Proceedings of the Royal Society of Edinburgh, 136A, 445-472, 2006

On the centre of two-parameter quantum groups

Georgia Benkart
Department of Mathematics, University of Wisconsin, Madison,
WI 53706, USA (benkart@math.wisc.edu)

Seok-Jin Kang

Department of Mathematical Sciences, Seoul National University,
San 56-1 Shinrim-dong, Kwanak-ku, Seoul 151-747, Korea
(sjkang@math.snu.ac.kr)

Kyu-Hwan Lee
Department of Mathematics, University of Connecticut, Storrs,
CT 06269, USA (khlee@math.uconn.edu)

(MS received 8 April 2004; accepted 28 July 2005)

‘We describe Poincaré—Birkhoff-Witt bases for the two-parameter quantum groups

U = Uy s(sly) following Kharchenko and show that the positive part of U has the
structure of an iterated skew polynomial ring. We define an ad-invariant bilinear
form on U, which plays an important role in the construction of central elements. We
introduce an analogue of the Harish-Chandra homomorphism and use it to determine
the centre of U.

1. Introduction

In this paper we determine the centre of the two-parameter quantum groups U =
U, s(sl,), which are the same algebras as those introduced by Takeuchi in [35,
36], but with the opposite co-product. As shown in [4, 5], these quantum groups
are Drinfel’d doubles and have an R-matrix. They are related to the down—up
algebras in [2,3] and to the multi-parameter quantum groups of Chin and Musson [8]
and Dobrev and Parashar [10]. In the analogous quantum function algebra setting,
allowing two parameters unifies the Drinfel’d—Jimbo quantum groups (r = ¢, s =
g~1) in [11] with the Dipper-Donkin quantum groups (r =1, s = ¢~1) in [9].

For the one-parameter quantum groups U, (g) corresponding to finite-dimensional
simple Lie algebras g, there is a sizeable literature [7,15,21-28,30-32,37-39] deal-
ing with Poincaré-Birkhoff-Witt (PBW) bases. For the multi-parameter quantum
groups associated with g of classical type, Kharchenko [21] constructed PBW bases
by first determining Grobner—Shirshov bases for them. We show in this paper that
Kharchenko’s results, when applied to the algebra U = U, ,(sl,), yield useful com-
mutation relations, which enable us to prove that the positive part U' of U has
the structure of an iterated skew polynomial ring. As a consequence of that result,
Ut modulo any prime ideal is a domain. The commutation relations also play
an essential role in [6], where finite-dimensional restricted two-parameter quantum
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groups u, s(gl,,) and u, s(sl,,) are constructed when r and s are roots of unity. These
restricted quantum groups are Drinfel’d doubles and are ribbon Hopf algebras under
suitable restrictions on r and s.

Much work has been done on the centre of quantum groups for finite-dimensional
simple Lie algebras [1,12,19,28,29,34,37], and also for (generalized) Kac-Moody
(super)algebras [13, 16, 20]. The approach taken in many of these papers (and
adopted here as well) is to define a bilinear form on the quantum group which
is invariant under the adjoint action. This quantum version of the Killing form is
often referred to in the one-parameter setting as the Rosso form (see [34]). The next
step involves constructing an analogue £ of the Harish-Chandra map. It is straight-
forward to show that the map £ is an injective algebra homomorphism. The main
difficulty lies in determining the image of ¢ and in finding enough central elements
to prove that the map £ is surjective. In the two-parameter case, a new phenomenon
arises: the n odd and n even cases behave differently. Additional central elements
arise when n is even, which complicates the description in that case.

Our paper is organized as follows. In § 2, we briefly recall the definition and basic
properties of the two-parameter quantum group U = U, 4(sl,,). In § 3, we describe
the commutation relations which determine a Grébner—Shirshov basis and allow
a PBW basis to be constructed, and we prove that the positive part of U has an
iterated skew polynomial ring structure. The next section is devoted to the con-
struction of a bilinear form and the proof of its invariance under the adjoint action.
In the final section, we define a Harish-Chandra homomorphism £ and determine
the centre of U by specifying the image of ¢ and constructing central elements
explicitly.

2. Two-parameter quantum groups

Let K be an algebraically closed field of characteristic 0. Assume that @ is a finite
root system of type A, _1 with IT a base of simple roots. We regard & as a subset
of a Euclidean space R” with an inner product (-,-). We let €1,...,€, denote an
orthonormal basis of R"”, and suppose that IT = {o; =€¢; —€j41 | j=1,...,n— 1}
and that @ = {e; —¢; | 1 <i# j <n}.

Fix non-zero elements r, s in the field K. Here we assume r # s. Let U = U, 4(gl,,)
be the unital associative algebra over K generated by elements e;, f; (1 < j < n),

and af', bF' (1 < i < n), which satisfy the following relations:

(R1) the a;tl, b;tl all commute with one another and aiai_l = bjbj—1 =1;
(RQ) a,iej = 7A<€ia01j>ejai and alf] — r7<6i’aj>fjai;

(R3) biej — S<€i’aj>6jb7; and beJ — S_<€i7aj>fjb7;;

(R4) es, f5] = T(Sijs(az‘biﬂ — ait1bi);
(R‘5) [eivej] = [fzvfj} =0if |7’ _j| > 17

(RG) 6?6i+1 - (’I“ + S)€i€¢+1ei + ’I“SeiJrle? =0,

2 2 )
eiez, — (1 + s)eir1eieir1 +rsej e, = 0;
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(R7)  fifiqr— (7! 71)fifi+1fi +rtsT i fE =0,
fifi2+1 - (Til )fz+1f1f2+1 + T71 - 12+1fi = 0.

Let U = U, 4(sly) be the subalgebra of U= U, s(gls) generated by the elements
e, fi wfl and (w})*! (1 <j < n), where

wj; = (ijj+1 and w;- = aj+1bj.
These elements satisfy (R5)—(R7) along with the following relations:
(R1') the wi™", (w})*! all commute with one another and w;w; " = wj(w}) ™' =1;
(R2') wie; = riccilglertile , and w; f; = r{eoa) s=(@r1.06) £,
(R3') wle; = T<€i+1’°‘-7>3<5i70‘-7’>ejw2 and W] f; = r*<€i+17aj>S*(éz‘,ay‘)fjw;,

di

r—Ss

(RY) [es, f;] = —L(wi — w)).

Let UT and U~ be the subalgebras generated by the elements e; and f;, respec-
tlvely, and let U 0 and U° be the subalgebras generated by the elements ajEl bil
1<i<nand w (u)l)jEl 1 <@ < n, respectively. It now follows from the deﬁnmg
relations that U has a triangular decomposition: U = U~U°U ™. Similarly, we have
U=U"U0.

