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Abstract

In this thesis, we calibrate a volatility function of a commodity future
option model with respect to maturity and strike price. Here, the commodity
future option model is suggested in "FinancialModels and Products of Com-
modity Futures_ by Jun Yeol Kim. First, we assume that the volatility function
has only one variable; future maturity, and is cubic equation. Then we calibrate
the volatility function of future option based on corn commodity. Secondly,
we assume that the volatility function has two variables; future maturity and
strike price. Then we calibrate the volatility function of future option based
on corn commodity. At last, we do regression of the implied volatilities of the
corn future options and compare the volatility approximations to the implied
volatilities. Furthermore, we consider the validity of the assumption model and

calibration results.

Key words: Commodity Future Model, Commodity Future Option, Black-
Scholes Formula, Implied Volatility, Calibration, Regression .
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Chapter 1

Introduction

The Black-Scholes model and its extensions assume that the probability dis-
tribution of the underlying asset at any given future time is lognormal. But,
traders use volatility smiles to allow for nonlognormality. Furthermore, traders
use a volatility term structure. Namely, the implied volatility of an option de-
pends on its maturity. When volatility smiles and volatility term structures are
combined, they represent a volatility surface. Thus, implied volatility can be
expressed by a function of both strike price and the time to maturity.

In chapter 2, we will consider a theoretical model of a commodity future
option suggested in "Financial Models and Products of Commodity Futures.
by Kim, Jun Yeol.

In chapter 3, we will derive the Black-Scholes formula for the commodity
future option.

In chapter 4, we will assume a volatility function of the commodity future
option and calibrate them. In addition, we will do regression an implied volatil-
ity of future option based on the corn commodity. We will compare implied
volatilities to results of approximation volatilities for the corn future option.

In chapter 5, we will consider results of calibration and validity of the

assumption of this thesis.



Chapter 2

Commodity Future Option
Model

In this chapter, we will propose the generalized cost of carry model which is

based on the no-arbitrage assumption.

2.1 Cost of Carry Model

Let (2, F, P) be a probability space which is defined as usual. We are
given a filtration {F,};>o and W, is an Fj-adapted Brownian motion under the
martingale measure @ with values in R
Let F(t,U) be a commodity futures price on the underlying S; at time t with
maturity date U. Then F(t,U) is given by Eq[Sy|F;], so we can model the

futures dynamics as
dF(t,U) = F(t,U)o(t,U)dW;

with R? -value function o(t,U)



Chapter 3

Black-Scholes Formula for

Commodity Future Option

Here we derive a Black-Scholes formula for the call option. (In a future option,

call option price and put option price are same.)

By the Risk neutral valuation principle, call option price is
F(T,U)—K)*
C; = BEELD-5" | R

t .
where B, = e~/ 7sds i e, bank account.

In addition, let C(to, Fo, T, K) be the price at tg, of a European call with strike
K, and time of maturity T, on a futures maturity U and Fy = F(¢p,U). Then,

under the condition that interest rate rg is deterministic, call price is
Cy=e J' St UYN(dy) — e~ S "0 KN (dy)

log %—&-% ftT o2 (s,U)ds

\/ftT o2(s,U)ds ’

log w—% ftT o2 (s,U)ds

\/ftT o2(s,U)ds

dy =

where d; =



Chapter 4

Volatility Calibration of the
Commodity Futures Model

In this chapter, we will calibrate a volatility function of the commodity future
option and do regression of an implied volatility of future option based on the
corn commodity. The key point of our volatility function is that has variables,
future maturity and strike price. Furthermore, we will compute approximate
values of implied volatilities using our volatility function and compare these

calibration results to the implied volatilities.

4.1 Assumption of Volatility Function with re-
spect to Future Maturity

Let U be a maturity of a commodity future and 7" be a maturity of the
commodity future option. In this section, we will assume that a volatility func-
tion of the commodity future option is affected by time to future maturity U.

Simply, the volatility function is denoted by o2(t, U).



And let an implied volatility ¢y, of the commodity future option be like aver-

age of the volatility function from time 0 to time 7.

That is,
o2 =1 TJQ(t,U)dt

imp — T Jo

For detailed results, we suppose that o2(¢,U) is a polynomial of degree 3. By

this assumption, the volatility function is
a2(t,U) = f(U —t) = f(7) = —co — 2¢17 — 3ca? — 4373

Calculated for the convenience, the coefficients have a minus sign.

Let be future maturity Uand option maturity 7" same. Then,

) 1, 1T 1T
o2, = T/o o (t,U)dt:T/O f(T—t)dt:T/o 1) (—dr)
1 T
= ?/ (70072017‘73027’274637'3)(7(1’7')
0
1

= T(COT + 81T2 + C2T3 + 83T4) =co+ T+ C2T2 + C3T3



4.1.1 Calibration of a Volatility Function for Corn Future
Option

In the previous section, we made a volatility function of the commodity
future option. Then we will apply to real market data by using the least squares

approximation.

