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Introduction

The McKay correspondence describes two different ways to arrive at simply laced

Dynkin diagrams from a finite subgroup G of SUp2q–one algebro-geometric and one

representation theoretic.

The algebro-geometric construction arises when considering the composition of two

natural algebraic constructions of singularities–the quotient and the resolution.

Firstly, given a finite group action on a variety G ýX, the geometric quotient q :

X Ñ X{G is obtained by describing X{G as the set-theoretic orbit space (with orbit

space projection map from X), with structure sheaf consisting of the G-invariant

regular functions of X (with inclusion map). This is a way to create singularities.

Secondly, given a singular algebraic variety X, we can take a resolution: a smooth

variety Y and a proper birational map π : Y Ñ X–an isomorphism outside the

singular locus. The prime example of a resolution is the blowup, where the singular

point is ‘replaced’ by all the lines passing through it (the exceptional curve).1 This

is a way to eliminate singularities.

We can then ask what kind of structure arises when we compose these two construc-

tions, first taking the quotient and then the resolution.

A finite subgroup G of SUp2q has an obvious action on the affine plane, and the

resulting quotient singularity has been well studied by DuVal [DuV34].

1This is only a heuristic description, for a more formal definition, see [Har77].
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Y „? X

X{G

q
<

π >

Figure 1: The resolution π and the quotient q

DuVal showed that the equivalent condition for a resolution of a surface singu-

larity to be minimal2 was for the singularity to be rational3 with multiplicity 2.

Moreover, from the consistency requirements of intersection numbers with the fun-

damental cycle4 of the resolution, DuVal argued that the irreducible components of

the exceptional divisor of the minimal resolution could only have incidence relations

described by the simply laced Dynkin diagrams. DuVal showed that the resolution

graph–consisting of a vertex for every irreducible component of the exceptional curve

and an edge whenever two components intersect–could only be a Dynkin diagram5

of type An, Dn, or E6, E7, E8.6

Furthermore, DuVal showed that rational double singularities can be realized by the

quotient of A2 by the action of a finite subgroup of SUp2q.7 Thus in these cases, (the

so called Kleinian, DuVal, simple, or ADE-type singularities), we a rather complete

description: corresponding to the choice of G, after a quotient and a minimal reso-

lution, the intersection data of the irreducible components of the exceptional divisor

is described by a simply laced Dynkin diagram.

2It does not factor nontrivially through another resolution of singularities, or in this case, without
exceptional curves with self intersection number 1.

3For complete surfaces, π preserves the arithmetic genus.
4a unique positive cycle whose intersection number with each irreducible component of the

exceptional divisor is nonpositive, see [Art66].
5via an obvious identification of graphs
6the converse statement, that resolution graphs that correspond to simply laced Dynkin diagrams

only arise from double points has been shown by Artin [Art66].
7These had been completely classified by Klein, and can be verified case by case.
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In 1980, McKay [McK80] gave an alternate construction of the resolution graph of G

in purely representation theoretic terms. He introduced the McKay graph (or McKay

quiver) corresponding to a representation of the group pG, ρq. The McKay graph 8

is defined by having vertices corresponding to the irreducible representations tρiu of

G, and with mij edges from ρi to ρj if and only if ρbC ρi “
À

j ρ
‘mij
j .9

McKay claimed that for the finite subgroups G of SUp2q, the McKay graph is de-

scribed by simply laced extended Dynkin diagrams, which differ from the original

diagrams only by an additional edge and vertex. This identification between resolu-

tion graph and the McKay graph is known as the classical McKay correspondence,

and it has successfully been generalized to various wider settings. The guiding prin-

ciple for generalization has been given in the following statement of M. Reid:

Principle. The geometry of Y is equivalent to the G-equivariant geometry of X.

What was meant by geometry was deliberately left vague. It has been known to hold

for betti numbers [Bat98], bases of the cohomology [IR96], for the Grothendieck

group of vector bundles [GSV83], [BKR01], and the derived category of coher-

ent sheaves [KV00], [BKR01], for Hodge structures and physicists’ Euler numbers

[Bat98]. It has been known to hold for surfaces and threefolds other than the affine

space [BKR01].

