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The scope of light-matter interaction has been significantly enriched with the 

discovery of graphene in the middle 2000s. An unusual gapless and linear 

band structure of electrons behaving as massless Dirac fermions is 

accountable for an ultrabroadband and nontrivial electrodynamic response 

from the single layer of carbon atoms. Another consequence of the unique 

carriers dispersion in graphene is its accessibility to Fermi level adjustment 

in a wide range of energies, allowing for the control of the electrodynamic 

response at given frequency, thus tuning the plasmonic properties of graphene. 

For example, the onset of interband electronic transitions, as photon energy 
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approaches twice the Fermi level, governs the switching from metallic 

(Drude-like) to dielectric-like type of response when the sign of imaginary 

part of graphene’s conductivity changes from positive to negative. This 

spectral transition of graphene’s electrodynamic response is associated with 

the two particularly unusual plasmonic phenomena that are the focus of this 

work. 

First, its is highlighted that graphene provides the realistic 2D platform 

on which a truly 1D metal-dielectric interface can be realized. Assuming the 

non-uniform doping, two laterally connected semi-infinite areas of graphene 

with different properties are considered: one being metallic, while the other 

is a low-loss dielectric with corresponding doping level, having the negative 

imaginary part of graphene’s conductivity. Under this configuration, it is 

shown for the first time both theoretically and numerically, that 1D metal-

dielectric interface (realized on graphene platform) supports fundamental 1D 

plasmonic mode that exhibits cutoff behavior, providing dramatically 

improved light confinement in 2D systems. This 1D plasmonic mode 

constitutes a new basic category of plasmons as the missing 1D member of 

the plasmon family: 3D bulk plasmons, 2D surface plasmons, 1D plasmons, 

and 0D localized plasmons. 

Second, yet another unique aspect of the graphene’s electrodynamic 

response is rigorously studied: transverse electric (TE) propagating mode that 

is predicted to manifest when the sign of imaginary part of conductivity 

changes to negative. Although thus far, a feasible platform for the direct 
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experimental detection of TE mode at finite temperature is yet to be suggested. 

In this work, the Otto-Kretschmann scheme is shown to provide such platform 

for the TE mode excitation in graphene. It is theoretically demonstrated that 

the TE mode supported by graphene in Otto configuration unusually exhibits 

a cutoff thickness between the coupling prism and the graphene layer that 

forbids its efficient coupling to an incident wave in case of a single-layer 

graphene at typical finite temperatures. In contrast, significantly increased 

coupling is predicted in the case of an N-layer graphene stack, owing to an N-

fold increase of the effective graphene conductivity.  

The excitation and further detection of the TE mode in graphene has been 

considered a challenge for it is extremely sensitive to excitation environment 

and phase matching condition adherence. In this work for the first time, the 

direct optical probing of the TE mode is realized, employing a modified Otto 

configuration with extremely precise phase matching. In agreement with 

analytical predictions, a significant coupling to an incident wave is 

demonstrated in electrically doped multilayer graphene sheet at room 

temperature. The proposed technique of careful phase matching and obtained 

access to graphene’s TE excitation would stimulate further studies of this 

unique phenomenon, and enable its application in various fields of photonics. 

 

Keywords: Graphene, Graphene Plasmonics, Transverse Electric Mode, 1D 

Plasmon, 2D Crystals 
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Chapter 1 

Introduction 

1.1 Motivation 

The discovery of graphene has been acknowledged by the Nobel Prize to its authors 

[1]. Not only and not just this material is the first known physically existing 2D 

crystal (a hexagonal crystal of carbon atoms [2]), but it is its properties which have 

opened up a whole new physics, still being not completely understood. The impact 

from the discovery of graphene outspreads to remarkably numerous fields of natural 

science: indeed, a few discoveries have attracted the attention of such broad 

communities among physicists, chemists, and engineers at the same time. 

One of the areas greatly influenced by the discovery of graphene is 

nanophotonics in general, and plasmonics in particular. The reason for this is that the 

graphene plasmonics offers a route towards a strong light-matter interaction due to 

an unusually high field confinement in the propagating plasmonic mode, which is a 

direct consequence of the graphene’s low dimensionality [3]–[5]. Furthermore, a 

unique and tunable electrodynamic response of graphene allows for the tunability 
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over its plasmonic resonance through the incredibly wide spectrum – from THz to 

visible light frequencies. This promises a long-sought efficient and controllable 

interface between nanophotonics and electronics, as well as providing an access to 

new regimes of operation where strong field confinement results in, for example, 

stronger photoresponse or perfect light absorption [3], [5], [6]. The constantly 

growing interest to this sub-field of plasmonics is illustrated by the publication 

statistics shown in Fig. 1.1. While graphene-related plasmonic studies exhibit a rapid 

and constant growth since its birth years, the total number of all other plasmon-

related publications seemingly has reached a saturation point around 2014, and even 

declined in 2016 which has happened for the first time. 

 

Figure 1.1. Annual number of publications on graphene plasmonics and all other 

plasmon-related studies according to Scopus web resources. 

However, between the intrinsically 2D case of the propagating graphene 

plasmons and the localized plasmons at nanoparticles, there exists previously 

uncovered case of 1D metal-dielectric (1DMD) interface. While such a 1D interface 

is of remarkable fundamental simplicity, constituting the low-dimensional 
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counterpart of the bulk metal-dielectric interface, the existence and nature of 

plasmonic excitations at 1DMD interfaces remain unknown. At the same time, such 

an interface is readily available in doped graphene between the two areas with 

different types of electrodynamic response, metallic- and dielectric-like, which can 

be controlled by doping. Therefore, the plasmonic excitation at the 1D interface 

between the metallic- and dielectric-like graphene (1D surface plasmon polariton, or 

1DSPP) is investigated in order to reveal its plasmonic properties and application 

potential for the future photonic devices. Furthermore, 1D plasmons complete the 

family of plasmonic excitations in all dimensions: 3D bulk plasmons, 2D surface 

plasmons, 1DSPPs, and down to the localized plasmons at nanoparticles. 

At the same time, graphene supports not only a conventional transverse magnetic 

(TM) plasmonic modes, but also an unusual transverse electric (TE) propagating 

mode which does not exist in metals or other plasmonic materials. The existence of 

this mode was first predicted as early as in 2007 [7], but its experimental detection 

has not been reported so far. The reason for this is that the TE mode is extremely 

weakly localized and sensitive to the excitation environment, which makes it a 

particularly hard case for the experimental study, but also a perfect candidate for the 

ultrasensitive measurement applications. The experimental detection of the TE mode 

therefore, is both fundamentally and practically important. 

Overall, considered in this work, the two graphene modes are the two limiting 

cases of the propagating electromagnetic excitations with exceptionally strong and 

weak field localization. It is truly fascinating to observe and study both phenomena 

in a single framework of graphene electrodynamic response.  
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1.2 Background 

1.2.1 Low-dimensional surface plasmons in graphene 

The first observed low-dimensional collective electron excitations are those at 2D 

metal-dielectric interfaces, the surface plasmon-polaritons (SPPs). It has been 

demonstrated that SPPs provide an electric field enhancement and spatial 

confinement which can dramatically enhance light-matter interactions [3], [8], [9]. 

In recent years however, graphene has attracted much attention as a long-sought-

after plasmonic material alternative to metals due to predicted [10] exceptional 

electric field confinement of the 2D plasmonic excitations of doped sheets [10], [11]. 

In pursuit to further increase the electric field confinement of graphene plasmons, 

the following quasi-low-dimensional schemes have been suggested: graphene ribbon 

structures [3], [12]–[17], p-n junctions [18], [19], discs [3], [20], [21], and 

nanoresonators [22] (see Fig. 1.2). 

 

   

Figure 1.2. Low-dimensional schemes to support plasmons in graphene (from left 

to right): microribbons [13], nanodiscs [21], and nanoresonators [22]. 
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The most well studied low-dimensional graphene configuration is the micro- 

and nanoribbons. Figure 1.3 illustrates the dispersion and electric field profiles of 

THz plasmonic modes supported by the 5 µm and 20 µm wide graphene microribbon 

[13]. The graphene nanoribbon supports several plasmonic modes, including the 

quasi 1D edge graphene surface plasmons (EGSP) – so far the most low-dimensional 

manifestation of SPPs in graphene. It is worth to note that the EGSP dispersion does 

not coincide with that of the bulk 2D graphene surface plasmon (2DGSP) at any 

 

 

Figure 1.3. Dispersion and electric field profile of the THz plasmonic modes 

supported by (a) 5 µm and (b) 20 µm wide graphene microribbons [13]. 
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frequency (Fig. 1.3), implying the fundamental difference between the two modes, 

both of which are the fundamental modes of the nanoribbon. Multiple high order 

modes are also supported similar to the general waveguide of finite geometry. 

The effective index of the EGSP is practically the same as that of the bulk mode, 

highlighting the quasi 1D nature of the EGSP mode. The higher effective index of 

graphene plasmons compared to noble metals [5] is a promising feature, providing 

the ground for enhanced light-matter interaction [5], [9]. At the same time, high 

effective index makes it difficult to excite plasmonic modes in graphene, and their 

first successful experimental observation at IR frequencies has been reported several 

years after the discovery of graphene [23], [24] (Fig. 1.4). These successful examples 

of 2DGSP excitation open the perspective for their utilization in the future 

optoelectronic devices.  

 

Figure 1.4. Infrared nano-imaging of different plasmonic modes in the tapered single 

layer graphene ribbon obtained by Chen et al. [24].  
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1.2.2 Low-dimensional graphene plasmonic structures formed by 

doping 

Another important feature of graphene is the tunability of its electrodynamic 

response via the Fermi level tuning. The linear and gapless bang structure of 

graphene allows for efficient tuning of the Fermi level with for example, the 

electrostatic doping by top and back gating configuration [6], [21], [25], [26]. This 

further allows an unprecedented control over the graphene plasmonic response, 

which is impossible for metals. For example, an uneven doping of the same graphene 

sheet creates a pattern of areas with different types of the response: metallic-like or 

dielectric-like, effectively replacing the physical patterning of graphene to create 

periodic structures such as band-pass filters [27] (Fig. 1.5) or plasmonic waveguides 

[12] (Fig. 1.6). 

 

 

Figure 1.5. Periodic structure of the band-stop filter for graphene plasmons formed 

in uniform graphene by the periodic back gate doping [27]. 
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In this work, the concept of non-uniform doping is adopted, as first proposed 

by Vakil and Engheta [12], to study the plasmonic response of the 1D interface 

between the areas of graphene with metallic- and dielectric-like electromagnetic 

response. Even though this interface has been simulated as a part of the microribbon 

studies by Nikitin [13], [15], the eigensolutions for this interface had been missed, 

incorrectly assuming its similarity with the bare graphene edge. At the same time, 

this metallic-dielectric 1D graphene interface exhibits unique plasmonic properties, 

supporting the 1DSPP mode, drastically different from the bare edge plasmonic 

response as demonstrated further in this Dissertation.  

 

 

Figure 1.6. Concept of plasmonic waveguides formed in uniform graphene sheet by 

non-uniform back gate doping [12]. 



 

 ９ 

1.2.3 Transverse electric propagating electromagnetic mode in 

graphene 

As it has been already mentioned, the tunability of graphene’s electrodynamic 

response allows for the unusual regime when the imaginary part of graphene’s 

conductivity σ″ becomes negative while the real part is still relatively small (Fig. 

1.7(a)). Notably, this sign change has been associated with the predicted 

manifestation of the propagating and localized TE electromagnetic mode, rather than 

the conventional TM plasmons, i.e. TE (TM) for when σ″ < 0 (σ″ > 0), in both single- 

[7] and bi-layer [28] graphene. The physical nature of the TE excitations in graphene 

can be understood as magnetic dipole waves, i.e. self-sustained oscillations of 

current (Fig. 1.7(b)) with no spatial charge density perturbation, while conventional 

TM plasmons are an electric dipole waves. In analogy with the fundamental guided 

mode of a high-index dielectric slab waveguide [29] as the slab thickness approaches 

zero, the TE mode supported by graphene is weakly bound [7] to the graphene plane, 

therefore exhibiting very low propagation loss [7], and is highly sensitive to the 

optical contrast between the adjacent dielectrics sandwiching the graphene layer [30]. 

Based on this sensitivity, a TE-based “plasmonic” gas-sensor has been recently 

proposed, exhibiting an impressive theoretically predicted detection limit exceeding 

6.7×10–7 RIU at room temperature [30].  
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Figure 1.7. Spectral transition of graphene and the TE mode. (Left) Graphene sheet 

conductivity (red – real, blue – imaginary part) at indicated parameters. (Right) 

Schematic representation of graphene TE mode with wavevector q as an oscillation 

of surface current j under excitation by transverse electric field E. 

 

However, the very existence of the TE mode, which is a fundamental aspect of 

graphene’s plasmonic response, is yet to be experimentally demonstrated. While 

theoretical studies of the TE mode have suggested that its experimental detection 

will be a challenge due to a weak coupling efficiency at finite temperatures, a 

thorough quantitative analysis pertaining to a real experimental setup is yet to be 

presented. The novel approach to the problem of the TE mode detection, with 

comprehensive analytical investigation, as well as the successful demonstration of 

the first ever experimental detection of TE mode in graphene is presented in this 

Dissertation. 
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1.3 Layout of dissertation 

This Dissertation is focused on the two extreme aspects of graphene’s 

electrodynamic response: a plasmonic response of the real 1D interface induced in 

graphene by non-uniform doping, and a unique manifestation of the TE mode under 

certain doping conditions. The plasmonic mode of the 1DMD interface is studied 

both analytically and numerically, assuming the low-temperature approximation, 

which allows for derivation of the analytic dispersion relation and FEM simulation 

of the 1DMD plasmonic mode in COMSOL FEM package. Further, the detailed 

analysis of the proposed TE mode detection scheme demonstrates the possibility of 

its experimental detection using the modified Otto configuration. Applying the 

suggested experimental approach, the excitation of the TE mode is successfully 

demonstrated in the five-layer graphene stack at excitation wavelength 1.55 µm, and 

at room temperature. 

