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Mineral particles in the submicron size range are widely
used in the pharmaceutical, chemical and paper industries mainly
due to their high solubility and homogeneity. Generally, particles
with this size characteristics are produced by comminution in
stirred media mills. However, comminution is an energy intensive
process consuming up to 40% of the total energy cost of the
mineral processing. Furthermore, particles in this size range are
subject to strong attractive inter-particle interactions that may
lead to the appearance of agglomerates.
determining

both,

the

optimum

operating

For that reason,
conditions

and

suspension formulation, are critical elements to achieve price
competitiveness.
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To this end, these parameters were studied experimentally
and

throughout

computer

simulations.

Calcite,

quartz

and

pyrophyllite were used as the mineral samples for the experiments.
In case of the operating conditions, the stirrer tip speed and the
grinding media size were studied. Their effect in the grinding
process were judged based on the specific energy required to
achieve particular product sizes. Additionally, the experimental
results were analysed and explained based on Kwade’s energy
model.

For the suspension formulation, different solid mass

concentrations and four different surfactants were studied.
Similarly to the case of the operating conditions, the effect of the
solid mass concentration was analysed based on the specific
energy requirements.

The studied surfactants were sodium

polyacrylate, ammonium polyacrylate, SND Dispersant and CO10
Dispersant.

The optimum concentration of each additive was

determined experimentally and their performance was judged
based on their particle stabilization capacity and effect over the
rheological properties of the slurries. Next, throughout computer
simulations, the comminution process was characterized and the
effect of the recirculation in continuous grinding was studied.
Finally, an equation to estimate the power input of the mill based
on the operating conditions and suspension formulation was
proposed.
Results regarding the operating conditions showed that the
stirrer tip speed as only a significant effect over the energy
consumption when the feed particles approach their grinding limit;
and grinding media sizes which provide the minimum required
stress intensities for particle breakage and maximizes the stress
ii

number are the most efficient. In case of the suspension
formulation, solid mass concentrations between 30 and 40 wt.%
proved to be the most efficient for calcite slurries. Additionally,
with the addition of surfactants, the viscosity of slurries reduced,
and shifted their behaviour from pseudo-plastics to Newtonian
fluids.

Among the studied surfactants, sodium and ammonium

polyacrylate proved to be the most efficient.

Finally, the

simulation results showed that the general breakage rate reduces
for the longest grinding times due to the accumulation of fines.
Also, it was found that a recirculation grinding process can be
optimized based on their flow rate and breakage rate.
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1. Introduction
1.1. Background
One of the earliest stages in mineral processing is
comminution, or the size reduction of the ores and minerals. The
main purpose of this process is to make easier the handling of the
excavated materials, produce materials with a controlled particle
size and to liberate valuable minerals from the ore for their
separation. This is a highly energy intensive process, requiring
up to 40% of the total energy cost of the mineral processing as
depict in Fig. 1 (Ballantyne, 2012). Comminution of minerals occur
mainly due to the breakage of the inter-atomic bonds in the
crystalline lattice by compressive or tensile stresses which can be
achieved through crushing, or compression, impact and attrition.
In the mineral industry, comminution generally takes place in a
sequence of crushing and grinding.
Crushing, one of the earliest stages in comminution, is
generally a dry process in which size reduction is achieved
throughout either by the impact or compression of the ore against
rigid surfaces. Its main objective is to reduce the size of the ore
enough to liberate any valuable minerals from the gangue. In fact,
heavy-duty machines can take ores up to 1.5 meters across and
crush them to produce 10-20 cm lumps. Some of the most widely
used types of crushers are the jaw crushers, gyratory crushers,
cone crushers and impact crushers.
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Fig. 1. Energy audit expressed in CO2 emissions from Kalgoorlie
Consolidated Gold Mine in 2005 (Ballantyne, 2012).
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The second and last stage of comminution is grinding.
Grinding can either be a dry or wet process, and size reduction is
mainly due to a combination of impact and abrasion caused by
loose crushing bodies, or grinding media, moving freely inside the
mill. Grinding mills are generally classified in two types depending
on the way by which motion is imparted to the charge. Mills in
which the motion is imparted via a rotating mill shell are classified
as tumbling mills. This types of mills are generally used to reduce
particles from 5-250 mm to sizes between 40 and 300 mm. Ball
mills, rod mills and centrifugal mills are some of the most
representative types of tumbling mills. On the other hand, if the
motion of the minerals and grinding media is imparted by the
movement of an internal stirrer, then the mill is classified as a
stirred mill. Stirred media mills are used in the production of fine
particles, since they are capable of producing particles smaller
than one micron (Wills, 2006).
Recently, mineral particles in the submicron range are in
growing demand and widely used by industries such as paper,
pigment, pharmaceutical and chemical industries mainly due to
their high solubility and homogeneity. The production of mineral
particles with this specific size requirement is generally done, as
previously mentioned, throughout comminution in stirred media
mills. Comminution in this type of mills occurs due to the stressing
of the feed particles present in a liquid suspension by accelerated
grinding

media.

requirements,

Nevertheless,

researching

ways

due
to

to

the

high

energy

optimize

the

energy

management is of great importance for the mineral processing
industry.

Generally, the energy efficiency of a comminution
3

process is judged based on the required specific energy, or the
necessary energy per unit of feed’s mass, to achieve a given size.
Furthermore, besides the energy requirements, another factor
that should be taken into consideration in this type of mills is the
suspension formulation. Due to the attractive inter-particle forces,
especially in the finer size ranges, the appearance of flocs and
agglomerates may hinder the production of product particles
within a specific size range. This can be counteracted through the
use of surfactants for particle stabilization and choosing the
proper solids mass concentration in the slurries. Since any change
in the suspension formulation is expressed as changes in the
rheological properties of the slurry, monitoring the rheology of the
suspension is also important if optimum grinding conditions are to
be achieved.

4

1.2. Objective
The objective of this study is to determine the proper
operating conditions and suspension formulation for energy
optimization in the production of submicron mineral particles in
stirred media mills. Experiments were carried out in two steps.
In the first step, the proper operating conditions and suspension
formulation to reach particles smaller than one micron, while in
the second step these same parameters were studied for particles
in the submicron size range.

The studied operating conditions

were the grinding media size and the stirrer tip speed; and the
suspension formulation was modified through the addition of four
different surfactants in various concentrations and through the
modification of the solids mass concentration.

Furthermore, a

formula to estimate the required power input based on the
operating conditions and rheological properties of the slurry is
proposed. Finally, the breakage mechanics of the comminution
process was studied throughout computer simulations.
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2. Fundamentals
2.1. Comminution in stirred media mills
As mentioned before, comminution in stirred media mills is
achieved by spherical grinding media being accelerated by the
rotation of a stirring device which stresses the feed particles
(Wills, 2006). For that reason, comminution in this type of mills
depends on how often a given particle is stressed by the grinding
media, called stress event, and the stress intensity at each stress
event. Kwade et al. (2002) developed a model to estimate the
total energy input based on this approach.
The number of stress events SN is defined as

𝑆𝑁 =

𝑁 𝐶 𝑃𝑆
𝑁𝑃

(1)

where NC is the total number of grinding media contacts, PS the
probability of a feed particle being caught and sufficiently stressed
at a given media contact and NP the number of feed particles
present inside the mill.
The total number of media contacts should mainly depend
on the amount of grinding media inside the chamber and on
operating conditions such as the number of stirrer revolutions and
grinding time as well. Therefore, it is assumed that the number
of media contacts is proportional to