The algebras U and U are Hopf algebras, where the a b are group-like ele-
ments, and the remaining co-products are determined by

This forces the co-unit and antipode maps to be

W

1,
ele;) = (f) =0, S(e)=-w;'e;, S(fi)=—filw)™"

Let Q = Z& denote the root lattice and set Q1 = @?:_11 Z>oa;. Then, for any
¢ =" ¢y € Q, we adopt the shorthand

we=wf W, we = (W) (W) (2.1)

LEMMA 2.1 (Benkart and Witherspoon [4, lemma 1.3]). Suppose that

n—1
(=) Gai€q.

i=1
Then
wee; = r*<5"+1’<>s*<€“<>eiw<, wefi=r (eit1.0) g flwg,

Wéei — r*(fi’OS*(eiﬂ,C)eiwé’ wgfi — pl€sQ) geir1,0) fiwg-
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There is a grading on U with the degrees of the generators given by
dege; = o, deg fi = —au, degw; = degw! = 0.
Then, since the defining relations are homogeneous under this grading, the algebra

U has a Q-grading:
U=

CeQ

+_ + -_ -
Ut= @ Ul and U= P U,
CeEQT CEQT
where Ugr =UTNU; and U, =U NU_.
Let A = @, Ze; be the weight lattice of gl,. Corresponding to any X € A is an
algebra homomorphism o* : U° — K given by

oMai) =N and  MNby) = sl (2.2)

We also have

For any A = Y7 | \ie; € A, we write

ax=a}t---a) and by =0b" b (2.3)

Let Ag = @?;11 Zwo; be the weight lattice of sl,,, where w; is the fundamental
weight

Z. n
wi=€1+"'+€i—*§ €5,
n <
Jj=1

and let
n—1
Af ={ e A | (o, A) =2 0 for 1 <i<n}= {le

i=1

l; € Z)o}

denote the set of dominant weights for sl,. We fix the nth roots r'/" and s'/”
of r and s, respectively, and define, for any A € A, an algebra homomorphism
0 :U% = K by

oMNwj) = pleiN) glei+1:A) and g)‘(w;-) — plE1,A) g€, A) (2.4)

In particular, if A belongs to A, then the definition of o*(w;) and o* (w}) coming
from (2.2) coincides with (2.4).

Associated with any algebra homomorphism v : U? — K is the Verma module
M (3p) with highest weight ¢ and its unique irreducible quotient L(t¢)). When the
highest weight is given by the homomorphism o* for A € Ay, we simply write M (\)
and L()) instead of M(o*) and L(o*).

LEMMA 2.2 (Benkart and Witherspoon [5]). We assume that rs~* is not a root of
unity, and let vy be a highest weight vector of M(\) for \ € /1;'[. The irreducible
module L(X) is then given by

L\ = M(/\)/ (lel Uff"“”lm).
i=1
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Let W be the Weyl group of the root system @, and let o; € W denote the
reflection corresponding to «; for each 1 < ¢ < n. Thus,

oi(N) =X — (A )y for A€ A, (2.5)

and o; also acts on Agy, according to the same formula.
Let M be a finite-dimensional U-module on which U acts semi-simply. Then

M= M,,
X

where each x : U’ — K is an algebra homomorphism, and
M, ={m e M | wym = x(w;)m and w;m = x(w;)m for all i}.

For brevity we write My for the weight space My for A € Ag.

PROPOSITION 2.3. Assume that rs~! is not a root of unity and that X € A;. Then
dim L(A),, = dim L(A) 5(,)

forall p € Agy and o € W.

Proof. This is an immediate consequence of [5, proposition 2.8 and the proof of

lemma 2.12]. O

3. PBW-type bases

From now on we assume that r + s # 0 (or equivalently, 7= 4+ s~! # 0), and the
ordering (k,1) < (i, ) always means relative to the lexicographic ordering.
We define inductively

Eij=¢e; and & j=eE 1, —r &1 e, i>7] (3.1)

The defining relations for U™ in (R6) can be reformulated as saying
Eivriei = s teiiv1in (3.2)
eir1€it1,i = 5_15i+1,i6i+1~ (3.3)

Even though the relations in the following theorem can be deduced from [21,
theorem A,], we include a self-contained proof in the appendix for the convenience
of the reader.

THEOREM 3.1 (Kharchenko [21]). Assume that (i,5) > (k,1) in the lexicographic
order. Then the following relations hold in the algebra U™ :

(1) & —r Y 00Ei; —Eii=01ifj=k+1;

(2) &€y —Ekilij=0ifi>k>21>jorj>k+1;

(3) &ijEra—s i€y =0ifi=k=j>lori>k>j=1;
(4)

4 gi,jgk,l — ’r’ilsilgk,lé’i,j + (Til — 571)5&3‘5@[ =0 ZfZ >k > j > [.
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Let E = {ei,ea,...,e,_1} be the set of generators of the algebra U+. We intro-
duce a linear ordering < on F by saying e; < e; if and only if ¢ < j. We extend this
ordering to the set of monomials in F so that it becomes the degree-lezicographic
ordering; that is, for u = ujus ---up and v = vivy - - - vy With u;,v; € E, we have
u < v if and only if p < q or p = ¢ and u; < v; for the first ¢ such that u; # v;.
Let Ag be the free associative algebra generated by E and § C Ag be the set
consisting of the following elements:

SiJSkJ — gk,lgi,j if i>k>l>jo0rj>k+1,
Eijry— 8 &y fi=k=j>lori>k>j=I,
>

gi,jgk,l - Tﬁlsilgk’lgi,j + (7“71 — 871)5]@1]'51'11 ifi>k>j>1.
The elements of S just correspond to relations (2)—(4) of theorem 3.1. Note that we
may take S to be the set of defining relations for the algebra U™, since S contains
all the (original) defining relations (R5) and (R6) of U™, and the other relations in
S are all consequences of (R5) and (R6).

The following theorem is a special case of in [21, theorem A,] and its conse-
quences. Also, one can prove it using an argument similar to that in [7] or [39,40].

THEOREM 3.2 (Kharchenko [21]). Assume that r,s € K* and r + s # 0. Then

(i) the set S is a Grobner—Shirshov basis for the algebra Ut with respect to the
degree-lexicographic ordering,

(il) Bo ={&i, j,€iz,ja iy | (1,51) < (in,J2) < -+ < (ip, Jp)} (lewicographical
ordering) is a linear basis of the algebra U™,

(iil) By = {€i, ji€irgo -~ €3y | (i1,51) < (i2,52) < -+ < (i, Jp)} (lewicographical
ordering) is a linear basis of the algebra U™, where e; ; = e;e;—1---¢e; for
1= 7.

REMARK 3.3. If we define F; ; inductively by
Fij=1f and Fi;=fiFi1;—sFi1fi, >],

and denote by f; ; the monomial f; ; = fifi—1---f;, ¢ = j, then we have linear
bases for the algebra U~ as in theorem 3.2. Note that U° and U°, which are group
algebras, have obvious linear bases. Combining these bases using the triangular
decomposition U = U~U°U+ and U = U-U°U*, we obtain PBW bases for the
entire algebras U and U, respectively.

Now we turn our attention to showing that the algebra U™ is an iterated skew
polynomial ring over K and that any prime ideal P of U is completely prime
(that is, UT/P is a domain) when r and s are ‘generic’ (see proposition 3.6 for
the precise statement). Our approach is similar to that in [33], which treats the
one-parameter quantum group case. Recall that if ¢ is an automorphism of an
algebra R, then ¥ € End(R) is a y-deriwation if ¥(ab) = 9(a)b + p(a)d(b) for all
a,b € R. The skew polynomial ring R|z; ¢, ] consists of polynomials Y, a;z’ over
R, where za = ¢(a)r + ¥(a) for all a € R.
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For each (7,7), 1 < j <@ < n, we define an algebra automorphism ¢; ; of U by
©ij(u) = wai+...+ajuw;i1+___+aj for all u € U.
Using lemma 2.1, one can check that if (k,1) < (i,7), then

Tﬁlgk,l lfj =k+1,

Eril ifi>k>2l>jorj>k+1,
eii (ki) =4 7] o . . .

