]2−ψ′′(a) is convex in T (x) for all a, condition (2d) is automatically satisfied. Thus,

to verify that this density function satisfies (1b), we only need to show that condition

(1d) is satisfied. From (1.28), Qao(x) = T (x) − ψ′(ao). Thus, using E[T (x̃)|a] = ψ′(a),

one can easily derive that

m(a) =

∫
qg(q|a)dq = ψ′(a)− ψ′(ao).

Thus, the density function in (1.28) satisfies (1b) as long as ψ′′′(a) ≤ 0.

Moreover, even if the signal is not from an exponential family, when signal x̃ is a one

dimensional random variable and satisfies the MLRP, we have from (1.10) that

fa(x|a)

f(x|a)
=
ga(q|a)

g(q|a)
for all a, where q =

fa(x|ao)
f(x|ao)

,

since dx
dq

does not depend on a. Similarly,

gaa(q|a)

g(q|a)
=
faa(x|a)

f(x|a)

for all a. Thus, the quasi-convexity of gaa(q|a)
g(q|a)

in q (i.e., (2d)) can be easily verified by the

MLRP for f(x|a) (so q is increasing in x) and the quasi-convexity of faa(x|a)
f(x|a)

in x, indicating

that condition (2d) in this case can also be verified directly from f(x|a) without explicitly

calculating g(q|a).50

49Note that if haa(a,T )
h(a,T ) is quasi-convex in T and if q = ha(a,T )

h(a,T ) is increasing in T , then haa(a,T )
h(a,T ) is

quasi-convex in q.
50The quasi-convexity of faa(x|a)

f(x|a) in x seems similar to Jewitt’s third result reported in Conlon’s Section
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It also turns out that the conditions in Proposition 10 are more general than Jewitt’s

TP3-based conditions. As we show in another paper (Jung and Kim (2015)), given that

x ∈ R, if f(x|a) has the property TP3, then g(q|a) also has the property TP3, which

in turn implies condition (2d). Also, the conditions that f(x|a) has the property TP3

and that E[x̃|a] is concave in a, together with the condition that fa(x|a)
f(x|a)

is concave in x

(i.e., (2JM)), imply condition (1d). Therefore, our conditions in Proposition 10 are more

general and easier to verify than Jewitt’s conditions that f(x|a) satisfies TP3, E[x̃|a] is

concave in a, and fa(x|a)
f(x|a)

is concave in x.

1.5 Our results with a risk-averse principal

Now, assume that the principal is risk-averse, i.e., v′′(·) < 0. Unlike the case in which the

principal is risk-neutral, proving that µ > 0 in (2.1) is not straightforward in this case.51

Thus, following Rogerson (1985), we replace the agent’s relaxed incentive constraint with

a doubly-relaxed incentive constraint

Ua(s(·), a) ≥ 0. (1.32)

To avoid abuse of notation, we again use so(x) and ao > 0, but now to denote the

optimal solution for the principal’s “doubly-relaxed” optimization program in which the

agent’s original incentive constraint is replaced with the constraint in (1.32). The agent’s

9. Jewitt’s third result is that if f(x|a) is affiliated in x ∈ Rn and faa(x|a)
f(x|a) is nonincreasing in x, then the

first-order approach is justified (see Conlon (2009, pp. 274-275)). But Jewitt’s result is different from ours

in the sense that (i) our condition works only for the one-signal case, i.e., x ∈ R, whereas his condition

holds more generally for the multi-signal case, i.e., x ∈ Rn, (ii) if x ∈ R, his condition requiring faa(x|a)
f(x|a)

to be nonincreasing in x is more restrictive than our condition requiring faa(x|a)
f(x|a) to be quasi-convex in

x, and (iii) our condition works for nondecreasing concave u(so(x)) whereas his condition requires only

a nondecreasing u(so(x)). It is more reasonable to compare Jewitt’s third result to our CDFCL, rather

than to our conditions above. Conlon (2009) already showed that Jewitt’s third result implies his CISP

condition, and, as we have shown, Conlon’s CISP condition implies our CDFCL. Thus, Jewitt’s third

result is simply a convenient local condition for checking CISP.
51Lemma 1 in Jewitt (1988) does not work when the principal is risk-averse.
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optimal contract so(x) should again satisfy (2.1), with the only difference that µ is nonneg-

ative. Thus, to show that so(x) is valid, we need to prove that µ > 0, so Ua(s
o(·), ao) = 0,

as well as proving that Uaa(s
o(·), a) < 0 for all a.

As can be seen from (2.1), when the principal is risk-averse, the agent’s doubly-relaxed

optimal contract, so(x), cannot be represented as a function of q = fa(x|ao)
f(x|ao) alone, and so

the conditions in Propositions 1, 3, 4 and 7, which were obtained based on the information

variable alone, cannot be applied to this case. Instead, as seen from (2.1), the agent’s

optimal contract so(x) can be represented as a function of two variables π = π(x) and

q = fa(x|ao)
f(x|ao) : the principal’s value and information. That is, ŝo(π, q) ≡ so(x). Thus, (2.1)

reduces to
v′(π − ŝo(π, q))
u′(ŝo(π, q))

= λ+ µq, for all (π, q), (1.33)

and the relevant conditions should be established based on the (π, q)-space rather than

based on the q-space.

Definition 5: f(x|a) satisfies the first-order stochastic dominance (FOSD) condition with

respect to π(x) if, for any a2 > a1, Pr[π̃ ≤ π|a1] ≥ Pr[π̃ ≤ π|a2] for all π, where strict

inequality holds for a positive measure of π.52

Definition 6: f(x|a) satisfies the concave increasing set probability (CISP) condition

with respect to (π, q) if, for any increasing set Eπq ⊆ R2 defined on (π, q)-space, Pr[x̃ ∈

T (Eπq)|a] is concave in a, where T (·) is a mapping that takes sets in the (π, q)-space and

gives sets T (·) ∈ Rn in the x-space such that T (A) ≡ {x ∈ Rn|(π(x), Qao(x)) ∈ A}, where

A ⊆ R2.

Proposition 11: With a risk-averse principal, the first-order approach is justified if

f(x|a) satisfies the FOSD condition with respect to π(x) and the CISP condition with

respect to (π, q).

As explained earlier, the most general existing result justifying the first-order approach

in the multi-signal principal-agent framework, for the case where the principal can be

52We define the random variable π̃ as π̃ ≡ π(x̃).
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risk-averse, is Conlon’s set of conditions: the MLRP, the CISP condition, and the NISP

condition for f(x|a). By applying Conlon’s CISP condition not to the signals, x̃, but to the

principal’s value, π̃, and information variable, q̃, we obtain the conditions in Proposition

11. As we show in the following proposition, our conditions in Proposition 11 are more

general than the above conditions of Conlon’s.

Proposition 12: Given that π(x) is nondecreasing in x,53 the MLRP, the CISP condi-

tion, and the NISP condition for f(x|a) imply that f(x|a) satisfies the FOSD condition

with respect to π(x) and the CISP condition with respect to (π, q). But the converse is

not true.

To guarantee that µ > 0 in (2.1) even when the principal is risk-averse, Proposition 11

uses a new condition that f(x|a) satisfies the FOSD condition with respect to π(x), which

is weaker than Conlon’s NISP condition for f(x|a). To guarantee µ > 0 in (2.1), all we

need is that Va(s
o(·), ao) > 0, i.e., the principal’s expected payoff under so(x) is increasing

in the agent’s action at ao. But the NISP condition for f(x|a), being derived based on

x-space, requires that, for any nondecreasing function φ(x), Φ(a) ≡
∫
φ(x)f(x|a)dx be

nondecreasing in a, and this is overly sufficient to have Va(s
o(·), ao) > 0. By contrast, the

requirement that f(x|a) satisfy the FOSD condition with respect to π(x), being derived

based on (π, q)-space, imposes a restriction on f(x|a) which guarantees Va(s
o(·), ao) > 0

only for the given principal’s value function, π(x).

The economic implication of the FOSD condition for f(x|a) with respect to π(x) is

that the principal’s value is stochastically increasing in the agent’s action, that is, the

agent’s action has a positive effect on the principal’s value. The main reason that much

of the principal-agent literature has considered the multi-signal case is not because all

the signals are positively related to the principal’s value, but because those signals are

informative about the agent’s hidden action in terms of the Holmström’s informativeness

criterion. In fact, it is natural for the principal’s value, π(x), to depend only on some of

the signals but not all of them. Thus, the NISP condition for f(x|a), which imposes a

53Note that Conlon’s conditions work only when π(x) is nondecreasing in x.
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restriction on the distribution of all signals, is too strong since some of those signals may

not even be included in π(x). For example, when π(x) = x1, the FOSD condition for

f(x|a) with respect to π(x) requires that only x1 satisfy the FOSD condition, whereas

the NISP condition for f(x|a) requires more since it imposes restrictions on all signals in

f(x|a).

Furthermore, our two conditions (the FOSD condition for f(x|a) with respect to π(x)

and the CISP condition for f(x|a) with respect to (π, q)) require neither the MLRP

for f(x|a) nor that π(x) be nondecreasing in x. In particular, requiring that π(x) be

nondecreasing in x is somewhat restrictive. When the agent’s action affects multiple

signals, it is quite plausible that not all of those signals are monotonically correlated with

the principal’s value. In this case, the principal’s value function, π(x), is not obviously

nondecreasing in x. But our FOSD condition for f(x|a) with respect to π(x) can still be

satisfied as long as π(x) is stochastically increasing in a.

On the other hand, our CISP condition for f(x|a) with respect to (π, q) and Conlon’s

CISP condition for f(x|a) differ in the class of increasing sets on which each condition

imposes the concavity. The proof of Proposition 12 shows that the class of increasing sets

in (π, q)-space is, in a sense, smaller than the one in x-space.

1.6 Conclusion

We have proposed three new sets of conditions which justify the first-order approach

in the multi-signal principal-agent model with a risk-neutral principal, and shown that

they are more general than any sets of conditions in the existing literature. Our three

sets of conditions differ in the model formulation in which they are explored. The first

set of conditions is derived based on the state-space formulation, whereas the second and

third sets of conditions are derived based on the Mirrlees formulation. Also, we have

shown that the first set of conditions implies the third set of conditions, indicating that

conditions based on the Mirrlees formulation are more general than those based on the

state-space formulation.
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The basic idea on which our three sets of conditions are built is that considering the

principal-agent problem based on the likelihood ratio of the signals -i.e., their information

content- is better than considering the problem based on the signals themselves. This is

because the agent’s optimal contract can be represented as a function of the information

variable alone when the principal is risk-neutral.

However, when the principal is risk-averse, the agent’s optimal contract cannot be

represented as a function of the information variable alone. Nevertheless, even in this

case, the agent’s optimal contract can be reduced to a function of the principal’s value

and the information variable. Based on this, we have proposed another set of conditions

which justifies the first-order approach with a risk-averse principal, and shown that these

conditions are more general than Conlon’s (2009) corresponding conditions.

Our conditions are all derived based on the information variable rather than the signals.

Thus, switching from the joint density function of the signals to the density function of

the information variable is necessary, in general. We have presented some classes of

density functions for the signals from which the density functions of the corresponding

information variable are easy to calculate. However, such solutions are not always easy.

Thus, an important topic for future research will be to generate density functions for the

information variable for a wider range of applications.
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1.7 Appendix A

Proof of Proposition 2. Note that, since r(q) ≡ w(λ + µq) and µ > 0, condition (2a)

is equivalent to condition (3CS). Furthermore, since Qao(X(a, θ)) = fa(X(a,θ)|ao)
f(X(a,θ)|ao) , if (1CS)

and (2CS) are satisfied, then (1a) will be satisfied. However, the fact that Qao(X(a, θ)) is

concave in a for any θ does not necessarily imply both (1CS) and (2CS) (see the example

in the text). �

Proof of Proposition 3. Since G(q|a) = ν ∈ [0, 1] is strictly increasing in q, we can

solve for q = G−1(ν|a). Fagart and Fluet (2013) already proved that G(q|a) quasi-convex

in (q, a) is equivalent to G−1(ν|a) concave in a for any ν ∈ [0, 1].54 A simple change of

variables ν = G(q|a) in (1.13) now gives

U(so(·), a) =

∫
r(q)dG(q|a)− c(a) =

∫ 1

0

r(G−1(ν|a))dν − c(a),

and so the right-hand side is clearly concave in a if (1a′) and (2a′) hold. �

Proof of Proposition 4. From (1.13), we have

U(so(·), a) =

∫
r(q)g(q|a)dq − c(a)

= r(q)−
∫
r′(q)G(q|a)dq − c(a),

where q = maxx∈supp(x̃)
fa(x|ao)
f(x|ao) , which is independent of a, since supp(x̃) is independent

of a. Since r′(q) ≥ 0 by the definition in (1.11), and since G(q|a) is convex in a for all q

by the CDFCL for f(x|a), we have U(so(·), a) concave in a. �

Proof of Proposition 5. Since f(x|a), x ∈ R, satisfies the MLRP, as shown in (1.9),

we have

G(q|a) = F (x(q, ao)|a).

Since F (x(q, ao)|a) is convex in a for all x(q, ao), we can directly see that G(q|a) is also

convex in a for all q. Similarly, the CDFCL for f(x|a), plus the MLRP, implies the CDFC

for f(x|a). However, as already shown in Example 1, the fact that f(x|a) satisfies the

CDFCL does not imply that f(x|a) satisfies either the MLRP or the CDFC. �

54See Fagart and Fluet (2013), p. 9.
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Proof of Proposition 6. Given q, let Eq ≡
{
x ∈ Rn|fa(x|ao)

f(x|ao) ≥ q
}

. For any x ∈ Eq, if

y ≥ x, then we have fa(y|ao)
f(y|ao) ≥

fa(x|ao)
f(x|ao) ≥ q since f(x|a) satisfies the MLRP. This implies

that y ∈ Eq. Thus, Eq is an increasing set for any q. By the definition of G(q|a), we have

1−G(q|a) = Pr

[
fa(x̃|ao)
f(x̃|ao)

≥ q
∣∣∣a] = Pr[x̃ ∈ Eq|a].

Since Pr[x̃ ∈ Eq|a] is concave in a for any q, by the CISP condition, G(q|a) is convex in

a for any q, indicating that f(x|a) satisfies the CDFCL.

To prove that the converse is not true, consider a two signal case, (x̃1, x̃2), in which

each signal takes a value of either 0 or 1, i.e., xi ∈ {0, 1}. Assume that f(x1, x2|a) =

α(a)pH(x1, x2) + [1 − α(a)]pL(x1, x2), where α(a) ∈ [0, 1] is increasing concave, and

pL(0, 0) = 0.1, pL(0, 1) = pL(1, 0) = pL(1, 1) = 0.3, pH(0, 0) = 0.01, pH(0, 1) = 0.45,

pH(1, 0) = 0.04, and pH(1, 1) = 0.5. As already shown in Example 1, densities such

as f(x1, x2|a) satisfy the CDFCL. Also, one can easily see that f(x1, x2|a) satisfies the

MLRP. This is because

fa(x1, x2|a)

f(x1, x2|a)
=

α′(a)
[pH(x1,x2)
pL(x1,x2)

− 1
]

α(a)
[pH(x1,x2)
pL(x1,x2)

− 1
]

+ 1

is increasing in pH(x1,x2)
pL(x1,x2)

and

pH(0, 0)

pL(0, 0)
=

1

10
,

pH(0, 1)

pL(0, 1)
=

3

2
,

pH(1, 0)

pL(1, 0)
=

2

15
,

pH(1, 1)

pL(1, 1)
=

5

3
.

However, one can show that f(x1, x2|a) does not satisfy the CISP condition. The CISP

condition requires Pr[(x̃1, x̃2) ∈ E|a] to be concave in a for any increasing set E. There-

fore, in order for the CISP condition to hold,
∑

E {α(a)[pH(x1, x2)− pL(x1, x2)] + pL(x1, x2)}

should be concave in a for all E, that is,

α′′(a)
∑
E

[pH(x1, x2)− pL(x1, x2)] ≤ 0, ∀E.

Thus, given α′′(a) < 0, we must have∑
E

[pH(x1, x2)− pL(x1, x2)] ≥ 0, ∀E.
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Now, consider E = {(1, 0), (1, 1)}. This is an increasing set, but we have
∑

E[pH(x1, x2)−

pL(x1, x2)] = −0.06 < 0, which indicates that f(x1, x2|a) does not satisfy the CISP

condition.

�

Proof of Proposition 7. In (1.13), we have

U(so(·), a) =

∫
r(q)g(q|a)dq − c(a).

By using Concavity of Expectation Rule III, we obtain that
∫
r(q)g(q|a)dq is concave in

a, from conditions (1b) and (2b). Together with the convexity of c(a), this implies that

U(so(·), a) is concave in a. �

Proof of Proposition 8. Since r(q) ≡ w(λ+ µq) as in (1.11) and µ > 0, condition (2b)

is equivalent to condition (3JM). Next, given the MLRP for f(x|a) in (2JM), we have

F (x|a) = G(Qao(x)|a) as in (1.9). Thus,∫ z

G(q|a)dq =

∫ x(z,ao)

F (x|a)Q′ao(x)dx

= Q′ao(x(z, ao))

∫ x(z,ao)

F (x|a)dx−
∫ x(z,ao) [

Q′′ao(x)

∫ x

F (t|a)dt

]
dx,

where x(z, ao) solves Qao(x(z, ao)) = z, and this exists and is unique by the MLRP. Thus,

it follows that∫ z

Gaa(q|a)dq = Q′ao(x(z, ao))

∫ x(z,ao)

Faa(x|a)dx−
∫ x(z,ao) [

Q′′ao(x)

∫ x

Faa(t|a)dt

]
dx.

By (2JM), Q′ao(x(z, ao)) ≥ 0 and Q′′ao(x) ≤ 0. Thus, by (1JM), we get∫ z

Gaa(q|a)dq ≥ 0, for all z.

To see that the converse is not true, consider the Weibull distribution example pre-

sented earlier, in which f(x|a) = kxk−1a−p exp{−xka−p}, where p, k > 0 and x > 0.

Then,

F (x|a) = 1− exp{−xka−p},
fa(x|a)

f(x|a)
= p · a−(p+1)(xk − ap),
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q̃ ≡ fa(x̃|ao)
fa(x̃|ao)

, (A.1)

where fa(x|ao)
f(x|ao) = p · (ao)−(p+1)[xk − (ao)p]. Thus, x(q, ao) =

[
(ao)p(a

o

p
q + 1)

]1/k
.

Since f(x|a) satisfies the MLRP, using (1.9) and (1.10), we have

G(q|a) = 1− exp
{
−
(ao
a

)p[ao
p
q + 1

]}
,

and

g(q|a) =
(ao)p+1

p · ap
exp

{
−
(ao
a

)p[ao
p
q + 1

]}
,

where q > − p
ao

from (A.1). Since

m(a) ≡
∫
qg(q|a)dq =

pap

(ao)p+1
− p

ao
,

we can see that condition (1b-2) is satisfies if p ≤ 1. Furthermore,

Ga(q|a) = −p(ao)pa−(p+1)
[ao
p
q + 1

]
exp

{
−
(ao
a

)p[ao
p
q + 1

]}
,

Gaa(q|a) =
p

a2
η(q)[p+ 1− pη(q)]e−η(q),

where η(q) ≡
(
ao

a

)p
[a
o

p
q + 1], which is positive since q > − p

ao
. Thus, we have∫ z

− p
ao

Gaa(q|a)dq =

∫ η(z)

0

p

a2
η(p+ 1− pη)e−η

( a
ao

)p p
ao
dη

=p2ap−2(ao)−(p+1)

[
(p+ 1)

∫ η(z)

0

ηe−ηdη − p
∫ η(z)

0

η2e−ηdη

]

=p2ap−2(ao)−(p+1)

[
pη2(z)e−η(z) + (1− p)

∫ η(z)

0

ηe−ηdη

]
(A.2)

where η(z) ≡
(
ao

a

)p
[a
o

p
z+1] > 0, since z has the same range as q. The expression in square

brakets in (A.2) is positive if p ≤ 1. Therefore, if p ≤ 1, we also have that
∫ z
− p
ao
G(q|a)dq

is convex in a for all z, which yields (1b-1).

Now, consider the case in which k < p ≤ 1. As shown above, conditions (1b-1) and (1b-

2) are satisfied since p ≤ 1. However, in order for condition (1JM) to be satisfied, we must

have E[x̃|a] concave in a (i.e., (1JM-2)). But, in this case, we have E[x̃|a] = ap/kΓ(1+1/k),

which is convex in a because k < p, violating condition (1JM-2). Note also that, since

(1JM-2) is violated, (1JM-1) must also be violated for y sufficiently large. �
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Proof of Proposition 9. Note that condition (2a) in Proposition 1 is exactly the same

as condition (2b) in Proposition 7. Thus, it is sufficient to show that condition (1a) in

Proposition 1 implies condition (1b) in Proposition 7.

For any given z ∈ R, we have

−
∫ z

G(q|a)dq =

∫
min{q − z, 0}g(q|a)dq

=

∫
min{Qao(X(a, θ))− z, 0}p(θ)dθ.

Since min{Qao(X(a, θ))−z, 0} is nondecreasing concave in Qao(·), it is concave in a for all

θ if Qao(X(a, θ)) is concave in a for all θ (i.e., (1a)). Then, we have
∫

min{q−z, 0}g(q|a)dq

is concave in a, which implies
∫ z
G(q|a)dq is convex in a (i.e., (1b)). �

Proof of Lemma 1. From (1.29), we have

Gaa(q|a) =

∫
T (x)≤q1(q,ao)

ξ(x)haa(a, T (x))dx.

Since the support of f(x|a) is independent of a, the support of g(q|a), where q = fa(x|ao)
f(x|ao) ,

is also independent of a for any given ao. Thus, we have Gaa(q|a) = Gaa(q|a) = 0 for

all a. Therefore, given that ξ(x) ≥ 0, one can easily see that Gaa(q|a) ≥ 0 for all q

if haa(a, T (x)) changes sign once from positive to negative as T (x) increases, and thus

Gaa(q|a) first rises then falls as q rises. �

Proof of Lemma 2. Condition (2c) indicates that either Gaa(q|a) is nonnegative for all

q or it changes sign once from positive to negative as q increases. The former case implies

the CDFC for g(q|a) (i.e., the CDFCL for f(x|a)) which guarantees (1b) in Proposition

7. In the latter case, since m′′(a) = −
∫ q
q
Gaa(q|a)dq ≤ 0 from (1c), we have

∫ z
Gaa(q|a)dq

must be nonnegative for all z. As a result, (1b) is satisfied. �

Proof of Proposition 10. Note that, for any given a, since E
[
gaa(q̃|a)
g(q̃|a)

]
=
∫
gaa(q|a)dq =

Gaa(q|a) = 0, gaa(q|a)
g(q|a)

must change sign at least once. Given that gaa(q|a)
g(q|a)

is quasi-convex

in q, one of the following three cases must be true as q increases:

(i) gaa(q|a)
g(q|a)

changes sign once from positive to negative,
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(ii) gaa(q|a)
g(q|a)

changes sign twice from positive to negative and then to positive,

(iii) gaa(q|a)
g(q|a)

changes sign once from negative to positive.

Thus, since g(q|a) is positive for almost every q, as q increases, we must have either

(i) gaa(q|a) changes sign once from positive to negative, or

(ii) gaa(q|a) changes sign twice from positive to negative and then to positive, or

(iii) gaa(q|a) changes sign once from negative to positive.

But, since Gaa(q|a) = 0, case (iii), which implies Gaa(q|a) ≤ 0 for all q, contradicts

m′′(a) = −
∫ q
q
Gaa(q|a)dq ≤ 0. Therefore, case (iii) must be ruled out, implying that

either Gaa(q|a) =
∫ q
gaa(t|a)dt is always positive (i.e., case (i)) or it changes sign only

once from positive to negative (i.e., case (ii)). By Lemma 2, condition (1b) in Proposition

7 is therefore satisfied. �

Proof of Proposition 11. Since ao > 0, we must have

Va(s
o(·), ao) + λUa(s

o(·), ao) + µUaa(s
o(·), ao) = 0, (A.3)

where the Lagrange multipliers, λ and µ, are nonnegative.

