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20 WWIIA| 1: (nfinitude of Prime Theorem)

There are infinitely many prime numbers.

SH T™WIIIA| 2: (Fermat’s Little Theorem)
If p

is a prime and a is an integer relatively prime to p. then

"' =1(mod p).
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112 Let a, b, ¢, d and n be integers with n > 0. If a=b
' (mod n) and ¢=d (mod n), then a+c=b+d (mod n).
113 Let a, b, ¢, d and n be integers with n > 0. If a=b
) ' (mod n) and ¢=d (mod n), then a—c=b—d (mod n).
15}
114 Let a, b, ¢, d and n be integers with n > 0. If a=b
' (mod n) and ¢=d (mod n), then ac=bd (mod n).
115 Let a, b, k, and n be integers with n > 0 and £ > 0. If
' a=b (mod n), then ak=bk (mod n).
Let a natural number n be expressed in base 10 as
1.18 | n=a,q,_, - a;aq,. Then if m=a;,+ a,_ |+ --+a, +a, then
n=m (mod 3)
Prove the existence part of the Division Algorithm.
199 (Hint: Given nand m, how will you define ¢? Once you
' choose this ¢, then how is » chosen? Then show that
<r<np-
253} ) e
Prove the uniqueness part of the Division Algorithm.
1.93 (Hint: If ng+r=nq’+r’, then ng—nqg’=r’—r. Use what
' you know about rand r’ as part of your argument that
9=9")
Exerc | (Euclidean Algorithm). Using the previous theorem and
ise | the Division Algorithm successively, devise a procedure
1.31 | for finding the greatest common divisor of two integers.
134 Let a and b be integers. If (a,b)=1, then there exist
' integers x and y such that ax+by=1.
1.38 Let @, b and n be integers. If (a,n)=1 and (b,n)=1, then
32z} ' (ab,n)=1.
Given integers a, b, and ¢ with a and b not both O,
1.42 | there exist integers x and y that satisfy the equation

ax+by=c if and only if (a,b)|c.
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Let a, b and ¢ be integers. Then the equation ax+by=c
has a solution if and only if (ab)lc. If z,, ¥y, is a

solution, that is, ax,+by,=c, then for every integer £,

. b a
1.47 | the integers x:xo—l-km and yzyo—km also
satisfy the linear Diophantine equation ax-+by=-c.
Moreover, every solution to the linear Diophantine
equation ax+by=c is of this form.
1.51 |If a and b are natural numbers, then gcd(a,b)lcm(a,b)=ab.
91 If n is a natural number greater than 1, then there exists
' a prime p such that p|n.
(Fundamental Theorem of Arithmetic (Existence Part))
Every natural number greater than 1 is either a prime
number or it can be expressed as a finite product of
27 prime numbers. That is, for every natural number n
greater than 1, there exist distinct primes p;,p,, ***, D,
=3} and natural numbers 7,7y ---,7, such that &=
=
Py,
(Fundamental Theorem of Arithmetic (Uniqueness Part))
Let » be a natural number. Let {p,,p, -*-,p,} and
{¢> G =+ g5} be sets of primes with p;#p; if i# and g
2.9 #q; if i#. Let {r,ry == r,} and {ty, 1y -t} be sets
of natural numbers such that n = p:’p? ptn" =
t, t t,
44y g Then m=s and {py; py, = P, }={q G " ¢, }-
Given (n+1) natural numbers, say a,,a,,---,qa, ,, all less
2.18 |than or equal to 2n, then there exists a pair, say a; and
. with i#f h th |a.
=3 a; with i#, such that ga,
Exerc .
ise R P
Show that is 7° irrational.
2.23

T '\a.l.'\-'_'l':'
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2.27

Let p be a prime and let ¢ and b be integers. If plab,
then pla or p|b.

2.34

Let k& be a natural number. Then there exists a prime
larger than k.

2.35

(Infinitude of Prime Theorem) There are infinitely many
prime numbers.

2.38

(Infinitude of 4k+3 Primes Theorem). There are infinitely
many prime numbers that are congruent to 3 (mod 4).

