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-Ÿ�ëê•t`@⌅µ�<\ Feynmanƒ�Dt©t∞ÄƒÌ

Dƒ∞\‰.¯ÏòD�Xåt¿t`–⌧î∞Ä–8ÏXîÖê‰

X⌧⇠�ò¥®–0| Feynmanƒ�Xƒ∞…tÏ�Xåò¥ò0

L8– t )ïD µ\ ∞Ä ƒÌX ƒ∞@ �¿ Ëƒ–⌧p( ¥$¿t

à‰. E.WittenX [1]@∞ÄƒÌ–�\⌅��⌘¸X»¿…DÙ»‡

tÏ\ ¥$¿D t∞Xî ‰»¨| ⌧ıà‰. tƒ BCFW-¨¿)ïX

ƒÖ@åt¿t`X�¿Ëƒ∞ÄƒÌƒ∞Xı°1D⌅Ï¸»‰.

\¸ �� Ò� �m1X ⌧¨<\ ∞Ä ƒÌD ¥Ÿ… ∏⌅§0ı⌅–

⌧ ‰Ëî Ét ê§˝å t⌅¿‡ à‰. ⇣\ ‡¨ Ëƒ–⌧ƒ ∞Ä

ƒÌD BCFW-¨¿�ƒ|µtlX‡êXî‹ƒ�ƒâ⌘t‰.

t|8–⌧î BCFW-¨¿�ƒ|��m¸hÿê8àÄ†`Ét

‰. <� D �X åt¿ t`–⌧ … �⇠| µt p`� �Ù@ ¥ŸY
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⌧ 1•

⌧`

ëê⌅0ÌYX-Ÿt`�1ı@ ‘åt¿t`’(gauge theory)t

|î p Y8 Ñ|| Ã‰»‰. åt¿ t`@ ëê⌅0ÌY<\Ä0 ‹

ë⇣‰.tî�X(abelian)px U(1)pDµt0 ⇠ît`tpëê

⌅0ÌYD ‰∞ 1ı�<\ 0 \‰. tÏ\ 1ıD ’<\ D �X

(non-abelian)pDµt0 Xî ‘D�Xåt¿t`’t�Ω⇣‰.

ëê•t`–⌧∞ÄƒÌ@Ùµ, Feynmanƒ�Dµt-Ÿ�<

\ ƒ∞⌧‰. D �X åt¿ t`–⌧X ∞Ä ƒÌƒ∞ ⇣\ t )ïD

t©Xt–¨�<\îƒ∞`⇠à¿Ã,∞Ä–8ÏXîÖêX⌧⇠

� ò¥⇣– 0| ƒ∞` ƒ�X ⌧⇠� ƒ≠òå ò¥ò0 L8– ‰»

�<\ ƒ∞Xî p–î ¥$¿t à‰. D �X åt¿t`X �\�x

�x Yang-Millst`D›�tÙê.tt`–⌧�Ë(–�\∞Äƒ

ÌD �¿ Ëƒ–⌧ ƒ∞` L Ò•Xî ƒ�X ⌧⇠î ∞Ä– 8ÏXî

ÖêX⌧⇠�ò¥®–0|‰L¸⇡tò¿ú‰.

Öê⇠ 3 4 5 6 7 · · ·
ƒ�⇠ 1 3 10 38 149 · · ·
\ 1: Yang-Millst`–⌧∞ÄÖê–0x Feynmanƒ�⇠

¯Ïòt)ïDµXÏªå⇠î∞¸îƒ∞…–Dt�4ò⌅

ËX‰.\�\�Ë(XMHV(Maximally Helicity Violating)∞Äƒ

Ì@‰L¸⇡‰.

An(1+, 2+, ..., i�, ..., j�, ..., n+) =
hi ji4

h1 2ih2 3i · · · hn 1i (1.0.1)
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Feynmanƒ�Dµ\∞ÄƒÌXƒ∞¸Ï¨¨¿�x)ïDµ

XÏ∞ÄƒÌtDP�\¸–⌧⌧⇠»‡[2, 3]tî∞ÄƒÌXƒ∞

…Dç0�<\⌅Ï¸»‰.t)ï@<�‰⇠✓D�¿î¥Ÿ…D

‰L¸⇡@ptDµt¥Ÿ…DıåT‹®‰.

pi ! pi(z) = pi � zz, pj ! pj(z) = pj + zz

z

2 = 0, pi · z = pj · z = 0
(1.0.2)

¯¨XÏ ‰L¸ ⇡@ �ÑD µt ıåT⌧ ∞Ä ƒÌX t�� lp|

–…\‰.

0 =
1

2pi

I

C•

dz
z
A(z) = A(0) +

X

poles

Res
A(z)

z

�

p
(1.0.3)

t)ïDµXtlX‡êXî∞ÄƒÌDT�@Öê‰X∞ÄƒÌ

X Ò‰\ \⌅Xî ¨¿� )ïD µt ªD ⇠ à‰. tî ∞Ä ƒÌX

ƒ∞…D ç0�<\ ⌅Ï�‰. ∞¨� ‰Ë‡ê Xî ƒî D �X å

t¿t`–⌧ DP� ⌅Ë\ ƒx 4(– N = 4 ��m� Yang-Mills

ƒt‰. t ƒî Yangian à¿D �¿î p�\ �mpD Ù‡ à‰. t

ƒ–⌧î ¥Ÿ… � ∏⌅§0|î ëD µt t`D 0 Xî Ét ‰∞

∏¨X‰.të@ E. WittenX [1]–⌧ƒÖ⌧⌅Xı⌅∏⌅§0@⇡@

lp| �¿p A. HodgesX [4]–⌧ òL ƒÖ⇣‰. t ¥Ÿ… � ∏⌅

§0@ BCFW ¨¿)ïD µt �¿ Ëƒ ∞Ä ƒÌ–⌧Ä0 ‡¨ Ëƒ

∞Ä ƒÌL¿ å⌧` Ét‰. åt¿ t`X ‡¨ Ëƒ ∞Ä ƒÌ@  

»¿¨)ïDµt0 ⇠¥T‰. [5, 6]\¸–î BCFW-¨¿�ƒ|

µt‡¨Ëƒ∞ÄƒÌDttX‡êXî‹ƒ�à<p, [7] positive

Grassmanniant|îƒl|µXÏ∞ÄƒÌDttXîlƒƒâ

⌘t‰.[8]

t|8–⌧î BCFW-¨¿�ƒ|µXÏåt¿t`X∞ÄƒÌ–

�t LDÙ‡ê \‰. <� ⌧2•–⌧î 0tX D �X åt¿ t`X

2



0�@…�⇠, KK, BCJ�ƒ›–�t⌅Ëà¥¥¸Ét‰.t¸�–

⌧^<\X|X⌅⌧|∏¨Xåt¸î ‘§<�-ò ƒ\0ï’t|î

 ©\ ƒl– �t å⌧ ` Ét‰. ⇣\, ∞¨X �Ï ƒx N = 4, �

Yang-Mills|⌅ËàLD¸Ét‰.⌧3•–⌧î ‘|⇠T⌧ »¿¨

)ï’D µt ‡¨ Ëƒ ∞Ä ƒÌD lXî )ï– �XÏ LD ¸ Ét

‰.t•–⌧î 1-‡¨ 4Öê∞ÄƒÌ–�t⌅Ë\ƒ∞Dh<\h

 »¿¨)ï–�\ttƒ|ít‡êà‰.⌧4•–⌧î BCFW-¨

¿)ï–�\å⌧@¯Q©–�XÏ|X`Ét‰.t)ïDµXt

�¿,‡¨Ëƒ∞ÄƒÌ¸åt¿t`X�ƒ›‰t⌅ËXåª¥»

⇠ àLD LD ¸ Ét‰. ⇣\, t •–⌧î �� � Ò� �m¸ �¥

Ÿ…∏⌅§0|îëDå⌧XÏ Yangian�mD�¿îƒ–⌧X∞Ä

ƒÌD TTXå \⌅Xî )ï ⇣\ å⌧ Ét‰. ]<\, 5•–⌧î

⌅•‰–⌧‰Ë¿J@\‡Ÿ•‰–�tÁ@å⌧|Xp|X|»

`Ét‰.

∞ÄƒÌ–�\lî\¸\⌧àl⇠î¸⌧t‰.X¿Ãm

¥–⌧îD¡tÑ|–�tlXî¨å‰t�@∏t‰.t|8D

µt m¥X Y›‰tò lê‰–å t Ñ|| L¥ ⇠ à0| l›

\‰.
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⌧ 2•

�¿Ëƒ�›

(Tree-Level Formalism)

t •–⌧î �¿ Ëƒ ∞Ä ƒÌ– �t ¥¥¯‰. �¿ Ëƒ–⌧

�Ë((gluon) ∞Ä ƒÌt 4(– N = 4 ��m� Yang-Mills t`¸

��mt ∆î ⌧⇠(pure) Yang-Mills t`–⌧ ⇡@ ✓D �ƒ‰î ⇣

¸Yang-Millst`tD�X(non-abelian)åt¿t`Xú⌧⇣t|î

⇣–⌧ Yang-Millst`D<�¥¥Ù‡ê\‰.⇣\D�Xåt¿t

`D‰¯–à¥⌧ ©\\0ï¸1»‰–�t|X\§ N = 4�

Yang-Millst`–�tLDÙ‡t•D»\‰.

2.1 D�Xåt¿t`

(Non-Abelian Gauge Theory)

t �–⌧î Yang-Mills t`D µt D �X(non-abelian) åt¿

t`D LDÙ‡ê \‰. ¥§ <¨ ƒ� àD L, t ƒ� ¥§ ¿X–

�t à¿tƒ] ƒ| U•Xå ⇠t <¨ ƒ| 0 Xîp ‰∞ ∏¨t

ƒ‰.åt¿t`@<¨ƒ–tÏ\ ‘⌘ı1(redundancy)’Dx�XÏ

t`D }å 0 X‡ ú § t ⌘ı1– �\ ‡$| µt –òX <¨

…Dªî)ït‰.tÏ\)ï@⌅ê0YXt`–U(1)�m1Dx

�Xî p⌧Ä0 ú⌧à‰.[9] D �X åt¿ t`@ t U(1) �m1D

�îƒ�‡D�Xp SU(N)p–�\�m1D�îƒ|‡$Xp

ªå⌧t`t‰.tLtƒîÑXXç�mp G–�tmå(local)

4



à¿1D �ƒ‰. t p@ Lie p<\ 0 ⇠p, Lie p Gî ‰L¸ ⇡@

PX�ƒ| ÃqXî ›1–(generator) Ta– Xt Ã‰¥ƒ‰. ›1–

Taî‰L¸⇡@�⇠lp|�¿pt| Lie�⇠|Äx‰.

[Ta, Tb] = i f abcTc (2.1.1)

tL f abcî¯˘GXlp¡⇠|Ätpt¡⇠� 0tDÃΩ∞D�X

(non-Abelian)pt| Äx‰. t lp¡⇠î ¿\ a, b, c – �t ⇠�m

(antisymmetric)lp|�ƒ‰.<¨ƒ|tp–�t�m1D�¿ƒ

] U•Xå ⇠t Ω\�ÑD Xå ⇠î Ω∞ t– �\ ⌘ı1t x�

⌧‰. \Ö�<\ åt¿ à¿– �\ ⌘ı1(redundancy)D ∆`¸î

åt¿‡�(gauge fixing)DXå⇠t–Xî<¨…‰Dªå⌧‰.

2.1.1 Yang-Millst` (Yang-Mills Theory)

⌅ê0YD U(1) åt¿ t`<\ U•XÏ 0 \ Éò¸ SU(N)

p– �t ⇡@ |X| XÏ ª@ t`t Yang-Mills t`t‰. ëê•

t`–⌧î LorentzpX0}\⌅(irreducible representation)Dµt

Öê‰D ÑX\‰. t ÑXî Öê‰X §@– t˘Xî ëê⇠| µ\

Ét‰.tÏ\¡i–⌧ SU(N)åt¿pL¿î��<\‡$Xît

`<\ U•‹⌧Ùê. ∞¨� ‰Ë‡ê Xî D �X åt¿ p SU(N)

p@ â,›t 1x N2 � 1 ⌧X ≈Ω�x ›1ê‰t t¨Xî pt‰.

t⌥åU•⌧ƒ–⌧Öê‰@‰L¸⇡t¿X⌧‰.

fi(x) ! Uijfj(x) (2.1.2)

Ï0⌧ fi(x)îÑXX LorentzpX0}\⌅<\\⌅⌧•t‡ Uijî

N ⇥ N â,tp¯å¿X–�t⌧î‰L¸⇡‰.

Ujk(x) = djk � iqa(x)(Ta)jk +O(q2) (2.1.3)

5



tLDò®ê j, kî j, k = 1, . . . , Ntp,…¿\ aîa = 1, . . . , N2 � 1

t‰. Ta î p ›1–(generator) t| à¨p › (2.1.1)D Ãq‹®‰.

^<\t|8–⌧î‰L¸⇡@‹©T|t©`Ét‰.1

Tr(TaTb) = d

ab (2.1.4)

⇣\tp@‰L¸⇡@ JacobimÒ›DÃq\‰.

f ade f bcd + f bde f cad + f cde f abd = 0 (2.1.5)

t 1»@ å�2.3X KK-�ƒ›D ùÖXîp uÏt ⇠î �ƒ›t‰.

Lorentzp¸hÿ SU(N)åt¿ptt`–Ïh¸à0L8– Lorentz

p–⌧ °0‰t ®P t t`–⌧ °0� ⇠î É@ D»‰. �| ‰t

§|| •– �\ ¯Ñ ∞ ∂

µ

f(x)î Tt¡ °0� D»‰. t– �\

,x°0\⌅@‰L¸⇡t\⌅⌧‰.2

D
µ

f(x) = ∂

µ

f(x)� iA
µ

(x)f(x) (2.1.6)

Ï0⌧ A
µ

(x)î åt¿ •t| \‰. tî ⇠¥ƒ ı⌅–⌧ ¯Ñ∞ê

|�X`LÒ•Xî Christoffel08@⇡@lpt‰.

r
µ

Vn = ∂

µ

Vn + Gn

µl

Vl (2.1.7)

›(2.1.6)@åt¿¿X–�XÏ‰L¸⇡t¿\‰.

D
µ

! U(x)D
µ

U†(x) (2.1.8)

t–0|,åt¿•@‰L¸⇡t¿X⌧‰.

A
µ

(x) ! U(x)A
µ

(x)U†(x) + iU(x)∂
µ

U†(x) (2.1.9)

1 f̃ abc =
p

2 f abc, f̃ abc ! f abc
|t©à‰.

2\�P¸⌧–⌧îlp¡⇠ g|Ö‹�<\\⌅à<ò⌅��x\0ï–⌧îp
lp¡⇠ f abcòåt¿• A

µ

(x)–a⇠⌧�‹\¨©\‰.

6



t–0x•-80P⌧î‰L¸⇡t�X⇠‡3

F
µn

⌘ i[D
µ

, D
n

] (2.1.10)

åt¿¿X–�XÏ‰L¸⇡t¿\‰.

F
µn

(x) ! U(x)F
µn

U†(x) (2.1.11)

åt¿¿X–�XÏà¿x|¯ë¿H@‰L¸⇡t\⌅⌧‰.

LYM = � 1
4g2 Tr(F

µn

Fµn) (2.1.12)

t t`@ –ò t`– tÏ\ ⌘ı1D x�à0 L8– Lfi@ åt¿

‡�t DîX‰. tî Faddeev-Popov )ïD µt t∞⌧‰. [9] \Ö

�<\ D �X åt¿ t`X Ω\�ÑD µt D �X åt¿ t`–

�\ Feynman‹YDªD⇠à‰.tÏ\ Feynman‹YD¸î|¯

ë¿H@‰L¸⇡‰.4

LYM = � 1
4g2 FeµnFe

µn

= �1
2

∂

µ Aen

∂

µ

Ae
n

+
1
2

∂

µ Aen

∂

n

Ae
µ

� f abe Aaµ Abn

∂

µ

Ae
n

� 1
4

f abe f cde Aaµ Abn Ac
µ

Ad
n

(2.1.13)

t‡t|t©XÏª@|(¨⌧(propagator)î‰L¸⇡‰.

D̃ab
µn

(k) =
h

µn

k2 � ie
d

ab (2.1.14)

Ï0⌧ R
x

åt¿ ‡�mD x = 1\  ›à‰. ⇣\ 3--”⇣ h⇠(3-

point vertex function), 4--”⇣ h⇠(4-point vertex function)î ‰L

¸⇡‰.

iVabc
µnr

= f abc[(q � r)
µ

h

nr

+ (r � p)
n

h

rµ

+ (p � q)
r

h

µn

] (2.1.15)

3⌘%t`–⌧î Riemann·`P⌧�t@�(⌧mÑDL⇠à‰.
4Ï0⌧, Amu = Aa

muTa, F
µn

= Fa
µn

Ta
t‰.
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iVabcd
µnrs

= �i[ f abe f cde(h
µr

h

ns

� h

µs

h

nr

)

+ f ace f dbe(h
µs

h

rn

� h

µn

h

rs

)

+ f ade f bce(h
µn

h

sr

� h

µr

h

sn

)]

(2.1.16)

t)ïDµt–¨�<\î∞ÄƒÌ(scattering amplitude)D

l` ⇠ à¿Ã ƒ∞` ët D¸ ŒDƒ‰. �| ‰¥ 5 Öê �¿ Ëƒ

∞ÄƒÌD Feynmanƒ�Dµtƒ∞XîΩ∞‰L¸⇡@ƒ�‰D

‡$t|\‰.

(2.1.17)

t–�\ƒ∞X|Äî‰L¸⇡‰.5

(2.1.18)

t)ïDµt∞ÄƒÌDƒ∞Xtåt¿Xt�x⌧⌧X Feynman

ƒ�‰D ®P iXî )›tp, ƒ∞ ¸� ⇣\ ı°X‰. X¿Ã ƒ∞

∞¸î åt¿ à¿�t‡ ƒ∞¸�– Dt ⌅ËXå \⌅⌧‰. tÏ\

¸�¸∞¸X(t|⌅t0⌅tÏÏ)ï‰t⌧⌧⇠»‡,^<\‰

Ë‡ê Xî BCFW-¨¿�ƒ ⇣\ tÏ\ )ïX Xòtp D¸ ®(�

xƒl\L$8à‰.
5
t êÃî Z.Bern X 2005D Oxford Twistor Strings Conference êÃ–⌧ ⌧Ãà

‰. http://people.maths.ox.ac.uk/lmason/Tws/Bern.pdf
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2.1.2 …�⇠ (Color Algebra)

t å�–⌧î Yang-Mills t`–⌧ ‘… �⇠’(color algebra)| ¥

¥¸ Ét‰. ÑXX n Öê �Ë( ∞Ä ƒÌ@ 3,4--”⇣ h⇠| µt

∞�⌧‰. X¿Ã … �⇠| t©Xt tÏ\ ÑXX n Öê ∞Ä ƒÌ

t 3--”⇣ h⇠Ã<\ \⌅⌧‰. ⇣\ ∞Ä ƒÌ@ SU(N) åt¿ p

(gauge group)X lp¡⇠ f abc
@ ¥Ÿ…¸ ∏⌘ °0\ t⌅ƒ ¥ŸY

� �Ù| �¿î ‘ÄÑ ∞Ä ƒÌ’ (partial amplitude)<\ Ñ¨⌧‰.

Ï0⌧ p lp¡⇠X �,⌧ ¿⇠»‰ ÄÑ ∞Ä ƒÌD �Q‹⌧ ∞Ä

ƒÌD\⌅Xt,plp¡⇠î…°0ı⌅(color vector space)–⌧X

0�(basis)\ ‰ ⇠ à‰. t 0�X 1Ñ(component)– t˘⇠î Ä

Ñ∞ÄƒÌD ‘…�,⌧’ (color odered)ÄÑ∞ÄƒÌt|Äx‰.0

|⌧®‡…�,⌧ÄÑ∞ÄƒÌDlXt∞¨�–Xî∞ÄƒÌD

lXå⇠¿\^<\X|X–⌧ît ‘…�,⌧ÄÑ∞ÄƒÌ’–�t

‰Ï‰.$tXå¿�∆îî⌅¥–⌧t ‘…�,⌧ÄÑ∞ÄƒÌ’D

∞Ä ƒÌ<\ \0\‰. SU(N) åt¿ t`–⌧ åt¿ •@ t pX

⇠⇠(adjoint) \⌅<\ ò¿º ⇠ à‡ ⇠⇠¿\ a = 1, 2, 3, ..., N2 � 1

|¨©\‰.tpX›1êî N ⇥ N Hermitian0¯â, (Ta)i
j\\

⌅⌧‰.Ï0⌧Dò®ê|0¯(fundamental),⌅®ê|⇠-0¯(anti-

fundamental)\⌅<\¨©\‰.6 tå�–⌧îpXlp¡⇠ f abc�

›1ê‰XÒ‰X��i(trace)\\⌅(D�˘�<\\©`Ét‰.

t–0xpXlp¡⇠ f abcî‰L¸⇡tò¿º⇠à‰.

f abc = �iTr[[Ta, Tb], Tc] (2.1.19)

�Ë((gluon) ∞Ä ƒÌ ⌘ �• ⌅Ë\ �î 8 ⌧X �Ë( ∞Ä ƒÌ

t‰.tî 3--”⇣h⇠(3-point vertex function)DµtªD⇠à‰.

6
tlÑDµt^<\î⇠-0¯\⌅X j̄–⌧…�|›µ\‰.
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3--”⇣h⇠(3-point vertex function)î‰L¸⇡‰.

iVabc
µnr

= f abc[(q � r)
µ

h

nr

+ (r � p)
n

h

rµ

+ (p � q)
r

h

µn

] (2.1.20)

Ï0– � åt¿ Ùt‰X ∏⌘(polarization)°0| ¥� X‡ �•\

®‡…¿\(color index)‰–�\iDµt∞ÄƒÌDªD⇠à‰.

∞Ä ƒÌ@ |⇠�<\ ⌅X -”⇣ h⇠‰X Ò<\ \⌅⌧‰. 0|⌧

∞Ä ƒÌX pX �Ùî lp¡⇠ f abc� Ù‡ à‡ ò8¿ m@ÖêX

¥ŸY��Ù|Ù‡à‰î⇣DL⇠à‰.tÏ\�Ù‰t∞ÄƒÌ

–¥ªåÒ•Xî¿¥¥Ùƒ]Xê.› (2.1.19)|t©XÏ 3--”⇣

h⇠|‰‹\⌅tÙt‰L¸⇡‰.

iVabc
µnr

= (Tr(TaTbTc)� Tr(TbTaTc))[(q � r)
µ

h

nr

+ (r � p)
n

h

rµ

+ (p � q)
r

h

µn

]

(2.1.21)

0¯/⇠0¯\⌅–⌧ÑXX°0•(vector field) A
µ

î‰L¸⇡tò

¿¥ƒ‰.

(A
µ

)i
j = Aa

µ

(Ta)i
j (2.1.22)

t \⌅–⌧î Tr(TaTbTc) = (Ta)i
j(Tb)j

k(Tc)k
i\ ò¿¥ƒ‰. t| t

©Xt⌅X 3--”⇣h⇠|‰L¸⇡tò¿º⇠à‰.

a

b

c

=

a

c

b

�

a

c

b

(2.1.23)

t ƒ›@ ‰L¸ ⇡@ ¸�D µt ¯$ƒ‰. ›1– Taî ‰L¸ ⇡@

 ©\mÒ›DÃq\‰.

(Ta)i
j(Ta)k

l = di
l
dk

j (2.1.24)
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t mÒ›@ Fierz mÒ›t| à∞‰. ⌅ å�–⌧ ¯ Yang-Mills ƒX

|(¨⌧|t\⌅Dµt\⌅Xt‰L¸⇡‰.

(Ta)i
j(Ta)k

l

k2 � ie
(2.1.25)

pX ›1– Taî DD —i(complete set)D tË0 L8– DD1 �

ƒ| tÏ ‰î ¨‰D L ⇠à‡ tî ⌅–⌧ ∏ \ Fierz mÒ›<\

ò¿¥¥ƒ‰.t|µt|(¨⌧|‰‹\⌅Xt‰L¸⇡‰.

D̃i
j
l
l(k2) =

di
l
dk

j

k2 � ie
(2.1.26)

t \⌅D µt Feynman ƒ�D 0¯/⇠0¯ \⌅D µt ò¿¥t ‰

L¸ ⇡@ Ò›–⌧ å¿X ƒ›D ∞¿X ƒ›ò¸ ⌅ËXå ò¿º ⇠

à‰.t\0ï(notation)Dt⌘ \0ï(double line notation)t|

‡\‰.

l

i

k

j

=
i

j

kl (2.1.27)

t\0ï–XXt Tr(TaTb) ! (Ta)i
j(Tb)j

iî‰L¸⇡t\⌅⌧‰.

a b = a b (2.1.28)

›1êX��i(trace)t 0x¨‰@‰L¸⇡@ƒ�Dµt\⌅⌧‰.

a = 0 (2.1.29)

⇣\ di
j
X��i@‰L¸⇡tò¿∏‰.

= N (2.1.30)
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t|t©Xt 3⌧X�Ë(∞ÄƒÌ A3 î‰L¸⇡t\⌅⌧‰.

A3 =
X

si2S3/Z3

Tr(Ta
s1 Ta

s2 Ta
s3 )A3(s1, s2, s3) (2.1.31)

Ï0⌧ ��iX �m1<\ xt siî D⌧X(non-cyclic) ⌧Ù‰X —

i S3/Z3– çXå ⌧‰. ¯¨‡ A3@ t⌥å ¸¥ƒ ⌧Ù‰– �XÏ

… �,⌧ Öê‰X ¥ŸY�(kinematic)�Ù� Ù4 mt‰. ⇡@ )ï

<\ 4⌧X�Ë(∞Ä–�\ƒ�D›�tÙê.tΩ∞⌅X\⌅D

t©Xt…�,⌧ƒ�@‰L¸⇡t\⌅⌧‰.

a

b

c

d

=

a d

b c

�

a d

b c

�

a d

b c

+

a d

b c

=

a d

b c

�

a c

b d

�

b d

a c

+

a b

d c

(2.1.32)
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⌅Xƒ›D⇠›<\\⌅Xt‰L¸⇡‰.

A4 =
X

si2S4/Z4

Tr(Ta
s1 Ta

s2 Ta
s3 Ta

s4 )A4(s1, s2, s3s4) (2.1.33)

⌅X|X|µtÑXX nÖê∞ÄƒÌ@‰L¸⇡t\⌅⌧‰.

=

0

BBBBB@

1

CCCCCA
X ⌧Ù‰

(2.1.34)

ÑXX n Öê�¿Ëƒ∞ÄƒÌ@�-”⇣‰»‰ 3--”⇣h⇠‰

\t⌅8à‰.0|⌧∞ÄƒÌX‰L¸⇡t\⌅⌧‰.

Atree
n =

X

si2Sn/Zn

Tr(Ta
s1 Ta

s2 ...Ta
sn )Atree

n (s1, s2, ..., sn) (2.1.35)

Ï0⌧ Atree
n (s1, s2, ..., sn)m@…�,⌧ n Öê�¿ËƒÄÑ∞Äƒ

Ìt‰.�•⌅Ë\ÄÑ∞ÄƒÌ A3î‰L¸⇡‰.

A3(1, 2, 3)

= �
p

2 [(e1 · e2)(e3 · p1) + (e2 · e3)(e1 · p2) + (e3 · e1)(e2 · p3)]

(2.1.36)

‰L �–⌧î §<�-ò ƒ(spinor-helicity) \0ïD µt ⌅X ›D

Ù‰⌅∏Xåò¿¥î)ïDLD¸Ét‰.
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2.2 §<�-ò ƒ\0ï
(Spinor-Helicity Formalism)

»…t ∆î �Ë((massless gluon) ⌅X ∞Ä ƒÌD ƒ∞` L,

0tX Feynman ‹YD µt ∞Ä ƒÌD ƒ∞Xt ƒ∞` ›‰t Œ

D –Ã D»| ƒ∞Xî m‰t ŒD–– 0| ¥�⌧ °0‰X 4-°0

\0ï ⇣\ ƒ∞X ı°1D �‰. t �–⌧î tÏ\ ¥$¿D ⌅t

0 ⌅t ‘§<�-ò ƒ’(spinor-helicity) \0ïD µt ¥Ÿ…¸ ∏⌘

°0| \⌅X‡ê \‰. 4(– Minkowski ı⌅–⌧ �X⌧ <¨…‰

@ Lorentz�m1D�‡à‰.p`�<\î∞¨Xƒ� SO(1, 3)p–

�t�m1D�‡à‰‡–\‰. t¨‹ı⌅–⌧D¡�`�(non-

relativistic) ƒX å⌅ �m1@ SO(3) �mpD µt \⌅⌧‰. §@D

‡$Xî Ω∞ ƒX �mpD SU(2) �mp<\ U•‹¨ ⇠ àLD ò

L‡à‰.|⇠�<\î SO(N)p@t⌘n⌧(double cover) Spin(N)

pD �ƒ ¨‰t ⇠Y�<\ ò L$8 à‰. 0|⌧ SO(1, 3) p ⇣\

t⌘ n⌧(double cover) | �‡ à‡ tî SL(2, C) pt‰. SL(2, C)

p@ 2⇥2â,\tË¥8à<pâ,›(determinant)t 1xıå⇠‰

\ tË¥ƒ â,t‰. t pX –å| M t| ` L (M 2 SL(2, C))

M⇤, (MT)�1, (M+)�1
®P SL(2, C)|\⌅\‰.tpX–å‰–Xt

¿X⇠îë‰@ la, l̃

ȧ
@⇡@ë‰tp,t\⌅‰@ 2⌧X1ÑD�¿

î 2⇥ 1â,t‰. Weyl§<�îâ,M–�t‰L¸⇡t¿X⌧‰.

l

0
a = Ma

b
lb, l̃ȧ = M⇤

ȧ
ḃ
l̃ḃ

l

0a = M�1
b

a
l

b, l̃

ȧ = (M⇤)�1
ḃ

ȧ
l̃

ḃ
(2.2.1)

Ï0⌧®ê a, ȧî a = 1, 2, ȧ = 1, 2t‰.⇣\ l@ l̃î§@ 1
2 x�¡

t‰. t‰@ |ê °t(left-handed), $xê °t(right-handed) Weyl

§<�\ÑX⇠‡t‰D�� lî ( 1
2 , 0), l̃î (0, 1

2 )\\⌅\‰.⇣\
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SL(2, C)X –å‰@ â,›t 1 t0 L8– ‰L¸ ⇡@ ⇠�m(anti-

symmetric)à¿P⌧�t¨\‰.

e

0
ab = Ma

c Mb
d
ecd = det(M)eab = eab (2.2.2)

e

0ab = e

cd Mc
a Md

b = det(M)eab = e

ab (2.2.3)

⌅ ®ê@ Dò ®ê| �ƒ §<�‰@ ⇠�mP⌧x e-P⌧| µt ‰

L¸⇡@,º(raising),¥º(lowering)-�ƒ|ªî‰.

l

a = e

ab
lb, la = eabl

b (2.2.4)

Ï0⌧ e

12 = e21 = 1t‰.⇣®ê ȧ–�\›⇣\⌅@⇡@)›<\

�X⌧‰. t| µt SL(2, C) ¿X– �XÏ à¿x §||‰t ‰L¸

⇡t�X⌧‰.