Suppose that µ = 0. In this case, the optimal contract in (1.33) must be a function

of π alone, that is, so(x) = ŝo(π). Since both the agent and the principal are risk-

averse, ŝo(π) and π − ŝo(π) are increasing in π, and Va(s
o(·), ao) > 0 due to the FOSD

condition for f(x|a) with respect to π(x). As a result, Va(s
o(·), ao) + λUa(s

o(·), ao) +

µUaa(s
o(·), ao) = Va(s

o(·), ao) + λUa(s
o(·), ao) > 0, since Ua ≥ 0. This contradicts (A.3)

just above. Therefore, it must be the case that µ > 0, and the optimal contract is a

function of both π and q, that is, so(x) = ŝo(π, q). Also, ŝo(π, q) is increasing in (π, q),

by (1.33). Since f(x|a) satisfies the CISP condition with respect to (π, q), and c(a) is

convex in a, one can show that the agent’s expected utility U(so(·), a) is concave in a by

using Concavity of Expectation Rule II. This justifies the use of the first-order approach.

�
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Proof of Proposition 12. Since Eπ ≡ {x ∈ Rn| π(x) ≥ π} is an increasing set by the

assumption that π(x) is nondecreasing, the NISP condition for f(x|a) clearly implies that

Pr[x̃ ∈ Eπ|a] is nondecreasing in a, i.e., the FOSD condition for f(x|a) with respect to

π(x).

Next, to show that the MLRP and the CISP condition for f(x|a) imply the CISP

condition for f(x|a) with respect to (π, q), we compare the class of all increasing sets in

x-space, F ≡ {E ⊆ Rn|E is an increasing set}, to the class of all increasing sets in (π, q)-

space, G ≡ {Eπq ⊆ R2|Eπq is an increasing set}. Note that the requirement that f(x|a)

satisfy the CISP condition and the requirement that f(x|a) satisfy the CISP condition

with respect to (π, q) impose similar restrictions, i.e., that the probability of any increasing

set be concave in a, but for the different classes of increasing sets F and G , respectively.

Thus, it is sufficient to show that T (G ) ⊂ F given that f(x|a) satisfies the MLRP, where

T (G ) = {T (Eπq) ⊆ Rn|Eπq ∈ G } denotes the class of sets in x-space corresponding to

class G .

Choose an arbitrary increasing set Eπq ∈ G in (π, q)-space. For any xo ∈ T (Eπq),

if x1 ≥ xo, then π(x1) ≥ π(xo) and Qao(x
1) ≥ Qao(x

o) by the assumptions that π(x)

is nondecreasing in x and that f(x|a) satisfies the MLRP. Thus, (π(x1), Qao(x
1)) ∈ Eπq

because Eπq is an increasing set. Therefore, x1 also is a member of T (Eπq), which implies

that T (Eπq) is an increasing set in x-space, i.e., T (Eπq) ∈ F .

However, there exists a set Eo ∈ F such that Eo 6= T (Eπq) for any Eπq ∈ G . For

example, consider x = (x1, x2) ∈ [0,∞)2, π(x) = x1, Qao(x) = x1 + x2, and Eo =

{(x1, x2)| x1 ≥ 1 and x2 ≥ 1}. In this case, Eo is an increasing set, but the corresponding

set in (π, q)-space is {(π, q)| π ≥ 1 and q ≥ π + 1}. One can easily see that this set is

not an increasing set. Thus, the CISP condition for f(x1, x2|a) on (x1, x2)-space requires

Pr[(x̃1, x̃2) ∈ Eo|a] to be concave in a, but the CISP condition for f(x1, x2|a) on (π, q)-

space does not. �
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[23] Sinclair-Desgagné, B. (1994): “The First-Order Approach to Multi-Signal Principal-

Agent Problems,” Econometrica, 62, 459-465.

[24] Spence, M. and R. Zeckhauser (1971): “Insurance, Information, and Individual Ac-

tion,” American Economic Review, 61, 380-387.

58



Chapter 2

Justifying the First-Order Approach

in the Agency Problem without

Concavity

59



Justifying the first-order approach
in the agency problem without concavity1

2.1 Introduction

Replacing the agent’s original “argmax” incentive compatibility constraint with its first-

order condition, which is called the first-order approach, has been typically adopted to

solve the principal-agent problems. However, this approach is not always valid even in

the standard setting.2 Thus, identifying the conditions under which using the first-order

approach is valid has been one of the major issues in the agency literature, and several sets

of conditions for justifying this approach have been found in various agency frameworks.3

Yet, there are many meaningful principal-agent settings in which using the first-order

approach cannot be justified by those existing sets of conditions.

The first set of conditions was proposed by Mirrlees (1975) and Rogerson (1985) in the

one-signal case. Those conditions are the well-known MLRP (monotone likelihood ratio

property) and CDFC (convexity of the distribution function condition) for the density

function of the signal. Later, some other conditions were proposed to generalize the one-

signal CDFC to the multi-signal case. They include the generalized CDFC (i.e., GCDFC)

by Sinclair-Desgagné (1994), the CISP condition (concave increasing set probability condi-

tion) by Conlon (2009), and the CDFCL (convexity of the distribution function condition

for the likelihood ratio) by Jung and Kim (2015) among others.4 All these conditions

contain the property of the CDFC.

However, the CDFC and its various extensions have a serious limitation in that they

1This article, co-authored with my thesis advisor, Prof. Son-Ku Kim, has been submitted to the

Review of Economic Studies.
2For the standard principal-agent model, see Spence and Zeckhauser (1971), Ross (1973), Mirrlees

(1975), Harris and Raviv (1979), Holmstrom (1979), Shavell (1979), and Grossman and Hart (1983),

among others.
3For a detailed explanation of this, see Jung and Kim (2015).
4Jewitt (1988) also proposed two sets of conditions for the multi-signal case assuming that the multiple

signals are independently distributed.
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are hardly satisfied by most familiar density functions. For instance, consider a one-signal

principal-agent problem in which the signal for the agent’s hidden effort is generated by

a simple functional form such that x = a+ θ, where a ∈ [0,∞) is the agent’s effort level,

and x ∈ R and θ ∈ R are the realized values of the signal variable, x̃, and the uncertainty

variable, θ̃ ∼ N(0, σ2), respectively.5 It is well known that the density function of the

signal conditional on the agent’s effort in this case satisfies none of the above CDF-type

conditions.

To overcome this drawback, Jewitt (1988) proposed another set of conditions in the

one-signal case which does not contain any CDF-type condition, and is thus often more

applicable.6 Recently, this set of conditions was also extended to the multi-signal case

by Jung and Kim (2015).7 These sets of conditions, however, have a different kind of

limitation, and thus cannot be used for many familiar cases including the above normal

density example. Although they do not contain any of the troublesome CDF-type condi-

tions, they contain another condition that the agent’s indirect utility given the optimal

contract must be concave in the likelihood ratio of the signals, which cannot be satisfied

in many cases.

To justify the first-order approach, the existing sets of conditions containing the CDF-

type conditions were derived by putting all the requirements only on the density function

of the signals. This is why the CDF-type conditions are, in general, too restrictive to

be satisfied by most familiar density functions. On the other hand, Theorem 1 in Jewitt

(1988) and Proposition 7 in Jung and Kim (2015), by placing an additional requirement

on the agent’s utility function that the agent’s indirect utility be concave in the likelihood

ratio of the signals, were able to put the requirements on the density function of the signals

that are weaker than the CDF-type conditions. However, there are still many cases in

which such an additional requirement cannot be met. For many density functions of the

signals (including the normal density function in the above example), their likelihood

5We use a letter with a tilde such as x̃ to denote a random variable and a letter without it such as x

to denote a specific value of that random variable.
6See Theorem 1 in Jewitt (1988).
7See Proposition 7 in Jung and Kim (2015).
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ratios are unbounded below. In this case, to guarantee the existence of the optimal

contract, one needs to include the constraint which requires that the agent’s wage not be

lower than a certain level under any circumstances.8 This is called the agent’s limited

liability constraint. However, when the optimal contract is to be bounded below by the

agent’s limited liability constraint, so is the agent’s indirect utility given that optimal

contract, and thereby it cannot be concave in the likelihood ratio. This is why neither

the Jewitt conditions nor the Jung and Kim conditions can be used for such cases.

One thing that is common to all the existing results is that, to justify the first-order

approach, they were derived to make the agent’s expected monetary utility obtained from

this approach concave in the agent’s effort. However, such concavity is sufficient but not

necessary for justifying the first-order approach in two respects. First, since the agent’s

expected utility given an incentive contract is his expected monetary utility from that

incentive contract minus the cost of effort, the conditions derived by relying only on the

concavity of the agent’s expected monetary utility do not take the agent’s cost of effort

into consideration. Even if the agent’s expected monetary utility is not concave in effort,

his expected utility can still be concave if the cost of effort is sufficiently convex, and

thus using the first-order approach can be justified. Second, but more importantly, even

the concavity of the agent’s expected utility (i.e., his expected monetary utility minus

cost) in effort itself is not necessary for justifying the first-order approach. As shown in

Figure 2.1, the first-order approach can be justified as long as the agent’s expected utility

from this approach has a maximum value at the target effort level the principal intends

to induce (i.e., the original argmax incentive constraint).

In this paper, we derive a new set of conditions that is not obtained by relying on the

concavity of the agent’s expected monetary utility but obtained directly from the original

argmax incentive constraint. This set of conditions is composed of a statistical condition

on the density function of the signals and a double crossing property between the agent’s

indirect utility given the optimal contract and his cost of effort. Thus, our conditions

explicitly take the agent’s cost function into consideration. We show that our statistical

8This is the well-known Mirrlees unpleasant theorem.
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Figure 2.1:

condition not only has a very useful implication but also is quite general in that it can be

satisfied by the wide range of familiar density functions including normal density functions

and various exponential families of density functions, whereas the existing conditions

cannot. However, the double crossing property itself is not very useful because it is not

generally easy to verify. Thus, we provide two alternative sets of conditions which can

verify the double crossing property in an easier way: one can be used for the case in which

the agent’s limited liability constraint is binding for some signal values at the optimum,

and the other can be used for the case in which that constraint is not binding for all signal

values at the optimum, respectively. Also, by using those sets of conditions, we show that

the first-order approach can be validly adopted in many useful principal-agent settings

(including the above normal density case) in which using the first-order approach has not

been able to be justified by the existing sets of conditions.

The remainder of the paper is organized as follows. In Section 2, we formulate the basic

principal-agent framework, and briefly explain the issue of using the first-order approach.

In Section 3, we present our main set of conditions that is derived not from the concavity

of the agent’s expected monetary utility but directly from the original argmax incentive

constraint. Then, in Sections 4, we propose two alternative sets of conditions that are

easier to verify than our main set of conditions in both the case where the agent’s limited
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liability constraint is binding for some values of the signals at the optimum and the case

where it is not binding for all values of the signals at the optimum, respectively. In Section

5, we explain the statistical implications of our conditions, and compare them with the

existing conditions. Concluding remarks are given in Section 6, and all formal proofs are

relegated to Appendix B.

2.2 The basic model

We consider a one-period standard principal-agent model in which an agent works for

a principal by inputting his effort a ∈ [0,∞). The principal cannot observe the agent’s

effort choice directly but can observe some signals x̃ = (x̃1, x̃2, · · · , x̃n) that are imperfectly

correlated with the agent’s hidden effort, where x̃i is a one-dimensional random variable.

The signal generating function is given by

x = X(a, θ),

where x ∈ Rn is the realized value of signal vector x̃ and θ ∈ Rm is the realized value

of the vector of state variables θ̃. When signal x is realized, the principal obtains π(x)

as her personal value, and she pays to the agent his wage s which depends on x, i.e.,

s = s(x). It is assumed that the principal is risk-neutral, whereas the agent is risk-averse.

The agent’s utility function is given by an additively separable form such that

u(s, a) = u(s)− c(a), u′ > 0, u′′ < 0, c′ > 0, c′′ > 0,

where u(s) denotes the agent’s utility from monetary payoff s and c(a) denotes his disu-

tility of exerting a.9

We denote U as the agent’s reservation utility which is the maximum level he can

get by working for other principals. Also, to be more general, we assume that there is

a limited liability constraint on the agent’s side which requires that the agent’s wage

not be lower than s under any circumstances, i.e., s(x) ≥ s, ∀x, where s indicates the

9We use the prime and the double prime of a function to denote the first and the second derivatives

of that function, respectively.
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agent’s subsistence wage level.10 This limited liability constraint of the agent is crucial

for guaranteeing the existence of the agent’s optimal contract in some cases.11

By taking the Mirrlees (1975) formulation, one can denote the agent’s expected utility

when he takes an effort a under s(x) as

U(s(·), a) ≡
∫
u(s(x))f(x|a)dx− c(a), (2.1)

where f(x|a) is the joint density function of x̃ conditional on the agent’s effort, a, which is

defined from the cumulative distribution function of x̃ given a, i.e., F (x|a) ≡ Pr[x̃ ≤ x|a].

We assume that the support of f(x|a) is independent of a, and both F (x|a) and f(x|a)

are continuous and differentiable at least twice with respect to a.

Thus, a specific principal-agent problem can be represented by its characteristic vari-

ables {π(x),u(s),f(x|a),c(a),U ,s}, and the principal’s optimization program given {π(x),

u(s),f(x|a),c(a),U ,s} is

max
a,s(x)≥s

∫
[π(x)− s(x)]f(x|a)dx

s.t. (i) U(s(·), a) ≥ U,

(ii) a ∈ argmaxa′ U(s(·), a′).

In the above, the constraints are the typical participation and incentive compatibility

constraints, respectively. Thus, the above optimization program indicates that the prin-

cipal has to decide both the agent’s wage scheme, s(x) ≥ s, ∀x, and the target effort

level, a, simultaneously to maximize her expected payoff under the constraints that the

self-interested agent actually chooses the target effort level when s(x) is offered and that

his expected utility in this case is not lower than U .

However, the above program itself is not tractable because the incentive constraint is

composed of infinitely many inequality constraints. Thus, it has been typically solved by

replacing the original incentive constraint with the “relaxed” constraint that the agent’s

10This includes the case in which there is no limited liability constraint on the agent’s side as a special

case where s = −∞.
11This will be explained more precisely later.

65



expected utility given s(x) is stationary at that effort level, a, i.e.,

∂U(s(·), a)

∂a
≡ Ua(s(·), a) = 0, (2.2)

which is known as the first-order approach. The principal’s optimization program adopt-

ing the first-order approach can be written as

max
a,s(x)≥s

∫
[π(x)− s(x)]f(x|a)dx

s.t. (i) U(s(·), a) ≥ U,

(ii) Ua(s(·), a) =

∫
u(s(x))fa(x|a)dx− c′(a) = 0,

where fa(x|a) ≡ ∂f(x|a)
∂a

.

Let (so(x), ao > 0) solve the above optimization program.12 By solving the Euler

equation of the above program, one can derive that the optimal incentive contract, so(x),

should satisfy

1

u′(so(x))
=

 λ+ µfa(x|ao)
f(x|ao) ≡ λ+ µQao(x) ≡ λ+ µq, when λ+ µq ≥ 1

u′(s)
,

1
u′(s)

, when λ+ µq < 1
u′(s)

,
(2.3)

where λ and µ are the Lagrange multipliers of the participation and “relaxed” incentive

compatibility constraints, respectively. We define q̃ ≡ Qao(x̃) ≡ fa(x̃|ao)
f(x̃|ao) to indicate that

random variable q̃ and random vector x̃ have a functional relationship such that q =

Qao(x) ≡ fa(x|ao)
f(x|ao) , where q and x are the realized values of q̃ and x̃, respectively.13 Here q

represents the information contained in signal x, indicating how likely it is that the agent

has taken ao rather than some nearby action when signal x is realized.14

It is well known that the optimal contract obtained from the above optimization

program adopting the first-order approach, that is, so(x) in (2.3), does not always solve

the original optimization program. This is because so(x) in (2.3) is the optimal contract

12Thus, the existence of an optimal solution (so(x), ao) is assumed. We also assume ao > 0 to rule out

a trivial case. For the existence of an optimal solution in the principal-agent problem, see Jewitt, Kadan,

and Swinkels (2008).
13Note that q is a function of x but it also depends on ao.
14For a more detailed explanation of q, see Jung and Kim (2015).
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obtained by replacing the original “argmax” incentive constraint with the “relaxed” one,

and the principal’s opportunity set for s(x) satisfying the relaxed incentive constraint

is larger than her true opportunity set for s(x) satisfying the original argmax incentive

constraint. Thus, to ensure that so(x) in (2.3) solves the original program, one must

confirm that so(x) also satisfies the original argmax incentive constraint, that is,

U(so(·), ao) ≥ U(so(·), a) = R(a)− c(a), for all a, (2.4)

where R(a) ≡
∫
u(so(x))f(x|a)dx) is the agent’s expected monetary utility given so(x).

To guarantee (2.4), all the existing results for justifying the first-order approach were

derived to make the agent’s expected monetary utility given so(x) (i.e., R(a)) concave in

a.15 Given the convexity of c(a), the concavity of R(a) is sufficient for making U(so(·), a)

in (2.4) concave in a, and thus Ua(s
o(·), ao) = 0 guarantees (2.4), which justifies the

first-order approach. However, the concavity of R(a) in a is not necessary for justifying

the first-order approach in two respects. First, it does not take the effect of c(a) into

consideration. For instance, even if R(a) is not concave in a, U(so(·), a) = R(a) − c(a)

can still be concave in a if c(a) is sufficiently convex in a. Second, but more importantly,

even the concavity of U(so(·), a) = R(a) − c(a) in a itself is sufficient but not necessary

for guaranteeing (2.4). As drawn in Figure 2.1, even if U(so(·), a) is not concave, the first-

order approach can still be justified. In what follows, we establish a new set of conditions

which guarantees (2.4) without relying on the concavity of R(a).

2.3 Analysis

As noted by Jung and Kim (2015), analyzing the principal-agent problem based on

the information variable, q̃ ≡ Qao(x̃) ≡ fa(x̃|ao)
f(x̃|ao) , where ao is the optimal effort level to

be induced by the principal, generally has an advantage over analyzing it based on the

signal vector, x̃. As shown in (2.3), when the principal is risk-neutral, the agent’s optimal

contract, so(x), depends on signal x only through the information contained in x, i.e.,

15For those results, see Mirrlees (1975), Grossman and Hart (1983), Rogerson (1985), Jewitt (1988),

Sinclair-Desgagné (1994), Conlon (2009), and Jung and Kim (2015) among others.
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q = fa(x|ao)
f(x|ao) . This tells that what matters to the risk-neutral principal when she designs

an incentive contract for the agent is information q = fa(x|ao)
f(x|ao) contained in signal x rather

than x itself.

We start with proving that µ in (2.3) is positive. The basic proof for µ > 0 was already

given by Mirrlees (1975) and Holmstrom (1979). However, they proved µ > 0 based on

the assumption that using the first-order approach is valid. Thus, their proofs can no

longer work in finding the conditions for justifying the first-order approach. This is why

Jewitt (1988) provided another proof for µ > 0 without such an assumption.16 But, his

proof is valid only when there is no limited liability on the agent’s side (or equivalently

when the agent’s limited liability constraint is not binding for all x at the optimum). We

provide a different proof for µ > 0 which works not only without the assumption that

using the first-order approach is valid but also with the agent’s limited liability.

Lemma 1: µ > 0.

Based on q, let

r(q) ≡ u
(
u′−1

( 1

λ+ µq

))
. (2.5)

Then, the agent’s indirect utility given so(x) in (2.3), i.e., u(so(x)), can be written as a

function of q such as

u(so(x)) ≡ r(Qao(x)) = r(q) =

 r(q), when q ≥ qc,

u(s), when q < qc,
(2.6)

where qc = Qao(xc) ≡ fa(xc|ao)
f(xc|ao) solves 1

u′(s)
= λ+ µqc. We define G(q|a) as the cumulative

distribution function of q̃ given a, i.e.,

G(q|a) ≡ Pr[Qao(x̃) ≤ q|a]

and g(q|a) as its probability density function.17 For analytical simplicity, we assume that,

for any given ao, g(q|a) satisfies the first-order stochastic dominance (FOSD) with respect

16See Lemma 1 in Jewitt (1988).
17For a more detailed explanation of G(q|a) and g(q|a), see Jung and Kim (2015).

68



to a, that is, Ga(q|a) ≤ 0 for all a.18

It is well known that the agent’s limited liability constraint may or may not be binding

at the optimum depending on the characteristic variables, {π(x),u(s),f(x|a),c(a),U ,s}.

Note that, if it is the case where the agent’s limited liability constraint is binding for

some x for the optimal contract, the participation constraint may not be binding (i.e.,

λ = 0), and the agent may enjoy some positive rent at the optimum. Thus, we denote

the agent’s expected utility when he takes ao given so(x) as

U(so(·), ao) = R(ao)− c(ao) =

∫
u(so(x))f(x|ao)dx− c(ao) = U o ≥ U, (2.7)

where U o is an arbitrary level which will be determined by {π(x),u(s),f(x|a), c(a),U ,s},

and U o = U if the agent’s limited liability constraint is not binding for all x at the

optimum (i.e., λ > 0).

Let v(x) represent the agent’s opportunity cost function defined on x-space by defining∫
v(x)f(x|a)dx = c(a) + U o for all a, and also v(q) = v(Qao(x)) ≡ v(x) represent the

agent’s opportunity cost function defined on q-space.19 Then, the agent’s expected utility

given so(x) can be written as

U(so(·), a) =

∫
u(so(x))f(x|a)dx− c(a)

=

∫
[u(so(x))− v(x)]f(x|a)dx + U o

=

∫
[r(q)− v(q)]g(q|a)dq + U o. (2.8)

Since U(so(·), ao) = U o from (2.7), we have
∫

[r(q) − v(q)]g(q|ao)dq = 0 from (2.8).

Thus, the condition in (2.4) which justifies the first-order approach reduces to∫
[r(q)− v(q)]g(q|a)dq ≤

∫
[r(q)− v(q)]g(q|ao)dq = 0, for all a.

Lemma 2: For any given ao, consider any two functions defined on q-space, A(q) and

B(q), satisfying the double crossing property such that

18This assumption is not restrictive at all because it is satisfied in most cases. For a more detailed

explanation of this, also see Jung and Kim (2015).
19This is given for analytical simplicity. As will be shown later, the unique existence of v(x) is not

crucial for our results.
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(L1)
∫

[A(q)−B(q)]g(q|ao)dq = 0,

(L2)
∫

[A(q)−B(q)]q · g(q|ao)dq = 0, and

(L3) A(q) crosses B(q) twice starting from below.

Then, ∫
[A(q)−B(q)]g(q|a)dq ≤

∫
[A(q)−B(q)]g(q|ao)dq = 0, ∀a,

if and only if g(q|a)
g(q|ao) is convex in q for all a.

By substituting r(q) for A(q) and v(q) for B(q), one can easily see that condition (L1)

in Lemma 2 is equivalent to the participation constraint and condition (L2) is equivalent

to the “relaxed” incentive constraint. Using Lemma 2, we obtain the following lemma.

Lemma 3: For any given ao, if

(1a) g(q|a)
g(q|ao) is convex in q = fa(x|ao)

f(x|ao) for all a, and

(2a) (double crossing property) r(q) crosses v(q) twice starting from below,

then the first-order approach is justified.

As shown in the proof of Lemma 3, conditions (1a) and (2a) are derived not to make

R(a) ≡
∫
u(so(x))f(x|a)dx concave in a, but to satisfy (2.4) directly.

