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Abstract

Guidance Laws to Control Impact Angle and Time

for Missiles with Field-of-View Constraint

Hyeong-Geun Kim
Department of Mechanical and Aerospace Engineering
The Graduate School

Seoul National University

Homing guidance aims at guiding a missile to its intended target using information
acquired from an on-board seeker. In real applications of homing guidance laws, a field-of-
view restriction of the missile seeker is a significant issue because maintaining the seeker
lock-on condition is an important task for acquiring the target information. Especially,
when implementing advanced guidance laws to impose terminal constraints on impact angle
and time, considering the field-of-view constraint is particularly essential since the curved
trajectory may let the seeker’s look angle exceed the confined field-of-view limit.

This dissertation presents guidance laws whose contributions are classified into three
parts: 4) impact angle control guidance law with the field-of-view constraint, i) impact
time control guidance law with the field-of-view constraint, and 7ii) impact angle and time
control guidance law with the field-of-view constraint.

First, an impact angle control guidance law that confines the missile look angle during
homing in order not to exceed a seeker’s field-of-view limit is proposed. A sliding surface
variable whose regulation guarantees the interception of a stationary target at the desired
impact angle is designed, and the guidance law is derived to make the surface variable go
to the sliding mode. Using a magnitude-limited sigmoid function in the surface variable,
the proposed law prohibits the look angle from exceeding the specified limit during the
entire homing. This capability to confine the missile look angle is valuable when a seeker’s

field-of-view is restricted, since imposing the terminal impact angle constraint demands the
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missile to fly a curved trajectory. Furthermore, the proposed law only needs the line-of-sight
angle and look angle among the target information. Thus, the proposed law can easily be
implemented into a homing missile equipped with a structurally simple passive strapdown
seeker. Theoretical analysis in this part indicates that the proposed law accomplishes the
impact angle constraint without violating the look angle limit although it only uses the
information of bearing angles.

Second, a guidance law that achieves the desired impact time without violating the
seeker’s field-of-view limit is presented. For the development of the law, kinematic conditions
for impact time control are defined, and the backstepping control-based approach is adopted
for the satisfaction of the conditions. The missile look angle is utilized as a virtual control
input for the backstepping structure, and its magnitude is limited by a prescribed limit by
restricting the controller gain. Consequently, the impact time constraint can be achieved
with satisfying the look angle limit under the proposed law. Since few papers considering
the field-of-view limit under the impact time control are available in open literature, the
capability to confine the seeker’s look angle with achieving the desired impact time is the
main contribution of this part.

Finally, a guidance law for impact angle and time control with taking into account
the field-of-view constraint is developed. Basically, the law in this part is formed as a
look angle-limited impact angle control guidance law that has an additional guidance gain.
Since the length of the trajectory under this law is calculated as a function of this gain, the
terminal impact time can be controlled by adjusting the gain. As a result, the proposed
guidance law in this part can intercept the stationary target at the desired impact angle
and time with satisfying the field-of-view limit. The proposed law is expected to achieve
the accurate performance in real applications owing to its closed-loop structure without
using any numerical routine such as off-line optimization or the shooting method.

To evaluate the performance of the proposed laws, numerical simulations are conducted
for each part. The results demonstrate that the proposed laws accomplish the desired

terminal tasks with preventing the look angle from exceeding the prescribed limit.
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Introduction

1.1 Background and motivations

The deployment of precision-guided munitions (PGM) is essential in modern warfare in
order to augment lethality against enemy forces and minimize collateral damage. Guided
missiles are the most representative PGM, and have been utilized for a great deal of warfare
since its development in World War II. For an accuracy of the guidance, a manner of guiding
the missile to the intended target, referred to as missile guidance, is necessary. Especially,
as the missile approaches the target, a guidance method called homing guidance where the
missile with on-board seeker autonomously yields the command to its own control surface
is effective in improving the measurement accuracy.

Proportional navigation (PN) guidance, given the primary objective of the missile is to
intercept the target with zero miss distance, has been widely used as one of the well-known
homing guidance [1]. PN guidance is based on the property that the pursuer maintaining
a constant line-of-sight (LOS) is on the collision path against the target. Thus, simply

structured to nullify the LOS rate with a proportional gain called navigation constant,



PN guidance is able to achieve the interception. Furthermore, PN guidance with a nav-
igation constant of three has optimality for minimizing the steering energy and terminal
miss distance against the stationary target [2]. Namely, PN guidance yields satisfactory
performance with the simplicity in implementation.

Advances in anti-air defense systems, such as close-in weapon system (CIWS) or elec-
tronic countermeasure (ECM), pose a great challenge in increasing lethality and surviv-
ability of the homing guided missiles. Simple PN guidance with a fixed navigation constant
is insufficient for overcoming the defense systems since its only goal is to nullify the zero
effort miss. In this regard, to enable the execution of an additional task for incapacitating
the defensive system of the target becomes an important issue.

To impose terminal constraints such as impact angle and time would be an effective
solution against the defensive system. Control of the impact angle enables the missile to
select the desired collision way at the terminal stage of the homing so that the destruction to
the weak point of the armored target can be fulfilled. Imposing the impact time constraint
can also be a useful strategy because it facilitates a salvo attack in which multiple missiles
attack the same target simultaneously. Since the self-defensive system on the ship is limited
in the number of missiles it can defend simultaneously, the survivability of each missile is
enhanced. For these reasons, there have been plenty of studies about impact angle control
guidance [3-22] and impact time control guidance [23-34]. Much research on the guidance
laws that involve both impact angle and time constraint is also available in open literature
[35-40].

For the successful homing guidance, the seeker’s lock-on to the target should be main-
tained until the interception because the guidance state information is acquired from the
on-board seeker. Under PN guidance, the seeker look angle continually decreases as the
missile approaches the stationary target since the LOS rate is forced to be nullified, so
there is no need to seriously consider the maintenance of the lock-on condition.

On the contrary, the implementation of advanced guidance laws involving impact angle

and time constraints requires the careful consideration of the seeker’s field-of-view (FOV)



limit because the curved trajectory may let the seeker’s look angle exceed the confined
FOV limit. In particular, when the missile is equipped with a strapdown seeker which has
a narrow FOV compared with a gimbal seeker, this consideration is an essential task in
terms of maintaining the seeker lock-on condition. As a result, for the successful homing
guidance against targets having defensive systems, it is effective to develop guidance laws
that takes into account the FOV limit with terminal constraints such as impact angle and

time.

1.2 Literature survey

In this section, the survey of books, papers, and other resources associated with this research
is presented. The related studies are classified into the following three parts considering the
subjects of this dissertation: i) impact angle control guidance, ii) impact time control

guidance, i77) impact angle and time control guidance.

1.2.1 Impact angle control guidance

Fulfillment of the impact angle is a significant requirement for land-attack or anti-ship mis-
siles because it allows the missile to attack the weak point of an armored target by adjusting
the collision direction. For anti-air missiles, imposing the impact angle constraint would also
be an effective strategy owing to its capability to determine the collision geometry. Over
the past few decades, many guidance laws that impose the terminal impact angle have been
developed by virtue of these advantages since the first attempt in |3]|. Particularly, various
recent studies about impact angle control guidance focuses practical issues such as limited
field-of-view (FOV) constraint or restriction of available target information. In accordance
with the main topic of this dissertation, FOV-constrained guidance laws, the survey of this
subsection also concentrates on the impact angle control guidance laws considering FOV
limit.

The previous works about impact angle control guidance considering the confined FOV



limit can be classified into two categories of methods based on linearized dynamics [12-15]
and nonlinear approaches [16-20]. In common linear methods, the guidance law is designed
as a polynomial form of time-to-go or relative range. In |12, a guidance law made up
of time-to-go polynomial is developed in order to achieve the desired impact angle with
zero terminal command. With linearization of the flight path angle, the entire look angle
profile of the closed-loop under the law in [12] is obtained as a polynomial form, which
enables the user to modulate the maximum magnitude of missile look angle by adjusting
a set of gains in advance. A guidance law in [13] is formulated as a sum of the time-to-go
polynomial guidance command of [12] and an additional term proportional to the cross
range. In this way, the homing missile moves with an oscillatory trajectory normal to the
desired collision course, which allows the target observability to be enhanced compared
with the conventional time-to-go polynomial guidance. Like the work in [12], adjusting the
polynomial gains beforehand also enables to confine the maximum missile look angle [13].

Unlike the laws in [12] and [13] explained above, which pre-calculate the maximum
magnitude of the look angle based on the closed-loop trajectory solution, a guidance law
in [14] directly handles the look angle constraint during the homing phase by adopting
the optimal control theory. Utilizing the optimal control theory considering the inequality
constraint of the state variable given by [41], the law in [14] can prevent the seeker look
angle from exceeding the prescribed value. As an advanced version of the work in [14], a
range-to-go weighted optimal guidance law is developed in [15]. Similar to [14], the optimal
control theory is applied considering the state variable inequality constraint in order to
fulfill the impact angle control guidance without violating the FOV limit. The range-to-go
is additionally multiplied in the performance index of the control energy, so the terminal
command converges to zero unlike the law in [14].

The laws in [12-15] mentioned above, derived based on the linearized engagement kine-
matics, require the knowledge of the relative range between the missile and target because
all these laws are expressed as functions of time-to-go or range-to-go. When the missile
system is equipped with a passive sensor such as an infrared seeker or a passive sonar,
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however, the range information is difficult to measure in real time. In this regard, several
nonlinear guidance laws utilizing the characteristics of the pure proportional navigation
(PPN) guidance or biased pure proportional navigation (BPPN) guidance which does not
require the accurate measurement of the relative range have been proposed.

Multi-phase composite guidance scheme, whose capability to control the terminal impact
angle is studied by the authors in [21] and [22], switches the navigation constant or biased
term during the homing in order to achieve the desired tasks. Based on this multi-phase
structure, several impact angle control guidance laws involving the FOV constraint are
addressed. The authors in [16] propose a two-phase guidance scheme composed of the PPN
guidance and BPPN guidance. Since the closed-loop solution under the two-phase law is
obtained in this paper, the desired duties of satisfying the terminal impact angle without
violating the look angle limitation can be accomplished by adjusting the integral of the bias
profile. However, a selection of the bias profile is proceeded by trial and error in order not
to violate the limited FOV condition because a specific condition for limiting the look angle
is not given analytically in this work. As an improved version of the law in [16], two types
of laws, i.e. switched-gain PPN (SGPPN) and switched-bias PPN (SBPPN), are designed
in [17]. These two laws provide specified conditions that guarantee the satisfaction of the
look angle constraint, so the desired tasks can be achieved more readily compared with the
law in [16]. The study in [18] deals with not only the look angle constraint but also the
acceleration command limitation by developing a BPPN guidance law that switches the
bias term. The designed BPPN law with the navigation constant of N > 2 also achieves
zero terminal command since the bias term converges to zero at the terminal stage. The
work in [19] proposes a look angle constrained guidance law that considers the limited
acceleration constraint. Similar to the works in [16] and [17], the navigation gains for
satisfying the desired constraints are calculated by numerical solving. By the fact that the
PPN with N = 1 maintains the look angle as a constant, the switched-gain PPN law in [20]
satisfies the constraints on the impact angle and look angle with a change of the navigation

constant from N =1 to N = N, > 2.



The above composite guidance laws in [16-1820] except for [19] do not involve the
range information in their command. Although the law in [19] requires the knowledge of
relative range for embodying the switching scheme, the measurement of the range is not
necessary for its implementation since an observer estimating the range is also developed
with the guidance law. Therefore, the laws in [16-20] are useful when the guided system
is equipped with a passive sensor or jammed by an electronic attack such as an electronic

countermeasure (ECM) because the range information is not required.