The groups under consideration have expanded from finite subgroups of SUp2q

[McK80] (or equivalently, of SLp2,Cq), to finite abelian subgroups of SLp3,Cq [IR96]

8Here we have defined it with directed edges, however, mij “ xχρi , χρχρj y “ xχρiχρ, χρj y “ mji

shows it is undirected.
9The tensor product of two representations is another representation, and by Maschke’s Theorem

such a decomposition always exists.
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to all finite subgroups of SLp3,Cq [BKR01]. More recently, it has been known to

hold for finite subgroups of Sppn,Cq as well [Kal02].

There is an important point to note in the background, which is that minimal (or

crepant10) resolutions do not always exist. They exist and are unique in dimension

2, exist but are not unique in dimension 3, and may not exist in dimensions greater

than 3. Thus we cannot expect even a proper formulation of the statement for higher

dimensions. 11

In this paper, we want to give a (by no means comprehensive) review of these results.

In Chapter 1, we give an explicit example of the classical McKay correspondence

for the binary dihedral group as an illustration. For the proof we refer the reader to

[Sun10] for a clean proof of the representation theory side, and [DuV34] for the proof

of the resolution side. In Chapter 2, we examine some ways in which the McKay

correspondence has been generalized and reinterpreted: to cohomology, to K-theory,

and to looking at resolutions as Hilbert schemes.

10KY – π˚KX
11In 3 dimensions, however, there is an interesting wall crossing phenomenon, where, the equiv-

alence of derived categories still holds, with a nontrivial identification between them, see [CI04],
[ABC`09].

4



1 An Example: the Binary Dihedral Group BD8

The classical McKay correspondence can be summarized by the following table:

Conjugacy Class Defining Equation Resolution Graph McKay Graph

Zn`1 x2 ` y2 ` zn`1 An ĂAn
BD2n, pn ě 4q x2 ` y2z ` zn´1 Dn

ĂDn

BT24 x2 ` y3 ` z4 E6
ĂE6

BO48 x2 ` y3 ` yz3 E7
ĂE7

BI120 x2 ` y3 ` z5 E8
ĂE8

Table 1: The classical McKay correspondence.

The first three columns can be seen as results from classical algebraic geometry, and

the last column as McKay’s new observation in 1980.

The rows of the table describe Klein’s classification of finite subgroups of SUp2q 12

into five different classes up to conjugacy–Zn`1 the cyclic group of order n`1, BD2n

the binary dihedral group of order 2n, BD24 the binary tetrahedral group of order

24, BO48 the binary octahedral group of order 48, and BI120 the binary icosahedral

group of order 120. 13

In this chapter, we illustrate the McKay correspondence for the case of the binary

dihedral group of order 8. The group has the following presentation:

G :“ BD8 “ xσ, τ |σ
4 “ e, τ2 “ σ2, τ´1στ “ σ´1y.

12In fact, to SLp2,Cq, since any finite subgroup G Ă SLp2,Cq is conjugate to a finite subgroup
of SUp2q. We can define a new hermitian inner product by averaging the standard inner product
in C2 over the elements of g. Then any action of g P G preserves this hermitian inner product, so
that it can be considered unitary in this new hermitian product.

13We can understand the binary groups in the following way. The finite subgroups of SOp3,Rq
are easy to see as the symmetry groups of Platonic solids, and the cyclic and dihedral groups up to
conjugacy. The binary groups in SUp2q are the preimages of these groups under the double cover
π : SUp2q� SOp3,Rq.
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1.1 The Resolution graph of BD8

In this section, we compute the resolution graph of BD8. We follow the computation

from [lew08].

Computation 1.1. The resolution graph of BD8 is described by the Dynkin diagram

D4.

The inclusion map G ãÑ SUp2q is given by

σ ÞÑ

¨

˚

˝

i 0

0 ´i

˛

‹

‚

, τ ÞÑ

¨

˚

˝

0 1

´1 0

˛

‹

‚

.

It induces an action on CrA2s “ Cru, vs, the ring of regular functions of A2, by

σ ¨ pu, vq “ piu,´ivq, τ ¨ pu, vq “ p´v, uq.