Note that condition (1a) in Lemma 3 not only has a very useful statistical implication,

which will be discussed more precisely later, but also is very general in that many familiar

density functions satisfy it. For example, in the one-signal case, consider a density function

in the exponential family such as

f(x|a) = A(a)B(x)eα(a)β(x), x ∈ R,

with α(a) and β(x) increasing. Then,

fa(x|a)

f(x|a)
= α′(a)β(x) +

A′(a)

A(a)
,

and, for any given ao,

Qao(x̃) ≡ fa(x̃|ao)
f(x̃|ao)

= α′(ao)β(x̃) +
A′(ao)

A(ao)
.
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Since α(a) and β(x) are increasing, f(x|a) satisfies the MLRP. Thus,

G(q|a) = Pr[Qao(x̃) ≤ q|a] = Pr[x̃ ≤ x|a] = F (x|a),

where x solves fa(x|ao)
f(x|ao) = q,20 and

g(q|a) = f(x|a)
dx

dq
.

Therefore, by using β(x) = [q − A′(ao)
A(ao)

]/α′(ao) and dx
dq

= 1
α′(ao)β′(x)

, we have

g(q|a) =
A(a)

α′(ao)
δ(q) exp

{
α(a)

α′(ao)

[
q − A′(ao)

A(ao)

]}
,

where δ(q) ≡ B(x)
β′(x)

.21 As a result,

g(q|a)

g(q|ao)
=

A(a)

A(ao)
exp

{
α(a)− α(ao)

α′(ao)

[
q − A′(ao)

A(ao)

]}
,

which is convex in q for any given ao and for all a, satisfying condition (1a).

More generally, note that

g(q|a)

g(q|ao)
= exp

{∫ a

ao

ga(q|t)
g(q|t)

dt

}
.

Thus, one can easily see that, even in the multi-signal case (i.e., x ∈ Rn), condition (1a)

holds if f(x|a) generates, for any given ao,

ga(q|a)

g(q|a)
= A(a)q +D(a),

which is the case for most exponential families of density functions (including normal,

gamma, etc.). In this case,

g(q|a)

g(q|ao)
= exp{Â(a) · q + D̂(a)},

where Â(a) ≡
∫ a
ao
A(t)dt and D̂(a) ≡

∫ a
ao
D(t)dt. Thus, one can easily see that condition

(1a) is satisfied.

20Thus, x which solves fa(x|ao)
f(x|ao) = q is a function of q given ao, i.e., x(q; ao).

21Since β(x) is increasing, we have x = β−1( q−A
′(ao)/A(ao)
α′(ao) ) ≡ Ω(q). Then, δ(q) ≡ B(Ω(q))

β′(Ω(q)) .
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On the other hand, condition (2a) itself may not be very useful. First, calculating v(q)

explicitly from c(a) is not easy in general. Second, even if v(q) is successfully calculated

from c(a), verifying whether r(q) and v(q) satisfy the double crossing property or not may

not be straightforward. Thus, it will be helpful to find an easier way in which the double

crossing property between r(q) and v(q) can be verified without explicitly calculating v(q)

from c(a). In the next section, we will derive our main results based on Lemma 3 which do

not require to calculate v(q) from c(a) for verifying the double crossing property between

r(q) and v(q).22

2.4 Verifying the double crossing property

To verify the double crossing property between r(q) and v(q) (i.e., condition (2a) in

Lemma 3) without calculating v(q) from c(a), we will take the following steps. First,

we introduce an arbitrary contract ŝ(x) under which the agent will chooses ao (i.e., the

original “argmax” incentive constraint is satisfied at ao), and his expected utility in this

case is equal to U o (i.e., the participation constraint is satisfied at ao). That is,

U(ŝ(·), a) ≡
∫
u(ŝ(x))f(x|a)dx− c(a)

≤ U(ŝ(·), ao) ≡
∫
u(ŝ(x))f(x|ao)dx− c(ao) = U o, ∀a. (2.9)

Then, we derive the conditions under which r(q) ≡ u(so(x)) crosses r̂(q) ≡ u(ŝ(x)) instead

of v(q) twice starting from below. Thus, we have

U(so(·), a) ≡
∫
u(so(x))f(x|a)dx− c(a)

=

∫
r(q)g(q|a)dq − c(a)

≤
∫
r̂(q)g(q|a)dq − c(a)

=

∫
u(ŝ(x))f(x|a)dx− c(a) ≡ U(ŝ(·), a), ∀a.

(2.10)

In equation (2.10), the inequality comes from Lemma 2 because both r(q) and r̂(q) satisfy

the participation and the relaxed incentive constraints, and r(q) crosses r̂(q) twice starting

22This is the reason why the unique existence of v(x) (or equivalently v(q)) is not crucial for our results.
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from below. Consequently, by combining (2.7), (2.9) and (2.10), we derive that

U(so(·), a) ≤ U(ŝ(·), a) ≤ U(ŝ(·), ao) = U(so(·), ao) = U o, ∀a,

which justifies the first-order approach as drawn in Figure 2.2.

Figure 2.2:

In Figure 2.2, U(ŝ(·), a) is drawn in a way that the agent will choose ao given ŝ(x) and

U(ŝ(·), ao) = U o (i.e., equation (2.9)), and U(so(·), a) is drawn in a way that it lies below

U(ŝ(·), a) for all a except for ao since U(so(·), ao) = U o (i.e., equations (2.7) and (2.10)).

Thus, the key point is to find an appropriate contract, ŝ(x), with which the double

crossing property between r(q) and r̂(q) ≡ u(ŝ(x)) can be easily verified. To do this,

however, we have to distinguish the case in which the agent’s limited liability constraint

is binding for some x at the optimum from the case in which that constraint is not binding

for all x at the optimum. This is because r(q) ≡ u(so(x)) in (2.6) has a different functional

form depending on whether the agent’s limited liability constraint is binding for some x

at the optimum or not. As shown in (2.6), the agent’s indirect utility given so(x), i.e.,

u(so(x)) ≡ r(q), must be bounded below by u(s) for some low values of q (i.e., q < qc)

if his limited liability constraint is binding for some x at the optimum, whereas it is not

bounded below by u(s) (i.e., r(q) = r(q), ∀q) if that constraint is not binding for all x

at the optimum. This requires us to introduce a different ŝ(x) to guarantee the double

crossing property between r(q) and r̂(q) ≡ u(ŝ(x)) in each case.

Associated with the above distinction, it is worth noting that the existing results for

the validity of the first-order approach can also be divided into two groups, the results
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which can be applied even to the case in which the agent’s limited liability constraint is

binding for some x at the optimum, and the results which can be applied only to the case

in which the agent’ limited liability constraint is not binding for all x at the optimum.

As mentioned earlier, all the existing results were derived to make the agent’s ex-

pected monetary utility given so(x), i.e., R(a) ≡
∫
u(so(x))f(x|a)dx, concave in a.

More precisely, the Mirrlees-Rogerson conditions in the one-signal case (i.e., f(x|a),

x ∈ R, should satisfy the MLRP and the CDFC) were derived based on the fact that

R(a) ≡
∫
u(so(x))f(x|a)dx is concave in a for any “increasing” function u(so(x)) if f(x|a)

satisfies the CDFC. Later, other conditions were found to generalize the CDFC to the

multi-signal case They include Sinclair-Desgagné’s GCDFC (generalized convexity of the

distribution function condition), Conlon’s CISP condition (concave increasing set prob-

ability condition), and Jung and Kim’s CDFCL (convexity of the distribution function

condition for the likelihood ratio). All these conditions contain the property of the CDFC

because they are just extended versions of the one-signal CDFC to the multi-signal case.

Since the results that contain those CDF-type conditions can be used for any “increas-

ing” u(so(x)) (or r(q)), they can be well applied to the case in which the agent’s limited

liability constraint is binding for some x at the optimum because u(so(x)) is generally

increasing even in this case. However, they can be applied only to a limited set of cases in

that most familiar density functions of the signals, f(x|a), hardly satisfy such CDF-type

conditions.

To overcome this drawback, Jewitt (1988) proposed another set of conditions in the

one-signal case which does not contain any CDF-type condition, and his conditions were

generalized to the multi-signal case by Jung and Kim (2015). Both the condition on f(x|a)

in the Jewitt conditions (see Theorem 1 in Jewitt (1988)) and that in the Jung and Kim

conditions (see Proposition 7 in Jung and Kim (2015)) are weaker than the above CDF-

type conditions, and thus can be satisfied by some familiar density functions.23 This is

because they were derived to make R(a) ≡
∫
u(so(x))f(x|a)dx =

∫
r(q)g(q|a)dq concave

in a not for any “increasing” function but for any “increasing concave” function of u(so(x))

23For the examples of such density functions, see Jewitt (1988, p. 1183)
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(or r(q)). However, these conditions, although useful, can also be applied only to another

limited set of cases in which the agent’s limited liability constraint is not binding for all

x at the optimum. When the agent’s limited liability constraint is binding for some x at

the optimum, u(so(x)) (or r(q)) should be bounded below for those x, and thus cannot

be concave.

2.4.1 When the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is unbounded

below

Whether the agent’s limited liability constraint is binding for some x at the optimum or

not mainly depends on f(x|a) and s. Especially when the density function of the signals

has its information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , which is not bounded below, i.e., q̃ ∈ (−∞, q),24

we need to have s bounded below, i.e., s > −∞, to guarantee the existence of the optimal

contract. Then, as shown in (2.3), the agent’s limited liability constraint must be binding

for some x for the optimal contract.

In this case, to verify the double crossing property between r(q) and v(q), we intro-

duce an arbitrary contract ŝt(x), t > 0, with which the agent’s indirect utility has an

exponential form such as u(ŝt(x)) ≡ r̂t(q) = A · etq +B, where A, B, and t > 0 are to be

set to satisfy both the participation and the relaxed incentive constraints as well as the

agent’s limited liability constraint, i.e., ŝt(x) ≥ s, ∀x. We define M(a; t) as the moment

generating function of g(q|a), i.e.,

M(a; t) ≡
∫
etqg(q|a)dq.

Then, we have the following proposition.

Proposition 1: Given that the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is unbounded below, if,

for any given ao,

(1a) g(q|a)
g(q|ao) is convex in q = fa(x|ao)

f(x|ao) for all a,

24This is the case for many familiar density functions of the signals (e.g., normal distribution, gamma

distribution, Chi-square distribution, etc.).
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(2b) there exists t > 0 such that c′(ao)
M ′(ao;t)

M(ao; t) − c(ao) ≤ U − u(s), and c(a) is convex

in M(a; t) for such t, and

(3b) r(q) in (2.5) is concave in q,

then the first-order approach is justified.

The conditions in Proposition 1 are given to sufficiently guarantee conditions ((1a),(2a))

in Lemma 3 without explicitly calculating v(q) from c(a) in the case where the information

variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is unbounded below, and thus the agent’s limited liability constraint

is binding for some x at the optimum. Especially, conditions (2b) and (3b) are given

as sufficient conditions for condition (2a) in Lemma 3 (i.e., the double crossing property

between r(q) and v(q)) in this case.

As will be shown in the next subsection, to guarantee the double crossing property

between r(q) and v(q) in the case where the agent’s limited liability constraint is not

binding for all x at the optimum, we require that r(q) in (2.6) be concave in q (i.e.,

condition (3c) in Proposition 2). However, in this case, r(q) in (2.6) cannot be concave

around qc (see Figure 2.4 in the Appendix) due to the binding limited liability constraint

of the agent at the optimum. Instead, we require that the agent’s indirect utility given

so(x) before constrained by the limited liability constraint, i.e., r(q) in (2.5), be concave

in q (i.e., condition (3b)), and introduce an arbitrary contract ŝt(x), t > 0 such that

u(ŝt(x)) ≡ r̂t(q) = Aetq +B.

In fact, condition (2b) (especially, the convexity of c(a) in M(a; t), t > 0) guarantees

that the agent will choose ao given ŝt(x), that is,

U(ŝt(·), a) ≡
∫
u(ŝt(x))f(x|a)dx− c(a)

≤ U(ŝt(·), ao) ≡
∫
u(ŝt(x))f(x|ao)dx− c(ao) = U o, ∀a. (2.11)

Also, condition (3b) combined with condition (2b) guarantees that u(so(x)) ≡ r(q) crosses

u(ŝt(x)) ≡ r̂t(q) twice starting from below as shown in Figure 2.4 in the Appendix. Thus,
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by Lemma 2, we obtain

U(so(·), a) ≡
∫
u(so(x))f(x|a)dx− c(a)

=

∫
r(q)g(q|a)dq − c(a)

≤
∫
r̂t(q)g(q|a)dq − c(a)

=

∫
u(ŝt(x))f(x|a)dx− c(a) ≡ U(ŝt(·), a), ∀a.

(2.12)

The inequality in equation (2.12) comes from Lemma 2 because both r(q) and r̂t(q) satisfy

the participation and the relaxed incentive constraints, and r(q) crosses r̂t(q) twice starting

from below.

Then, by combining (2.7), (2.11), and (2.12), we have

U(so(·), a) ≤ U(so(·), ao) = U o, ∀a,

which justifies the first-order approach.

One thing to note is that, although condition (2b) looks a bit complicated, it can be

reduced to a much simple form especially when there exists t > 0 such that the agent’s

cost function c(a) is linear in M(a; t), i.e., c(a) = αM(a; t) + β. In this case, condition

(2b) holds if U − u(s) ≥ −β.

The following two examples show how the conditions in Proposition 1 can be applied

to principal-agent problems in which the agent’s limited liability constraint is binding for

some x at the optimum (i.e., q̃ ≡ fa(x̃|ao)
f(x̃|ao) is unbounded below).

Example 1: Consider a one-signal principal-agent problem, {π(x),u(s),f(x|a), c(a),U ,s},

where π(x) = x and u(s) = 1
r
sr, r ≤ 1

2
. Also, the agent’s cost function is given by

c(a) = D(eka − 1), D > 0, k > 0, and assume that the signal generating function has a

simple additive form such as x̃ = a+ θ̃, θ̃ ∼ N(0, σ2). Then,

f(x|a) =
1√
2πσ

e−
(x−a)2

2σ2 . (2.13)

Since, given ao,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

=
x̃− ao

σ2
,
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we have

q̃|a ∼ N

(
a− ao

σ2
,

1

σ2

)
.

Thus,

g(q|a) =
σ√
2π

exp

{
− σ2

2

(
q − a− ao

σ2

)2
}
. (2.14)

Since x̃ ∈ (−∞,∞), q̃ is unbounded below. Thus, the agent’s limited liability constraint

must be binding for some low values of q̃ (i.e., for some low values of x̃).

From (2.14), we have

g(q|a)

g(q|ao)
= exp{(a− ao)q − (a− ao)2

2σ2
}.

Thus, one can easily see that condition (1a) is satisfied. Also, from (2.5), r(q) =

1
r
(λ + µq)

r
1−r is concave in q since r ≤ 1

2
, which implies that condition (3b) is satis-

fied. Furthermore, since c(a) = D(eka − 1), D > 0, k > 0, by picking up t = kσ2, we

have

M(a; t = kσ2) =

∫
ekσ

2qg(q|a)dq = exp
{
k(a− ao) +

k2σ2

2

}
= K · eka,

where K ≡ exp{k2σ2

2
− kao}. Therefore, the agent’s cost function can be represented as

c(a) =
D

K
M(a; t = kσ2)−D,

which implies that condition (2b) holds if D ≤ U − u(s).

This example clearly shows the advantage of the set of conditions in Proposition 1

over the existing sets of conditions. Using the first-order approach for the principal-agent

problem in the above example cannot be justified by any of the existing sets of conditions.

First, it is easy to see that neither f(x|a) in (2.13) nor g(q|a) in (2.14) satisfies any of

the the CDF-type conditions. Thus, the Mirrless-Rogerson conditions or any extension of

those conditions (e.g., the GCDFC by Sinclair-Desgagné (1994), the CISP condition by

Conlon (2009), and the CDFCL by Jung and Kim (2015)) cannot be used for justifying the

first-order approach in this case. Furthermore, the Jewitt conditions and the extension of

those by Jung and Kim cannot be also used for justifying the first-order approach in this

case. Both Theorem 1 in Jewitt (1988) and Proposition 7 in Jung and Kim (2015) require
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that r(q) in (2.6) be concave in q. However, since the agent’s limited liability constraint

must be binding for some x at the optimum due to the fact that q̃ ≡ fa(x̃|ao)
f(x̃|ao) ∈ (−∞,∞) is

unbounded below, r(q) in (2.6) cannot be concave in q. In contrast, using the first-order

approach in this case can be actually justified by the conditions in Proposition 1 as long

as U − U(s) ≥ D.

Actually, the fact that the simple signal generating function with a linear form such as

x̃ = a+ θ̃, where θ̃ is normally distributed, has not been able to be used in the principal-

agent problem has been a big obstacle in applying the principal-agent theories to various

economic problems. What the above example shows is that the first-order approach can

be validly adopted in the principal-agent problem in which the signals for the agent’s effort

are normally distributed if the agent’s cost of effort has a somewhat convex functional

form such as an exponential form.

Example 2: Consider a one-signal principal-agent problem, {π(x),u(s),f(x|a), c(a),U ,s},

where π(x) = x, u(s) = 1
r
sr, r ≤ 1

2
, c(a) = ka, k > 0, and x̃ ∈ (0,∞) has the gamma

distribution with shape parameter a, i.e.,

f(x|a) =
xa−1β−a

Γ(a)
e−

x
β . (2.15)

Since, given ao,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

= log x̃−K,

where K ≡ log β + Γ′(ao)
Γ(ao)

, q̃ is unbounded below. Thus, the agent’s limited liability

constraint must be binding for some low values of q̃ (i.e., for some low value of x̃). We

have

g(q|a) =
β−a

Γ(a)
exp

{
a(q +K)− 1

β
eq+K

}
. (2.16)

Thus, from (2.16), one can see that condition (1a) is satisfied. Also, from (2.5), r(q) =

1
r
(λ+ µq)

r
1−r is concave in q since r ≤ 1

2
, which implies that condition (3b) is satisfied.

Since the agent’s cost function is given by c(a) = ka, k > 0, by picking up t = 1, we

have

M(a; t = 1) =

∫
eqg(q|a)dq = e−K

∫
xf(x|a)dx = βe−Ka.
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Therefore, the agent’s cost function can be represented as

c(a) =
keK

β
M(a; t = 1),

which implies that condition (2b) automatically holds because U ≥ u(s).

What the above example shows is even more striking. Unlike the case in Example 1,

in the case where f(x|a) is a gamma density function with shape parameter a, justifying

the first-order approach does not even need a convex cost function of effort. Similar to

Example 1, using the first-order approach for the principal-agent problem in the above

example cannot be justified by any of the existing sets of conditions. One can see that

neither f(x|a) in (2.15) nor g(q|a) in (2.16) satisfies any of the CDF-type conditions.

Thus, the Mirrlees-Rogerson conditions and any extension of those conditions (e.g., the

GCDFC by Sinclair-Desgagné (1994), the CISP condition by Conlon (2009), and the

CDFCL by Jung and Kim (2015)) cannot be used for justifying the first-order approach

in this case. Furthermore, since, for any given ao, q̃ ≡ fa(x̃|ao)
f(x̃|ao) = log x̃ −K ∈ (−∞,∞),

which is unbounded below, the agent’s limited liability constraint must be binding for

low values of x̃ at the optimum. Thus, by the same reason as in Example 1, Theorem

1 in Jewitt (1988) and Proposition 7 in Jung and Kim (2015) cannot be also used for

justifying the first-order approach in this case. However, as shown, using the first-order

approach in this case can be actually justified by the conditions in proposition 1.

2.4.2 When the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is bounded

below

We now consider the case in which the agent’s limited liability constraint is not binding

for all x at the optimum, and provide an alternative set of conditions that is easier to

verify than ((1a),(2a)) in Lemma 3. The agent’s limited liability constraint will not be

binding for all x at the optimum if the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) ∈ [q, q], has a

lower bound, i.e., q > −∞, and s is low enough such that r(q) in (2.5) is greater than
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u(s).25 Thus, to guarantee that the agent’s limited liability constraint is not binding for

all x at the optimum as long as the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is bounded below,

we will assume that that s is low enough.

When the agent’s limited liability constraint is not binding for all x at the optimum,

equation (2.3) reduces to

1

u′(so(x))
= λ+ µ

fa(x|ao)
f(x|ao)

= λ+ µq, for all q, (2.17)

and equation (2.6) reduces to

u(so(x)) ≡ r(Qao(x)) = r(q) = r(q), for all q. (2.18)

Furthermore, since the agent’s participation constraint must be binding (i.e., λ > 0) in

this case, equation (2.7) also reduces to

U(so(·), ao) =
∫
u(so(x))f(x|ao)dx− c(ao)

=
∫
r(q)g(q|ao)dq − c(ao) = U. (2.19)

Then, based on equations (2.17), (2.18) and (2.19), we have the following proposition.

Proposition 2: Given that the information variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is bounded below, if,

for any given ao,

(1a) g(q|a)
g(q|ao) is convex in q = fa(x|ao)

f(x|ao) for all a,

(2c) c(a) is convex in m(a) ≡
∫
qg(q|a)dq, and

(3c) r(q) is concave in q,

then the first-order approach is justified.

The conditions in Proposition 2 are given to sufficiently guarantee conditions ((1a),(2a))

in Lemma 3 without explicitly calculating v(q) from c(a) in the case where the information

variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , is bounded below, and thus the agent’s limited liability constraint

is not binding for all x at the optimum. Especially, conditions (2c) and (3c) are given

25This is the case to which Theorem 1 in Jewitt (1988) and Proposition 7 in Jung and Kim (2015) can

be applied.
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as sufficient conditions for condition (2a) in Lemma 3 (i.e., the double crossing property

between r(q) and v(q)) in this case.

Unlike the case in which the agent’s limited liability constraint is binding for some x

at the optimum, to guarantee the double crossing property between r(q) and v(q) in this

case, we can require that r(q) in (2.6) be concave in q (i.e., condition (3c) in Proposition

2). This is because r(q) = r(q), ∀q, in this case (see Figure 2.5 in the Appendix). Also,

to avoid calculating v(q) from c(a), we introduce an arbitrary contract, ŝ(x), with which

the agent’s indirect utility is linear in q, i.e., u(ŝ(x)) ≡ r̂(q) = A · q + B, where A and

B are to be set to satisfy both the participation and the relaxed incentive constraints

at ao. Condition (2c) is given to ensure that the the agent will actually choose ao given

ŝ(x), satisfying (2.9) with U o = U . Also, condition (3c) is given to guarantee the double

crossing property between r(q) and r̂(q), satisfying (2.10). Thus, one can easily see that

U(so(·), a) ≤ U(so(·), ao) = U, ∀a,

which justifies the first-order approach.

The following example explains how the conditions in Proposition 2 can be applied to

principal-agent problems where the agent’s limited liability constraint is not binding for

all x at the optimum.

Example 3: Consider a one-signal principal-agent problem, {π(x), u(s), f(x|a), c(a), U, s},

where π(x) = x, u(s) = 1
r
sr, r ≤ 1

2
, and c(a) is increasing and convex. We assume that

the signal generating function has a simple multiplicative form such as x̃ = h(a)θ̃, where

h(0) = 0, h(a) is increasing, and θ̃ is exponentially distributed with mean 1, i.e., the

density function of θ̃ is p(θ) = e−θ, θ ∈ [0,∞). We also assume that s is low enough.

Then,

f(x|a) =
1

h(a)
e−

x
h(a) , (2.20)

where E[x|a] = h(a). Since, given ao,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

=
h′(ao)

[h(ao)]2
[x̃− h(ao)],
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f(x|a) satisfies the MLRP. Since q is bounded below, i.e., q ≥ −h′(ao)
h(ao)

, and since s is

assumed to be low enough, the agent’s limited liability constraint is not binding for all x

at the optimum. Using g(q|a) = f(x|a)dx
dq

, we derive

g(q|a) =
[h(ao)]2

h′(ao)h(a)
exp

{
− 1

h(a)

[ [h(ao)]2

h′(ao)
q + h(ao)

]}
. (2.21)

Therefore, it can be easily seen that condition (1a) holds. Furthermore, from (2.17) and

(2.18), r(q) = 1
r
(λ+ µq)

r
1−r is concave in q since r ≤ 1

2
, which implies that condition (3c)

is satisfied. Now, since

m(a) ≡
∫
qg(q|a)dq =

h′(ao)

[h(ao)]2
[h(a)− h(ao)],

condition (2c) will hold if c(a) is convex in h(a), i.e., c(a) = φ(h(a)), φ′′ ≥ 0. As a result,

the only condition that is needed to justify the first-order approach in this case is that

c(a) is convex in h(a).