First, in Chapter 2, the basic theoretical treatment of graphene electrodynamic 

response is presented, considering the precise solution at finite temperatures, as well 

as the low-temperature approximation. Also, some key aspects of the FEM 

simulation of graphene are discussed. Chapter 3 starts with the analytical study of 

the 1DSPP mode, and then is completed with comprehensive numerical investigation 

of 1DSPP properties in COMSOL. Chapter 4 presents the theoretical analysis of 

proposed detection scheme for the TE mode excitation, and Chapter 5 is dedicated 

to the experimental work, demonstrating the results of successful experimental 

excitation and detection of the TE mode, as well as the analysis of the obtained data. 
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Chapter 2 

Electrodynamic response of graphene 

In this chapter, the basic theoretical background on the graphene’s electrodynamic 

response at optical frequencies is discussed from the perspective of analytical and 

numerical study of the 1DSPP and TE modes. Also, specific aspects of FEM 

simulation of graphene are discussed, as they are used in the mode analysis of the 

1DSPP. 



 

 １３ 

2.1 Optical conductivity of graphene and spectral 

transition region 

A unique and attractive feature of graphene’s electrodynamic response is its 

tunability [31] between two different behaviors according to the Fermi level EF of its 

charge carriers relative to the photon energy (ħω). At small doping (or, high 

frequency; ħω > 2EF), graphene exhibits a dielectric-like properties, such as for 

example, a broadband and saturable absorbance of ~2.3% [32]. At large doping (or, 

low frequency; ħω < 2EF), graphene responds as an atomically-thin Drude-metal 

which supports localized [3], [20], [22], [26], [33]–[35] and TM propagating [10], 

[23], [24] SPPs with exceptionally strong electric field confinement. At the same 

time, studies focusing on graphene’s spectral transition region (ħω ~ 2EF) are 

surprisingly limited. In the spectral transition region, it has been predicted that the 

imaginary part of graphene’s conductivity (Im[σ] = σ″) changes sign from positive 

(σ″ > 0, i.e. metallic-like) at low frequencies, to negative (σ″ < 0, i.e. dielectric-like) 

at high frequencies [7]. Notably, this sign change has been associated with the 

predicted manifestation of the TE mode, rather than the conventional SPPs. 

Furthermore, the very same spectral transition region is responsible for the 

manifestation of propagating 1DSPP at the 1DMD formed between the metallic and 

dielectric graphene areas, where dielectric-like conductivity has negative imaginary 

part σ″ < 0, and at the same time, very small real part σ' ≈ 0 (which is further 

demonstrated in Chapter 3). 

The sheet conductivity of single-layer graphene at temperature T and Fermi 

level EF is obtained from the random phase approximation (RPA) [10], [11], [36] in 

the local limit, q → 0 (or, q << kF; q is the plasmon wavenumber, and kF is the Fermi 

wavenumber) [37]: 
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kB is Boltzmann’s constant, e is the charge of an electron, τ = μEF/evF
2 is the electron 

scattering relaxation time, vF = 3×106 ms−1 is the Fermi velocity of charge carriers in 

graphene, and the electron mobility μ thorough the work is chosen conservatively as 

μ = 1×104 cm2(Vs)−1 [10]. It is instructive to note that the local limit applies for most 

cases of plasmonic excitations in graphene, including the 1DSPP and TE modes.  

The two terms of equation (2.1) come from the two allowed types of the 

transitions for the photoexcited carriers [37]: intraband (first term) and interband 

(second term) as schematically illustrated in Fig. 2.1. Since we are considering the 

local limit, non-local effects are neglected and k = const., although the k-space for 

possible transitions are wider (Fig. 2.1).  
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Figure 2.1. Graphene band structure and allowed transitions for photoexcited 

carriers. 

 

The frequency dependent real and imaginary parts of conductivity (σ = σ′ + iσ″) 

in the spectral transition region are shown in Fig. 2.2 for several Fermi levels and at 

the temperatures (a) T = 300K (room) and (b) T = 80K (liquid nitrogen); the 

conductivity is normalized to the universal graphene conductivity, σu = e2/4ħ [32]. 

The real part of conductivity σ′, which determines the optical loss in graphene, is 

evidently characterized by a shift from small ohmic loss in the Drude regime (Ω < 2; 

Ω = ħω/EF is the normalized frequency), to a frequency independent absorption σ′ = 

σu (Ω > 2) induced by interband carrier transitions which become dominant as ħω > 

2EF. The effect of increased temperature or decreased Fermi energy is apparent in 

Fig. 2.2 as a broadening of the transition region. A step-like dependence of σ′ is 

approached for increasing EF/kBT; the T = 0 K limit is achieved as EF/kBT → ∞ (EF 

>> kBT). An increase of EF/kBT simultaneously increases the depth of the minimum 

of σ″, and a singularity σ″(Ω → 2) → −∞ occurs in the T = 0K limit [7]. 
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Figure 2.2. Real (blue) and imaginary (red) parts of the graphene conductivity in the 

spectral transition region at EF = 0.1eV (dotted), 0.5eV (dashed), and 1eV (solid), 

and at temperatures T = 300K (a), and T = 80K (b). The electron mobility is μ = 

1×104 cm2 (Vs)–1.  

 

The assumption of the T ≈ 0 K allows for significant simplification of the 

conductivity’s analytical expression, leading to the following temperature-

independent form [37]: 
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where θ is the step function. Now, the first (intraband) term is that given by the Drude 

model for conductivity. The conductivity in form of equation (2.3) leads to an 

interesting observation: graphene exhibits properties of lossless dielectric in the 

doping/frequency range exactly in the range 0.5 < EF/ħω < 0.6. This kind of 

electromagnetic response at quite wide frequency range inside the transition region 

is a truly unique feature of graphene, and it is this band which makes it possible to 

observe propagating 1DSPP and TE modes, as will be demonstrated further.  
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Figure 2.3. Graphene conductivity at T = 0 limit according to equation (2.3). 
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2.2 Propagating electromagnetic modes 

As it was mentioned earlier, graphene supports both TM and TE propagating modes, 

associated with the positive and negative sign of σ″ respectively. Dispersion of the 

TM 2DGSP and TE modes are given in implicit form as [7], [38]: 

2 2 22 ( ) ( )
1 0

i q c    




   for the 2DGSP,         (2.4) 

2 2 2 2

2 ( )
1 0

( )

i

c q c

  

 
 



 for the TE mode.        (2.5) 

Notably, the small effective index of the TE mode (close to that of the 

surrounding bulk [7]) neff = Re[q]/k0 ≈ 1, where q is the modal wavenumber and k0 

is that in free-space, is in a drastic contrast with the TM mode which has neff ~ 10 at 

THz, and ~ 100 at IR and visible frequencies. Therefore, the excitation of the TE 

mode is potentially possible via the conventional attenuated total reflection regime, 

while the 2DGSP and GEP modes require non-trivial nano-photonic-scale devices 

and techniques. However, the extremely low contrast of the TE mode makes it 

unavailable for FEM numerical study, since it is practically indistinguishable from 

the propagating wave. 

Further, the dispersion relation for the edge graphene plasmon modes can 

readily available from the equation (2.4) if one uses the new frequency value         

ω' = ω(2/3)1/2 as was fist demonstrated for the 2D electron gas [39]. 
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2.3 Simulation with graphene 

In the COMSOL simulations, the graphene is incorporated into the numerical model 

as a thin film with a thickness of δ, thus having a relative dielectric permittivity of  

ε(ω) = 1 + iσ/ωε0δ, where σ is given by equation (2.3). This representation secures 

the constant current density in graphene layer of any thickness. 

It is instructive to have a look at the numerical simulation results for the 2DGSP 

eigensolution considering different thickness of graphene employed in the 

simulation, and compare the data with the analytical solution of dispersion equation 

(2.4). Figure 2.4 demonstrates the error of numerical solution by the COMSOL mode 

solver (RF module) against the analytical dispersion of the 2DGSP wavenumber 

Re[q] and propagation loss L/λ = (2πIm[q])–1 obtained at THz frequencies. 

Surprisingly enough, thickness of as much as 5 nm provides the error as good as < 

4% for considered frequencies. However, further through this Dissertation graphene 

thickness in simulation is assumed δ = 0.2 nm to guarantee accurate results at IR 

frequencies. 

As for the edge mode, its simulation error for the wavenumber and losses is 

shown in Fig. 2.5, exhibiting generally more sensitive behavior compared to the 

2DGSP. Still, graphene thickness less than 5 nm should provide good approximation 

for the THz range. 
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Figure 2.4. Error for the numerically obtained wavenumber (top) and losses (bottom) 

of the 2DGSP. 
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Figure 2.5. Error for the numerically obtained wavenumber (top) and losses (bottom) 

of the GEP. 
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Chapter 3 

1D surface plasmon polaritons at 

graphene 1DMD interface 

In this chapter, the new type of graphene plasmonic response is revealed – the 

plasmonic excitation of the 1D metal-dielectric (1DMD) interface formed in uniform 

graphene sheet by non-uniform doping – the 1D plasmonic mode (or, 1DSPP). The 

1DMD interface exists between the areas of graphene with metallic and dielectric 

response at given frequency. It is demonstrated how unique cutoff behaviour of 

1DSPPs could allow for a dramatic improvement in the electric field confinement of 

plasmons in 2D systems in general, exceeding that of previously predicted quasi-1D 

and 1D plasmonic excitations in graphene [3], [12]–[16], [18]. In the considered 

example, the confinement of the electric field intensity to modal areas over one 

million times smaller than the diffraction limit is demonstrated. Furthermore, from a 

fundamental perspective, the 1DSPP, as the fundamental excitation of the 1DMD 

interface, constitutes a new basic category of plasmon on its own: the missing 1D 

member of the plasmon family – 3D bulk plasmon, 2DSPP, 1DSPP, and 0D localized 

plasmons. 
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3.1 Dispersion relation of 1DSPP 

3.1.1 Derivation of dispersion relation 

It starts with the consideration of a hybrid 2D system in the y = 0 plane comprising 

two semi-infinite domains laterally connected along the z axis with sheet 

conductivities of σ(L) = σ (L)′ + iσ (L)″ (x < 0) and σ(R) = σ(R)′ + iσ(R)″ (x > 0) (Fig. 3.1) 

immersed in a uniform medium with relative dielectric permittivity ε.  

 

 

Figure 3.1. Hybrid 2D system with two semi-infinite domains of different 

conductivity. 

 

Without loss of generality, we take regions L and R as metallic (σ(L)″ > 0) and 

dielectric (σ(R)″ < 0) domains, respectively. In the quasi-static theory of Volkov and 

Mikhailov [40], [41], based on the solution to Poisson’s equation with an assumed 
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electric potential of the form                              , the dispersion relation 

of plasmons propagating along a 1D junction between two adjoining 2D electron 

gases (2DEG) is given by [40] 
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Here, δσβγ = σ(R)
βγ − σ(L)

βγ, where β and γ are tensor indices (x, z), and εR,L are the 

effective dielectric permittivities of the left (L) and right (R) 2DEG [40]; 
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x zq q q   and ε0 is the permittivity of 

free space. For electrically isotropic 2DEGs in the absence of an external magnetic 

field, we have σ(R,L)
xz = 0 and δσxz = 0. Taking δσxx = δσ = σ(R) − σ(L), we obtain 
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When δσ ≠ 0, the dispersion relation reduces to when the hyperbolic cosine of the 

argument in the above equation is zero. To simplify the analysis we start by setting 

σ(R,L)′ = 0, which neglects ohmic and interband losses (see Section 2.1), e.g., pristine 

graphene in the local and zero-temperature limit at a normalised frequency Ω < 2;   

Ω = ħω/EF. Then, making the variable substitution  
1/2

2sin 1 ξ


  , we arrive at 

the following dispersion relation: 
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where σ(R)″ = Kσ(L)″ (K < 0), the normalised effective index N = n/n2D (N > 0;         

n = q/k0; k0 = ω/c) is the effective index of the 1D interface plasmon with 

wavenumber q normalised to that of the planar 2D transverse magnetic (TM) 

plasmons of region L, n2D = 2cεε0/σ(L)″ [10], and m is an integer. The numerical 

solution of the dispersion is shown in the end of this section, in Fig. 3.3. 

Inspection of equation (3.3) reveals that the left hand side of the plasmon 

dispersion can be written as the difference of two integrals f(KN) − f(N), where 

   
/2

0
ln sinf C d C


    . While the solution of this integral lacks a simple 

closed-form expression for arbitrary C, its numerical solution combined with its 

asymptotic behaviour is revealing that Im[f(C)] = 0 when C ≤ 0, Im[f(C)] = π2/2 when 

C ≥ 1, and Im[f(C)] increases monotonically as C increases within the range   0 < 

C < 1 (see Fig. 3.2; dashed curve). This behaviour immediately precludes solutions 

for purely real N (i.e. non-leaky) when K > 0 (i.e. metal-metal systems) because 0 < 

f(KN), f(N) ≤ π2/2, which constrains −π2/2 < Im[f(KN) − f(N)] < π2/2, so that the 

imaginary part of equation (3.3) could not be satisfied for any integer m. Indeed, this 

was earlier pointed out by Mikhailov [41] and corresponds to leakage of the so-called 

inter-edge plasmon into planar 2D plasmons towards the region with the smaller 

carrier density (i.e. smaller σ″).  
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Figure 3.2. Real (solid) and imaginary (dashed) parts of the function f(C). The black 

overlaid dotted curve corresponds to Re[f(C + Δ)] ≈ Re[f(−C)]. 