1.2.2 Impact time control guidance

The impact time control is an effective strategy, for it facilitates a salvo attack where
multiple missiles attack the same target simultaneously. Since the self-defensive system on
the ship is limited in the number of missiles it can defend simultaneously, the survivability of
each missile is enhanced in salvo attack. That is, control of the impact time when employing
multi missiles can allow lethal attack despite the presence of the anti-air defensive system.

One of the initial efforts that assign the impact time constraint to the missile guid-
ance law is given by [23]. The authors of [23] formulate the linearized suboptimal problem
constrained by the terminal miss distance and desired impact time. The closed-form solu-
tion of the proposed problem, which is utilized as the guidance command, is obtained as a
combination of PN guidance law and the feedback term that aims to regulate the impact
time error. In [24], a cooperative PN-based guidance law using time-varying navigation
gain is designed. The proposed law conjugates a concept of time-to-go variance, thereby
enabling multiple missiles to perform many-to-one engagement without specified desired
impact time. The laws in [23] and [24] are derived based on the linearized engagement
dynamics with the small angle assumption. The accuracy of such guidance laws can be
deteriorate under the presence of influential nonlinearity such as large heading error.

The authors of [25H30] design impact time control guidance laws based on the nonlin-
ear engagement dynamics for ensuring the performance under diverse engagements. The

guidance laws in [25-28] fulfill the impact time control by letting the estimated time-
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to-go converge to the desired time-to-go. These laws can guarantee a wide range of the
capture region with an acceptable command in virtue of their exact formulation without
linearizations. Especially, the laws in [26] and [27] are extended to engagements involving a
non-stationary and non-maneuvering target using the concept of the predicted interception
point (PIP) method first represented in [26]. In [29], an expected impact time is accurately
calculated using the beta function, and a guidance law is developed to make the expected
impact time equal to the desired impact time. Expressions of the achievable minimum and
maximum impact times are also derived based on the analysis of the proposed law. The
work in |30] combines the PN guidance law and a feedforward control term composed of the
impact time error based on nonlinear formulation. Similar to [26] and [27], the law in [30]
is also extended to a non-stationary moving target utilizing the PIP technique.

Taking advantage of the explained impact time control guidance laws allows the multiple
missiles to carry out a salvo attack that can incapacitate the defensive system of the target.
In the implementation, however, there is the possibility that the missile loses the target from
the seeker’s FOV since imposing the impact time constraint may give rise to the curved
trajectory of the missile. Therefore, an impact time control guidance law that considers
the seeker’s FOV limit is required from the implementation point of view. There are some
studies that consider the FOV limit as well as the impact time constraint [31-34].

In |31], a switching logic that keeps the missile look angle within the maximum limit is
proposed. Applying this logic to the impact time control guidance law of [23], the guidance
scheme developed in [31] can prevent the look angle from exceeding the seeker’s FOV
limit. However, the switching logic-based law brings about a sudden change in its guidance
command, which is undesirable from a practical point of view. To overcome this drawback,
the authors in [32] and [33] utilize a continuous cosine-based function to limit the look
angle without using the switching logic. Especially, the law presented in [33] can keep the
look angle from violating the maximum FOV limit in the presence of uncertain autopilot
lag. In |34], an impact time control guidance law that ensures the monotonic decrease of

the look angle is proposed. Thereby, the look angle does not exceed the initial value during



the entire homing phase, so the constraint on FOV is also satisfied by letting the initial

look angle be within the maximum bounds.

1.2.3 Impact angle and time control guidance

A salvo attack with fulfilling the impact angle control enhances effectiveness of the coopera-
tion since each missile can aim at weak parts of the target. It also prevents from the missiles
colliding each other owing to the capability to adjust the collision directions. Despite these
advantages of controlling the impact angle and time simultaneously, there are not many
related studies while much research that only considers the impact angle or impact time is
available in open literature.

One of the pioneering works that involve the terminal impact angle and time constraint
is addressed in [35]. In this work, an impact angle control law is designed based on the
optimal control theory and extended into an impact angle and time control law by using a
time-to-go estimation. The guidance law proposed in [36] is a downrange-based polynomial
function with three coefficients. The coefficients are calculated to satisfy the desired ter-
minal constraints: zero miss distance, desired impact angle, and desired impact time. The
laws in [35] and [36] are designed based on the linearized engagement dynamics under the
small angle assumption of the missile flight path angle. Although the linearization makes
it easier to derive and analyze the guidance laws, the performance of such guidance laws
can be degraded in the engagement situations when it is difficult to apply the small angle
assumption.

To guarantee the guidance performance under various engagement situations, other
guidance laws derived from nonlinear engagement dynamics have been proposed. In [37],
sliding mode control (SMC) is used for deriving the guidance law against a non-stationary
target. The impact angle is constrained by tracking the desired LOS angle using second-
order SMC. The profile of the desired LOS angle involves the extra parameter which is
tuned to satisfy the impact time constraint through off-line optimization. The authors

in |38 propose the optimal guidance law to satisfy the impact angle and time constraints.
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The guidance law is derived by solving a two-point boundary value problem (TPBVP) with
constraints based on a nonlinear engagement kinematics. PN-based guidance laws presented
in [39] takes into account a practical requirement such as FOV and acceleration limit as
well as the impact angle and time constraints. The guidance parameters for achieving
the designated tasks are found by a numerical routine. The laws in [37-39] satisfies a
wide range of the capture region owing to their capability to handle nonlinearity. For
the implementation, however, an optimization routine is required, which demands longer

computation time in comparison with the analytic approaches.

1.3 Research objectives and contributions

This dissertation proposes field-of-view constrained guidance laws whose contributions are
divided into three parts: i) impact angle control guidance law, i) impact time control
guidance law, 7i7) impact angle and time control guidance law. In this section, the research

objectives and contributions of each part are described.

1.3.1 Impact angle control guidance law with field-of-view con-

straint

This part proposes an impact angle control guidance law that restricts the seeker look
angle within the prescribed limits. The proposed law is designed to be implemented under
bearings-only measurements, which means that the produced command does not involve
any information of the relative range and LOS rate. Compared with the previously pub-
lished studies related to the impact angle control considering the FOV constraint in [12-20],
the proposed work in this study has the following contributions. First, the developed law
does not demand any knowledge of the time-to-go or relative range unlike the existing
linear methods in |[12H15]. Therefore, the proposed law can easily be implemented onto a
missile equipped with a passive seeker. Furthermore, the proposed law does not involve the

LOS rate information unlike the existing PN-based nonlinear approaches in [16-20]. That
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is, just bearings-only measurement without estimating the relative range or LOS rate is
enough for the implementation of the proposed guidance law, so it provides advantages
of jamming avoidance and low development cost by allowing a structurally simple sensor
such as a strapdown passive seeker. In addition, the application of the proposed law does
not require numerical computation during the entire homing unlike several laws in recent
studies [14,/15[17,19]. Thus, an issue of performance reduction caused by lack of calculation
time or capacity needs not be considered when employing the guidance law. Analytic proofs
and numerical simulations for the proposed law are also included in this part. The results
demonstrate that the proposed law accomplishes the impact angle constraint without vi-
olating the maximum look angle limit although it only uses the information of bearing

angles.

1.3.2 Impact time control guidance law with field-of-view con-

straint

An impact time control guidance law considering the missile seeker’s FOV limit is presented.
Two error variables, which aim to achieve the homing and impact time control respectively,
are introduced, and the guidance law is derived by regulating the defined variables based
on backstepping control. The proposed law utilizes a missile look angle as a virtual control
input of the backstepping structure. The law is designed to restrict the magnitude of the
missile look angle by confining the virtual controller’s gain, thereby satisfying the limited
FOV condition. Here, since the virtual look angle is designed as a continuously differentiable
function, the derived guidance law can prevent the violation of the FOV limit without using
discrete switching logic unlike the approach in [31]. In addition, minimum and maximum
impact times that can be achieved sufficiently by the proposed law is investigated. By
theoretically proving that the developed law can satisfy any impact time between the
calculated minimum and maximum bounds, the analysis of the achievable impact time in

this part provides a meaningful discussion for the implementation. Numerical simulations
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against a stationary target are carried out, and the result demonstrates the validity of the

proposed guidance law.

1.3.3 Impact angle and time control guidance law with field-of-

view constraint

A guidance law that considers the field-of-view limit as well as the terminal impact angle
and time constraint is proposed. Prior to dealing with both the impact angle and time
constraints, a look angle constrained guidance law that only involves the impact angle
constraint is firstly designed. Since the remaining trajectory under this law is formulated
as a function of a gain used in the guidance command, the time-to-go until the interception
is adjustable. Therefore, the developed impact angle control guidance law can also control
the terminal impact time. The proposed law can also prevent the look angle from exceeding
the maximum FOV, which is not considered in almost recent studies [35-38|. Since imposing
the impact angle and time constraints brings about the curved trajectory, this capability
to confine the look angle is valuable. Furthermore, the proposed law is derived without
requiring the small angle assumption of the flight path angle unlike the existing linear
approaches in [35] and [36]. Hence, the guidance accuracy is ensured for various impact
angles under the proposed law. Although the existing nonlinear methods in [37-39] can also
achieve the accurate performance owing to their exact formulations without linearizations,
numerical routine such as off-line optimization or shooting method is required for the
application of these laws. On the contrary, the proposed law can be implemented without
using any numerical routine, so more feasible for real applications in comparison with
the laws in [37-39]. The effectiveness of the proposed guidance law is demonstrated by

simulations.
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1.4 Thesis organization

The remainder of this paper is composed of as follows. In Chapter 2], a look angle constrained
impact angle control guidance law for homing missiles with bearings-only measurements is
presented. In Chapter [3] an impact time control guidance law that also prohibits the look
angle from exceeding the maximum limit is introduced. In Chapter {4 a guidance law that
controls both the impact angle and time with satisfying field-of-view constraint is proposed.

In Chapter |5, the primary results and contributions of this paper are summarized.

=7
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Impact Angle Control Guidance
with Field-of-View Constraint

This chapter presents an impact angle control guidance law that confines the missile look
angle during homing in order not to exceed a seeker’s field-of-view limit. A sliding surface
variable whose regulation guarantees the interception of a stationary target at the desired
impact angle is designed, and the guidance law is derived to make the surface variable go
to the sliding mode. Using a magnitude-limited sigmoid function in the surface variable,
the proposed law prohibits the look angle from exceeding the specified limit during the
entire homing. This capability to confine the missile look angle is valuable when a seeker’s
field-of-view is restricted, since imposing the terminal impact angle constraint demands the
curved trajectory to the missile. Furthermore, the proposed law can be implemented under
bearings-only measurements because the command does not involve any information of the
relative range and line-of-sight rate. Numerical simulations are conducted to demonstrate
the validity of the proposed law. The contents of this chapter are also available in the open

literature of [42].
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Figure 2.1: Two-dimensional engagement geometry for a stationary target

2.1 Problem statement

This section gives the nonlinear dynamics of the planar engagement against a stationary
target to formulate the guidance problem for impact angle control. Figure[2.1]illustrates the
two-dimensional geometry for the engagement between the missile and target denoted as M
and T respectively. The frame X;O;Y; represents the inertial coordinate, and Vj;, vy, and
ays denote the speed, flight path angle and normal acceleration of the missile respectively.
o is the look angle defined as the angle between the LOS and missile heading under the
assumption that the angle of attack is small enough to be neglected. R and A\ mean the
relative range and LOS (line-of-sight) angle between the missile and target. Based on the

variables defined in Fig. the governing equations are expressed as

R="Vg (2.1a)
R\ =V, (2.1b)

3 11 3
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where Vi and V), represent the relative velocity component of the target to the missile along

and perpendicular to the LOS respectively as

VR = —VM COS O pr (22&)

Vi = —Viysinoyy,. (2.2b)

Since the normal acceleration ay; is applied to the missile velocity vector, the equation of

the flight path angle is written as
Qpr

= (2.3)

Y™
The design objective of the guidance law is to intercept the target with the desired impact

angle without violating the prescribed look angle limits, which is expressed mathematically

as

R(tf) = Rf (2.4&)
m(ts) = a (2.4b)
lom(t)| < opf™ <m/2 Vtel0,ty] (2.4¢)

where ty, Ry, 74 and o3 are the final time, acceptable maximum miss distance, desired

impact angle and prescribed look angle limit. Furthermore, the bearings-only measurement
of the missile is assumed in this work. Therefore, the guidance law is designed to achieve
the constraints in (2.4)) using only the LOS angle and look angle without involving the LOS

rate and relative range.

