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Abstract

A physical system can be described by a non-Hermitian Hamiltonian if

the system is open or it has either absorptive loss or amplifying gain. One

of the important properties of the non-Hermitian Hamiltonian is the exis-

tence of an exceptional point (EP). This EP condition is satisfied when the

coupling strength between interacting eigenstates is the same as their differ-

ential loss. At an EP, the eigenstates are degenerate in both eigenvalue and

eigenfunction, exhibiting interesting features such as branch-point topology,

breakdown of adiabaticity when encircled dynamically.

In this thesis, we reveal EP’s both in ultrasonic and optical cavities,

both of which are non-Hermitian systems. First we report observation of

an EP in an ultrasonic cavity both theoretically and experimentally. Con-

centric circular shell cavity is adopted as platform for the study. At first,

system parameters for the EP condition is predicted by theoretical analy-

sis. The schlieren method, which is widely used to visualize refractive index

modulation in transparent media, is applied to the ultrasonic cavity when

we experimentally measure the resonance spectrum and the wavefunction.

Then we confirm the existence of an EP in the shell cavity by comparing

the theoretical and experimental results.

We also investigate modified spontaneous emission in a deformed optical

microcavity, which is known as the Petermann effect. First we establish non-

Hermitian cavity quantum electrodynamics (QED) theory, deriving modi-
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fied laser rate equations. Then we find out that number of spontaneously

emitted photon into a mode can be enhanced by the Petermann effect near

an EP, whereas total atomic spontaneous emission rate is invariant. As a

consequence, it is shown that the emission power of a lasing mode can be

increased at the same pump power compared to that without the Peter-

mann effect. Finally, we also present experimental results supporting the

non-Hermitian cavity-QED theory.

Key Words: exceptional point; ultrasonic cavity; schlieren method; de-

formed microcavity; fluorescence spectroscopy; enhanced spontaneous emis-

sion rate; Petermann factor
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Chapter 1

Introduction

A physical system interacts with environment. And it also has either ab-

sorptive loss or amplifying gain. Therefore, the real world is not Hermi-

tian system (except the whole universe). Instead, it can be described by a

non-Hermitian Hamiltonian. One of the important properties of the non-

Hermitian Hamiltonian is the existence of an exceptional point (EP), whose

condition is satisfied when the coupling between interacting eigenstates is

the same as their differential loss. At an EP, the eigenstates are degenerate

in both eigenvalue and eigenfunction [1, 2, 3]. Consequently, it exhibits un-

usual properties such as branch-point topology, eigenstate exchange when

encircled parametrically and breakdown of adiabaticity when encircled dy-

namically [4, 5, 6].

Occurrence of an EP can be easily understood in a simple 2× 2 matrix
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model. Let us consider a non-Hermitian Hamiltonian given by

H =

 E1 − iγ1 C

C E2 − iγ2

 , (1.1)

where unperturbed modes have real energy E1, E2 and decay rates γ1, γ2

(γ1 > γ2). The coupling C between the modes is assumed to be real. After

diagonalization of the Hamiltonian, we get eigenvalues ε± = E+ − iγ+ ±√
(E− − iγ−)2 + C2, where E± = (E1±E2)/2 and γ± = (γ1± γ2)/2. When

E1 = E2 (i.e., E− = 0), ∆ε = ε+ − ε− depends on the coupling C and the

differential decay rate γ−. If γ− > C, then the energy difference is given by

∆ε = 2i
√
γ2
− − C2. Therefore, when we vary the detuning E− across zero,

the real parts of the energy cross but the imaginary parts repel each other. If

γ− < C, on the other hand, we get ∆ε = 2
√
C2 − γ2

−, which means avoided

crossing in real parts and crossing in imaginary parts as the detuning E− is

varied. Lastly, if γ− = C, the real and imaginary parts of two modes have

the same values. Moreover, two eigenfunctions become the same in this case,

differently from the usual energy degeneracy. This coalesced mode is called

an EP mode.

EP’s have been observed in various physical systems such as microwave

billiards [7, 8], deformed microcavities [9], acoustic waves propagating in

media of anisotropic thermoelasticity [10], an atom-cavity quantum com-

posite [11], coupled-disk lasers [12] and exciton-polariton billiards [13]. In

particular, it is known that EP’s in optical systems show many interesting

features such as divergent Petermann factor [14, 15], reversal of the pump

dependence in lasing [16] and enhanced detection sensitivity [17]. Therefore,

EP’s are drawing much attention not only for fundamental non-Hermitian
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quantum mechanics studies but also for their applications in photonics.

In this thesis, we reveal EP’s both in ultrasonic and optical cavities, both

of which are non-Hermitian systems. Then mode properties near EP’s are

discussed. In Chapter 2, we report observation of an EP in an ultrasonic cav-

ity both theoretically and experimentally. Concentric circular shell cavity is

adopted as platform for the study. First, system parameters for the EP con-

dition is predicted by theoretical analysis. We apply schlieren method in the

experiment, which is widely used to visualize refractive index modulation

in transparent media, to the ultrasonic cavity when measuring resonance

spectrum and the wavefunction. Then we confirm the existence of an EP in

the shell cavity.

In Chapter 3, we investigate modified spontaneous near an EP in a

deformed optical microcavity, which is often called Petermann effect. First

we set up non-Hermitian cavity quantum electrodynamics theory. And we

find out that spontaneously emitted photon into a mode is enhanced by the

Petermann factor which is degree of non-Hermiticity. As a consequence, it

is shown that the power of a lasing mode can be increased. We then give

experimental results supporting our non-Hermitian cavity-QED theory.

Finally, Chapter 4 gives the summary for this thesis and concluding

remarks.

Part of this thesis was published in the following papers:

1 Younghoon Shin, Hojeong Kwak, Songky Moon, Sang-Bum Lee, Juhee

Yang, and Kyungwon An, ”Observation of an exceptional point in a

two-dimensional ultrasonic cavity of concentric circular shells”, Sci.

Rep. 6, 38826 (2016).
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Chapter 2

EP in an ultrasonic cavity

Even though the optical microcavities have been widely used in studying

EP’s as well as other non-Hermitian properties, they have some weak points.

For example, spatial mode patterns in an optical microcavity would show

many interesting features related to quantum chaos and intermode inter-

actions [18, 19, 20, 21]. However, it is almost impossible to visualize the

mode patterns experimentally in optical microcavities without introducing

scatterers, which inevitably disturb the system. For this reason, the mode

characteristics have been studied mostly in terms of the far-field patterns

and emission spectra.

To supplement this limitation, we propose to exploit an ultrasonic cavity,

in which the ultrasonic field can be easily measured by using the schlieren

method [22, 23]. This technique has been widely used in visualizing fluid

motion around objects such as bullet bow shockwave and thermal flume

from a thermal source. Likewise, with the schlieren method we can visualize

the refractive index modulation caused by ultrasonic waves in a transparent
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medium.

Previously, Chinnery and Humphrey studied the resonance properties

of a stadium-shaped ultrasonic cavity by using the schlieren method, pre-

senting various modes patterns and their statistical properties [24]. They

also reported mode overlapping in a fluid-filled cavity [25] as well as shape-

dependence of modes in elliptical cavities [26]. Quite recently, multiple EP’s

in air-filled four coupled acoustic cavities have been investigated with wall-

mounted microphones [27] without observing mode patterns. However, both

mode patterns and resonance spectrum around an EP have not been studied

in acoustic cavities so far.

In this chapter, we investigate resonance properties – mode patterns and

resonance spectrum – of concentric ultrasonic shell cavities in both theory

and experiment. By carrying out theoretical calculations, we show that there

exist two interacting mode groups, fluid- and solid-based modes. We then

explicitly show the existence of an EP exhibiting a complex-square-root-like

topological structure of eigenfrequencies around it. Moreover, we present

the experimental results obtained with the schlieren method and confirm

our theoretical predictions, thereby demonstrating the utility of ultrasonic

cavities for studying the physics of non-Hermitian systems.

2.1 Theoretical study

2.1.1 Variables and boundary conditions
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Figure 2.1: Variables to describe fluid-solid ultrasonic system.

u denotes displacement of infinitesimal volume from its equilibrium po-

sition. P is relative pressure with respect to the equilibrium pressure at a

position when the driving force is applied. σij is the stress tensor which is

defined as

σij = λ
∂uk
∂xk

δij + µ

(
∂ui
∂xj

+
∂uj
∂xi

)
, (2.1)

where i and j refer to arbitrary orthogonal coordinates components. It refers

to j-direction stress itself when i-direction stress is acting on the surface of

a small volume.

In the Fig. 2.1, fluid-solid interface is depicted as an example, which is

closely related to the model system in this study. In the fluid, pressure P and

displacement uf are natural variables to deal with. In the solid, however, it

is needed to introduce stress tensor σij instead of P , because there is shear

stress in addition to the longitudinal stress component (corresponding to

6



the pressure in the fluid).

The boundary conditions at the interface are as follows. First, surface

normal force in the fluid and solid should be in equilibrium. This is to main-

tain the surface. Second is the continuity of the surface normal displacement.

That is, the solid and the fluid should contact each other all the time. The

last is that the tangential stress at the interface should vanish. This is due

to the fact that there cannot be shear stress in the fluid. These conditions

are explicitly given by

σnn|interface = −P |interface (2.2)

ufn|interface = usn|interface (2.3)

σnt|interface = 0 (2.4)

Here n and t denote surface normal and tangential direction respectively.

2.1.2 Model system: Concentric shell cavity

Let us consider a 2D ultrasonic cavity with concentric circular shells as de-

picted in Fig.2.2. The shell cavity has three sub-regions: inner fluid, a solid

shell, and outer fluid. This cavity is one of the simplest coupled ultrasonic

cavities which allow ease in both theoretical analysis and experimental re-

alization. Because of the rotational symmetry, resonant modes of the cavity

can be easily found analytically. In the frequency domain, the harmonic

ultrasound fields are described by the Helmholtz equation in the fluid and

7



𝑃𝑖𝑛

𝑃out

𝑅𝑎

𝑅𝑏𝐮

Fluid

Solid

Fluid

Figure 2.2: Structure of 2D shell cavity. It consists of three sub-regions: inner

fluid, a solid shell, and outer fluid. Ultrasound fields are described in terms

of pressure Pin and Pout inside the inner and outer fluid and displacement

u inside the solid.
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by Cauchy-Navier equation in the solid:

(∇2 + k2
f )P = 0 (2.5)

(λ+ 2µ)∇(∇ · u)− µ∇×(∇× u) = −ρsω2u (2.6)

Here P is the pressure field in the fluid and u is the displacement vector

in the solid. The wavenumber kf of sound wave in the fluid is defined as

kf = ω/vf where ω and vf are the angular frequency and the sound velocity

in the fluid. In addition, λ and µ are the Lamé’s first and second parameters

of the solid, respectively, and ρ is the density of the solid.

Inside the fluid surrounded by the solid shell, two-dimensional solution

for P is given by a simple form

Pin = ΣAmJm(kfr) cos(mφ), (2.7)

where Jm is the Bessel function of order m. In the solid shell, it is conven-

tional to introduce scalar and vector potential ϕ and ~ψ, from which u is

given by u = ul + ut = ∇ϕ +∇ × ~ψ. Obviously ~ψ has only z component

in a 2D system described in x and y coordinates. By substituting the po-

tential form of u in Eq. (2.6) and after rearranging terms according to their

polarization, we obtain two Helmholtz equations for ϕ and ψ as

(∇2 + k2
l )ϕ = 0, (2.8)

(∇2 + k2
s)ψ = 0, (2.9)

where kl and ks are the longitudinal and shear wavenumbers which are

defined as kl = ω
√

ρ
λ+2µ

= ω/vl and ks = ω
√

ρ
µ

= ω/vs with vl the longitu-

dinal and vs the shear velocity. Therefore, the solutions for the Eqs. (2.8)

9



and (2.9) are of the form

ϕ = Σ [BmJm(klr) + CmNm(klr)] cos(mφ), (2.10)

ψ = Σ [DmJm(ksr) + EmNm(ksr)] sin(mφ), (2.11)

where Nm is the Neumann function of order m.

Outside the shell, the pressure field is also found from Eq. (2.5), but in

order to satisfy the outgoing wave condition we take the first kind Hankel

function instead of the Bessel function, that is

Pout = ΣFmH
(1)
m (kfr) cos(mφ). (2.12)

2.1.3 Equations of the system and finding resonances

Our goal now is to find the resonant frequencies of the normal modes. To do

this for a given m, we need six boundary conditions for the six unknowns

{Am, Bm, . . . , Fm}. We have already covered the boundary conditions of

ultrasound field at the interface between fluid and solid. These conditions

are explicitly given by

σrr(Ra) = −Pin(Ra) (2.13)

σrr(Rb) = −Pout(Rb) (2.14)

ufr (Ra) = usr(Ra) (2.15)

ufr (Rb) = usr(Rb) (2.16)

σrφ(Ra) =σrφ(Rb) = 0, (2.17)

respectively, where Ra and Rb are the inner and outer radius of the shell.

The superscripts f and s in the displacement u refer to fluid and solid.

Indices i, j in the stress tensor σ denote orthogonal coordinates r and φ.

10



After substituting the expressions for u and P into the boundary condi-

tions, one finds six linear equations for six unknowns which depend on the

complex frequency ω.