2.46

There exist arbitrarily long strings of consecutive
composite numbers. That is, for any natural number n
there is a string of more than »n consecutive composite
numbers.

(Describe technique) Let a, n, and rbe natural numbers.

Quest | Describe how to find a number k& (0 <k < n— 1) such
ion | that k£ = a'(mod n) subject to the restraint that you never
3.6 | multiply numbers larger than nand that you only have to

do about logy» such multiplications.
Suppose fix) = ax'+ta,—1x""'++ao is a polynomial of

3.13 | degree n>0 with integer coefficients. Then f{x) is a

composite number for infinitely many integers x.
Let n be a natural number. Any set, {ai, a», ***, a.}, of

3.17 | nintegers for which no two are congruent modulo n is a

complete residue system modulo n.

=3 (Chinese Remainder Theorem). Suppose n;, ny -, np are
positive integers that are pairwise relatively prime, that
is, (mypnj)=1 for i#j, 1<i, j<L. Then the system of L
congruences

3.28 X = al(mod l’ll)

x = ax(mod ny)
x = ay(mod nyp)

has a unique solution modulo the product nin,*ny.

- 115 - M =-TH



Let a and n be natural numbers with (¢, n) = 1. Then

4.4 | there exist natural numbers i and j with i#j such that a'
= 4 (mod n).
Let a and n be natural numbers with (¢, n) = 1, let k =
4.10 | ord,(a), and let m be a natural number. Then a”=1 (mod
n) if and only if k|m.
411 Let a and n be natural numbers with (¢, n) = 1. Then
' ord,(a)< n.
Let p be a prime and let ¢ be an integer not divisible
923} 413 | by p, that is, (@, p) = 1. Then {a, 2a, 3a, ***, pa}is a
complete residue system mod p.
Let n be a natural number and let x;, x, ... , xgmbe the
distinct natural numbers less than or equal to n that are
relatively prime to n. Let a be a non-zero integer
4.31 . . . . .
relatively prime to n and let i and j be different natural
numbers less than or equal to ¢(n). Then ax;Zax; (mod
n).
(Euler’s Theorem)If ¢ and n are integers with n > 0 and
4.32 ¢(”)_
(a, n) = 1, then a™"=1 (mod n).
Let p be a prime and let @ be an integer with 1 < a <
4.36 | p. Then there exists a unique natural number b less than
p such that ab =1 (mod p).
105
2+ (Converse of Wilson’s Theorem) If n is a natural number
A 4.42 _ . .
such that (n—1)! = —1 (mod n), then n is prime.
Let p and ¢ be distinct primes and £ be a natural
53 number relatively prime to (p—1)(¢—1). Then there are
' natural numbers D and y such that
ED=1 + y(p—1)(g—1).
(Lagrange’s Theorem). If p is a prime and f{x)=ax"+
6.3 @ X" ++ ap is a polynomial with integer coefficients
1% ’ and a,Z0(mod p), then fix)=0 (mod p) has at most n
2} non-congruent solutions modulo p.
6.4 Suppose p is a prime and ord,(a)=d. Then for each

natural number / with (i, d)=1, ord,(a')=d.
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Let p be a prime and suppose g is a primitive root

6.6 |modulo p. Then the set {0, g, g &, -, &'} forms a
complete residue system modulo p.
6.13 | If p and g are two different primes, then Zgb(d):pq.
dlpg
6.17 | Every prime p has ¢(p—1) primitive roots.
If n and m are relatively prime natural numbers, then
6.23
P(mn)=p(m)(n).
(Euler's Criterion) Suppose p is an odd prime and p
does not divide the natural number a. Then a is a
p—1
quadratic residue modulo p if and only if o * =1
(mod p)
125 7.9 |; and a is a quadratic non-residue modulo p if and only
2} =1
if o« ? =—1 (mod p). This criterion can be
abbreviated using the Legendre symbol:
p—1
= a)
« =|—] (mod p).
[3) a7
(Infinitude of 4k+1 Primes Theorem)
There are infinitely many primes congruent to 1 modulo
7.12 | 4. (Hint: If py, po, ***, p, are primes each congruent to 1

modulo 4, what can you say what each prime factor of
the number N=(2pp,...p,)*+1)
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(Infinitude of Prime Theorem) There are infinitely many prime
numbers.

