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In this thesis, we propose a two-stage tuning parameter selection proce-

dure for the fused lasso signal approximator (FLSA). The FLSA can be used

to recover piecewise constant mean vectors by penalizing the differences of

the neighboring mean values. Like other regularized methods, choice of the

tuning parameters affects the quality of model selection and estimation. We

find a theoretically optimal fusion parameter for identifying the true change-

points. As a practical fusion parameter selection procedure, we propose a

generalized information criteria (GIC) with theoretical justification. For any

preliminary test statistic which has a piecewise constant mean structure, the

adaptive fusion estimator built on the preliminary test statistic gives lower

false discovery rate (FDR).
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Chapter 1

Introduction

In sequential data, occasionally abrupt changes are observed. These

sudden transitions may occur in the mean level, slope, volatility or any-

where else in the distribution. Formally, for a sequence of random variables

X1,X2,⋯,XT , τ is defined to be a changepoint if {Xt} have a common dis-

tribution function F1(x) for an interval t = 1,⋯, τ −1 and F2(x) for t = τ,⋯, T

while F1(x) ≠ F2(x) (Pettitt, 1979).

In this thesis, we focus on detecting multiple changepoints in mean values.

We assume that the mean vector has a piecewise constant structure, i.e.,

µ0 = µ1 = ⋯ = µj1−1 ≠ µj1 = ⋯ = µjk−1 ≠ µjk = ⋯ = µm,

with all the other aspects of the distribution being equal. In this formulation,

J = {j1, j2,⋯, jk} denotes the set of changepoints.

Changepoint problem has a long history in statistics (Siegmund, 2013)

with an abundant literature. Regularized least squares methods are among
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the most popular approaches for identifying changepoints. The Potts esti-

mator (Boysen et al., 2009),

µ̂Potts
= arg min

µ∈Rm+1
{

1

2

m

∑
i=0

(yi − µi)
2 + λ∣J ∣} (1.1)

aims to detect changepoints in mean levels via the least square estimation

penalized by the number of changepoints. Here, {µi}mi=0 are the mean levels

and ∣J ∣ is the cardinality of the changepoints set J = {i ∶ µi ≠ µi−1}. Tuning

parameter λ balances the estimation accuracy and the model complexity.

Since the Potts estimator has a non-convex objective function, it demands

special algorithms to overcome the associated computational complexity. For

the asymptotic properties of the Potts estimator, readers are referred to

Boysen et al. (2009).

The fused lasso (Tibshirani et al., 2005) is a variant of the least absolute

shrinkage and selection operator (LASSO) specially adapted for the piecewise

constant mean model. The fused lasso signal approximator (FLSA) given by

µ̂FL
(λ1, λ2) = arg min

µ∈Rm+1
{

1

2

m

∑
i=0

(yi − µi)
2 + λ1∥µ∥1 + λ2∥µ∥TV} (1.2)

is a special case of the fused lasso, where ∥µ∥1 = ∑
m
i=0 ∣µi∣ and ∥µ∥TV = ∑

m
i=0 ∣µi−

µi−1∣.

Sometimes, the FLSA with λ1 being set to zero,

µ̂FL
(0, λ2) = arg min

µ∈Rm+1
{

1

2

m

∑
i=0

(yi − µi)
2 + λ2∥µ∥TV} (1.3)

is of interest. Following Rinaldo (2009), in this thesis, we refer to (1.3) as

the fusion estimator and denote µ̂FL
(0, λ2) as µ̂F

(λ2).

The fusion estimator can be regarded as a convex relaxation of the Potts

estimator. Although this relaxation enables computationally efficient convex

2



optimization algorithms, consistent changepoints detection cannot be guar-

anteed in general (Rojas and Wahlberg, 2014). Dealing with this deficiency

is one of the main subject of this thesis.

Like many other regularized regression problems, choice of tuning param-

eters λ1 and λ2 is of much importance in the FLSA. However, there have not

been many studies on this subject so far. In this thesis, we propose a tuning

parameter selection procedure which finds true changepoints and controls the

false discovery rate.

The FLSA has numerous applications. For example, it is adequate for

DNA copy-number analysis (Tibshirani and Wang, 2008) which in nature has

piecewise constant and sparse signals. Abnormal multiplication or deletion

of genomic DNA is considered to have a close relationship with diseases

such as cancer. The microarray comparative genomic hybridization (array

CGH) is a technique used for measuring DNA copy-number (Wang et al.,

2005). Since these abnormal alterations happen typically not in individual

genes but in segments of chromosome, copy-number variations are expected

to have piecewise constant mean values (Hastie et al., 2015). Furthermore,

because copy-numbers are usually represented in log base 2, there is a large

number of zeros and copy-numbers can be characterized by sparsity.

Signal processing is also an important field of application. Note that the

second penalty term ∥µ∥TV = ∑i ∣µi − µi−1∣ of the equation (1.2) is referred

to as a total variation denoising and this terminology is originated from the

image processing literature (Rudin et al., 1992). Some signals such as images

usually have piecewise constant structures and can be modelized by the two-

dimensional FLSA as in Hoefling (2010) and Yu et al. (2015).
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This thesis is comprised of as follows. In Chapter 2, we review the theoret-

ical properties of the FLSA, mainly focusing on the detection of changepoints.

In Chapter 3, we try to find theoretically optimal bound of the fusion param-

eter λ2 which leads to the recovery of true changepoints with the minimum

false changepoints. In Chapter 4, we propose a GIC as a practical tuning

parameter selection procedure for the fusion parameter λ2 with theoretical

justification. In addition, we show that under the assumption of piecewise

constant preliminary test statistics, choice of λ1, the tuning parameter of `1

penalty, based on the adaptive fusion estimator gives a lower false discovery

rate than the preliminary test statistics. Here, the preliminary test statis-

tics are such as p-values. Chapter 5 presents the results of numerical study

for synthetic data modeling the structure of the array CGH data. Finally,

in Chapter 6, we conclude the thesis with some remarks for the proposed

tuning parameter selection procedure.
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Chapter 2

Review of Theoretical

Properties of the FLSA

In this chapter, we review some theoretical properties of the FLSA im-

portant for the changepoints detection.

2.1. The model

We consider the following mean model as Rinaldo (2009),

yi = µ
∗
i + εi, i = 0,1,⋯,m. (2.1)

The error terms {εi}mi=0 are assumed to be

(E) independent and identically distributed with a common Gaussian dis-

tribution having zero mean and bounded variance σ2
m.
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Note that since εi are assumed to follow a centered Gaussian distribution,

for every t, the concentration inequality

P[ ∣εi∣ > t ] ≤ 2 exp ( −
t2

2σ2
m

) (2.2)

is satisfied (Massart, 2007).

The true mean vector µ∗ = (µ∗0, µ
∗
1,⋯, µ

∗
m) ∈ Rm+1 is supposed to have a

sparse and piecewise constant structure. Here, sparsity implies that there is

a large number of zero elements in µ∗ and piecewise constancy means local

constancy of µ∗ with small number of changepoints. We denote the set of

true changepoints {i ∶ µ∗i ≠ µ
∗
i−1} as

J ∗ = {j∗1 , j
∗
2 ,⋯, j

∗
J∗} = {i ∶ µ∗i ≠ µ

∗
i−1}

and µ∗i−1 = µ∗i if i ∉ J ∗. Because of the assumption of piecewise constancy,

∣J ∗∣, the cardinality of the changepoints set J ∗ is much smaller than the

number of total points m + 1.

Due to piecewise constancy, the set of data points {0,1, . . . ,m} are divided

into disjoint intervals B∗
k = [j∗k , j

∗
k+1) such that µ∗i = µ

∗
i′ for i, i′ ∈ B∗

k . The true

block partition of {0,1, . . . ,m} is denoted as

P∗ = {B∗
0 ,B

∗
1 , . . . ,B

∗
J∗−1,B

∗
J∗}.

Under this representation, the model (2.1) can be expressed as a linear com-

bination of orthogonal mean vectors

µ∗ =
J∗

∑
k=0

ν∗k1B∗
k
, (2.3)

where ν∗k is the common mean value of the block B∗
k , i.e., ν∗k = µ∗i ∀i ∈ B

∗
k

(Rinaldo, 2009); 1B is the indicator of the set B ∈ P.
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2.2. The FLSA and pathwise algorithm

In the FLSA given by

µ̂FL
(λ1, λ2) = arg min

µ∈Rm+1
{

1

2

m

∑
i=0

(yi − µi)
2 + λ1∥µ∥1 + λ2∥µ∥TV}, (2.4)

the first penalty term ∥µ∥1 ∶= ∑
m
i=0 ∣µi∣ promotes sparsity by shrinking small

µi to zero. The second penalty term ∥µ∥TV ∶= ∑
m
i=1 ∣µi − µi−1∣ is known to

encourage piecewise constant structure by enforcing neighboring mean values

µi−1 and µi to be equal if µi−1 and µi are close enough to each other. We

refer to λ1 as the `1 parameter and λ2 as the fusion parameter.

Friedman et al. (2007) proposed the pathwise coordinate optimization

algorithm for the fused lasso and show some important properties such as

the monotone fusion. This algorithm is comprised of the following two main

steps: (1) descent cycle conducts coordinate-wise descent optimization for

each parameter µi holding all the others fixed and finds a minimizer, (2)

fusion cycle inspects the possibility of adjoining neighboring pairs of param-

eters µi−1 and µi. In the fusion step, two neighboring parameters µi−1 and

µi are combined into one block if the fusion improves the objective function.

These two steps are iterated while increasing the fusion penalty λ2 by a small

amount.

As pointed out by Friedman et al. (2007), this algorithm implicitly as-

sumes that fusion takes place only one by one, roughly from the closest blocks

to the farthest blocks:

Lemma 2.1. Suppose that yi are in general position – specifically, no two yj

values are equal – and the increments ε are sufficiently small, then fusions

will occur between no more than two neighboring points at a time.
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2.3. The fusion estimator

Friedman et al. (2007) showed that the FLSA can be efficiently obtained by

soft-thresholding:

Lemma 2.2. For λ′1 > λ1 and index i ∈ {0,1, . . . ,m}, we have

µ̂FL
i (λ′1, λ2) = sgn(µ̂FL

i (λ1, λ2))(∣µ̂
FL
i (λ1, λ2)∣ − (λ′1 − λ1))

+
.

When λ1 = 0, the fused lasso estimator is reduced to the fusion estimator

µ̂F
(λ2) = µ̂FL

(0, λ2) = arg min
µ∈Rm+1

{
1

2

m

∑
i=0

(yi − µi)
2 + λ2∥µ∥TV} (2.5)

and the fusion estimator gives the solution path of the FLSA. Thus, in esti-

mating the FLSA, it is of importance to find piecewise constant mean struc-

tures setting the `1 penalty zero.

Furthermore, for one-dimensional problem, the pathwise algorithm results

in monotonicity of the fusion estimator (Friedman et al., 2007). That is,

starting from λ2 = 0 and increasing λ2 by a small amount, the estimated

mean blocks are only merged, and do not split.

Lemma 2.3 (Monotone fusion). Suppose that for some value of λ = (λ1, λ2)

and index i ∈ {0,1, . . . ,m}, µ̂F
i−1(λ2) = µ̂F

i (λ2). Then, for all λ′2 > λ2, we also

have µ̂F
i−1(λ

′
2) = µ̂

F
i (λ

′
2).

Rinaldo (2009) provided a convenient closed form expression for the so-

lution of the fusion estimator which we summarize as the following lemma.

Lemma 2.4. The solution of the fusion estimator (2.5) is given by

µ̂F
i =

Ĵ

∑
k=0

ν̂k 1B̂k
, (2.6)

8



where

ν̂k =
1

b̂k
∑
i∈B̂k

yi + ĉk, (2.7)

b̂k = ∣B̂k∣, Ĵ is the number of estimated changepoints and

ĉk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2λ2

b̂k
if ȳk < ȳk−1, ȳk+1 > ȳk (local min.)

−
2λ2

b̂k
if ȳk > ȳk−1, ȳk+1 < ȳk (local max.)

0 if (ȳk − ȳk−1)(ȳk+1 − ȳk) > 0 (staircase).

(2.8)

Notice that the fusion estimator µ̂F
= (µ̂0, µ̂1,⋯, µ̂Ĵ), estimated mean

vector ν̂ = (ν̂0, ν̂1,⋯, ν̂Ĵ), bias vector ĉ = (ĉ0, ĉ1,⋯, ĉĴ), estimated number

of changepoints Ĵ , estimated block B̂k and its size b̂k all depend on the

fusion parameter λ2 and should be denoted with λ2 for clarity. However, for

simplicity, we suppress λ2 as far as no confusion would arise.

2.4. Sign-consistency of the FLSA

Zhao and Yu (2006) introduced the notion of sign-consistency for the Lasso.

Similarly, sign-consistency of the fusion estimator can be defined as

P[sgn(µ̂F
i (λ2) − µ̂

F
i−1(λ2)) = sgn(µ∗i − µ

∗
i−1)]→ 1

where m→∞ (Rinaldo, 2009). We denote sign-consistency of the fusion esti-

mator simply by µ̂F
i (λ2)−µ̂F

i−1(λ2) =s µ∗i −µ
∗
i−1. Note that for sign-consistency

of the FLSA to be satisfied, the true directions of the transitions as well as

the true changepoints set J ∗ should be precisely estimated with probability

tending to one.

9



2.4.1. Exact sign-consistency

Rinaldo (2009) claimed exact sign-consistency of the FLSA assuming that

the error terms satisfy the following assumption.

