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Abstract

In this thesis, we study the minimum clique partitioning problem with con-

strained bounds in weighted chordal graphs. Recently, Myung (2008) proposed

an algorithm for the minimum clique partitioning problem with constrained bounds

in weighted interval graphs. We extend the family of graphs to which Myung’s

algorithm is applicable to some chordal graph.

Key words: Interval graph; Chordal graph; Good Chordal Graph; Clique partition-

ing; Approximation algorithms

Student Number: 2014-20943

i



Contents

Abstract i

1 Introduction 1

1.1 Minimum clique partitioning problem . . . . . . . . . . . . . . . . 1

1.2 Interval graphs and chordal graphs . . . . . . . . . . . . . . . . . .2

1.3 The algorithm Relax . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.4 A preview of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Good chordal graphs 6

3 Algorithm 17

4 Conclusion 20

Abstract (in Korean) 22

Acknowledgement (in Korean) 23

ii



Chapter 1

Introduction

1.1 Minimum clique partitioning problem

A graph is called aweighted graphif a real value is assigned to each vertex. A

subset of vertices of a graph is called aclique if any two vertices in the subset are

adjacent. Given a weighted graphG and a positive real numberB, theminimum

clique partitioning problem (MCPB for short)in G is to find the minimum number

of cliques such that the weight sum of vertices in the clique of G is no more than

B. Thethe bin-packing problem with conflicts(BPPC) is one of the combinatorial

optimization problems which have been studied a lot. It is defined as follows. Given

a set of itemsV = {1, . . . , n} with size s1, · · · , sn ∈ R
+ and a conflict graph

G = (V,E) which has the edge setE in such way that(i, j) ∈ E if and only

if the items i and j cannot be packed into the same bin, the BPPC is to find a

packing for the items into bins of sizeB (by definition, adjacent items must be

assigned to different bins). The BPPC becomes the MCPB by taking complement

Ḡ of the conflict graphG. In this context, MCPB has as many applications as

BPPC does. One of real-world applications concerns scheduling problem such as
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Figure 1.1: A chordal graph

job distribution where some jobs cannot be assigned to the same machine (see [5]).

In this case, all jobs are represented by vertices and any twononadjacent vertices

are not allowed to be proposed on the same machine. Other applications arise in the

problems including goods delivery (refer to [3]), seating guests on tables, storing

digital musics on CDs (see [6]) and so on. For a graphG, taking the complement

graph ofG and assigning0 to all vertices as weights lets us view the graph coloring

problem as a special case of MCPB.

1.2 Interval graphs and chordal graphs

A graphG is a chordal graphif every cycle of length greater than or equal to4

has a chord, that is, an edge connection two vertices that arenot consecutive on

the cycle. For example, the graph given in Figure 1.1 does nothave any cycle of

length greater than3 without chord, so it is chordal. It is well-known that chordal

graph has a “simplicial” vertex. A vertexv is calledsimplicial if its neighborhood

N(v) = {w ∈ V (G) : (v, w) ∈ E(G)} is clique, that is, every pair of neighbors of

v is connected by an edge of the graph.

An intersection graph of intervals is called anintervalgraph. Gilmore and Hoff-

man [4] show that interval graphs are a special class of chordal graphs, that is, every
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Figure 1.2: A chordal graph which is not an interval graph

interval graph is a chordal graph. However, the converse is not true. It is well known

fact that there is a chordal graph which is not a interval graph as shown by the graph

given in Figure 1.2.

1.3 The algorithm Relax

Myung [7] proposed an approximation algorithm called Relaxwith “factor” 2 for

the MCPB in special case for weighted interval graphs. The Relax is described as

Algorithm 1. We say that an approximation algorithm hasfactor k when the ap-

proximated solution by the algorithm is equal or less thank multiple of the optimal

solution. Chen et al. [1] showed that for anyǫ > 0, there is no approximation al-

gorithm having a factor3/2 − ǫ for the MCPB with interval graphs unlessP =

NP . Based on their result, we may say that Myung’s algorithm is near-optimal.