𝑁𝐶 ∝ 𝑛𝑡

𝑉𝐶 𝜑𝐺𝑀 (1−𝜀)
𝜋 3
𝑑
6 𝐺𝑀
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(2)

where n is the number of revolutions of the stirrer per unit time, t
the total grinding time, VC the volume of the chamber, C the filling
ratio of the grinding media,  the porosity of the bulk of the
grinding media and dGM the diameter of the grinding media.
Determining an expression for the probability of a particle
being stressed in a media contact is not trivial due to the amount
of variables involved. Consequently, for simplicity it is generally
assumed that it only depends on the active volume. The active
volume is the space in which a particle can be stressed during a
media contact, and therefore it depends on the relative size
between the grinding media and the feed particles just as it is
shown in Fig. 2. For crystalline materials, the probability PS is
2
𝑃𝑆 ∝ 𝑑𝐺𝑀

(3)

Finally, the number of feed particles is proportional to the
total volume of feed particles inside the chamber VP. If cV is the
volume solids concentration of the particles in the slurry, then

𝑁𝑃 ∝ 𝑉𝑃 = VC [1 − φGM (1 − ε)]cV

(4)

Substituting Eqs. (2), (3) and (4) in (1) we obtain an
expression for the number of stress events (Kwade, 2002)
𝜑

(1−𝜀)𝑛𝑡

𝑆𝑁 ∝ [1−𝜑 𝐺𝑀(1−𝜀)]𝑐
𝐺𝑀

7

2
𝑉 𝑑𝐺𝑀

(5)

Fig. 2. Active volume in which a particle can be trapped between
two grinding media (Kwade, 2002).
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On the other hand, the expression for the stress intensity

SI is based on three main assumptions. First, only single particles
are stressed during a media contact or at each stress event.
Second, the tangential velocity of the grinding media is
proportional to the circumferential speed of the discs and third,
the diameter of the discs is constant during the entire grinding
process (Kwade, 2002). Under these assumptions, if a particle
with an elastic modulus of EP is stressed by grinding media of
density GM, diameter dGM and elastic modulus EGM moving at a
velocity v, then the particles are stressed with a stress intensity
of
𝐸

−1

3
𝑆𝐼 = 𝑑𝐺𝑀
𝜌𝐺𝑀 𝑣 2 (1 + 𝐸 𝑃 )

(6)

𝐺𝑀

Since the stress intensity is the energy spent in a single
stress event, then the product of these two quantities should be
proportional to the total energy input related either to the total
mass or the total volume. Generally the energy consumption of
this kind of mills is expressed in terms of the specific energy Em,
which is nothing more than the total amount of energy utilized
during the comminution process per unit mass of the feed product.
Therefore

𝐸𝑚 ∝ 𝑆𝑁 ∙ 𝑆𝐼

(7)

Because both, the stress intensity and the number of stress
event, depend on operation parameters this way of expressing the
specific energy has been successfully implemented in scale-up
procedures.

For instance, Goto (2010) developed an empirical

scale-up method that is consistent with Eq. (7). Experimentally,
9

the specific energy can be determined by directly measuring the
total amount energy E used for comminution or the power input P
of the mill used during the grinding process and dividing it by the
total mass of the product being ground mP (Becker, 2000)

𝐸𝑚 =

𝐸(𝑡)
𝑚𝑃

𝑡

=

∫0 𝑃(𝜏)𝑑𝜏

(8)

𝑚𝑃

Furthermore, experimental results have shown that the
specific energy is related to the product’s final size throughout the
empirical equation

𝐸𝑚 = 𝑎 (𝑥

𝑥
𝑓𝑒𝑒𝑑

𝜎

(9)

)

where xfeed is the initial size of the particles while a and  are
factors to be determined.
Determining

the

optimum

operating

conditions

that

minimize the specific energy necessary to reach a given product
size may not be straightforward considering all the involved
variables. For instance, increasing the grinding media size may
seem the obvious solution to decrease the product´s size, since
bigger media means higher stress intensities (Eq. (6)). However,
by increasing the size of the grinding media, the total amount of
media inside the chamber will have to decrease and as a result
lower numbers of stress events will be obtained (Eq. (5)). This
could lead to lower breakage rates that would require longer
grinding times to reach the desired size which may increase the
total energy consumption. For that reason there is not a unique
combination of optimum operation parameters, but rather they
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should

be

determined

based

on

the

desired

product´s

characteristics.

2.2. Rheology
Since comminution in stirred media mills generally takes
place in wet environments, the rheological properties of the
slurries become of great interest. For instance, since viscosity
arises from the collision between neighboring particles moving at
different velocities within a fluid, this physical property have a
major influence over the grinding environment inside the grinding
chamber.
behavior

However, determining either the viscosity or the
of

the

fluid

inside

the

chamber

may

straightforward, since both depend on the shear rate.

not

be

Fig.3.

shows a diagram of different types of fluids subject to different
shear rates. Unless the fluid is an ideally viscous fluid or display
a Newtonian behavior, the viscosity will depend on the shear rate.
The values for the viscosity obtained at a given shear rate is called
the apparent viscosity, and represent a single point of the
viscosity function.

11

Fig. 3. Behavior of different types of fluids under different shear
rates.
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The importance of the rheological behavior of slurries lies
in the fact that they can indicate the level of inter-particle
interaction within the slurry. Nevertheless, due to the complexity
of the mechanisms involved, no single rheological parameter can
wholly explain the behavior of the suspensions and therefore
several parameters should be considered. For instance, particle
size and the solid concentration of the suspension will highly affect
the behavior of the slurry. On the one hand, particles with sizes
below 1 m will be subject to inter-particle forces such as van der
Waals and electrostatic forces that will induce the formation of
flocs and agglomerates that will modify the viscosity of the
suspension (He, 2006). On the other hand, the solid concentration
in the slurry will also affect the interaction of the particles and as
a consequence the behavior of the fluid.
In general, when the solids concentration is relatively low
slurries tend to behave as dilatant fluids. At low shear rates the
distance between particles are large, so the effect of the attractive
van der Waals forces is minimum which allows the particles to
move freely. However, as the shear rates increase, the particle’s
movement becomes limited, giving as a result higher shear
stresses and apparent viscosities. For higher solid concentrations,
even at low shear rates the inter-particle attractive forces are
strong, causing the slurry to show a pseudoplastic fluid behavior.
If the attractive forces are strong enough, a shear yield stress will
appear and the fluid will behave as a Bingham fluid. In fact, as the
solid concentration is increased, the degree of pseudoplasticity
and the shear yield stress will also increase.

13

Having the proper rheological properties can greatly
improve the comminution conditions, especially in the submicron
size range where the effect of the inter-particle forces are more
evident.

This can be achieved throughout the use of proper

dispersants which besides stabilizing the particles in the solution
can reduce the yield stress and the viscosity as well. For example,
it is estimated that for wet ultra-fine grinding in stirred media
mills without the use of any dispersant the maximum solid
concentration is approximately 50 wt.%.

However, with the

proper dispersant this concentration can be increased to up to 80
wt.% (Greenwood, 2002).

For that reason, finding the proper

dispersant and amount for a given mineral sample and operating
conditions can optimize the comminution process.

14

2.3. Population balance model
The weight distribution of the ground particles can be
characterized throughout the population balance model. However,
in order to fully understand this model is necessary to define the
specific rate of breakage S and the primary breakage distribution
function b. In first place, the specific rate of breakage referrers
the amount of material in the size interval i that breaks per unit
time. By that definition, the specific rate of breakage is a vector
with n components, one per each size interval.
On the other hand, the primary breakage distribution is
defined as the size distribution obtained from the breakage in the
particles in the size interval i before these fragments are
reselected for further breakage. Since there is primary breakage
distribution for each size interval, then a matrix of bi,j values is
obtained.

In some cases is more convenient to represent this

matrix in its cumulative form, in which case the elements of the
matrix are often represented as Bij.
For the case of a batched grinding operation, the general
expression for the population balance model is
𝑑𝑤𝑖 (𝑡)
𝑑𝑡

= −𝑆𝑖 𝑤𝑖 (𝑡) + ∑𝑖−1
𝑗=1 𝑏𝑖𝑗 𝑆𝑖 𝑤𝑗 (𝑡), 𝑛 ≥ 𝑖 ≥ 𝑗 ≥ 1

(10)

𝑖>1

where w is the mass fraction in the mill. In Eq. (10), the first
statement represents the rate of breakage of particles in the size
interval j into smaller particles, while the second statement
represents the appearance of particles in the size interval i from
the fracture of particles coming from the size interval j. This last
15

equation can be solved using Reid’s solution for batch grinding
(Reid, 1965).