ELD

2.34. Theorem. Let k be a natural numbers. Then there exists a prime larger
than .

2.38. Theorem (Infinitude of 4k+3 Primes Theorem). There are infinitely many

prime numbers that are congruent to 3 (mod 4).
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(Fermat’s Little Theorem)

If p is a prime and a is an integer relatively prime to p, then
a?" Y = 1(mod p).

B

1.38. Theorem. Let ¢, b and n be integers. If (a,n)=1 and (b,n)=1, then
(ab,n)=1 .

1.40. Theorem. Let a, b, ¢, and n be integers with #>0. If ac=bc (mod
n) and (¢, n)=1, then a=b(mod n).

4.5. Theorem. Let a, b, ¢ and n be integers with n>0. If ac=bc(mod n)
and (¢, n)=1, then a=b(mod n).

4.14. Theorem. Let p be a prime and let a be an integer not divisible by
p. Then a2a-3a>*(p—1)a = 1:2:3-+(p—1) (mod p).

4.16. Theorem. (Fermats Little Theorem, Version II). If p is a prime and
a is an integer, then o’=a (mod p).

4.25. Lemma. If p is prime and i is a natural number less than p, then

p divides (ZZ’)

4.32. Theorem. (Euler’s Theorem) If @ and » are integers with #>0 and
(a, n)=1, then a®’=1 (mod n).
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F24: FAE S| B2 3597 AAH| B

SHA | 1=AF | 25FAF | 3R | 453 | 553 | 62F | 85AF | 9=AF | 1057AF | 11523) | 12523
A 8.6675 | 8.9175 | 8.5825 | 8.5825 | 8.9575 | 8.3325 | 8.8775 | 8.915 8.5 8.5025 | 8.165
B 8.71 | 8.9575 8.5 9.04 | 8.9175 | 8.8325 | 8.8325 | 8.665 | 8.7075 | 8.665 | 9.0825
C 7.96 | 8.2163 | 8.9175 9 6.915 | 8.3325 | 8.2163 | 8.75 8 8.165 | 8.2925
D 8.75 | 8.5017 | 8.4175 | 8.9175 | 8.5425 | 8.7475 | 8.5567 | 8.25 8.915 | 8.585 9.25
E 8.25 | 8.3317 | 7.8325 9 7.8325 | 8.665 | 7.245 | 8.7925 | 8.7075 | 8.8325 | 8.915
F 9 8.75 7.915 8.75 7.915 | 87525 | 8.21 8.42 | 8.8325 | 8.4975 | 9.22
G 9 8.5833 | 9.0825 | 8.5825 | 7.915 | 8.915 | 9.0825 | 8.9175 | 8.8118 | 8.8325 | 9.2075
H 8.9175 | 8.3333 | 8.7475 | 8.5825 | 9.0425 | 8.7475 | 7.7525 | 8.8325 | 8.2767 | 8.0825 | 9.1225
[ 8.9575 | 9.25 | 9.0825 | 8.83 8.665 9 9 8.915 | 8.9975 | 8.9481 | 8.8325
J 9 8.875 9 8.835 | 8.915 | 9.165 | 87075 | 8.9175 9 9.0825 | 9.08
K 8.7925 | 8.3342 | 8.5825 | 8.7475 | 8.7475 9 8.33 | 84175 | 8.75 | 8.8867 | 7.125
L 9.125 | 8.8325 8.5 9.0825 | 8.4575 | 8.75 | 8.8325 | 8.7075 | 9.165 | 8.9175 9
M | 7.7525 | 8.9158 | 8.5825 | 9.0825 | 8.75 8.25 8.96 9 8.1675 | 8.0825 | 8.9575
N 8.8325 | 8375 | 89175 | 7.75 | 9.1675 9 9.1667 9 8.9575 | 8.6633 | 8.3333
©) 8.7475 | 8.6658 9 8.5825 | 7.8325 | 8.75 | 7.9175 | 8.415 | 9.0425 9 8.8325
P 8.4175 | 8.7483 9 1.75 8.915 | 9.0825 | 9.6675 9 8.4175 | 8.83 9
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FE5: FaPE S0 B FEHI =gd4 Mg B

