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Abstract 
 

Dynamic behavior of biomolecular structures plays an essential role in a variety 

of way in living organism. Molecular dynamics simulation provide valuable 

information about dynamic characteristic of biomolecular structure but time 

and length scale have limits due to computational complexity. Therefore, 

coarse-grained modeling techniques such as elastic network model and finite 

element model have been successfully used for analysis of dynamic properties 

of biomolecular structures. However, analysis of biomolecular structure which 

have high molecular weight is still challenging even using these coarse-grained 

modeling approaches due to its huge number of DOFs. In order to handle this 

problem, I introduce component mode synthesis (CMS) that is a popular 

reduced order modeling technique to generate reduced model. Reduced model 

consist of subunits whose dynamics is dominated by low frequency normal 

modes of substructure. In this study I suggest an automated procedure for FE-

based dynamic analysis of biomolecular structures applying the Craig-Bampton 

method, a widely used CMS, and relative eigenvalue estimator to determine the 

proper number of low-frequency normal mode dominating dynamics of 

biomolecular structures. 

 

Keywords : biomolecular structure, protein, finite element 

method, component mode synthesis, Craig-
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Nomenclature 

 

Μ  Mass matrix 

Κ  Stiffness matrix 

x  Displacement vector 

 Natural frequency 

 φ  Eigenvector 

λ  Eigenvalue 

q  Vector of generalized coordinate 

Φ  Substructural normal modes 

η  Estimated relative error of eigenvalue 

ξ  Exact relative error of eigenvalue 

Bk  Boltzmann constant 

T  Temperature 

P  Mode overlap 
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Biomolecular structures, such as protein, play an important role in cellular 

function.1 Since their functions are highly related with their own distinct 

structure, miss-folding of biomolecular structure can causes severe diseases. So, 

many researchers struggle to develop methods of predicting dynamics behavior 

of biomolecular structure. While molecular dynamics (MD) simulation 

provides important insights into the conformational dynamics of these proteins 

in atomic details2, the size of the target molecule and the physical time scale of 

its motion that can be simulated often limit the applicability of this method.3 

Hence, normal mode analysis (NMA) has been widely used instead, which 

seeks for natural frequencies and corresponding mode shapes of a molecular 

structure near its equilibrium conformational state by approximating the atomic 

energy landscape as a simple harmonic potential.4-7 Its popularity stems from 

the fact that it is not necessary to calculate the entire number of modes and 

frequencies in practice because only a small set of low-frequency vibrational 

modes dominates the biologically important, collective functional motions. 

Classical atomistic NMA based on full8 or simplified atomic 

potentials4,9-11 is, however, still computationally demanding as it requires to 

calculate the second-derivative of the potential field about an equilibrium state 

which also need to be found first using the energy minimization process. For 

this reason, much simpler, coarse-grained representations of protein structures 

have been proposed after pioneering works by Go9 and Tirion12 including the 

elastic network model (ENM)12 and its variants13-16 as well as the finite element 

(FE) model17-18. ENM is arguably the most popular coarse-grained approach 

where proteins are modeled as a network of representative atoms, usually alpha 

carbons, connected by linear elastic springs to their neighbors within a cutoff 



3 

 

distance12,19. Despite its simplicity, ENM has proven to be successful in 

calculating dynamic properties of protein structures such as low frequency 

normal modes, thermal fluctuations in equilibrium20-21, and conformational 

transition pathways19. FE model is another popular approach to coarse-graining 

whose solution accuracy is comparable to that of ENM.17 It treats proteins as 

elastic, continuous media enclosed by the molecular surface with homogeneous, 

isotropic material properties. FE modeling approach has a distinct advantage 

over ENM in that it explicitly models the molecular surface, which becomes 

essential for problems in which the effects of the external mechanical forces or 

the surrounding medium must be taken into account, for example, when 

simulating the indentation of viral capsids22, calculating the surface 

electrostatics23, and computing the solvent-damping effect24 while it requires an 

effort to construct defect-free molecular surfaces unless automated.18, 25 

Nevertheless, analysis of high molecular weight protein assemblies is 

challenging even with these coarse-grained modeling approaches. It is partly 

because we need to model the entire structure of protein assemblies as a whole 

for analysis without exploiting the intrinsic modularity of their structure. It 

would be ideal if we could calculate the dynamics of the whole assembly 

structure using the known properties of individual protein components or by 

computing them without building a full assembly model. In fact, this type of 

analysis has been widely used already in many engineering fields under the 

name of component mode synthesis (CMS)26-30 that is a popular model 

reduction technique. To illustrate, an aircraft structure can be treated as an 

assembly of fuselage and wings whose computational models can be 

constructed independently except at the shared boundaries interfacing the 



4 

 

components. These structural components are generally called substructures in 

CMS. Since their structural information is transmitted to one another through 

the interfaces only, each component model effectively reduces with dominant 

substructural modes to its boundaries and therefore the dynamics of the entire 

aircraft can be calculated using the reduced models of fuselage and wings, 

enabling an efficient modular analysis and design. For these reasons, CMS is 

well suited to build reduced models of supramolecular protein complexes that 

are the functionally programmed aggregation of smaller biological subunits in 

nature. In addition, model reduction of proteins to their interacting molecular 

surfaces would be useful when we want to analyze, for example, the 

interactions between constituting units.  

CMS, while developed for FE models originally, can be applied to any 

other protein models because it is in principle a matrix projection technique. 

For instance, CMS has been successfully combined with ENM to develop a 

hierarchical decomposition and analysis protocol for large protein dynamics.7,31 

Despite its computational efficiency demonstrated in the previous work, ENM-

based model reduction methods suffer from the fact that it requires choosing 

the boundary residues (or their representative atoms) between substructures and 

its selecting criterion affects the solution accuracy.7 If the chosen number of 

boundary residues is either too small or large, the entire assembly becomes 

more flexible or stiffer than it really is, respectively. Moreover, one drawback 

of using CMS is that the proper number of substructural modes should be 

chosen to be used which determines the reliability of the reduced model. 

