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Abstract 

 

A Study on the Performance of Higher-Order 

Methods through Shock Wave-Strong Vortex 

Interaction Problem 
 

Seonghun Cho 

Department of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

The present works deal with the performance of higher-order CFD methods in compressible 

flows with shock waves. We solve the shock wave-strong vortex interaction problem with the 

discontinuous Galerkin (DG) method, and the performance of the numerical schemes is analyzed 

in qualitative and quantitative manners. 

We model the shock wave-vortex interaction phenomenon as a two-dimensional inviscid flow 

problem. Due to the interaction of the shock wave and vortex, physical phenomena such as 

complex shock structure, vortex structure, and evolution of acoustic waves occur. We observe and 

analyze these flow physics with the unsteady numerical results, and establish the criteria to 

compare the results of the higher-order methods. As shock capturing methods, hierarchical multi-

dimensional limiting process (hMLP) and hMLP with the troubled-boundary detector (hMLP_BD) 

are used with the DG method. The DG method with hMLP and hMLP_BD are applied to solve 

the problem in meshes of various types and sizes. Then, the numerical schemes are compared and 
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analyzed by verifying capability to describe complex flow physics and evaluating unsteady flow 

solutions. 

In order to identify the causes of the order-of-accuracy degradation of higher-order methods in 

the shock wave-strong vortex problem, additional problems are set up and tested. Through these 

additional tests, we can examine the effect of each factor on order-of-accuracy degradation. As a 

result, projection error and shock-driven oscillations are the main causes of order-of-accuracy 

degradation in higher-order methods. 

 

                                                                               

Keywords: Inviscid compressible flow, Shock wave-vortex interaction, Higher-order CFD 

methods, Discontinuous Galerkin method, Shock capturing method, Multi-dimensional limiting 

process 
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Chapter 1  

Introduction 

 

1.1 Higher-order CFD Methods 

Recently, the applicability of computational fluid dynamics (CFD) has been dramatically 

improved with the evolution of computing power. As a result, many attempts have been made to 

analyze large scale complex real-life flows with high performance computing machines. To solve 

large scale problems accurately and efficiently, accurate and robust numerical methods are 

necessary. Meanwhile, the conventional low-order numerical methods have fundamental 

limitations in precisely capturing complex and highly unsteady compressible flows, since these 

numerical methods have difficulties in describing detailed flow structures in a long time 

simulation due to excessive numerical diffusion. 

In order to overcome the limitations of the conventional numerical methods, higher-order CFD 

methods have been developed. Discontinuous Galerkin (DG) method, which combines merits of 

both finite volume methods (FVM) and finite element methods (FEM), has been one of the most 

widely used higher-order methods. The DG method has earned a reputation for its rigorous 

mathematical background, compact stencil for higher-order approximations, and geometrical 

flexibility [1]. The DG method using Runge-Kutta time integration [2, 3] can be applied to 

unsteady compressible flows, and preserves high accuracy in long-time unsteady calculation with 

low numerical diffusion. More recently, Huynh proposed the flux reconstruction (FR) method for 

one-dimensional case, and it can be extended to two-dimensions by dimensional splitting methods 

[4]. Later, Wang extended FR method to multi-dimensional problems on mixed elements by 

introducing a lifting collocation operator, which is named correction procedure via reconstruction 
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(CPR) [5]. CPR also has the aforementioned advantages in terms of accuracy and efficiency. 

Meanwhile, due to the low numerical diffusion features of the higher-order methods, limiting 

strategies should be designed elaborately to capture discontinuities monotonically. So far, many 

attempts have been made to develop robust, accuracy, and efficient limiting methods. For example, 

Cockburn and Shu applied TVB-based limiter to the DG method [2, 3]. Later, a limiting strategy 

based on weighted essentially non-oscillatory (WENO) reconstruction was also applied to higher-

order methods [6, 7]. 

Among the shock capturing methods in higher-order methods, one of the most successful 

strategy is multi-dimensional limiting process (MLP). MLP was originally developed in FVM 

with the concept of applying the local maximum principle to each vertex of target cells [8, 9, 10, 

11]. Then, its concept was extended to higher-order methods and hierarchical multi-dimensional 

limiting process (hMLP) was developed by treating higher-order basis modes hierarchically [12, 

13]. Through extensive numerical tests, the hMLP limiter has been proven to preserve formal 

order-of-accuracy in smooth regions and to capture discontinuities in an efficient and accuracy 

manner. However, it is observed that hMLP preserves monotonicity only at cell average level and 

generates Gibbs oscillations at subcell level. To overcome this shortcoming, the troubled-

boundary detector was introduced to identify cells with Gibbs oscillations concealed in subcell 

distributions [14, 15]. As a result, hMLP with the troubled-boundary detector (hMLP_BD) 

preserves the formal order-of-accuracy in smooth regions and captures discontinuities without 

subcell Gibbs oscillations. 

 

1.2 Objectives of Thesis 

The objective of this research is to compare and analyze the performance of higher-order 

methods in compressible flow problems with shock waves. To this end, shock wave-vortex 

interaction occurring in three-dimensional complex flows is modeled as a two-dimensional 
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problem. In the shock wave-strong vortex interaction problem, physical phenomena such as 

complex shock structure, vortex structure, and evolution of acoustic waves occur due to 

interaction of the shock wave and the vortex [16, 17, 18, 19]. The DG method with hMLP and 

hMLP_BD are applied to solve the problem in meshes of various types and sizes. Then, based on 

the numerical results, the performance analysis of the higher-order methods is conducted in the 

following ways: verification of capability to describe complex compressible flow physics in 

qualitative manner and evaluation of unsteady flow solutions in quantitative manner. 

This thesis is organized as follows. The governing equations and the numerical methods are 

briefly described in Chapter 2. In Chapter 3, descriptions of the shock wave-strong vortex 

interaction problem and numerical tests are given. Extensive numerical results and analysis of 

them are provided in Chapter 4. In Chapter 5, additional tests are conducted to analyze order-of-

accuracy degradation of higher-order methods. Finally, conclusions are presented in Chapter 6. 
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Chapter 2  

Numerical Methods 

 

2.1 Governing Equations 

The governing equations are compressible Euler equations, which can be written in a 

conservative form as follows. 

 𝜕𝐐

𝜕𝑡
+ ∇ ∙ 𝐅𝑐 = 0. 

 

(2.1) 

 

For two-dimensional case, the conservative variable vector 𝐐 and the convective flux tensor 𝐅c 

are given by 

 

𝐐 = (

𝜌
𝜌𝑢
𝜌𝑣
𝜌𝑒𝑡

) , 𝐅c = (

 𝜌𝑢       𝜌𝑣 

 𝜌𝑢2 + 𝑝    𝜌𝑢𝑣  

 𝜌𝑣𝑢    𝜌𝑣2 + 𝑝
𝜌𝑢𝐻      𝜌𝑣𝐻

). 

 

(2.2) 

 

 

Density, pressure, total energy and velocity vector are denoted by 𝜌, 𝑝, 𝑒𝑡  and (𝑢, 𝑣) 

respectively. Using the equation of state for ideal gas, pressure has the following relationship. 

 
𝑝 = (γ − 1)𝜌 (𝑒𝑡 −

1

2
(𝑢2 + 𝑣2)) ,where γ = 1.4. 

 

(2.3) 

 

 

2.2 Higher-order Discretization Methods 

2.2.1 Discontinuous Galerkin Method 

The following hyperbolic conservation law is defined on the domain Ω with the well-posed 

initial condition and appropriate boundary conditions. 
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 𝜕𝑞

𝜕𝑡
+ 𝛁 ∙ 𝐅 = 0. 