3



Algorithm 1: Relax
Input : a graphG(V,E) with a weight function

Output : r cliques :C1, C2, · · · , Cr

1 j ← 1

2 while G 6= ∅ do

3 i← the vertex ofG which has the smallest number

4 for k ∈ N [i] do

5 if |Cj ∪ {k}| ≤ B then

6 Cj ← Cj ∪ {k} G← G\{k}

7 else

8 wk ← |Cj ∪ {k}| − |Cj|

9 j ← j + 1

10 end

11 end

12 end

Myung [7] proved that an arbitrary optimal partition of the relaxed version of

the MCPB in weighted interval graph can be modified to a partition generated by

Relax without increasing the number of cliques. He assumed that the vertices are

ordered in the nondecreasing order of right end of each interval. The following two

properties of satisfied by intervals are used in the proof:

(1) If two intervals overlap with an interval with the right end point left to both

of their right end points, they overlap;

(2) Suppose that, for an intervalI overlapping with intervalsJ andK, the right

end point ofI is right to that ofJ and the right end point ofJ is right to that

of K. Then if an interval whose right end point is left to the rightend pointI

overlaps withJ , then it also overlaps withK.
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By the way, these are the only properties of intervals used inthe proof. We can

rewrite these properties in terms of the orderingλ : V (G) → {1, . . . , |V (G)|} as

follows:

(GC-I) For a vertexu1 and verticesu2, u3 which are neighbors ofu1, if λ(u3) >

λ(u1) andλ(u2) > λ(u1), thenu2 andu3 are adjacent.

(GC-II) For a vertexv1 and verticesv2, v3 which are neighbors ofv1, if λ(v1) <

λ(v2) < λ(v3) and a vertexv4 satisfyingλ(v4) > λ(v1) is adjacent tov2, then

v4 is adjacent tov3.

We say that the graphG is a good chordal graphif there is an ordering onV (G)

satisfying the properties (i) and (ii).

1.4 A preview of thesis

This thesis proves that chordal graphs without a particularconfiguration are good

chordal graphs in Chapter 2. In Chapter 3, we design an algorithm which gives a

vertex labeling satisfying the properties (i) and (ii) for some chordal graph by using

the idea in the proof of Theorem 1. The algorithm consists of two parts.

1. Finding a labeling satisfying GC-I;

2. Exchanging the labels of two vertices which violate GC-II.

In Chapter 4, we summarize the thesis and then present an openproblem.

5



Chapter 2

Good chordal graphs

Given a labelingλ on V (G), suppose thatλ does not satisfy the property (ii) in

the definition a good chordal graph. Then there exist vertices v1, v2, v3, v4 such

that v2 andv3 are neighbors ofv1 while v4 is not,λ(v1) = 1 < λ(v2) < λ(v3),

1 < λ(v4), andv4 is adjacent tov2 but not tov3. See Figure 2.2 for an illustration.

In such a cases, we say thatλ violates the property (ii) in the definition of a good

chordal graph with the ordered quaternary(v1, v2, v3, v4). We also denote byλv,w

the labeling obtained fromλ by switch the labels forv andw, that is,

λv,w(u) =



















λ(u) if u 6= v, w;

λ(w) if u = v;

λ(v) if u = w.

(2.1)

Theorem 2.0.1.If a chordal graph does not contain a configuration given in Fig-

ure 2.1, then it is a good chordal graph.

Proof. By induction. A trivial graph vacuously satisfies the statement. Now sup-

pose that the statement is true for the chordal graphs withn − 1 vertices that do
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Figure 2.1: A forbidden configuration

v1

v3 v2

v4

Figure 2.2: Four vertices violating the condition (ii).
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not contain a configuration given in Figure 2.1. To reach a contradiction, suppose

that there is a chordal graphG with n vertices that do not contain a configuration in

Figure 2.1 but is not a good chordal graph. SinceG is chordal, it contains a simpli-

cial vertex, sayw. Let G′ be the graph obtained by deletingw from G. Then it is

easy to check thatG′ is chordal and does not contain a configuration in Figure 2.1.