2.2 Design of impact angle control guidance law

This section introduces the kinematic conditions for achieving the impact angle control
without violating the FOV constraint during the homing, and presents a sliding mode-

based guidance law to satisfy the formulated conditions.
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2.2.1 Kinematic conditions for impact angle control guidance

The collision path on which the missile moves toward the target along the LOS is achieved

by nullifying the missile look angle as

In addition, choosing the collision path whose direction is equal to the desired impact angle

guarantees the satisfaction of impact angle constraint, which is equivalent to

Therefore, fulfilling the both conditions (2.5) and (2.6 always ensures the interception at
the desired impact angle, so the following surface variable is defined to achieve the desired

tasks:
S (op, A) = e — kysgmf(eq, ¢1) (2.7)
where the variables e; and e are introduced to satisfy the conditions in (2.5 and (2.6]) as

e1r =\ — Vg (2.8a)
€9 =0\, (28b)
and the sigmoid function sgmf(-) is defined as

X

sgmf(z, ¢) =
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The user chosen parameters k; and ¢, are constants such that

0 < 1. (2.10)

Then, the regulation of the S defined in ([2.7) yields

d <1 2) -
— | —e :61/\
dt 2 ! S=0 S=0
Vi .
=— pesin {kisgmf(er, ¢1)}
<0 Ve, €R— {0} (2.11)

where the inequality is obtained by the fact that 0 < k; < 7/2 from . Thus, the
variable e; approaches zero, which also enables e; — 0 from . Here, to guarantee the
achievement of the desired conditions and indisputably, it should be additionally
verified that e; goes to zero before homing is over. The analysis about this issue of finite
time convergence is dealt with in section 2.3}C.

Also note that the proposed surface variable S consists only of the look angle and
LOS angle. It accords with the design requirement to implement under the bearings-only
measurement. From now on, we denote the surface variable as S (o, A) or S (oar(t), A())
when the dependence on o); and A needs to be emphasized. Otherwise, we denote as S for
brevity. In the next subsection, a sliding mode-based guidance law that stabilizes S at the
origin is designed based on the Lyapunov stability theory. The condition in is also

taken into account during the design process in order to satisfy the FOV constraint.
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2.2.2 Derivation of guidance law

From ([2.1)) and ({2.3)), the dynamics of S in (2.7) is obtained as

. apg
=—+A 2.12
§ =+ (212)

where the unknown term A composed of the LOS rate is

and its magnitude is bounded as

Vir i :
|A| SR_f{1+k1W |SIIIO'M|

é%fQ(aM, N (2.14)

The term fo(opr, A) represents

4 i 2.15
2—2)3/2 |Sln0'M|. ( . )

AN)=<1+k
Jalon ) { ' 1(61+¢1

Based on the dynamics in (2.12)), I propose a sliding mode guidance law for the convergence

of S as follows:

Ay = — {‘}/%—Mfg (O'M, )\) + ]{32} VMSgn (S) (216)
f

where ky is a positive constant and sgn(-) represents the signum function. In this work, the
finite time convergence of S is required since the desired conditions and should
be achieved before the interception to fulfill the impact angle control. Therefore, sliding
mode control is appropriate for designing the guidance law owing to its capability to allow

finite time convergence.
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Note that the proposed command in does not include any variable of the LOS rate
or range because S and fy(opr, A) in are composed of only the look angle and LOS
angle as shown in and . Therefore, just bearings-only measurement is enough
for the implementation of the proposed guidance law.

Now, the closed-loop dynamics of S is obtained by substituting into (2.12)) as

follows:

S = —{%fg (UM,)\)—i-kg}sgn(S)—i—A. (2.17)

Since achieving the sliding mode S = 0 enables the interception of the stationary target at
the designated impact angle as shown in subsection [2.2}A, the stability of S = 0 is verified
using the closed-loop dynamics of (2.17)) in next section .

2.3 Analysis of the proposed law

This section substantiates that the proposed guidance law satisfies the desired constraints
through three subsections. In subsection [2.3}A, it is confirmed that the look angle does
not violate the prescribed FOV constraint under the proposed law. In subsection [2.3}B,
the stability of S at the origin is analyzed based on the closed-loop dynamics to verify the
performance of the proposed law. Subsection [2.3}C examines the finite time convergence
of e; and ey to investigate whether the proposed law achieves the kinematic conditions for

the impact angle control before the interception.

2.3.1 Look angle analysis

To check whether the proposed law satisfies the FOV constraint, let us analyze the dynamics

of the look angle o), under the proposed law as follows:

Theorem 2.1. Consider the guidance law in and with the parameter ky sat-
isfying . Then, for all initial conditions satisfying |op(0)| < o¥f*, the look angle is
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always bounded as

loa(t)] < o™ V> 0. (2.18)

Proof. Consider a compact set A 2 {oy; : |oa| < o3} for the proof. Now, on oy = o,

the time derivative of o, is rewritten as

. apm
oM = — )\
op=0o?* VM oM=0y"
VM max max VM sin o>
—— { R N ke prn (S ) + PRI 29

, S(oP*, A\) is always positive because k; is chosen as ([2.10). Furthermore, from
- the term fo(oP*, ) in (2.19) is bounded from below as

fa(oh™, A) > sinojy™. (2.20)

Substituting ([2.20]) into ( - yields

V v 1 max
oM < — sin oy + ko | + IMENOy (2.21)
N =00R* Rf R
M=0 g
Applying R > R to inequality in (2.21)) leads to
oM < —ks (2.22)
o= Uﬁax
Likewise, on o)y = —o™, the following is also satisfied:
(r]\/fz—ar]\r/‘[ax

max

Consequently, the proposed law makes the set |0y (t)] < o™ invariant, which proves

@18). O
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Theorem [2.1] verifies that the proposed guidance law in (2.16)) achieves |op(t)] < o™
if the initial condition satisfies |o/(0)| < o¥*. That is, the proposed law keeps the missile

look angle within the prespecified FOV limit until the interception.

2.3.2 Stability analysis

In order to verify the performance of the proposed law, this subsection investigates the
stability of the surface variable S in (2.7). For the investigation, the closed-loop dynamics

in (2.17)) is analyzed as follows:

Theorem 2.2. Consider the dynamics of the surface variable . Then, the surface

variable S(t) reaches zero in a finite time t, that is bounded as

|5 (01(0), A(0))|

t, < 2.24
< 224
Proof. For the proof, consider the Lyapunov candidate function as
Lo
V=35 (2.25)
From ([2.17)), the time derivative of V' is obtained as
f

Using (12.14) into ([2.26]) gives

. 1% Vi
V< {R—Mﬁ(a%x) " k} 151+ 22 faloar, MIS)
f f

AN (2.27)

which implies that S is bounded and origin of the closed-loop dynamics in (2.17)) is asymp-
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totically stable. Furthermore, from [43], integrating the inequality (2.27]) over [0, ¢] yields
1

VI2(t) < ———kot + VV2(0), 2.28

() < Mok (0) (2.28)

which implies that V' (t) goes to zero in a finite time ¢, bounded as

< YO 1S (n 200 220

[]

Theorem shows that the sliding mode S = 0 is achieved in a finite time. From
and , hence, the proposed guidance law in (2.16)) makes the errors e; and e,
approach zero. However, for achieving the homing and impact angle conditions in and
conclusively, e; and e, have to go to zero before the interception. Thus, in the next
subsection, the finite time convergence of e; and ey is analyzed to prove the validity of the

proposed guidance law.

2.3.3 Convergence analysis of error variables e¢; and e,

From Theorem in section [2.3}B, it is deduced that the convergence speed of S can be
made faster by increasing the user-chosen parameter ky. Furthermore, as shown in (2.11)),
it has already been proven that e; and e, converge to zero after S = 0 is achieved. However,
unlike S whose convergence speed can be made arbitrarily faster, the convergence speed of
e1 is limited since the magnitude of the parameter ky, related to the convergence of ey, is
restricted as shown in ([2.10)). Thus, it is necessary to verify that e; and ey go to zero before
the end of the homing in order to guarantee the success of the desired tasks.

This subsection investigates the dynamics of e; to prove the finite time convergence
of e; and ey under S = 0. For the convergence analysis, the following lemma is obtained

priorly.

292 |

] S o)) &

1V



Lemma 2.1. Let f:[—1,1] — R be a function such that
f(z) = sin(kx) (2.30)

where the constant k is chosen as 0 < k < 7. Then, the function f satisfies
{ flz) >zf(1) ifxel0,]1] (2.31a)
flx) <zf(l) ifxel[-1,0] (2.31Db)

Proof. Let us prove the case f(x) > xf(1) because the other case can be proved by the
same way. In the domain z € [0,1], f is a concave function since the second derivative of

f is given by

%(1‘) — 2 sin(k:v) <0. (2.32)

Therefore, from the definition of the concave function, it is satisfied that

F(1 =)z +tag) > (1 —t)f(x1) +tf(x2) (2.33)

for any x1, 25 and t € [0, 1]. Substituting 0 and 1 into x; and z5 in (2.33)) respectively yields

f(t) > tf(1), (2.34)
which accords with the inequality property in (2.31a). O

Now, for the convergence analysis of e; and es, the following Theorem is presented.

Theorem 2.3. After the sliding mode S = 0 is achieved, the variables e; and ey in
and converge to zero as the distance between the missile and target R goes to zero.
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Proof. For the proof, the following Lyapunov candidate function is introduced:

1
Vi= éef. (2.35)

First, let us prove the boundedness of e;. On S = 0, the time derivative of V; is given by

Virsinopy

S=0 B R

€1

S=0

Vi .
— fM sin {k1sgmf(eq, ¢1)} eq

——V—Msin kL e
R e

<0. (2.36)

where the condition of k; in (2.10)) is used. The result in (2.36)) signifies that e; is bounded
after S converges, so there exists a positive constant e such that |e;(t)|s=o < e]***. Then,

from ([2.36)), it is obtained that

€1

in< k .
s—0 I { 1 V()2 + ¢ } o

In (2.37), the relative range R satisfies R < Vit ,, = Vas(ty —t) where t,, and t; denote the

(2.37)

remaining time-to-go and impact time of the missile respectively, since R is the shortest

distance between the missile and target. Furthermore, by Lemma [2.1] the sine term in

(2.37)) satisfies

sin { by a > (sin ki) a ife, >0  (2.3%)
(e1™)? + o1 (e™)? + o1
. €1 . €1 .
sin < kq < (sin k) ife; <0 (2.38b)
(™) + ot (™) + 0F
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Accordingly, using these properties yields

sin k; e?

noo<

S=0 tgo \/(eP™)? + b}
2sin kl ‘/1

(=) + 3 oo

(2.39)

which implies

2sin kq

< 11(0) (t—) Vet (2.40)

ty

The inequality in (2.40) implies that V;(t) goes to zero as ¢ approaches ty, which also
yields thr? es = 0 because ey = kysgmf(eq, ¢1) on S = 0. Therefore, if the regulation of
iy

S is achieved, both e; and ey converge to zero as the missile approaches the stationary

target. O

Theorem implies that the sliding mode can be achieved before the end of the homing
by adjusting the gain ky. Theorem [2.3|indicates that achievement of the sliding mode makes
e; and ey converge to zero before the end of the homing since the homing is terminated
when the relative R goes to zero. Consequently, the error variables e; and e; can be made
zero before the end of the homing, which verifies that the proposed guidance law in ([2.16|)
can satisfy the kinematic conditions in and during the homing. That is, the
interception with the desired impact angle can be achieved under the proposed law.

