
Kac-Moody Lie Algebras, Spectral Sequences, and the Witt Formula
Author(s): Seok-Jin Kang
Source: Transactions of the American Mathematical Society, Vol. 339, No. 2 (Oct., 1993), pp.
463-493
Published by: American Mathematical Society
Stable URL: http://www.jstor.org/stable/2154281
Accessed: 14/11/2009 00:58

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=ams.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

American Mathematical Society is collaborating with JSTOR to digitize, preserve and extend access to
Transactions of the American Mathematical Society.

http://www.jstor.org

http://www.jstor.org/stable/2154281?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=ams


TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 339, Number 2, October 1993 

KAC-MOODY LIE ALGEBRAS, SPECTRAL SEQUENCES, 
AND THE WITT FORMULA 

SEOK-JIN KANG 

ABSTRACT. In this work, we develop a homological theory for the graded Lie 
algebras, which gives new information on the structure of the Lorentzian Kac- 
Moody Lie algebras. The technique of the Hochschild-Serre spectral sequences 
offers a uniform method of studying the higher level root multiplicities and the 
principally specialized affine characters of Lorentzian Kac-Moody Lie algebras. 

INTRODUCTION 

In the past 20 years, the theory of Kac-Moody Lie algebras has developed 
rapidly and with great success. Surprising connections to areas such as combi- 
natorics, modular forms, and mathematical physics have shown Kac-Moody Lie 
algebras to be of uncommon interest. The discovery of the Macdonald identi- 
ties gave rise to an intensive study of the class of affine Kac-Moody Lie algebras 
and their representations [Mcd]. The structure of such Lie algebras and their 
connections with other branches of mathematics and mathematical physics have 
been well-established and are being extensively investigated. 

The next natural step after the affine case is that of the hyperbolic Kac-Moody 
Lie algebras. One of the most ambitious goals of current research activity in 
infinite dimensional Lie algebras may be to construct geometric realizations of 
the hyperbolic Kac-Moody Lie algebras. Once that is accomplished, we will have 
a much deeper understanding of the structure of Kac-Moody Lie algebras and 
their connections with number theory. Unfortunately, many basic questions 
regarding the hyperbolic case are still unresolved. For example, the behavior of 
the root multiplicities is not well-understood. Feingold-Frenkel [F-F] and Kac- 
Moody-Wakimoto [K-M-W] made some progress in this area. They computed 
the level 2 root multiplicities for the hyperbolic Kac-Moody Lie algebras HA(') 
and HE(1) . Other important works on the hyperbolic Kac-Moody Lie algebras 
include [Fe2, Fr, LM, and M2]. Recently, V. Kac has informed the author that 
he also discovered a level 3 root multiplicity formula for HA(1) (unpublished). 

In this work, we develop a homological theory for the graded Lie algebras. 
Combining with the representation theory of affine Kac-Moody Lie algebras, 
we obtain new information on the structure of the Lorentzian Kac-Moody Lie 
algebras; i.e., Kac-Moody Lie algebras whose Cartan matrix has a Lorentzian 
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464 SEOK-JIN KANG 

signature. The technique of the Hochschild-Serre spectral sequences offers a 
uniform method of studying the higher level root multiplicities and the princi- 
pally specialized affine characters of Lorentzian Kac-Moody Lie algebras. 

More precisely, we start with the observation that any symmetrizable Kac- 
Moody Lie algebra can be realized as the minimal graded Lie algebra L = 
Enez Ln with the local part V D Lo D V* , where Lo is a "smaller" Kac-Moody 
Lie algebra, V is an integrable irreducible highest weight module over Lo, and 
V* is the contragredient of V in a suitable sense [Kang]. So L = G/I, where 
G = enEz Gn is the maximal graded Lie algebra with the local part VeLoe V*, 
and I = enEZ I' is the maximal graded ideal of G intersecting the local part 
trivially. In particular, when Lo is an affine Kac-Moody Lie algebra and V is 
the basic representation of Lo, we obtain a series of Lorentzian Kac-Moody Lie 
algebras (e.g., [F-F, K-M-W, Kang]). The idea is to study the structure of each 
homogeneous space Ln as a module over the affine Kac-Moody Lie algebra Lo. 
We note that G? = en>j G?, is the free Lie algebra generated by G1 = V* 
(respectively, G-1 = V). Thus we divide our study into two parts: the study 
of the free Lie algebra and the study of the maximal graded ideal. 

For the free Lie algebra, by a direct generalization of the proof of the classical 
Witt formula given in [Se], we obtain a character formula for the free Lie alge- 
bra, which we also call the Witt formula. The main ingredients of the proof are 
the Poincare-Birkhoff-Witt theorem and the Mobius inversion. For the maximal 
graded ideal, as 0. Mathieu pointed out (in private communication), one can 
use the exact sequences in [Kac2] to understand the structure of I. The main 
result of this work is the following reduction theorem: 

Let I be the graded ideal of the free Lie algebra G generated by the subspace 
Im of Gm for m > 2. Let P(A) = ZnJ>j>m I. Since Im generates I, P(A) is 
also a graded ideal of G generated by the subspace Ij. Consider the quotient 
Lie algebra L(i) = G/I(P). Then we have 

Ij+1 _ (V 0 Ij)1H3(L(j+I 

Thus we reduce the problem to computing H3(L(i)) . When j is the first non- 
trivial index, we can compute the homology modules using the Kostant formula 
[Ko, G-L, Liu]. For the higher levels, we invoke the technique of Hochschild- 
Serre spectral sequences and the five term exact sequences. Combining with the 
representation theory of affine Kac-Moody Lie algebras, we determine some of 
the boundary homomorphisms, and deduce new structural information on the 
maximal graded ideal. Applying this to certain Lorentzian Kac-Moody Lie alge- 
bras, we compute the principally specialized affine characters for certain higher 
levels. Furthermore, we compute the root multiplicities of the hyperbolic Kac- 
Moody Lie algebras HA(1) and HA(2) up to level 3. All the formulas obtained 
here are new. Comparing with Kac's result, we obtain a combinatorial identity. 
As far as we know, the formulas for levels higher than 3 are first computed here. 

1. PRELIMINARIES 

An n x n matrix A = (ai}) is called a generalized Cartan matrix if it satisfies 
the following conditions: (i) aii = 2 for i = 1, ... , n, (ii) aij are nonpositive 
integers for i :# j, (iii) aij = 0 implies aji = 0. A is called symmetrizable if 
DA is symmetric for some diagonal matrix D = diag(ql, ... , q,) with qi > 0, 
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qi e Q. A realization of an n x n matrix A of rank 1 is a triple (, 1, IlV), 
where l is a (2n - l)-dimensional complex vector space, fl = {a,, ... , an} 

and lIV = {av, .. ., av} are linearly independent indexed subsets of l and l, 
respectively, satisfying aj (ay') = aij for i, j = 1, ... , n . The Kac-Moody Lie 
algebra g(A) associated with a generalized Cartan matrix A is the Lie algebra 
generated by the elements ei, f1 (i = 1, ..., n) and l with the following 
defining relations: 

[h,h']=O forh,h'e , 
[ei . fj] = o5ijyoi for i, 1,., n , 

(1l .1l ) [h, ej] = aj(h)ej, [h, f]= -aj(h)fj forj= 1, ..., n, 

(ade1)I-aij(ej) = O for i, j = 1, ...,n with i#I j, 
(adfi)ljai(fi) = 0 for i, j = 1,..., n with i A j. 

The Kac-Moody Lie algebra g(A) has the root space decomposition 

g(A)= @ ga 
a04* 

where 
= {x e g(A)f[h, x] = a(h)x for all h e b} 

An element a e l * is called a root if a : 0. The space Oa is called the a-root 
space and dim Oa is called the multiplicity of a. Denote by n+ (respectively, 
n-) the subalgebra of g(A) generated by the elements ei (respectively, f ) for 
i = 1, ... , n. Then g(A) has the triangular decomposition g(A) = n- E EDn+ 

A g(A)-module V is called a highest weight module with highest weight A e 
l if there exists a nonzero vector v e V such that (i) n+ * v = 0, (ii) h * v = 
A(h)v for all h e l , (iii) U(g(A)).v = V, where U(g(A)) denotes the universal 
enveloping algebra of g(A). A highest weight module V with highest weight 
A has the weight space decomposition 

Z = (@ v1 

where 
VA = {v e Vlh * v = A(h)v for all he E}. 

It is easy to see that dim VA < 0 . We define the formal character of V to be 

chV= (dim V)e(A), 

where e(A) are the elements of the group algebra C[l*] with the multiplication 

e(A)e(G) = e(A + /u) for A, ,u e * . 