Thus, by the induction hypothesis,G′ is a good chordal graph, so there is a labeling

ℓ′ : V (G′) → [n − 1] that satisfies the properties (i) and (ii) defining good chordal

graphs. Now we define a labelingℓ : V (G)→ [n] in the following way.

ℓ(v) =











1 if v = w;

ℓ′(v) + 1 otherwise.

The condition (i) is immediately satisfied byℓ sincew is a simplicial vertex ofG and

ℓ(w) = 1, which is the smallest label. Thereforeℓ violates (ii) asG is not a good

chordal graph. Suppose thatℓ violates (ii) with the ordered quaternary(w, x, y, z).

That is,x and y are neighbors ofw while z is not, ℓ(w) = 1 < ℓ(x) < ℓ(y),

1 < ℓ(z), andz is adjacent tox but not toy.

SinceG does not contain a configuration in Figure 2.1, any neighbor of y that is

not adjacent tow is adjacent tox. Sincew is a simplicial vertex, any vertex adjacent

to bothw andy is also adjacent tox and vice versa. Thus

NG(y)  NG(x). (2.2)

Now we consider the labelingℓ∗ := ℓx,y defined in (2.1). Thenℓ∗(y) < ℓ∗(x).

Furthermore we observe that

ℓ(x) < ℓ(v) for any vertexv satisfyingℓ∗(y) < ℓ∗(v), andℓ(y) > ℓ(v)

for any vertexv satisfyingℓ∗(x) > ℓ∗(v);
(§)

for any vertexv 6= x, y, ℓ∗(x) < ℓ∗(v) ⇒ ℓ(x) < ℓ(y) < ℓ(v), and

ℓ∗(v) < ℓ∗(y)⇒ ℓ(v) < ℓ(x) < ℓ(y).
(⋆)
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The observation (§) and (⋆) still hold for ℓ′ sinceℓ′ is the restriction ofℓ to V (G) \

{w}. Suppose to the contrary thatℓ∗ does not satisfy (i). Then there exist three

verticesu1, u2, u3 of G such thatu2 andu3 are neighbors ofu1,

ℓ∗(u1) < ℓ∗(u2) and ℓ∗(u1) < ℓ∗(u3), (2.3)

butu2 andu3 are not adjacent inG. Sinceℓ satisfies (i),ℓ(u2) < ℓ(u1) or ℓ(u3) <

ℓ(u1). Without loss of generality, we may assumeℓ(u2) < ℓ(u1). Thenu2 = x or

u1 = y. Suppose thatu2 = x. Thenu1 6= y by (2.2). In addition,ℓ(y) > ℓ(u1) by

the observation (§). Sinceu2 andu3 are not adjacent,u3 6= y. Thereforeℓ∗(u1) <

ℓ∗(u3) is equivalent toℓ(u1) < ℓ(u3) since{u1, u3} ∩ {x, y} = ∅. Now u1 andy

are adjacent tox andℓ(y) > ℓ(x) andℓ(u1) > ℓ(x). Then, sinceℓ satisfies (i),u1

andy are adjacent. Thusu1 is adjacent tox andy, ℓ(u1) < ℓ(y), andℓ(u1) < ℓ(u3).

Henceu3 andy are adjacent, which contradicts (2.2). Now supposeu1 = y. Then,

by (2.2),u2 6= x andu3 6= x. Thenℓ(x) < ℓ(u2) andℓ(x) < ℓ(u3) by (2.3) and (§),

which implies thatℓ violates (i). Henceℓ∗ satisfies (i).

Obviously,ℓ∗ does not violate (ii) anymore with the quaternary(w, x, y, z). Sup-

pose thatℓ∗ violates (ii) with(v1, v2, v3, v4) wherev1 6= w. Thenℓ∗(v3) > ℓ∗(v2) >

ℓ∗(v1), ℓ∗(v1) < ℓ∗(v4), v2 andv3 are neighbors ofv1, v4 is adjacent tov2 but not

to v3. Sinceℓ∗(w) = ℓ(w) = 1, w cannot be any ofv2, v3, v4. Moreover, since we

have shown thatℓ∗ satisfies (i),v2 andv3 are adjacent (see Figure 2.3).

