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Abstract

The competition graph of a digraphD is defined as a graph which has the same

vertex set asD and has an edgexy between two distinct verticesx andy if and only

if, for some vertexz ∈ V (D), the arcs(x, z) and(y, z) are inD. The competition

number of a graphG is defined to be the smallest numberk such thatG together

with k isolated vertices is the competition graph of an acyclic digraph.

In this paper, we define the primary predator indexp of a graphG with compe-

tition numberk as the largest numberp such that an acyclic digraph whose compe-

tition graph isG together withk isolated vertices hasp vertices of in-degree0, and

show that the competition numberk(G) and the primary predator indexp(G) of a

graphG are related ask(G) ≥ θe(G) − |V (G)| + p(G). As a matter of fact, this

generalizes the inequalityk(G) ≥ θe(G)− |V (G)|+ 2 given by Opsut (1982) [13]

asp(G) ≥ 2 for a graph with at least one edge. In the process, we introduce a no-

tion of effective competition cover, which is possessed by alarge family of graphs,

and show that our inequality actually becomes an equality for a graph having an

effective competition cover and the competition number of acertain graph having

an effective competition cover may be obtained by utilizingits primary predator

index. Especially, we present a precise relationship between the competition num-

ber and the primary predator index of a diamond-free plane graph and compute the

competition number of certain connected diamond-free planar graph.

Key words: competition graph; competition number; edge clique cover number;

effective competition cover; planar graph; primary predator index.
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Chapter 1

Introduction

The competition graphof a digraphD, denoted byC(D), is defined as a graph

which has the same vertex set asD and has an edgexy between two distinct ver-

ticesx andy if and only if, for some vertexz ∈ V (D), the arcs(x, z) and(y, z)

are inD. The notion of competition graphs is due to Cohen [2] and arose from

ecology. Competition graphs also have applications in areas such as coding, radio

transmission, and modeling of complex economic systems. For a summary of these

applications, the reader may refer to [14] and [18].

In the study of the competition graph of an acyclic digraph, there are two funda-

mental questions which were proposed by Roberts in 1978: Oneis to characterize

the acyclic digraphs which have interval competition graphs and the other is to char-

acterize the graphs which are competition graphs of acyclicdigraphs. To answer

these fundamental questions, many researchers have stuided the characterization of

the competition graphs arising from various kinds of digraphs.

Dutton and Brigham [5] characterized the competition graphs arising from di-

graphsD which may have cycles and which also may have loops. They showed

that if |V (G)| = n, thenG is a competition graph of a digraphD (which may have
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loops) if and only ifθe(G) ≤ n whereθe(G) is an “edge clique cover number” of

G.

Roberts and Steif [17] obtain a similar characterization inthe case that there are

no loops. They showed thatG is a competition graph of a digraph which has no

loops if and only if there are cliquesC1, C2, . . . , Cp which cover the edges ofG

and such that ifDi = V (G) − Ci, then{D1, D2, . . . , Dp} has a system of distinct

representatives.

Roberts [15] observed that any graphG together with|E(G)| additional isolated

vertices is the competition graph of an acyclic digraph. Then he defined thecompe-

tition numberof a graphG to be the smallest numberk such thatG together with

k isolated vertices is the competition graph of an acyclic digraph, and denoted it by

k(G).

Computing the competition number of a graph is one of the important problems

in the field of competition graphs. Yet, computing the competition number of a

graph is usually not easy as Opsut has shown that computationof the competition

number in general is NP-hard in 1982. While an upper boundM of the competition

number of a graphG may be obtained by constructing an acyclic digraph whose

competition graph isG together withM isolated vertices, getting a good lower

bound is a very difficult task because there are usually so many cases to consider.

There has been much effort to compute the competition numbers of graphs.

It is not difficult to see that the competition number of a connected graph with

at least one edge is greater than or equal to one. There are families graph whose

competition numbers are known such as chordal graphs, triangle-free graphs, line

graphs.

Roberts [15] showed that the competition number of a chordalgraph is at most

one. The competition number of a graph is closely related to the number of triangles

in the graph. Kim and Roberts computed the competition numbers of graphs with a

small numbers of triangles. Roberts [17] showed thatk(G) = |E(G)| − |V (G)|+2
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for any nontrivial connected triangle-free graphG. Kim and Roberts [11] showed

that if G is connected and has exactly one triangle, thenk(G) = |E(G)| − |V (G)|

or |E(G)| − |V (G)| + 1. They also showed that ifG is connected and has at least

two cycles, including at least one triangle, thenk(G) ≤ |E(G))| − |V (G)|.

On the other hand, the competition number of a graph is closely related to the

number of holes in the graph. Kim [8] conjectured that every graphG with h(G)

holes satisfiesk(G) ≤ h(G) + 1. Then Cho and Kim [1] showed that ifG has

exactly one hole, thenk(G) ≤ 2. Li and Chang [7] obtained the results that ifG

is a graph with exactlyh holes, all of which are independent, thenk(G) ≤ h + 1.

Kim et al. [10] showed that ifG is a hole-edge-disjoint graph with exactlyh holes,

thenk(G) ≤ h + 1. Then Mckayet al. [12] eventually proved the conjecture in

2014.

The vertex clique cover number and edge clique cover number of a graph are

also closely related to its competition number. Avertex clique coverof a graphG

is a family of cliques ofG such that each vertex ofG is contained in a clique in the

family. The minimum size of a vertex clique cover of a graphG is called thevertex

clique cover numberof G and is denoted byθv(G). For a cliqueK and an edgee of

a graphG, we say thatK coverse (or e is covered byK) if and only if K contains

the two end points ofe. An edge clique coverof a graphG is a collection of cliques

that cover all the edges ofG. Theedge clique cover numberof a graphG, denoted

by θe(G), is the smallest number of cliques in an edge clique cover ofG.

Opsut [13] showed thatk(G) ≥ θe(G) − |V (G)| + 2 for any graphG. He

also showed that the competition number of a line graph is at most 2. He then

conjectured that the bound holds for quasi-line graphs, i.e., for graphs in which

the neighborhood of every vertex can be partitioned into at most two cliques. This

conjecture proved by Mckayet al. [12] in 2014.

Kim et al.[9] obtained the result that ifG is a diamond-free graph, thenk(G) ≤

2 + 1
2

∑

v∈Vh(G)(θv(NG(v)) − 2), whereVh(G) denotes the set of non-simplicial
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vertices ofG andNG(v) denotes the set of the open neighborhood ofv in G. They

called a graphG anedge-bufferedgraph if any two distinct elements inD ∪ K are

vertex-disjoint whereD is the set of diamonds inG, K is the set of maximal cliques

of size at least three inG which are not contained in any graph inD. Then they also

showed that ifG be an edge-buffered graph such that the number of edges which

are not in any triangle ofG is greater than or equal to the number of vertices of

G, thenk(G) ≤ 2 + 1
2

∑

v∈Vh(G)(θv(NG(v)) − 2). These results are considered

as a generalization of Opsut’s result on the competition numbers of line graphs,

since it is well-known that any line graph G is diamond-free and θv(NG(v)) ≤ 2

for anyv ∈ V (G). Not just that, but the upper bound by Kimet al. [9], which is

described in terms of vertex clique cover numbers of the subgraphs induced by the

neighborhoods of the nonsimplicial vertices in the graph, leads to a generalization

of Opsut’s conjecture. At the conclusion in [9], Kimet al. conjectured that for any

graphG, k(G) ≤ 2 + 1
2

∑

v∈Vh(G)(θv(NG(v))− 2) and it is still open.

In this thesis, we focus on the second question given by Roberts to study the

relationship between the competition number and the primary predator index of a

graph. We define the primary predator index of a graph as follow:

Definition 1.0.1. Given a graphG, we consider the acyclic digraphs the compe-

tition graph of each of which isG together withk(G) isolated vertices. Among

these numbers of vertices of in-degree0 in those digraphs, we call the maximum the

primary predator indexofG and denote it byp(G).

For a graphG, the number of vertices with in-degree0 in the acyclic digraph whose

competition graph isG together withk(G) is less than|V (G)|. Thusp(G) is finite.