Then the ring of G-invariant regular functions is 14

Cru, vsG “ Crpu4 ´ v4quv, u4 ` v4, u2v2s,

and from the change of coordinates:

xpu, vq :“ pu4 ´ v4quv ypu, vq :“ u4 ` v4 zpu, vq :“ u2v2,

14The zeros of the generators correspond to the summits of the dihedron, the midpoints between
the summits, and the poles. One can see SUp2q-PSLp2,Cq (or SOp3,Rq) correspondence as the
2-to-1 correspondence for each orbit G ¨ pu, vq Ñ G ¨ ru : vs. Moreover, the orbits correspond exactly
to the invariant homogeneous polynomials in Cru, vs.
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we get Cru, vsG – Crx, y, zs{px2`y2z`4z3q. Thus the orbit space A2{G is isomorphic

to a hypersurface in A3 defined by the polynomial x2 ` y2z ` 4z3 (under another

suitable change of coordinates, we can see that the hypersurface is isomorphic to the

one defined by the polynomial x2 ` y3 ` z3 which we will use from now on).

The polynomial x2 ` y3 ` z3 has Jacobian matrix

ˆ

2x 3y2 3z2

˙

, which has an

isolated singularity at p0, 0, 0q. Then we can the describe the blowup15 as:

Bl0X{G – Bl0 SpecCrx, y, zs{px2 ` y3 ` z3q

“ tppx, y, zq, ra : b : csq P A3 ˆ P2|x2 ` y3 ` z3 “ 0,

az ´ cx “ bz ´ cy “ ay ´ bx “ 0u.

In the chart c ‰ 0 (formally, we substitute c “ 1), we get

Bl0 SpecCrx, y, zs{px2 ` y3 ` z3q

ˇ

ˇ

ˇ

ˇ

tc‰0u

– tppaz, bz, zq, pa{1, b{1qq P A3 ˆ A2|

z2pa2 ` zpb3 ` 1qq “ 0u.

When z2 “ 0, the exceptional locus is given by tpp0, 0, 0q, ra : b : csqu – P2. Its

intersection with a2 ` zpb3 ` 1q “ 0 is tpp0, 0, 0q, r0 : b : 1sq P A3 ˆ P2u – P1, the

exceptional curve of the blowup.

The Jacobian matrix of a2 ` zpb3 ` 1q is

ˆ

2a 3b2z b3 ` 1

˙

, so the blowup has

three remaining singularities at tpp0, 0, 0q, r0 : ζ : 1squζ3“1, lying on the exceptional

15set-theoretically
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curve. 16

We pick a cube root of unity ζ and give another change of coordinates:

Xpa, b, zq :“ a Y pa, b, zq :“ b` ζ Zpa, b, zq :“ z

This gives a hypersurface in A3 defined as the zero set:X2`ZpY 3´3ζY 2`3ζ2Y q “ 0,

with an isolated singularity at p0, 0, 0q. Similarly as before, we take the blowup at

the origin, and consider it in the chart c1 “ 1.

We have Z2pa12`b13Z2´3ζb12Z`3ζ2b1q. The intersection with the exceptional locus

is given by tpp0, 0, 0q, ra1 : b1 : 1sq P A3 ˆ P2|a12 ` 3ζ2b1 “ 0u – P1. Its intersection

with the exceptional curve of the previous blowup is pp0, 0, 0q, r0 : 0 : 1sq.

The latter term has Jacobian

ˆ

2a1 3b12Z2 ´ 6ζb1Z ` 6ζ2 2b13Z ´ 3ζb12

˙

which has rank 1 everywhere. So the component complement of the exceptional locus

is nonsingular, and the resolution obtained after two blowups is smooth.