In the cylindrical coordinates, the surface-normal displacements and the

components of the stress tensor are easily found to be as follows.

ufr =
1

ρfω2

∂P

∂r
(2.18)

usr =
∂ϕ

∂r
+

1

r

∂ψ

∂φ
(2.19)

usφ =
1

r

∂ϕ

∂φ
− ∂ψ

∂r
(2.20)

σrφ = µ

(
∂uφ
∂r

+
1

r

∂ur
∂φ
− uφ

r

)
(2.21)

σrr = λ

(
∂ur
∂r

+
1

r
ur +

1

r

∂uφ
∂φ

)
+ 2µ

∂ur
∂r

(2.22)

By substituting P , ϕ, ψ for the boundary conditions given in the main text

and after some algebra, we get six homogeneous linear equations for the

coefficients {Am, . . . , Fm} of the field.

kf
ρfω2

J ′m(kfRa)Am − klJ ′m(klRa)Bm − klN ′m(klRa)Cm

−m
Ra

Jm(ksRa)Dm −
m

Ra

Nm(ksRa)Em = 0 (2.23)

11



[
2
m

R2
a

Jm(klRa)− 2
m

Ra

klJ
′
m(klRa)

]
Bm

+

[
2
m

R2
a

Nm(klRa)− 2
m

Ra

klN
′
m(klRa)

]
Cm

+

[
−k2

sJ
′′
m(ksRa)−

m2

R2
a

Jm(ksRa) +
ks
Ra

J ′m(ksRa)

]
Dm

+

[
−k2

sN
′′
m(ksRa)−

m2

R2
a

Nm(ksRa) +
ks
Ra

N ′m(ksRa)

]
Em = 0 (2.24)

Jm(kfRa)Am

+

{
λ

[
k2
l J
′′
m(klRa) +

kl
Ra

J ′m(klRa)−
m2

R2
a

Jm(klRa)

]
+ 2µk2

l J
′′
m(klRa)

}
Bm

+

{
λ

[
k2
lN
′′
m(klRa) +

kl
Ra

N ′m(klRa)−
m2

R2
a

Nm(klRa)

]
+ 2µk2

lN
′′
m(klRa)

}
Cm

+2µ

[
−m
R2
a

Jm(ksRa) +
m

Ra

ksJ
′
m(ksRa)

]
Dm

+2µ

[
−m
R2
a

Nm(ksRa) +
m

Ra

ksN
′
m(ksRa)

]
Em = 0

(2.25)

kf
ρfω2

H ′(1)
m (kfRb)Fm − klJ ′m(klRb)Bm − klN ′m(klRb)Cm

−m
Rb

Jm(ksRb)Dm −
m

Rb

Nm(ksRb)Em = 0 (2.26)

[
2
m

R2
b

Jm(klRb)− 2
m

Rb

klJ
′
m(klRb)

]
Bm

+

[
2
m

R2
b

Nm(klRb)− 2
m

Rb

klN
′
m(klRb)

]
Cm

+

[
−k2

sJ
′′
m(ksRb)−

m2

R2
b

Jm(ksRb) +
ks
Rb

J ′m(ksRb)

]
Dm

+

[
−k2

sN
′′
m(ksRb)−

m2

R2
b

Nm(ksRb) +
ks
Rb

N ′m(ksRb)

]
Em = 0 (2.27)
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{
λ

[
k2
l J
′′
m(klRb) +

kl
Rb

J ′m(klRb)−
m2

R2
b

Jm(klRb)

]
+ 2µk2

l J
′′
m(klRb)

}
Bm

+

{
λ

[
k2
lN
′′
m(klRb) +

kl
Rb

N ′m(klRb)−
m2

R2
b

Nm(klRb)

]
+ 2µk2

lN
′′
m(klRb)

}
Cm

+2µ

[
−m
R2
b

Jm(ksRb) +
m

Rb

ksJ
′
m(ksRb)

]
Dm

+2µ

[
−m
R2
b

Nm(ksRb) +
m

Rb

ksN
′
m(ksRb)

]
Em

+H(1)
m (kfRb)Fm = 0.

(2.28)

Accordingly, the equations are summarized to a simple matrix form M(ω)b =

0, where b is a column vector consisting of the field coefficients {Am, . . . , Fm}.

To find out nontrivial solutions we need to search complex ω’s such that

det(M(ω)) = 0. Fig.2.3 shows an example. In the figure we scan Re[kfRa]

(or Re[ω]) and calculate the determinant of the matrix. One can see the dips

on the graph which indicates the resonances of the shell cavity. However,

the determinants are still not zero because we have considered only real part

of the frequency. The exact ω’s can be found by using the Newton-Raphson

method in complex space, as in an optical microcavity [33]. Because we

take the convention that the fields have the form of ei(k·r−ωt), ω is obviously

expressed by ω = ωr + iωi = ωr − i|ωi| (ωi is negative), where ωr mainly

determines the spatial distribution of the field and (−ωi) gives the decay

rate of the resonant mode. Then the quality factor Q of a mode is given by

Q = −ωr/2ωi.
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Figure 2.3: An example of det(M) for Rb/Ra = 2.6 and m = 13. The

horizontal axis for the real part of size parameter Re[kfRa]. Resonances are

located near the dips on the graph.
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Table 2.1: Characteristic constants of the materials used in our

calculation. Here λ and µ are the Lamé’s first and second parameters of

the solid, respectively, and they are derived from the longitudinal velocity

vl and shear velocity vs in the solid by using the relation vl =
√

(λ+ 2µ)/ρ

and vs =
√
µ/ρ with ρ the density of the solid. Parameter values of ρ, vl

and vs are from Ref. [38].

λ (N/m2) µ (N/m2) ρ (kg/m3) vl (m/s) vs (m/s)

water 2.201× 109 0 998 1485 NA

aluminium 5.494× 1010 2.645× 1010 2700 6320 3130

2.1.4 Two resonant mode groups: FBM and SBM

We have solved the matrix equation near kfRa = 20 and obtained several

resonant frequencies as well as the wavefunctions of the modes. We selected

aluminum as the solid material and water as the fluid. The characteristic

constants used in the calculation are listed in Table.2.1. In this calculation

we find that two groups of modes exist in the shell cavity. One group, called

fluid-based mode (FBM), is mostly localized in the internal fluid region and

the other group, called solid-based mode (SBM), is mostly localized within

the solid shell.

An example of decomposing the modes into FBM and SBM is shown

in Fig. 2.4. The shell cavity modes are presented in the first row of Fig.

2.4, where we plotted the pressure field intensity |P |2 inside the fluid and

the stress tensor |σrr|2 in the radial direction in the solid shell. It is found

that modes with Re[kfRa] = 15.480, 18.060, 20.229 are localized within the

15



a Shell cavity

Solid

Fluid

b Fluid cavity

c Solid cavity

Fluid

Fluid

Fluid

Solid

16.618
(−0.0000033𝑖)

𝑘𝑓𝑅𝑎 = 15.480

(−0.129𝑖)

18.060
(−0.116𝑖)

20.229

(−0.0572𝑖)

21.817
(−0.000296𝑖)

𝑘𝑓𝑅𝑎 = 16.618

(−0.000020𝑖)
21.824

(−0.00713𝑖)

𝑘𝑓𝑅𝑎 = 15.480

(−0.129𝑖)

18.060
(−0.116𝑖)

20.232

(−0.0573𝑖)

Solid

𝑅𝑏

𝑅𝑏

𝑅𝑎

𝑅𝑎

Figure 2.4: Decomposition of the shell-cavity modes into FBM and SBM.

The white circles indicate the shell boundaries. Distributions |P |2 inside the

fluid and |σrr|2 inside the shell are plotted for modes with Rb = 3Ra and

m = 15. The values in the parentheses are the imaginary parts of the size

parameters kfRa.
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shell, while the other modes are localized inside the internal fluid. As a

consequence, we can consider the FBM’s as the modes of a separate cavity

whose external fluid is replaced by infinite solid. In a similar way, SBM’s can

be considered as the modes of another cavity whose internal fluid is replaced

by solid. The adequacy of the above mode decomposition is evidently seen

in Figs. 2.4(b) and (c).

2.1.5 Mode interaction between FBM and SBM

We investigated the mode interactions based on the decomposition of shell

modes into FBM’s and SBM’s. If we vary the outer radius Rb with the inner

radius Ra fixed, the resonance frequencies of FBM’s are almost invariant. It

is because the modes localized in the internal fluid are hardly affected by the

changes of the outer shell boundary. On the other hand, the frequencies of

SBM’s are inversely proportional to the outer radius Rb of the shell because

the size parameter (kfRb for SBM) is a constant for a mode regardless of

the system size. Accordingly, FBM’s and SBM’s can move closer to or move

away from each other with varying Rb, allowing interactions between two

groups of modes across the inner boundary.

This behavior is shown in Fig. 2.6. As mentioned above, FBM’s are not

affected by the change of Rb/Ra with Ra fixed. When the two mode groups

are far apart, Re[kfRa] values of the FBM’s more or less follow a constant

horizontal line, which is often called the diabatic transition line. Similarly,

Re[kfRa] values of SBM’s follow another diabatic transition line with the

inverse dependence on Rb. As the ratio Rb/Ra is varied for different angular

17



Figure 2.5: Avoided crossing when m = 13. Dotted lines are diabatic lines.

The outer boundary of the shell is colored in white whereas the inner bound-

ary is colored in red. One can observe mode pattern exchange and mode

mixing by following the path of instantaneous solutions.
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Figure 2.6: Mode crossing when m = 18. The outer boundary of the shell

is colored in white whereas the inner boundary is colored in red. FBM and

SBM cross each other and no mode exchange and mode mixing observed.
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quantum numbers m’s, FBM’s and SBM’s repel (avoided crossing, AC) or

cross (mode crossing, MC) each other near the crossing point of the diabatic

lines. Here, the angular quantum number m equals a half of the number of

anti-nodes of the wavefunction in the direction of the azimuthal angle. It is

also proportional to the angular momentum L = ~m = ~kR sinχ of a fic-

titious particle associated with the wave solution in the semi-classical limit

with χ the incident angle of the particle on the circular boundary of radius

R. Note that the angular quantum number m was used as an internal sys-

tem parameter in the previous studies [9, 28]. In the case of MC, FBM’s and

SBM’s just follow their diabatic lines. In the case of AC, however, FBM’s

and SBM’s do not follow their diabatic lines but follow the paths of in-

stantaneous solutions accompanying a mode gap which is approximately

proportional to the strength of the interaction between two groups. By fol-

lowing these paths, spatial mode patterns change from FBM to SBM or

vice versa. Such mode pattern exchange has been experimentally observed

in other systems such as in microwave billiards [7] and in exciton-polariton

billiards [13].

2.1.6 Transition between MC and AC - Existence of

an EP

In Fig. 2.7(a) and (b), the resonance modes of the shell cavity are plotted

as Rb/Ra is varied. Solid (open) symbols represent the modes followed from

FBM’s (SBM’s) in the lower (Rb/Ra) range. In Fig. 2.7(a), real eigenvalues

20
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Figure 2.7: Transition between MC and AC. (a) Real parts Re[kfRa] and

(b) imaginary parts Im[kfRa] of the eigenvalues and for m = 15, . . . , 18.

Solid (open) symbols represent the modes followed from FBM’s (SBM’s)

in the lower (Rb/Ra) range. FBM’s and SBM’s with m = 17, 18 cross each

other in real parts but repel in imaginary parts. For smaller m’s, FBM’s

and SBM’s repel each other in real parts showing AC, but the imaginary

parts cross each other. 21



Figure 2.8: Trajectories of the complex eigenvalues as Rb/Ra is varied. (a)

m = 13, (b) m = 16, (c) m = 17 and (d) m = 19. The arrows indicate the

direction of the trajectories as Rb/Ra is increased from 2.60 to 2.95.

22



Figure 2.9: Complex eigenvalues at the crossing points of the diabatic lines

of Re[kfRa] for various m’s. Horizontal axes represent the relative Re[kfRa]

values of the interacting modes. (a) Results for the parameters in Table

2.1. (b) Results for a slightly different sound velocity vf = 1518.03m/s in

fluid. Arrows in (a) indicate the moving directions of the eigenvalues as we

increase vf , indicating m = 17 modes become the EP mode in (b).

Re[kfRa] are plotted whereas in Fig. 2.7(b) the imaginary parts are plotted.

In these plots, we observe a transition between MC and AC. When m =

17, 18, FBM’s and SBM’s are undergoing MC (AC) in real (imaginary)

parts. For the smaller m values, the modes are undergoing AC (MC) in

real (imaginary) parts. In Figs. 2.8(a)-(d), the trajectories of the complex

eigenvalues are plotted as Rb/Ra value is increased. Blue (red) dots are

followed from the FBM’s (SBM’s) in the lower Rb/Ra range.