 

Now, let’s turn to the pertinent case of the 1DMD interface [K < 0; σ(L)″ > 0, 

σ(R)″ < 0)]. This case has not been previously considered [40], [41] because of the 

strictly positive sign of σ″ in conventional 2DEGs. New opportunities to realise 

1DMD interfaces in graphene prompt to investigate fundamental solutions to 

equation (3.3) in 2D metal-dielectric systems. The previous observations imply non-

leaky solutions to equation (3.3) for K < 0 when N > 1 (and m = 0), provided that 

Re[f(−|K|N)] = Re[f(N)] (which satisfies the real part of equation (3.3)); indeed, 

Im[f(KN)] = 0 for NK < 0 (i.e. N > 0, K < 0), and Im[f(N)] = π2/2 for N > 1, thus 

satisfying the imaginary parts of equation (3.3). From the numerical integration of 

f(C), we empirically find the relation Re[f(C + Δ)] ≈ Re[f(−C)] (C > 0) (see Fig. 3.2; 

overlaid dotted black curve). Setting C = |K|N leads to Re[f(|K|N + Δ)] ≈ Re[f(−|K|N)], 

and recalling the solution condition Re[f(−|K|N)] = Re[f(N)], we must have 

(comparing the positive arguments of the function Re[f(C)] which monotonically 
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increases for C > 1, and noting Δ > 1) |K|N + Δ = N. This indicates a dispersion 

relation of the form N = Ne /(1 − |K|), where we have identified N = Ne as the bare 

edge plasmon dispersion (i.e. for when K =0), or recalling the definitions of N and K 

and taking [41] 3/ 2eN    (the known approximate factor of the bare edge 

plasmon dispersion [39]), we can write the following for the propagation constant: 

(L) (R)
02 3 2 ( )q / εε ω / σ " σ "  . One may also consider the asymptotic behaviour 

in the limit N,N|K| >> 1. Writing equation (3.3) as the difference of two integrals 

f(−|K|N)−f(N) and Taylor-expanding the respective arguments to the first order, we 

find: 
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which further illustrates the limiting behaviour as |K| → 1 of N ≈ (2/π)(1 + |K|)/      

(1 − |K|), which is consistent with the (1 − |K|)−1 dependence in the empirical relation 

obtained above. Solution to equation (3.3) only when m = 0 naturally precludes the 

existence of higher-order, multipolar modes because of the step-like transition of the 

conductivity across the junction; this result is expected, considering that multipolar 

modes of a bare edge plasmon manifest only when the conductivity decreases 

monotonically from a constant to zero over a non-zero length a beyond some cutoff 

[38]. We note that the dispersion of the bare edge plasmon [40], [41] is recovered in 

the limit that K = 0, given by the root of 
/2

0
ln 1 0

sin

N
d






 
  

 
 , which is satisfied 

by N = Ne ≈ 1.217… [40]. In Fig. 3.3, we plot the dispersion N(K) as determined 

from the numerical solution of equation (3.3) and as given by the analytical equation 

(3.4) given for |K| > 0.5 (see solid and dashed curves, respectively). 



 

 ２８ 

 

Figure 3.3. The numerical solution of the 1DSPP dispersion (equation (3.3); solid 

curve) and the asymptotic expression (equation (3.4) for |K| > 0.5; dashed curve). 
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3.1.2 Important properties of 1DSPP dispersion 

While equation (3.3) lacks a closed-form solution, our numerical solution indicates 

a dispersion relation of the form (L) (R)
02 3 2 ( )q / εε ω / σ " σ "  . We find that non-

leaky plasmons exist (i.e. N is purely real) strictly in the window 0 ≤ −K < 1. At      

K = 0, the plasmon wavenumber takes its minimum value as that of the bare edge 

plasmon [38] 2 03/ 2e Dq n k . As |K| → 1, that is, when the electric susceptibilities 

on the two sides of the interface become equal (|σ(R)″| → σ(L)″), the plasmon wave 

number diverges. Interestingly, this divergent behaviour reveals a strong connection 

to the conventional SPPs localized to bulk metal-dielectric interfaces [42]. Indeed, 

in the absence of ohmic loss, the wavenumber of the SPPs (qSPP = nSPPk0) diverges at 

the surface plasmon (SP) frequency ωSP given by the non-retarded SP condition [42]: 

εd + εm(ωSP) = 0; εd > 0 and εm < 0 are the relative permittivities of the dielectric and 

the metal, respectively. Likewise, at the 1DMD interface, we note the cutoff 

condition K = −1, or σ(R)″ + σ(L)″ = 0 (σ(R,L)′ = 0). This reveals that the plasmonic 

mode of a 1DMD interface is a 1D manifestation of SPPs in 2D systems. An 

important consequence of the reduced dimensionality can be observed when 

comparing the respective divergence behaviours: the SPP behaviour takes the      

form ~1/SPPn   (Δε = εd − |εm|), which diverges much less rapidly than that of 

the 1DSPP, n ~ 1/Δσ (Δσ = σ(L)″ − |σ(R)″|). 

It is important to note a clear distinction between the newly discovered 1DSPP, 

and the recently predicted quasi-1D plasmonic excitations of graphene p-n junctions 

[18], according to fundamental differences between their respective physical origins. 

The multiple plasmon modes of a graphene p-n junction [18] owe their manifestation 

to a spatial gradient of the imaginary part of conductivity (i.e. σ″), much like the 

multiple modes of a graded-index waveguide, and the graphene is everywhere 
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metallic. In contrast, the 1DSPP manifests exclusively as a consequence of the 

metallic-to-dielectric transition across the 1DMD interface, either side of which the 

conductivity is spatially uniform. In this regard, we predict that the IR edge wave 

observed graphically in Vakil et al. [12] is in fact due to the excitation of 1DSPPs, 

rather than p-n junction plasmons as suggested therein. 

 

 

3.1.3 Lossy 1DSPP dispersion 

The lossy 1DSPP dispersion (i.e. when either σ(L)′, σ(R)′ ≠ 0) is readily obtained on 

introducing the complex parameter K defined in terms of the complex conductivities 

K = σ(R)/σ(L) = K′ + iK″, and solving for the complex normalized effective index        

N = n/n2D = N′ + iN″ (where n2D = i2cε0/σ(L); [10]). In the limit that the loss is wholly 

confined to the dielectric domain (σ(L)′ = 0, σ(R)′ ≠ 0), we obtain the convenient and 

meaningful expressions K′ = σ(R)″/ σ(L)″ (i.e. same as the lossless case), and              

K″ = −σ(R)′/σ(L)″. Thus we may imagine that fixing K′ and simultaneously increasing 

|K″| corresponds to fixing of the imaginary part of conductivity of the L and R 

domains, and linearly increasing the loss (σ(R)′) in the dielectric domain. Conversely, 

fixing |K″| and increasing K′ is equivalent to fixing σ(R)′ and linearly increasing σ(R)″. 

Meanwhile, the quantity N′/(2πN″) reduces to the propagation length defined as the 

number of optical cycles within one exponential decay length (l = Re(q)/[2πIm(q)]). 

We note that this physical scenario is particularly relevant to a graphene/graphene 

metal-dielectric system at finite temperature (see Section 3.2.2) where the dielectric 

response of domain R is accompanied by interband losses which strongly dominate 

the overall loss (i.e. relative to ohmic loss in either domain). 
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The green (dash-dotted) and red (dashed) curves in the inset of Fig. 3.4 show N′ 

when loss is introduced through two example values K″ = 0.06 and K″ = 0.12. 

Similarly to the behavior of conventional SPPs on a lossy metal surface [42], the loss 

is shown to destroy the divergent cutoff behavior of the 1DSPP owing to heavy 

damping, the onset of which occurs in some vicinity of K′ that is specific to K″ 

(compare where N begins to decrease at the two values of K″). To illustrate and 

quantify the onset of 1DSPP damping, the main window of Fig. 3.4 shows the K″ 

dependence of the 1DSPP propagation length at several fixed values of K′. At a given 

value of K″, the propagation length decreases with an increase in K′, which is typical 

of plasmons as their wave number increases (recalling that q increases with K′). We 

note that, at each value of K′, the curve is cutoff at the x-axis corresponding to the 

propagation length of just one wavelength (i.e. a strongly damped 1DSPP). It is 

illustrative to compare the K″ cutoff with a particular K′, e.g. when K′ = 0.6, the 

cutoff is K″ ~0.06, corresponding to K″/K′ = −σ(R)′/σ(R)″ ~0.1. Obviously, the loss is 

more forgiving for smaller K′, e.g. when K′ = 0.2, the cutoff is K″ ~0.12, 

corresponding to −σ(R)′/σ(R)″ ~0.6. 
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Figure 3.4. Plasmonic propagation length as a function of loss factor K″. Inset: 

lossy dispersion for example values of K″, as compared to lossless dispersion. 
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3.2 Numerical study of 1DSPP in graphene 

3.2.1 Zero temperature approximation 

In this section, the results of numerical FEM simulations of 1DSPPs in a 

graphene/graphene metal-dielectric system are presented under the assumption of 

temperature T ≈ 0, when the random phase approximation provides convenient 

closed-form expressions for the optical conductivity in both domains (See     

Chapter 2). The 1DMD interface is achieved by appropriate doping of both graphene 

domains; in the local and zero-temperature limit considered here (see [7], and 

Chapter 2), the doping levels of regions L and R correspond to when EF
(L)/ħω > 0.6 

and 0.5 < EF
(R)/ħω < 0.6, where EF

(L,R) is the Fermi level of domains L or R. The 

numerical calculations suggest that the existence of 1DSPPs is not critically 

dependent on an abrupt sign change of σ(R)″ at the interface (see Section 3.2.3), so 

graphene systems that support 1DSPPs may also be realised by proposed electrical 

gating [12] or substrate controlled [43] schemes for spatially non-uniform graphene 

doping in addition to patterned growth [44]–[47]. We note that in an electrical back-

gating scheme [12], the absence of well-defined boundary separating the metallic 

and dielectric graphene domains would reduce edge effects such as those associated 

with zigzag edges in graphene and known to be responsible for strong plasmon 

damping (see for example [6]). 

The conductivities on either side of the interface are completely determined by 

the respective normalised frequencies [7] Ω(L,R) = ħω/EF
(L,R). As it has been shown, 

the dispersion of 1DSPPs (normalized to n2D) is completely determined by the 

dimensionless conductivity K, and this behaviour suggests a flexible tunability of the 

effective index n through the variation of either σ(R)″ (EF
(R)) or σ(L)″ (EF

(L)) with the 
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doping level of either graphene domain. To demonstrate this tunability and 

simultaneously verify the quasi-static analytical results, a mode-solver tool in the 

numerical FEM package COMSOL is employed, including retardation effects. In    

Fig. 3.5, we show the calculated dependence n(EF
(R)) for several fixed values of EF

(L) 

(see respective curves) and the spatial evolution of the 1DSPP electric field 

components Ex and Ey. Note the normalisation of EF
(R,L) in terms of ħω; this was 

verified by comparing all results at the frequencies of 20 THz and 80 THz. One can 

observe excellent agreement between the dispersion being analytically predicted by 

the equation (3.3) (solid curves) and the numerically obtained data points. The 

monotonic increase in n as EF
(L) decreases (at fixed EF

(R)) can be readily understood 

in terms of the corresponding decrease in σ(L)″ and thus Δσ (recalling that n ~ 1/Δσ). 

Each curve diverges asymptotically towards a cutoff value of EF
(R) given by the 

condition σ(L)(EF
(L)) + σ(R)(EF

(R)) = 0. The cutoff value of EF
(R) approaches 0.5ħω as 

EF
(L) increases. When the photon energy ħω and the Fermi level EF

(L) are of 

approximately the same order of magnitude (corresponding to the typical practical 

situation), the cutoff is very close to 0.5 because of the relative strengths of the 

interband and intraband terms in the graphene conductivity (see Chapter 2). 

The electric field profiles in Fig. 3.6 combined with the plot of the net power 

flow (Fig. 3.7; normalised to the graphene bare edge plasmon (GEP) [38], i.e. when 

σ(R) = 0) demonstrate the nature of the cutoff dynamics at the 1DMD interface. The 

net power flow parallel to the interface is given by the integral of Sz = ExHy*−EyHx* 

over the xy plane. Sz is symmetric about the x axis, although the terms ExHy* and 

EyHx* both exhibit odd sign parity about the y axis; thus, cumulative integration on 

either side of the interface leads to their respective partial cancellation. This 

cancellation is weak in the case of GEPs because of the strong field asymmetry, and 

therefore, the net power flow is significant. Conversely, as the cutoff condition       
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(σ(R)″ → −σ(L)″) is approached, the symmetrisation of the field components caused 

by equal charge screening on either side of the interface (analogous to conventional 

SPPs near the plasmon frequency [42]) leads to a strong reduction in the net power 

flow as the group velocity approaches zero. 

 

 

 

Figure 3.5. Effective index of the 1DSPP as a function of (Ω(R))−1, calculated for 

different (Ω(L))−1: the solution of dispersion equation (3.3) (solid curves) and FEM 

simulations (data points). Inset: spatial evolution of the 1DSPP electric field 

components Ex (xz slice) and Ey (yz slice) at (Ω(L))−1 = 2 and (Ω(R))−1 ≈ 0.5. 
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Figure 3.6. Electric field profiles of 1DSPP compared with GEP mode. 

 

 

 

Figure 3.7. Dependence of the net power flow P (along z) on the effective index n 

of the 1DSPP, normalised to that of the graphene bare edge plasmon (Pe, ne). 