 

(2.4) 

 

 

The domain is partitioned into non-overlapping elements Ω = ⋃Ω𝑖 . In each cell Ω𝑖 , the 

approximate solution 𝑞𝑖
ℎ is an element of the finite dimensional 𝐿2 space Φn(Ωi) with a basis 

set {𝜙𝑖
(1)
, 𝜙𝑖

(2)
, ⋯ , 𝜙𝑖

(𝑁𝑛)}  and it can be expressed as a linear combination of the basis 

functions. 

 

𝑞𝑖
ℎ(𝒙, 𝑡) = ∑ 𝑞𝑖

(𝑚)(𝑡)𝜙𝑖
(𝑚)(𝒙)

𝑁𝑛

𝑚=1

. (2.5) 

 

Similarly, test functions on the cell Ω𝑖 are defined on the finite dimensional 𝐿2 space Ψn(Ωi) 

with a basis set {𝜓𝑖
(1)
, 𝜓𝑖

(2)
, ⋯ , 𝜓𝑖

(𝑁𝑛)}. We multiply the test function 𝜓𝑖 by the governing 

equation (Eq. (2.4)) and integrate on each cell Ω𝑖. 

 
∫ (

𝜕𝑞𝑖
ℎ

𝜕𝑡
+ 𝛁 ∙ 𝐅𝑖

ℎ)𝜓𝑖𝑑𝑉 = 0
 

Ω𝑖

. (2.6) 

 

The Galerkin approximation with Φn(Ωi) = Ψ
n(Ωi)  and 𝜙𝑖

(𝑚)
= 𝜓𝑖

(𝑚)
  is introduced, and 

some algebraic calculations yield the following weak formulation. 

 
∫
𝜕𝑞𝑖

ℎ

𝜕𝑡
𝜙𝑖

 

Ω𝑖

𝑑𝑉 = −∫ 𝜙𝑖�̂�𝒊
𝒉 ∙ 𝐧

 

𝜕Ω𝑖

𝑑𝑆 + ∫ 𝐅𝑖
ℎ ∙ 𝛁𝜙𝑖

 

Ω𝑖

𝑑𝑉. (2.7) 

 

Here, 𝜙𝑖 = [𝜙𝑖
(1),⋯ , 𝜙𝑖

(𝑁𝑛)]
𝑇

 and �̂�𝒊
𝒉 is a monotone numerical flux. 

 

2.2.2 Explicit Time Integration 

By Substituting Eq. (2.5) into Eq. (2.7) with orthonormal bases, we derive the following 

residual form. 

 𝑑

𝑑𝑡
𝒒𝑖
ℎ = −𝐑i

ℎ, (2.8) 

 

where 𝒒𝑖
ℎ = [𝑞𝑖

(1),  ⋯𝑞𝑖
(𝑁𝑛)]

𝑇
.  As time integration methods, the 3rd-order total variation 
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diminishing Runge-Kutta (TVD-RK3) method is used for P2 approximation, and 4th-order 5-

stages strong stability preserving Runge-Kutta (SSP-RK(4,5)) method [20] is used for P3 

approximation. 

Time step for the explicit methods is computed as follows. 

 
Δ𝑡 =

CFL

2𝑛 + 1

|Ω|

𝜆𝑐,𝑚𝑎𝑥
𝑥 |Ω𝑥| + 𝜆𝑐,𝑚𝑎𝑥

𝑦 |Ω𝑦|
, (2.9) 

 

where |Ω𝑖
𝑥| and |Ω𝑖

𝑦
| are projected areas of cell on the y- and x-axis respectively. In addition, 

𝜆𝑐,𝑚𝑎𝑥
𝑥  and 𝜆𝑐,𝑚𝑎𝑥

𝑦
 are maximum wave speeds of the convective fluxes along x- and y-direction 

respectively. The CFL number is set here to 0.9 regardless of the polynomial approximation order. 

 

2.3 Higher-order Limiting Strategy 

2.3.1 Basic Concept of Multi-dimensional Limiting Process 

The MLP limiter is originally developed in finite volume methods [8, 9, 10, 11], and it has been 

proven to have remarkable performances to capture discontinuities in both structured and 

unstructured meshes. The basic philosophy of the MLP is to control cell-centered and cell-vertex 

point simultaneously to mimic multi-dimensional flow nature. The MLP condition applied to each 

vertex of target cells yields the follows. 

 �̅�𝑣𝑗
𝑚𝑖𝑛 ≤ 𝑞𝑖 (𝐱𝑣𝑗) ≤ �̅�𝑣𝑗

𝑚𝑎𝑥. (2.10) 

 

Here, 𝑞𝑖 (𝐱𝑣𝑗) denotes the solution value at the vertex 𝑣𝑗 on the cell Ωi. �̅�𝑣𝑗
𝑚𝑖𝑛 and �̅�𝑣𝑗

𝑚𝑎𝑥 are 

respectively minimum and maximum cell average values among the cells which include the vertex 

𝑣𝑗. 

Applying MLP limiter to unstructured finite volume methods, the slope-limiter can be 

expressed as follows. 
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 𝑞i(𝐱) = �̅�𝑖 +𝜑∇�̅�𝑖 ∙ 𝐱. (2.11) 

 

 
where 𝜑MLP = min

∀𝑣𝑗∈Ω𝑖
{
Φ(𝑥𝑣𝑗)   if ∇�̅�𝑖 ∙ 𝐱𝑣𝑗 ≠ 0,

1       otherwise,
 (2.12) 

 

 

with 𝑥𝑣𝑗 = max(
�̅�𝑣𝑗
𝑚𝑖𝑛 − �̅�𝑖

∇�̅�𝑖 ∙ 𝐱𝑣𝑗
,
�̅�𝑣𝑗
𝑚𝑎𝑥 − �̅�𝑖

∇�̅�𝑖 ∙ 𝐱𝑣𝑗
). (2.13) 

 

MLP-u1 slope-limiter has the maximum allowable value within the range satisfying the MLP 

condition. 

 ΦMLP−𝑢1 (𝑥𝑣𝑗) = min (1, 𝑥𝑣𝑗). 

 

(2.14) 

 

MLP-u2 slope-limiter is also proposed to improve convergence characteristics in steady problems 

and its detailed description is given in [10, 11]. In this work, the MLP-u1 slope-limiter is adopted 

for calculating unsteady problems. 

 

2.3.2 Multi-dimensional Limiting Process for Higher-order Methods 

By applying MLP philosophy to higher-order methods, hierarchical multi-dimensional limiting 

process (hMLP) is developed [12, 13]. The hMLP limiter treats higher-order basis modes 

hierarchically with an elaborately devised troubled-cell marker, which consists of two parts. 

Firstly, P1-projected MLP condition is introduced to identify troubled-cells. Based on 

observations that the oscillations propagate from the highest mode to lower modes, only P1-

projected term can be examined to determine troubled-cells efficiently. From this point of view, 

the following condition can be derived by applying the MLP condition to the P1-projected slope. 

 �̅�𝑣𝑗
𝑚𝑖𝑛 ≤ Π1𝑞𝑖

ℎ,𝑃𝑛 (𝐱𝑣𝑗) ≤ �̅�𝑣𝑗
𝑚𝑎𝑥, (2.15) 

 

here Π1 is a projection operator into the linear function space. 

Secondly, smooth extrema detector is defined to prevent numerical clipping phenomena at local 

smooth extrema. The Pn-approximate solution is decomposed into the linear part and the higher-

order part as follows. 
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 𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗) = �̅�𝑖 + (Π

1𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗) − �̅�𝑖)⏟            

𝑃𝑛−projected slope

+ (𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗) − Π

1𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗))⏟                  

𝑃1−filtered 𝑃𝑛

. 
(2.16) 

 

If local smooth extrema exist near the vertex 𝑣𝑗, one of the following two conditions should be 

satisfied. 