Validating the reduced model via direct comparison of its solution with the 

reference one is not practical because it requires building and analyzing the full 
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assembly model, rendering the necessity of an accurate error estimator without 

calculating the reference, full model solution. 

To overcome these limitations, here I propose an automated FE-based 

model reduction method as a first step towards modular analysis of 

supramolecular protein assemblies. The three-dimensional FE models can be 

constructed in an unsupervised manner for any available protein structures 

given in terms of the atomic coordinates (PDB, http://www.pdb.org/) or the 

electron density maps (EMDB, http://www.emdatabank.org/). The Craig-

Bampton (CB) method27 which is the most popular CMS method is used to 

build a reduced FE model whose substructures can be any components of 

assembly including real biological subunits, user-defined subdomains, and even 

random partitions. Unlike in ENM, the shared boundaries of substructures are 

uniquely defined in the FE model without introducing any free parameter. Most 

importantly, the proposed method employs a novel error estimator32-33 that 

evaluates the accuracy of the eigenvalues obtained using the reduced model 

precisely without prior knowledge on the eigenvalues of the unreduced, full 

model, enabling fine control over the reliability of the reduced model. The 

entire procedure has been fully automated so that the reduced model is 

iteratively refined until obtaining the solution within a user-defined error 

tolerance. I evaluate the proposed method by analyzing 50 structures and 

present particularly the results of two biologically important and extensively 

investigated molecular machines, GroEL and ribosome in more detail. 

 

 

http://www.pdb.org/
http://www.emdatabank.org/
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2. Method 
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2.1. Generation of the biomolecular FE model 

 

FE model construction begins with computing the molecular surface of protein 

structures. When high-resolution atomic coordinates are available as in Figure 

1A, the solvent-excluded surface (Figure 1B) which is conventionally used as 

the molecular surface can be computed by rolling a probe over the van der 

Waals surface of atoms in biomolecular structure.17, 34 Here, A freely available 

program, MSMS version 2.6.134 

(http://mgltools.scripps.edu/packages/MSMS/), with the probe radius of 1.5 Å 

representing the size of a single water molecule is used to calculate the 

triangulated molecular surfaces. For structures provided as electron density 

maps, the molecular surface is defined as a contour surface whose density level 

is determined so that the volume enclosed by the contour surface matches with 

the expected molecular volume.18 UCSF Chimera version 1.8.135 

(http://www.cgl.ucsf.edu/chimera/) is used to obtain the contour surfaces of 

these structures.  

Discretized molecular surfaces obtained using these programs often 

possess some defects including holes, self-intersecting triangles, isolated 

fragments and non-manifolds which must be repaired before generating the 

three-dimensional volumetric mesh. This mesh cleanup is accomplished 

automatically using a carefully designed set of mesh repairing filters freely 

available in MeshLab version 1.3.336 (http://meshlab.sourceforge.net/) 

followed by generation of the three-dimensional volumetric model with four-

node tetrahedral elements (Figure 1C) using the commercially available FE 

analysis program ADINA version 9.0.4 (ADINA R&D, Inc., Watertown, MA, 

http://mgltools.scripps.edu/packages/MSMS/
http://www.cgl.ucsf.edu/chimera/
http://meshlab.sourceforge.net/
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USA). To build a reduced model later as described in the 2.3 section, each 

tetrahedron is labeled according to the component that it belongs to, which can 

be a real biological subunit (Figure 1D), a user-defined subdomain, or a 

randomly partitioned substructure. 
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2.2. Dynamic analysis using the biomolecular FE model 

 

Given the biomolecular FE model, its equation of motion in vaccum is 

represented with ( ) 0Κxx Μ =+22 / dtd where Μ  and Κ  are mass 

and stiffness matrices, respectively, x  is displacement vector, and t  is time 

variable. In harmonic motion, displacement vector x  can be defined as 

( )tiω exp φx = with normal mode φ  (eigenvector) and its corresponding 

natural frequency ω . Here, square of natural frequency ω  is eigenvalue λ , 

and then normal mode analysis can be performed with the eigenvalue problem 

as follows ( ) ( )iii φ ΜφΚ λ= , Ni ...,,2,1= where N is total DOFs of 

the biomolecular FE model. 

To verify the usefulness of finite element model of biomolecular 

structures, for example, the equilibrium thermal fluctuations of protein T4-

lysozyme predicted by FE model is compared with those predicted by the 

elastic network model, one of the most widely used coarse-grained modeling 

method, and those obtained using molecular dynamics. Elastic network model 

in this comparison is modeled as a network of alpha carbons connected by linear 

springs to their neighbor within a cutoff distance 12 Å (Figure 2C). And also 

20 ns molecular dynamics simulation is performed using an open-source 

molecular dynamics simulation software, Gromacs version 4.6.537 

(http://www.gromacs.org/), with OPLS-AA/L Force Field and Tip3p Solvent. 

The equilibrium thermal fluctuation is such a property providing a 

fundamental insight into the conformational dynamics that is investigated 

usually by calculating the root-mean-square fluctuation (RMSF) amplitudes at 

http://www.gromacs.org/
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the residue level given as ∑>=∆∆<
k

k

ik
T

ik
Bi

T
i Tk

λ
φφrr  where ikφ  is the 

eigenvector of k -th normal mode, Bk  denotes Boltzmann constant and T  

is the temperature set to be 300 K here. Figure 3 shows calculated RMSF 

profiles using 200 lowest normal modes at the alpha carbon positions of 

residues for biomolecular FE model, elastic network model and molecular 

dynamics. This figure indicates that biomolecular FE model has higher 

correlation coefficients with molecular dynamics than elastic network model. 
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2.3. Component mode synthesis: Craig-Bampton method 

 

To construct the reduced FE model, the Craig-Bampton (CB) method which is 

the most popular CMS method is employed. In the CB method, the mass and 

stiffness matrices and the displacement vector of a FE model consisting of sN  

substructures can be rewritten as 
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in which )(k
sΜ  and )(k

sK  are the mass and stiffness matrices of the k -th 

substructure, respectively, and )(k
sx  is corresponding substructural 

displacement vector. Subscripts s , b  and c  denote substructural, interface 

boundary and coupling quantities, respectively. The substructural displacement 

vector can be expressed as sss qΦx =  where sΦ  is a block diagonal matrix 
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storing the substructural normal modes and sq  denotes the vector of 

generalized coordinates. sΦ  can be calculated by solving the eigenvalue 

problem of each substructure, )()()()()( k
s

k
s

k
s

k
s

k
s ΛΦMΦK = ( sNk  ..., ,2 ,1= ), 

where )(k
sΛ stores the eigenvalues of the k -th substructure on its diagonal. 