2.1.7 Locating an exact EP
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It is evident that an EP exists somewhere between m = 16 and 17 when

Rb/Ra ' 2.75 in the parameter space. Note the internal parameter m con-

trolling E−(detuning) is an integer and thus discrete. For this reason it is

difficult to hit the exact position of an EP in the (m,Rb/Ra) parameter

space. However, it is in principle possible to reach the EP by changing a

continuous system parameter such as density of fluid, instead of m, which is

accessible by mixing two different types of fluids. For example, in Fig. 2.9,

complex eigenvalues at crossing points of the diabatic lines for Re[kfRa]

are displayed. Fig. 2.9(a) is the results for the parameters in Table.2.1. As

we mention above, it is impossible to reach an EP with only varying the

discrete parameter m. If we slightly change the sound velocity in the fluid

– by changing the Lamé’s parameters – as in Fig. 2.9(b), however, we can

hit the EP accurately. In this case, m = 17 modes become an EP mode.

Another way to reach an EP is to include additional loss in the fluid, which

can be simulated by introducing a complex sound velocity.

2.2 Experimental verification

2.2.1 Introduction to schlieren method

We now present our experimental results to verify our theoretical predic-

tions. In order to visualize fluid motion around an object such as bullet bow

shockwave and thermal flume from a thermal source. In Fig.2.10, schematic

of schlieren setup is presented. Ultrasonic waves are nothing but the prop-

agation of density modulation in a medium, which leads to the refractive
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(0th order blocking)
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Figure 2.10: Schematic diagram of schlieren method. Some examples of

schlieren images are presented.

index modulation. Therefore, schlieren method also can be used to visualize

the ultrasound pressure field in a transparent medium.

Fig.2.11 shows a schematic diagram to describe the principle of the

schlieren method. Here we consider a plane wave propagating in z-direction

(blue solid line) which is incident on a transparent slab medium with refrac-

tive index distribution in x−y coordinates. The electric field of the incident

plane wave is described by

E(x, y, z; t) = E0e
i(kz−ωt) (2.29)

where k and ω are wavenumber and angular frequency of the light respec-

tively. The plane wave undergoes phase modulation after passing through

the medium due to the inhomogeneous refractive index [34]:

E(x, y, z; t) = E0e
i[kz−ωt+φ(x,y))]. (2.30)

We omit z and t components for convenience from now on. Meanwhile, the

role of the lens is that it Fourier-transform the incident light from real plane
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𝜙(𝑥, 𝑦) ∝ Δ𝑛(𝑥, 𝑦) ∝ 𝑃(𝑥, 𝑦)
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Image 
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Figure 2.11: Schematic diagram for the description of schlieren method. Blue

solid lines represent unmodulated wave and black dashed lines represent

modulated light by ultrasound field.

(x, y) to spatial frequency plane (fx, fy) when the light arrives at the focal

plane of the lens. On the focal plane, the Fourier-transformed electric field

is given by

F0(fx, fy) =

∫
E(x, y)ei2π(fxx+fyy)dxdy

= E0

∫
eiφ(x,y)ei2π(fxx+fyy)dxdy

' E0

∫
ei2π(fxx+fyy)dxdy + iE0

∫
φ(x, y)ei2π(fxx+fyy)dxdy.

(2.31)

Here we assume that phase modulation φ is very small and take only zeroth

and first term in Taylor expansion of E(x, y). RHS of Eq. 2.31 has physical

meaning as follows. The first term is just a form of delta function δ(fX , fy),

which stands for the focused non-interactive plane wave by the lens. That
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is, this term is analogous to the zeroth order of diffracted light by a grating.

And the second term, which is out of focal point, is due to the diffracted

light by the refractive index modulation. Let us now impose a ’black spot’ on

the focal point of the lens, which blocks the propagation of the unperturbed

light. This acts as removing the first term of RHS in Eq.2.31 mathematically.

On the image plane (xi, yi), the Fourier-transformed electric field F0(fx, fy)

is inverse-transformed and we obtain the modified image by the black spot.

Finally, the image has the form of

I(xi, yi) ' I0|φ(xi, yi)|2 = I0φ
2(xi, yi). (2.32)

Therefore, the schlieren method gives us a image of the squared phase mod-

ulation. If the slab medium has uniform thickness and the refractive index

distribution is described as n(x, y) = n0 + ∆n(x, y), then φ is proportional

to ∆n. That is, the image is given by

I(xi, yi) ∝ ∆n2(xi, yi). (2.33)

2.2.2 Experimental setup

We fabricated aluminium shells with Ra=5mm and Rb ranging from 2.65Ra

to 3.0Ra in total of 11 steps. The surface roughness is about 10µm, which is

negligible compared to the sound wavelength of interest (order of 1mm). The

cavity is immersed in distilled water. The water is first heated to the boiling

temperature to remove dissolved air. It is then rapidly cooled down to the

room temperature by a immersion chiller in order to avoid re-dissolving of

air. In addition, we cover the surface of water with polyethylene spheres
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Figure 2.12: The schlieren method is used to visualize resonant modes pat-

terns. Observed mode patterns of some modes with radial quantum number

2 are shown as examples. Bright regions in the mode patterns represent the

anti-nodes of the eigenfunctions. Bright circles are the inner boundaries of

the shell cavity.
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for the same reason. With this procedure, small air bubbles which act as

scatterers of the sound waves are mostly eliminated, allowing high-Q modes

with Q ∼ 104.

The cavity modes are excited by an immersion ultrasonic transducer

which is driven by a function generator with an RF amplifier (Fig. 2.12).

The driving sine wave frequency is scanned in the range of 800kHz – 1.3MHz.

Spatial intensity patterns are measured by using the schlieren method. It

is well established that the schlieren image represents the sonic pressure

intensity |P |2 at low pressure [35]. It could be expressed as follows:

∆P

P0

' ∆ρ

ρ0

' ∆n

n0

(2.34)

where P0, ρ0, n0 are pressure, density of the medium, refractive index in

equilibrium without ultrasonic field respectively. The density modulation

is approximately proportional to the pressure modulation. Accordingly, re-

fractive index modulation is proportional to the density modulation. There-

fore, refractive index modulation is approximately proportional to the pres-

sure modulation. As we discussed in the principle of the schlieren method,

schlieren image gives us information about the refractive index modulation.

Consequently, one can have the pressure modulation information by mea-

suring schlieren image.

When the driving frequency is on resonance with a mode which has

spatial distribution in the inner fluid region, one can observe a bright image

of the pressure field in the internal fluid. In addition, the spectrum of FBM’s

can be obtained by integrating the pressure field distribution seen in the

schlieren image as a function of the excitation frequency. Therefore, with

29



our setup, we are able to measure the mode patterns as well as the mode

spectrum simultaneously. Spatial mode patterns around an EP have been

observed in microwave billiards before by scanning a perturbative probe

[36]. Our setup does not need such a physical probe, which is known to

introduce unwanted perturbation to the system [37].

2.2.3 Measurement of the resonances and their wave-

function

We now present our experimental results to verify our theoretical predic-

tions. Frequencies and mode patterns of resonance modes obtained with

the schlieren method are shown in Fig. 2.14, where experimental data are

marked by black dots. Blue and red lines are the theoretical paths of in-

stantaneous solutions, followed from FBM and SBM in the lower Rb/Ra

region, respectively. We observe a good agreement between theory and ex-

periment. Mode patterns visualized by the schlieren method are displayed

below the mode spectrum. As already shown in the theoretical analysis or

in Fig. 2.6(a), we observe AC in the spectrum as well as the mode pat-

tern exchange in Fig. 2.14(a). Note that the intensity of the mode pattern

in the fluid is gradually reduced if we follow the path (iii)→ (ii)→ (i) or

(iv)→ (v)→ (vi). This is because unperturbed SBM’s do not have any spa-

tial distributions in the fluid. In Fig. 2.14(b), however, we observe FBM’s

with a constant Re[kfRa]. In this MC case, there is neither mode splitting

nor noticeable spatial mode pattern mixing. As a result, mode patterns of

the SBM’s could not be visualized because they have negligible spatial dis-
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Figure 2.13: Black dots are the experimental data. Blue and red lines rep-

resent the theoretical expectations. In the schlieren images, red circles in-

dicate the inner boundary of the shell. (a) Avoided crossing between FBM

and SBM. Due to the limitation of the schlieren method, mode pattern in

the solid shell could not be visualized. However, one can still observe mode

pattern exchange by noticing the reduction of mode intensity following path

(iii) → (ii) → (i) or (iv) → (v) → (vi).
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Figure 2.14: Black dots are the experimental data. Blue and red lines rep-

resent the theoretical expectations. In the schlieren images, red circles indi-

cate the inner boundary of the shell. (b) Mode crossing result. Unperturbed

SBM’s could not be visualized because there is little mode mixing between

FBM’s and SBM’s. Measurement error bars are smaller than the dot size in

(a) and (b).
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tribution in the inner fluid. In addition, the mode patterns of the FBM’s

are hardly affected by the change of Rb/Ra as expected in the theoretical

analysis or in Fig. 2.6(b).

2.2.4 Experimental observation of an EP

In Fig. 2.18, the experimentally observed resonances (symbols) support-

ing the existence of an EP are shown with the theoretical expectations

(lines). For theoretical calculation, we used a complex sound velocity vf =

(1485 − i0.22)m/s in the fluid in order to account for the scattering and

absorption loss present in the experiment. This small imaginary compo-

nent corresponds to a medium-loss quality factor Qloss ' 3400, consistent

with the loss-broadened linewidths of otherwise high-Q modes in the exper-

iment. It is seen that AC (MC) occurs for m ≤ 16 while MC (AC) occurs

for m ≥ 17 in the real (imaginary) parts of resonance frequencies. Although

we can measure only modes with spatial distribution in the fluid by the

schlieren method, the transition from AC to MC can be clearly seen in Fig.

2.18 as m is increased. This observation implies the existence of an EP with

16 < m < 17 and Rb/Ra ' 2.76.

In actual experiments, scattering and absorption loss inevitably occurs

in media, mostly in the fluid in our experiment. The loss in the fluid can be

included in our theoretical calculation by introducing an imaginary compo-

nent vi(< 0) in the longitudinal sound velocity vf in the fluid. Note kf in

Eqs. (14), (16), (17) and (19) are replaced with

kf = ω/vf =
ωr + iωi
vr + ivi

. (2.35)
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The new matrix equation M(ω)b = 0 is solved for complex frequency ω,

which is now given by

ω = ωr + iωi = (kr + iki)(vr + ivi)

' krvr + i(kivr + krvi)

1

Q
= −2ωi

ωr
= −2ki

kr
− 2vi

vr
=

1

Qk

+
1

Qv

(2.36)

where ki, vi < 0 is assumed. This equation indicates that the total loss 1/Q

is composed of 1/Qk = −2ki/kr accounting for the wave-tunneling loss and

1/Qv = −2vi/vr for absorption and scattering loss in the medium. The

quality factor Qv corresponding to the medium loss has been estimated to

be approximately 3400 from the observed linewidth of otherwise high-Q

mode (Qk ∼ 105) in our experiment. The estimated medium loss is found

to be consistent with our choice of vi = −0.22m/s.

2.3 Schlieren method in a transparent shell

cavity

Until now, we have observed the transition from AC to MC of resonance

spectrum both in theoretical analysis and experiment with schlieren method,

revealing the existence of an EP. It also has been shown that schlieren

method is useful in non-Hermitian system studies, by presenting simultane-

ous measurement of spectrum and wavefunction. But it was impossible to

visualize the whole wavefunction including aluminum shell region, because

schlieren method is applicable only in transparent media. This weakness can

be overcame by adopting transparent solid materials such as acrylic resin
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and Pyrex glass. In this section, we show numerical examples of both spec-

trum and wavefunction which is expected to be observed in future experi-

ments, considering properties of some transparent solids instead of opaque

solid.

A transparent shell cavity can be made from Pyrex glass. Even though

it has some difficulties in precise machining, its ultrasonic properties are

similar to aluminum which we already have dealt with, giving ease in the-

oretical analysis. Let us now predict the schlieren image of resonant modes

in transparent media. As we have already seen before, schlieren image is

proportional to the variation of the refractive index. And the refractive in-

dex would be proportional to the density variation. Therefore, we need to

investigate the relation between wavefunction and density modulation in

resonance condition.

Local variation of the density in a medium can be related to the dis-

placement u. Let us assume a volume surrounded by a closed surface. Then

outward displacement across the surface reduces the number of particles in

the volume and vice versa. Accordingly, we can deduce the density modu-

lation from the displacement as follows.

∆ρ

ρ0

= −∇ · u = −1

r

∂

∂r
(rur)−

1

r

∂uφ
∂φ

= −
[
∂2ϕ

∂r2
+

1

r

∂ϕ

∂r
+

1

r2

∂2ϕ

∂φ2

]
(2.37)(

ur =
∂ϕ

∂r
+

1

r

∂ψ

∂φ
, uφ =

1

r

∂ϕ

∂φ
− ∂ψ

∂r

)
Here ϕ and ψ are the velocity potentials and they can be expressed in two
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Table 2.2: Characteristic constants of materials in Pyrex shell cav-

ity. λ and µ are derived from ρ, vl and vs as is in aluminum shell cavity.

λ (N/m2) µ (N/m2) ρ (kg/m3) vl (m/s) vs (m/s)

water 2.201× 109 0 998 1485 NA

Pyrex 2.388× 1010 2.496× 1010 2320 5640 3280

dimensional circular shells as below:

ϕ = Σ [BmJm(klr) + CmNm(klr)] cos(mφ) (2.38)

ψ = Σ [DmJm(klr) + EmNm(klr)] sin(mφ). (2.39)

We get the following results by substituting Eq. 2.38 and Eq. 2.39 into Eq.