For a weight A = A - Fj kiai of V, we define deg(A) = Fj ki. Then setting 

Vj= e VA 
1: deg(l)=j 

defines the principal gradation of V: 

v=evj. 
j>0 
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We define the principally specialized character of V to be 

chq = (dim Vj)qj. 
j>O 

For each A E , there exists a unique irreducible highest weight module V(A) 
with highest weight A. If A is dominant integral, V(A) is integrable; i.e., all 
the es and fi (i = 1, ... , n) are locally nilpotent on V(A). 

An indecomposable generalized Cartan matrix A is said to be of finite type 
if all its principal minors are positive, of affine type if all its proper principal 
minors are positive and det A = 0, and of indefinite type if A is of neither 
finite nor affine type. A is of hyperbolic type if it is of indefinite type and all 
its proper principal submatrices are of finite or affine type. 

Let A = (aij) , j=O, 1. be a generalized Cartan matrix of affine type and let 

A = i, j= , I ,o ,.be the generalized Cartan matrix defined by 

a_,l= 2, &_I,O = &O,_l = -1, 
( 1.2) a_1,jX= aj, -l= O, for i= 1,. ... , l 

ai,j = ai,j, for i, j= O, 1, ..., l. 

Then A has a Lorentzian signature. The Kac-Moody Lie algebras whose Cartan 
matrix has a Lorentzian signature are said to be of Lorentzian type. Note that 
the matrix A is of hyperbolic type for small values of n. In this work, we 
study the structure of Kac-Moody Lie algebras g(A) of Lorentzian type, where 
A has the form (1.2). 

Let V = V(AO) be the basic representation of the affine Kac-Moody Lie 
algebra g(A) and let V* be the contragredient of V in the sense that V* is 
the space of all linear functionals on V which vanish on all but finitely many 
weight spaces of V. Hence V* is the irreducible lowest representation of 
g(A) with lowest weight -Ao. Let ( , ) denote the canonical bilinear pairing 
between V* and V. For x E g(A), v E V, v* E V*, we simply write (v*xv) 
for 

(v* * x, v) =-(x v*, v) = (v*, x * v). 

Choose a pair of dual bases {xIi E J} and {yjIi e J} of g(A) with respect to 
the standard invariant symmetric bilinear form defined on g(A) [Kac2, Chapter 
2]. Define a bilinear map 0: V* x V -* g(A) by 

(1.3) O(v*, v) = -(V*Xiv)yi. 
iEJ 

It is clear that the map k is well-defined. The space V E g(A) (D V* has a local 
Lie algebra structure with the Lie bracket defined as follows. 

(i) The Lie bracket in g(A) is the obvious one. 
(ii) The Lie bracket between g(A) and V (respectively, V*) is given by the 

g(A)-module action: 

[x,v]=x.v, [x,v*]=x.v*, forvEV, v*EV*, andxEg(A). 

(iii) The bracket between V and V* is given by the map 0: V* x V (A): 

[v*,v]=q$(v*,v) forv* E V* andv E V. 



KAC-MOODY LIE ALGEBRAS 467 

Thus there exist the maximal graded Lie algebra G = enEZ Gn and the 
minimal graded Lie algebra L = eflEz Ln with the local part V E g(A) E V* 
[Kac 1]. Note that Go = Lo = g(A). For n > 1, the homogeneous subspace 
G, (respectively, G-,) is spanned by all the brackets of n vectors from V* 
(respectively, V), and the grading on L is induced by that of G. We define a 
graded ideal I as follows. For n > 2, let 

I?n = {x e G?n (adGTI)n-lx = O} 
and define I = eDnEZ In. Set I? = eDn>i In?. Then the subspaces I and I? 
are all graded ideals of G, and I is the maximal graded ideal of G intersecting 
the local part trivially [B-K-M, F-F, Kacl, Kang]. Hence L = G/I. We write 
G? = En>1 G?n and L? = Dn>1 L?n. Then G+ (respectively, G-) is the 
free Lie algebra generated by V* (respectively, V) . 

Using the Gabber-Kac Theorem [G-K], we can prove that L is isomorphic to 
the Kac-Moody Lie algebra g(A) [F-F, K-M-W, Kang]. In particular, the ideal 
I+ (respectively, I-) is generated by the elements (ad v*)2 (ei) (respectively, 
(advo)2(f,)) for i = 0, 1,... ,1, where vo and v * are highest and lowest 
weight vectors of V and V*, respectively. Thus the ideal I+ (respectively, I-) 
is generated by the space I2 (respectively, I-2) . We denote by a- I, ao, ... , al 
the simple roots of g(A). Thus V is the irreducible highest weight module 
over g(A) with highest weight -a-1 and V* is the irreducible lowest weight 
module over g(A) with lowest weight a I. We will study the structure of the 
homogeneous subspaces Ln = Gn /In as modules over the affine Kac-Moody Lie 
algebra g(A). 

2. THE WITT FORMULA 

Let G = n>I Gn be the free Lie algebra with a finite set of (free) generators 
{xl, . x. , Xr}. Then we have the following well-known Witt formula [J2]: 

dim Gn =-E (d)r 

where , denotes the classical Mobius function. A nice proof is given in [Se]. 
The main ingredients of the proof are the Poincare-Birkhoff-Witt theorem and 
Mobius inversion. 

More generally, let X = {xi I i = 1, 2, 3, ... } be a totally ordered set (pos- 
sibly countably infinite) and let R be an (additive) partially ordered abelian 
semigroup with a countable basis such that each element a of R can be ex- 
pressed as a sum of elements of R which are less than or equal to a in only 
finitely many ways. Let G be the free Lie algebra on the set X. We make G 
an R-graded Lie algebra as follows. Define deg(x1) = i for ,i e R such that 
Hi < yj for i < j, and 

deg([[... [xi, Xirl].* ]Xir]) = jtii + * + Yir 

Let G) = {x E GI deg(x) = A} for A E R. Then G has the decomposition 
G = (e1)ER GA, and [GA, Gj] c GA+,, for A, ,u E R. If GA $A 0, we call A a 
root of G and G4 the A-root space of G. When all the root spaces are finite 
dimensional, we define the formal character of G to be 

ch G = Z dim GAe(A), 
1ER 
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where e(A) are the elements of the semigroup algebra C[R] with the multi- 
plication e(A)e(Cu) = e(A + /u). Similarly, we can define the roots, root spaces, 
and formal character for the universal enveloping algebra U(G) of G. Then by 
generalizing the proof of the Witt formula given in [Se], we obtain the following 
generalization: 

Theorem 2.1. Let S = {zjii = 1, 2, 3, ... } be the set of distinct degrees of the 
elements of X. Then the vector space V spanned by the elements of X has the 
following decomposition: V = ED' V1,. For z e R, set 

(2.1) T(r) ={(n) =(ni, n2, n3,***)InieZ>o, Z nizi=z}, 

and define 

(2.2) B(T) = z ((Z ni) - 1)! J (dim VT1) 
Hl(n i!) Tin 

(n) ET(T) 

Then 

(2.3) dim GA = ' (1) ,B(T), 

where z-A if A = k- for some positive integer k, in which case A/z = k and 
'r/A = 1/k. 
Proof. Let 1', Y2, Y3, ... be an enumeration of elements of R and let m, = 

dimGYS . For each s = 1, 2, 3, ... , let {eys,isIis = 1, ..., ms} be a basis of 
GYS . Then by the Poincare-Birkhoff-Witt theorem the vectors of the form 

en e nl, mle n2I1 e n2 2 enlt. en' mt 

lii 1 yI IMI Y2l Y2, m2 yt t 

are a basis of U(G). Thus dim U(G)A is the cardinality of the family {ni,j} 
such that 

(nl,I + + ni,m1)y + (n2,1 + + n2,m2)y2+ =)L 

But this is the coefficient of e(A) in the following formal expression: 
0.0 

fl(i + e(ys) + e(2ys) + e(3ys) + )ms 
s=1 

Therefore 

ch U(G) = (dim U(G)A)e(A) 
AER 
0.0 

= (1 + e(ys) + e(2ys) + e(3ys) + .)ms 
s=1 
00 1 

S= (1 - e(y)) e)) . 

On the other hand, let V be the vector space spanned by the set X. Then 
U(G) is the tensor algebra T(V) = C E V E (V X V) ED* on V. Thus we have 

ch U(G) = 1 + ch V + (ch V)2 + ...= 1 - 1 
1 - ch V - 1 -ZE'l(dim VT,)e(zi)~ 
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Therefore we obtain 

ci U(G) = 1Z (dim VT)e(I) (1 - e(A) dim G 

A~ER 

Using the formal power series log( 1 - t) = - Ej?= tm/m, we get from the 
left-hand side 

log ( lh ) =-log(l-ch V) = (chV) m 

1 ~ o 1chV \ m m=1 

= P (dim V,,)e(ti) 
001 ___ 

=E z ;jE z (n)! (dim V1) nie ( nizi) 

E ni=m 

= E E ((Zni) - 1)!(dimV nie(T) 

TER (n)ET(T) Hl(n1!) f(i T ~e 
= Z B(z)e(z).T 

TER 

From the right-hand side, we have 

log (11(1 - e(A)) -dim ) = 
G (dimGA) log (I (>,)) 

Z(dim GA) E e 
(') = E (E (dim GA)e(kU)) 

AER k=i A ER k= 1 

Therefore 

B (,) = , kdim GA - dim GA. 
A: T=kA AIT 

I 

Hence by Mobius inversion 

dimG =Z u i) B(z). 5 

Remark 2.2. We call the function B(z) the Witt partition function on V. The 
formula (2.3) will also be called the Witt formula. 