[ij] ⌘ l

a
i lja = eabl

a
i l

b
j (2.2.5)

hiji ⌘ l̃iȧl̃

ȧ
j = e

ȧḃ
l̃iȧl̃jḃ (2.2.6)

t@ hÿ 4-°0‰D SL(2, C) –⌧ \⌅` ⇠ àƒ] Clebsh-Gordan

ƒ⇠XÌ`DXî Pauliâ, s

µ

aȧtt¨\‰.

s

0 =

0

@1 0

0 1

1

A
s

1 =

0

@0 1

1 0

1

A
s

2 =

0

@0 �i

i 0

1

A
s

3 =

0

@1 0

0 �1

1

A (2.2.7)

⌅X à¿P⌧@ �∏¨ â,D t©Xt ‰L¸ ⇡@  ©\ ›D ªD

⇠à‰.

(s̄µ)ȧa ⌘ e

ȧḃ
e

ab(sµ)bḃ (2.2.8)

∞ÄƒÌ@®P¥Ÿ…¸∏⌘°0\\⌅⌧‰.të‰@®P SL(2, C)

pX\⌅Dµt\⌅�•X‰.t|µt¥Ÿ…°0X\⌅Dª0⌅

t‰LD¥¥Ùê.
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Dirac)�›@ Klein-Gordon)�›⇣\Ãq\‰.0|⌧ Dirac

)�›X tî …t�(plain wave)\ ⌅⌧� �•Xp, $ ⌧X t� t

¨\‰.tt‰@‰L¸⇡@�ƒ|Ãq\‰.

6pu(p) = 0 ¯¨‡, �6pv(p) = 0 (2.2.9)

tL 6p = g

µ p
µ

t‡, g

µ â,@‰L¸⇡@ Clifford�⇠|Ãq\‰.7

{g

µ, g

n} = �2h

µnIn⇥n (2.2.10)

tâ,Dµt‰L¸⇡@ëD�XXê.

S
µn

⌘ i
4
[gµ, g

n] (2.2.11)

¯Ït S
µn

î‰L¸⇡@ SO(1, 3) Lie�⇠|0x‰.

[Sµn, Srs] = i(hµrSns � h

nrSµs � h

µsSnr + h

nsSµr) (2.2.12)

⇣\ Clifford�⇠–⌧‰L¸⇡@ëtt¨XÏ,

g

5 = ig0
g

1
g

2
g

3 (2.2.13)

Dò⇡@1»DÃq\‰.

{g

5, g

µ} = 0 (g5)2 = 1 (2.2.14)

t|µt‰L¸⇡@¨‰DL⇠à‰.

[g5, Sµn] = 0 (2.2.15)

› (2.2.14)X $xΩ ›D µt ‰L¸ ⇡@ ¨�(projection) ∞ê|

�X`⇠à‰.

P± ⌘ 1 ± g

5

2
(2.2.16)

7n@ 4t¡X›⇠xΩ∞–\XÏ�X⌧‰.
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⇣\,› (2.2.15)|µt Sµn

@ g

5�Ÿ‹‡ °0(simultaneous eigen

vector)|�¿îÉDL⇠à‡,tL8–¨�∞êX‡ ✓(eigen-

value)D0�<\ Sµn

DP 2 ⇥ 2â,X¡i(direct sum)<\\⌅`

⇠à‰.t|t©t��\0�(basis)| ›Xt SL(2, C)|µt⌅

Xë‰D\⌅`⇠à‰.�|‰¥ g-â,D‰L¸⇡t>D⇠à‰.8

g

µ =

0

@ 0 s

µ

aȧ

s̄

µȧa 0

1

A (2.2.17)

0|⌧ Dirac)�›–Ò•Xî 6p⇣\ SL(2, C)\\⌅`⇠à‰. 9

6p =

0

@ 0 paȧ

pȧa 0

1

A (2.2.18)

tL 4-°0 p
µ

@ paȧ, pȧa î‰L¸⇡@�ƒ|�î‰.

paȧ = p
µ

(sµ)aȧ , pȧa = p
µ

(sµ)ȧa (2.2.19)

t–0| Dirac)�›@‰L¸⇡t\⌅⌧‰.

paȧl̃

ȧ = 0 , pȧa
la = 0 (2.2.20)

»… ∆î Dirac )�›X t‰@ ¨�∞ê| µt ±ò ƒ(helicity)

|�ƒPÄXXt‰\Ñ¨��•X‡tî‰L¸⇡‰.

u±(p) =
1 ± g5

2
u(p), v⌥(p) =

1 ± g5

2
v(p),

u±(p) = u(p)
1 ⌥ g5

2
, v⌥(p) = v(p)

1 ± g5

2

(2.2.21)

t‰@ ò ƒ(helicity) ‡ ¡‹(eigenstate)t‰. t‰@ ^⌧ �X⌧

SL(2, C)Xë<\‰‹\⌅`⇠à‰.

8
t|µt SL(2, C)� SO(1, 3)Xt⌘n⌧px¨‰D¸⇠à‰.

9
|⇠�<\ÑXX°0⇣\t\⌅Dµtò¿º⇠à‰.
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|ii = v�(pi) =

0

@ 0

|piiȧ

1

A |i] = v+(pi) =

0

@ |pi]a

0

1

A

hi| = u�(pi) =
⇣

0 hpi|ȧ
⌘

[i| = u+(pi) =
⇣
[pi|a 0

⌘
(2.2.22)

Ï0⌧∞ÄƒÌX®‡Öê‰Dò�î(out-going)Öê‰\$�X�

‰. 10 SL(2, C)–⌧ �X\ l-§<�‰¸ ⌅X ›–⌧ \⌅\ �ƒ ⌅8

| i@¨�⌅8 | ]‰X�ƒî‰L¸⇡‰.

lia ! |i]a, l̃iȧ ! hi|ȧ (2.2.23)

t|µt Dirac)�›D‰‹hÙt‰L¸⇡‰.

pȧa|p]a = 0, paȧ|piȧ = 0, [P|a paȧ = 0, hp|ȧ pȧa = 0 (2.2.24)

p
µ

pµ = 0î SL(2, C)–⌧ det(p) = 0\\⌅⌧‰.t–0|¥Ÿ…@

P§<�XÒ<\\⌅�•X‰.t@hÿ§<�XD⌅1(complete-

ness)�ƒ|t©Xt¥Ÿ…°0î‰L¸⇡@ SL(2, C)ë-§<�(bi-

spinor)\\⌅⌧‰.

�6p = |pi[p|+ |p]hp| (2.2.25)

t|t©Xt‰L¸⇡@ ©\\⌅Dªî‰.

u+(pi) 6pju+(pl) ⌘ [i| 6pj|li, u+(pi) 6pj 6pmu�(pl) ⌘ [i| 6pj 6pm|li (2.2.26)

§<�‰@‰L¸⇡@1»‰D�‡à‰.

•⇠�m1 :

hiji = �hjii, [ij] = �[ji] (2.2.27)

10
t\xt, u±, v±@Ò•X¿Jî‰.
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• SchoutenmÒ› :

hi jihk li+ hi kihl ji+ hi lihj ki = 0 (2.2.28)

•⌅X$�”0(charge conjugation) :

hq|gµ|p] = [p|gµ|qi (2.2.29)

• Fierz¨0Ù :

[i|gµ|ji[k|g
µ

|li = 2[i k]hl ji (2.2.30)

⌅X›‰Dt©Xt‰LDªî‰.11

hi ji[j i] = �hi| 6pj|i] = �2pi · pj = �(pi + pj)
2 ⌘ sij (2.2.31)

t⌥åª@›Dµt‰LXmÒ›Dªî‰.

• GordonmÒ› :

hi|gµ|i] = [i|gµ|ii = 2pµ

i (2.2.32)

∞Ä ƒÌ@ ¥Ÿ…¸ ∏⌘(polarization) °0‰\ tË¥8 à‰.

L8– ⌅–⌧ ª@ ¥Ÿ…X §<� \⌅¸ hÿ ∏⌘ °0X §<�

\⌅D ª<t ∞Ä ƒÌD §<�| µt ò¿º ⇠ à‰. ∏⌘ °0î

‰L¸⇡@›DÃq\‰.

e±(p) · p = 0, e

2± = 0, e± · q = 0 (2.2.33)

∏⌘ °0X l0 ⇣\ 0 t¿\ ∏⌘ °0 ⇣\ P §<�‰X Ò<\

\⌅` ⇠ à‰. ⇣\, ∏⌘ °0î ¥Ÿ… °0@ ⇠¡t¿\ ¥Ÿ…–

�\�Ù|�‡à¥|\‰.t–0|∏⌘°0| 4-°0\\⌅Xt

‰L¸⇡‰.

e

µ

�(p; q) = �hp|gµ|q]p
2[qp]

, e

µ

+(p; q) = �hq|gµ|p]p
2hqpi (2.2.34)

11sij îMandelstam¿⇠t‰.
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t| SL(2, C)|µtò¿¥t‰L¸⇡‰.

e

+
aȧ =

p
2

hqpi |p]ahq|ȧ, e

�
aȧ =

p
2

[qp]
|q]ahp|ȧ (2.2.35)

tL qîÑXX✓D�ƒ‰.tÏ\ qXÑX1@åt¿à¿1–Xt

ò¿òî1»t‰.⌅X∏⌘°0–⌧ q–�\¿ÑDXt∏⌘°0

î paȧ –D@XîëÃ|¿\‰.tîWardmÒ›Dµt dq �∞Ä

ƒÌ–0ÏX¿JLDL⇠à‰.0|⌧∞ÄƒÌ@¥Ÿ…¸�(⌧

§<�|µt\⌅⌧‰.

t⌧ §<�-ò ƒ \0ïD µt �¿ Ëƒ 8 �Ë( ∞Ä ƒÌ

D ltÙê. t ∞Ä ƒÌ@ BCFW-¨¿�ƒ ùÖX l1 îå� ⌧‰.

¥Ÿ…t‰⇠(real)xΩ∞–î¥†\ò ƒ0Ùt‡8�Ë(∞Ä

ƒÌt 0t‰.tî‰L¸⇡@¥Ÿ…ÙtDµtL⇠à‰.

p1 + p2 + p3 = 0 (2.2.36)

8Öê®P»…t 0t¿\ p2
1 = p2

2 = p2
3 = 0t‰.t@hÿ¥Ÿ…

ÙtDt©Xt‰LDªî‰.

p2
3 = (p1 + p2)

2 = 2p1 · p2 = 0 (2.2.37)

tî8¥Ÿ…t…âhDT‹X‡‰L¸⇡tò¿∏‰.

p1 ⇠ p2 ⇠ p3 (2.2.38)

t\xt∞ÄƒÌt 0t(DL⇠à‰.⇣\¥Ÿ…t‰⇠ÑDµt

2pi · pj = hiji[ij] = 0 (2.2.39)

–⌧ (hiji)⇤ = [ij] | ªî‰. tî ‰L¸ ⇡@ ›t �� 0ÑD L ⇠

à‰.

hiji = ±psijeifij , [ij] = ±psije�ifij (2.2.40)
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X¿Ã¥Ÿ…Dıå⇠\��Xt› (2.2.39)–⌧ |i] ⇠ |j] ⇣î |ii ⇠
|ji t⇠ƒ] ›`⇠à0L8– pi · pj = 0t⇠åXt⌧ [ij] ⇣î

hiji ✓t 0t ⇠¿ Jƒ] �` ⇠ à‡, t– 0| A3 6= 0 D ªî‰.

BCFW-¨¿�ƒ›–⌧ 8 �Ë( ∞Ä ƒÌt ùÖX l1 îåt0 L

8– t– �\ \⌅D ªî É@ ⌘îX‰. Ï0⌧ |i] §<�‰t ��
D@Xƒ] ›XtP⌧X�Ë(Xò ƒ(helicity)� �1t‡Xò

X �Ë(X ò ƒ� +1x A3(1�, 2�, 3+)– �t ªå ⌧‰. ∏X¡ 1,

2à�Ë(Xò ƒ| -1\P»‰.t–0x∞ÄƒÌ@‰L¸⇡‰.

A3(1�, 2�, 3+)

=�
p

2
⇥
(e�1 · e

�
2 )(e

+
3 · p1) + (e�2 · e

+
3 )(e

�
1 · p2) + (e+3 · e

�
1 )(e

�
2 · p3)

⇤

(2.2.41)

∏⌘ °0–⌧ qiî ÑXX ✓D �» ⇠ à‡, ∏X¡ q1 = q2, k3 = p1

<\Pt8�Ë(∞ÄƒÌD‰L¸⇡t⌅Ëàò¿º⇠à‰.

A3(1�, 2�, 3+) = �
p

2(e�2 · e

+
3 )(e

�
1 · p2)

=
[k1 3]h1 2i[k12]h2 1i
[k1 2]h1 3i[k1 1]

=
h1 2i4

h1 2ih2 3ih3 1i
(2.2.42)

tî8⌧XÖê–�\MHV(Maximally Helicity Violating)∞Äƒ

Ìt‰.12
|⇠�x nÖêMHV∞ÄƒÌ@‰L¸⇡‰.

An(1+, 2+, ..., i�, ..., j�, ..., n+) =
hi ji4

h1 2ih2 3i · · · hn 1i (2.2.43)

t| Parke-Taylor�òL¸•à‡ [10] Berends¸Giele–XtùÖ⇣

‰.[11]⌧4•–⌧ît|0¯<\ÑXX�¿Ëƒ∞ÄƒÌDlXî

BCFW-¨¿�ƒ–�tLD¸Ét‰.

12
ÑXX n⌧XÖê∞ÄƒÌ–⌧P⌧XLXò ƒ|�ƒÖê|⌧xXt®P

ëXò ƒ|�ƒÖê\l1⌧∞ÄƒÌDMHV∞ÄƒÌt|Äx‰.
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2.3 KK & BCJ�ƒ›

2.3.1 Kleiss-Kuijf�ƒ›

tå�–⌧î Kleiss-Kuijf�ƒ› (KK-�ƒ›)DLDÙ‡ê\‰.

∞ÄƒÌ@› (2.1.35)ò¸ (n � 1)!⌧X≈Ω�x›1ê‰XÒX�

�i(trace)D 0�\ \⌅` ⇠ à¿Ã ∞Ä ƒÌD p lp¡⇠ f abc
|

0�\\⌅XîΩ∞ JacobimÒ›Dµt≈Ω�x0�X⌧⇠� (n�
2)!\⌅¥‡‰.0|⌧›1ê‰XÒX��i<\ò¿òî0�‰ƒ

(n� 2)!⌧X≈Ω�x0��t¨X‡t–0x �Öç�ƒ›tt

¨\‰.t�ƒ›t KK-�ƒ›t‰.[12] KK-�ƒ›@…⇠⌅�ƒ›¸

U(1)-›Äº�ƒ›X|⇠T⌧�‹t‰.13 KK-�ƒ›@‰L¸⇡‰.

An(1, {a}, n, {b}) = (�1)n
b

X

s2OP({a},{b

T})
An(1, s, n) (2.3.1)

t ›–⌧X i@ —i a

S
b

T‰X ®‡ �,⌧ ⌧Ù‰X it‰. πà

t —i@ a@ b

T
X ¡��x ⌧⌧î Ùt⇠ƒ] �,⌧ —it|î X

¯\ OP(order preserved)|î ⇠›¥� ô»‰. b

Tî —i bX Ì⌧

<\ �,⌧ —it‰. ⇣\ n
b

î —i {b}X –åX ⌧⇠t‡ t —i
t ı—ix Ω∞î KK-�ƒ›@ A = Ax mÒ›t ⌧‰. �| ‰¥

A6(1, 2, 3, 6, 4, 5)X KK-�ƒ›@‰L¸⇡‰.

A6(1, 2, 3, 6, 4, 5) = A6(1, 2, 3, 5, 4, 6) +A6(1, 2, 5, 3, 4, 6)

+A6(1, 2, 5, 4, 3, 6) +A6(1, 5, 4, 2, 3, 6)

+A6(1, 5, 2, 4, 3, 6) +A6(1, 5, 2, 3, 4, 6)

(2.3.2)

t�–⌧ {a} = {2, 3}, {b}T = {5, 4}X⌧⌧�Ùt⇠îÉtÖUà
Ùx‰.t⌧|⇠�x KK-�ƒ›t› (2.3.1)@⇡LDùÖXê.

13
tî⌧4•–⌧ BCFW-¨¿�ƒ@ KK & BCJ�ƒ›–⌧Ux`Ét‰.
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å� 2.1.2–⌧ … �⇠| µt ∞Ä ƒÌt p`� �Ù@ ¥ŸY�

�Ù\òXî1»DLDÙX‰.tî‰L¸⇡t⌅ËXå\⌅⌧‰.

Atot =
X

J

CJAJ (2.3.3)

tL CJî p`� �Ù| Ù‡ à‡ AJî ÄÑ ∞Ä ƒÌx ¥ŸY�

�Ù| Ù‡ à‰. ¯p t CJî ›1ê‰X ÒX ��i(trace)<\

\⌅` ⇠ƒ à‡ pX lp¡⇠| µt \⌅` ⇠ƒ à‰. ��X Ω∞

DD1(completeness)�ƒ|L⇠à0L8–tPΩ∞®P �°

0ı⌅D Ã‡‰. t– 0| ��X 0�‰X ¿X– �\  �≈Ω1D

Ux` ⇠ à‰. KK-�ƒ›@ t P 0� ⌅X  � Öç1<\Ä0 ª

D⇠à‰.…�,⌧ÄÑ∞ÄƒÌ¸¯–�\plp¡⇠0�‰@

®P Öê‰X �,t ⇡0 L8– p lp¡⇠@ DD1– �(⌧ mD

‰L¸⇡@ Feynmanƒ�Dµt\⌅t�•X‰.

a b

= d

ab, a

b

c

= f abc (2.3.4)

Ï0⌧ƒ›@‰LX›‰¸�ƒ⌧‰.

Tr(TaTb) = d

ab, [Ta, Tb] = i f abcTc (2.3.5)

t–�\ JacobimÒ›@‰L¸⇡‰.

[[Ta, Tb], Tc] + [[Tc, Ta], Tb] + [[Tb, Tc], Ta] = 0

�! f bxd f cax = f bcx f xad � f bax f xcd
(2.3.6)

tmÒ›D⌅–⌧�\ƒ›<\\⌅Xt‰L¸⇡‰.

b d

c a

=
b d

c a �
b d

a c

(2.3.7)
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t| t©Xt ®‡ �¿ Ëƒ ∞Ä ƒÌ@ 3--”⇣ h⇠‰\ l1(D

L⇠à‰.�|‰¥ 4Öê�¿Ëƒ∞ÄƒÌ@‰L¸⇡@ƒ›<\

\⌅⌧‰.

= + + (2.3.8)

ÑXX n Öê�¿Ëƒ∞ÄƒÌD 3--”⇣h⇠‰Dµt\⌅X‡,

Jacobi �ƒ›D t©Xt ¥§ P Öê| 0�<\ t P Öê| ∞

Xî  – ‰x Öê‰t 3--”⇣h⇠\ Xò) ôî ƒ�‰X i<\

\⌅`⇠à‰.tÏ\ƒ�D “‰⌘¸¿(multi-peripheral)”ƒ�t|

Äx‰.[13, 14]ƒ›�<\î‰L¸⇡‰.

=
X

permutations
1

n

(n� 2)!

(2.3.9)

tΩ∞ (n � 2)⌧XÖê‰t0�t⇠îPÖê¨t–⌧ (n � 2)!⌧

X≈Ω�x)›<\0ÙDt⇠à‰.‰⌘¸¿ƒ�Xlp¡⇠|

xÄÖêX0Ùt (1, si, n)xΩ∞ c f (1, si, n)t|Xttî‰L¸⇡

tò¿º⇠à‰.

c f (1, si, n) ⌘ f 1s1x1 f x1s2x2 · · · f xn�4sn�3xn�3 f xn�3sn�2n (2.3.10)

Ï0⌧ siî (n � 2)!⌧X ≈Ω�x ⌧Ù 0Ù ⌘ Xòt‰. ⌅X Jacobi

mÒ›DµtÑXX nÖê∞ÄƒÌ@‰L¸⇡‰.

Atot =
X

si2Sn�2

c f (1, si, n)A f (1, s, n) (2.3.11)

t⌧ ��i¸ lp¡⇠ ⌅X �ƒ›D ª0 ⌅t lp¡⇠| ��iD
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µt\⌅tÙt‰L¸⇡t\⌅⌧‰.

c f (1, 2, . . . , n) =
X

(a,b)

(�1)|b|Tr(1anb

T) (2.3.12)

Ï0⌧ Tr(1anb

T)î (1, a, n, b

T) ⌧⌧\ 0Ù⌧ ›1ê‰X ÒX ��

i Tr(1anb

T) = Tr(T1 · · · Tai · · · Tn · · · Tbk · · · )t‡, ⌧⌧� (a, b)î

{a} [ {b} = {2, 3, . . . , n � 1}D Ãq\‰. t ›@ lp¡⇠X 1»

(2.1.19)D µt ªî‰. › (2.3.12)@ 4 ⌧X Öê– �t⌧ ‰L¸ ⇡t

⌅ËXåUx`⇠à‰.

f abx f xcd =
a d

b c

=

0

@
a

b

x

�
a

b

x

1

A

0

@
x

c

d

�
x

c

d

1

A

=
a d

b

c

�
a c

b

d

�
a b

c

d

+
a b

d

c

(2.3.13)

t⌧t|t©XÏ⌅¥∞ÄƒÌD\⌅tÙê.

Atot =
X

s

c f (1, s, n)A f (1, s, n)

=
X

s

2

4
X

(a,b)2Sp(s)

(�1)|b|Tr(1anb

T)

3

5A f (1, s, n)

=
X

(a,b)

2

4
X

s:(a,b)2Sp(s)

(�1)|b|A f (1, s, n)

3

5Tr(1anb

T)

=
X

(a,b)

2

4
X

s2OP({a},{b})
(�1)|b|A f (1, s, n)

3

5Tr(1anb

T)

(2.3.14)

› (2.3.13)XPà¯¯º–⌧⇠‹ƒ)•<\òÙ⌧¯º¸‹ƒ)•
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<\òÙ⌧¯ºtÒt»L⇠‹ƒ)•<\òÙ⌧Öê‰X⇠…)•

D0�<\ 180ƒå⌅Xt‹ƒ)•0ÙX��iDª‡t–0x∞

¸� t ›X »¿… ⌅¸ ⇡‰. t ›X »¿… ¯ºD Ùt ´ ⇣ a@

] ⇣ dD 0�<\ ^–⌧ ∏ \ ⌅\ •\ Öê‰X 0ÙD {a}, D

ò\ •\ Öê‰X 0ÙD {b}T| Xê. t L {b}Tî {a}X 0Ù¸
DPàD L Ì⌧<\ ò¿ò0 L8– ⌅m08(transpose)| ¨©à

‰.¯¨‡› (2.3.14)–⌧Pà¯⌅–ò$î Sp(s)îtÏ\¸�–⌧

⌧›⇠î —i {a}@ {b}X ⌧⇠X ¿T\xt ›0î ⌧⌧� (a, b)|

�¿‡ àî —it‰. t ›D ›1ê Ò‰X ��iD 0�\ \⌅\

›¸DPXt‰LDªî‰.

At(1anb

T) = (�1)|b|
X

s2OP({a},{b})
A f (1, s, n) (2.3.15)

t L (�1)|b|î › (2.3.14)–⌧ iX ⌧⌧| ‘¸î ¸�–⌧ a, b�

‡�⌧ ✓t ⇠¥ i �<\ |»‰. ]<\ ⌅ ›–⌧ {b} = fx Ω∞,

At = A f
|ªå⇠‡‰LX›Dªî‰.

A�¿n (1anb) = (�1)|b|
X

s2OP({a},{b

T})
A�¿n (1, s, n) (2.3.16)

t| Kleiss-Kuijf �ƒ›t|Äx‰.
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2.3.2 Bern, Carrasco, Johansson�ƒ›

⌅å�–⌧ KK-�ƒ›DLDÙX‰.t�ƒ›@∞ÄƒÌXp

`� 1»<\Ä0 òT‰. ∞Ä ƒÌX ¥ŸY� 1»¸ KK-�ƒ›D

t©Xt ∞Ä ƒÌ–⌧ ≈Ω�x ƒ�X ⌧⇠î (n � 2)!–⌧ (n � 3)!

\ ⌅¥‹î 1»D L ⇠ à‡, t@ �(⌧ �ƒ›t BCJ-�ƒ›t‰.

t�ƒ›@ [15]–⌧òL¸•⇣‡ [16]–⌧ùÖ⇣‰.t›@‰L¸

⇡t\⌅⌧‰.

A�¿n (1, 2, {a}, 3, {b})

=
X

{s}j2POP({a},{b})
An(1, 2, 3, {s}j)

mY

k=4

F (3, {s}j, 1|k)
s2,4,...,k

(2.3.17)

Ï0⌧ {a}, {b}î‰L¸⇡‰.

{a} ⌘ {4, 5, . . . , m � 1, m}, {b} ⌘ {m + 1, m + 2, . . . , n � 1, n}
(2.3.18)

⇣\, POP(partially ordered permutations)î —i {b}X ¡�� ⌧
⌧|  ¿Xî —i {a} [ {b}X ®‡ �•\ ⌧ÙD X¯\‰. tL

F (3, {s}j, 1|k)î‰L¸⇡t�X⌧‰.

F (3, s1, s2, . . . , sn�3, 1|k) ⌘ F ({r}|k)

=

8
<

:

Pn�1
l=tk

G(k, rl), tk�1 < tk

�Pn�1
l=tk

G(k, rl), tk�1 > tk

9
=

;

+

8
>>><

>>>:

s2,4,...,k, tk�1 < tk < tk+1

�s2,4,...,k, tk�1 > tk > tk+1

0, ¯x

9
>>>=

>>>;
(2.3.19)
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Ï0⌧ tkî—i {r}–⌧ k-à¯ÖêX⌅Xt‡ t3, tm+1î‰L¸⇡

t�X⌧‰.14

t3 ⌘ t5, tm+1 ⌘ 0 (2.3.20)

¯¨‡h⇠Gî‰L¸⇡t¸¥ƒ‰.

G(i, j) =

8
<

:
si,j, i < j⇣î j = 1, 3

0, ¯x

9
=

; (2.3.21)

tL,⌅X›‰–Ò•Xî¥ŸY�à¿…‰@‰L¸⇡‰.

si,j = �(ki + kj)
2, s2,4,...,i = �(k2 + k4 + . . . + ki)

2 (2.3.22)

t ›@ n = 4, 5–⌧ ⌅ËXå Ux` ⇠ à‰. ⌅X › (2.3.17) D µt

n = 4, 5|ò¿¥t‰L¸⇡‰.

A4(1, 2, {4}, 3) = A4(1, 2, 3, 4)
s14

s24
(2.3.23)

A5(1, 2, {4}, 3, {5}) = 1
s24

✓
A5(1, 2, 3, 4, 5)(s14 + s45)

+A5(1, 2, 3, 5, 4)s14)

◆
(2.3.24)

A5(1, 2, {4, 5}, 3) =
1

s24s245

✓
�A5(1, 2, 3, 4, 5)(s34s15)

+A5(1, 2, 3, 5, 4)s14(s245 + s35)

◆

(2.3.25)

n = 4x Ω∞ ‰L¸ ⇡@ |X| µt ⌅ËXå l` ⇠ à‰. t Ω

∞ U(1)-Ñ¨(decoupling) 1»D ›� t Ùê. U(1)-Ñ¨X ⇠›�x

\⌅@‰L¸⇡‰.

A�¿4 (1, 2, 3, 4) +A�¿4 (1, 3, 4, 2) +A�¿4 (1, 4, 2, 3) = 0 (2.3.26)

14
t⌥å�X⇠t m = 4xΩ∞ t3 = tm+1 = 0t⌧‰.
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�¿ Ëƒ ∞Ä ƒÌ@ |⇠�<\ ∏⌘ °0‰, §<�‰, ¥Ÿ…‰, ¯

¨‡Mandelstamà¿…‰–�XÏ ¨h⇠t‰.¯pt�ƒ›@

∞Ä ƒÌX p`� 1»\Ä0 ò( Ét0 L8– π� ∏⌘¡‹ò ‹

ı⌅X(––�•D�¿îJDÉt‰.0|⌧⌅XmÒ›t 0t⇠î

1»@(⌅àMandelstam¿⇠‰–XtXå Ét‰. Mandelstam

¿⇠‰Xit 0x1»Dt©Xt�˘\D@¡⇠ c|ƒÖXÏU(1)-

Ñ¨�‰L¸⇡LDL⇠à‰.

(s + t + u)c = 0 (2.3.27)

¯p A�¿4 (1, 2, 3, 4)î s, t-µ\X ∞Ä ƒÌ– �\ 0Ïƒ� ŸÒX

0L8– u-Ÿ\–D@hDL⇠à‡,t|�¨Xt‰LDªî‰.

A�¿4 (1, 2, 3, 4) = uc, A�¿4 (1, 3, 4, 2) = tc, A�¿4 (1, 4, 2, 3) = sc

(2.3.28)

⌅X›–⌧ c|åpXt‰L¸⇡@�ƒ›Dªî‰.

tA�¿4 (1, 2, 3, 4) = uA�¿4 (1, 3, 4, 2)

sA�¿4 (1, 2, 3, 4) = uA�¿4 (1, 4, 2, 3)

tA�¿4 (1, 4, 2, 3) = sA�¿4 (1, 3, 4, 2)

(2.3.29)

t›@› (2.3.25)¸⇡LDL⇠à‰.t@hÿÄÑ∞ÄƒÌD˘

(pole)Dµ\\⌅Dt©Xt‰L¸⇡‰.