2.37.

∆n

n0

=
∆ρ

ρ0

= −Bm

[
k2
l J
′′
m(klr) +

kl
r
J ′m(klr)−

m2

r2
Jm(klr)

]
cos(mφ)

−Cm
[
k2
lN
′′
m(klr) +

kl
r
N ′m(klr)−

m2

r2
Nm(klr)

]
cos(mφ) (2.40)

Bm and Cm are determined by boundary conditions for resonant cavity

modes.

The characteristic constants of Pyrex glass is given in Table 2.2. With

these values we carried out numerical simulation to find out resonant fre-

quencies and their wavefunction. Fig. 2.19 and Fig. 2.20 show both spec-

trum and mode pattern as calculated for aluminum cavity. Now, however,

we would show refractive index modulation in solid region instead of |σrr|2

which was shown in aluminum cavities. This is because the observable in

schlieren method is phase or refractive index modulation. Fig. 2.19 shows
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results for m = 13. One can see AC in spectrum when varying Rb/Ra. Fig-

ures below the spectrum are calculated schlieren image which is expected to

be observed in Pyrex cavity. By following the modes adiabatically, the in-

teracting modes undergo mode mixing and mode exchange, which is clearly

seen in the schlieren image. On the other hand, in Fig.2.20 for m = 16, the

modes undergo MC. And one can observe neither mode mixing nor mode

exchange in the expected schlieren image.

Finally, we found out an EP parameter in Pyrex cavity. In Fig. 2.21, it

is shown that the two interacting modes coalesce into one mode at m = 15,

vf ' 1512.6m/s, Rb/Ra ' 2.54206. In future studies, we expect to measure

both mode pattern and phase when the EP is parametrically or dynamically

encircled .
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Figure 2.19: Expected schlieren image in Pyrex shell cavity. Resonance spec-

trum in AC regime.
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Figure 2.21: Real and imaginary spectrum near an EP in Pyrex shell cavity,

where m = 15, vf ' 1512.6m/s.
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Chapter 3

EP in a deformed dielectric

microcavity

In 1979, Klaus Petermann reported K-fold enhanced spontaneous emission

rate into a gain-guided mode [39], where K is defined as

K =

(∫
|E(x)|2dx

)2

|
∫
E2(x)dx|2

. (3.1)

E(x) is the electric field amplitude of the lasing mode with its adjoint be-

ing E∗(x). According to him, ”The spontaneous emission factor not only

increases with decreasing volume of the active layer but also increases with

increasing astigmatism.” Here the first statement stands for the well-known

Purcell effect, and the second statement means the Petermann effect by

non-Hermiticity of the system which will be discussed in our study.

In the earlier studies, people measured the laser linewidth and found

that it became broader than the Schawlow-Townes linewidth due to the

enhanced spontaneous emission [41, 42]. Petermann factor up to 200 was
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also observed in an unstable resonator [40], thus Petermann factor larger

than unity is now considered as an experimental fact.

When the Petermann effect was first introduced, it was quite new at the

time, so it has been extensively investigated semiclassically as well as quan-

tum mechanically. A.E. Siegman showed that the Petermann effect occurs

in any non-Hermitian systems and carried out the first semiclassical [43, 44]

and quantum analysis. Y.-J. Cheng extended quantum theory of Siegman

[45]. M.V. Berry, who is famous for Berry phase, revealed an EP in the com-

plex space for an unstable resonator and showed the increased Petermann

factor due to the EP [14]. However, the EP in his study was fundamentally

not accessible because the system parameter could be varied only along the

real axis of the complex plane. G. H. C. New enhanced vacuum fluctuation

picture [46]. He stated that “Excess noise can be attributed to a combination

of spontaneous emission and vacuum fluctuations leaking into a lossy cavity

from outside.” Let us consider a mode close to an EP. The vacuum fluctu-

ation in this mode leaks out because of the cavity decay. Now the modes in

this system are not orthogonal, so this mode is coupled to infinitely many

vacuum modes outside and thus there is a large vacuum fluctuation inflow,

making the VF in this mode greatly enhanced. H. Ritsch proposed quasi-

mode quantization, showing
√
K growth of spontaneous emission [47] unlike

other studies. S.-Y. Lee et al. theoretically showed a divergent behavior of

the Petermann factor near an EP in a stadium-shaped microcavity [15],

which is directly related to our study. However, there have been no clear

experimental results showing enhanced spontaneous emission near an EP.

Furthermore, theoretical picture for the Petermann effect is still incomplete
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and controversial. In this part, thus we investigate the behavior of a micro-

cavity laser near an EP both theoretically and experimentally.

3.1 Quantum theory of spontaneous emis-

sion in non-Hermitian system

3.1.1 Hermitian vs. non-Hermitian system

As we said, Petermann effect is a general phenomenon in any non-Hermitian

system, which is described by non-Hermitian Hamiltonian. Therefore, we

first recapitulate the properties of non-Hermitian Hamiltonian compared to

Hermitian one.

If Hamiltonian H is Hermitian, then H = H†. Accordingly, one can

derive the familiar orthogonality of eigenmodes as follows.

0 = 〈um|H −H|un〉 =
〈
um|H† −H|un

〉
= (Em − En) 〈um|un〉 (3.2)

Here we consider non-degenerate case and Em 6= En. If the eigenstates are

normalized, it can be represented as 〈um|un〉 = δmn. And the eigenvalues

are real-valued.

Considering more general case, however, if Hamiltonian is non-Hermitian

it can be easily seen that the orthogonality of eigenmodes is not valid any-

more. Instead, we can consider another set called adjoint, which is the set

of left eigenstates of non-Hermitian Hamiltonian

〈um|H = Em 〈um| . (3.3)
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Therefore, it is shown that

0 = 〈φm|H −H|un〉 = (Em − En) 〈φm|un〉 , (3.4)

where m 6= n and En is not real but complex value. Eq. 3.4 is called the

biorthogonality relation.

3.1.2 Petermann factor in quantum mechanics

In quantum mechanical representation, the Petermann factor of a mode can

be written as

Kn =
(φn|φn) (un|un)

| (φn|un) |2
= (φn|φn) , (3.5)

where φn is the adjoint of a mode un and the inner product is defined by

(φm|un) =

∫
dxφ∗m(x)un(x). (3.6)

un is normalized and φn is normalized to satisfy the binormality (φn|un) = 1.

They also satisfy the bi-orthonomality condition:

(φn|um) = δnm. (3.7)

In this representation, the electric field E in the original form of K (Eq.

3.1) corresponds to a mode wavefunction. And one can easily notice that

E∗ corresponds to the adjoint.

For another example, the adjoint of an optical microcavity mode is given

by the form of φn(x) = Bn2(x)u∗n(x), which will be shown later. Here we

introduced the normalization constant B and n(x) is the refractive index of
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the medium. Then we can determine B from the binormality condition

1 = (φn|un) = B

∫
A

n2(x)u2
n(x)da (3.8)

as

B =
1∫

A
n2(x)u2

n(x)da
. (3.9)

Petermann factor can be considered as a criterion for measuring non-

Hermiticity. If a system is Hermitian, the adjoint of a mode should be the

mode itself. In this case, the Petermann factor is just 1.

From the completeness of eigenmodes assumption (normalization-independent

form) ∑
n

|un) (φn|
(φn|un)

= 1, (3.10)

the sum rule for Petermann factor is derived as∑
n

Knm = 1. (3.11)

The generalized Petermann factor Knm is defined as

Knm =
(φn|φm)(um|un)

(φn|un)(um|φm)
(3.12)

regardless of normalization for the eigenstates and their adjoints.

In the vicinity of an EP, Petermann factors between mode 1,2 and other

modes are almost constant while K11 and K22 diverge.

K11 +K12 +K21 +K22 +
∑
n6=1,2

(Kn1 +Kn2) = 2 (3.13)

However, their summation is expected to be constant, which implies that

the total spontaneous emission rate is not enhanced. More details on the

relation between Petermann factor and spontaneous emission rate will be

discussed next.
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3.1.3 Photon number operator

Now we are deriving creation, annihilation, number operators and enhanced

spontaneous emission rate into a mode by Petermann effect. Following cal-

culations are based on Y.J. Cheng’s formalism [48]. First, the electric field

operator can be expanded in terms of planewave basis ek(x) or cavity eigen-

modes basis un(x) as below.

Ê =
∑
k

√
~ωk
2ε0

(
âkek(x) + â†ke

∗
k(x)

)
≡
∑
n

√
~ωn
2ε0

(
ânun(x) + â†nu

∗
n(x)

)
,

(3.14)

where the time dependent function exp(−iωkt) or exp(−iωnt) is absorbed

in the annihilation operator âk or ân. More explicitly, the plane wave basis

ek has the form of

ek(x) =
1√
V
eikxεk (3.15)

with mode volume V , wavenumber k, and polarization εk. Then, the eigen-

modes can be expanded in planewaves.

|un) =
∑
k

(ek|un) |ek) (3.16)

If we apply
∫
dxφ∗n to Eq.3.14, we have the relation∑
k

√
ωk

[
âk (φn|ek) + â†k (φn|e∗k)

]
=
∑
m

√
ωm
[
âm (φn|um) + â†m (φn|u∗m)

]
=
√
ωnân +

∑
m

√
ωmâ

†
m (φn|u∗m) , (3.17)
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where we used the biorthogonality (φn|um) = δnm. For ân has the time

dependence e−iωnt, now we obtain

√
ωnân =

∑
k

(ωk=ωn)

√
ωkâk (φn|ek) . (3.18)

Accordingly, the annihilation operator of eigenmodes can be approximately

expanded with planewaves as

ân '
∑
k

âk(φn|ek). (3.19)

Due to the biorthogonality, single number states for different eigenmodes

are not orthogonal to each other, which is explicitly shown by

n̂ =
∑
k

â†kâk =
∑
m,n

(um|un)â†mân (3.20)

because (um|un) 6= δmn in non-Hermitian system.

3.1.4 Interaction Hamiltonian between cavity field and

atom

In this section, we consider the interaction between cavity field and atom.

The interaction Hamiltonian with rotating frame approximation is given by

HI =

∫
dx
∑
n

√
~ωn
2ε0

[
â†nu

∗
n(x) · σ̂(x)eD + σ̂†(x)eD · ânun(x)

]
=

∫
dx
∑
n

gn~
[
â†nu

∗
n(x)σ̂(x) + σ̂†(x)ânun(x)

]
, (3.21)

where the coupling factor gn is

gn =

√
ωn

2ε0~
εn · eD (3.22)
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and eD = e 〈e|r|g〉 is the atomic dipole moment. εn, e and g denote the

polarization of a mode, excited and ground state of the atomic transition

respectively. σ̂ ≡ |g 〉〈 e| is atomic dipole operator. If we introduce σ̂(x) →

σ̂δ(x−xi), which is the case of single atom, then the interaction Hamiltonian

is reduced to

HI =
∑
n

gn~
[
â†nu

∗
n(xi)σ̂ + σ̂†ânun(xi)

]
. (3.23)

3.1.5 Quantum Langevin equation

To describe the non-Hermitian lasers, we start from quantum Langevin

equation of annihilation operator for a single atom case (located at position

x) which is given by

d

dt
ân = −

[
1

2
γn + i∆n

]
ân +

i

~
[HI , ân] + F̂ân . (3.24)

In Eq.3.24, γn is the decay rate of a cavity eigenmode un. ∆n ≡ Ωn − ν

is the detuning of the lasing frequency ν and cavity eigenmode fruequency

Ωn. F̂ân is the Langevin noise operator for ân. Then the photon number rate

equation for state un is written by

d

dt
(â†nân) =

dâ†n
dt

ân + h.c.

=

{
−â†n

[
1

2
γn + i∆n

]
ân +

i

~
â†n [HI , ân] + â†nF̂ân

}
+ h.c.

= −γnâ†nân +

{
i

~
â†n [HI , ân] + â†nF̂ân

}
+ h.c. (3.25)

Now we carry out the calculation for [ĤI , ân] term in the rate equation,
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which gives us

i

~
[ĤI , ân] = i

∑
m

gm
[
â†mu

∗
mσ̂, ân

]
= −i

∑
m

gm (φn|φm)u∗mσ̂

= −ignφ∗nσ̂, (3.26)

and we used the relation [ân, â
†
m] = (φn|φm) with the closure relation. There-

fore,

d

dt
(â†nân) = −γnâ†nân +

{
−ignφ∗nâ†nσ̂ + â†nF̂ân

}
+ h.c. (3.27)

is derived.

By similar procedure, we have the Langevin equation for σ̂ as

d

dt
σ̂ = −[γ + i(ω − ν)]σ̂ + i

∑
n

gn[σ̂e − σ̂g]ânun + F̂σ̂, (3.28)

where γ is the dipole decay rate. If we assume fast dephasing of the gain

medium, Eq.3.28 is simplified to

σ̂ ' i
∑

n gn[σ̂e − σ̂g]ânun + F̂σ̂
γ

. (3.29)

By substituting the asymptotic form of σ̂ into Eq.3.30, we have the following

equation.

d

dt
(â†nân) = −γnâ†nân

+

(
− i
γ
gnφ

∗
nâ
†
n

{
i
∑
m

gm[σ̂e − σ̂g]âmum + F̂σ̂

}
+ â†nF̂ân

)
+ h.c.