57 &k ifi=k>j>lori>k>j=I,

r—ls—lng ifi>k>j>l.

Hence, the automorphism ¢; ; preserves the subalgebra U;rj of U generated by
the vectors & for (k,1) < (4,7). We denote the induced automorphism of U{j‘j by
the same symbol ¢, ;.

Now we define a ¢; j-derivation 9; ; on Ufj by

5i,la .7 =k + 17
Vi (k) = &ij€hy — 0ii(Era)Eiy = (rt —s Y& ;Einy i>k>=5>1,
0 otherwise.

It is easy to see that ), ; is indeed a ¢, j-derivation (cf. [33, lemma 3, p. 62]). With
@;,; and ¥; ; at hand, the next proposition follows immediately.

PROPOSITION 3.4. The algebra U™ is an iterated skew polynomial ring whose struc-
ture is given by

Ut =KE11][E21:02,1,P21] -+ [En—1n—1; Pn—1.n—1, On—1,n—1]- (3.4)
Proof. Note that all the relations in theorem 3.1 can be condensed into a single
expression:

Ei i€k = i j(Ek1)Eij + Vi j(Ekr)s  (4,7) > (k,1). (3.5)
The proposition then easily follows from theorem 3.2. O
The other result of this section requires an additional lemma.
LEMMA 3.5. The automorphism ¢, ; and the p; j-derivation ¥; ; of Ufj satisfy
iV =rs Vi i

Proof. For (k,l) < (i,7), the definitions imply that

sT1E, if j=k+1,
(‘Pi,jﬂi,j)(gk,l) = (7"71 — 871)872gk’j€i’l ifi>k 2] > l,
0 otherwise.

On the other hand, for (k,1) < (4, 7),

1 ifj=k+1,
(ﬂi,j@i,j)(é‘k,l) = (7‘_1 — S_l)r_ls_lgk’jgu ifi>k>j>1,
0 otherwise.

Comparing these two calculations, we arrive at the result. O
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We now obtain the following proposition.

PROPOSITION 3.6. Assume that the subgroup of K* generated by r and s is torsion-
free. Then all prime ideals of UT are completely prime.

Proof. The proof follows directly from proposition 3.4, lemma 3.5 and [14, theo-
rem 2.3]. O

4. An invariant bilinear form on U

Assume that B is the subalgebra of U generated by ej, wfl, 1<j<mn,and B

is the subalgebra of U generated by f;, (wg)il, 1 < j < n. We recall some results
in [4].

PROPOSITION 4.1 (Benkart and Witherspoon [4, lemma 2.2]).  There is a Hopf

pairing (+,+) on B'x B such that, for z1,22 € B, y1,y2 € B’, the following properties
hold:

(1) (Lz1) =e(z1), (y1,1) = e(y1);
(i) (y1,2122) = (AP (Y1), 71 @ T2), (Y192, 71) = (Y1 @ Y2, A(z1));
(iii) (S_l(y1)7x1) = (y1,5($1));

It is easy to prove for A € @ that

w,) = (wpw-x) and  oMwu) = (W, wp)- (4.1)

From the definition of the co-product, it is apparent that

Ax) € @ Ul w,@US forany z €U},

osr<p

where ‘<’ is the usual partial order on @Q : v < p if u — v € Q. Thus, for each i,
1 <4 < n, there are elements p;(z) and pi(x) in U:_ai such that the component

of A(z) in Uf , w; ®UJ is equal to p;(z)w; ® e;, and the component of A(x) in
Ut wp—a, @U . is equal to ejw, o, ® pj(x). Therefore, for 2 € U,, we can write

n—1
Alx)=2z®1+ Zpi(x)wi ®e;+ ¢
i=1

n—1
=w,®T+ Z eiWu—a; @ Pi(T) + <2,
i=1
where ¢; and ¢ are the sums of terms involving products of more than one e; in
the second factor and in the first factor, respectively.



The centre of two-parameter quantum groups 453

LEMMA 4.2 (Benkart and Witherspoon [4, lemma 4.6]). For all z € UC+ and all
y € U™, the following hold:

() (fiy.2) = (fised)(y,pi(@)) = (s =)~ (y. pi(@));
(i) (yfix) = (fiea)(y,pi(2)) = (s = )~ (y, pi(2));
(iii) fiz —afi = (s — )" (pi(2)wi — wip}(@)).

COROLLARY 4.3. If ¢, € QF with ¢ # (', then (y,z) = 0 for all x € U;‘ and
Yy E U:C"

LEMMA 4.4. Assume that rs—1 is not a root of unity and ( € Q% is non-zero.
(a) Ify € UZ; and le;,yl =0 for all i, then y = 0.
(b) Ifz € Ugr and [fi,x] = 0 for all i, then x = 0.

Proof. Assume that y € U—_C and that [e;, y] = 0 holds for all 4. From the definition
of M(\) and lemma 2.2, we can find a sufficiently large A € Aj[ such that the map

UZ; = L(N), U ULy,
is injective, where vy is a highest weight vector of L(A). Then
Uyvy = U U Ut yvy = U yUU vy = U yuy C L(N)

so that Uyuvy, is a proper submodule of L(\), which must be 0 by the irreducibility
of L(\). Thus, yvy = 0 and y = 0 by the injectivity of the map above. We can now
apply the anti-automorphism 7 of U defined by

T(e;)=fi, T(f))=-¢ei;, 7T(w)=w; and 7(v}) =uw,

to obtain the second assertion. O

LEMMA 4.5. Assume that rs~! is not a root of unity. For ( € QF, the spaces UC+
and UZ. are non-degenerately paired.

Proof. We use induction on ¢ with respect to the partial order < on Q. The claim
holds for ¢ = 0, since U, = K1 = U and (1,1) = 1. Assume now that ¢ > 0, and
suppose that the claim holds for all v with 0 < v < (. Let x € UZF with (y,2) =0
for all y € UZ,. In particular, we have, for all y € U—_(C—ai)’ that

(fiy,z) =0 and (yfi;,z)=0 foralll<i<n.

It follows from lemma 4.2(i) and (ii) that (y,p}(z)) =0 and (y,p;(z)) = 0. By the
induction hypothesis, we have p}(z) = p;(x) = 0, and it follows from lemma 4.2(iii)
that f;x = xf; for all i. Lemma 4.4 now applies, to give x = 0, as desired. O

In what follows, p will denote the half-sum of the positive roots. Thus,

n—1

p= % da=>Y mi=5(n-Da+m-3)a+ +(n-1)-2(n-1))e,). (4.2)

a>0 =1
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It is evident from the triangular decomposition that there is a vector-space iso-
morphism

P v w, Het"suf S U
BvEQT
This guarantees that the bilinear form which we introduce next is well defined.

DEFINITION 4.6. Set

1 -1 _
(g, wnwom | (yrwy, wnwoua1) = (g, 1) (Y1, ) (wn, we, ) (wn, , we) (rs~ 1))

forallz e UF,x1 €Ut ,ycU-,,yn €U, , pp1,v,v1 € QT and all n, 11, 6,61 €

1

Q. Extend this linearly to a bilinear form (-,-) : U x U — K on all of U.

Note that

-1 -1
((yw, Jwpwsr | (yrwy, )wy, we, 1)
-1 -1
= (yw,, | @1) - {wpwy | wy we, ) - (@ [ yaw), ). (4.3)
So the form respects the decomposition
P v w, Het"sUf U
BvEQT

The following lemma is an immediate consequence of the above definition and
corollary 4.3.