{εi}mi=0 are identically distributed centered Gaussian random variables

with variance σ2
m → 0 as m→∞.

Here, sample size n is assumed to be equal to the number of observations

m + 1. However, as it will be clarified later, this claim is invalid in general

and corrections were provided by Rinaldo (2014).

Rinaldo (2009) suggested sufficient conditions for the fusion estimator to

recover the set of true changepoints J ∗ = {i ∶ µ∗i ≠ µ∗i−1} sign-consistently.

For sign-consistency

lim
m→∞

P[{Ĵ (λ2) = J
∗} ∩ {µ̂F

i (λ2) − µ̂
F
i−1(λ2) =s µ

∗
i − µ

∗
i−1,∀i ∈ J

∗}] = 1

to hold, it is necessary

1.
λ2

σm
→∞ and

λ2

σm
√

log(m − J∗)
>

1

2
√

2
(1 + δ),

2.
b∗minα

∗
min

σm
→∞ and

b∗minα
∗
min

σm
√

logJ∗
> 4(1 + δ) and λ2 <

b∗minα
∗
min

4
,

for some δ > 0, where α∗min = mini∈J ∗ ∣µ∗i −µ
∗
i−1∣ and b∗min = min0≤k≤J∗ b∗k for the

true block sizes b∗k (k = 0,⋯, J∗ = ∣J ∗∣).

In the first condition, the fusion parameter λ2 is required to be sufficiently

large to overcome the noise εi which is assumed to be diminishing. The second

condition is necessary to guarantee that the true changepoints remain split.

An interpretation is that the lengths of true blocks and the magnitudes of

the true jumps are relatively large compared to the noise level σm and the

fusion parameter λ2.
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2.4.2. ε-sign-consistency

Rojas and Wahlberg (2014) categorized the piecewise constant mean blocks

into two classes, staircase and non-staircase blocks; see (2.8). Non-staircase

blocks are those having local extreme mean values while staircase blocks

not. In the absence of staircase blocks, Rojas and Wahlberg (2014) showed

ε-sign-consistency of the FLSA for detecting true changepoints under the

assumption of fixed noise level σ.

Formally, ε-sign-consistency of the FLSA is defined as the following.

For any ε, γ > 0, there exists M0 such that for all m ≥ M0, for

some λ2 > 0, µ̂F
(λ2) have all its estimated changepoints inside an

mε-neighborhood of true changepoints J ∗ with probability larger than

1 − γ.

Thus, ε-sign-consistency can be interpreted as that for appropriately chosen

λ2, every estimated changepoint is included in an mε-neighborhood of the

true changepoints with probability tending to one.

Rojas and Wahlberg (2014) proved that, on the contrary to Rinaldo

(2009), this approximate sign-consistency does not hold in the presence of

staircase blocks. Rinaldo (2014) noticed that for a staircase block B`, the

probability of finding false changepoints in B` is equal to the probability of

a standard Brownian bridge of length b` = ∣B`∣ crossing the zero line. This

probability is larger than 1/2 if b` ≥ 2 and converges to 1 as b` diverges to

infinity. In addition, it is independent of the noise level σm and the choice of

the fusion parameter λ2. Therefore, perfect sign recovery is impossible with

high probability in the presence of staircase blocks. By transforming the

11



FLSA into the lasso problem, Rojas and Wahlberg (2014) also showed that

ε-sign-inconsistency in the presence of staircases is equivalent to the violation

of the irrepresentable condition (Zhao and Yu, 2006).

Similar result was given by Harchaoui and Lévy-Leduc (2010) under the

assumption of fixed noise level σ. They showed the approximate consistency

P[ max
j∗∈J ∗ ∣ĵ − j

∗∣ ≤mδm]→ 1, as m→∞

under assumptions including P[∣J ∗∣ = ∣Ĵ ∣]→ 1. However, according to Rojas

and Wahlberg (2014), the assumption P[∣J ∗∣ = ∣Ĵ ∣]→ 1 can be satisfied only

in the absence of staircases. Furthermore, Harchaoui and Lévy-Leduc (2010)

gave the convergence rate δm by δm = (logm)2/m under the assumption of

λ2 =
√

logm/m or λ2 =
√

logm/m3/2. However, Lin et al. (2016) pointed out

that this assumption for λ2 is insufficient to suppress noises.

Lin et al. (2016) showed an approximate changepoints detection property

of the FLSA under the assumption of fixed variance σ2. They showed that

estimation and detection problems are closely linked, in the sense that `2 con-

vergence leads to approximate detection of the true changepoints. For the

piecewise constant mean model with the assumption of ∣J ∗∣ = O(1) (indepen-

dent of m), α∗min = minj∗∈J ∗ ∣µ∗j − µ
∗
j−1∣ = Θ(m), and a choice of λ2 = Θ(

√
m),

they showed that

E [∥µ̂F
(λ2) −µ∗∥

2

m
] = O(

logm log logm

m
)

where ∥ ⋅ ∥m = ∥ ⋅ ∥2/
√
m. Here, λ2 = Θ(

√
m) implies that λ2/

√
m and

√
m/λ2 are bounded for large m. Note that λ2 = Θ(

√
m) is much larger

than that of Harchaoui and Lévy-Leduc (2010). Furthermore, for Rm satis-

fying mRm/α∗2
min = o(b∗min) = o(m/(∣J ∗∣ + 1)), an approximate identification
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of true changepoints

d(Ĵ (λ2),J
∗) = Op(

mRm

α∗2
min

)

was shown under the assumption of ∥µ̂F
(λ2) −µ∗∥

2

m
= Op(Rm).

2.4.3. Preconditioned FLSA

Adapting Jia and Rohe (2015)’s preconditioning procedure for the Lasso

problem, Qian and Jia (2016) proposed preconditioning approach to estimate

changepoints with the FLSA. Their result reveals a trade-off between the

estimation accuracy and the changepoints recovery.
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Chapter 3

Fusion Estimator for the

Detection of True Changepoints

As shown by Rojas and Wahlberg (2014), sign-consistency of the FLSA

cannot be achieved in the presence of staircase blocks. Therefore, in the pres-

ence of staircase blocks, exact sign consistency should be relaxed by allowing

indispensable false changepoints in staircase blocks. A plausible approach

is to minimize the number of these false changepoints while ensuring detec-

tion of all the true changepoints. In this chapter, we investigate theoretical

properties of the FLSA with respect to the fusion parameter λ2 and pro-

vide a theoretically optimal interval of λ2 which enables discovery of true

changepoints with the minimum false changepoints.
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3.1. Fusion parameter and recovery of the true

changepoints

Extending the results obtained by Rojas and Wahlberg (2014) and Rinaldo

(2014), we consider a more general piecewise constant and sparse mean struc-

ture which has multiple changepoints with more than one staircase blocks.

We assume that the noises follow a centered Gaussian distribution with stan-

dard deviation σm. The noise level σm can be considered either to be fixed as

in Rojas and Wahlberg (2014) or dependent on the number of observations

m + 1 or sample size n as in Rinaldo (2009).

Recall that the objective function of the fusion estimator is given by

Q(λ2,µ) =
1

2

m

∑
i=0

(yi − µi)
2 + λ2∥µ∥TV (3.1)

where ∥µ∥TV = ∑
m
i=1 ∣µi − µi−1∣. Two blocks are adjoined if the fusion makes

the objective function decrease.

Let Ĵ (λ2) be an estimated changepoints set given by a fusion parameter

λ2. When λ2 = 0, the objective function is reduced to the ordinary squared

error estimator and the estimated changepoints set Ĵ (0) contains all the

points i = 1,⋯,m with probability one. On the contrary, as λ2 increases

to infinity, more blocks get fused eventually into one large block and all the

points are excluded from the changepoints set Ĵ (λ2). Our main interest is to

find an interval of λ2 which leads to identification of all the true changepoints

with minimum false changepoints.

Since the total number of distinct points is m + 1, by Lemma 2.1, there

will be eventually m fusions. Suppose that fusions are made at λ2 = λ
(1)
2 <

15



λ
(2)
2 < ⋯ < λ

(m)
2 . Then, by the monotone fusion property in Lemma 2.3,

Ĵ (λ
(1)
2 ) ⊃ Ĵ (λ

(2)
2 ) ⊃ ⋯ ⊃ Ĵ (λ

(m)
2 ). If we categorize λ2 into two disjoint

subsets,

over-fitted model : Λ+
2 = {λ2 ∶ J

∗ ⊂ Ĵ (λ2)}

under-fitted model : Λ−
2 = {λ2 ∶ J

∗ ⊈ Ĵ (λ2)}

then λ−2 > λ
+
2 for all λ−2 ∈ Λ−

2 , λ+2 ∈ Λ+
2 . Hence, there exists λ

(k)
2 such that J ∗ ⊂

Ĵ (λ2) for λ2 < λ
(k)
2 . In addition, the most parsimonious model preserving

the true changepoints is given by λ2 ∈ [λ
(k−1)
2 , λ

(k)
2 ) ⊂ Λ+

2 . Thus, our goal is

to find k, such that for all λ0
2 ∈ [λ

(k−1)
2 , λ

(k)
2 ) satisfying

λ0
2 ∈ Λ+

2 and ∣Ĵ (λ0
2)∣ ≤ ∣Ĵ (λ+2)∣ for all λ+2 ∈ Λ+

2 .

3.2. Theoretical properties of the fusion esti-

mator

In this section, we examine the reason for the failure of the FLSA denoising

false changepoints in the presence of staircases. And then we provide a

necessary and sufficient condition for fusion.

3.2.1. Sign-inconsistency for staircase blocks

Numerous authors verified inconsistency of the FLSA in the presence of stair-

case blocks. Rojas and Wahlberg (2014) showed why the FLSA is inconsistent

when there exist staircase blocks through its dual problem. In this subsec-

tion, we provide a proof of inconsistency for the primal problem.
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Let µ̂F
(λ2) be a fusion estimator for the fusion parameter λ2. In addition,

let P̂(λ2) = {B̂0(λ2), B̂1(λ2),⋯, B̂Ĵ(λ2)} be the partition obtained by the

fusion estimator µ̂F
(λ2) and ν̂(λ2) be the associated mean estimates defined

in (2.7) and (2.8). The set of changepoints is defined by Ĵ (λ2) = {i ∶ µ̂F
i (λ2) ≠

µ̂F
i−1(λ2)}. Denote the cardinality ∣Ĵ (λ2)∣ as Ĵ .

As λ2 increases, two neighboring blocks B̂k−1(λ2) and B̂k(λ2) will be

adjoined if the objective function (3.1) is improved by the fusion. Suppose

that B̂[k−1∶k] is a set obtained by the fusion of B̂k−1 and B̂k, i.e., B̂[k−1∶k] =

B̂k−1 ∪ B̂k. Denote the fusion estimate given by the fusion of these blocks

as µ̂F
[k−1∶k]. In addition, let ν̂[k−1∶k] be the value of the fusion estimate of the

block B̂[k−1∶k], then ν̂[k−1∶k] is given by

ν̂[k−1∶k] =
1

b̂[k−1∶k]
∑

i∈B̂k−1∪B̂k

yi + ĉ[k−1∶k]

where b̂[k−1∶k] = b̂k−1 + b̂k = ∣B̂k−1∣ + ∣B̂k∣ and

ĉ[k−1∶k] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2λ2

b̂[k−1∶k]
if ȳ[k−1∶k] < ȳk−2, ȳk+1 > ȳ[k−1∶k] (local min.)

−
2λ2

b̂[k−1∶k]
if ȳ[k−1∶k] > ȳk−2, ȳk+1 < ȳ[k−1∶k] (local max.)

0 if (ȳ[k−1∶k] − ȳk−2)(ȳk+1 − ȳ[k−1∶k]) > 0 (staircase).

To compare the two objective function values before and after the fusion of

B̂k−1 and B̂k, define the distinct terms in the two objective functions as

Q2 =
1

2
∑

i∈B̂k−1

(yi − ν̂k−1)
2 +

1

2
∑
i∈B̂k

(yi − ν̂k)
2

+ λ2{∣ν̂k−1 − ν̂k−2∣ + ∣ν̂k − ν̂k−1∣ + ∣ν̂k+1 − ν̂k∣}

Q1 =
1

2
∑

i∈B̂k−1∪B̂k

(yi − ν̂[k−1∶k])
2 + λ2{∣ν̂[k−1∶k] − ν̂k−2∣ + ∣ν̂k+1 − ν̂[k−1∶k]∣}.
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For convenience, denote the sum of squared errors and total variations of Q1

and Q2 as

S1 = ∑
i∈B̂k−1∪B̂k

(yi − ν̂[k−1∶k])
2,

S2 = ∑
i∈B̂k−1

(yi − ν̂k−1)
2 + ∑

i∈B̂k

(yi − ν̂k)
2,

A1 = ∣ν̂[k−1∶k] − ν̂k−2∣ + ∣ν̂k+1 − ν̂[k−1∶k]∣,

A2 = ∣ν̂k−1 − ν̂k−2∣ + ∣ν̂k − ν̂k−1∣ + ∣ν̂k+1 − ν̂k∣.

If ν̂k−1 and ν̂k are two consecutive staircases, that is

ν̂k−2 < ν̂k−1 < ν̂k < ν̂k+1 or ν̂k−2 > ν̂k−1 > ν̂k > ν̂k+1

then we always have A1 = A2 and S1 ≥ S2. Consequently, an inequality Q1 ≥

Q2 holds regardless of the value of λ2. Thus, there can be no improvement

by the fusion of B̂k−1 and B̂k. This implies that two blocks B̂k−1 and B̂k

will remain split. The following lemma asserts that for the two blocks to be

fused, at least one of the two blocks should be a local extremum.