𝑤𝑖 (𝑡) = ∑𝑖𝑗=1 𝑎𝑖𝑗 𝑒 −𝑆𝑗𝑡 , 𝑛 ≥ 𝑖 ≥ 1
0,
𝑎𝑖𝑗 =

𝑖<𝑗

𝑖−1
𝑤𝑖 (0) − ∑𝑘=1
𝑎𝑖𝑘 ,

𝑖=𝑗

𝑖>1

1

{

(11)

𝑆𝑖 −𝑆𝑗

∑𝑖−1
𝑘=𝑗 𝑆𝑘 𝑏𝑖𝑘 𝑎𝑘𝑗 ,

(12)

𝑖>𝑗

The problem now relies in obtaining the values for the
breakage rate and the primary breakage rate distribution to apply
the solution. In case of the specific breakage rate, experimental
results have shown that the values of the components of the vector
depend on the particle size and follow a simple power function
(Austin, 1984).

These values tend to be smaller for the finer

particles and bigger for the coarser particles until they reach a
maximum, in which the particles are just too big to be broken
under a particular set of milling conditions.

This is shown in

Fig.4. The equation that describes the specific breakage rate as
a function the particle size x is

𝑆𝑖 = 𝑎(𝑥𝑖 /1000)𝛼 𝑄𝑖

(13)

where a is a value with time-1 dimensions that depends on the
milling conditions,  is a positive number usually between 0.5 and
1.5 that depends on the characteristics of the material and Qi are
correction factors. The values of these correction factors are also
size dependent, and are given by the equation

16

𝑄𝑖 =

1
1+(𝑥𝑖 /𝜇)Λ

(14)

, Λ≥0

where  is the particle size at which the value of the correction
factor is 1/2 and mainly depends on the mill conditions, while 
mainly depends on the material characteristics and is an index of
how rapidly the rates of breakage decrease with the particle size.
The Bij values can be obtained using by the empirical
function

𝐵𝑖𝑗 = Φ𝑗 (

𝑥𝑖−1
𝑥𝑗

𝛾

) + (1 − Φ𝑗 ) (

𝑥𝑖−1
𝑥𝑗

𝛽

) , 0 ≤ Φ𝑗 ≤ 1

(15)

where j,  and  are constants related to the characteristics of
the material. Fig.5 shows the relation between the particle size
and the primary breakage distribution.
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Specific rate of breakage (min -1)



a



x0



Particle size (mm)

Fig. 4. Typical plot of the specific rate of breakage as a function
of the particle size.

Cumulative Breakage Parameters Bij


1-





Size interval

Fig. 5. Typical plot of the primary breakage distribution.
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In practice, in order to be able to use Eqs. (11) and (12) it
is necessary to obtain the necessary input parameters, namely the
breakage rate and the primary breakage distribution. In general,
both of these values can be obtained experimentally. For instance,
the values for the breakage rate can be obtained by solving Eq.
(13) for the top size interval (i=1). For this size interval the term
that includes the primary breakage distribution is omitted, which
leaves a simple differential equation that after solving and making
the proper base conversion of the logarithms leads to the
expression
𝑆

𝑙𝑜𝑔𝑤1 (𝑡) − 𝑙𝑜𝑔𝑤1 (0) = − 2.31

(16)

By making a series of grinding experiments in which the
top size of the feed is changed in each experiment and by using
Eq. (16), the breakage rate for each individual size interval can be
obtained.
On the other hand, obtaining the values for the primary
breakage distribution may be experimentally challenging. This is
because to obtain the best theoretical results, it is necessary to
use a single size feed and avoid excessive secondary breakage
during the experiments.

Nevertheless, different methods that

provide pretty accurate results have been developed.

Among

these methods, one of the most widely used is the Method BII
developed by Austin and Luckie (Austin, 1984).

𝐵𝑖𝑗 ≈

1−𝑃𝑖 (0)
]
1−𝑃1 (𝑡)
1−𝑃𝑗+1 (0)

log[
log[

1−𝑃𝑗+1
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]
(𝑡)

,

𝑖>𝑗

(17)

where Pi(t) denotes weight percentage less than the size i at time

t.
However, if obtaining the S or B values experimentally is
not possible, these values can be obtained indirectly throughout
back-calculation from experimental data. This method tries to
find those S and B values that make the computer simulated results
of the mill model agree as closely as possible to the experimental
results. This method as a series of advantages, that include (i)
the spreading of error by using all the available data in the
calculation simultaneously; (ii) can be used on limited data and
therefore reducing the need for big amounts of experimental
results; and (iii) can be applied to continuous full-scale data
(Austin, 1984).
The program will take as an input the cumulative size
distribution of the feed at different time intervals (including at t=0),
and from that search for the best set of a, , ,, , ,  and
values while minimizing the sum of squares (SSQ)

min 𝑆𝑆𝑄 = ∑𝑘 ∑𝑛𝑖=1 𝑤𝑖 (𝑝𝑖 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 − 𝑝𝑖 𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑)2

(18)

where the summation over k is for all pairs of time t0 to t1, t0 to t2,
etc.

The d values comes from the expression for  for

nonnormalized B values
𝑥

−𝛿

Φ𝑗 = Φ1 (𝑥 𝑗 )
1
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, 𝛿>0

(19)

3. Experimental set-up and procedures
Experiments were carried out in two different mills to study
the optimum operating conditions above the submicron size range
and under the submicron size range.

To measure the power

consumption of both mills a WT130 Digital Power Meter from
Yokogawa (Japan) was hired.

The rheological test were done

using a Brookfield Viscometer DV2T, and particles size were
measured using a Malvern Mastersizer 2000 (United Kingdom)
through laser diffraction.
The mineral samples used in the experiments were calcite
(CaCO3), quartz (SiO2) and pyrophyllite (Al2Si4O10(OH)2). Calcite
is one of the most common minerals with uses that range from
acid neutralization to the production of lime for construction. It is
generally white in color, possess a hexagonal crystal system and
a Mohs Hardness of 3.0. The calcite samples were obtained from
the Deogam mine, South Korea, and had a measured density of
2.42 g/ml at room temperature (20°C). When studying the coarser
size range, samples with a mean size of 27.62 m were used, while
for the submicron range 3.02 m samples were employed. On the
other hand, quartz is a silicate mineral present in virtually any
color. Similar to calcite, quarts is very abundant and also possess
a hexagonal crystal system. Some of the most common uses for
this mineral are glass making, foundry sand and for the production
of gemstones.

Quarts has a Mohs hardness of 7.0.

Quartz

samples had a measured density of 2.04 g/ml and a mean size of
21.64 m.

Finally, unlike calcite and quartz, pyrophyllite is a

somewhat uncommon brownish mineral. Pyrophyllite have a clay21

like texture and a Mohs hardness of 1.5-2.

