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1 Introduction

Most observations cluster around a typical value, and only a few observa-

tions deviate far from the mean in typical distributions such as normal distri-

bution. Their parameters of interest are the mean and standard deviation to

characterize average behaviors. In the recent years, extreme value statistics

have been developed considerably in order to characterize rare and extreme

behaviors in the diverse fields.

Particularly, Beirlant (2003) considered distribution of Pareto-type which

has unbounded responses, provided that α > 0.

P (Y > y) = y−αL(y) (1.1)

where L(y) is the slowly varying function at infinity:

L(yt)/L(y)→ 1 as y →∞ for any t > 0

The parameter α, called the Pareto-type tail index, is of interest since

it measures the heavy-tailed behavior of the distribution. As α decreases

P (Y > y) degenerate to zero more slowly, which means that tails are get-

ting heavier.

The estimation of α under the assumption that samples are i.i.d has at-

tracted particular attention in the extreme value statistics. Hill(1975) intro-

duced a well-known estimator based on the order statistics, and many schol-

ars studied the asymptotic behaviors of the Hill’s estimator succeedingly.

In addition to the Hill’s estimator, the moment estimator(Dekkers, Einmahl,

and Haan 1989) and the kernel estimators(Csorgo, Deheuvels, and Mason

1985) are other popular estimators to estimate the tail index α. Because of

the underlying assumption, these approaches cannot investigate the relation-

ship between the tail index α and explanatory variables.

The estimation of the tail index α when covariate information is avail-

able is very useful in practice. The underlying assumption is that the re-
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sponse variable Yi and the p-dimensional explanatory variable Xi are as-

sociated. This assumption extends to regression analysis that the parameter

of interest depends on each explanatory variable Xi. This enables the re-

gression model to explain tail heaviness of Yi with observed covariates Xi.

Thus, the tail index α, which measures the heaviness of the distribution, is a

function of the covariates. For example, extreme salaries of CEO as a func-

tion of talent, industrial size, and individual firm size were studied in Gabaix

and Landier (2007). According to Gardes and Girard (2010), the rainfall rate

can be explained as a function of the regional specificity. In finance, hedge

fund returns are associated with risk factors such as volatility and kurtosis

(see Daouia at al.(2011)).

Davison and Smith(1990) studied a regression model of the tail index

when the covariates are nonrandom or fixed. Davison and Lamesh (2002)

considered fully nonparametric approach based on local polynomials. Chavez-

Demoulin and Davison (2005) also proposed fully nonparametic approach

by using spine smoothers. Gardes and Girard (2008) presented nonparamet-

ric estimation of the conditional tail index through moving window.

Even though many researchers were interested in practical studies about

the random covariate case, theoretical studies have drawn less attention.

Beirlant and Goegebeur (2003) proposed the estimation of the tail index

α with covariate information when the response variables are independent

but not identically distributed. Profile likelihood estimation (Beirlant and

Goegebeur 2003) and local polynomial maximum likelihood estimation (Beir-

lant and Goegebeur 2004) were discussed in order to estimate Pareto-type

distribution.

Wang and Tsai (2009) improved upon the regression analysis with the-

oretical justifications. They took a log-transformation of the tail index α

which is a function of X, where the explanatory variables X ∈ Rp and the p×
1 unknown regression coefficient vector θ = (θ1, ..., θp)

T .

log{α(X)} = XT θ
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Selecting a threshold ωn is critical in the parameter estimation of Pareto-

type distribution. All observations which exceed the certain threshold (Yi >

ωn) are employed to estimate the tail index α. Wang and Tsai (2009) chose

the sample fraction based on an idea that the optimal threshold minimizes

the discrepancy between empirical distribution and true distribution. We will

discuss the issue in the next sections. After choosing the threshold, approx-

imate maximum likelihood estimation was used in order to approximate the

tail index of Pareto-type distribution in Wang and Tsai (2009). They also

provided theoretical justifications. This approach is basically a parametric

modelling technique since its parameter lies in finite-dimensional parame-

ter space.

One can draw more robust results by applying semi-nonparametric meth-

ods which involve finite-dimensional as well as infinite-dimensional un-

known parameters of interest. For instance, Brooks at al.(2010) showed that

the proposed semi-nonparametric approach for Value at Risk produces more

robust results. However, it is difficult to estimate the infinite unknown func-

tions by using finite samples. Furthermore, the problem that maximizes a

sample criterion function over an infinite-dimensional parameter space may

face the ill-posed issue; hence the estimator from the optimization may not

have desirable asymptotic properties.