Lemma 3.1. If B̂k−1 and B̂k are two consecutive staircase blocks, then B̂k−1

and B̂k will not be adjoined.

Proof. For simplicity, denote the mean value of block B̂` as ȳ`, i.e., ȳ` =

∑i∈B̂`
yi/b̂` for b̂` = ∣B̂`∣. Without loss of generality, assume that ȳk−1 < ȳk. By

the assumption of B̂k−1 and B̂k being two consecutive staircase blocks, from

Lemma 2.4,

ȳk−1 = ν̂k−1, ȳk = ν̂k

and

ν̂k−2 < ν̂k−1 = ȳk−1 < ν̂[k−1∶k] = ȳ[k−1∶k] < ν̂k = ȳk < ν̂k+1
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where the fusion estimate ν̂[k−1∶k] is defined as

ν̂[k−1∶k] = ∑
i∈B̂k−1∪B̂k

yi/(b̂k−1 + b̂k).

Thus, we have

A1 = ∣ν̂[k−1∶k] − ν̂k−2∣ + ∣ν̂k+1 − ν̂[k−1∶k]∣

= ∣ν̂k−1 − ν̂k−2∣ + ∣ν̂k − ν̂k−1∣ + ∣ν̂k+1 − ν̂k∣ = A2,

and

S1 − S2 = ∑
i∈B̂k−1∪B̂k

(yi − ν̂[k−1∶k])
2 − { ∑

i∈B̂k

(yi − ν̂k−1)
2 + ∑

i∈B̂k

(yi − ν̂k)
2}

= ∑
i∈B̂k−1

(ν̂k−1 − ν̂[k−1∶k])(2yi − ν̂k−1 − ν̂[k−1∶k])

+ ∑
i∈B̂k

(ν̂k − ν̂[k−1∶k])(2yi − ν̂k − ν̂[k−1∶k])

= b̂k−1(ν̂[k−1∶k] − ν̂k−1)(ν̂k−1 + ν̂[k−1∶k] − 2ȳk−1)

+ b̂k(ν̂k − ν̂[k−1∶k])(2ȳk − ν̂k − ν̂[k−1∶k])

= b̂k−1(ν̂[k−1∶k] − ν̂k−1)
2 + b̂k(ν̂k − ν̂[k−1∶k])

2 > 0.

This inequality holds true as long as the two blocks B̂k−1 and B̂k remain

consecutive staircases. Hence the impossibility of fusion follows if B̂k−1 and

B̂k are staircases.

3.2.2. Pathwise algorithm

From Lemma 3.1, for two neighboring blocks to be fused, at least one of the

two blocks should be a local extremum. In this subsection, a necessary and
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sufficient condition for two blocks B̂k−1 and B̂k to be fused for a given λ2 will

be presented. To do that, we introduce a function of two neighboring blocks

B̂k−1, B̂k defined as

d(B̂k−1, B̂k) =
∣ȳk−1 − ȳk∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

where

s(ȳ`) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∣sgn(ȳ` − ȳ`−1) + sgn(ȳ` − ȳ`+1)∣/2 for ` = 1,⋯, Ĵ − 1

∣sgn(ȳ` − ȳ`−1)∣/2 for ` = Ĵ

∣sgn(ȳ` − ȳ`+1)∣/2 for ` = 0

Note that the function s(⋅) is the indicator of the local extreme blocks, i.e.,

s(ȳ`) = 1 for a local extreme block B̂` and 0 for a staircase block for ` =

1,⋯, Ĵ − 1. Thus, we have

d(B̂k−1, B̂k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∣ȳk−1−ȳk ∣
1

b̂k−1
+ 1

b̂k

for two local extreme blocks

∣ȳk−1−ȳk ∣
1

b̂k−1
for a local extreme block B̂k−1 and a staircase block B̂k

∣ȳk−1−ȳk ∣
1

b̂k

for a staircase block B̂k−1 and a local extreme block B̂k

∞ for two consecutive staircase blocks.

Suppose that at least one of the two neighboring blocks B̂k−1 and B̂k is

a local extremum. The following lemma states a necessary and sufficient

condition for the two blocks to be adjoined given the fusion parameter λ
(`−1)
2 .

Note that for given λ
(`−1)
2 , we have Ĵ(λ

(`−1)
2 ) =m − (` − 1) changepoints.

Lemma 3.2. Suppose that for a fusion parameter λ
(`−1)
2 , the corresponding

block partition is given by

P̂(λ
(`−1)
2 ) = {B̂0(λ

(`−1)
2 ), B̂1(λ

(`−1)
2 ),⋯, B̂k−1(λ

(`−1)
2 ), B̂k(λ

(`−1)
2 ),⋯, B̂Ĵ(λ

(`−1)
2 )}.
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For the minimizer of the function d(⋅, ⋅),

k = argmin
j=1,⋯,Ĵ(λ(`−1)2 )

d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )),

let

λ
(`)
2 = d(B̂k−1(λ

(`−1)
2 ), B̂k(λ

(`−1)
2 ))/2 (3.2)

and

λ
(`+1)
2 = min

j=1,⋯,k−2,[k−1∶k],
k+1,⋯,Ĵ

d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 ))/2 (3.3)

where [k − 1 ∶ k] indicates the fused blocks. Then, for a fusion parameter λ2

in the interval [λ
(`)
2 , λ

(`+1)
2 ), the two blocks B̂k−1(λ

(`−1)
2 ) and B̂k(λ

(`−1)
2 ) are

fused while others remain split.

Proof. By Lemma 3.1, two consecutive staircases cannot be fused. Thus, it is

sufficient to consider the cases of at least one block being a local extremum.

1. We first show that if λ2 satisfies

d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )) > 2λ2 ≥ 2λ

(`−1)
2 ,

then the fusion of B̂j−1(λ
(`−1)
2 ) and B̂j(λ

(`−1)
2 ) does not occur.

Suppose that B̂j−1(λ
(`−1)
2 ) is a local minimum and B̂j(λ

(`−1)
2 ) is a staircase,

i.e., ȳj−2 > ȳj−1 and ȳj−1 < ȳj < ȳj+1. Then, we have

ν̂j−1 = ȳj−1 +
2λ2

b̂j−1

and ν̂j = ȳj.

In addition, from the assumption d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )) > 2λ2,

ν̂j−1 = ȳj−1 +
2λ2

b̂j−1

< ν̂j = ȳj.
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Hence, denoting the mean value of the fusion estimate of the block B̂[j−1∶j]

as ν̂[j−1∶j],

ν̂j−1 < ν̂[j−1∶j] =
b̂j−1ȳj−1 + b̂j ȳj + 2λ2

b̂j−1 + b̂j
< ν̂j = ȳj < ν̂j+1

and we have

∣ν̂j − ν̂j−1∣ + ∣ν̂j+1 − ν̂j ∣ − ∣ν̂j+1 − ν̂[j−1∶j]∣ = ∣ν̂j−1 − ν̂[j−1∶j]∣.

This equality and the triangular inequality

∣ν̂j−1 − ν̂j−2∣ − ∣ν̂[j−1∶j] − ν̂j−2∣ ≤ ∣ν̂j−1 − ν̂[j−1∶j]∣

give the following inequality

A2 −A1 = {∣ν̂j−1 − ν̂j−2∣ + ∣ν̂j − ν̂j−1∣ + ∣ν̂j+1 − ν̂j ∣} − {∣ν̂[j−1∶j] − ν̂j−2∣ + ∣ν̂j+1 − ν̂[j−1∶j]∣}

= {∣ν̂j−1 − ν̂j−2∣ − ∣ν̂[j−1∶j] − ν̂j−2∣} + {∣ν̂j − ν̂j−1∣ + ∣ν̂j+1 − ν̂j ∣ − ∣ν̂j+1 − ν̂[j−1∶j]∣}

≤ 2∣ν̂j−1 − ν̂[j−1∶j]∣.

Hence, simple rearrangements of squared error terms lead to

S1 − S2 = b̂j−1(ν̂[j−1∶j] − ν̂j−1)(ν̂j−1 + ν̂[j−1∶j] − 2ȳj−1)

+ b̂j(ν̂j − ν̂[j−1∶j])(2ȳj − ν̂j − ν̂[j−1∶j])

= b̂j−1(ν̂[j−1∶j] − ν̂j−1)(ν̂[j−1∶j] − ν̂j−1 +
4λ2

b̂j−1

) + b̂j(ν̂[j−1∶j] − ν̂j)
2.

Thus, we have

2(Q1 −Q2) = (S1 − S2) − 2λ2(A2 −A1)

≥ b̂j−1(ν̂[j−1∶j] − ν̂j−1)(ν̂[j−1∶j] − ν̂j−1 +
4λ2

b̂j−1

) + b̂j(ν̂j − ν̂[j−1∶j])
2

− 4λ2(ν̂[j−1∶j] − ν̂j−1)

≥ b̂j−1(ν̂[j−1∶j] − ν̂j−1)
2 + b̂j(ν̂j − ν̂[j−1∶j])

2 > 0
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and the fusion cannot improve the objective function.

Similarly, in the case of two local extreme blocks, without loss of gener-

ality we assume that B̂j−1 is a local minimum and B̂j is a local maximum.

Then, we have

ν̂j−1 = ȳj−1 +
2λ2

b̂j−1

, ν̂j = ȳj −
2λ2

b̂j
,

and

ν̂j−1 < ν̂[j−1∶j] < ν̂j.

As before, from triangular inequality and simple rearrangements, we have

A2 −A1 ≤ 2∣ν̂j−1 − ν̂[j−1∶j]∣ + 2∣ν̂j − ν̂[j−1∶j]∣

S1 − S2 = b̂j−1(ν̂[j−1∶j] − ν̂j−1)(ν̂[j−1∶j] − ν̂j−1 +
4λ2

b̂j−1

)

+ b̂j(ν̂j − ν̂[j−1∶j])(ν̂j − ν̂[j−1∶j] +
4λ2

b̂j
)

and

2(Q1 −Q2) = (S1 − S2) − 2λ2(A2 −A1)

≥ b̂j−1(ν̂[j−1∶j] − ν̂j−1)
2 + b̂j(ν̂j − ν̂[j−1∶j])

2 > 0.

Thus, the loss function cannot be improved by the fusion.

Therefore, for any case, two blocks B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 ) remain split

for λ2 satisfying

2λ
(`−1)
2 ≤ 2λ2 < d(B̂j−1(λ

(`−1)
2 ), B̂j(λ

(`−1)
2 )).

2. Now, we show that the fusion of two blocks B̂k−1(λ
(`−1)
2 ), B̂k(λ

(`−1)
2 ) occurs

if λ2 ≥ λ
(`)
2 . That is,

2λ
(`)
2 = d(B̂k−1(λ

(`−1)
2 ), B̂k(λ

(`−1)
2 )) ≤ 2λ2.
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If ȳk−1 is a local minimum and ȳk is a staircase, from the above assumption,

we have

ν̂k−1 = ȳk−1 +
2λ2

b̂k−1

≥ ν̂k = ȳk

and

ν̂k−1 ≥
b̂k−1

b̂k−1 + b̂k
ν̂k−1 +

b̂k

b̂k−1 + b̂k
ν̂k =

b̂k−1ȳk−1 + b̂kȳk + 2λ2

b̂k−1 + b̂k
= ν̂[k−1∶k] ≥ ν̂k. (3.4)

In addition, from the assumption (3.2) and (3.3),

ν̂k ≤ ν̂[k−1∶k] ≤ ν̂k+1

and consequently,

∣ν̂k+1 − ν̂k∣ − ∣ν̂k+1 − ν̂[k−1∶k]∣ = ∣ν̂k − ν̂[k−1∶k]∣.

Thus, from this equality and triangular inequality

∣ν̂k−1 − ν̂k−2∣ − ∣ν̂[k−1∶k] − ν̂k−2∣ ≥ −∣ν̂k−1 − ν̂[k−1∶k]∣

we have

A2 −A1 = {∣ν̂k−1 − ν̂k−2∣ + ∣ν̂k − ν̂k−1∣ + ∣ν̂k+1 − ν̂k∣}

− {∣ν̂[k−1∶k] − ν̂k−2∣ + ∣ν̂k+1 − ν̂[k−1∶k]∣}

= {∣ν̂k−1 − ν̂k−2∣ − ∣ν̂[k−1∶k] − ν̂k−2∣}

+ ∣ν̂k − ν̂k−1∣ + {∣ν̂k+1 − ν̂k∣ − ∣ν̂k+1 − ν̂[k−1∶k]∣}

≥ −∣ν̂k−1 − ν̂[k−1∶k]∣ + ∣ν̂k − ν̂k−1∣ + ∣ν̂k − ν̂[k−1∶k]∣ = 2∣ν̂k − ν̂[k−1∶k]∣.

In addition,

2(Q1 −Q2) = (S1 − S2) − 2λ2(A2 −A1)

≤ b̂k−1(ν̂k−1 − ν̂[k−1∶k])(ν̂k−1 − ν̂[k−1∶k] −
4λ2

b̂k−1

)

+ b̂k(ν̂[k−1∶k] − ν̂k)(ν̂[k−1∶k] − ν̂k −
4λ2

b̂k
).
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Furthermore, since ȳk−1 is a local minimum and ȳk is a staircase, ȳk−1 ≤

ȳ[k−1∶k] ≤ ȳk and

ν̂k−1 −
2λ2

b̂k−1

= ȳk−1 ≤ ν̂[k−1∶k] =
b̂k−1ȳk−1 + b̂kȳk + 2λ2

b̂k−1 + b̂k
≤ ȳk +

2λ2

b̂k
= ν̂k +

2λ2

b̂k
.