The pyrophyllite

samples had a measured density of 2.84 g/ml and a mean size of
111.88 m. Fig. 6 depicts the size distribution of each sample,
while Table 1 show the elemental analysis of the mineral samples.
This analysis was carried out by X-ray fluorescence (XRF). For
the

batch

mode

experiments,

slurries

with

solid

mass

concentrations of 5, 10, 20, 30 and 40 wt.% were prepared.
Meanwhile, for the continuous mode experiments only solid mass
concentrations of 5, 10 and 15 wt.% were studied due to the
equipment limitations.
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Table 1. XRF analysis results for the calcite, pyrophyllite and
quartz samples.
Calcite

Pyrophyllite

Quartz

Formula

Concentration(%)

Formula

Concentration(%)

Formula

Concentration(%)

CaO
MgO
SiO2
Al2O3
Fe2O3
SrO
K2O
MnO
SO3

97.6
0.939
0.742
0.322
0.224
0.0561
0.0545
0.035
0.027

SiO2
Al2O3
TiO2
K2O
Fe2O3
SO3
CaO
Na2O
P2O5
BaO
ZrO2
SrO

77.21
21.14
0.478
0.208
0.207
0.183
0.148
0.129
0.11
0.0954
0.04735
0.0426

SiO2
Al2O3
K2O
Na2O
Fe2O3
CaO
BaO
P2O5
TiO2
WO3
MgO
SO3
Rb2O
SrO
ZrO2

79.99
9.912
7.45
1.17
0.491
0.33
0.149
0.12
0.114
0.104
0.077
0.044
0.0233
0.0208
0.0073
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Fig. 6. Size distribution of the (a) calcite samples in the batch
grinding experiments, (b) calcite samples in the continuous mode
grinding experiments, (c) quartz samples and (d) pyrophyllite
samples.
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A KMtech model KMAM-1B (Fig. 7) attrition mill operating
in batch mode with a 1.0 dm3 net volume chamber was used for
the coarser size range.

The manipulated operating conditions

were the grinding time, stirrer tip speed and grinding media size.
Speeds of 1.68 m/s, 2.51 m/s and 3.35 m/s corresponding to 400,
600 and 800 revolutions per minute respectively were studied. As
grinding media, 5.0 mm, 3.0 mm, 2.0 mm and 1.0 mm mean
diameter zirconia beads with a density of 5.6 g/ml was used. For
all experiments the filling ratio was kept constant at GM=0.8.
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Fig. 7. KMtech attrition mill used for comminution in the coarse
size range.
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For the particles in the submicron size range, a NanoSizer
Fine Mill from Daega Powder Systems (Fig. 8) operating in
continuous mode with a 0.15 dm3 net volume chamber was
employed. Again, the same operating conditions were studied.
Experiments were carried out with stirrer tip speeds of 5.7 m/s,
7.6 m/s and 9.5 m/s.

This mill’s design includes a built-in

centrifugal classifier to prevent the leakage of grinding media,
allowing the use of fine grinding media sizes. For that reason,
zirconia beads with a mean density of 5.6 g/ml and mean diameters
of 0.5 mm, 0.3 mm and 0.1 mm were used as grinding media. The
chamber was filled with a fix load of 400 g of grinding media in all
the experiments representing 65% of the mill’s chamber volume.
The flow rate was kept constant at 100 ml/min, leading to mean
residence times for each pass-through of 78 seconds.
Finally, four different surfactants were used as additives.
These

three

additives

were

Sodium

Polyacrylate

(Poli),

Ammonium Polyacrylate (DISPEX), CO10 and SND. The effect of
these additives in the rheological properties of the slurries was
studied, as well as their optimum concentration.
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Fig. 8. NanoSizer Fine Mill used for comminution in the submicron
size range.
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4. Results and discussion
4.1. Stirrer tip speed
One of the operation parameters that directly influence the
energy consumption in stirred media mills is the stirrer tip speed,
since it is related with the power requirements of the mill. Fig.9
shows the mean size of the product particles of a 30 wt.% calcite
slurry as a function of the grinding time for stirrer tip speeds of
1.68 m/s, 2.51 m/s and 3.35 m/s using 2.0 mm grinding media in
the batch type mill.
Results showed that when everything except the stirrer tip
speed is kept constant, higher speeds lead to smaller sizes over
same periods of time. This is due to the fact that under these
conditions, higher speeds translates into higher stress intensities,
and therefore higher amount of energy available for comminution.
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Fig. 9. Effect of the stirrer tip speeds of the batch mode mill on
the relation between calcite mean particle size and grinding time.

31

However, if the purpose is to optimize the energy usage,
the optimum stirrer tip speed should be chosen based on its
required specific energy and not the grinding time. When plotting
the same experimental points from Fig.9 but instead of comparing
the size with the grinding time we compare it with the specific
energy all the points fall on the same curve (Fig. 10). This shows
that there is a direct relation between the particle´s size, and that
finer sizes require higher energy inputs.

Also, under these

conditions, to obtain a particular product fineness for a given
energy input either high stirrer tip speeds with low grinding times
or low stirrer tip speeds with longer grinding times lead to similar
energy consumptions.

Similar results were obtained using

different grinding media sizes, solid mass concentrations and
mineral samples. For instance, Fig. 11 shows the results obtained
for the pyrophyllite samples using 3.0 mm grinding media and a
solid concentration of 20 wt.%.

32

100

vt = 1.68 m/s
vt = 2.51 m/s

Mean Size (m)

vt = 3.35 m/s
10

1

0.1
10

100

1000

10000

Specific Energy (kJ/kg)

Fig. 10. Effect of the stirrer tip speed of the batch mode mill on
the relation between calcite mean particle size and specific energy.
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Fig. 11. Effect of the stirrer tip speed of the batch mode mill on
the relation between pyrophyllite mean particle size and specific
energy.
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Nonetheless, for sizes approaching the grinding limit,
results were different. The experimental results obtained from
the mill operating in continuous mode showed that for finer size
ranges the stirrer tip speeds effect cannot be neglected when
considering the specific energy. As Fig.12 show, near the grinding
limit lower tip speeds are more energy efficient. This is due to
the fact that in this size range even at the slower speeds the
grinding media have enough energy to break the particles.
Nonetheless, since the size cannot be reduced further than the
grinding limit, increasing the tip speeds will not increase the
breakage rate, but only the energy consumption.
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Fig. 12. Effect of the stirrer tip speed of the continuous mode mill
on the relation between mean particle size and specific energy.
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4.2. Solid mass concentration
From the energy optimization point of view, the solid mass
concentration is one of the first parameters that should be
considered since it determines the total amount that can be ground
at any given time. Under loading the mill would mean a waste or
misuse of energy, while overloading the mill can have negative
effects over the grinding conditions.
Fig.13 and Fig.14 show the effect of the solid mass concentration
over the product size for quartz and calcite samples respectively.
In both experiments 1 mm, 2 mm, 3 mm and 5 mm grinding media
and 1.68 m/s, 2.51 m/s and 3.35 m/s stirrer tip speeds were set
as operating parameters.

Also, sodium polyacrylate with a

concentration of 3.0 wt.% was used as dispersant.
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Fig. 13. Effect of the solid mass concentration on the relation
between the quartz mean particle size and specific energy.
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Fig. 14. Effect of the solid mass concentration on the relation
between the calcite mean particle size and specific energy.
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In both cases, the higher mass concentrations led to the
optimum results. In the particular case of calcite, the graph shows
that an optimum solid mass concentrations lies between 30 wt.%
and 40 wt.%. This results resembles that reported by Bernhardt
et al. (1999) who reported an optimum solid mass concentration
of 35 wt.% under similar conditions.
Similar results were obtained when studying the energy
requirements for particles in the submicron range. Fig. 15.a show
the mean particle size as a function of the specific energy for
different mass concentrations with the addition of 3.0 wt.% sodium
polyacrylate. Again higher solid mass concentrations proved to
be more energy efficient. However, since particles in this size
range are more susceptible to the attractive inter-particle forces,
the concentration of the surfactant used to avoid the formation of
agglomerates have a more noticeable effect. Just as Figs. 15.b
and 15.c show, when the concentration of sodium polyacryalte is
increased from 3.0 wt.% to 5.0 or 10.0 wt.%, finer particles can be
produced. The effect of the addition of surfactants in the slurries
will be further discussed in later sections.
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Fig. 15. Effect of the solid mass concentration on the relation
between the calcite mean particle size and specific energy with
the addition of sodium polyacrylate in a concentration of (a) 3 wt.%,
(b) 5 wt.% and (c) 10 wt.%.
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As mentioned before, the specific energy required to
achieve a mean particle size x from the previous experiments can
be related throughout Eq. (9). Table 2 shows the a and  values
obtained for the 1.0 dm3 batch mode mill, while Table 3 the values
obtained for the 0.15 dm3 continuous mode mill calculated using a
non-linear regression.
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Table

2.