These are market data of the corn future option referenced from Bloomberg on

7, Dec, 2012.

Maturity | Implied volatility
0.117808 18.62
0.194521 20.35
0.271233 20.77
0.443836 22.47
0.539726 24.62
0.789041 24.91
1.038356 24.89
1.287671 23.82
1.536986 22.59
2.027397 21.82

[Table4.1: Corn future option data (20120.12.07)]



Due to sufficient data, we can get the optimal coefficients of the volatility func-

tion using this data.

Co

C1

C2

C3

222.19996

11081.779

—905.784

213.6653

[Table4.2: Coefficients of a volatility function]

Thus, volatility function is

o2(t,U) = —222.19996 — 22163.5587 + 2717.35272 — 854.66127°

In addition, we can compare the regression of the implied volatilities to actual

implied volatilities.

Maturity | Implied volatility | Approximation Error(%)
0.117808 18.62 19.5672046 —5.087027931
0.194521 20.35 20.39784629 —0.235116901
0.271233 20.77 21.13449055 —1.754889504
0.443836 22.47 22.49423461 —0.107853186
0.539726 24.62 23.0923421 6.204946799
0.789041 24.91 24.18923944 2.893458693
1.038356 24.89 24.68801082 0.811527459
1.287671 23.82 24.62502759 —3.379628842
1.536986 22.59 23.99586677 —6.223403147
2.027397 21.82 20.86686937 4.36815139

[Table4.3: Comparison |



As you can see, an error of approximation for the implied volatility is from —10%
to 10%; it is a small difference. Thus, we have good results of a calibration of

the volatility function in the commodity future option.

s - i)



4.2 Assumption of Volatility Function with re-
spect to Future Maturity and Strike Price

In this section, we will assume that a volatility function of the commodity

future option has two variables, future maturity U and strike price K.

First, we suppose that the volatility function of the commodity future option
is affected by time to future maturity and strike price. Namely, the volatility

function can be denoted by o2(t,U,K) = g(U — t,K)

2

Secondly, we assume that an implied volatility o7,

of the commodity future
option is like average of a volatility function of the commodity future option

from time 0 to time T', option maturity.
That is,
o2, =& [T o?(t,U, K)dt

imp — T

For detailed results, we suppose that o2(t,U, K) is a polynomial of degree 3.
Besides, we will consider the volatility smile. The volatility smile defines the

relationship between the implied volatility of an option and its strike price.

That is,

o?(t, U, K) g(U —t,K) = g(1,K) = —a(K) — 2b(K)T — 3¢(K)7? — 4d(K)T3

—(ao + a1 K + ang) - 2(b0 + b K + bng)T

— 3(co+ a1 K + 2 K?)1% — 4(do + di K + dy K?)73

Calculated for the convenience, the coefficients have a minus sign.



Let be future maturity U and option maturity 7" same. Then,

mp

7/ 2(t, T, K)d ;,/0 g(T—t,K)dt:%/O (7, K)dt
— —a — T — oC 7'2 — 7'3 —aT

[ ati) — 207 — 31 ()

% /0 {a(K) + 2b(K)T + 3c(K)7? + 4d(K)3}dr

%{CL(K)T + b(K)T? + ¢(K)T? + d(K)T*}

a(K) 4+ b(K)T + ¢(K)T? + d(K)T?

(ap + a1 K + as K?) + (bo + b1 K + by K*)T

(co+ 1 K + caK*)T? + (dy + di K + doy K*)T3

10



4.2.1 Calibration of a Volatility Function for Corn Future
Option

In the previous section, we made a volatility function of the commodity
future option with respect to future maturity and strike price. Then we will

apply to real market data by using the least squares approximation.

These are market data of the corn future option referenced from Bloomberg on

7, Dec, 2012.

Maturity Strike price | Implied volatility
0.194520548 0.9 20.92
0.194520548 0.95 20.12
0.194520548 0.975 20.12
0.194520548 1 20.35
0.194520548 1.025 20.75
0.194520548 1.05 21.24
0.194520548 1.1 22.47
0.271232877 0.9 20.44
0.271232877 0.95 20.28
0.271232877 0.975 20.45
0.271232877 1 20.77
0.271232877 1.025 21.17
0.271232877 1.05 21.59
0.271232877 1.1 22.48