Let V = V(A) be an integrable irreducible highest weight module over a 
symmetrizable Kac-Moody Lie algebra g, and let G = en>I Gn be the free Lie 
algebra generated by V. Then G is also an integrable module over g, and G 
has the root space decomposition induced by the weight space decomposition 
of V. Let R = V with the usual partial ordering [Kac2]. Let S = {zjii = 

1, 2, 3, ... } be an enumeration of all the weights of V. Then by the Witt 
formula, 

dimGA = Z G) B(z), 

for A E . 
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Consider the principal gradation on V = em>0 Vm . Then each homogeneous 
space Gn is also principally graded induced by the principal gradation of V: 
Gn= mm>0 G(n, m) . We give a new gradation to V by setting 

(2.4) Vm+l =Vm form>O. 

Thus we have V = Dj>1 Vj . Then this induces a new gradation on Gn: 

Gn = W G(n, ,i) 
j>n 

where G(n, j) are given by 

(2.5) G(n,n+m) = G(n,m) for m > O. 

Let R = {(r, s) E Z x Zir > 1, s > 1} with the lexicographic ordering. Let 
S = {(l, I)1j E Z>1} and for a pair of positive integers r, s, let 

T(r, s) ={(n) =(ni, n2, n3, ...)Inj e Z>o, E nj = r, Z ni = s} 
Note that the set T(r, s) corresponds to the set of partitions of s into r parts. 
Then by the Witt formula, we obtain 

dim G(n, m)= dim G(n, n+m) 
(2.6) = + ((n,n++m) (r, s) 

L.. ~ k(r, s)) (n, n + m) Br ) 
(r,s)I(n,n+m) 

where B(r, s) is defined by 

(2.7) (n)ET(r,s) 
s l(n!) I 

= z ((Znj)-)! (dim V 

Hence the principally specialized character of Gn is given by 

chqGn = (dimG(n,m)) qm 
m>O 

(2.8) = z ( (r)I+m)E ((nr,n+sm)) (n, + m) B(r, s)) qm 

3. HOCHSCHILD-SERRE SPECTRAL SEQUENCES 

Let G be a Lie algebra and V a module over G. We define the space 
Cq(G, V) of q-dimensional chains of the Lie algebra G with coefficients in V 
to be Aq(G) 0 V. The differential dq: Cq(G, V) - Cq-i(G, V) is defined by 
the formula 

dq(gA ...Agq0v) 

= (-1 )s+t 1 ([gs,~ gt] A g, A ***A g A ... A'g A * *A gq)O@v 
(3.1) 1<s<t<q 

+ E (-l)s(g1 A ... A' A ... A gq) o gs v, 
1<s<q 
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where v E V, gi, ...,gq E G. For q < O, we define Cq(G, V) = 0 and 
dq = 0. Then we have dq o dq+i = 0. The homology of the complex (C, d) = 

{Cq(G, V), dq} is called the homology of the Lie algebra G with coefficients 
in V, and is denoted by Hq(G, V). When V = C, we write Hq(G) for 
Hq(G, C). 

We shall be interested in the cases where G, V, and Cq(G, V) are com- 
pletely reducible modules in category a over a Kac-Moody Lie algebra g(A), 
with dq being g(A)-module homomorphisms, so that Hq(G, V) are modules 
over g(A). 

Let I be an ideal of G and L = G/I. We define a filtration {Kp = KpC} 
of the complex (C, d) by 

(3.2) KpCp+q = {gi A g2 A A gp+q 09vlgi e I for p + 1 < i < p + q}. 

This gives rise to a spectral sequence {Ep,q, dr: Ep,q -+ Ep_rq+r-} such that 
Ep2q Hp (L, Hq(I, V)) [H-S, Mc, Mo-T]. The terms Epq are determined by 

(3.3) EPr+; = Ker(dr: Ep,q Ep_r,q+r.q)/Lm(dr: Epr+r,q-r+l Ep;q) 

with boundary homomorphism dr+i: Eprq Epr-rl q+r' For each p, q, the 
modules Ep,q become stable for r > max(p, q + 1), and the stable module is 
denoted by Ep??q The spectral sequence {Ep q, dr} converges to H(G, V) in 
the following sense: 

(3.4) H,(G, V)= e Epq - 
p+q=n 

When we have a convergent spectral sequence {Ep q, dr} as above, we have 
the following exact sequence [C-E]: 

H2 - -E22o *E2,I H1 -* E2 0. 

In the above case, the following sequence is exact: 

H2(G, V) H2(L, Ho(I, V)) -- Ho(L, H1(I, V)) 

H1(G, V) -- HI(L, Ho(I, V)) -- 0. 

This sequence is called the Hochschild-Serre five term exact sequence. To sum- 
marize: 

Theorem 3.1. Let G be a Lie algebra and V be a module over G. Let I 
be an ideal of G and let L = G/I. Then there exists a spectral sequence 
{Epr q, dr: Ep q + Epr-r q+r-I} converging to H*(G, V) such that 

(3.5) Ep2 c-_ Hp (L,~ Hq (I,~ V)) . 

Moreover, the following sequence is exact: 

As anaplicH2(Ga V) TH2(L, How(I V)) e Ho(Lli H (I m V)) 
(3.6)~ ~ ~ ~~H y (G, V) --+HI(L, Ho (I,V)) --+0. 

As an application of Theorem 3. 1, we have the following lemma. 
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Lemma 3.2. Let g(A) be a Kac-Moody Lie algebra and let G = en>i Gn be the 
free Lie algebra generated by a g(A)-module G1 = V. Let I = en>m I, be the 
graded ideal of G generated by the 9(A)-submodule Im of Gm for m > 2 and 
let L = G/I. Then we have an isomorphism of g(A)-modules 

(3.7) H2(L) I 'Im. 

Proof. Note that L = e3n>i Ln is also a graded Lie algebra generated by the 
subspace L1 = G1. For the trivial module C, the Hochschild-Serre five term 
exact sequence becomes 

H2(G) -+ H2(L) -+ Ho(L, H1(I)) -+ H1(G) -+ H1(L) -+0. 

Since 

H1(L) _C0L/[L,L]-L1 and H1(G) C0XG/[G, G]_G1, 

the homomorphism H1 (G) -* HI (L) is an isomorphism. Since G is free, by 
definition, H2(G) = 0. Therefore we have 

H2(L) 
r' 

Ho(L , HI (I)) 
_ 
'Ho(L , I/[I,9 I]) 

r 
(I/[I,~ I])/L*- (I/[I, I]) 

(I/[I, I])m Im. O 

4. THE KOSTANT FORMULA FOR KAc-MoODY LIE ALGEBRAS 

Let A be an n x n symmetrizable generalized Cartan matrix and let g(A) 
be the Kac-Moody Lie algebra with Cartan matrix A. Let A C 4* be the 
root system of g(A) and denote by A+ (respectively, A-) the set of positive 
(respectively, negative) roots of g(A). Then the triangular decomposition be- 
comes g(A) = n- E 4 (D n+, where n - *aEA? g, . Let ri be the reflection 
on [* determined by ai for i = 1, ..., n, and let W be the Weyl group of 

(A) generated by the r1, ... , rn . The expression w = ri1 ... ri, E W is called 
reduced if s is minimal possible among all representations of w E W as a 
product of the ri . In this case, s is called the length of w and is denoted by 
l(w). 

Let S = {1, .. ., s} be a subset of N = {1, .. ., n}. Considerthe subalgebra 
gs of g(A) generated by the elements ei, f (i = 1, . .. , s) and . Denote by 
A+ the set of positive roots generated by a, .. ., A,and let A- =- A. Then 
gs has a triangular decomposition gs = n- E 4 e ns+, where n= 
and As = A+ U A- is the root system of gs. Let A' (S) = A'\A4 and let 
n? (S) = eEA? (S) gOa . Then 

g (A) = n- (S) (D gs ED n+ (S) . 

Note that n?(S) are g5-modules via adjoint action. Let Ws be the Weyl group 
of gs generated by r1, ... , rs, and let 

(4.1) W(S) = {w E WlwA- nA+ c A+(S)} ={w E WJDw c A+(S)}, 

where JDw = {a E A+lw-'(a) < 0}. 
For A E 4*, we denote by V(A) the irreducible highest weight module over 

g(A) and V(A) the irreducible highest weight module over gs . Then the struc- 
ture of the homology modules H* (n- (S), V(A)) is determined by the following 
theorem. 
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Theorem 4.1 [Liu]. 