The same argument applies for the other choices of cube roots of unity. So the

exceptional locus of the minimal resolution has resolution graph corresponding to

the Dynkin diagram D4. �

16On the other charts a “ 1, b “ 1, we get no additional singularities. For a “ 1, a similar
procedure gives the polynomial c2`xpb3`c3q whose Jacobian is

`

2c` 3c2x 3b2x b3 ` c3
˘

, and the
b “ 1 chart gives a2` ypc3` 1q with Jacobian

`

2a 3c2y c3 ` 1
˘

. The coordinates of singularities
in these charts only differ by multiplication of scalars.
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Figure 2: The Dynkin diagram D4

1.2 The McKay graph of BD8

In this section, we carry out the rather straightfoward computation:

Computation 1.2. The McKay graph of BD8 is described by the extended Dynkin

diagram ĂD4

There are four irreducible representations of BD8 in dimension 1. They can be

described by the action of the generators of BD8:

ρ0 : σ ÞÑ p`1q, τ ÞÑ p`1q ρ1 : σ ÞÑ p`1q, τ ÞÑ p´1q

ρ2 : σ ÞÑ p´1q, τ ÞÑ p`1q ρ3 : σ ÞÑ p´1q, τ ÞÑ p´1q.

In addition, the inclusion ρ : BD8 Ñ SUp2q Ă GLpC2q gives an irreducible repre-

sentation in dimension 2, and since |BD8| “ 12` 12` 12` 12` 22 “ 8, these are all

the irreducible representations of BD8.

We compute some terms for the linear representation corresponding to the tensor

9



product:

pρb ρqpσqpe1 b e1 ` e2 b e2q “ pie1q b pie1q ` p´ie2q b p´ie2q

“ ´pe1 b e1 ` e2 b e2q

pρb ρqpτqpe1 b e1 ` e2 b e2q “ p´e2q b p´e2q ` pe1 b e1q

“ e1 b e1 ` e2 b e2.

Hence xe1 b e1 ` e2 b e2yρbρ – ρ2.

In the same way, we have the following isomorphisms:

xe1 b e2 ´ e2 b e1yρbρ – ρ0

xe1 b e2 ` e2 b e1yρbρ – ρ1

xe1 b e1 ` e2 b e2yρbρ – ρ2

xe1 b e1 ´ e1 b e1yρbρ – ρ3.

Thus ρbρ – ρ0‘ρ1‘ρ2‘ρ3. So the McKay graph of pBD8, ρq has a directed edge

from ρ to each of the ρi.
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On the other hand, we can see that ρb ρj – ρj . For example, for j “ 2

pρb ρ2qpσqpe1 b e1 ´ e2 b e1q “ pie1q b p´e1q ´ p´ie2q b p´e1q

“ ´ipe1 b e1 ` e2 b e1q

pρb ρ2qpτqpe1 b e1 ´ e2 b e1q “ p´e2q b pe1q ´ pe1q b pe1q

“ ´pe1 b e1 ´ e2 b e1q

pρb ρ2qpσqpe1 b e1 ` e2 b e1q “ pie1q b p´e1q ` p´ie2q b p´e1q

“ ipe1 b e1 ´ e2 b e1q

pρb ρ2qpτqpe1 b e1 ` e2 b e1q “ p´e2q b pe1q ` pe1q b pe1q

“ e1 b e1 ´ e2 b e1

so that pρ b ρ2qpσq – iρpτq, pρ b ρ2qpτq – ´iρpσq after change of basis. Then the

McKay graph of pBD8, ρq has a directed edge from ρ2 to ρ. A similar computation

gives the rest of the direct edges from ρi to ρ.

Thus the McKay graph of pG, ρq is given by the extended Dynkin diagram ĂD4. �

©

© © ©

©
.

Figure 3: The extended Dynkin diagram ĂD4
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2 Generalizations

In this chapter, we survey the generalizations of the McKay correspondence. First,

we explain Ito and Reid’s strong McKay correspondence from [IR96]. Next, we review

Gonzalez-Sprinberg and Verdier’s construction of tautological sheaves from [GSV83]

and compute an explicit example for a cyclic subgroup of SUp2q from [Cra01]. Then,

we motivate Ito and Nakamura’s introduction ofG-Hilbert schemes as crepant resolu-

tions [IN96a], and lastly, we make some remarks on the generalization of the McKay

correspondence to the derived category of coherent sheaves in [KV00], [BKR01].

2.1 To the basis of cohomology

One may wonder about the appearance of the additional vertex corresponding to

the trivial representation in the McKay graph of pG, ρq–i.e. why on the resolution

side we just have simply laced Dynkin diagrams and on the quotient side we have

extended simply laced Dynkin diagrams.