(3.30)
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If we take the ensemble average, then it leads to

d

dt

〈
â†nân

〉
= −γn

〈
â†nân

〉
+

(
1

γ
gnφ

∗
n

∑
m

gmφ
∗
num

〈
â†nâm[σ̂e − σ̂g]

〉
− i

γ
gnφ

∗
n

〈
â†nF̂σ̂

〉
+
〈
â†nF̂ân

〉)
+ h.c. (3.31)

With the relation
〈
â†nF̂σ̂

〉
= ignφn 〈σ̂e〉, the equation is simplified to

d

dt

〈
â†nân

〉
= −γn

〈
â†nân

〉
+

(
1

γ
gnφ

∗
n

∑
m

gmφ
∗
num

〈
â†nâm[σ̂e − σ̂g]

〉
+ h.c.

)
+

2

γ
g2
n|φn|2 〈σ̂e〉 ,

(3.32)

where the last term contains the Petermann factor term |φn|2 (more accu-

rately, the spatial integral of |φn|2 is the Petermann factor).

Next, the quantum Langevin equation for the population is written as

d

dt
σ̂e = R− γeσ̂e +

i

~
[ĤI , σ̂e] + F̂σ̂e , (3.33)

where R is the pumping rate, γe the decay rate of the excited state, and F̂σ̂e

the noise operator for σ̂e. [ĤI , σ̂e] term is calculated as

i

~
[ĤI , σ̂e] = i

∑
n

gn
{
â†nu

∗
n [σ̂, σ̂e] +

[
σ̂†, σ̂e

]
ânun

}
= i
∑
n

gn
{
â†nu

∗
nσ̂ + σ̂†ânun

}
, (3.34)

thus we have

d

dt
σ̂e = R− γeσ̂e + i

∑
n

gn
{
â†nu

∗
nσ̂ + σ̂†ânun

}
+ F̂σ̂e . (3.35)
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Applying fast dephasing condition and ensemble average again, Eq.3.35

leads to

d

dt
〈σ̂e〉 −R + γe 〈σ̂e〉 =

−

[
1

γ

∑
m,n

{
gngm

〈
â†nâmu

∗
num(σ̂e − σ̂g)

〉}
− i

γ

∑
n

gnu
∗
n

〈
â†nF̂σ̂

〉]
+H.c.

+
〈
F̂σ̂e

〉
. (3.36)

Now we use the relation
〈
â†nF̂σ̂

〉
= ignφn 〈σ̂e〉, then we finally have

d

dt
〈σ̂e〉 −R + γe 〈σ̂e〉 =

−

[
1

γ

∑
m,n

{
gngm

〈
â†nâmu

∗
num(σ̂e − σ̂g)

〉}
+

1

γ

∑
n

g2
nu
∗
nφn 〈σ̂e〉

]
+H.c.

(3.37)

3.1.6 Modified laser rate equations

Assuming uniformly distributed gain medium, following rate equations are

derived for EP-related modes 1 and 2 as

d

dt
P11 ' −γ1P11 +

2g2

γV
[P11(Ne −Ng) +K11Ne] (3.38)

d

dt
P22 ' −γ2P22 +

2g2

γV
[P22(Ne −Ng) +K22Ne] (3.39)

d

dt
P12 '

[
i(ω1 − ω2)− γ1 + γ2

2

]
P12 +

2g2

γV
[P12(Ne −Ng) +K12Ne] (3.40)

d

dt
Ne ' R− 2g2

γV
[P11 + P22 + A12P12 + A21P21] (Ne −Ng)− γ′eNe, (3.41)

where Pnm and Knm are generalized photon number and Petermann factor.

A12 means the inner product between eigenstates (u1|u2). γ′e is defined as
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γ′e = γe + 2g2

γV
Ne, where the second term stands for the total atomic spon-

taneous emission rate. g is the emitter-field coupling factor and γ is the

emission linewidth. V and γ1,2 stands for mode volume and decay rates of

mode 1 and 2. Ne is the excited state population, R is the pumping rate.

One can notice that the number of spontaneous emission photon into a

mode is replaced from 1 to K11 or K22, which is the biggest discrepancy

from typical Hermitian cavity-QED theory. Therefore, we cannot say ”one

noise photon per one mode” anymore.

Next, let us consider near-EP condition. The eigenvalues of the interact-

ing modes 1 and 2 are given by

ε± = ω+ − iγ+ ±
√

(ω− − iγ−)2 + C2 ≡ Ω± − iΓ±, (3.42)

where ω± = (ω1 ± ω2)/2 and γ± = (γ1 ± γ2)/2. And C is the coupling

constant. Because we are dealing with interacting modes, we use the mode

index +, − from now on to distinguish them from unperturbed mode in-

dex 1 and 2. For the convenience, let us rewrite the rate equations using

dimensionless parameters. First we define

κ =
2g2

γV
, γ+ =

γ1 + γ2

2
, τ = 2γ+t. (3.43)

Next, we also define other parameters as follows.

κ

γe
=

1

p
, ε =

γe
2γ+

, r =
R

2pγ+

∆12 =
ω1 − ω2

2γ+

(3.44)

Then, we obtain

κ

2γ+

=
κ

γe

γe
2γ+

=
ε

p
, (3.45)
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where the physical meaning of p is total mode numbers in gain bandwidth.

Assuming Ne � Ng, γ
′
e ' γe and after dividing rate equations by 2γ+, we

reach the simplified rate equations as follows.

d

dτ
P++ ' −(I++ + α)P++ +

ε

p
(P++ +K)Ne (3.46)

d

dτ
P−− ' −(I−− + α)P−− +

ε

p
(P−− +K)Ne (3.47)

d

dτ
P+− ' −(I+− + α− i∆+−)P+− +

ε

p
(P+− +KA−+)Ne (3.48)

d

dτ
Ne ' rp− ε

p
(P++ + P−− + A+−P+− + A−+P−+)Ne − εNe (3.49)

K+− ' K−+ = K and K+− ' KA−+ used because the Petermann factor of

both modes have similar values near an EP. A+− means the inner product

between eigenstates (u+|u−). Here α is the additional loss term(e.g. scatter-

ing or absorption) and the normalized decay rates and detuning are given

by

I++ =
Γ+

2γ+

, I−− =
Γ−
2γ+

, I+− =
Γ+ + Γ−

4γ+

, ∆+− =
Ω+ − Ω−

2γ+

. (3.50)

3.2 Two-dimensional microcavity

In the previous section, we have introduced non-Hermitian cavity-QED the-

ory and have derived modified laser rate equations. We would apply them

to practical laser systems and investigate the lasing behavior of them. More

specifically, we consider a two dimensional optical microcavity as the plat-

form of our study.
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a b

𝜒𝑖𝑛

𝑛1 > 𝑛2
𝑛2

Mirror 1 Mirror 2

Cavity field

Figure 3.1: (a) Fabry-Perot type cavity. (b) Circular dielectric microcavity.

3.2.1 Optical microcavity

Optical resonators are drawing much interests for fundamental studies [49,

50, 51] and photonics applications. The most familiar type of resonator

is Fabry-Perot cavity shown in Fig.3.1 (a). In this cavity, two mirrors are

facing each other and the light is confined between the mirrors. Reflectance

of the mirrors and scattering loss mainly determine the quality factor of the

confined light mode.

Another type of cavity is based on the total internal reflection at the

interface between two dielectric media. These cavities usually have convex

and closed interfaces. The simplest case is two-dimensional circular cavity,

which is composed of two regions with inner high refractive index and outer

low refractive index (see Fig.3.1(b)). If light is incident on the interface with

angle of incidence larger than the critical angle undergoes total internal

reflection. In this case, the light can leak out only by tunneling. Moreover,

these cavities even can be fabricated with small size of few microns, which is

very hard in Fabry-Perot type cavities. These small cavities are commonly
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called microcavities. Accordingly, the microcavities can support very high-

Q modes with small mode volume. These characteristics make themselves

useful platforms for photonics application and cavity-QED studies, where

strong light-matter interaction is important.

Modes in a microcavity can be found out by solving Maxwell’s equations.

As we mentioned, the interior of the boundary has refractive index n1 and

it is surrounded by the medium with refractive index n2, where n1 > n2.

Then the Maxwell’s equations can be written as

∇× Ej +
∂

∂t
Bj = 0, ∇ ·Dj = 0 (3.51)

∇×Hj +
∂

∂t
Dj = 0, ∇ ·Bj = 0. (3.52)

The subscript j denotes the domain of the space divided by the cavity

boundary, i.e. j = 1 for the inside and j = 2 for the outside the cavity.

Considering harmonic field of the form ei(njk·x−ωt), following equations

are derived.

(∇2 + n2
jk

2)Ej = 0 (3.53)

(∇2 + n2
jk

2)Bj = 0 (3.54)

Here k =
√
k2
x + k2

y + k2
z = ω/c is the wavenumber in vacuum and nj is the

refractive index of each medium.

If the cavity thickness is thin (smaller than half of the wavelength),

the electromagnetic field is independent on z, thereby the system can be

considered as two-dimensional in x-y plane and kz = 0. Then the whole

vector field can be derived from the solution of the wave equation

(∇2 + n2
jk

2)ψ(x, y) = 0, (3.55)
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where ψ denotes the electric field Ez (TM polarization) or magnetic field

Bz (TE polarization).

The boundary conditions at the interface between two media are given

by

ψ1(x, y) = ψ2(x, y) (3.56)

and

∂ψ1

∂ν
=
∂ψ2

∂ν
(TM polarization) (3.57)

1

n2
1

∂ψ1

∂ν
=

1

n2
2

∂ψ2

∂ν
(TE polarization). (3.58)

With the outgoing boundary condition, the general solution for ψ can

be expressed in cylindrical coordinates as

ψ1(r, φ) =
∞∑

m=−∞

AmJm(n1kr) exp(imφ) (3.59)

ψ2(r, φ) =
∞∑

m=−∞

BmH
(1)
m (n2kr) exp(imφ), (3.60)

where Jm is Bessel function and H
(1)
m is the first kind Hankel function of

order m.

For a circular cavity, the solution for an eigenstate can be simplified to

the following separable form due to the rotational symmetry.

ψj(r, φ) = Rj(r)Φj(φ) (3.61)

Here one can find easily that R1(r) = Jm(n1kr), R2(r) = H
(1)
m (n2kr), and

Φ(φ) = exp(±imφ), thus obtaining

ψ1(r, φ) = AmJm(n1kr) cos(mφ) (3.62)

ψ2(r, φ) = BmH
(1)
m (n2kr) cos(mφ) (3.63)
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𝑙 = 1
𝑚 = 30

𝑙 = 2
𝑚 = 30

Figure 3.2: Wavefunctions (intensity) of a circular cavity modes with n1 =

1.361 and n2 = 1. Re[k] = 25.23 and 28.69 respectively.

where Am and Bm are determined by the boundary conditions. For a given

m, which is called angular mode number, the wavefunction has 2m anti-

nodes. Fig.3.2 shows two examples for m = 30. One can see that the wave-

functions have nodes also in the radial direction. Therefore, we can assign

radial mode number l to a mode in a similar way as angular mode index

m. Accordingly, the eigenstates and their eigenvalues (wavenumbers) can

be parametrized by two indices pair (l,m).
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3.2.2 Identifying adjoint in a two-dimensional micro-

cavity

A microcavity is a type of non-Hermiaitn system due to the refractive or

tunneling loss of the energy from the cavity. The wavefunction of a mode

ψn(x) in a 2D microcavity is described by the Helmholtz equation

∇2ψl(x) + n2(x)k2ψl(x) = 0, (3.64)

where n(x) is the refractive index of the media and k is the complex

wavenumber. Let us consider another mode ψm(m 6= l). Then we obtain

the following two equations.

−ψm∇2ψl = n2k2
l ψmψl (3.65)

−ψl∇2ψm = n2k2
mψlψm (3.66)

By subtracting one from another we get

(k2
l − k2

m)N2ψmψl = ψl∇2ψm − ψm∇2ψl. (3.67)

Now we integrate Eq.A.1 for whole space and the following result is derived.

(k2
l − k2

m)

∫
A

n2ψmψlda =

∫
A

(
ψl∇2ψm − ψm∇2ψl

)
da (3.68)

=

∫
C

(ψl∂νψm − ψm∂νψl) ds ∼ i(km − kl)
∫
C

ψmψlds

We are considering non-degenerate modes, i.e. km 6= kl, thus we reach the

following relation Eq.3.69 suggesting 〈φl|ψm〉 → 0 with φl = n2ψ∗l except

normalization constant, where |ψl| � 1/
√
R when R→∞ is assumed.∫

A

n2ψmψlda ∼
−i

kl + km

∫
C

ψmψlds→ 0 (3.69)
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3.2.3 Deformed microcavity

A circular microcavity has the rotational symmetry. Accordingly their modes

have two conserved quantities, i.e. angular momentum and energy. There-

fore, quantization of the cavity modes is trivial and it makes easy to an-

alyze the system properties. However, it has weakness as a light source in

photonics applications, because the light from the cavity is emitted to all

directions due to the symmetry. Moreover, eigenmodes do not interact with

each other, which is also due to the rotational symmetry. Thus, it is not

a proper platform for the study of intermode interaction in non-Hermitian

system.