C1. If local maximum, Pn-projected slope > 0, P1-filtered Pn < 0, and 𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗) > �̅�𝑣𝑗

𝑚𝑖𝑛 

C2. If local minimum, Pn-projected slope < 0, P1-filtered Pn > 0, and 𝑞𝑖
ℎ,𝑃𝑛 (𝐱𝑣𝑗) < �̅�𝑣𝑗

𝑚𝑎𝑥 

In addition to the smooth extrema detector, the following inequality is introduced to deactivate 

the limiting procedure in nearly constant regions. 

 |𝑞i
ℎ,𝑃𝑛 (𝐱vj) − �̅�𝑖| ≤ max(ϵ|�̅�𝑖|, |Ω𝑖|) , where ϵ = 1 × 10

−3. 

 
 

(2.17) 

 

 

The overall limiting process is summarized as follows. For Pn-approximation, the solution can 

decomposed as below. 

 𝑞i
ℎ,𝑃𝑛(𝐱) = �̅�𝑖 + 𝑃1𝑖(𝐱) + 𝑃2𝑖(𝐱) +⋯+ 𝑃𝑛𝑖(𝐱), 

 

 

(2.18) 

 

 

where 𝑃𝑚𝑖(𝐱) = Π
𝑚𝑞𝑖

ℎ,𝑃𝑛(𝐱) − Π𝑚−1𝑞𝑖
ℎ,𝑃𝑛(𝐱) . Then the MLP troubled-cell marker 𝜑𝑖

𝑃𝑚  is 

defined for each Pm-mode as follows. 

 𝜑𝑖
𝑃𝑚 = min

∀𝑣𝑗∈Ω𝑖
(𝜓𝑖,𝑣𝑗

𝑃𝑚), (2.19) 

where 

 𝜓𝑖,𝑣𝑗
𝑃𝑚 = {

1 if either 𝑃1 projected detector or smooth extrema is satisfied,
0               otherwise.                                  

 

 

 

(2.20) 

 

 

The MLP troubled-cell marker is hierarchically defined on each mode higher than P2 

approximation from the highest mode to lower modes, and MLP-u slope-limiter is applied for the 

P1-mode. Finally, the limiting procedure for Pn approximation can be written as follows. 

 𝑞i
ℎ,𝑃𝑛(𝐱) = �̅�𝑖 + 𝜙MLP(𝑃1𝑖(𝐱)) + 𝜑𝑖

𝑃2 (𝑃2𝑖(𝐱) + 𝜑𝑖
𝑃3 (𝑃3𝑖(𝐱) + ⋯+ 𝜑𝑖

𝑃𝑛𝑃𝑛𝑖(𝐱))). 

 

(2.21) 
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2.3.3 Cure for Subcell Gibbs Oscillations of hMLP 

Through extensive numerical experiments, hMLP has been proven to preserve the formal order-

of-accuracy in smooth regions and to capture discontinuities in an efficient and robust manner. 

However, it was observed that hMLP provides monotonic solution only at cell average level and 

generates Gibbs oscillations at subcell level. These spurious oscillations negatively affect 

numerical solutions by contaminating flow field and, more seriously, reduces the reliability of 

subcell distribution, which is an advantageous feature of higher-order numerical methods. 

To overcome this shortcoming of hMLP, troubled-boundary detector is introduced to identify 

cells with subcell Gibbs oscillations [14, 15]. Before defining the troubled-boundary detector, we 

have to establish the notion of troubled-boundary based on the solution jump across a cell 

boundary. 

 
⟦𝑞⟧ ≡ 𝑞+𝒏+ + 𝑞−𝒏−|𝑓∈Ω𝑖 = {

𝑂(ℎ𝑛+1)    for a normal boundary,   

𝑂(1)       for a troubled − boundary.
 

 

 

(2.22) 

 

 

The definition of smooth boundary indicator and its behavior is given as follows. 

 
𝐷𝑓 =

∫ |⟦𝑞⟧|𝑑𝑙
 

𝑓∈𝜕Ω𝑖

∫ 𝑑𝑙
 

𝑓∈𝜕Ω𝑖

= {
𝑂(ℎ𝑛+1)    for a normal boundary,   

𝑂(1)       for a troubled − boundary.
 

 

 

(2.23) 

 

 

Finally, troubled-boundary detector is defined by scaling 𝐷𝑓 as follows. 

 

𝜂(𝜃𝑓) = {
0  if 𝜃𝑓 < 1  for a normal boundary,

  1  if 𝜃𝑓 ≥ 1  for a troubled boundary,
 

 

 

(2.24) 

 

 

 
where 𝜃𝑓 =

𝐷𝑓

ℎ
𝑓

𝑛+1
2
 
, ℎ𝑓
𝑑−1 = ∫ 𝑑𝑙

 

𝑓∈𝜕Ω𝑖

. 

 

 

(2.25) 

 

 

If the value of troubled-boundary detector is one, the edge is determined to be a trouble. The 

threshold values for the activation of the troubled-boundary detector are defined specifically. For 

each cell, if the number of troubled-boundaries is larger than these threshold values, the cell is 

tagged as a trouble. More detailed procedure is given in [14, 15]. 

Finally, a slightly more diffusive MLP-u1 slope-limiter than the original version is used. 
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 ΦMLP−𝑢1 (𝑥𝑣𝑗) = min (1, �̂�𝑣𝑗), 

 

(2.26) 

 

where 

 
�̂�𝑣𝑗 = max(

𝑓𝑣𝑗
𝑚𝑖𝑛(�̅�𝑖) − �̅�𝑖

∇�̅�𝑖 ∙ 𝐱𝑣𝑗
,
𝑓𝑣𝑗
𝑚𝑎𝑥(�̅�𝑖) − �̅�𝑖

∇�̅�𝑖 ∙ 𝐱𝑣𝑗
), 

 

(2.27) 

 

 𝑓𝑣𝑗
𝑚𝑖𝑛(�̅�𝑖) = �̅�𝑣𝑗

𝑎𝑣𝑔
+ ℎ (�̅�𝑣𝑗

𝑎𝑣𝑔
− 𝑞)(�̅�𝑣𝑗

𝑚𝑖𝑛 − �̅�𝑣𝑗
𝑎𝑣𝑔
), 

 

(2.28) 

 

 𝑓𝑣𝑗
𝑚𝑎𝑥(�̅�𝑖) = �̅�𝑣𝑗

𝑎𝑣𝑔
+ ℎ (�̅�𝑣𝑗

𝑎𝑣𝑔
− 𝑞)(�̅�𝑣𝑗

𝑚𝑎𝑥 − �̅�𝑣𝑗
𝑎𝑣𝑔
), 

 

 

(2.29) 

 

 

here ℎ(𝑞)  is Heaviside function and �̅�𝑣𝑗
𝑎𝑣𝑔

  is the area weighted cell average value with 

neighboring cells sharing the vertex 𝑣𝑗. As a result, hMLP with the troubled-boundary detector 

(hMLP_BD) not only preserves the formal order-of-accuracy in smooth regions, but also capture 

discontinuities in an efficient and robust manner without subcell Gibbs oscillations. 
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Chapter 3  

Problem Description 

 

3.1 Shock Wave-Strong Vortex Interaction Problem 

The shock wave-vortex interaction phenomenon occurring in three-dimensional complex flows 

is modeled as a two-dimensional inviscid flow problem. The problem is governed by the non-

dimensional two-dimensional Euler equations with the equation of state for ideal gas. Initially, a 

stationary shock with 𝑀𝑠 = 1.5 is located at 𝑥 = 0.5. The upstream and downstream flow states 

are defined as follows. 

 (𝜌𝑢, 𝑢𝑢, 𝑣𝑢 , 𝑝𝑢) = (1.0,  𝑀𝑠√𝛾, 0.0,1.0), 

 

(3.1) 

 

 𝜌𝑢
𝜌𝑑
=
𝑢𝑑
𝑢𝑢
=
2 + (𝛾 − 1)𝑀𝑠

2

(𝛾 + 1)𝑀𝑠
2

,
𝑝𝑑
𝑝𝑢
= 1 +

2𝛾

𝛾 + 1
(𝑀𝑠

2 − 1), 𝑣𝑑 = 0.0. 