Then, the displacement vector becomes 
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 −
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b
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I0
KKΦT

1

0       (3) 

where 0T  is the transformation matrix of the CB method and bI  is an 

identity matrix of interface boundary. Here, sΦ  and sq  can be further 

decomposed into their dominant and residual modes as 

[ ]rds ΦΦΦ = , 







=

r

d
s q

q
q         (4) 

where subscripts d  and r  represent dominant and residual quantities, 

respectively. It is noteworthy that the low frequency normal modes of 

substructures usually form the dominant modes and its number is significantly 

smaller than the number of residual modes ( rd NN << ) in practice. By 

neglecting the residual modes in Eqs. (3) and (4), the displacement vector and 

the transformation matrix can be approximated as  
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where overbar )(  denotes approximated quantities throughout the 

manuscript. Then, the eigenvalue problem can be written using 0T  as 

( ) ( )iCBCBiiCBCB φ ΜφΚ λ=  with CBNi ...,,2,1=    (6.a) 

00 TΜTΜ T
CB = , 00 TKTK T

CB =             (6.b) 

where CBΜ  and CBK  are the reduced mass and stiffness matrices, 

respectively, and iλ  and ( )iCBφ  correspond to the eigenvalue and 

eigenvector of the reduced system, respectively. CBN  is the total number 

DOFs in the reduced model which is much smaller than N  because the 

dominant modes only are used to construct the reduced model ( NNCB << ). 

Finally, the eigenvectors of the original FE model without reduction can be 

recovered using 

( ) ( ) ( )iCBii φTφφ 0=≈          (7) 

satisfying ‘mass-orthonormality’ and ‘stiffness-orthogonality’ conditions for 

the original mass (Μ ) and stiffness (Κ ) matrices. 
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2.4. Estimation of eigenvalue errors 

 

To evaluate the reliability of reduced models, the following equations are 

generally used 

, ( ) ( ) j
T

iij φΜφ=χ         (8) 

in which iξ  denotes the relative eigenvalue error of the i -th mode and jiχ  

represents the cross orthogonality check between the i -th reference 

eigenvector and the j -th approximated eigenvector which becomes close to 

one when their correlations are high. The cross orthogonality check is also well 

known as the overlap parameter.36 Ideally, the accuracy of the reduced model 

using the CB method can be evaluated exactly using Eq. (8) if the reference 

eigensolutions are available. However, this method cannot be practically used 

because it is desirable to avoid calculating the reference eigensolutions in any 

case. Hence, a recently developed error estimator31-32 is adopted demonstrating 

the precise estimation of eigenvalue errors without any knowledge on the 

reference eigenvalues, which is briefly described below. 

Eigenvalue problem of the original FE model in Eq. (1) can be 

rewritten as 

 ( ) ( ) ( ) ( )iT
ii

T
i

i

φ ΜφφΚφ =
λ
1                                  (9) 

and the reference eigenvalues and eigenvectors can be expressed using their 
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approximated ones and the corresponding errors as 

iii δλλλ += , ( ) ( ) ( )iii φφφ δ+=      (10) 

where iδλ  and ( )iφδ  are the eigenvalue and eigenvector errors of the i -th 

mode, respectively. If the effect of residual modes31 is considered, the 

approximated eigenvector ( )iφ  can be defined as follows, 

( ) [ ]( )iCBri φTTφ  0 += ,  
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T
dddsrs ΦΛΦKF 11 −− −= ,       (12) 

where rT  is the additional transformation matrix due to the effect of residual 

modes, and rsF  is called the residual flexibility of substructures. Due to 

compensation of the residual modes, ( )iφ  in Eq. (11) is much more accurate 

than the one defined in the original CB method as in Eq. (7). Then, the relative 

eigenvalue error becomes 
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Since iλ  is always bigger than iλ  in the CB method37, left-hand 
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side in Eq. (13) is the relative eigenvalue error in Eq. (8.a). Consequently, Eq. 

(13) is another expression of the relative eigenvalue error. If assuming that the 

approximated eigenvector ( )iφ  is sufficiently close to the reference one ( )iφ , 

i.e. ( ) ( )ii φφ ≈ , the last term of the right-hand side in Eq. (13) is much smaller 

than other terms, and it can be negligible. Then, an estimator for the relative 

eigenvalue error, iη  is defined as  
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Note that the approximated eigenvalue iλ  that can be calculated 

using the reduced model is used in Eqs. (14) and (15) instead of the reference 

eigenvalue iλ  in Eq. (13). Derivation details and other characteristics of the 

error estimator can be found in Refs. [31] and [32].  
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2.5. Automated model reduction and solution procedure 

 

By combining the unsupervised FE model generation and the error estimator 

for eigenvalues, an automated procedure for FE-based model reduction and 

normal mode analysis of supramolecular protein assemblies is 

developed(Figure 4). It determines the proper number of substructural modes 

to be used iteratively based on the estimated eigenvalue errors. Initially dN  

substructural modes in total are distributed to each substructure in proportion 

to its number of DOFs in order to build a reduced model, which is used to 

compute lN  lowest normal mode solutions of the entire structure. Then, the 

relative eigenvalue errors ( iη ) are calculated for each mode and compared with 

a predefined value of error tolerance ( tolη ). If all the relative eigenvalue errors 

are smaller than the given error tolerance, the analysis is stopped and processing 

the results. Otherwise, the number of substructural modes by dN∆  is 

increased and repeat the process until the estimated errors do not exceed the 

tolerance. lN =200, dN =20, dN∆ =20 and tolη =0.1 are used in this study. 
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3.1. Biomolecular structures for analysis 

 

Here, I analyze using the proposed method a set of 50 structures including 

GroEL and ribosome that are actively involved in protein folding[38] and 

synthesis[39], respectively. Table 1 shows that list of analyzed biomolecular 

structures except for GroEL and ribosome. 