(3.5)

Thus, from (3.4), we have

ν̂k−1 − ν̂[k−1∶k] ≥ 0 and ν̂[k−1∶k] − ν̂k ≥ 0,

in addition, from (3.5),

ν̂k−1 − ν̂[k−1∶k] −
4λ2

b̂k−1

< 0 and ν̂[k−1∶k] − ν̂k −
4λ2

b̂k
< 0.

Hence, the inequality

Q1 ≤ Q2

is satisfied and by combining two blocks, the objective function can be im-

proved for λ2 ≥ λ
(`)
2 .

For the other cases of two blocks B̂k−1(λ
(`−1)
2 ), B̂k(λ

(`−1)
2 ) being local

extrema or one block being a local maximum and the other block being a

staircase can be shown by similar arguments.

Lemma 3.2 states that two blocks B̂k−1(λ
(`−1)
2 ) and B̂k(λ

(`−1)
2 ) are merged

if and only if

d(B̂k−1(λ
(`−1)
2 ), B̂k(λ

(`−1)
2 )) ≤ 2λ2

while 2λ2 ≤ d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )) for all j ≠ k. Considering two consec-

utive staircase blocks B̂j−1(λ
(`−1)
2 ) and B̂j(λ

(`−1)
2 ), we have

d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )) =∞.

25



Hence, Lemma 3.1 can be regarded as a special case of Lemma 3.2.

Due to Lemma 3.2, the set of fusion parameters Λ2 = [0,∞) can be

partitioned into the disjoint intervals,

[0, λ
(1)
2 ), [λ

(1)
2 , λ

(2)
2 ), ⋯, [λ

(m)
2 ,∞).

Starting from λ2 = 0, increase λ2 sequentially until λ2 ∈ [λ
(`)
2 , λ

(`+1)
2 ). Then,

` of the intial m changepoints have been disappeared, while the other m − `

changepoints remain split. Considering this, the pathwise algorithm for the

FLSA (Friedman et al., 2007) can be restated as follows.

0: SET λ
(0)
2 = 0 and ` = 1.

1: FIND λ
(`)
2 = 1

2 minj d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )).

LET k = argminj d(B̂j−1(λ
(`−1)
2 ), B̂j(λ

(`−1)
2 )).

2: ADJOIN B̂k−1(λ
(`−1)
2 ) and B̂k(λ

(`−1)
2 ) into a new block B̂[k−1∶k](λ

(`)
2 ).

Evaluate the fusion estimate ν̂[k−1∶k] and re-enumerate remaining blocks.

SET ` = ` + 1.

3: WHILE ` <m, ITERATE step 1 and 2.

This iterative algorithm is exactly same to Hoefling (2010) and is important

to find an optimal interval of the fusion parameter λ2 for identification of the

true changepoints.
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3.3. Fusion parameter selection for identifi-

cation of true changepoints

The condition for the fusion in Lemma 3.2,

d(B̂k−1, B̂k) =
∣ȳk−1 − ȳk∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

≤ 2λ2,

has the following implications. For true changepoints to be identified, i.e.,

d(B̂k−1, B̂k) > 2λ2, for B̂k−1 ⊂ B
∗
`−1 and B̂k ⊂ B

∗
` ,

the difference of block means ∣ȳk−1 − ȳk∣ or block lengths b̂k−1, b̂k should be

sufficiently large.

On the other hand, for the false changepoints to disappear, i.e.,

d(B̂k−1, B̂k) ≤ 2λ2, for B̂k−1, B̂k ⊂ B
∗
` ,

the difference of block means ∣ȳk−1 − ȳk∣ = ∣ε̄k−1 − ε̄k∣ should be small enough.

In addition, small block sizes b̂k−1, b̂k promote fusion of falsely segmented

blocks. Hence, falsely segmented blocks are mainly fused at the early stage

of fusion process. These are realized in the following two lemmas.

Lemma 3.3 (Fusion of falsely segmented blocks). Assume that the noises

satisfy the assumption (E). Suppose that blocks B̂k−1, B̂k are contained in a

true block B∗
` with mean values ȳk−1, ȳk, block lengths b̂k−1, b̂k respectively.

If at least one of B̂k−1 and B̂k is a local extremum, then for 0 < p1 < 1, the

following holds.

1. If only one of two blocks B̂k−1, B̂k, say B̂k1 is a local extremum, then we

have

P[d(B̂k−1, B̂k) ≤ 2λ2 ∣ B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

> b̂k1] ≥ 1 − p1.
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2. If two blocks B̂k−1 and B̂k are local extrema, then we have

P[d(B̂k−1, B̂k) ≤ 2λ2 ∣ B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

> 1/(
1

b̂k−1

+
1

b̂k
)] ≥ 1 − p1.

Proof. Since B̂k−1, B̂k ⊂ B∗
` , we have E[ȳk−1] = E[ȳk] = ν∗` . Thus, we have

d(B̂k−1, B̂k) =
∣ȳk−1 − ȳk∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

=
∣ε̄k−1 − ε̄k∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

.

From the concentration inequality (Massart, 2007), for given block sizes b̂k

and b̂k−1,

P[∣ε̄k−1 − ε̄k∣ > t] ≤ exp [ − t2/{σ2
m(

1

b̂k−1

+
1

b̂k
)} ].

1. In the case of B̂k being a local extremum and B̂k−1 a staircase,

P[d(B̂k−1, B̂k) > 2λ2 ∣ B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

≥ b̂k]

= P[b̂k∣ε̄k−1 − ε̄k∣ > 2λ2 ∣ B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

≥ b̂k] ≤ p1

This is because, from given condition 2λ2/(σm
√
−2 log p1) ≥ b̂k, we have

exp [ − (
2λ2

b̂k
)

2
/{σ2

m(
1

b̂k−1

+
1

b̂k
)} ] ≤ exp [ − (

2λ2

b̂kσm
)

2
/(1 +

1

b̂k
) ]

≤ exp [ − (
2λ2

b̂kσm
)

2
/2 ] = p1. (3.6)

2. In the case of B̂k−1 and B̂k being two local extrema,

P[d(B̂k−1, B̂k) > 2λ2∣ B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

> 1/(
1

b̂k−1

+
1

b̂k
)]

≤ P[∣ε̄k−1 − ε̄k∣/(
1

b̂k−1

+
1

b̂k
) > 2λ2∣

B̂k−1, B̂k ⊂ B
∗
` s.t.

2λ2

σm
√
−2 log p1

> 1/(
1

b̂k−1

+
1

b̂k
)] ≤ p1.
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The last inequality holds because from the given condition of b̂k−1 and

b̂k,

2λ2

σm
√
−2 log p1

>
1

1/b̂k−1 + 1/b̂k
,

and we have

exp [ − (
2λ2

b̂k−1

+
2λ2

b̂k
)

2
/{σ2

m(
1

b̂k−1

+
1

b̂k
)}]

≤ exp [ − (
2λ2

σm
)

2
(

1

b̂k−1

+
1

b̂k
)

2
/2] < p1. (3.7)

Therefore, if at least one of the two blocks is a local extremum and block

lengths satisfy the given conditions, then the two falsely segmented blocks

will be fused with probability higher than 1 − p1.

By Lemma 3.3, we can see that as the fusion penalty λ2 increases, more

local extreme blocks are fused into nearby blocks and estimated block sizes

are enlarged. The following lemma asserts that when the estimated block

sizes are large enough, with a decent magnitude of the fusion parameter λ2,

the probability of neighboring two blocks B̂k−1, B̂k from the two different

true blocks B∗
`−1, B∗

` being fused is small.

Lemma 3.4 (Identification of true changepoints). Suppose that B̂k−1 ⊂ B∗
`−1

and B̂k ⊂ B∗
` for some ` with mean values ȳk−1, ȳk and lengths b̂k−1, b̂k

respectively. Denote the true mean levels of two true blocks B∗
`−1, B∗

` as ν∗`−1,

ν∗` and their difference as α∗` = ∣ν∗`−1 − ν
∗
` ∣. Then the following holds.

1. If only one of two blocks B̂k−1, B̂k, say B̂k1 is a local extremum, then for

0 < p2 < 1, we have

P[d(B̂k−1, B̂k) < 2λ2 ∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
` s.t.

2λ2

α∗` − σm
√
−2 log p2

< b̂k1] ≤ p2.
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2. If two blocks B̂k−1 and B̂k are local extrema, then for 0 < p2 < 1, we have

P[d(B̂k−1, B̂k) < 2λ2 ∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
`

s.t.
2λ2

α∗` − σm
√
−2 log p2

< 1/(
1

b̂k−1

+
1

b̂k
)] ≤ p2.

Proof. Since the two blocks belong to distinct true blocks, B̂k−1 ⊂ B∗
`−1 and

B̂k ⊂ B∗
` , we have E[ȳk−1] = ν∗`−1 ≠ E[ȳk] = ν∗` . Hence, it holds

d(B̂k−1, B̂k) =
∣ȳk−1 − ȳk∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

=
∣(ν∗`−1 − ν

∗
` ) + (ε̄k−1 − ε̄k)∣

1

b̂k−1
s(ȳk−1) +

1

b̂k
s(ȳk)

.

Let b = 2λ2/(α∗` − σm
√
−2 log p2).

1. In the case of one of two blocks B̂k−1, B̂k being a local extremum and the

other being a staircase, without loss of generality, assume that B̂k is a local

extremum and B̂k−1 is a staircase. The probability of false fusion given b̂k > b

is

P[d(B̂k−1, B̂k) ≤ 2λ2 ∣ B̂k−1 ⊂ B
∗
`−1 and B̂k ⊂ B

∗
` s.t. b < b̂k]

= P[∣(ν∗k−1 − ν
∗
k) + (ε̄k−1 − ε̄k)∣ ≤

2λ2

b̂k
∣ B̂k−1 ⊂ B

∗
`−1 and B̂k ⊂ B

∗
` s.t. b < b̂k]

≤ P[∣ν∗k−1 − ν
∗
k ∣ − ∣ε̄k−1 − ε̄k∣ ≤

2λ2

b̂k
∣ B̂k−1 ⊂ B

∗
`−1 and B̂k ⊂ B

∗
` s.t. b < b̂k]

= P[α∗` −
2λ2

b̂k
≤ ∣ε̄k−1 − ε̄k∣ ∣ B̂k−1 ⊂ B

∗
`−1 and B̂k ⊂ B

∗
` s.t. b < b̂k] < p2.

The last inequality follows from the concentration inequality (Massart, 2007)

because b < b̂k and we have

exp [ − (α∗` −
2λ2

b̂k
)

2
/((

1

b̂k−1

+
1

b̂k
)σ2

m) ] ≤ exp [ − (α∗` −
2λ2

b̂k
)

2
/(2σ2

m) ]

< exp [ − (α∗` −
2λ2

b
)

2
/(2σ2

m) ] = p2.

(3.8)
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2. Similarly, in the case of B̂k−1 and B̂k being two local extrema, the condi-

tional probability of the two blocks being joined is given by

P[d(B̂k−1, B̂k) ≤ 2λ2 ∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
` s.t.

1

b̂k−1

+
1

b̂k
<

1

b
]

= P[∣(ν∗`−1 − ν
∗
` ) + (ε̄k−1 − ε̄k)∣ ≤ 2λ2(

1

b̂k−1

+
1

b̂k
)

∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
` s.t.

1

b̂k−1

+
1

b̂k
<

1

b
]

≤ P[∣ν∗`−1 − ν
∗
` ∣ − ∣ε̄k−1 − ε̄k∣ ≤ 2λ2(

1

b̂k−1

+
1

b̂k
)

∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
` s.t.

1

b̂k−1

+
1

b̂k
<

1

b
]

= P[α∗` − 2λ2(
1

b̂k−1

+
1

b̂k
) ≤ ∣ε̄k−1 − ε̄k∣

∣ B̂k−1 ⊂ B
∗
`−1, B̂k ⊂ B

∗
` s.t.

1

b̂k−1

+
1

b̂k
<

1

b
] < p2.

The last inequality holds because from the concentration inequality and the

assumption b < 1/(1/b̂k−1 + 1/b̂k), we have

exp [ − (α∗` − 2λ2(
1

b̂k−1

+
1

b̂k
))

2
/{(

1

b̂k−1

+
1

b̂k
)σ2

m} ]

≤ exp [ − (α∗` − 2λ2(
1

b̂k−1

+
1

b̂k
))

2
/(2σ2

m) ]

< exp [ − (α∗` −
2λ2

b
)2/(2σ2

m) ] = p2 (3.9)

Therefore, if block lengths b̂k and b̂k−1 satisfy b > b̂k1 for only one block

B̂k1 being a local extremum and b > 1/(1/b̂k−1 + 1/b̂k) for two local extreme

blocks, the probability of false fusion can be bounded by p2.

Setting p = p1 = p2, from Lemma 3.3 and 3.4, if block sizes and the fusion

parameter λ2 satisfy

σmb̂k1
√
−2 log p ≤ 2λ2 < b̂k1(α

∗
` − σm

√
−2 log p)
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for one staircase and one local extreme block, and

σm
√
−2 log p

1/b̂k−1 + 1/b̂k
≤ 2λ2 <

α∗` − σm
√
−2 log p

1/b̂k−1 + 1/b̂k

for two local extreme blocks, then falsely segmented local extreme blocks get

adjoined while the true changepoint remains split with probability higher

than 1 − 2p. Therefore, if inequality

α∗` ≥ 2σm
√
−2 log p. (3.10)

is satisfied, then for any step in the solution path (P(λ
(0)
2 ),P(λ

(1)
2 ),⋯,P(λ

(b∗`−1)
2 )),

increasing λ2, true fusion occurs while the true changepoint j∗` remain split

with probability higher than 1 − 2p.