The additional vertex has a natural interpretation when we view the exceptional divi-

sors as the basis ofH2pY,Zq (orH2pY,Zq). The ‘exceptional divisor’ corresponding to

the trivial representation can be viewed as the dual of the point class in H0pY,Zq.17

Then the McKay correspondence 18 can be viewed as the following bijection:

tirreducible representations of Gu Ø basis of H˚pY,Zq.
17Alternatively, in [IN96a], it is interpreted as the fundamental cycle.
18forgetting the incidence relations
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which allows us to formulate it interpretation in higher dimensions.

Before this statement makes sense for G Ă SLpn,Cq, there are some arguments to

be made about the vanishing of odd dimensional cohomology, the representation

of cohomology classes by algebraic cycles, and what kind of grading structure is

to be expected on the set of irreducible representations of G. We discuss the last

point here, for which [IR96] introduced the notion of an age grading on G from toric

geometry.

We consider the following: For G a finite subgroup of SLpn,Cq, ρ : G ãÑ SUpnq Ă

SLpn,Cq and g P G, the eigenvalues of the linear transformation ρpgq have to be

a |g|th root of unity ζ. Moreover, we can find an eigenbasis of Cn in which ρpgq

can be represented by diagpζa1 , . . . , ζanq, with 0 ď ai ă |g|. Then the condition for

ρpgq P SLpn,Cq gives the condition that
ř

ai{|g| is a positive integer, which is called

the age of g.

The age is well defined on conjugacy classes of g, since the matrix representations

are similar, but it is not well defined in general for the group G. This is because

there are ambiguities in the choice of the root of unity for each conjugacy class, and

can be resolved by making a consistent choice of root of unity over all conjugacy

classes. Thus the age grading is only well defined on Γ :“ HompµR, Gq where R is any

common multiple of all the orders of g P G. A homomorphism µR Ñ G formalizes

the idea of choosing a root of unity, and the age grading can now defined on Γ. The

conjugacy classes with minimal age 1 called junior elements of Γ.

With this notion, [IR96] proved the following:

13



Theorem 2.1 (Ito-Reid, 1996). There is a canonical one-to-one correspondence

between junior conjugacy classes in Γ and crepant discrete valuations19 of G.

Moreover, [IR96] showed that there is indeed a bijection between the irreducible

representations of finite subgroups G of SLp3,Cq, and the basis of the cohomol-

ogy H˚pY {Qq for a crepant resolution π : Y Ñ A3{G. They conjectured the strong

McKay correspondence or cohomological McKay correspondence, which claims that

given any finite subgroup G ãÑ SLpn,Cq, and a crepant resolution π : Y Ñ An{G,

then there is an bijection between the basis of H2ipY,Zq and the irreducible repre-

sentations of G of age i.

The strong McKay correspondence was proved in [Bat98] using motivic integration.

2.2 To K-Theory

In [GSV83], the classical McKay correspondence was interpreted as giving isomor-

phisms of K-theories KpYq – KGpX q20 for finite subgroups G Ă SLp2,Cq, where Y

is the resolution of the germ of X{G at the origin, and X is the germ of A2 at the

origin.21 In [IN00] the isomorphism in K-theories was shown for finite abelian sub-

groups G Ă SLp3,Cq. Further isomorphisms in K-theory were obtained by [BKR01]

for finite subgroups G Ă SLp3,Cq, induced from an equivalence of derived categories

19From a primitive vector encoding the powers of ζ, Ito and Reid first define a monomial valuation
on the function field. The center of these valuation define an exceptional prime divisor. Then Ito
and Reid show that the condition for the divisor to be crepant exactly corresponds to having an
age grading of 1.

20as Z-modules
21The identification of KG

pX q with the representation ring of RpGq is apparent, as an irreducible
representation can be viewed as a G-equivariant vector bundle at the origin, and generate the
K-theory. We can also see Reid’s guiding principle as the ‘G-equivariant geometry’ of A2.
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of coherent sheaves. In this section, we introduce [GSV83]’s original construction,

referencing the treatment in [Rei07].