 

Figure 3.8 shows the evolution of the 1DSPP mode cross section as the cutoff 

is approached, in comparison with the GEP (central solid K = 0 → dashed K = −0.87). 

Concentric contours, from the outermost to the innermost contour, correspond to 
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(Ω(R))−1 = 0.6, 0.58, 0.56, 0.54, 0.52, 0.501, and 0.5002. The dashed contour exactly 

coincides with that of the GEP. Each contour is defined as a line |E|2 = constant 

enclosing an area A (in the xy plane), such that 2 2| | / | | 0.8

A

dS dS  E E .  

We note the tremendous localisation of the electric field intensity (Fig. 3.9, left) 

to regions from A0 ≈ 5×10−5 λ0
2 to A ≈ 6×10−7 λ0

2 (λ0 is the wavelength in vacuum) as 

|K| increases in the range 0 ≤ |K| ≤ 0.87 (Fig. 3.9, right). Thus, the spatial confinement 

of the electric field intensity of the 1DSPP in graphene is approximately one million 

times smaller than the diffraction limit (~λ0
2); a two-orders-of-magnitude 

improvement over the graphene bare edge plasmon (i.e. when K = 0). 

 

 

Figure 3.8. Mode cross section of 1DSPPs as the cutoff condition is approached as 

K = 0 (dashed) → K = −0.87 (solid; most inner contour). 
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Figure 3.9. (Left) Normalised intensity of the electric field (2 nm above the graphene) 

for the extreme cases (Ω(R))−1 = 0.6 (blue, dashed) and (Ω(R))−1 = 0.5002 (red, solid). 

(Right) Mode cross-sectional area normalised to that of the GEP. FEM simulation at 

50 THz; (Ω(L))−1 = 2. 

 

The above results are not limited to the presented example of graphene but are 

generalizable to any isolated 1DMD interface in a hybrid 2D system characterised 

by the same value of K. The 1DMD interface in graphene/graphene 2D systems at 

finite temperature is intrinsically lossy because of the presence of interband 

transitions, which is essential to achieving the dielectric character in one domain (i.e. 

σ (R)″ < 0; K < 0), and further exhibit a temperature-dependent upper limit on |σ (R)″| 

(and |K|).  



 

 ３９ 

3.2.2 1DSPP propagation length at finite temperatures 

The complex normalised effective index of the 1DSPPs, N = N′ + iN″, is given by 

the solution of the 1DSPP dispersion relation (equation (3.3)) for the complex       

K = σ(R)/σ(L), obtained with using the general form of the RPA conductivity σ(R,L) 

(equation 2.1) at the specified Fermi energies of the respective domains R and L. 

From the obtained value of N, and from the definition N = n/n2D (n = q/k0, n2D = 

i2cε0/σ(L); note the general form applicable to the case in which σ(L) is complex, σ(L)″ 

> 0), we obtain the complex propagation constant q, from which the propagation 

length is conventionally defined as l = Re(q)/[2πIm(q)], i.e. normalised to the number 

of optical cycles within one exponential decay length.   

In Fig. 3.10 and 3.11, we show the 1DSPP propagation length for a parameter 

sweep over EF
(R) and ω for fixed EF

(L) = 1.5ħω and for the two different temperatures, 

T = 80 K (liquid nitrogen temperature; Fig. 3.10) and T = 300 K (room temperature; 

Fig. 3.11). The propagation length of the 1DSPPs (l) is primarily determined by the 

ratio S = |σ(R)″|/σ(R)′ and increases as this ratio increases. The ohmic losses in both 

regions have almost no impact on l, even for very conservative estimates of the 

graphene mobility. At finite temperatures, when EF
(R)/ħω < 0.5, the plasmon is 

strongly absorbed because of the dominance of interband transitions in region R. The 

maximum value of S (at fixed ħω) occurs at larger values of EF
(R)/ħω as the 

temperature increases from 80 K to 300 K. Furthermore, the maximum value of S 

itself increases as the ratio EF
(R)/kBT increases, which can be understood in terms of 

the decreased smearing of the graphene absorption profile (σ(R)′ near EF
(R)/ħω = 0.5) 

at large Fermi energy and low temperature. Thus, an increased photon energy (at 

fixed EF
(R)/ħω) corresponds to a larger value of EF

(R)/kBT, and the loss is reduced. 

Therefore, lower temperatures and larger overall doping (i.e. higher Fermi energies 
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of both domains) provide the optimal conditions for reducing the loss of 1DSPPs in 

graphene. As an example, we find l ~100 plasmon wavelengths at T = 80 K, ħω ~0.7 

eV (λ = 1.8 μm), EF
(L) ~1 eV, and EF

(R) ~0.4 eV, corresponding to a propagation length 

of ~2.6 μm. 

 

 

Figure 3.10. 1DSPP propagation length (in units of plasmonic wavelength; shown 

by colour contours) as a function of the photon energy and normalised Fermi energy 

of dielectric graphene in region R at 80 K. 
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Figure 3.11. 1DSPP propagation length (in units of plasmonic wavelength; shown 

by colour contours) as a function of the photon energy and normalised Fermi energy 

of dielectric graphene in region R at 300 K. 



 

 ４２ 

3.2.3 1DSPP in graphene with non-abrupt metal-dielectric junctions 

Graphene-based 1DMD interface created via spatially non-uniform doping of 

continuous graphene sheets will exhibit a smooth transition in conductivity between 

the constant values σ(R) and σ(L) on either side of the metal-dielectric (MD) junction. 

The origin of this effect is the steady decrease in charge-carrier concentration ρ(x) 

that occurs across the junction from the metallic domain to the dielectric domain. 

Thus, it is also important to understand the effects of a finite-sized conductivity-

transition region on the 1DSPP dispersion when a MD interface is realised on this 

type of system. An important question is whether the spatially abrupt change of the 

sign of imaginary part of conductivity at the junction is critical to support 1DSPPs.    

As a reasonable approximation, we have assumed a linear relaxation profile of 

the carriers concentration [38] across the junction (between regions L and R – see 

inset of Fig. 3.11). The spatial dependence of the conductivity across the junction 

(Fig. 3.11) is obtained from the RPA in the local and zero-temperature limit (equation 

2.3) by inserting the Fermi energy determined from the local value of the carrier 

concentration ρ(x):    .F FE x x   1DSPP effective index then is obtained 

from the modal analysis using COMSOL for various widths of the junction region, 

d. Calculations were performed for Fermi energies of EF
(L) = 2ħω and EF

(R) = 0.56ħω 

at frequency of f = 50 THz. Note that, at d = 0, this MD junction corresponds to       

K = −0.12 and supports the 1DSPP with the third largest asymmetric mode cross 

section shown in Fig. 3.8.  

In Fig. 3.12, we show the effective index of the 1DSPP as a function of the 

junction width along with several sample mode profiles of the electric field 

component Ex. The increasingly rapid divergence of the 1DSPP effective index and 

the symmetrisation of the mode profile indicate that the 1DSPP may exhibit a d-
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dependent cutoff. It is expected that this cutoff is related to an effective local value 

of K ≈ −1 (i.e. σ(R)″ ≈ −σ(L)″) near the position in the junction where σ″ = 0 (see      

Fig. 3.11); recall that the cutoff of the 1DSPP for the abrupt MD interface 

corresponds to K → −1. A strong sensitivity of the 1DSPP dispersion to d is observed 

when the junction width is of the same order as the mode cross section of the 

corresponding abrupt-junction 1DSPP (i.e. with d = 0). However, the 1DSPP exists 

in the same form (e.g., same sign parity of all field components) with negligible 

perturbation when the junction width is much less than the typical dimensions of the 

mode cross section. In conclusion, our numerical simulations suggest that an abrupt 

sign change of the imaginary part of the conductivity at the junction is not critical to 

support the 1DSPP within the described limits. 

 

 

Figure 3.12. Spatial dependence of graphene’s conductivity σ across a non-abrupt 

MD junction of width d; the inset shows the corresponding dependence of the carrier 

density ρ in the linear approximation.  
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Figure 3.13. Numerical data for the 1DSPP effective index as a function of the 

junction width d; the insets show the mode profiles of the electric-field component 

Ex at the indicated values of d. EF
(L) = 2ħω and EF

(R) = 0.56ħω, and f = 50 THz. 
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3.3 Excitation of high effective index plasmonic modes 

3.3.1 Tapered three-layer plasmonic waveguide 

Excitation of surface plasmons in noble metals has been demonstrated long ago, 

using Otto-Kretschmann configuration via the high-index coupling prism [48]. 

However, this method is limited by the available materials selection for the coupling 

prism, and cannot provide phase matching adherence for surface plasmons in 

graphene with effective index n2D = 15 ~ 40 even for MIR and NIR frequencies [49]. 

To access the higher-index GEP GEP 2D3/ 2n n   or 1DSPP modes, Otto-

Kretschmann configuration is inapplicable.  

Successful graphene plasmons excitation, recently reported at IR frequencies 

[23], [24] (see Fig. 1.4), has been accomplished using the scanning nano-tip which 

scatters the excitation beam. Another excitation scheme targeting the graphene 

plasmons has been proposed by Nikitin [49], employing the tapered adiabatic 

polaritonic waveguide where the surface plasmon mode, excited via the coupling 

prism, experiences the nanofocusing at the narrow end of the waveguide so its high 

effective index allows phase matching with graphene mode [49]–[51]. This method 

provides theoretical coupling efficiency up to 30%, significantly exceeding that of 

the nan-tip-scattering coupling. The schematic illustration of proposed configuration 

is shown in Fig. 3.14. It has been demonstrated that, as waveguide thickness is 

reduced, the effective index of the “squeezed” plasmonic mode reaches that of the 

graphene plasmons (at the range of frequencies), and even significantly exceeds it 

(Fig. 3.15), satisfying the phase matching condition for the GEP and 1DSPP modes.  
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Figure 3.14. Schematic of the proposed in Ref. [49] coupling device. 

 

 

Figure 3.15. Reproduced from Ref. [49], dispersion of the surface polaritons in SiC 

slabs of different thickness and the dispersion of graphene plasmons (EF = 0.44 eV). 
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As implied in the study of Nikitin [49], the spectral vicinity of the plasmonic 

cutoff frequency for given MD interface (corresponding to the dispersion peak in Fig. 

3.15) provides optimal conditions for the mode nanofocusing in tapered waveguide, 

allowing the highest values of the effective index. The cutoff frequency strongly 

depends on both plasmonic material properties and permittivity of the dielectric layer. 

Therefore, the spectral position of the cutoff can be selected from the wide range of 

frequencies by proper selection of materials for the waveguide as demonstrated in 

Fig. 3.16. Therefore, selection of the tapered waveguide materials gives an additional 

degree of freedom for its application to the excitation of high-index modes. 

 

 

Figure 3.16. Spectral position of plasmonic cutoff at MD interface for given 

plasmonic materials as function of the dielectric layer permittivity. Metallic graphene 

is considered to have EF = 1 eV; AZO with charge carrier concentration of 2×1020 

cm−3, and GaAs with 1019 cm−3. 
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3.3.2 Asymmetric tapered waveguide for direct plasmon coupling 

Particularly unusual behaviour of the three-layer waveguide’s dispersion near the 

plasmonic cutoff suggests a potentially possible improvement to the tapered-slab-

based excitation scheme. For example, it was demonstrated by the Author that 

plasmonic modes (at given frequency) propagating along the different MD interfaces 

of the asymmetrical tapered waveguide behave differently the tip. Their behaviour 

originates from different cutoff frequencies at different MD interface. As waveguide 

thickness t decreases, the propagating surface mode starts to “feel” the opposite 

interface as t becomes comparable with the mode size, so that surface mode of thick 

part couples to the mode of a three-later waveguide. As it further propagates towards 

the tip, this three-layer waveguide mode experiences an evolution, assumed in 

previous studies [49]–[51] but never explained in the detail. 

To demonstrate the evolution of plasmonic response in a general asymmetric 

dielectric-metal-dielectric (DMD) waveguide (Fig. 3.17), the dispersion equation 

must be solved considering only low-lossy solutions when |q| ≤ 1:  

2 32 1
2

1 2 3 2

1
arctanh arctanh ,

2

kk
k qi

t k k




 

   
       

     
          (3.5) 

where kj
2 = kp

2 – k0
2j, j = 1, 2, or 3, and q is integer. Other forms of 3L dispersion 

can be found elsewhere [49], [50], [52], [53]. The typical plasmonic response of the 

waveguide consists of the following three modes: the short range surface plasmon 

mode (SRSP; q = 0), the long range surface plasmon (LRSP; q = 1) mode first 

described by P. Berini [54], and the negative index mode when q = –1. The Author 

has published the detailed study of these modes in the corresponding work. 
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Figure 3.17. Schematic of general three-layer tapered asymmetric DMD waveguide. 

In general, the dispersion of the SRSP and negative modes in the asymmetric 

waveguide is characterized by a double-peak behavior, with the peaks associated 

with the cutoff momenta at the corresponding interfaces: k0
|2| = |1| (when |2| = |1|) 

and k0
|2| = |3| (when |2| = |3|). At the same time, the LRSP mode is characterized by 

a cutoff momentum kLRSP [54], below which the LRSP mode becomes leaky [54]–

[56]. It should be noted that, although the LRSP and SRSP modes are both a positive 

index modes, they exhibit opposite field symmetry. 

As an example of the asymmetric adiabatic tapered waveguide shown in fig. 