If ℓ∗(v4) > ℓ∗(v2), thenv4 andv3 would be adjacent sinceℓ∗(v3) > ℓ∗(v2) and

the condition (i) holds forℓ∗. Thereforeℓ∗(v4) < ℓ∗(v2). Thus

ℓ∗(v1) < ℓ∗(v4) < ℓ∗(v2) < ℓ∗(v3). (2.4)

We will show thatv2 andv3 are neighbors ofw by contradiction. Suppose one ofv2,

v3 is not a neighbor ofw. If none ofv1, v2, v3, v4 equalsx or y, thenℓ∗(vi) = ℓ′(vi)

9



v1

v3 v2

v4

Figure 2.3: Four vertices violating the condition (ii).

for i = 1, . . ., 4 and soℓ′ violates the property (ii) with(v1, v2, v3, v4), which is a

contradiction. Thus{v1, v2, v3, v4} ∩ {x, y} 6= ∅. Suppose that{v1, v2, v3, v4} ∩

{x, y} = {x, y}. Sinceℓ∗(y) < ℓ∗(x), by (2.4),

(y, x) ∈ {(v1, v2), (v1, v3), (v1, v4), (v4, v2), (v4, v3), (v2, v3)}.

Sincev3 andv4 are not adjacent andv1 andv4 are not adjacent whilex andy are

adjacent,(y, x) cannot be(v4, v3) or (v1, v4). If (y, x) = (v1, v2), then,ℓ(x) =

ℓ∗(y) < ℓ∗(v4) = ℓ(v4) by (2.4), and sov1 andv4 must adjacent by (i) sinceℓ(y) >

ℓ(x), which is a contradiction. If(y, x) = (v4, v2), then, ℓ(v3) > ℓ(x) by (⋆)

sinceℓ∗(v3) > ℓ∗(v) = ℓ∗(x) by (2.4), and sov3 andv4 must be adjacent by (i)

sinceℓ(v4) = ℓ(y) > ℓ(x), which is a contradiction. If(y, x) = (v1, v3), then

ℓ′(x) < ℓ′(v4) < ℓ′(v) < ℓ′(y) by (2.4) and (§) and soℓ′ violates the property (ii)

with (x, v2, y, v4), a contradiction. If(y, x) = (v2, v3), then we reach a contradiction

to our assumption that one ofv2, v3 is not a neighbor ofw. Therefore we conclude

that only one ofv1, v2, v3 andv4 is possible forx or y.

10



Suppose thatv3 = y. Then, by (⋆) and (2.4),

ℓ′(v1) < ℓ′(v4) < ℓ′(v2) < ℓ′(y) (2.5)

and ℓ′ violates the property (ii) with(v1, v2, y, v4). Thusv3 6= y. Suppose that

v3 = x. Thenℓ′(v1) < ℓ′(v4) < ℓ′(v2) by (2.4). Moreover, by the assumption,

v2 is not adjacent tow. Thusv1 must be adjacent tow to avoid the configuration

given in Figure 2.1. Sincew is a simplicial vertex,v1 is also adjacent toy. Moreover

ℓ′(v3) < ℓ′(v2), for otherwise, (2.5) holds, which implies thatℓ′ violates the property

(ii) with (v1, v2, v3, v4). Now ℓ′(v3) = ℓ′(x) < ℓ′(y) andℓ′(v3) < ℓ′(v2), soy is

adjacent tov2 sinceℓ′ satisfies the condition (i). Sinceℓ∗(v2) < ℓ∗(v3) = ℓ∗(x) =

ℓ′(y), ℓ′(v2) < ℓ′(y). Thusℓ′(v1) < ℓ′(v4) < ℓ′(v2) < ℓ′(y). Sinceℓ′ satisfies the

condition (ii), the vertexy should be adjacent tov4. Sincex is not adjacent tov4,

we reach a contradiction to (2.2). Thus we can conclude thatv3 is neitherx nory.