First, the apo wild-type chaperonin GroEL from Escherichia coli 

whose structure is determined by X-ray crystallography at 2.9 Å resolution 

(Protein Data Bank ID: 1XCK) is considered.40 The complex is composed of 

two co-axial rings, consisting of seven identical subunits each, stacked back to 

back. Two rings are connected by equatorial domains of each subunit where 

ATP binds that are connected via intermediate domains to apical domains that 

contain the binding sites for co-chaperonin GroES. 

Next, a eukaryotic ribosome (80S) is analyzed that is consisting of two 

biological subunits: the large ribosomal subunit (60S) and the small one (40S). 

Ribosomes produce a polypeptide chain by connecting, in the large subunit, 

amino acids delivered by transfer RNA (tRNA) in the order that is encoded in 

messenger RNA (mRNA) molecules and decoded by the small ribosomal 

subunit. the structure obtained using cryo-electron microcopy at the resolution 

of 5.57 Å (Electron Microscopy Data Bank ID: EMD-2239)41 is used to 

demonstrate the general applicability of the proposed method although its 

corresponding crystal structure at a higher resolution is also available. I 

evaluate the normal modes and the derived results at alpha carbon atoms for 

protein residues and phosphorus atoms for RNA residues. 

The remaining 48 structures are chosen to cover a broad range of 
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protein size and topology. The number of residues ranges from 76 to 11568 

while the molecular weight does from 8.6 kDa to 2.3 MDa (Table 1). Principal 

component analysis for the three-dimensional coordinates of these structures 

confirms the diversity of their shape as well (Figure 5).  

Molecular surface of GroEL is constructed by computing the solvent-

excluded surface of the crystal structure (Figure 6A-B). The initially obtained 

molecular surface consists of 63,028 triangles, which subsequently reduces to 

19,954 triangular faces using the quadric edge collapse decimation41 available 

in MeshLab. Corresponding three-dimensional volumetric mesh is then 

generated for the entire structure that is composed of 84,111 tetrahedral 

elements and 18,665 nodal points using ADINA (Figure 6C). Finally, three 

reduced models of GroEL are constructed: the two-substructure model where 

the entire structure is partitioned into two rings (Figure 6D), the seven-

substructure model where each substructure consists of two subunits stacked 

across the rings (Figure 6E) and the fourteen-substructure model where each 

subunit corresponds to one substructure (Figure 6F). The number of interface 

boundary nodes increases naturally with the number of substructures so that 

there exist 232, 1,757 and 1,865 nodes at the interfaces of the two-, seven- and 

fourteen-substructure model, respectively. 

Finite-element-based modeling approach can be also applied to a 

molecular structure given as electron densities, which represents the native 

conformational states of molecules better in general. To illustrate, the finite 

element model of ribosome from its electron density map (Figure 7B) is 

constructed even though its crystal structure at a higher resolution is available 

as well. Here, the contour level of 33,800 is used to calculate the molecular 

surface so that the molecular weight of the model becomes the expected one for 
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ribosome (3,305 MDa) assuming an average protein mass density of 1.35 

g/cm3.43 Final FE model for the entire structure is composed of 62,411 

tetrahedral elements and 14,906 nodal points (Figure 7C), which reduces 

subsequently to the two-substructure model consisting of two ribosomal 

subunits, 40S and 60S (Figure 7D), the four-substructure model where each 

ribosomal subunit is divided into ribosomal proteins and RNAs (Figure 7E) and 

finally the eight-substructure model obtained by subdividing RNAs in the four-

substructure model into 18S rRNA, 28S rRNA, 5S rRNA, 5.8S rRNA, tRNA 

in E-site and short rRNAs41 (Figure 7F). The resulting interface boundaries of 

the two-, four- and eight-substructure model have 498, 6,061 and 6,430 nodes, 

respectively. For the remaining 48 structures, three reduced models consisting 

of two, four and eight arbitrary partitions are constructed for each structure 

using a freely available mesh partitioning program, METIS version 5.1.044 

(http://glaros.dtc.umn.edu/gkhome/metis/metis/overview/). 

Reduced models are constructed for all the substructural FE models 

aimed to provide 200 lowest normal modes accurately within the error tolerance 

of 10%. In general, DOF reduction rate decreases with the number of 

substructures due to the increase of boundary nodes (Figure 8). Reduced models 

of GroEL use 1.6% (the two-substructure model), 9.8% (the seven-substructure 

model) and 10.4% (the fourteen-substructure model) DOFs of the original 

model while 1.5% (the two-substructure model), 41.1% (the four-substructure 

model) and 43.6% (the eight-substructure model) DOFs remain in ribosome’s 

reduced models (Figure 9). Relatively large numbers of interface DOFs in the 

ribosome’s reduced models are due to highly complex RNA conformations 

leading to widely spread interface regions. Note that interface reduction 

techniques45-48 may be employed to reduce the interface DOFs without 

http://glaros.dtc.umn.edu/gkhome/metis/metis/overview/
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compromising solution accuracy while it is beyond the scope of this study.  
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3.2. Performance of the error estimator 

 

Using a sufficiently large, but not too many, number of modes for each 

substructure is important to obtain an accurate solution efficiently. As described 

earlier, an automated procedure is developed to achieve a target precision of 

normal mode solution in an iterative manner using an accurate error estimator. 