[GSV83] defined what are now called tautological sheaves Fρi on Y for every irre-

ducible representation ρi of the finite subgroups G Ă SLp2,Cq. The tautological

sheaves have the property that, when restricted to the exceptional curves Ej , have

degrees δij . This identifies their first Chern classes22 as a basis of H˚pY,Zq dual to

the homology classes of the exceptional curves. Moreover, from here they showed

that they are the tautological sheaves generate KpYq.

We now proceed to define these sheaves. One can observe that on A2zt0u we have

the isomorphism CpA2qG – CpA2{Gq so that CpA2{Gq Ă CpA2q is a Galois ex-

tension. Thus there is a primitive element, whose G-action on its G-orbit is given

by the composition rules of G. In other words, CpA2q – CpA2{GqrGs, the regular

representation.

Then we can think of decomposing CpA2q into irreducible CpA2{GqrGs-modules. In

fact, Maschke’s theorem goes through for CrA2s as well, and there is a canonical

decomposition of CrA2s into simple CrA2{GsrGs-modules:

CrA2s –
à

i

HomGpVρi ,CrA
2sq b Vρi .

Now the module that appears in the coefficient Mi :“ HomGpVρi ,CrA2sq can be

viewed either as the set of G-equivariant linear maps satisfying fpρipgq¨vq “ ρregpgq¨

fpvq, or the G-fixed points of the action pg ¨ fqpvq :“ ρregpgq ¨ pfpρipgq ¨ vq. Being

22or more generally, the Chern character
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G-fixed, they have the structure of OA2{G-modules on A2{G.

The tautological sheaves Fρi are defined as π˚Mi{TorOY where π : Y Ñ X {G is a

minimal resolution of X {G.

We now compute the tautological sheaves for the quotient singularity of type An,

following [Cra01].

Computation 2.2. For G :“ Zn`1, the tautological sheaves Fρi have first chern

classes dual to the homology classes of irreducible components of the exceptional

divisor of the resolution π : Y Ñ X {G.

For ζ a fixed choice of primitive pn ` 1qth root of unity, we have the following

representation:

G ãÑ SUp2q : 1Zn`1 ÞÑ

¨

˚

˝

ζ 0

0 ζn

˛

‹

‚

.

The G-invariant polynomials of CrA2s are then given by:23

Cru, vsG “ Crun`1, uv, vn`1s – CrA2{Gs.

Let Vρi “ xαiy for some generator αi, for i “ 0, ¨ ¨ ¨n. The n ` 1 irreducible repre-

sentations of Zn`1 are given by

ρi : Zn`1 Ñ GLpVρiq : 1Zn`1 ÞÑ pαi ÞÑ ζiαiq.

23the generators corresponding to the poles of S2
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The G-equivariant maps are generated by αi ÞÑ ui, αi ÞÑ vpn`1q´i, so that:

Mi :“ HomGpVρi ,Cru, vsq “ Crun`1, uv, vn`1srαi ÞÑ ui, αi ÞÑ vn`1´is.

To get the charts on Y , it is convenient to use the Hirzebruch-Jung resolution of

A2{G as a toric variety.

Take the lattice L :“ Z2 ` Z ¨ 1
n`1p1, nq, and the fan Σ :“ xe1, e2y. Then the dual

lattice can be described by the following generators:

HompL,Zq “ Zxpn` 1qe˚1 , pn` 1qe˚2 , e
˚
1 ` e

˚
2y,

and the toric variety generated by the fan XΣ :“ SpecCrun`1, vn`1, uvs can be

identified with A2{G.

The Hirzebruch-Jung continued fraction is given by:

n` 1

n
“ 2´

1

2´
1

¨ ¨ ¨ ´

1

2

so letting a0 :“ e2, a1 :“ 1
n`1e1 `

n
n`1e2, and aj`1 :“ 2 ¨ aj ´ vj´1 we get the fan

Σ1 :“

B

e1,
1

n` 1
pe1 ` ne2q , . . . ,

1

n` 1
pne1 ` e2q , e2

F

.

Then the toric variety generated by it XΣ1 is covered by affine charts U0, . . . , Un,

17



where

CrUjs “ C

«

xj “
uj`1

vpn`1q´pj`1q
, yj “

vpn`1q´j

uj

ff

.