S | 173 | 233 | 333 | 4FA | 5FA | 65 | 8%% | 97 | 10FF | 11FF | 1273
A 1 4.6675 |4.9175 |4.8325 |4.4175 |5 4.3325 | 4.335 4.5 4.3325 | 4.585 4.1675
B |4.875 4.75 4.5 48325 |5 4.8325 | 4.8325 | 4.665 4.5825 | 4.5 4.875
C |4.25 4.3644 | 4.75 5 3.415 4.5 4.3644 | 4.8325 | 4.085 4.3325 | 4.5
D |5 4.4167 |4.335 | 4.75 4.375 4.665 4.3333 | 4.4175 | 4.75 4.5825 | 4.75
E |4.75 44992 |4 5 4.0825 | 4.5 3.665 5 4.5825 | 4.8325 | 4.8325
F |5 4.5825 |3.915 |4.6675 |3.915 5 4.4175 | 4.585 4.8325 | 4.415 5
G 49175 |45 49175 | 4.5 4.0825 |4.8325 |5 5 4.75 4.75 5
H |4.75 4.25 4.5825 |4.8325 |5 4.665 3.9175 | 4.8325 | 4.22 4.3325 |5
[ 5 5 5 4.8325 | 4.665 5 48325 |4.8325 |4.8325 |4.8883 |4.8325
J 5 5 49175 | 4.75 4.8325 |5 4.5 5 4.8325 |5 4.8325
K | 4.875 4.5 4.3325 | 4.415 4.6675 |4.8325 |4.3325 | 4.6675 | 4.6675 | 4.7767 | 3.5
L |5 4.8325 | 4.5 ) 4.5 4.8325 | 4.665 47075 | 4.75 49175 |5

M |4.335 4.8325 | 4.5 ) 4.8325 | 4.4175 | 4.875 5 4.3325 |4 4.8325
N |4.5825 |45 5 3.8325 [4.8325 |5 5 5 4.8325 | 4.5533 | 4.3333
O ]4.665 4.665 ) 4.585 4 4.75 4 4.5825 | 4.875 ) 4.5
P 145 49167 |4.8325 |4.335 48325 |5 5 5 44175 |4.8325 |5
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$E6 A GYBo) e SRV YR 5 B

sl | 174 | 254 | 3% | 43R | 55 | 654 | 85A | 954 | 1074 | 1FA | 12574
A |3 29175 | 2.5 28325 | 2.7925 | 2.9175 |3 3 29175 | 2.9175 | 2.75

B |2835 |29167 |3 3 271 |2835 |3 3 29175 |3 3

C |2585 |27689 |2.9175 |3 25 275 | 27689 | 2.9175 |2.8325 |2.75 | 2.6675
D |275 |29175 | 29175 |2.7925 | 23835 |3 289 | 28325 |3 2835 |3

E |25 275 | 25825 |3 075 | 29175 |2.3325 | 27925 | 2.875 | 29175 |3

F |3 3 3 29175 | 2.835 | 27525 |2.625 |2.835 | 29175 |3 2,89

G |3 2875 | 29175 | 29175 | 275 |3 3 27925 | 2917 | 29175 |3

H |29175 | 28342 |3 26675 | 2.7925 |3 95425 |3 289 | 275 | 2.8325
I 2875 |28342 |3 28325 |2.875 | 29175 |3 3 3 2:9076 | 9835
1 29175 [2875 |3 29175 |2.835 |3 29175 | 2835 |3 275 |3

K |29175 |27517 |3 3 27075 | 2.9175 |2.8325 | 275 |3 3 24175
L |2875 |3 275 |3 2875 | 2835 |3 3 3 3 3

M | 24175 |3 3 3 29175 | 275 | 29175 |3 2835 |3 29175
N |3 27925 |2.835 | 27925 |2.835 |2.89 |3 3 3 3 26667
BE 29175 | 29175 |2.75 |2.75 | 2.8325 |2.7525 |2.8325 |3 29175 |3