[Table4.4: Corn future option data (2012.12.07)]
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Maturity Strike price | Implied volatility
0.443835616 0.8 22.56
0.443835616 0.9 21.94
0.443835616 0.95 22.08
0.443835616 0.975 22.25
0.443835616 1 22.47
0.443835616 1.025 22.72
0.443835616 1.05 22.95
0.443835616 1.1 23.39
0.443835616 1.2 24.19
0.539726027 0.8 24.91
0.539726027 0.9 24.34
0.539726027 0.95 24.39
0.539726027 0.975 24.48
0.539726027 1 24.62
0.539726027 1.025 24.78
0.539726027 1.05 24.94
0.539726027 1.1 25.57
0.539726027 1.2 25.96
0.789041096 0.9 25.06
0.789041096 0.95 24.92
0.789041096 0.975 24.9
0.789041096 1 24.91
0.789041096 1.025 24.94
0.789041096 1.05 24.98

[Table4.4: Corn future option data (2012.12.07)]
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Maturity Strike price | Implied volatility
0.789041096 1.1 25.09
0.789041096 1.2 254
1.038356164 0.9 24.99
1.038356164 0.95 24.89
1.038356164 0.975 24.88
1.038356164 1 24.89
1.038356164 1.025 24.92
1.038356164 1.05 24.94
1.038356164 1.1 25.01
1.038356164 1.2 25.18
1.287671233 0.8 23.71
1.287671233 0.9 23.74
1.287671233 0.95 23.78
1.287671233 0.975 23.8
1.287671233 1 23.82
1.287671233 1.025 23.85
1.287671233 1.05 23.87
1.287671233 1.1 23.91
1.287671233 1.2 23.98
1.287671233 1.5 24.01
1.536986301 0.8 22.55
1.536986301 0.9 22.54
1.536986301 0.95 22.56
1.536986301 0.975 22.57

[Table4.4: Corn future option data (2012.12.07)]
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Maturity Strike price | Implied volatility
1.536986301 1 22.59
1.536986301 0.975 22.57
1.536986301 1 22.59
1.536986301 1.025 22.61
1.536986301 1.05 22.63
1.536986301 1.1 22.67
1.536986301 1.2 22.71
2.02739726 0.8 21.78
2.02739726 0.9 21.73
2.02739726 0.95 21.75
2.02739726 0.975 21.78
2.02739726 1 21.82
2.02739726 1.025 21.86
2.02739726 1.05 21.9
2.02739726 1.1 21.98
2.02739726 1.2 22.13

[Table4.4: Corn future option data (2012.12.07)]

14



Using this data, we can get the optimal coefficients of the volatility function.

ao ax as
1338.411 | -2909.97 | 1795.91
bo b1 bo
934.2084 | 1712.54 | -1560.44
o c1 ca
-2210.51 | 1627.122 | -330.423
do di ds
T77.6723 | -911.942 | 350.554

[Table4.5: Coefficients of volatility function]

Hence, the volatility function is

o*(t,U,K)

—(1338.411 — 2909.97K + 1795.91K?2) — (1868.42 + 3425.08K

3120.89K2)(U — t) + (6631.53 — 4881.37K + 991.28 K*)(U — t)*

(3110.69 — 3647.77K + 1402.21K?)(U — t)*

15



And the following surface is the regression result of the implied volatilities based

on corn future option with respect to time to maturity and strike price.

Imnplied vaolatility (%)

Tlrme ta maturity

Figure 4.1: Approximation volatility surface
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In addition, we can compare the approximate values to the actual implied

volatilities.

Maturity | Strike price | Implied volatility | Approximation Error(%)
0.194520548 0.9 20.92 19.31849749 7.655365726
0.194520548 0.95 20.12 19.60181482 2.575473052
0.194520548 0.975 20.12 19.81222185 1.529712481
0.194520548 1 20.35 20.0666436 1.392414742
0.194520548 1.025 20.75 20.36343038 1.862986143
0.194520548 1.05 21.24 20.70076009 2.538794288
0.194520548 1.1 22.47 21.48918318 4.365005896
0.271232877 0.9 20.44 20.80762929 -1.798577756
0.271232877 0.95 20.28 21.00307199 -3.565443761
0.271232877 0.975 20.45 21.16024851 -3.473097838
0.271232877 1 20.77 21.35596851 -2.821225368
0.271232877 1.025 21.17 21.58918376 -1.980083882
0.271232877 1.05 21.59 21.85869415 -1.24453058
0.271232877 1.1 22.48 22.50120864 -0.094344503
0.443835616 0.8 22.56 23.28957716 -3.233941315
0.443835616 0.9 21.94 23.09125807 -5.247302041
0.443835616 0.95 22.08 23.16514104 -4.914588033
0.443835616 0.975 22.25 23.24514369 -4.472555899
0.443835616 1 22.47 23.3534957 -3.931890061
0.443835616 1.025 22.72 23.48980477 -3.3882252
0.443835616 1.05 22.95 23.65358757 -3.065741056