Next we show thatv2 is neitherx nory. Suppose thatv2 = y. If ℓ′(v2) < ℓ′(v3) ,

then (2.5) holds, which implies thatℓ′ violates the property (ii) with(v1, v2, v3, v4).

Thusℓ′(v3) < ℓ′(v2). Sinceℓ∗(y) < ℓ∗(v3), ℓ′(x) < ℓ′(v3) by (§). Moreover, since

the verticesv4, v3, andv1 are adjacent tov2, the verticesv4, v3, andv1 are adjacent

to x by (2.2). Thenℓ′ violates (ii) with (v1, x, v3, v4). Now we consider the case

v2 = x. If ℓ′(v4) < ℓ′(v2) , then (2.5) holds, which violates the property (ii) with

(v1, v2, v3, v4). Thusℓ(v2) < ℓ(v4). Then, however,v4 is not adjacent tov3 even if

ℓ′(v2) < ℓ′(v3) andℓ′(v2) < ℓ′(v4), which contradicts the fact thatℓ′ satisfies the

condition (i).

Now we suppose thatv4 is x or y. We consider the case in whichv4 is y. Then

ℓ∗(v1) < ℓ∗(y), soℓ′(v1) < ℓ′(x) by (⋆). In addition,ℓ∗(y) < ℓ∗(v2) < ℓ∗(v3), so

ℓ′(x) < ℓ′(v2) < ℓ′(v3) by (§). We note thaty is adjacent tox andv, ℓ∗(y) < ℓ∗(x),

andℓ∗(y) < ℓ∗(v2). Sinceℓ∗ satisfies (i),x andv2 are adjacent. Thusx andv3
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are adjacent, for otherwise,ℓ′ violates (ii) with (v1, v2, v3, x). Thenx is adjacent

to y andv3, ℓ′(x) < ℓ′(y) andℓ′(x) < ℓ′(v3). However,v3 andy are not adjacent

and we reach a contradiction to the fact thatℓ′ satisfies (i). Now suppose thatv4

equalsx. Thenℓ∗(x) < ℓ∗(v2) < ℓ∗(v3), soℓ′(x) < ℓ′(v2) < ℓ′(v3) by (⋆). Thus

ℓ′(x) < ℓ′(v2) and ℓ′(x) < ℓ′(y). Sincey 6= v2 and (i) is satisfied byℓ′, y and

v2 are adjacent. SinceNG(y) ⊂ NG(x) by (2.2),v3 andy are not joined. Since

ℓ∗(v1) < ℓ∗(x), ℓ′(v1) < ℓ′(y) by (§). Thenℓ′ violates (ii) with(v1, v2, v3, y) and we

reach a contradiction.

Supposev1 = x. Thenℓ′(v3) > ℓ′(v2) > ℓ′(x) and ℓ′(v4) > ℓ′(x) by (⋆).

Thereforeℓ′ violates (ii) with(x, v2, v3, v4) and we reach a contradiction. Suppose

v1 = y. Thenv2 andv3 are adjacent tox by (2.2). Moreover,ℓ′(x) < ℓ′(v4) <

ℓ′(v2) < ℓ′(v3) by (§). Note thatℓ(x) < ℓ′(v2), ℓ′(x) < ℓ′(v3), aw andv4 are not

adjacent whilex andv3 are adjacent. Sinceℓ′ satisfies (i),x andv4 are not adjacent.

Thusℓ′ violates (ii) with(x, v2, v3, v4) and reach a contradiction.

We have reached in each of the cases to consider and so we can conclude that

v2 andv3 are adjacent tow.