This thesis is organized as follows: Chapter 2 introduces the notion of “effective

competition cover” and show that large families of graphs have “effective competi-

tion covers” such as chordal graphs and diamond-free graphs.

In chapter 3, we show that the competition numberk(G) and the primary preda-
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tor indexp(G) of a graphG are related ask(G) ≥ θe(G) − |V (G)| + p(G). As

a matter of fact, this generalizes the inequalityk(G) ≥ θe(G) − |V (G)| + 2 given

by Opsut (1982) [13] asp(G) ≥ 2 for a graph with at least one edge. By the way,

Sano [19] gave a lower bound for the competition number, which generalizes the

inequality given by Opsut in a viewpoint different from ours.

Our inequality becomes an equality and the competition number may be com-

puted in terms of the primary predator index for the graphs having “effective com-

petition covers” such as chordal graphs and diamond-free graphs with at least one

edge.

We show the usefulness of our inequality for computing the competition num-

ber of a graph by taking a graph which has an “effective competition cover” as an

example.

In chapter 4, we focus on the competition number of a certain planar graph. First

we show that ifG is a plane graph, then the competition number ofG is less than

or equal to the number of its faces. For certain plane graphs,the number of faces is

less than or equal to the number of holes.

Then we present the competition numbers of some planar graphs (which may

have sufficiently many triangles) in terms of primary predator index and the number

of faces, and compute the competition number of a “good” connected diamond-free

planar graph (which may have sufficiently many triangles) bycounting the number

of faces and the numbers of maximal cliques of size 3 or 4.

Finally, in chapter 5, we give a conjecture that every graph with at least one edge

has an effective competition cover.

Every graph in this paper is assumed to be simple unless otherwise stated.
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Chapter 2

Effective competition covers of

graphs

In this chapter, we introduce the notion of effective competition covers of graphs.

Definition 2.0.2. Let G be a graph with at least one edge. . A minimum edge

clique coverC := {C1, . . . , Cθe(G)} ofG is called aneffective competition coverof

G if every clique inC is maximal inG and there exists an acyclic digraphD and

the set{w1, . . . , wθe(G)} of vertices with in-degrees nonzero satisfying the following

properties:

(i) C(D) = G ∪ Ik(G)

(ii) For eachi = 1, 2, . . . , θe(G), wi is a common out-neighbor of all the vertices

in Ci.

We say thatD is a digraph accompanyingC. Given a digraphD accompanyingC,

we callwi thesink ofCi in D.
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Figure 2.1: A graphG having an effective competition cover whichD is accompa-

nying

The graphG given in Figure 2.1 has an effective competition cover. The compe-

tition number ofG is one and the competition graph ofD in Figure 2.1 isG∪{v0}.

Now consider the familyC = {C1 = {v9, v8}, C2 = {v8, v7}, C3 = {v7, v6}, C4 =

{v9, v6, v5, v4}, C5 = {v5, v4, v3}, C6 = {v9, v4, v2, v1}} of maximal cliques ofG. It

can easily be checked thatC is a minimum edge clique cover ofG. Moreover, the

ith term of(v7, v6, v5, v3, v2, v0) is a common out-neighbor of all the vertices inCi

for i = 1, . . . , 6 and those terms are the only vertices of in-degree nonzero inD.

Since an effective competition coverC of a graph is a minimum edge clique

cover, the sinks of cliques belonging toC in a digraph accompanyingC are all

distinct.

Given a graphG and a minimum edge clique coverC, we may expand each

clique inC to a maximal clique. In this respect, it is sufficient to consider edge clique

covers consisting of only maximal cliques when we study an effective competition

cover of a graph.

Now we present some sufficient conditions under which a graphhas an effective
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competition cover.

A perfect elimination orderingof a graphG is an ordering[v1, v2, . . . , vn] of the

vertices ofG such that the neighborhood ofvi is a clique inGi := G[vi, vi+1 . . . , vn]

for eachi = 1, . . . , n − 1. It is well-known that every chordal graph has a perfect

elimination ordering.

It is also well known that a digraphD is acyclic if and only if there exists a

bijectionℓ : V (D) → {1, 2, . . . , |V (D)|} such that whenever there is an arc from a

vertexu to a vertexv, ℓ(u) > ℓ(v). We call such a functionℓ anacyclic labelingof

D.

Given a graphG and a vertexv of G, we denote byNG[v] (resp.NG(v)) the

closed neighborhood (resp. open neighborhood) ofv in G.

Theorem 2.0.3.Every chordal graph with at least one edge has an effective com-

petition cover.

Proof. Take a chordal graphG with at least one edge. Since having an effective

competition cover is not affected by whether or not a graph has isolated vertices,

we may assume thatG has no isolated vertices. Let[v1, v2, . . . , vn] be a perfect

elimination ordering ofG, Gi = G[vi, vi+1, . . . , vn], andNi = NGi
[vi] for each

i = 1, 2, . . . , n− 1.

In addition, letθ = θe(G) andC = {C1, . . . , Cθ} be a minimum edge clique

cover ofG consisting of maximal cliques.

Given a subsetX = {vn1
, vn2

, . . . , vnj
} of V (G) with n1 < n2 < · · · < nj ,

we may correspond the orderedj-tuple a(X) := (n1, n2, . . . , nj). We rearrange

C1, . . . , Cθ so thata(C1) ≺ a(C2) · · · ≺ a(Cθ) where≺ is the lexicographic order.

To show thatC consists of some elements in{N1, N2, . . . , Nθ}, fix k ∈ {1, . . . , θ}

and letnk = min{j | vj ∈ Ck}. By the choice ofnk,

Ck ⊂ V (Gnk
). (2.1)
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ThusCk is a clique inGnk
containingvnk

. By the definition of perfect elimination

ordering,vnk
is a simplicial vertex ofGnk

and soCk ⊂ Nnk
. However, sinceCk

is a maximal clique inG, it is also a maximal clique inGnk
. ThereforeCk = Nnk

asNnk
is a clique inGnk

. ThusC = {Nn1
, . . . , Nnθ

}. Let D be a digraph with

V (D) = V (G) ∪ {v0} and

A(D) =
θ
⋃

k=1

{(v, vnk−1) | v ∈ Nnk
}.

(Note thatn1 = 1. To see why, recall our assumption thatG has no isolated

vertices. SinceC1, . . . , Cθ are arranged based upon the lexicographic order of

a(C1), . . . , a(Cθ), v1 belongs toC1.) Now the following are true:

vivj ∈ E(G) ⇔ vivj ∈ Nnk
for somek ∈ {1, . . . , θ}

⇔ (vi, vnk−1) ∈ A(D) and(vj , vnk−1) ∈ A(D) for somek ∈ {1, . . . , θ}

⇔ vivj ∈ E(C(D)).

Thus the competition graph ofD is G together with the isolated vertexv0. To

show thatD is acyclic, take(vi, vj) ∈ A(D). Thenj = nk − 1 for somek ∈

{1, . . . , θ} andvi ∈ Nnk
. Now, sinceNnk

= Ck, by (2.1),Nnk
⊂ V (Gnk

) =

{vnk
, vvk+1, . . . , vn}, which impliesi ≥ nk. Thusi > j and soD is acyclic. By

the definition ofD, vn1−1, . . . , vnθ−1 are the only vertices of in-degree nonzero in

D andC satisfies (ii) of Definition 2.0.2. This completes the proof.

Remark 2.0.4. In the proof given above, we have actually shown a stronger state-

ment that every minimum edge clique cover of a chordal graph consisting of maxi-

mal cliques is an effective competition cover.

A diamondis a graph obtained fromK4 by deleting an edge. By adiamondof a

graph, we mean a diamond as an induced subgraph. A graph is calleddiamond-free
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if it does not contain a diamond as an induced subgraph. It is easy to see that a

graph is diamond-free if and only if no two of its maximal cliques cover a common

edge.

Given a maximal cliqueC of a graphG, an edge ofG is said to beoccupied by

C if C is the only maximal clique that covers it.

Theorem 2.0.5.Suppose that a graphG with at least one edge satisfies the property

that, for each maximal cliqueC, each vertex ofC is an end vertex of an edge

occupied byC. ThenG has an effective competition cover.