From Theorem it is verified that the proposed guidance law in satisfies the
kinematic conditions in (2.5)) and during the homing. That is, the interception with

the desired impact angle can be achieved under the proposed law.

2.4 Simulation results

This section evaluates the performance of the proposed guidance law by carrying out numer-

ical simulations. In subsection [2.4A, the validity of the proposed guidance law for various
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terminal impact angles and field-of-view (FOV) constraints is demonstrated. In subsection
[2.4B, the proposed guidance law is compared with other FOV-constrained impact angle
control guidance laws. In subsection [2.4}C, the performance of the proposed law in practical
applications is examined using a realistic interceptor model.

When the proposed law is applied, to avoid the chattering caused by the discontinuity,
the signum function sgn(-) in is approximated as the following continuous hyperbolic
tangent function [9}/10}27]:

tanh(az) = 2 (; - 1) (2.41)

14 exp—2ez 2

Applying such an approximation makes the variable converge to the ideal sliding mode
with slight deviation which is approximately in inverse proportion to a [44]. The value of
a as a = 10 is used in this paper.

In addition, the acceleration command of the missile is saturated within £10g, and the
homing is terminated when the relative range R is less than or equal to 0.5 m in all the

scenarios. The parameters used in the proposed guidance law are listed in Table [2.1]

Table 2.1: Simulation setting

Parameters Values
Initial position of the missile (z/(0), ya(0)) (0,0) km
Position of the stationary target (z7(0), yr(0)) (10,0) km
Initial missile look angle o,,(0) 15 deg
Missile speed Vi, 250 m/s
Missile acceleration limits |ay|™* 10 g

ki = o —0.01, ky =10, Ry =0.5
¢1 = 0.15, ¢»(0) =0.002, ks = 0.01

Guidance gains

T g means the gravitational acceleration, i.e., g = 9.81 m/s2.

3 11 3
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2.4.1 Performance analysis of the proposed law

For the simulations of the performance analysis, this subsection considers two scenarios.
The first scenario deals with engagements for different impact angle constraints with a fixed
look angle limitation of o} = 45°. The second scenario considers engagements for a fixed
impact angle constraint of 7; = —60° with various look angle limitations.

The results of the first scenario are presented as Figs. [2.2a~d. In the figures, the re-
sults for the desired impact angles of —30°, —60°, —90° and —120° are represented by the
triangular, inverted triangular, rectangular and circular patterned-lines respectively.

Under the proposed guidance law, the missile intercepts the target for all the cases
as illustrated by Fig. [2.2a] Specifically, figure shows that the proposed law achieves
the sliding mode with the lateral acceleration not exceeding +10g. Owing to using the
hyperbolic tangent function in instead of the discontinuous signum function in the
guidance command, it is seen that the convergence of S is obtained without undesirable
high-frequency chattering. Since the sliding mode is achieved, both the errors e; and es also
approach zero as shown in Fig. [2.2d In particular, it is observed that e; and e; converge
to zero before the interception as proven by Theorem in section [2.3}C. Accordingly,
the upper row of figure provides the result that the proposed law achieves the desired
impact angle for all the cases.

The trajectories in figure also show that the missile takes a longer bypass as the
higher impact angle is demanded. Nevertheless, the lower row of figure shows that
the look angle does not violate the prescribed limit o} = 45° for all the cases under the
proposed guidance law. This result accords with Theorem [2.1]in section [2.3}A.

Figures 2.3h~d provide the simulation results of the second scenario. Likewise, the
results with the look angle limits of 15°, 30°, 45° and 60° are denoted as the triangle,
inverted triangle, square and circle patterned-lines respectively in each figure.

Figure demonstrates that the proposed law achieves the interception under all the

considered FOV limits. Like the first scenario, the surface variable converges near zero
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at the initial stage, and then the error variables e; and e; also approach zero before the
interception as shown in Figs and [2.3d As a result, it is observed by the upper row of
Fig. that the desired impact angles can be achieved for all the cases.

Figure also shows that the curvatures are different from one another although the
terminal impact angle is same in all the four cases. It is because all the four missiles fly
under the differently prescribed values of the look angle constraints as given in the lower
graph of Fig. This result demonstrates that the proposed guidance law can restrict

the maximum look angle as desired, as proven in Theorem [2.1]
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2.4.2 Performance comparison with other guidance laws

In this subsection, the proposed law is compared with other impact angle control guidance
laws that consider the FOV limit called ROG (range-to-go weighted optimal guidance law)
and TPPN (two-stage pure proportional navigation guidance law) developed in |15] and [20]
respectively. ROG and TPPN are linear and nonlinear dynamics-based laws respectively,
and both of them are the most recently developed laws among related research at the time

of this study. These laws are generated as the following forms:

ROG [15] : (2.42)

(
N+2_ pN+2
R Ry

ay = § Vs for Ro < R < Ry
\—%21 {(N +2)(N +3)ou + (N + 1)(N +2)(va — vu)} for Rf <R < Ry
TPPN [20] : (2.43)
VarA
ay = . switches at A\ = 4 + (}Mﬁol’)
NV ’

In and (2.43), we set the parameters N and Ny as N = 1 and Ny = 3 respectively.
Both settings ensure satisfaction of the impact angle and look angle constraints, and are
also used in [15] and [20] respectively. Values of the other parameters such as p, Ry and Ry
in are determined by initial conditions and the value of N.

As a simulation setting for the performance comparison, the desired impact angle is
fixed as 74 = —60° and the FOV limit of i = 30° is applied for all three guidance laws.
The initial conditions in Table are also considered for the guidance laws except that the
initial look angle for TPPN is set to be 30° instead of 15°. It is because TPPN is designed
so that it tries not to exceed the FOV limit by maintaining the initial look angle during
the first phase as explained in detail in [20]. That is, the engagement conditions in this
subsection are set to make the look angles under all the laws are constrained by the same

= . :
¥ [ -11
-"x_i = |.'1_.|i
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limit, i.e. o = 30°, for fair comparison.

Figures [2.4da~d give the results for an impact angle constraint of v, = —60° with a
look angle limitation of o} = 30° under three different guidance laws. The results under
ROG, TPPN and the proposed law are denoted as the triangle, inverted triangle and circle-
patterned line respectively.

Figure shows that all the three guidance laws intercept the stationary target with
similar trajectories. The terminal constraints on the terminal impact angle of v, = —60°

are also achieved without violating the look angle limit of o}** = 30° under all the laws as

presented by Figs. and [2.4d

Figure provides the guidance commands under three laws. At the initial stage of
the homing, TPPN generates a smaller guidance command compared with the other laws
because it does not need to change the look angle as shown in Fig. This property
of TPPN to maintain its initial look angle prevents the command from saturating at the
initial stage. However, to achieve this property requires that the missile be launched at
a deviated look angle from the target. Furthermore, since TPPN switches the navigation
constant for achieving the desired impact angle, there must be an undesirable discontinuity
in the guidance command as shown in Fig.

Unlike TPPN, both ROG and the proposed guidance law generate continuous com-
mands. In particular, ROG produces the acceleration command of more modest amplitude
than the other two laws except for at the initial stage, which results from its optimality
property as described in detail in [15]. However, as shown in (2.42)), the implementation of
ROG needs values of transition points R; and R,, which requires a numerical computation
process. Hence, not enough iterations caused by lack of calculation time or capacity can
result in performance degradation when employing ROG. Moreover, as shown in ([2.16]),
and , ROG necessitates the information of the relative range R while TPPN
and the proposed law does not. That is, measurement or estimation of R is required for
the implementation of ROG unlike TPPN and the proposed law.

In contrast, the result in Figs. 2.4h~c shows that the proposed law can fulfill the impact
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angle control without violating the prescribed look angle limit although its implementation
does not require the information of LOS rate and relative range. Figure shows that the
proposed law produces a large command at the initial stage to make S converge to zero,
but the generated command is continuous and not large after the initial stage. That is, the
practical application of the proposed law is more helpful to restricted guidance scenarios

where only bearing angles are measurable in comparison with other existing laws.
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2.4.3 Performance analysis in a realistic scenario

This subsection carries out engagement simulations considering rotational dynamics of the
missile to evaluate the performance of the proposed law in realistic applications. Involving
the aerodynamics and gravitation, the lateral maneuvering acceleration is produced by the

aerodynamic lift as

L
oy = H0) (2.44)
m
and the angle-of-attack « is governed by the rotational motion as

L _ .

G =q (c,0) mgcos'yM7 =g
mVM
M ) . 0c—0

q: (a7Q7 )’ 5 = C . (245)

[yy Ts

0, q, 6 and ¢ represent the pitch angle, pitch rate, canard deflection and command of the
canard deflection respectively. L(-) and M (-) mean the lift force and pitching moment, and
m, I, and 75 denote the mass, moment of inertial with respect to the pitch axis and time
constant of the canard dynamics. The detailed aerodynamic model for the lift force and
pitch moment in (2.45) is described in [45] and [9).

Based on the realistic model, the same scenario in Fig. is applied, so the desired
impact angles of —30°, —60°, —90° and —120° with the fixed look angle limitation of 45°
are considered. Since the angle-of-attack is not neglected in this realistic scenario, the look

angle defined as the angle between the LOS and missile heading is re-expressed as

o4t =0 — A

=0 M =+ . (246)

In order not to violate the FOV limit, the restriction of the actual look angle in ([2.46|)

is required as |04ff| < 45°. To achieve the actual restriction for 045, oy in the guidance
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command (2.16)) is restricted with a safety margin e,, i.e., |oy| < 45° — e,. From ([2.46)),
it is reasonable that the maximum value of the angle-of-attack is selected as the safety
margin. In general missile configurations, the angle-of-attack is approximately proportional

to the lateral acceleration caused by the lift force as

m

N ———— 2.4
erefOLa u ( 7)

«

where m, @), Syer, and Cp, denote the mass, dynamic pressure, reference area, and co-
efficient of lift to angle-of-attack. Substituting ay, = a}jf™ = 10g into yields the
maximum angle-of-attack, and it is calculated as am.c = 4.425° in this case. Accordingly,
we choose the safety margin as €, = 4.5° for this simulation in this subsection. In addition,
to compensate the gravitational effect in vertical plane, the term g cos~y,; is added to the
original command in ([2.16]).

Figure [2.5] presents the simulation results for the realistic scenario. The results for the
desired impact angles of v, = —30°, —60°, —90° and —120° are denoted as the triangle,
inverted triangle, square and circle patterned-lines respectively. As shown in Figs. and
[2.5B] the missile intercepts the stationary target at the desired impact angle for all cases.