Using the first-order approach for the principal-agent problem in the above example

cannot be justified by any of the existing sets of conditions if h(a) is not concave in a.

First, note that neither f(x|a) in (2.20) nor g(q|a) in (2.21) satisfies any of the CDF-type

conditions. This indicates that the Mirrlees-Rogerson conditions and any existing condi-

tions of those conditions (i.e., GCDFC by Sinclair-Desgagné (1994), the CISP condition

by Conlon (2009), and the CDFCL by Jung and Kim (2015)) cannot be used for justifying

the first-order approach in this case. On the other hand, Theorem 1 in Jewitt (1988) and

Proposition 7 in Jung and Kim (2015), which do not contain any CDF-type condition,

cannot be satisfied if h(a) is not concave in a. This is because the concavity of E[x|a] is

necessary for Theorem 1 in Jewitt (1988), whereas the concavity of m(a) is necessary for

Proposition 7 in Jung and Kim (2015). Therefore, those conditions cannot be also used

for justifying the first-order approach in this case if h(a) is not concave in a. Of course,

if h(a) is concave in a, condition (2c) will also be satisfied because c(a) is increasing and

convex in a. Thus, what Example 3 shows is that, even if h(a) is not concave in a, using

the first-order approach in this case can still be justified by the conditions in Proposition

2 as long as c(a) is convex in h(a).
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2.5 The comparison with the existing conditions

As explained, our conditions in Propositions 1 and 2 are different from the existing

conditions in that they are directly derived to satisfy (2.4), whereas the existing conditions

were derived to make the agent’s expected monetary utility given so(x) (i.e., R(a) ≡∫
u(so(x))f(x|a)dx) concave in a.

As previously explained, the existing results can be categorized into two groups, the

results that contain the CDF-type conditions (i.e., Mirrlees-Rogerson’s CDFC, Sinclair-

Desgagné’s GCDFC, Conlon’s CISP condition, and Jung and Kim’s CDFCL), and the

results that do not contain any CDF-type condition but instead contain a restriction on

the agent’s utility function (i.e., Theorem 1 in Jewitt (1988) and Proposition 7 in Jung

and Kim (2015)). The CDF-type conditions on f(x|a) in the first group, which were given

to make R(a) ≡
∫
u(so(x))f(x|a)dx concave in a for any “increasing” u(so(x)), can be

applied even to the case in which the agent’s limited liability constraint is binding for

some x at the optimum because u(so(x)) is increasing even in this case. However, these

conditions have a limitation in that they are hardly satisfied by most familiar density

functions.

On the other hand, the conditions on f(x|a) that appear in the results of the second

group were given to make R(a) ≡
∫
u(so(x))f(x|a)dx concave in a for any “increasing

concave” u(so(x)). These conditions must be weaker than the above CDF-type conditions

because they require that the concavity of R(a) be satisfied for a smaller set of u(s).26

However, the results in the second group have another limitation in that they cannot

be used for the case in which the density function of the signals has its information

variable, q̃ ≡ fa(x̃|ao)
f(x̃|ao) , unbounded below, and thus the agent’s limited liability constraint

is binding for some x at the optimum. Unfortunately, many familiar density functions

of the signals (e.g., normal, gamma, etc.) belong to this case. In fact, to match with

for any “increasing concave” u(so(x)), the results in the second group contain another

restriction on the agent’s utility function u(s) such that u(so(x)) ≡ r(q) is concave in

q. However, this restriction cannot be satisfied in this case due to the binding limited

26These conditions are satisfied by some familiar density functions (e.g., Chi-square, Poisson etc.).
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liability constraint of the agent.

As a result, it is rather clear that our conditions in Proposition 1, which can be used

even for the case in which the agent’s limited liability constraint is binding for some x

at the optimum, have the advantage over the existing results. When the agent’s limited

liability constraint is binding for some x at the optimum, among the existing results,

only the results that contain the CDF-type conditions can be used. However, the CDF-

type conditions are too restrictive to be satisfied by most familiar density functions of

the signals. In contrast, our conditions in Proposition 1 (especially condition (1a)) can

be satisfied by the wide range of density functions including the normal and the gamma

density functions, as shown in Examples 1 and 2.

On the other hand, the advantage of our conditions in Proposition 2, which can be

used only for the case in which the agent’s limited liability constraint is not binding for

all x at the optimum, over the existing results needs to be explained more carefully. This

is because the results which do not contain the CDF-type conditions (i.e., Theorem 1 in

Jewitt (1988) and Proposition 7 in Jung and Kim (2015)) can still be used for this case.

Thus, it will be interesting to compare our conditions in Proposition 2 with the conditions

in Proposition 7 in Jung and Kim (2015) which are up to now the most general conditions

in the second group.27 In this section, we first investigate the statistical implications of

condition (1a) which plays a key role in Proposition 2, and then, based on these statistical

implications, compare our conditions in Proposition 2 with the conditions in Proposition

7 in Jung and Kim (2015). Also, we illustrate the fundamental differences between our

conditions directly derived to satisfy (2.4) and the existing conditions derived to make

R(a) ≡
∫
u(so(x))f(x|a)dx concave in a.

Proposition 7 in Jung and Kim (2015) states that, if, for any given ao,

(1J-1)
∫ z
G(q|a)dq is convex in a for all z,

(1J-2) m(a) ≡
∫
qg(q|a)dq is concave in a,28 and

27Jung and Kim (2015) show that their conditions in Proposition 7 are are more general than the

conditions in Theorem 1 in Jewitt (1988).
28Condition (1J-2) is generally implied by (1J-1) when z goes to infinity. But the reason we list (1J-2)
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(2J) r(q) is concave in q,

then the first-order approach is justified.

Notice that (2J) above is identical to (3c) in Proposition 2. Thus, to compare our

conditions in Proposition 2 with the conditions in Proposition 7 in Jung and Kim (2015),

comparing conditions ((1a),(2c)) with conditions ((1J-1),(1J-2)), given that (2J) (or equiv-

alently (3c)) is satisfied, will be enough. To put forth the conclusion first, the direct com-

parison between ((1a),(2c)) and ((1J-1),(1J-2)) is not possible because one does not imply

the other. This is basically because condition ((1a),(2c)) are derived to directly satisfy

(2.4), whereas conditions ((1J-1),(1J-2)) are derived to make R(a) concave in a. However,

an indirect comparison between ((1a),(2c)) and ((1J-1),(1J-2)) is possible. Conditions

((1J-1),(1J-2)) are, in general, hard to verify. Thus, Jung and Kim (2015), following Je-

witt (1988), introduced another set of conditions which guarantees ((1J-1),(1J-2)). Those

are the TP3-based conditions which are sufficient for ((1J-1),(1J-2)) and easier to ver-

ify. We will show that our conditions ((1a),(2c)) are more general than the TP3-based

conditions.

The TP3-based conditions are, for any given ao,

(TP3) g(q|a) is totally positive of degree 3 (i.e., TP3), and

(1J-2) m(a) ≡
∫
qg(q|a)dq is concave in a.29

Definition 1 (Total Positivity): A function f(x, a), f : R2 → R, is totally positive of

degree n (i.e., TPn) if, for every x1 < x2 < · · · < xn and a1 < a2 < · · · < an,

T (f, k) ≡

∣∣∣∣∣∣∣∣∣
f(x1, a1) · · · f(x1, ak)

...
...

...

f(xk, a1) · · · f(xk, ak)

∣∣∣∣∣∣∣∣∣ ≥ 0, for all k = 1, 2, · · · , n.30

as a separate condition is because
∫
G(q|a)dq sometimes may not exist.

29Since the TP3-based conditions are given to sufficiently guarantee ((1J-1),(1J-2)), the first-order

approach can be justified if conditions (TP3), (1J-2), and (2J) are satisfied.
30For a detailed explanation of “total positivity”, see Karlin (1968)
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To show that conditions ((1a),(2c)) are more general than the above TP3-based con-

ditions, we first consider the case in which there is a single signal, i.e., x ∈ R, and f(x|a)

satisfies the MLRP, and thus there is a 1:1 relation between q̃ and x̃. Then, we consider

the case in which either there are multiple signals, i.e., x ∈ Rn, n ≥ 2, or f(x|a), x ∈ R,

doest not satisfy the MLRP, and thus there is no 1:1 relation between q̃ and x̃.

2.5.1 When x ∈ R and f(x|a) satisfies the MLRP

When there is a single signal, i.e., x ∈ R, and its density function, f(x|a), satisfies

the MLRP, there is a 1:1 relation between q̃ and x̃ for any given ao. Then, as previously

shown,

G(q|a) = F (x|a) for all a, (2.22)

where x solves fa(x|ao)
f(x|ao) = q, and

g(q|a)Q′ao(x) = f(x|a). (2.23)

Note that Q′ao(x) ≡ dQao (x)
dx

is independent of a. Thus, we have

g(q|a)

g(q|ao)
=

f(x|a)

f(x|ao)
and

ga(q|a)

g(q|a)
=
fa(x|a)

f(x|a)
for all a. (2.24)

From equation (2.24), we obtain a very interesting result that, when x ∈ R and f(x|a)

satisfies the MLRP, condition (1a) reduces to

(1d) f(x|a)
f(x|ao) is convex in q = fa(x|ao)

f(x|ao) = ga(q|ao)
g(q|ao) for any given ao and for all a.

In other words, when x ∈ R and f(x|a) satisfies the MLRP, condition (1a) can be replaced

by condition (1d), which is much easier to verify because it does not require to explicitly

calculate g(q|a) from f(x|a). For instance, consider the case in Example 1. Note that,

since x̃ = a+ θ̃, θ̃ ∼ N(0, σ2), x ∈ R and f(x|a) satisfies the MLRP. Thus, condition (1a)

can be easily verified by using condition (1d) without even calculating g(q|a) from f(x|a).

From (2.13), one can derive that

q =
fa(x|ao)
f(x|ao)

=
x− ao

σ2
,
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and
f(x|a)

f(x|ao)
= exp

{
− 1

2σ2

[
2(ao − a)x+ a2 − (ao)2

]}
.

Since q is linear in x, and f(x|a)
f(x|ao) is convex in x for any given ao, it is easy to confirm that

condition (1a) is satisfied.

Lemma 4: Given two functions, φ(x) and ψ(x), φ : R→ R and ψ : R→ R, where φ(x)

is increasing in x, ∣∣∣∣∣∣∣∣∣
1 φ(x1) ψ(x1)

1 φ(x2) ψ(x2)

1 φ(x3) ψ(x3)

∣∣∣∣∣∣∣∣∣
≥

(≤)0, for every x1 < x2 < x3,

if and only if ψ(x) is convex (concave) in φ(x).

Using Lemma 4, we derive the following lemma and corollary.

Lemma 5: Given x ∈ R, f(x|a) is TP3 if and only if

(i) f(x|a) satisfies the MLRP, and

(ii) f(x|a)
f(x|ao) is convex in q = fa(x|ao)

f(x|ao) for any given ao and for all a (i.e., condition (1d)).

Corollary 1: Given that x ∈ R and f(x|a) satisfies the MLRP, f(x|a) is TP3 if and only

if g(q|a) is TP3 for any given ao.

One thing to note is that Corollary 1 should not be read as “Given that x ∈ R, f(x|a)

is TP3 if and only if g(q|a) is TP3 for any given ao”. The statement, “Given that x ∈ R,

f(x|a) is TP3 if and only if g(q|a) is TP3 for any given ao”, is true only when f(x|a)

satisfies the MLRP. This is because, although, as can be seen from (2.24), the MLRP for

f(x|a) (i.e., T (f, 2) ≥ 0 for every x1 < x2 and a1 < a2) implies the MLRP for g(q|a) (i.e.,

T (g, 2) ≥ 0 for every q1 < q2 and a1 < a2 for any given ao), the converse is not always

true.

For instance, consider a class of density functions which is a convex mixture of two

probability density functions pH(x) and pL(x) such that

f(x|a) = α(a)pH(x) + [1− α(a)]pL(x),
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where pH(x) = −6x2 + 6x and pL(x) = 1 with x ∈ [0, 1], and α(a) ∈ [0, 1] is increasing in

a.31 Then,

f(x|a) = α(a)(−6x2 + 6x− 1) + 1,

and
fa(x|a)

f(x|a)
=

(−6x2 + 6x− 1)α′(a)

1 + (−6x2 + 6x− 1)α(a)
.

Thus, it is easy to see that f(x|a) does not satisfy the MLRP.

Define, for any given ao,

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

=
(−6x̃2 + 6x̃− 1)α′(ao)

1 + (−6x̃2 + 6x̃− 1)α(ao)
.

Then, q̃ is distributed with support [ α′(ao)
α(ao)−1

, α′(ao)
α(ao)+2

]. Thus,

G(q|a) = Pr[q̃ ≤ q|a] = Pr
[
− 6x̃2 + 6x̃− 1 ≤ q

α′(ao)− α(ao)q

∣∣∣a].
Let x1(q) and x2(q) be the two roots of −6x2 +6x−1 = q

α′(ao)−α(ao)q
, where x1(q) ≤ x2(q).

Note that x2(q) = 1− x1(q), where x1(q) ∈ [0, 1
2
] is increasing in q, whereas x2(q) ∈ [1

2
, 1]

is decreasing in q. Therefore,

G(q|a) = Pr[x̃ ≤ x1(q)|a] + Pr[x̃ ≥ x2(q)|a].

Since f(x|a) is symmetric around x = 1
2
,

Pr[x̃ ≤ x1(q)|a] = Pr[x̃ ≥ x2(q)|a].

Thus,

G(q|a) = 2Pr[x̃ ≤ x1(q)|a] = 2F (x1(q)|a),

and

g(q|a) = 2f(x1(q)|a)x′1(q).

Consequently, we have
ga(q|a)

g(q|a)
=
fa(x1(q)|a)

f(x1(q)|a)
.

31We borrow this example from Jung and Kim (2015).
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Since fa(x|a)
f(x|a)

is increasing in x ∈ [0, 1
2
], we finally have ga(q|a)

g(q|a)
is increasing in q, indicating

that g(q|a) satisfies the MLRP.

Now, based on Lemma 5 and Corollary 1, one can easily see that, when x ∈ R and

f(x|a) satisfies the MLRP, the following three statements are equivalent.

(1a) For any given ao, g(q|a)
g(q|ao) is convex in q = fa(x|ao)

f(x|ao) = ga(q|ao)
g(q|ao) for all a.

(1d) For any given ao, f(x|a)
f(x|ao) is convex in q = fa(x|ao)

f(x|ao) for all a

(i.e., f(x|a) is TP3 given the MLRP for f(x|a)).

(1e) For any given ao, g(q|a)
g(q|at) is convex in ga(q|at)

g(q|at) for all a, at

(i.e., g(q|a) is TP3 given the MLRP for g(q|a)).32

Thus, given that x ∈ R and f(x|a) satisfies the MLRP, condition (1a) indicates that

g(q|a) is TP3 for any given ao.

Therefore, we have the following proposition.

Proposition 3: Given that x ∈ R and f(x|a) satisfies the MLRP, conditions ((TP3),(1J-

2)) imply conditions ((1a),(2c)), but the converse is not true.

As explained above, condition (1a) is equivalent to condition (TP3) provided that

x ∈ R and f(x|a) satisfies the MLRP. However, condition (2c) is obviously more general

than condition (1J-2) because c(a) is increasing and convex in a. In other words, when

x ∈ R and f(x|a) satisfies the MLRP, our conditions ((1a),(2c)) require that g(q|a) be

TP3 for any given ao (or equivalently that f(x|a) be TP3) but do not necessarily require

that m(a) ≡
∫
qg(q|a)dq be concave in a (i.e., (1J-2)).

To understand why conditions ((1a),(2c)) are more general than conditions ((TP3),(1J-

2)) intuitively, the following characteristics of a density function with TP3 will be useful.

32It is worth noting that (1a) is weaker than (1e) in general. This is because (1a) requires that (1e)

hold only for at = ao but not for all at. However, (1a) and (1e) become equivalent when x ∈ R and

f(x|a) satisfies the MLRP.
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Lemma 6: If a density function f(x|a) is TP3, then, for any increasing concave function

u(x),

u∗(a) ≡
∫
u(x)f(x|a)dx is increasing concave in µ(a) ≡

∫
xf(x|a)dx.

Lemma 6 shows one of the most interesting characteristics of a density function, f(x|a),

with TP3. When the density function with TP3 is combined with any increasing concave

function, the expected value of that function is increasing concave in the density’s mean

value. As already explained in Lemma 5 and Corollary 1, given that x ∈ R and f(x|a)

satisfies the MLRP, condition (1a) is equivalent to that g(q|a) is TP3 for any given ao.

Thus, when x ∈ R and f(x|a) satisfies the MLRP, another interpretation for the conditions

in Proposition 2 is possible based on Lemma 6.

Denote

U(so(·), a) ≡
∫
r(q)g(q|a)dq − c(a) = R(a)− c(a) ≡ ξ(m(a))− φ(m(a)),

where m(a) ≡
∫
qg(q|a)dq, i.e., the mean value of g(q|a). Then, conditions (1a) and (3c) in

Proposition 2 imply that R(a) is concave in m(a) (i.e., ξ′′ ≤ 0) by Lemma 6. Furthermore,

since c(a) is convex in m(a) (i.e., φ′′ ≥ 0) by condition (2c), conditions ((1a),(2c),(3c))

in Proposition 2 ensure that, when x ∈ R and f(x|a) satisfies the MLRP, U(so(·), a) is

concave in m(a), which sufficiently guarantees (2.4) since m(a) is increasing in a. To

justify the first-order approach, all the existing results were derived to make U(so(·), a)

concave in a (to be more precisely, R(a) concave in a). However, the first-order approach

can be more generally justified by showing that there exists an increasing function of a,

such as m(a), in which U(so(·), a) is concave. This is actually what the conditions in

Proposition 2 indicate.

We now explain why there is no direct comparison available between conditions ((1J-

1),(1J-2)) and conditions ((1a),(2c)). First, note that our conditions ((1a),(2c)) do not

imply conditions ((1J-1),(1J-2)). For instance, consider the case in Example 3 where

x ∈ R and f(x|a) satisfies the MLRP. Assume that h(a) is not concave in a. Then, since

m(a) ≡
∫
qg(q|a)dq = h′(ao)

[h(ao)]2
h(a), neither (1J-1) nor (1J-2) is satisfied. The concavity
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of m(a) ≡
∫
qg(q|a)dq is essential not only for (1J-2) itself but also for (1J-1). However,

conditions ((1a),(2c)) will be satisfied as long as c(a) is convex in h(a).

Conditions ((1J-1),(1J-2)) do not imply conditions ((1a),(2c)), either. To see this, it is

worth to note that conditions ((TP3),(1J-2)) are sufficient but not necessary for conditions

((1J-1),(1J-2)). As shown in Jewitt (1988), conditions ((1J-1),(1J-2)) are necessary and

sufficient for R(a) ≡
∫
r(q)g(q|a)dq to be increasing and concave in a for any increasing

concave function r(q). On the other hand, conditions ((TP3),(1J-2)) are sufficient but not

necessary for R(a) ≡
∫
r(q)g(q|a)dq to be increasing and concave in a for any increasing

concave function r(q). The sufficient part comes from that R(a) ≡
∫
r(q)g(q|a)dq ≡

ξ(m(a)) is increasing concave in m(a) by (TP3), and m(a) is concave in a by (1J-2).

However, even if R(a) ≡
∫
r(q)g(q|a)dq ≡ ξ(m(a)) is increasing concave in a for any

increasing concave function r(q) given that m(a) ≡
∫
qg(q|a)dq is concave in a (i.e., (1J-

1) and (1J-2)), it does not necessarily mean that R(a) is increasing concave in m(a), i.e.,

ξ′′ ≤ 0. Furthermore, even if R(a) is increasing concave in m(a) for any increasing concave

function r(q), g(q|a) may not be always TP3.33 Therefore, condition (1J-1) is more general

than condition (TP3) given that condition (1J-2) is satisfied.34 This tells that conditions

((1J-1),(1J-2)) do not imply conditions ((1a),(2c)) because (1a) is equivalent to (TP3)

provided that x ∈ R and f(x|a) satisfies the MLRP. Consequently, there is no relation of

inclusion between conditions ((1J-1),(1J-2)) and conditions((1a),(2c)).

In fact, Figure 2.3 below demonstrates the relation among ((1a),(2c)), ((1J-1),(1J-2)),

and ((TP3),(1J-2)) more clearly. Given that x ∈ R and f(x|a) satisfies the MLRP, let A

be the set of density functions, {g(q|a)}, satisfying (1a) and (2c) for a given c(a),35 and

B the set of density functions, {g(q|a)}, satisfying (1J-1) and (1J-2). Then, they can be

drawn as follows.

33In fact, the above argument indicates that conditions ((TP3),(1J-2)) implies conditions ((1J-1),(1J-

2)) given that condition (2J) is satisfied. However, as shown in our another paper, Jung and Kim (2015),

conditions ((TP3),(1J-2)) actually imply conditions ((1J-1),(1J-2)) even without condition (2J) being

satisfied.
34Without condition (1J-2) being satisfied, condition (TP3) does not always imply condition (1J-1).
35Note that set A depends on c(a).
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Figure 2.3:

In the above figure, the intersection of sets A and B represents the set of density

functions, {g(q|a)}, that satisfy the TP3-based conditions (i.e., (TP3),(1J-2)), whereas

the non-shaded area of set A is the set of density functions, {g(q|a)}, that are TP3 and

satisfy (2c) for a given c(a) but have non-concave m(a) ≡
∫
qg(q|a)dq in a, and the non-

shaded area of set B is the set of density functions, {g(q|a)}, that satisfy (1J-1) and (1J-2)

but are not TP3. As a result, direct comparison between our conditions ((1a),(2c)) and

conditions ((1J-1),(1J-2)) is not possible. However, our conditions ((1a),(2c)) are more

general than the TP3-based conditions, ((TP3),(1J-2)), when x ∈ R and f(x|a) satisfies

the MLRP.

2.5.2 When x ∈ Rn, n ≥ 2, or f(x|a), x ∈ R, does not satisfy the

MLRP

When there are multiple signals, i.e., x ∈ Rn, n ≥ 2, or density function f(x|a) does

not satisfy the MLRP even if x ∈ R, there is no 1:1 relation between q̃ and x̃. Thus,

some of the results that are derived when there is a 1:1 relation between q̃ and x̃ in the

previous subsection may not hold. However, the main result in the previous subsection

still holds even in this case. That is, although there is no relation of inclusion between

our conditions ((1a),(2c)) and conditions ((1J-1),(1J-2)), conditions ((1a),(2c)) are more

general than the TP3-based conditions, ((TP3),(1J-2)). Nevertheless, it is worth noting

that there are two non-trivial differences in this case compared with the previous case in
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which there is a 1:1 relation between q̃ and x̃.