For the time being, we consider only two true blocks. The following

theorem asserts that under appropriate conditions, by increasing the fusion

parameter λ2, we can recover local extreme blocks with a high probability.

Theorem 3.1. Assume that (3.10) holds and the noises satisfy (E). Let

the true block partition be P∗ = {B∗
0 ,B

∗
1 , . . . ,B

∗
J∗} and the estimated block

partition for a given fusion parameter λ2 be P̂(λ2) = {B̂0, B̂1, B̂2, . . . , B̂Ĵ}.

Let η = 2p(b∗`−1 + b
∗
` − 2) for fixed `.

1. For a local extreme block B∗
` and a staircase block B∗

`−1, if λ2 satisfies

σmb
∗
`

√
−2 log p ≤ 2λ2 ≤ b∗` (α

∗
` − σm

√
−2 log p),

then P[∃B̂j ∈ P̂(λ2) s.t. B̂j = B∗
` ] ≥ 1 − η.

2. For two local extreme blocks B∗
`−1 and B∗

` , if λ2 satisfies

σm
√
−2 log p/(

1

b∗`−1

+
1

b∗`
) ≤ 2λ2 ≤ (α∗` − σm

√
−2 log p)/(

1

b∗`−1

+
1

b∗`
)

then P[∃B̂k−1, B̂k ∈ P̂(λ2) s.t. B̂k−1 = B∗
`−1, B̂k = B∗

` ] ≥ 1 − η.
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To guarantee the recovery of the true blocks with high probability, p

should be sufficiently small. For example, when b∗`−1 and b∗` diverge, if p

satisfies

p = o(
1

b∗`−1 + b
∗
`

),

true recovery can be achieved with high probability.

Note that, in the case of two extreme blocks, the noiseless upper bound

of the fusion parameter λ2 is given by

λ2 ≤
1

2
α∗` /(

1

b∗`−1

+
1

b∗`
).

This upper bound is better than that of Rinaldo (2014) who gives rough

upper bound

λ2 ≤
1

4
α∗minb

∗
min,

where b∗min = min` b∗` . Notable improvement can be achieved when the block

sizes b∗`−1, b∗` of the two neighboring true blocks are significantly different.

Now, we extend Theorem 3.1 to the entire range. To do so, we classify

the true and estimated changepoints set J into three disjoint subsets J0, J1

and J2, respectively representing

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

J0 = {jk ∶ Bk−1,Bk two staircases}

J1 = {jk ∶ Bk−1,Bk one staircase and one local extremum}

J2 = {jk ∶ Bk−1,Bk two local extrema}

where B` = [j`, j` + 1,⋯, j`+1) for ` = 0,1,⋯, J . Then, the estimated change-

points set can be denoted as Ĵ (λ2) = Ĵ0(λ2) ∪ Ĵ1(λ2) ∪ Ĵ2(λ2). Considering

the previous results in Lemma 3.1 and Theorem 3.1, our main interest is to
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find an optimal interval of λ2 which gives J ∗
1 = Ĵ1(λ2) and J ∗

2 = Ĵ2(λ2) while

J ∗
0 ⊂ Ĵ0(λ2).

Theorem 3.2. Let p = min η/(b∗`−1 + b
∗
` ). Assume (E) for noises and α∗min ≥

2σm
√
−2 log p. If λ2 satisfies

max ( max
j∗
`
∈J ∗

1

σmb
∗
`

√
−2 log p,max

j∗
`
∈J ∗

2

σm
√
−2 log p/(

1

b∗`−1

+
1

b∗`
)) ≤ 2λ2 ≤

min ( min
j∗
`
∈J ∗

1

b∗` (α
∗
` − σm

√
−2 log p), min

j∗
`
∈J ∗

2

(α∗` − σm
√
−2 log p)/(

1

b∗`−1

+
1

b∗`
)),

then for the estimated changepoints set Ĵ (λ2), we have

P[J ∗
1 = Ĵ1(λ2),J

∗
2 = Ĵ2(λ2) and J ∗

0 ⊂ Ĵ0(λ2)] ≥ 1 − η.

Theorem 3.2 is a simple extension of Theorem 3.1. Theorem 3.2 implies

that by an appropriate choice of λ2, true changepoints can be recovered and

the remaining false changepoints exist only in staircase blocks with a high

probability.

However, satisfying the conditions given in Theorem 3.2 may be infeasible

especially when there exist many true blocks with different block sizes. This

is because the lower bound of λ2 is related to the maximum length of true

blocks while the upper bound depends on the minimum. For example, if

the true signals are sparse with small block sizes, and noise blocks have

much larger block sizes, then the set of fusion parameters Λ2 satisfying the

condition of Theorem 3.2 may be empty. In the next chapter, we propose a

practical procedure for the choice of the fusion parameter λ2.
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Chapter 4

Decision Theoretical Tuning

Procedure of the FLSA

In this chapter, we propose a decision-theoretical tuning parameter se-

lection procedure for the FLSA. Practically, the fusion parameter λ2 can be

selected by the generalized information criteria (GIC). The tuning parameter

of the `1 penalty, λ1, can be selected so that the number of total rejections of

the FLSA is equal to that of the preliminary test statistic such as p-values. It

can be shown that if the true changepoints are well preserved by the appro-

priate choice of the fusion parameter λ2, then the adaptive fusion estimator

gives lower false discovery rate (FDR) than the preliminary statistics. That

is, if the FDR of the preliminary test statistic is controlled by level α, then

the FDR of the FLSA is controlled by less than α.
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4.1. Tuning of the FLSA

It is well-known that BIC-type information criteria such as BIC or extended

BIC (Chen and Chen, 2008) select the true model with probability tending

to one. In contrast, AIC-type information criteria are known to be adequate

for estimation but not for model selection. More extensive reviews can be

referred to Shao (1997) and Fan and Lv (2010).

Despite its importance, to the best of our knowledge, there have not been

so many theoretical studies with respect to the tuning parameter selection

criteria for the fused lasso. Following Tibshirani et al. (2005), many authors

(Friedman et al., 2007; Lin et al., 2016) used cross-validation (CV) to se-

lect the fusion parameter λ2 while authors such as Qian and Su (2016, 2014);

Tang and Song (2016) use BIC-type information criteria. Others (Jang et al.,

2015; Hyun et al., 2016) considered both AIC- and BIC-type model selection

criteria at the same time. Especially, Hyun et al. (2016) compared the perfor-

mance of the AIC and the BIC for the FLSA and found that the BIC shows

better performance than the AIC in the absence of staircases by numerical

studies.

Possibly, the most relevant result to our problem can be found in Yao

(1988) who studied multiple changepoints problem with piecewise constant

mean values. He showed that the true model minimizes the GIC (Nishii,

1984)

log
RSSm(Ĵ (λ2))

m
+

2 logm

m
∣Ĵ (λ2)∣

with probability tending to one, where Ĵ (λ2) denotes the changepoints set

of the candidate model for the fusion parameter λ2.
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In spite of the similarity, Yao’s GIC cannot be directly applied to the

FLSA. Note that the GIC in Yao (1988) assumes the possibility of exact

discovery of the true model. However, as seen in Chapter 3, the FLSA cannot

find the exact true model in the presence of staircases with a high probability,

but only finds the minimal model containing the true changepoints set J ∗.

Furthermore, when blocks have significantly different sizes, the set of optimal

λ2 in Theorem 3.2 can be empty. Therefore, for the FLSA, we propose to

choose the fusion parameter λ2 by

λ0
2 = argmin

λ2∈Λ+
2

∣Ĵ (λ2)∣

where Λ+
2 = {λ2 ∶ J

∗ ⊂ Ĵ (λ2)}. Here, the cardinality ∣Ĵ (λ2)∣ of the change-

points set Ĵ (λ2) is an unbiased estimator of the degree of freedom of the

FLSA (Tibshirani and Taylor, 2011).

4.2. Choice of the fusion parameter

In this section, we propose GIC as a tuning procedure for the fusion param-

eter λ2. Models selected by the GIC depend on the tuning parameter κm.

We focus on the choice of κm suitable for detecting true changepoints with

the minimum false changepoints.

4.2.1. Assumptions and tuning procedure

We assume that n samples are observed and used to derive preliminary test

statistics yi for i = 0,1,2, . . . ,m. As before, suppose that the preliminary test
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statistics yi are from the mean model

yi = µ
∗
i + εi

with piecewise constant mean structure,

µ∗0 = µ
∗
1 = ⋯ = µ∗j∗1−1 ≠ µ

∗
j∗1
= ⋯ = µ∗j∗

J∗−1 ≠ µ
∗
j∗
J∗

= ⋯ = µ∗m,

and the number of changepoints j∗ satisfying µ∗j∗ ≠ µ
∗
j∗−1 is finite.

We choose the fusion parameter λ2 which minimizes the following GIC,

GIC(Ĵ (λ2)) = log (
RSSm(Ĵ (λ2))

m
) +

κm∣Ĵ (λ2)∣

m
(4.1)

where κm = (2 + τ) logm for τ > 0 and

RSSm(Ĵ (λ2)) =

∣Ĵ (λ2)∣

∑
k=0

∑
i∈B̂k

(yi − ȳk)
2

for ȳk = ∑i∈B̂k
yi/b̂k and b̂k = ∣B̂k∣.

Theorem 4.1. Assume the noises satisfy (E) with σm = o(α∗min/
√

logm) and

let κm = (2 + τ) logm for some τ > 0 and

GIC(Ĵ (λ2)) = log (
RSSm(Ĵ (λ2))

m
) +

κm∣Ĵ (λ2)∣

m

where RSSm(Ĵ (λ2)) = ∑
∣Ĵ (λ2)∣
k=0 ∑i∈B̂k

(yi − ȳk)2.

Then, for λ2 ∈ Λ̃2 = {λ2 ∶ ∣Ĵ (λ2)∣ = op(m/ logm)}, it holds

P[GIC(Ĵ (λ2)) ≥ GIC(Ĵ (λ0
2))]→ 1

where λ0
2 = argminλ2∈Λ+

2
∣Ĵ (λ2)∣.
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The proof is deferred for the time being. In this theorem, we restrict

the set of the fusion parameter Λ2 as Λ̃2 = {λ2 ∶ ∣Ĵ (λ2)∣ = op(m/ logm)},

that is the cardinality of ∣Ĵ (λ2)∣ should be sufficiently small compared to the

number of total observations m + 1 for m → ∞. This can be achieved by a

large enough λ2. This restriction is because, as λ2 → 0, we have the residual

sum of squares (RSS) close to 0 and GIC(Ĵ (λ2)) tends to −∞. In this case,

the minimizer of GIC(Ĵ (λ2)) results in λ2 = 0, not λ0
2 and we cannot find the

optimal model. Thus, we require the cardinality of ∣Ĵ (λ2)∣ to be bounded

by op(m/ logm) and GIC(Ĵ (λ2)) is locally minimized over the restricted set

Λ̃2 = {λ2 ∶ ∣Ĵ (λ2)∣ = op(m/ logm)}.

4.2.2. Theoretical justification of the GIC selection pro-

cedure

Let P̂(λ2) = {B̂0, B̂1,⋯, B̂Ĵ} be an estimated block partition induced by the

fusion estimator with a fusion parameter λ2, and Ĵ (λ2) be the associated

set of changepoints with cardinality Ĵ = ∣Ĵ (λ2)∣. Let λ−2 ∈ Λ−
2 be a fusion

parameter of an under-fitted model satisfying J ∗ ⊈ Ĵ (λ−2). Denote the fusion

parameter of an over-fitted model satisfying J ∗ ⊆ Ĵ (λ+2) by λ+2 ∈ Λ+
2 and let

λ0
2 = argminλ2∈Λ+

2
∣Ĵ (λ2)∣.

Note that, especially for λ2 = 0 ∈ Λ+
2 , Ĵ (λ2 = 0) is a full model with the

set of changepoints Ĵ (0) = {1,2,⋯,m} and ∣Ĵ (λ2 = 0)∣ = m. Thus, RSS is

reduced to zero.
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Except for the case of λ2 = 0, by differencing the GIC in (4.1), we have

GIC(Ĵ (λ2)) −GIC(Ĵ (λ0
2))

= log (
RSSm(Ĵ (λ2))

RSSm(Ĵ (λ0
2))

) +
κm(∣Ĵ (λ2)∣ − ∣Ĵ (λ0

2)∣)

m

= log (1 +
RSSm(Ĵ (λ2)) −RSSm(Ĵ (λ0

2))

RSSm(Ĵ (λ0
2))

) +
κm(∣Ĵ (λ2)∣ − ∣Ĵ (λ0

2)∣)

m
. (4.2)

In the case of an over-fitted model Ĵ (λ+2), for all B̂k ∈ P̂(λ+2), if i, j ∈ B̂k ⊂

B∗
` then E[yi] = E[yj] = ν∗` . Thus, under the assumption of Gaussian noise,

for λ+2 satisfying Ĵ = ∣Ĵ (λ+2)∣ <m, we have

RSSm(Ĵ (λ+2)) =
∣Ĵ (λ+2)∣

∑
k=0

∑
i∈B̂k

(yi − ȳk)
2 =

∣Ĵ (λ+2)∣

∑
k=0

∑
i∈B̂k

{(µ∗i + εi) − (µ̄∗k + ε̄k)}
2

=

∣Ĵ (λ+2)∣

∑
k=0

∑
i∈B̂k

(εi − ε̄k)
2 ∼ σ2

m χ2(m − ∣Ĵ (λ+2)∣). (4.3)

Note that random quantity (4.3) depends only on the cardinality of the

changepoints set Ĵ (λ+2) and the noise level σ2
m.