Instead, we can consider a two-dimensional cavity deformed from a cir-

cular one. An eigenstate of this cavity can be expressed by Eq.3.59 and 3.60

with many terms of different m’s and accordingly different l’s. Therefore,

an eigenstate can be coupled to other states through their common (l,m)

components, thus intermode interaction is allowed. And the emitted light

can be directional due to the broken rotational symmetry.

If the deformation is slight, the eigenstate has a dominant (l,m) term,

which corresponds to an eigenstate of an undeformed circular cavity. Fig.3.3

shows an example of quadru-octapolar cavity, of which shape is expressed as

r(φ) = a[1 + η cos(2φ) + 0.42η2 cos(4φ)] in cylindrical coordinates with the

deformation parameter η = 0.1 and average radius a = 1. We will discuss

about the quadru-octapolar cavity later. A circular cavity mode with l = 1

shown in Fig.3.2 is presented to be compared with the deformed one. Even

the cavity shape is not circular anymore, we can still assign mode index l
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𝜂 = 0 𝑙 = 2
𝑚 = 30
𝜂 = 0.1

Figure 3.3: Mode wavefunction (intensity) of circular and deformed cavity.

Re[k] = 25.23 and 24.94 respectively, where n1 = 1.361 and n2 = 1.

and m, i.e. (l,m) = (1, 30). This cavity is not integrable system, however,

thus the solution of the Helmholtz equation is not separable. So we need a

numerical method to find out the modes of the cavity.

3.2.4 Boundary element method

As mentioned before, it is impossible to find out resonant modes analytically

if the cavity shape is non-integrable. Instead, we have to introduce numeri-

cal methods such as finite element method(FEM), FDTD (finite-difference

time-domain) method, and boundary element method (BEM). FEM is con-

sidered as a strong tool in calculating modes of the cavities with complex

geometry. And FDTD method is useful for investigating evolution of the

wavefunction in time domain. BEM is suitable to find resonance modes
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when the entire space can be divided into finite number of homogeneous

subspaces. Dielectric asymmetric microcavity is a good example. Therefore,

BEM is utilized as a standard tool to calculate resonance spectrum and

mode wavefunction. In this section, we will briefly describe the process of

finding out resonances of a deformed microcavity by presenting principles

of BEM and some examples. Here we base on the paper by J. Wiersig and

his notation [33].

As we already have shown, the electric or magnetic field of a resonance

mode in a two-dimensional microcavity can be described by Helmholtz equa-

tion. [
∇2 + n(r)2k2

]
ψ(r) = 0. (3.70)

When the 2D cavity plane is x−y plane and TM polarization is considered,

ψ stands for the z-direction electric field Ez. Eq. 3.70 can be transformed

into one-dimensional integral equation on the interface between media by

Green’s theorem. The Green function is defined as follows:[
∇2 + n2

jk
2
]
G(r, r′; k) = δ(r− r′) (3.71)

G(r, r′; k) = − i
4
H

(1)
0 (njk|r− r′). (3.72)

We obtain an integral equation by substracting the product of Eq.3.71 and

ψ(r) from product of Eq.3.70 and the Green function, followed by integrat-

ing over whole space.

ψ(r′) =

∫
da
[
ψ(r)∇2G(r, r′; k)−G(r, r′; k)∇2ψ(r)

]
(3.73)

If we apply Green’s theorem and take the limit r′ → s′, where s′ is a point on

the boundary, the equation is transformed into Eq. 3.74, where ∂ν denotes
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normal derivative.

1

2
ψ(s′) =

∫
ds [ψ(s)∂νG(s, s′; k)−G(s, s′; k)∂νψ(s)] . (3.74)

The factor 1/2 originates from the fact that we consider smooth boundary.

But when we consider a corner, e.g. a rectangular-shaped corner, the factor

should be changed to 1/4.

Eq.3.74 can be rewritten as below.∫
ds

[
ψ(s)∂νG(s, s′; k)− 1

2
δ(s− s′)ψ(s)−G(s, s′; k)∂νψ(s)

]
= 0 (3.75)

Here we define B(s, s′) = −2G(s, s′; k), C(s, s′) = 2∂νG(s, s′; k)] − δ(s −

s′), and we obtain linear equations when the boundary is divided into N

segments.

N∑
m=1

[(∫
m

dsB(s, sl)

)
∂nψ(sm) +

(∫
m

dsC(s, sl)

)
ψ(sm)

]
= 0. (3.76)

Each integration
∫
m

is carried out over the mth segment of the boundary

and ψ(sm), ∂νψ(sm) stands for the values of the wavefunction and its nor-

mal derivative on the center of the mth segment respectively. The linear

equations now can be described by the matrix form as follows:B1 C1

B2 C2

∂νψ
ψ

 = Mb = 0. (3.77)

Resonant modes correspond to the non-trivial solutions of Eq.3.77. There-

fore, the complex k’s such that det[M(k)] = 0 satisfy the resonance con-

dition. And the non-trivial solution b is found out as the eigenvector for

zero-eigenvalue. Then, wavefunction in whole space can be naturally recov-

ered from boundary wavefunction and its normal derivative.
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If we consider a cavity with symmetric shape, the calculation of BEM can

be simplified. As a special case, let us consider an ellipse-type cavity having

parity symmetry with respect to x− and y−axis. Then the wavefunctions

are classified to four groups which satisfying the following relation

ψ(sx,sy)(−x, y) = sxψ(sx,sy)(x, y), (3.78)

ψ(sx,sy)(x,−y) = syψ(sx,sy)(x, y). (3.79)

Here sx and sy stand for the parity for x− and y−axis respectively, where

each possible value is +1 or −1. And ∂νψ also satisfies the same symmetry

relation as ψ.

With the parity symmetry, the integral on whole boundary is reduced

to integral on a part of the boundary. For the elliptical cavity of example,

one can consider only the first quadrant and the Green function G(r, r′) is

replaced by

G(r, r′) + sxG(r1, r
′) + sxsyG(r2, r

′) + syG(r3, r
′), (3.80)

where r = (x, y), r1 = (−x, y), r2 = (−x,−y), r3 = (x,−y). ∂νG is also

replaced by the same form as G. As a result, the size of matrix M is reduced

from N ×N to N/4×N/4 for the same boundary resolution.

Fig.3.4 is an example of quadru-octapolar cavity with η = 0.1 and

n1/n2 = 1.361. We found out high-Q modes in the range of ka = 130− 150.

As we mentioned in the ultrasonic cavity part, the Q-factor of a mode is

given by Q = −kr/2ki. Namely, high-Q modes can be found by scanning

k’s on real axis on the complex plane because their Im[k] have small values.

Here the eigenvalue of the matrix M is scanned along the real part of the size
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Figure 3.4: An example of resonance spectrum by BEM calculation when

n = 1.361 and η = 0.1. Red line for even-even symmetry and black line for

even-odd symmetry.

parameter Re[ka]. One can see many local minima in the graph which indi-

cates the resonances of the cavity. Red line corresponds to (sx, sy) = (1, 1)

(even-even) parity, whereas black line for (sx, sy) = (1,−1) (even-odd) par-

ity. However, the local minima values are still not zero because we have

considered only real part of ka. The accurate ka’s can be found by using

the Newton-Raphson method in complex ka-space.
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3.2.5 Deformation-tunable quadru-octapolar cavity

One of methods to realize deformed dielectric microcavity is to utilize a

cross-section of a liquid jet ejected vertically from a elliptic nozzle [52]. The

surface of the jet undergoes periodic oscillation due to the surface tension.

As the jet moves, the oscillation amplitude decays by viscosity, and finally

the cross-section shape converges to a circle. Lord Rayleigh [53, 54] and Sir

Lamb [55] founded a linear theory to describe the surface oscillation, and

Niels Bohr established an extended theory including non-linear interaction

between oscillation modes.

According to the linear analysis, the amplitude rm of the mth oscillation

mode can be described in the cylindrical coordinates as follows.

rm = aηm cos(mφ) cos(kmz + ξm)e−z/Lm(m = 2, 3, ...) (3.81)

Here a is the average radius of the jet, ηm is the relative amplitude of themth

oscillation mode, Lm is the decay length. And km is the wavenumber defined

as km = 2π/Λm where Λm is the oscillation wavelength in z-direction. But

one cannot describe the exact shape of the liquid-jet only with the linear

analysis. Therefore, it is necessary to introduce Bohr’s nonlinear analysis

[56]. In our recent work [57], we showed by two different methods that the

cross-section of the liquid-jet at a node has quadru-octapolar shape:

r(φ) = a[1 + η cos 2φ+ 0.42η2 cos 4φ]. (3.82)

The cross sections of the jet can be exploited as two-dimensional de-

formed microcavities. Especially, we take one of the nodes (marked by Dn

in Fig.3.5, n: integer) of the jet to minimize three-dimensional effects by
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the vertical curvature. The jet cavity can support even very high-Q modes

due to its smooth surface by surface tension of the liquid. And deformation

can be continuously varied by adjusting ejection pressure, which is another

novelty of this system.

3.3 Divergent Petermann factor and power

enhancement near EP’s of microcavities

In this section, we apply non-Hermitian cavity-QED to two types of mi-

crocavities. First we consider a concentric shell cavity for a simple model

system. As shown in ultrasonic cavity, it is easy to calculate resonances

and their wavefunctions due to the rotational symmetry. This cavity has

three regions with different refractive indices. To support whispering gallery

modes by total internal reflection, the inner circular region with radius R1

has the largest value of refractive index n1. And the outermost region has

the smallest index n3. The circular shell with thickness R2 has refractive

index such that n1 > n2 > n3. In this system, n1 and R2 are varied as two

system parameters to approach an EP.

The wavefunction of the eigenmodes has the form of

ψ1 = AmJm(n1kr) cos(mφ) (3.83)

ψ2 = (BmJm(n2kr) + CmNm(n2kr)) cos(mφ) (3.84)

ψ3 = DmH
(1)
m (n3kr) cos(mφ). (3.85)

Boundary conditions are given by the continuity of ψ and its normal deriva-

tive ∂rψ at r = R1 and r = R2. Far from an EP, we have two types of
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Figure 3.5: Deformed microjet cavity (from Fig. 1 of Ref. [57]). (a) Micro-

scope image of the liquid jet column seen from the side. Bright region is

excited by a pump laser to form a two-dimensional microcavity. (b) Micro-

scope image of the nozzle. (c) Multipole decomposition of the nozzle shape.

(d) 3-D model of the microjet.
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Figure 3.6: Concentric optical shell cavity. It has three regions with different

refractive indices. Two of system parameters can be selected to approach

an EP.
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modes as in the ultrasonic shell cavity which is shown in Fig.3.7, where

m = 40, n1 = 2.175 + 0.00251327i, n2 = 1.4, n3 = 1 + 0.01i, R1 = 1,

R2 = 1.670352372. The imaginary parts of refractive indices are introduced

to control loss of the medium and to avoid divergence of the wavefunc-

tion far from the cavity. And R2 controls detuning and coupling between

modes. Here one type of mode is confined near the inner boundary and the

other type of mode is confined near the outer boundary. This is similar to

FBM’s and SBM’s in the ultrasonic cavity. However, when we approach

an EP two interacting modes coalesce into one mode as we previously dis-

cussed. Fig.3.8 shows this behavior. In the figure, the EP parameters are

n2 = 1.45 + 0.0001i, and other parameters are same as in Fig.3.7.

For the forementioned parameters, one can see the divergent behavior

of the Petermann factor as in Fig.3.9, where EP is located in the parameter

space of Im[n1] and R2. Finally, one can notice the enhanced power near an

EP as shown in Fig.3.10 from the modified rate equations.

Next, let us consider a quadru-octapolar cavity as a generalization of the

shell cavity. Quadru-octapolar deformed cavity is a non-integrable system,

thus we cannot calculate analytically resonance frequencies of modes and

their wavefunctions. Instead we utilize a numerical method, i.e. BEM, to

obtain modes and Petermann factors. However, BEM has limitation of ac-

curacy when the size parameter k is large. We usually divide the boundary

in order of λ/(Nn), where n is the index of refraction and N is an inte-

ger ranging from 10 to 100. The accuracy of the calculation is improved

by increasing N . However, when the size parameter (proportional to n/λ)

becomes larger and larger we face with the problem of calculating very large
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Mode1

Mode2

Figure 3.7: Two types of modes far from an EP in a concentric circular shell.

k’s of mode 1 and 2 are 20.787− 0.023i and 21.460− 0.036i respectively.
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Mode1

Mode2

Figure 3.8: Coalesced modes near an EP in a concentric circular shell, where

m = 40 and k = 20.768− 0.025i.
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Figure 3.9: Divergent Petermann factor near an EP of the shell cavity.
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• Finite enhancement of emission power at the EP.

Power enhancement near EP

32

EP

Figure 3.10: Power enhancement near an EP of the shell cavity.
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matrix to maintain the same accuracy. This requires very large amount of

computational resources and time. In this reason, we carry out numerical

calculation for rather small size parameter near nka ∼ 35. But the results

can be generalized to the large size parameter regime.

We carried out numerical calculation for wide range of the deformation

and the index of refraction. As a consequence, an EP of two interacting

modes with l = 1 and l = 3 (let us call them M1 and M3) has been

found near n = 2.33587 and η = 0.13846. Here M1 and M3 modes are

similar to mode1 and mode2 in the shell cavity in the context of the spatial

distribution. As we explained about mode group, M1 mode is distributed in

the vicinity of the cavity boundary whereas M3 mode has its distribution

far inside the cavity boundary.