I evaluate the performance of the error estimator used in this study by 

comparing the estimated relative errors of eigenvalues ( iη ) with the exact ones 

( iξ ) for the results of GroEL and ribosome. 

For GroEL and ribosome, the estimated relative eigenvalue errors are 

surprisingly well matched with the exact ones over the frequency range with 

correlation coefficients greater than 0.8 (Figure 10). In particular, estimated and 

exact error curves are nearly identical in the low frequency range. This property 

renders the proposed estimator useful when a small set of lowest normal modes 

is of interest and importance, which is the case in many applications including 

calculating thermal fluctuations in equilibrium, predicting conformational 

transition pathways and fitting a high-resolution crystal structure flexibly into 

a lower-resolution electron microscopy structure. 

Accurate error estimation without knowing or calculating the 

eigenvalues of the original, unreduced protein model enables us to develop an 

automated procedure that decides iteratively a sufficient number of modes for 

each substructure, checks the solution accuracy of reduced models and 

performs analysis without manual intervention until the solution converges 

within the error tolerance. Usually, eigenvalue errors jump at a certain mode 

number when insufficient numbers of modes are used for reduced models after 
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which the solution becomes unreliable (Figure 11). The proposed procedure 

systematically increases the number of substructural modes until the estimated 

errors are below the desired error tolerance within the range of eigenvalues of 

interest. For example, 110 and 110 substructural modes are necessary for the 

two-substructure GroEL model to obtain the solution satisfying the error 

tolerance of 0.1 while 136 and 84 substructural modes are required for the 

ribosome model. It is noteworthy that the low frequency eigenvalues are still 

accurate even when significantly smaller numbers of modes are used, 

suggesting that I may use a higher error tolerance in practice as these low 

frequency modes contribute primarily. 

Results for the other structures show that the estimated eigenvalue 

errors are not dependent on the molecular weight, the molecular shape or the 

number of substructures, which demonstrates the applicability of the proposed 

error estimation scheme to any protein structure (Figures 5 12, 13 and 14). 
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3.3. Eigensolutions 

 

As already noted, eigenvalues and eigenvectors are computed for each reduced 

model so that the maximum relative error in eigenvalues does not exceed 0.1. 

Eigenvalues increase almost linearly at low frequencies corresponding to non-

rigid-body normal modes (Figure 15). Eigenvalues of the reduced models are 

almost identical to those of the original model at the lowest normal modes 

below mode 120 and begin to deviate from them slowly thereafter. The 

maximum relative eigenvalue errors of the two-substructure models for GroEL 

and ribosome are 0.036 and 0.040 respectively that are apparently lower than 

the pre-defined error tolerance set to 0.1 here.  

The accuracy of eigenvalues computed using the reduced models 

indicates that the calculated eigenvectors are accurate as well regardless of the 

level of model reduction. First of all, the reduced models can reproduce 

biologically important functional motions of proteins as the original, unreduced 

models predict. For example, GroEL together with GroES shows a highly 

dynamic reaction cycle to assist protein folding where significant 

conformational changes are involved in each functional step. Upon ATP 

binding, GroEL exhibits a large structural change particularly in the apical 

domain required to bring in a partially folded peptide chain and bind GroES.49-

50 This functional movement appears in the tenth mode of the original model 

that is also well reproduced using all the reduced models (Figures 16A and 17A). 

For ribosomes, the ratchet-like rotation of the small 40S subunit relative to the 

large 60S subunit is a well-known functional motion important to translocation 

of tRNAs.51-53 The reduced models as well as the original model predict this 
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ratchet-like movement well in their second mode (Figure 16B and 17B). 

Next, calculate the cross-correlation maps is calculated to further 

investigate the accuracy of eigensolutions obtained using the reduced models. 

The cross-correlation map contains the correlation coefficients between thermal 

fluctuations of residues measured at alpha carbon positions. The correlation 

coefficient between residues i  and j  is given as 

2
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rr where ikφ  and jkφ  are the eigenvectors of 

residue i  and j , respectively, corresponding to mode k , Bk  denotes 

Boltzmann constant and T  is the temperature set to be 300 K here. 

In the cross-correlation maps of GroEL and ribosome (Figure 18), the 

upper-left triangle represents the cross-correlation values obtained from the 

eigenvectors of the original structure while the lower-right triangle is used to 

store those of the reduced models. Correlations between residues in their 

dynamic motion obtained using the reduced models are not distinguishable 

from those obtained using the original model for both GroEL and ribosome 

(Figures 18 and 19). I can observe, in the map of GroEL, highly correlated 

fourteen clusters on the diagonal, each of which corresponds to a GroEL subunit 

(Figure 18A). This result indicates that the conformational dynamics of GroEL 

can be well described as relative motions between the subunits about their 

interfaces. In addition, these clusters show the highest positive correlations with 

their nearest neighbors in the same ring while the highest negative correlations 
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are shown between the subunits in the opposite rings, implying the positive 

cooperativity within a ring and the negative cooperativity between rings.54-55 

Similarly, highly correlated four clusters are observed in the map of ribosome 

(Figure 18B) corresponding to ribosomal proteins and RNAs in the large (60S) 

and small (40S) subunits. Clusters in the same subunit are positively correlated 

while those in the different subunits are negatively correlated as expected from 

the ratchet-like rotation between the subunits.  

High accuracy in the cross-correlation maps obtained using the 

reduced models indicates that the lowest normal modes, dominant contributors 

to dynamic correlations are predicted precisely. Mode overlap confirms it for 

both GroEL and ribosome models regardless of the number of substructures 

used in analysis. Mode overlap between the i -th eigenvector of the original 

model ( iφ ) and the j -th eigenvector of the reduced model ( jφ ) is defined as 

||||/, jijiji φφφφP ⋅= . In a low frequency range, non-zero mode overlap 

values appear diagonally representing the eigenvectors obtained using the 

reduced models are almost identical to those obtained using the original model 

(Figure 20). Slight spreads in mode overlap matrices are observed only at the 

high frequency modes and increase a little with the number of substructures. 