 

 

(3.2) 

 

 

In the upstream flow, a strong vortex with 𝑀𝑣 = 0.9 is centered at (𝑥𝑐 , 𝑦𝑐) = (0.25,0.5), which 

is modeled with the composite vortex model. In this model, the vortex rotates counter-clockwise 

with the following tangential velocity. 

 

𝑣𝜃 =

{
 
 

 
 𝑣𝑚

𝑟

𝑎
                        if  𝑟 ≤ 𝑎,

𝑣𝑚
𝑎

𝑎2 − 𝑏2
(𝑟 −

𝑏2

𝑟
)    if  𝑎 < 𝑟 ≤ 𝑏,

0                                if  𝑟 > 𝑏.

 

 

 

(3.3) 

 

Here 𝑟  is the distance from the vortex center (𝑥𝑐 , 𝑦𝑐) , and (a, b) = (0.075 , 0.175 ). 𝑣𝑚 =

𝑀𝑣√𝛾  is the maximum angular velocity, which occurs at 𝑟 = 𝑎 . The following ordinary 

differential equation is given from the normal momentum equation with the centripetal force. 

 𝑑𝑇

𝑑𝑟
=
𝛾 − 1

𝑅𝛾

𝑣𝜃(𝑟)
2

𝑟
 

 
 

(3.4) 
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Then, temperature is derived as the follows. 

i) 𝑟 ≤ 𝑎 

 
𝑇(𝑟) = 𝑇(𝑎) −

𝛾 − 1

𝑅𝛾

1

𝑎2
𝑣𝑚
2
1

2
(𝑎2 − 𝑟2), 

 

(3.5) 

 

 
where 𝑇(𝑎) = 𝑇𝑢 −

𝛾 − 1

𝑅𝛾

𝑎2

(𝑎2 − 𝑏2)2
𝑣𝑚
2 (
1

2

𝑏4 − 𝑎4

𝑎2
− 2𝑏2 𝑙𝑛

𝑏

𝑎
). 

 

(3.6) 

 

ii) 𝑎 ≤ 𝑟 ≤ 𝑏 

 
𝑇(𝑟) = 𝑇𝑢 −

𝛾 − 1

𝑅𝛾

𝑎2

(𝑎2 − 𝑏2)2
𝑣𝑚
2 (
1

2

𝑏4 − 𝑟4

𝑟2
− 2𝑏2 𝑙𝑛

𝑏

𝑟
). 

 

 

(3.7) 

 

 

Density and pressure can be obtained with the isentropic relation. 

 

𝜌(𝑟) = 𝜌𝑢 (
𝑇(𝑟)

𝑇𝑢
)

1
𝛾−1

 and  𝑝(𝑟) = 𝑝𝑢 (
𝑇(𝑟)

𝑇𝑢
)

𝛾
𝛾−1

. 

 

 

(3.8) 

 

 

Therefore, tangential velocity has C0-continuous profile and density has C1-continuous profile as 

in Fig. 3.1. 

 

 

Figure 3.1 Initial profile of the composite vortex 
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Figure 3.2 Schematic view of the shock wave-strong vortex interaction problem 

 

Total computation domain is 𝛺 = [0,2] × [0,1] and target time is set as 0.7. The schematic 

view of the shock wave-strong vortex interaction problem is given in Fig. 3.2. 

 

3.1.1 Numerical Test Cases 

For the numerical test, four types of meshes are used: regular triangle (RT), irregular triangle 

(IT), regular quadrilateral (RQ), and mixed (M) type (see Fig. 3.3). Each type of mesh has several 

different grid sizes, and the name of each mesh is defined by combining its mesh type and 

reciprocal of the mesh size: for example, RT50 is regular triangle mesh with ℎ =
1

50
. 

The hMLP and hMLP_BD limiters are applied to DG-P2 and DG-P3 approximations 

respectively and Roe’s flux difference splitting (FDS) method [21] is used for all tests. All meshes 

used for the numerical tests are tabulated in Table 3.1. 
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(a) Regular triangle        (b) Irregular triangle 

    

(c) Regular quadrilateral        (d) Mixed   

Figure 3.3 Arrangement of meshes for each type 

 

Table 3.1 Meshes used for numerical tests 

Mesh type Reciprocal of mesh size, 
𝟏

𝒉
 

Regular Triangle 50, 100, 150, 200, 250, 300 

Irregular Triangle 50, 100, 150, 200, 250, 300 

Regular Quadrilateral 50, 100, 150, 200, 250, 300 

Mixed 50, 100, 150, 200, 250, 300 

 

For the comparison, FVM based on structured meshes with MLP5 limiter [8, 9] is also applied 

on regular quadrilateral meshes. TVD-RK3 is employed as a time integration method and Roe’s 

FDS is used for all tests. 
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3.1.2 Reference Lines 

Five specific lines are defined in the flow field to compare and analyze the numerical results 

(see Fig. 3.4). The definition and physical meaning of each line is given below. 

 Line1 (𝑦 = 0.4 + 𝜺): A horizontal line passing through the stationary shock and the vortex 

center 

 Line2 (𝑦 = 0.7 + 𝜺): A horizontal line passing through the stationary shock 

 Line3 (𝑥 = 0.52 + 𝜺): A vertical line right after the stationary shock 

 Line4 (𝑥 = 1.05 + 𝜺): A vertical line passing through the vortex center 

 Line5 (𝑥 = 1.65 + 𝜺): A vertical line located in the far downstream 

Here, 𝜺 = 1 × 10−4 is to avoid the overlapping with cell interfaces. 

 

 

Figure 3.4 Reference lines defined in the flow field 
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Figure 3.5 Density contour of the shock wave-strong vortex interaction problem at t = 0.7 

 

3.2 Flow Physics of the Problem 

In the problem, complex physical phenomena occur as a result of the interaction between the 

shock wave and the strong vortex. These complex physical phenomena can be classified into 

shock structure, vortex structure, and acoustic waves. 

 

3.2.1 Shock Structure 

When the vortex passes the shock wave, the shock is distorted into S shape due to their 

interaction. In the lower part, where the direction of the freestream coincides with the direction 

of tangential velocity of the vortex, the shock is diffracted to the downstream side. On the other 

hand, the shock wave is diffracted to the upstream side in the upper part, where the direction of 

the freestream is opposite to the tangential velocity of the vortex. Both diffracted parts are 

connected by the refracted shock wave (Fig. 3.6b, 3.6c) [17]. Compression occurs in the lower 

part, whereas the upper part is expanded (Fig. 3.10a). As the shock wave is deformed into S shape, 

the vortex is accelerated non-uniformly, resulting in the expansion region and the compression 
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region separately [19]. In addition, the maximum deformation of the shock wave occurs slightly 

after the vortex center passes the shock wave (Fig. 3.6c) [17]. The interaction between the 

distorted shock and the vortex generates Mach stem M1, triple points T1, T2, reflected shock 

waves R1, R2, and slip lines S1, S2 (Fig. 3.6d, 3.6e, 3.6f) [18]. The two triple points are connected 

by the Mach stem, and at each triple point, an incident shock, a reflected shock, and a slip line 

meet. The area between two slip lines can be divided into a triangular area with the Mach stem 

and a slip layer SL connected to the vortex. 