We now show that the GIC in Theorem 4.1 finds λ0
2 which minimizes the

number of changepoints among those satisfying Ĵ (λ0
2) ⊃ J

∗ with probability

tending to one. The following Lemma 4.1 shows that GIC(λ0
2) is smaller than

that of the over-fitted models. Here, tuning parameter κm = (2 + τ) logm

promotes a parsimonious model by penalizing the number of changepoints.

Lemma 4.1. Assume that noises satisfy (E). Restrict the set of the fusion

parameter λ2 to Λ̃2 = {λ2 ∶ ∣Ĵ (λ2)∣ = op(m/ logm)}. If κm = (2 + τ) logm for

some τ > 0, then, for an over-fitted model Ĵ (λ+2),

P[GIC(Ĵ (λ+2)) ≥ GIC(Ĵ (λ0
2))]→ 1 as m→∞,

where λ0
2 = argminλ+2 ∶J ∗⊆Ĵ (λ+2)

∣Ĵ (λ+2)∣.
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Proof. Due to (4.3), we have

RSSm(Ĵ (λ+2)) ∼ σ
2
m χ2(m − ∣Ĵ (λ+2)∣)

and

RSSm(Ĵ (λ0
2)) −RSSm(Ĵ (λ+2))

= ∑
B̂k∈P̂(λ+2)

b̂k ε̄
2
k − ∑

B̂k∈P̂(λ02)
b̂k ε̄

2
k ∼ σ2

m χ2(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0
2)∣).

Since for t > 0, a centered standard Gaussian random variable zi satisfies

P[Z2
i ≥ t] = 2P[Zi ≥

√
t] =

2
√

2π
∫

∞
√
t

exp ( −
z2

2
)dz

≤

√
2

√
πt
∫

∞
√
t
z exp ( −

z2

2
)dz =

√
2

√
πt

exp ( −
t

2
),

and replacing t with 2 logm, we have

P[Z2
i ≥ 2 logm] ≤

1

m
√
π logm

meaning that zi is bounded by 2 logm with probability tending to one. Hence,

it follows

P[ max
i=1,⋯,∣Ĵ (λ+2)∣−∣Ĵ (λ02)∣

Z2
i ≥ 2 logm] ≤

∣Ĵ (λ+2)∣ − ∣Ĵ (λ0
2)∣

m
√
π logm

→ 0

and the difference of the RSS, ∣RSSm(Ĵ (λ0
2))−RSSm(Ĵ (λ+2))∣ can be bounded

by 2σ2
m(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣) logm with probability tending to one:

P[∣RSSm(Ĵ (λ0
2)) −RSSm(Ĵ (λ+2))∣ ≥ 2σ2

m(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0
2)∣) logm]

≤ P[ max
i=1,⋯,∣Ĵ (λ+2)∣−∣Ĵ (λ02)∣

Z2
i ≥ 2 logm]

≤
∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣

m
√
π logm

→ 0.
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Note that RSSm(Ĵ (λ0
2)) = mσ2

m(1 + op(1)). Thus, by the assumption

∣Ĵ (λ+2)∣ = op(m/ logm), for large enough m,

RSSm(Ĵ (λ+2)) −RSSm(Ĵ (λ0
2))

RSSm(Ĵ (λ0
2))

=
RSSm(Ĵ (λ+2)) −RSSm(Ĵ (λ0

2))

mσ2
m

(1 + op(1))→ 0

and the difference of the GIC in (4.2) is reduced to

GIC(Ĵ (λ+2)) −GIC(Ĵ (λ0
2))

= log (1 +
RSSm(Ĵ (λ+2)) −RSSm(Ĵ (λ0

2))

RSSm(Ĵ (λ0
2))

) +
κm(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣)

m

=
RSSm(Ĵ (λ+2)) −RSSm(Ĵ (λ0

2))

mσ2
m

(1 + op(1)) +
κm(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣)

m

≥ −
2 logm(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣)

m
(1 + op(1)) +

κm(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0
2)∣)

m

=
κm − 2 logm(1 + op(1))

m
(∣Ĵ (λ+2)∣ − ∣Ĵ (λ0

2)∣) ≥ 0

for κm = (2 + τ) logm with probability tending to one. Hence, λ0
2 ∈ Λ+

2

satisfying ∣Ĵ (λ0
2)∣ = minλ+2∈Λ+

2
∣Ĵ (λ+2)∣ is the minimizer of the GIC among the

over-fitted models.

Lemma 4.2 shows that GIC(λ0
2) is smaller than that of the under-fitted

model. Here, sufficiently large minimum jump size α∗min is crucial for pre-

venting under-fitted models being selected.

Lemma 4.2. Assume that noises satisfy (E) with σm = o(α∗min/
√

logm) and

let κm = (2 + τ) logm for some τ > 0. Then, the GIC of the model Ĵ (λ0
2)

is less than that of the under-fitted model Ĵ (λ−2) with probability tending to
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one;

P[GIC(Ĵ (λ−2)) ≥ GIC(Ĵ (λ0
2))]→ 1.

Proof. By definition, an under-fitted changepoints set Ĵ (λ−2) does not con-

tain at least one of the true changepoints. Therefore, for an under-fitted

model Ĵ (λ−2), there exists B̂k ∈ P̂(λ−2) such that E[yi] ≠ E[yj] for some

i, j ∈ B̂k. That is, an under-fitted block partition P̂(λ−2) includes a block, say

B̂k, which stretch over the two or more true neighboring blocks, say B∗
` and

B∗
`−1. Let K̂ be a set of such indexes k− and denote B̃k1 = B̂k− ∩ B∗

`−1 and

B̃k2 = B̂k− ∩B∗
` . We can represent RSS as

RSSm(Ĵ (λ−2)) =
∣Ĵ (λ−2)∣

∑
k=0

∑
i∈B̂k

(yi − ȳk)
2

=

∣Ĵ (λ−2)∣

∑
k=0

∑
i∈B̂k

{(µ∗i + εi) − (µ̄∗k + ε̄k)}
2

=

∣Ĵ (λ−2)∣

∑
k=0

∑
i∈B̂k

{(µ∗i − µ̄
∗
k) + (εi − ε̄k)}

2
(4.4)

where µ̄∗k = ∑i∈B̂k
µ∗i /∣B̂k∣. Hence, RSSm(Ĵ (λ−2)) is given by

RSSm(Ĵ (λ−2)) =
∣Ĵ (λ−2)∣

∑
k=0

∑
i∈B̂k

(εi − ε̄k)
2 +∑

k∈K̂
(b̃k1w

2
k2
+ b̃k2w

2
k1
)(α∗` )

2

+∑
k∈K̂

2α∗` {wk2 ∑
i∈B̃k1

(εi − ε̄k) +wk1 ∑
i∈B̃k2

(εi − ε̄k)}

=

∣Ĵ (λ−2)∣

∑
k=0

∑
i∈B̂k

(εi − ε̄k)
2 +∑

k∈K̂
(α∗` )

2/(1/b̃k1 + 1/b̃k2)

+∑
k∈K̂

2α∗` {wk2 ∑
i∈B̃k1

(εi − ε̄k) +wk1 ∑
i∈B̃k2

(εi − ε̄k)} (4.5)
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where α∗` = ∣ν∗` − ν
∗
`−1∣, wk1 = b̃k1/(b̃k1 + b̃k2), wk2 = b̃k2/(b̃k1 + b̃k2). Under the

assumption of α∗min/(σm
√

logm) → ∞, the second term of (4.5) dominates

the third term asymptotically.

Thus, we have RSSm(Ĵ (λ−2))−RSSm(Ĵ (λ0
2)) > 0 with probability tending

to one and

RSSm(Ĵ (λ−2)) −RSSm(Ĵ (λ0
2))

RSSm(Ĵ (λ0
2))

= Op(
(α∗min)

2

mσ2
m

). (4.6)

In the case of (α∗min)
2/(mσ2

m)→ c > 0,

GIC(Ĵ (λ−2)) −GIC(Ĵ (λ0
2)) ≥ log(1 + c) > 0

with probability tending to one. In the case of (α∗min)
2/(mσ2

m) → 0, from

(4.2) we have

GIC(Ĵ (λ−2)) −GIC(Ĵ (λ0
2))

=
RSSm(Ĵ (λ−2)) −RSSm(Ĵ (λ0

2))

RSSm(Ĵ (λ0
2))

(1 + op(1)) +
κm(∣Ĵ (λ−2)∣ − ∣Ĵ (λ0

2)∣)

m
.

For κm = (2+τ) logm, if the assumption of α∗min/(σm
√

logm)→∞ is satisfied,

due to (4.6), the first term dominates the second term asymptotically. Hence,

GIC(Ĵ (λ−2)) > GIC(Ĵ (λ0
2)) with probability tending to one.

Combining Lemma 4.1 and 4.2, we can prove Theorem 4.1. From Theo-

rem 4.1, we can see that the GIC, which is equivalent to that of Yao (1988),

can also be applied to choose the optimal model for the FLSA.

However, when the noise level is high, the desired optimality cannot be

achieved. If the noise level σm is as high as the minimum magnitude of jump

size α∗min, the arguments in the proof of Lemma 4.2 fail to be valid and under-

fitted models can be chosen with a high probability. In such cases, tuning
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parameters smaller than κm = (2 + τ) logm may be better for identification

of the true changepoints J ∗.

4.3. Decision theoretical tuning procedure for

the `1 parameter

Considering Lemma 2.2 of the pathwise algorithm in Friedman et al. (2007),

we can find the FLSA by soft-thresholding the fusion estimator. In this

section, assuming that the optimal λ0
2 is obtained via the GIC in Theorem

4.1, we propose a procedure for selection of λ1, the tuning parameter of the

`1 penalty.

4.3.1. The FDR of the adaptive fusion estimator

Suppose that {yi}mi=0 are the preliminary test statistics for

H0 ∶ µi = 0 vs H1 ∶ µi > 0.

Consider the adaptive fusion estimator (Rinaldo, 2009) of the preliminary

test statistics {yi}mi=0,

µ̂AF
(λ2) =

∣Ĵ (λ2)∣

∑
k=0

ȳk1B̂k
,

where ȳk = ∑i∈B̂k
yi/b̂k and b̂k = ∣B̂k∣. Note that the adaptive fusion estimator

µ̂AF
(λ2) is different from the fusion estimator µ̂F

(λ2) in that it is free of the

bias term ĉk in (2.8).

Suppose that λ0
2 is chosen to satisfy Ĵ (λ0

2) ⊃ J ∗, e.g., by applying the

GIC with κm = (2 + τ) logm for some τ > 0. Then, identification of the
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true changepoints can be achieved asymptotically under the assumptions of

Theorem 3.2. Thus, µ̂AF
(λ0

2) is an unbiased estimator of the true mean

vector µ∗.

We claim that since the piecewise constant mean structure is assumed,

the adaptive fusion estimator based on the preliminary test statistics is better

than the original preliminary test statistics. In other words, the probability

of the false discovery of the adaptive fusion estimator is less than that of the

preliminary test statistics while the probability of the true discovery is higher

for the adaptive fusion estimator. Here, the preliminary testing procedure

can be any including the p-value procedure, Benjamini-Hochberg’s procedure

and Efron’s local FDR procedure for the general dependence.

Suppose that the true partition P∗ of the mean vector µ∗ is composed of

sub-partitions of true blocks

S+ = {B∗
k ∶ E[yi] = ν

∗
k > 0 for yi ∈ B

∗
k},

N = {B∗
k ∶ E[yi] = ν

∗
k = 0 for yi ∈ B

∗
k},

which respectively stands for signal (non-zero mean) and noise (zero mean)

blocks.

Lemma 4.3. Let B+ ∈ S+ be a set of true positive mean values and B0 ∈ N be

a set of true zero mean values. Suppose that the fusion parameter λ2 satisfies

Ĵ (λ2) ⊃ J ∗. For the preliminary test statistic yi and the adaptive fusion

estimator µ̂AF
i (λ2), the following inequality holds

P[yi ≥ yj] ≥ P[µ̂AF
i ≥ µ̂AF

j ] for i ∈ B0 and j ∈ B+. (4.7)

Proof. Suppose that i ∈ B0 ∈ N and j ∈ B+ ∈ S+, then i and j belong to

different true blocks with zero and positive mean levels. By the assumption

46



Ĵ (λ2) ⊃ J
∗, i and j are contained in different estimated blocks, say i ∈ B̂k0 ⊂

B0 ∈ N and j ∈ B̂k+ ⊂ B+ ∈ S+ respectively. Furthermore, estimated mean

levels are given as

µ̂AF
i =

1

b̂k0
∑
g∈B̂k0

yg =
1

b̂k0
∑
g∈B̂k0

εg and µ̂AF
j =

1

b̂k+
∑

h∈B̂k+

yh =
1

b̂k+
∑

h∈B̂k+

εh + ν
∗
k+

where ν∗k+ > 0 is a mean value of the true block B+. Thus, we have

P[µ̂AF
i ≥ µ̂AF

j ] = P[ 1

b̂k0
∑
g∈B̂k0

εg −
1

b̂k+
∑

h∈B̂k+

εh ≥ ν
∗
k+]

≤ P[εi − εj ≥ ν∗k+] = P[yi ≥ yj]

and the probability of an observation from the noise set B̂k0 ⊂ B
0 ∈ N being

larger than that from the signal set B̂k+ ⊂ B
+ ∈ S+ is lower for the AF-based

test statistics than the preliminary test statistics.