From Figs. 2.5 and [2.5d] it is confirmed that the proposed law satisfies the look angle
limit of 04 = 45° with feasible lateral accelerations for all the desired impact angles. Figure
also shows that the actual look angle defined as ([2.46)) reaches its peak momentarily at
the initial stage of the homing for every case. This large demand on the actual look angle
is caused by the fact that the large requirement on the lateral acceleration at the initial
stage shown in induces the large angle-of-attack. Nevertheless, the actual look angle
does not violate the prescribed limit since the proposed law restricts the ideal look angle

oy with the safety margin e, as described above.
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Impact Time Control Guidance

with Field-of-View Constraint

This chapter proposes a guidance law that achieves the desired terminal impact time with-
out violating a seeker’s field-of-view (FOV) limit. In order to derive the guidance law,
kinematic conditions for impact time control are defined, and the backstepping control
technique is applied for the satisfaction of the conditions. As a virtual control input for
the backstepping structure, the missile look angle, which represents the angle between the
line-of-sight and missile heading vector, is used and its magnitude is limited by a prescribed
limit. Then, the seeker’s look angle can also be confined within a specific range because the
seeker look angle is mainly determined by the difference between the line-of-sight (LOS)
and the heading vector. This capability to confine the seeker’s look angle with achieving the
desired impact time is the main contribution of the paper. To evaluate the performance of
the proposed law, numerical simulations are conducted for various engagement scenarios.

The contents of this chapter are also available in the open literature of [47].
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X,

O

Figure 3.1: Two-dimensional engagement geometry for a stationary target

3.1 PROBLEM FORMULATION

This section presents the dynamics of the missile-target engagement in order to formulate
the guidance problem about impact time control. As shown in Fig. let us consider a
two-dimensional engagement geometry in the inertial coordinate frame X;O;Y7. In the Fig.
.1 R and X denote the relative range and LOS (line-of-sight) angle between the missile and
target which are represented by the points M and T respectively. Also, Vi, ayr, var and
oy denote the speed, normal acceleration, flight path angle and look angle of the missile,
respectively. Then, the governing equations of the engagement dynamics are expressed in

terms of R and )\ as follows:

R = VR (3.1&)
R\ =V, (3.1b)

where Vg and V) are relative velocity components of the target with respect to the missile

along and normal to the LOS respectively, and can be expressed as

Ve = —Vyrcosoy (3.2a)

V)\ = —VM sin OM- (32b)
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It is assumed that the maneuvering acceleration of the missile is applied normal to the

velocity vector, so the equation about the flight path angle is given by

. Qpy
= —. 3.3
Ym Vir ( )

In this problem, the missile acceleration aj; is used as the control input of the guidance
problem. Therefore, to develop the guidance command a,; that enables the missile to

intercept the target at the desired impact time is the design objective in this study.

3.2 IMPACT TIME CONTROL GUIDANCE LAW WITH
CONSTRAINED FIELD-OF-VIEW LIMITS

In this section, the suitable kinematic conditions for satisfying the desired terminal con-
straints are established, and the impact time control guidance law is designed based on the

proposed conditions.

3.2.1 Kinematic conditions for impact time control guidance

This subsection includes the kinematic conditions that allow the missile to intercept the
target at the desired impact time without needing to perform the time-to-go estimation.
Furthermore, the field-of-view limitation of the missile’s seeker is considered by setting
bounds to the look angle.

A basic concept for the interception to a stationary target is to make the missile move

toward the target along the LOS, which can be expressed mathematically as

V)\ =0 (34&)
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The homing conditions in (3.4)) can be converted into a single condition:

That is, satisfying the condition in (3.5)) guarantees the missile to be on the collision path
against the target.

The impact time constraint is achieved if the actual remaining time-to-go t,, is equal

d

go» Which is expressed as

to the desired time-to-go t

tgo = tgo (3.6)

where the desired time-to-go

, is defined as %, = t4—t. Unlike tJ, whose value is explicitly
determined, the actual time-to-go ¢,, is difficult to be calculated accurately under general
engagement situations. However, on the collision path satisfying (3.5)), the time-to-go is

certainly determined as

tgo - W (37)

om=0

since the missile flies straight to the target. Then, from (3.6)) and (3.7), a condition for

satisfying the desired impact time on the collision path can be formulated as

R =Ry

2Vrtd,. (3.8)

That is, if the missile on the collision path approaches the target with satisfying , the
impact time constraint in is achieved. Therefore, satisfaction of both conditions in
(3.5) and guarantees the interception of the target at the desired impact time.

To consider the FOV limits in the guidance problem, the look angle between the LOS

and missile heading vector needs to be limited because it almost determines the seeker look
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angle. Particularly when the angle-of-attack of the missile is small enough to be neglected,
the seeker look angle becomes approximately equal to the look angle ;. Therefore, in

order to handle the FOV limits, the limitation of the missile look angle is considered as

follows:
loy| < o < m/2 (3.9)
where o3** is the acceptable maximum value of the missile look angle. In this problem,

it is assumed that the condition in represents the FOV limits from neglecting the
angle-of-attack dynamics.

As a result, fulfilling the proposed kinematic conditions in , and guar-
antees that the missile intercepts the target at the desired impact time without violating
the FOV limits. In the next subsection [3.2.2] the guidance law is designed to satisfy these

kinematic conditions.

3.2.2 Guidance law design

As explained in the previous subsection [3.2.1] the design objective for deriving the guid-
ance law is the fulfillment of two equality conditions in (3.5) and (3.8)) under keeping the
inequality condition in (3.9). In order to satisfy the proposed kinematic conditions, error

variables can be defined intuitively as

€1 = Rd — R
= Vutl, — R (3.10a)
€y = O)\f- (31013)

By regulating both the error variables in (3.10|), the homing and impact time conditions in
(3.5) and (3.8)) respectively can be satisfied. The fulfillment of the inequality condition in
(3.9) will be confirmed in section
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For the regulation of both variables, however, only the single command a,; is used
as a control input, which implies that the system can be underactuated if the two error
dynamics subject to the single control input are decoupled. To analyze this problem, let us

take the time derivative of the error variables in (3.10]) as follows:

e1 = —Vuy + Vacosoy (3.11a)
. : apr

=—\+ —. 3.11b
€9 + VM ( )

where % (tgo) = —1 is used to obtain 1} It can be observed that the error dynamics
in (3.11]) are in strict-feedback form. Furthermore, the origin of (e, e3) can be an equilib-
rium point because e; = 0 allows é; = 0. Applying the backstepping control technique,
accordingly, makes it possible to regulate both e; and e, by stabilizing e;.

For the application of the backstepping control, let us define new error variables as

2= Vutl, — R (3.12a)

2 = oy — 0, (3.12b)

where o9, is the desired look angle that serves as a virtual control input for achieving the
convergence of z;. Taking the time derivative of the proposed error variables in (3.12)) leads

to

2 ==V + Varcoson (3.13a)
fy=—h—od, + (3.13b)
Vi

Based on the dynamics in (3.13]), the virtual control input and guidance law for the stability
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of z; and 29 at the origin can be proposed as follows.

0, =cos™ (1 — kysgmf(z)) (3.14a)
ay =a%y + a5 (3.14b)
where
<t =V, (A + o—;@) (3.15a)
as?t = — kaVarsgn(zz), (3.15Db)

and the sigmoid function sgmf(-) is chosen as

— 350 + oy if 2] < &

sgmf(z) = (3.16)

sgn(z) else
The controller gains kq, ko and parameter ¢ are selected as positive constants. Here, it can

be easily shown that the sigmoid function in (3.16]) is continuously differentiable and has

boundedness properties such that

lsgmf(z)| <1 (3.17a)
d

dz

(3.17h)

(sgmf(x))’ < %.

These properties are used to analyze the guidance law in section [3.3, The signum function

sgn(-) in (3.15b)) and (3.16|) is defined as

)
1 ifz>0

sgn(z) =40 ifz=0 (3.18)
-1 ifz<0

\
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In this problem, it is assumed that the relative range R, LOS angle A, LOS rate A and
look angle o, are available by using a gimbal seeker and inertial navigation system (INS).
Based on these measurements, the time derivative of the desired look angle ¢¢, in (3.15al)

can be calculated as

. d _
5%, == (cos™ (1 — kysgmf(z1)))

k1 d
- py (=Vu + Vg cosoyy) d—legmf(zl)

ky

3 3
_ —Vu +V; e 3.19
Sina%( Mt MCOSUM)( 2¢3z1+2¢) ( )

which is a function of R and o, from the definitions of z; and O’%/[ in and
respectively. Therefore, the guidance command proposed in and consists of
measurable state variables.

Also, note that the desired look angle command in involves the arc cosine func-
tion cos™!(+) whose domain for yielding a real value is [—1,1]. Hence, it is necessary to
analyze whether its argument (1 — kysgmf(z;)) in belongs to [—1,1]. The analysis
is included in section 3.3

Now, the closed-loop dynamics can be obtained by substituting (3.14)) into (3.13)):

_ d
4 = — by Varsgmi(zy) + Vi ZM Z(;S oM, (3.20a)
M — Unp

Z"Q = — k’QSgIl(ZQ). (320b)

As explained earlier, the regulation of the variables z; and 2z, guarantees the interception
of the target at the desired impact time. Accordingly, the stability of (21, z2) at the origin
is analyzed based on the closed-loop dynamics of (3.20]) in section .
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3.3 ANALYSIS OF THE PROPOSED GUIDANCE LAW

In this section, it is verified that the desired constraints are satisfied under the law. Prior
to the performance analysis of the proposed law, the guidance command is investigated to
examine the singularity problem in subsection [3.3.1] Based on the Lyapunov theory, the
stability of the overall closed-loop dynamics is analyzed in subsection To confirm
whether the proposed law prevents the violation of the FOV limits, the look angle dynam-
ics is also investigated in subsection [3.3.3] Besides, the achievable domain of the desired
impact time under the proposed law is estimated in subsection to be helpful in real

applications.

3.3.1 Guidance command analysis

For the implementation of the law, the proposed guidance command should not include
any non-computable term such as singular or imaginary. In this subsection, thus, a few
suspected terms in the developed command are checked.

Since the desired look angle command ¢4, in (3.14a)) involves cos™!(+), the term (1 —

kisgmf(z1)) should be in [—1, 1], which is satisfied by the following conditions:

0<ky <2 (3.21)

0 < 2(1). (3.22)

Because the controller gain k; is chosen by the user, the condition in (3.21]) can be achieved
readily. Now, let us analyze the satisfaction of the condition in . Let 2, be the
maximum acceptable error of z;, obtained by with the maximum allowable miss
distance, and t,,—( be the reaching time of z5(¢) which means the minimum time achieving

2(t) = 0Vt > t.,_o.

Theorem 3.1. For all initial conditions satisfying |21(0) — z1,¢| /(2Var) > tsp—0, the error
variable z1(t) in is always larger than or equal to zero, i.e., z(t) > 0Vt > 0.
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Proof. From (3.13a), the reaching time of 2(t), t.,—., , which means the minimum time

achieving |z ()| < z1 s, has the following relationship.

21(0) = z1,4] _ [21(0) = 2]

t >
- 2V

z1:z1’f

> t., 0. (3.23)

max 21
oM

The result of (3.23)) implies that z;(¢) = 0 does not occur before z5(t) = 0, which also
signifies that z;(t) = 0 always involves z9(t) = 0. Hence, the time derivative of z; when

z1(t) = 0 is obtained as

= 0. (3.24)

21=0,20=0

z1(t) = % ()

21=0

Therefore, z;(t) cannot decrease below zero, which means z;(t) > 0 for all ¢ > 0. O

From the closed-loop dynamics of 2z5(¢) in (3.20Db)), the reaching time of z5(t), denoted
as t.,—o in Theorem [3.1] can be calculated as ¢.,_o = |22(0)|/k2. The condition in (3.22)),

therefore, can be accomplished by satisfying the initial condition of

[21(0) = 214] _ |22(0)]
2V ky

(3.25)

As a result, the arc cosine term can be implemented without any non-computability issue.
Besides, the equivalent component of the command in (3.15) contains the term &9,

expressed as

kiz, d
— f 3.26

-d
O'M—

which necessitates to check the possibility of sino$, = 0. As it will be described later in

section the controller gain k; is chosen to satisfy

0 <k <1-—cosay™. (3.27)
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Thus, from the definition of ¢4, in (3.14al), sin 04, = 0 implies 04, = 0 which involves z; = 0.
In Theorem (3.1} it has already been proven that z(t) = 0 involves z(t) (= on — 0§;) = 0.