Parameters

a

and



for

different

solid

mass

concentrations.
mc

a [kJ/kg]



R2

0.1

7.3139

-1.964

0.9509

0.2

10.197

-1.526

0.9809

0.3

11.914

-1.286

0.9864

0.4

12.411

-1.308

0.9797

Table 3. Parameters a and  for different solid mass and sodium
polyacrylte concentrations.
Poli 3.0 wt.%
mc

a [kJ/kg]



R2

0.05

123.38

-2.747

0.9957

0.1

61.447

-2.47

0.9764

0.15

62.935

-2.287

0.9846

Poli 5.0 wt.%
mc

a [kJ/kg]]



R2

0.05

171.37

-2.283

0.99

0.1

81.739

-2.228

0.9776

0.15

82.947

-2.01

0.9956

Poli 10.0 wt.%
mc

a [kJ/kg]



R2

0.05

149.31

-2.347

0.9857

0.1

98.024

-2.23

0.9901

0.15

71.53

-2.09

0.9928
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Results from the previous tables show that in general, as
the solid mass concentration is increased, both the  values
increase. Since this parameter is related to the general breakage
rate, an increase in these values means that the optimum
concentration will also improve the breakage of particles inside
the chamber. This is due to the fact than unlike coarse range
particles where generally only individual particles are stressed by
the grinding media, fine range particles are simultaneously
stressed. Therefore, high solid concentrations can improve the
stressing conditions which increase the breakage rate. This is
shown in the increasing value of the  parameter for higher solid
mass concentrations.

However, for higher than optimum solid

mass concentrations the energy efficiency may decrease due to
the increase in the suspension’s viscosity and slower movement
of the media caused by ground particles (Outtara, 2013).
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4.3. Grinding media size
When looking to optimize the operating conditions for
grinding in stirred media mills, the grinding media size is of great
importance, but determining the proper size may not be
straightforward. Bigger grinding media sizes mean higher stress
intensities, and therefore more energy available for comminution
(Eq.6). However, by increasing the size of the grinding media, we
reduce the total amount of grinding media inside the chamber for
a constant filling ratio and as a result we also reduce the number
of stress events (Eq.5). For that reason, the proper grinding media
size will depend on other parameters, such as the stirrer tip speed
or the characteristics of the sample.
Fig. 16 depict the effect of the grinding media size over the
product size and specific energy for an experiment carried out
using the batch type mill with a 10 wt.% pyrophyllite solid mass
concentration.
Similar results were obtained for the calcite samples. Fig.
17 shows the results obtained from the experiments carried out
using batch type mill with a 30 wt.% calcite solid mass
concentration.
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Fig. 16. Effect of the grinding media size in the batch mode mill on
the relation between the pyrophyllite mean particle size and
specific energy.
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Fig. 17. Effect of the grinding media size in the batch mode mill on
the relation between the calcite mean particle size and specific
energy.
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On the other hand, Fig. 18 shows the results corresponding
to the continuous mode mill operating at a fixed speed of 5.7 m/s
with a 5.0 wt.% calcite solid mass concentration.
In all the studied cases the smallest grinding media proved
to give the optimum results (1.0 mm and 0.1 mm). This suggests
that the stress intensities were high enough to break the calcite
particles and therefore the number of stress events was the
parameter that accelerated the breakage rate. In other words,
even with the smallest grinding media size the energy available
was enough to break the calcite particles, but by reducing the
grinding media size and as a consequence increasing the total
amount of grinding media inside the chamber the number of
contacts also incremented.

Furthermore, in the case of the

continuous mode mill, using the smallest grinding media size
actually reduced the minimum product size obtainable, proving
that choosing the proper grinding media size have a major effect
over the breakage mechanics in stirred media mills.
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Fig. 18. Effect of the grinding media size in the continuous mode
mill on the relation between the calcite mean particle size and
specific energy.
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4.4. Rheology
Since the effect of inter-particle interactions is stronger
for finer particles, rheological test on slurries subject to different
types of surfactants where only carried out in the 0.1 dm3 mill
while trying to reach particles in the sub-micron range.

The

objective was to determine the proper concentration of the proper
surfactant that reduced the agglomeration of the particles while
studying the effect that the addition of these surfactants have over
the rheological properties of calcite slurries.

Just as with

determining the proper solid mass concentration, optimizing the
suspension formulation throughout the addition of surfactants has
a direct impact over the overall energy consumption by improving
the milling conditions.
Without

the

addition

of

any

surfactants,

a

high

agglomeration rate was observed as shown in Fig. 19. In fact,
under these conditions sub-micron particles were impossible to
obtain since the agglomeration of particles led to increasing mean
particle sizes for longer milling times.
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Fig. 19. Increase of the mean particle size due to agglomeration.
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These results showed that to optimize the milling
conditions and achieve the smallest mean particle size, slurries
must be stabilized through the use of additives. Being one of the
most widely used additives for calcite slurries, the first surfactant
to be studied was Sodium Polyacrylate (Poli). Fig. 20 shows the
mean particle size at different grinding times for different solids
concentrations of sodium polyacrylate in a 5.0 wt.% slurry. Here
it can be seen that concentrations lower than 3.0% slow the rate
agglomeration of particles, but not enough to achieve a minimum
particle size. On the other hand, concentrations above 3.0% barely
improve the mean particle size obtainable with a concentration of
3.0%, so these higher concentrations may not be economically
viable in a large scale process. Fig. 21 compares the apparent
viscosity of the slurry without any surfactant and the one with the
optimum concentration of sodium polyacrylate.

Here it can be

seen that without any surfactant, the viscosity of the slurry
increase as the grinding time increases due to the formation of
agglomerates, while the viscosity of the stabilized slurry have
neglectable changes over the grinding process.
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Fig. 20. Mean particle size as a function of the grinding time for
different sodium polyacylate concentrations in a 5.0 wt.% slurry.
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Fig. 21. Apparent viscosity as a function of the grinding time for
the slurry without any surfactant and the slurry with 3.0 wt.%
sodium polyacrylate.
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Fig. 22.a-b show the shear stress and apparent viscosity
for different shear rates corresponding to the slurries after 128
minutes of grinding from the previous experiment respectively. In
can be seen that for slurries with no or a minimum amount of added
surfactant behave as pseudoplastics. As the concentration of the
surfactant is increased, the pseudoplasticity of the slurries start
to shift towards a Newtonian fluid, decreasing its apparent
viscosity in the process. It is worth noticing that in fact the slurry
starts to behave as a Newtonian fluid and shows a minimum
apparent viscosity when 3.0 wt.% of sodium polyacrylate is added.
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Fig. 22. (a) Shear stress and (b) viscosity as a function of the shear
rate for different sodium polyacrylate concentrations in a 5.0 wt.%
slurry after 128 minutes of grinding.
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The experiments were repeated increasing the solid mass
concentration of the slurry from 5.0 wt.% to 10.0 wt.%. Fig. 23
show the mean particle size for different concentrations of sodium
polyacrylate.

Again, it can be seen that has the surfactant

concentration is increased, smaller mean particle sizes can be
achieved. However, unlike the results obtained from the 5.0 wt.%
slurry experiment, in this case a minimum concentration of 4.0%
of sodium polyacrylate is needed to achieve the optimum particle
stabilization.

This result was expected, since given that an

increase in the solid mass concentration of the slurry mean an
increase in the total amount of particles suspended in the slurry,
a higher concentration of surfactant would be needed for
stabilization.
Furthermore, when rheological test are done to these
slurries, similar results are obtained.