LEMMA 4.7. Assume that u, p1,v,v1 € Q™. Then
(-, U |U-, U0 ) =0
unless =11 and v = ;.
Since U is a Hopf algebra, it acts on itself via the adjoint representation,
ad(u)v = Z u(l)vS(u(g)),
()
where u,v € U and A(u) = 32, u(1) ® u(a).
PROPOSITION 4.8. The bilinear form (- | -) is ad-invariant, i.e.
(ad(u)v [ v1) = (v | ad(S(u))v1)
for all u,v,v; € U.

Proof. Tt suffices to assume w is one of the generators w;, w;, e;, f;. Also, without
loss of generality, we may suppose that
We,T1,

-1 —1
v = (yw, )w;]w(,;x and v = (y1w), )w;1

where x € Uf, y € UZ,, 21 € Ul , y1 € U, and p,v, 1, vy € QF.

1 1
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CasE 1 (u = w;). From the definition, ad(w;)v = wow; ! = rlen=v)gletin=rly,
so that
(ad(w;)v | v1) = rlen) glettn=v) (4 | ),

On the other hand, we have
ad(S(w;))v1 = wy tvgw; = rle—m glernvizimly,
which implies that

(v] ad(S(w;))vy) = rleormmdglammmind | 4),

If (v ]| v1) # 0, then we must have v = pu; and v; = p by lemma 4.7. Thus,
pw—v=rv; —p and {ad(w;)v | v1) = (v | ad(S(w;))v1).

CASE 2 (u = w}). We have only to replace w; by w; and interchange ¢; and €;41 in
the argument of case 1.

CASE 3 (u = e;). This case is similar to case 4, below, so we omit the calculation.

CASE 4 (u = f;). Using lemmas 2.1 and 4.2(iii), we get

ad(fi)v = vS(fi) + fivS(w;) = —vfi(w) ™" + fiv(w;) ™!
= —y(wy) " wpwer fi(w) T + fiy(w,) T wjws(w)) T
= —y(w,) " wpws fiz(wi) 1+(S—7‘)‘1y(u/y)‘1w’wqapi( Jwi(w;) !
= (s = 1) hy(w,) T wjwswipi (@) (W) T+ fiy(wy) T wwen(w))
= —pleam=v)plennétm gledtm) gleavin—vly ¢ () Wia,)” 1wnw¢,a:
e ) foyl ) N
(s =)l )y () N i, pi(a)
— (5 —r)~trlemonmansleonmaiy () ) =] wpi(2).
Now

ad(S(fi))v1 = ad(—fi(w) ™ oy = —p~lrtmmr gl ad ( f)o,
We apply the previous calculation of ad(f;)v with v replaced by vy to see that
ad(S(f;))v1 = pleom—ri)(eitr,¢r14r1) glei,gr+v1) gleitr,m—va) yifi(w! W ) 1w W T
- T<6i+171j1 (enn) fzyl( u1+o¢1) 1UJ LW L1
_ (8 _ ?“)_ Lp—(eim—ai) pleivi,vi— 011>S<Ez7’/1 i) g= (€1, —q)
X Y1 (wt/ll)71w:71—a1w¢1+aipi(z1)
+ (s — T)_17-<€11+17V1—ai>8<€i77/1—0li>yl(wllll)_1w:71w¢1p;(x1>.

It follows from lemma 4.7 that (ad(f;)v | v1) and (v | ad(S(fi))v1) can be non-zero
when either (a) v + «; = p; and v1 = p, or (b) v = p; and v = p — .
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(a) By lemma 4.2(i), (ii), we have
(ad(fi)v | v1) = —rleomvhplenrnétm gle ot glern—v)
X (yfis 1) (g1, 2) (@, w5, ) (W, w) (rs™H) Prrey
At S (fry ) (g1, @) (@ w, ) (w,  we) (s~ P EeD

= A X (y17x)(w%,W¢1)(W;]1’u_)¢)(7’571)<P7V>’

where
A= —(s—r) tptemmplendtn) g(edtm learin=vlpg=1(y p. (1))
+ (s — T)_1r<€i+1aN>s<5i:H>rS_1(y,p;(wl))'
Similarly,
(v | ad(S(fi))vr) = B x (y1,2)(wy, we, ) (w, ) (rs™H) ),
where

= —(s— T)—lT—<€1t»#1—047:>7=(€z‘+17V1—ai>8<€i»'/1—0¢i>8—(€z‘+17#1—a7ﬁ>
X (why wi) (W) ™" wo) (g, pi(1))
+ (S _ T)flr(ewrl,ulfai)S(ei,mfai)(y,p;(zl))'
Comparing both sides, we conclude that (ad(f;)v | v1) = (v | ad(S(fi))v1)-

(b) An argument analogous to that for (a) can be used in this case. O

REMARK 4.9. It was shown in [4] that U is isomorphic to the Drinfel’d double
D(B, (B')°°°P), where B is the Hopf subalgebra of U generated by the elements
wjil, ej, 1 < j < n,and (B')°°P is the subalgebra of U generated by the elements
(cu;l)il7 f5, 1 < j < n, but with the opposite co-product. This realization of U
allows us to define the Rosso form R on U according to [18, p. 77]:

Rla®b|d @b)=,S(a)) (S~ (b),d’) fora,a’ € Band bt € (B')°P.

The Rosso form is also an ad-invariant form on U, but it does not admit the
decomposition in (4.3). Rather, it has the following factorization (we suppress the
tensor symbols in the notation):

-1 -1
Rizwgwy (W, y) | m1wg,wy, (W, y1))
—1 -1
= R(z |w,, 1) Rlwgwy [ wg,wy, ) - Rlwy,y [z1).  (4.4)
That is to say, the form R respects the decomposition

P vfet’e W, US,) ST
preEQT

For (n,¢) € Q x Q, we define a group homomorphism x, 4 : @ x @ = K* by

Xn.o (M, 1) = (W), we, ) (wy, wg), (M, ¢1) € @ % Q. (4.5)
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LEMMA 4.10. Assume that r*s' =1 if and only if k =1 = 0. If Xn.¢ = Xn', 4, then
(m,¢) = (', ¢").

Proof. If xpn.6 = Xn',¢, then

X6 (0, ;) = pleim) gleirnm) — Xy (0, 05) = plean’) glegrim’)

Since i mM={em ) glerim—(eGrn) = 1 it must be that (e;,7) = (¢;,7) for all
1 € j < n. From this it is easy to see that n = 7. Similar considerations with
Xn,6(0i,0) = X o (e;,0) show that ¢ = ¢'. O

PROPOSITION 4.11. Assume that r*s' = 1 if and only if k = 1 = 0. Then the
bilinear form (- | -) is non-degenerate on U.