(4.2) Hj(n (S), VQ(A)) V(w(AJ + p) - p). 
wEW(S) 
l(w)=j 

Remark 4.2. This formula was first introduced by Kostant for finite dimensional 
complex semisimple Lie algebras [Ko]. In [G-L], Garland and Lepowsky proved 
this formula for symmetrizable Kac-Moody Lie algebras under the condition 
that S is of finite type. In [Liu], Liu proved this formula for symmetrizable 
Kac-Moody Lie algebras without assuming that S is of finite type. We will call 
the formula (4.2) the Kostant formula. 

The following lemma is very useful in the actual computation. 

Lemma 4.3. Suppose w = w'rj and l(w) = I(w') + 1. Then w E W(S) if and 
only if w' E W(S) and w'(aj) E A+ (S). 
Proof. By definition, w E W(S) if and only if Dw = {a E A+wW-l(a) <O} c 
A+(S). But Dw = (Dw, U {w'(aJ)}. Thus Dw c A+(S) if and only if Dw, C 
A+(S) and w'(aj) E A+(S), which is equivalent to saying that w' E W(S) and 
W'(ajc)EA+(S). Dl 

Now let A = (aij)1, j=0,.1 be a generalized Cartan matrix of affine type 
and let A = (aij)j, j=- 1,o,.I be a generalized Cartan matrix of Lorentzian 
type as defined in ? 1. We have seen that the Kac-Moody Lie algebra g(A) can 
be realized as the minimal graded Lie algebra L = EfnEZ Ln with the local part 
V + g(A) + V*, where V = V(-a-1) is the basic representation of the affine 
Kac-Moody Lie algebra g(A). Let L? = E>D L?n . Then L? coincides with 
n?(S) for the set S = {O, 1, ..., l}. Thus the Kostant formula enables us to 
compute the homology modules of the Lie algebra L? with coefficients in the 
trivial module C: 

(4.3) Hj (L_) V @ (w p -p) . 
WEW(S) 
1(W)=j 

Example 4.4. Let 

2 -i O' 
A=(aij)ii,oj=-i, = -I 1 2 -2 

0 -2 2, 

be a generalized Cartan matrix of hyperbolic type. We realize the corresponding 
hyperbolic Kac-Moody Lie algebra HA(1) as the minimal graded Lie algebra 
L = EfnEz Ln with local part V + g(A) + V*, where V = V(-a_1) is the basic 

representation of the affine Kac-Moody Lie algebra A('). Let L? = en>1 L?n 
and let S = {O, 1 }. We will compute some of the homology modules of the Lie 
algebra L? with coefficients in the trivial module C using the Kostant formula. 

For j = 1, the only element in W(S) of length 1 is r_ , and r_Ip - p = 
-a-1 . Thus H1 (L_) V(-a- 1). For j = 2, by Lemma 4.3, we have only to 
consider the element r_Iro . Since r_1 (azo) = a-1 + ao E A+(S), r_Iro E W(S) 
by Lemma 4.3. We have r-1rop - p = -2a-1 - ao, and hence H2(L-) 
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V(-2a-l - ao). For j = 3, by Lemma 4.3, we need to check the elements 
r-Iror0r and r1iror1 . Since 

r-Iro(al) = 2a-I + 2ao + al E A+(S), 

we have r1Irorl E W(S). But r-Iro(a-i) = ao Ai+(S), hence rirorI ? 

W(S). By an easy calculation, we get 

r-Irorlp - p = -4a-l - 3ao - al. 

Therefore 
H3(L_) V(-4al - 3ao - al). 

Continuing this process,we obtain 

H4(L-)- V(-7a-1 - 3al), 

H5(L))- V(-10a1 - lO0ao-5a1)e V(-1a1 - l0ao-6al), etc. 

5. HOMOLOGICAL STUDY OF THE GRADED LIE ALGEBRAS 

Let G = en>1 Gn be the free Lie algebra generated by the subspace G1 , and 
let I = en>m In be the graded ideal of G generated by the subspace Im for 
m > 2. Consider the quotient Lie algebra L = G/I. Then L = EE)>1 Ln is 
also a graded Lie algebra generated by the subspace L1 = G1 . Let J = I/[I, I]. 
Since I is an ideal of G, L acts on J = I/[I, I] via adjoint action, and thus 
J becomes an L-module generated by the subspace Jm . Note that, as vector 
spaces, Jn -- I for m < n < 2m. 

Suppose that G1 and Im are modules over a Kac-Moody Lie algebra g(A). 
Then each homogeneous subspace G, has a g(A)-module structure such that 
x * [v, w] = [x * v, w] + [v, x * w] for x E g(A), v E GI, w E Gn_1 *Then 
g(A)-module structure on the homogeneous spaces In is given similarly. We 
also have the induced g(A)-module structure on the homogeneous subspaces 
Ln and Jn . 

Now consider the exact sequence of L-modules 

(5.1) 0 K U(L)0 Jm 1 J ?O, 

where i is the usual bracket mapping, and K is the kernel of V . This produces 
a long exact sequence 

*HI (L , K) --*HI (L , U(L) 
X 
Jm) ) HI (L, J) --- Ho (L , K) 

Ho(L, U(L) 0 Jm) 4Ho(L, J) O. 

Since U(L) 0 Jm is free over L, i.e., over U(L), we have 

Hj(L, U(L)0 Jm) = 0 for j > 1 

[JI, J2]. By definition, Ho(L, J)- J/[L, J] Jm and 

Ho(L, U(L) 0 Jm) - U(L) 0 Jm/L(U(L) 0 Jm) - (U(L) 0 Jm)m r Jm . 

Thus from the long exact sequence we get a g(A)-module isomorphism 

(5.2) HI (L) J) -HO (L) K) --KIL K. 

On the other hand, using the Poincare-Birkhoff-Witt theorem, we can prove the 
following lemma (e.g., [Kac2, Exercise 9.13; Kang, Lemma 4.5]). 
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Lemma 5.1. There is an exact sequence of L-modules 

(5.3) 0 - J U(L) Gi A U(L) 
7 C 4 O. 

Proof. Consider the homomorphisms 

a: J = I/[I, I] -+ UO(G)/IUo(G) and f,: Uo(G)/IUo(G) -- U(L) 

induced by the natural injection I -- Uo(G) and by the canonical surjec- 
tion G -+ L, respectively. Define a homomorphism y: U(L) -+ C by ylc = 
id and y(Uo(L)) = O. 

By the Poincare-Birkhoff-Witt theorem, we have I n IUo(G) = [I, I], and 
hence Kera = 0. It is clear that Im a = I + IUO(G)/IUo(G). Since IU(G) c 

Uo(G), 
KerfJ = Uo(G) n IU(G)/IUo(G) = IU(G)/IUo(G). 

Since U(G) = C + Uo(G), IU(G) = I + IUo(G) . Thus Ker,B = I + IUo(G) = 

Im a. Finally, it is obvious that Im f = Uo(L) = Ker y. Therefore we have an 
exact sequence 

O-+JJ Uo(G)/IUO(G) ! U(L)+ C -O. 

Let 9 ={ui e Q} beabasisof I andlet 

9= {Uili E }U {uJujE O'} 

be a basis of G extending 930. By the Poincare-Birkhoff-Witt theorem, we have 
a basis of U(G) consisting of the elements of the form 

(5.4) uiu2***uiuJ * * u, 
UilUi2.. UO I32 it 

with il < ... < i, and j? < . < jt. Note that U(L) - U(G)/IU(G). We 
define a linear map ?: U(L) OU(G) Uo(G) -* Uo(G)/IUo(G) by 

?t((u + IU(G)) 0 v) = uv + IUo(G) 

for u E U(G), v E Uo(G) . Using the PBW basis (5.4), it is easy to show that 
?I is an isomorphism. Hence we have the following isomorphisms 

Uo(G)/IUo(G) - U(L) fU(G) Uo(G) r U(L) OU(G) (U(G) o& GI) _ U(L) 0g G1. 

Therefore we get the desired exact sequence. 5 

Theorem 5.2. There is an isomorphism of p(A)-modules 

(5.5) Hj(L, J) -Hi+2(L) for j 1j . 
Proof. We split the exact sequence (5.3) into the following exact sequences: 

0 -- J aU(L) (& GI Im 0 , 

and 
0 -O Im,f = Kery -* U(L) - Coker,B -+ 0. 