It is not surprising that the derived properties from normal mode 

solutions can be accurately predicted as well because I can calculate the 

eigenvalues and eigenvectors with high precision that is also tunable. Here I 

calculate RMSFs which represents the equilibrium thermal fluctuation using 

200 lowest normal modes at the alpha carbon positions of residues for both 

GroEL and ribosome. As expected, nearly identical RMSF profiles are obtained 

using all the reduced models with correlation coefficients greater than 0.99 



28 

 

(Figure 21). It is worthwhile to mention that FE models provide eigensolutions 

that are comparable to those obtained using more commonly used elastic 

network models.17 To illustrate, RMSFs computed using the FE models for 

protein structures considered in this study show high correlations (> 0.8) with 

those calculated using Gaussian network model and anisotropy network model 

(Figures 22, 23 and 24).  

Naturally the accuracy of eigensolutions obtained using the reduced 

model decreases with the level of error tolerance that we set. I tested the error 

tolerance of 20%, 30% and 50% in addition to the default 10% and observed 

the deterioration in computed eigenvalues and eigenvectors with these 

increased tolerances as expected. In particular, increasingly wider spreads at 

higher frequencies in the mode overlap matrix appear suggesting the predicted 

normal modes at higher frequencies are getting less accurate with the elevation 

of the tolerance (Figures 25 and 26). Nonetheless, the low frequency normal 

modes are almost insensitive to the tolerance change. As a result, RMSF 

profiles obtained using various error tolerance levels remain almost identical to 

one another (Figure 27). Therefore, significantly reduced substructural models 

might be used in practice as far as low frequency normal modes of the entire 

structure are of concern. 
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3.4. Computational efficiency 

 
Here the proposed method is investigated in terms of computation time. Two-, 

Four-, Eight-, Sixteen- and Thirty-two-substructure reduced models are 

constructed with random partitions for every protein structure in this study and 

measure the computation time to calculate 200 lowest eigenvalues and 

eigenvectors with dN =200. While the computation time obviously increases 

with the number of DOFs of the model, the increase rate is independent of the 

level of model reduction (Figure 28A). More importantly, the computation time 

is significantly decreasing with the number of substructures used in the reduced 

model (Figure 28B). For example, using a thirty-two-substructure reduced 

model is almost 100 times faster than using a two-substructure model indicating 

the efficiency of CMS methods with so-called divide-and-conquer strategy. 

Although these results are obtained using randomly partitioned reduced models 

for convenience, the same results will be obtained even when I use the reduced 

models partitioned with biologically relevant subunits. Furthermore, it is 

important to note that the type of substructures (biological subunit or random 

partition) hardly affects the eigensolutions as demonstrated for GroEL and 

ribosome (Figures 29 and 30). Hence, the use of random partitions will be an 

attractive and desirable option to build a reduced model in practice. For instance, 

each substructure in the two-substructure reduced models of GroEL and 

ribosome can be further divided into random partitions with additional but 

negligibly small meshing efforts, which will reduce the computation time 

significantly. 

Note that, in this work, the CB method is used because it is the most 



30 

 

popular and highly verified CMS method. However, there exist many other 

CMS methods29-30,56-58 alternative to the CB method that offer ample 

opportunities for us to improve the proposed method even further. Nevertheless, 

it requires the development of an accurate and efficient error estimator 

corresponding to an alternative CMS method to be used, which is an essential 

prerequisite for automated procedures. 
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4. Conclusion 
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This study presents effort towards modular analysis of supramolecular protein 

assemblies by developing an unsupervised model reduction procedure for FE-

based protein models. The dynamics of each constituent substructure is 

described only using a small number of dominant vibrational modes and the 

boundary degrees of freedom shared by neighboring substructures, enabled by 

employing the CB method and a powerful estimator of eigenvalue errors. 

Results for a comprehensive set of structures demonstrate the excellent 

performance of the proposed method with tunable accuracy, which is also 

applicable to any other modeling approaches such as ENM. Furthermore, our 

method is expected to be useful in many other problems including, for example, 

protein-protein interactions where individual proteins can be reduced to the 

interacting boundary models, protein-solvent interactions where solvent-

excluded protein surfaces may include the effect of a surrounding water box via 

similar model reduction, and analysis of viral capsids where their unique 

symmetries can be further utilized.  
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Table 1. List of analyzed biomolecular structures. 

PDB ID 
Number 

of 
Residues 

Molecular 
Weight 
(kDa) 

PDB ID 
Number 

of 
Residues 

Molecular 
Weight 
(kDa) 

1A2V 3924 442.5 1RSC 4608 529.4 
1A3N 572 64.5 1UBQ 76 8.6 
1A4S 2012 217.7 2GLS 5616 623.8 
1ABB 3292 385.7 2LGS 5340 624 
1B26 2454 275.2 2MIN 1979 232.7 
1BBB 574 64.7 2PFF 11262 1104.6 
1BCC 2000 233.6 2VDC 11568 1281.3 
1BMF 2987 353.9 2WAQ 3334 406.6 
1BVU 2496 280 3CDX 1974 231.1 
1C3O 5748 646.4 3DVL 2956 355.6 
1DO0 2436 299.4 3DYP 4044 475 
1FO4 2595 298.1 3E1F 4044 473.7 
1GLF 1993 226.9 3ECS 2230 283 
1J6Z 375 43 3EHK 2304 365.6 
1JV2 1466 186.6 3HBX 2620 344.2 
1K32 6138 712.1 3HKB 1818 219 

1MRO 2464 275.4 3HMJ 11349 1310.4 
1MTY 2116 246 3HO8 3912 518.6 
1N2C 3096 361.3 3I56 7511 1493.4 
1NBM 2986 353.5 3IYN 12489 1533.3 
1OCC 3560 413.6 3L5Q 10040 2258.1 
1QK1 3032 346.5 4BJD 8466 1982.1 
1QVI 1102 131.6 4BKK 9154 1049.8 
1RBL 4608 521.8 4BLC 1996 236.1 
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Table 2. Normalized principal components. PC1 and PC2 denote the 
principal components normalized by the largest principal component. 
Structures are sphere-like shape when both normalized principal 
components are close to 1, rod-like when both components are close to 
0 and disk-like when one component is close to 1 while the other one is 
close to 0. 