3.17, let us consider the DMD waveguide with α = 15°, 1 = 2.25, silver as the 

plasmonic material with 2(k0) according to the Drude model with parameters as in 

[57], and 3 = 3.9. In this case, the conditions for the existence of low-loss LRSP 

mode kLRSP > k0
|2| = |1| and kLRSP > k0

|2| = |3| are satisfied for thickness t < 14 nm. Due 

to different effective indices, the SRSP mode at the tip can be exclusively excited via 

the surface plasmon mode at the 3|Ag (3 > 1) interface, whereas the excitation of 

the LRSP mode at the tip is possible only via the surface plasmon at the opposite 

interface 1|Ag (3 > 1). Detailed analysis of the evolution for each mode is 

presented in the published Author’s works. 
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Figure 3.18. (a) The electric field component Ex and the time averaged energy flow 

W at k0 = 1.25×107 m-1 for the plasmon, propagating along the 3|2(Ag) interface of 

the tapered DMD waveguide and experiencing nanofocusing at the tip due to 

coupling to the SRSP mode. (b) Same as in (a) for the plasmon, propagating along 

the 1|2(Ag) interface and coupling to the free-space mode via the leaky LRSP mode 

of the DMD waveguide. Waveguide materials in both cases are the same as noted in 

the text.  

 

Figure 3.18(a) shows the COMSOL simulation results when the surface mode 

is excited at the 3|Ag (3 > 1) interface. As expected in this case, nanofocusing is 

experienced at the tip, which is a direct consequence of the mode coupling to the 

high index SRSP mode – the same phenomenon illustrated in Fig. 3.14 and Fig. 3.15. 

At the same time, Fig. 3.18(b) demonstrates the way that the mode which is excited 

at the 1|Ag (3 > 1) interface effectively couples into the free space radiative mode 
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via a coupling with the low index LRSP mode, whereby it becomes leaky at a small 

t [54]–[56]. This effect is not usually observed at tapered waveguide since it requires 

special conditions for the LRSP mode excitation. The radiation can be reciprocally 

replaced by coupling of incident light into the plasmonic mode at the 1|Ag (3 > 1) 

interface.  

Demonstrated in Fig. 3.18 ways to couple plasmons to the free-space mode and 

at the same time obtain nanofocusing can be realized simultaneously in combined 

systems to provide direct coupling of light into the high-index graphene plasmons 

(including the GEP and 1DSPP modes). In this case coupling prism would not be 

necessary. 
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3.4 Conclusion 

In summary, the existence of a fundamental 1D plasmonic mode of 1D metal-

dielectric interfaces in 2D systems (so called 1DSPP) has been predicted. The 

effective index of 1DSPPs diverges asymptotically towards a cutoff as the 

magnitudes of the susceptibilities on the two sides of the interface become equal, in 

striking analogy to conventional SPPs at bulk metal-dielectric interfaces. On a 

sample 2D metal-dielectric graphene/graphene platform, highly sensitive tunability 

of the 1DSPP dispersion was demonstrated via the doping of either graphene domain, 

which further allowed for the achievement of spatial confinement of electric-field 

intensity to regions orders of magnitude smaller than that of the plasmonic 

excitations of a bare graphene edge. The unique and tuneable cutoff behaviour of 

1DSPPs thus presents a means for dramatic enhancement of light confinement in 2D 

systems over other 1D or quasi-1D excitations, such as GEPs or plasmonic 

excitations of graphene p-n junctions. For example, at frequency of 50 THz, we 

predicted tremendous localisation of the electric-field intensity of the 1DSPP to a 

modal area more than one million times smaller than the diffraction limit. As a new 

member of the existing plasmon family of bulk plasmons, surface plasmons, 

localised plasmons, a new field of low-dimensional plasmonics is foreseen based on 

1DSPPs, particularly branching out into various multi-material 2D systems.  

The efficient excitation of high-index plasmonic modes in graphene is still to 

be experimentally demonstrated, however several approaches have been analytically 

and numerically tested, including the tapered tree-layer plasmonic waveguides. The 

asymmetric tapered waveguides provide means for direct coupling of light into the 

plasmons. 
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Chapter 4 

Transverse electric mode in graphene  

under Otto excitation scheme 

In this chapter, properties of an unusual TE mode in graphene are studied from the 

perspective of its experimental detection which has not been demonstrated yet. First, 

the Otto excitation scheme is investigated as a route towards the experimental 

detection of the TE mode in graphene. From the solution of the dispersion equation, 

it is demonstrated that the TE mode supported by graphene in Otto configuration can 

be successfully excited even at room temperature and moderate graphene quality 

when multilayer graphene stakes are used. 
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4.1 Otto excitation of TE mode in single-layer graphene 

4.1.1 Reflection coefficient in three-layer Otto scheme 

The considered Otto excitation scheme is shown in Fig. 4.1: an effectively semi-

infinite high-index dielectric medium (e.g., a coupling prism) with the refractive 

index n1 = 2 is juxtaposed at the plane x = 0 with a semi-infinite low-index dielectric 

medium of refractive index n2 = 1.5 in which a graphene layer with the sheet 

conductivity (see Chapter 2) σ = σ′ + iσ″ occupies the x = d plane. A TE-polarized 

plane wave is incident onto the n1|n2 interface at an angle θ. The ansatz is       

made that the electric field in each medium m = 1,2,3 takes the 

form                         , where, 
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Substituting the ansatz into the Helmholtz equation  ( 2 ( ) 2 ( )
0 0m mk   E E , 

where k0 = ω/c) we obtain 2 2 2
1 0 1k k n q    and 2 2 2

0 2q k n    , noting that    

q = n1k0sin(θ) is the projection of the incident wavevector onto the z-axis. Assuming 

the harmonic time dependence exp(–iωt) of the magnetic field H, substituting into 

the Maxwell curl equation 0 / 0,t    E H   applying the electromagnetic 

boundary conditions  ( 1) ( )ˆ 0m m  x E E   and  ( 1) ( )ˆ m m  x H H K  at the 

interfaces, noting that K(x = 0) = 0 and K(x = d) = σE(x = d), and taking B3 = 0     

(i.e. absence of a reflected wave in medium 3), we obtain the reflection coefficient 

of the incident wave R = |r|2 (r = B1/A1) with 

   ( ) ˆ expm
mE x iqz i t E y
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       (4.2) 

 

where Λ = κ – iμ0ωσ, and μ0 is the vacuum magnetic permeability. We note that 

equation (4.2) can also be derived using the transmittance matrix technique [29], [58]. 

 

 

Figure 4.1. Three-layer Otto excitation scheme in ATR regime. 

 

Figure 4.2 shows the angular reflectance distribution R(θ) staggered for d from 

d/λ = 0 (bottom curve) to d/λ = 30 (top curve), and σ ~ 0.5σu − iσu. It can be seen that 

a sharp minimum in R(θ) emerges at the critical angle θc of the n1|n2 interface      

[θc = asin(n2/n1)] when d/λ > ≈5. The minimum becomes broadened as d increases 

while at the same time shifting to the right, yet remaining very close to θc within    

Δθ = θ − θc ~ 0.001deg. The expected angular range of TE mode excitation can be 

approximated from the symmetric semi-infinite case (i.e. d → ∞), θTE ~ asin(neff/n1), 

which gives Δθ ~ 0.001deg, thus suggesting that the reflection minimum could be a 

consequence of the excitation of TE modes.  
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Figure 4.2. Angular reflectance distribution R(θ) for different values of thickness d. 

 

To eliminate the possibility that the reflection minimum is a trivial consequence 

of loss in the graphene layer (i.e. σ′ > 0), we also plot R(θ) (at d/λ = 7) in Fig. 4.3 for 

when the incident wave is TM polarized (for both σ″ > 0 and σ″ < 0 – dashed curve 
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Fig. 4.3; the derivation of the TM case is analogous to the above replacing E with H 

in equation (4.1)), and TE polarized with σ″ > 0. The evident absence of a distinct 

minimum in R(θ) in the vicinity of the critical angle except for when the incident 

wave is TE polarized and σ″ < 0 further suggests that the reflection minimum is 

solely due to the TE mode excitation. 

 

 

Figure 4.3. Reflectivity R(θ) for case of TE (solid curves) and TM (dashed curve) 

incident wave polarization and positive/negative sign of Im(σ); d/λ = 7. 

 

Noting that in Fig. 4.2, Rmax ≈ 0.966 (at large angles θ > θc Rmax ≠ 1 due to 

absorption in graphene), we find that the reflectance contrast does not exceed 

ΔR/Rmax ~10% (ΔR = Rmax –Rmin, Rmin = min[R(θ ≥ θc)]), and Rmin > 0 for all d. 

Therefore, critical coupling [59], [60] of the incident wave to the TE mode (which 

would correspond to Rmin = 0) is not achieved. Furthermore, noting the extremely 

narrow angular width of the reflection minimum that is δθ < 0.001deg, which 

exceeds the angular resolution limit of typical SPP detectors (see for example, Table 

2 in [61], and [62]), the Otto excitation and detection of the TE mode in the 

considered single-layer graphene even at T = 80K would be a challenge. 



 

 ５８ 

4.1.2 Numerical analysis of TE mode dispersion 

A theoretical understanding of the dispersive properties of TE mode supported by 

graphene in an Otto configuration will suggest routes toward loosening the 

experimental conditions required for their experimental detection. To this end we 

solve the dispersion relation of leaky TE mode in the asymmetric three-layer system 

of Fig. 4.1. The dispersion relation is obtained on setting A1,B3 = 0 in equation (4.1), 

substituting into the boundary conditions on E and H, and then setting the resulting 

4×4 determinant of coefficients B1,A2,B2,A3 equal to zero, thus arriving at: 
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            (4.3) 

Equation (4.3) is solved numerically for complex q = q′ + iq″ under the 

condition that Re(κ) ≥ 0 which ensures that the mode electric field is exponentially 

bound to the graphene layer and leaks only into propagating modes of medium 1. 

The expected angle of excitation of the leaky TE mode, θTE, is obtained from the 

phase matching condition q′ = n1k0sin(θTE) [48], [58].  

 

Figure 4.4. d-dependence of normalized angular deviation of θTE (solid curves) and 

θRmin (dashed curves) from the critical angle θc. 
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In Fig. 4.4, the normalized deviation from the critical angle of θTE(d) (solid 

curves) is plotted, and same for the angle θRmin (dashed curves) corresponding to the 

minimum of R(θ ≥ θc) (i.e. R(θRmin) = Rmin), for the conductivity σ = 0.5σu − iσu (red 

curves). To observe contrasting behavior, we also show data for two experimentally 

challenging (e.g. very-low temperature) conductivities exhibiting smaller internal 

loss σ′: σ = 0.1σu − iσu (green curves) and σ = 0.01σu − iσu (blue curves).  

Firstly, we note that each curve θTE(d) asymptotically approaches a fixed value 

at large d, which expectedly corresponds exactly to the wavenumber of the TE mode 

in the symmetric semi-infinite structure with refractive index n2. 

Secondly, we note that all curves θTE(d) collapse to the critical angle θc at a 

particular value d = dcut – see also the dashed curve in Fig. 4.2 corresponding to     

d/λ = 7. This value of d constitutes a cutoff at which the electric field of the TE mode 

becomes completely delocalized (i.e. κ(d = dcut) = 0) and leaks into the propagating 

mode of medium 3 (see also Fig. 4.7). The cutoff can be easily obtained from 

equation (4.3) taking κ → 0 and Taylor expanding the LHS to first order. In the limit 

of zero loss (σ′ = 0) and when k1 >> ωμ0|σ″|, we obtain dcut/λ ≈ cε0/(2π|σ″|) which 

gives dcut/λ ≈ 7 when σ″ = −σu, and matches very well with the distance at which blue 

and green curves in Fig. 4.4 collapse to critical angle, i.e. those corresponding to 

small internal loss (σ′ << |σ″|).  

Thirdly, while we note excellent quantitative agreement between θTE(d) and 

θRmin(d) to within < 0.01% at each of the considered conductivities, there is evident 

mismatch when σ′ = 0.5σu (red solid and dashed curves in Fig. 4.4). This is related 

to a strong under-coupling [60] of the incident wave to the TE mode at large internal 

loss. To illustrate this, in Fig. 4.5 we plot the d-dependent internal loss coefficient 

qint″ (solid curves) and radiative loss coefficient qrad″ (dashed curve) of the TE mode 
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at each of the three considered conductivities; the data for each conductivity is 

plotted over the domain d ≥ dcut. The quantity qrad″ is obtained from the solution of 

equation (4.3) after setting σ′ = 0 in which case qrad″ = q″ i.e. the only loss mechanism 

is radiative loss. The quantity qint″ is obtained on introducing σ′≠0, solving equation 

(4.3), and taking qint″ = q″ − qrad″. 

 

 

Figure 4.5. d-dependence of TE mode internal (qint″; solid curves) and radiative (qrad″; 

dashed curve) propagation loss. 

 

Interestingly, when the conductivity takes the realistic value σ = 0.5σu − iσu, at 

all d > dcut, the internal loss is several orders of magnitude greater than the radiative 

loss (Fig. 4.5), which is far from the critical coupling regime (critical coupling 

occurring when qint″ = qrad″ [59]). Considering that the radiative loss is reciprocal to 

the radiative coupling gain, we see that the TE mode is in fact strongly under-coupled. 

At the same time, it is interesting to note that cumulatively (i.e. internal plus radiative 

loss), the mode itself exhibits very low propagation loss, with a normalized (to the 
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mode wavelength λp) propagation length l ≈ 1/q″ = ~1000λp. The low loss of the 

mode is responsible for the narrow angular width of the minimum in R(θ) [48], yet 

the existence of a large cutoff thickness dcut forbids the incident wave from 

effectively driving the mode. 

 

 

Figure 4.6. d-dependence of minimum reflectance R(θmin) (solid curves) and R(θTE) 

(black dashed curves). 