Proof. 1t is sufficient to argue that if u € UZ,UU} and (u|v) =0 for all v €

U:#UOU;", then u = 0. Choose, for each y € Q%, a basis u’f,u’g,...,ug“, d, =
dim U,F, of Uf. Owing to lemma 4.5, we can take a dual basis v{, vy, ... ,vgu of
UZ,, 1e. (vf,uf) = &; ;. Then the set

{(WYw, whweut |1 < i< dy, 1<) <dyandn, ¢ € Q}
is a basis of U, U°U .. From the definition of the bilinear form, we obtain

-1 -1
((iw, wpwsu | (vgw), wy,we, uf)

= (v}, uf) (), ul) (W), we, ) (W), we ) (rs™ 1) )
= 03,107,1(W)y, wey ) (W), , we) (rs™ 1) ).
-1

;—1

3 — L. v !/ 12 _ M7 !/ v
Now write u =37, 0ijn.(viw, " wyweuf, and take v = (vgw), ~wp, we, U]

with 1 <k <d, and 1 <I<d, and m1,¢1 € Q. From the assumption (u | v) = 0

we have
> Ok (W), we, ) (W), we) (rs™) P =0 (4.6)
n,¢

for all 1 <k <d, and 1 <1< d, and for all n1,¢; € Q. Equation (4.6) can be
written as

D Orkns(rs™) P xp 6 =0

n,¢

for each k and [ (where 1 < k < d, and 1 <1< d,). It follows from lemma 4.10
and the linear independence of distinct characters (Dedekind’s theorem; see, for
example, [17, p. 280]) that 65, 4 = 0 for all n,¢ € @ and for all | and k. Hence,
we have u = 0 as desired. O
5. The centre of U = U, 4(sl,)
Throughout this section we make the following assumption:

rks! =1 if and only if k =1 =0. (5.1)
Under this hypothesis, we see that, for { € Q,

Us={z €U |wzw;t = rl0 410 5 and wiz(w]) ™t = rlarOglad 1 (5.2)
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We denote the centre of U by 3. Since any central element of U must commute
with w; and W} for all 4, it follows from (5.2) that 3 C Uy. We define an algebra
automorphism y~7 : U% — U° by

Y P(ag) =P a; and A TP(b;) = 5P, (5.3)

Thus,
Y (W) = (rsT )P ww (5.4)

DEFINITION 5.1. The Harish-Chandra homomorphism € : 3 — U? is the restriction
to 3 of the map
—-pP
Y Porm:Uy & U 2= U°,
where 7 : Uy — UY is the canonical projection.

PROPOSITION 5.2. & is an injective algebra homomorphism.

Proof. Note that Uy = U° & K, where K = @,., U, U°U is the two-sided ideal
in Uy which is the kernel of 7, and hence of €. Thus, £ is an algebra homomorphism.
Assume that z € 3 and {(z) = 0. Writing 2=} o+ 2, with 2z, € UZ, U,
we have zo = 0. Fix any v € QT \ {0} minimal with the property that z, # 0.
Also choose bases {yx} and {x;} for UZ, and U, respectively. We may write
2, = Zk,l Yrti, @ for some ty; € U°. Then

0=e;z— ze;

= Z(eiz'y — 2y€;) + Z(eiyk — yrei )tk + Zyk(eitk,m — lkmre;).

Y#EV k.l k,l

Note that e;y, — yve; € U, ,\U 0. Recalling the minimality of v, we see that only

the second term belongs to U, \U OUf. Therefore, we have

> (e — yres)te i = 0.
ol

By the triangular decomposition of U and the fact that {z;} is a basis of U}, we
get >4 eiyrtuy = > Ykeitk, for each [ and for all 1 <i < n.

Now we fix [ and consider the irreducible module L(\) for A € /12'[. Let vy be the
highest weight vector of L()), and set m = >, yxtr vx. Then, for each i,

eim = Z €iYrlr v = Z Yreiti,ox = 0.
k k

Hence, m generates a proper submodule of L(\). The irreducibility of L(\) forces
m = 0. Choosing an appropriate A € Aj[ with lemma 2.2 in mind, we have

> yktka = 0.
k

Since {yx} is a basis for UZ,, it must be that ¢;; = 0 for each k. But [ can be
arbitrary, so we get z, = 0, which is a contradiction. O
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PROPOSITION 5.3. If n is even, set
3= WIWS Wl WiW3 Wy = Q1+ Apby - by (5.5)
Then 3 is central and £(3) = 3.
Proof. We have

—(erteatFen,ai) g—(e1teat - +en i)

€3 =r 3e; =3e; foralll<i<n.

Similarly, f;3 = 3f; for all 1 <4 < n, so that 3 is central. Finally, observe that

£Gi3) = /r_<p1€1+52+"'+€n>s_(p7€1+€2+"'+5n>3 =3.

O

By introducing appropriate factors into the definition of the homomorphism o*
in (2.2), we are able to obtain a duality between U® and its characters. Thus, for
any \, ju € Agi, we let oM : U% — K be the algebra homomorphism defined by

Q)\’H(wj) — pl€A) glej1,A) (7"8_1)<aj’”>7

5.6
Qh,u(wg) = plet ) (6 A) (g 1) (e m) (56)
In particular, o*° is just the homomorphism o* on U°.

LEMMA 5.4. Assume that u = wywy withn, ¢ € Q. If oM (u) =1 for all \, u € Ag,
then v = 1.

Proof. We write n =, mic; and ¢ =Y, dia;. Then 0% (u) = 0™ (wjwy) =

rAigBi =1 foreach 1 <i < n, where

A = (e, wi)m + -+ (en, @Wi)p—1 + (€1, @) 01 + - - + (€n—1, Wi) Pr—1,
B, = (e1,wi)m + -+ (en—1, @Wi) -1 + (€2, i) P1 + - - + (€, Wi} Pr—1.

It follows from assumption (5.1) that A; = B; = 0. It is now straightforward to see
from the definitions that, for 1 <i < n,

i—1 . n—1 i . n—1
AiZan—%an-i-Z(bj—%Z%:O,

j=1 Jj=1 j=1 J=1

i i n—1 i—1 i n—1
Bi=) m——> mi+) &~ 6;=0.

j=1 j=1 j=1 J=1

After elementary manipulations we have n; = ¢; for all 1 < i < n and s =1y =

---=0and )
2 2
77127732"'252773‘:#7717
j=1
where [ = n if n is even and [ = £(n — 1) if n is odd. Therefore, u = 1 when n is

odd, and w = 3™, n; € Z, when n is even. Now, when n is even,

L= % ) = (" 3)" = (s,
Thus, 71 =0, and u = 1 as desired. O
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COROLLARY 5.5. Assume that u € U°. If ™" (u) =0 for all (\,p) € Agi X A,
then u = 0.

Proof. Corresponding to each (7, ¢) € @ x @ is the character on the group Ag x Ag
defined by

(A, 1) = oM (Wiwe).-

It follows from lemma 5.4 that different (1, ¢) give rise to different characters.
Suppose now that u = 0, yw;we, where 0, 4 € K. By assumption,

Z 0n7¢g’\’”(w;}w¢) =0

for all (A, u) € Agi X Agr. By the linear independence of different characters, 8, 4 = 0
for all (n,¢) € @ x @, and so u = 0. O

Set

= P Kujw ., (5.7)

neQ
0 UbO if n is odd, (5.8)
" D Kwywg, if n is even, .

where, in the even case, the sum is over the pairs (7, ¢) € @ x @ which satisfy the
following condition: if = 3" ' mia; and ¢ = 7' ¢y, then

m+or=m+¢3=- =01+ Pn_1, } (5.9)

M t+¢a=m+¢s=-=np2+dp2=0.