P 275 |27492 |2.90175 |2.3325 |3 3 2875 |3 29175 |2.8325 |3
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BET7. 38 FAYTo| B

L FEHI} A

3 Ao Bl

Sy | 173 | 23R | 333 | 4% | 5FA | 673 | 8%% | 9F% | 1057 | 1FF | 1273
A |1 1.0825 | 1.25 1.3325 | 1.165 1.0825 | 1.5425 | 1.415 1.25 1 1.2475
B |1 1.2908 |1 1.2075 | 1.2075 | 1.165 1 1 1.2075 | 1.165 1.2075
C | L125 1.0831 | 1.25 1 1 1.0825 | 1.0831 |1 1.0825 | 1.0825 | 1.125
D |1 1.1675 | 1.165 1.375 1.3325 | 1.0825 | 1.3333 |1 1.165 1.1675 | 1.5
E |1 1.0825 | 1.25 1 1 1.2475 | 1.2475 |1 1.25 1.0825 | 1.0825
F |1 1.1675 |1 1.165 1.165 1 1.1675 |1 1.0825 | 1.0825 | 1.33
G |1.0825 |1.2083 |1.2475 |1.165 1.0825 | 1.0825 | 1.0825 | 1.125 1.1448 | 1.165 1.2075
H | 125 1.2492 | 1.165 1.0825 | 1.25 1.0825 | 1.2925 |1 1.1667 |1 1.29
[ 1.0825 | 1.4158 | 1.0825 | 1.165 1.125 1.0825 | 1.1675 | 1.0825 | 1.165 1.1520 | 1.165
J 1.0825 |1 1.0825 | 1.1675 | 1.2475 | 1.165 1.29 1.0825 | 1.1675 | 1.3325 | 1.2475
K |1 1.0825 | 1.25 1.3325 | 1.3725 | 1.25 1.165 1 1.0825 | 1.11 1.2075
L 1.25 1 1.25 1.0825 | 1.0825 |1.0825 | 1.1675 |1 1.415 1 1
M |1 1.0833 | 1.0825 |1.0825 |1 1.0825 | 1.1675 |1 1 1.0825 | 1.2075
N | 125 1.0825 | 1.0825 | 1.125 1.5 1.11 1.1667 |1 1.125 1.11 1.3333
O | 10825 |1.0833 |1.0825 |1.2475 |1.0825 | 1.1675 | 1.165 1 1.1675 | 1.0825 | 1.3325
P | 11675 | 1.0825 | 1.25 1.0825 | 1.0825 | 1.0825 | 1.7925 |1 1.0825 | 1.165 1
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[F28: T TE8H7} A5 dAXE]

Shal 15k 2=} 3=}

1.12 1.13 1.14 1.15 1.18 1.22 1.23 1.31 1.34 1.38 1.42 1.47
A 1 1 0.929
B
C 0.991 0.892
D 1 0.989
E 0.989 0.908
F 1
G 0.989 0.984 | 0.980
H 0.934
[ 1
J 1 0.989
K 0.851 0.987 | 0.934
L 0.947 1
M 1 0.947 0.989
N 0.991 0.984 1
©) 0.960 0.947 | 0.991
P 0.989 1 0.974 1
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o 172 553} =
1.51 2.1 2.7 2.9 2.18 2.23 2.27 2.34 2.35 2.38 2.46

A 0.889 0.989

B 0.991

C 1 0.947 1

D 1 0.947

E 0.947 0.989
F 0.991

G 0.947 1

H 0.964 0.987

[ 0.947 1 0.991
J 1 0.861 1
K 0.892 0.989

L 0.991

M 0.989 0.991 0.885 0.947

N 1 0.991 1
0) 0.846 0.923 0.968 1

p 0.750 1 1
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s 8=} 9=k 105
3.13 3.17 3.28 4.4 4.10 4.11 4.13 4.31 4.32 4.36 4.42 5.3
A 0.789 0.959
B
C 0.500
D 0.959
E 1 0.934 0.991
F 0.987 0.918 0.991
G 1
H 0.667 0.960
[ 1 0.987 1
J 0.667 0.984 0.947 0.987
K 0.947 0.947 1 1
L 0.987 | 0.947 1 0.989
M 1 0.960
N
©) 0.989
P 0.987 1
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s 114} 1252}