A�¿4 (1, 2, 3, 4) ⌘ ns

s
+

nt

t
,

A�¿4 (1, 3, 4, 2) ⌘ �nu

u
� ns

s
,

A�¿4 (1, 4, 2, 3) ⌘ �nt

t
+

nu

u

(2.3.30)
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› (2.3.29)@ KK-�ƒ›Dt©Xt› (2.3.25)X n = 4xΩ∞|ªå

⌧‰. n = 4xΩ∞› (2.3.28)@hÿ‰LDªî‰.

nt = ns � nu (2.3.31)

t ›@ åt¿pX lp¡⇠‰ ⌅X Jacobi �ƒ›¸ ÓD à‰. ∞Ä

ƒÌX ¥ŸY� �ƒ›–⌧ Jacobi �ƒ›¸ ⇡@ �‹X ›D ª»0

L8–t|…-��(colorful duality)|Äx‰. n = 5–�\�ƒ⇣\

JacobimÒ›DÃqXîm‰–�t⇡@�‹X�ƒ|�î¥ŸY�

m‰tt¨hDªD⇠à‰.�|‰¥Ùt‰L¸⇡‰.

c3 � c5 + c8 = 0, ) n3 � n5 + n8 = 0 (2.3.32)

tÏ\1»D®‡ƒ�–�XÏ‡$Xt› (2.3.25)X n = 5X∞¸

|ªî‰.[15] t–�\|⇠�x�ƒ›@‰L¸⇡‰.

X

{s}2P(O{a}[O{b})

rX

i=1

X

sJ<s

bi

s
bi JAn(1, {s}, n) = 0 (2.3.33)

Ï0⌧ P(O{a}[O{b})î��X¡��x⌧⌧�Ùt⇠î—i {a},

{b}X ®‡ �•\ ⌧ÙD X¯\‰. t ›D BCJ-�ƒ›t| Äx‰.

t– �\ ùÖ@ Ht`X •`� ˘\D µ\ ùÖ@[17]@ [18]–⌧

ò ‰Ë»‡, •`�x )ïD µ\ ùÖ@ [16]– ò å⌧¸ à‰. t �

ƒ›D t©Xt (n � 2)!⌧X ≈Ω�x …-�,⌧ ∞Ä ƒÌX ⌧⇠|

(n � 3)!⌧X≈Ω�x…-�,⌧∞ÄƒÌx\å-0�⌅⌧(minimal-

basis expansion)| ªî‰.[16] \å-0� ⌅⌧î ≈Ω�x …-�, ⌧

∞ÄƒÌX⌧⇠� (n � 2)! ! (n � 3)! t⌧¡iDÖUàÙÏ�‰.

^<\ BCFW¨¿)ïDµ\∞ÄƒÌ–�t|X`��xpt|

X–⌧ BCJ-�ƒ›(2.3.33)X•`�ùÖD‰��t‰.
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2.4 N = 4� Yang-Millst`

N = 4��m� Yang-Millst`X|¯ë¿H(Lagrangian) L@

L =
1

2g2 Tr
✓
�1

2
F2 � (DFI)

2 + iY 6DY + YGI [FI , Y] +
1
2
[FI , FJ ]

2
◆

(2.4.1)

t‰.⌅X|¯ë¿H–⌧ D
µ

îı¿¯Ñ D
µ

= ∂

µ

� i[A
µ

, ⇤]t‰. 4(

– N = 4 SYM(super Yang-Mills)t`–⌧îò ƒ(helicity)–0|

‰L¸⇡@ 16⌧X�ÏÏπ(supermultiplets)¡‹�à‰.

ò ƒ 1 1
2 0 - 1

2 -1

¡‹⇠ 1 4 6 4 1

\ 2: N = 4 SYM–⌧ò ƒ–0x¡‹⇠

t ÏÏπ‰@ SU(N) åt¿ pX ⇠⇠(adjoint)\⌅<\ 0 ⌧‰. 0

|⌧› (2.4.1)–ò¿òîPXê‰@t SU(N)åt¿p–⌧•(field)

‰X SU(N) â,lp@ �ƒ⌧‰. ⌅X [\ 2]– ò( �ÏÏπ ¡‹‰

(supermultiplets)@ �� °0 • A
µ

(x), [⇠]òt¯( • Y(x), §|

| • FI(x)\ tË¥8 à‰. 4(– N = 4 SYMX |¯ë¿H@ 10

(– N = 1 SYM |¯ë¿H–⌧ (– X–(dimensional reduction)

DµtªD⇠à‰îÉDòL‡à‰ [19].t–XXtòt¯(‰@

10(– Majorana-Weyl • Y(x)\ \⌅⇠‡ |¯ë¿HX GIâ,‰@

10(– Clifford �⇠| 0x‰. 6⌧X ‰(real) §||• FI(x)î (Û

(global) SO(6) R-�mD �¿‡ t– �\ ®ê| I = 1, ...6\ \⌅\

‰. 6⌧X‰§||•FI(x)| SO(6)pXt⌘n⌧(double covering)

x SU(4) pX \⌅–⌧ 3⌧X ıå §||• f

AB(x) = �f

BA(x)<

\ò¿¥ê.tL f

AB(x)îê¥t⌘1(self-duality)ptDÃq\‰:

fAB(x) = 1
2 eABCDf

CD(x).Ï0⌧ eABCDî SU(4)p–⌧X Levi-Civita
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08t‰. t \⌅–⌧ 10(– òt¯( • Y(x)î 4+4 gluino ¡‹x

l

A
@ lA\ ò¿∏‰. t– 0| [⇠]òt¯(‰@ SU(4) pX [⇠]0

¯ \⌅<\ ò¿¥‡ |¯ë¿HX ®‡ •‰@ SU(4) pX \⌅<\

ò¿º⇠à¥∏¨X‰.��m�®�–⌧§||ÏP\ V = 0xΩ

∞ ��m@ Ùt⇠‡, V > 0x Ω∞ ��m@ hƒ‰. N = 4 SYMX

§|| ÏP\ Vî V = [FI(x), FJ(x)]2 t¿\ N = 4 SYM t`@

[FI(x), FJ(x)] = 0–⌧®»¨(moduli)ı⌅D�ƒ‰.§||ƒı0

�✓(vacuum expectation value:VEV) hfAB(x)i = 0x®»¨ı⌅X

–⇣–⌧ ®‡ ¡‹‰@ »…t ∆‡ (–¿⇠(dimensionful parame-

ter)|�¿Jå⌧‰.0|⌧tt`@Ò�à¿1(conformal invari-

ance)D �¿p, †¿h⇠(beta-function)� -Ÿ t`X ®‡ (⇠–⌧

¡ƒ⇠0L8–∞i¡⇠X¸â(running of coupling constant)@›

0¿ Jî‰. Ò� à¿1<\ t t`@ Ò�p SO(2, 4)– �\ �m

1D�¿‡,��m<\��m�Ò�p PSU(2, 2|4)–�t�m1D
�î‰. ∞¨î tÏ\ � Ò� �m1D �î t`–⌧ »…t ∆î �

Ë(X ∞Ä ƒÌ– �Ït à‰. ¯p »…t ∆î Öê‰X t`t

Ò� �m1D �‡ àD L ⇣¸ ¡‹(asymptotic state)| �XX0 ¥

$Ã⌧ LSZ)ïDµ\∞ÄƒÌD�XX0¥5‰.t|t∞Xî\

�¿)ï@ 4(–Xƒ| 4� e(–Xƒ\∏îÉt‰.tΩ∞∞Ä

ƒÌ@ �t⇠¿Ã Ò� �m1t Ùt⇠¿ JD ƒX �m1t Ö‹�

<\Ùt¿Jî‰.tÏ\�m1DÖ‹�<\¸⇠àîÛ–⌧∞Ä

ƒÌD�XXî⇣‰x)ïtt¨\‰.<� V = 0–⌧§||ƒı

0�✓t 0tDÃ¡iD›�Xê.¯Ït∞ÄƒÌt�X⌧‰.t⌧

tƒı0�✓t 0<\�î˘\D›�Xt∞¨�–Xî∞ÄƒÌD

ªD⇠à‰.15 ¥§Ω∞‡ N = 4 SYMt`X∞ÄƒÌt�X⌧‰.

t⌧ t ƒX ∞Ä ƒÌD ª0⌅t t ƒX ®‡ •‰X åx(annihila-
15
tÏ\�ÌD Coulomb�ò(branch)|Äx‰.
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tion)∞ê‰D›�Xê.tåx∞ê‰@•‰D®‹⌅⌧(mode

expansion)|µtª‡t‰@‰L¸⇡‰.

a|{z}
1 gluon g+

, aA
|{z}

4 gluinos l

A

, aAB
|{z}

6 scalars f

AB

, aABC
| {z }

4 gluinos l

ABC⇠lD

, a1234
|{z}

1 gluon g�

(2.4.2)

⌅ ›X A, B, C, Dî ®P SU(4)pX ®êtp A, B, · · · = 1, 2, 3, 4t

‰. SU(4) R-�m– �t ¿X⇠î �¡@ ��m ›1ê QA
@ Q̃A ⌘

Q†
Atp, ò ƒ hx ¡‹î SU(4)pX ¿X– �t D⌅à ⇠�m�x

2(1 � h)⌧X ®ê \⌅<\ ¿X6⌧‰. Q̃A ∞êî ®‡ ∞êX ò

 ƒ| 1
2Ã|,$¸‡ SU(4)®ê A|⌧pt�‰.®ê�∆îΩ∞î

∞ê� åx⌧‰. QA∞êî t@ ⇠�⇠î Ì`D \‰. t| t©

Xt N = 4 SYM –⌧ ��m� Ward mÒ›‰D ªD ⇠ à‰. ��

m� Ward mÒ›@ ∞Ä ƒÌ‰– �\ πƒ\ �ƒ›‰D �‰. �|

‰¥ h0|[Q̃A, aB
1 , a2, ..., an]|0i = 0¸⇡@��m�WardmÒ›D›�

tÙê.tΩ∞, Q̃A∞ê� a∞ê|åx‹§0L8–,tmÒ›@

h0|[Q̃A, aB
1 ], a2, ..., an|0i = 0t‡tî d

B
A|1iAn(g+g+g+ . . . g+) = 0D

�‰.tL8–®‡ +�Ë((g+)∞ÄƒÌ@-Ÿt`X®‡(⇠–

⌧ 0ÑD L ⇠ à‰. D∑Xå, ò ƒ �1x �Ë(¸ ò8¿î ò ƒ

+1x�Ë(‰X∞ÄƒÌ⇣\®‡(⇠–⌧ 0t(DL⇠à‡,t|

ò¿¥t‰L¸⇡‰.

AL-loop
n (g+g+g+ . . . g+) = AL-loop

n (g�g+g+ . . . g+) = 0

tÏ\��m�WardmÒ›Dt©Xt∞ÄƒÌ–�\‰LX�ƒ

›DªD⇠à‰.

An(g�l

123
l

4g+...g+) =
h13i
h12iAn(g�g�g+g+...g+) (2.4.3)
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An(g�f

12
f

34g+...g+) =
h13i2

h12i2 An(g�g�g+g+...g+) (2.4.4)

An(g+g+...g�i ...g�j ...g+) =
hiji4

h12i4 An(g�g�g+g+...g+) (2.4.5)

�¿ Ëƒ �Ë( ∞Ä ƒÌ–⌧î ò ƒ Ùt<\ ¥Ä |(¨⌧ ⇣\

�Ë(t‰. X¿Ã ‡¨ Ëƒ–⌧î ¥ÄX Öê‰t �Ë( tx–ƒ

›1 ⇠à‰.‡¨Ëƒ∞ÄƒÌDlXî\�¿)ï<\|⇠T⌧

 »¿¨ )ït à‰. t )ïD µt 1-‡¨ Ëƒ(1-loop level) ∞Ä

ƒÌD �¿ Ëƒ ∞Ä ƒÌX �Ù| µt ªîp tL ��m� Ward

mÒ›t¨©⌧‰.t)ï@⌧3•–⌧ê8à‰Ï‰.tΩ∞⌅X�

�m�WardmÒ›Dt©Xt¥ÄXÖê‰X�¿Ëƒ∞ÄƒÌD

�Ë(∞ÄƒÌ<\ò¿º⇠àî⇣t‰∞ ©X‰.�ÏÏπ¡‹

‰¸∞ÄƒÌDò‰Ë0⌅t(-X(on-shell)�ı⌅(superspace)D

ƒÖXîÉ@‰∞∏¨X‰.tî SU(4)®ê|�ƒ Grassmann¿⇠

hA|ƒÖXÏN = 4 SYMX 16⌧X¡‹|XòXê¿0(chiral)�•

(superfield)<\ò¿∏‰:

W = g+ + hA l

A � 1
2!

hAhB f

AB � 1
3!

hAhBhC l

ABC + h1h2h3h4 g�

(2.4.6)

1Ñ•(component field)î‰LDµtªî‰.

¡‹(Öê) g+ l

A
f

AB
l

ABC g� = g1234

¯Ñ∞ê 1 ∂

A
i ∂

A
i ∂

B
i ∂

A
i ∂

B
i ∂

C
i ∂

1
i ∂

2
i ∂

3
i ∂

4
i

\ 3: N = 4 SYM on-shell�•–⌧�¡‹ƒ Grassmann¯Ñ∞ê

(-X�›–⌧�⌅X(supercharge)‰@‰L¸⇡t�X⌧‰:

qAa ⌘[p|a ∂

∂hA
, q†ȧ

A ⌘ |piȧ
hA (2.4.7)
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Ï0⌧ |pi ¸ |p] §<�‰@ ÖêX ¥Ÿ… p@ �(⌧ §<�‰t‰.

�⌅X‰@��⇠(superalgebra)|Ãq‹®‰:

{qAa, q̃ḃ
B} = dB

A|piḃ[p|a = �dB
A pḃa (2.4.8)

⌅X ¨‰\ Ä0 ∞¨î W(pi)| ià ¯ xÄÖê(external particle)X

��Ÿh⇠(superwavefunction)\Ùî�∞ÄƒÌ(superamplitude)

ASuper
n (W1, . . . , Wn)D›�`⇠à‰.t�∞ÄƒÌ@(-X¥Ÿ… pi

@ Grassmann¿⇠ hiA–XtXî<¨…t‰.0|⌧�∞ÄƒÌ@

Grassmann¿⇠‰X‰m›<\⌅⌧��•X‰. MHV∞ÄƒÌ–⌧

h = +1x ò ƒ| �¿î �Ë(‰ ⌘ K⌧X �Ë(t h = �1x ò

 ƒ|�¿î�Ë(<\�¥⌧Ω∞| NKMHV∞ÄƒÌt|\‰.

t Ω∞ K + 2⌧X h = �1ò ƒ ¡‹X �Ë(t t¨\‰. NKMHV

∞ÄƒÌ–⌧ h = �1ò ƒ|�¿îxÄÖê¡‹î K + 2⌧t¨X

0 L8– t| � ∞Ä ƒÌ–⌧ \⌅Xt (K + 2)⌧X Grassmann ¿

⇠{h1h2h3h4}�t¨\‰.0|⌧ NKMHV�∞ÄƒÌ@ Grassmann

¿⇠–�t 4(K+2)(‰m›t⌧‰.t|µt (1Ñ)∞ÄƒÌ@�∞

ÄƒÌX Grassmann¿⇠‰D�ÑXÏªî‰.�|‰¥MHV∞Ä

ƒÌx An(1+ . . . i� . . . j� . . . n+)î‰LDµtªî‰.

An(1+ . . . i� . . . j� . . . n+)

=

 4Y

A=1

∂

∂hiA

! 4Y

B=1

∂

∂hjB

!
ASuper

n (W1, . . . , Wn)

�����
hkC=0

(2.4.9)

0|⌧ �¿ Ëƒ � ∞Ä ƒÌ ASuper
n @ n Öê �¿ Ëƒ ∞Ä ƒÌX

�•\®‡it¿\‰L¸⇡t\⌅⌧‰.

ASuper
n = AMHV

n +ANMHV
n +AN2MHV

n + · · ·+Aanti-MHV
n (2.4.10)
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(-X �ı⌅(superspace)–⌧ ��m� Ward mÒ›@ ��m ›1ê

QA, Q̃A��∞ÄƒÌDåx‹®‰î–\\⌅⌧‰.tL��m›

1ê‰@‰L¸⇡t�X⌧‰.

QA ⌘
nX

i=1

qA
i =

nX

i=1

[i| ∂

∂hiA
t‡, Q̃A ⌘

nX

i=1

q†
iA =

nX

i=1

|iihiA

(2.4.11)

tı⌅–⌧��m�WardmÒ›@‰L¸⇡‰.

QAASuper
n = 0 ¯¨‡, Q̃AASuper

n = 0 (2.4.12)

∞Ä ƒÌX tÏ\ 1»@ {QaA, Q̃ȧ
B}ASuper

n = �dB
A pȧaASuper

n = 0D

ÃqX0 L8– ¥Ÿ…ÙtD Ïh\‰. ⇣\ ‰L¸ ⇡@ Grassmann

d-h⇠|ƒÖXt�∞ÄƒÌ–�⌅XÙtDx�`⇠à‰.

d

(8)(Q̃) =
1
24

4Y

A=1

Q̃AȧQ̃ȧ
A =

1
24

4Y

A=1

nX

i,j=1

hijihiAhjA (2.4.13)

�⌅XÙt@ Q̃AASuper
n = 0<\Ä0ª‡t–0| NKMHV�∞Ä

ƒÌ@‰L¸⇡tò¿º⇠à‰.

ANKMHV
n = d

(8)(Q̃)P4K (2.4.14)

Ï0⌧ P4Kî 4K(Grassmann¿⇠‰m›t‰.t\⌅–0ttMHV

∞ÄƒÌ@ K = 0t¿\ Grassman¿⇠‰m›–�t¡⇠mt‡‹

©TXt \‰L¸⇡tò¿º⇠à‰.

AMHV
n =

d

(8)(Q̃)
h12ih23i · · · hn1i (2.4.15)

t⌥åò¿∏MHV∞ÄƒÌ\⌅@ Parke-Taylor\⌅DÃq‹®‰.
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2.4.1 N = 4 SYMX�m1

N = 4 SYM t`–î 0¯�<\ Poincaré �m¸ Ò�(confor-

mal) �m ¯¨‡ ��m(supersymmetry)D ÏhXî � Ò�(super-

conformal)�mtt¨\‰.�Ò��mp@‹ı⌅–�t Poincaré

p¸ Ò�p �mD �¿p ��m<\ ��X p– �(⌧ ��mp<

\ U•⌧‰. t ��m p@ N = 4 ��mD �¿‡ tî SU(4) R-

�mD �ƒ pt‰. t| §<�-ò ƒ \0ïD µt LDÙê. <�,

Poincaré p–î 10⌧X ›1ê� t¨\‰. tî 4⌧X —ƒ(transla-

tion)›1ê Pµ

@ 6⌧X Lorentz›1êM
µn

\t⇥Ë¥8à‰. Pauli

â,Dµtt‰D SL(2, C)–⌧\⌅Xt‰L¸⇡‰.16

Pȧa = �
X

i

l̃i
ȧ
l

a
i ,

Mab =
X

i

1
2

✓
lia

∂

∂l

b
i
+ lib

∂

∂l

a
i

◆
, Mȧḃ =

X

i

1
2

✓
l̃iȧ

∂

∂l̃

ḃ
i

+ l̃iḃ
∂

∂l̃

ȧ
i

◆

(2.4.16)

∞¨îÑXX n⌧XÖê‰–�\ƒ|›�X0L8– i = 1, 2, . . . , n

t‰. ⇣\ ∞Ä ƒÌ–î m¡ ¥Ÿ… Ùt x¿ h⇠ d

4(
X

i

pi)� Ïh

⌧‰. 0|⌧ Pȧa
d

4(P) = 0ÑD µt Pȧaî ∞Ä ƒÌD åx ‹®‰î

ÉDL⇠à‰. Lorentz›1ê–�t⌧ƒ
X

i

l̃iȧ
∂

∂l̃

ḃ
i

hjki = eȧḃhjki,
X

i

l̃

ȧ ∂

∂l̃

ḃ
i

d

4(P) = �2d

ȧ
ḃd

4(P) (2.4.17)

ÑDt©Xt Mȧḃ⇣\∞ÄƒÌDåx‹®‰îÉDL⇠à‡∞Ä

ƒÌt Poincaré�m1D�îÉDL⇠à‰.å‰�› (2.4.7)–ò(

��m›1ê�Tt8 Poincarép�m@�Poincarép�m<\U

•⌧‰.tU•⌧t`@¥Ÿ…Ùt¸hÿ�⌅XÙtL¿Ïh\‰.
16
tå�–⌧î§<�‰D⌅8\⌅�‡ l, l̃\\⌅\‰.
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tî (-X �ı⌅X ƒÖ<\ Grassmann-x¿ h⇠ d

(8)(
X

i

|iihi) |

µt�⌅X�Ùt(D\⌅\‰.tL8– Q̃A��∞ÄƒÌDåx

‹§îÉDL⇠à‡tî^⌧∏ \��m�WardmÒ›(SWI)D

X¯\‰.Ò�p@ Poincarép–⌧ 5⌧X›1ê�Tt¨X‡tî

1⌧X==(dilatation)›1ê D @ 4⌧Xπ⇠Ò�›1ê Kµ

t‰.π

⇠Ò�›1êî⇠⌅(inversion)∞ê I|µt\⌅⌧‰. IX‹ı⌅
å\–∞‹§îΩ∞‰L¸⇡‰.

I(xµ) =
xµ

x2 (2.4.18)

t–0xπ⇠Ò�›1êî

Kµ = IPµI (2.4.19)

\�X⌧‰.t|==›1ê@hÿ‰‹ò¿¥t‰L¸⇡‰.

D = �x · ∂, K
µ

= x2
∂

µ

� 2x
µ

x · ∂ (2.4.20)

tpX›1ê‰D§<�-ò ƒ\⌅<\ò¿¥t‰L¸⇡‰.

Kaȧ = � ∂

∂l̃

ȧ
i

∂

∂l

a
i

, D =
X

i

 
1
2

l̃

ȧ
i

∂

∂l̃

ȧ
i
+

1
2

la
∂

∂lia
+ 1

!
(2.4.21)

› (2.4.7) X ⇠-PXê� —ƒ ›1ê| Ã‰¥ ¥î É ò¸ π⇠ Ò�

›1ê| Ã‰¥ ¥î Ò� ��m ›1ê SaA@ S̃A
ȧ � t¨XÏ Ò�

pD ��m� Ò�p<\ U•‹®‰. ⇣\, N = 4 ��m t`D X

0 L8– ê§˝å SU(4) R-�mD �‡à‰. 0|⌧ N = 4 SYM

t`X�mpX›1ê‰@‰L¸⇡tòÙ⌧‰.

RA
B =

X

i

✓
hiA

∂

∂hiB
� 1

4
dA

B
hiC∂

hiC

◆

QaA =
X

i

l

a
i

∂

∂hiA
, Pȧb = �

X

i

l̃

ȧ
i l

b
i , Q̃ȧ

A =
X

i

l̃

ȧ
i hiA
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Mab =
X

i

1
2

✓
lia

∂

∂l

b
i
+ lib

∂

∂l

a
i

◆
, Mȧḃ =

X

i

1
2

✓
l̃iȧ

∂

∂l̃

ḃ
i

+ l̃iḃ
∂

∂l̃

ȧ
i

◆

SaA =
X

i

∂

∂l

a
∂

∂hiA
, Kaȧ = �

X

i

∂

∂l̃

ȧ
i

∂

∂l

a
i

, S̃A
ȧ =

X

i

∂

∂l̃

ȧ
hiA

D =
X

i

 
1
2

l̃

ȧ
i

∂

∂l̃

ȧ
i
+

1
2

la
∂

∂lia
+ 1

!

(2.4.22)

t›1ê‰@�Ò�pXÒ T⌧(graded) su(2, 2|4) Lie�⇠|0t

‡›1ê‰DXòX\⌅x GAB =
X

i

GA
i B\ò¿¥ê.Ï0⌧®ê

Aî SL(2, C)@ SU(4) R-�m®ê‰X®Ñx↵(a, ȧ, A)t‡, GA
i Bî

⌧ƒÖê–�\�Ò�›1êt‰.Tà¥‰L¸⇡@ò ƒ›1ê

H|�XXê.

H =
X

i


l̃iȧ

∂

∂l̃iȧ
� lia

∂

∂lia
� hiA

∂

∂hiA
+ 2
�

(2.4.23)

ò ƒ›1ê�§<�@ Grassmann¿⇠–ë©Xt‰L¸⇡‰.

Hl̃iȧ = l̃ȧ, Hla = �la, HhA = �hA (2.4.24)

NKMHV∞ÄƒÌXΩ∞ K + 2⌧XLXò ƒ|ÏhX‡à‡,t

– 0| 4(K + 2) ⌧X Grassmann ¿⇠� Òt8 à0 L8– ò ƒ

∞ê⇣\ NKMHV∞ÄƒÌDåx‹®‰.

HANK MHV
n = 0 (2.4.25)

tò ƒ∞ê@hÿ› (2.4.22)X›1ê‰@Îå�⇠(closed al-

gebra)|tÏ‰.∞ÄƒÌËƒ–⌧�Ò��m@‰L¸⇡t\⌅⇠

‡,tÏ\¨‰@ [1]–ê8XåL$8à‰.

GABAn = 0 (2.4.26)
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› (2.4.22) X ›1ê‰X §<� \⌅‰–⌧ ¯Ñ∞ê�  ��<\

Ò•X¿Jîm‰ƒt¨\‰.∏⌅§0(Twisor)ı⌅t|à¨îÛ<

\ Fourier¿XDXtt›1ê‰@®P ��<\\⌅�•tƒ‰.

t¿X@‰L¸⇡@ëXò ƒ§<�| Fourier¿XXÏªî‰.

l̃iȧ ! i
∂

∂µ̃

ȧ
i

,
∂

∂l̃

ȧ
i
! �iµ̃iȧ (2.4.27)

t ı⌅–⌧ ®‡ ¿⇠‰X ®ÑDWA
i =

�
l

a
i , µ̃

ȧ
i , hiA

�
| X‡, t| �

∏⌅§0(supertwistor)|Äx‰.Ï0⌧®ê Aî A = (ȧ, a, A)t‰.

� ∏⌅§0| µt � Ò� �⇠X ›1ê‰@ ®P  �T⇠‡, t|

¡⌘�<\ò¿¥t‰L¸⇡‰.

GAB =
nX

i

GA
i B =

nX

i

✓
WA

i ∂WB
i
� 1

4
d

ABWC
i ∂WC

i

◆
(2.4.28)

∏⌅§0ı⌅–⌧∞ÄƒÌX1»D⌅ËàLDÙ0⌅t anti-MHV

∞ÄƒÌD∏⌅§0ı⌅–⌧\⌅tÙê. anti-MHV∞ÄƒÌ@ |ii
§<�X Xtƒ� ¥Ÿ… Ùtmx–î ∆‰. ⌅Ë\ ƒ∞D µt ∏⌅

§0ı⌅–⌧∞ÄƒÌXπ’D¸⇠à‰. Fourier¿XDµt∞Ä

ƒÌ@Aanti-MHV
n (li, l̃i, hiA)–⌧Aanti-MHV

n (W)\¿X⇠‡‰LDª

î‰.

eAanti-MHV
n (W)

=
Z 0

@
nY

j=1

d2e
lj eihjµ̃ji

1

AAanti-MHV
n =

Z 0

@
nY

j=1

d2e
lj eihjµ̃ji

d

4(P)

1

A f (li)

=
Z

d4x
Z 0

@
nY

j=1

d2e
lj eihjµ̃ji�ixaȧ

P
j
e
l

ȧ
j l

a
j

1

A f (li)

=
Z

d4x

0

@
nY

j=1

d

2
⇣
e
µjȧ + l

a
j xaȧ

⌘
1

A f (li)

(2.4.29)
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tı⌅–⌧ anti-MHV∞ÄƒÌ@‰L¸⇡@ 2⌧X)�›tÃqX

îÛxX⇣–⌧î 0t⌧‰.

e
µjȧ + l

a
j xaȧ = 0 (2.4.30)

t 2⌧X )�›¸ ¨�� 1» L8– xaȧî (⇠(degree) 1x · D

\⌅\‰.[1]tî∏⌅§0ı⌅X n⌧X⇣‰ttı⌅–⌧\¡ ¡

– àî ÉD –\‰. ⌧4•–⌧î t@  ¨\ lp| �î ¥Ÿ… �

∏⌅§0ı⌅–�t¥¥¸Ét‰.17

17
¥Ÿ… � ∏⌅§0î Ï0⌧ Ò•\ ∏⌅§0@î ‰x ëtò ⇡@ CP3|4

X lp
|�ƒ‰.
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⌧ 3•

‡¨Ëƒ�›

(Loop-Level Formalism)

⌅ •–⌧î N = 4 SYM t`X �¿ Ëƒ(tree-level) ∞Ä ƒÌ

D⌅ËXåLDÙX‰.t•–⌧îtt`–⌧‡¨Ëƒ(loop-level)

∞ÄƒÌ–�tLDÙ$\‰.ÑXX D(––⌧ L-‡¨∞ÄƒÌ@

‰L¸⇡@�‹|�î‰.