Grenander (1981) developed the semi-nonparametric estimation via "method

of sieves." The method of sieves is flexible and implementable in the way

that it replaces the infinite dimensional spaces into finite dimensional spaces,

called sieves. One can easily estimate the model as if it were parametric.

The strength of the sieves comes from the growing complexity of the pa-

rameter sieves spaces with the sample size which approaches to the original

spaces in the limit. Thus the method of sieves avoids any misspecification

that results in undesirable asymptotic properties such as inconsistency and

a slower rate of convergence. We can often impose certain regularities on

the infinite-dimensional unknown parameters like positivity, monotonicity,
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convexity, and having bounded second derivatives. It suffices to ensure that

the sieves also satisfy the regularities since they are good approximations

for the unknown functions. One may use linear spans of splines, Fourier

series, wavelets and other various basis functions in order to construct the

sieve spaces. We will particularly focus on the univariate B-spline in the

subsequent sections.

In this paper we study the the semi-nonparametric estimation of the tail

index via the sieve methods. The rest of the paper is organized as follows.

Section 2 presents sieve maximum likelihood estimation. In addition, sam-

ple fraction selection is discussed. In Section 3, we discuss large sample

theories of sieve MLE. In section 4, we conclude this paper by pointing out

several limitations of the study.

2 Sieve Maximum Likelihood Estimator

2.1 The Pareto-type Model

We follow the basic framework of Pareto-type distribution from Wang and

Tsai (2009). Consider {Zi = (Y ′i ,X
′
i)
′ }ni=1 random observation with the

cumulative distribution F (y;x) = P (Yi ≤ y | Xi = x) of Yi conditional

on Xi. Let Xi = (Xi1, ..., Xip)
T ∈ Rp denote a p-dimensional vector of

explanatory variables associated with the response of interest Yi ∈ R1. We

assume that the conditional distribution of Yi given on Xi follows that of

Pareto-type, (1.1), for which the tail function 1− F satisfies

1− F (y;x) = y−α(x)L(y;x), yi > 0, α > 0 (2.1)

where L(y;x) is slowly varying function in the infinite, i.e.

L(yt)/L(y)→ 1 as y →∞ for any t > 0
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Both the tail index α and the slowly varying function L depend on the p-

dimensional explanatory vector x as covariate information is available. In

this paper we assume an exponential link function that is only partially spe-

cific.

α(X) = exp[βTX1 +G(X2)] (2.2)

This semi-nonparametric model involves both infinite- and finite-dimensional

unknown parameters. The infinite-dimensional unknown parameters make it

difficult to estimate the tail index using finite samples. The method of sieves

provides with computational ease by employing the growing complexity of

the sieve spaces as the sample size increases.

We also apply Hall(1982)’s approach in which the slowly varying tails

are expressed as powers of the smooth distribution, i.e. L(y;x) satisfies

L(y;x) = c0(x) + c1y
−β(x) +O(y−β(x)) (2.3)

where c0 > 0 and β(x) > 0.

2.2 Sieve Maximum Likelihood Estimators

2.2.1 Criterion Functions in Semi-nonparametric Models

In this paper we consider non-semiparametric models where H indicates

an infinite-dimensional parameter space. Semi-nonparametric approach has

appealed to many researchers because economic theory hardly provides spe-

cific functional forms for unknown parameters or error distributions. More-

over, it helps reduce cost of collecting and processing data.

In the semi-nonparametric model, true parameter θ0 = (β′0, G
′
0)′ ∈ Θ =

B× G maximizes a population criterion function Q(·). That is,

Q(θ0) > Q(θ) for all θ 6= θ0
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The true parameter θ0 is composed of two components, infinite- and

finite-dimensional parameters, θ0 = (β′0 G
′
0)′ ∈ Θ = B × G . Let B

denote a finite-dimensional compact parameter space, and let G denote an

infinite-dimensional parameter space.