Indeed, xiyi “ uv, pxiyiq
pn`1q´pi`1q ¨ xi “ un`1, and pxiyiq

i ¨ yi “ vn`1, so from

the inclusion map of rings we get the chartwise resolution map π|Ui : SpecCrUis Ñ

SpecCrA2{Gs.

The singularity u “ v “ 0 in A2{G has exceptional divisors Dj charted by txj´1 “

0u Ă Uj´1 and tyj “ 0u Ă Uj . (We can verify the incidence relations described by

the Dynkin diagram An as well).

Then the tautological sheaf Fρi is described chartwise:

Fρi |Uj “

$

’

’

’

&

’

’

’

%

xuiy when j ě i

xvpn`1q´iy when j ă i

So the transition functions of Fρi are trivial when i ‰ j, and when i “ j, we have

vpn`1q´i “ yi ¨ u
i.

Hence

c1pFρiq ¨ rDjs “ degFρi |Uj “ δij

and the tautological sheaves have Chern classes dual to the exceptional curves of

the resolution. �
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2.3 To resolutions by G-Hilbert schemes

The proofs of the resolution of simple singularities are mainly computational, and

one may wonder if there is a more uniform approach to the problem. This is given

by Nakamura’s G-Hilbert scheme. In this section we follow [IN96b].

Let n be a positive integer.24 We can consider the following symmetric product of

the affine plane:

SymmnpA2q :“
n
ź

i“1

pA2qi{Σn

where the action of the permutation group Σn is given by permutations on the

coordinate functions:

Σn ý

n
ź

i“1

pA2qi : σ ¨ px1, . . . , xnq :“ pxσp1q, . . . , xσpnqq.

This space is singular, and has a natural resolution: the Hilbert scheme of n-points

in A2 HilbnA2 . This can can be roughly thought of as the space of n-points of A2.25

It is set-theoretically described as: 26

HilbnA2 :“ tclosed subschemes Z Ă A2|dimpOZq “ nu

– tideals I Ă OA2 |dimpOA2{Iq “ nu.

There is a natural Hilbert-Chow morphism of A2 from HilbnA2 Ñ SymmnpA2q given

24Keeping Cayley’s Theorem in mind, we secretly think n :“ |G|.
25In fact an open dense subset of it is the space of n distinct points.
26We note how this description defies the need for charts.
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by:

π : Z ÞÑ
ÿ

pPSuppZ

dimpOZ,pq ¨ p.

The following is an illuminating result about HilbnA2 :

Theorem 2.3 (Fogarty). HilbnA2 is a smooth quasiprojective scheme,27 and the

Hilbert-Chow morphism π : HilbnA2 Ñ SymmnpA2q is a resolution of singularities.

Now if we recall Cayley’s theorem, we can consider the points of SymmnA2 fixed

under the action of G acting as a subgroup of Σn“|G|. The Σn-orbits of n-tuples of

points that are fixed by the G-action are those whose coordinates are given by the

G-locus of some point, so that in fact we recover the G-orbits of a single point. In

other words, A2{G – pSymm|G|A2qG.

On the other hand, we can ask what are the G-fixed points of HilbnA2 , and whether

the Hilbert-Chow morphism restricts well to a resolution of A2{G. It turns out that

pHilbnA2q
G has many components, but there is one component that dominates A2{G,

which is called the G-Hilbert scheme denoted HilbGA2 .

The G-Hilbert scheme also has another set-theoretic description, as the moduli space

of G-clusters, or 0-dimensional subschemes Z such that:

• the length of Z is |G|

• Z is invariant under the G-action

• ΓpOZq is the regular representation of G.

27HilbnX is not smooth for general X.
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Theorem 2.4 (Ginzburg-Kapranov, Ito-Nakamura, 1996). If G Ă SLp2,Cq, the

restriction of the Hilbert-Chow morphism to HilbGA2 is the minimal resolution of

singularities of A2{G – pSymm|G|A2qG.

Ito and Nakamura verified the classical McKay correspondence using this G-Hilbert

scheme as the resolution. Moreover, as the Hilbert scheme is a more uniform con-

struction, there has been successful results to reformulate the McKay correspondence

in 3 dimensions in terms of G-Hilbert schemes.