From now on, we denote the adaptive fusion estimate of the mean value

µ̂AF
i as

µ̂AF0
i , h(i) = 1,2, . . . ,M,

for i ∈ B0 ∈ N and as

µ̂AF+
i , g(i) = 1,2, . . . , L,

for i ∈ B+ ∈ S+ where h(i) = 1,2, . . . ,M and g(i) = 1,2, . . . , L are reordering

of the index sets {i ∶ µ∗i = 0} and {i ∶ µ∗i > 0}. Note that M and L are given

by

M = ∑
B∗

k
∈N

∣B∗
k ∣ and L = ∑

B∗
k
∈S+

∣B∗
k ∣

and satisfy L+M =m+ 1. Let µ̂AF0

(h) and µ̂AF+
(g) be the order statistics of µ̂AF0

i

and µ̂AF+
i respectively. Similarly, we denote the preliminary test statistics
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as y0
i and y+i of which mean levels are zero and positive. Let the associated

order statistics as y0
(h) and y+(g) for h = 1,2, . . . ,M , and g = 1,2, . . . , L.

Suppose that the number of true discoveries is fixed as r by taking the

critical values cp and cf as y+(r) ≤ cp < y+(r+1) and µ̂AF+
(r) ≤ cf < µ̂AF+

(r+1). For

the number of true discoveries r, we denote the expected number of false

discoveries of the preliminary test statistics as

FRp(r) = E[
M

∑
h=1

I(y0
h ≥ y

+
(r))],

and that of the adaptive fusion estimates as

FRf(r) = E[
M

∑
h=1

I(µ̂AF0

h ≥ µ̂AF+
(r) )].

The following theorem states that for any choice of the number of true

discoveries r, the number of false discoveries of the AF-based test statistics

is less than that of the preliminary test statistics. The proof can be easily

obtained from Lemma 4.3.

Theorem 4.2. Suppose that the fusion parameter λ2 satisfies Ĵ (λ2) ⊃ J
∗.

Then, for every r = 1,⋯, L, the number of false discoveries

M

∑
h=1

I(y0
h ≥ y

+
(r)) and

M

∑
h=1

I(µ̂AF0

h ≥ µ̂AF+
(r) )

satisfy the inequality

FRp(r) = E[
M

∑
h=1

I(y0
h ≥ y

+
(r))] ≥ FRf(r) = E[

M

∑
h=1

I(µ̂AF0

h ≥ µ̂AF+
(r) )].

Proof. From (4.7) in Lemma 4.3, for every h = 1,⋯,M and r = 1,⋯, L, it

holds

P[y0
h ≥ y

+
(r)] ≥ P[µ̂AF0

h ≥ µ̂AF+
(r) ].
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Hence, we have

FRp(r) = E[
M

∑
h=1

I(y0
h ≥ y

+
(r))] =

M

∑
h=1

P[y0
h ≥ y

+
(r)]

≥
M

∑
h=1

P[µ̂AF0

h ≥ µ̂AF+
(r) ] = E[

M

∑
h=1

I(µ̂AF0

h ≥ µ̂AF+
(r) )] = FRf(r)

for every r = 1,⋯, L.

Finally, the expected number of total discoveries by each method given

the number of true rejections r is

ToRp(r) = FRp(r) + r and ToRf(r) = FRf(r) + r.

Note that FR(r), the expected number of false rejections given the number

of true rejection r, is an increasing function in r and consequently so ToR is.

In addition, due to Theorem 4.2, for every r, it holds

ToRp(r) = FRp(r) + r ≥ FRf(r) + r = ToRf(r).

Therefore, if we fix the number of total rejections as ToRp(rp) = ToRf(rf) =

R, then due to Theorem 4.2,

ToRf(rf) = FRf(rf) + rf

= ToRp(rp) = FRp(rp) + rp

≥ FRf(rp) + rp = ToRf(rp).

Since ToRf(⋅) is an increasing function,

rf ≥ rp.
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Therefore, from the assumption ToRp(rp) = ToRf(rf), i.e., FRf(rf) + rf =

FRp(rp) + rp, we have

FRf(rf) ≤ FRp(rp). (4.8)

If we define the FDR as in Efron (2008) and Benjamini (2010),

Fdr(R) =
E[false rejection]

E[total rejection]
=

FR

R
,

then by (4.8),

Fdrf(R) =
FRf(rf)

R
≤

FRp(rp)

R
= Fdrp(R)

and the following theorem holds.

Theorem 4.3. Fix the number of total rejections as R by taking the critical

values cp and cf as y(R) ≤ cp < y(R+1) and µ̂AF
(R) ≤ cf < µ̂AF

(R+1). If the fusion

parameter λ2 satisfies Ĵ (λ2) ⊃ J
∗, then the false discovery rate of the pre-

liminary test statistics Fdrp and that of the adaptive fusion estimates Fdrf

satisfy

Fdrf(R) ≤ Fdrp(R).

Suppose that the FDR of the preliminary test statistics is controlled by

α. Then, by Theorem 4.3, the FDR of the adaptive fusion estimator µ̂AF
(λ2)

is also controlled by less than α as long as the assumption Ĵ (λ2) ⊃ J ∗ is

valid. This assumption is of importance, because when it is violated, FDR

control cannot be guaranteed.
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4.3.2. Choice of the `1 parameter

We set λ1, the tuning parameter of the `1 penalty, so that the number of total

rejections of the FLSA is equal to that of the preliminary test statistics. We

propose to choose λ1 given the fusion parameter λ0
2 by following steps.

1. Controlling the FDR by α, calculate Rp(y), the number of total rejec-

tions of the preliminary test statistics y. Denote the associated critical

value as cp(α).

2. Applying Lemma 2.2, (Friedman et al., 2007), calculate the adaptive

fused lasso estimator by soft-thresholding the adaptive fusion estimator

µ̂AFL
(λ1, λ

0
2) = sgn(µ̂AF

(0, λ0
2))(∣µ̂

AF
(0, λ0

2)∣ − λ1)
+
,

where sgn(x) denotes the sign of x and (x)+ = max{0, x}.

3. Count Rλ1(µ̂
AFL

(λ1, λ0
2)), the number of non-zero elements of the AFL

estimate µ̂AFL
(λ1, λ0

2).

4. For a given critical value cp(α), choose λ1 so that

Rλ1(µ̂
AFL

(λ1, λ
0
2)) = Rp(y)

by taking λ1 to have the same number of rejections with the preliminary

test statistics.

For the step 4, note that larger λ1 yields less rejections. To choose λ1, let

λI1 = inf
λ1

{λ1∣Rλ1(µ̂
AFL

(λ1, λ
0
2)) ≤ Rp(y)}

λS1 = sup
λ1

{λ1∣Rλ1(µ̂
AFL

(λ1, λ
0
2)) ≥ Rp(y)} .
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If RλS1
(µ̂AFL

) = RλI1
(µ̂AFL

), then we can choose λ1 as

λ1 =
λI1 + λ

S
1

2
.

Otherwise, setting λ1 as λ1 = λI1 and choosing Rp(y)−RλI1
(µ̂AFL

) points from

the estimates satisfying µ̂AF
(0, λ0

2) = λ
S
1 , we have Rλ1(µ̂

AFL
(λ1, λ0

2)) = Rp(y).

Since the adaptive fusion estimator takes advantage of the sparse and

piecewise constant mean structures, this procedure gives less false discoveries

than the preliminary test statistics under the assumption of Ĵ (λ2) ⊃ J
∗. If

the FDR of the preliminary test statistic is controlled by level α, then the

FDR of the FLSA can also be controlled by less than α.
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Chapter 5

Numerical Studies

We examine the theoretical results given in the previous chapters by nu-

merical experiments for synthetic data. Sparse and piecewise constant mean

vectors are generated by modeling the array-CGH data in R package “cgh-

FLasso” (Johnson et al., 2009).

5.1. Design of the synthetic data

We generate synthetic data based on the model

yi = µ
∗
i + εi, i = 1,⋯,1000.

Noises are assumed to follow independent centered Gaussian distribution

with variance σ2
m and σm varying 0.1, 0.2, 0.5, 1.0. Let the true mean
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vectors be

µ∗ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 i = 1,⋯,75

2 i = 76,⋯,100

0 i = 101,⋯,700

1 i = 701,⋯,750

0 i = 751,⋯,1000

and µ∗∗ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 i = 1,⋯,75

2 i = 76,⋯,100

0 i = 101,⋯,700

−1 i = 701,⋯,750

0 i = 751,⋯,1000.

These mean vectors have two non-zero true signal blocks. An important

difference is that µ∗ consists of only local extreme blocks while µ∗∗ has a

staircase block B∗
3 = {101,102,⋯,700}. Note that the mean vectors have four

changepoints at i = 76,101,701,751 and ∣J ∗∣ = ∣J ∗∗∣ = 4. The minimum true

block lengths min b∗` , min b∗∗` are equal to 25 and maximum true block lengths

max b∗` , max b∗∗` are equal to 600. µ∗ and µ∗∗ have 75 non-zero true signals

with the minimum jump size α∗min = minα∗` = α∗∗min = minα∗∗` = 1. Figure

5.1 displays noiseless mean vectors µ∗ and µ∗∗. Figure 5.2 shows noisy

observations of the non-staircase mean vector µ∗ for σm = 0.1, 0.2, 0.5, 1.0.

Figure 5.1: True mean vectors without (left) and with (right) a staircase
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Figure 5.2: Noisy observations (gray) for the mean vector µ∗ (black) for the

four noise levels σm = 0.1,0.2,0.5,1.0
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5.2. Fusion parameter and the number of true

and false changepoints

In this section, we examine the theoretical results in Chapter 3 by numerical

experiments. For the synthetic data described in the previous section, we

count the number of true and false changepoints increasing the fusion pa-

rameter λ2 from 0 to 50. Figure 5.3 and 5.4 display average numbers of true

and false changepoints for 100 repetitions of experiment.

From Lemma 3.1, we can see that there remains more false changepoints

if true staircase blocks are present. When noise level σm is low and there are

no true staircase blocks (upper left panel in Figure 5.3), as λ2 increases, the

number of false changepoints gradually decreases close to 0 while all the true

changepoints are correctly identified for decent λ2. On the contrary, Figure

5.4 shows that, in the presence of staircases, in spite of low noise level, false

changepoints do not vanish unless λ2 increases fairly large.

In the absence of staircases, if noise level is low, upper bound of λ2 guar-

anteeing identification of the true changepoints given in Theorem 3.2 is close

to min` d(B∗
`−1,B

∗
` ) = 150/7. We can see that in upper panels of the two

figures, true changepoints can be correctly identified with a high probability

if λ2 is smaller than 150/7.

In addition, as can be seen in Theorem 3.2, as noise level σm gets higher,

identification of true changepoints gets more difficult. Lower right panels in

Figure 5.3 and 5.4 show that even though the fusion parameter λ2 is small,

some true changepoints cannot be discovered with a high probability while

many false changepoints remain not denoised.
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Figure 5.3: Number of true (blue) and false (red) changepoints (vertical)

given λ2 (horizontal) for µ∗ containing no staircases, dashed line is the num-

ber of true changepoints (4)
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Figure 5.4: Number of true (blue) and false (red) changepoints (vertical)

given λ2 (horizontal) for µ∗∗ containing a staircase, dashed line is the number

of true changepoints (4)
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5.3. Choice of the fusion parameter via GIC

We examine the performance of the GIC proposed in Chapter 4. For the

synthetic data in Section 5.1, we estimate fusion parameter λ2 which mini-

mizes the GIC with the three levels of tuning parameter κm = 2, logm and

2 logm. Results of 100 repetitions are reported in Table 5.1.

With κm = 2, the fusion parameter λ2 is chosen to be small and there exist

many changepoints. Many of these changepoints are false changepoints.

On the contrary, when the noise level is as low as σm = 0.1 and 0.2,

with κm = logm and κm = 2 logm, many false changepoints disappear while

most of the true changepoints are correctly identified. However, as the noise

level σm gets higher to 0.5 and 1.0, the number of identified true changepoints

decreases. This is because given α∗min = 1, the noise level 0.5 or 1.0 is too high

for the condition σm = o(α∗min/
√

logm) given in Theorem 4.1 to be satisfied.

Comparing κm = logm and κm = 2 logm, if noise level is low, then the

latter is likely to give less false changepoints and similar number of true

changepoints being detected. Thus, the GIC with κm = 2 logm leads to

better model selection when the noise level is low. Meanwhile when noise

level is high, both of the tuning parameters fail to choose the true models

and select under-fitted models as can be noticed in the proof of Lemma 4.2.