Therefore, ¢4, when sin o, = 0 is calculated as

: . kiVas(cosop — 1) disgmf(zﬂ =0, (3.28)

lim of, = lim -

sino¢,—0 op—0 Sin oy 21
which shows sin o, = 0 does not cause the divergence of ¢¢,. Furthermore, it has already
been confirmed that the derivative of sigmoid function, d(sgmf(z;))/dz1, is bounded as
shown in . Therefore, there exists no singularity problem in the term &¢,. In the
proposed guidance law, to conclude, there is no non-computable term that could deteriorate

the guidance performance drastically.

3.3.2 Stability analysis

In order to verify the stability of the closed-loop dynamics in (3.20]), let us consider the
Lyapunov candidate function as
&,

1
V=_z2+ 5 % (3.29)

2

where 3 is the positive constant which acts as a scaling factor. Now, the stability of the

Lyapunov candidate function in (3.29)) can be analyzed as follows.

Theorem 3.2. Consider the error dynamics and the Lyapunov candidate function
V in . Given any n > 0, for all initial conditions satisfying V(0) < n, there ezists a
controller gain ko such that V(t) < n ¥Vt > 0 and the error signals zy and zy can be made

to converge to zero eventually.

Proof. For the proof, let us consider the compact set A := {(z1, 20) : 27 + (%22 < 2n} such

as [49]. Then, |z1| and |22] have maximum values, say z"** and 23> respectively on A.
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Besides, taking the time derivative to the defined candidate function in (3.29) leads to

V= 21 + B, (3.30)

Substituting the closed-loop dynamics (|3.20]) into (3.30)) gives

_ d
V = —k;lVMsgmf(zl)zl — ﬁQkQ |22| + VM cosIm C(ZS Im Z129. (331)

In (3.31)), the term (cos oy — cosad;) /(o — 0,) satisfies that

cosoy —cosay, | | (cos(on — o) — 1) cos ol —sin(oy — of;) sin oy,
oM — 0'%4 OpN — 0'%4

\/{ (cos(on — o)) — 1)2 + sin?(opr — 0%)} {cos? o, + sin® 04, }

<

- ‘UM — 0%4‘
)2 sin (—UM_U%> ’

_ e N oy, (3.32)

|O'M — O'M}

Substituting the result of (3.32)) and the property of |z;| < 2 Vi € {1,2} on V (21, 22) =17
into (3.31]) yields

(3.33)

V< —k Vigsgmf(zy) 21 — 22| (k;2 — Varzy )

62

Since the term sgmf(z;)z; is a positive definite function of the variable z, it follows that
V <0 V(Zl, 22) cA— {0} (334)

if the gain ky satisfies ko > Vj 21" /32. Here, because 2" is the maximum value of |z
on A, we have 2" < /21. Therefore, let us fix ko so as to satisfy ko > Viy\/2n/3° for
achieving (3.34)). Then, V < 7 is an invariant set, i.e., V(t) <7 Vt > 0 when V(¢ = 0) < n.
Therefore, the inequality holds for all V(0) < n and all ¢ > 0. Furthermore,
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indicates that the error variables z; and 2, will approach to zero as time goes on. As a
result, it can be said that the error signals z; and z, can also be made to converge to zero

eventually. O

Theorem signifies that (z1,22) in (3.20) converges to the origin. For the impact
time control, however, the convergence of z; and 2 in a finite time is required since flight
time is limited. Thus, the following two corollaries are supplemented in order to verify the

convergence in a finite time.

Corollary 3.1. The error variable z3(t) converges to zero at finite time t,,—o as

1o — 120 (3.35)
ks

Proof. From Theorem we know that z5(t) converges to zero eventually. Before the
convergence, from (3.20b]), we have

d
o (23) = —2kg/ 23 (3.36)
Integrating (3.36)) over the interval 0 < 7 <t gives the following [43]:
|22(t)| = —kaot + |22(0)], (3.37)

which implies that z5(t) goes to zero at finite time t,,—g = |22(0)| /k». O

Corollary 3.2. For any real number € € (0, ¢), the error variable z,(t) converges within

[—e, €] at a finite time instant t,,—. bounded as

2O | Vuta—RO)=¢ ¢ (3¢2 - 82) . (3.38)

bo=e <
kg klvM * 3k1VM 262

Proof. From Theorem , the error variable z;(t) is proven to satisfy 1tlim z1(t) = 0, which
—00

means the following |50]: For any real number € > 0, there exists a finite time instant ¢, .
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such that |z1(t)| < & Vt > t,,—.. Also, t,,—. can be selected to satisfy |z1(t.,—-)| = ¢ by
intermediate value theorem since z;(t) is continuous as shown in (3.12a)) and ((3.13al).
Then, in order to investigate the finite time ¢,, ., let us divide the time interval [0, ¢,,_.]

with respect to the properties of z; and 2y as follows:

21 > ¢, 29 7é 0 for 0 <t< tZQZO (339&)
2> ¢, =0 for t,,_0 <t <t,—4 (3.39b)
2150, 22=0  for t,—p <t <ty (3.39¢)

where 1., is the reaching time of 29 defined in Corollary and ,,—¢4 is the time when
21 = ¢. Since z; is monotone decreasing, t.,— is unique. The positive constant ¢ is the
controller parameter in the sigmoid function of (16) such that z;(t) = ¢ is the moment
when the sigmoid function is changed from the signum function to the polynomial form.
First, [0,%,,—0], the time interval for the convergence of zy, is obtained as in

Corollary 2.1. Next, the interval [t,,—o,t,,—4] has the following relationship:

B ta=o dz 2 (tz1:¢>) — 21(tz5-0)
t21:¢ - Z52220 - L

> —F Vi
0) — Virta — R(0) —
Szl() Cb: MUld (0) ¢' (3.40)
k1 Ve k1 Ve
Finally, from (3.16)), 21 dynamics in the interval [t,, s, t,,—.] is written as
k1 V,
e T C e (3.41)
2¢
and the boundary conditions are given by
<1 (tZ1:¢) = ¢7 21 (tzlza) =€ (342)

where non-negativity of z;(¢) proved by Theorem is used. From (3.41)) and (3.42)), the
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solution of z1(¢) in the interval [t,, 4, t,,—.] is expressed as

V3¢

z1(t) = , (3.43)
\/1 + 2 exp {?”ﬁ% (t — t21:¢)}
and from (3.43), the interval [t,,—y,¢,,—] is obtained as
B ¢ 3¢2 _ 82
tz1:6 tz1:¢ = 3]{31VM log 252 . (344)

To put together (3.35)), (3.40) and (3.44)), the reaching time of z;, which is equivalent to

the convergence time within [—¢, €], has the following relationship:

tzlza = tzz=0 + (t21:¢ - t22=0) + (tZ1=E - tZ1=¢)

22(0)] | Vita — R(0) — ¢ ¢ 3¢° — ¢
< 1 . 3.45
R N T T A (3.45)
which proves Corollary O

Corollary and verify that the proposed guidance law in (3.14)) achieves |z| < e
and 2o = 0 in a finite time for any small value of € > 0. Therefore, the homing and impact

time conditions in (3.5 and (3.8)) can be satisfied under the guidance law in (3.14)).

3.3.3 Look-angle analysis

In this subsection, it is confirmed that the look-angle under the proposed law does not
exceed the prespecified value by checking whether the FOV limits condition in (3.9) is
satisfied. In order to verify the condition in (3.9)), let us analyze the dynamics of the missile

look angle ;.

Theorem 3.3. Consider the closed-loop dynamics and the controller gain ki sat-
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18fying
0<k <1—cosoy™—¢ (3.46)

where €1 1s the positive constant smaller than 1 — cosoyf™*. For all wnitial conditions sat-

isfying |oar(0)] < o™, there exists a controller gain ke such that |op(t)| < ofP* for all

t>0.

Proof. Let us consider the compact set B := {0y : |op] < o}f*}. Then, in the set B, the

following always holds:
lom] < o™ (3.47)

Also, because z; is non-negative as proven in Theorem [3.1|and o4, is defined as (3.14al), we

have

cos oy =1 — kysgmf(z) < 1 (3.48a)

cos oy =1 — kysgmf(z) > 1 —ky (3.48Db)

where the property 0 < sgmf(z1) < 1 for z; > 0 shown in (3.16) and (3.17a)) are used.
Then, from (3.46)) and (3.48)), cos 0, satisfies

cosoy 41 < cos 0% <1, (3.49)
which leads to
cos (1) < |0%/[} < cos ! (cos oN 4 1) . (3.50)
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Since €1 is chosen to satisfy 0 < £1 + cos o} < 1 as described after (3.46)), we obtain

0 < |of;]| <cos™ (cosayf™ +e1)
< cos ™! (cos oNF)

—oox, (3.51)

Now, for the proof of Theorem [3.3] consider the square function of the look angle as

1
Vo = 5034. (3.52)

From (3.15)), taking the time derivative to the above V,,, in (3.52)) leads to

= o (—kasgn(ze) + %) (3.53)

From (3.26)), the term ¢¢, in (3.53) is expressed as

1 —cosoy d
.d M

_ .54
oy = —kiVu 5 %4 1sgmf(zl) (3.54)

Here, the term (1 — cos oyy) /sin o4, is continuous for all o, and o, satisfying and
because the result in implies the continuity at sino¢, = 0. Therefore, from
extreme value theorem, the term (1 — cos o)/ sin 04, has minimum and maximum values
in the set B. In addition, the term d(sgmf(z1))/dz is always bounded as shown in (3.17)).

. L. .d .
In summary, there exists a positive constant 3" that satisfies

|05, | < o™ (3.55)
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Now, on oy = oy, .ch in (3.53) has the following relationship:

Voo, < —opf* {kgsgn(a}&ax — o) — dj/’[max} (3.56)

_ ymax
OM=0 s

. d,max

The selection of the gain ko satisfying ko > 03, yields

Vo, <0. (3.57)
oM=0y*
Likewise, on o)y = —oy™*, we obtain
Vi < —oif™ {k;gsgn(aAn}[aX +0%,) — dj’jnax}
UM:—UAme
<0. (3.58)

As a result, |oy(t)] < off* is an invariant set under the proposed law, which means

loam ()] < oV i>0. O

From Theorem [3.3] it can be verified that the look angle oy achieves |on(t)] < o™
for the initial condition satisfying |o(0)| < o¥f* under the choice of k; such as and
ko satisfying ko > d%’jnax. This result implies that the condition for FOV limits in
can be fulfilled. To conclude, the proposed guidance law can prevent the violation of the

prespecified FOV limits during the homing.

3.3.4 Discussion about achievable impact time

In common missile guidance problems in which the interceptor’s longitudinal acceleration
is unavailable, the achievable impact time is physically restrictive. Particularly, because
of the consideration of the FOV limits, the restriction becomes severe in this problem
compared with other approaches that do not take into account the FOV limits. In this

regard, the discussion about achievable impact time under the proposed law is helpful for
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real applications.
In virtue of the look angle limits, the closing velocity is also confined under the proposed
law, so a simple necessary condition for the achievable desired impact time can be calculated

as follows:

R(0)  R(0)

B R(0)  R(0)
Vir | Val

VR

<tg <

(3.59)

- max
max min VM COS UM

Namely, in order to fulfill the homing and impact time control simultaneously, the desired
impact time should be selected to satisfy the condition in . However, the satisfaction
of does not imply the success of the tasks. This subsection investigates the sufficient
condition, i.e., the minimum and maximum achievable desired impact times, by analyzing

the closed-loop dynamics.