According to [16], shock wave-vortex interaction can be classified into a weak interaction with 

no shock reflection at all and a strong interaction with complex shock structures such as reflected 

shock and diffracted shock. Especially, strong interaction occurs regular reflection or Mach 

reflection depending on strength of the vortex and shock. Mach reflection occurs if the strength 

of shock is larger than a threshold value, and regular reflection occurs otherwise. This threshold 

value varies with the vortex strength, and as the vortex strength increases, the threshold value also 

increases [16, 17, 18]. From this point of view, this problem is classified as a strong interaction 

with a Mach reflection case because Mach stem M1 occurs when reflected shock waves R1 and 

R2 are generated. 
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(a) t = 0                              (b) t = 0.132799 

   

    (c) t = 0.171466                         (d) t = 0.200532 

   

(e) t = 0.241464                         (f) t = 0.283313 

Figure 3.6 Numerical Schlieren contour of the unsteady numerical results (t = 0~0.283313) 
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Compression occurs at the upper part which was originally expanded when the vortex enters 

the shock wave, and an induced shock wave I3 and an induced expansion wave I4 are generated 

(Fig. 3.6e, 3.6f). According to [16], this effect is caused by the restoring mechanism and [19] 

explains that this is due to the implosion effect. This compressed region is spread by two wave 

fronts, which are the induced expansion wave I4 rotating with the vortex and the induced shock 

wave I3 rotating against the direction of the vortex rotation [19]. 

After the vortex passes the shock wave, the interaction can be classified as weak interaction, 

intermediate interaction, and strong interaction depending on the velocity of the flow around the 

vortex core [19]. In this problem, after passing the shock wave, a significant portion around the 

vortex core is supersonic region. Also, induced expansion wave and induced shock wave are 

clearly generated and last for a long time. Therefore, this problem is a case of strong interaction, 

which is consistent with that given in the parameter map in [19]. 

As the interaction evolves further, the reflected shock wave R2 and the induced shock wave I3 

interact with the deformed vortex (Fig. 3.7a ~ 3.7d). As a result, a series of reflected shock waves 

R4, R5 are generated from R2 and a reflected wave R3 is also generated from I3. As the reflected 

shock waves, induced shock waves, and reflected waves compress the deformed vortex, shocklets 

C1, C2 are formed in the locally compressed region [18]. An induced compression wave I5 is 

generated at the place, where the shocklet C1 was located. Later, a new reflected wave R6 is also 

generated from R2 (Fig. 3.7g). 

Furthermore, Kelvin-Helmholtz instability occurs in each of two stratified slip lines connected 

to the vortex (Fig. 3.7d ~ 3.7h). This seems similar to the case of Schardin’s problem, where 

Kelvin-Helmholtz instability occurs along the slip layer connected to the main vortex [22]. 
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(a) t = 0.327116                         (b) t = 0.367885 

   

(c) t = 0.403640                         (d) t = 0.452281 

   

(e) t = 0.502552                         (f) t = 0.565874 
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(g) t = 0.629207                            (h) t = 0.7 

Figure 3.7 Numerical Schlieren contour of the unsteady numerical results (t = 0.327116~0.7) 

 

3.2.2 Vortex Structure 

When the vortex passes through the shock, it is stretched in one direction by compression and 

turns into a spiral shape (Fig. 3.8a), then it is gradually compressed into an elliptical shape (Fig. 

3.8b) [18]. 

As the vortex is deformed, the inner core with positive vorticity is stretched, and the outer ring 

with negative vorticity separates from the inner core (Fig. 3.9a). Finally, the vortex core is divided 

into two parts, and the outer ring is detached from the inner core (Fig. 3.9b) [17]. 
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(a) t = 0.171466                         (b) t = 0.200532 

Figure 3.8 Vorticity contour of the unsteady numerical results with streamlines around the 

vortex center (t = 0.171466 and 0.200532) 

 

 

(a) t = 0.403640                         (b) t = 0.7 

Figure 3.9 Vorticity contour of the unsteady numerical results (t = 0.403640 and 0.7) 
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3.2.3 Acoustic Waves 

The process of acoustic wave generation can be divided into three stages: the front part of the 

vortex is passing the shock wave, the rear part of the vortex is passing the shock wave, and the 

vortex is moving away from the shock wave [16, 17, 18]. 

In the first stage, when the vortex front interacts with the shock wave, compression occurs at 

the lower part where the shock is diffracted to the downstream side. On the other hand, the upper 

part where the shock is diffracted to the upstream side is expanded (Fig. 3.10a). The first sound 

wave (precursor) is formed around the vortex core, which shows bipolar pattern at this time. 

In the second stage, when the rear part of the vortex passes through the shock wave, expansion 

occurs at the lower part of the vortex core and the upper part is compressed (Fig. 3.10b). [16] 

explains that this is caused by the restoring mechanism. This process changes the precursor from 

dipolar directivity to quadrupolar. 

In the third stage, when the vortex moves away from the shock wave, the precursor spreads 

radially, and the second and third acoustic waves are formed (Fig. 3.10c, 3.10d). The precursor 

and the second wave, and the second wave and the third wave have phases opposite to each other. 

In Fig. 3.10c, the precursor and the second acoustic wave are separated by the reflected shock R1 

and, the second and third acoustic waves are divided by the reflected shock R2 in Fig. 3.10d [16, 

18]. 
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(a) t = 0.132799 

 

(b) t = 0.200532 

 

(c) t = 0.327116 
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(d) t = 0.565874 

Figure 3.10 Pressure contour of the unsteady numerical results 

 

3.3 Reference Solution 

3.3.1 Setting the Reference Solution 

To analyze the numerical results of the DG method, we set reference solution from FVM results 

on extremely fine meshes. MLP5 limiter is applied as a shock capturing method and TVD-RK3 

explicit time integration method is employed. Three meshes with different number of cells and 

sizes are defined and tested. For each mesh, number of cells and minimum mesh size are defined 

as follows. 

 Ref1000: Number of cells = 2,700,000 and ℎ𝑚𝑖𝑛 =
1

2000
 

 Ref2000: Number of cells = 10,800,000 and ℎ𝑚𝑖𝑛 =
1

4000
 

 Ref3000: Number of cells = 24,300,000 and ℎ𝑚𝑖𝑛 =
1

6000
 

The results for each mesh are compared and finally the result of Ref3000 is set as the reference 

solution. The schematic view of Ref3000 mesh is given in Fig. 3.11. 
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Figure 3.11 Schematic view of Ref3000 mesh 

 

3.3.2 Non-physical Oscillation 

As shown Fig. 3.5, non-physical oscillations occurred behind the shock wave. As the shock 

wave and vortex interact, numerical oscillations occur and propagate to the flow field behind the 

shock wave. These non-physical oscillations are generated by two causes. First, as shock is 

distorted when it interacts with the vortex, the shock wave is not aligned with the meshes. Then, 

these non-physical oscillations occur. Second, at the first moment when the vortex passes the 

shock, it moves and is located inside the cells, not at the interface of cells. Therefore, at this 

moment, non-physical oscillations occur even though the shock is not distorted. 

In order to remove these non-physical oscillations, low-pass filters are applied to the solutions 

along the reference lines. Gaussian filtering is applied to Line 1~3, where non-physical 

oscillations occurred noticeably. Filtering is locally applied considering the strength of local non-

physical oscillations and the conservation laws are still satisfied when the low-pass filter is 

applied. The original and filtered solution distributions along Line 1 are compared in Fig. 3.12. 
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Figure 3.12 The effect of filtering technique applied on Line 1 
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Chapter 4  

Numerical Results 

 

In this chapter, we analyze numerical results in three ways. Firstly, we compare the resolution 

of two-dimensional numerical Schlieren contours of the results. Secondly, we compare subcell 

distributions of density along the reference lines. Finally, we measure errors with density values 

at the reference lines and compute order-of-accuracy. After analyzing the results of all test cases, 

some results are presented representatively and discussions on them are given. 

 

4.1 Two-dimensional Contour 

In Fig. 4.1, numerical Schlieren contours of the results on IT100 mesh are shown. DG-P2 

hMLP and DG-P3 hMLP do not have clear resolution differences, and DG-P2 hMLP_BD and 

DG-P3 hMLP_BD are also the same. Meanwhile, the vortex core is distinctly divided in the 

hMLP results, whereas the results of hMLP_BD are not. Thus, hMLP shows higher resolution 

hMLP_BD in IT100 mesh with relatively large grid size. 