Then we get long exact sequences: 

Hj+(L, J) -+ Hj+(L, (LL) 0 G1) -+ HjL+(L , Imfl) 
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and 

H1+2(L, Imf) - Hj+2(L, U(L)) Hj+2(L, Cokerfl) 

Hj+I (L , Im) -- Hj+I (L , U(L)) Hj+I (L, Coker,Bl) >* 

Since U(L) and U(L) 0 GI are free over U(L), we have 

Hk(L, U(L)) = Hk(L,U(L)?Gl)=O fork>l. 

Thus we get 

Hj(L, J)I- Hj+1(L, Im,) Hj+2(L, Coker,f) for j >. 

But since y is surjective, Cokerf = U(L)/ Ker y C. Therefore we get the 
desired isomorphism. 0 

In particular, H1 (L, J) -H3(L) . Therefore combining with (5.2) yields 

(5.6) KIL 
* K --H3(L) . 

Note that H3(L) has a graded module structure over g(A) induced by that of 
L. 

Theorem 5.3. Let t be the smallest homogeneous degree of H3(L). Then Kj = 0 
for j < t and Kt - H3(L)t. In particular, we have 

(5.7) Km+i - H3(L)m+i. 

Proof. Note that Km = 0. Thus H3(L)m = (K/L * K)m = 0 and hence t > 
m + 1. Now for m < j < t, assume inductively that Km = = Kj1 = 0. 
Then 

0 = H3(L)j- (K/L . K)j1 K/ (j Lj_i * Ki)-Kj, 

proving the first assertion. Similarly, since Km = * * = KtI = 0, we have 

H3(L)tr _ (KIL * K)t - Kt/ ( Lt-i * Ki)-Kt. * n 

Theorem 5.4. (a) For m < j < min(2m, t), we have 

(5.8) Ij G0 Gi0Im . 

(j-m) times 

(b) If t < 2m, we have 

( 5. 9) It G I G, 0, XIm /H3 (L) t 

(t-m) times 

In particular, 

( 5.1 O) Im+I r-' GI (& Im /H3 (L) m+. 
Proof. (a) Since Kj = 0 for i < t, we have 

Ij Jj (U(L) 0& Im) j/Kj = (U(L) 0& Im) j U(L)j-m 0 Im. 

Since m < j < min(2m, t), we have j- m < m. Thus Lk -Gk for 1 < k < 
j- m, which implies U(L)j-m - U(G)j-m. Since G is the free Lie algebra 



KAC-MOODY LIE ALGEBRAS 477 

generated by the subspace G1, the universal enveloping algebra of G is the 
tensor algebra on G1 . Hence we get 

U(G)j-m- GI 0G 

(j-rm) times 

Therefore 
Ij- Gi, ,OG OIm . 

(j-rm) times 

(b) Since t < 2m, we have 

It- Jt (U(L) 0 Im)t/Kt - (U(L)t-m 0 Imr)/Kt. 

By Theorem 5.3, Kt - H3(L)t, and the argument of (a) gives 

U(L)t_m r- U(G)t-m- G 0 G 

(t-m) times 

Therefore 
It -GI GI WIm1H3(L)t. 

(t-rm) times 

In particular, 

(5.11) Im+Il(Gi0&Im)/H3(L)m+i * 

Now we study the homogeneous spaces Ij of I for arbitrary j > m. We 
repeat the above process under the following setting. For j > m, let I(i) = 

EnZ>j In Since Im generates the ideal I, we have 

Im+I = (ad Gj)(Im), ...,~ In = (ad GI)n-m(Im) = (adGI)(In_I). 

Thus I(i) is an ideal of G generated by the subspace Ij. Consider the quo- 
tient Lie algebra L(i) = G/I(i). Thus L = L(m) in this notation. Set J(i) = 
I(')/[I(i), I(i)]. Then J(i) is an L(W)-module generated by the subspace J(j). 

Note that Jn(j) - In for j < n < 2j. Considering the exact sequences 

0 ' K(-) U(LU)) 0& j(j) j(i) , , 

and 
O -~ J(i) U(L(U)) 0 G1 l U(L(')) -AC c O, 

the same homological argument shows that the structure of H3(L(')) determines 
the g(A)-module structure of the homogeneous spaces In for j + 1 < n < 
min(2j, t(i)), where t(i) is the smallest homogeneous degree of H3(L(i)). In 
particular, 

(5.12) Ij+I- (GI (9 Ij)IH3(L(i))j+l 

Therefore we now have an inductive algorithm to determine the g(A)-module 
structure of the homogeneous subspaces of the graded ideal I by studying the 
homology modules H3(L(i)) for j > m. 

Suppose we have determined the structure of homology modules H* (L(i- l). 
We define the subspace NU-I) of L(i) by N-) = 1(-1)/(). Then NU-I) 
is an abelian ideal of L(V) and L( I/N(- 1) is isomorphic to L(Vj-) . Then from 
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Theorem 3.1, there exists a spectral sequence {Ep, q, dr: Ep q * Epr q+r- } 
converging to H. (L(i)) such that 

E2 - 
Hp(L(j-') Hq(N(j-1) 

In particular, from (3.4), we have 

(5.13) H3(L(i)) -E3%0 e E2E?1 , EE1,2 e E,3. 
Thus to study the structure of H3(L(')), we need to determine the boundary 
maps dr: Ep,q - Epr, q+r- 1 . The maps dr are g(A)-module homomorphisms 
since they are induced by the g(A)-module homomorphisms dq defined by 
(3.1). 

Since L(i-1) acts on N(U-1) trivially, we have 

Hp(L('-1), Hq(N(i-))) - Hp(L('-1)) 0 Hq(N(j-')). 

Note that N(U-1) _ Ij-, as g(A)-modules and that N(U-1) is an abelian Lie 
algebra. Thus, as g(A)-modules, Hq (N(i- 1)) Aq (Ij- 1). Therefore we have 

(5.14) E2 ~ Hp(L(i-1))A { AIj_ ). 
In the next section, using the homological approach developed here, together 
with the representation theory of affine Kac-Moody Lie algebras, we will deter- 
mine some of the boundary homomorphisms and deduce some new structural 
information on the Kac-Moody Lie algebras of Lorentzian type. 

6. THE STRUCTURE OF THE MAXIMAL GRADED IDEAL 

In this section, we study the structure of the maximal graded ideal I. We 
know that the ideal I_ of G_ is generated by the homogeneous subspace IK2 
and hence we may write I_ = I(2) following the notation introduced in the 
previous section. Similarly, for j > 2, we write I(i) = En>j I-n , L(J) = G/I(9) , 
and NY) = -(i)(j 

Lemma 6.1. 

(6.1) I-2- V(-2a_ - ao). 
Proof. Since G_ is free and I_ is generated by the subspace I-2, from the 
Hochschild-Serre five term exact sequence, we see that I- 2- H2 (L-) (Lemma 
3.2). By the Kostant formula (see the computations at the end of ?4), we have 

H2(L) - 
E V(wp-p)- V(r-lrop-p) = V(-2a1 - ao). 

wEW(S) 
l(w)=2 

By the homological theory developed in the previous section, we have in 
general that 

(6.2) I_(j+l)- V 0 I_j/H3(L(j))-(j+l) for j > 2. 

When j = 2, L(2) coincides with the subalgebra n- (S) for S = {O, 1, . .. , 
and therefore we can compute H3(L(2)) using the Kostant formula. For in- 
stance, in the case of HA('), we have H3(L(2)) V(-4a-1 - 3ao - a,). Thus 

H3 (L (2))= 0, and hence we obtain 

(6.3) I3 - V ? I-2/H3(L(2))-3 - V ? I-2. 
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So we can easily determine the structure of the subspace I_3 using the Kostant 
formula. However, for j > 3, we cannot use the Kostant formula to compute 
the homology module H3(L(9)) . We study the higher levels by developing some 
techniques from the Hochschild-Serre spectral sequences. 

Theorem 6.2. Let g(A) be an affine Kac-Moody Lie algebra, V be its basic 
representation, and let G, I, and L be as defined in ? 1. Then we have the 
following information on the g(A)-module structure of the maximal graded ideal 
I. 

HA() I_- 3 V I-2, 

I_4 V 0 I3/(V(-4a-1 - 3a - a) e (I-2)), 

I-5 V0IK4/V0A2(IK2); 

HA 2): I_3- V I-2, 

IK4 V I3 V(I02)) 

I-5 V V I-4/V X A2(KI2); 

HA( ), 1 > 2: I3 - V 0IK2/(V(-3a-1 - 2ao -a) 

1 
V(-3a---2ao-affl, 

IK4 V 0I3/2(I-2); 

HC(1), HD43): K_3 V 0I2/V(-3a-I- 2o -a), 

IK4 V 0I_3 (I_2); 

HA221 HD(2+) 1> 2: I3-V I-2, 

IK4 V 0 IK3/(V(-4a- -3o - a) e 5 (I-2)); 

HB(1), 1 > 3, HD(1), I > 4: I3 V 0 IK2/V(-3a- - 2o -a2); 1 - 1 

HC(1) HA22) 1 > 3, HF(l) HGO), HE(') HE('), HE2 

IK3 V 0 IK2/V(-3a-l- 2o -a); 

HE6 I3 V X I-2/V(-3a-l -2ao- a6). 
Proof. The Kostant formula determines the g(A)-module structure of the sub- 

space IK3 for all cases. For higher levels, we consider the following four cases 

separately. 