Proof. Let C be the set of all maximal cliques ofG. We first show thatC is a

minimum edge clique cover. ObviouslyC is an edge clique cover ofG. Let D be

a minimum edge clique cover ofG consisting of maximal cliques. Then clearly

D ⊂ C. By the hypothesis, every clique inC has an edge occupied by it. Since

an edge occupied by a maximal clique cannot be covered by any other maximal

cliques,C with an element omitted no longer covers the edges ofG. Therefore

D = C and soC is a minimum edge clique cover.

Let D be an acyclic digraph whose competition graph isG together withk(G)

isolated vertices. Letℓ be an acyclic labeling ofD.

Take a maximal cliqueC in C. Then the end vertices of each edge occupied by

C has a common out-neighbor inD. We consider such common out-neighbors and

take one, sayxC , with the smallestℓ-value among them. We consider the digraph

D∗ with the vertex setV (D) and the arc set

⋃

C∈C

{(v, xC) | v ∈ C}.

Take an arc inD∗. Then it is in the form of(v, xC) for someC ∈ C andv ∈ C. By

the hypothesis,v is an end vertex of an edge occupied byC. Thenv and the other
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end of that edge have a common out-neighborx in D. Sinceℓ is an acyclic labeling

of D, ℓ(x) < ℓ(v). By the choice ofxC , ℓ(xC) ≤ ℓ(x), soℓ(xC) < ℓ(v). Thusℓ

is still an acyclic labeling ofD∗ and soD∗ is acyclic. SincexC is a common out-

neighbor of the end vertices of an edge occupied byC in D, xC 6= xC′ if C 6= C ′.

Hence the competition graph ofD∗ is G together withk(G) isolated vertices. By

the definition ofD∗, it is obvious thatC satisfies (ii) of Definition 2.0.2 and the

theorem statement holds.

Corollary 2.0.6. Every diamond-free graph with at least one edge has an effective

competition cover.

Proof. If G is a diamond-free graph with at least one edge, then each edgeof G

is occupied by a maximal clique. Hence the corollary immediately follows from

Theorem 2.0.5.

Proposition 2.0.7. Let G be a graph having no isolated vertices but at least one

edge and letC be a minimum edge cover ofG consisting of maximal cliques. Sup-

pose thatC contains a subsetF havingθe(G) − k(G) + 1 elements such that the

subgraphH induced by the edges covered byF has at leastθe(G)−k(G) simplicial

vertices. ThenC is an effective competition cover ofG.

Proof. We label the elements inF asC1, . . . , Cθe(G)−k(G)+1 so that the number of

simplicial vertices inH belonging toCj is greater than or equal to that of simplicial

vertices inH belonging toCi if i ≤ j. Then we label the elements inC \ F

asCθe(G)−k(G)+2, . . . , Cθe(G). We construct a digraph with vertex setV (G) with

added isolated verticesa1, . . . , ak(G) as follows. For eachi = θe(G) − k(G) +

1, . . . , θe(G), we add arcs from every vertex inCi to ai. If θe(G) = k(G), thenD

is obviously a digraph accompanyingC. Therefore we may assumeθe(G) > k(G).
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Then, by the way in which the cliques inF are labeled,Cθe(G)−k(G)+1 has at least

one simplicial vertex inH. We take one of them and add arcs from every vertex

in Cθe(G)−k(G) to that vertex. Again, we may take a simplicial vertex inH from

Cθe(G)−k ∪ Cθe(G)−k(G)+1 that is distinct from the one just taken. Then we add arcs

from every vertex inCθe(G)−k(G)−1 to that vertex. We may continue in this way

until we add arcs from every vertex inC1 to a simplicial vertex inH that belongs

to
⋃θe(G)−k(G)+1

i=2 Ci. By construction, each arcs goes from a vertex inCi to either a

vertex inCj for i < j or a newly added isolated vertex. ThereforeD is acyclic. It

is easy to check thatC is an effective competition cover ofG.
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Chapter 3

Relationship between the competition

number and the primary predator

index of a graph

we give a new lower bound for the competition number of a graphin terms of the

primary predator index of a graph. In addition, we show that the graphs having

effective competition covers have the lower bound as their competition numbers.I

Proposition 3.0.8.For any graphG with at least two vertices,p(G) ≥ 2

Proof. Let G be a graph with at least two vertices. ThenG together withk(G)

isolated vertices is the competition graph of some acyclic digraph withn vertices

for some positive integern ≥ 2. Among such digraphs, we take a digraphD with

arcs as few as possible. Letℓ be an acyclic labeling ofD. We denote byvi the

vertexv satisfyingl(v) = i. By definition of acyclic labeling,vn is of in-degree0.

Suppose that the in-degree ofvn−1 is nonzero. By definition of acyclic labeling,vn

is the only in-neighbor ofvn−1, which implies thatvn−1 does not induce any edge
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in G as a common out-neighbor of two vertices. Therefore we may delete the arc

(vn, vn−1) to obtain an acyclic digraph whose competition graph is still G together

with k(G) isolated vertices, which contradicts the choice ofD. Thusvn−1 is of

in-degree0. Hencep(G) ≥ 2.

Theorem 3.0.9.LetG be a graph with an effective competition coverC. Then the

cliques inC can be labeled asC1, . . . , Cθe(G) so thatp(G) ≥
∣

∣

∣

⋃θe(G)
i=k Ci

∣

∣

∣
−θe(G)+k

for any1 ≤ k ≤ θe(G).

Proof. Let D be a digraph accompanyingC. We consider the subdigraphD′ of D

induced by the sinks of the cliques belonging toC in D. ObviouslyD′ is acyclic, so

we may label the vertices ofD′ asw1, . . . , wθe(G) so that

(wj, wi) is an arc only ifi < j. (⋆)

Now we label the cliques inC asC1, . . . , Cθe(G) so thatwi is the sink ofCi for each

i = 1, . . . , θe(G).

Fix 1 ≤ k ≤ θe(G) and suppose that
⋃θe(G)

i=k Ci \ {wk+1, . . . , wθe(G)} contains

a sinkwj for somej ∈ {1, . . . , θe(G)}. Then j ≤ k andwj ∈ Ci for some

i ∈ {k, k + 1, . . . , θe(G)}. Sincewi is the sink ofCi andwj ∈ Ci, there is an

arc fromwj to wi and so, by(⋆), i < j and we reach a contradiction. There-

fore
⋃θe(G)

i=k Ci \ {wk+1, . . . , wθe(G)} does not contain a sink, that is, every vertex in
⋃θe(G)

i=k Ci \ {wk+1, . . . , wθe(G)} has in-degree0. By the definition ofp(G),

p(G) ≥

∣

∣

∣

∣

∣

∣

θe(G)
⋃

i=k

Ci \ {wk+1, . . . , wθe(G)}

∣

∣

∣

∣

∣

∣

≥

∣

∣

∣

∣

∣

∣

θe(G)
⋃

i=k

Ci

∣

∣

∣

∣

∣

∣

− θe(G) + k.

and the proposition follows.

Opsut [13] showed that, for any graphG, k(G) ≥ θe(G) − |V (G)| + 2. We

generalize this inequality. To do so, we need the following theorem.
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Theorem 3.0.10.For a graphG with at least one edge and an acyclic digraphD

satisfyingC(D) = G ∪ Ik(G), D has at leastθe(G) vertices of in-degree nonzero.

Proof. Let D be an acyclic digraph whose competition graph isG together with

k(G) isolated vertices and letC be a minimum edge clique cover ofG consisting of

maximal cliquesC1, C2, . . . Cθe(G). We define

Ai := {v ∈ V (D) | v is a common out-neighbor of two vertices inCi}

for eachi = 1, . . . , θe(G). SinceC is an edge clique cover ofG, G[Ci] contains at

least one edge whose two end vertices, therefore, has a common out-neighbor inD

and soAi 6= ∅ for eachi = 1, . . . , θe(G).