PDB ID PC1 PC2 PDB ID PC1 PC2 
1A2V 0.98  0.24  1RSC 0.97  0.96  
1A3N 0.69  0.58  1UBQ 0.57  0.42  
1A4S 0.83  0.80  2GLS 0.98  0.61  
1ABB 0.92  0.32  2LGS 0.99  0.66  
1B26 0.60  0.59  2MIN 0.43  0.35  
1BBB 0.59  0.58  2PFF 0.99  0.59  
1BCC 0.25  0.13  2VDC 0.98  0.91  
1BMF 0.92  0.77  2WAQ 0.74  0.55  
1BVU 0.63  0.63  3CDX 0.99  0.78  
1C3O 0.36  0.12  3DVL 0.72  0.70  
1DO0 0.87  0.57  3DYP 0.53  0.22  
1FO4 0.29  0.16  3E1F 0.53  0.23  
1GLF 0.71  0.25  3ECS 0.36  0.24  
1J6Z 0.78  0.26  3EHK 0.98  0.80  
1JV2 0.72  0.32  3HBX 0.97  0.40  
1K32 0.98  0.26  3HKB 0.08  0.07  

1MRO 0.46  0.37  3HMJ 0.99  0.57  
1MTY 0.46  0.17  3HO8 0.79  0.27  
1N2C 0.16  0.14  3I56 0.85  0.49  
1NBM 0.93  0.79  3IYN 0.42  0.23  
1OCC 0.48  0.22  3L5Q 0.16  0.15  
1QK1 0.96  0.51  4BJD 0.99  0.61  
1QVI 0.14  0.08  4BKK 0.68  0.55  
1RBL 0.99  0.96  4BLC 0.98  0.45  
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Figure 1. Structure and FE models of hemoglobin. (A) Atomic structure (PDB 

ID: 1A3N), (B) solvent-excluded surface, (C) original FE model and (D) 

partitioned FE model consisting of four substructures. Each substructure 

corresponds to a chain of hemoglobin. Scale bar represents 10 Å. 
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Figure 2. Structure and FE models of T4-lysozyme. (A) Atomic structure (PDB 

ID: 1LYD), (B) solvent-excluded surface, (C) elastic network model and (D) 

biomolecular FE model. Scale bar represents 5 Å. 

  



39 

 

 

 

 

Figure 3. RMSF profile of T4-lysozyme obtained from biomolecular FE model, 

elastic network mode and molecular dynamics simulation. 
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Figure 4. . Automated model reduction procedure for FE protein models. In 

this study, lN =200, dN =20, dN∆ =20 and tolη =0.1. 
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Figure 5. Diversity in the three-dimensional shape of analyzed structures. (A) 

Structures are sphere-like shape when both normalized principal components 

(PC) are close to 1, rod-like when both components are close to 0 and disk-like 

when one component is close to 1 while the other one is close to 0. (B-D) 

Colorbars represent RMSD between relative and estimated relative eigenvalue 

errors (Figure S1) that are independent of the molecular shape and the number 

of substructure. 
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Figure 6. Structure and FE models of bacterial chaperonin GroEL. (A) Atomic 

structure (PDB ID: 1XCK), (B) solvent-excluded surface, (C) original FE 

model and (D-F) partitioned FE models. Each substructure corresponds to one 

of two rings in the two-substructure model (D), two subunits stacked across the 

rings in the seven-substructure model (E) and a single subunit in the fourteen-

substructure model (F). Scale bar represents 20 Å. 
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Figure 7. Structure and FE models of ribosome. (A) Atomic structure (EMDB 

ID: 2239), (B) contour surface from electron densities and (C) original FE 

model and (D-F) partitioned FE models. (D) The two-substructure model 

consists of 40S (green) and 60S (red) ribosomal subunits that are divided into 

ribosomal proteins (green and red) and RNAs (blue and yellow) in (E) the four-

substructure model. (F) The eight-substructure model is obtained by 

subdividing RNAs in the four-substructure model into 18S rRNA (blue), 28S 

rRNA (yellow), 5S rRNA (gray), 5.8S rRNA (cyan), tRNA in E-site (orange) 

and short rRNAs (purple). Scale bar represents 20 Å. 
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Figure 8. The number of DOFs in the original and reduced FE models. 
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Figure 9. The number of DOFs used in the reduced FE models of (A) GroEL 

and (B) ribosome with respect to that in the original FE models. 
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Figure 10. Comparison between the exact and the estimated relative eigenvalue 

errors using the proposed error estimator calculated for the reduced models of 

(A-C) GroEL and (D-F) ribosome. CorrCoef denotes the correlation coefficient 

between the exact and the estimated relative eigenvalue error curves. 
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Figure 11. Convergence of eigensolutions for the two-substructure reduced 

model of (A) GroEL and (B) ribosome. The number of dominant substructural 

modes increases incrementally until the estimated relative eigenvalue errors 

become smaller than the error tolerance. 
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Figure 12. Root-mean-square deviation (RMSD) between the exact relative 

eigenvalue errors ( iξ ) and the estimated ones ( iη ) defined as

2
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 where lN  represents the number of normal modes. 