AL-loop
n = iL

X

j

Z  LY

k=1

dD`k
(2p)D

!
1
Sj

njcjY

aj

p2
aj

(3.0.1)

®ê j î �•\ ®‡ L-‡¨ Feynman ƒ�‰– �Q⌧‰. ��X ƒ

�–⌧ `k î L-‡¨¥Ÿ…t‡ ajî|(¨⌧–�Q⌧®êt‰.⇣\

Sjî Feynmanƒ�X�mxê(symmetry factor)t‰.∞ÄƒÌX¥

ŸY�(kinematic) �Ù| Ù‡àî njî xÄÖê‰X ¥Ÿ…, ‡¨ ¥

Ÿ…‰¯¨‡∏⌘°0‰X¥�<\tË¥ƒ Lorentzà¿x‰m›

‰\ \⌅⌧‰. ¯¨‡ ¡⇠ cjî ∞i‰(couplings)¸ åt¿ p– �\

xê–�\�Ù|Ù˘XîÄÑt‰.‡¨Ëƒ–⌧X∞ÄƒÌXt

��(analytic)lpî�¿Ëƒ–⌧Ù‰ÄTı°X‰.�¿Ëƒ–⌧

@Ï¨˘(pole)‰t�ò-êÑ(branch-cut)πt1D�¿0L8t‰.

tà •–⌧î ‡¨ Ëƒ ∞Ä ƒÌD lXî )ï ⌘ Xòx |⇠T⌧

 »¿¨ )ï(generalized unitarity method)– �t LDÙƒ] `

Ét‰.
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3.1 |⇠T⌧ »¿¨)ï

t�–⌧î‡¨Ëƒ∞ÄƒÌDƒ∞Xîpà¥⌧⇣¨¨©⇠

î ’ »¿¨(unitarity)’ )ï– �t LDÙ‡ê \‰. L⌧X ‡¨|

�î∞ÄƒÌ@› (3.0.1)ò¸\⌅⇠‡t|‰L¸⇡tò¿¥ê.
Z

dD`
X

j

Jj (3.1.1)

Ï0⌧ Jjî› (3.0.1)–\⌅⌧<�Ñh⇠t‰.t�Ñ@Wickå⌅D

µt R1,3–⌧ R4\å⌅⌧ı⌅–⌧�Ñ\‰. »¿¨)ï@0¯

�<\∞ÄƒÌ–Ò•Xî|(¨⌧–(-XptD¸¥∞ÄƒÌX

˘lpX1»Dt©XÏ‡¨Ëƒ∞ÄƒÌDlXî)ït‰.0|

⌧‰L¸⇡@ptDÃqXî�Ì–�t›�tÙîÉt »¿¨

-)ï–�tLDÙî‹ëËƒ|‡ƒ`⇠à‰.

`2 = (`� p1 � p2)
2 = 0 (3.1.2)

tò¸‡¨¥ÄX¥Ÿ…D(-X–PåXî¸�D »¿¨-êÑ

(unitarity-cut)t|‡Äx‰.πàtΩ∞î 2⌧X¥ÄÖêX¥Ÿ…

D(-X–P»0L8–t| ‘2Öê »¿¨-êÑ’t|\‰. ‘ »

¿¨-êÑ’DXîΩ∞<�Ñh⇠

Ji =
1
Si

cini
· · · (`2) · · · (`� p1 � p2)2 · · · (3.1.3)

î πt1(singulariry)D �î ⇣‰t t¨\‰. ‘2 Öê  »¿¨-ê

Ñ’–⌧tπt⇣@⌅Xpt–⌧ò¸P|(¨⌧X¥Ÿ…t(-X–

àî¥ŸY�0Ù¸�(à‰. »¿¨)ï@⌘Y��¨(optical

theorem)\Ä0U•⌧‰.⌘Y��¨î∞ÄƒÌâ,(S-â,)– »

¿¨(unitarity)| ÄÏh<\ ªî‰. S-â,X  »¿¨î ‰L¸
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⇡@›Dµtò¿∏‰.

S = 1 + iT

S†S = (1 � iT†)(1 + iT) = (1 � i(T† � T) + T†T

=) T†T = �i(T � T†)

(3.1.4)

› 3.1.4X»¿…›DÙt‰L¸⇡@¨‰DL⇠à‰.

Mi! f = h f |T|iiÑDt©XÏ,

h f |T†T|ii =
X

s
h f |T†|sihs|T|ii

= M ⇤
s! f Mi!s = Im Mi! f

(3.1.5)

tî -Ÿ� ∞Ä ƒÌ–⌧ í@ (⇠X ∞Ä ƒÌX »⇠Äî ¯ Ù‰

Æ@ (⇠X ∞Ä ƒÌX Ò<\Ä0 l` ⇠ àLD –t�‰. 1-‡¨

Ëƒ–⌧t�ƒî‰L¸⇡tƒ›�<\\⌅⌧‰.

Im

0

BB@ 1-Loop

1

CCA =

p1

p2 p3

p4

`� p1 � p2

`

Tree Tree (3.1.6)

ƒ› 3.1.6X∞¿–⌧
N
î�•\®‡¡‹‰D‡$\‰îÉD\⌅

\Ét‰. 1-‡¨∞ÄƒÌX¥ÄÖê‰@�Ë(–ÃD»| N = 4

SYMt`X®‡�•\Öê‰¸hÿåt¿‡�Dt \Ò•Xî

 9(ghost)Öê‰ƒ t¨\‰. X¿Ã ⌘Y� �¨\Ä0 lXî 1-‡

¨∞ÄƒÌX»⇠Äî�¿Ëƒ∞ÄƒÌ<\tË¥8à0L8–

®P <¨�x Öê\ tË¥8 à<p �Ë(Ãt Ò•X‡ t– 0|

ƒ∞t T ⇠‘tƒ‰.  »¿¨-êÑ ¸�@ ¥Ÿ…D (-X– Pî

⌧\ptL8–‡¨-�Ñ–‰L¸⇡@ d-h⇠|ÏhXå\‰.1
Z

dD` d+(`
2)d+

�
(`� p1 � p2)

2� (3.1.7)

1Ï0⌧î 2Öê »¿¨-êÑ–�t0 \‰.

44



Ï0⌧ +î (-X ptD ÃqXî P ⌧X t ⌘ `0 > 0 x t| X¯

\‰.|⇠�<\‡¨�àîƒ�–⌧ »¿¨-êÑ@¥Ä-¥Ÿ…

�¿⇠–0|ÏÏàê|⇠à‰. |⇠�<\ N-àêÑD`Ω∞‡

¨ ¥ÄX ¥Ÿ… ⌘ N⌧X ¥Ÿ…D (-X– T‰. tÏ\ êÑ ¸�D

µt ‡¨ Ëƒ ∞Ä ƒÌD ¨l1` ⇠ à‰. tÏ\ ¸�D |⇠T⌧

 »¿¨ )ït| Äx‰. |⇠�<\ ‡¨ Ëƒ ∞Ä ƒÌ@ ‘›1

—i(spanning set)’‰X êÑ‰(cuts)\ Ä0 D⌅à ∞�⌧‰. t ›1

—i@ »¿¨êÑDµtªD⇠à‰.›1—i@‰ë\)ï<

\l`⇠àîp¯⌘Xòî ‘0¯ »¿¨êÑ’Dµ\)ït‰.

t êÑ@ ¸¥ƒ ∞Ä ƒÌX P ⌧X T Æ@ ËƒX ‡¨ Ëƒ ∞Ä

ƒÌ<\ò ¸îêÑt‰. L-‡¨∞ÄƒÌXΩ∞t0¯ »¿¨

êÑ<\Ä0⇣(êÑ⇠î‡¨¥ÄXÖê‰Dò$�p (L+1)-⌧X

Öê‰L¿X  »¿¨ êÑD ®‡ µ\(channel)| µt ªå ⇠t

›1—it�tƒ‰.tÏ\¸�Dµt�¿Ëƒ∞ÄƒÌÃÏh\

›1—i<\¿⇠à‰.�|‰t 2-‡¨ 4Öê∞ÄƒÌD›�t

Ùê.´à¯Ëƒît∞ÄƒÌDP⌧XÆ@ËƒX∞ÄƒÌ<\

\⌅XîÉt‰.ƒ›�<\î‰L¸⇡‰.

=) (3.1.8)

t ¸�–⌧î XòX 1-‡¨ Ëƒ ∞Ä ƒÌ¸ XòX �¿ Ëƒ ∞Ä

ƒÌ<\ òX¥ƒ P ⌧X ∞Ä ƒÌ¸ �� �¿ Ëƒ ∞Ä ƒÌ<\

òX¥ƒP⌧X∞ÄƒÌt⌥åPÄX\ò\‰.¯¨‡tP∞Ä

ƒÌ ⌘ ‡¨| ÏhXî ∞Ä ƒÌ@ ‡¨ ÄÑX ∞Ä ƒÌD T Æ@

ËƒX ∞Ä ƒÌ<\ ò⌅t⌧ �¿ Ëƒ ∞Ä ƒÌX êÑ<\ \⌅t
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�•X‰.ƒ›�<\î‰L¸⇡‰.

=) (3.1.9)

tÏ\ êÑD ®‡ �•\ µ\(channel)| µXÏ ‡$Xt ›1—i

D ªå⌧‰. ›1 —iD lXî ⇣ ‰x )ï@ ^–⌧ $Ö\ )›¸

⇠�X)•<\ƒâ⇠î ‘\�êÑ’Ä0‹ëXÏlXî)ïtà‰.

t)ï@N = 4 SYM–⌧πà ©X‰.∞ÄƒÌX¥Ä|(¨⌧|

®P(-X–T§¥Ä|(¨⌧‰DXò)(-XXptD∆p<\h

Öm–î |(¨⌧– �\ D4 ⌧\D P¿ Jî )ïD µXÏ ›1

—iDl\‰.¥§)ïDµXÏ›1—iDlà‰t®@|@®‡

µ\–⌧X,xêÑ–�\∞ÄƒÌX�Ñ\⌅D>îÉt‰.∞

ÄƒÌD »¿¨-êÑàDLX<�Ñh⇠@›1—iXêÑDò

DPXt∞ÄƒÌXD⌅\�‹|∞�”å⌧‰.tÏ\¸�⇣\‰

L¸⇡@P�¿)ïtt¨\‰.

1)êÑ-—i(cut-merging)¸�Dµ\∞ÄƒÌlï

2)�$Ät(ansatz)|t©\∞ÄƒÌlï

1)X ¸�@ ⌧\ ‰x êÑ‰D êÑ ptD ∆d <�Ñh⇠\ Ã‹

î)ït‰.t)ï@ [20]–òå⌧⌧—i-¸�(merging-process)D

�©‹⌧l\‰. 2)X¸�@⇠�X)•<\∞ÄƒÌDlXî¸�

t‰. t Ω∞ <� ¯¿X ‰⌧¿⇠| Ïh\ �$Ät(ansatz)| µt

∞Ä ƒÌD \⌅X‡  »¿¨ êÑD µt t ¯¿⇠| ∞�Xå ⌧

‰.∞ÄƒÌt�8|`1»‰D‡$Xp∞ÄƒÌX�‹|�†`

⇠à0L8– 2)X¸�¸⇡@)ï<\∞ÄƒÌDlXî)ïtÄ

T 8⌧‰.t•–⌧¨©⇠î)ï@ 2)|µ\)ït‰.t¸�D 1-

‡¨Ëƒ–⌧›�tÙê. 1-‡¨Ëƒ∞ÄƒÌ@|⇠�<\‰L¸
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⇡t\⌅⌧‰.[21]

A1-‡¨ =
X

i

C(i)
D I(i)D +

X

j

C(j)
D�1 I(j)

D�1 + · · ·+
X

k

C(k)
2 I(k)2 + R

(3.1.10)

Ï0⌧ I(i)m @ f

n
t`X§||�Ñtp R@ ¨(rational)mt‰. m–

0| ‡¨X ®ët ∞� ⇠‡ i– 0| xÄ �¿ ⇠� ∞� ⌧‰. �|

‰¥ I(i)4 @⇡@�§�Ñ@‰L¸⇡t\⌅⌧‰.

I(i)4 =
`

K

(i)
1 K

(i)
2

K

(i)
3K

(i)
4

=
Z

dD`
(2p)D

1

`2(`� K(i)
1 )2(`� K(i)

1 � K(i)
2 )2(`+ K(i)

4 )2

(3.1.11)

N = 4 SYM –⌧î 1-‡¨ ∞Ä ƒÌ@ �§m ÃD �–t ò L$8

à‰.[5][22] tÏ\ ¨‰@ Ht`D µt ª@ ∞¸t¿Ã, ‰L•–⌧

0∞å  BCFW-¨¿�ƒX |¨| µt }å ¸ ⇠ à‰.[23, 24] ⌧µ

�<\ BCFW-¨¿�ƒî∞ÄƒÌDıå⇠X�Ì–PåXÏt–�

\t��lp|¥¥⌅<\h∞ÄƒÌDªî)ït‰. N = 4 SYM

@ıåT⌧∞ÄƒÌt®Pp z–�t, 1
z\âŸ\‰.t|t©Xt

pà(bubble)m¸º��(triangle)mt∆¥–D¸⇠à‰.⇣\®‡

��mt`@ R = 0t‰.tΩ∞, »¿¨-êÑDµt⌧∞ÄƒÌ

DD⌅à∞�`⇠à0L8–t|êÑlï�•(cut constructible)

t|Äx‰.[5, 24].<�pàm–�t¥¥Ùê.pàm@ 2Öê »

¿¨-êÑDµt¥¥¸⇠à‰.ƒ›�<\î‰L¸⇡‰.

(3.1.12)
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t⌥åêÑDXtP⌧X�¿Ëƒ∞ÄƒÌXÒ<\\⌅⌧‰.
Z

d4
h1h2ALAR

=
1

2pi

Z

C•

dz
z

Z
d4

h1(z)d4
h2AL(z)AR �

X

f inite poles

Res
AL(z)AR(z)

z

�

(3.1.13)

t Ω∞  \\ ˘–⌧X  ⇠î º��mtò �§m<\ \⌅⇠î |

(¨⌧@�(àî˘t0L8–´¯mtpàm–�\0Ï|⌅É

ÑDL⇠à‰.¯ptΩ∞ Grassmann¿⇠| z–4�Xå∏î

Ét�•X‡⌅¥�Ñ✓@p z–�XÏ 1
zt⇠îÉDL⇠à¥p

àmt∞ÄƒÌ–Ò•X¿JLDL⇠à‰.»,�¿\º��m@

3ÖêêÑ–�\mD‡$h<\ªD⇠à‡ N = 4 SYM–⌧ît

mƒ ∆¥–D L ⇠ à‰.[24] t– 0| N = 4 SYM–⌧ 1-‡¨ Ëƒ

∞ÄƒÌ@‰L¸⇡t\⌅⌧‰.

A1-‡¨
n,N=4 =

X

i

C(i)
4 I(i)4 (3.1.14)

t⌥å §||�ÑX ⌅⌧| µt ∞Ä ƒÌt \⌅⇠t  »¿¨ ê

ÑD µt �Ñ^X ƒ⇠| ∞� ` ⇠ à‰. t t`–⌧î �§�ÑÃ

t¨X0 L8– 2 Öê êÑD µt⌧‡ \�-êÑD µt⌧‡ ƒ⇠|

lX0�lÃƒ‰.Ï0⌧,\�-êÑ–�\��Xt‰D^ πt⇣

(leading singularity)t|Ät‡t^ πt⇣@(-Xƒ�(on-shell

diagram)t|îë–�Q⇠¥åt¿t`Xlp|lXîpt©⇠

‡à‰.‰L�–⌧ît »¿¨-)ïDµXÏ 1-‡¨Ëƒ 4Öê

∞ÄƒÌ–�t¥¥¸Ét‰.
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3.2 1-‡¨Ëƒ 4Öê∞ÄƒÌ

t�–⌧î N = 4 SYMt`–⌧ 4Öê 1-‡¨�Ë(∞ÄƒÌ

– �t ƒ∞t Ùê. t Ω∞ 0t DÃ ∞Ä ƒÌ@ �� P ⌧X L¸

ëXò ƒ|�ƒÖê‰X∞ÄƒÌxΩ∞t‡|⇠�<\…-�,

⌧ 1-‡¨∞ÄƒÌ@‰L¸⇡‰.2

A1-‡¨
4 (1�, 2�, 3+, 4+) = A�¿4 (1�, 2�, 3+, 4+) I(4)4 (N)

I(4)4 (N) =
Z

d4�2e p
(2p)4�2e

N
p2(p � k1)2(p � k1 � k2)2(p + k4)2

(3.2.1)

Ï0⌧∞ÄƒÌ@ t’Hooft˘\x…t(planar)∞ÄƒÌD‡$\‰.

tLA�¿4 î…-��i NcTr(Ta1 Ta2 Ta3 Ta4)Xƒ⇠–�\mt‰.tƒ

⇠î 0¯�<\ �¿ Ëƒ ∞Ä ƒÌ<\ ò$¿î J¿Ã ��\ mD

ΩÖXÏ �¿ Ëƒ ∞Ä ƒÌ<\ Ã‰¥ ⌅ ⇠ à‡ t| �Ñ�<\

ºº ⇠ à‰. t ¸�–⌧ ®å ⇠î m@ ®P N– #¥�‰. t⌥å

∞ÄƒÌD\⌅`L ND∞�Xå⇠t 1-‡¨Ëƒ∞ÄƒÌDlX

å⌧‰. N = 4 SYMXΩ∞º��(triangle)tòpà(bubble)–X\

0Ï�∆<p$\¿�§�Ñ–Xt⌧ 4Öê∞ÄƒÌt∞�⌧‰.

<� s-µ\ êÑ– �t ‡$t Ùê. t Ω∞ 1-‡¨ ∞Ä ƒÌ@ êÑ

D 0�<\ P ⌧X �¿ Ëƒ ∞Ä ƒÌ<\ ò\‰. t| ƒ›�<\

\⌅Xt s-µ\ »¿¨êÑ@‰L¸⇡t\⌅⌧‰.

L R

1�

2� 3+

4+

`1

`2

(3.2.2)

êÑ ⌧ ∞Ä ƒÌ@ êÑD ¿òî t`¡ �•\ ®‡ Öê‰D ‡$

t ¸¥| \‰. N = 4 SYM– Ò•Xî Öê‰@ �Ë((1), òt¯(
2∏X¡ò ƒX0Ù@ (�,�,+,+)\Pê.
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(4),§||(6),⇠-òt¯((4),⇠-�Ë((1)tà‡,¥Ä|(¨⌧–⌧

Ò•`⇠ƒà‰.X¿Ã⌅Xò ƒ0Ù–⌧ s-µ\êÑXΩ∞–î

¥Ä |(¨⌧\ �•\ ∞Ä ƒÌ@ �Ë(Ã t¨\‰. �| ‰¥ ‡

¨ ¥Ä– òt¯(t ‰¥$î Ω∞| Ùt ò ƒ Ùt<\ �¿ Ëƒ

∞Ä ƒÌt A4(g+, g+, f+, f�) @ ⇡t ò¿ò‡ ��m� Ward mÒ

›– Xt t m@ ∞Ä ƒÌ– 0Ï| X¿ Jî‰. §||X Ω∞ƒ t

mÒ›Dt©XtlX‡êXîò ƒ0Ù–⌧∞ÄƒÌ@ 0t⌧‰.

0|⌧ s-µ\  »¿¨ êÑ<\ \⌅⇠î ∞Ä ƒÌ@ ‰L¸ ⇡@ P

⌧X�Ë(�¿Ëƒ∞ÄƒÌXÒ<\\⌅⌧‰.

A�¿4 (�`+1 , 1�, 2�, `+2 ) =
d

(8)(L)
h�`11ih12ih2`2ih`2 � `1i

A�¿4 (�`�2 , 3+, 4+, `�1 ) =
d

(8)(R)
h�`23ih34ih4`1ih`1 � `2i

(3.2.3)

Ï0⌧x¿h⇠‰Xxê L, R‰@��‰L¸⇡‰.

L = �|`1ih`1 + |1ih1 + |2ih2 + |`2ih`2 (3.2.4)

R = �|`2ih`2 + |3ih3 + |4ih4 + |`1ih`1 (3.2.5)

§<�Xt��çptx

|� pi = �|pi, |� p] = |p] (3.2.6)

|t©àLD XXê.t⌧⌅X�ƒ‰Dt©XÏ s-µ\êÑ∞Ä

ƒÌDlXt‰L¸⇡‰.

Cs =
Z

d4
h`1 d4

h`2

d

(8)(L)d(8)(R)
h`11ih12ih2`2ih`2`1ih`23ih34ih4`1ih`1`2i

=
d

(8)(Q̃)
h12ih34i

Z
d4

h`1 d4
h`2

d

(8)(R)
h`11ih2`2ih`2`1ih`23ih4`1ih`1`2i

= A�¿4 (1�, 2�, 3+, 4+)
h23ih41ih`1`2i4

h`11ih2`2ih`2`1ih`23ih4`1ih`1`2i
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= �A�¿4 (1�, 2�, 3+, 4+)
Ñ

(`2 + k2)4(`1 + k4)4 (3.2.7)

Grassmann�ÑXƒ∞DXîp‰L¸⇡@�ƒ›Dt©à‰.

d

(8)(R) =
1
4!

4Y

A=1

RA
ȧ RAȧ

d

(8)(L)d(8)(R) = d

(8)(L + R)d(8)(R) = d

(8)(Q̃)d(8)(R)

¯∞¸\ò(m‰@‰LDµt�¨à‰.

h2`2i[`22] = �2k2 · k`2 = �(k2 + k`2)
2, (k3 + k`2)

2 = (k4 + k`1)
2

h4`1i[`14] = �(k4 + k`1)
2, (k1 + k`1)

2 = (k2 + k`2)
2

t¸�–⌧®å⇠î› 3.2.7X»¿…⌅Xm Ñ@‰L¸⇡‰.

Ñ = �su(k2 + k`2)
2(k4 + k`1)

2 (3.2.8)

®P �¨XÏ s-µ\  »¿¨ êÑ ∞Ä ƒÌD ò¿¥t ‰L¸ ⇡

‰.

Cs = A�¿4 (1�2�3+4+)
su

(`2 + k2)2(`1 + k4)2

����
`2

1=`2
2=0

(3.2.9)

⇣\ t-µ\–⌧êÑ⌧∞ÄƒÌ@‰L¸⇡t\⌅⌧‰.

L R

2�

3+ 4+

1�
`1

`2

(3.2.10)

t-µ\ êÑ–⌧î ò ƒ 0Ù L8– N = 4 SYMX t`–⌧ t¨X

î®‡Öê‰t¥Ä�¿–Ò•\‰.X¿Ã��m�WardmÒ›D

µt t ∞Ä ƒÌ‰@ ®P �Ë( ∞Ä ƒÌ<\ \⌅` ⇠ à‡ t ¡

i–⌧ �Ë( ∞Ä ƒÌ@ ®P MHV ∞Ä ƒÌt¿\ Parke-Taylor
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\⌅Dµt⌅Ëàl`⇠à‰.t|t©Xt t-µ\ »¿¨êÑ

<\ò\�¿Ëƒ∞ÄƒÌ@‰L¸⇡‰.

A�¿4 (�`�h
1 , 2�, 3+, `h

2) =
h�`12i2+2hh`22i2�2h

h�`12ih23ih3`2ih`2 � `1i
A�¿4 (�`�h

2 , 4+, 1�, `h
1) =

h�`21i2+2hh`11i2�2h

h�`24ih41ih1`1ih`1 � `2i
(3.2.11)

t›Dµt t-µ\ »¿¨êÑ∞ÄƒÌDlXt‰L¸⇡‰.

A1-‡¨
4 (1�, 2�, 3+, 4+)

���
t�µ\

= suA�¿4 (1�, 2�, 3+, 4+)I4(s, t)
���
t�µ\

(3.2.12)

Ï0⌧ I4(s, t)î‰LX�Ñ›Dò¿∏‰.

I4(s, t) =
Z

d4�2e p
(2p)4�2e

1
p2(p � k1)2(p � k1 � k2)2(p + k4)2 (3.2.13)

tî ÑXX µ\– �t  »¿¨ êÑt ®P ⇡@ ✓D ¸î ÉD

X¯\‰.ÑXXµ\–⌧ 2Öê »¿¨êÑD¥¥ÙtêÑ⇠¿

J@ ¥Ä |(¨⌧� P ⌧ T t¨\‰. tî 1-‡¨ Ëƒ 4 Öê ∞Ä

ƒÌ–pà(bubble)�Ñtòº�(triangle)�ÑtÒ•X¿JLDX

¯\‰.0|⌧ (1�, 2�, 3+, 4+)ò ƒ0ÙX 1-‡¨ 4Öê∞ÄƒÌ@

‰L¸⇡‰.

A1-‡¨
4 (1�, 2�, 3+, 4+) = C4 I4

4 + C3 I4
3 + · · · = C4 I4

4

= suA�¿4 (1�, 2�, 3+, 4+)I4
4

= A�¿4 (1, 2, 3, 4)

(
� 1

e

2


(�µ

�2y2
13)

�e + (�µ

�2y2
24)

�e

�

+
1
2

log2
✓

y2
13

y2
24

◆
+

p

2
+ O(e)

)

(3.2.14)

⌅›X»¿…Ëƒ–⌧î§||�ÑD D = 4 � 2e\Xî(–p�

(dimensional regularization) )ïD µt ƒ∞ X�‰. »… ∆î ¡‹
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‰D ‰Ëî t`@ ®P IR(infrared) ⌧∞D �‡à‰. N = 4 SYM

t` ⇣\ IR ⌧∞D �ƒ‰. X¿Ã tÏ\ IR ⌧∞m@ D¸ ò L$8

à‰. IRm@D = 4 � 2e<\(–p�DXt L-‡¨∞ÄƒÌ–
1

e

2L

m<\ Ò•Xå ⌧‰. tî ‡¨ ¥X ¥Ÿ…t xÄ Öê@ hÿ Ÿ|

 �(collinear)3
t L@4x(soft)˘\–⌧��t

1
e

<\0Ï\‰.4

∞¨X�–⌧î � 1
e

2

�
(�µ

�2y2
13)

�e + (�µ

�2y2
24)

�e

�
mtt–t˘\

‰. QED–⌧ ⌧Ÿı¨(Bremsstrahlung)@ -”⇣ Ù�(vertex correc-

tion)D∞ÄËt�(scattering cross section)Dƒ∞Xt⌧<¨�!�

…Ëƒ–⌧î IR⌧∞t¨|–DUx\É¸»,�¿\�˘\�!

<¨…‰D ªD Lî IR ⌧∞mt ¡ƒ(D L ⇠ à‰.[26] t@ hÿ

N = 4 SYM–⌧ ∞q D�¡ (–(cusp anomalous dimension)D µ

t⌧ IR ⌧∞D ¡ƒ⇠î <¨…D $�` ⇠ƒ à‰.[27, 28] ⇣\ t

IR ⌧∞mt î©�(universal)\ 1»D �‡ à‰î ¨‰D µt ∞Ä

ƒÌD ABDK/BDS �$D µt \⌅à‡ [29, 30] t\Ä0 �›⌧ â

Ïh⇠(remainder function)òÏ¸(symbol)t|î<¨…XƒÖ<\

‡¨ Ëƒ ∞Ä ƒÌ Ñ|– �\ lƒ \⌧à ƒâ⇠‡ à‰. ‰L •

–⌧î t⌧L¿ ¥¥¯ åt¿ t`X ∞Ä ƒÌD BCFW-¨¿�ƒ|

µXÏ ¥¥¸ Ét‰. ⌧4•X »¿…–⌧î t •–⌧ ª@ 1-‡¨ 4

Öê∞ÄƒÌt BCFW|µtl\∞¸@⇡LDUx`Ét‰.

3P ÖêX ¥Ÿ…t ⌧\ D@Xî �ƒ�  L collinear | Äx‰. åt¿ t`
–⌧ collinear ˘\– �\ |Xî 1970D� ƒ⇠ tƒ\ l� ƒâ ⇣‡, t– �\
|Xî [25]–òå⌧¸à‰.

4�Ñ–⌧tÖê‰Xê ƒ@(–¡X8⌧\Ò•\‰.
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⌧ 4•

BCFW-¨¿�ƒ›¸¯Q©

⌅•L¿î Feynmanƒ�–XtXîƒ∞DµXÏD�Xåt

¿t`D -Ÿ�x ëê• t`D µXÏ ¥¥ÙX‰. t )ï@ xÄ�

¿�ò¥®–0|ƒ∞Xı°ƒ⇣\ƒ≠òåò¥ú‰.X¿Ãt|

µt ªå⇠î ∞¸î �4òƒ ⌅Ëà‰. tÏ\ ⇣– �\ X8D t

∞X0⌅\\�¿x%<\ Britto, Cachazo, Feng, Wittent⌧H\

)ït à‰.[2, 3] t| BCFW-¨¿�ƒ| Äx‰. t •–⌧î t‰t

⌧H\ �¿ Ëƒ ∞Ä ƒÌ– �\ |X@ hÿ t| t©Xt ⌅ •–

⌧ ∏ \ ë‰– �\ |⇠� ùÖD ` Ét‰. \¸–î t )ït ‡

¨ Ëƒ–⌧ƒ |X⇠‡ à<p t| ¥Ÿ… � ∏⌅§0(momentum

supertwistor)ı⌅–⌧¥ªå\⌅⇠î¿¥¥Ù‡ê\‰.

4.1 �¿Ëƒ BCFW-¨¿�ƒ›

t �–⌧î �¿ Ëƒ BCFW-¨¿ �ƒ›– �\ |⇠�x |X@

hÿ Yang-Mills t`–⌧ BCFW-¨¿�ƒX  ®1– �XÏ ¥¥¸

Ét‰. ⇣\ Feynman ƒ�D µt ƒ∞ ` Ω∞ 38⌧X mD ƒ∞t|

\‰.…-�⇠@�(⌧mÒ›¸ BCFW-¨¿�ƒ|t©Xt Feynman

ƒ�D ƒ∞Xî )ï<\î ¡˘\ ƒ∞t Dî\ n = 6 NMHV ∞

Ä ƒÌD Ù‰ ⌅ËXå lXå (<\h BCFW-¨¿�ƒX �%hD

Uxt¸⇠à‰.
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4.1.1 Britto-Cachazo-Feng-Witten¨¿�ƒ›

t å�–⌧î BCFW-¨¿�ƒ– �t LDÙƒ] Xê. t �ƒ›

@�¿Ëƒ–⌧X�Ë((gluon)∞ÄƒÌXƒ∞…D�Ì⌅Ï�‰.

òL t �ƒ›t ƒÖ⇣D Lî �¿ Ëƒ–⌧X ∞Ä ƒÌ– �\ t

`t»¿Ã \¸–î t �ƒ� ‡¨ Ëƒ–⌧ƒ \©⌧‰î ÉD Lå

⇠»‰.•ƒ‡¨Ëƒ–�\|X–⌧t–�\¥©D‰Ét‰.

BCFW¨¿�ƒ›@�¿Ëƒ∞ÄƒÌ–⌧¥§ÑXXPÖê

X ¥Ÿ…D ıåT‹⌧ ÑXX �¿ Ëƒ ∞Ä ƒÌt P ⌧X T �@

�¿‰X on-shell ∞Ä ƒÌX Ò<\ ò¿ú‰î �ƒ– �\ ›t‰.

t�ƒ›@lå8ËƒX¸�Dp–ªD⇠à‰.