LetB = (X, Y ) be a bipartite graph, whereX = {A1, A2, . . . , Aθe(G)} andY =

V (D), such that{Ai, v} is an edge ofB if and only if v ∈ Ai. By definition,Ai =

NB(Ai) for eachi = 1, . . . , θe(G). To show thatB satisfies Hall’s condition for

Hall’s marriage theorem, suppose, to the contrary, that there existsS ⊂ X such that

|S| > |NB(S)|. We denoteS = {Ai1, Ai2 , . . . , Aik} andNB(S) = {z1, z2, . . . , zl}.

Thenk > l by our assumption.

Clearly, the in-neighborhood of each vertex ofNB(S) in D forms a clique

in G. To show thatN−(z1), N
−(z2), . . . , N

−(zl) cover all the edges covered by

Ci1 , Ci2, . . . , Cik, take an edgee of G covered byCij for somej ∈ {1, . . . , k}.

Then there exists a vertexz ∈ Aij such thatz is a common out-neighbor of the end

vertices ofe. Thereforee is covered byN−(z). SinceAij ∈ X, Aij = NB(Aij ).

SinceAij ∈ S, NB(Aij ) ⊂ NB(S). Thereforez ∈ NB(S) sincez ∈ Aij . Thus

{N−(z1), N
−(z2), . . . , N

−(zl)} is a family of cliques ofG covering all the edges

covered by{Ci1, Ci2, . . . , Cik}.

Sincek > l, we replaceCi1 , Ci2, . . . , Cik with N−(z1), N
−(z2), . . . , N

−(zl)

in C to obtain a new edge clique cover ofG consisting of fewer cliques thanC, a
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contradiction. ThusB satisfies Hall’s condition and so, by Hall’s marriage theorem,

B has a matchingM = {{Ai, wi} | i = 1, . . . , θe(G)} that saturatesX. By the

definition of Ai, w1, w2, . . . , wθe(G) are vertices of in-degree at least two. Since

each ofw1, w2, . . . , wθe(G) is saturated by the matchingM , w1, w2, . . . , wθe(G) are

all distinct and the theorem statement follows.

Theorem 3.0.11.For any graphG, k(G) ≥ θe(G)− |V (G)|+ p(G).

Proof. If G is an edgeless graph, then obviouslyk(G) = 0, θe(G) = 0, p(G) =

|V (G)|, and the inequality holds. LetG be a graph with at least one edge andD be

a digraph by whichp(G) is attained. By definition,

|V (D)| = |V (G)|+ k(G). (3.1)

On the other hand, by Theorem 3.0.10, there are at leastθe(G) vertices of in-degree

nonzero inD. Since any vertex inD has in-degree0 or in-degree nonzero,

|V (D)| ≥ p(G) + θe(G). (3.2)

Then (3.1) and (3.2) yield the desired inequality.

Opsut’s inequality for competition numbers immediately follows from Proposi-

tion 3.0.8 and Theorem 3.0.11.

Proposition 3.0.12.LetG be a graph with an effective competition coverC. Then

p(G) is attained by any digraph accompanyingC. Furthermore,

|V (D)| = p(G) + θe(G)

for any digraphD accompanyingC.
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Proof. Let D be a digraph accompanyingC. By definition,D has exactlyθe(G)

vertices of in-degree nonzero. Therefore, by Theorem 3.0.10, D has the smallest

number of vertices of in-degree nonzero. This implies thatD has the largest num-

ber of vertices of in-degree0. By the definition ofp(G), p(G) is attained byD.

Now, since the number of vertices of in-degree nonzero isθe(G) and the number of

vertices of in-degree0 is p(G) in D, we have|V (D)| = p(G) + θe(G).

In the following, we present some sufficient conditions for agraph to make the

inequality given in Theorem 3.0.11 sharp.

Proposition 3.0.13.LetG be a graph with an effective competition coverC. Then

k(G) = θe(G)− |V (G)|+ p(G).

Proof. Let D be a digraph accompanyingC. By Proposition 3.0.12,

|V (D)| = p(G) + θe(G).

By the definition of competition number,

|V (D)| = |V (G)|+ k(G).

Then the above equalities yield the desired equality.

Now we present an example showing how Theorem 3.0.9 and Proposition 3.0.13

can be applied to obtain a lower bound for the competition number of a graph having

an effective competition cover. The graphG given in Figure 3.1 is a diamond-free

graph with at least one edge, so it has an effective competition cover by Corol-

lary 2.0.6. Note thatθe(G) = 9 and the union of any three maximal cliques of

G contains at least five vertices. By applying Theorem 3.0.9 for k = 7, we have

p(G) ≥ 3. Thus, by Proposition 3.0.13,k(G) = θe(G)− |V (G)|+ p(G) ≥ 3. This

bound is sharper than Opsut’s bound in [13] thatk(G) ≥ θe(G)−|V (G)|+2 = 2. In
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G

Figure 3.1: A graphG with p(G) ≥ 3

fact, we can showk(G) ≤ 3 by constructing an acyclic digraph whose competition

graph isG together with three isolated vertices, and thereforek(G) = 3.

The following proposition guarantees that the equalityk(G) = θe(G)−|V (G)|+

p(G) given in Proposition 3.0.13 is still true under the following condition.

Proposition 3.0.14.Let G be a graph with at least one edge andC be the set of

maximal cliques ofG. Suppose that every cliques inC has an edge that is occupied

by it. Thenk(G) = θe(G)− |V (G)|+ p(G).

Proof. SinceC is the set of maximal cliques ofG, C is an edge clique cover ofG.

Moreover, by the hypothesis that every cliques inC has an edge that is occupied by

it, it is a minimum edge clique cover.

Let D be a digraph with the most arcs among which acyclic digraphs by which

p(G) are attained. We show that the numberr of vertices with at least one in-

neighbor inD equalsθe(G). By Theorem 3.0.10,r ≥ θe(G). To reach a contra-

diction, we assumer > θe(G). Let w1, . . . , wr be the vertices with at least one

in-neighbor inD. By the choice ofD, wi has at least two in-neighbors inD, so

N−

D (wi) forms a clique of size at least two for eachi = 1, . . . , r. LetCi be a max-

imal clique includingN−

D (wi) for eachi = 1, . . . , r. ThenCi belongs toC. Since

|C| = θe(G) andr > θe(G), Cp = Cq for some distinctp, q ∈ {1, . . . , r} by the

18



Pigeonhole principle. Without loss of generality, we may assumewp has a lower

label thanwq in an acyclic labeling ofD. Now we detour the arcs fromN−

D(wq)

to wq so that their heads change fromwq to wp. In this way, we obtain a new

acyclic digraphD∗. SinceN−

D (wp) andN−

D (wq) are included in the same clique in

G, C(D∗) = C(D). However,wq is a vertex of in-degree0 in D∗, so the number

of vertices of in-degree0 in D∗ is greater than that of vertices of in-degree0 in D,

which contradicts the choice ofD. Thereforer = θe(G).
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Chapter 4

Competition numbers of planar

graphs

In this chapter, we compute competition numbers of some planar graphs in terms of

primary predator indices.

A plane embedding of a planar graph does not change the parameters dealt with

in this paper. In this context, we mean by a planar graph a plane embedding of it.

For example, the number of faces in a planar graph means the number of faces in

one of its plane embeddings.

We denote the number of faces in a planar graphG by f(G).

Proposition 4.0.15.Suppose thatG is a connected planar graph with at least one

edge. Then

k(G) ≤ f(G)

and the equality holds ifG is triangle-free.

Proof. By the Euler formula|V (G)| − |E(G)| + f(G) = 2 for a connected planar

20



graphG, it is sufficient to show that

k(G) ≤ |E(G)| − |V (G)|+ 2 (4.1)

for every connected planar graphG in order to prove the inequality. We show (4.1)

by induction on the number of edges. IfG has only one edge, then|E(G)| = 1,

|V (G)| = 2, k(G) = 1 and so (4.1) holds. Suppose that (4.1) holds for all connected

planar graphs withm edges. LetG be a connected planar graph withm+ 1 edges.