No dependency on the molecular weight and the number of substructures is 

observed. 
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Figure 13. Reduced models and the eigenvalue errors of structures at various 

molecular weights. (A) proteasome-Blm10 complex (PDB ID: 3L5Q), (B) 

enzyme glutamine synthetase (PDB ID: 2GLS) and (C) hemoglobin (PDB ID: 

1BBB). Scale bar represents 20 Å. 
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Figure 14. Reduced models and the eigenvalue errors of structures at various 

molecular shapes. (A) Ribulose 1,5-bisphosphate carboxylase/oxygenase (PDB 

ID: 1RSC), (B) Tubulin alpha chain (PDB ID: 3HKB) and (C) amine oxidase 

from the yeast Hansenula polymorpha (PDB ID: 1A2V). Scale bar represents 

20 Å. 
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Figure 15. Lowest 200 eigenvalues excluding rigid-body modes obtained using 

the original FE model and the reduced FE models for (A) GroEL and (B) 

ribosome. 
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Figure 16. Representative normal modes of (A) GroEL (mode 10 obtained 

using the fourteen-substructure model) and (B) ribosome (mode 2 obtained 

using the four-substructure model). 
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Figure 17. Residue-level overlap between the eigenvectors obtained using the 

original FE model and the reduced FE models for (A) GroEL (mode 10) and 

(B) ribosome (mode 2). 
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Figure 18. Cross correlation maps of the original FE model (upper-left triangle) 

and the reduced FE model (lower-right triangle) of (A) GroEL and (B) ribosome. 

Each axis represents residue numbers. 
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Figure 19. Cross correlation maps of the original FE model (upper-left triangle) 

and the reduced FE models (lower-right triangle) for (A-C) GroEL and (D-F) 

ribosome. Each axis represents residue numbers. 
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Figure 20. Mode overlap between the eigenvectors obtained using the original 

FE model and the reduced FE models of (A-C) GroEL and (D-F) ribosome. 

Each axis represents mode numbers. 
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Figure 21. Comparison of RMSF profiles computed using the original FE 

model and the reduced FE models for (A) GroEL and (B) ribosome. CorrCoef 

denotes the correlation coefficient between RMSF profiles obtained using the 

original model and the reduced model. 



58 

 

 

 
Figure 22. Comparison of RMSF profiles computed using the original FE 

model, Gaussian Network Model (GNM) and Anisotropic Network Model 

(ANM) for GroEL with (A) 50 and (B) 200 lowest normal modes. Atomic 

coordinates of alpha carbons of GroEL are used in calculation with the cut off 

distance of 10 Å for both GNM and ANM. CorrCoef denotes the correlation 

coefficient between the profiles obtained using GNM/ANM and the FE model. 
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Figure 23. Comparison of RMSF profiles computed using the original FE 

model, Gaussian Network Model (GNM) and Anisotropic Network Model 

(ANM) for ribosome using with (A) 50 and (B) 200 lowest normal modes. FE 

model points are chosen as pseudo-atoms to construct GNM and ANM 

motivated by the method used in 3DEM Loupe16. The cutoff distances of 14 Å 

and 19 Å are used for GNM and ANM, respectively. CorrCoef denotes the 

correlation coefficient between the profiles obtained using GNM/ANM and the 

FE model. 
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Figure 24. Correlation coefficients between RMSFs computed using FE 

models and GNM/ANM for the remaining 48 structures except GroEL and 

ribosome. The mean correlation coefficients 0.82 and 0.87 while the standard 

deviations are 0.08 and 0.11 for GNM and ANM, respectively. 
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Figure 25. Mode overlap between the eigenvectors obtained using the original 

FE model and the seven-substructure reduced FE model at various error 

tolerance levels calculated for GroEL. Each axis represents mode numbers. 
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Figure 26. Mode overlap between the eigenvectors obtained using the original 

FE model and the two-substructure reduced FE model at various error tolerance 

levels calculated for ribosome. Each axis represents mode numbers. 
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Figure 27. Comparison of RMSF profiles computed using the original FE 

model and the reduced FE model at various error tolerance levels for (A) GroEL 

and (B) ribosome. CorrCoef denotes the correlation coefficient. 
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Figure 28. Normalized computation time to calculate 200 lowest normal modes 

using the reduced FE models as a function of (A) the number of DOFs and (B) 

the number of substructures. 
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Figure 29. Comparison of RMSF profiles of GroEL computed using the 

reduced models with random partitions and with biological subunits. CorrCoef 

denotes the correlation coefficient. 
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Figure 30. Comparison of RMSF profiles of ribosome computed using the 

reduced models with random partitions and with biological subunits. CorrCoef 

denotes the correlation coefficient. 
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요   약 

단백질을 비롯한 생체분자구조물들은 다양한 생물학적 기능을 

수행 한다. 생체분자구조물의 구조와 그 동적 특성은 밀접하게 

연관되어 있기 때문에 구조에 문제가 생길 경우 심각한 질병들이 

생길 수 있다. 분자동역학은 생체분자구조물의 구조에 따른 동적 

특성을 해석하는 가장 대표적인 방법론이나, 모델의 크기 및 

시간영역 해석으로 인해 과도한 계산 량이 요구된다. 이러한 문제를 

해결하기 위해 유한요소모델과 같은 축소모델을 이용한 

정규모드해석에 대한 연구가 활발하게 진행되고 있다. 하지만 원자 

수가 많은 고분자량 생체분자구조물을 해석하는 경우 

유한요소모델과 같은 축소모델을 이용하더라도 매우 큰 자유도를 

가지게 되어 많은 계산량을 요구하는 문제점이 있다. 본 논문에서는 

이러한 문제점을 극복하기 위해 대표적인 차수감소기법 중 하나인 

부분구조합성법(Craig-Bampton 기법)과 전체모델 해석의 필요 

없이 축소모델의 고유치 상대오차를 예측할 수 있는 고유치 

상대오차 예측법을 생체분자구조물 유한요소모델기반 해석에 

적용한 자동화 기법을 제안하고 50개의 생체분자구조물들을 선정해 

자동화 기법을 적용하여 그 성능을 검토하였다. 

 

주요어 : 생체분자구조물, 단백질, 유한요소법, 모듈화 해석, 

부분구조합성법, 고유치 상대오차 예측 

학  번 : 2013-23059 
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