1)∞ÄƒÌ–⌧ n⌧XÖê‰⌘ 2⌧XÖê‰DıåT‹®‰.

t Ëƒ–⌧ ıåT ⇠î ¥Ÿ…‰D ∏X¡ pi, pjt|‡ X‡ ¥Ÿ…D

‰L¸⇡t¿T‹§ê.

pi ! pi(z) = pi � zz, pj ! pj(z) = pj + zz

z

2 = 0, pi · z = pj · z = 0
(4.1.1)

t⌥å¥Ÿ…DıåT‹§t‰L¸⇡@ptDÃq‹®‰.

pi(z)2 = pj(z)2 = 0 ((-Xpt)

pi(z) + pj(z) = pi + pj (¥Ÿ…Ùt)
(4.1.2)

› (4.1.1)–⌧ z| SL(2, C)X\⌅<\ò¿¥t‰L¸⇡‰.1

zaȧ = |j]ahi|ȧ, z

ȧa = |iiȧ[j|a (4.1.3)

1i $ j|‘⌧ ›tƒ› 4.1.1DÃq\‰.
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t|t©Xt¥Ÿ…@‰L¸⇡t\⌅⌧‰.2

piaȧ(z) = �(|i]a + z|j]a)hi|ȧ, pȧa
j (z) = �(|jiȧ � z|iiȧ)[j|a (4.1.4)

¯ÏtıåT⌧§<�‰@‰L¸⇡t\⌅⌧‰.

|i]a ! |i]a + z|j]a, |jiȧ ! |jiȧ � z|iiȧ (4.1.5)

t| [iji-¿�t|Äx‰.

2)ıåT⌧∞ÄƒÌ<\–òX∞ÄƒÌD\⌅\‰.

∞ÄƒÌ@¥Ÿ…¸∏⌘°0–�\h⇠t¿\¥Ÿ…tıåT(–

0|∏⌘°0⇣\ıåT⇠‡t–0|∞ÄƒÌ⇣\ıåT(DL

⇠à‰.t∞ÄƒÌDıå⇠ zXh⇠x An(z)|Pê.˘Ñ⌅ z ! •

–0| A(z) ! 0t(D��Xê.∞ÄƒÌtp z–�t 0<\�î

pŸ–�t⌧î‰L�–⌧‰Ï‰.⌅X¸�Dµt¥Ÿ…DıåT

‹§t∞ÄƒÌAî A(z)|z=0ÑDL⇠à‡tî‰L¸⇡@�ÑD

µXÏl`⇠à‰.

0 =
1

2pi

I

C•

dz
z
A(z) = A(0) +

X

poles

Res
A(z)

z

�

p
(4.1.6)

^⌧∏ àÔ,t�Ñ–⌧î z ! •–⌧X0Ïƒî4‹X�‰.

3)¸� 2)X› 4.1.6–Ò•Xî ⇠✓(residue)Dl\‰.

t›–⌧\⌅⌧ ⇠✓@ An(z)Xt��lp–Xt∞�⌧‰.�¿

Ëƒ∞ÄƒÌ–⌧îÑ¿�Ë(branch cut)⇡@πt1tt¨X¿J

îË⌧˘⇣(simple pole)ÃD�ƒ‰.�¿ËƒX Feynmanƒ�–⌧

2Ï0⌧ zaȧ = |j]ahi|ȧ\ ›XÏ›D⌅⌧à‰.
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¥ÄX |(¨⌧(Propagator)X �‹� 1
P2

I
t¿\ An(z)X Ë⌧ ˘⇣@

P2
I = 0x Û– ⌅X\‰. 0|⌧ P2

I = 0t ⇠î ıå¿⇠ z| µt ⌅

�ÑX ⇠(residue)✓Dl\‰.¯p¥Ä|(¨⌧�(-XptD

�¿t t ∞Ä ƒÌ@ (-X ptD �î |(¨⌧| ⌘Ï<\ P ⌧X

T �@ ⌧⇠X �¿ Ëƒ ∞Ä ƒÌ¸ ¯ |(¨⌧X Ò(factorization)

<\\⌅⌧‰.[31, 32]�¿Ëƒ n Öê∞ÄƒÌDl`L¥§P¥

Ÿ…X ıåT– ÑX1t t¨X¿Ã, ⌅X |X� 1Ω⇠0 ⌅t⌧î

¥Ä |(¨⌧| 0�<\ Ñt(factorization)⇠î P ∞Ä ƒÌt ��

XòX ıåT⌧ ¥Ÿ…D �î xÄ Öê| �8| \‰. Ã| ¥ê X

òX ∞Ä ƒÌ–Ã ıåT⌧ P ¥Ÿ…t `˘¸ à‰t ∞¨� $�\

¥Ä|(¨⌧îË|˘⇣D�å⇠¿Jå⇠‡⌅X|X|‹ë`⇠

∆‰.0|⌧¥§P¥Ÿ…DıåT‹§ttP¥Ÿ…@Ë|˘⇣D

�å⇠î|(¨⌧|⌘Ï<\��ëΩ<\ò ¿å⌧‰.t⌧⌅X

)ïDµt‰⌧t�ƒ›D�…�<\ltÙê.t�ƒ›DlXî

pà¥⌧|(¨⌧–�\|X�D¸⌘îX‰.ƒ∞DÙ‰⌅ËXå

X‡ê‰L¸⇡@ëD�X\‰.

Pl,k ⌘ pl + pl+1 + · · ·+ pk�1 + pk (4.1.7)

tL⌅X¸�@ƒ›�<\‰L¸⇡t\⌅⌧‰.

i

i + 1

i� 1

j � 1

j

j + 1

�!
X

h
L Rî

ĵ

j � 1

j + 1
i� 1

i + 1
k

k + 1

l � 1
l

h

�h (4.1.8)

ƒ› (4.1.8)–⌧|(¨⌧|⌘Ï<\|Ω–àî∞ÄƒÌDAL(z),$

xΩ–àî∞ÄƒÌD AR(z)|Xê. Feynmanƒ�<\Ä0lXî

∞Ä ƒÌ@ -Ÿ� ⌅⌧–⌧ Ÿ| (⇠(order)‰X �•\ ®‡ it|
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î ⇣D µt n⌧X �Ë(– �\ �¿ Ëƒ ∞Ä ƒÌ@ ‰L¸ ⇡t

ò¿º⇠à‰.

lim
PI(z)2!0

An(z) �!
X

l,k2P

X

h=±

Ah
L(z)A�h

R (z)
P2

l,k(z)
(4.1.9)

Ï0⌧ Pî iDÏhXî�•\®‡î⌅X�⇠—it‡tLòX¥

ƒX⌅∞ÄƒÌ@‰L¸⇡‰.

AL(zl,k) = A(�P̂h
l,k, l, ..., k), (4.1.10)

AR(zl,k) = A(k + 1, ..., l � 1, P̂�h
l,k )

Ï0⌧ •̂\⌅@ ıåT ⌧ ¥Ÿ… p̂i⇣î p̂j| lÑ ”0 ⌅t ò¿∏ \

⌅t‰.¯⌥‰tt⌧ P̂2
l,k = 0t⇠î z|>ê.

P̂2
l,k = (Pl,k � zz)2 = P2

l,k � 2zz · Pl,k

�! zl,k = � P2
l,k

hi| 6Pl,k|j]
(4.1.11)

t|t©t⌧ An(z)|‰‹ò¿¥t‰L¸⇡‰.

An(z) =
X

l,k2P

X

h=±

Ah
L(zl,k)A�h

R (zl,k)

(z � zl,k)hi| 6Pl,k|j] (4.1.12)

0|⌧

Res
A(z)

z

�

p
= �

X

l,k2P

X

h=±

Ah
L(zl,k)A�h

R (zl,k)

P2
l,k

(4.1.13)

ÑD ªå ⇠‡ \Ö�<\ n⌧X �Ë(– �\ �¿ Ëƒ ∞Ä ƒÌ

An(0)@‰L¸⇡‰.

An =
X

l,k2P

X

h=±

Ah
L(zl,k)A�h

R (zl,k)

P2
l,k

(4.1.14)

t �ƒ›D BCFW-¨¿�ƒ› t| \‰. BCFW-¨¿�ƒ›@ ¥§ n

Öê �¿ Ëƒ ∞Ä ƒÌD Feynman ƒ�D ¡⌘ ƒ∞X¿ J‡ T Æ
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@�¿X∞¸|t©Xî)ï<\∞ÄƒÌDl\‰.t|t©Xt

t⌅�–⌧å⌧⌧ÑXX nÖê–�\ Parke-Taylor›X\⌅–�\

ùÖt �•X‰. Ï0⌧î ⌅ËXå An(1�, 2�, 3+, · · · , n+)– �t

Parke-Taylor ›t 1ΩhD Ùtê. t| Ùtt ��m� Ward mÒ

›D µt ÑXX i, j à¯ ¥Ÿ…X ò ƒ� Lx MHV ∞Ä ƒÌD

ªî‰.<�ƒ›�<\t›Dò¿¥t‰L¸⇡tÑt⌧‰.

An(1�, 2�, 3+, · · · , n+) =
nX

k=4

1̂� 2̂�

n

+

k

+
(k � 1)+

3+

L R
P̂I

=
nX

k=4

X

hI=±
An�k+3(1̂�,�P̂hI

I , k+, . . . , n+)
1

P2
I

⇥Ak�1(P̂�hI
I , 2̂�, 3+, . . . , (k � 1)+)

(4.1.15)

⌅X ƒ› (4.1.15) | ¥¥Ùê. Ï0⌧ An�4(�,+,+, . . . ,+) = 0t|

î ¨‰\Ä0 Ltò R– 8 ⌧X �¿Ã ®î Ω∞Ãt ∞Ä ƒÌ– 0

Ï\‰îÉDL⇠à‡ƒ›�<\î‰L¸⇡‰.

An(1�, 2�, 3+, · · · , n+)

=

1̂� 2̂�

n

+
(n� 1)+

3+

L R
P̂I

1̂� 2̂�

3+

L R
P̂I

+ �
+

1̂� 2̂�

n

+

4+ 3+

L R
P̂I

� +

(4.1.16)
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t⌥åò(Pƒ�–⌧´à¯ƒ�D<�ƒ∞tÙê.

1̂� 2̂�

n

+
(n� 1)+

3+

L R
P̂I

1̂� 2̂�

3+

L R
P̂I

+ �

=
[�P̂In]4

[�P̂In][n1̂][1̂ � P̂I]

1
P2

I

hP̂I2i4

hPI2ih23ih34i · · · h(n � 1)P̂Ii

(4.1.17)

Ï0⌧ PI = Pn,1 = p1 + pnt‡‰L¸⇡@t��ç(analytic con-

tinuation)Dt©Xê:

|� pi = �|pi, |� p] = |p] (4.1.18)

t|µt› 4.1.17|‰‹ò¿¥Ùê.› (4.1.17)–⌧Ñt⌧∞ÄƒÌ

⌘|Ω∞ÄƒÌ AL@‰L¸⇡‰.

AL =
[�P̂I n]4

[�P̂I n][n 1̂][1̂ � P̂I]
=

[P̂I n]4

[P̂I n][n 1̂][1̂ P̂I]

⌅Xm@ P̂µ

n,1 = p̂µ

1 + pµ

nt‡, P̂µ

n,1î(-XptDÃqXîÉDt©

`⇠à‰.t|‰‹t‰L¸⇡‰.

P̂2
n,1 = ( p̂µ

1 + pµ

n)
2 = 2p̂1 · pn = �h1 ni[n 1̂] = h1 ni[1̂ n] = 0

(4.1.19)

(-XptDµt [1̂ n] = 0Dª‡t|t©Xt [P̂n,1 n]¸ [1̂ P̂2n,1]X

✓⇣\l`⇠à‰.

|P̂n,1i[P̂n,1 n] = �6Pn,1|n] = �( 6 p̂1 + 6pn)|n] = |1i[1̂ n] = 0 (4.1.20)

|P̂n,1i[P̂n,1 1̂] = �6Pn,1|1̂] = �( 6 p̂1 + 6pn)|1̂] = |ni[n 1̂] = 0 (4.1.21)

0|⌧⌅Xƒ�@∞ÄƒÌ–D40Ï|X¿Jî‰.tt \

ƒ› (4.1.16)–⌧Pà¯ƒ�Ãƒ∞Xt An(1�, 2�, 3+, · · · , n+)|
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ªD⇠à‰.

An(1�, 2�, 3+, · · · , n+) =

1̂� 2̂�

n

+

4+ 3+

L R
P̂I

� +

=
h1̂P̂Ii4

h1̂P̂IihP̂I4ih45i · · · hn1̂i
1

P2
I

[3 � P̂I]4

[�P̂I2][23][3 � P̂I]

=
h1̂P̂Ii3

hP̂I4ih45i · · · hn1̂i
1

P2
I

[3P̂I]3

[P̂I2̂][2̂3]

=
h1̂P̂2,3i3

hP̂2,34ih45i · · · hn1̂i
1

h23i[2 3]
[3P̂2,3]3

[P̂2,32̂][2̂3]

(4.1.22)

⌅X› (4.1.22)@‰L¸⇡@ƒ∞Dµt •̂Dó®º⇠à‰.

h1̂P̂2,3i[3P̂2,3] = h1̂| 6P̂2,3|3] = h1̂| 6 p̂2 + 6p3|3] = �h1̂2i[23] = �h12i[23] (4.1.23)

hP̂2,34i[P̂2,32̂] = h4| 6P̂2,3|2̂] = �h43i[32] (4.1.24)

t|µt› (4.1.22)|‰Ï¥Ùt‰L¸⇡‰.

An(1�, 2�, 3+, · · · , n+) =
(�h12i[23])3

�h43i[32]h45i · · · hn1i
1

h23i[23][23]

=
h12i4

h12ih23ih34i · · · hn1i (4.1.25)

BCFW¨¿ı›Dµt⌧ n < 6–⌧îMHV∞ÄƒÌÃtt¨\‰î

¨‰⇣\}åÙ|⇠à‰.
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4.1.2 z ! •–⌧X An(z)XpŸ

t⌅�–⌧îıåT⌧∞ÄƒÌt z ! •–⌧ 0t(D��X‡

|X| ƒâXÏ BCFW-¨¿�ƒ| ª»‰. t �–⌧î tÏ\ ��X

 ®1–�t¥¥¯‰.πà Yang-Millst`–⌧|X|ƒâ\‰.|

X–^⌧ Yang-Millst`–⌧ z ! •–�\MHV∞ÄƒÌXpŸ–

�tLDÙê. MHV∞ÄƒÌ@ Parke-Taylorı›Dµt\⌅⌧‰.

An(1+, 2+, ..., i�, ..., j�, ..., n+) =
hi ji4

h1 2ih2 3i · · · hn 1i (4.1.26)

BCFW-¨¿ �ƒ›–⌧î ∞Ä– �ÏXî n⌧X Öê‰ ⌘, P ⌧

XÖê|›XÏıåT‹®‰. MHV∞ÄƒÌ@t⌥åıåT⌧P

ÖêX ò ƒ– 0| z– �\ Xt1t ¿Xî Ét ÖUXå Ùx‰.

ıåT⌧PÖêî‰L¸⇡@$ÄX\òX‡t–0x∞ÄƒÌX

z–�\Xt1@‰L¸⇡‰.

1) p̂i = pi � zz[iji
p̂j = pj + zz[iji

=)
8
<

:
An(z)! z�1, (i, j �x⌘)

An(z)! z�2, (¯x)

2) p̂i = pi � zz[iki(k 6=j)

p̂k = pk + zz[iki
=)

8
<

:
An(z)! z�1, (i, k �x⌘)

An(z)! z�2, (¯x)

3) p̂i = pi � zz[kii(k 6=j)

p̂k = pk + z[kii
=)

8
<

:
An(z)! z2, (i, k �x⌘)

An(z)! z3, (¯x)

4) p̂k = pk � zz[kli(k,l 6=i,j)

p̂l = pl + z[kli
=)

8
<

:
An(z)! z�1, (l, k �x⌘)

An(z)! z�2, (¯x)

Ï0⌧ [··i@¿�⇠î§<�|X¯\‰. BCFW-¿�–⌧ıåT⇠î

PÖêîê må ›`⇠à‡MHV–⌧î∏⌧‡ z ! •–⌧∞

ÄƒÌt 0t⇠ƒ]Xî ›t�•X‰. Yang-Millst`–⌧MHV

� DÃ |⇠�x ∞Ä ƒÌ– �t⌧ƒ t ¸•@  ®X‰. BCFW-¿
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�Dµtªî∞ÄƒÌXp z–�\pŸD Feynmanƒ�Dµt⌧

⌅ËXå  ît Ùê. z ! •–⌧X ∞Ä ƒÌD ›�` Ét¿\ ∞

Ä– 8ÏXî n⌧X Öê ⌘ ∞Ä ƒÌ– ¿0�x �•D ¸î Öêî

ıåT⇠îP⌧XÖêt‰.ƒ›�<\î‰L¸⇡‰.

î

ĵ =) î

ĵ

(4.1.27)

∏X¡ıåT⇠î�¿| i, jà¯�¿\°X‰. z ! •–⌧XΩ•

1D¸Ét¿\t¡i–⌧ 0t⇠¿Jî nÖê∞ÄƒÌ@ 3--”⇣

h⇠ n⌧@ n � 1⌧X¥Ä|(¨⌧\tË¥8àLDL⇠à‰.t‰

@�� z–�t ��<\D@X0L8– n--”⇣h⇠î
zn

zn�1 = z

– D@hD L ⇠ à‰. ∞Ä ƒÌ@ n--”⇣ h⇠– ∏⌘ °0| ¥�

\ ët‡ t ∏⌘ °0‰ ⌘ i, jà ¯ ∏⌘ °0‰@ ıåT¸ à‰. ›

(2.2.35)–⌧∏⌘°0‰@PÖê®P
1
z
–D@hDL⇠à‡t–0

x∞ÄƒÌ@
1
z
–D@hDL⇠à0L8– z ! •–⌧∞ÄƒÌt

0t ⇠î ıåT� �•X‰. t⌧î t 1»D |¯ë¿H Ëƒ–⌧ ¥

¥Ùê. z ! •<\xtıå∞ÄƒÌXıåT⌧PÖêX¥Ÿ…@

‰xÖê–Dt‰∞l‰.tî»XÄ‹Ï¥(soft)0Ω(background)

–⌧ p ¥Ÿ…D �ƒ P Öê� ©ÃXî É¸ ⇡@ ®¸| �‰. 0|

⌧ ıåT ⇠¿ J@ Öê‰t Ã‰¥¥î Ä‹Ï¥ 0Ω–⌧ ıåT ⌧

p ¥Ÿ…X P Öê� ©ÃXî ∞Ä ƒÌ– �\ ƒ∞D µt z ! •

–⌧X ∞Ä ƒÌX pŸD ¥¥¸ ⇠ àLD Lå ⌧‰. ıåT ⇠¿ J

@�Ë(‰tÃ‰¥¥î0Ω•(background field)–⌧ıåT⌧P

ÖêX∞ÄƒÌD Mµn|X‡t–�t¥¥Ùê.Ä‹Ï¥0Ω–⌧

Xåt¿•¸t–0xı¿¯Ñ(covariant derivative)Dò¿¥Ùt
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‰L¸⇡‰.

A
µ

= A
µ

+ a
µ

, D
µ

= D
µ

� ia
µ

(4.1.28)

Ï0⌧⌅›X∞¿X´¯m@0Ω•–�\mt‡Pà¯m@t

– �\ îŸ •(fluctuation field)– X\ mt‰. t Ω∞ • 80 P⌧

F
µn

î‰L¸⇡tò¿º⇠à‰.

F
µn

= F
µn

+D
µ

a
n

�D
n

a
µ

� i[a
µ

, a
n

] (4.1.29)

t–0x a
µ

–�\ YM|¯ë¿H LYMXt(m@‰L¸⇡‰.

LYM = � 1
4g2 Tr(D[µa

n]D[µan]) +
i

2g2 Tr([a
µ

, a
n

]Fµn) (4.1.30)

Dî 0Ω • A– �\ ı¿ ¯Ñt‡, F
µn

î 0Ω •– �\ • 80

P⌧t‰.Ï0⌧ A@ a–�\åt¿�m1tt¨Xîp (D
µ

aµ)2
D

|¯ë¿H–Tt�<\h a–�\åt¿ê ƒ|‡�Xê.åt¿

‡�⌧|¯ë¿H@‰L¸⇡‰.

LYM = � 1
4g2 Tr(D

µ

a
n

Dµan) +
i

2g2 Tr([a
µ

, a
n

]Fµn) (4.1.31)

t |¯ë¿HD Ùt ´ ¯m Ãt O(z)x -”⇣ h⇠| ⌅ ÉÑD L

⇠ à‡ t– 0| z ! •–⌧ ∞Ä ƒÌ– 0ÏXî ✓@ t m<\Ä

0 ò, ÉD L ⇠ à‰. ⇣\ t ´ à¯ m@ a
n

•X ®ê– �t⌧Ã

Lorentz¿XDXîΩ∞–ƒ¿X¿Jî‰.t�mD�T⌧ Lorentz

§@ �m(enhenced Lorentz spin symmetry)t|‡ Ät‡ t– �t

®ê‰D‘t‰L¸⇡t|¯ë¿HD¯⇠à‰.

LYM = � 1
4g2 Tr(habD

µ

aaDµab) +
i

2g2 Tr([aa, ab]F ab) (4.1.32)

t |¯ë¿HD µt 2 Öê ∞Ä–⌧ O(z)– D@Xå ⇠î -”⇣

(vertex)@0Ω•¸îŸ•t∞iXÏò$îmt‰.⇣\tm@m
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¡ h

abmD ÏhX¿\ t m– X\ ∞Ä ƒÌ@ m¡ h

ab– D@Xî

mt⌧‰.› (4.1.32)XPà¯mt∞ÄƒÌ–0ÏXt⌧|(¨⌧

(propagator)mtm¡‰¥�‡t–0xm@ z�1–D@\‰.0|⌧

2Öê∞ÄƒÌ–�\m@‰L¸⇡t\⌅`⇠àå⌧‰.

Mab = (cz + · · · )hab + Aab +
1
z

Bab + · · · (4.1.33)

tL Aabî a, b– �XÏ ⇠�m(antisymmetric)t‰. Yang-Mills t`

–�\WardmÒ›@Mab–�\⌧}pt(constraint)DT�‰:

pia(z)Mab
ejb = 0 (4.1.34)

Ï0⌧ pia(z) = pi � zzt‡ [iji-¿�Dµt z|$�\‰.∏⌘°0–

⌧ Ñ®X §<� ¥� ✓‰@ zX Xtƒ� ∆0L8–3
t |X–⌧î

∏⌘ °0X Ñ®| ›µXÏ ¨©Xê. t| t©Xt z = e

�
i = e

+
j �

⌧‰. ^<\X |X| ⌅t e

+
i , e

+
i | SL(2, C)–⌧ \⌅Xê. ¥Ÿ…X

ıåT\xt∏⌘°0–ƒ‰L¸⇡@¿T�›4‰4,5:

e

+
i (z) = |i]hj|+ zpj, e

�
i (z) = |j]hi|

e

�
j (z) = |i]hj|� zpi, e

+
j (z) = |j]hi|

(4.1.35)

t‰Dt©Xt∞ÄƒÌX zXXtƒ|L⇠à‰.∞ÄƒÌ@^⌧

\⌅⌧› (4.1.33)X 2--”⇣h⇠Mab–∏⌘°0‰t¥�⌧✓t‡

∏⌘ °0X ò ƒ– 0|M�+, M��, M+�, ¯¨‡M++, t⌥å

$ �¿ �•\ 0Ù(configuration)X ∞Ä ƒÌ‰t t¨\‰. òÙ\

⌧⌧�\ zXXtƒ|LDÙê.Ï0⌧WardmÒ›DÄTÄ¥⌧h

Ùt t mÒ›X  ©1t Ä T ÖUà Ùx‰. �| ‰t ‰L¸ ⇡@
3hî ĵi = hi|(|ji � z|ii) = hiji
4®êî aȧ⌧<\ÖUX0L8–›µà‰.
5
¥Ÿ…t [iji-¿�D µt ıåT ⇠î Ω∞, t– 0x ∏⌘ °0î ¥Ÿ…– �\

∏⌘¡‹– �\ §<�Ã ıåT ⌧‰. ›4.1.35–⌧ ∏⌘ °0‰X 0�(reference) ¥
Ÿ…@ t– �t �•D �¿ J‡, 0� ¥Ÿ…D qi, qj| \‰t qi = pj, qj = pi\
$�à‰.
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WardmÒ›DµtM�+
X zXtƒ|L⇠à‰:

piµ(z)Mµn

e

+
jn = (pi � zz)

µ

Mµn

e

+
jn = 0

�! z

µ

Mµn

e

+
jn =

1
z

piµMµn

e

+
jn

(4.1.36)

1) M�+
xΩ∞:

M�+ = e

�
iµMµn

e

+
jn = z

µ

Mµn

e

+
jn =

1
z

piµMµn

e

+
jn

=
1
z

piµ

✓
(cz + · · · )hµn + Aµn +

1
z

Bµn + · · ·
◆

e

+
jn

=
1
z

piµ

✓
Aµn +

1
z

Bµn + · · ·
◆

e

+
jn ⇠ 1

z

(4.1.37)

2) M��
xΩ∞:

M�� = e

�
iµMµn

e(z)�jn =
1
z

piµMµn(z⇤ + zpi)n

=
1
z

piµ

✓
(cz + · · · )hµn + Aµn +

1
z

Bµn + · · ·
◆
(z⇤ + zpi)n

=
1
z

piµ Aµn

z

⇤
n

+
1
z

piµBµn pin + · · · ⇠ 1
z

(4.1.38)

z

⇤
aȧ = |i]ahj|ȧt‡, pi · z

⇤ = 0, p2
i = 0, ¯¨‡ piµ pin Aµn = 0D t©à

‰.

3) M+�
xΩ∞:6

M+� = e(z)+iµMµn

e(z)�jn

= (z⇤ � zpj)µ

✓
(cz + · · · )hµn + Aµn +

1
z

Bµn + · · ·
◆
(z⇤ + zpi)n

⇠ z3

(4.1.39)

6N  4��mtàîΩ∞,tm@ z3�N –D@Xå⌧‰.[33]
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4) M++
xΩ∞:

M++ ⇠ 1
z

(4.1.40)

tΩ∞ pjµMµn

ein = 0Dt©à‡M��
@D∑\)ïDµtl`⇠

à‰. Yang-Mills t`–⌧ �Ë( ⌅X �¿ Ëƒ ∞Ä ƒÌt z ! •

–⌧ ¡ƒ⇠î zX  ›t ⇠‹‹ t¨hD LX‰. ¯¨‡ zX  ›–

�\ê ƒ�à0L8–^⌧l\ BCFW-¨¿�ƒî Yang-Millst

`–⌧ ®\�ƒ|îÉDL⇠à‰.
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4.1.3 �⌧: n=6 NMHV∞ÄƒÌ

t å�–⌧î NMHVX �• ⌅Ë\ �x A6(1, 2, 3, 4, 5, 6) | ƒ

∞h<\h BCFW-�ƒ›X ®(1– �t ¥¥Ù‡ê \‰. NMHV

∞Ä ƒÌ@ n � 6Ä0 t¨\‰. t Ω∞ �•\ ò ƒ(helicity)X

0Ù@ (�,�,�,+,+,+), (+,+,�,+,�,�), (+,�,+,�,+,�)t‰.

A6(1�, 2�, 3�, 4+, 5+, 6+)– �t ƒ∞t Ùî É Ã<\ ò8¿ P ∞

Ä ƒÌX ƒ∞ï@ ©Ñà L ⇠ à‰. 0|⌧ t 0Ù– �t⌧Ã ƒ∞

Xƒ]Xê.tƒ∞–⌧¿�⌧(deformed)§<�î |1], h6|t‡t|
[16i-¿�t| Äx‰. NMHV ∞Ä ƒÌ A6(1�, 2�, 3�, 4+, 5+, 6+)î

BCFW-�ƒ| µt 8 ÖXX Ñt⌧ ƒ�‰\ l1⌧‰. n = 6x Ω∞

∞Ä ƒÌt BCFWÑt  Ω∞ Ñt⇠î Öê‰t ®P 5 Öê tXX

∞ÄƒÌ<\Ñt⌧‰.¯p, A5(�,+,+,+,+), A5(+,�,�,�,�),

A4(�,+,+,+), A4(+,�,�,�), A3(+,+,+), A3(�,�,�)î ®P 0

t0L8–t|ÏhXîÑt⌧ƒ�‰@®P A6(�,�,�,+,+,+)

–0ÏX¿Jî‰.0|⌧ A6(�,�,�,+,+,+)–0ÏXîÑt⌧∞

ÄƒÌ@ƒ› (4.1.41)–ò(P⌧Xƒ�t‰:

1̂�
2�

6̂+
5+

4+3�

L R+ � 1̂�
2�

6̂+
5+

4+3�

L R+ �

(a) (b)

A6(�,�,�,+,+,+)X�•\ƒ�ÑtX0

(4.1.41)
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<�´à¯ƒ�Dƒ∞Xê.

1̂�
2�

6̂+
5+

4+3�

L R+ �

=
h1̂2i4

h1̂2ih2 � P̂1,2ih�P̂1,21̂i
1

P2
1,2

hP̂1,23i4

hP̂1,23ih34ih45ih56̂ih6̂P̂1,2i

=
h12i3

h2P̂1,2ihP̂1,21i
1

P2
1,2

hP̂1,23i3

h34ih45ih56̂ih6̂P̂1,2i
Ï0⌧ P̂1,2 = 0t⇠åXîıå⇠ z1,2|lXê.

P̂2
1,2 = 0 = h12i[1̂2] = h12i([12] + z1,2[62]) ! z1,2 = � [12]

[62]
(4.1.42)

t|µt¿�⌧§<� |1̂], h6̂||ò¿¥t‰L¸⇡‰.

|1̂] = |1]� |6] [12]
[62]

(4.1.43)

h6̂| = h6|+ [12]
[62]

h1| (4.1.44)

t⌧› (4.1.42)XÑê,Ñ®– [P̂1,2, 6]3DÒXt‰LX›tÒ•\‰.

h2P̂1,2i[P̂1,26] = h21i[1̂6] (4.1.45)

h1P̂1,2i[P̂1,26] = h12i[26] (4.1.46)

h6̂P̂1,2i[P̂1,26] = h61i[16] + h6̂2i[26]

= h61i[16] + h62i[26] + h12i[21] = �P2
126 (4.1.47)

h3P̂1,2i[P̂1,26] = h31i[16] + h32i[26] = �h3|1 + 2|6] (4.1.48)

Ï0⌧ P126 = (p1 + p2 + p6)t‡, •̂§<�‰–�\¥�@‰L¸⇡t
ò¿º⇠à‰.