Suppose thatG is a tree. Then|V (G)| = |E(G)|+1. Since the competition number

of a tree is known to be at most one,k(G) ≤ 1, and so (4.1) holds. Suppose thatG

is not a tree. ThenG has an edgee such thatG− e is connected. SinceG is planar,

G− e is also planar. Thus, by the induction hypothesis,

k(G− e) ≤ |E(G− e)| − |V (G− e)|+ 2. (4.2)

Clearly|E(G−e)| = |E(G)|−1 and|V (G−e)| = |V (G)|. In addition,k(G−e)+

1 ≥ k(G). For, we may add one additional vertex and the arcs from the ends ofe

to that vertex to an acyclic digraph whose competition graphisG− e together with

k(G− e) isolated vertices to obtain an acyclic digraph whose competition graph is

G together withk(G− e) + 1 isolated vertices. By these together with (5),

k(G) ≤ k(G− e) + 1 ≤ (|E(G)| − 1)− |V (G)|+ 2 + 1,

which is simplified tok(G) ≤ |E(G)|−|V (G)|+2. Therefore (4.1) holds for every

connected planar graphG.

It is well-known that ifG is triangle-free, thenk(G) = |E(G)| − |V (G)| + 2.

Therefore, if a connected planar graphG is triangle-free, thenk(G) = f(G) since

f(G) = |E(G)| − |V (G)|+ 2.

Corollary 4.0.16. If G is a planar graph,k(G) ≤ f(G).
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Proof. Let G be a planar graph andG∗ be the subgraph ofG induced by the non-

isolated vertices. LetG(1), . . . , Gr be the components ofG∗. SinceG∗ has no

isolated vertex,k(Gi) ≥ 1 for anyi = 1, . . . , r. Thenf(G∗) =
∑r

i=1 f(Gi)− r+1

since the outer face is counted once wheneverf(Gi) is computed fori = 1, . . . , r.

By Proposition 4.0.15,k(Gi) ≤ f(Gi) for eachi = 1, . . . , r and so
∑r

i=1 k(Gi) −

r + 1 ≤ f(G∗).

LetDi be an acyclic digraph whose competition graph isGi together withk(Gi)

isolated vertices for eachi = 1, . . . , r. Fix i ∈ {1, . . . , r}. SinceDi is acyclic, it

has a vertex of in-degree0. We take an isolated vertex added to obtainC(Di) and

a vertex of in-degree0 in Di and denote them byai andui, respectively. Now we

patchD1, . . . , Dr by merging (or identifying)ai+1 andui for i = 1, . . . , r − 1 to

obtain a digraphD. By construction, it is obvious thatD is acyclic and its com-

petition graph isG∗ together with
∑r

i=1 k(Gi)− r + 1 isolated vertices. Therefore

k(G∗) ≤
∑r

i=1 k(Gi) − r + 1 and sok(G∗) ≤ f(G∗). Sincef(G) = f(G∗) and

k(G) ≤ k(G∗), we havek(G) ≤ f(G).

A holeof a graph is an induced cycle of length at least four. In 2005,Kim [1]

conjectured that every graphG with h(G) holes satisfiesk(G) ≤ h(G) + 1, which

was proven by Mckayet al. [12] in 2014. As a matter of fact, Corollary 4.0.16

gives a better bound for planar graphs as one can see from the example given in

Figure 4.1.

Let G be a planar graph. Kuratowski’s theorem tells us thatG contains noK5

as a subgraph, so any maximal cliques inG consists of at most four vertices. For

i = 2, 3, 4, we denote byci(G) the number of maximal cliques of sizei in G.

We have shown thatk(G) = θe(G) − |V (G)| + p(G) in Proposition 3.0.14

for a graphG having an effective competition cover. Since a diamond-free graph

with at least one edge has an effective competition cover, itsatisfies the equality.
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Figure 4.1: A planar graphG with f(G) = 4 andh(G) = 6

Furthermore, if a graphG with at least one edge is diamond-free and planar, then

θe(G) can be represented in terms of|E(G)|, c3(G), andc4(G) as shown in the

following proposition.

Proposition 4.0.17.LetG be a connected diamond-free planar graph. Then

k(G) = f(G) + p(G)− 2c3(G)− 5c4(G)− 2. (4.3)

Proof. If G has only one vertex, thenk(G) = 0, f(G) = 1, p(G) = 1, c3(G) =

c4(G) = 0 and so (4.3) holds.

Suppose thatG has at least two vertices. LetC be a minimum edge clique

cover ofG consisting of maximal cliques. SinceG is diamond-free, each edge ofG

belongs to exactly one maximal clique. ThusC consists of all the maximal cliques

of G. On the other hand, sinceG is connected and planar, any maximal clique ofG

has size2 or 3 or 4. Thus

θe(G) = c2(G) + c3(G) + c4(G). (4.4)

SinceG is diamond-free, any maximal cliques ofG are edge-disjoint. Therefore

|E(G)| =
(

2
2

)

c2(G) +
(

3
2

)

c3(G) +
(

4
2

)

c4(G) and soc2(G) = |E(G)| − 3c3(G) −

6c4(G). Substituting this into (4.4), we have

θe(G) = |E(G)| − 2c3(G)− 5c4(G). (4.5)
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SinceG is a diamond-free graph having at least one edge, it has an effective com-

petition cover by Corollary 2.0.6 and sok(G) = θe(G)− |V (G)|+ p(G) by Propo-

sition 3.0.14. This equality together with (4.5) givek(G) = |E(G)| − |V (G)| −

2c3(G)−5c4(G)+p(G). SinceG is connected and planar, by Euler’s formula, (4.3)

follows.

Now we have a result giving bounds for competition numbers ofdiamond-free con-

nected planar graphs in terms of the number of faces, the number of maximal cliques

of size3, and the number of maximal cliques of size4, which are easily computed.

Theorem 4.0.18.Let G be a connected diamond-free planar graph with at least

two vertices. Then

max{f(G)− 2c3(G)− 5c4(G), 1} ≤ k(G) ≤ f(G)− c3(G)− 3c4(G).

Proof. SinceG is diamond-free, any distinct maximal cliques are edge-disjoint.

Therefore, inG, we may delete an edge in each maximal clique of size3 and three

edges in each maximal clique of size4 so that any maximal clique of size3 be-

comes an induced path of length2 and any maximal clique of size4 becomes an

induced path of length3. In this way, we deleted exactlyc3(G) + 3c4(G) edges

all of which are non-cut-edges. SinceG is planar, we now have a planar graph,

sayG′. Since only non-cut-edges are deleted to obtainG′, G′ is still connected and

f(G′) = f(G) − c3(G) − 3c4(G). SinceG′ has at least one edge,k(G′) ≤ f(G′)

by Proposition 4.0.15.

LetD′ be an acyclic digraph whose competition graph isG′ together withk(G′)

isolated vertices. Letℓ be an acyclic labeling ofD′. Take a maximal cliqueK of

size3 or 4 in G. By the choice ofD′, each pair of vertices inK that are adjacent in

G′ has a common out-neighbor inD′. Now we take such common out-neighbors.
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Among these common out-neighbors, letz be the vertex with the smallestℓ-value.

We add toD′ the arcs from the vertices inK to z without creating multiple arcs. We

continue to add arcs in this way for the remaining maximal cliques of size3 or 4 in

G. We denote the resulting digraph byD. Since each of the arcs added goes from a

vertex with a higherℓ-value to a vertex with a lowerℓ-value,ℓ is an acyclic labeling

of D and soD is acyclic. Clearly,E(G) ⊂ E(C(D)). Since the way of deleting

the edges to obtainG′ does not leave any triangle, the maximal clique inG′ is of

size2 and therefore the vertex chosen inD′ for each maximal clique because it has

the smallestℓ-value has exactly two in-neighbors. ThusE(C(D)) ⊂ E(G). Hence

the competition graph ofD is G together withk(G′) isolated vertices. Therefore

k(G) ≤ k(G′) and the upper bound is obtained.

To obtain the lower bound, we recall Proposition 3.0.8 and Proposition 4.0.17,

which give the inequalityk(G) ≥ f(G)−2c3(G)−5c4(G). SinceG is a connected

graph with at least one edge,k(G) ≥ 1 and so we obtain the lower bound.

Theorem 4.0.21 gives the competition number of a planar graph satisfying some

properties in terms of parameters which are easily computed. To prove this theorem,

we need the following lemmas.