Consider a multi-signal case where there is a random vector x̃ = (x̃1, · · · , x̃n), n ≥ 2,

with a density f(x|a). Although there are multiple x satisfying fa(x|ao)
f(x|ao) = q, for any given

q, one can calculate g(q|a) from f(x|a) by using the transformation method of random

variables.36 In order to use the transformation method, we introduce a random vector

ỹ = (ỹ1, · · · , ỹn) with a density function f̂(y|a) such that ỹj = q̃ ≡ fa(x̃|ao)
f(x̃|ao) and ỹi = x̃i

for all i = 1, · · · , n, i 6= j. If there exists a coordinate xj in which fa(x|ao)
f(x|ao) is increasing for

any x−j, the density function of ỹ can be expressed as

f̂(y|a) = f(x|a) · |J | = f(xj(q,x−j),x−j|a)×
∣∣∣∂xj(q,x−j)

∂q

∣∣∣,
where J is the Jacobian of the transformation and xj(q,x−j) solves

fa(xj ,x−j |ao)
f(xj ,x−j |ao) = q for

given x−j.
37 Note that, in this case, |J | =

∣∣∣∂xj(q,x−j)∂q

∣∣∣, which is independent of a because

xj(q,x−j) is independent of a. Then, we have

g(q|a) =

∫
f̂(q,y−j|a)dy−j =

∫
f(xj(q,x−j),x−j|a) · |J |dx−j =

∫
x∈X(q)

f(x|a) · |J |dx−j,

where X(q) ≡ {x|fa(x|ao)
f(x|ao) = q}. Thus, although

ga(q|ao)
g(q|ao)

=

∫
x∈X(q)

fa(x|ao) · |J |dx−j∫
x∈X(q)

f(x|ao) · |J |dx−j
=

∫
x∈X(q)

qf(x|ao) · |J |dx−j∫
x∈X(q)

f(x|ao) · |J |dx−j

= q =
fa(x|ao)
f(x|ao)

(2.25)

for any given ao even in this case, it is generally true that

g(q|a)

g(q|ao)
=

∫
x∈X(q)

f(x|a) · |J |dx−j∫
x∈X(q)

f(x|ao) · |J |dx−j
6= f(x|a)

f(x|ao)
, (2.26)

36In the one-signal case in which f(x|a), x ∈ R, does not satisfy the MLRP, one can easily obtain

g(q|a) =
∑
k f(xk(q)|a)|dxk(q)

dq | where xk(q) ∈ X(q) ≡ {x| fa(x|ao)
f(x|ao) = q}.

37Even in the multi-signal case where there is no xj in which fa(x|ao)
f(x|ao) is increasing, equations (2.25),

(2.26), and (2.27) still hold. For example, if the support {x|f(x|a) > 0} can be decomposed into subsets

X1, · · · , Xm such that ỹ is a 1:1 transformation of Xk onto a subset of the support {y|f̂(y|a) > 0}, the

density function of ỹ can be expressed by f̂(y|a) =
∑
k f(xkj (q,x−j),x−j |a) · |Jk|, where xkj (q,x−j) solves

fa(xj ,x−j |ao)
f(xj ,x−j |ao) = q on Xk for given x−j and Jk is the Jacobian of the transformation on Xk, from which

one can easily obtain g(q|a) =
∫ ∑

k f(xkj (q,x−j),x−j |a) · |Jk|dx−j .
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and
ga(q|a)

g(q|a)
=

∫
x∈X(q)

fa(x|a) · |J |dx−j∫
x∈X(q)

f(x|a) · |J |dx−j
6= fa(x|a)

f(x|a)
, (2.27)

where q = fa(x|ao)
f(x|ao) .

For instance, consider the multi-signal case in which x̃ ∼ N(µ(a),Σ) where µ(a) =

[µ1(a), · · · , µn(a)]t and Σ is a covariance matrix. Then,

f(x|a) = (2π)−
n
2 |Σ|−

1
2 exp

{
− 1

2
[x− µ(a)]tΣ−1[x− µ(a)]

}
,

and
fa(x|a)

f(x|a)
= [µ′(a)]tΣ−1[x− µ(a)].

Thus, we have

q̃ ≡ fa(x̃|ao)
f(x̃|ao)

∼ N(m(a), σ2
q ),

where m(a) ≡ [µ′(ao)]tΣ−1[µ(a)− µ(ao)] and σ2
q ≡ [µ′(ao)]tΣ−1µ′(ao), and

ga(q|a)

g(q|a)
=
q − [µ′(ao)]tΣ−1[µ(a)− µ(ao)]

[µ′(ao)]tΣ−1µ′(ao)
× [µ′(ao)]tΣ−1µ′(a).

Therefore, one can easily see that g(q|a)
g(q|ao) 6=

f(x|a)
f(x|ao) and ga(q|a)

g(q|a)
6= fa(x|a)

f(x|a)
for any a 6= ao where

q = [µ′(ao)]tΣ−1[x−µ(ao)]. This clearly shows that, when there is no 1:1 relation between

x̃ and q̃, equations (2.26) and (2.27) are generally true.

From (2.26) and (2.27), one can see two non-trivial differences between this case and

the previous case in which x ∈ R and f(x|a) satisfies the MLRP. First, condition (1a)

cannot be reduced to condition (1d). This indicates that, to verify condition (1a) in this

case, one should explicitly calculate g(q|a) from f(x|a). Second, condition (1a) is not

equivalent to that g(q|a) is TP3 for any given ao. In fact, the condition that g(q|a) is TP3

for any given ao is stronger than condition (1a) in this case. In order for g(q|a) to be TP3

for any given ao, it is needed that, for any given ao,

(1) g(q|a) satisfies the MLRP, and

(2)(=(1e)) g(q|a)
g(q|at) is convex in ga(q|at)

g(q|at) for all a, at.
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However, condition (1a) requires neither that g(q|a) satisfy the MLRP nor that condition

(1e) hold for all at.
38 Thus, in contrast with the previous case, when there is no 1:1

relation between q̃ and x̃, condition (1a) is more general than condition (TP3). As a

result, our conditions ((1a),(2c)) are even more general than conditions ((TP3),(1J-2)) in

this case.

However, there is a meaningful exception even in this case. Consider a density function

f(x|a), x ∈ Rn, n ≥ 2, which generates, for any given ao,

fa(x|a)

f(x|a)
= α(a) · q + β(a), (2.28)

where q = fa(x|ao)
f(x|ao) , α(ao) = 1, β(ao) = 0, and α(a) ≥ 0. Note that most density functions

in the exponential family with an appropriate parameterization satisfy (2.28).

Since

f(x|a)

f(x|ao)
= exp

{∫ a

ao

fa(x|t)
f(x|t)

dt

}
= exp

{
[A(a)− A(ao)]q +B(a)−B(ao)

}
,

where A(a) ≡
∫ a

0
α(t)dt and B(a) ≡

∫ a
0
β(t)dt, one can see that, for any given q, f(x|a)

f(x|ao)

has the same value for all x ∈ X(q) ≡ {x|fa(x|ao)
f(x|ao) = q}. Thus,

g(q|a)

g(q|ao)
=

∫
x∈X(q)

f(x|a) · |J |dx−j∫
x∈X(q)

f(x|ao) · |J |dx−j
=

∫
x∈X(q)

f(x|a)
f(x|ao)f(x|ao) · |J |dx−j∫

x∈X(q)
f(x|ao) · |J |dx−j

=
exp

{
[A(a)− A(ao)]q +B(a)−B(ao)

}∫
x∈X(q)

f(x|ao) · |J |dx−j∫
x∈X(q)

f(x|ao) · |J |dx−j

= exp
{

[A(a)− A(ao)]q +B(a)−B(ao)
}

=
f(x|a)

f(x|ao)
. (2.29)

38Unlike the previous case, when there is no 1:1 relation between q̃ and x̃, the MLRP for f(x|a) does

not always imply the MLRP for g(q|a) for any given ao. For example, consider a discrete case where

f(x1, x2|a) = e2
√
ax1+ax2−K(a), xi ∈ {0, 1}, i = 1, 2, a > 0, where K(a) = log[(1 + e2

√
a)(1 + ea)]. Since

fa(x1,x2|a)
f(x1,x2|a) = x1√

a
+x2−K ′(a), f(x1, x2|a) satisfies the MLRP. Define q̃ = x̃1√

ao
+x̃2−K ′(ao) and let ao < 1.

Then, g(q1|a) = f(0, 0|a) = e−K(a), g(q2|a) = f(0, 1|a) = e1−K(a), g(q3|a) = f(1, 0|a) = e2
√
a−K(a) and

g(q4|a) = f(1, 1|a) = e2
√
a+a−K(a), where q1 = −K ′(ao), q2 = 1 −K ′(ao), q3 = 1√

ao
−K ′(ao), and q4 =

1+ 1√
ao
−K ′(ao) (q1 < q2 < q3 < q4). Thus, ga(q1|a)

g(q1|a) = −K ′(a), ga(q2|a)
g(q2|a) = 1−K ′(a), ga(q3|a)

g(q3|a) = 1√
a
−K ′(a),

and ga(q4|a)
g(q4|a) = 1√

a
+ 1−K ′(a). Since, when a > 1, ga(q2|a)

g(q2|a) = 1−K ′(a) > 1√
a
−K ′(a) = ga(q3|a)

g(q3|a) , g(q|a)

does not satisfy the MLRP.
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Furthermore, from (2.28), we also have

ga(q|a)

g(q|a)
=

∫
x∈X(q)

fa(x|a) · |J |dx−j∫
x∈X(q)

f(x|a) · |J |dx−j
=

∫
x∈X(q)

fa(x|a)
f(x|a)

f(x|a) · |J |dx−j∫
x∈X(q)

f(x|a) · |J |dx−j

=

[
α(a)q + β(a)

] ∫
x∈X(q)

f(x|a) · |J |dx−j∫
x∈X(q)

f(x|a) · |J |dx−j

= α(a)q + β(a) =
fa(x|a)

f(x|a)
. (2.30)

Thus, even if there is no 1:1 relation between q̃ and x̃, all the results in the previous

subsection, where x ∈ R and f(x|a) satisfies the MLRP, equally hold in this case. That

is, condition (1a) reduces to condition (1d) and thus verifying (1a) can be replaced by

verifying (1d) which does not require to calculate g(q|a) from f(x|a). Furthermore, since

α(a) ≥ 0, g(q|a) satisfies the MLRP from (2.30). Therefore, based on (2.28) and (2.29),

one can also see that condition (1a) is equivalent to that g(q|a) is TP3 for any given ao.

2.6 Conclusion

All the existing results for justifying the first-order approach in the principal-agent

problems have been derived to make the agent’s expected monetary utility obtained from

that approach “concave” in the agent’s effort. However, to justify the first-order approach,

relying on such concavity is sometimes overly sufficient. We have proposed a new set of

conditions which is derived not from the concavity of the agent’s expected monetary utility

but directly from the original “argmax” incentive constraint, and shown that it can be

applied to a wider range of principal-agent problems than the existing results.

This set of conditions is composed of a statistical condition on the density function

of the signals and a double crossing property between the agent’s indirect utility given

the optimal contract and his cost function of effort. The statistical condition on the

density function of the signals is quite general and easy to verify. However, the double

crossing property between the agent’s indirect utility and his cost of effort is generally

hard to verify. Thus, we have provided two alternative sets of conditions that are easier

to verify than the main set of conditions. These two alternative sets of conditions have
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been derived to be applied to the case in which the agent’s limited liability constraint

is binding for some values of the signal vector at the optimum and to the case in which

it is not binding for all values of the signal vector at the optimum, respectively. Then,

the statistical implications of these two sets of conditions have been explored, and the

comparison between these conditions and the existing conditions has been provided.

When the agent’s limited liability constraint is binding for some values of the signal

vector at the optimum, among the existing results, only the sets of conditions containing

the CDF-type conditions can be applied. While the CDF-type conditions are hardly

satisfied by most familiar density functions, our corresponding set of conditions (i.e., the

conditions in Proposition 1) can be used for many useful density functions including the

normal density function and gamma density function. On the other hand, when the

agent’s limited liability constraint is not binding for all values of the signal vector at the

optimum, the Jewitt conditions (Theorem 1 in Jewitt (1988)) and the Jung and Kim

conditions (Proposition 7 in Jung and Kim (2015)) which do not contain any CDF-type

conditions can still be applied. We have shown that there is no direct comparison available

between our corresponding set of conditions (i.e., the conditions in Proposition 2) and the

conditions in Proposition 7 in Jung and Kim (2015) in the sense that one does not imply

the other. This is basically because the Jung and Kim conditions, like other existing

sets of conditions, were derived to make the agent’s expected monetary utility concave

in effort, whereas our conditions are derived to directly satisfy the original “argmax”

incentive constraint without relying on such concavity. Nevertheless, we have shown that

our conditions are more general than the TP3-based conditions which were proposed to

verify the Jung and Kim conditions.
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2.7 Appendix B

Proof of Lemma 1. The relaxed incentive constraint is

R′(ao) =

∫
u(so(x))fa(x|ao)dx

=

∫
u(so(x))

fa(x|ao)
f(x|ao)

f(x|ao)dx

=

∫ {
u(so(x))− E[u(so(x))]

}fa(x|ao)
f(x|ao)

f(x|ao)dx

= Cov
(
u(so(x)),

fa(x|ao)
f(x|ao)

)
= c′(ao),

where the third equality comes from the fact that
∫
E[u(so(x))]fa(x|ao)dx = 0 since

E[u(so(x))] is constant, and the last equality comes from the fact that
∫
fa(x|ao)dx = 0.

Suppose that µ ≤ 0. Then, Cov
(
u(so(x)), fa(x|ao)

f(x|ao)

)
≤ 0 from (2.3), which contradicts

c′(ao) > 0. Therefore, µ must be positive. �

Proof of Lemma 2.

(i) The “if” part: Let ψ(c) ≡ [A(c) − B(c)]g(c|ao), and define ψ(1)(q) ≡
∫ q

[A(c) −

B(c)]g(c|ao)dc =
∫ q
ψ(c)dc and ψ(2)(q) ≡

∫ q ∫ c
[A(t) − B(t)]g(t|ao)dtdc =

∫ q
ψ(1)(c)dc.

Then, we have ψ(1)(q) = 0 from (L1). Furthermore, since∫
[A(q)−B(q)]q · g(q|ao)dq = q

∫ q

[A(c)−B(c)]g(c|ao)dc
]q
q

−
∫ ∫ q

[A(c)−B(c)]g(c|ao)dcdq

= −
∫ ∫ q

[A(c)−B(c)]g(c|ao)dcdq

= 0,

where the second equality comes from (L1), and the last equality comes from (L2), we

have ψ(2)(q) = 0. Note from (L3) that ψ(c) changes sign twice from negative to positive

and then to negative as c increases. Thus, ψ(1)(q) changes sign once from negative to

positive as q increases since ψ(1)(q) = 0. Furthermore, since ψ(2)(q) =
∫
ψ(1)(q)dq = 0, we

have

ψ(2)(q) =

∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc ≤ 0, ∀q. (A.1)
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Denote ∫
[A(q)−B(q)]g(q|a)dq =

∫
[A(q)−B(q)]

g(q|a)

g(q|ao)
g(q|ao)dq

=

∫
[A(q)−B(q)]Γ(q, a)g(q|ao)dq, (A.2)

where Γ(q, a) ≡ g(q|a)
g(q|ao) . Then, by taking integration by parts twice, we have∫

[A(q)−B(q)]Γ(q, a)g(q|ao)dq = Γ(q, a)

∫ q

[A(c)−B(c)]g(c|ao)dc
]q
q

−
∫ {∫ q

[A(c)−B(c)]g(c|ao)dc

}
Γq(q, a)dq

= −Γq(q, a)

∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc
]q
q

+

∫ {∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc

}
Γqq(q, a)dq

=

∫ {∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc

}
Γqq(q, a)dq, (A.3)

where Γq(q, a) ≡ ∂
∂q

Γ(q, a) and Γqq(q, a) ≡ ∂2

∂q2
Γ(q, a). In equation (A.3), the second

equality comes from the fact that ψ(1)(q) = 0, and the last equality comes from the fact

that ψ(2)(q) = 0. Thus, by using (A.1), (A.2), (A.3), and the fact that Γqq(q, a) ≥ 0 (i.e.,

g(a|a)
g(q|ao) is convex in q), we finally have

∫
[A(q)−B(q)]g(q|a)dq =

∫ {∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc

}
Γqq(q, a)dq

≤
∫

[A(q)−B(q)]g(q|ao)dq = 0, ∀a.

(ii) The “only if” part: Assume to the contrary that there exist a and ao such that

Γ(q, a) ≡ g(q|a)
g(q|ao) is not convex for some q, that is, for such a and ao, there exists an

interval I = [q1, q2] such that Γ(q, a) is strictly concave in q (i.e., Γqq(q, a) < 0 for q ∈ I).

Now, consider two functions A(q) and B(q) satisfying (L1), (L2), and (L3), in a way that

A(q) = B(q) for all q ∈ Ic, where Ic is the complementary set of I, and A(q) crosses B(q)
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twice starting from below for q ∈ I. Then, we have

ψ(1)(q1) =

∫ q1

ψ(q)dq = 0, ψ(1)(q2) =

∫ q2

ψ(q)dq = 0,

ψ(1)(q2)− ψ(1)(q1) =

∫ q2

q1

ψ(q)dq = 0,
(A.4)

and

ψ(2)(q1) =

∫ q1

ψ(1)(q)dq = 0, ψ(2)(q2) =

∫ q2

ψ(1)(q)dq = 0,

ψ(2)(q2)− ψ(2)(q1) =

∫ q2

q1

ψ(1)(q)dq = 0.
(A.5)

Furthermore, since A(q) = B(q) for all q ∈ Ic and A(q) crosses B(q) twice starting from

below for q ∈ I, we also have

ψ(2)(q) =

∫ q

ψ(1)(q)dq =

∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc ≤ 0, ∀q. (A.6)

Since ∫
[A(q)−B(q)]g(q|a)dq =

∫ q2

q1

[A(q)−B(q)]g(q|a)dq

=

∫ q2

q1

[A(q)−B(q)]Γ(q, a)g(q|ao)dq,

by taking integration by parts twice, we derive

∫ q2

q1

[A(q)−B(q)]Γ(q, a)g(q|ao)dq = Γ(q, a)

∫ q

[A(c)−B(c)]g(c|ao)dc
]q2
q1

−
∫ q2

q1

{∫ q

[A(c)−B(c)]g(c|ao)dc

}
Γq(q, a)dq

= −Γq(q, a)

∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc
]q2
q1

+

∫ q2

q1

{∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc

}
Γqq(q, a)dq

=

∫ q2

q1

{∫ q ∫ c

[A(t)−B(t)]g(t|ao)dtdc

}
Γqq(q, a)dq, (A.7)

In equation (A.7), the second equality comes from (A.4) and the last equality comes from

(A.5). Thus, by using (A.5), (A.6), and Γqq(q, a) < 0 for q ∈ I, we finally have∫
[A(q)−B(q)]g(q|a)dq > 0, for such a and ao.
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Consequently, there is a contradiction. �

Proof of Lemma 3. From (2.7) (i.e., the participation constraint), we have

U(so(·), ao)− U o =

∫
[u(so(x))− v(x)]f(x|ao)dx

=

∫
[r(q)− v(q)]g(q|ao)dq = 0, (A.8)

indicating that r(q) and v(q) satisfy (L1) in Lemma 2. Also, from the relaxed incentive

constraint, we have∫
u(so(x))fa(x|ao)dx− c′(ao) =

∫
[u(so(x))− v(x)]

fa(x|ao)
f(x|ao)

f(x|ao)dx

=

∫
[r(q)− v(q)]qg(q|ao)dq = 0, (A.9)

indicating that r(q) and v(q) satisfy (L2) in Lemma 2.

Equations (2.7) and (2.8) give

U(so(·), a)− U(so(·), ao) =

∫
[u(so(x))− v(x)]f(x|a)dx

=

∫
[r(q)− v(q)]g(q|a)dq.

By combining (A.8) and (A.9) with conditions (1a) and (2a), we can use Lemma 2 and

obtain

U(so(·), a)− U(so(·), ao) ≤ 0, ∀a,

which justifies the first-order approach. �

Proof of Proposition 1. For any given ao, consider an arbitrary contract ŝt(x) such

that u(ŝt(x)) ≡ r̂t(q) = Aetq + B, t > 0, which satisfies both the participation constraint

and the “relaxed” incentive constraint at ao.

Thus, since

R̂t(a) ≡
∫
r̂t(q)g(q|a)dq = A ·M(a; t) +B, (A.10)

from the participation constraint in (2.7), r̂t(q) should satisfy

R̂t(a
o)− c(ao) = A ·M(ao; t) +B − c(ao) = U o ≥ U. (A.11)
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Also, from the relaxed incentive constraint, r̂t(q) should satisfy

R̂′t(a
o)− c′(ao) = A ·M ′(ao; t)− c′(ao) = 0. (A.12)

Then, solving (A.11) and (A.12) gives

A =
c′(ao)

M ′(ao; t)
, (A.13)

and

B = U o + c(ao)− c′(ao)M(ao; t)

M ′(ao; t)
. (A.14)

Furthermore, since

r̂t(−∞) = A · et(−∞) +B = B = U o + c(ao)− c′(ao)M(ao; t)

M ′(ao; t)
,

there exists t > 0 such that

r̂t(−∞) ≥ U + c(ao)− c′(ao)M(ao; t)

M ′(ao; t)

≥ u(s),

where the first inequality comes from that U o ≥ U and the second inequality comes from

(2b). This indicates that ŝt(x) also satisfies the agent’s limited liability constraint.

Now, using (A.10), (A.13), and (A.14), we have

R̂t(a)− c(a) = A ·M(a; t) +B − c(a)

=
c′(ao)

M ′(ao; t)
[M(a; t)−M(ao; t)] + U o + c(ao)− c(a).

Thus, R̂t(a)− c(a) has a maximum value at ao if

R̂′t(a)− c′(a) ≥ 0 ⇐⇒ M ′(a; t)

M ′(ao; t)
≥ c′(a)

c′(ao)
, ∀a ≤ ao,

R̂′t(a)− c′(a) ≤ 0 ⇐⇒ M ′(a; t)

M ′(ao; t)
≤ c′(a)

c′(ao)
, ∀a > ao.

(A.15)

Note that, since g(q|a) exhibits the FOSD, M ′(a; t) ≥ 0 for all a. Thus, by defining

c(a) ≡ φ(M(a; t)), one can easily see that (A.15) holds if (2b) is satisfied (i.e., φ′′ ≥ 0).

Therefore,

R̂t(a)− c(a) ≤ R̂t(a
o)− c(ao) = U o, for any given ao and for all a, (A.16)
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Figure 2.4:

implying that ŝt(x) actually satisfies the original “argmax” incentive constraint.

Since r(q) is concave in q by (3b), and since r(q) ≡ u(so(x)) also satisfies both the

participation constraint and the “relaxed” incentive constraint, r(q) must cross r̂t(q) twice

starting from below as drawn in Figure 2.4. In fact, r(q) and r̂t(q) must cross because they

both satisfy the same participation constraint, and they must cross twice because r(q) is

concave in q whereas r̂t(q) is convex in q with its minimum value higher than u(s).39

The fact that both r(q) and r̂t(q) satisfy the same participation constraint at ao gives∫
[r(q)− r̂t(q)]g(q|ao)dq = 0, (A.17)

and the fact that they also satisfy the relaxed incentive constraint at ao gives∫
[r(q)− r̂t(q)]qg(q|ao)dq = 0. (A.18)

Thus, by combining (1a) with (A.17), (A.18), and the double crossing property between

r(q) and r̂t(q), we have from Lemma 2 that∫
[r(q)− r̂t(q)]g(q|a)dq ≤ 0, ∀a. (A.19)

39If r(q) crosses r̂t(q) only once, then (A.18) below is not possible. For detailed discussion for this, see

Lemma 1 in Innes (1990).
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Therefore, from (A.16) and (A.19), we finally have

U(so(·), a) = R(a)− c(a)

≤ R̂t(a)− c(a)

≤ R̂t(a
o)− c(ao) = U o = U(so(·), ao), for any given ao and for all a,

which justifies the first-order approach. �

Proof of Proposition 2. Given ao, consider an arbitrary contract ŝ(x) such that u(ŝ(x)) ≡

r̂(q) = Aq + B which satisfies both the participation and the “relaxed” incentive con-

straints at ao. Thus, since

R̂(a) ≡
∫
r̂(q)g(q|a)dq = A ·m(a) +B,

from the participation constraint in (2.19), r̂(q) should satisfy

R̂(ao)− c(ao) = A ·m(ao) +B − c(ao) = U. (A.20)

Also, from the relaxed incentive constraint, r̂(q) should satisfy

R̂′(ao)− c′(ao) = A ·m′(ao)− c′(ao) = 0. (A.21)

Note that

m(ao) =

∫
qg(q|ao)dq

=

∫
fa(x|ao)
f(x|ao)

f(x|ao)dx

=

∫
fa(x|ao)dx = 0,

which indicates that the expected value of information is always zero (i.e., no information
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ex-ante).40 Thus, by solving (A.20) and (A.21), we obtain

A =
c′(ao)

m′(ao)
, (A.22)

and

B = U + c(ao). (A.23)

Then, using (A.22) and (A.23), we have

R̂(a)− c(a) =
c′(ao)

m′(ao)
m(a) + U + c(ao)− c(a).