[1̂6] = [16] (4.1.49)
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h56̂i = h56i+ [12]
[62]

h51i

=
1

[62]
(h56i[62] + h51i[12]) =

1
[26]

(h5|1 + 6|2] (4.1.50)

t|t©XÏ´à¯ƒ�D‰‹ò¿¥t‰LDªî‰.

h12i3(h3|1 + 2|6])3[26]
h21i[16]h12i[62]h12i[12]h34ih45ih5|1 + 6|2](�P2

126)

=
h3|1 + 2|6]3

P2
126[21][16]h34ih45ih5|1 + 6|2]

(4.1.51)

t⌧Pà¯ƒ�Dƒ∞Xê.

1̂�
2�

6̂+
5+

4+3�

L R+ �

=
[4P̂56]4

[4P̂56][P̂561̂][1̂2][23][34]
1

P2
56

[56]4

[56][6 � P̂56][�P̂565]

=
[4P̂56]3

[P̂561̂][1̂2][23][34]
1

P2
56

[56]3

[6P̂56][P̂565]
(4.1.52)

tà–îÑ®Ñê– h1P̂5,6i3
DÒXê.tƒ�–⌧î P̂2

5,6 = 0t⇠î

z5,6Dµt˘D\⌅\‰.

P̂2
5,6 = h56̂i[56] = (h56i � z5,6h51i)[56] ! z5,6 =

h56i
h51i (4.1.53)

t|µt¿�⌧§<� |1̂], h6̂||ò¿¥t‰L¸⇡‰.

|1̂] = |1] + |6] h56i
h51i (4.1.54)

h6̂| = h6|� h56i
h51i h1| (4.1.55)
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´à¯ƒ�Dƒ∞Xî)ï¸»,�¿\‰LX›Dt©\‰.

h1P̂5,6i[P̂5,61̂] = h15i[51̂] + h16i[61] = �P2
156 (4.1.56)

h1P̂5,6i[P̂5,66] = h15i[56] (4.1.57)

h1P̂5,6i[P̂5,65] = h16i[65] (4.1.58)

h1P̂5,6i[P̂5,64] = h15i[54] + h16i[64] = �h1|5 + 6|4] (4.1.59)

t|t©XÏPà¯ƒ�D‰‹\⌅Xt‰L¸⇡‰.

[4P̂56]3

[P̂561̂][1̂2][23][34]
1

P2
56

[56]3

[6P̂56][P̂565]
=

h1|5 + 6|4]3
P2

156[23][34]h56ih61ih5|1 + 6|2] (4.1.60)

t|ÖiXt (�,�,�,+,+,+)0ÙX∞ÄƒÌ@‰L¸⇡‰.

A6(1�, 2�, 3�, 4+, 5+, 6+) =
1�
2�

3� 4+

5+

6+

=
1̂�
2�

6̂+
5+

4+3�

L R+ � +
1̂�
2�

6̂+
5+

4+3�

L R+ �

=
h3|1 + 2|6]3

P2
126[21][16]h34ih45ih5|1 + 6|2] +

h1|5 + 6|4]3
P2

156[23][34]h56ih61ih5|1 + 6|2]
(4.1.61)

NMHV ∞Ä ƒÌ@ 0tX )›x Feynman ƒ�D µt ƒ∞Xt D

¸ı°X‰.⌅–⌧UxàÔ, BCFW-¨¿�ƒ|t©Xttƒ∞@‰

∞ ⌅ËX‰. t �–⌧î Yang-Mills t`–⌧X BCFW-¨¿�ƒ›–

�t ¥¥ÙX‰. ‰L �–⌧î ��mD Ïh\ t`X BCFW-¨¿�

ƒ›D LD¸ Ét‰. πà ∞¨X �Ïƒx N = 4 SYM t`–⌧X

��m� BCFW-¨¿�ƒ|¥¥¯‰.
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4.2 N = 4 SYM–⌧X BCFW-¨¿�ƒ›

4.2.1 ��m� BCFW-¨¿�ƒ›

BCFW-¿�@ ¥Ÿ…X (-X pt¸ ¥Ÿ… ÙtD  ¿\ ¡‹–

⌧¥Ÿ…DıåT‹®‰.¯ÏòtÏ\¿�@�⌅XÙt(
Pn

i=k |kihk

= 0)DÃqX¿JîÉtÑÖXåÙx‰.t–�\t∞E<\(-X

�•X Grassmann¿⇠ hA|¥Ÿ…¸hÿıåT‹§t,x��

m�x BCFW-¨¿�ƒ›D ªD ⇠ à‰. n⌧X Öê� ∞Ä⇠î ∞Ä

ƒÌ–⌧ i, jà ¯ �¿| [iji-¿�D µt ıåT ‹¨ L, î�\ t–

�Q⇠î Grassmann¿⇠ƒhÿ¿�‹§ê:

|î] = |i] + z|j], | ĵi = |ji � z|ii, ĥiA = hiA + zhjA (4.2.1)

txX®‡§<�@ Grassmann¿⇠‰@¿�‹§¿Jî‰.tÏ\

¿�@ �⌅X Ùtƒ hÿ ÃqXå \‰. � BCFW(super BCFW) ¨

¿�ƒîƒ›�<\P⌧X�∞ÄƒÌ-”⇣(vertex)¸¯|∞t

¸î(-X¥Ÿ… P̂|�¿î¥Ä|(¨⌧�à‰.t¥Ä|(¨⌧î

N = 4 SYMt`X 16⌧X¡‹�®P�•X‰.X¿Ã∞¨î�Ë(

⌅X∞ÄƒÌD‰Ë0L8–¥Ä|(¨⌧⇣\�Ë(Ãt¨\‰.

⌅¥∞ÄƒÌ@�•\®‡⌧ƒò ƒ0ÙX∞ÄƒÌ‰Xit¿

\t| BCFW-¨¿�ƒ@hÿò¿¥Ùt‰L¸⇡‰.
" 4Y

A=1

∂

∂hP̂A

!
ÂL

#
1

P2 ÂR + ÂL
1

P2

" 4Y

A=1

∂

∂hP̂A

!
ÂR

#�����
hP̂A=0

(4.2.2)

Grassmann¿⇠X1»\xt⌧⌧–0xÄ8¿T|‡$t⌧⌅X

›D\à–ò¿ºΩ∞‰L¸⇡‰.
 4Y

A=1

∂

∂hP̂A

!
ÂL

1
P2 ÂR

������
hP̂A=0

=
Z

d4
hP̂ ÂL

1
P2 ÂR (4.2.3)
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4.2.2 � BCFW-¨¿�ƒ|µ\MHV�∞ÄƒÌ

t⌧ MHV � ∞Ä ƒÌD � BCFW-¨¿�ƒ| µt ltÙê.

4.1.1�–⌧@ ⇡t 1, 2à ¯ ÖêX ò ƒ� �1x MHV � ∞Ä ƒ

ÌD ›�t Ùê. t Ω∞ 1,2à ¯ Öê‰D ıåT ‹§t Ñt⌧ �

∞Ä ƒÌX ƒ�@ Xò� t¨X‡ t| l1Xî Ñt⌧ ∞ÄƒÌ@

®PMHV∞ÄƒÌt‰.t|\⌅Xt‰L¸⇡‰.

AMHV
n (1, 2, 3, ..., n) = L R

1̂

n

4

2̂

3

P̂

l

MHV anti�MHV

=
Z

d4
hP̂ Ân�1

�
1̂, P̂, 4, . . . , n

� 1
P2 Â3

��P̂, 2̂, 3
�

=
Z

d4
hP̂

d

(8) �P
i2L |îiĥi

�

h1P̂ihP̂4ih45i · · · hn1i
1

P2
d

(4) �[P̂2]h3 + [23]hP̂ + [3P̂]h2
�

[23][3P̂][P̂2]

(4.2.4)

Ï0⌧ P = P23 = p2 + p3t‡, |1̂i = |1i, |2̂] = |2]t‡ |� P] = |P]
t‰. t⌧ Grassmann �Ñ HX �Ñxê‰D Ä T ƒ∞X0 }å 

‘Ùê.�ÑxêHX L–�\ d-h⇠î‰L¸⇡‰.

d

(8)

 
X

i2L

|îiĥi

!
= d

(8)

 
|1iĥ1 + |P̂ihP̂ +

nX

i=4

|iihi

!
(4.2.5)

⇣\ R–�\ d-h⇠\xt [P̂2]h3 + [23]hP̂ + [3P̂]h2 = 0t¿\ hP̂ =

� 1
[23]

�
[P̂2]h3 + [3P̂]h2

�
Dªî‰.t›Dµt hP̂ = h2 + h3ÑDL⇠

à‰.t⌧t›D (4.2.5)Xå¿X⌅8H–�ÖXÏ›�tÙê.

|1iĥ1 + |P̂ihP̂ = |1iĥ1 � |P̂i
[23]

�
[P̂2]h3 + [3P̂]h2

�

= |1iĥ1 + |2̂ih2 + |3ih3 (4.2.6)

= |1ih1 + |2ih2 + |3ih3 (4.2.7)
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t\ xt › (4.2.5) @ d

(8) (
Pn

i2L |iihi) = d

(8) �Q̃
�
� ⌧‰. t⌧ ›

(4.2.4) X »¿… ›–⌧ �Ñ– �ÏXî m@ d

(4) ([23]hP̂ + · · · ) mt
pt|�ÑXt [23]4t⌧‰.0|⌧MHV�∞ÄƒÌ@‰L¸⇡t

⌅åT⌧‰.

AMHV
n (1, 2, 3, . . . , n) =

d

(8) �Q̃
�

h1P̂ihP̂4ih45i · · · hn1i
1

P2
[23]4

[23][3P̂][P̂2]
(4.2.8)

› 4.1.22¸DPtÙtÑêÄÑD⌧xX‡î⇡@�‹t‰. h1P̂i[3P̂] =

�h12i[23]Ñ¸, hP̂4i[P̂2] = �h34i[23]ÑD t©XÏ MHV � ∞Ä ƒ

ÌD‰‹ò¿¥t‰L¸⇡‰.

AMHV
n (1, 2, 3, . . . , n) =

d

(8) �Q̃
�

h1P̂ihP̂4ih45i · · · hn1i
1

P2
[23]4

[23][3P̂][P̂2]

=
d

(8) �Q̃
�

h12ih34ih45i · · · hn1i
1

h23i[23]
[23]4

[23][23][23]

=
d

(8) �Q̃
�

h12ih23i . . . hn1i (4.2.9)

⇠Y� ¿©ï(mathmatical induction)– Xt N = 4 SYM �¿ Ëƒ

MHV�∞ÄƒÌ@� BCFW-¨¿�ƒ|Ãq‹®‰.
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4.3 KK & BCJ�ƒ›

⌧2• 2.3 �–⌧ KK, BCJ�ƒ›D |Xà‰. KK-�ƒ›@ p`�

1»(JacobimÒ›)DµtùÖ`⇠à»‡ BCJ�ƒ›@t@���

Ö•–⌧¥ŸY�m‰⇣\ Jacobim‰¸D∑\�ƒ|�‡àLD 4

Öê∞ÄƒÌDµtLDÙX‰.t�–⌧î KK-�ƒ›¸ BCJ�ƒ›

–�\ ùÖD BCFW-¨¿�ƒ| µt LDÙ‡ê \‰. πà BCJ�ƒ

›X •`� ùÖ@ BCFW-¨¿�ƒ| µt òL t⌅L‡ t �ƒ›D

t©Xt ∞Ä ƒÌt (n � 3)!X ≈Ω�x ∞Ä ƒÌ<\ ⇠î \å-0

�⌅⌧(minimal-basis expansion)DªD⇠à‰.t–�t¥¥Ùê.

4.3.1 Kleiss-Kuijf�ƒ›

tå�–⌧î KK-�ƒ›–�\ùÖD BCFW-¨¿�ƒ|µtL

D¯‰.⌧2•–⌧å⌧\ KK-�ƒ›D‰‹hÙt‰L¸⇡‰.

An(1, {a}, n, {b}) = (�1)n
b

X

s2OP({a},{b

T})
An(1, s, n) (4.3.1)

t›DùÖX0–^⌧ KK-�ƒ›Xπƒ\�x…⇠⌅(color reflec-

tion), U(1)-›Äº(U(1)-decoupling) �ƒ›D <� ¥¥¯ § |⇠�

x KK �ƒ›D ùÖ` Ét‰. <� … ⇠⌅ �ƒ›D KK-�ƒ›<\

Ä0 ª¥Ùê. … ⇠⌅ �ƒ›@ KK-�ƒ›–⌧ {a}� ı—ix Ω∞
ªD⇠à‰. {a} = fxΩ∞ KK-�ƒ›@‰L¸⇡‰.

An(1, n, b1, b2, . . . , bm) = (�1)mAn(1, bm, bm�1, . . . , b1, n)

= (�1)m+2An(bm, bm�1, . . . , b1, n, 1)

= (�1)nAn(bm, bm�1, . . . , b1, n, 1) (4.3.2)
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tL nÖê∞ÄƒÌ–⌧ bî n � 2⌧XÖê|�‡à0L8– n
b

=

m = n � 2t‡, KK-�ƒ›<\Ä0…⇠⌅�ƒ›Dªî‰.

U(1)-›Äº �ƒ›@ —i {a}ò —i {b}⌘ X ⌘ XòX —it
–å|XòÃ�¿å⇠tªD⇠à‰.<�—i {b}�XòX–å|
�¿î—ixΩ∞ KK-�ƒ›@‰L¸⇡‰.

An(1, a1, a2, . . . , ak, n, b) = �
kX

i=1

An(1, a1, . . . , ai, b, ai+1, . . . , ak, n)

(4.3.3)

t ›X ∞¿D å¿<\ .0‡ ∞Ä ƒÌX ⌧X� 1»D t©XÏ b

à ¯ Öê| ⌧| ^<\ ‡�‹⌧ \⌅Xt ‰L¸ ⇡@ U(1)-›Äº

�ƒ›Dªå⌧‰.
X

s2cyclic

An (b, s(n, 1, a1, . . . , ak)) = 0 (4.3.4)

t⌧î {a}X–å�XòÃàîΩ∞ KK-�ƒ›@‰L¸⇡‰.

An(1, a, n, b1, b2, . . . , bm)

= (�1)m
mX

i=0

An(1, bm, . . . , bi+1, a, bi, . . . , b2, b1, n)

= (�1)m+n
mX

i=0

An(n, b1, . . . , bi, a, . . . , bm, 1) […⇠⌅]

= (�1)2n�3
mX

i=0

An(n, b1, . . . , bi, a, . . . , bm, 1)

(4.3.5)

›D®På¿<\.®⌧‰‹ò¿¥Ùt,

An(1, a, n, b1, b2, . . . , bm) +
mX

i=0

An(n, b1, . . . , bi, a, bi+1, . . . , bm, 1)

=An(1, a, n, b1, b2, . . . , bm) +
mX

i=0

An(1, n, b1, . . . , bi, a, bi+1, . . . , bm)

76



=
X

s2cyclic

An (1, s(a, n, {b})) = 0 �! U(1)-›Äº�ƒ› (4.3.6)

��X … ⇠⌅, U(1)-›Äº �ƒ› ⇣\ BCFW-¨¿�ƒ| µt ùÖ

XîÉt�•X‰.[34]X¿Ã KK-�ƒ›tt›‰DÏhX0L8–

KK-�ƒ›–�t⌧Ã BCFW-¨¿�ƒ|µtùÖXê. KK-�ƒ›@

‰L¸⇡@)ï<\ªî‰.

1)›4.3.1Xë¿D BCFW-¨¿�ƒ|µt\⌅\‰.

2) BCFW-¨¿�ƒ\ \⌅⌧ › (4.3.1)X å¿X X⌅Ëƒ ∞Ä

ƒÌt KK-�ƒ›DÃqhD��XÏå¿D‰‹\⌅\‰.

3)⌅X 1), 2)Ëƒ–⌧ª@P›t⇡LDÙx‰.

<�› (4.3.1)X∞¿D BCFW-¨¿�ƒ|µtò¿¥t‰L¸⇡‰.
Z

d4
hP̂c

X

sc

m+k�1X

c=1

A(1̂, g1, . . . , gc, P̂c; hP̂c
)

1
P2

c
A(�P̂c, gc+1, . . . , gm+kn̂; hP̂c

)

(4.3.7)

Ï0⌧ scî‰L¸⇡@⌧Ù‰t‰:

sc({g1, . . . , gm+k=n�2}) = OP
⇣
{a} [ {b

T}
⌘

(4.3.8)

⇣\ n Öê ∞Ä ƒÌ–⌧ 1, n D ⌧x\ ò8¿ Öê‰t m + n⌧ t

¿\ m + k = n � 2t‰.t›¸å¿X›DDPX0⌅t› (4.3.1)X

å¿D BCFW-¨¿�ƒ|µtò¿¥t‰L¸⇡‰.

å¿ =
Z

d4
hP̂

" kX

i=0

mX

j=0

A(b j+1, . . . , bm, 1̂, a1, . . . , ai, P̂ij; hP̂)
1

P2
ij

⇥A(�P̂ij, ai+1, . . . , ak, n̂, b1, . . . , b j; hP̂)

#

(i,j) 6=(0,m),(k,0)

(4.3.9)
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t⌧t›XX⌅Ëƒ∞ÄƒÌt KK-�ƒ›DÃqhD��Xê:

A(b j+1, . . . , bm, 1̂, a1, . . . , ai, P̂ij; hP̂) = (�1)m�j
X

sij

A(1̂, sij, P̂ij; hP̂)

(4.3.10)

A(�P̂ij, ai+1, . . . , ak, n̂, b1, . . . , b j; hP̂) = (�1)j
X

⇠
sij

A(�P̂ij,
⇠
sij, n̂; hP̂)

(4.3.11)

t|t©XÏ› (4.3.9)D‰‹ò¿¥t‰L¸⇡‰.

An(1, {a1, . . . , ak}, n, {b1, . . . , bm})

=(�1)m
Z

d4
hP̂

" kX

i=0

mX

j=0

X

s,
⇠
s

A(1̂, sij, P̂ij; hP̂)
1

P2
ij
A(�P̂ij,

⇠
sij, n̂; hP̂)

#

(i,j) 6=(0,m),(k,0)

(4.3.12)

»¿…<\ ⌅–⌧ \⌅\ ë¿t ⌧\ ⇡LD Ùtt ùÖ@ DÃ⌧‰.

tËƒ|⌅t⌧î‰L¸⇡@X⌅ËƒùÖ¸�tDîX‰.

3-1)› (4.3.12)X��Xm‰t› (4.3.7)@�Q(DÙx‰.

3-2)tP›‰XmX⌧⇠�⇡LDÙx‰.

⌅X Ëƒ| Ùtt › (4.3.1)X ë¿t ⌧\ ⇡LD Ùtå ⇠¿\ ù

ÖtDÃ⌧‰.t⌧tËƒ|ƒâXê.

› (4.3.12)X∞¿DÙt∞ÄƒÌ–⌧ {sij,esij}Xpi@› (4.3.8)

X�•\⌧Ù⌘XòÑDL⇠à‰.⇣\ i, j–0| BCFW-Ñt⌧π

� sc�∞�(DL⇠à‰.∞m› (4.3.12)X∞¿Xm‰@› (4.3.7)

–⌧®P>D⇠à‰.t⌧
kX

i=0

mX

j=0

X

s

X

e
s

�
X

sc

n�3X

c=1

|t› (4.3.1)X

∞¿@ › (4.3.12)@ ⇡å ⇠¥ ùÖt ]òå ⌧‰. t| UxX0 ⌅t
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› (4.3.7)–⌧¥§π�0Ù c|›�tÙê.
Z

d4
hP̂c

X

sc

A(1̂, g1, . . . , gc, P̂c; hP̂c
)

1
P2

c
A(�P̂c, gc+1, . . . , gn�2n̂; hP̂c

)

(4.3.13)

› (4.3.9)–⌧Ñt⌧ƒ�‰⌘|Ω∞ÄƒÌA(b j+1, . . . , bm, 1̂, a1, . . .

, ai, P̂ij; hP̂)–⌧ {a}X–å⌘Xò| i0, {b

T}X–å⌘Xò| j0 |X

‡t‰t i0 + j0 = c|ÃqXƒ]Xê.Ï0⌧ i = i0, j = m � j0<\

Pt t‰X �,⌧ ⌧Ùt sij| �‰. iî 0Ä0 k L¿ �•X‡ jî

0Ä0 mL¿ �•X¿\ i0 + j0 = c| ÃqXî (i0, j0)X pi@ i, jX

i–ŒtÒ•\‰.tÏ\pt i0 + j0 = i + m � j = cDÃqXƒ] c

– 0x BCFW-⌅⌧| XÏ t‰D ‰‹ 6¥Ùt
kX

i=0

mX

j=0

@

m+k�1X

c=1

<\

�‡ sijî
cX

i=0

OP ({a1, . . . , ai} [ {bm, . . . , bi+m�c+1}) t ⌧‰. π�

c–�t›(4.3.7)–⌧ {g1, . . . , gc}t‡LDÙ‡êàXP›t⇡D¿
¿\

kX

i=0

mX

j=0

XmX⌧⇠@
n�3X

c=1

mX⌧⇠�⇡LDUxXtùÖt]ú

‰.<�
kX

i=0

mX

j=0

XmX⌧⇠|¥¥Ùê.� i, j–�t∞ÄƒÌXmX

⌧⇠î› (4.3.10)XmX⌧⇠ Ci
i+m�j@› (4.3.11)XmX⌧⇠ Cj

j+k�i

|ÒXÏ�•\ i, j–�ti\§,⌧x¸|` (i, j) 6= (0, m), (k, 0)

–�\mX⌧⇠||tl`⇠à‡tî‰L¸⇡‰.

› (4.3.9)XmX⌧⇠ =
kX

i=0

mX

j=0

(i + m � j)!
i!(m � j)!

(j + k � i)!
j!(k � i)!

� 2
(k + m)!

m!k!

=
(k + 1)(k + m + 1)!

(k + 1)!m!
� 2

(k + m)!
m!k!

=
(k + m � 1)(k + m)!

k!m!
(4.3.14)
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t⌧› (4.3.7)XmX⌧⇠|8Ùê.�mX⌧Ù⌧⇠î c–XtòX

T|ƒ gX 0Ù@ ¿ht ∆<¿\ c– �ƒ∆t
(k + m)!

k!m!
t ⌧‰. cî

0Ä0 m + k � 1L¿✓D�¿¿\mX⌧⇠î‰L¸⇡tƒ∞⌧‰.

› (4.3.7)XmX⌧⇠ =
m+k�1X

c=0

(m + k)!
k!m!

=
(k + m � 1)(k + m)!

k!m!
(4.3.15)

0|⌧ › (4.3.1)X å¿ ∞¿– �\ mX ⌧⇠– �\ �ƒî ‰L¸

⇡‰.

› (4.3.9)XmX⌧⇠ = › (4.3.7)XmX⌧⇠

t\xt KK-�ƒ›@‰L¸⇡tùÖ⌧‰.

An(1, {a1, . . . , ak}, n, {b1, . . . , bm})

=(�1)m
Z

d4
hP̂

" kX

i=0

mX

j=0

X

s,
⇠
s

A(1̂, sij, P̂ij; hP̂)
1

P2
ij
A(�P̂ij,

⇠
sij, n̂; hP̂)

#

(i,j) 6=(0,m),(k,0)

=(�1)m
X

sc

Z
d4

hP̂

" n�1X

c=1

A(1̂, g1, . . . , gc, P̂ij; hP̂)
1

P2
ij
A(�P̂ij, gc+1, . . . , gn�2n̂; hP̂)

#

=(�1)m
X

sc

An(1, sc, n) (4.3.16)
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4.3.2 Bern-Carrasco-Johansson�ƒ›

t�–⌧îå� 2.3.2–⌧LD¯ BCJ-�ƒ›D BCFW-¨¿�ƒ|

µtùÖX‡ê\‰.› (2.3.17)î∞ÄƒÌX\å-0�⌅⌧(minimal-

basis expansion)| à∞‰. t ∞¸| ª0 ⌅t⌧î ‰L¸ ⇡@ |⇠

�x(general) BCJ-�ƒ›tt©⌧‰.

X

{s}2P(O{a}[O{b})

rX

i=1

X

sJ<s

bi

s
b j JAn(1, {s}, n) = 0 (4.3.17)

t›XùÖ@¿©�)ïDµtƒâ⌧‰.tùÖXL)](build-

ing block)@ 3Öê∞ÄƒÌt‰.tΩ∞ s12 = p2
3 = 0t‡ BCJ�ƒ

›@‰L¸⇡‰.

s21A3(1, 2, 3) = 0 (4.3.18)

t⌧ n Öê ∞Ä ƒÌ– �\ BCJ-�ƒ›D ¥¥Ùê. Ï0⌧î 1, n

à¯ Öê| BCFW-¿�\‰. t Ω∞ ¥ŸY� à¿…x sijî ¿�⌧

¥Ÿ… p1D ÏhXî m¸ t| ÏhX¿ Jî m<\ ò\‰. Ï0⌧

s
bi1D s

bi1 = s
bi 1̂ +

✓
s

bi1 � s
bi 1̂

◆
<\‘⌧›�Xê.Ï0⌧ s

bi 1̂m¸
✓

s
bi1 � s

bi 1̂

◆
m,PÄÑ<\ò ⌧ùÖDƒâXê.<�ƒê|Ïh

Xîm–�t¥¥Ùt‰L¸⇡‰.

X

{s}2P(O{a}[O{b})

rX

i=1

s
b j1An(1, {s}, n)

�
X

{s}2P(O{a}[O{b})

rX

i=1

X

®‡Ñt

s
bi 1̂An(1̂, {sL}|{sR}, n̂)

=
rX

i=1

s
bi1
X

POP

An(1, {s}, n) +
rX

i=1

X

POP

I

large z 6=0

dz
z

s
bi 1̂An(1̂, {s}, n̂)

=
rX

i=1

X

{s}2P(O{a}[O{b})


�
I

z=•

dz
z

s
bi 1̂An(1̂, {s}, n̂)

�
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= (�1)r+1
rX

i=1

I

z=•

dz
z

s
bi 1̂An({b

T}, 1̂, {a}, n̂) (4.3.19)

⌅›XPà¯m– {s} 2 P(O{a} [ O{b})|∏X¡ POP\ò¿»

‰. ⇣\ t ›–⌧î › (4.1.6), (4.1.13)| µt z ! • –⌧X �Ñ<

\ ¿�X�‡, »¿… ⌅–⌧ KK-�ƒ›D t©XÏ ›D �¨X�‰.

¯p 1̂¸ n̂t \ x⌘X¿ J0 L8– p z– �XÏ ∞Ä ƒÌX

pŸ@ 1
z2 t‡ [35]�Ñ@¡ƒ⌧‰.Ï0⌧ A(a|b)î…�|0�<\

BCFW-Ñt⌧∞ÄƒÌD\⌅\Ét‰. (A(a|b) = A(a, P) 1
P2 A(�P, b)).

t⌧ s
bi 1̂ mt∞i⌧∞ÄƒÌD¥¥Ùê.tî‰L¸⇡t\⌅⌧‰.

X

{s}2P(O{a}[O{b})

rX

i=1

X

sJ<s

bi

s
bi J

X

®‡Ñt

An(1̂, {sL}|{sR}, n̂)

=
rX

i=1

X

sJ<s

bi

s
bi J

X

®‡Ñt

X

{sL}2POPL

X

{sR}2POPR

An(1̂, {sL}|{sR}, n̂)

=
X

®‡Ñt

("
X

sL2POPL

rLX

i=1

X

0sJ<bLi

s
bLi JL

ArL+sL+2(b1, {sL},�bPI )
#
⇥ 1

P2
I

⇥
"

X

sR2POPR

An�rL�sL�2(bPI , {sR}, bn)
#

+

"
X

{sL}2POPL

ArL+sL+2(bPI , {sR}, bn)
#
⇥ 1

P2
I

⇥
"

X

{sR}2POPR

rX

i=rL+1

X

rL+sL<sJ<bRi

✓
s

bRi JR + s
bRi (

bPI )

◆

⇥An�rL�sL�2(bPI , {sR}, bn)
#)

(4.3.20)

∏X|⌅t P(O{aL}[O{bL}) = POPL, P(O{aR}[O{bR}) = POPR

\\‹à‰.Ï0⌧ {aL}, {bL}î a, b⌘–⌧|Ω–àîÄÑ—it
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‡ {aR}, {bR} î a, b ⌘–⌧ $xΩ– àî ÄÑ —it‰. ⇣\ rL,

sL, rR, sR @ �� {bL}, {aL}, {bR}, {aR} —iX –åX ⌧⇠t‰. bPI
î ¸¥ƒ I\ BCFW-Ñt⇠î ∞Ä ƒÌX |Ω ∞Ä ƒÌX ¥Ÿ…X

it‰.Æ@ËƒX∞ÄƒÌt BCJ-�ƒ|ÃqXîÉD��Xt⌅

X›⇣\ BCJ-�ƒ›DÃq\‰.t\h|⇠�x BCJ-�ƒ›(4.3.17)

tùÖ⌧‰.tîå� 2.3.2–Ò•\› (2.3.31)X|⇠�\⌅t‰.t

›@∞ÄƒÌX �≈Ω1D (n � 2)!⌧ (n � 3)!⌧\⌅Ï�‰.
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4.4 ¥Ÿ…�∏⌅§0ı⌅–⌧X∞ÄƒÌ

¿�L¿ §<�-ò ƒ \0ïD t©Xt⌧ ∞Ä ƒÌ ƒ∞– Œ

@t⇣tà»‰.πà‰L¸⇡@1»‰t⌘îXåë©X�‰.

1)(-Xpt p2 = 0têÖXåò¿ú‰.

2) §<� ¿⇠‰X Lorentz¿X–  ��x 1»\ xt ∞Ä ƒÌ

t Lorentzà¿…t‰.