Next, the results on IT300 mesh are given in Fig. 4.2. DG-P2 hMLP and DG-P3 hMLP do not 

have clear resolution differences, and DG-P2 hMLP_BD and DG-P3 hMLP_BD are also the same. 

In the IT100 mesh, hMLP and hMLP_BD showed a difference in resolution, but the overall flow 

field resolution of hMLP and hMLP_BD is not significantly different as the grid size is reduced 

in IT300 mesh. 
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(a) DG-P2 hMLP                    (b) DG-P2 hMLP_BD 

 

(c) DG-P3 hMLP                    (d) DG-P3 hMLP_BD 

Figure 4.1 Numerical Schlieren contour of the numerical results on IT100 mesh 

 

 

(a) DG-P2 hMLP                    (b) DG-P2 hMLP_BD 

 

(c) DG-P3 hMLP                    (d) DG-P3 hMLP_BD 

Figure 4.2 Numerical Schlieren contour of the numerical results on IT300 mesh 
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(a) DG-P2 hMLP      (b) DG-P2 hMLP_BD 

  

(a) DG-P3 hMLP      (b) DG-P3 hMLP_BD 

Figure 4.3 Numerical Schlieren contour of the numerical results on IT300 mesh: close-up 

view of vortex core region 

 

In Fig. 4.3, the close-up view of the results on IT300 mesh is given to compare the solution 

resolution around the vortex cores. In general, DG-P2 hMLP and DG-P3 hMLP do not show clear 

resolution differences for slip layer Kelvin-Helmholtz instability. Also, DG-P2 hMLP_BD and 

DG-P3 hMLP_BD have no distinct difference. Even if the grid size decreases, the resolution 

difference of slip layer Kelvin-Helmholtz instability between hMLP and hMLP_BD is not 

resolved. 

 

4.2 Solution Distribution along the Reference Lines 

In Fig. 4.4, density distributions along Line 1 of numerical results on RT250 mesh are shown. 

The shock wave and the vortex core are within Line 1, and non-physical oscillations appear after 
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(a) Entire region 

 

(b) Vortex center region                      (c) Shock region     

Figure 4.4 Density distributions along Line 1 of the numerical results on RT250 mesh 

 

the shock. As can be seen from the shock region in Fig. 4.4c, hMLP generates undershoot and 

overshoot before and after the shock wave, whereas hMLP_BD satisfies monotonicity at subcell 

level. 

Next, density distributions along Line 2 are given in Fig. 4.5. Solution behavior around the 

shock is similar to that in Line 1. Non-monotonicity of hMLP around the shock is also clearly 

shown in Fig. 4.5b. 



 

32 

 

 

(a) Entire region 

 

(b) Shock region 

Figure 4.5 Density distributions along Line 2 of the numerical results on RT250 mesh 

 

In Line 3, which is located right after the shock wave, non-physical oscillations are clearly 

shown for all schemes (see Fig. 4.6). To quantify the magnitude of oscillations, total variations 

are calculated in the domain [0.2, 0.6], and they are scaled by total variation of the reference 

solution (= 8.270 × 10−2) in Table 4.1. Severe shock-driven oscillations result in large total 
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Figure 4.6 Density distributions along Line 3 of the numerical results on RT250 mesh 

 

Table 4.1 Total variations calculated at Line 3 on RT250 mesh 

 DG-P2 hMLP DG-P2 hMLP_BD DG-P3 hMLP DG-P3 hMLP_BD 

Scaled total 

variation 
6.087 2.189 14.06 2.278 

 

variations compared to the reference solution with filtering technique applied. It can be seen that 

hMLP has much larger total variation than hMLP_BD. 

In Line 4, solution behavior around vortex core is similar to that in Line 1 (see Fig. 4.7). DG-

P2 hMLP and DG-P3 hMLP do not show distinct resolution differences, and DG-P2 hMLP_BD 

and DG-P3 hMLP_BD are also the same. Finally, in the Line 5, which is located in the far 

downstream region, non-physical oscillations are quite damped out (see Fig. 4.8). 
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Figure 4.7 Density distributions along Line 4 of the numerical results on RT250 mesh 

 

 

Figure 4.8 Density distributions along Line 5 of the numerical results on RT250 mesh 

  

4.3 Order Tests at the Reference Lines 

For the order test at Line 1, the post-shock region [0.9, 2.0] is considered to compute errors 

with the reference solution. The order test results are shown in Fig. 4.9, and FVM results are also  
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Figure 4.9 L2 error measured with density values at Line 1 

 

 

Figure 4.10 L2 error measured with density values at Line 2 

 

plotted together for comparison. For all schemes, order-of-accuracy is degraded from formal (𝑛 +

1)-th order accuracy for Pn approximation, and shows approximately 1st- to 2nd-order. However, 

the DG method still shows higher accuracy compared to FVM. DG-P3 hMLP has higher accuracy 

than DG-P2 hMLP, whereas DG-P2 hMLP_BD and DG-P3 hMLP_BD have no clear difference. 
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hMLP_BD has lower accuracy than hMLP when the grid size is large, but the difference decreases 

as the grid size becomes smaller. 

At Line 2, errors are measured in the post-shock region [0.9, 2.0], and the results are presented 

in Fig. 4.10. In this case as well, all schemes show approximately 1st- to 2nd-order accuracy, but 

still have higher accuracy than FVM. Similar to Line1, hMLP_BD has lower accuracy than hMLP 

when the grid size is large, but the difference is reduced when the grid size is small. 

At Line 3, which is located right after the shock wave and has severe shock-driven oscillations, 

errors are measured in [0.2, 0.6] to exclude discontinuities (see Fig. 4.11). It is shown that 

accuracy is clearly increased when the non-physical oscillations are removed by applying the 

filtering technique to Line 3. 

For the order tests at Line 4 and Line 5, errors are measured on the entire domain of each line 

(see Fig. 4.12, 4.13). The overall trend of the order test results at Line 4 and Line 5 are similar to 

those at Line 1 and Line 2 respectively. At Line 4, DG-P3 hMLP has higher accuracy than DG-

P2 hMLP, while DG-P2 hMLP_BD and DG-P3 hMLP_BD have no distinct difference. For both 

lines, hMLP_BD has lower accuracy than hMLP when the grid size is large, but this difference is 

reduced when the grid size is small. 
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(a) Non-filtered results 

 

 (b) Filtered results 

Figure 4.11 L2 error measured with density values at Line 3 
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Figure 4.12 L2 error measured with density values at Line 4 

 

 

Figure 4.13 L2 error measured with density values at Line 5 

 

4.4 Discussion on the Numerical Results 

In all reference lines, the formal order-of-accuracy of the DG method is not preserved in the 

post-shock regions, but the DG method still shows higher accuracy than FVM. One of the causes 
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of the order-of-accuracy degradation is non-physical oscillation generated by the shock wave 

located inside cells. Detailed analysis will be carried out in Chapter 5 to identify the causes of the 

order-of-accuracy degradation. 

Generally, DG-P3 hMLP has slightly higher resolution/accuracy than DG-P2 hMLP, but does 

not show significant differences. DG-P2 hMLP_BD and DG-P3 hMLP_BD have no clear 

difference in resolution/accuracy in general. 

hMLP_BD has lower resolution/accuracy than hMLP when the grids size is large. If the grid 

size becomes larger, the overall values of 𝜃𝑓  in Eq. (2.25) increase by definition. Then the 

troubled-boundary detector of hMLP_BD (Eq. (2.24)) determines many boundaries as troubles, 

and this causes the difference in accuracy between hMLP and hMLP_BD. This difference is 

resolved when the grid size becomes smaller. Even if the grid size decreases, the resolution 

difference of slip layer Kelvin-Helmholtz instability is not resolved. This seems to be due to the 

subcell Gibbs oscillations of hMLP amplifying Kelvin-Helmholtz instability. Meanwhile, 

hMLP_BD guarantees monotonicity at subcell level, while hMLP causes subcell Gibbs 

oscillations. 
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Chapter 5  

Analysis of Order-of-Accuracy Degradation 

 

5.1 Factors Affecting Order-of-Accuracy Degradation 

To identify the exact causes of order-of-accuracy degradation, factors that could affect order-

of-accuracy are considered: non-smooth region, shock, shock inside cells, and non-aligned shock. 