Next, we also calculated Petermann factor for M1 mode as depicted in

Fig. 3.11. Here we use 1/K instead of K to clearly see the divergent behavior

of K. As expected, the Petermann factor is divergent near an EP. From Eq.

3.5. It is noted that the divergence of K is due to the self-biorthogonality of

EP mode. K is defined as | (φm|φm) |2 and it already has been shown that

the adjoint φ(r) is proportional to n2(r)ψ∗(r). Therefore, it can be easily

shown that K is proportional to the integration

1∣∣∫ n2(r)ψ2(r)da
∣∣2 . , (3.86)

which is expected to vanish at an EP. To confirm this we carry out numerical

calculations of M1 and M3 wavefunction.

In Fig. 3.12, real and imaginary parts of n2(r)ψ2(r) for EP and non-EP

parameters are depicted. When the deformation is far from the EP (first
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Figure 3.11: Petermann factor of a quadru-octapolar microcavity as a func-

tion of the deformatoin, where index of refraction n = 2.3358.

and third row), n2(r)ψ2(r) has dominant real or imaginary part. Therefore

the integration of n2(r)ψ2(r) over the two-dimensional space never vanishes.

At an EP deformation (second row), however, one can see equally positive

and negative distribution of n2(r)ψ2(r), which makes the integral Eq. 3.86

vanish.

Next, the generalized Petermann factor Knm has been calculated for 50

modes at the EP parameter to verify the divergent behavior and sum rule

for Knm in deformed cavity. Although only the real part of Knm for each

mode is depicted in Fig. 3.13, it dose not matter because Kmm’s (Peter-

79



Re 𝑁2 𝐫 𝜓2 𝐫

𝑁0 = 2.3358, 𝜂 = 0.125

𝑘 = 15.57852
−𝑖0.00039

Im 𝑁2 𝐫 𝜓2 𝐫

𝜂𝐸𝑃 ≃ 0.138457

𝑘𝐸𝑃 ≃ 15.51830
−𝑖0.00617

equally positive and negative, 
making the integral vanish

𝜂 = 0.15

𝑘 = 15.46363
−𝑖0.00212

Figure 3.12: Real and imaginary part of n2(r)ψ2(r) for n = 2.33587. Only

the first quadrant of the two-dimensional space is depicted ((sx, sy) = (1, 1)

symmetry).
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(𝑒, 𝑒) parity 𝑒, 𝑜 parity

EP-related modes

𝑚, 𝑛 = (15,15) (16,16)

(15,16) & (16,15)

Figure 3.13: Generalized Petermann factor Knm near an EP parameter. (e,e)

and (e,o) stand for the (sx, sy) = (1, 1) and (1,−1) parities.

mann factors of m’th modes) are real-valued and Knm’s (m 6= n) and their

complex conjugates Kmn’s are simultaneously involved in the sum rule for

entire m and n. In Fig. 3.13, m = 15 and 16 modes are EP-related modes,

thus their Petermann factors have large values as did in the shell cavity. But

it is noteworthy that their cross term Re[K15,16] (and Re[K16,15]) has large

negative value, which has similar amplitude to K15,15 or K16,16. Therefore,

even though the Petermann factors of EP modes are divergent, the summa-

tion of all Knm does not diverge. In addition, modes with different parities
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do not interact with each other due to the zero-overlap of their spatial dis-

tributions. Accordingly, their Knm’s (n 6= m) are obviously zero, which is

not shown in Fig. 3.13.

3.4 Experimental verification

3.4.1 Experimental setup

In this section, we verify our theoretical expectation in a real optical cavity

system. As we discussed in previous sections, an asymmetric dielectric mi-

crocavity is considered as the platform of our study, which has drawn much

attention due to its usefulness for quantum chaos studies and photonics ap-

plications. The liquid jet contains dye molecules which emits fluorescence

when optically excited by a pump laser. The fluorescence from dye molecules

is modulated by the cavity resonances, which comes from cavity quantum

electrodynamic effect [58].

The emitted light from the cavity is collected by lenses and sent to a

double monochromator (SPEX 1404). There are two different polarizations

of modes, namely TE and TM polarizations. But here we only select TM

modes, which is done by using polarizing filter. Fig.3.16 shows an example

of the measured fluorescence spectrum. The liquid jet is usually ethanol

which has the refractive index n = 1.361 at λ = 606nm and 20◦C. And the

average radius is about a = 13.6µm. The jet is doped with Rhodamine B

dye, which is used as gain material. One can see periodic peak structure with

regular spacings in the figure, which is called free spectral ranges (FSR’s)
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Figure 3.14: Schematic of experimental setup for microjet laser.
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Figure 3.15: The extinction coefficient and emission spectrum of Rhodamine

B from 500 to 680nm.
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Figure 3.16: An example of the measured spectrum from D5 at 1.183bar

and 21.2◦C (Rhodamine B 0.02mM/L).

given by

∆λ =
λ2

2πna
. (3.87)

Therefore, it is natural that the FSR’s have their values about 3.2nm in our

cavity at experimental conditions, which is consistent with the spectrum in

Fig.3.16.

3.4.2 Grouping modes and mode dynamics

It is possible to construct sequences of modes of which FSR are slowly-

varying. The FSR’s would have different values depending on each sequence.

We now call one of these sequences a ”mode group”. For example, the num-

bers above the peaks in Fig.3.16 represent each mode group with different

FSR, which will be discussed next.

We usually observe five or six high-Q (above 103) mode groups in the
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experiment and numerical calculation. These mode groups can be classified

by radial mode index l. Each group has different effective cavity radius due

to their different spatial distribution. For example, let us go back to Fig.3.2.

One can notice that spatial distribution of l = 2 mode is localized rather

inside the cavity boundary, whereas l = 1 mode is localized in the vicinity

of the cavity boundary. Therefore, effective cavity radius of l = 2 mode is

smaller than l = 1 mode. Then from Eq.3.87, it can be easily seen that FSR

of l = 2 mode is larger than FSR of l = 1 mode.

Now we define the mode group in order of radial index l. For example,

M3 stands for the group with l = 3. In this definition, M1 has the smallest

FSR and the value of FSR becomes larger and larger as the group number

increases. Modes in each group can approach or move away from each other

due to the different FSR’s, thus allowing inter-mode interaction. However,

the raw spectrum in Fig. 3.16 is rather complicated to investigate aspect

of their interaction and evolution. Therefore, it is useful to introduce mode

evolution or mode dynamics diagram [28]. To construct the diagram, each

positions of the modes are transformed into a parameter X, which is defined

as

X =
2πna

1.361λ
, (3.88)

where 1.361 is the index of refraction of ethanol at 20◦C and λ = 606nm.

The mode dynamics diagram shows the relative X with respect to a

reference XRef sequence. The reference sequence are taken from a virtual

mode positions of which spacings are regular. It is natural to define the

spacing as the average FSR of M3 group, because five mode groups are
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Figure 3.17: Spectrum and mode dynamics diagram (η ' 0.19).
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Ref X

𝚫
X M4

M3

M5

M1

M2

Figure 3.18: An example of mode dynamics comparison between BEM

(open) and experiment (solid). η = 0.1074 and a = 13.707µm are extracted

from the comparison.

usually observed in our system. And as shown in Fig. 3.16, M3 group is apart

from other groups. Therefore, M3 group is free from inter-mode interaction

with any other group, thus has noble property as a reference. Fig.3.17 is

an example of mode dynamics. In this figure, one can see five mode groups

with three avoided crossing (3-4, 1-2, 2-4) and one crossing (5-4) between

them.
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3.4.3 Identification of the system parameters

In our study, we identify system parameters (radius, deformation) of the de-

formed cavity by comparison between theoretical expectation and measured

spectrum data. Therefore, it is necessary to numerically calculate spectrum

of the jet cavity for various deformations by using BEM.

Our liquid jet is doped with Rhodamine B dye and lasing occurs around

the wavelength range 600-615nm (depending on the concentration of the

dye). And it has the radius about 13.6µm. Therefore, the size parameters

of observable modes are distributed near ka ∼ 140.

We calculated the mode positions ka around ka ∼ 140 with varying

the deformation. Then each mode is identified and indexed to construct a

database of the modes.

Next, we measure the fluorescence spectrum of the jet cavity for a given

pressure. And each modes is identified and indexed in the same manner as

constructing database. After that, the average cavity radius a is initialized

to 13.6µm, of which value is roughly calculated from FSR of M3 group and

Eq.3.87. Then each mode position is transformed from wavelength to X

considering wavelength dispersion of the refractive index.

Finally, the indexed mode positions of numerical and experimental re-

sults are compared with each other to calculate the discrepancy between

them. Then, χ-square is calculated. We vary and find the radius and defor-

mation where the χ-square is minimized.

After calculation for various deformation, the resonant modes are rep-

resented by mode dynamics, then it is compared to the experimental data

89



Figure 3.19: Schematic of the experimental protocol

whether two results are well-matched or not. Fig.3.18 is an example of this

comparison which shows good agreement between numerical calculation and

the experimental result.

3.4.4 Experimental results

In our previous study [9], we have observed an EP in the quadru-octapolar

cavity. In our experiment, an EP for l = 1 and l = 4 modes is expected to

be located near n = 1.36 and 0.1 < η < 0.11. Here l = 1 mode has very

high quality factor (Q � 106) and l = 4 mode has quite smaller quality

factor (Q ∼ 106). When they are near an EP, their decay rates γ1 and γ4

are averaged to the Q-factor of the low-Q mode (Q ∼ 106) as Eq. 3.89 due

to their interaction and mode mixing.

γEP =
γ1 + γ4

2
' γ4

2
(3.89)

In the experiment, concentration of dye is set to support unperturbed

l = 1 mode’s lasing. But l = 4 mode cannot lase because of not enough

gain compared to loss. Then without the Petermann effect, these near-EP
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Figure 3.20: Mode dynamics diagram at η = 0.108.
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modes appearing to be a single peak within spectral resolution would not

lase easily compared to the other non-interacting l = 1 modes with different

m (spectator modes). Let us vary the cavity deformation over a small range

around the EP at a fixed pump power. If there is the enhancement by the

Petermann effect, lasing will occur easily at a particular deformation (see

Fig.3.19).

By following this experimental protocol, we carried out lasing experi-

ment varying pump power. For only l = 1 mode’s lasing, we use the con-

centration 0.01mM/L of Rhodamine B in ethanol. Then lasing occurs in

the spectral range of 600nm < λ < 615nm. The pressure is varied from

1.173bar to 1.229bar, which corresponds to narrow deformation range about

η ' 0.105 to 0.110. And the temperature is 21◦C, of which fluctuation is

controlled within 0.1◦C. Therefore, the system parameters are expected to

be located near the expected EP condition.

In this condition, mode 1 and 4 meet together near 611nm, which is

marked by red arrow in Fig.3.21 and Fig.3.22. Here modes marked by blue

arrows are the spectator modes. At 1.173bar, mode 1 and 4 are expected to

be in the regime of MC, thus showing typical lasing behavior. At 1.229bar,

however, two modes are undergoing AC. Accordingly, the mixed Q value is

averaged to the lower Q and the lasing is inhibited as we discussed previ-

ously.

At particular pressure between 1.173 and 1.229bar, namely near 1.191bar,

one can see enhanced peak height compared to the spectator modes. This

behavior is in good agreement with our expectation in the protocol.

In the upper graph of Fig.3.23, one can see the lasing curves of near-EP
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Figure 3.21: Spectrum data for ejection pressure from 1.173bar to 1.201bar

at above-threshold pump power 55mW
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Spectrum (0.01mM/L, 55mW) (2/2)
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Figure 3.22: Spectrum data for ejection pressure from 1.206bar to 1.229bar

at above-threshold pump power 55mW
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mode with varying ejection pressure and power of the pump laser. It is noted

that the threshold is nearly constant although the slope above threshold is

increased at some specific pressures. It means that loss of the near-EP mode

is nearly invariant but the emission efficiency of the laser is enhanced, which

is consistent with the theoretical expectation.

The lower graph in Fig.3.23 is the slopes of the lasing curves for vari-

ous pressure, which is normalized by average peak intensity of the nearest

spectator modes. We present two individual experimental data for 21◦C

and 19.9◦C. Viscosity of the liquid, which affects deformation, depends on

the temperature. In more details, lower temperature means higher viscos-

ity, thus exhibiting lower deformation for the same pressure. The pressure

in each two experiments was rescaled to the pressure for 20.5◦ C. From the

two experiments, one can see a local peak structure near 1.22bar which is

expected to be in the vicinity of an EP, thereby verifying our theoretical

expectation of enhanced spontaneous emission near an EP. The solid line is

for the guidance which has the form of

y = −y0/x0(x− x0)θ(x0 − x) + Ae(−(x−x0)2/b2). (3.90)

Here x is the pressure and y is the slope. θ stands for the Heaviside step

function. This model function form will be discussed in the next subsection.