∏⌘ °0@ ¥Ÿ… °0| 4-°0| t©XÏ ∞Ä ƒÌD ƒ∞Xt å

t¿ ⌘ı1D ƒÖXÏ Lorentz à¿1D tL¥ º ⇠ à‰. ¯Ïò

t )ï@ ∞Ä ƒÌX ƒ∞…D ¿òXå ı°Xå Ã‡‰. T òD�

Poincaré à¿x ƒ| ‰Ëî Ω∞ §<� ¿⇠‰@ —ƒ tŸ(spartial

translation)– �t  ��<\ ¿X⇠¿ Jî‰. ƒÖ⌧ ¿⇠‰t ¸¥

ƒ ¿X– �XÏ  ��<\ ¿X⇠î É@ �m1D Ö‹�<\ ¸ ⇠

àå t¸0 L8– tÏ\ ¿⇠| >î É@ ‰∞ ⌘îX‰. ∞¨X |

X–⌧ ¨©⇠î ƒî � Ò� �m1D �¿‡ à‰. §<�| ƒÖh

<\h Lorentzà¿1DÖUà¯Éò¸t⌧î ‘¥Ÿ…�∏⌅§0’

|î ëD ƒÖXÏ � Ò� �m1X  �1D ¸ Ét‰. N = 4 SYM

–⌧î �� � Ò� �m1(dual superconformal symmetry)t|î

î��x �m1t à‰. � Ò� �m1¸ �� � Ò� �m1D ®P

D∞tî �m1D Yangian �m1t| Äx‰. ¥Ÿ… � ∏⌅§0î

Yangian¿X–�t⌧ ��<\¿X⇠î1»D�‡à0L8–∞

¨� ‰Ëî ƒX �m1D ÖUà ¸ ⇠ àî �i\ ¿⇠t‰. t �–

⌧î ∞Ä ƒÌ Ëƒ–⌧ tÏ\ �m1D UxX0 ⌅t NMHV ∞Ä

ƒÌ¸ BCFW-¨¿�ƒ| µt � ∏⌅§0 ı⌅–⌧ ÑXX �¿ Ëƒ

∞ÄƒÌD¥¥¸Ét‰.
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4.4.1 ���Ò��m1

¥Ÿ…∏⌅§0ı⌅D|XX0⌅t»\¥¿⇠|ƒÖXê.

yȧa
i � yȧa

i+1 = pȧa
i (4.4.1)

t⌥å �X⌧ ¥Ÿ… y| �� ¥Ÿ…(dual momentum)t| \‰. ⇣

\ ÄÑ ∞Ä ƒÌ@ xÄÖêX ⌧⌧� ⌘îX¿\ ‰L¸ ⇡@ ëD

�X\‰.

yij ⌘ yi � yj = pi + pi+1 + · · ·+ pj�1 (4.4.2)

t ¿⇠X ƒÖ– 0x ¥Ÿ… Ùt– �\ �ƒ| LDÙê. ��mD

Ïh\¥Ÿ…Ùt@‰L¸⇡t\⌅⌧‰.

d

(4)

 nX

i=1

pȧa
i

!
, d

(2N )

 nX

i=1

|iihA
i

!
(4.4.3)

∞¨� ƒÖ\ �� ¥Ÿ…D µ\ ¥Ÿ… Ùt@ ¥ªå \⌅⇠î¿ L

DÙ0⌅t‰L¸⇡@ƒ›D›�tÙê. n = 8xΩ∞¥Ÿ…Ùt

@‰L¸⇡@Îå‰��Dµt\⌅⌧‰.

p1

p2 p3

p4

p5

p6p7

p8

y2

y3

y4

y5

y6

y7

y8

y1 (4.4.4)

ƒ› (4.4.4)–⌧��X¿–¥Ÿ…t`˘¸à‰.¯Ït��¥Ÿ…

@tP¿tÃòî-”⇣–`˘⇠‡t–0x¥Ÿ…Ùt@‰L¸

⇡t\⌅⌧‰.

y1 = yn+1 (4.4.5)
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òt¯(¿⇠ q

a
ijA–�\��¿⇠î‰L¸⇡‰.

|qiAi � |qi+1,Ai = |iihiA

|qijAi ⌘ |qiAi � |qjAi
(4.4.6)

t–0x�¿ËƒMHV∞ÄƒÌ@‰L¸⇡t\⌅⌧‰.

AMHV
n =

d

(4)(y1 � yn+1)d(8)(q1 � qn+1)Qn
i=1hi, i + 1i (4.4.7)

NMHV∞ÄƒÌXΩ∞î‰L¸⇡‰.

ANMHV
n = AMHV

n

n�3X

j=2

n�1X

k=i+2

Rnjk (4.4.8)

Ï0⌧ Rnjk, Xnjk,Aî‰L¸⇡‰.

Rnjk =
hj � 1, jihk � 1, kid(4)(Xnjk)

y2
jkhn|ynjyjk|kihn|ynjyjk|k � 1ihn|ynkykj|jihn|ynkykj|j � 1i

Xnjk,A = hn|ynkykj|qjn,Ai+ hn|ynjyjk|qkn,Ai
(4.4.9)

t¿⇠|ƒÖXÏ\⌅⇠î∞ÄƒÌ⇣\Ò��mD0x‰î¨‰

t ⌧¨⇣‰.[36, 37] t| �� Ò� �mt| \‰. tî —ƒ �m1D

0¯�<\�¿p⇠⌅(inversion) I–�t‰L¸⇡@��⇠⌅�ƒ

|�î‰.

I[yµ

i ] =
yµ

i
y2

i
, I[|qiAiȧ] = hqiA|ḃ

yḃa
i

y2
i

, I [[i|a] = yȧb
i

y2
i
|i]b, I

⇥|iiȧ⇤ = hi|ḃ
yḃa

i+1

y2
i+1

(4.4.10)

¯Ït∞ÄƒÌ@⇠⌅�m–�XÏ‰L¸⇡@�ƒ|�î‰.

I[A�¿n ] =

 nY

i=1

y2
i

!
A�¿n (4.4.11)
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t– 0| ∞Ä ƒÌ@ π⇠ Ò� ›1ê Kµ– �t ‰L¸ ⇡t ¿X

⌧‰.

KµA�¿n =

 
�

nX

i=1

yi

!
A�¿n (4.4.12)

t›1ê|‰L¸⇡t¨�XXt∞ÄƒÌDåx‹¨⇠à‰.

K̃µ ⌘ Kµ +
nX

i=1

yµ

i (4.4.13)

tî Yangian �m1 �⇣–⌧ 0 \ Ét‰. t– �\ |Xî [38]–

òå⌧¸à‰.�Ò��m1D�îp–⌧î��<\tÏ\��Ò

� �mD ⌧¨à‡ t ®‡ �m1D �î �mD Yangian �m1t|

Äx‰.

4.4.2 �∏⌅§0ı⌅

⌅ �–⌧î �� � Ò� �m1– �\ |X| µt N = 4 SYM

t`t Yangian �m1D �ƒ‰î ÉD LX‰. t �–⌧î Yangian

�m1DÖ1àÙÏ¸î ‘�¥Ÿ…∏⌅§0’|ƒÖX‡ê\‰.��

¥Ÿ…@ pµ

i = yµ

i � yµ

i+1\�X⇠¿\‰L¸⇡@�ƒ|Ãq‹®‰.

[µi|a ⌘ hi|ȧyȧa
i = hi|ȧyȧa

i+1 (4.4.14)

Ï0⌧ »må �X⌧ ¿⇠ [µ|a@ §<� |iiȧ
| �<\ Xî »\¥ ¿

⇠ ZI
i = (|ii, [µi|)| ƒÖXê. tL I = (ȧ, a)t‡ SU(2, 2)pX 0¯

(fundamental)\⌅®êt‰.t⌥å¸¥ƒ§<��‰@��¥Ÿ…

ı⌅XP⇣ yi, yi+1 t› (4.4.14)|m¡Ãq‹§0L8–tP⇣<

\Ã‰¥¿î¡ @ Zı⌅¡X⇣ ZI
i@�ƒ(DL⇠à‰.⌅X›
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(4.4.14)|t©Xt‰L¸⇡@�ƒ›Dªî‰.

yȧa
i =

|iiȧ[µi�1|a � |i � 1iȧ[µi|a
hi � 1, ii (4.4.15)

⇣\t‰DµXÏ [i|–�\\⌅DªD⇠à‡tî‰L¸⇡‰.

[i| = hi + 1, ii[µi�1|+ hi, i � 1i[µ|i+1 + hi � 1, i + 1i[µi|
hi � 1, iihi, i + 1i (4.4.16)

t| t©Xt ¥Ÿ… pi = �|ii[i|| \⌅ ` ⇠ àLD L ⇠ à‰. ›

(4.4.15)î��¥Ÿ… yi� Z-ı⌅¡XP⇣ ZI
i�1, ZI

i–Xt�X⇠î

¡ <\ ∞�(D X¯\‰. ⌅X �ƒ‰@ ‰L¸ ⇡@ ¯º<\ \⌅

⌧‰.

Z

i

Z

y

y

i

y

i+1

Z

y

y

i

Z

i�1

Z

i

(4.4.17)

tLtÏ\¿⇠ ZI
i = (|iiȧ, [µi|a)|¥Ÿ…∏⌅§0(momentum twistor)

| Äx‰. t ¥Ÿ… ∏⌅§0‰@ ,» p §�|¡(little group scal-

ing)– �t ZI
i ! tiZI

i \ �¥⌧ ¨�� 1»D �ƒ‰. 0|⌧ t‰

@ CP3ı⌅¡X⇣‰t‰.t⌥å¿⇠|¿XX‡òt��Ò�pX

›1ê‰¸¯–�\�⇠�‰L¸⇡t⌅ËXå\⌅⌧‰.

G I
J ⌘

X

i

ZI
i

∂

∂ZJ
i

, [G I
J ,GK

L] = dJ
KG I

L � d

I
LGK

J (4.4.18)

t¥Ÿ…∏⌅§0‰@1»�x!t–⌧∏⌅§0X1»D�‡à

¿ÃXòX§<�| Fourier¿XDµtª@∏⌅§0@îÏ¨��

¥Ÿ…¸¥Ÿ…∏⌅§0‰X�⇠��ƒ›–⌧òT‰î(t⇣tà

‰.t⌧��¥Ÿ…ı⌅–⌧àXë≈D®P¥Ÿ…∏⌅§0ı⌅–

⌧ƒâtÙê.t|⌅t⌧î‰L¸⇡@ SU(2, 2)–⌧X Levi-Civita
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|t©\��Ò�à¿…D�XXîÉtDîX‰.

hi, j, k, li ⌘ eI JKLZI
i ZJ

j ZK
k ZL

l

= hiji[µkµl ] + hiki[µlµj] + hili[µjµk]

+ hkli[µiµj] + hl ji[µiµk] + hjki[µiµl ]

(4.4.19)

⌅›–⌧�ƒ⌅8@¨�⌅8‰@®P SL(2, C)à¿…‰t‰. (Ï0

⌧ [µiµj] ⌘ µ

a
i µjat‰.)⌅X SU(2, 2)à¿…Dt©Xt‰LDªî‰.

hk, j � 1, j, ri = hj � 1, jihr|yrjyjk|ki (4.4.20)

t| t©Xt |(¨⌧– �\ ¥Ÿ… ∏⌅§0 ı⌅¡X \⌅D ªî

‰.

1
y2

ij
= �hj � 1, jihk � 1, ki

hj � 1, j, k � 1, ki (4.4.21)

⌅| t©Xt ∞Ä ƒÌ– �\ ›‰D ¥Ÿ… ∏⌅§0 ı⌅–⌧ \⌅

` ⇠ à‰. ⌅Ë\ �\î › (4.4.20), (4.4.21)D t©XÏ › (4.4.9)X

Rnjk–�\›D‰L¸⇡t\⌅`⇠à‰.

Rnjk

=
hj � 1, ji4hk � 1, ki4

d

(4)(Xnjk)

hn, j � 1, j, k � 1ihj � 1, j, k � 1, ki · · · hk, n, j � 1, ji
(4.4.22)

t L Ñ®î (n, j � 1, j, k, k � 1)⌧⌧\ ⌧X1D Dp SU(2, 2) à¿t

ÖUàÙx‰.X¿Ã,»p§�|¡–�t⌧îà¿tD»‰.Ñê

X ë¸ hÿ ‡$Xt t– �t⌧ƒ à¿x ët ⌧‰. t| LDÙ0

⌅t Xnjk– �t LDÙê. ��mD ‡$\ �� �¥Ÿ… ı⌅–⌧î

òt¯( ¿⇠� t¨\‰. ⌅–⌧ ¥Ÿ… ∏⌅§0| �X\ É¸ ⇡@

)›<\òt¯(¿⇠–�t‰LDªD⇠à‰.

c

A
i = hiqiAi = hiqi+1,Ai (4.4.23)
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t| ‡$Xt SU(2, 2)p ı⌅X ¥Ÿ… ∏⌅§0î SU(2, 2|4) ¥Ÿ…
�∏⌅§0\U•⌧‰.tî‰L¸⇡t�X⌧‰.

ZA
i ⌘ (|iiȧ, [µi|a, ciA), A = (ȧ, a, A) (4.4.24)

� ¥Ÿ… ∏⌅§0 ⇣\ ,»p §�|¡– �t ZA
i ! tiZA

i \ ¿

X⇠î ¨�� 1»D �‡à¥ CP3|4ı⌅ ¡–⌧ \⌅⌧‰. t \⌅–

0tt Xnjk,Aî‰L¸⇡t\⌅⌧‰.

Xnjk,A = hn|ynkykj|qjn,Ai+ hn|ynjyjk|qkn,Ai

=
[hj � 1, j, k � 1, kicnA + cyclic]

hj � 1, jihk � 1, ki
(4.4.25)

Pà¯Ëƒ\⇠¥�L‰LDt©à‰.

y2
jkda

b = �(ynjyjk + ynkykj)a
b

hk|ykryrj|qjAi =
hk, r � 1, r, j � 1icjA � hk, r � 1, r, jicj�1,A

hr � 1, rihj � 1, ji
(4.4.26)

⌅–⌧ “cyclic”@´mD0�<\®ê (n, j� 1, j, k, k� 1)t⌧X�<

\Tt8àLDX¯\‰.tÏ\¨‰‰DÖitÙt Rnjk|‰L¸

⇡t\⌅`⇠à‰.

Rnjk =
d

(4)(hj � 1, j, k � 1, kicn + cyclic)
hn, j � 1, j, k � 1ihj � 1, j, k � 1, ki · · · hk, n, j � 1, ji (4.4.27)

të@,»p§�|¡–�t⌧ƒà¿x Yangian-à¿…t⌧‰.^

<\⌅›D‰L¸⇡@ 5-⌅8\0ïDµt⌅Ëà\⌅Xƒ]Xê.

Rnjk = [n, j � 1, j, k � 1, k] (4.4.28)

t\0ï–⌧ nÖê NMHV∞ÄƒÌ@‰L¸⇡‰.

ANMHV
n = AMHV

n

n�3X

j=2

nX

k=j+2

[n, j � 1, j, k � 1, k] (4.4.29)
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4.4.3 �∏⌅§0ı⌅–⌧X BCFW-¨¿�ƒ›

� ∏⌅§0 ı⌅–⌧X BCFW-¨¿�ƒ›@ ‰L¸ ⇡@ BCFW-

¿�DµtªD⇠à‰.

Ẑi = Zi + wZi+1 (4.4.30)

¥Ÿ…�∏⌅§0ı⌅ (CP3|4ı⌅)X⇣‰@®P¥Ÿ…Ùt¸(-X

ptDÃq‹§0L8–¥Ÿ…ı⌅–⌧‡$àXpt‰D0\›�

` Dîî ∆‰. � ∏⌅§0 ¿⇠î P ⌧X x⌘\ §<�‰\ l1¸

à0L8–\⇣DıåT‹§îÉt¥Ÿ…ı⌅–⌧XP§<�|

ıåT‹§îÉ¸�(¸à‰.¯¨‡ wî w 2 Ct‰.¥Ÿ…∏⌅§

0 ı⌅–⌧X ¡ ¸ …t– �t ›�t Ùê. t L t �¡‰@ ®P

‘ıå¿⇠�’�⇣–⌧X�¡‰t‰.tL¡ @ (i, j) ⌘ (Zi,Zj)\,…

t@ (i, j, k) ⌘ (Zi,Zj,Zk)\\⌅\‰.t–0tt⌅X BCFW-¿�⌧

⇣ Ẑiî ¡ (i, i + 1) ¡– àå ⌧‰. t ¿�D §<�-ò ƒ \0ï

¡–⌧UxtÙt‰L¸⇡‰.

|îi = |ii+ w|i + 1i, |µ̂i] = |µi] + w|µi+1], ĉiA = ciA + wci+1,A

(4.4.31)

t| t©Xt �� ¥Ÿ…ı⌅–⌧X BCFW-¿� ⇣\ Ux` ⇠ à‡

tî‰L¸⇡t\⌅⌧‰.

ŷi = yi + z|i � 1i[i|, z =
whi, i + 1i

hi � 1, ii+ whi � 1, i + 1i (4.4.32)

t ∞¸| ¥Ÿ… ı⌅–⌧ Ùt [i � 1, ii ¿�D µ\ BCFW-¿�ÑD

Ux`⇠à‰.��¥Ÿ…¸¥Ÿ…¨tX�ƒ\xtt¿�@ [i +

1, ii ¿�¸ ⇡LD L ⇠ à‡ ¥Ÿ… ∏⌅§0‰X ¨�� 1»\ x
t §�|⌧ �‹\ \⌅⌧‰. �| ‰¥ �ƒ(angle) §<�X ¿�@
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[i + 1, ii¿�X\⌅<\Ùt‰L¸⇡‰.

|îi = hi � 1, ii
hi, i � 1i+ whi + 1, i � 1i (|ii+ w|i + 1i) (4.4.33)

t⌧ t| µt � ∏⌅§0 ı⌅–⌧X BCFW-¨¿�ƒ›D ltÙê.

BCFW-¨¿�ƒî‰L¸⇡@�Ñ›Dµtªå⌧‰.
I

C
dw

Ân(w)
w

= B• � Â(0)�
X

w⇤ 6=0

 
Res

"
Ân(w)

w

#!
= 0 (4.4.34)

t–0|lX‡êXî∞ÄƒÌ@‰L¸⇡LDL⇠à‰.

Â(0) = B• �
X

w⇤ 6=0

 
Res

"
Ân(w)

w

#!
(4.4.35)

0|⌧ ∞Ä ƒÌ@ w ! •–⌧X âŸ¸ Ñt⌧ µ\(factorization

chanel)– �\ âŸD Ñ�h<\h ªå ⌧‰. <� w ! •–⌧X â

ŸD ¥¥Ùê. › (4.4.32)X z@ wX �ƒ\ xt ‰L¸ ⇡@ �ƒ|

ªå⌧‰.

w ! • () z ! z⇤ =
hi, i + 1i

hi � 1, i + 1i (4.4.36)

0|⌧ B•î¥Ÿ…ı⌅–⌧X \\˘–�\∞ÄƒÌDµtªD

⇠à‰.¯p, w ! •–⌧¿�⌧§<� |îiî‰L¸⇡t¿\‰.

|îi��w!• =
hi � 1, ii

hi � 1, i + 1i |i + 1i (4.4.37)

|îi@ |i + 1it D@Xî É@ P̂2
i,i+1 = ( p̂i + pi+1)2 ! 0ÑD X¯\‰.

t¡i@‰L¸⇡@ƒ›<\\⌅⌧‰.

1 n

i� 1
î

Â
n

(w)
w!•���!

i� 1
î

i + 1
i + 2

n

1

Â
n�1(w) MHV

(4.4.38)
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t⌧ \\˘D�îÛXlp|¥¥Ùê. \\˘D⌘Ï<\∞Ä

ƒÌt Ñt⇠î ¡i@ ‰L¸ ⇡@ ƒ›�<\ \⌅⌧‰. tL ƒ›@

¥Ÿ…�∏⌅§0ı⌅–⌧X⌧Pƒt‰.

i� 1
î

i + 1
y

i+1

I

ŷ

i

j � 1jj + 1

y

j

(4.4.39)

tLµ\ IX|(¨⌧î‰L¸⇡‰.

1
P̂2

I
=

1
( p̂i + pi+1 + · · ·+ pj�1)2 =

1
(ŷi � yj)2

=
1

ŷ2
ij
= �hi � 1, iihj � 1, ji

hi � 1, î, j � 1, ji
(4.4.40)

0XY�<\ (i � 1, î, j � 1, j)� \ …t¡– àî Ét ⌅X µ\–⌧

˘D �î É¸ ⇡‰. ¯p Zîî BCFW-¿�<\ xt ¡ (i, i + 1)

¡– àLD L‡à‰. 0|⌧ Zîî ¡ (i, j)@ …t (i � 1, j � 1, j)X

P⇣t‡tî‰L¸⇡t\⌅`⇠à‰.

(î) = (i, i + 1)
\

(i � 1, j � 1, j) (4.4.41)

t⌧|(¨⌧–�\¥Ä¥Ÿ…P̂I–�ƒ⌧¥Ÿ…∏⌅§0 ZIX0

XY� X¯| ƒ› (4.4.39) @ hÿ ¥¥Ùê. ŷiî (i � 1, î) @ (I, î)–

Xt ∞�⌧‰. 0|⌧ ZI , Zi�1, Zî t \ ¡ ¡– à‰î ÉD L ⇠à

‰. ¯p Zîî (i, i + 1)¡– à0 L8– ZIî …t (i � 1, i, i + 1)–

àLDL⇠à‰.t@Ÿ‹– ZIî yj@ƒ�(⇠à‡ yjî (j � 1, j)–

Xt∞�⌧‰.0|⌧ ZIî (j, j � 1)@ (i � 1, i, i + 1)XP⇣ÑDL⇠
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à‰.t–0x Zî@ ZIX0XY�⌅Xî‰L¸⇡t\⌅`⇠à‰.

Z

i�1

Z

i+1

Z

i

Ẑ

i

Z

j�1

Z

I

Z

j

• ¥Ÿ…∏⌅§0ı⌅¡–⌧ Ẑi @ ZI X0XY�0X

(4.4.42)

4.4.4 �¿Ëƒ NKMHV∞ÄƒÌ

t⌅ �–⌧î ¥Ÿ… � ∏⌅§0 ı⌅–⌧ BCFW-¨¿�ƒ– �

\ |⇠`D ¥¥ÙX‰. t⌧î t| t©XÏ �¿ Ëƒ ∞Ä ƒÌX

|⇠�x \⌅D ¥Ÿ… � ∏⌅§0 ı⌅¡–⌧ lt Ùê. <� B•m

Dƒ∞tÙê.› (4.4.32)–⌧ w@ zX�ƒ|µt‰LDªî‰.

B• =
I

C•

dw
w

Ân(w) = �
I

Cz⇤
dz

z⇤
z(z � z⇤)

Â(z) (4.4.43)

^<\∞ÄƒÌDƒ∞Xîpà¥‰L¸⇡@1»D��\‰.

An = AMHV
n Yn(Z1, . . . ,Zn) (4.4.44)

Ï0⌧ Yn(Z1, . . . ,Zn) î Yangian à¿…t‰. NMHV–⌧î t 1»

t\Ùx‰.

ANMHV
n = AMHV

n

n�3X

j=2

nX

k=j+2

[n, j � 1, j, k � 1, k] (4.4.45)

t��¸NMHV∞ÄƒÌDt©XÏ|⇠�x�¿Ëƒ∞ÄƒÌ–

�\\⌅D BCFW-¨¿�ƒ|µtªå⇠t⌅X��t¿˘hDL

⇠à‰.‰‹ B•–�\|X\ÃD�⌧t|¥¥Ùê.tΩ∞–∞Ä
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ƒÌ@‰L¸⇡t⇣‰.

ÂNKMHV
n (z) z�!z⇤���! ÂMHV

n�1 (z⇤)bYNKMHV
n�1 (z⇤)

1
P̂2

I
ÂMHV

3 (z⇤) (4.4.46)

⌅�–⌧¥¥ÙXÔt ZIX0XY�xX¯î‰L¸⇡‡

(I) = (j, j � 1)
\

(i � 1, i, i + 1) (4.4.47)

t Ω∞– j = i + 2t¿\ ZI = Zi+1ÑD Lå ⇠‡ Yî xÄÖê‰–

�t⌧Ã \⌅(D L ⇠ à‰. t| t©Xt › (4.4.46)î ‰L¸ ⇡t

\⌅⌧‰.

P2
I

P̂2
I


ÂMHV

n�1 (z⇤)
1

P2
I
Â�¿

3,MHV

�
YNKMHV

n�1 (. . . ,Zi�1,Zi+1,Zi+2, . . .)

(4.4.48)

t@hÿ
P2

I
P̂2

I
= � z⇤

z � z⇤
|t©XÏ w ! •–⌧X✓@‰L¸⇡‰.

BNKMHV
•

=AMHV
n

 I

Cz⇤
dz

z2⇤
z(z � z⇤)2

!
YNKMHV

n�1 (. . . ,Zi�1,Zi+1,Zi+2, . . .)

=AMHV
n YNKMHV

n�1 (. . . ,Zi�1,Zi+1,Zi+2, . . .)

(4.4.49)

t⌧ \\˘–⌧Ñt⇠îµ\–�t¥¥Ùê.tLÑt⇠îµ\

|0�<\Ñt⌧∞ÄƒÌD��AnL , AnR t|Xê.∞¨X��–

XtÑt⌧∞ÄƒÌ‰@‰L¸⇡t\⌅ Ét‰.

AnL = AMHV
nL

YNKL MHV
nL

(ZI ,Zj�1, · · · ,Zi+1,Zî),

AnR = AMHV
nR

YNKR MHV
nR

(ZI ,Zi�1, · · · ,Zj+1,Zj)
(4.4.50)

Ï0⌧Grassmann¿⇠X(⇠|DPXtK = KL +KR + 1t‰.⇣\

Ñt ⌧ µ\\ xt nL + nR = n + 2t‰. ⌅Ë\ °0 t�YD µt
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‰LDt©Xt

(I) = (j, j � 1)
\

(i � 1, i, i + 1)

= Zjhj � 1, i � 1, i, i + 1i � Zj�1hj, i � 1, i, i + 1i
(4.4.51)

Dª‡ ZIîxÄÖê‰–ÃXtXîÉDµXÏÑt⌧µ\X∞Ä

ƒÌ@‰L¸⇡t\⌅⌧‰.
 
X ÂMHV

nL
ÂMHV

nR

P2
I

!

⇥ YNKL MHV
nL

(ZI ,Zj�1, · · · ,Zi+1,Zî)Y
NKR MHV
nR

(ZI ,Zi�1, · · · ,Zj+1,Zj)

(4.4.52)

¯pt›–⌧⌅8çXm@ nÖêNMHV∞ÄƒÌX BCFWÑt

µ\t‰.0|⌧⌅8çX›@‰L¸⇡t\⌅⌧‰.
 
X ÂMHV

nL
ÂMHV

nR

P2
I

!
= AMHV

n

i+2X

j=i�3

[i � 1, i, i + 1, j � 1, j] (4.4.53)

t|ÖiXt|⇠�x�¿Ëƒ∞ÄƒÌ–�\|⇠�x\⌅DL

⇠ à‰. ÑXX n Öê NMHVî MHV∞Ä ƒÌ¸ Yangian à¿…X

Ò<\ \⌅(¸, BCFW-¨¿�ƒ–⌧ ¨¿�x )ïD µt ÑXX K

–�tÑXX nÖê∞ÄƒÌ⇣\MHV∞ÄƒÌ¸ Yangianà¿…

XÒ<\\⌅(DL⇠à‰.t–�\\⌅@‰L¸⇡‰.

ANKMHV
n = AMHV

n

(
YNKMHV

n�1 (. . . ,Zi�1,Zi+1,Zi+2, . . .)

+
i+2X

j=i�3

✓
[i � 1, i, i + 1, j � 1, j]

⇥ YNKL MHV
nL

(ZI ,Zj�1, · · · ,Zi+1,Zî)Y
NKR MHV
nR

(ZI ,Zi�1, · · · ,Zj+1,Zj)

◆)

(4.4.54)
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4.5 ‡¨Ëƒ BCFW-¨¿�ƒ›

BCFW-¨¿�ƒî åt¿ t`X �¿ Ëƒ ∞Ä ƒÌD ƒ∞Xî

D¸�%\ƒlÑDLX‰.t�ƒ|‡¨Ëƒ–ƒQ©X‡êXî

x%tƒâ⇠‡à‰.t�–⌧î‡¨<�Ñh⇠(loop integrand)Ë

ƒ–⌧ BCFW-¨¿�ƒ|¥ªåªD⇠àî¿–�t|X`Ét‰.

4.5.1 ‡¨Ëƒ BCFW-¨¿�ƒ›

tå�–⌧î‡¨Ëƒ–⌧X BCFW-¨¿�ƒ–�tLDÙ‡ê

\‰. 0¯�<\ BCFW-¨¿�ƒî ıå ∞Ä ƒÌX ˘ lp| ¥¥

⌅<\h ∞Ä ƒÌX lp| ªD ⇠ à‰. ‡¨ Ëƒ ∞Ä ƒÌ–⌧ƒ

BCFW-¨¿�ƒî‰L¸⇡@¿�DµtªD⇠à‰.7

Ẑn = Zn + wZn�1 (4.5.1)

‡¨Ëƒ–⌧ƒ�¿Ëƒò¸ıå�ÑD⇠âXÏ (4.4.35)|ªî‰.

�¿Ëƒ–⌧@»,�¿\‡¨Ëƒ–⌧ƒ∞ÄƒÌtMHV@ Yan-

gian à¿…<\ Ñt(D ��à‰. BCFW-¨¿�ƒ| µt ¨¿�<

\t|Ux`⇠à‰.t|‰L¸⇡t\⌅Xê.

AL
n = AMHV

n,�¿YL
n (Z1, . . . ,Zn) (4.5.2)

Ï0⌧ ⌫ ®ê L@ L-‡¨| X¯\‰. t– 0| B•î ‰L¸ ⇡t \

⌅⌧‰.

B• = AMHV
n,�¿YL

n�1(Z1, . . . ,Zn�1) (4.5.3)

t⌧ \\˘(pole)Xlp–�t¥¥Ùê.‡¨Ëƒ–⌧PxÄÖ

ê‰X ¥Ÿ…D BCFW-¿�‹§î Ω∞ �¿ Ëƒ–⌧X BCFW–⌧
7Ï0⌧î nà¯�¿| (n, n � 1)¡–,¨î¿�Dà‰.

97



ò¿òî˘x–î��x˘t‡¨�Ñ–Ò•\‰.