Thus, R̂(a)− c(a) has a maximum value at ao if

R̂′(a)− c′(a) ≥ 0 ⇐⇒ m′(a)

m′(ao)
≥ c′(a)

c′(ao)
, ∀a ≤ ao,

R̂′(a)− c′(a) ≤ 0 ⇐⇒ m′(a)

m′(ao)
≤ c′(a)

c′(ao)
, ∀a > ao.

(A.24)

Note that, since g(q|a) exhibits the FOSD, m′(a) ≥ 0 for all a. Thus, by defining c(a) ≡

φ(m(a)), one can easily see that (A.24) holds if (2c) is satisfied (i.e., φ′′ ≥ 0). Therefore,

R̂(a)− c(a) ≤ R̂(ao)− c(ao) = U, for any given ao and for all a, (A.25)

implying that the arbitrary contract, ŝ(x), also satisfies the original “argmax” incentive

constraint.

Since r(q) ≡ u(so(x)) is concave in q by (3c), and since it also satisfies both the

participation and the relaxed incentive constraints, r(q) must cross r̂(q) twice starting

from below as drawn in Figure 2.5.

40Also, note that

m′(ao) =

∫
qga(q|ao)dq

=

∫
fa(x|ao)
f(x|ao)

fa(x|ao)dx

=

∫ [fa(x|ao)
f(x|ao)

]2
f(x|ao)dx = V ar[q].
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Figure 2.5:

Actually, r(q) and r̂(q) must cross because they both satisfy the same participation

constraint, and they must cross twice because r(q) is (increasing) concave in q whereas

r̂(q) is (increasing) linear in q.41

The fact that both r(q) and r̂(q) satisfy the participation constraint at ao gives∫
[r(q)− r̂(q)]g(q|ao)dq = 0, (A.26)

and the fact that they also satisfy the relaxed incentive constraint at ao gives∫
[r(q)− r̂(q)]qg(q|ao)dq = 0. (A.27)

Thus, by combining (1a) with (A.26), (A.27), and the double crossing property between

r(q) and r̂(q), we have from Lemma 2 that∫
[r(q)− r̂(q)]g(q|a)dq ≤ 0, ∀a. (A.28)

Therefore, from (A.25) and (A.28), we finally derive

U(so(·), a) = R(a)− c(a)

≤ R̂(a)− c(a)

≤ R̂(ao)− c(ao) = U = U(so(·), ao), for any given ao and for all a,

which justifies the first-order approach. �

41They should not cross once by the same reason as in Proposition 1.
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Proof of Lemma 4. Note that∣∣∣∣∣∣∣∣∣
1 φ(x1) ψ(x1)

1 φ(x2) ψ(x2)

1 φ(x3) ψ(x3)

∣∣∣∣∣∣∣∣∣ = [φ(x3)− φ(x2)][φ(x2)− φ(x1)]

{
ψ(x3)− ψ(x2)

φ(x3)− φ(x2)
− ψ(x2)− ψ(x1)

φ(x2)− φ(x1)

}
.

Since φ(x) is increasing in x, φ(x1) ≤ φ(x2) ≤ φ(x3) for every x1 < x2 < x3. Thus, we

have, for every x1 < x2 < x3,

∣∣∣∣∣∣∣∣∣
1 φ(x1) ψ(x1)

1 φ(x2) ψ(x2)

1 φ(x3) ψ(x3)

∣∣∣∣∣∣∣∣∣
≥

(≤)0 ⇔ ψ(x3)− ψ(x2)

φ(x3)− φ(x2)
− ψ(x2)− ψ(x1)

φ(x2)− φ(x1)
≥

(≤)0,

which indicates that ψ(x) is convex (concave) in φ(x). �

Proof of Lemma 5. Assume that x1 < x2 < x3 and a1 < a2 < a3, and, without lost of

generality, let ao = a2.

(i) the “if” part: Since

T (f, 2) ≡

∣∣∣∣∣∣f(x1|a1) f(x1|a2)

f(x2|a1) f(x2|a2)

∣∣∣∣∣∣ = f(x1|a1)f(x2|a1)×

∣∣∣∣∣∣1
f(x1|a2)
f(x1|a1)

1 f(x2|a2)
f(x2|a1)

∣∣∣∣∣∣
= f(x1|a1)f(x2|a1)

[
f(x2|a2)

f(x2|a1)
− f(x1|a2)

f(x1|a1)

]
, (A.29)

the MLRP for f(x|a) implies T (f, 2) ≥ 0. Also, given the MLRP for f(x|a), condition

(ii) in Lemma 4 means that f(x|a1)
f(x|ao) is convex in q = fa(x|ao)

f(x|ao) , ∀a1 < ao as well as that f(x|a3)
f(x|ao)

is convex in q = fa(x|ao)
f(x|ao) , ∀a3 > ao. Thus, we have

f(x2|a1)
f(x2|ao) −

f(x1|a1)
f(x1|ao)

q2 − q1

≤
f(x3|a1)
f(x3|ao) −

f(x2|a1)
f(x2|ao)

q3 − q2

≤ 0 (A.30)

and

0 ≤
f(x2|a3)
f(x2|ao) −

f(x1|a3)
f(x1|ao)

q2 − q1

≤
f(x3|a3)
f(x3|ao) −

f(x2|a3)
f(x2|ao)

q3 − q2

, (A.31)

where qi = fa(xi|ao)
f(xi|ao) . By combining (A.30) and (A.31), we derive

f(x2|a1)
f(x2|ao) −

f(x1|a1)
f(x1|ao)

f(x2|a3)
f(x2|ao) −

f(x1|a3)
f(x1|ao)

≤
f(x3|a1)
f(x3|ao) −

f(x2|a1)
f(x2|ao)

f(x3|a3)
f(x3|ao) −

f(x2|a3)
f(x2|ao)

≤ 0. (A.32)
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Since

T (f, 3) ≡

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|ao) f(x1|a3)

f(x2|a1) f(x2|ao) f(x2|a3)

f(x3|a1) f(x3|ao) f(x3|a3)

∣∣∣∣∣∣∣∣∣ =
{ 3∏
i=1

f(xi|ao)
}
×

∣∣∣∣∣∣∣∣∣
f(x1|a1)
f(x1|ao) 1 f(x1|a3)

f(x1|ao)
f(x2|a1)
f(x2|ao) 1 f(x2|a3)

f(x2|ao)
f(x3|a1)
f(x3|ao) 1 f(x3|a3)

f(x3|ao)

∣∣∣∣∣∣∣∣∣
=
{ 3∏
i=1

f(xi|ao)
}
×

∣∣∣∣∣∣∣∣∣
1 f(x1|a3)

f(x1|ao)
f(x1|a1)
f(x1|ao)

1 f(x2|a3)
f(x2|ao)

f(x2|a1)
f(x2|ao)

1 f(x3|a3)
f(x3|ao)

f(x3|a1)
f(x3|ao)

∣∣∣∣∣∣∣∣∣ ,
(A.32) implies T (f, 3) ≥ 0.

(ii) the “only if” part: If f(x|a) is TP3, then, by definition, T (f, 2) ≥ 0 and T (f, 3) ≥ 0.

First, from (A.29), it is obvious that T (f, 2) ≥ 0 implies the MLRP for f(x|a). Second,

notice that

T (f, 3) ≡

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|ao) f(x1|a3)

f(x2|a1) f(x2|ao) f(x2|a3)

f(x3|a1) f(x3|ao) f(x3|a3)

∣∣∣∣∣∣∣∣∣
= (ao − a1)×

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|ao)−f(x1|a1)

ao−a1 f(x1|a3)

f(x2|a1) f(x2|ao)−f(x2|a1)
ao−a1 f(x2|a3)

f(x3|a1) f(x3|ao)−f(x3|a1)
ao−a1 f(x3|a3)

∣∣∣∣∣∣∣∣∣
= (ao − a1)×

{ 3∏
i=1

f(xi|a1)
}
×

∣∣∣∣∣∣∣∣∣
1 f(x1|ao)−f(x1|a1)

(ao−a1)f(x1|a1)
f(x1|a3)
f(x1|a1)

1 f(x2|ao)−f(x2|a1)
(ao−a1)f(x2|a1)

f(x2|a3)
f(x2|a1)

1 f(x3|ao)−f(x3|a1)
(ao−a1)f(x3|a1)

f(x3|a3)
f(x3|a1)

∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
≡A

.

Since ao > a1 and since

lim
a1→ao

A =

∣∣∣∣∣∣∣∣∣
1 fa(x1|ao)

f(x1|ao)
f(x1|a3)
f(x1|ao)

1 fa(x2|ao)
f(x2|ao)

f(x2|a3)
f(x2|ao)

1 fa(x3|ao)
f(x3|ao)

f(x3|a3)
f(x3|ao)

∣∣∣∣∣∣∣∣∣,
T (f, 3) ≥ 0 implies that f(x|a3)

f(x|ao) is convex in q = fa(x|ao)
f(x|ao) , ∀a3 > ao by Lemma 4.
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Similarly, notice that

T (f, 3) = (a3 − ao)×

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|ao) f(x1|a3)−f(x1|ao)

a3−ao

f(x2|a1) f(x2|ao) f(x2|a3)−f(x2|ao)
a3−ao

f(x3|a1) f(x3|ao) f(x3|a3)−f(x3|ao)
a3−ao

∣∣∣∣∣∣∣∣∣
= (a3 − ao)×

{ 3∏
i=1

f(xi|ao)
}
×

∣∣∣∣∣∣∣∣∣
f(x1|a1)
f(x1|ao) 1 f(x1|a3)−f(x1|ao)

(a3−ao)f(x1|ao)
f(x2|a1)
f(x2|ao) 1 f(x2|a3)−f(x2|ao)

(a3−ao)f(x2|ao)
f(x3|a1)
f(x3|ao) 1 f(x3|a3)−f(x3|ao)

(a3−ao)f(x3|ao)

∣∣∣∣∣∣∣∣∣
= (a3 − ao)×

{ 3∏
i=1

f(xi|ao)
}
×

∣∣∣∣∣∣∣∣∣
1 f(x1|a3)−f(x1|ao)

(a3−ao)f(x1|ao)
f(x1|a1)
f(x1|ao)

1 f(x2|a3)−f(x2|ao)
(a3−ao)f(x2|ao)

f(x2|a1)
f(x2|ao)

1 f(x3|a3)−f(x3|ao)
(a3−ao)f(x3|ao)

f(x3|a1)
f(x3|ao)

∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
≡B

.

Since a3 > ao and since

lim
a3→ao

B =

∣∣∣∣∣∣∣∣∣
1 fa(x1|ao)

f(x1|ao)
f(x1|a1)
f(x1|ao)

1 fa(x2|ao)
f(x2|ao)

f(x2|a1)
f(x2|ao)

1 fa(x3|ao)
f(x3|ao)

f(x3|a1)
f(x3|ao)

∣∣∣∣∣∣∣∣∣,
T (f, 3) ≥ 0 also implies that f(x|a1)

f(x|ao) is convex in q = fa(x|ao)
f(x|ao) , ∀a1 < ao by Lemma 3.

Consequently, T (f, 3) ≥ 0 implies that, for any given ao, f(x|a)
f(x|ao) is convex in q = fa(x|ao)

f(x|ao)

for all a. �

Proof of Corollary 1: Using (2.23), we have, for any given ao,

T (f, 2) ≡

∣∣∣∣∣∣f(x1|a1) f(x1|a2)

f(x2|a1) f(x2|a2)

∣∣∣∣∣∣ = Q′ao(x1)Q′ao(x2)

∣∣∣∣∣∣g(q1|a1) g(q1|a2)

g(q2|a1) g(q2|a2)

∣∣∣∣∣∣
= Q′ao(x1)Q′ao(x2)T (g, 2),

where qi = Qao(xi) ≡ fa(xi|ao)
f(xi|ao) , i = 1, 2. Since f(x|a) satisfies the MLRP, we have

Q′ao(x) ≥ 0, ∀x. Therefore, given the MLRP for f(x|a),

T (f, 2) ≥ 0, for every x1 < x2 and a1 < a2

⇔ T (g, 2) ≥ 0, for every q1 < q2 and a1 < a2.
(A.33)
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Likewise, we have, for any given ao,

T (f, 3) ≡

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|a2) f(x1|a3)

f(x2|a1) f(x2|a2) f(x2|a3)

f(x3|a1) f(x3|a2) f(x3|a3)

∣∣∣∣∣∣∣∣∣
= Q′ao(x1)Q′ao(x2)Q′ao(x3)

∣∣∣∣∣∣∣∣∣
g(q1|a1) g(q1|a2) g(q1|a3)

g(q2|a1) g(q2|a2) g(q2|a3)

g(q3|a1) g(q3|a2) g(q3|a3)

∣∣∣∣∣∣∣∣∣
= Q′ao(x1)Q′ao(x2)Q′ao(x3)T (g, 3),

where qi = Qao(xi) ≡ fa(xi|ao)
f(xi|ao) , i = 1, 2, 3. Therefore, by the same way, we derive that,

given the MLRP for f(x|a),

T (f, 3) ≥ 0, for every x1 < x2 < x3 and a1 < a2 < a3

⇔ T (g, 3) ≥ 0, for every q1 < q2 < q3 and a1 < a2 < a3

(A.34)

Thus, by combining (A.33) and (A.34), we have that f(x|a) is TP3 if and only if g(q|a)

is TP3 for any given ao given that x ∈ R and f(x|a) satisfies the MLRP. �

Proof of Proposition 3. From Lemma 5 and Corollary 1, it is shown that, given that

x ∈ R and f(x|a) satisfies the MLRP, condition (TP3) is equivalent to condition (1a).

Furthermore, condition (1J-2) implies condition (2c) since c(a) is increasing convex in a.

However, condition (2c) does not imply condition (1J-2). �

Proof of Lemma 6. Define, for a given density function f(x|a),

ψ(a, k) ≡
∫
φ(x, k)f(x|a)dx,

where x ∈ R, a ∈ R, and k is the parameter that determines the functional form of

φ(x, k). Then, by the “basic composition formula” by Karlin (1968),42 we have

42For the detailed proof of the basic composition formula, see Karlin (1968) p. 17.
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∣∣∣∣∣∣∣∣∣
ψ(a1, k1) ψ(a1, k2) ψ(a1, k3)

ψ(a2, k1) ψ(a2, k2) ψ(a2, k3)

ψ(a3, k1) ψ(a3, k2) ψ(a3, k3)

∣∣∣∣∣∣∣∣∣ =

∫∫∫
x1<x2<x3

∣∣∣∣∣∣∣∣∣
φ(x1, k1) φ(x1, k2) φ(x1, k3)

φ(x2, k1) φ(x2, k2) φ(x2, k3)

φ(x3, k1) φ(x3, k2) φ(x3, k3)

∣∣∣∣∣∣∣∣∣
×

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|a2) f(x1|a3)

f(x2|a1) f(x2|a2) f(x2|a3)

f(x3|a1) f(x3|a2) f(x3|a3)

∣∣∣∣∣∣∣∣∣ dx1dx2dx3. (A.35)

Let φ(x, k1) ≡ 1, φ(x, k2) ≡ x, and φ(x, k3) ≡ u(x). Then, ψ(a, k1) = 1, ψ(a, k2) =

µ(a) ≡
∫
xf(x|a)dx, and ψ(a, k3) = u∗(a) ≡

∫
u(x)f(x|a)dx. Thus, by using (A.35),∣∣∣∣∣∣∣∣∣

1 µ(a1) u∗(a1)

1 µ(a2) u∗(a2)

1 µ(a3) u∗(a3)

∣∣∣∣∣∣∣∣∣
=

∫∫∫
x1<x2<x3

∣∣∣∣∣∣∣∣∣
1 x1 u(x1)

1 x2 u(x2)

1 x3 u(x3)

∣∣∣∣∣∣∣∣∣×
∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|a2) f(x1|a3)

f(x2|a1) f(x2|a2) f(x2|a3)

f(x3|a1) f(x3|a2) f(x3|a3)

∣∣∣∣∣∣∣∣∣ dx1dx2dx3. (A.36)

The fact that f(x|a) is TP3 implies

T (f, 2) =

∣∣∣∣∣∣f(x1|a1) f(x1|a2)

f(x2|a1) f(x2|a2)

∣∣∣∣∣∣ ≥ 0, for every x1 < x2 and a1 < a2,

which is equivalent to the MLRP for f(x|a). Thus, both µ(a) and u∗(a) are increasing in

a. Since u(x) is concave in x, we have from Lemma 4 that∣∣∣∣∣∣∣∣∣
1 x1 u(x1)

1 x2 u(x2)

1 x3 u(x3)

∣∣∣∣∣∣∣∣∣ ≤ 0, for every x1 < x2 < x3.

Also, the fact that f(x|a) is TP3 implies

T (f, 3) =

∣∣∣∣∣∣∣∣∣
f(x1|a1) f(x1|a2) f(x1|a3)

f(x2|a1) f(x2|a2) f(x2|a3)

f(x3|a1) f(x3|a2) f(x3|a3)

∣∣∣∣∣∣∣∣∣ ≥ 0,
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for every x1 < x2 < x3 and a1 < a2 < a3. Thus, from (A.36), we have∣∣∣∣∣∣∣∣∣
1 µ(a1) u∗(a1)

1 µ(a2) u∗(a2)

1 µ(a3) u∗(a3)

∣∣∣∣∣∣∣∣∣ ≤ 0, for every a1 < a2 < a3,

which indicates that u∗(a) is increasing concave in µ(a) ≡
∫
xf(x|a)dx, given that µ(a)

is increasing in a. �

113



Bibliography

[1] Conlon, J. R. (2009): “Two New Conditions Supporting the First-Order Approach

to Multisignal Principal-Agent Problems,” Econometrica, 77, 249-278.

[2] Grossman, S. and O. Hart (1983): “An Analysis of the Principal-Agent Problem,”

Econometrica, 51, 7-45.

[3] Harris, M. and A. Raviv (1979): “Optimal Incentive Contracts with Imperfect Infor-

mation,” Journal of Economic Theory, 20, 231-259.

[4] Holmstrom, B. (1979): “Moral Hazard and Observability,” Bell Journal of Eco-

nomics, 10, 74-91.

[5] Innes, R. D. (1990): “Limited Liability and Incentive Contracting with Ex-ante

Action Choices,” Journal of Economic Theory, 52, 45-67.

[6] Jewitt, I. (1988): “Justifying the First-Order Approach to Principal-Agent Prob-

lems,” Econometrica, 56, 1177-1190.

[7] Jewitt, I., O. Kadan, and J. M. Swinkels (2008): “Moral Hazard with bounded

payments,” Journal of Economic Theory, 143(1), 59-82.

[8] Jung, J.Y. and S.K. Kim (2015): “Information Space Conditions for the First-Order

Approach in Agency Problems,” Journal of Economic Theory, 160, 243-279.

[9] Karlin, S. (1968): Total Positivity, Vol. 1. Stanford University Press.

114



[10] Mirrlees, J. A. (1975): “The Theory of Moral Hazard and Unobservable Behaviour:

Part I,” mimeo, Nuffield College, Oxford, published in Review of Economic Studies,

66, 3-23, 1999.

[11] Rogerson, W. P. (1985): “The First-Order Approach to Principal-Agent Problems,”

Econometrica, 53, 1357-1367.

[12] Ross, S. A. (1973): “The Economic Theory of Agency: The Principal’s Problem,”

American Economic Review, 63, 134-139.

[13] Shavell, S. (1979): “Risk Sharing and Incentives in the Principal and Agent Rela-

tionship,” Bell Journal of Economics, 10, 55-73.
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Incentive cost and risk aversion
in the agency problem

3.1 Introduction

In the principal-agent problem, if an agent is risk-neutral, the principal could pay to

the agent under full information (i.e., when she can observe the agent’s action) as much

as the expected cost under asymmetric information (i.e., when she cannot observe it).

However, if the agent is risk-averse, the expected cost under asymmetric information is

not less than the cost under full information. These mean that if the agent is risk-neutral,

his incentive cost (i.e., the cost difference between asymmetric and full information) is

zero while it is positive if the agent is risk-averse. From these facts, one has believed that

the agent’s incentive cost may be positively correlated with his degree of risk aversion.

Grossman and Hart (1983) initially showed the relationship between the agent’s degree

of risk aversion and his incentive cost in a somewhat restrictive agency problem.1 Espe-

cially, in the case that the agent has a multiplicatively separable CARA utility function

(i.e., U(s, a) = −e−k(s−a)), of which reservation utility is U = −e−kα, and there are only

two possible outcomes, they showed that as the agent becomes more risk-averse (i.e., when

the parameter of risk aversion, k, increases), his incentive cost increases.2 Later, Chade

and Serio (2002) generalized the result of Grossman and Hart (1983) by extending the

number of outcomes to n. However, Chade and Serio (2002) merely double check the fact

that the agent’s degree of risk aversion and his incentive cost have a positive relationship

with n possible outcomes. Moreover, like Grossman and Hart (1983), they did not give

any intuitive explanation about why the agent’s incentive cost increases as he becomes

more risk-averse. Thus, the relationship between the agent’s degree of risk aversion and

1See the Proposition 17 in Grossman and Hart (1983).
2They showed that the increase of k results in the increase of the principal’s expected cost under

asymmetric information. However, in their model, since the principal’s cost under full information is

equal to α which is independent of k, what they actually showed is that when k increases, the incentive

cost increases.
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his incentive cost still has not been proved completely.

The purpose of this paper is to provide more general theory on the agent’s incentive

cost. To this end, based on the general standard principal-agent model, we argue that

two factors with respect to the agent’s preferences affect his incentive cost: one is his

sensitivity to an incentive wage and the other is his attitude toward risk. The agent’s

incentive sensitivity is related with his magnitude of marginal utility, and his attitude

toward risk is related with his absolute risk aversion measure at his optimal incentive

wage contract. We show not only that the agent’s magnitude of marginal utility and

his incentive cost have a negative relationship, but also that the agent’s degree of risk

aversion and his incentive cost have a positive relationship.

We also argue that the positive relationship between the agent’s degree of risk aversion

and his incentive cost is similar to the existing result about the relationship between a

consumer’s degree of risk aversion and his risk premium in the financial decision-making

theory. This similarity is well revealed only when an incentive cost on the principal’s side

is regarded as a risk premium on the agent’s side. Note that the agent is compensated

with a risk-free wage (i.e., a fixed wage) when his action is observable, but with a risky

wage (i.e., an incentive wage) when his action is unobservable. When compensated with

the risky wage, the risk-averse agent claims higher expected wage level than the risk-free

wage level. Thus, his risk premium, that is, the difference between the expected risky

wage level and the risk-free wage level, is equal to the incentive cost on the principal’s side.

Therefore, the relationship between the risk aversion and the incentive cost is identical to

the relationship between the risk aversion and the risk premium.

On the other hand, our first argument about the negative relationship between the

agent’s magnitude of marginal utility and his incentive cost is initially suggested in the

agency literature. In fact, neither Grossman and Hart (1983) nor Chade and Serio (2002)

did realize the possibility that the agent’s magnitude of marginal utility could affect his

incentive cost. Furthermore, the fact that the magnitude of marginal utility is also an

important factor for a market designer like the principal is beyond the existing common

knowledge in decision theory. Notice that, in the consumer problem, a consumer’s mag-
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nitude of marginal utility itself is not important at all. However, our argument that the

increase of the agent’s marginal utility gives rise to the lower incentive cost is natural to

the principal who should give the agent an incentive to work hard. This is because, for a

given incentive wage, as the agent with the higher incentive sensitivity will work harder,

his incentive cost is lower.