An estimator θ̂n is the maximum likelihood estimator that maximizes an

empirical criterion function Q̂n over θ for all θ ∈ Θ. The empirical function

Q̂n is defined by a sample average of log-likelihood, which converges to

Q as the sample size increases. Denote ωn a threshold that determines the

effective sample size. Following (2.1) and (2.3), let f(y;x) be the approxi-

mated conditional probability function of Yi given Xi and y > ωn.

f(y ; y > wn) ' α(X)
y

wn

−α(X)
y−1

− log f = − log[α(X)(
y

wn
)−α(X)]I

(
yi > wn

)
= [− logα(X) + α(X) log(

y

wn
)]I
(
yi > wn

)
(2.4)

Recall that α(X) = exp[βTX1 +G(X2)]. Then, (2.4) becomes

− log f =
[
− βTX1 −G(X2) + exp[βTX1 +G(X2)] log(

y

wn
)
]
I
(
yi > wn)

θ̂n = arg min
β,G

Kn(β) =

n∑
i=1

[
exp{βTX1i+G(X2i)} log(

yi
wn

)−(βTX1i+G(x2i))
]
I
(
yi > wn

)
The minimized negative log-transformed likelihood function K̂n, which

is equivalent to the maximized empirical function Q̂n, brings out the approx-

imate sieve MLE, θ̂n = (β̂′, Ĝ′n)′. The term ’sieve’ becomes clearer in the

following section.
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2.2.2 The ’Sieve’ Maximum Likelihood Estimator

Let d denote a psuedo-metric on Θ. As mentioned earlier, the true parameter

θ0 = (β′0, G
′
0)′ lies in the infinite-dimensional and noncompact parameter

space Θ = B× G with the metric d, where B indicates a finite-dimensional

compact parameter space and G indicates an infinite-dimensional parameter

space.

The difficulty in estimating such a model comes from the nonparamet-

ric parts G . That is because the problem of optimization over the infinite-

dimensional parameter space may be ill-posed. The optimization is ill-posed,

if there exists a sequence {θk} ∈ Θ such that Q(θ0) − Q(θk) → 0, but

d(θ0, θk) 9 0, and vice versa. All the norms in a finite-dimensional com-

pact Euclidean space are equivalent and continuous, hence topological con-

siderations are often ignored in the finite-dimensional space. When taking

into account the infinite-dimensional space, however, this issue is placed on

great importance as the choice of the psuedo-metric d determines whether

the problem is well-posed or not.

The method of sieves provides a general approach to remedy the prob-

lem of optimization over the infinite-dimensional space G regardless of

whether it is well-posed or not. Let Gn be a sequence of spaces which grows

with the sample size and is dense in the original parameter space G . The

sieve method approximates the infinite-dimensional parameter space G with

the finite-dimensional parameter space Gn, denoted as the sieves by Grenan-

der (1981). The compact, nondecreasing sequence of spaces intersect with

G and are often subsets of G (G1 ⊆ G2 ⊆ ...Gn ⊆ ... ⊆ G ). In addition, for

any G ∈ G there exists πnG ∈ Gn such that

d(G, πnG)→ 0 as n→∞

where πn indicates a projection mapping from G to Gn. For semi-nonparametric

models, a natural sieve space is Θn = B×Gn ,where Gn is a sieve for G . The
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resulting estimator θ̂n = (β̂, Ĝn) is called an approximate sieve maximum

likelihood estimator that satisfies

Q̂n(θ̂n) ≥ sup
θ∈Θn

Q̂n(θ)−Op(ηn), with ηn → 0 as n→∞

where Q̂n(H) is defined as a sample average of log-likelihood functions,

sup
θ∈Θn

Q̂n(θ) = sup
θ∈Θn

1

n

n∑
i=1

l(θ, Zi).

The core idea of sieve estimation is that the infinite-dimensional parame-

ter space G is replaced by the finite-dimensional, parametric sieve space Gn,

then one can simply estimate parameters as if it were parametric. In other

words, the sieve method maximizes the criterion function over the sequence

of the finite-dimensional, parametric sieve spaces. As a result, this semi-

nonparametric estimation that involves computational difficulty simplifies

to a parametric one. Furthermore, the method of sieves is very flexible as

different choices are possible for criterion functions and sieve bases. The

other advantage is that it can get estimates of both the parametric β0 and the

nonparametric G0 at the same time.

2.2.3 Choice of Sieve parameter Spaces

Recall that the observations {(Yi,Xi) : i = 1, 2, ..., n} are drawn indepen-

dently from the distribution of (Y,X) with support Y ×X , where Y is

a subset of Rdy and X is a compact subset of Rdx . Let X = (X1
′,X2

′)′,

where X1 ∈ RdB and X2 ∈ Rd, hence dx = dim(X) = p = dB + d.