 

We expect that increased coupling of the incident wave to the TE mode could 

be achieved by reducing the internal loss (σ′) of the graphene (and thus, qint″), such 

that the mode internal loss becomes comparable to the radiative loss – this is 

demonstrated by the green and blue curves in Figs. 4.5 and 4.6, corresponding 

respectively to σ′ = 0.1σu and σ′ = 0.01σu. For small internal loss such as σ′ = 0.01σu, 

the critical coupling condition [59], [60], for which the internal loss becomes equal 

to the radiative loss, can be satisfied (see blue curve intersecting with black dashed 

curve in Fig. 4.5), and θTE(d) and θRmin(d) almost perfectly match (Fig. 4.4). Naturally, 

we expect a zero in R(θ) when qint″ = qrad″ is satisfied; this is illustrated by the blue 
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curve in Fig. 4.6. It is evident from Fig. 4.5 that when σ′ is further reduced, the 

radiative and internal mode loss will become comparable or equal at larger values of 

the film thickness d, and thus evidence of coupling of the incident wave to the TE 

mode is seen at larger film thickness (see Fig. 4.6). On the other hand, in the lossless 

case (σ′ = 0), the evidence of TE mode coupling is absent from the angular 

reflectance distribution since there is no light absorption in the graphene layer. Thus, 

decreasing the internal loss of graphene significantly increases coupling between the 

mode and incident wave, resulting in strong reduction of the reflectance at the TE 

mode resonance. It is unusual that, although the mode itself exhibits extremely weak 

internal losses, a route to its more convenient experimental detection (i.e. increased 

contrast of the reflectance minimum) would be to further reduce the internal loss of 

the single-layer graphene. However, to do so would require the cooling of the 

graphene to very low temperatures. 

 

4.1.3 Cutoff dynamics of TE mode 

To obtain insight into the cutoff dynamics of Otto excited TE modes, in Fig. 4.7 we 

show the mode electric field intensity distribution |E2,3(x − d)|2 at several values of d, 

as determined from substituting q(d) = q′ + iq″ (i.e. with q obtained from equation 

4.3) into the boundary conditions with A1,B3 = 0 and normalizing so that A3 = 1. 

When d >> dcut, we observe an almost symmetric field distribution (about x = d) 

which approaches that of the TE mode of the semi-infinite symmetric structure. As 

d → dcut the field becomes increasingly asymmetric, rapidly delocalizing from the 

graphene layer in medium 3, while slowly becoming more localized in medium 2. 

The cutoff d = dcut corresponds to complete delocalization of the field and leakage of 

the mode into propagating waves in medium 3 (in the positive-x direction). 
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Figure 4.7. Electric field intensity profile of asymmetric TE mode illustrating cutoff 

behavior in Otto configuration at indicated d. The dashed line x = 0 marks the 

position of the graphene layer. 

 

 

Figure 4.8. Electric field intensity profile of asymmetric TE mode illustrating cutoff 

behavior in asymmetric semi-infinite structure at indicated values of na and nb. The 

dashed line x = 0 marks the position of the graphene layer. 
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To contrast, we also show the electric field distribution of TE mode supported 

by a graphene sheet (at x = d) sandwiched between two semi-infinite dielectrics with 

the respective refractive indices na (x < d) and nb (x > d), referred to as the asymmetric 

semi-infinite structure – Fig. 4.8. We note that the cutoff behavior in the asymmetric 

semi-infinite structure holds qualitative similarity to that of the Otto structure, except 

comparing each case shows that the mode becomes delocalized toward opposite 

sides of the graphene layer (i.e. toward or away the side containing the high index 

medium). The cutoff dynamics of TE modes in the Otto configuration are further 

revealed on calculating the z-component of power flow in medium 1, 2 and 3 given 

respectively by 
0

(1) (1)
zP S dx


   , (2) (2)

0

d

zP S dx    and (3) (3)
z

d
P S dx


  , where 

S(m) = (1/2)Re[ẑ∙(E(m)×H(m)*)] is the time-averaged z-component of Poynting vector 

in medium m, and the electric fields are given by equation (4.1) with A1,B3 = 0. In 

the limit of weak-leakage of the mode (q″ << q′), we have P(1) << P(2) + P(3) (since 

P(1) contains only the leakage wave prior to the cutoff), and P(2) + P(3) ≈ C where C 

is a d-independent constant. We find in the limit κ → 0 that P(2) ≈ |A3|2d, and        

P(3) ≈ |A3|2/2κ. 

Thus we see that as the cutoff (i.e. corresponding to κ → 0) is approached, the 

mode amplitude (A3) approaches zero (to ensure that C is finite), and P(2)/P(3) ≈      

2κd → 0, showing that the mode energy is mostly found in medium 3 (x > d). 

Furthermore, the power cutoff dynamics are independent of the optical contrast 

across the interface separating medium 1 from 2 (i.e. Δn = n1 − n2), and depend only 

on n2 (recalling that 2 2 2
0 2q k n    ), whereas the cutoff behavior in the semi-

infinite anti-symmetric structure is very sensitive to the optical contrast [30]; the 

former is also consistent with the absence of the optical contrast from the expression 

for the cutoff thickness (dcut/λ ≈ cε0/(2π|σ″|).   
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Figure 4.9. d-dependence of minimum reflectance R(θmin). 

 

On the other hand, we find that reducing the optical contrast can increase the 

coupling efficiency of the incident wave to the TE mode owing to increased 

penetration of the totally reflected incident beam (i.e. for θ > θC) into medium 2. We 

also point out that the cutoff itself, inversely proportional to |σ″|, suggests a second 

route (besides reducing the internal loss) to more convenient detection of TE modes 

in graphene. Indeed, increasing |σ″| will reduce the cutoff thickness and allow 

increased coupling between the incident wave and the TE mode. This is 

demonstrated in Fig. 4.9, where we plot R(θmin) for increasing values of |σ″| while 

keeping the internal loss fixed at σ′ = 0.5σu (similarly to Fig. 4.6, each curve is 

terminated at the respective values of d = dcut). A significant reduction of the 

reflectance reveals enhanced coupling of the incident wave to the TE mode at 

increasing values of |σ″|, including critical coupling for when σ″ = −8σu; the cutoff 

prevents the critical coupling condition from being satisfied when |σ″| < ≈8σu. The 

TE coupling enhancement is further demonstrated in Fig. 4.10, which shows the 
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angular reflectance distribution at those values of d providing the minimum 

reflectance (as obtained from Fig. 4.9). Yet considering that |σ″| > 1 is difficult to 

achieve in practice except at very low temperature, in section 4.2 we suggest and 

demonstrate that multi-layer graphene stacks is a way to increase the effective 

conductivity of graphene toward providing less strict experimental conditions for the 

detection of TE modes. 

Finally, we note that it was recently predicted that the TE mode supported in an 

optical cavity exhibits a cutoff with respect to the cavity width [63]. From this 

context, our results demonstrate that a TE mode cutoff is exhibited not only in an 

enclosed cavity but also when the TE mode is attempted to be confined on only one 

side by a high index medium. 

 

 

Figure 4.10. Angular reflectance distributions R(θ) corresponding to indicated 

values of d. 
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4.2 Enhanced coupling to TE mode in multilayer graphene 

stack 

In section 4.1 we predicted that the Otto excitation of TE modes in a single-layer 

graphene can lead to a minimum in the angular reflectance distribution at the critical 

angle with a contrast ΔR/Rmax ~10%, although which would require a very high 

angular resolution exceeding ~0.001deg to experimentally detect. In this regard, we 

seek a means to increase the angular width and depth of the reflection minimum to 

facilitate the feasible experimental detection of TE modes in graphene. In this section 

we propose that stacking multiple single-layer graphene [26], [64] could provide 

both a widening and deepening of the reflectance minimum owing to an effective 

increase of the graphene conductivity. For example, in graphene insulator stacks [26], 

[65] or multi-layer graphene obtained from layer-by-layer transfer of single-layer 

graphenes [64], electronic decoupling between neighboring graphene layers 

provides an effective conductivity increase according to σN = Nσ [26], [64] as the 

distance between neighboring layers approaches zero; N is the number of single-

layer graphenes in the stack, σ is the sheet conductivity of a single-layer graphene, 

and σN is the effective sheet conductivity of the graphene multi-layer stack. We note 

that a random crystalline orientation between neighboring graphene layers [26], [64] 

provides the electronic decoupling [66] (and Nσ behavior), while for bi-layer or few 

layer graphene, the expression for conductivity becomes increasingly complicated 

(see for example [28]). 

We start at an Otto configuration with two single-layer graphenes (a two-layer 

system) – the structure is the same as Fig. 4.1 except with an additional single-layer 

graphene inserted at the plane x = d + Δ. Insight into the TE mode dynamics as the 

structural transition is made from the two-isolated-layer system (i.e. Δ > 0) to the 
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two-layer-stack (i.e. as Δ → 0) is obtained by solving the dispersion equation of TE 

modes supported by the two-layer system. The dispersion equation is derived in 

determinant form following the same method in section 4.1 after inserting an 

additional layer (d < x < d + Δ) and boundary condition (i.e. at the additional 

graphene layer) at x = d + Δ. Expectedly, we find that the dispersion equation has 

two solutions corresponding to an even or odd coupled mode (i.e. with equal or 

opposing sign of electric field at either graphene layer) each comprising the even or 

odd coupling between the TE modes supported by each single layer system (i.e. one 

with a single-layer graphene only at x = d, and the other only at x = d + Δ).  

The d-dependence of the deviation of the TE coupled-mode mode effective 

index (with respect to, and normalized to the bulk effective index: (neff-n2)/n2, which 

equals to zero at d = dcut) of both even (dashed) and odd (dot-dashed) mode solutions 

is shown in Fig. 4.11 at indicated values of normalized inter-layer separation (Δ/λ), 

and when the single-layer graphene conductivity is fixed at σ = 0.5σu − iσu. As Δ 

increases, we see that the odd mode effective index converges exactly to that of the 

mode supported by the single layer system (marked N = 1, thick red solid line), in 

which case the mode field is bound only to the upper graphene layer (i.e. at x = d). 

For the odd mode, coupling induced perturbation of the effective index (evident for 

smaller values of Δ) rapidly increase dcut (the d/λ-intercept in Fig. 4.11) which would 

significantly reduce coupling of an incident wave to the odd TE mode. Thus we 

conclude that the odd TE mode would likely be experimentally undetectable at the 

considered single-layer graphene conductivity.  

In contrast, modal coupling rapidly increases the effective index of the even TE 

mode, starting at that of the TE mode of the isolated lower graphene layer (see the 

thick red dashed curve in Fig. 4.11, which corresponds to the symmetric semi-infinite 
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structure), and in the limit that Δ → 0, converging to that of a single layer system 

with an effective conductivity σ2 = 2σ and a halved (i.e. as compared to the single-

layer case) cutoff thickness dcut/λ = 3.5. As we predicted in section 4.1.3, a decreased 

cutoff thickness (at increased |σ″|) provides increased coupling of the TE mode to the 

incident wave. 

 

 

Figure 4.11. d-dependent normalized effective index deviation of even (dashed) and 

odd (dot-dashed) TE coupled-modes of an Otto system with two single-layer 

graphenes at indicated values of the inter-layer distance, Δ. The conductivity of each 

single-layer graphene is σ ~ 0.5σu − iσu. The solid blue and red curves correspond to 

a single layer Otto system with the graphene conductivity σ ~ 2(0.5σu − iσu), and     

σ ~ 0.5σu − iσu, respectively. The thick red dashed curve corresponds to the semi-

infinite symmetric structure. 
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To demonstrate increased coupling of an incident wave to TE modes in N-layer 

graphene stacks, in Fig. 4.12 we plot the angular reflectance distribution R(θ) about 

the critical angle (vertical dashed line) for when d = dcut at the respective values of 

N (as indicated in the figure). These curves are obtained from the transmittance 

matrix method [29], [58] with the inter-layer spacing Δ/λ = 0.001. It is immediately 

evident that the reflection minimum significantly widens and deepens as the numbers 

of layers in the graphene stack (N) increases, even to the extent that critical coupling 

is achieved (i.e. R(θc) ≈ 0) when N = 20. The angular width of the reflection minimum 

is increased by two orders of magnitude from Δθ ~ 0.001deg in the single layer case 

to Δθ ~ 0.1deg when N ~ 10, providing for much easier experimental detection (see 

also inset of Fig. 4.12). We also show an example case of a 20-layer graphene stack 

at room temperature (T = 300K) for which we have taken the single layer graphene 

conductivity as σ = 0.5σu − 0.5iσu (see Fig. 2.2). Interestingly, an appreciable contrast 

of the reflection minimum (ΔR/Rmax ≈ 70%) is obtained while preserving the broad 

angular width. These results are therefore promising toward the experimental 

detection of TE modes in graphene including at room temperature.  
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Figure 4.12. Angular reflectance distributions R(θ) for an Otto system with an N-

layer graphene stack (Δ/λ = 0.001) at respective d = dcut(N) and with σ ~ 0.5σu − iσu 

(solid curves; T ~ 80K) and σ ~ 0.5σu − i0.5σu (dashed red curve; T ~ 300K). Inset: 

wide-angle comparison of single-layer and 20-layer reflectance distributions over 0 

< θ < 90 (deg) with σ ~ 0.5σu − iσu. 
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4.3 Conclusion 

In this chapter, an Otto configuration as a mean for the experimental detection of the 

TE mode in graphene has been investigated. From solution of its dispersion equation, 

we demonstrated that the TE mode supported by graphene in an Otto configuration 

exhibits a cutoff at a particular thickness of the film between the graphene layer and 

the coupling prism. While the TE mode exhibits very weak internal and radiative 

losses, the existence of the cutoff is shown to prevent its efficient coupling to an 

incident wave. These two factors produce a minimum in the angular reflectance 

distribution which is both low contrast (ΔR/Rmax < 10%) and of exceptionally narrow 

angular width (Δθ ~ 0.001deg), hindering the experimental detection of TE modes 

in single-layer graphene at finite temperatures. To address this issue, we proposed 

the Otto excitation of the TE mode in a multi-layer stack of single-layer graphenes. 