Clearly, Ub C U0 when n is even, as 3 € U0 \ U0
There is an actlon of the Weyl group W on U 0 defined by

(axbu) = ag(3)bo () (5.10)

for all \,u € A and o € W We want to know the effect of this action on a prod-
uct w’ nWe, where 1 = Zz L iy and ¢ =Y 11 ¢;a;. For this, write w/ W = ayby,
where = Z L i€, V= Zz 1 Vi€i, and
Hi = Mi—1 + P, Vi =1 + i1 (5.11)
for all 1 < ¢ < n (where g = 1, = ¢p = ¢, = 0). Then, for the simple reflection oy,
we have
ok(wywe) = ok(auby)
=ayb.a, "O"‘ baé” k)
:wnw¢(akak41-1) (ko) (bkbk_H) (v,ak)
( )08 (@ g 1By ) H) (b gy ) Ok
= Wl 1>ﬂk P (5 b
( )

:w;w¢ w wkl Nk—1— 77k+¢k*¢A+1(b};lbk+1)nk—1+¢k—1*nk+1*¢1¢,+1' (512)

/
= wUW¢ akbk_H
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From this it is apparent that the subalgebras U and U of U° are closed under
the W-action. Moreover, the W-action on U;) amounts to

/

o (wy,

W_y) = Wo(W_o(y forallo €W andne Q.
PROPOSITION 5.6. We have
0" () = M (o (u) (5.13)

for all u € Ut?; oceW and M\, p € Agy.
Proof. First, we show that ¢”)0(u) = o*%(¢~*(u)). Since

07100 ay) = (6T = =) = 4704 (ay)
and

Qoi(w]')»o(bk) — glenoi(@;)) — gloiler),@;) — QWj»O(gi(bk))
for 1 <i,5 <nand 1 <k < n, we see that (5.13) holds in this case. Next we argue

that o%#(u) = o"# (0~ (u)). It is sufficient to suppose that u = wjwy and o = oy,
for some k. Then (5.12) shows that

o (wWywe) = w;,w¢(w;cw;1)nk71—nk+¢,€_¢k+l.

Now, using the definition of ¢%#, we have QO’“(Uk(w;wd))) = QO’“(w;o%). Finally,
since oM (u) = o™0(u)o”*(u), the assertion follows. O
We define
UHY ={uel|ou)=u, Yo e W} and (U)W =U)nU)". (5.14)
LEMMA 5.7. Assume that u € U and o™*(u) = oM (u) for all \,u € Ag and
o€ W. Thenu € (UhO)W.

Proof. Suppose that u =3, 0y swyws € U satisfies o™ (u) = 0" (u) for all
A€ Agr and o € W. Then

D Onpo™ (whws) = D B0 N (wiwy)
(717¢) (Cad’)

for all A, € Agy. If Ky ¢ and /9271/} are the characters on Ag x Ag; defined by

Koo (M 1) = M (Whwy) and kL, (A, 1) = 07 MV (wiwy),

then

Z 9,,,05&,,,05 = Z 9(#,/@2#). (515)
(n,) (C)

Each side of (5.15) is a linear combination of different characters by lemma 5.4.
Now, if 0, 4 # 0, then r; 4 = r¢ , for some ((,1)). Moreover, for each 1 < j <n,

o0 25) = 0 (W) = (rs )8

0, (Wéww) — (r571)<<+w,wj->,

= Hé,w(oij) =0



462 G. Benkart, S.-J. Kang and K.-H. Lee
Thus, (n+ ¢, w;) = (( + ¢, w,) for all 7, and so
n+eé¢=¢+. (5.16)

Iftn= Z 0, o= Z pja;, (= Z ¢joyj and ¢ = Z 1ja;, then the equation
tin,¢(@i, 0) = K¢ 4 (4,0) along with (5. 16) yields

N1+ Qi1+ @i =G+ Y1+ and M1+ 0+ @1 = G+ G + s
(with the convention that ng = n, = ¢g = ¢n = (o = (n = Yo = ¥, = 0). Thus,
Ni—1 + Pi—1 = Nix1 + Pip1, 1<i<n. (5.17)

This implies that if 6, 4 # 0, then wxwd, € U As a result, u € Uy 0
By proposition 5. 6 oM (u) = (u )— oM (o Hu )) for all A\ € Agr and
o € W. But then u = o~ !(u) by corollary 5.5,s0 u € (Uh )W, as claimed. O

PROPOSITION 5.8. The image of the centre 3 of U under the Harish-Chandra homo-
morphism satisfies

£(3) < WY

Proof. Assume that z € 3. Choose p, A € Ag; and assume that (A, a;) > 0 for some
(fixed) value 4. Let vy, € M(o™*) be the highest weight vector. Then

20x = T(2)0n g = O ((2))or = 0P (E(2)Joa

for all z € 3. Thus, 2 acts as the scalar @*T7#(£(2)) on M (o™H).
Using [5, lemma 2.3], it is easy to see that

—(Nai), . o= (M),
o )T w; — 8 w;
eifi</\’ Hlv,\,u = <[<x\, ;) + 1]fi</\ : ;_ 5 )U/\,u =0,
where, for k£ > 1
b gk
k] = . 5.18
=" (518)

Thus, ejfl-o"o”> va,, = 0 for all 1 < j < n. Note that
(A i) Ao
Zfl o+ Ux,u = 7"-(2).](;;< >+1U}\,;L
— g‘”(’\J”’)*p”‘(ﬂ(z))fio"o"'Hlv)\
o Aai)+1
=0 ’(/\er)’”(f(z))fi( ai)+ Unp-
On the other hand, since z acts as the scalar p**#(£(2)) on M (M),

Zfi<)\,ai>+1v/\,y, _ QA—{-p,;L(é-(z))fi()\,ai>+1v/\’u.

Therefore,
QA+p,u(§(Z)) — QUi(A+P)7#(£(Z))_ (5.19)

Now we claim that (5.19) holds for an arbitrary choice of A € Ag. Indeed, if
(A, o) = —1, then A+ p = 0;(A + p), and so (5.19) holds trivially. For A such that
(A, o) < —1, we let X = g;(A+ p) — p. Then (N, a;) > 0 and we may apply (5.19)
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to A’. Substituting A = o;(\ + p) — p into the result, we see that (5.19) holds for
this case also.
Since i can be arbitrary, and W is generated by the reflections o;, we deduce that

oM (E(2) = 7N H(E(2)) (5.20)
for all A\, u € Ag; and for all ¢ € W. The assertion of the proposition then follows
immediately from lemma 5.7. U

LEMMA 5.9. z € 3 if and only ifad(z)z = (10¢)(x)z for allz € U, wheree : U — K
1s the co-unit and v : K — U 1is the unit of U.

Proof. Let z € 3. Then, for all z € U,

ad(z)z = Z:r(l)zS(x(g)) = sz(l)S(x(z)) = (1o¢e)(x)z.
() ()
Conversely, assume that ad(z)z = (10¢)(z)z for all z € U. Then

wizw; ' =ad(w;)z = (1oe)(wi)z = 2.

1

Similarly, wjz(w})~' = z. Furthermore,

0= (1oe)(e;)z = ad(ei)z = ;2 + wiz(—w; e; = e;2 — ze;

and
0= (1oe)(fi)z = ad(fi)z = 2(—filw)) ") + fiz(w)) ™" = (=2fi + fiz)(w) .
Hence, z € 3. O

LEMMA 5.10. Assume that ¥ : UZ,, x Ut — K is a bilinear map, and let (n,d) €
Q X Q. There then exists u € U__VUOU:[ such that

-1
(u] (ywy, " Jwn,we, ) = (wy,, we) Wy, we, )P (y, ) (5.21)
forallz € U, y € UZ, and (m,¢1) € Q x Q.