As described in Section 3.1, the exact initial profile of the vortex in the problem is non-smooth, 

which is C0-continuous for tangential velocity and C1-continuous for density. These non-smooth 

regions can cause order-of-accuracy differences with smooth problems. The presence of shock 

waves is also an important factor. As mentioned in Section 3.3.2, if a shock wave is located inside 

cells or not aligned with grids, non-physical oscillations occur, which may affect order-of-

accuracy. The inclusion relations of these factors are as follows. 

 

Non-smooth region ⊃ Shock ⊃ Shock inside cells ⊃ Non-aligned shock 

 

5.2 Additional Tests 

In order to examine the effect of each factor, additional test problems are set up in Table 5.1. 

The effect of each factor can be examined by carrying out these additional tests. 
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Table 5.1 List of the additional test problems 

 Non-smooth region Shock Shock inside cells Non-aligned shock 

Vortex Transport 

(Baseline) 
O X X X 

Vortex behind 

Stationary Shock 
O O X X 

Vortex behind 

Stationary Shock 

inside Cells 

O O O X 

Vortex behind 

Non-aligned 

Stationary Shock 

O O O O 

 

5.2.1 Vortex Transport 

Vortex transport problem is that a non-smooth vortex advances in the flow field without shock 

waves. The freestream condition is set equal to the downstream of the shock wave-strong vortex 

interaction problem. A strong vortex with 𝑀𝑣 = 0.9 is initially centered at (𝑥𝑐 , 𝑦𝑐) = (0.75,0.5), 

and the composite vortex model (Eq. (3.3)) is also used. Total computation domain is Ω =

[0,2] × [0,1] and target time is 0.7. This problem is set as a baseline and the schematic view is 

given in Fig. 5.1. 

The numerical test conditions are set as follows. 

 Spatial discretization method: DG-P2 and DG-P3 

 Shock capturing method: No limiter, hMLP, and hMLP_BD 

 Mesh: Regular quadrilateral meshes with ℎ =
1

50
,

1

100
,

1

200
, and 

1

300
 

For the numerical results, errors are measured with the exact solution at the target time. The errors 

are plotted in Fig. 5.2 and the order-of-accuracy calculated by least square method is also 

presented in Table 5.2. For all schemes, order-of-accuracy is degraded from formal (𝑛 + 1)-th 

order accuracy for Pn approximation, and its value is slightly above 2 at most. The cause of the 

degradation will be analyzed in Section 5.3. The accuracy is high in the order of no limiter, hMLP, 
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Figure 5.1 Schematic view of vortex transport problem 

 

 

Figure 5.2 L2 error measured with density values in vortex transport problem 

 

and hMLP_BD. For hMLP results, DG-P3 has slightly higher accuracy than DG-P2, but does not 

show significant difference. Meanwhile, DG-P2 hMLP_BD and DG-P3 hMLP_BD have no clear 

difference. These are consistent with the results of the shock wave-strong vortex interaction 

problem. 
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Table 5.2 Order-of-accuracy in vortex transport problem 

Numerical Scheme L2 order 

DG-P2 no limiter 1.950  

DG-P2 hMLP 1.954  

DG-P2 hMLP_BD 1.785  

DG-P3 no limiter 2.155  

DG-P3 hMLP 1.883  

DG-P3 hMLP_BD 1.785  

 

 

Figure 5.3 Schematic view of vortex behind stationary shock problem 

 

5.2.2 Vortex behind Stationary Shock 

Vortex behind stationary shock problem is that only a stationary shock wave is added to the 

baseline problem. The shock with 𝑀𝑠 = 1.5 is located at 𝑥 = 0.5 and exactly aligned with the 

cell interface. Upstream and downstream flow states are defined same as the shock wave-strong 

vortex interaction problem, and the vortex profile is set equal to the vortex transport problem. 

Total computation domain is Ω = [0,2] × [0,1] and target time is 0.7. The schematic view of the 

problem is in Fig. 5.3. 

The numerical test conditions are set as follows. 
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 Spatial discretization method: DG-P2 and DG-P3 

 Shock capturing method: hMLP and hMLP_BD 

 Mesh: Regular quadrilateral meshes with ℎ =
1

50
,

1

100
,

1

200
, and 

1

300
 

Errors measured in the post-shock region [0.6, 2.0] × [0,1] with the exact solution are shown in 

Fig. 5.4. In this problem as well, no scheme preserves the formal order-of-accuracy. Although a 

shock is added to the baseline problem, the order-of-accuracy is almost the same (see Table 5.3). 

This means that if the shock is located at the interface of cells, it does not affect the order-of-

accuracy. 

 

 

Figure 5.4 L2 error measured with density values in vortex behind stationary shock problem 

 

Table 5.3 Order-of-accuracy in vortex behind stationary shock problem 

Numerical Scheme L2 order 

DG-P2 hMLP 1.980 

DG-P2 hMLP_BD 1.793  

DG-P3 hMLP 1.821  

DG-P3 hMLP_BD 1.790  
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5.2.3 Vortex behind Stationary Shock inside Cells 

In this problem, a stationary shock is initially located inside cells, not at the cell interface. The 

shock with 𝑀𝑠 = 1.5  is located at 𝑥 = 0.5 + ℎ/2 , where ℎ  is the grid size. All other 

computational conditions are the same as the vortex behind shock problem, and schematic view 

of the problem is also same as in Fig. 5.3. 

The numerical test conditions are set as follows. 

 Spatial discretization method: DG-P2 and DG-P3 

 Shock capturing method: hMLP and hMLP_BD 

 Mesh: Regular quadrilateral meshes with ℎ =
1

50
,

1

100
,

1

200
, and 

1

300
 

Errors measured in the post-shock region [0.6, 2.0] × [0,1] are shown in Fig. 5.5. Overall, errors 

are larger than the vortex behind shock problem, and the order-of-accuracy of hMLP_BD is quite 

reduced (see Table 5.4). This is because the shock wave located inside cells generates non-

physical oscillations, which contaminates the quality of the flow field. 

 

 

Figure 5.5 L2 error measured with density values in vortex behind stationary shock inside cells problem 
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Table 5.4 Order-of-accuracy in vortex behind stationary shock inside cells problem 

Numerical Scheme L2 order 

DG-P2 hMLP 1.798 

DG-P2 hMLP_BD 1.398  

DG-P3 hMLP 1.864 

DG-P3 hMLP_BD 1.167 

 

5.2.4 Vortex behind Non-aligned Stationary Shock 

In this problem, a stationary shock is located along the regularly perturbed mesh. A stationary 

shock with 𝑀𝑠 = 1.5 is located at 𝑥 = 0.5, and the x-coordinates of the grid points are 0.5 ±

0.1ℎ, where ℎ is the grid size. The schematic for the shock and the mesh is non-aligned shock 

case in Fig. 5.6. All other computational conditions are the same as the vortex behind shock 

problem. 

The numerical test conditions are set as follows. 

 Spatial discretization method: DG-P2 and DG-P3 

 Shock capturing method: hMLP and hMLP_BD 

 Mesh: Regularly perturbed quadrilateral meshes with ℎ =
1

50
,

1

100
,

1

200
, and 

1

300
. 