Case 1. HA(1'. 
By (6.2), to determine the structure of IK4, we need to determine the struc- 

ture of H3(L (3))4 . We consider the following short exact sequence 

0 N- 
(2) 
_ L (3) - L (2) 

- 0 

and the corresponding spectral sequence {Ep, q} converging to H*(L(3)) such 

that 
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We will compute H3(L(3)) 4 from this sequence. 
Let us start with the sequence 

E22 o~ Eo- 1 +0. 

Note that 
H((3)) 'L()(3)3) L(3)]L=V 

Since the spectral sequence converges to H*(L(3)), we have 

HI (L (3)) _- El??o e Eo, 1 
But 

E=Els" -E1(2(2)) _ 
(2) L(2) ]2 L V 

which implies Eo 1 = Eo3,= 0. Hence the homomorphism d2 is surjective. 
Since E20 I-2 and E2 1 I-2, d2 must be an isomorphism. Thus E3o = 

0, and hence E2?0 = 0. 
Now consider the following sequence 

O - E32 o4 e E2 0.? 0 3+E,0 Ej1 +0I 
By the Kostant formula, we have 

E320 H3(L (2) 
) V(-4a-l 1-3ao - al) 

and 
El, I =-H, (L(2) I-2 -V X9 I_2 

Since V 0 I-2 is a direct sum of irreducible highest weight modules over A(') 
of level 3, by comparing the levels of both terms, we see that d2: E0 2 E2 

is trivial. So E30 = E32 0, and Ecl = 1, E2 1 -V V I-2 . Since I(3) is 
generated by IK3, by Lemma 3.2, and (6.3) give 

H2 (L(3) )- I_, = V 8) I-2 

But we have 
H2(L(3)) -E2?0 D EE??l (1 EE,2- 

It follows that Eo??2 = Eo4 02= 0 Hence we conclude either Eon 2 = h or the 

homomorphism d3: E 3 -E3 is surjective. 
3, 0,2Eis 

surjective 
Assume first that Eo, 2 =0 . This implies that d3: E3 0 Eo3E2 is trivial 

and that the homomorphism d2: E22 1 - E02,2 is surjective in the sequence 

0 -+E42 , o > E22 , i > Eo 0 2 ?-+ 

Thus 
E3?o = E 4 o = Ker(d3: E3-*E3)E3) 

3,0 3, 0 3 ,0 02/md:03 ,0) 

E33 0 = E3,0 2 V(-4a( - 3ao -ai). 

By comparing levels, we see that d2: E420 -+ E22 1 must be trivial. Note that 

EoJ 2 4A2(I-2). Therefore E3 0 = E20 and 

E21=E23,1 = Ker(d2:E22,1 -)E22)/Im(d2:E420-+E22,) 
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Since d2: E221 E2 is surjective, we have 

A2(I-2) EJ,2 E 2,l/Kerd2 - I-2 (LI2/Kerd2. 

Therefore Kerd2 S2(IL2). Hence E21 
- S2(I-2) 

If E32 is nonzero and d3: E33 0 Eo3 2 is surjective, then since E 3 
0 = E42 

is irreducible, d3: E3 E42 is an isomorphism. Thus E E4 = 0 = 0 and 
is 3,0~3, 237 

V(-4a1 - 3ao - a,) E3, Eo32 EO ,2/Im(d2: Et,1 -+ 

A2(IL2)/ Im(d2: E22,1 -+E2 2) 

Since all the modules involved here are completely reducible over A('), we have 

Im(d2: E22, 1 - + E02,2) - A2(I-2)/V(-4a-l - 3ao - al) 

We have seen that the homomorphism d2: E420 - E22,1 is trivial. Thus 

EU??=E 3 = Ker(d2: E22, +E02,2) / IM(A:E42,0 ,+E22, I 

=Ker(d2: E 2 E 22 

Since 

Imd2 A2(I-2)/V(-4a-1 - 3ao - al) 

E224 I/ Ker d2 -I-2 I-2/ Ker d2, 

we have 
Kerd2 - S2(I2) E V(-4a-l - 3ao - al). 

Therefore in either case, we have 

E30 0 E271 S2(IL2) 0 V(-4cai - 3o- al). 

Now consider the sequence 

O - 
,Es2, +E32 1, El22O. 

By comparing levels, we see that the homomorphism d2: E32, E- 2 is trivial. 
Thus 

El,2=Ej2,2E V A2(I2). 

Again by comparing the levels of the terms in the sequence 

0 --+E43 0 E-d- '?, 

we conclude that d3 = 0. Therefore Ew2 = E42 = El V 0 A2(L2). 
Finally, since Eo3 is a submodule of E32 3 A3(IL2), we see that 

H3(L(3)) V(-4al - 3o- al) 0 S2(I-2) 0 (V 0 A2(I-2)) 0 M, 

where M is a direct sum of level 6 irreducible representations of A('). There- 
fore we have 

(6.4) H3(L(3))_4 -V(-4al - 3ao - al) 0 S2(I-2), 

and 
(6. s) 1_4 V 

53 
I_3/H3(L 

(3) ) _4 
(6.5) I g - - 

2~V 0 I-3/(V(-4a-l - 3 - al) 0)S (-) 



482 SEOK-JIN KANG 

To determine K-5, we study the short exact sequence 

0 N(3) L(4) , L 3) 0 

and the corresponding spectral sequence {Ep q} converging to H*(L(4)) such 
that 

E,2 q Hp,L(3)) 0& Aq(L3). 

We will compute H3(L(4)) _ from this spectral sequence. It is easy to show 
that d2: E 0 2 E2 is an isomorphism and that EOO = 0. 

Consider the sequence 

O-+ E32 o0 E2 O. 

We have 
,2 V(-4a- -3a - a) S2(LI2) e (V 0 A2(IL2)) eM, 

and 
E2 

1 
H((3)) I_V 1_. 

By elementary linear algebra, we have E 2 0 Ker d2 Im d2. Since d2 is 

a homomorphism between A(')-modules, by comparing levels, we see that d2 
maps (V ? A2(IL2)) e M to zero. Thus Im d2 is isomorphic to a submodule 
of V(-4a1 - 3ao - a,) e S2(IL2). By Lemma 3.2 and (6.5), we have 

H2(Lt4) I-4 I V 0 I3/(V(-4a-1 - 3ao - al) (I-2))- 

Since 
E??1=E1= Ej2,1/Imd2 VOI13/Imd2 

is a direct summand of H2(L (4), Im d2 contains a submodule isomorphic to 
V(-4a1 - 3ao - al) D S2(I_2). Hence we conclude that 

Imd2 - 
V(-4a1 - 3ao - a,) D S2(I-2) 

Therefore 

E30 (V o A2(IL2)) e M 

and E? = E13 -4. This implies that Eo?2 = Eo42= 0. Thus the 
homomorphism d3 is surective in the sequence 

E33, 0 0 Eo, 2 ? 0. 

Since Eo3,2 is a submodule of EJ2,2 = A2(I-3), by comparing levels, we see that 
Kerd3 must contain V 0 A2(IL2). It follows that 

E3??o = E 4 0-(V o A2 (I-2)) (D MI, 

where M' is a direct sum of level 6 irreducible highest weight representations 
of A(1) . Therefore (E30)5 _ V 0 A2(IL2) . It is easy to see that 

(E21 )_5 = (E'1, 2)-5 = (Eo73)-5 = 0. 

Therefore we have 

(6.6) H3 (L(4) )-5 - V o A2 (I2) 



KAC-MOODY LIE ALGEBRAS 483 

and 

(6.7) I-5 V ? I_4/H3(L4) V V X I4/V X A2(I-2). 

Case 2. HA 2). 
For the structure of IK4, we study the spectral sequence {Ep q } correspond- 

ing to the short exact sequence 

? , N (2) , L (3) , L (2) , 0. 

As in the case of HA(1), it is easy to deduce that the map d2: E22 0 E- 2 is 
an isomorphism and that E2?0 = 0. 

By comparing the levels of the terms in the sequence 

O ,- E32 oeE12 0, 

we get d2 =O . So 

E3 =E2 -= V(-6a_-l ao- a,), E3,0 = E3,0 =V-6cj5~ ~) 

and 
El??, = E3 = El2, I V XI-2 = I-3 

Since H2(L(3)) IK3, we have Eo2 = 2=0. Hence the homomorphism 
d3: E33 - Eo2 is surjective. But since Eo2 is a submodule of E02 
A2(I-2), we see that d3 is trivial. This implies 

E =?o = E V(-6a-l - 5ao - al) 

and E 3,2 = 0. Thus the homomorphism d2: E2,1 E022 is surjective in the 
following sequence 

0-E4, 0 2 1 E 2 +0. 