Theorem 2.5 (Nakamura, 2001). If G is a finite abelian subgroup of SLp3,Cq, then

HilbGA3 is smooth, and the restriction of the Hilbert-Chow morphism to HilbGA3 is a

crepant resolution of singularities of A3{G.

Theorem 2.6 (Bridgeland-King-Reid, 2001). If G is a finite subgroup of SLp3,Cq,

then HilbGA3 is smooth, and the restriction of the Hilbert-Chow morphism to HilbGA3

is a crepant resolution of singularities of A3{G.

However, for finite subgroups of SLp4,Cq there are known examples where HilbGA4

fails to be smooth, and examples where it fails to be a crepant resolution.

2.4 Further remarks

In this section we try to give a very rough28 sketch on how the McKay correspondence

generalizes to the derived category of coherent sheaves.

28very very very rough
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One can interpret the equivalence in K-theory29

KpYq – KGpX q

in the following way. We have a basis of KpYq given by the tautological sheaves, and

the representation ring RpGq – KGpX q parametrizing the basis set. We can consider

this as an analogous construction to Fourier series, where we have a basis tθ Ñ einθu

of L2pS1q, and the group Z parametrizing the set of generators. We can think of the

situation as a ‘change of basis’ from the basis one side to the delta functions on the

parametrizing set, inducing an invertible transformation.

The Fourier series can be expressed in the following push-pull construction:

¨eint

L2pS1 ˆ Zq

L2pS1q

π

<
 L2pZq.

ş

>

We first pull back a function to the product space by the canonical projection map

of the first factor, multiply it by a designated exponential function, and push it

forward by the canonical projection map of the second factor.

It can be applied in the same spirit to the following diagram of projective schemes:

b
L
F

Y ˆX

Y

πY

<
X.

πX

>

29as Z-modules
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More precisely, for a designated complex of sheaves F P Db CohpY ˆ Xq, we can

construct an integral functor of triangulated categories:

ΦF : Db CohY Ñ Db CohX

p´q ÞÑ RπX˚pF b
L
Lπ˚Xp´qq.

Analogously to the situation in Fourier series, F is called the kernel and when

the integral functor induces an equivalence of triangulated categories, it is called a

Fourier-Mukai transform.30

Although we do not delve into the details of triangulated categories and Fourier-

Mukai theory here, we still point out that when either Y or X is a moduli space of

the other, we can interpret the basis of delta functions on one space as ‘transforming’

to the basis on the other.31

Thus the introduction of G-Hilbert schemes as the moduli space of G-clusters on A2

motivates the use of Fourier-Mukai transforms, and indeed it was used to prove the

following general versions of the McKay correspondence:

Theorem 2.7 (Kapranov-Vasserot, 2000). If G is a finite subgroup of SLp2,Cq then

Db CohpY q – Db CohpXqG.

Theorem 2.8 (Bridgeland-King-Reid, 2001). If G is a finite subgroup of SLp3,Cq,
30Fourier-Mukai transforms can be seen as generalizations of morphisms, have nice composition

and adjunction properties.
31In fact, Mukai’s original application of Fourier-Mukai transforms was also in this situation,

where Y was the Picard variety of line bundles for an elliptic curve X.
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then

Db CohpY q – Db CohpXqG.
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초 록

SUp2q의 부분군 G 로부터 두 가지 방법으로 ADE-딘킨 도표를 얻을 수 있다. 첫

째는 A2{G의 단순특이점의 분해도표 (resolution graph)로 구할 수 있고, 둘째는 G

의 기약표현들로부터 계산하는 멕케이 도표를 통해서인데, 이 대응관계를 멕케이

대응이라고한다.본논문에서는이항정이면체군 BD8 에서의고전멕케이대응을

복습하고 일반화를 의논한다. 또한 그로텐디크 군으로의 일반화의 예로 순환군에

대한 동의중복층 (tautological sheaf) 을 복습한다.

주요어 : 멕케이 대응, 멕케이 그래프, 딘킨 도표

학번 : 2013–22904
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