Again, the minimum

viscosity and the shift from pseudoplasticity to a Newtonian fluid
occurs when the optimum concentration of surfactant is added, 4.0
wt.%, in this case (Fig. 24.a-b)
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Fig. 23. Mean particle size as a function of the grinding time for
different Sodium Polyacylate concentrations (10.0 wt.%).
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Fig. 24. (a) Shear stress and (b) viscosity as a function of the shear
rate for different sodium polyacrylate concentrations in a 10.0
wt.% slurry after 128 minutes of grinding.
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In a third set of experiments, ammonium polyacrylate
(DISPEX), another widely used stabilizer for calcite particles, was
studied. Unlike the case of sodium polyacrylate, the ammonium
polyacrylate was diluted in liquid, and therefore higher weight
concentrations were needed.

In this case, the optimum

concentration was found to be 15.0 wt.% (Fig. 25), and the
minimum viscosity and shift towards Newtonian behavior occurs
at this concentration (Fig. 26.a-b).
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Fig. 25. Mean particle size as a function of the grinding time for
different ammonium polyacrylate concentrations (5.0 wt.%).
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Fig. 26. (a) Shear stress and (b) viscosity as a function of the shear
rate for different ammonium polyacrylate concentrations in a 5.0
wt.% slurry after 128 minutes of grinding.
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Next, the experiments were carried out using SND
surfactant, another additive diluted in liquid.

In this case the

optimum concentration was found to be 10.0 wt.%. Fig. 27 and
Fig. 28.a-b show the results obtained when using this additive.
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Fig. 27. Mean particle size as a function of the grinding time for
different SND concentrations in a 5.0 wt.% slurry.
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Fig. 28. (a) Shear stress and (b) viscosity as a function of the shear
rate for different SND concentrations in a 5.0 wt.% slurry after
128 minutes of grinding.
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Finally, the last additive to be tested was CO10.
Experimental results showed that this additive is not suitable to
stabilize calcite particles.

As Fig. 29 and Fig. 30.a-b show,

although the viscosity and the yield stress was slightly reduced
when using this additive, the mean particle size did not have any
significant change when compared to the case when no additive
was used. Among the four studied surfactants, this was the only
one unable to reduce the agglomeration of ground particles.
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Fig. 29. Mean particle size as a function of the grinding time for
different CO10 concentrations in a 5.0 wt.% slurry.
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Fig. 30. (a) Shear stress and (b) viscosity as a function of the shear
rate for different CO10 concentrations in a 5.0 wt.% slurry after
128 minutes of grinding.
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In all studied cases, it was found a link between particle
agglomeration and the rheological properties of the slurries. In
general, agglomeration occurred in slurries that showed a
pseudoplastic behavior.

This is the result of strong attractive

inter-particle interaction between non-stabilized particles at low
shear rates.

As the shear rate is increased, the interaction

between neighboring becomes more difficult and therefore
reducing the apparent viscosity. With the addition of surfactants,
particles in the suspension become more stable and as a result
they do not agglomerate neither at low nor high shear rates. This
is

reflected

characteristic

as
of

a

constant

Newtonian

apparent

viscosity,

fluids.

Once

the

which

is

minimum

concentration of surfactant at which the slurries started to behave
as Newtonian fluids, any increase in this optimum concentration
had neglectable effects over both, the minimum achievable mean
particle size and the apparent viscosity.
With the optimum additive concentration found for each
surfactant, the next step was to compare their performance at
stabilizing calcite particles. Fig. 31 shows the mean particle size
obtained when using the optimum additive concentration. Here it
can be seen that the best results were obtained using sodium
polyacrylate and ammonium polyacrylate since they led to the
minimum mean sizes.

Furthermore, just as the previous

experiment’s results showed, the minimum particle size also
correspond to the minimum apparent viscosity and slurries
behaving like Newtonian fluids (Fig. 32.a-b).
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Fig. 31. Mean particle size as a function of the grinding time for
the optimum additive’s concentration in a 5.0 wt.% slurry.
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Fig. 32. (a) Shear stress and (b) viscosity as a function of the shear
rate for the optimum additive’s concentration in a 5.0 wt.% slurry
after 128 minutes of grinding.
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4.5. Power input estimation
Several attempts have been made to develop a model able
to estimate the power consumption of stirred media mills. Among
these models, one of the most successful and widely used is the
empirical power model developed by Gao et al. and further
expanded

by

Radziszewski

(2013)

to

include

rheological

properties such as the shear volume of slurries. According to this
model, the power consumption P is given by

𝑃 = 𝑘(𝑎𝜇 −𝑏 ) (𝑑

𝑑𝐺𝑀

𝐺𝑀𝑟𝑒𝑓

𝑐

) (𝜌

𝜌𝐺𝑀
𝐺𝑀𝑟𝑒𝑓

𝑑

) (𝜌

𝜌𝑠𝑙
𝑠𝑙𝑟𝑒𝑓

𝑒

100−𝑥 𝑓

) (

100

)

(22)

where the sub index ref stands for reference values, k is a
correction factor while a, b ,c ,d, d and f are values obtained by
minimizing the error between the predicted and measured power.
In practice, these models offer simple and reliable methods
to estimate the power consumption of stirred media mills.
However, due to their empirical nature, they offer limited
information of the physical significance of the involved variables
over the consumed power. For that reason, an alternative model
based on Kwade et al. energy model and rheological properties of
the slurries and not only on experimental results was developed.
Assuming that the total power consumption PT is the sum
of the power needed to move the grinding media for comminution

PGM, the necessary power to move the slurry inside the chamber
Psl and the power needed by the mill when disengaged from any
load Pnl, then
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𝑃𝑇 = 𝑘1 𝑃𝐺𝑀 + 𝑘2 𝑃𝑠𝑙 + 𝑃𝑛𝑙

(23)

where k1 and k2 are correction factors that depend on the specific
type of mill being used.
In a rotating system, such as stirred media mills, we can
express the power either in terms of the angular rotation speed 
or in our case in a more useful way by the number of revolutions
per minute n as

𝑃=

𝐸
𝑡

= 𝐸𝜔 =

𝐸𝜋𝑛

(24)

30

where E stands for the total energy and t for time.
According to Kwade et al., the stress intensity is the energy
transferred from the grinding media to the product during
comminution (Eq. (6)). Assuming that the source of this stress
intensity is the power needed to move the grinding media PGM,
then by substituting Eq. (6) in Eq. (24) we obtain

𝑃𝐺𝑀 =

3
𝜋 𝑑𝐺𝑀
𝑣2𝜌 𝑛

30

𝐸𝑝

(1 + 𝐸

𝐺𝑀

−1

)

(25)

On the other hand, we can express an applied force F over
a cross-sectional area parallel to the applied force vector A in
terms of the shear stress  as

𝐹 = 𝜏𝐴

(26)

In fluid mechanics, the shear stress can be seen as the
resistance to sliding of two parallel plates sliding past one another
at a velocity u separated by a fluid of a thickness y. If  is the
viscosity of the fluid, then we can express the shear stress as
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𝜏=𝜇

𝑢

(27)

𝑦

For rotating systems, the sliding velocity u is expressed as
the product of the angular velocity  and the radius r of the surface,
so Eq. (27) becomes
𝜔

(28)

𝜏 = 𝜇𝑟 𝑦

In a stirred media mill, the motor applies a torque T to the
shaft in order to rotate the load inside the chamber. Assuming
that the applied force is perpendicular to the stirrer tips, then from
Eq. (25) and Eq. (27) the torque is

𝑇 = 𝑟 × 𝐹 = 𝜇𝜔𝐴

𝑟2

(29)

𝑦

Radziszewski showed that the geometries of the stirrer and
the chamber influence the area, the radius and the gap over which
the shear is acting. For that reason he grouped the last terms into
what he called the shear volume V (Radziszewski, 2013), which
should be calculated based on the n number of parallel shear
surface pairs inside the mill
𝑟2

𝑉𝜏 = ∑𝑛𝑖=0 𝐴𝑖 𝑦𝑖

(30)

𝑖

Therefore, the power needed to apply the torque from Eq.
(29) neglecting any influence from the grinding media is given by

𝑃𝑠𝑙 = 𝜔𝑇 = 𝜇𝜔2 𝑉𝜏 =

𝜇𝜋 2 𝑛2 𝑉𝜏
900

(31)

The last term of Eq. (23), Pnl, can only be determined
experimentally, since it depends on the mill being used. However,
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according to the experimental results obtained from the mills
tested, it was found that the idle power has a linear dependency
on the number of revolutions per minute n, just as shown in Fig.
33.
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Fig. 33. Relation between the no load power input and revolutions
per minute of the batch type mill.
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Based on these experimental results, we can assume that a
general expression for Pnl is
(32)

𝑃𝑛𝑙 = 𝑘3 𝑛 + 𝑘4
where k3 and k4 are constants determined experimentally.