Lemma 4.0.19.Let G be a triangle-free planar graph withf(G) ≥ 2. Then the

number of non-cut-edges is greater than or equal to2f(G).

Proof. We delete the cut-edges fromG to obtain a new plane graphG′. Since only

cut-edges are deleted,f(G) = f(G′). Moreover, sincef(G) ≥ 2, G′ has at least

one bounded face. Therefore the degree of each face ofG′ is greater than or equal

to four sinceG′ is triangle-free. Thus

4f(G) ≤
∑

F∈F

d(F ) = 2|E(G′)|
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(a) (b)

Figure 4.2: The graph given in (a) is a good CDFP-graph while the graph given in

(b) is not a good CDFP-graph as theK4 as the maximal clique of size4 has only

one simplicial vertex.

whereF is the set of faces ofG′ andd(F ) denotes the degree of faceF . As the

edges ofG′ are non-cut-edges ofG, the lemma statement follows.

If a diamond-free connected planar graph satisfies the property that every maxi-

mal clique of size3 has a simplicial vertex and every maximal clique of size4 has at

least two simplicial vertices, then we call it agood CDFP-graph. For an illustration,

the reader may refer to Figure 4.2.

Lemma 4.0.20.LetG be a connected diamond-freeplanar graph with at least one

edge. Suppose thate is a non-cut-edge ofG.

(i) If e is a maximal clique, thenf(G − e) = f(G) − 1, c3(G − e) = c3(G),

c4(G−e) = c4(G), k(G−e) ≥ k(G)−1, andG−e is a connected diamond-

free planar graph, and in case whereG is a good CDFP-graph,G− e is also

a good CDFP-graph.
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(ii) If e belongs to a maximal clique of size3, thenf(G− e) = f(G)− 1, c3(G−

e) = c3(G)− 1, c4(G− e) = c4(G), k(G− e) ≥ k(G), G− e is a connected

diamond-free planar graph, and in case whereG is a good CDFP-graph,

G− e is also a good CDFP-graph.

(iii) If e belongs to a maximal cliqueK of size4, then for an edgee′ in K which

is adjacent toe, G′ := G − {e, e′} is connected and satisfies the following:

f(G′) = f(G)− 2, c3(G′) = c3(G) + 1, c4(G′) = c4(G)− 1, k(G′) ≥ k(G),

andG′ is a connected diamond-free planar graph.

Proof. First we suppose thate is a maximal clique ofG. Sincee is a non-cut-edge,

f(G− e) = f(G)− 1. In addition, sincee is a maximal clique, deletinge preserves

the maximal cliques of size greater than or equal to3, so we havec3(G−e) = c3(G),

c4(G− e) = c4(G). LetD be an acyclic digraph whose competition graph isG− e

together withk(G− e) isolated vertices. We add toD one new isolated vertex and

two arcs from the end vertices ofe to the newly added isolated vertex. It is clear

that the resulting digraph is acyclic and its competition graph isG together with

k(G − e) + 1 isolated vertices. Hencek(G) ≤ k(G − e) + 1. Clearly,G − e is

planar. In addition,G− e is connected ase is a non-cut-edge. Sincee is a maximal

clique of size2, G − e is a diamond-free and the simplicial vertices belonging to

maximal cliques of size3 or 4 in G are still simplicial vertices inG− e. Therefore

G − e is a diamond-free connected planar graph, and ifG is a good CDFP-graph,

then so isG− e.

Second, we assume thate belongs to a maximal clique of size3. Let e = uv and

K := {u, v, w} be a maximal clique of size3 containinge. Sincee is a non-cut-

edge,f(G−e) = f(G)−1. SinceG is diamond-free,K is the only maximal clique

containinge and so deletinge fromG preserves any maximal clique inG other than
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K. SinceK has size3, deletinge from G does not create a new maximal clique

size of3 or 4 either. Thereforec3(G− e) = c3(G)− 1 andc4(G− e) = c4(G). Let

D be an acyclic digraph whose competition graph isG− e together withk(G− e)

isolated vertices. Letℓ be an acyclic labeling ofD. Sinceu andw are still adjacent

in G− e, u andw have a common out-neighbor, sayy, in D. For the same reason,

v andw have a common out-neighbor, sayz, in D. Since the edgesuw andvw do

not belong to the same clique anymore inG − e, y 6= z. We obtain a digraphD∗

fromD by adding an arc to keep the acyclicity in the following way: If ℓ(y) < ℓ(z),

then we add an arc(v, y); if ℓ(y) > ℓ(z), then we add an arc(u, z). It is easy to

see that the competition graph ofD∗ is G together withk(G− e) isolated vertices.

Thereforek(G) ≤ k(G− e). It is easy to check thatG− e is connected and planar.

We note thatK is a maximal clique of size3 of G and the maximal cliques ofG are

edge-disjoint sinceG is diamond-free. Therefore deletinge from G destroys only

K, and soG − e is diamond-free. Moreover, the simplicial vertices belonging to

maximal cliques of size3 or 4 other thanK in G are still simplicial vertices inG−e

and so (ii) follows.

Finally we assume thate belongs to a maximal cliqueL of size4. Let e = uv

andL := {u, v, w, x} be a maximal clique of size4 containinge. Lete′ = uw. Now

we delete two adjacent edgese, e′ from G to obtain a new graphG′. SinceK4 is

3-edge-connected, deleting two edges does not disconnectG′. Clearly,f(G− e) =

f(G)− 2.

SinceG is diamond-free, deletinge ande′ fromL does not destroy any maximal

clique other thanL. Thereforec4(G′) = c4(G) − 1. Moreover, sincee and e′

are adjacent, deleting them fromL results in an edge and a triangle as maximal

cliques inG′. Thereforec3(G′) = c3(G) + 1. LetD′ be an acyclic digraph whose

competition graph isG′ together withk(G′) isolated vertices. Letℓ′ be an acyclic
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G

Figure 4.3: A good CDFP-graphG with f(G) = 10 and c3(G) = c4(G) = 1.

Thereforek(G) = 3 by Theorem 4.0.21.

labeling ofD′. In D′, we take the common out-neighbors of each pair of vertices

in L that is adjacent inG′. Among those common out-neighbors, letz′ be the

vertex with smallestℓ′-value. To obtain a new digraphD′′, we add toD′ the arcs

with headz′ and tails inL without creating multiple arcs. ThenD′′ is still acyclic

and its competition graph isG together withk(G′) isolated vertices. Therefore

k(G) ≤ k(G′). ClearlyG′ is planar. SinceG is diamond-free, deletinge ande′

from G create no diamond, soG− e is still diamond-free. Hence (iii) follows.

Now we present a theorem useful for computing the competition number of a

good CDFP-graph in terms of the numbers of faces, triangles as maximal cliques,

K4 as maximal cliques. See Figure 4.3 for an illustration.

Theorem 4.0.21.LetG be a good CDFP-graph having at least one edge. Then

k(G) =











1 if f(G)− 1 ≤ 2c3(G) + 5c4(G);

f(G)− 2c3(G)− 5c4(G) otherwise.
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Proof. We prove by induction onf(G). For short, we will call a connected diamond-

free planar graph aCDFP-graph.

Supposef(G) = 1. SinceG is connected, it is a tree. In addition,c3(G) =

c4(G) = 0 and sof(G)− 1 ≤ 2c3(G) + 5c4(G). SinceG is a tree with at least one

edge by hypothesis, it has competition number one and so the basis step is true.

Suppose that the theorem statement holds for any good CDFP-graph having at

least one edge as long as it has at mostf(G)− 1 faces (f(G) ≥ 2).

Case 1c3(G) > 0

First suppose that

f(G)− 1 > 2c3(G) + 5c4(G). (4.6)

We delete one simplicial vertex ofG in each maximal clique of size3 and two

simplicial vertices in each maximal clique of size4, and denote the resulting graph

byG∗. ClearlyG∗ is planar. Moreover, since all the maximal cliques of size atleast

three are destroyed,G∗ is triangle-free.