1)‡¨¥Ÿ…–�t≈Ωx|(¨⌧X˘

2)‡¨¥Ÿ…DÏhXî|(¨⌧X˘

1)XΩ∞�¿Ëƒ–⌧@⇡@lptptL8–˘D�î|(¨⌧

|0�<\TÆ@‡¨ËƒXP∞ÄƒÌ<\Ñt(factorization)�

⌧‰.t–0x∞ÄƒÌ@‰L¸⇡‰.

AMHV
n,�¿

n�2X

j=3

[j � 1.j, n � 1, n, 1]

⇥ YL1
L (ZIj ,Zj,Zj+1, , Ẑnj)Y

L2
R (ZIj ,Z1,Z2, · · · ,Zj�1))

(4.5.4)

Ï0⌧ Ẑnj = (n� 1, n)
T
(1, j� 1, j)t‡, ZIj = (j, j� 1)

T
(n� 1, n, 1)

t‰.⇣\ L1 + L2 = LDÃq\‰. 2)XΩ∞î�¿Ëƒ BCFW–⌧î

ò¿ò¿Jî˘lpt‰.tΩ∞‰L¸⇡@¡i–⌧˘D�î‰.

hABn̂1i = 0 (4.5.5)

tΩ∞ nÖê L-‡¨∞ÄƒÌ@ n + 2Öê L-1‡¨∞ÄƒÌ–⌧ 2

⌧X�¿�∞⌧∞ÄƒÌ¸⇡Dƒ‰.t|⌅)˘\(forward limit)

t|Äx‰.ƒ›�<\î‰L¸⇡‰.

p

n

p

n+1
p

n+2

p1

...

. . .

y

n+1

y

n

y

n+2

y1

y2

�!
...

. . .

p

n

p

n+1

p

n+2

p1

y

n

y

n+1

y

n+2

y1

y2

(4.5.6)

⌅Xƒ›–⌧⌅)˘\@ yn+2î‡�‹®D y1 ! yn+1t(DX¯\

‰.¯p y1@ (n+ 2, 1)\∞�⇠‡ yn+1@ (n, n+ 1)–Xt∞�⇠0

L8– t‰@ (Z1,Zn+2,Zn+1,Zn)t ⇡@  ¡– àî Ω∞\ ¸ ⇠

à‰.⌅)˘\@Ï0⌧ Zn+1¸ Zn+2| (n + 1, n + 2)
T
(1, n)<\Ù

¥î ¡it‰. |⇠�<\ CP3|4–⌧ P ¡ @ Ãò¿ Jî‰. X¿Ã

98



Ẑnî (n, n � 1)¡–àîÉDt©XÏ (n + 1, n + 2)
T
(1, n̂)|lXÏ

t@⇡@8⌧|˘ı`⇠à‰.tLtP⇣D ZB̂|‡Xê.t⇣@

‰L¸⇡t\⌅⌧‰.

(B̂) = (n + 1, n + 2)
\

(n � 1, n, 1) (4.5.7)

⇣\ (1, n̂)¸ (n + 1, n + 2)�P(\‰î¨‰@ Ẑnt (n + 1, n + 2, 1)

¡–ìÏàLDX¯\‰. Ẑnt (n� 1, n)¡–àî⇣¸hÿÖiXÏ

t|\⌅Xt‰L¸⇡‰.

Ẑn = (n � 1, n)
\

(n + 1, n + 2, 1) (4.5.8)

⌅)˘\XΩ∞î‰L¸⇡@¸�<\\⌅`⇠à‰.

(Z1,Z2, . . . ,Zn,Zn+1,Zn+2)

�! (Z1,Z2, . . . , Ẑn,Zn+1,Zn+2)

����
Zn+1,Zn+2!ZB̂

(4.5.9)

tΩ∞‰LDÃqXå⌧‰.

hn + 1, n + 2, n̂, 1i = 0 (4.5.10)

tî ‡¨ ¥Ÿ… � ∏⌅§0 ZA, ZB� ⌅) ˘\X Ω∞ Zn+1, Zn+2

� (D L ⇠ à‡ t‰t Ë|  »¿¨ êÑ ptD ÃqhD L ⇠

à‰. t– 0| tÏ\ ˘ lp| �î Ω∞ ∞Ä ƒÌ@ ‰L¸ ⇡LD

L⇠à‰.

AMHV
n,�¿ ⇥ f (A, B, n � 1, n, 1)

 
YL�1

n+2 (Z1,Z2, . . . , ẐnAB,ZA,ZB)

����
A,B!B̂

!

(4.5.11)

Ï0⌧

ẐnAB = (n � 1, n)
\

(A, B, 1), B̂ = (A, B)
\

(n � 1, n, 1) (4.5.12)
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t‰. ⇣\ f (A, B, n � 1, n, 1)î hABn̂1i = 0x ptD ò¿¥î ¥Ÿ

Y� �Ù� Ù4 h⇠t‰. t| lX0– ^⌧ ⌅) ˘\– �t Ä T

ê8à ¥¥Ùê. ⌅) ˘\–⌧î lX‡ê Xî ∞Ä ƒÌÙ‰ 2⌧ T

Œ@ �¿X ∞Ä ƒÌt Ò•\‰. tÏ\ î��x 2⌧X xÄ �¿–

�\ �Ù| ò ò¨t|Ãt ,x ∞Ä ƒÌD ªD⇠ àD Ét‰.

tÏ\¨‰¸‡¨-�Ñ¸X�ƒ|µt|X|ƒâXê.<�‰LX

�ÑD¥¥Ùê.
Z

d4|4ZAd4|4ZB (4.5.13)

Ùt�(bosonic)�ÑÄÑ–⌧t�Ñ@ A, B�Ã‰¥¥î�•\®‡

¡ (A, B) –�\�Ñ¸¡ (A, B) ¡–⌧ ZA, ZBX¿¡Ñ–�\

�Ñ<\ ò� ⇠ à‰. CP3|4
X 1»\ xt t ¡ ¡X ¿¡Ñ‰@

®P ⇡@ ¡ D ò¿¥0 L8– t �Ñ@ GL(2) à¿1D ÏhX‡

à‰.⌅)˘\@ (A, B)@ (n � 1, n, 1)XP⇣<\ A, B|Ù¥îÉt

¿\ GL(2) â,X π� t� t ˘\¸ �(t àLD L ⇠ à‰. t–

0| ⌅X �Ñ–⌧ Ùt� �Ñ@ ‰L¸ ⇡t GL(2) �ÑD Ñ¨‹⌧

›�XîÉt∏¨X‰.
Z

d4ZAd4ZB =
Z

d4ZAd4ZB

Vol[GL(2)]

Z

GL(2)
(4.5.14)

GL(2)X Haar!ƒ(measure)î‰L¸⇡‰.
Z

GL(2)
=
Z
hcA0dcA0 ihcB0dcB0 ihcA0cB0 i2 (4.5.15)

tL hcA0cB0 i@‰L¸⇡‰.

hcA0cB0 i = cA0 AcB0 B � cA0 BcB0 A

0

@ZA0

ZB0

1

A =

0

@cA0 A cA0 B

cB0 A cB0 B

1

A

0

@ZA

ZB

1

A
(4.5.16)
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⌅)˘\@ ZA@ ZB| (A, B)@ (n� 1, n, 1)XP⇣<\Ù¥îÉ¸⇡

0L8–t˘\–⌧î⌅Xâ,tπ�\✓t(DL⇠à‰. GL(2)

�ÑÄÑD ⌧xXt ®P ¥Ÿ… ∏⌅§0 ı⌅ ¡–⌧X ⌘ı⇠¿ J

@¡ ‰X�Ñt®î‰.¥Ÿ…∏⌅§0ı⌅X¡ t��¥Ÿ…

ı⌅X ⇣D ò¿¥¿\ t �Ñ@ �� ¥Ÿ… ı⌅–⌧X ‡¨ �Ñ¸

�ƒàLDL⇠à‰.t|\⌅Xt‰L¸⇡‰.
Z

d4y0 =
Z

d4ZAd4ZB

Vol[GL(2)]hABi4 (4.5.17)

Ï0⌧ hABi4î !ƒ� ¨��x 1»D \⌅\‰. D] t mt SL(4)

�mD h¿Ã ∞Ä ƒÌ–⌧î <�Ñh⇠@ ¡ƒ⌧‰. tî ‰L �–

⌧ 4 Öê 1-‡¨ ∞Ä ƒÌ– �t LDÙî ¸�–⌧ Ò•\‰. t|

ÖiXt⌅)˘\–⌧X∞ÄƒÌ@‰L¸⇡t\⌅⌧‰.

AMHV
n,�¿

Z
d4|4ZAd4|4ZB

Vol[GL(2)]

Z

GL(2)
[A, B, n � 1, n, 1]

⇥ YL�1
n+2 (Z1,Z2, . . . , ẐnAB ,ZAZB̂)

(4.5.18)

[A, B, n � 1, n, 1]@ hA, n � 1, n, 1i¸ hB, n � 1, n, 1iDÑ®–ÏhX‡
à‡ t ✓t ˘D �‡àî ¨‰t ⌅) ˘\– �\ �Ù| ÏhX‡

à‰.⇣\t✓@Ñ®– hA, B, n, 1i⇣\�‡à<ptîË|-êÑ¸

�ƒàî|(¨⌧t‰.∞¨î‡¨Ëƒ∞ÄƒÌ–�\®‡lp–

�t¥¥ÙX‰.t|‰‹hÙt‰L¸⇡‰.

AL-‡¨
n = AMHV

n,�¿

(
YL

n�1(Z1, . . . ,Zn�1) (4.5.19)

+
n�2X

j=3

[j � 1, j, n � 1, n, 1]YL1
L (ZIj ,Zj,Zj+1, . . . , Ẑnj)Y

L2
R (ZI ,Z1,Z2, . . . ,Zj�1)

+
Z

d4|4ZAd4|4ZB

Vol[GL(2)]

Z

GL(2)
[A, B, n � 1, n, 1]YL�1

n+2 (Z1,Z2, . . . , ẐnAB ,ZAZB̂)

)
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tL, L1 + L2 = Lt‡

Ẑnj = (n � 1, n)
\

(1, j � 1, j), ZIj = (j, j � 1)
\

(n � 1, n, 1)

ẐnAB = (n � 1, n)
\

(A, B, 1) (4.5.20)

t‰.Ï0⌧ n�¿ L0 ‡¨(< L)∞ÄƒÌ¸ (n + 2)�¿ (L � 1)‡¨

∞ÄƒÌt�¿ËƒMHV∞ÄƒÌ¸‡¨Ëƒ Yangianà¿…XÒ

<\ \⌅(D ��X‡ ⌅X ¨¿�ƒ| t©Xt ®‡ ‡¨ Ëƒ ∞Ä

ƒÌt�¿ËƒMHV∞ÄƒÌ¸‡¨Ëƒ Yangianà¿…XÒ<\

\⌅(DL⇠à‰.

4.5.2 4Öê 1-‡¨∞ÄƒÌ

t å�–⌧î ⌅ å�–⌧ ª@ ‡¨ Ëƒ BCFW-¨¿�ƒ| t©

XÏ 4Öê 1-‡¨∞ÄƒÌ–�t¥¥¸Ét‰.› (4.5.19)@8⌧X

mD�‡à‰. 4Öê 1-‡¨∞ÄƒÌ@¡ê(box)ƒ�Ãtt¨\‰.

¯Ï¿\´¯mX YL=1
3 îÒ•X¿Jî‰.»,�¿t \Pà¯m

⇣\Ò•X¿Jî‰.8 0|⌧ 4Öê 1-‡¨∞ÄƒÌ@ BCFW-¨¿�

ƒX»¿…mDµXÏªî‰.

A1-‡¨
4 = AMHV

4,�¿

Z
d4|4ZAd4|4ZB

Vol[GL(2)]

Z

GL(2)
[A, B, 3, 4, 1]

⇥ Y�¿6 (Z1,Z2,Z3, Ẑ4AB ,ZA,ZB̂)

(4.5.21)

› (4.4.29)| t©XÏ n = 6–⌧X �¿ Ëƒ Yangian à¿… YNMHV
6,�¿

|ò¿¥t‰L¸⇡‰.

Y�¿6 (Z1,Z2,Z3, Ẑ4AB ,ZA,ZB̂)

= [B̂, 1, 2, 3, 4̂] + [B̂, 1, 2, 4̂, A] + [B̂, 2, 3, 4̂, A]
(4.5.22)

8
TÆ@‡¨\ò ¿¿Jî‰.
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› (4.5.22)X •̂ ¥Ÿ… � ∏⌅§0 ¿⇠| ‰L¸ ⇡t xÄ(external)

�¿|µt\⌅Xê.

(4̂) = (3, 4)
\

(A, B, 1) =) Z4̂ =
1

h3AB1i (Z4h3AB1i �Z3h4AB1i)

(B̂) = (A, B)
\

(3, 4, 1) =) ZB̂ =
1

hA341i (ZBhA341i �ZAhB341i)

(4.5.23)

› (4.5.21)–⌧Grassmann�Ñ
R

d4
cAd4

cBD<�⇠âXê.› (4.5.21)

X 5-⌅8 [A, B, 3, 4, 1]@‰L¸⇡@ Grassmann d-h⇠|Ïh\‰.

[A, B, 3, 4, 1] µ d

(4)(cAhB341i � cBhA341i+ · · · ) (4.5.24)

¯p Grassmann �Ñ@ cA@ cB– �\ �Ñt¿\ Grassmann d-

h⇠X (· · · ) tƒX m‰@ �Ñ– 0ÏX¿ Jî‰. › (4.5.22)X ´

¯m¸ ∞i⌧ �Ñ–⌧î ZB̂� �Ñ– 0Ï` Ét‰. ¯p cB̂ µ

cAhB341i � cBhA341ix¨‰Dt©Xt›(4.5.22)@hÿ› (4.5.21)

X<�Ñh⇠X´m–�\ Grassmann�Ñ@‰LD�‰.
Z

d4
cAd4

cB[A, B, 3, 4, 1][B̂, 1, 2, 3, 4̂] = 0 (4.5.25)

t⌧ [B̂, 1, 2, 4̂, A]�Ïh⌧mX�ÑD¥¥Ùê.tm@ d

(4)(cB̂h124̂Ai�
cAhB̂124̂i + · · · ) mD �‡ à‰. ¯p ⌅X ∞¸@ »,�¿\ òL

cB̂–�\m@�Ñ–0ÏX¿Jî‰.⇣\‰LX SchoutenmÒ›D

t©XtPà¯mX hB̂124̂it 0ÑDL⇠à‰:

hi, j, k, liZm + hj, k, l, miZi + hk, l, m, iiZj + hl, m, i, jiZk + hm, i, j, kiZl

(4.5.26)

0|⌧t�Ñ@‰L¸⇡‰.
Z

d4
cAd4

cB[A, B, 3, 4, 1][B̂, 1, 2, 4̂, A] = 0 (4.5.27)

103



»¿…<\8à¯mDƒ∞Xt‰L¸⇡‰.
Z

d4
cAd4

cB[A, B, 3, 4, 1][B̂, 2, 3, 4̂, A] =
h1234ihAB34i
hA234ihB341i I4(A, B)

(4.5.28)

Ï0⌧ I4(A, B)î‰L¸⇡‰.

I4(A, B) =
h1234i2

hAB12ihAB23ihAB34ihAB41i (4.5.29)

tƒ∞–⌧‰LD¨©X�‰.

h234B̂i = �h1234ih34ABi
hA341i (4.5.30)

⌅X¥©D�¨XÏ 1-‡¨ 4Öê YangianD\⌅Xt‰L¸⇡‰.

Y1-‡¨
4 =

Z
d4ZAd4ZB

Vol[GL(2)]

Z

GL(2)
I4(A, B)

h1234ihAB34i
hA234ihB341i (4.5.31)

t⌧ ⌅X \⌅–⌧ GL(2) �Ñ– �t ¥¥ Ùê. t �Ñ–⌧ �Ñ¿

⇠î CP3
X1»Dt©XÏ ZA@ ZB ^Xƒ⇠| 1\ ¿Xî GL(2)

â,\åt¿-‡�Dµt�`⇠à‰.
0

@ZA

ZB

1

A!
0

@ 1 cA0

cB0 1

1

A

0

@ZA

ZB

1

A (4.5.32)

tΩ∞ (4.5.15)X Haar!ƒî‰L¸⇡t\⌅⌧‰.

hcA0dcA0 ihcB0dcB0 ihcA0cB0 i2 = dcA0dcB(1 � cA0cB0)2 (4.5.33)

⇣\› (4.5.31)–⌧<�Ñh⇠X 4-⌅8(4-bracket)‰@‰L¸⇡t¿

X⌧‰.

hABiji ! hABijihcA0cB0 i = hABiji(1 � cA0cB0)

hAijki ! hAijki+ cA0 hBijki
hBijki ! hBijki+ cB0 hAijki

(4.5.34)
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t@› (4.5.31)|ÖiXÏ‰‹t‰L¸⇡‰.

A1-‡¨
4 =AMHV

4,�¿

Z
d4ZAd4ZB

Vol[GL(2)]
I4(A, B)h1234ihAB34i

⇥
Z

dcA0dcB0✓
1 � cA0cB0

◆✓
hA234i+ cA0 hB234i

◆✓
hB341i+ cB0 hA341i

◆

(4.5.35)

∞¨î GL(2)�Ñ–⌧ ⌅) ˘\– �\ �Ù| ª‡ê \‰. ⌅) ˘\

@ ⇣ A@ B| ⇣ ZB̂ = (A, B)
T
(3, 4, 1)<\ Ù¥î ˘\t‰. ⌅X �

Ñ–⌧ hB341i+ cB0 hA341it ˘D �î Ût ⇣ B ! B̂X �Ù| �‡

à‰.t˘DÏhXîΩ\\�ÑD⇠âXt‰LDªî‰.
Z

dcA0dcB0✓
1 � cA0cB0

◆✓
hA234i+ cA0 hB234i

◆✓
hB341i+ cB0 hA341i

◆

=
Z

dcA0✓
hA341i+ cA0 hB341i

◆✓
hA234i+ cA0 hB234i

◆
(4.5.36)

t∞¸|¥¥Ùt hA341i+ cA0 hB341i�˘D�îÛ–⌧⇣ A ! B̂

X�Ù�Ïh¸àLDL⇠à‰.t˘D�îΩ\\�ÑD⇠âXt

‰LDªî‰.
Z

dcA0✓
hA341i+ cA0 hB341i

◆✓
hA234i+ cA0 hB234i

◆

=
1

hA234ihB341i+ hA341ihB234i
= � 1

hAB34ih1234i

(4.5.37)

⌅ ¸�–⌧ »¿… m@ Schouten mÒ›(4.5.26)D t©à‰. t ®‡

ÉD ‡$Xt \Ö�<\ 4 Öê 1-‡¨ ∞Ä ƒÌ@ ‰L¸ ⇡t \⌅
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⌧‰.

A1-‡¨
4 = �AMHV

4,�¿

Z
d4ZAd4ZB

Vol[GL(2)]
I4(A, B) (4.5.38)

4Öê 1-‡¨∞ÄƒÌ@t¯ 3.2�–⌧là»‡tî‰L¸⇡X‰.

A1-‡¨
4 (1, 2, 3, 4, ) = suAMHV

4,�¿(1, 2, 3, 4)I4(p1, p2, p3, p4) (4.5.39)

t| ¥Ÿ… � ∏⌅§0 ı⌅–⌧ ¥ªå \⌅⇠î¿ LDÙƒ] Xê.

<�t|��¥Ÿ…ı⌅–⌧\⌅Xt‰L¸⇡‰.

A1-‡¨
4 (1, 2, 3, 4, ) = AMHV

4,�¿(1, 2, 3, 4)
Z

d4y0
y2

13y2
24

y2
01y2

02y2
03y2

04

= �AMHV
4,�¿

Z
d4ZAd4ZB

Vol[GL(2)]
h1234i2

hAB12ihAB23ihAB34ihAB41i
= �AMHV

4,�¿

Z
d4ZAd4ZB

Vol[GL(2)]
I4(A, B)

(4.5.40)

Ï0⌧ y2
0i = (y0 � yi)2

t‡, �s = y2
13, �u = y2

24t‡

y2
ij = � hj � 1, j, k � 1, ki

hj � 1, jihk � 1, ki (4.5.41)

Dt©à‰.⇣\
R

d4y0îtı⌅–⌧®‡lƒ⇠î¡ (A, B)–�

\�Ñ<\\⌅⇠ptî‰L¸⇡‰.
Z

d4y0 =
Z

d4ZAd4ZB

Vol[GL(2)]hABi4 (4.5.42)

Ï0⌧ hABi4î !ƒX ¨��x 1»\ xt ò¿òî ët‰.  »¿

¨)ïDµtl\∞ÄƒÌD¥Ÿ…�∏⌅§0ı⌅–⌧\⌅t

Ùt‰L¸⇡‡,

A1-‡¨
4 = �AMHV

4,�¿

Z
d4ZAd4ZB

Vol[GL(2)]
I4(A, B) (4.5.43)

tî‡¨Ëƒ BCFW-¨¿)ïDµtl\∞¸@�Uà|X\‰.
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⌧ 5•

†X

∞¨î 4(–XN = 4��mD�¿îD�Xåt¿t`–�t

¥¥ÙX‰. ∞¨� (©\ §<�-ò ƒ \0ï@ 0tX 4(– °0

\0ïÙ‰ T ⌅∞\ \0ïÑD Lå ⇣‡ BCFW-¨¿�ƒî ∞Ä ƒ

ÌXƒ∞DT}åÃ‰¥�‰îÉD0‡‰.X¿Ãt)ï@ z ! •

–⌧X∞ÄƒÌXpŸ–0|�•D�0L8–åt¿t`D⇠¥

⌧ît`‰–�\�©–�\l�TDîX‰.\¸X∞ÄƒÌ–

�\lîlåîåt¿t`X�¿Ëƒ∞ÄƒÌ–�\l@‡

¨Ëƒ∞ÄƒÌ–�\l\ò�⇠à‡lê‰X\Ö©\ît

®P|D∞tît`–�\tt|Ét‰.

⌧4•–⌧ ª@ L-‡¨ Ëƒ BCFW-¨¿�ƒ›D Ùt …-�,⌧

∞Ä ƒÌX ⌧X�(cyclic) 1»D Ö‹�<\ ò¿ò¿ Jî‰. tî

BCFW-¿�DµtP¥Ÿ…t¿�⇣0L8t‰.⇣\ BCFW-¨¿�

ƒ| µt ªî ∞Ä ƒÌ@ �‹ ˘(spurious pole)‰ ⇣\ ò¿ò¿Ã

®‡ BCFW-ƒ�D TXî Ω∞ ¨|¿î ë‰t‰. tî ∞Ä ƒÌX

må1(locality)¸�(¸à‰.

Yangian�m1D�îƒ–⌧⌅@⇡@8⌧|�¿Jî)ïDµ

t∞ÄƒÌD\⌅X‡êXîx%tà»‡\¸–î Positive Grass-

maniann t|î ‰ë¥| µt ∞Ä ƒÌD \⌅Xî )ïD ª»‰.

‰L¸⇡@ Grassmaniann�ÑDƒÖXt⌧t–�\t∞EX‰»
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¨|¸»‰.[8, 39]

Ln,k(Wi) =
Z

dn⇥kCai

GL(k)
Qn

j=1 Mj

kY

a=1

d

4|4
 nX

l=1

CalWA
l

!
(5.0.1)

Ï0⌧ k ⌘ K + 2t‡tî|⇠�<\NKMHV�∞ÄƒÌD\⌅X

0⌅tƒÖ⇣‰.⇣\⌅X›@ Yangianà¿…tt⌧⌧X�(cyclic)

à¿D ò¿∏‰.1 ¸¥ƒ n, k– �t⌧ Ln,k� Yangian à¿…D Ã‰

¥¥î  |\ ⌧X� �mD �¿î �Ñ\⌅t|î ¨‰@ [40, 41]–

òå⌧¸à‰.t�Ñ\⌅@N = 4…t(planer) SYM–⌧®‡^ -

πt1(leading singularity) ‰D Ã‰¥¥î ë<\ Arkani-Hamed,

Cachazo, Cheung, Kaplan– Xt òL å⌧⇣‰.[39] t �Ñ–⌧ <

¨�<\ X¯ àî ˘‰D ÏhXî Ω\\ �ÑD ⇠âXt ∞Ä ƒÌ

D ªD ⇠ à‰î Ét ò L$8 à<p t– �\ l� \⌧à ƒ

â⇠‡ à‰.[8, 42] ⇣\ t ë@ (-X ƒ�(on-shell diagram)t|î

»\¥ )ïD µt ∞Ä ƒÌªî É¸ �⌘\ �(t à‰. t ƒ�@

®‡ ∞Ä ƒÌD 3 Öê MHV, MHV∞Ä ƒÌ‰D ôÏ�p ∞Ä ƒ

ÌDÃ‹î)ït‰.[8]\¸–îtÏ\ë‰¸�(¿¥∞ÄƒÌD

0XY�x )ïD µt ª‡ê Xî ‹ƒ� t⌅¿‡ à‰. ⌅–⌧ å

⌧⌧ Grassmannian–⌧ k ⇥ kåâ,›të⇠xëD Positive Grass-

manian G+(k, n)<\ ò¿¥t t ‰ë¥ ¥X Cellt| à¨î lp@

(-Xƒ�t�(àå⌧‰.⇣\tëDƒ⇠\Xî¥Ÿ…∏⌅§0

|‰L¸⇡t\⌅Xt,

YI
a

= C
aaZI

a, a = 1, 2, . . . , k (5.0.2)

1
t⌥å ƒÖ⌧ Cal@ n ⇥ k â,t‰. t‰@ Cnı⌅– k-…t– �X⌧ k⌧X n1

Ñ°0‰\¸⇠à‰.tL8–të@ GL(k) �mD�‡à‡tÏ\1»t⌅X
�Ñ– Ïh¸ à‰. |⇠�<\ n(– ı⌅X ®‡ k-…t‰X ı⌅D Grassmannian
Gr(k, n)t| Äx‰. › (5.0.1)@ GrassmannianX k-…t‰– �t ⌧X� à¿1D
�¿î�Ñ<\¸⇠à‰.
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t ⇣‰t Ã‰¥¥î ƒ�X Ä<� ∞Ä ƒÌ¸ �( à‰î ¨‰t

L$8 à<p t ƒ�D Amplituhedron t| Äx‰.[43, 44] X¿Ã

D¡‡¨Ëƒ∞ÄƒÌ–�Q⇠î0XY�ë@⌧¨⇠¿JX‡t

– �\ lƒ Dî` Ét‰. t¡X ë≈@ 4(––⌧X §<�‰D

µt t⌅L‰. 3(–D l` Lî §<�| µt ∏⌅§0| ‰Ëî

)ï– �\ ¥$¿¸ ⇡@ 8⌧� Ò•X‡ tÏ\ ⇣ x–ƒ ‰x (

––⌧X ‰ë\ 8⌧\ tÏ\ ¡i–⌧X ∞Ä ƒÌ– �\ l� ¸

©D �‡ à‰.[45, 46] t |8–⌧î ‡¨ Ëƒ| ‰ L ‡¨-<�Ñ

h⇠| ⌅ËXå Xî )ï– �t ⌧\D P»‰. X¿Ã ⌧3•X ]–

⌧�Ñ¸�(XÏ IR⌧∞m‰–�\l|Áå∏ X�‰.\¸–

î tÏ\ IR ⌧∞ mD (– p�(dimensional regularization)D µX

ÏttX$î‹ƒ�à‰. [47, 48]t@�(XÏâÏh⇠(remainder

function)@ Ï¸(symbol)t|î ëD ƒÖXÏ ‡¨ Ëƒ ∞Ä ƒÌX

lp– �\ tt| ít‡ê Xî ‹ƒ ⇣\ l� \⌧à ƒâ⇠‡

à‰.[49, 50, 51] åt¿ t`–⌧ ∞Ä ƒÌX ⌧Ò¸ ⌘%t`–⌧ ∞

ÄƒÌ⌅X�ƒ–�\l�$ò⌅Ä0à»¿Ã[52]t–84t¿

J‡ T òD�, §||, åt¿, ⌘%t`⌅X �ƒ– �\ t�D µt

åt¿t`X ttƒ| ít‡ê Xî l ⇣\ Œ@ <¨Yê– Xt

l⇠‡à‰.[46, 53, 54]

⌅–⌧∏ \É‰x–ƒå⌧X¿ª\l‰t4⇠àŒ‰.∞

Ä ƒÌ– �\ lî Œ@ <¨Yê‰– Xt ¥ƒ�<\ l� ⇠â

⇠‡à<p^<\ƒ\⌧\lîƒç Ét‰.t|8t∞ÄƒÌ

lÑ|–�\X¯àîå⌧�⇠»0|l›\‰.
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Abstract

Introduction to Scattering
Amplitudes in Supersymmetric

Yang-Mills theory via
BCFW-Recursion Relations

BooGyeong Zoo
School of Physics & Astronomy

The Graduate School
Seoul National University

Traditionally, we use Feynman diagram approach to compute scat-

tering amplitudes in perturbative quantum field theory. However,

in non-abelian gauge theory, the computational complexity become

insurmountable as the number of external particles or internal loops

increases. In a groundbreaking paper from 2004, E. Witten opened up

a modern perspective on scattering amplitudes by combining ideas

from string theory and twistor theory.[1] One of the early follow-

up was the Britto-Cachazo-Feng-Witten (BCFW) recursion relation,

which eventually led to a complete understanding of all tree-level

amplitudes in gauge theory. Recently, physicists discovered the dual

conformal symmetry, defined the so-called momentum twistor vari-

ables which makes the dual conformal symmetry manifest, and uti-

lize it to further simplify the calculation of amplitudes. The applica-
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tion of BCFW recursion relation to loop-level amplitudes is also in

progress.

In this thesis, we will review the scatting amplitudes of maxi-

mally supersymmetric Yang-Mills theory with BCFW recursion re-

lation used as a main tool. We begin with a brief introduction non-

abelian gauge theories. From color algebra, we see that the group

theoretic information and kinematic information can be separated in

amplitudes. We then introduce the spinor-helicity formalism which

is much more efficient than the usual 4-vector notations. At the loop

level, we review the generalized unitarity method and show that the

result agrees precisely with the loop level BCFW relations expressed

in momentum twistor variables. We conclude with a brief discussion

on recent developments not included in the thesis.

Keywords : Non Abelian Gauge Theory, KK& BCJ Relation, Spinor-

Helicity Formalism, BCFW-Recursion Relation, N = 4SYM, Generalized-

Unitarity Methods, Yangian Symmetry, Momentum Supertwistor Space
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