Again by comparing levels, we deduce that the homomorphism d2: E20 E 2 

must be trivial. Therefore 

4,0 E42,0 = V(-9a-l - - 2cal) 

and 

E"O lE23',= Ker(d2: E22', 2)I(2:40 ,21 

Ker(d2: E22, _+E02,2). 

Since 
Im d2 A2(KI2) E22, 1/ Ker d2- I-2 X I-2/ Ker d2, 

we have Ker d2 - S2(I2). Therefore E21 
, 

S2(I-2) 
Now consider the sequence 

0 - Es2 0 -- EE2 E,2 - 0 

By comparing levels, we see that the homomorphism d2: E21 - E,2 is trivial. 
Thus E32 = E,2 2 V X A2(IL2). Again by comparing the levels of the terms 
in the sequence 

0O~ E40 d3 Ed3 2 0, 
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we conclude d3 = 0. Therefore 

E1 = E El= V1,2 = v?A2(I2). 

Finally, since E??3 is a submodule of E2 3 A3(L2),we see that 

H3(L(3)) V(-6al - 5co - cal) E S2(L2) 2 (V 0 A2(L2)) @ M, 

where M is a direct sum of level 6 irreducible highest weight representations 
of A 2). Therefore we obtain 

(6.8) H3(L(3))_4 -52(I-2) 

and 

(6.9) I_4 V 0 I_3/H3(L- )-4 V 0 I3/S2(L2). 

To determine Is5, we study the spectral sequence {Ep, q } corresponding to 
the short exact sequence 

O , N (3) , L(4) L L(3) , 0. 

As in the case of HA(l), we know that 

(E3?0)-5 -- V ? A2(I2) 

and that 
(E21)_ - 5= (E'r2)-5 (Eo73)-5 ?0 

Therefore we have 

(6.10) H3(L(4))_5 - V ? A2 (K2) 

and 

(6.11) I_5 V ? I4/H3(L4)) 5 V I_4/V A2(AL2). 

Case 3. HA(1), 1 > 2, HC(1), HD23). 
We first study the case of HA(') . Consider the short exact sequence 

0 N(2) L(3) L(2) 0 
and the corresponding spectral sequence {Ep q As we have seen before, 
d2: E22 0 - E02 , is an isomorphism and hence E2?0 = 0. 

In the sequence 

0-O E32 o4 E 2 - 0, 

we have 

32 0 H3(L(2) V(-3-l - 2cao - al) E V(-3c-l - 2co -a), 

and El, I- V ? I-2. As we have seen before, we have 

Imd2 - 
V(-3cal - 2cao - Ca1) E V(-3cal - 2cao - al). 

Hence E 0 = 0, which implies E?% = 0. 
Moreover, since Elr = E3 -I-3, we have Eo?2 = E4 2 = 0. Thus the 

homomorphism d3 is surjective in the sequence 
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Since E30 = 0, we also have E3 2 = 0. That is, the homomorphism d2: E ,1 
- EJ 2 is surjective in the sequence 

O0 -+ E40 -+2 I- E0,2 -_ 0. 

Note that 

4, 0 V(-4a-c - 3co - 2ai - a2) e V(-4a - 3ao - 2cari- a-1) 

and that 

E2,r-1L2 0 I-2 -V(-2al - ao) 0 V(-2cal - ao). 

In the decomposition of V(-2a-l - ao) 0 V(-2a-1 - ao), every irreducible 
component must have the form V(A - m(5), with m > 0 and 

-4a:-i - 2ako - 6 < A < -4a-1 - 2ao. 

Since 5 = a0 + a 1 + * + cl , A must satisfy 

-4a-1 -2ao- A < ao + al + *+ +al. 

But we have 

-4a- - 2ao - (-4a - 3ao - 2a- 2) = ao + 2a1 + a2 "A 6, 

and 

-4a-1 - 2ao - (-4a-l - 3ao - 2ai - al-,) = ao + 2a& + al-1 , (5. 

Thus V(-4a-l - 3ao - 2a, - a2) and V(-4ail - 3ao - 2al - al-,) do not 
occur as irreducible components in the decomposition of 

V(-2a- - aco) 0 V(-2al - ao). 

Therefore the homomorphism d2: E42,0 -E22 1 is trivial and we obtain 

=E??= E3, - I-2 (9 I-2/1Im(d2: E22j -+EO2,2) ,S2 (I-2). 

It is easy to show that (E1'2)-4 =(Eo = 0. Hence we get 

(6.12) H3(L( )-4 52(I-2) 

and 

(6.13) I4- V ? I3/S2(I2). 

The proofs for the other cases are similar. 
Case 4. HA 22), HD (2)1I > 2. 21 ' 1+1', - 

By the same argument of Case 1, we have 

(6.14) H3(L(3))_4- S2(I2) E V(-4al - 3ao - al), 

and therefore 

(6.15) I-4 -V I L3/(V(-4a1 - 3ao - al) E S2(I2))* 0 
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7. THE PRINCIPALLY SPECIALIZED AFFINE CHARACTERS 

AND THE ROOT MULTIPLICITIES 

In this section, we compute the principally specialized affine characters and 
the root multiplicities of the Lorentzian Kac-Moody Lie algebras g(A) for cer- 
tain higher levels. We define the signum function as follows. If ca is an integer, 
then 

e(a, t) = 1 if ca is divisible by t, 

= 0 otherwise, 

and if ca is a root of a Kac-Moody Lie algebra g(A), then 

(7.1) e(Ca, t) = 1 if ca is divisible by a root of level t, 

= 0 otherwise. 

Let F(q) = Ec?O 0f(n)qn, X(q), Y(q), and Z(q) be the principally special- 
ized characters of the integrable irreducible representations of the affine Kac- 
Moody Lie algebras g(A) of level 1, 2, 3, and 4 given in [Kang]. 

In ?2, we have seen that the Witt formula gives the principally specialized 
affine characters of the homogeneous subspaces of the maximal graded Lie al- 
gebra G: 

chq G_ = ,(dim G(1, n))qm 
m>o 

= z ~~ ((l~~m+l) (r, s)( s))qm 
m>O ((r,s)I(l m+1) (,1r**) / 

where the function B(r, s) is defined by the formula (2.7). We introduce the 
following functions: 

W2(q) = chq G-2 

(7.2) = B(2 , m + 2) - e(m, 2)f 
m 
2))qm, 

m>o 

W3(q) =chq G-3 

(7.3) = B (B(3 m + 3) - Ie(m, 3)f m qm 
m>o 

W4(q) = chq G-4 

(7.4) (74) = E (~~B(4 , m +4) -2e(m, 2)B(2, - 2+2) qm 
m>o 

W5(q) = chq G_5 

(7.5) = >1 (B(, m+5)- e(m, 5)f q 
m>o 

Theorem 7.1. Let L = nEz Ln be the realization of the Lorentzian Kac-Moody 
Lie algebra g(A). Then the principally specialized affine characters of L-n, 

n = 1, 2, ... , 5, are given by the following formulas. 
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HA(') chq L-1 = F(q), 

chq L-2 = W2(q) -X(q), 

chq L-3 = W3(q) - F(q)X(q), 

chq L-4 = W4(q) - F(q)2X(q) + Z(q) + + (X(q)2+ X(q2)) 

chq L_5 = W5(q) - F(q)3X(q) + F(q)Z(q) + F(q)X(q)2. 
HA (2). chq L-1 = F(q), 2 

chq L-2= W2(q) -X(q), 

chq L-3= W3(q) - F(q)X(q), 

chq L-4 = W4(q) - F(q)2X(q) + I (X(q)2 + X(q2)) 

chq L_5 = W5(q) - F(q)3X(q) + F(q)X(q)2. 
HA(', 1>2: 

chq L_I = F(q), 

chq L-2 = W2(q) -X(q), 

chq L-3 = W3(q) - F(q)X(q) + 2Y(q), 

chq L-4 = W4(q) - F(q)2X(q) + 2F(q)Y(q) + I 
(X(q)2 + X(q2)). 

HC2 1) , HD (3) 

chqLi-= F(q), 

chq L-2 = W2(q) -X(q), 

chq L-3 = W3(q) - F(q)X(q) + Y(q), 

chq L-4 = W4(q) - F(q)2X(q) + F(q)Y(q) + I 
(X(q)2+ X(q2)). 

HA 2) HD(2) , 1>2: 21' 1+1' 

chq L-1 = F(q), 

chq L-2 = W2(q) -X(q), 

chq L-3 = W3(q) - F(q)X(q), 

chq L-4 = W4(q) - F(q)2X(q) + Z(q) + 1 
(X(q)2+ X(q2)). 