Substituting Eqs. (25), (31) and (32) in Eq. (23) we obtain
an expression for the power consumption of a stirred media mill
which depends on the operating conditions, the geometry of the
chamber and the characteristics of the slurry

𝑃𝑇 = 𝑘1

3
𝜋 𝑑𝐺𝑀
𝑣2𝜌 𝑛

30

−1

𝐸𝑝

(1 + 𝐸

𝐺𝑀

)

+ 𝑘2

𝜇𝜋 2 𝑛2 𝑉𝜏
900

+ 𝑘3 𝑛 + 𝑘4

(33)

To investigate how this proposed power function fits the
experimental data, first is necessary to determine the values of
the constants k1, k2, k3 and k4. This was achieved throughout a
non-linear regression using the measured power input and the
operating conditions for each experiment.

Since two different

types of mill were used, two sets of values were obtained. Table
4 shows these values.
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Table 4. Values of the constants obtained for each mill
throughout a non-linear regression.
1.0 dm3

0.15 dm3

mill

mill

k1

52.8

5.04

k2

1298.2

75180

k3

0.2

0.14

k4

59.4

122
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Once the constants are determined, Eq. (33) can be used to
estimate the power input necessary based on the milling
conditions and properties of the material. Figs. 34.a-c show the
error between the actual measured power and the power obtained
using Eq. (33) for the 1.0 dm3 mill operating under different
conditions for the calcite, quartz and pyrophyllite samples
respectively.

Fig. 35 shows the error obtained when grinding

calcite samples in the 0.15 dm3 mill. The mean absolute error
(MAE) calculated for each case is also presented.
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Fig. 34.

Error between the calculated power input and the

measured power input for the 1.0 dm3 mill when grinding (a)
calcite, (b) quartz and (c) pyrophyllite samples.
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Error between the calculated power input and the

measured power input for the 0.1 dm3 mill when grinding calcite
samples.
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In the case of the 1.0 dm3 mill, it can be seen that the mean
absolute error was higher for the quartz samples while the calcite
showed the lowest.

Rather than being related to the type of

sample, a most reasonable explanation for these different errors
is the total number of samples. Unlike the case of the calcites
samples in which a more extensive investigation was done
concerning the effect of different operating conditions; quartz and
pyrophyllite samples were mainly used to compare the results
obtained from the calcite samples.

For that reason, less

experiments were carried out using these two samples, which is
most likely the reason why obtained the highest mean average
error for the specimen with the less number of samples. In the
case of the pyrophyllite samples, is worth noticing that in general,
the power input obtained throughout the formula tend to be
underestimated. A possible explanation is that due to the complex
composition of this mineral, the exact value of its elastic modulus
could not be obtained, and only an approximation retrieved from
the literature was used (Zhang, 2010).
Among all the studied cases, the results obtained from the
0.15

dm3

mill

lead to

the

higher mean

absolute

error.

Nevertheless, similarly to the experiments done using the quartz
and pyrophyllite, the number of samples taken is relatively low
and likely the main source of the errors.

In fact, two of the

samples clearly show an error way higher than the general trend,
which may indicate that these samples were subject to random
errors. If these two samples are omitted and the mean absolute
error is recalculated, it decreases to 2.51%. In any case, more
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experimental work is needed to further corroborate the proposed
input power function.
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4.6. Simulation
The parameters from the batch grinding equation (Eq. (12))
could not be experimentally determined; reason why they were
obtained throughout a computer simulation.

Using the back-

calculation code proposed by Austin et al. (1984) the parameters
for the breakage rate and primary breakage distribution were
obtained, while the cumulative size distribution for different
grinding times were obtained by using these parameters in Reid’s
solution for the batch grinding equation. One of the first things
noticed from the results of the simulation is that regardless of the
reference value used for the parameters  and  (the ones related
to the correction factor from Eq. (16)) had no effect over the final
output values.

This is because the size range of the studied

particles is too far from the size at which the breakage rate starts
to slow due to the grinding media not having the proper size for
efficient comminution. If fact, this further corroborate the results
obtained from the analysis of the effect of the grinding media size.
Table 5 show the values of the parameters obtained from the
back-calculation. Fig. 36 show the results obtained from the 5.0
mm and 400 rpm experiment compared against the values obtained
from the back-calculation and the calculated parameters for
different operating conditions.
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Table 5. Parameters of the population balance model obtained
throughout back-calculation.
Grinding
media
size
2 mm

3 mm

5 mm

RPM

a









SSQ

400
600
800
400
600
800
400
600
800

32.0573
52.018
75.0065
30.0182
51.0097
74.0063
27.0265
49.0136
73.0056

1.2291
1.3091
1.2342
1.2332
1.2985
1.3567
1.3065
1.3637
1.4687

0.5573
0.5309
0.5678
0.5599
0.5129
0.5239
0.5629
0.5707
0.643

1.5527
1.5417
1.5654
1.5957
1.6807
1.6639
1.6162
1.622
1.5254

2.5272
2.5145
2.5121
2.5238
2.5245
2.522
2.5157
2.5078
2.4976

-0.5503
-0.64286
-0.53537
-0.5347
-0.564
-0.66169
-0.5605
-0.90521
-0.64839

Weight fraction undersize

1

feed
4 min - exp
8 min - exp
16 min - exp
32 min - exp
64 min - exp
4 min - sim
8 min - sim
16 min - sim
32 min - sim
64 min - sim

0.1

0.01
1

10
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1000

Size (m)

Fig. 36. Simulation results showing a discrepancy between the
experimental and simulated data due to a change in the general
breakage rate.
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However, it can be seen that a discrepancy between the
experimental and simulated values exist, especially for the longer
grinding times.

This suggest that a change in the grinding

conditions may have occurred during the process. In particular,
the results suggest a reduction on the general breakage rate due
to a deviation of the experimental results from the assumed firstorder breakage rate. To take into consideration this deviation, the
simulation was repeated using the false grinding time , or the
grinding time needed to achieve a given particle size if the
breakage rate was indeed first-order during the entire process.
This false grinding time was obtained by the interpolation of the
experimental data in a Weibull plot.

Fig. 37 depicts the false

grinding obtained for the data set from Fig. 36.
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Fig. 37. Weibull plot for the false grinding time corresponding to
particles in the <4.94 m size range.
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The previous figure clearly shows how the experimental
results deviate from the assumed first-order breakage rate for the
longer grinding times.

This deviation is mainly due to the

accumulation of fines in the environment (Austin, 1984), which
cause a reduction in the general breakage rate. Furthermore, the
ratio K between the false and real time reduces as the grinding
time increases, indicating that this phenomenon is more evident in
longer grinding processes (Fig. 38). Once the false grinding time
is calculated, the simulation was repeated using the false time
instead the real time. Fig. 39 show these results.
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Fig. 38. Reduction of the ratio between the false grinding time
and the real time.
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Fig. 39. Comparison between the experimental and the simulated
results when using the false grinding time.
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By using the false grinding time rather than the real time
the fit between the simulated and the experimental results is
improved. This shows that indeed the presence of excessive fines
in the grinding environment slows down the general breakage rate.
Furthermore, the grinding operation in the recirculation
mode was simulated using the grinding model incorporated with
mass balance.