Errors measured in the post-shock region [0.6, 2.0] are shown in Fig. 5.7. Errors are larger than  

the vortex behind shock problem, and in this case the order-of-accuracy of hMLP is reduced 

significantly (see Table 5.5). This is also due to numerical oscillations generated by the non-

aligned shock, which negatively affect the flow field. 
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Figure 5.6 Schematic of the positional relationship between the shock wave and mesh 

 

 

Figure 5.7 L2 error measured with density values in vortex behind non-aligned stationary shock problem 

 

Table 5.5 Order-of-accuracy in vortex behind non-aligned stationary shock problem 

Numerical Scheme L2 order 

DG-P2 hMLP 0.966 

DG-P2 hMLP_BD 1.527  

DG-P3 hMLP 0.804 

DG-P3 hMLP_BD 1.576 
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5.3 Effect of Each Factor on Order-of-Accuracy Degradation 

In order to determine the cause of the order-of-accuracy degradation in the vortex transport test, 

projection error is computed. Projection error occurs when the exact initial profile is projected 

onto Pn-polynomial space. According to the Section 3.1, the exact initial profile of the composite 

vortex model is C0-continuous for x-momentum. The exact profile and the projected profile of x-

momentum along a y-directional line passing vortex core at initial condition are compared in Fig. 

5.8, and we can observe clearly that the projection error occurs. 

For the baseline problem, a grid refinement test is conducted to measure the projection error 

using DG-P2 and DG-P3 approximations without limiters. The measured errors are plotted in Fig. 

5.9, and the order-of-accuracy obtained by least square method is also presented in Table 5.6. For 

density with C1-continuous profile, the order-of-accuracy shows 2nd- to 3rd-order, and for x-

momentum with C0-continuous profile, it shows 1st- to 2nd-order. Therefore, the formal order-

of-accuracy could not be achieved due to the projection error in problems with non-smooth profile. 

 

 

Figure 5.8 x-Momentum profile along a y-directional line passing vortex core at initial condition 
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Figure 5.9 L2 error measured with density and x-momentum values in the grid refinement test 

 

Table 5.6 Order-of-accuracy in the grid refinement test 

 DG-P2 DG-P3 

Density 

(C1-continuous profile) 
2.390 2.549 

x-Momentum 

(C0-continuous profile) 
1.568 1.520 

 

The order-of-accuracy measured in each test is summarized in Table 5.7, and the amount of 

order-of-accuracy differences with respect to the baseline test are also presented in parentheses. 

In the baseline test, formal order-of-accuracy is not preserved even when the limiter is not used. 

In this case, projection error mainly causes order-of-accuracy degradation. In the vortex behind 

stationary shock problem, although a stationary shock is added to the baseline test, the formal 

order-of-accuracy is almost identical. Thus, if the shock is located at the interface of meshes, it 

does not affect the order-of-accuracy. In the other two problems, the order-of-accuracy is reduced 

distinctly compared to the baseline test. This is because if the shock is located inside cells or not 

aligned with meshes, non-physical oscillations generated by the shock negatively affect the order-

of-accuracy. 



 

50 

 

Table 5.7 Order-of-accuracy measured in the test problems 

 
DG-P2 

hMLP 

DG-P2 

hMLP_BD 

DG-P2 

no limiter 

DG-P3 

hMLP 

DG-P3 

hMLP_BD 

DG-P3 

no limiter 

Vortex Transport 

(Baseline) 
1.954 1.785 1.950 1.883 1.785 2.155 

Vortex behind 

Stationary Shock 

1.980 

(+0.026) 

1.793 

(+0.008) 
- 

1.821 

(-0.062) 

1.790 

(+0.005) 
- 

Vortex behind 

Stationary Shock 

inside Cells 

1.798 

(-0.156) 

1.398 

(-0.387) 
- 

1.864 

(-0.019) 

1.167 

(-0.618) 
- 

Vortex behind 

Non-aligned 

Stationary Shock 

0.966 

(-0.988) 

1.527 

(-0.258) 
- 

0.804 

(-1.079) 

1.576 

(-0.209) 
- 
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Chapter 6  

Conclusions 

 

A qualitative and quantitative study on the performance of higher-order methods based on the 

DG method is conducted with the shock wave-strong vortex interaction problem. The DG-P2 and 

DG-P3 approximations with hMLP/hMLP_BD are applied to solve the problem in meshes of 

various sizes and types. The test results are analyzed in several ways with two-dimensional 

contours and solution distributions at the reference lines. Additionally, in order to identify the 

causes of order-of-accuracy degradation of higher-order methods, several additional tests are 

considered. 

Higher-order methods are able to resolve complex shock structure, vortex structure, and 

evolution of acoustic waves with less degrees of freedom than FVM. However, for all numerical 

schemes used in the tests, formal order of-accuracy is not preserved in the post-shock region. The 

DG method with hMLP/hMLP_BD has lower order-of-accuracy than 𝑛 + 1  for Pn 

approximation, but still has higher accuracy than FVM. 

The DG method using hMLP limiter successfully captures complex flow structures, but 

generates Gibbs oscillations at subcell level. The hMLP_BD limiter, which is an improved version 

of hMLP, not only describes complex flow structures, but also guarantees monotonicity at subcell 

level. However, it has a slightly lower accuracy compared to hMLP. Therefore, additional studies 

are needed to improve the accuracy of hMLP_BD while preserving its reliable subcell resolution 

properties, such as by designing a more elaborate troubled-boundary detector. 

In the additional test problems with non-smooth profile, formal order-of-accuracy is not 

preserved regardless of the numerical scheme, and all schemes have approximately 1st- to 2nd-

order accuracy. Firstly, Projection error that occurs when the exact initial profile is projected onto 
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Pn-polynomial space degrades order-of-accuracy in higher-order methods. In additional, non-

physical oscillations that are generated when a shock wave is located inside cells or not aligned 

with meshes also contaminate the flow field and reduce order-of-accuracy. Further studies are 

necessary to recover the degraded order-of-accuracy, which will achieve more accurate, efficient, 

and robust higher-order methods. 
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초  록 

본 연구에서는 고차 정확도 수치기법이 충격파를 동반한 압축성 유동 문제에서 

어떠한 성능을 갖는지 분석하였다. 이를 위해 충격파-강한 와류 상호작용 문제를 

불연속 갤러킨 (DG) 기법으로 해석하고, 수치기법들 간의 성능을 정성적 및 

정량적인 방법들로 분석하였다. 

본 문제에서 충격파-와류 상호작용 현상을 이차원 비섬정 유동으로 

모델링하였다. 충격파와 와류의 상호작용으로 인해 복잡한 충격파 구조, 와류 구조, 

음파의 발달과 같은 물리현상들이 발생한다. 비정상 수치해석 결과를 바탕으로 

유동의 물리현상을 관찰 및 분석하고, 고차 정확도 수치기법들의 결과를 비교할 

기준을 세울 수 있었다. DG 기법에 다차원 공간 제한자 기법 (MLP) 기반의 고차 

정확도 충격파 포착기법을 적용하여 다양한 종류와 크기의 격자들에 대해 본 

문제를 해석하였다. 그리고, 복잡한 유동 구조를 묘사할 수 있는 지와 유동의 

비정상 수치해를 평가함으로써 수치기법들을 비교 및 분석하였다. 

충격파-강한 와류 상호작용 문제에서 나타난 고차 정확도 수치기법의 정확도 

차수 (order-of-accuracy) 감소의 원인을 규명하기 위해 추가적 문제들을 

설정하였다. 이 문제들을 통해 각 요인이 정확도 차수 저하에 어떠한 영향을 

미치는지 파악할 수 있었다. 그 결과, 사영 오차와 충격파에 의해 발생한 진동이 

고차 정확도 수치기법에서 정확도 차수 저하의 주요 원인으로 밝혀졌다. 

 

주요어: 비점성 압축성 유동, 충격파-와류 상호작용, 고차 정확도 CFD 기법, 

불연속 갤러킨 기법, 충격파 포착 기법, 다차원 공간 제한 기법 

학번: 2016-20755 
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