HA (2) HB(1) HC(1,) 1 > 3, HD(1), ? > 4, HF4 , HG2 , 6 

HE(1) HE(1) HE62)6 chqL-I =F(q), 

chq L-2 = W2(q) -X(q), 

chq L-3 = W3(q) - F(q)X(q) + Y(q). 

Proof. The results follow directly from Theorem 6.2 and formula (2.8). o 
Now we compute the root multiplicities. We first consider the hyperbolic 

Kac-Moody Lie algebra HA(1) . Let V be the basic representation of A(1) and 
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let S = {zIi = 1, 2, 3, ...} be an enumeration of all the weights of V. Define 
the function B(1)Qr) by 

(7.6) - (n)ET= ) (|(nj) 2 
1 ( - )) 

H(nET!) 
where ( I ) denotes the standard invariant symmetric bilinear form on [* 
[Kac2]. Then by the Witt formula, we have 

(7.7) dim(G), = /, (a) TB(1)(T). 
T|a 

Thus for the roots of level 2, the Witt formula gives 

(7.8) dim(G-2)a = B(M)(c) - 4(a , 2)p(1 - 8(atlCa)). 

Since I-2 - V(-2cal - cao), by [F-L], we have 

(7.9) dim(IL2)a = E (3 - (aa)) 

where the coefficients E(n) are given by the equation 
00 

n I~ ~ _ q(q2) 
E E(n)q= In> (I -q4n)(I -q4n-1 )(I 1q4n-3) - (q)O(q4) 

Therefore we obtain 

(7.10) dim(L-2) = B() - e(a, 2)p (I - 8(ala)) - E (3 - )) 

For the roots of level 3, by the Witt formula, we have 

(7.11) dim(G-3)a = B(M)(ca) - e(ca, 3)p(l - 8 (ala)). 

By Theorem 5.2, 

IK3 V 0 I-2 - V(-a-1) 0 V(-2al - cao). 

In [Fel], Feingold showed that IK3 has a decomposition into a direct sum of 
level 3 irreducible representations of the affine Kac-Moody Lie algebra A('): 

I-3 = (amV(-3a-i - ao - m6) + bmV(-3a-l - (m + 1)3)), 
m>O 

where the coefficients am and bm are given by 

am = (p(m - j(20j + 3)) - p(m - (4j + 3)(5j + 3))) 
iEZ 

and 
bm = (p(m - (20j2 + 11j + 1)) -p(m - (20j2 + 19j + 4))). 

JEZ 

Therefore, by [F-L], we have 

NM(a)(= dim(I-3)a 

(7.12) = amHO- 3m - 
(aa 

+bmG (6-3m- aa))) 
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where the functions G and H are defined recursively as follows. For m > 0, 

0 = Z(-1)'G(3m - I n(5n + 3)), 
nEZ 

0 = Z(-l)G(3m - 1 - 1n(5n + 1)), 
nEZ 

with the initial conditions G(O) = 1, G(-3m) = G(-3m + 2) = 0, and for 
m > , 

0 = Z(-1)nH(3m - n(5n + 3)), 
nEZ 

0 = E(-_1)nH(3m + 2 - I n(5n + 1)), 
nEZ 

with the initial conditions H(2) = 1, H(-3m + 3) = H(-3m + 2) = 0. There- 
fore we have 

(7.13) dim(L-3) = B(1)((a) - 4 (a, 3)p(1 - (a Ia)) - NO)(a) 

We summarize these results in the following theorem. 

Theorem 7.2. Let L = enlEz Ln be the realization of the hyperbolic Kac-Moody 
Lie algebra HA('). Then we have the following root multiplicity formulas: 

dim(L-)= (1 - (aIa)) 

dim(L-2) = B()(a) - 2(a, 2)p (I - (aa)) - E (3 - (a)) 

dim(L-3), = B()(a) - e(a, 3)p (I - I(a.(I a) -N 

For the hyperbolic Kac-Moody Lie algebra HA 2), let S= {zTi i=1, 2, 3, ... } 
be an enumeration of all the weights of the basic representation V of A 2). De- 
fine the function B(2) (T) by 

(7.14) B(2)(T) = z Z((n ) 2 
1) (( 2 )) 

(n)ET(T) f(1)2,, 

Then by the Witt formula, we have 

(7.15) dim(G_)a = Z,u (-)-B(2)Qr). 

Thus for the roots of level 2, the Witt formula gives 

(7.16) dim(G-2), = B(2) (c) - I (a, 2)p( - I (ala 
Since I-2 V(-2cxl - ao), by [F-L], we have 

(7.17) dim(I2), = D(4 - (ala)), 
where the function D is defined recursively as follows. For k > 0, 

Z'D(4k - n(l5n + 4)) = ZD(4k - (3n + l)(5n + 3)), 
nEZ nEZ 
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and for m > 1, 

Z D(4m - 3 - n(15n + 2)) = ZD(4m - 3 - (3n + 1)(5n + 1)), 
nEZ nEZ 

with the initial conditions D(1) = 1, D(-4m+8) = D(-4m+5) = 0. Therefore 
we obtain 

(7.18) dim(L-2),= B (2) (a) - 1,6(a, 2)p( - 8 (CalC)) - D(4 - (caIca)). 

For the roots of level 3, by the Witt formula, we have 

(7.19) dim(G-3)a= =B(2)(a) - l(a, 3)p(l - 1 (ala 

By Theorem 6.2, 

I_3- V 0 I-2 - V(-a-1) 0 V(-2al - cao) 
and IL3 has a decomposition into a direct sum of level 3 irreducible represen- 
tations of the affine Kac-Moody Lie algebra A 2) [Fel]: 

I3= (amV(-3cal - cao - m3) + bmV(-3a-l - (m + 1)3)), 
m>O 

where the coefficients am and bm are given by 

am + Z(p(m - j(l5j - 2)) - p(m - (5j + 1)(3j + 1))), 
iEZ 

and 
bm = E(p(m - j(l 5j - 7)) - p(m - (5j + 1)(3j + 2))). 

jEZ 

Therefore by [F-L] we have 

N(2)(a)= dim(IL3)a 

(7.20) = amK (9 -3m- ) + bmJ (2 -3m- (al) 

where the functions J and K are defined recursively as follows. For k > 0, 

Z J(3k - 3n(3n + 1)) = j J(3k - (3n + 1)(3n + 2)), 
nEZ nEZ 

and for m > 0, 

Z J(3m - 2- (3n)2) = j J(3m - 2- (3n + 1)2), 
nEZ nEZ 

with the initial conditions J(0) = 1, J(-3m) = J(-3m + 1) = 0. For k > 0, 

Z K(3k - 3n(3n + 1)) = j K(3k - (3n + 1)(3n + 2)), 
nEZ nEZ 

and for m > 1, 
Z K(3m - 2 - (3n)2) = , K(3m - 2 - (3n + 1)2), 

nEZ nEZ 

with the initial conditions K(1) = 1, K(-3m + 6) = K(-3m + 4) = 0. There- 
fore we have 

(7.21) dim(L-3)a = B(2) (a) - 4 (ca, 3)p( - -i18(CaIaC)) -N(2) (a) . 
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We summarize the above results in the following theorem. 

Theorem 7.3. Let L = DnEz Ln be the realization of the hyperbolic Kac-Moody 
Lie algebra HA(2) . Then we have the following root multiplicity formulas: 

dim(L- ) = P ( - (ala) 

dim(L-2)a = B(2) (a) - 4e(a, 2)p(' - '(ala)) - D(4 - (ala)), 

dim(L-3),= B(2) (a) - 4(a, 3)p(2 - 8 (ala)) - N(2) (a). 

Remark 7.4. Recently, Kac has informed the author that he also discovered 
a level 3 root multiplicity formula for the hyperbolic Kac-Moody Lie algebra 
HA(1). We introduce his formula in the following. Unfortunately, the proof 
has not been available to the author yet. 

Define a function w(k) by 

(7.22) co(k) = 1 if k = 0, 1 (mod 3), 
(7.2) = 0 if k = -1 (mod 3). 

Then we have 

(7.23) dim(L-3)a = v 1 - (aia)) 

where the coefficients v(n) are defined by 

~v(n)qn+ -3(ql204q) o(2 q) pj? (1+ 
n>O 3(q3)2(q6)3 (mod 24) q') 

x (q 
2 (1 + qj) E ((k)q2k2+2k 

(7.24) j-?9 (mod 24) keZ 

+ q 3 (J 1 + q(l ) E ) (k)q2k2) 
j-=?3 (mod 24) keZ 

+3 (q3)0(q6) S w(k)q O(q9) 

Combining (7.23) with (7.13) yields the following combinatorial identity: 

(7.25) B(M)(a)- 3e(a, 3)p (1 - 18(ala)) - N()(a) = v (1 - (2la)) 
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