It is critical to select appropriate an sieve space to approximate the tail

index and maximize the criterion function. Several choices are possible for

the sieve space Θn = B × Gn. Following Chen(2008), one can choose a

proper sieve space according to criteria such as ’how easily max
θ∈Θn

Q̂n(θ) can

be computed’ and ’how well it can approximate Θn = B× Gn’.
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It becomes much easier to compute max
θ∈Θn

Q̂n(θ) over the sieve finite-

dimensional linear space. The fact that the true parameter θ0 = (γ′0, G
′
0)′ lies

in infinite-dimensional parameter space Θ = B × G arises computational

and theoretical difficulties in semi-nonparametric literature. The compact,

finite-dimensional sieve space Θn = B× Gn which grows complexity with

the sample size has desirable asymptotic properties as well as computational

ease.

We consider a popular smoothness class of functions, the Sovolev space

Wm
p,µ=1(X ), as the smoothness of functions in Θ affects how well the sieve

space can approximate Θ. For simplicity we assume a positive weight func-

tion µ = 1. Before we investigate the sieve space in earnest we need to know

several notations that will be heavily used throughout the paper. Let

Dλg(x) =
∂λ1

∂xλ1
1

∂λ2

∂xλ2
2

· · · ∂
λd

∂xλdd
g(x),

where λ = (λ1, λ2, ..., λd)
′ is a d-dimensional vector with nonnegative inte-

gers. The absolute value |λ| =
d∑

l=1
|λl| indicates the order of the derivative.

Denote the classical Lebesgue spaces, for 1 ≤ p ≤ ∞,

Lp(X ) = {g : g is a measurable real-valued functions on X with ‖g‖Lp(X )}

where ‖g‖Lp(X ) =

∫
X
|g(x)|pdx 1 6 p 6∞

= ess sup
x∈X
|g(x)| p =∞

Then we can define the classical Sobolev spaces,

Wm
p (X ) = Lp(X ) =

{
g(x) :

( ∑
|λ|6m

∫
|Dλg(x)|pdx

) 1
p
dx
}
.
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Suppose the domain of X2, X = X1×···×Xd, is the Cartesian product

of compact intervals X1, ...,Xd for each Xl ∈ [0, 1] and 1 ≤ l ≤ d. Let G l
n

denote a linear space of functions on Xl for 1 ≤ l ≤ d. Then the tensor

product can be described as the linear space of functions onX which involve

bases
d∏

l=1
gl(xl) or Gn =

d∏
l=1

G l
n. As seen above, tensor-product construction

enables to extend linear sieves of univariate functions to that of multivariate

functions. For θ = (β′, g1, · · ·, gd)′, define the norm

‖θ‖ =
√
β′β +

d∑
l=1

‖gl‖l

‖gl‖l = max
|λ|≤ml

sup
xl∈Xl

|Dλgl|.

We particularly impose a restriction of p=2 as followed from Gallant and

Nychka(1987), so that

G l
n =

{
gl(xl) :

( ∑
|λ|6ml+ml0

∫
|Dλg(x)|2dx

) 1
2
dxl

}

for ml0 > dl/2.

Suppose each function gl in the vector θ̂ = (β̂′, g1, ..., gd)′ is associated

with each xl. One can define each univariate function in the univariate finite-

dimensional sieve space as follow,

Gln(xl) =

J(n)∑
j=1

γj,lgj,l(xl) +R(xl)

for i = 1, ..., n, j = 1, ..., J(n), and l = 1, ..., d. As J(n)→∞, sup
X
|R(X2i)| →

0. Let {gj}∞j=1 denote a sequence of known basis functions. For a multi-

variate function θ0 ∈ Θ = Wm
p=2,µ=1(X ) where X = [0, 1]d, we can

construct the tensor product linear space Θn by using the univariate space

B × G 1
n × ... × G d

n . Let dim Gk(n)=k(n)=
d∏
l=1

Jl(n) ≤ ∞ and dim γ=k(n).
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The finite dimensional linear sieve for G is

Gk(n) =
{
γ′gk(n)(X2i) +R(X2i)

}
where tensor-product linear sieve basis is the product of univariate sieves:

gk(n)(X2) = (g1(x1), ..., gk(n)(xd))
′ and k(n) → ∞ as n → ∞. One can

apply diverse kinds of basis functions for the univariate sieve spaces with

support X l. This will be discussed in the following section.