6.3 6.4 6.6 6.13 6.17 6.23 7.9 7.12
A 0.923
B 0.989
C 0.947
D 0.960 0.987
E 0.984 1
F 1
G 0.989 0.989
H 1 0.947 0.989 0.991
[
J 0.984 | 0.986 0.947 | 0.989 0.989
K 1 0.214
L 1 1
M 0.316 0.923 | 0.947
N 0.947
©) 0.984 1 0.989
P 1 1
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ABSTRACT

A study on reliability and validity of

online proof peer assessment

Oh Yaerin
Department of Mathematics Education
The Graduate School

Seoul National University

Despite of the importance of proof learning, research has been reported that
not only secondary school students but also undergraduate students have
difficulties on learning proofs. Especially in the mathematics major course,
therefore, we can consider new tool for proof learning. Peer assessment is
an activity students assess each others’ work. Peer assessment has been
applied in university courses mainly on writing task or practical task. It has
been found that peer assessment improves teaching-learning and has various
effects in the level of department and university as well. On the other hand,
there are few study which use peer assessment in undergraduate mathematics
courses.

Even though there are wvarious benefit of peer assessment, why peer
assessment is not used often in undergraduate mathematics courses? The
main reason would be that we are not convinced that peer assessment
results are reliable because students are lack of background knowledge and
assessment experience. By the way, no research has been explored reliability

and validity of proof peer assessment. In this research, thus, we explore
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reliability and validity of peer assessment.

In the <Number Theory> course of a university in Seoul, peer assessment
has been administered as a weekly assignment for preview. Each week,
students were asked to construct proofs and submit them before learning the
mathematical contents and four theorems among them were chosen for peer
assessment. Students assessed proofs constructed by three different peers of
cach theorem. While assessing peers’ proofs, students scored logical
reasoning, clarity and novelty of the proofs following the rubric given by
the professor. All the process of peer assessment including submitting
proofs, matching assessors and assessees, assessing proofs and returning the
assessment results to the assessee has been worked on an online peer
assessment system called Classrpep.

First, reliability of proof peer assessment has been discovered based on
the results of proof peer assessment by the students. A reliability of an
assessment can be explored in three different ways—equivalence, consistency
and stability. Research data of this study includes results by only one group
of students, so stability cannot be examined in this research. To explore
reliability of proof peer assessment, therefore, only equivalence and the
reliability have been examined.

Second, validity of proof peer assessment has been discovered. To
examine validity of peer assessment, we check whether students assessment
is similar to expert assessment. To check validity, the researcher designed
‘Proof Assessing Task 1’ and ‘Proof Assessing Task 2’ and asked students
and experts to perform the tasks.

As a result, the equivalence has been quite high but the consistency has
been low. High equivalence means the peer assessment result is similar
regardless of assessors. Thus we can dispel worries that the result might be
different depending on assessors. Low consistency, meanwhile, indicates the

peer assessment scores of each students across the semester is not consistent
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but changing. Considering that students are learning proving during the
semester, consistency of peer assessment is not something critical to the
reliability of the assessment. Thus we cannot conclude low consistency
means low reliability of the peer assessment.

According to the analysis of student assessment and expert assessment
results, students’ assessing performance on logical reasoning was similar to
the experts’ but students’ assessing performance on clarity and novelty was
very different to the experts’ in the middle of the semester. After the
semester ends, students’ assessing performance on all of the three criteria—
logical reasoning, clarity and novelty—was similar to the experts’ assessing
performance. This results show that the validity of the proof peer assessment
was low at the beginning and the middle of the semester, but the validity
became high at the end of the semester. Since students became to assess
similar to the experts as time goes by, we could conjecture that
students’perspective on proof became more similar to the experts’

perspective.
Keywords: proof, peer assessment, reliability, validity

Student Number: 2015-23057
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