The similarities and differences between our result in the agency problem and the

existing results in the consumer problem come from the fact that the decision maker

(principal) in the agency problem have to consider one more issue than a decision maker

(market designer) in the consumer problem. In the consumer’s problem, only the con-

sumer’s market participation issue is important, whereas, in the agency problem, not only

the agent’s contract participation issue but also his incentive issue is important. Then, the

participation issue which is commonly considered in both problem gives the same result

that the increase of the degree of risk aversion causes the higher risk premium. However,

the incentive issue which is considered only in the agency problem makes the difference

that the magnitude of marginal utility also is important in the agency problem.

The paper is organized as follows: In Section 2, we formulate the basic principal-agent

framework. In section 3, our results on the effects of the agent’s incentive sensitivity

and degree of risk aversion on his incentive cost are provided and discussed. Concluding

remarks are offered in Section 4, and all the formal proofs are relegated to Appendix C.

3.2 The basic model

We consider a one-period standard principal-agent model in which a risk-averse agent

i = 1, 2 works for a risk-neutral principal. In the beginning of the period, each agent

inputs his action a ∈ A ≡ [0, a] into a stochastic production technology, and then in

the end of the period, publicly observable output (signal) x ∈ X ⊆ R is realized. Since

output x is stochastically correlated with each agent’s action choice a, a cumulative distri-

bution function of output x conditional on a is denoted by F (x|a) and the corresponding

probability density(mass) function is denoted by f(x|a) where F (x|a) and f(x|a) are at
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least twice differentiable with respect to a. We assume that the likelihood ratio fa(x|a)
f(x|a)

is

increasing in x for all a ∈ A and is lower bounded.3 Also, we assume that the support

X is independent of a.4 Finally, we assume that f(x|a) satisfies the CDFCL (Convexity

of the Distribution Function Condition for the Likelihood-ratio) for the validity of the

first-order approach.5

Agent i’s utility function is given by an additively separable form: Ui(s, a) = ui(s)−

c(a). ui(s) denotes agent i’s utility from monetary payoff s with u′i > 0 and u′′i < 0, so he

is risk-averse. c(a) denotes each agent’s cost of action with c′(a) > 0 and c′′(a) > 0, so he

is work averse. To focus on the difference of two agents’ preferences, it is assumed that

both agents have a homogeneous cost function of action.

We first consider the principal’s cost minimization problem for agent i under asym-

metric information, i.e., when his action is unobservable. Because she cannot observe his

action, she should give an incentive to him in order to induce a given action level a. Thus,

wage contract for agent i should be dependent on output x. Then, the principal’s cost

3In the case that the likelihood ratio fa(x|a)
f(x|a) can go to −∞ on the support X, the optimal contract

in the agency problem under asymmetric information does not exist. This is called as the Mirrlees’

unpleasant case. The assumption that the likelihood ratio should be lower bounded is needed to escape

that case.
4In the agency problem, the case that the support X is dependent on a gives the trivial result that

the second best optimal contract is same with first best optimal contract, which is called as the moving

support problem. For a detailed explanation, see Gjesdal (1982).
5The first-order approach is the method of replacing the original argmax incentive compatibility con-

straint with the first order condition of the agent’s expected utility function with respect to a. The

recent results to justify the first-order approach when the principal is risk-neutral are the CDFCL (Con-

vexity of Distribution Function Condition for the Likelihood-ratio) and the two conditions of Proposition

7 in Jung and Kim (2015). In this paper, we assume the CDFCL for f(x|a), i.e., the convexity of

G(q|a′) ≡ Pr[ fa(x̃|a)
f(x̃|a) ≤ q|a

′] in a′.
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minimization problem is

min
si(x)

∫
si(x)f(x|a)dx

s.t. i)

∫
ui(si(x))f(x|a)dx− c(a) ≥ U i,

ii)

∫
ui(si(x))fa(x|a)dx− c′(a) = 0,

where U i denotes agent i’s reservation utility level. The first constraint is called the par-

ticipation constraint for agent i and the second constraint is called the (relaxed) incentive

compatibility constraint for agent i. The above cost minimization problem shows that

the principal has to decide agent i’s wage contract, si(x), to minimize her expected cost

under the constraints that agent i who is self-interested actually chooses the given action a

when si(x) is offered and that his resulting expected utility is not less than his reservation

utility level U i. Thus, by solving the principal’s cost minimization problem, the optimal

incentive contract for agent i and the principal’s expected cost are obtained.

It is assumed that there exists the optimal contract to solve the principal’s cost mini-

mization problem.6 Let si(x; a) be the optimal incentive contract for agent i. Then, the

optimal incentive contract for agent i, si(x; a), should satisfy

1

u′i(si(x; a))
= λi(a) + µi(a)

fa(x|a)

f(x|a)
, (3.1)

where λi(a) and µi(a) be the Lagrangian multipliers of the participation constraint and

the incentive compatibility constraint, respectively. Since the signs of λi(a) and µi(a)

are all positive by Lemma 1 in Jewitt (1988), both the participation constraint and the

incentive constraint should be binding at the optimum. Thus, it is true that, for all

i = 1, 2,

6In order to eliminate the cases where there is no optimal contract in the agency problem, we assumed

that the likelihood ratio fa(x|a)
f(x|a) is lower bounded and that the support of f(x|a) is independent of a.

However, only these two assumptions do not guarantee the existence of the optimal contract in the

standard agency model. Recently, Moroni and Swinkels (2014) showed that, for the existence of the

optimal contract in the standard agency model, some conditions either on monetary utility function or

on cost function of action are needed. For a detailed explanation, see Moroni and Swinkels (2014).
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∫
ui(si(x; a))f(x|a)dx = c(a) + U i, (3.2)

and ∫
ui(si(x; a))fa(x; a)dx = c′(a). (3.3)

The expectation of si(x; a) in (3.1), E[si(x; a)] =
∫
si(x; a)f(x|a)dx, is the (expected)

cost which the principal should pay to agent i at a minimum to satisfy his participation

and incentive constraints.

Next, we consider the principal’s cost minimization problem for agent i under full

information, i.e., when his action is publicly observed without cost. Because the principal

can directly observe his action, the principal does not have to consider the incentive

constraint for agent i in her cost minimization problem. The principal’s cost minimization

problem under full information is then

min
si(x)

∫
si(x)f(x|a)dx

s.t.

∫
ui(si(x))f(x|a)dx− c(a) ≥ U i.

Let sfi (a) be the optimal fixed-wage contract for agent i to solve the above problem.

Then, the optimal fixed wage contract for agent i, sfi (a), should satisfy

1

u′i(s
f
i (a))

= λfi (a). (3.4)

where λfi (a) be the Lagrangian multiplier of the participation constraint. Since λfi (a) is

positive, the participation constraint should be binding at the optimum, i.e.,

ui(s
f
i (a)) = c(a) + U i. (3.5)

The optimal fixed wage contract for agent i, sfi (a), is the cost which the principal

should pay to agent i at a minimum to satisfy his participation constraint alone.

We will concentrate our attention on the difference between the principal’s costs under

asymmetric information and full information, i.e, E[si(x; a)]−sfi (a). We call this difference

as the incentive cost from agent i. Thus, the incentive cost from agent i indicates the

principal’s net cost due to an incentive problem from agent i.
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For agent i, since E[si(x; a)] is not less than sfi (a), for a given a > 0, his incentive cost

is always nonnegative.7 It is well known that the positive incentive cost (i.e., E[si(x; a)]−

sfi (a) > 0) comes from his risk aversion; his incentive cost is zero when he is risk-neutral

(i.e., u′′i (s) = 0), whereas his incentive cost is positive when he is risk-averse (i.e., u′′i (s) <

0). Based on this fact, one may raise a question: As an agent’s degree of risk aversion

increases, does his incentive cost always increase? We start with this question.

3.3 The relationship between an agent’s risk aversion

and his incentive cost

The question about the relationship between an agent’s degree of risk-aversion and

his incentive cost has been already raised by Grossman and Hart (1983). Grossman and

Hart (1983) showed the relationship in a somewhat restrictive agency model where the

agent has multiplicatively separable CARA utility function, i.e., U(s, a) = −e−k(s−a), his

reservation utility is U = −e−kα, the action set A is finite, and the number of outcomes of

output x is equal to two. They argued that when the agent becomes more risk-averse (i.e.,

when the parameter of risk aversion, k, increases), the principal’s incentive cost from him

increases.8 Later, Chade and Serio (2002) generalized the Grossman and Hart’s (1983)

result by extending the number of outcomes to n.

However, Chade and Serio (2002) gave only one example to show the relationship

between the agent’s degree of risk aversion and his incentive cost. Furthermore, they did

not give any intuitive explanation about why the increase of the degree of risk aversion

results in the increases of his incentive cost. Thus, that relationship between the agent’s

degree of risk-aversion and his incentive cost still has not been explained completely. The

purpose of this paper is to provide a general theory on that relationship by considering

7The positiveness of an incentive cost can be easily verified. From (3.2) and (3.5), we have

E[ui(si(x; a))] = ui(s
f
i (a)), of which applying the Jensen’s inequality to the left hand side gives

ui(E[si(x; a)]) ≥ E[ui(si(x; a))] = ui(s
f
i (a)). Thus, we have E[si(x; a)] ≥ sfi (a).

8See the Proposition 16 in Grossman and Hart (1983).
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the standard agency model.

We argue that not only an agent’s risk attitude but also his sensitivity to an incentive

wage affects his incentive cost. This argument indicates that when an agent becomes more

risk-averse, his incentive cost does not always increase, if his incentive sensitivity also

changes. Thus, we first analyze the relationship between an agent’s incentive sensitivity

and his incentive cost, and then the pure effect of the agent’s degree of risk aversion on

his incentive cost.

To begin, we make the following assumption for an analytic simplicity.

Assumption 1: For agent i = 1, 2, sf1(a) = sf2(a) and U1 = U2.

The above assumption requires that the optimal fixed wage contracts for the two agents

be same and their reservation utility levels also be same. However, the Assumption 1 is

not crucial to our result at all. Note that, for agent i, his incentive cost, i.e., E[si(x; a)]−

sfi (a), is irrelevant to specific parallel shifts of his monetary utility function ui(s) and

his reservation utility level U i. This fact can be confirmed in the two parallel shifts:

horizontal and vertical parallel shifts. First, consider the case where a monetary utility

function ui(s) is horizontally shifted with length β, but with his reservation utility level

U i fixed. Let ûi(s) be its parallel shifted monetary utility function. Then, if si(x; a)

and sfi (a) are the two optimal contracts for the agent with monetary utility function

ui(s), then it is trivial that the two optimal contracts for the agent with monetary utility

function ûi(s) = ui(s−β) are si(x; a)+β and sfi (a)+β, respectively, keeping his incentive

cost unchanged because E[si(x; a) + β]− (sfi (a) + β) = E[si(x; a)]− sfi (a). Also, even in

the case of a vertical shift, if ui(s) and U i are parallel shifted in the same direction and

with the same length, the two optimal contracts si(x; a) and sfi (a) are all kept unchanged,

which implies that his incentive cost also remains unchanged. Therefore, even in the case

of sf1(a) 6= sf2(a) or U1 6= U2, the parallel shifts of one agent’s monetary utility function

together with his reservation utility level can satisfy the Assumption 1 with his incentive

cost remaining unchanged. Thus, the above assumption (i.e. sf1(a) = sf2(a) and U1 = U2)

is not important at all for our result.
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The following lemma shows the relationship between an agent’s incentive sensitivity

and his incentive costs.

Lemma 1: If u′1(s) ≤ u′2(s) for all s and E[u1(s1(x; a))] ≤ E[u2(s1(x; a))], then E[s1(x; a)]−

sf1(a) ≥ E[s2(x; a)]− sf2(a).

The above lemma shows a negative relationship between an agent’s magnitude of

marginal utility function and the incentive cost. Lemma 1 says that if the slope of agent

1’s utility function is not greater than the one of agent 2’s utility function, then the

incentive cost from agent 1 is not less than the one from agent 2, as long as the inequality,

E[u1(s1(x; a))] ≤ E[u2(s1(x; a))], is satisfied. We exclude the second condition in Lemma

1 for a moment in order to concentrate on the first condition that u′1(s) ≤ u′2(s) for all

s. Note that agent i’s sensitivity to his incentive wage is dependent on his magnitude of

marginal utility. Thus, Lemma 1 shows that, if the incentive sensitivity of one agent is

higher than the one of the other agent, the incentive cost from that agent is less than the

one from this agent. It is intuitively trivial because, for a given incentive wage, the agent

with the higher incentive sensitivity chooses a higher action level, and then the incentive

cost from this agent is less.

Let us turn our attention to the second condition in Lemma 1, i.e., E[u1(s1(x; a))] ≤

E[u2(s1(x; a))]. We first state what role it plays in Lemma 1. As seen in the proof of

Lemma 1, the second condition E[u1(s1(x; a))] ≤ E[u2(s1(x; a))] is needed in order for

the optimal incentive contract for agent 1, s1(x; a), to satisfy the participation constraint

for agent 2. To see this, note that E[u1(s1(x; a))] = c(a) +U1 from (3.2). Then, from the

second condition, we have E[u2(s1(x; a))] ≥ E[u1(s1(x; a))] = c(a) + U1. Thus, one can

see that E[u2(s1(x; a))] ≥ c(a) + U2 by the Assumption 1 (i.e., U1 = U2).

Note that the second condition in Lemma 1 (or equivalently, E[u2(s1(x; a))] ≥ c(a) +

U2) can be satisfied depending on the characteristics of output’s distribution f(x|a).

Specially, if the probabilities of the high output level are large enough, this inequality can

be satisfied. For example, consider the case where the number of outcomes is equal to

two, i.e., x ∈ {x1, x2}, where x1 < x2. Then, agent 2’s expected utility given s1(x; a) is
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E[u2(s1(x; a))] = u2(s1(x1; a))f(x1|a) + u2(s1(x2; a))f(x2|a). When the optimal incentive

contract for agent 1 is given by s1(x; a), agent 2’s expected utility given s1(x; a) is mainly

dependent on the probability of x2 given a. Note that s1(x1; a) < sf1(a) < s1(x2; a) because

E[u1(s1(x; a))] = u1(sf1(a)), which implies that u2(s1(x1; a)) < u2(sf1(a)) = u2(sf2(a)) <

u2(s1(x2; a)) where the equality holds from the Assumption 1 (i.e., sf1(a) = sf2(a)). From

this, if the probability of x2 given a is large enough, it is possible that E[u2(s1(x; a))] ≥

u2(sf2(a)) = c(a) + U2.

Moreover, it is worth noting that the range of si(x; a) is dependent on the character-

istics of f(x|a), i.e., the range of fa(x|a)
f(x|a)

. If the range of fa(x|a)
f(x|a)

is wide enough, the range

of si(x; a) can be narrowed enough that, for all x ∈ X, si(x; a) is in the neighbourhood of

sfi (a). For example, we again consider the two-outcome case. In this case, (3.2) and (3.3)

are

E[ui(si(x; a))] = ui(si(x1; a))f(x1|a) + ui(si(x2; a))f(x2|a) = c(a) + U i,

and

ui(si(x1; a))fa(x1|a) + ui(si(x2; a))fa(x2|a) = c′(a),

from which we can obtain

ui(si(x2; a))− ui(si(x1; a)) =
1

Qa(x2)−Qa(x1)
× c′(a)

f(x1|a)f(x2|a)
,

where Qa(x) ≡ fa(x|a)
f(x|a)

. If the difference of the realized values of the likelihood-ratio,

Qa(x2)−Qa(x1), is large enough, ui(si(x2; a))−ui(si(x1; a)) can be small enough that, for

all x ∈ X, si(x; a) is in the neighbourhood of sfi (a). Thus, under the distribution of which

the range of the likelihood ratio is wide enough, it is possible that, for every agent, his

optimal incentive contract is in the neighbourhood of his optimal fixed wage contract, i.e.,

for all x ∈ X = {x1, x2}, si(x; a) ∈ Nε(s
f
i (a)), where Nε(s

f
i (a)) ≡ {s ∈ R : |s−sfi (a)| ≤ ε}

and ε > 0 is small enough.

Consequently, from Lemma 1, we can conclude that if u′1(s) < u′2(s) for all s ∈

Nε(s
f
1(a)), then the incentive cost from agent 1 is higher than the one from agent 2 “for

some distributions”. This conclusion implies that, if u′1(sf1(a)) 6= u′2(sf2(a)), that the

incentive cost from the agent with the slope of monetary utility steeper around his own
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optimal fixed-wage level can be less than the incentive cost from the other agent, regardless

of their risk attitudes. Therefore, to analyze the relationship between an agent’s degree

of risk aversion and his incentive cost “for any distribution”, we need to suppose that

an agent’s magnitude of marginal utility remains unchanged, i.e., u′1(sf1(a)) = u′2(sf2(a)).

Proposition 1 shows this relationship between them.

Before going to Proposition 1, we introduce a function νi(z). Define

νi(z) ≡ u′−1
i (

1

z
), z > 0. (3.6)

Function νi(z) in (3.6) determines a functional form of the optimal contracts under asym-

metric information and under full information. Note that by using function νi(z), the

optimal incentive contract in (3.1) reduces to

si(x; a) = u′−1
i (

1

λi(a) + µi(a)Qa(x)
) ≡ νi(λi(a) + µi(a)Qa(x)), (3.7)

where Qa(x) ≡ fa(x|a)
f(x|a)

, and the optimal fixed wage contract in (3.4) reduces to

sfi (a) = u′−1
i (

1

λfi (a)
) ≡ νi(λ

f
i (a)). (3.8)

Proposition 1: Suppose that u′1(sf1(a)) = u′2(sf2(a)). If −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
, then

E[s1(x; a)]− sf1(a) ≥ E[s2(x; a)]− sf2(a).

Note that the measure of −u′′i (νi(z))

u′i(νi(z))
in Proposition 1 is equal to the measure of absolute

risk aversion, −u′′i (s)

u′i(s)
, when s = νi(z). Then, we consider the measure of −u′′i (νi(z))

u′i(νi(z))
as a

measure for agent i’s risk attitude.9

9Note that the measure of absolute risk aversion, −u
′′
i (s)
u′i(s)

, is unique up to any affine transformation,

whereas the measure of −u
′′
i (νi(z))
u′i(νi(z))

in Proposition 1 is not unique because function νi(z) in this measure

is dependent of the slope of an agent’s utility function by definition (for this, see the proof of Proposition

2). Thus, the measure of −u
′′
i (νi(z))
u′i(νi(z))

is not a measure for only risk attitude of an agent. However, notice

that u′1(sf1 (a)) = u′2(sf2 (a)) is supposed in Proposition 1 in order to eliminate the effect of the different

slope of two agents’ utility functions on their incentive costs. Thus, the measure of −u
′′
i (νi(z))
u′i(νi(z))

, when

combined with the condition that u′1(sf1 (a)) = u′2(sf2 (a)), can be a measure for an agent’s risk attitude.
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As in Proposition 1, we suppose that agent 1’s incentive sensitivity is same as that of

agent 2 in the neighbourhood of their own optimal fixed wage level. Proposition 1 says

that if agent 1 is more risk averse than agent 2 under the risk aversion measure of−u′′i (νi(z))

u′i(νi(z))
,

then the incentive cost from agent 1 is not less than the one from agent 2. This result can

be explained intuitively by interpreting incentive cost as risk premium. Note that agent i

is offered a fixed wage sfi (a) under full information, whereas he is offered an incentive wage

si(x; a) under asymmetric information. In other words, he is compensated with a risk-free

wage under full information, but with a risky wage under asymmetric information. Agent

i who is risk-averse, when compensated with a risky wage, will claim a higher expected

wage level than a risk free wage level, i.e., risk premium. Then, E[si(x; a)]− sfi (a) is risk

premium for the risk averse agent, which is called the incentive cost in this paper. Thus,

the incentive cost becomes the risk premium on the agent’s side. In results, Proposition 1

states is that the more risk averse an agent is, the higher risk premium that agent claims.

To understand our result on the incentive cost more clearly, it is needed to compare

our results in the agency problem with Pratt’s Theorem on risk premium in the consumer

problem.10 There are two distinctions between our result in the agency problem and their

result in the consumer problem. Note that the incentive cost from an agent is interpreted

as his risk premium. The first difference is that in addition to the risk aversion as a

common factor affecting the risk premium, there is another factor, incentive sensitivity, in

the agency problem. This difference comes from the fact that only the consumer’s market

participation issue is important in the consumer problem, whereas not only the agent’s

contract participation issue but also his incentive issue is important in the agency problem.

Then, the participation issue which is commonly considered in both problems causes the

same intuition that the increase of the degree of risk aversion results in the increase of risk

premium. However, the incentive issue which is considered only in the agency problem

makes the difference that the magnitude of marginal utility is only important in the

agency problem. The second difference is that the risk aversion measures which are used

10Pratt’s Theorem says that the more risk averse a consumer is in the sense of absolute risk aversion

(i.e, −u
′′
i (s)
u′i(s)

), the higher risk premium he claims.
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in the two results are somewhat similar but different. Note that the risk aversion measure

in Pratt’s result is −u′′i (s)

u′i(s)
, but the measure in our result is −u′′i (νi(z))

u′i(νi(z))
. This difference

comes from the fact that since there is no incentive issue in the consumer problem, that

measure is derived from measuring a consumer’s attitude toward risk which is contained

in a given risky asset, but in the agency problem where the incentive issue is important,

this measure is derived from measuring an agent’s attitude toward risk which is contained

in his own optimal incentive contract. This is why the function νi(z) which determines

a functional form of the optimal incentive contract for agent i is contained in our risk

aversion measure.

By combining the results of Lemma 1 and Proposition 1, one can guess that, if agent

1’s incentive sensitivity is lower than the one of agent 2 and simultaneously if agent 1 is

more risk averse than agent 2, then the incentive cost from agent 1 is not less than the

one from agent 2. The following proposition shows it.

Proposition 2: Suppose that u′1(sf1(a)) < u′2(sf2(a)). If −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
and

there exists an index i = 1, 2 with −u′′i (νi(z))

u′i(νi(z))
increasing in z, then E[s1(x; a)] − sf1(a) ≥

E[s2(x; a)]− sf2(a).

The above proposition shows that, the incentive cost is higher for an agent who has

lower incentive sensitivity and at the same time is more risk averse than the other, as

long as −u′′i (νi(z))

u′i(νi(z))
is increasing in z for some i = 1, 2.

Compared with the Proposition 1, the condition that, for some i = 1, 2, −u′′i (νi(z))

u′i(νi(z))
be

increasing in z is additionally needed in the Proposition 2. To understand why the condi-

tion that −u′′i (νi(z))

u′i(νi(z))
should be increasing in z for some i = 1, 2 is necessary in Proposition 2,

we should see its proof. Without Loss of generality, we consider the case that −u′′1 (ν1(z))

u′1(ν1(z))
is

increasing in z. As seen in the proof of Proposition 2, let û1(s) be an affine transformation

of u1(s), i.e., û1(s) = α[u1(s)− u1(sf1(a))] + u1(sf1(a)) where α > 0. Then, we can choose

α to satisfy û′1(sf1(a)) = u′2(sf2(a)). Since û′1(sf1(a)) = αu′1(sf1(a)), α =
u′2(sf2 (a))

u′1(sf1 (a))
> 1. Under

this circumstance, Proposition 2 is verified through two steps: The first step is to show

that the incentive cost from the agent with u1(s) is higher than the one from the agent

129



with û1(s) by using Lemma 1. The second step is to show that the incentive cost from the

agent with û1(s) is higher than the one from the agent with u2(s) by using Proposition 1.