For each labeliλ onV (G) that satisfies (i) but violates (ii), we denote byNG(λ)

the set of quaternary(u1, u2, u3, u4) with whichλ violates (ii), that is,

NG(λ) = {(u1, u2, u3, u4) : {u2,u3} ⊂ N(u1), 1 < λ(u2) < λ(u3),

1 < λ(u4), u4u2 ∈ E(G), u4u3 6∈ E(G), u4 6∈ N [u1].}

By our assumption, the first component of each quaternary belonging toNG(ℓ) is

w and(w, x, y, z) ∈ NG(ℓ). Furthermore, we have shown that ifℓu2,u3
satisfies (i)

but violates (ii), then, for(u2, u3) satisfying(u1, u2, u3, u4) ∈ NG(ℓu2,u3
) for some

verticesu1 andu4 of G, NG(ℓu2,u3
) 6= ∅ and the first component of each quaternary

belonging toNG(ℓu2,u3
) isw.
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Let x1 be the vertex with the smallest value ofℓ among the second compo-

nents of pairs inNG(ℓ) and y1 be a vertex with the largestℓ(y) − ℓ(x) among

the the third components of quaternaries inNG(ℓ) with x in the second com-

ponent. Letx2 be the vertex with the smallest value ofℓx1,y1 among the sec-

ond components of quaternaries inNG(ℓx1,y1) andy2 be a vertex with the largest

ℓx1,y1(v)−ℓx1,y1(u) among the third components of quaternaries inNG(ℓx1,y1) with

u in the second component. Then(x2, y2) 6= (x1, y1) sinceℓx1,y1(x1) > ℓx1,y1(y1)

while ℓx1,y1(x2) < ℓx1,y1(y2). Now we show thatℓ(x1) < ℓ(x2). For notational con-

venience, we denoteℓx1,y1 by ℓ1. Assumex1 = x2. Theny1 6= y2 andℓ(y1) > ℓ(y2)

sinceℓ(y1)−ℓ(x1) ≥ ℓ(y2)−ℓ(x2) by the choice ofy2. However,ℓ1(x2) = ℓ1(x1) =

ℓ(y1) > ℓ(y2) = ℓ1(y2), which contradicts the fact that(w, x2, y2, z) ∈ NG(ℓ1)

for somez ∈ V (G). Thusx1 6= x2. Assumey1 = y2. Thenx1 6= x2 and

ℓ(x1) < ℓ(x2) by the choice ofx1 as desired. Therefore it remains to consider the

casex1 6= x2 andy1 6= y2. For notational convenience, we denote byNG′(λ) the

set of second and third components of each quaternary belonging toNG(λ), that is,

NG′(λ) = {(u2, u3) : (u1, u2, u3, u4) ∈ NG(λ) for someu1, u4}. We consider the

two cases under this condition:(x2, y2) ∈ NG′(ℓ) ∩NG′(ℓ1); (x2, y2) 6∈ NG′(ℓ).

First suppose that(x2, y2) ∈ NG′(ℓ) ∩ NG′(ℓ1). Since(x2, y2) ∈ NG′(ℓ),

ℓ(x1) ≤ ℓ(x2) . As we have shown thatx1 6= x2, ℓ(x1) < ℓ(x2).

Now assume(x2, y2) 6∈ NG′(ℓ). Thenℓ(x2) > ℓ(y2). If x2 6= y1 andy2 6= x1,

then, sincex1 6= x2 andy1 6= y2, ℓ(x2) = ℓ1(x2) < ℓ1(x2) < ℓ1(y2) < ℓ(y2) and we

reach a contradiction. Thusx2 = y1 or y2 = x1. If x2 = y1, ℓ(x1) < ℓ(y1) = ℓ(x2).

If y2 = x1, ℓ(x1) = ℓ(y2) < ℓ(x2). Thus we have shown thatℓ(x1) < ℓ(x2).

Now for ℓ2 := (ℓ1)x2,y2, if NG′(ℓ2) 6= ∅, then we may take a vertexx3 with the

smallest value ofℓ2 among the second components of quaternaries inNG′(ℓ2) and a

vertexy3 with the largestℓ2(v)− ℓ2(u) among the third components of quaternaries
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in NG′(ℓ2) with u in the second component. Then, by the argument above,ℓ(x2) <

ℓ(x3). SinceG is finite, this process stops to obtain a labelingℓp := (ℓp−1)xp,yp

on V (G) with NG′(ℓp) = ∅, which implies thatℓp satisfies the properties (i) and

(ii) defining good chordal graphs. Thus we have reached a contradiction to our

assumption thatG is not a good chordal graph. HenceG is a good chordal graph

and this completes the proof.