Note that deleting one simplicial vertex (resp. two simplicial vertices) from a

maximal clique of size3 (resp.4) in G results in a maximal clique of size2 in G∗

and so it decreases the number of faces by one (resp. three). Thenf(G∗) is smaller

thanf(G) by c3(G) + 3c4(G), so, by (4.6),

f(G∗)− 1 > c3(G) + 2c4(G). (4.7)

It immediately follows from (4.7) thatf(G∗) ≥ 2. Therefore, by Lemma 4.0.19,

G∗ has at least2f(G∗) non-cut-edges. ThusG∗ has more than2c3(G)+4c4(G)+2

non-cut-edges by (4.7). By the way, exactly one edge in each maximal clique of

size3 or 4 in G exists inG∗ and these edges are all distinct sinceG is diamond-free.

Thus exactlyc3(G) + c4(G) edges ofG∗ belongs to maximal cliques of size3 or 4
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in G. Since2c3(G) + 4c4(G) + 2 > c3(G) + c4(G), there is a non-cut-edgee(1) of

G∗ not belonging to any maximal clique of size3 or 4 in G. Since a non-cut-edge

of G∗ is a non-cut-edge ofG, e(1) is still a non-cut-edge ofG. By Lemma 4.0.20(i),

G(1) := G−e(1) is a good CDFP-graph,f(G(1)) = f(G)−1, c3(G(1)) = c3(G), and

c4(G
(1)) = c4(G). Then, by (4.6),f(G(1))− 1 ≥ 2c3(G

(1)) + 5c4(G
(1)). Moreover,

sincec3(G) > 0 and only one edge from a triangle is deleted,G(1) has at least one

edge.

Now, by the induction hypothesis applied toG(1), k(G(1)) = f(G(1))−2c3(G
(1))−

5c4(G
(1)). Thenb(G(1)) = 2 by Proposition 4.0.17. Clearly,V (G(1)) = V (G). By

the choice ofe(1), θe(G(1)) = θe(G)− 1.

Suppose to the contrary thatk(G) ≤ k(G(1)). SinceG andG(1) are diamond-

free graphs having at least one edge, they have effective competition covers by

Corollary 2.0.6. Then, as we have shown thatV (G(1)) = V (G) andθe(G(1)) =

θe(G)− 1, applying Proposition 3.0.14 toG andG(1) results in

p(G) = |V (G)|+ k(G)− θe(G) ≤ |V (G(1))|+ k(G(1))− θe(G
(1))− 1 = b(G(1))− 1 = 1,

which contradicts Proposition 3.0.8. Thereforek(G) ≥ k(G(1))+1. By Lemma 4.0.20(i),

k(G) ≤ k(G(1)) + 1 and sok(G) = k(G(1)) + 1. Sincek(G(1)) = f(G(1)) −

2c3(G
(1))−5c4(G

(1)), k(G) = f(G(1))−2c3(G
(1))−5c4(G

(1))+1. By Lemma 4.0.20(i),

k(G) = f(G)− 2c3(G)− 5c4(G).

Second, we consider the case

f(G)− 1 < 2c3(G) + 5c4(G). (4.8)

Then we need to show thatk(G) = 1. By our assumption thatc3(G) > 0, there

is a maximal clique of size3 in G. Take one of such maximal cliques, denote

it by K(2), and take an edgee(2) from K(2). We denoteG(2) by G − e(2). By
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Lemma 4.0.20(ii),G(2) is a good CDFP-graph. Moreover, since only one edge

from a triangle is deleted,G(2) has at least one edge. Again, by Lemma 4.0.20(ii),

f(G(2)) = f(G) − 1, c3(G(2)) = c3(G) − 1, andc4(G(2)) = c4(G). Therefore,

by (4.8),f(G(2)) − 1 ≤ 2c3(G
(2)) + 5c4(G

(2)). Thus, by the induction hypothesis,

k(G(2)) = 1. Sincek(G) ≤ k(G(2)) by Lemma 4.0.20(ii),k(G) ≤ 1. On the other

hand, sinceG is a connected graph with at least one edge,k(G) ≥ 1. Therefore

k(G) = 1.

Finally, consider the case

f(G)− 1 = 2c3(G) + 5c4(G). (4.9)

Sincec3(G) > 0, there is a maximal clique of size3. Let K(3) = {u(3), v(3), w(3)}

be one of such maximal cliques. SinceG is a good CDFP-graph, one ofu(3), v(3),

w(3) is a simplicial vertex. We may assume thatu(3) is a simplicial vertex. We

consider the graphG(3) obtained by deleting vertexu(3) together with edgev(3)w(3).

Suppose thatG(3) is connected. Thenf(G(3)) = f(G)− 2, c3(G(3)) = c3(G)− 1,

andc4(G(3)) = c4(G). Therefore, by (4.9),

f(G(3))− 1 = 2c3(G
(3)) + 5c4(G

(3)). (4.10)

ObviouslyG(3) is a good CDFP-graph with at least one edge. Thus, by the induction

hypothesis,k(G(3)) = 1. Let D(3) be an acyclic digraph whose competition graph

isG(3) together with one isolated vertex. We may utilizeu(3) for the isolated vertex

added. We construct a new digraph fromD(3) in such a way that we add a vertex

a(3) and arcs(u(3), a(3)), (v(3), a(3)), (w(3), a(3)). It can easily be checked that the

resulting digraph is acyclic and its competition graph isG together with one isolated

vertexa(3). Thereforek(G) ≤ 1. SinceG is a connected graph with at least one

edge,k(G) ≥ 1 and the theorem statement holds.
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Now suppose thatG(3) is disconnected. ThenG(3) has exactly two components,

sayG1 andG2, both of which are obviously good CDFP-graphs. We can easily

check thatf(G) = f(G1) + f(G2), c3(G) = c3(G1) + c3(G2) + 1, andc4(G) =

c4(G1) + c4(G2). By (4.9),

f(G1) + f(G2)− 1 = 2c3(G1) + 5c4(G1) + 2c3(G2) + 5c4(G2) + 2, (4.11)

which implies thatf(G1) − 1 > 2c3(G1) + 5c4(G1) or f(G2) − 1 > 2c3(G2) +

5c4(G2). Without loss of generality, we may assumef(G1) − 1 > 2c3(G1) +

5c4(G1). ThenG1 is a non-trivial graph. Suppose thatG2 is a trivial graph. Then

G2 has the unique vertex,v(3) or w(3). We may assumeV (G2) = {v(3)}. Then, by

(4.11),f(G1) = 2c3(G1) + 5c4(G1) + 2. Sincef(G) = f(G1) + f(G2), it holds

that f(G1) < f(G). Therefore, by the induction hypothesis,k(G1) = f(G1) −

2c3(G1)− 5c4(G1) = 2. LetD(3) be an acyclic digraph whose competition graph is

G1 together with two isolated vertices, saya(3), b(3). We replacea(3) with u(3) and

b(3) with v(3) in D(3). Now we add toD(3) a new isolated vertexc(3) and new arcs

(u(3), c(3)), (v(3), c(3)), (w(3), c(3)). Then it can easily be checked that the resulting

digraph is acyclic and its competition graph isG together with one isolated vertex

c(3).

Suppose thatG2 is a non-trivial graph. By the assumption thatf(G1) − 1 >

2c3(G1) + 5c4(G1), (4.11) guarantees thatf(G2)− 1 < 2c3(G2) + 5c4(G2). Since

f(G1) < f(G) andf(G2) < f(G), by the induction hypothesis,k(G1) = f(G1)−

2c3(G1)− 5c4(G1) andk(G2) = 1, respectively. Then

b(G2) = k(G2) + [−f(G2) + 2c3(G2) + 5c4(G2)] + 2 (by Proposition 4.0.17)

= 1 + [f(G1)− 2c3(G1)− 5c4(G1)− 3] + 2 (by (4.11))

= k(G1)
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Therefore there exists an acyclic digraphD
(3)
1 whose competition graph isG1 to-

gether withb(G2) isolated vertices. By the definition ofb(G2), there exists an

acyclic digraphD(3)
2 such thatD(3)

2 has exactlyb(G2) vertices of in-degree0 and

the competition graph ofD(3)
2 is G2 together with one isolated vertex. We con-

catenateD(3)
1 andD(3)

2 by identifying each vertex inD(3)
2 of in-degree0 with each

vertex ofD(3)
1 that is an isolated vertex in the competition graph ofD

(3)
1 . Then go

further to identify withu(3) the vertex ofD(3)
2 that is an isolated vertex in the com-

petition graph ofD(3)
2 , and then add a new isolated vertexd(3) and arcs(u(3), d(3)),

(v(3), d(3)), (w(3), d(3)). Then it is easy to see that the resulting digraph is acyclic

and its competition graph isG together with one isolated vertexd(3). Therefore

k(G) ≤ 1. SinceG is a connected graph with at least one edge,k(G) ≥ 1 and so

k(G) = 1.