REMARK 1. When dim(X) = p, dim(X1) = p − 1, and dim(X2) =

1 where Xi =
(
X1i
X2i

)
. Let X̃i =

( X1i

gk(n)(X2i)

)
and π =

(
β
γ

)
min
θ,G

Kn(θ) =

n∑
i=1

[
exp{β′X1i + γ′gk(n)(X2i)} log(

yi

wn
)− (β′X1i + γ′gk(n)(X2i))

]
I
(
yi > wn

)
=

n∑
i=1

[exp(π′X̃i) log(yi/ωn)− π′X̃i]I
(
yi > wn

)
(2.5)

F.O.C

n∑
i=1

[exp(π′X̃i) log(yi/ωn)− X̃i]I
(
yi > wn

)
= 0

n∑
i=1

X̃i[exp(π′X̃i) log(yi/ωn)I
(
yi > wn

)
] =

n∑
i=1

X̃iI
(
yi > wn)

(2.6)
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Let X̃ =


X̃ ′1

X̃ ′2
...

X̃ ′n

 and I(y ≥ ωn) =


˜I(y1 ≥ ωn)

˜I(y2 ≥ ωn)
...
˜I(yn ≥ ωn)


X̃ ′ exp X̃π[(log y/ωn)′I(y ≥ ωn)] = X̃ ′I(y ≥ ωn)

exp(X̃π)[(log y/ωn)′I(y ≥ ωn)] = I(y ≥ ωn) (2.7)

π̂ = [X̃ ′X̃]−X̃ ′ log I(y ≥ ωn)[(log y/ωn)′I(y ≥ ωn)]−1

(2.8)

2.2.4 Basis Function: B-spine

We generally define k-th order B-spline as appropriately scaled k-th divided

differences of the truncated power function.

DEFINITION 1. (Boor, 1985)

Let t := (ti) be a non-decreasing sequence (which may be finite, infinite or

bi-infinite). The i-th (normalized) B-spline of order k for knot sequence t is

denoted by Bi,k,t(x) and defined by the rule

Bi,k,t(x) := (ti+k − ti)[ti, ..., ti+k](· − x)k−1
+ , all x ∈ R. (2.9)

where [ti, ..., ti+k]g is the divided difference of order k of the univariate

function g at the points ti, ..., ti+k. We can rewrite (2.9) as

Bi(x) = [ti+1, ..., ti+k](· − x)k−1
+ − [ti, ..., ti+k−1](· − x)k−1

+

There are some evident properties of the B-spline.

(i) Bi = Bi,k,t has small support i.e.,

Bi = 0 for x /∈ [ti, ti+k]

If x /∈ [ti, ti+k], then g(t) := (t − x)k−1
+ is a polynomial of degree < k on

[ti, ti+k]. Therefore, we have the devided difference [ti, ..., ti+k]g = 0. It
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follows that only the k B-splines Bj−k+1, Bj−k+2, ..., Bj might be nonzero

on the interval [tj , tj+1]

(ii) We have ∑
i

Bi(x) = 1 for x ∈ [ti, ti+k]

(iii) Bi is positive on its support, i.e.,

Bi(x) > 0 for x ∈ [ti, ti+k]

These properties (i)-(iii) represent the B-spline sequence consists of nonneg-

ative functions which sum up to 1. In mathematical words, (Bi) provides a

partition of unity.

DEFINITION 2. (Boor, 1985)

A spline function of order k with knot sequence t is any linear combination

of B-splines of order k for the know sequence t. The collection of these

functions is denoted by Sk,t which means the linear space of splines of order

k with the knot sequence t.

Sk,t :=
{∑

i

αiBi,k,t : αi real, all i
}

Equivalently, the B-spline can be defined in terms of a recurrence rela-

tion which requires no special arrangements in case of multiple knots and

does not suffer from loss of significance.

DEFINITION 3. (Boor, 1985)

Bi,k(x) =
x− ti

ti+k−1 − ti
Bi,k−1(x) +

ti+k − x
ti+k − ti+1

Bi+1,k−1(x)

where Bj,k(x) =

{
1, tj ≤ x < tj+1

0, otherwise

Since Bi,k(x) > 0 for ti < x < ti+k we can repeatedly form positive

linear combinations of positive quantities, Bi,k−1(x) and Bi+k,k−1(x).
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DEFINITION 4. (Boor(1985), Chen(2008))

In case t is uniform, tr = r for ∀r.
The univariate B-spline of order k is

Bk(x) =
1

(k − 1)!

k∑
i=0

(−1)i

(
k

i

)
[max(0, x− i)]k−1

For simplicity, we adapt the univariate B-spline of order k on [0,1].