3.3.4.1 minimum achievable impact time

Since the longitudinal acceleration is unavailable in the missile model of this chapter, as
commonly assumed in many literature [12-37], the desired time-to-go should be greater
than or equal to the remaining time-to-go on the collision course, which can be expressed

mathematically as
R
o= (tg —t) > —. 3.60
b=t — )= (3.60
The expression in (3.60) is, in fact, equivalent to the condition of z;(¢) > 0 by definition
of z1, and Theorem in the subsection has already given the sufficient condition
for achieving z1(t) > 0: the satisfaction of initial condition in ([3.25). In other words, the

condition in (3.25)) is the sufficient condition for obeying (3.60). The expression in ([3.25)

can be rewritten as

R(0)+ 21p | 2[2(0)

ty, > s
I Vs ks

(3.61)
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which means that the proposed guidance law can achieve any desired impact time greater
than the right-hand side of (3.61)) and smaller than the maximum achievable impact time

to be analyzed in the next subsection.

3.3.4.2 maximum achievable impact time

In the process of analyzing the minimum achievable impact time in the subsection |3.3.4.1}
the property that z; should converge more slowly than 2, in order to satisfy was
utilized. For analyzing the maximum achievable impact time, the similar concept is also
used. As explained in the section [3.2.1] the convergence of z; and z; in a finite time enables
the missile to intercept the target at the desired impact time. In other words, the conver-
gence of z; and z; before the desired impact time suffices. From Corollary [3.1] it is known
that the convergence time of 2, can be decreased deliberately by adjusting the gain ky. On
the contrary, it is difficult to freely reduce the convergence time of z; because Corollary
shows that ¢,,_. in is determined dominantly by the gain k; whose maximum
bounds are restricted as given by . Therefore, the convergence time of z; is focused
to consider the maximum achievable impact time.

In the section 21, is defined as the maximum acceptable error of z;, which is
obtained by with the maximum allowable miss distance. That is, substituting ¢ =
21, in (3.38), the maximum bounds of the convergence time for achieving |2 (¢)| < 2 s can

be calculated as follows:

122(0)] | Viuta — R(0) — ¢ ¢ 3¢ — 21,
boymey , < 1 —_— 3.62
1= = kg * k:lVM + 3k‘1VM 8 QZ%J ( )
where t.,_., , is the convergence time for |21(¢)| < 215. Then, the sufficient condition for

preventing the desired impact time from exceeding the maximum achievable impact time
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is given by

t,— . 3 2 _ 2
b, §|22(0)| L Varta R(0) — ¢ L9 log ¢ — 2y
’ ]{?2 leM 3kl‘/M

<tq, (3.63)

which is rewritten as

RO)+¢  ki[22(0)] ¢ log <3¢2 — iy ) (3.64)
) : :

ty < — -
4= VM(]_ - k’l) k?g(l - k?l) 3VM<]_ - ]{71 ZZ%J

The result in ([3.64]) implies that the desired impact time less than or equal to the right-hand
side can be achievable if the condition in (3.61]) is also satisfied. In conclusion, it can be
said that the desired impact time satisfying both (3.61]) and (3.64)) is sufficiently achieved

under the proposed law.

Remark 3.1. For a given desired impact time tq, if the controller gain ky satisfies ,
the impact time constraint can be achieved sufficiently. That is, from , the sufficient
condition about ki for achieving a given desired impact time can be deduced. If ki is selected

as k1 = 1 — cos oif* — &1, the sufficient condition for satisfying (56) is given by

R(0) +¢  |22(0)] ¢ 3¢° — 21,
max < _ — 1 ’ 3.65
COSTM TS Virta Fota  3Vaila - 22 ’ (3:69)
which 1s rewritten as
(RO +6 |%0)] ¢ 3¢% — 2i
wax > ! — — 1 — | = ) 3.66
= ( Vita Fata  3Vata 227 . (3:66)

This result implies that the given desired impact time tg can be achieved under the proposed

law if the acceptable mazimum value of the missile look angle satisfies .
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3.4 SIMULATION RESULTS

In this section, the performance of the proposed guidance law is demonstrated through three
subsections involving numerical simulations. Subsection [3.4.1] evaluates the validity of the
proposed law in various engagement scenarios against a stationary target. Subsection [3.4.2]
compares the proposed law with other guidance laws that take into account the constraint
on impact time. To examine the performance in realistic applications, subsection [3.4.3
carries out a salvo attack simulation with a realistic interceptor model.

When the proposed law is applied, the signum function sgn(-) in the command may
produce undesirable chattering due to the discontinuity. To alleviate this problem and
generate acceptable guidance command, the signum function in the control component in

(3.15b)) is approximated by the continuous sigmoid function used in [10] as follows:

1 1
ngfé(l’) =2 (m — 5) s a > 0. (367)

Such an approximation enables the convergence with slight deviation from the ideal slid-
ing mode. As verified in [44], the deviation is inversely proportional to the parameter a
approximately, and a is selected as 10 in this work.

The acceleration command of the missile is confined within £10 g where g represents

Table 3.1: Simulation setting

Parameters Values

Initial missile position (2 (0), yar(0)) (0,0) km
Stationary target position (z7(0),yr(0)) (10,0) km
Initial missile flight path angle v,/(0) 30 deg

Missile speed Vi 250 m/s

Missile acceleration limits |ay ™ 10 gf

look angle limits o} 50, 60°

ki =1—coso™> —1073, ky =1

Controller gains

» =200

T g denotes the acceleration of gravity, i.e., g = 9.81 m/s?.
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the gravitational acceleration and the simulations are terminated when the relative range
is less than or equal to 0.1 m in all the engagements. The controller gains used in the

simulations are listed in TABLE. 311

3.4.1 Performance analysis of the proposed law

This subsection demonstrates the performance of the proposed guidance law by conducting
numerical simulations which involve various engagement scenarios. With various desired
impact times and two different look angle limitations, the detailed parameter values used
in simulations are listed in TABLE. In all the simulations, the engagement terminates
when the relative range R is less than 0.1 m.

Figure shows the simulations results for three different impact time constraints
with look angle limitation of o} = 50°. The results for the desired impact times of
tmin(= 40.68 s), 50 s and t9*(= 54.06 s) are illustrated by the triangle-patterned-line,
inverted triangle-patterned-line and square-patterned-line respectively. The minimum and
maximum achievable impact times of 3" and 3 are calculated to satisfy and
(3.64) where z; ;, the maximum acceptable error of z;, is selected as z; y = 0.01.

As illustrated by Fig. [3.2a] the proposed guidance law achieves the interception of the
stationary target for all three cases. The terminal impact time errors in all three cases
satisfy [ty —tq) <1 x 1073 sec.

Figure [3.2b| shows the convergence of z; and 2z, which guarantees the accomplishment
of the interception of the target at the desired impact time as verified in section [3.2.2]
Especially, the convergence of z; and 2, is achieved when ¢4 = t7" and t; = ¢, which
gives validity to the analysis of achievable impact time investigated in section [3.3.4

As expected, the upper plot of figure shows that the missile makes a longer detour
as the desired impact time increases. This results in the increase of the look angle, but the
look angle does not exceed the prescribed value as proved in the section [3.3.3]and confirmed
in fig. 3.2d

Figure |3.3| provides the results for four different values of impact time constraints with

¥ [, -1 =1
- I-'l__ll (=],
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max

the look angle limitation of o* = 60°. Likewise, the results for the impact time constraints
of t9n(= 41.03 s), 50 s, 60 s and t3%*(= 68.93 s) are denoted by the triangle, inverted
triangle, square and circle-patterned-line respectively. Similar to the results in Fig. [3.2] the

minimum and maximum achievable impact times ¢ and 7% are determined to satisfy the

conditions (3.61]) and (3.64)). We can see that the maximum achievable impact time t7** of

this case when o™ = 60° is increased compared with t5'** of the case when o} = 50°. It is
physically obvious because the limitation of detour curvature is alleviated as the maximum
possible look angle increases. Mathematically, the increase of ¢'** results from following
the increased oj** which determines the right-hand side of .

Figure demonstrates that the proposed guidance law fulfills the interception of
the target for all four cases. Furthermore, the resulting impact time errors in all the cases
satisfy |t;| < 1 x 1073, That is, it can be said that the proposed law achieves the impact
time control for every considered case.

Similar to Fig. [3.2b] figure shows the convergence of z; and 29, which verifies
the fulfillment of the impact time control theoretically. Furthermore, the discussion about
minimum and maximum achievable domain of impact time , given in is demonstrated
by the results about the convergence of z; and 2z, when t; = tglin and tg = %%,

The look angle histories in Fig.3.3c|also show that the proposed law prevents the missile
from violating the pre-set FOV limit. We can observe that the look angle does not exceed
the prespecified value of 60° for every considered case. This property about look angle
restriction is shown noticeably compared with other existing impact time control guidance

law, which will be given by next subsection |3.4.2
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Figure 3.2: Simulation results for different impact time constraints with look angle limi-
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patterned-line represent the results for t; = 3(= 40.68 s), 50 s and t7%(= 54.06 s)
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60 s and t)**(= 68.93 s) respectively.
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3.4.2 Performance comparison with other guidance laws

For an effective analysis of the proposed guidance law, the performance is compared with
other existing laws that aim to control impact time against a stationary target called Lya-
ITCG (lyapunov-based impact time control guidance law) and PN-ITCG (proportional
navigation-based impact time control guidance law) represented in [25] and [30] respectively.
As an engagement scenario, the same initial condition considered in are used with the
desired impact time of 60 s. The desired constraint of look angle is fixed as o™ = 60°.

Lya-ITCG can guarantee a wide range of the capture region with an acceptable com-
mand owing to its exact nonlinear formulation, so this law is suitable for engagements
requiring large heading angle errors. PN-ITCG is appropriate when maneuverable energy
of the missile is restricted because it is designed to minimize the guidance effort based
on the optimal control theory. However, when the missile is equipped with the seeker with
reduced FOV, these two laws have difficulty fulfilling the homing since the constraint about
reduced FOV is not considered. In particular, the difficulty becomes severe when an engage-
ment requires a large detour to satisfy the desired impact time constraint. This subsection
illustrates such an engagement in fig. [3.4]

Figure 3.4 shows the simulation results for t; = 60 s under three different guidance laws.
The results under Lya-ITCG, PN-ITCG and proposed law are illustrated by the triangle,
inverted triangle and square-patterned-line respectively. As shown in Fig. [3.4a], all the three
guidance laws achieve the interception of the stationary target. The terminal impact time
errors in all three cases satisfy [ty — t4] <1 x 1073 sec.

In order to fulfill the impact time control, all three laws let the missile make a detour,
which results in the increase of the look angle in the initial phase as illustrated in [3.4D]
Particularly, the look angles under Lya-ITCG and PN-ITCG increase to about 119° and 78°
respectively exceeding o} = 60°, which may cause the missile seeker to lose the target.
In comparison, it can be seen that the look angle under the proposed law does not exceed

the prescribed value until the interception although its magnitude approaches maximum

3 o i
"':I'H-_E _'H.I.- ok |
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limit. Hence, it can be confirmed that the proposed law can prevent the violation of the
FOV limits.

Figure [3.4¢| represents the guidance commands under three guidance laws. Owing to
its optimality of PN component, PN-ITCG generates the acceleration command of modest
amplitude during the entire homing. On the contrary, Lya-ITCG and the proposed law
generate a large command in the initial phase due to requiring the convergence of error.
Furthermore, the proposed law generates a large command once more in the middle phase.

It is related with earlier convergence of o), = 0 than other laws.