To do this, Eq. (10) for the population balance

model can be expanded to include the flow rate F and the volume
of the chamber V1, the volume V2 and the mass fraction mi from
the stirring container as seen in Fig. 40. This general expression
for the population balance model for a grinding process involving
a circulation system is
𝑑𝑤𝑖 (𝑡)
𝑑𝑡

𝐹

𝐹

1

2

= −𝑆𝑖 𝑤𝑖 (𝑡) + ∑𝑖−1
𝑗=1 𝑏𝑖𝑗 𝑆𝑖 𝑤𝑗 (𝑡) − 𝑉 𝑤𝑖 + 𝑉 𝑚𝑖 , 𝑛 ≥ 𝑖 ≥ 𝑗 ≥ 1 (34)
𝑖>1

𝑑𝑚𝑖
𝑑𝑡

𝐹

𝐹

2

2

= − 𝑉 𝑚𝑖 + 𝑉 𝑤𝑖
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(35)

Fig. 40. Diagram of the grinding process in recirculation mode.
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Eqs. (34) and (35) cannot be solved using Reid’s solution
(Eq. (11)), so the most straightforward method of solving this
system of equations is throughout a numerical method using a
mid-point integrator.

This would allow the study of the

recirculation in the grinding process, something that was not done
experimentally.
The

influence of

the recirculation was studied by

establishing three time scales.

These time scales were the

inverse of the specific breakage rate 1=1/S0, the mean residence
of a single circulation cycle in the mill 2=V1/F and the overall
operating time 3. Fig. 41 depicts the product size for a set of
different time scales.
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Fig. 41. Product size as a function of the time scales 1=1/S0 and
2=V1/F.
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The simulation results depict in Fig. 40 show that the
grinding process can be optimized by choosing the proper
combinations among the different time scales. For instance, the
results

show

that

the

grinding

efficiency

decreasing values of 2 when 2>1.

increases

with

In other words, for high

specific breakage rates, the grinding efficiency increases with
decreasing flow rates. This is because for high enough specific
breakage rates, particles do not need long residence times inside
the chamber to break, and therefore high flow rate can speed up
the entire process by reducing the residence time but increasing
the number or recirculations in a given time. However, for low
specific breakage rates, even longer residence times may not be
enough for the particle’s size reduction, making the effect of the
flow rate neglectable for the overall grinding efficiency. For this
reason no significant change was observed in the simulation
results concerning 2 when 2<1. Furthermore, the influence of
the circulation rate only have a significant effect when 1<<3.
Therefore, the circulation rate is a factor that should be
considered specially for long grinding processes.
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5. Conclusion
The experimental results obtained from this investigation
showed that indeed energy consumption in the production of
submicron mineral particles can be optimized through the
operating parameters. It was shown stirrer tip speeds have almost
no influence over the mean size and specific energy input relation
for the coarser sizes (>1m), but for the submicron size range
lower tip speeds are more energy efficient. Additionally, due to
their effect over the stress intensity, grinding media size is an
important parameter that should be considered in both, coarse and
fine size ranges.

In particular, among the studied cases, the

smaller grinding media sizes (1 mm and 0.1 mm) led to the most
efficient results. Also it was shown that solid mass concentration
greatly influences the effectiveness of comminution for mineral
particles by creating favorable grinding environments, and
therefore it should be considered when looking for the optimum
suspension formulations. Similarly, due to the importance of the
inter-particle interactions in this size range, the use of surfactants
for particle stabilization is of great importance. The addition of
surfactants allow the slurries to change their behavior from
pseudo plastic to Newtonian fluids with low viscosities leading to
the production of finer particles. In particular, among the studied
surfactants, sodium polyacrylate and ammonium polyacrylate
proved to be the most efficient when used for the stabilization of
calcite particles.

Furthermore, the developed power input

function based on the operating parameters and rheological
properties of the slurries showed low mean average errors
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meaning that it has the potential to be used in scale-up processes,
but still further testing is needed. Finally, the results obtained
from the simulation and back-calculation indicate that the general
breakage rate is reduced for long grinding times deviating from
the first-order breakage rate due to the accumulation of fines.
Further investigation can be done in order to find methods to
reduce the ratio between the false and real grinding time with the
objective of improving the comminution process. Also, simulation
results showed that the circulation rate in continuous mode
grinding process have a significant effect over the grinding
efficiency especially in long processes. In case of the flow rate,
it can improve the grinding efficiency only for high specific
grinding rates, since for low specific grinding rates longer
residence times have neglectable effects over the grinding
process.
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요약(국문초록)
마이크로 단위 이하의 입도를 가지는 초미세 광물입자들은 특히
높은 용해도와 균질성 덕분에 약학, 화학 그리고 제지산업 분야에서
널리

쓰인다.

일반적으로

이러한

입도특성을

가지는

입자들은

매체교반형 밀을 이용한 분쇄를 통해 생산된다. 그러나 분쇄는
광물처리공정에서 전체 에너지의 40% 까지 소비되는 에너지 집약적인
과정이다. 더욱이 이러한 입도범위의 입자들에서는 인력의 강한
상호작용이 나타나기 때문에 뭉쳐지기 쉽다. 그러한 까닭에 최적의
분쇄조건 및 현탁액의 특성을 결정하는 것은 가격 경쟁력을 확보하기
위해서 중요한 요소이다.
이를 위해, 이러한 파라미터들이 실험과 컴퓨터 시뮬레이션을
통해 연구되었다. 광물 시료로는 방해석, 석영, 납석이 실험에
이용되었다. 분쇄조건은 교반기 팁의 속도와 분쇄매체의 크기가
연구되었다. 분쇄 과정에서의 이들의 영향은 특정 입도를 얻기 위해
필요한 단위질량당 에너지에 근거하여 판단되었다. 이에 더해,
실험결과는 Kwade 의 에너지 모델에 의해 분석되고 설명되었다.
현탁액의

특성에

관해서는

서로

다른

고체농도와

네

가지의

계면활성제가 연구되었다. 분쇄조건의 경우와 유사하게 고체농도의
영향

또한

단위질량당

에너지에

근거하여

분석되었다.

연구된

계면활성제는 sodium polyacrylate, ammonium polyacrylate, SND
분산제, CO10 분산제이다. 각 첨가제의 최적 농도는 실험적으로
결정되었으며 그들의 성능은 입자의 안정화도 및 슬러리의 유동학적
특성에 미치는 효과에 의해 판단되었다. 그 후에는 컴퓨터 시뮬레이션을
통해 분쇄공정이 특성화되고, 연속적 분쇄에서의 재순환 효과가
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연구되었다. 마지막으로는 분쇄조건과 현탁액의 조건에 따라 밀의
에너지 투입량을 추정할 수 있는 방정식이 제안되었다.
분쇄조건에 대한 결과에서는 투입된 입자들이 분쇄한계에
가까워질수록 교반기의 팁 속도만이 에너지 소비량에 중요한 영향을
주며, 입자의 분쇄를 위해 요구되는 변형력의 크기가 최소이면서 stress
number 를 최대로 하는 분쇄매체의 크기가 가장 효과적인 것으로
나타났다. 현탁액의 조건은 30-40 wt.% 의 고체농도가 방해석
슬러리의 분쇄에서 가장 효율적이었다. 또한 계면활성제를 첨가함에
따라 슬러리의 점도가 낮아지고 거동이 의가소성에서 뉴턴형 유체로
변하였다.

연구된 계면활성제 중에서 sodium polyacrylate 와

ammonium

polyacrylate

가

가장

효율적인

것으로

나타났다.

마지막으로, 시뮬레이션 결과에서는 미세입자들의 축적으로 인해 최대
분쇄시간에서

일반적인

분쇄속도가

감소하였다.

또한

재순환

분쇄공정은 순환속도와 분쇄속도에 의해 최적화 될 수 있는 것으로
나타났다.
....................................................................................
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