Choi et al. [2] showed the following lemma.

Lemma 2.0.2. Let G be a block graph that is not a disjoint union of complete

graphs. ThenG has a maximal clique which contains exactly one cut vertex.

In a block graph that is not a disjoin union of complete graphs, we call a maximal

clique which contains exactly one cut vertex aleaf clique.

Theorem 2.0.3.A block graph is a good chordal graph.

Proof. Let G be a block graph. IfG is a block graph that is not a disjoint union of

complete graphs, thenG is obviously a good chordal graph. Thus we may assume

thatG is not a disjoint union of complete graphs. By Lemma 2.0.2,G has a leaf

clique. We take a leaf clique ofG and denote it byA1. Now we delete the vertices

of A1 exept the cut vertex ofG in A1 to obtain a subgraphG1 of G. ThenG1 is still

a block graph. IfG1 is a disjoint union of complete graphs, we are done. Otherwise,

we take a leaf cliqueA2 in G1 and delete the vetices ofA2 except the cut vertex of

G1 in A1 (in fact, the cut vertex ofG1 is a cut vertex ofG). We continue in this way

either to conclude thatG is a good chordal graph or a sequence ofA1, A2, . . ., Am

whereAi is a leaf clique ofGi−1 (G0 = G), andm is the edge clique cover number

of G.

Now letBi = Ai −
⋃

l>i Al. By the choice ofAi, Bi 6= ∅ for all i. If i < j, then

Aj ∩
(

Ai −
⋃

l>i Al

)

= ∅. ThereforeBi∩Bj = ∅ if i 6= j sinceAk−
⋃

l>k Al ⊂ Ak

14



for anyk = 1, . . ., m. Since
⋃m

l=1
Bl =

⋃m

l=1
Al = V (G), Ω := {B1, B2, · · · , Bm}

is a partition ofV (G). Let λ be a labeling onV (G) such thatλ(v) < λ(w) if

v ∈ Bi, w ∈ Bj, andi < j. SinceΩ is a patition ofV (G), such a labeling exist.

We observe that

if i < j andAi ∩ Aj 6= ∅, thenλ(x) < λ(y) for anyx ∈ Ai − Aj and

anyy ∈ Aj .
(∗)

To see why, fixx ∈ Ai−Aj andy ∈ Aj. By the choice ofAi,Ai has no common

element with any ofAi+1, . . .,Aj−1,Aj+1, . . .,Am. ThereforeBi = Ai−
⋃

l>iAl =

Ai−Aj , and sox ∈ Bi. On the other hand,y ∈ Bk for somek ∈ {1, . . . , m}. Then

y ∈ Ak andy /∈
⋃

l>k Al. Sincey ∈ Aj , j ≤ k. Thusy ∈ Bk for somek ≥ j. Then

i < k, so we conclude thatλ(x) < λ(y) by the definition ofλ.

We will show thatλ satisfies the property (i) and (ii). To reach a contradiction,

suppose thatλ does not satisfy the property (i) or (ii). First, suppose that λ does

not satisfy the property (i). Then there exist three vertices u, v, w of G such thatv

andw are neighbors ofu, λ(u) < λ(v) < λ(w), butv andw are not adjacent inG.

SinceG is a block graph andv is not adjacent tow, the cliques{u, v} and{u, w}

are contained in distinct cliques. We suppose{u, v} ⊂ As and{u, w} ⊂ At for

somes andt. If s < t, thenλ(v) < λ(u) by (∗) sinceAs ∩ At 6= ∅, v ∈ As − At,

andu ∈ At. If t < s, thenλ(w) < λ(u) by (∗) sinceAs∩At 6= ∅, w ∈ At−As, and

u ∈ As. In both cases, we reach a contradiction. Thusλ satisfies the property (i).