Case 2c3(G) = 0

Assumec4(G) = 0. If f(G) − 1 ≤ 2c3(G) + 5c4(G) = 0, thenG is a tree

with at least one edge and sok(G) = 1. Otherwise, that is, iff(G) > 1, then,

sinceG is triangle-free,k(G) = f(G) by Proposition 4.0.15, which implies that

k(G) = f(G)− 2c3(G)− 5c4(G). Therefore the theorem statement is true for the

casec4(G) = 0.

Now we consider the casec4(G) > 0. Then there is a maximal clique of size

4 in G. Let K(4) = {u(4), v(4), w(4), x(4)} be such a maximal clique. SinceG is

a good CDFP-graph,K(4) has at least two simplicial vertices and we may assume

thatu(4) andv(4) are such vertices. We deleteu(4) from G to obtainG(4). By the

definition of good CDFP-graph, it is easy to check thatG(4) is a good CDFP-graph

with at least one edge. Especially, we observe that deletingu(4) fromG reduces the

number of faces by two and the number of maximal cliques of size 4 by one, and

34



increases the number of maximal cliques of size3 by one, that is,

f(G(4)) = f(G)− 2, c3(G
(4)) = c3(G) + 1, andc4(G

(4)) = c4(G)− 1. (4.12)

Suppose

f(G)− 1 < 2c3(G) + 5c4(G)

Then we need to showk(G) = 1. By the previous observation and our supposition,

f(G(4)) − 1 ≤ 2c3(G
(4)) + 5c4(G

(4)). Therefore, by the induction hypothesis,

k(G(4)) = 1. Then there exists an acyclic digraphD(4)
1 whose competition graph is

G(4) together with one isolated vertex. We may regard the isolated vertex added as

u(4). We construct a new digraph fromD(4)
1 in such a way that we add an isolated

vertexa(4) and arcs(u(4), a(4)), (v(4), a(4)), (w(4), a(4)), (x(4), a(4)). It can easily be

checked that the resulting digraph is acyclic and its competition graph isG together

with one isolated vertexa(4). Thereforek(G) ≤ 1. SinceG is a connected graph

with at least one edge,k(G) ≥ 1 and the theorem statement holds.

Suppose

f(G)− 1 ≥ 2c3(G) + 5c4(G).

Then, by the previous observation and this supposition,f(G(4))− 1 > 2c3(G
(4)) +

5c4(G
(4)). Therefore, by the induction hypothesis,

k(G(4)) = f(G(4))− 2c3(G
(4))− 5c4(G

(4)) ≥ 2. (4.13)

Now we will showk(G) = k(G(4))−1. First we show thatk(G) ≤ k(G(4))−1. To

do so, take aminimalacyclic digraphD(4)
2 whose competition graph isG(4) together

with k(G(4)) isolated vertices. Now we alterD(4)
2 to obtain a new digraphD∗ in the

following way:

1. Take one, sayy(4), of the out-neighbors ofv(4) in D
(4)
2 and delete the arcs

incoming towardy(4);
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2. We add an arc from each of in-neighbors ofv(4) in D
(4)
2 to y(4);

3. Deletev(4);

4. We replace two of the vertices of out-degree0 in D
(4)
2 with u(4) andv(4) (at

least two isolated vertices exists inC(D
(4)
2 ) as we have shownk(G(4)) ≥ 2);

5. We add a vertexb(4) and arcs(u(4), b(4)), (v(4), b(4)), (w(4), b(4)), (x(4), b(4)).

Each of the added arcs to obtainD∗ is either from a vertex inD(4)
2 to b(4) of out-

degree0, or from an in-neighbor ofv(4) to the vertexy(4), which is an out-neighbor

of v(4). It is easy to see that adding arcs in this way does not create adirected cycle

and soD∗ is acyclic. Now we show thatC(D∗) andG have the same edge set. First,

the detouring arcs in steps 1-4 changes the in-neighborhoodof v(4) in D
(4)
2 into that

of y(4) in D∗ and the in-neighborhoods of the two vertices of out-degree0 in D
(4)
2

into those ofu(4) andv(4) in D∗. Therefore the clique induced by each ofv(4) and

the two vertices of out-degree0 in C(D(4)) is inherited to the same clique inC(D∗).

Sincev(4) is a simplicial vertex ofG(4), a vertex which shares a common out-

neighbor withv(4) must bex(4) or w(4) in D
(4)
2 . Therefore the edges omitted by

deleting the arcs outgoing fromv(4) and the arcs incoming towardy(4) in steps 1

and 3 belong to the clique formed byv(4), w(4), x(4). However, the edge in the

cliqueK(4) are added in step 5, so the edges lost in steps 1 and 3 are recovered in

step 5. Furthermore, the arcs from each vertex ofK(4) to b(4) in step 5 does not

create any edge not inG sinceK(4) is a clique ofG. Thus we may conclude that

C(D∗) andG have the same edge set. HenceC(D∗) isG together withk(G(4))− 1

isolated vertices, which implies thatk(G) ≤ k(G(4))− 1.

Suppose, to the contrary, thatk(G) < k(G(4))− 1, that is,k(G) ≤ k(G(4))− 2.

Then there exists an acyclic digraphD(4)
3 whose competition graph isG together
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with k(G(4))−2 isolated vertices. We delete all the arcs outgoing fromu(4) in D
(4)
3 .

Then the resulting diagraph is acyclic and its competition graph isG(4) together

with k(G(4))−1 isolated vertices includingu(4), which is impossible. Thusk(G) ≥

k(G(4))− 1. Hencek(G) = k(G(4))− 1.

By (4.12) and the equality in (4.13),k(G(4)) = f(G(4))−2c3(G
(4))−5c4(G

(4)),

f(G(4)) = f(G) − 2, c3(G(4)) = c3(G) + 1, andc4(G(4)) = c4(G) − 1. Therefore

k(G) = k(G(4))− 1 = f(G)− 2c3(G)− 5c4(G). If f(G)− 1 > 2c3(G) + 5c4(G),

then we are done. Now we consider the casef(G) − 1 = 2c3(G) + 5c4(G). Then

k(G) = f(G)−2c3(G)−5c4(G) = 1, so the theorem statement is also true. Hence

we have completed the proof.k(G) = 1.
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Chapter 5

Concluding remarks

We conjecture that every graphG satisfies the equalityk(G) = θe(G) − |V (G)| +

p(G). By the way, we have a strong belief that every graph with at least one edge

has an effective competition cover, which implies the aboveconjecture by Proposi-

tion 3.0.13. In further, we would like to compute competition numbers of general

planar graphs.
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국문초록

임의의그래프의경쟁수를계산하는것은 NP-Hard문제이다. 그래프 G의경쟁수에

대한 상계 M을 구하는 것은 그래프 G에 M개의 고립점을 더한 것을 경쟁그래프로

가지는비순환유향그래프 D를직접구성함으로써보일수있다. 반면,하계를구하

는것은매우많은경우를고려해야하기때문에어려운일이다.

이 논문에서는 그래프 G의 최상위 포식자 지수 p(G)를 도입하여 Opsut(1982)이

제시한 경쟁수에 대한하계보다 일반화된 새로운 하계를 제시하고,이것이 ‘효율적

인경쟁덮개’를가지는그래프의경쟁수와일치함을보였다. 또한다이아몬드를갖

지않는연결된평면그래프의경쟁수를최상위포식자지수를이용하여표현하고이

중특정평면그래프의경쟁수를계산하였다.

주요어휘: 경쟁그래프,경쟁수,변덮개수,효율적인경쟁덮개,최상위포식자지수,

평면그래프.

학번: 2013-21404
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