2.3 Sample Fraction Selection

Choosing the threshold ωn is critical in the parameter estimation. That is
because observations that exceed the threshold ωn determine the effective
sample size n0 =

∑
I(Yi > ωn). Then we can get the value of the estima-

tors. In this section we particularly follow an approach of Wang and Tsai
(2009) to choose the threshold ωn. Recall

Kn(β) =

n∑
i=1

[
exp{βTX1i+G(X2i)} log(

yi
wn

)−(βTX1i+G(x2i))
]
I
(
yi > wn

)
.

Let Z = exp{X1β+G(X2)} log( y
wn

). As the distribution of Z conditional

on Y > ωn has approximate exponential distribution, the distribution of

exp{−Z} conditional on Y > ωn is approximately, uniformly distributed

on [0,1]. Let n0
n denote sample fraction, where n0 =

∑
I(Yi > ωn) is

the effective sample size and n is the sample size. If the sample fraction

is large, the effective sample size includes less extreme responses. As a

result, the distribution of exp{−Z} conditional on Y > ωn is less accu-

rately approximated as the variance is larger. The uniform distribution on

[0,1] is getting different from the empirical distribution of
{
Ûi|Yi > ωn :

Ûi = exp
{
− exp{β̂TX1i + Ĝ(X2i)} log( yiwn )

}}
consequently. If the sam-

ple fraction gets small, the effective sample size only includes extreme be-

haviors. This reduces the discrepancy between the distribution of U[0,1] and

the empirical distribution of {Ûi|Yi > ωn}. The distribution of exp{−Z}
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conditional on Y > ωn well approximated by U[0,1]. However, if the ef-

fective sample size is too small,it can give rise to bias between the true

value and the estimates. In these extreme cases, the empirical distribution of

{Ûi|Yi > ωn} cannot be well approximated by the uniform distribution on

[0,1].

Wang and Tsai (2009) suggested that a good sample fraction should

minimize the discrepancy between the distribution of U[0,1] and the empir-

ical distribution of {Ûi|Yi > ωn}. In addition, they suggested the discrep-

ancy measure according to the motivation,

D̂(ωn) =
1

n0

n∑
i=1

{Ûi − F̂n(Ûi)}2 × I(Yi > ωn) (2.10)

where F̂n(·) is the empirical distribution of Ûi. If Ûi is approximately U[0,1]

in practice, F̂n(u) ≈ u for ∀u ∈U[0,1]. The optimal ωn is the one that

minimizes the discrepancy in (2.10),

ω∗n = arg min
ωn

D̂(ωn).

3 Theoretical Properties

3.1 Conditions for consistency

Despite computational ease and flexibility of the sieve method, deriving

theoretical properties is difficult because one cannot simply apply standard

parametric approach. The major difference between standard parametric es-

timation and the sieve estimation is that the size of the sieve space increases

with the sample size. Several conditions should be checked in order to en-

sure consistency of the sieve MLE. Gallant and Nychka (1987) considered

the following conditions: compactness, denseness, uniform convergence,

and identification. Define d(θ, θ̃) = |β − β̃|E + ‖g − g̃‖Wm
p=2
. Following

Chen(2008, Theorem 3.1)
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CONDITION 1. (Identification)

(i) Q(θ0) > −∞, and if Q(θ0) = +∞ then Q(θ) < +∞ for all θ ∈ Θkrθ0 for

all k ≥ 1.

(ii) there are a nonincreasing positive function δ() and a positive function

g() such that for all ε > 0 and for all k ≥ 1.

Q(θ0)− sup
{θ∈Θk:d(θ,θ0)≥ε}

Q(θ) ≥ δ(k)g(ε) > 0.

CONDITION 2. (Dense Sieve spaces)

Θk ⊆ Θk+1 ⊆ Θ for all k ≥ 1; and there exists a sequence πkθ0 ∈ Θk such

that d(θ0, πkθ0)→ 0 as k →∞.

CONDITION 3. (Compact Sieve Spaces)

The sieve space, Θk, are compact under d(·, ·).

We assume sieve spaces are compact and dense under d(·, ·). see Gallant

and Nychka (1987) for more precise proof with specific functional forms.

CONDITION 4. (Continuity)

(i) For each k ≥ 1, Q(θ) is upper semi-continuous on Θk under the metric d(·, ·).

(ii) | Q(θ0)−Q(πk(n)θ0) |= o(δ(k(n))).