Now suppose thatλ does not satisfy the property (ii). Then there exist four vertices

a, b, c, d of G such thatλ(a) < λ(b) < λ(c) < λ(d), c andd are neighbors ofa, and

b is adjacent toc but not tod. Sinceλ satisfies the property (i),c andd are adjacent.

Then{a, c, d} is a clique and so{a, c, d} ⊂ Ai′ for somei′ and{b, c} ⊂ Aj′ for

somej′ distinct fromi′. If i′ < j′, thenλ(d) < λ(c) by (∗) sinceAi′ ∩ Aj′ 6= ∅,

d ∈ Ai′ − Aj′, andc ∈ Aj′. If j′ < i′, thenλ(b) < λ(a) by (∗) sinceAi′ ∩ Aj′ 6= ∅,
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b ∈ Aj′ −Ai′ , anda ∈ Ai′ . In both cases we reach a contradiction. Thusλ satisfies

the property (ii). HenceG is a good chordal graph with the labelingλ.
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Chapter 3

Algorithm

We develop an algorithm calledOrdering that labels the vertices of a connected

graph without the configuration 2.1 so that the ordering of the vertices given by the

labeling in our algorithm plays the same role as the orderingof the vertices given

by Myung [7] for an interval graph in Relax.

Algorithm 2: Ordering
Input : a graphG and a labelingf satisfying the property (i)

Output : a labelingf from V (G) to [n]

1 for i = 4, 5, . . . , n do

2 while FindNG (f−1(i)) 6= ∅ do

3 f ← FindNG (f−1(i)) ◦ f

4 end

5 end

The function FindNG used in Algorithm 2 is defined as follows.
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Algorithm 3: FindNG
Input : a vertexv ∈ V (G)

Output : a transposition(st) or ∅

1 V ← {u : f(u) > f(v) andu is neighbor ofv}

2 W ← {f(u) : u ∈ V }

3 g ← ∅

4 if |V | = 1 then

5 return g

6 else

7 for s← minimumto maximum inW do

8 for t← maximumto minimum inW do

9 if N(f−1(s)) ∩ V ⊂ N(f−1(t)) ∩ V then

10 next

11 else

12 g ← a transposition(st)

13 return g

14 end

15 end

16 end

17 end

In Ordering, it must start wheni has value4 since the property (ii) can be vi-

olated with 4 vertices. The function FindNG is a sub-algorithm to find no-good

neighbors of an input vertex. Each iteration in Ordering does not repeat infinitely

because the number of no-good neighbors decreases wheneverFindNG find them,

and so the algorithm is well-defined. The input labelingf used in Algorithm 2 is

given by Algorithm 4. Algorithm 4 is a sub-algorithm to find a labelingf satisfying

the property (i).
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Algorithm 4:
Input : a graphG with n vertices and a labelingf

Output : a labelingf from V (G) to [n]

1 i← 1

2 j ← 1

3 while i < n do

4 if f−1(i) is a simplicial vertex inG then

5 f ← (ij) ◦ f

6 j ← j + 1

7 G← G\f−1(i)

8 i← i+ 1

9 else

10 i← i+ 1

11 end

12 end

13 return f
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Chapter 4

Conclusion

In this thesis, we have studied some chordal graphs which canbe used in the algo-

rithm Relax. We proved that a chordal graph which does not contain the particular

configuration given in Figure 2.1 is good chordal graph. Furthermore, we designed

an algorithm Ordering for labeling on some chordal graphs toextend the family of

graph to which the Relax is applicable. For instance, by using our algorithm, we

can deal with the graph in Figure 1.2 which could not be applied by the Relax. In

this thesis, we have presented a sufficient condition for a graph being a good chordal

graph. It would be interesting to find a necessary and sufficient condition for a graph

being a good chordal graph.
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국문초록

최근에 Myung(2008)은제한된가중구간그래프의최소클릭분할문제에대한알고

리즘을발표하였다. 이논문에서는제한된가중그래프의최소클릭분할문제를연

구하여 Myung의알고리즘이적용가능한그래프족의범위를특정현그래프로확장

시켰다.

주요어휘: 현그래프,좋은현그래프,클릭분할,근사알고리즘
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