In Fig. 3.24, we also depict the normalized peak intensity of EP-related

mode at a fixed pump power instead of the lasing curve slope. For the

normalization, we used three spectator mode intensities (two modes left

and one mode right of the EP mode) to obtain a linear fit as a function
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Figure 3.25: Expected behavior of the emission power at a fixed pump above

threshold.
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of the mode position. Then we can predict the intensity of the EP-related

mode without interaction. And we divide the measured intensity by the

predicted one, which tells us the enhancement of the emission. Error bars

in the figure come from the fitting error. Discrepancy of the pressure range

between experiments are due to the temperature difference. As mentioned

before, viscosity of the liquid increases as the temperature decreases, which

leads to the increased surface tension of the liquid. Therefore, we need more

pressure to obtain the same deformation when the temperature is lowered.

3.4.5 Theoretical modeling and discussion

Now we will develop a simple toy model to present a theoretical interpreta-

tion of our experimental result. We first simulate the decay rates I++ and

I−− from non-Hermitian Hamiltonian Eq. 1.1, where γ1,4 is fixed but the

coupling C is varied. Here the parameters are normalized by the (unper-

turbed) differential decay rate γ−. Then the decay rates are included in the

rate equations and we obtain the steady state solutions. Let us first write

steady-state version of the rate equations given in section 3.1.6.

0 ' −(I++ + α)P++ +
ε

p
(P++ +K)Ne (3.91)

0 ' −(I−− + α)P−− +
ε

p
(P−− +K)Ne (3.92)

0 ' −(I+− + α− i∆+−)P+− +
ε

p
(P+− +KA−+)Ne (3.93)

0 ' rp− ε

p
(P++ + P−− + A+−P+− + A−+P−+)Ne − εNe (3.94)
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From the equations, we obtain the following solutions with Xe ≡ εNe/p.

P++ =
KXe

I++ + α−Xe

, P−− =
KXe

I−− + α−Xe

(3.95)

A+−P+− =
KA2

−+Xe

I+− + α−Xe − i∆+−
, A−+P−+ = (A+−P+−)∗ (3.96)

Then (A+−P+− + A−+P−+) in Eq. 3.94 is calculated to be

A+−P+− + A−+P−+ ' −
2(1− δ)2KXe(I+− + α−Xe)

(I+− + α−Xe)2 + ∆2
+−

. (3.97)

The (1− δ)2 term can be derived by applying perturbation −δγ−/2 to the

coupling C And if we define total photon number P ′ as P ′ ≡ P++ + P−− +

A+−P+− + A−+P−+, Ne is given by

Ne =
rp/ε

P ′/p+ 1
, (3.98)

and accordingly

Xe =
εNe

p
=

rp

P ′ + p
. (3.99)

Therefore, we have following two equations to be solved.

P ′ ' KXe

[
1

I++ + α−Xe

+
1

I−− + α−Xe

− 2(1− δ)2(I+− + α−Xe)

(I+− + α−Xe)2 + ∆2
+−

]
(3.100)

Xe '
rp

P ′ + p
(3.101)

Very near an EP, I++ ' I−− ' I+− and ∆+− ' 0, thus we obtain an

asymptotic result

P ′ ' 4δKXe

I+− + α−Xe

, (δ � 1). (3.102)
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Even though K diverges, we may expect finite enhancement of the power

due to the infinitesimal factor δ.

Finally, we investigate the behavior of the photon number near an EP.

The coupling term is neglected for simplicity, then we can solve

P ′ ' KXe

[
1

I++ + α−Xe

+
1

I−− + α−Xe

]
, Xe =

rp

P ′ + p
(3.103)

And the Petermann factor is assumed to have the form of

K = 1 +Kmaxe
−[(g−1)/gw]2−[∆ω/ωw]2 , (3.104)

where g and gw stand for the normalized coupling factor and its with. ∆ω

is the detuning and ωw is its width. In Fig. 3.25, two results for Kmax = 0

(black) and Kmax = 100 (red) are presented. Here we set γ1 = 0.02, γ4 =

2.02, α = 0.3, p = 2000, and r = 1.2 for slight above-threshold condition.

Then, γ− = 1 and EP condition is satisfied when C = 1. All the parameters

are normalized by γ−. When MC occurs, i.e. low deformation (pressure)

case, the decay rates of modes are hardly affected by each other. Therefore,

high-Q mode (P++) can easily lase in the MC regime. In the AC regime,

however, the decay rates are averaged to that of low-Q mode (P−−), which

leads to no lasing. But near the EP (C = 1), one can see the enhanced

photon number both in high-Q and low-Q modes. P ′ is the total photon

number in the cavity and Pout represents the photon number emitted out

of the cavity (decay rates I++ and I−− are multiplied to P++ and P−−).

And interestingly Pout shows very similar structure to the experimentally

observed result, even though the model is so simple that multi-mode effects

are not considered here.
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Chapter 4

Conclusion

In summary, we investigated mode properties of ultrasonic cavities and las-

ing characteristics of optical cavity modes near their EP’s. Spatial mode pat-

terns of modes in ultrasonic shell cavity could be visualized by the schlieren

method. In addition, we could simultaneously measure the spectrum by in-

tegrating schlieren images with scanning the driving frequency. We obtained

complex resonance frequencies by measuring the peak positions and their

width in frequency domain, which were in good agreements with theoretical

expectations. The existence of an EP has been confirmed by observing tran-

sition from AC to MC when varying angular quantum number as an internal

system parameter. In addition, the spatial distribution of the wavefunction

was measured near an EP, which shows the utility of ultrasonic cavities as

platforms for non-Hermitian physics studies.

In optical cavities, we modified cavity-QED theory for non-Hermitian

systems and obtained modified laser rate equations. As a result, it has been

shown that the spontaneous emission rate into a lasing mode can be en-
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hanced near an EP by the Petermann effect, even though the total atomic

spontaneous emission rate into all modes is conserved. And it is also shown

that the emission power of the lasing mode indeed can be enhanced. In the

experiment, we utilized a liquid-jet deformed microcavity to verify our the-

oretical expectation. We investigated lasing properties near an EP between

l = 1 and l = 4 modes. Enhanced lasing power was observed near a specific

pressure (deformation) which is expected to be near the EP. Even though

there have been a lot of debates on the Petermann effect, this study shows

an evidence of enhanced spontaneous emission into a lasing mode near an

EP. And we expect this study would be applied to make lasers more efficient.
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Appendix A

Independence of Knm from

overall phase of the

wavefunction

We have defined the generalized Petermann factor Knm as

Knm =
(φn|φm) (um|un)

(φn|un) (um|φm)
., (A.1)

where un and φn are normalized by the following relation

(un|un) = 1, (φm|un) = δmn. (A.2)

Then Eq. A.1 is simplified as

Knm = (φn|φm) (um|un) . (A.3)

However, one may wonder if Knm has free phase factor. If so, the sponta-

neous emission rate would be affected by the phase and not be properly
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defined. Therefore, we need to address this question for completeness of the

theory.

From Eq. A.3, we can find a relation between φn and un, which is given

by

|φn) = eiθn
√
Knn |un) , (A.4)

where θn is a phase difference between φn and un. Knn is obviously real-

valued by its definition. From bi-normal relation (φm|un) = δmn, θn is de-

termined by

e−iθn =
1√

Knn (u∗n|un)
. (A.5)

Therefore, φn and un have deterministic phase relation. and Eq. A.3 can be

rewritten as

Knm =
(um|un)2

(um|u∗m) (u∗n|un)
, (A.6)

thus its value can be determined only by un and um.

However, phase difference between un and um is not clear. But we can

show that Knm is invariant under arbitrary phase shift of both un and um.

Let us add arbitrary phase ϑn and ϑm to un and um, i.e. |un,m) is transformed

to eiϑn,m |un,m). In this case, new generalized Petermann factor K ′nm is

K ′nm =
e2i(ϑn−ϑm) (um|un)2

e−2iϑm (um|u∗m) e2iϑn (u∗n|un)
=

(um|un)2

(um|u∗m) (u∗n|un)
= Knm. (A.7)

Therefore, we can conclude that Knm has only one fixed value for a given

mode pair regardless of the overall phase of each mode.

105



Bibliography

[1] W. D. Heiss, Phys. Rev. E 61, 929-932 (2000).

[2] M. V. Berry and D. H. J. O ’dell, J. Phys. A: Math. Gen. 31, 2093-2101

(1998).

[3] I. Rotter, J. Phys. A: Math. Theor. 42, 153001 (2009).

[4] R. Uzdin, A. Mailybaev, and N. Moiseyev, J. Phys. A: Math. Theor. 44,

435302 (2011).

[5] M. V. Berry, J. Opt. 13, 115701 (2011).

[6] I. Gilary, A. A. Mailybaev, and N. Moiseyev, Phys. Rev. A 88, 010102(R)

(2013).
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[29] J. Doppler, A. A. Mailybaev, J. Böhm, U. Kuhl, A. Girschik, F. Libisch,

T. J. Milburn, P. Rabl, N. Moiseyev, and S. Rotter, Nature 537, 76-79

(2016).

[30] H. Xu, D. Mason, L. Jiang, and J. G. E. Harris, Nature 537, 80-83

(2016).

108



[31] W. D. Heiss and H. L. Harney, Eur. Phys. J. D 17, 149-151 (2001).

[32] J.-W. Ryu, S.-Y. Lee, and S. W. Kim, Phys. Rev. A 85, 042101 (2012).

[33] J. Wiersig, J. Opt. A: Pure Appl. Opt. 5, 53-60 (2003).

[34] S. J. Min, Study of a non-homogeneous transparent medium using the

schlieren method, Master degree thesis, Konkuk University, 1982.

[35] P. A. Chinnery, V. F. Humphrey, C. Beckett, J. Acoust. Soc. Am. 101,

250-256 (1997).

[36] A. Gokirmak, D.-H. Wu, J. S. A. Bridgewater, and S. M. Anlage, Rev.

Sci. Instrum. 69, 3410-3417 (1998).

[37] S. Bittner, B. Dietz, and A. Richter, in Trends in Nano- and Micro-

Cavities (eds Kwon, O’D., Lee, B. & An, K.), Ch. 1, 22-24 (Bentham

Science Publishers, 2011).

[38] Y. Ai, and R. Lange, J. Geophys. Res. B: Solid Earth 109, B12203

(2004).

[39] K. Petermann, IEEE J. Quant. Electron. QE-15, 566-570 (1979).
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국 문 초 록 

 

에너지 손실이나 증폭 이득이 있는 물리계는 비허미션 해밀토니안 

(non-Hermitian Hamiltonian)에 의해 기술될 수 있다. 예외점이라 

불리는 시스템 변수 공간상의 특이점의 존재는 이러한 비허미션 

해밀토니안의 중요한 특징 중 하나이다. 예외점 조건은 상호작용하는 

고유상태(eigenstate)들의 감쇠율(decay rate) 차이와 결합 강도 

(coupling strength)의 크기가 평형을 이룰 때 만족된다. 이 때 각 

상태들의 고유값(eigenvalue)은 물론 그 고유함수(eigenfunction) 

에서도 축퇴(degenerate) 현상이 나타나며, 예외점 주변에서는 분지점 

(branch-point) 위상구조나 동적 감싸기(dynamical encircling) 시의 

adiabaticity 붕괴와 같은 여러 흥미로운 현상이 관찰된다. 

본 연구에서는 비허미션계에 속하는 초음파 공진기와 광 

공진기에서의 예외점을 다룬다. 초음파 공진기에서는 이론 및 

실험적으로 예외점을 관측하였으며, 동축 원형 셸(concentric circular 

shell) 공진기가 연구의 플랫폼으로 사용되었다. 먼저 이론적 분석을 

통해 예외점 조건을 만족하는 시스템 변수 값을 예측하였다. 또한 투명 

매질에서의 굴절률 분포를 시각화 하는데 널리 사용되는 슐리렌 

(schlieren) 방법을 이용하여 공명 주파수 스펙트럼과 파동함수를 

실험적으로 동시에 측정할 수 있었다. 최종적으로, 이론적 예측과 실험 

결과의 비교를 통해 예외점의 존재를 입증하였다. 

다음으로, 피터만 효과(Petermann effect)로도 알려진 변형된 

미소공진기의 예외점 주변에서 일어나는 자발방출률(spontaneous 

emission rate) 증가 현상에 대해 탐구하였다. 먼저 기존의 허미션 

시스템에 기반을 둔 공진기 양자전기역학(cavity quantum 

electrodynamics) 이론을 일반화한 비허미션 공진기 양자전기역학 

이론을 도입하였으며, 이로부터 수정된 레이저 속도방정식(rate 

equation)을 유도하였다. 또한 원자의 총 자발방출률에는 변화가 

없음에도 불구하고, 예외점과 관련된 특정 모드로 결합하는 자발방출된 

광자의 수는 실제로 증가할 수 있음을 보였다. 그리고 그 결과로서 

피터만 효과가 존재할 때는 그렇지 않을 때와 비교하여 같은 펌프 



 ii 

세기에서도 레이저의 방출 세기가 향상될 수 있다는 것을 수치 해석적 

방법을 통해 예측하였다. 마지막으로, 액체제트 미소공진기 레이저의 

방출 특성을 측정하여 비허미션 공진기 양자전기역학 이론의 예측을 

뒷받침하는 실험적 결과를 얻을 수 있었다. 

 

주요어 : 예외점, 초음파 공진기, 슐리렌 방법, 변형된 미소공진기, 

분광학, 자발방출률 증가, 피터만 인자 
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