Proof. As in the proof of proposition 4.11, for each u € QT we choose an arbitrary
basis uf, ub, ..., us“ (dy = dimU}) of U} and a dual basis v/, vy, . .. ,ng of U,
such that (v, u!) =8, ;. If we set

i %y
u= Z v (v, uz’»’)vi”(wf,)_lw;w(bu?(rs_l)_<"’”>,
6,

then it is straightforward to verify that u satisfies equation (5.21). O

We define a U-module structure on the dual space U* by (z-f)(v) = f(ad(S(x))v)
for f € U* and « € U. Also we define a map 5 : U — U* by setting

B(u)(v) = (u|v) for u,veU. (5.22)

Then (3 is an injective U-module homomorphism by propositions 4.8 and 4.11, where
the U-module structure on U is given by the adjoint action.
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DEFINITION 5.11. Assume that M is a finite-dimensional U-module. For each m €
M and f € M*, we define ¢f,, € U* by ¢fm(v) = f(v-m),veU.

PROPOSITION 5.12. Assume that M is a finite-dimensional U-module such that

M= @ My and wt(M)cCQ.
Aewt(M)

For each f € M* and m € M, there exists a unique u € U such that
crm() = (u|v) forallveUl.
Proof. The uniqueness follows immediately from proposition 4.11. Since cy,y, de-

pends linearly on m, we may assume that m € M) for some A € Q. For

—1 —
V= (yw; )w;hw(lhxa T € U:—v y e U,l“ (7717(;51) € Q X Qa

we have

—1
crm(v) = cpm((yw;,  Jwy, we, )
1
= f((yw, )wy, wg, zm)

= 0" (W), we ) f((yw!, ™ am).

Note that (y,z) — f((yw/’i_l)xm) is bilinear, and (4.1) gives us

V—i—)\( /

v+
wp,) and (w5 we,) = 077

(w;h,w,,,,A) =0 w¢1)'
Thus,
crm(v) = (W, s w_v-2) (W x, we, ) f(y(wy,) " am),

and lemma 5.10 enables us to find w,, € UZ,UU,} such that ¢, (v) = (uy, | )
for all v € UZ,UU}.

Now, for an arbitrary v € U, we write v = E(w’) Uy With vy, € U:MUOUJ‘.
Since M is finite-dimensional, there is a finite set F of pairs (u,v) € Q X @ such
that

crm(v) = Cf7m< Z vW> for all v € U.

(n,v)eF

Setting u = Z(u vyeF Uvp and using lemma 4.7, we have

cf,m@):cf,m((z ): S epmlop)

wu,v)EF (u,v)EF
= > (o) = Y (V)= (u]v).
(p,v)EF (p,v)EF
This completes the proof. O

The category O of representations of U is naturally defined. We refer the reader
to [4, §4] for the precise definition. All highest weight modules with weights in Ay,
such as the Verma modules M(\) and the irreducible modules L(\) for A € Agy,
belong to category O.
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Assume that M is any U-module in category O, and define a linear map O :
M — M by
O(m) = (rsH)=PNm (5.23)

for all m € M, A € Ay. We claim that
Ou = S*(u)® foralluc U. (5.24)

Indeed7 we have only to check this holds when w is one of the generators e;, f;, w;
or wj, and for them the verification of (5.24) is straightforward.
For A € AL, we define fy € U* as given by the following trace map:

sD
f)\(u) = trL(,\)(UQ), u e U.

LEMMA 5.13. Assume that \ € Aj[ N Q. Then f\ € Im(B), where B is defined in
equation (5.22).

Proof. Let k = dim L()), and fix a basis {m;} for L(\) and its dual basis {f;} for
L(\)*. We now have

Ia(v) = trpn) (vO) Zcfl om; (v

By proposition 5.12, we can find w; € U such that ¢y, gm,(v) = (u; | v) for each i,
1<i<k. Set u= Zle u; such that

k
Blu)(v) =Y {ui | v) = Zcﬁ@m = Ia(v).
i=1

Thus, fy € Im(0). O

PROPOSITION 5.14. The element zy = (B~ (f\) is contained in the centre 3 for
each A € A;r[ NQ.

Proof. Using (5.24), we have, for all z € U,
(S™H(@) ) () = fa(ad(z)u

=trron Zx(l uS(z(2)) )

()

(

= try, A)< ZS 2(2))0z(1) )
(-
(

ZS x(Q) x(l))9>
(@)

=trpo uS<ZS l’(g)) )

= (voe)(w)trpn (uO) = (voe)(x) fr(u).

= tI‘L \)
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Substituting = for S~!(z) in the above, we deduce from ¢ oS = ¢ the relation
zfx = (voe)(@)fr
We can write
afx =288~ (fx) = Blad(S(x))87 1 (fx)
and
(roe)(x)fr = (1oe)(@)BB™ () = B((zoe)(@)67H(f2))-

Since (3 is injective, ad(S(z))371(f) = (1o&)(x)BL(f)). Since e 0 S~! = ¢, substi-
tuting « for S(z), we obtain

ad(z)B7H(fr) = (1oe)(2)B7 (fy) forall z € U.
Therefore, we may conclude from lemma 5.9 that 8=1(f)) € 3. O
This brings us to our main result on the centre of U.
THEOREM 5.15. Assume that v and s satisfy condition (5.1).
(i) If n is odd, then the map & : 3 — (UhO)W = (UHYW is an isomorphism.

(ii) If n is even, the centre 3 is isomorphic under & to a subalgebra of (UP)W
containing K[3,37'1 @ (U)W, i.e. K[3,37 ' @ (U)W C&(3) C (U?)W, where
the element 3 € 3 is defined in (5.5).

Proof. We set zy, = 371(fy) for A € 4], N Q and write
Zy = Z Zyy and  zyo = Z On.6WnWe,
v>0 (n,9)€QxQ
where 2, , € UZ,UU,f and 6, , € K. Then, for (n1,¢1) € Q x Q,
(2a | W) we,) = (200 | Whywe,) = Y Ons(wh, ,ws) (wh, we, )-
(n,9)
On the other hand,

(2a | Wy, we,) = B(2a) (W, we,) = falwy,ws,) = trpoy (W, ws, ©)

= 3" dim(L(A),) (rs 1) ) o (], wes,)
HEA

= 3 dim(LV),)(rs ™) (] ) (@ )-

HEA
Now we may write

D Oysxne = Y dim(L(N),)(rs )Py, .,

(n,¢) usy
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where the characters x, 4 are defined in (4.5). By assumption (5.1), lemma 4.10
and the linear independence of distinct characters, we obtain