[Table4.6: Comparison]
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Maturity Strike price | Implied volatility | Approximation Error(%)
0.443835616 1.1 23.39 24.06123627 | -2.869757442
0.443835616 1.2 24.19 25.17693761 -4.079940502
0.539726027 0.8 24.91 24.10296552 3.23980119
0.539726027 0.9 24.34 23.88685388 1.861734247
0.539726027 0.95 24.39 23.92154691 1.920676882
0.539726027 0.975 24.48 23.97458581 2.064600445
0.539726027 1 24.62 24.05123329 2.310181608
0.539726027 1.025 24.78 24.15126456 2.537269714
0.539726027 1.05 24.94 24.27439056 2.668842985
0.539726027 1.1 25.57 24.58847392 3.838584601
0.539726027 1.2 25.96 25.47499694 1.868270636
0.789041096 0.9 25.06 24.84467456 0.859239597
0.789041096 0.95 24.92 24.83355178 0.346902968
0.789041096 0.975 24.9 24.84803644 0.208688977
0.789041096 1 24.91 24.8758612 0.137048584
0.789041096 1.025 24.94 24.91698135 0.092296117
0.789041096 1.05 24.98 24.97133122 0.034702895
0.789041096 1.1 25.09 25.11935571 -0.117001632
0.789041096 1.2 254 25.56909339 | -0.665721997
1.038356164 0.9 24.99 24.67369792 1.265714625
1.038356164 0.95 24.89 24.66710514 0.895519719
1.038356164 0.975 24.88 24.67185815 0.836583004
1.038356164 1 24.89 24.68197445 0.835779629

[Table4.6: Comparison)]
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Maturity Strike price | Implied volatility | Approximation Error(%)
1.038356164 1.025 24.92 24.69744746 0.89306799
1.038356164 1.05 24.94 24.71826711 0.889065322
1.038356164 1.1 25.01 24.77588897 0.936069684
1.038356164 1.2 25.18 24.95447462 0.895652819
1.287671233 0.8 23.71 23.77298838 | -0.265661672
1.287671233 0.9 23.74 23.82391893 | -0.353491704
1.287671233 0.95 23.78 23.84732452 -0.283114025
1.287671233 0.975 23.8 23.85851419 | -0.245857949
1.287671233 1 23.82 23.86936244 | -0.207231058
1.287671233 1.025 23.85 23.87986972 -0.125239911
1.287671233 1.05 23.87 23.89003648 | -0.083940026
1.287671233 1.1 23.91 23.90935019 0.002717726
1.287671233 1.2 23.98 23.94390953 0.150502394
1.287671233 1.5 24.01 24.01523296 | -0.021794926
1.536986301 0.8 22.55 22.56706742 -0.075687023
1.536986301 0.9 22.54 22.71602666 | -0.780952339
1.536986301 0.95 22.56 22.77199727 | -0.939704191
1.536986301 0.975 22.57 22.79539837 | -0.998663581
1.536986301 1 22.59 22.81575629 | -0.999363833
1.536986301 1.025 22.61 22.83307916 -0.98663938
1.536986301 1.05 22.63 22.8473739 -0.960556323
1.536986301 1.1 22.67 22.86690045 -0.868550715
1.536986301 1.2 22.71 22.86978509 | -0.703589121

[Table4.6: Comparison)]
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Maturity | Strike price | Implied volatility | Approximation Error(%)
2.02739726 0.8 21.78 21.73813069 0.192237425
2.02739726 0.9 21.73 21.69837543 0.145534137
2.02739726 0.95 21.75 21.7122431 0.173594947
2.02739726 0.975 21.78 21.72760588 0.24056072
2.02739726 1 21.82 21.74857352 0.327344083
2.02739726 1.025 21.86 21.77512985 0.388244074
2.02739726 1.05 21.9 21.80725443 0.423495748
2.02739726 1.1 21.98 21.88810607 | 0.418079761
2.02739726 1.2 22.13 22.11528222 0.066506017

[Table4.6: Comparison]

As you can see, an error of approximation of the implied volatility is approxi-

mately from-6% to 8%, which is a small difference. Thus, we have good results

of the calibration of the volatility function in the commodity future option.
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Chapter 5

Conclusions

We introduce the theoretical models of a commodity future option, cost of carry
model and Black formula. We make the volatility function, which is made
by assumption that has a general form of polynomial. We notice that there
is a small difference between regression results and actual implied volatilities.
Furthermore, we notice that our assumptions represent a volatility property;
volatility smile. And this assumption results in the appropriate regression for
an implied volatility of the commodity future option. Therefore, this volatility

function is expected to apply to other market data.
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