Owing to the effective increase of the graphene conductivity by a factor equal to the 

number of layers (i.e. σN = Nσ), we demonstrated significantly increased coupling of 

TE mode to an incident wave, including orders-of-magnitude increase in the angular 

width and reflectance contrast of the TE mode resonance. Our results suggest that an 

Otto scheme with a graphene multi-layer stack provides the first recognized platform 

for the feasible detection of the TE mode in graphene at room temperature. 

Experimental detection of the TE mode in graphene is of significant fundamental 

importance, and the experimental implementation of the suggested Otto scheme is 

presented in the next Chapter 5. We foresee that the proposed scheme could provide 

a realistic platform for a new type of SPP detector based on the narrow angular width 

of the TE mode resonance. 
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Chapter 5 

Experimental detection of transverse 

electric mode in graphene 

In this chapter, based on theoretical and numerical observations of Chapter 4, the 

experimental means to detect the TE mode in graphene are proposed, and 

experimental results are discussed. Successful direct optical observation of the TE 

mode is demonstrated for the first time, ten years after its prediction, supported with 

theoretical and numerical analysis of the obtained data. 
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5.1 Otto excitation of TE mode in single-layer graphene 

As it is shown in Chapter 2, in the spectral transition region, the imaginary part of 

graphene’s conductivity (Im[σ] = σ″) changes sign from positive to negative, having 

its minimum at ħω = 2EF (see Fig. 2.2). The negative sign of σ″ has been associated 

with manifestation of the TE propagating electromagnetic mode in both single- and 

bi-layer graphene [7], [28], [30], contrary to conventional transverse magnetic 

plasmonic modes in metals and graphene existing exclusively when σ″ > 0. Yet, the 

main difficulty in detecting the TE mode is that its effective index is very close (with 

optical contrast as low as Δn ~ 0.001) to that of propagating wave in the bulk material 

surrounding the graphene, which imposes a necessity of extremely precise phase 

matching with an excitation wave. 

Here, for the first time ten years after its prediction, direct optical probing of the 

TE mode supported by graphene is demonstrated, employing modified Otto 

configuration that allows very precise phase matching of the incident wave to the TE 

excitation, and electrostatically doped multi-layer graphene stacks at room 

temperature, performed at the telecommunication wavelength λ0 = 1.55 μm. 

The physical nature of TE excitations in graphene can be understood as 

magnetic dipole waves, i.e. self-sustained oscillations of current (Fig. 1.7) with no 

spatial charge density perturbation, while conventional TM plasmons are an electric 

dipole waves. As demonstrated in Chapter 4, the small effective index of the TE 

mode makes it easily accessible to Otto excitation via evanescent field in attenuated 

total reflection (ATR) regime [58], [67] even at room temperature [7], when doped 

graphene is sandwiched between the two dielectric layers of same refractive index.  

However, necessity of doping (i.e. special techniques of thereof) makes it 
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difficult to provide symmetry between indices of materials above (n2) and below (n3) 

the graphene layer (Fig. 4.1). Therefore, the TE mode excitation scheme where 

graphene is situated between dielectrics with asymmetric indices, n2 > n3, and placed 

at distance d from the coupling prism, n1 (Fig. 5.1), is proposed. In such system, in 

contrary to previously proposed ATR, there available a regime when incident wave 

experiences total internal reflection (TIR) at the n2|n3 interface where graphene layer 

is situated. By employing materials with low optical contrast between n2 and n3, TIR 

regime with close to 90° angle of incidence for the excitation wave is possible to 

achieve, which is strongly favourable for adherence of phase matching and efficient 

TE mode excitation. 

 

 

Figure 5.1. Modified Otto excitation scheme with asymmetrical indices n2 > n3. 
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5.2 Experimental approach 

At first, we consider TE mode behaviour near the cutoff distance dcut, as described 

in Chapter 4. The cutoff distance d = dcut denotes the condition of complete TE mode 

delocalisation in Otto configuration, i.e. when for n2 = n3 and d < dcut, the existence 

of localised at graphene TE mode is prohibited. When d > dcut, the solution of TE 

mode exists, but starts to be delocalised in the direction of n3 as d approaches to dcut. 

However, increasing of n2 > n3 makes delocalisation to occur in the opposite direction 

(see section 4.1.3). Through the balancing of this index asymmetry by a proper 

selection of distance d, a condition of propagating TE mode existence can be 

preserved. 

As predicted in section 4.2, in a stack of randomly oriented graphene layers (i.e. 

in a multilayer graphene with rotational faults [68]), an effective optical conductivity 

of the stack linearly increases proportional to the number of layers N [64], [68]–[70]: 

σeff = Nσ. Considering this, employed is the five-layer graphene stack to derive 

significantly more effective coupling to incident wave.  

Graphene electrodes in the samples are deposited on a polyvinylidene fluoride 

resin which serves as a substrate (PVDF; n3
(1.55μm) ≈ 1.4045), with applied silver 

electrodes deposited by hand using the conductive silver paint (Fig. 5.2). Then, 

graphene can be electrostatically doped by an applied bias voltage via top-gated 

configuration [71] (essential for high doping values) with an ionic liquid of proper 

refractive index [72] (n2
(1.55μm) ≈ 1.4070), such that desired index asymmetry 

condition n2 > n3 is satisfied. Employing of an ionic liquid instead of an ion gel (see 

for example, [73]) allows scanning over the distance d between graphene and the 

coupling prism (BK7; n1
(1.55μm) ≈ 1.5006), approaching desired values of d ~ λ0, in 

order to obtain precise phase matching (discussed in sections 4.1.2 and 4.1.3).  
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Figure 5.2. Modified Otto excitation scheme and multilayer graphene samples.  

 

The PVDF film of thickness 0.254 mm was purchased from CS Hyde; silver 

electrodes were deposited manually using Pelco® colloidal silver liquid 

manufactured by Ted Pella, Inc. (product No. 16031), and cured at room temperature 

during 24 hours. 12.5×12.5 mm2 area five layer graphene was manufactured by 

chemical vapour deposition [74] (CVD) and deposited layer by layer in acetone, and 

was purchased from Graphene Square, Inc. The ionic liquid 1-ethyl-3-

methylimidazolium bis(trifluoromethylsulfonyl)imide was used as obtained from 

manufacturer, purchased from Sigma-Aldrich. 

To measure angular reflectance, we employ a setup schematically shown in Fig. 

5.3, where linear shift of a scanning flat mirror is translated into a high-resolution 

angular scan by concave spherical mirror of large radius. Gold-covered spherical 

mirror of 1250 mm radius was mounted at fixed stage while angular scan was 

conducted by a flat mirror on a moving linear stage (Fig. 5.3), providing, together 

with collimated laser beam with diameter of 1 mm, an effective angular resolution 

of 0.05 deg, while mechanically limited angular resolution allowed by the setup is 

3×10-5 deg.   
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Excitation wave’s polarization is controlled by a fibre polarization controller 

(FPC), and collimated beam diameter is 1 mm, providing an effective angular 

resolution of the system 0.05 deg. Laser source used is the tunable diode laser at 1.55 

µm wavelength and 1 mW power output. Infrared reflectance measurements are 

performed with power meter head with removed cover glass to avoid interference 

effects under varying angle. All measurements are performed under normal ambient 

conditions at 300 K temperature. 

 

 

Figure 5.3. Optomechanical setup designed to measure angular reflectance with 

required precision. 
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5.3 Measurement results 

Experimentally measured angular reflectance for two different samples is shown in 

Fig. 5.4 and is obtained for undoped (dashed lines) and doped (solid lines) 5-layer 

graphene stack under the bias voltage Vg = 3.8V and 4.5V respectively, for TM (black) 

and TE (blue) polarized incident wave (λ0 = 1.55 μm; T = 300 K). While the TM 

curves show no response to doping, TE reflectance of doped graphene exhibits a 

distinct dip in the vicinity of the critical angle θc and can be observed for both 

samples, indicating an excitation of a guided TE mode in the structure. It is important 

to note that in the absence of the graphene, reflectance profile indicates lack of any 

specific TE mode in the structure under applied experimental conditions, which was 

confirmed by the control experiment (Fig. 5.5). Perfect agreement with analytical 

TE/TM curves is observed – see inset in Fig. 5.5. 

To confirm the experimental data, and to get an insight into the mode excitation 

dynamics, a numerical model of employed excitation scheme is used, considering 

angular resolution Δθ ≈ 0.05 deg as provided by the experimental setup. Model 

parameters fitting is conducted based on both TE and TM reflectance responses, 

providing roughly estimated tolerances of ±0.1λ0 for the distance d, and ±5meV for 

the Fermi level EF (Fig. 5.6). In the model, sheet conductivity of single graphene 

layer is calculated using random phase approximation (RPA) in the local limit (see 

chapter 2), with assumed charge carriers’ mobility μ = 1 × 104 cm2(Vs)–1. In 

accordance with the RPA, fitted sheet conductivity is taken as σ1 = σu – i0.01σu for 

the undoped, and σ2 = 0.3σu – i0.4σu (model case 1) and σ2 = 0.7σu – i0.47σu (model 

case 2) for the doped graphene, corresponding to doping levels of EF ≈ 0.42 eV and 

0.38 eV respectively; σu = e2/4ħ is the universal conductivity of graphene [32]. For 

the 5-layer stack in the experiment, its effective conductivity is σeff
1,2 = 5 × σ1,2. 
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Figure 5.4. Experimentally measured angular reflectance of samples with 5-layer 

graphene for TE (blue) and TM (black) incident waves, for undoped (dashed) and 

doped (solid) graphene under the bias voltage Vg = 3.8V (sample 1; top) and Vg = 

4.5V (sample 2; bottom). 
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Figure 5.5. Angular reflectance measured in the absence of graphene layer under 

experimental conditions same as for sample 1 in Fig. 5.4. Inset – model numerical 

reflectance with no graphene for d = 3.4λ0.  

 

Numerical reflectance obtained for the values of σeff
1,2, and d = 3.4λ0 (model 

case 1) and d = 2.5λ0 (model case 2) for both samples is shown in Fig. 5.7, 

demonstrating the electrodynamic response in excellent agreement to that 

experimentally observed (Fig. 5.5). Considering a uniqueness of reflectance profile 

for given values of d and σ, along with the estimated tolerances, it can be noted that 

fitted model parameters are very close to actual experimental conditions, thus 

confirming the doping of multilayer graphene coming up to negative values of σ″. 

Together with the reflectance minima located beyond the critical angle in both 

experimental and model studies, this indicates an excitation of TE mode in multilayer 

graphene. 
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Figure 5.6. Numerically demonstrated dependence of the reflectance profile on 

distance d (top) and graphene doping level (Fermi energy; bottom) for the basis of 

model parameters of case 1(dashed); arrows indicate change in reflectance profile 

according to denoted step change in parameters. 

It must be noted that an approximately 1 nm thick Debye layer of ions at the 

graphene/ionic liquid interface [71] does not provide detectable interference with the 

measurements. Considering that the angular reflectance behavior for both TM and 

TE polarized light perfectly follows theoretical prediction of a model where TE mode 

is excited in a doped graphene stack (Fig. 3a-d), it is clear that the observed change 

of the TE reflectance under applied gate voltage is dominantly determined by a 

change of the optical conductivity in graphene. 
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Figure 5.7. (Top) Numerical reflectance data replicating experimental conditions for 

sample 1 (as in Fig. 5.5 (top); model case 1), with fitting parameters d = 3.4λ0, n2 = 

1.407, n2 – n3 = 0.0025, at indicated values of graphene conductivity. (Bottom) 

Numerical reflectance data replicating experimental conditions for sample 2 (as in 

Fig. 5.5 (bottom); model case 2), with similar fitting parameters for n2,3 and d = 2.5λ0, 

at indicated values of graphene conductivity. 
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5.4 Discussion on experimental results 

Further numerical investigation with an eigenmode solver (by solving the 

determined system of equations (4.1) in the absence of the incident wave A1 = 0) 

reveals a consistent presence of the TE eigenmode supported irrespectively of the 

structure variations, proving its existence solely due to the presence of multilayer 

graphene stack. Figure 5.8 demonstrate an electric field intensity |E|2 profile of this 

mode (top and bottom sets corresponding to different doping levels according to 

cases “1” and “2” respectively). Leftmost profiles correspond to reconstructed 

experimental conditions of cases “1” and “2” (Fig. 5.7), and demonstrate the profile 

of the TE mode responsible for the experimentally observed reflectance dip at doped 

multilayer graphene (Fig. 5.5). This doped graphene mode, although perturbed by 

the leaky term, is confined to graphene plane in contrary to the waveguide mode 

supported with presence of undoped lossy graphene in an asymmetric index (the 

midst in Fig. 5.8). An unperturbed TE graphene mode is also supported by the 

structure with considered parameters, but only when n2 = n3, thus being tricky to be 

excited; its profile is the rightmost in Fig. 5.8. 

Graphene sheets in a multilayer stack are separated by approximately 0.3 nm 

distance [64]. Considering huge (about three orders of magnitude) difference 

between the size of the TE mode (Fig. 5.8) and the actual thickness of the 5-layer 

graphene stack, experimentally detected TE mode is supported by a thin (i.e. with 

effectively zero thickness) layer of graphene with effective conductivity σeff 

proportional to the number of layers (see section 4.1.3 and [64], [68]–[70]). At the 

same time, the physical nature of the mode is that of graphene TE mode. 
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Figure 5.8. Obtained with a solver, electrical field intensity |E|2 profiles of TE 

eigenmodes in considered structure with parameters of case 1 (top) and 2 (bottom). 