CONDITION 5. (Uniform convergence over sieves)

(i) For all k ≥ 1, p lim
n→∞

sup
θ∈Θn

| Q̂n(θ)−Q(θ) |= 0;

(ii) ĉ(k(n)) = op(δ(k(n))) where ĉ(k(n)) ≡ sup
θ∈Θk(n))

| Q̂n(θ)−Q(θ) |;

(iii)ηk(n) = o(δ(k(n))).
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REMARK 2. (Chen, 2008)

Following White and Wooldridge (1991, Theorem 2.2), θ̂n is well-defined

and measurable under the sufficient conditions:

(i) Q̂n(θ̂n) is a measurable for the data {Zi}ni=1 and for all θ ∈ Θn;

(ii) For each k ≥ 1, Q(θ) is upper semi-continuous on Θk under the metric d(·, ·);

(iii) The sieve space, Θk, are compact under d(·, ·).

These conditions are mild enough to assume that θ̂n is well-defined and

measurable throughout the paper.

THEOREM 1. (Chen(2008)

Consistency of sieve MLE θ̂n = arg supθ∈Θn
n−1

n∑
i=1

l(θ, Zi)−op(1)) . Let θ̂n
be the approximate sieve MLE. Suppose that Conditions 1∼ 5 are satisfied

with Q(θ) = E{l(θ, Zi)} and lim infk(n) δ(k(n)) ≥ 0. Then d(θ̂n, θ0) = op(1) .

PROOF.
θ̂n is well-defined and measurable by Remark 2. Under Conditions 3(i) and
4, there exists sup

{θ∈Θk:d(θ,θ0)}
Q(θ) for ∀ε > 0.

Pr(d(θ̂n, θ0) > ε) ≤ Pr
(

sup
{θ∈Θk(n):d(θ,θ0)≥ε}

Q̂n(θ) ≥ Q̂n(Πk(n)θ0)−O(ηk(n))
)

≤ Pr
(

sup
{θ∈Θk(n):d(θ,θ0)≥ε}

| Q̂n(θ)−Q(θ) |≥ v̂(k(n))
)

+ Pr
(

sup
{θ∈Θk(n):d(θ,θ0)≥ε}

Q(θ) ≥ Q(Πk(n)θ0)− 2v̂(k(n))−O(ηk(n))
)

Let

P1 ≡ Pr
(

sup
{θ∈Θk(n):d(θ,θ0)≥ε}

| Q̂n(θ)−Q(θ) |≥ v̂(k(n))
)

≤ Pr
(

sup
{θ∈Θk(n)≥ε}

| Q̂n(θ)−Q(θ) |≥ v̂(k(n))
)

By choosing v̂(k(n)) = ĉ(k(n)), v̂(k(n)) becomes equivalent to sup
{θ∈Θk(n)≥ε}

|

Q̂n(θ)−Q(θ) |. It brings out that P1 = 0.

18



Let

P2 ≡ Pr
(

sup
{θ∈Θk(n):d(θ,θ0)≥ε}

Q(θ) ≥ Q(Πk(n)θ0)− 2v̂(k(n))−O(ηk(n))
)

= Pr
(

2v̂(k(n)) + {Q(θ0)−Q(Πk(n)θ0)}+O(ηk(n)) ≥ Q(θ0)− sup
{θ∈Θk(n):d(θ,θ0)≥ε}

Q(θ)
)

≤ Pr
(

2v̂(k(n)) + {Q(θ0)−Q(Πk(n)θ0)}+O(ηk(n)) ≥ δ(k(n))g(ε)
)
→ 0

by Conditions 1 and 5(ii). �

REMARK 3. (Chen, 2008)

Theorem 1 is applicable regardless of well-posed or ill-posed semi-nonparametric

models.

(1) If the optimization problem is ill-posed, one can set lim inf limk δ(k) = 0.

Nevertheless, this imposition does not violate Conditions 1(ii),3(ii), and 5(i)(iii).

(2) If it is well-posed, one can have lim inf limk δ(k) > 0. Then, Condition

5(i) is satisfied with ηk(n) = o(1).

4 Concluding Remarks

In this paper, we have studied the semi-nonparametric estimation of the tail

index via the method of sieves. We tried to figure out consistency of sieve

MLE. We conclude this paper by mentioning limitations of the current study

because of lack of time.

First, we have not found the convergence rate and the normality of sieve

MLE in case of semi-nonparameter approach. In addition, we could not

prove its consistency in a lower level. We should have showed consistency

of sieve MLE in the lower level in order to make a contribution in the field.

Second, we have not developed a method of an optimal threshold with

theoretical justifications. Wang and Tsai (2009) developed the discrepancy

measure, and we follow their approach. There are many ways to select the

threshold for sample fraction such as CV and AIC in practice.