Finally, considering the two mean vectors µ∗ and µ∗∗ in the absence and

the presence of a staircase block respectively, the former is apt to give less

false changepoints. This result is congruent to Lemma 3.1.
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mean
σm

κm = 2 κm = logm κm = 2 logm
vector λ̂0

2 T F λ̂0
2 T F λ̂0

2 T F

0.1 2.1 4.0 38.3 5.5 4.0 8.0 7.5 4.0 6.0

(3.6) (0.0) (66.1) (5.4) (0.0) (6.5) (6.1) (0.1) (5.6)

µ∗

0.2 3.1 4.0 26.3 10.5 3.8 6.1 14.9 3.6 3.5

(4.6) (0.2) (22.5) (6.8) (0.4) (4.9) (5.7) (0.7) (2.7)

0.5 0.8 3.9 724.0 17.0 2.8 5.2 18.6 2.4 4.6

(2.9) (0.3) (197.0) (3.3) (0.8) (2.2) (2.9) (1.0) (1.9)

1.0 0.1 3.8 883.2 19.6 1.5 6.6 26.1 0.8 3.8

(0.0) (0.4) (9.0) (2.5) (0.9) (2.5) (8.9) (0.9) (2.3)

0.1 1.1 4.0 37.6 3.5 4.0 11.9 4.8 4.0 10.1

(1.9) (0.0) (60.9) (4.4) (0.1) (6.2) (5.3) (0.2) (4.4)

µ∗∗

0.2 1.8 4.0 27.0 8.2 3.8 9.8 11.9 3.6 8.1

(1.7) (0.0) (20.3) (6.7) (0.4) (4.1) (7.2) (0.7) (3.3)

0.5 0.5 3.8 731.6 15.6 2.8 7.9 17.8 2.4 7.3

(1.9) (0.4) (182.8) (4.3) (0.9) (2.8) (3.4) (1.1) (2.4)

1.0 0.1 3.7 883.2 19.0 1.3 7.5 25.0 0.9 5.7

(0.0) (0.5) (9.1) (2.9) (1.0) (2.4) (9.9) (1.0) (2.6)

Table 5.1: Value of λ̂0
2, estimated number of true (T) and false (F) change-

points for two mean vectors without (µ∗) and with (µ∗∗) a staircase having

two true non-zero blocks and four true changepoints, average of 100 repeti-

tions: standard errors are displayed in parentheses
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5.4. FDR of the fusion estimator and the choice

of the `1 parameter

Theorem 4.3 asserts that the test based on the adaptive fusion estimator is

better than that of the preliminary test statistics because it gives lower FDR.

Setting the number of total rejections of the preliminary test statistics Rp and

that of the adaptive fusion estimator Rλ1 equal to the number of true signals

∣{i ∶ µ∗i > 0}∣ = 75, we estimate non-zero signals via the two procedures.

Number of true and false rejections are counted for the preliminary test

statistics and the adaptive fusion estimators chosen by the GIC with κm =

2, logm and 2 logm.

Figure 5.5 illustrates one of the experimental results. Especially when

σm = 0.5, the adaptive fusion estimator exactly selects all the true signals

while the preliminary test statistic chooses many false signals discarding

many true signals.

Table 5.2 displays the average results of 100 repetitions. As can be ex-

pected by Theorem 4.3, the proposed test procedures based on κm = logm

and 2 logm show better performance than that of the preliminary test statis-

tics even when the noise level is as high as σm = 0.5 and 1.0.

Of the two information criteria, κm = logm shows better performance in

the case of high noise level such as σm = 1.0. This is because, when noise level

is high, the GIC with κm = 2 logm sometimes selects severely under-fitted

models. This can be seen by high level of the standard errors of the false

discovery in Table 5.2 and boxplots in Figure 5.6 and 5.7. For σm = 1.0,

sometimes it selects all the true signals while sometimes not at all. On the
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contrary, the over-fitted model chosen by the GIC with κm = logm is more

likely to detect the true changepoints than the models selected by the GIC

with κm = 2 logm.

Figure 5.5: Test results for a mean vector µ∗ with σm = 0.2 (upper) and

σm = 0.5 (lower): Blue circles denote true rejections, while red circles and

red triangles denote false rejections and false non-rejections
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µ∗

σm
preliminary GIC with κm = 2

TP FN FP TN std.err. TP FN FP TN std.err.

0.1 75.0 0.0 0.0 925.0 (0.0) 75.0 0.0 0.0 925.0 (0.0)

0.2 73.4 1.6 1.6 923.4 (0.8) 75.0 0.0 0.0 925.0 (0.2)

0.5 46.3 28.7 28.7 896.3 (2.6) 48.3 26.7 26.7 898.3 (7.8)

1.0 22.7 52.3 52.3 872.7 (3.1) 22.7 52.3 52.3 872.7 (3.1)

σm
GIC with κm = logm GIC with κm = 2 logm

TP FN FP TN std.err. TP FN FP TN std.err.

0.1 75.0 0.0 0.0 925.0 (0.0) 75.0 0.0 0.0 925.0 (0.1)

0.2 74.8 0.2 0.2 924.8 (0.5) 74.6 0.5 0.5 924.6 (0.9)

0.5 73.1 1.9 1.9 923.1 (2.6) 71.4 3.6 3.6 921.4 (4.8)

1.0 61.9 13.1 13.1 911.9 (13.7) 43.7 31.4 31.4 893.7 (24.9)

µ∗∗

σm
preliminary GIC with κm = 2

TP FN FP TN std.err. TP FN FP TN std.err.

0.1 75.0 0.0 0.0 925.0 (0.0) 75.0 0.0 0.0 925.0 (0.0)

0.2 73.4 1.6 1.6 923.4 (0.9) 75.0 0.0 0.0 925.0 (0.0)

0.5 45.7 29.3 29.3 895.7 (3.1) 47.3 27.7 27.7 897.3 (7.6)

1.0 22.3 52.7 52.7 872.3 (3.1) 22.4 52.6 52.6 872.4 (3.1)

σm
GIC with κm = logm GIC with κm = 2 logm

TP FN FP TN std.err. TP FN FP TN std.err.

0.1 75.0 0.0 0.0 925.0 (0.1) 75.0 0.1 0.1 925.0 (0.3)

0.2 74.8 0.2 0.2 924.8 (0.5) 74.6 0.4 0.4 924.6 (0.7)

0.5 72.7 2.3 2.3 922.7 (3.2) 71.3 3.7 3.7 921.3 (4.2)

1.0 61.0 14.1 14.1 911.0 (15.1) 47.2 27.8 27.8 897.2 (24.3)

Table 5.2: Test results for a mean vector without (µ∗) and with (µ∗∗) a

staircase and 4 changepoints, average of 100 repetitions: TP, FN, FP and

TN denote the number of true rejections, false non-rejections, false rejections

and true non-rejections respectively.
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Figure 5.6: Boxplots of test results for a mean vector µ∗ without a staircase

and 4 changepoints, average of 100 repetitions: true positive (upper) and

true negative (lower)

Figure 5.7: Boxplots of test results for a mean vector µ∗∗ with a staircase

and 4 changepoints, average of 100 repetitions: true positive (upper) and

true negative (lower)
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Now we evaluate the FDR of the adaptive fusion estimator Fdrf and that

of the preliminary test statistics Fdrp for various preliminary FDR control

level α.

As can be seen in Table 5.3, when noise level is low (σm = 0.2), there is no

substantial difference between the preliminary test statistics and the FLSA

based on the GIC. Considering the true positive rate (TPR), the preliminary

test statistics also find the true signals with a high probability. In addition,

the realized FDR of the preliminary test statistics and the FLSA are similar

to each other.

However, when noise level gets higher as σm = 0.5, there get some dif-

ferences. FDR of the preliminary test statistics is well controlled by level

α. The adaptive fusion estimators selected by the GIC with κm = logm and

2 logm show lower FDR when FDR control level α is as high as 0.10 and

0.20. When α is as low as 0.05, there exist no significant differences between

the preliminary test statistics and the FLSA.
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σm
FDR TPR FDR

(α) prelim κm = 2 logm 2 logm prelim κm = 2 logm 2 logm

mean vector µ∗

0.2 0.05 0.98 1.00 0.99 0.99 0.03 0.01 0.01 0.02
(73.7/75) (74.7/75) (74.6/75) (74.5/75) (2.0/75.7) (1.0/75.7) (1.0/75.7) (1.2/75.7)

0.10 0.99 1.00 1.00 1.00 0.05 0.04 0.04 0.04
(74.2/75) (74.9/75) (74.9/75) (74.9/75) (3.9/78.2) (3.2/78.2) (3.2/78.2) (3.3/78.2)

0.20 0.99 1.00 1.00 1.00 0.10 0.09 0.09 0.09
(74.5/75) (75.0/75) (75.0/75) (75.0/75) (8.0/82.5) (7.5/82.5) (7.5/82.5) (7.5/82.5)

0.5 0.05 0.33 0.34 0.34 0.33 0.04 0.04 0.03 0.05
(25.0/75) (25.2/75) (25.2/75) (24.8/75) (1.0/26.1) (0.9/26.1) (0.9/26.1) (1.3/26.1)

0.10 0.39 0.39 0.40 0.39 0.07 0.07 0.05 0.07
(29.0/75) (29.2/75) (29.9/75) (28.9/75) (2.3/31.3) (2.1/31.3) (1.4/31.3) (2.3/31.3)

0.20 0.45 0.46 0.50 0.48 0.14 0.13 0.05 0.08
(33.8/75) (34.3/75) (37.7/75) (36.2/75) (5.7/39.5) (5.2/39.5) (1.8/39.5) (3.3/39.5)

mean vector µ∗∗

0.2 0.05 0.99 1.00 1.00 1.00 0.05 0.04 0.04 0.04
(74.1/75) (74.9/75) (74.8/75) (74.8/75) (3.7/77.8) (2.9/77.8) (3.0/77.8) (3.0/77.8)

0.10 0.99 1.00 1.00 1.00 0.10 0.09 0.09 0.09
(74.5/75) (75.0/75) (75.0/75) (75.0/75) (7.9/82.4) (7.4/82.4) (7.4/82.4) (7.4/82.4)

0.20 1.00 1.00 1.00 1.00 0.19 0.19 0.19 0.19
(74.8/75) (75.0/75) (75.0/75) (75.0/75) (17.8/92.5) (17.5/92.5) (17.5/92.5) (17.5/92.5)

0.5 0.05 0.33 0.33 0.34 0.33 0.05 0.05 0.04 0.06
(25.0/75) (25.0/75) (25.2/75) (24.8/75) (1.3/26.2) (1.2/26.2) (1.0/26.2) (1.5/26.2)

0.10 0.40 0.40 0.42 0.41 0.10 0.09 0.05 0.08
(29.8/75) (30.1/75) (31.5/75) (30.5/75) (3.3/33.1) (3.0/33.1) (1.6/33.1) (2.6/33.1)

0.20 0.48 0.48 0.56 0.55 0.20 0.18 0.05 0.08
(35.7/75) (36.3/75) (42.4/75) (41.0/75) (8.7/44.4) (8.1/44.4) (2.1/44.4) (3.4/44.4)

Table 5.3: True positive rate (TPR) and false discovery rate (FDR) for mean

vectors without (µ∗) and with (µ∗∗) a staircase and 4 changepoints, average

of 100 repetitions: the FDR of the preliminary test statistics is controlled by

α = 0.05,0.10 and 0.20 with σm = 0.2,0.5. Numerators and denominators are

displayed in parentheses.
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Chapter 6

Conclusion

In this thesis, we have proposed a two-stage procedure for selection of

the tuning parameters (λ1, λ2) of the FLSA. At the first stage, the fusion

parameter λ2 is selected by the GIC with tuning parameter κm = 2 logm.

And at the next stage, λ1, the tuning parameter of the `1 penalty, can be

chosen decision-theoretically so that the number of rejections is equal to that

of the preliminary test statistics. The FLSA determined by this procedure

leads to better identification of the true signals reducing the false discovery

rate under some regularity conditions.

As seen in Chapter 3, under the assumptions of Theorem 3.2, false change-

points remain only in staircase blocks. These falsely segmented blocks have

either small block lengths or similar mean values. Hence, the false change-

points can be denoised by post-selection procedures such as given in Lin et al.

(2016).

The GIC selection procedure for the fusion parameter λ2 can be theoreti-

67



cally justified only under the assumption of the independent Gaussian noises.

If this assumption is not satisfied, theoretical justification of Theorem 4.1 is

not valid any more. For extension to the non-Gaussian or correlated noises,

further study is required.

In numerical study, we find that when noise level is unignorably high, per-

formance of slightly over-fitted models is better than that of the preliminary

test statistics, giving lower FDR. This is because the theoretically optimal

GIC with κm = 2 logm often chooses severely under-fitted models when the

assumption is violated. Meanwhile, theoretically sub-optimal models such

as those selected by the GIC with κm = logm less often chooses under-fitted

model even in the case of high noise level. Hence, when the noise level is

non-ignorable, tuning parameter κm = logm may be better in practice.
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국 문 초 록

Fused lasso signal approximator의 조절모수 선택

Tuning parameter selection for the fused lasso signal approximator

본논문에서는 fused lasso근사기(fused lasso signal approximator; FLSA)

의조절모수선택방법을제안하였다. FLSA는 인접한평균값의차이에대

해 벌점을 부여하므로 구간 상수(piecewise constant) 구조를 가지는 평균

벡터를 복원하는 방법으로 사용될 수 있다. 다른 벌점 회귀방법과 같이

FLSA의모형선택과추정의특성은조절모수의선택에영향을받는다. 본

논문에서는변화점(changepoint)탐색을위한최적 fusion모수의이론적성

질을제시한다.또한, fusion모수를결정하기위한실용적인절차로일반화

정보량(generalized information criteria; GIC)을제안하고이에대한이론적

근거를 제시하였다. 이와 같이 선택된 통계량은 구간 상수 구조를 가지는

평균모형의특성을활용하고있으므로이러한구조를활용하지않은다른

통계량들에 비해 낮은 오류 발견율(false discovery rate; FDR)을 보인다.

주요어 : 다중변화점, fused lasso 근사기, 조절모수 선택, 오류 발견율.

학 번 : 2013-30082
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