Left: TE eigenmode of doped graphene responsible for the experimentally observed 

TE reflectance dip. Middle: same as on the left, but for undoped graphene – a 

waveguide mode, with amplitude scaled according to theoretical coupling efficiency 

59% (74%) for case 1 (2) of that for doped graphene mode. Right: an unperturbed 

TE mode supported by doped graphene in the considered structure under assumption 

of n2 = n3. 
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Figure 5.9 displays the effect of doping on losses associated with the TE mode 

as a function of distance d. Due to reduction of internal losses (blue) in doped 

graphene (solid lines) at shorter d, their magnitude becomes comparable with that of 

radiative losses (green), providing significantly enhanced coupling to incident light 

[29], [59], and producing experimentally observed distinct reflectance dip. As one 

can note, cumulative losses of the excited mode are still very low, though higher than 

in case of n2 = n3 (see inset in Fig. 5.11), giving its propagation length L = λP /(2πq″) 

= ~1000 of plasmonic wavelengths, unimaginable for TM plasmons. 

 

 

Figure 5.9. Internal (blue) and radiative (green) losses of the TE eigenmode for the 

undoped (dashed) and doped (solid) graphene, for the set of parameters of model 

case 1. 

 

TE mode’s electric field spatial distribution for the model case 2 is 

demonstrated at Fig. 5.10, showing significant asymmetry along the x-z axes, 

revealing mode expansion by several λ0 into the bulk on both sides. Obtained with 

the solver dispersion of the TE mode for model case 1 (black), case 2 (pink), and 
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case 1 with n2 = n3 (dashed) is demonstrated in Fig. 5.11, with losses shown in the 

inset. Observed in Fig. 5.11 for model cases 1 and 2, the dispersion cutoff is 

associated with complete delocalization (leaking) of modes in the direction of n3, 

following prediction for the symmetrical (n2 = n3) configuration (see section 4.1.3). 

Modes’ delocalization is demonstrated in Fig. 5.12 where field’s intensity and spatial 

distribution are shown for distances d ≈ dcut for considered model cases. It is also 

clearly demonstrated (Fig. 5.11) that cutoff distance in case when n2 = n3 is 

significantly larger comparing to that in employed experimental configuration, 

preventing efficient coupling to the TE mode. 

 

 

Figure 5.10. Electric field spatial distribution of the TE eigenmode for the set of 

parameters of model case 2. 
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Figure 5.11. Dispersion of the TE eigenmode for the set of parameters of model case 

1 (black), case 2 (pink), and case 1 with n2 = n3 (dashed) as a function of distance d. 

Inset: cumulative losses of the TE eigenmode for all cases. 
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Figure 5.12. TE eigenmode’s electrical field intensity profile |E|2 shown at the 

indicated cutoff distances d = dcut, for model cases 1 and 2. Insets: electrical field 

spatial distribution demonstrated for each cutoff case. 
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5.5 Remarks on multilayer graphene doping 

The top-gated configuration for electrostatic graphene doping via the ionic liquid 

[71], [75], using two graphene stripes as electrodes, is used in the experimental setup. 

When bias voltage is applied, a Debye layer in the ionic liquid of thickness dTG ~1 

nm is formed around the electrodes [75], acting as a parallel plate capacitor. 

Graphene electrode thus being one of the capacitor plates, so its charge carriers’ 

concentration n can be related to the applied bias voltage Vg as follows [71]: 

F TG
TG

0

n d ne
V

e

 


              (5.1) 

where ε is the dielectric constant of the ionic liquid, n is the carriers’ concentration 

in graphene electrode. The Debye layer thickness in an electrolyte can be obtained 

as [76]: 

0
TG 2

02

RT
d

F c


                     (5.2) 

where R is the molar constant, F = eNA is the Faraday constant, and c0 = 3.9 mol/l is 

the molar concentration of the 1-ethyl-3-methylimidazolium 

bis(trifluoromethylsulfonyl)imide ionic liquid [77], [78]. Obtained value of the 

Debye layer dTG ≈ 0.8 nm is relatively small due to high electrolyte concentration of 

the ionic liquid, and comparable with thickness of several graphene layers, thus 

making difficult to predict actual charge distribution in real system of several layers 

where screening effects will occur. Therefore, as a first-order approximation, we 

assume that charge carriers’ concentrations (Fermi energy) in all layers are equal, 

and the total effective carriers’ concentration of the whole stack can be represented 

as n = X×ngr, where ngr is concentration of a single layer, and X is some real number. 
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Considering the stack of graphene sheets as a single layer with Fermi energy as 

a function of effective carriers’ concentration             , following equations 

(5.1)-(5.2), and considering RPA conductivity at room temperature [equation (2.1)], 

one can obtain values of Fermi level and RPA sheet conductivity of a single graphene 

layer as a function of applied bias voltage, which is demonstrated in Fig. 5.13. 

 

 

Figure 5.13. (Left) RPA sheet conductivity of single layer graphene as a function of 

bias voltage. Carriers’ concentration of each single layer is assumed uniform through 

the five layer stack, and its value ngr = n/3. Dot-dashed lines show real and imaginary 

parts of conductivity according to the experiment 1 reconstruction (model case 1; 

VTG = 3.8 V, σ2 = 0.3σu – i0.4σu), and dashed lines show that for the experiment 2 

reconstruction (model case 2; VTG = 4.5 V, σ2 = 0.7σu – i0.47σu). (Right) Fermi energy 

of a single graphene layer as a function of bias voltage. 

 

Interestingly, the assumption of X = 3 gives the exact match between 

experimentally observed bias voltages and conductivity values used for experimental 

results reconstruction by an electrodynamic model of the structure. In other words, 

assumed conductivity of each graphene layer in a five layer graphene stack can be 

F FE n 
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taken as ngr = n/3, where n is an effective concentration in multilayer graphene 

treated as a single layer. Then, setting equal the effective concentration in the 

electrodynamic model (EM) and the top gated (TG) doping model, for a single layer 

in the stack of five we can speculate that ngr
EM = 3/5×ngr

TG. This may indicate that 

actual doping levels in conducted experiments are ~40% lower than that theoretically 

obtained from equations (5.1) and (5.2). 

Demonstrated successful example of multilayer graphene doping requires more 

close study of the subject since multilayer graphene systems generally are able to 

provide significantly stronger electrodynamic response comparing with that built on 

a single graphene layer. 
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5.6 Conclusion 

To summarize, the exotic TE mode in graphene can be successfully excited in 

multilayer graphene at room temperature. Its first experimental observation is 

achieved employing 5-layer doped graphene in modified Otto configuration with 

very precise phase matching capability. Besides, successful doping of multilayer 

graphene up to significant values of EF using an ionic liquid is also demonstrated, 

confirming predicted earlier increase of effective graphene conductivity. It is also 

suggested that optical sensing of the TE excitation in doped graphene can be used as 

a handy technique for characterisation of doping in multilayer graphene, and attract 

more attention to this unique phenomenon in the essential spectral transition domain. 
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Chapter 6 

Conclusion 

In this Dissertation, two major topics regarding the graphene’s plasmonic response 

have been discussed. Owing to its unusual and tunable electrodynamic response, 

graphene provides a unique platform for low dimensional plasmonics at stripes, 

edges, and interfaces, at the same time supporting the transverse electric mode which 

by itself is an extraordinary phenomenon unavailable in other plasmonic materials. 

Interestingly, the transition spectral region of graphene’s electrodynamic response 

(i.e. when response type changes from metallic- to dielectric-like) is associated to 

the both considered cases: 1D plasmonic excitation of the metal-dielectric interface 

and TE mode, each of which comprises an extreme case of plasmonic phenomena – 

that with exceptionally strong and weak field localization respectively.   

First, is was demonstrated that induced in graphene by non-uniform doping, the 

1D metal-dielectric interface supports propagating 1D plasmonic mode (1DSPP) 

exhibiting a tremendous spatial field localization – up to one million times compared 

to a wave in a free space. This regime become available due to the dielectric-like 

properties of graphene at one side of the interface, being tuned into the transition 

region by doping. This tuning of graphene’s conductivity further allows controlling 
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over the 1DSPP effective index continuously from that of the bare edge up to cutoff 

regime with extremely high effective index values. Series of FEM numerical 

simulations completely confirmed validity of derived dispersion relation for the 

1DSPP plasmonic mode, and demonstrated the predicted tunability of its effective 

index. 

Second, a rigorous study of predicted earlier TE mode in graphene has revealed 

its accessibility to direct optical excitation and detection via the Otto configuration. 

The experimental detection of TE mode has not been reported yet due to its 

extremely weak localization on sensitivity to excitation environment. To overcome 

experimental issues, certain necessary modifications to the excitation scheme have 

been suggested to derive extremely precise phase matching and strong coupling to 

the excitation wave. Namely, artificially introduced index asymmetry, doped five-

layer graphene stack, and tunable Otto configuration have allowed for the first ever 

excitation and detection of the TE mode in graphene.   

Overall, in a single framework of this Dissertation, two fundamental aspects of 

graphene’s electrodynamic response in its spectral transition region have been 

studied, for the first time demonstrating an existence of extreme cases of high-index 

1DSPP plasmonic mode (theoretically and numerically), and low-index unique TE 

mode (experimentally) in graphene.  
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Abstract in Korean 

2000년대 중반 그래핀이 발견되면서 빛-물질 상호작용의 범위가 대폭 

확대되었다. 무질량 디랙 페르미온으로 작용하는 그래핀의 특이한 

무간격 선형 전자 띠 구조로 인해 단일층 탄소원자의 중대한 초광대역 

전기역학 반응이 일어난다. 그래핀에서의 독특한 캐리어 분산은 또한 

광범위한 에너지에서 페르미 준위 조정을 가능하게 하여 특정한 

주파수에서 전기 역학 반응을 통제하고 그래핀의 플라즈몬 특성을 

조절한다. 가령, 광자에너지가 페르미 준위의 2배에 도달할 때 띠간 

전자전이의 시작은 금속(드루드 타입)에서 유전체 유형의 반응으로의 

전환을 통제하며 이때 그래핀 전도성의 허수부분은 양수에서 음수로 

표시된다. 그래핀의 전기역학 반응의 이러한 분광 전이는 본 연구의 

핵심인 두 가지 독특한 플라즈몬 현상과 관련 있다.  

첫째, 그래핀은 1D 금속-유전체 인터페이스를 가진 2D 금속-

유전체 시스템이 구현될 수 있는 현실적 플랫폼을 제공한다는 사실이 

집중 조명되었다. 비균일 도핑임을 가정하여 그래핀의 측면으로 연결된 

서로 다른 특성을 보이는 두 개의 반무한 영역을 검토하였다. 하나는 

금속인 반면 다른 하나는 동등한 도핑 레벨의 저손실 유전체로 그래핀의 

전도성의 허수부분에서 음수를 나타낸다. 이러한 배열에서 1D 금속-

유전체 인터페이스(그래핀 플랫폼에서 구현)가 차단 행동을 보이는 기본 

1D 플라즈몬 모드를 지원하여 2D 시스템에서 빛의 포획을 상당히 

증가시킨다는 점이 이론상으로나 수적으로 최초로 증명되었다. 이러한 

1D 플라즈몬 모드는 플라즈몬 패밀리에 존재하지 않던 1D 멤버로 

플라즈몬의 새로운 기본 카테고리를 다음과 같이 구성한다: 3D 벌크 
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플라즈몬, 2D 표면 플라즈몬, 1D 플라즈몬 및 0D 국부 플라즈몬.  

둘째, 그래핀의 전기 역학 반응의 또 다른 독특한 특성인, 전도성의 

허수 부분이 음수일 때 극명하게 드러날 것으로 예상되는 횡단 전기 

(TE) 전파 모드에 대한 연구가 활발히 이루어지고 있다. 아직은 

요원하지만 유한 온도에서 TE모드를 실험으로 직접 탐지하기 위한 실행 

가능한 플랫폼이 구현되어야 한다. 본 연구에서 오토-크레슈만 접근법이 

그래핀에서 TE 모드 여기(excitation)를 위한 실행 가능한 플랫폼으로 

보여진다. 오토 배열의 그래핀으로 지원되는 TE모드는 전형적인 유한 

온도의 단일층 그래핀과 입사파의 효율적 커플링을 방지하는 커플링 

프리즘과 그래핀층 사이의 차단 두께를 보여준다는 사실이 이론적으로 

입증되었다. 이에 반해, N-층 그래핀 더미는 효율적 그래핀 전도성이 

N배 증가하여 커플링이 상당히 증가할 것으로 예상된다.  

그래핀은 여기(excitation) 환경 및 위상 정합 조건 부착에 극도로 

민감하기 때문에 그래핀에서 TE모드의 여기(excitation) 및 그 이상의 

탐지는 해결해야 할 도전과제였다. 본 연구는 최초로 TE 모드의 직접적 

광학 탐지를 구현했으며 극도로 정확한 위상 정합을 가진 수정된 오토 

배열을 활용하였다. 본 연구에서 예측한대로 상온에서 전기적으로 

도핑된 다층 그래핀 시트에서 입사파와의 상당한 커플링이 입증되었다. 

본 연구에서 제안한 세밀한 위상 정합 기술 및 그래핀의 TE 

여기(excitation)에 대한 접근은 이러한 독특한 현상에 대한 심층 연구를 

촉진하고 다양한 포토닉스 분야에서의 적용을 가능하게 할 것이다.  

주요어: 그래핀, 그래핀 플라즈모닉, 횡단 전기 모드, 1D 플라즈몬, 2D 

결정체. 
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