The condition that (i) − û′′1 (ν̂1(z))

û′1(ν̂1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
for all z is inevitable needed to use the result

of Proposition 1 in the second step. The two conditions that (ii) −u′′1 (ν1(z))

u′1(ν1(z))
is increasing in

z and that (iii) −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
for all z are sufficient for condition (i). Note that the

risk aversion measure of the agent with utility function û1(s) is − û′′1 (ν̂1(z))

û′1(ν̂1(z))
≡ −u′′1 (ν1(αz))

u′1(ν1(αz))
.11

Together with this fact, if two conditions (ii) and (iii) are satisfied, then we have: for all

z,

− û
′′
1(ν̂1(z))

û′1(ν̂1(z))
≡ −u

′′
1(ν1(αz))

u′1(ν1(αz))
≥ −u

′′
1(ν1(z))

u′1(ν1(z))
≥ −u

′′
2(ν2(z))

u′2(ν2(z))
.

where the first inequality comes from condition (ii) because αz > z where α > 1 and z > 0,

and the second inequality comes directly from condition (iii). However, if condition (ii)

is not satisfied, although condition (iii) is satisfied with −u′′1 (ν1(z))

u′1(ν1(z))
steeply decreasing in z,

it is possible that

−u
′′
1(ν1(z))

u′1(ν1(z))
≥ −u

′′
2(ν2(z))

u′2(ν2(z))
> −u

′′
1(ν1(αz))

u′1(ν1(αz))
≡ − û

′′
1(ν̂1(z))

û′1(ν̂1(z))
,

from which one can see that condition (i) which is inevitably needed for the second step

is not satisfied.

Now, we investigate the risk aversion measure of
u′′i (νi(z))

u′i(νi(z))
in Proposition 1. As ex-

plained earlier, this risk aversion measure is the same as absolute risk aversion measure

of −u′′i (s)

u′i(s)
when s = νi(z). Note that νi(z) defined in (3.4) should be derived from agent

i’s (monetary) utility function. Then, for any given two utility functions, it is not easy to

confirm whether or not they are ranked under that risk aversion measure. The following

lemma helps us find the class of utility functions which are ranked under the risk aversion

measure of
u′′i (νi(z))

u′i(νi(z))
.

Lemma 2: There exists t ∈ R such that

− u′′1(ν1(z))

[u′1(ν1(z))]t
≥ − u′′2(ν2(z))

[u′2(ν2(z))]t
, (3.9)

if and only if −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
.

11For a detailed derivation of this equality, see the proof in Proposition 2.
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Lemma 2 can be easily verified by using the definition of νi(z) in (3.6). Since, for all

i = 1, 2, 1
u′i(νi(z))

≡ z, where z > 0, inequality (3.9) is equivalent to

−u′′1(ν1(z))zt ≥ −u′′2(ν2(z))zt,

⇔ −u′′1(ν1(z))z ≥ −u′′2(ν2(z))z,

⇔ −u
′′
1(ν1(z))

u′1(ν1(z))
≥ −u

′′
2(ν2(z))

u′2(ν2(z))
,

where the second inequality is obtained by multiplying z1−t > 0 on both sides of the above

inequality.

Note that inequality (3.9) is satisfied if there exists a constant k > 0 such that, for any

given t ∈ R, − u′′1 (s)

[u′1(s)]t
≥ k ≥ − u′′2 (s)

[u′2(s)]t
for all s. If there exists such an constant k > 0, that

is, − u′′1 (s)

[u′1(s)]t
≥ k for all s and k ≥ − u′′2 (s′)

[u′2(s′)]t
for all s′, then letting s = ν1(z) and s′ = ν2(z)

gives that − u′′1 (ν1(z))

[u′1(ν1(z))]t
≥ k for all ν1(z) and k ≥ − u′′2 (ν2(z))

[u′2(ν2(z))]t
for all ν2(z), respectively. The

following example is based on this fact.

Example 1: Consider agents i = 1, 2 with ui(s) = 1−ρ
riρ

[ ri(s−βi)
1−ρ ]ρ where ρ, βi ∈ R, ri > 0

and ri(s−βi)
1−ρ ≥ 0. Since u′i(s) =

[
ri(s−βi)

1−ρ

]ρ−1

and u′′i (s) = −ri
[
ri(s−βi)

1−ρ

]ρ−2

, letting t = ρ−2
ρ−1

gives − u′′i (s)

[u′i(s)]
t = ri for all s, which implies that − u′′i (νi(z))

[u′i(νi(z))]
t = ri. Thus, if r1 ≥ r2,

r1 = − u′′1(ν1(z))

[u′1(ν1(z))]t
≥ − u′′2(ν2(z))

[u′2(ν2(z))]t
= r2,

from which one can see that agent 1 is more risk averse than agent 2 under the measure

of absolute risk aversion when s = νi(z), as in Proposition 1.

Note that utility function ui(s) = 1−ρ
riρ

[ ri(s−βi)
1−ρ ]ρ in Example 1 belongs to the class

of HARA utility functions because its measure of absolute risk aversion is a hyperbolic

function of s, i.e., −u′′i (s)

u′i(s)
= 1−ρ

s−βi . As seen in Example 1, the utility function ui(s) =

1−ρ
riρ

[ ri(s−βi)
1−ρ ]ρ has a risk aversion measure of − u′′i (s)

[u′i(s)]
t as a constant for all s when t = ρ−2

ρ−1
,

i.e., − u′′2 (s)

[u′2(s)]t
= ri for all s. Since the risk aversion measure of − u′′i (s)

[u′i(s)]
t is equal to ri which

is independent of s, the measure of − u′′i (νi(z))

[u′i(νi(z))]
t is also equal to ri which is independent of

νi(z). Thus, if r1 is not less than r2, inequality (3.9) is satisfied, which implies that agent

1 is more risk-averse than agent 2 under the risk aversion measure of
u′′i (νi(z))

u′i(νi(z))
by Lemma

2.
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Also, the utility function in Example 1 can be a CARA utility function which was

used in both Grossman and Hart (1983) and Chade and Serio (2002). When βi = ρ
ri

and

ρ = ∞, utility function ui(s) = 1−ρ
riρ

[ ri(s−βi)
1−ρ ]ρ becomes a CARA utility function with the

measure of absolute risk aversion equal to ri because limρ→±∞−u′′i (s)

u′i(s)
= ri. Thus, our

results are more general than the previous results.

However, the class of utility functions in Example 1 has a limited applicability as it

is impossible to place rankings among the agents whose utility functions have different

powers. For example, consider the two agents i = 1, 2 with ui(s) = 1−ρi
riρi

[ ri(s−βi)
1−ρi ]ρi , ρ1 6= ρ2.

Then, as seen in Example 1, it is true that, for each i, letting ti = ρi−2
ρi−1

gives

− u′′i (s)

[u′i(s)]
ti

= ri, ∀s,

which implies that

− u′′i (νi(z))

[u′i(νi(z))]ti
= ri, ∀z > 0.

Again, note that 1
u′i(νi(z))

≡ z, for all i = 1, 2, from (3.6). Thus, we have that, for any

t ∈ R
− u′′1 (ν1(z))

[u′1(ν1(z))]t

− u′′2 (ν2(z))

[u′2(ν2(z))]t

=
− u′′1 (ν1(z))

[u′1(ν1(z))]t1
zt−t1

− u′′2 (ν2(z))

[u′2(ν2(z))]t2
zt−t2

=
r1

r2

z∆t, (3.10)

where ∆t ≡ t2 − t1. For inequality (3.9) to hold for all z > 0, the right hand side of

equation (3.10) must not be less than one for all z > 0. However, for any r1, r2 > 0

and for any ∆t ∈ R, the right hand side of equation (3.10) is greater than one when

z > zc ≡ ( r2
r1

)1/∆t > 0, but is less than one when z < zc.

3.4 Conclusion

We have analyzed not only the relationship between an agent’s incentive sensitivity and

his incentive cost but also the relationship between an agent’s degree of risk aversion and

his incentive cost. We first showed that, when one agent’s incentive sensitivity is higher

than the other agent’s incentive sensitivity in the neighbourhood of their own optimal

fixed-wage levels, the incentive cost from that agent can less than the one from this agent,
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regardless of the change of his degree of risk aversion. This argument indicates that, when

an agent’s preferences change, the change of his incentive sensitivity can affect his incentive

cost more seriously than the change of his degree of risk aversion. Thus, to analyze the

pure effect of his degree of risk aversion on his incentive cost, it is needed to suppose that

his incentive sensitivity in the neighbourhood of his optimal fixed wage level should be

unchanged. Under such an assumption, we showed that, when an agent becomes more

risk-averse under the absolute risk aversion measure at his optimal incentive contract, his

incentive cost always increases. Furthermore, we showed that, when an agent becomes

more risk-averse and at the same time his incentive sensitivity decreases, if his absolute

risk aversion measure at his own optimal incentive contract is an increasing function, his

incentive cost always increases. Finally, we showed that agents with HARA class utilities

can be ranked under that absolute risk aversion measure, which indicates that our result

is more general than the result of Chade and Serio (2002).
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3.5 Appendix C

Proof of Lemma 1. Since sf1(a) = sf2(a) under the Assumption 1, we show that E[s1(x; a)] ≥

E[s2(x; a)], if u′1(s) ≤ u′2(s) for all s and E[u1(s1(x; a))] ≤ E[u2(s1(x; a))].

Consider the principal’s cost minimization problem for agent 2 under asymmetric

information where the relaxed incentive constraint is replaced with the doubly relaxed

incentive constraint, i.e., ∫
u1(s1(x, a))fa(x|a)dx− c′(a) ≥ 0.

Note that, even in this cost minimization problem, the doubly relaxed incentive constraint

should be binding at the optimum.12 And, note that the optimal contract for agent 2,

s2(x; a), is the best contract among the principal’s opportunity set for agent 1 satisfying

his participation and doubly relaxed incentive constraints.

We introduce an arbitrary contract ŝ1(x; a) such that u2(ŝ1(x; a)) ≡ u2(s1(x; a)) + β

where β ≡ E[u1(s1(x; a))]−E[u2(s1(x; a))] ≤ 0. Note that, since β ≤ 0, we have ŝ1(x; a) ≤

s1(x; a) for all x ∈ X, which implies that

E[ŝ1(x; a)] ≤ E[s1(x; a)]. (3.11)

Since the participation constraint for agent 1 should be binding at the optimum, i.e.,∫
u1(s1(x; a))f(x|a)dx− c(a) = U1,

we have ∫
u2(ŝ1(x; a))f(x|a)dx− c(a) =

∫
u2(s1(x; a))f(x|a)dx+ β − c(a)

=

∫
u1(s1(x; a))f(x|a)dx− c(a) (3.12)

= U1 = U2.

And, since E[u2(ŝ1(x; a))] = E[u2(s1(x; a))]+β = E[u1(s1(x; a))] and since u′1(s) ≤ u′2(s),

for all s, u2(ŝ1(x; a)) ≡ u2(s1(x; a)) + β should cross u1(s1(x; a)) at once from below.

Then, by the Lemma 1 in Innes (1990), we have

12For a detained explanation for this, see Rogerson (1983).
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∫
u2(ŝ1(x; a)fa(x|a)dx =

∫
[u2(s1(x; a)) + β]fa(x|a)dx

≥
∫
u1(s1(x; a))fa(x|a)dx,

which implies that ∫
u2(ŝ1(x; a)fa(x|a)dx ≥ c′(a) (3.13)

because the incentive constraint for agent 1 should be binding at the optimum.

(3.12) and (3.13) indicate that the contract ŝ1(x; a) is in the opportunity set for agent

2. Since s2(x; a) is the optimal contract for the cost minimization problem for agent 2, it

is true that E[s2(x; a)] ≤ E[ŝ1(x; a)]. By combining this inequality with (3.11), we have

E[s2(x; a)] ≤ E[s1(x; a)],

which completes the proof of this lemma. �

Proof of Proposition 1. Note that, since sf1(a) = sf2(a) by the Assumption 1, E[s1(x; a)]−

sf1(a)− {E[s2(x; a)]− sf2(a)} = E[s1(x; a)]− E[s2(x; a)]. We will show that, if
u′′1 (ν1(z))

u′1(ν1(z))
≥

u′′2 (ν2(z))

u′2(ν2(z))
, then E[s1(x; a)]−E[s2(x; a)] ≥ 0 under the assumption that u′1(sf1(a)) = u′2(sf2(a)).

In this proof, we suppress a for simple notations and thus use λi, µi, λ
f
i in the place

of λi(a), µi(a), λfi (a), respectively. Since u′1(sf1(a)) = u′2(sf2(a)) and since 1

u′i(s
f
i (a))

= λfi

from (3.4), we have λf1 = λf2 . Let λfi = λf for all i = 1, 2. From this, we have

ν1(λf )− ν2(λf ) = sf1(a)− sf2(a) = 0, (3.14)

and

u1(ν1(λf ))− u2(ν2(λf )) = c(a) + U1 − [c(a) + U2] = 0, (3.15)

where the second equality holds by the Assumption 1.

By using the representation in Jewitt (1997), the expectation of the optimal incentive

wage contract for agent i can be represented as

E[si(x; a)] = Li(λi, µi; a) = max
λ,µ≥0

Li(λ, µ; a), (3.16)
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where

Li(λ, µ; a) ≡
∫
ψi(λ+ µQa(x))f(x|a)dx+ λ[c(a) + U i] + µc′(a),

where ψi(z) ≡ νi(z)− ui(νi(z))z, z > 0 and Qa(x) ≡ fa(x|a)
f(x|a)

.13

Note that, for i 6= j, Li(λi, µi; a) ≥ Li(λj, µj; a) from (3.16). Thus, we obtain

E[s1(x; a)]− E[s2(x; a)] = L1(λ1, µ1; a)− L2(λ2, µ2; a)

≥ L1(λ2, µ2; a)− L2(λ2, µ2; a)

=

∫
[ψ1(λ2 + µ2Qa(x))− ψ2(λ2 + µ2Qa(x))]f(x|a)dx, (3.17)

where the first inequality comes from the fact that L1(λ1, µ1; a) ≥ L1(λ2, µ2; a).

Let h(z) ≡ ψ1(z) − ψ2(z). Note that ψ′i(z) = −ui(νi(z)) and ψ′′i (z) = − [u′i(νi(z))]
3

u′′i (νi(z))
.14

Then, the convexity of h(z) is equivalent to that −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
. Since h′′(z) =

ψ′′1(z) − ψ′′2(z) = 1
z2
× { u

′
1(ν1(z))

u′′1 (ν1(z))
− u′2(ν2(z))

u′′2 (ν2(z))
} where the second equality comes from the

definition of function νi(z) in (3.6) (i.e., 1
u′i(νi(z))

≡ z), we have

h′′(z) =
1

z2
× {u

′
1(ν1(z))

u′′1(ν1(z))
− u′2(ν2(z))

u′′2(ν2(z))
} ≥ 0 ⇔ −u

′′
1(ν1(z))

u′1(ν1(z))
≥ −u

′′
2(ν2(z))

u′2(ν2(z))
.

Thus, since h(z) ≡ ψ1(z)− ψ2(z) is convex for all z > 0, it is true that, for all z > 0,

h(z) ≥ h(λf ) + h′(λf )(z − λf )

= ψ1(λf )− ψ2(λf )− [u1(ν1(λf ))− u2(ν2(λf ))]× (z − λf ) (3.18)

= 0,

where the first equality holds from the fact that h′(λf ) = ψ′1(λf )−ψ′2(λf ) = −u1(ν1(λf ))+

u2(ν2(λf )), and the second equality holds by (3.14) and (3.15).

Letting z = λ2 + µ2Qa(x) in (3.18) gives

h(λ2 + µ2Qa(x)) ≡ ψ1(λ2 + µ2Qa(x))− ψ2(λ2 + µ2Qa(x)) ≥ 0, ∀x ∈ X,

which implies ∫
[ψ1(λ2 + µ2Qa(x))− ψ2(λ2 + µ2Qa(x))]f(x|a)dx ≥ 0. (3.19)

By applying (3.19) to (3.17), we finally have E[s1(x; a)]− E[s2(x; a)] ≥ 0. �

13Also, see Lemma 4 in Jewitt, Kadan, and Swinkels (2008).
14For a detailed explanation for function ψi(z), see Kim (1995).
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Proof of Lemma 2. Since 1
u′i(νi(z))

≡ z for all i and for all z > 0 from (3.6), (3.9) is

equivalent to

−u′′1(ν1(z))zt ≥ −u′′2(ν2(z))zt,

⇔ −u′′1(ν1(z))z ≥ −u′′2(ν2(z))z,

⇔ − u′′1(ν1(z))

[u′1(ν1(z))]
≥ − u′′2(ν2(z))

[u′2(ν2(z))]
.

�

Proof of Proposition 2. Without loss of generality, we suppose that
u′′1 (ν1(z))

u′1(ν1(z))
is increas-

ing in z > 0. The proof will be completed by using Lemma 1 and Proposition 1.

We introduce an arbitrary agent of which monetary utility function is û1(s) ≡ α[u1(s)−

u1(sf1(a))] +u1(sf1(a)) where α ≡ u′2(sf2 (a))

u′1(sf1 (a))
> 1 and of which reservation utility is U1. Note

that, since û1(s) is an affine transformation of u1(s) at fixed point (sf1(a), u1(sf1(a))),

ŝf1(a) = sf1(a) where ŝf1(a) is the optimal fixed wage contract for that agent. And, it is

true that

E[û1(s1(x; a))] = E{α[u1(s1(x; a))− u1(sf1(a))] + u1(sf1(a))}

= α{E[u1(s1(x; a))− u1(sf1(a))]}+ u1(sf1(a))

= E[u1(s1(x; a))], (3.20)

where the last equality holds from the fact that E[u1(s1(x; a))] = c(a) + U1 = u1(sf1(a)).

Alos, since α ≡ u′2(sf2 (a))

u′1(sf1 (a))
> 1, we have

û′1(s) = αu′1(s) ≥ u′1(s), ∀s. (3.21)

Thus, by Lemma 1, (3.20) and (3.21) give

E[s1(x; a)]− sf1(a) ≥ E[ŝ1(x; a)]− ŝf1(a), (3.22)

where ŝ1(x; a) are the optimal incentive wage contract for the agent with monetary utility

function û1(s).

Note that û′1(ŝf1(a)) = αu′1(ŝf1(a)) = αu′1(sf1(a)) = u′2(sf2(a)) where the second equality

comes from that ŝf1(a) = sf1(a) and the last equality holds by α ≡ u′2(sf2 (a))

u′1(sf1 (a))
.
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The definition of ν̂1(z) gives

z ≡ 1

û′1(ν̂1(z))
=

1

αu′1(ν̂1(z))
,

from which we have
1

u′1(ν̂1(z))
≡ αz. (3.23)

And, from the definition of ν1(z), we have

1

u′1(ν1(αz))
≡ αz. (3.24)

Then, (3.23) and (3.24) give

ν̂1(z) = ν1(αz), ∀z > 0,

from which we have

− û
′′
1(ν̂1(z))

û′1(ν̂1(z))
= −αu

′′
1(ν̂1(z))

αu′1(ν̂1(z))
= −u

′′
1(ν1(αz))

u′1(ν1(αz))
≥ −u

′′
1(ν1(z))

u′1(ν1(z))
.

where the above inequality holds because −u′′1 (ν1(z))

u′1(ν1(z))
is increasing in z > 0 and α > 1.

Thus, if −u′′1 (ν1(z))

u′1(ν1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
, then − û′′1 (ν̂1(z))

û′1(ν̂1(z))
≥ −u′′2 (ν2(z))

u′2(ν2(z))
, which, together with the fact

that û′1(ŝf1(a)) = u′2(sf2(a)), implies that

E[ŝ1(x; a)]− ŝf1(a) ≥ E[s2(x; a)]− sf2(a), (3.25)

by Proposition 1.

Therefore, from (3.22) and (3.25), we have E[s1(x; a)]− sf1(a) ≥ E[s2(x; a)]− sf2(a).

In the case that
u′′2 (ν2(z))

u′2(ν2(z))
is increasing in z, it can be verified by considering an affine

transformation of u2(s) such that û2(s) ≡ β[u2(s) − u2(sf2(a))] + u2(sf2(a)) where β ≡
u′1(sf1 (a))

u′2(sf2 (a))
< 1. �
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국문 초록

주인-대리인 문제에 관한 세 논문

 이 학위논문은 주인-대리인 문제와 관련한 세 개의 소논문으로 구성되
어 있다. 첫 두 편의 논문에서는 주인-대리인 문제와 관련한 문헌에서 
주요하게 다루어졌던 문제들 중 하나인 1계조건 접근법의 정당화 문제를 
다루고 있다. 그리고 마지막 논문은 주인-대리인 문제에서 대리인의 위
험기피 성향과 인센티브 비용의 관계에 대한 문제를 다루고 있다.

 첫 번째 논문에서는 1계조건 접근법을 정당화하는 문제와 관련하여 기
존의 연구결과와 동일한 유도법을 사용하되 새로운 변수를 중심으로 한 
네 개의 새로운 조건들을 도출한다. 기본적인 아이디어는 주인이 위험중
립적일 때, 1계조건 접근법을 이용하여 도출된 대리인의 최적의 임금 계
약이 대리인의 노력에 대한 확률적 정보를 담고 있는 신호에 의존하기는 
하지만, 그 신호의 우도비를 통해서만 영향을 미친다는 사실에 기초하고 
있다. 이러한 관점에서, 주인-대리인 문제를 신호의 우도비 변수에 근거
하여 분석함으로서, 1계조건 접근법을 정당화시키는 세 개의 새로운 조
건들을 도출한다. 이러한 조건들은 기존의 연구결과들 특히, 다 신호 모
형에서의 콘론(Conlon)의 조건들과 단 신호 모형에서의 쥬윗(Jewitt)의 
조건들보다 더 일반적일 뿐만 아니라, 이 조건들에서는 신호와 우도비의 
단조성 제약을 요구하는 ‘단조적 우도비 성질 (monotone likelihood 
ratio property)’을 포함하지 않는다는 특징을 갖는다. 더 나아가, 주인
이 위험 기피적인 성향을 보일 때에 적용할 수 있는 새로운 조건들을 도
출하고, 이 조건들이 콘론(Conlon)의 조건들보다 더 일반적임을 보인다.

 두 번째 논문에서는 1계조건 접근법을 정당화하기 위한 새로운 방법론
을 제시한다. 주인-대리인 문제에서의 1계조건 접근법을 정당화시키기 
위하여, 기존의 연구결과들은 이러한 접근법을 이용하여 도출된 대리인
의 기대 효용 함수가 대리인의 노력 변수에 대하여 오목하게 만드는 방
법론에 기초하여 제시되었다. 그러나, 오목성에 의존하는 이러한 조건들
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은 때로는 과도하게 제약적일 수 있다. 이 논문에서는 대리인의 기대 효
용 함수에 대한 오목성에 의존하지 않으면서, 본래의 인센티브 제약식을 
만족시키는 새로운 조건들을 제시한다. 이러한 조건들은 기존의 조건들 
하에서는 이용 불가능했던, 정규분포 혹은 감마 분포를 갖는 주인-대리
인 문제에서 적용될 수 있을 만큼 활용성이 크다.

 세 번째 논문은 주인-대리인 문제에서 대리인의 위험기피 성향과 인센
티브 비용의 관계를 다룬다. 이 관계에 대한 문제 의식은 기존의 문헌에
서 오래 전에 제기되었지만, 여전히 해결되지 않는 채로 남아 있다. 이 
논문의 목적은 이 관계에 대한 직관적 설명을 제공하는 일반적 이론을 
제시하는 데에 있다. 논문에서는 대리인의 위험기피 성향 뿐 아니라 인
센티브에 대한 대리인의 민감도 역시 인센티브 비용에 영향을 미친다는 
것을 보인다. 이것은 위험기피 성향과 인센티브 비용의 관계를 분석하기 
위해서는 인센티브에 대한 민감도가 고정되어야 한다는 것을 의미한다. 
이러한 조건 하에서 즉, 인센티브에 대한 대리인의 민감도가 고정되어 
있을 때, 위험기피 성향의 증가가 인센티브 비용의 증가로 이어진다는 
것을 보인다. 또한 대리인의 위험기피 성향이 증가하고, 이와 동시에 인
센티브에 대한 민감도가 감소할 때 인센티브 비용이 증가한다는 것을 보
인다.

주요어: 주인-대리인 문제, 1계조건 접근법, 우도비, 위험기피 성
향, 인센티브 비용
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