{dim(L()\),,)(rs_l)_<’“7> ifn+¢=0,
n,¢ —

0 otherwise.
Hence,
Zn0 = Z dim(L()\)u)(rs*1)7<p’“>w;w_#,
HEA
and, by (5.4),
&(zx) = 0" (2r0) Zdlm ) )Wy W e (5.25)

n<A

Note that 3 = £(3) € (U YW when n is even. By propositions 5.2 and 5.8, it is
sufficient to show that (UO)W C £(3). For A € Af, N Q, we define

|W| > o(whwn) W] Z Wo () W—o(N)- (5.26)

ceW oceW

Remembering that, for each n € Q, there exists o € W such that o(n) € /1Jr naQ,
we see that the set {av()) | A € Af, N Q} forms a basis of (U?)". Thus, we have
only to show that av(A) € Im(¢) for all A € Af, N Q. We use induction on A. If
A =0, av(0) =1 = &(1). Assume that A > 0. Smce dim L(A),, = dim L(\) 5, for
all 0 € W (proposition 2.3) and dim L(\), = 1, we can rewrite (5.25) to obtain

E(z22) = [W]av(h) + WY dim(L(A),.) av(u),

where the sum is over u such that p < A and py € A:[ N Q. By the induction hypoth-
esis, we get av(\) € Im(&). This completes the proof. O

EXAMPLE 5.16. The centre 3 of U = U, 5(sl2) has a basis of monomials 3°C’, i € Z,
J € Z>p, where 3 = w'w (we omit the subscript since there is only one of them),
and C is the Casimir element,

sw 4+ rw’ et rw + sw'
= fed+ —-.
2 (r—s)2

T

Now

€@ =3 and &(C)= W+

Thus, the monomials 3°¢/, i € Z, j € Zxq, where ¢ = w + w’, give a basis for £(3).
The subalgebra (U?)" consists of polynomials in a := w’w’l + (W) lw = 2av(a).
Observe that a + 2 = 3712 € £(3), but we cannot express ¢ as an element of
K[3,37' @ (U)W, Since o((w)'w™) = (w')™w’, we see that (U%)" has as a basis
the sums (w')’w™ + (W) ™w’ for all £,m € Z, and hence K[3,3 7@ (U)W C £(3) =
(Uho)W = (U%)W, as no conditions are imposed by (5.9).
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Appendix A.
LEMMA A.1. The relations
(i) &j€ky —Eki&i;j =0, forizj>k+1210+1,
(i) & j€ky—r ki€ —Ei=0,forizj=k+1>1+1,
(iii) & je; — s te;&; =0, fori>j,
hold in U™.

Proof. The equations in (i) are obvious.
For (ii), we fix j and [ with j > [ and use induction on 4. If ¢ = j, this is just the
definition of &;; from (3.1). Assume that ¢ > j. We then have

1
51‘,]'5]‘—1,1 = 6151—1,]‘53'—1,1 - gi—l,jeigj—l,l
—1 —2 —1
=718 15 ey — 1 Eim1 i e — 1T Eim1,16

—1
=1 &1+ Ei

by part (i) and the induction hypothesis.
To establish (iii), we fix j and use induction on i. When ¢ = j + 1, the relation is
simply (3.2) with j instead of i. Assume that ¢ > j + 1. We then have

—1
Eijej = eifi1jej —r &1 jej€
—-1_-1

= s_lejeié’i,l,j —r s eEim e
=s"te;&
by (i) and induction. O
LEMMA A2, InUT,
(1) & &a—rts &+ (Tt —sY)e; & =0, fori>j > 1,
(ii) & ;Eky —Erili; =0, fori>k>1>j.
Proof. The following expression can be easily verified by induction on {:
Eijin—r s E T ey — s e € =0, 0> > (A1)

We claim that
gj+1,j_1€j — €j5j+17j_1 =0. (A 2)
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Indeed, we have e;&; ;1 = s7'&; j_1e; as in (3.3), and using this we get

-1 _—1
Eir1,5€55-1 =18 &i1€41,5

1

_— . . .. — _1 . . .. — - _1 .. . . _2 _1 .. . .
=ejp1€& -1 — 1 ejejal i1 — 1S & jmieipe 08T Ejj€ejej

I U B T L e S
=s &6 — 1 ejej&i1 — 1 s &g 1 7eE i 1€41
- -1
=511 — 1 €1 -1
On the other hand, we also have, from (A1),

1 —

— 1 —1 —1
Ejt1,i€5-1 —r s &€y =8 €51 — 1 € ey,

such that
(r s e — (r s e o1 = 0.

Since we have assumed that 7= 4 s=1 # 0, this implies (A 2).
Now to demonstrate that

&-’jek — ekgi,j =0, 1>k> 7 (A 3)
we fix k, and assume first that j = & — 1. The argument proceeds by induction on 3.

If ¢ = k+ 1, then the expression in (A 3) becomes (A 2) (with k instead of j there).
When ¢ > £+ 1,

—1
Eik—1er =€ 1 p—1€ — 1 Ei_1k—1€KE;

—1
=erei&ic1h-1—1 er€i1k—16 = €rEik_1.
For the case j < k — 1, we have by induction on 7,

-1

Cijer = Eijriejer =1 €& jriek
-1

= ekgi,j+1ej -Tr ekej&-,jﬂ

=&,

so that (A 3) is verified.

As a consequence, the relations in part (i) follow from (A1) and (A 3), while
those in (ii) can be derived easily from (A 3) by fixing 4, j and &k and using induction
on l. O

LEMMA A.3. The relations
(l) gi,jgk,j — S_lgk’jgi’j =0, fOTi >k >,
(ii) 5i,j5k,l — T_ls_l(‘:k,lgid + (7"_1 — 3_1)5k,j5i,l =0 fOT’i >k > j> [

hold in U™T.
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Proof. Part (i) follows from lemmas A.1(iii) and A.2(ii). For (ii), we apply induction
on l. When | = j — 1, part (i), and lemmas A.1(ii) and A.2(ii) imply that
€i,j€kj—1
= Eij€rjej—1 — 1 Eijej 1€y
= s Ep € 61 — 1 Eijejo1ny
= T_ls_lé'k,jejfl&yj + 8_15k,jg7;’j,1 — T'_2€j7157;,jgk"j — T_lgi’jflgk,j
= T718718k7j€j_1(€i7j + Silgk,jgi,j_l — T72871€j_15k7j(€i7j — Tﬁlgkngivj_l
=17l g€y + (5T =T Ek €yt
Now assume that | < j—1. Then &; je; = ,&; ; and & je; = €, ; by lemma A.1(i)
and so, by lemma A.1(ii), we obtain
Eii€ri =i kel — & je1Ch i
= T_ls_lgk’prlelgi’j + (8_1 — T_l)gk’jgi’l+1el
- 7’72571@5&14_1&7]' — 7"71(871 — 7’71)6[5]“7]'57;714,_1
=7 s &+ (s =T Ei
by the induction assumption. O
LEMMA A4. InUT,
51‘7]‘51‘7[ — Silgugid = O, ) Z] > 1. (A 4)
Proof. First consider the case i = j. If | = i — 1, the above relation is merely the
defining relation in (3.3). Assume that [ < ¢ — 1. By induction on [, we have
eifin = eiipier —r teier€i
=s & e —r s el e
=5t e
When ¢ > j, by induction on j and lemma A.2(ii), we get
Ei i1 =Eijr1ej€ir— 1t ei& 11
=& jm&ie; —r s e 8 i,
= s Elijriey — 1T e i
= S_lgi’lgi’j.

The proof of theorem 3.1 is now complete because we have

(1) <= lemma A.1(ii);

(2) (i) and lemma A.2(ii);

(3) <= lemma A.1(iii), lemma A.3(i), and lemma A .4;
(4) <= lemma A.2(i) and lemma A.3(ii).

<= lemma A.1
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