Third, the reason to adapt the basic framework of Wang and Tsai (2009)
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was to compare the sieve MLE (semi-nonparametic methods) with the TIR

estimator(parametric methods of Wang and Tsai (2009)). We wished to

achieve development of the Wang and Tsai (2009). However, we have not

demonstrated the comparison between the estimators or theoretical improve-

ment in this paper.

Lastly, simulation study has been investigated, but the results have not

been successful. As soon as the simulation study is completed, we will ap-

pend the progress.

5 Appendix: PROOFS

We state and prove lemmas to verify Conditions 1∼ 5 for consistency proof,

mainly following from Newey and Powell(2003).

LEMMA 1. (Identification)

Let y1 6= y2 and Pr({y1 6= y2}) > 0.

(i) The fact that θ0 is identified means θ 6= θ0 and θ ∈ Θ implies f(z|θ) 6=
f(z|θ0) and E[| log f(z|θ)|] <∞ for all θ.

PROOF.

Recall θ0 = arg max
θ∈Θ

E[log f(x, θ0)]. SinceE[∂ log f(x,θ0)
∂θ0

] = 0 andQ(θ) =

E[| log f(z|θ)|] has a negative semi-definite, f(z|θ) 6= f(z|θ0) for θ 6= θ0.

E[| log f(z|θ)|] is bounded by (ii) �.

(ii) E[‖Q(θ; z)‖ | z] is bounded if

1) E[‖Q(θ0; z)‖ | z] is bounded and there exists M(x) and v>0 such that

for all θ, θ̃ ∈ Θk, ‖Q(z, θ̃)−Q(z, θ)‖ ≤M(z)‖θ̃−θ‖v andE[M(z) | z]
is bounded.

2) Θk(n) is a compact sieve space.
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PROOF.

by 1) and 2)

‖Q(z, θ)‖ ≤ ‖Q(z, θ0)‖+ ‖Q(z, θ)−Q(z, θ0)‖

≤ ‖Q(z, θ0)‖+M(z)‖θ, θ̃‖v

≤ ‖Q(z, θ0)‖+M(z) · C = M̃(z) <∞

(iii) If θ0 is identified, then Q(θ) = E[| log f(z|θ)|] has a unique maximum

at θ0. �

PROOF.

Since Q(θ) = E[| log f(z|θ)|] has a negative semi-definite, for θ 6= θ0

Q(θ0)−Q(θ) = E
{
−log

f(z|θ)
f(z|θ0)

}
> − logE

{ f(z|θ)
f(z|θ0)

}
= − log

∫
f(z|θ)dz = 0

by Jensen’s inequality. Therefore, Q(θ0)−max
θ 6=θ0

Q(θ) > 0. �

LEMMA 2. (Continuity and Uniform Convergence over sieves)If

(i) Θn is a compact set of a space with norm ‖θ‖ = |β|E + ‖g‖Wm
p=2
.

(ii) (Point-wise convergence) Q̂(θ)→p Q(θ) for ∀ θ ∈ Θn.

(iii) There exists v > 0 and Bn = Op(1) such that |Q̂(θ) − Q̂(θ̃)| ≤ Bn‖θ̃ − θ‖v

for all θ̃, θ ∈ Θn, then Q(θ) is continuous and supθ∈Θn
| Q̂n(θ)−Q(θ) |→p 0.

PROOF:

Consider a fixed θ̃ and ε > 0. ∃ M such that Pr(Bn
M ≤ 1) > 0 for ∀n. Let

4 = ( ε
2M)

1
v . for all θ with ‖θ − θ̂‖ ≤ 4 and by (iii) |Q̂(θ) − Q̂(θ̃)| ≤

Bn4v = Bn ε
2M ≤

ε
2 with positive probability. Then

|Q(θ)−Q(θ̃)| ≤ |Q̂(θ)− Q̂(θ̃)|+ |(Q(θ)− Q̂(θ))− (Q(θ̃)− Q̂(θ̃))|

≤ |Q̂(θ)− Q̂(θ̃)|+ |Q(θ)− Q̂(θ)| − |Q(θ̃)− Q̂(θ̃)|

≤ ε with positive probability
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by the triangle inequality. Since the second and the third term converge in

probality to zero by (ii) |Q(θ) − Q(θ̃)| ≤ ε. In other words, Q(θ) is con-

tinuous on Θ. As a result, the first term also converge in probability in zero

sup
θ∈Θn

|Q̂(θ)− Q̂(θ̃)| →p 0.�
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