65 |

] S o)) &



T T T T 140
(Orarset [
100 -

80

60

0,y [deg]

40
pild
201

-20

A Lya-ITCG [25]

7PN-ITCG [30] | |
Proposed

Sy

2 4 6 8 0 10 20

30 40

50 60 70

X, [km] time [sec]
(a) Flight trajectories for t4 = 60 s (b) Look angles for t; = 60 s

20

151

a,, ld]
°q s R

-10 |

-15 |

-20

0 10 20 30 40 50 60
time [sec]

(c) Guidance commands for tq4 = 60 s

70
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3.4.3 Salvo attack in a realistic engagement

Although the proposed guidance law is derived with the assumption of constant missile
speed, real implementations require the consideration of time-varying speed because of
aerodynamic and gravitational effects. Therefore, it is necessary to check the achievement
of the desired duties such as homing and impact time control under the proposed law
in more realistic settings. To confirm the performance of the law more unquestionably,
this subsection conducts the salvo attack simulation that takes into account the realistic
interceptor model first introduced in [51] and utilized in [26].
Considering the thrust, aerodynamics and gravitation, the missile speed varies with
T—-D

Vi = —— — gsinyy (3.68)
m

and the dynamics of flight path angle in (3.3)) is replaced by

ap — gCosym

Y — 3.69
TMm Vir ( )

where T is the longitudinal thrust, D the aerodynamic drag force, m the missile mass, and

g the gravitational acceleration respectively. To model the boost phase with a fuel-injection

Table 3.2: Simulation setting for salvo attack

M1 M2 M3 M4
Initial position (xp(0),yar(0)) (0,0) km (=2,1) km (2,-3) km (19,—2) km
Initial flight path angle v,,(0) 30° 20° 70° 150°
Initial speed Vj;(0) 250 m/s 270 m/s 280 m/s 240 m/s
Acceleration limits |a/[™** 10 g
Desired impact time t,4 50 sec
Look angle limits o} 60°
] © 11 7
67 s ]



at the initial stage, the thrust and mass are considered as

.

33000 0<t<1.5
T'=497500 15<t<85 (3.70)

0 8.5t
\
(

135 — 14.53t 0<t<15

m=4¢113.205—3.31t 1.5<t<85. (3.71)
90.035 8.5 <t
\
The drag is modeled as
K;m?*d?,

D = CpoQSres + (3.72)

QSref

where Cpo, K;, @ and S,.s denote the zero-lift drag coefficient, induced drag coefficient,
dynamic pressure and reference area respectively. The exact values and expressions of these
parameters and variables are included in [51].

In addition to the velocity model in (3.68)~(3.72), it is also assumed that the lateral

maneuvering acceleration ay; is generated by the aerodynamic lift force as

L(a,d
apm = <7O;; ) (3-73)
and the rotational motion is given by
. L(a,0)
e S A
a =q mVa q
]yy ’ 75

where «, 6, ¢ and ¢ denote the angle of attack, pitch angle, pitch rate and canard deflection

angle respectively. L(-) and M(+) represent the lift force and pitching moment, and m and
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I, are the mass and moment of inertia with respect to the pitch axis. dc and 75 represent
the command of the canard deflection angle and time constant of the actuator dynamics.
As specific expressions for the lift force L(-) and pitch moment M(-), the aerodynamic
model used in [45] and [9] is applied.

Using the realistic model described above, the salvo attack scenario in which four missiles
denoted as M1, M2, M3 and M4 respectively are employed against a single stationary
target located at (10,0) km is performed. The specific initial values of the missiles are
listed in TABLE. 3.2

Figure [3.5| provides the simulation results for the salvo attack. The results of M1, M2,
M3 and M4 are represented by the triangle-patterned-line, inverted triangle-patterned-line,
square-patterned-line and circle-patterned-line respectively. First of all, figure shows
that all four missiles intercept the stationary target. Furthermore, the terminal impact
times of missiles M1 ~ 4 are 50.039 s, 49.980 s, 50.041 s and 50.050 s respectively, which
indicates the impact time error is within 5 x 1072 s for every missile.

Due to the consideration of boost phase, we can observe that the speeds of missiles rise
steeply at the initial stage as shown in Fig. [3.5¢, and decrease after the fuel injection is
finished because the drag is applied dominantly.

Although this variation of the speed is not involved in the guidance law design, figure
shows that the proposed law satisfies the constraint of FOV limit for every missile. It
is because the selection of gain ky with large enough value can allow the missile look angle
not to exceed the prescribed value as shown in and despite the presence of
uncertainties. In conclusion, the proposed law holds the validity in spite of the presence of

undesigned effects: the variation of the speed in this case.
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Impact Angle and Time Control Guidance

with Field-of-View Constraint

In this chapter, a guidance law that considers the field-of-view limitation as well as the
terminal impact angle and time constraints is proposed. In order to develop the guidance
law, a desired look angle that satisfies the field-of-view limitation and terminal impact angle
constraint is first designed. Since the desired look angle is shaped to involve an additional
guidance gain that determines the length of the trajectory, the terminal impact time can be
controlled by adjusting the gain. The guidance law is derived so as to stabilize the actual
look angle to the desired look angle based on the sliding mode control method. As a result,
the proposed law in this chapter can intercept the stationary target at the desired impact
angle and time with satisfying the field-of-view constraint. The proposed law is expected
to achieve the accurate performance in real applications owing to its analytic formulation
without using any numerical routine such as off-line optimization or the shooting method.

The effectiveness of the proposed guidance law is demonstrated by numerical simulations.
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Figure 4.1: Two-dimensional engagement geometry for a stationary target

4.1 Problem formulation

This section states engagement dynamics of a missile against a stationary target in order
to set a framework for impact angle and time control guidance. Figure [4.1] shows the
two-dimensional engagement geometry of the missile and target denoted by M and T
respectively in the inertial frame of X;O;Y;. In Fig. 4.1, R and X represent the relative
range and line-of-sight (LOS) angle of the target with respect to the missile. Vi, ap, yu
and o), denote the speed, normal acceleration, flight path angle and lead angle of the missile
respectively. Especially, with the assumption that the angle of attack is small enough to
be neglected, o), is approximated as the look angle which represents the included angle
between the LOS and missile heading. This paper focuses on limiting the look angle o,
since it mainly determines the viewing angle of the seeker.

The kinematic equations that governs the engagement are given by

R =Vg (4.1a)
R\ =V, (4.1b)

where Vi and V), are relative velocity components of the target with respect to the missile.
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Vi and V) each represent the component along and normal to the LOS respectively as

Ve == Viscosoy (4.2a)

V)\ = — VM sin OM- (42b)

To steer the desired direction, the missile generates the maneuvering acceleration ay; normal

to the velocity vector. Thus, the equations of the flight path angle is expressed as

. am
= —. 4.3
™M Vir (4.3)
This paper proposes an impact angle and time control guidance law that prohibits the look

angle within the maximum limit, so the design goals are written as

dt;>0:R(t) >0Vt e[0,tf) and R(tf) =0 (4.4a)
T (t) = va (4.4b)

tr=tq (4.4¢)

on ()] < o < /2 Vi€ [0,t)] (4.4d)

max

where t¢, 74, tq and o™ mean the final time, desired impact angle, desired impact time

and prescribed maximum look angle. The conditions in (4.4a)), (4.4b)), (4.4c) and (4.4d]) are

related to the homing, impact angle, impact time and field-of-view constraints respectively.

Achieving all these conditions is a difficult problem since only the normal acceleration
is used as guidance command. To deal with this problem, a look angle constrained impact
angle control guidance law that does not consider the impact time constraint is first designed
in section[4.2] This law is extended to an impact angle and time control guidance law based

on the calculation of remaining time-to-go in section [4.3|

73 |

] S o)) &



4.2 Impact angle control guidance law with look angle con-

straint

In this section, an impact angle control guidance law with a free impact time is designed as
the groundwork for developing the guidance law that controls both the impact angle and
time. In subsection [4.2.1] a look angle profile that guarantees the interception at the desired
impact angle without violating the look angle constraint is first introduced. An impact angle
control guidance law that tracks the desired look angle profile is then developed using the

lyapunov stability theory in subsection [4.2.2]

4.2.1 Look angle shaping based on nonlinear formulation

Against a stationary target, nullifying the look angle enables the homing of the missile.
In addition, approaching the target over the collision path of the desired way ensures the
fulfillment of impact angle control. Therefore, the error variable for the impact angle control

can be defined as follows:
er=A— " (4.5)

Regulating the error variable e; in (4.5)) guarantees the interception at the desired impact
angle since the collision path in the desired direction is achieved. Differentiating (4.5)) with

respect to the relative range, we have

de; tanoy

dR R

(4.6)

Based on ({4.6)), let the desired profile of the look angle be defined as

0%, = kpsat <%> (4.7)
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where sat(-) is the saturation function such that sat(z) = z if |x| < 1 and sat(x) =sgn(z)

otherwise. Also, k1 and ¢, are guidance parameters and chosen to satisfy the followings:
™
0<k <oyf*< 5 0< ¢ (4.8)

Note that the magnitude of the desired look angle ¢, is limited as |0§4} < ki < o3
It makes the designed profile be within the maximum limits. From and ([4.2a)), fur-
thermore, it is deduced that the relative range is strictly decreasing if the look angle is
within (—7/2,7/2). Hence, after achieving oy, = 0¢,, the homing and FOV constraints in
and can be satisfied. The controller to achieve oy, = o4, is designed in next
subsection [£.2.2]

Next, it is verified whether the proposed o4, guarantees the satisfaction of impact angle

constraint. Substituting (4.7)) into (4.6) yields

tan kq
de, I for |e;]| > ¢4 (4.9a)
drR ) 1 k
dR = tan (qs—iel) for |e1]| < ¢ (4.9Db)

Solving the equations in (4.9a)) and (4.9b]), we obtain

tan kq
e1(Ro) + log (E) for |e1| > ¢4 (4.10a)
0

k1/¢1
(]i—isim_1 {sin (%el(Rl)) (%) } for |er| < ¢ (4.10b)

where Ry and R; are relative ranges at the beginning of each interval, i.e., Ry = R(t = 0)
and |e;(Ry)| = ¢1. The solutions in and shows that ey is strictly decreasing
since R is also strictly decreasing. Furthermore, (4.10b)) indicates that e; goes to zero when
R = 0. As a result, the proposed look angle profile in (4.7)) guarantees that the missile
intercepts the target at the designated impact angle without violating the maximum look

angle constraint.
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Note that the desired tasks in (4.4al), (4.4b)) and (4.4d)) are guaranteed regardless of the

magnitude of ¢; which determines the look angle profile as shown in (4.7)). This parameter

¢ is utilized to achieve the desired impact time in the section 4.3

4.2.2 Design of the guidance law to follow the look angle profile

To substantialize the property of the designed profile o, it is necessary to make the
actual look angle o), converge to 0¢,. In this subsection, the controller that achieves the
convergence is derived based on the sliding mode technique. A sliding surface variable to

track the desired look angle is defined as
S =0y —add,. (4.11)
Taking the time derivative to yields
§=IM {4l (4.12)
From , a sliding mode guidance law that stabilizes S at zero is designed as follows:
anr = Var (A n agg) — ko Varsgn(S) (4.13)

where ks is a positive constant that determines the convergence speed of S. Since the closed

loop dynamics of S under applying the guidance law in (4.13)) is given by

S = —kosgn (S5), (4.14)

the sliding mode is achieved in a finite time ¢, as follows [43]:

_ |5(0)]
=" (4.15)
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In order to fulfill the desired tasks, the surface variable S has to converge before the
interception. Therefore, the reaching time ¢, should be faster than the final time ¢, so the

parameter ko should be chosen to satisfy

IS(O)I.
ty

ky > (4.16)

Then, the proposed guidance law in guarantees the interception at the desired impact
angle since the actual look angle tracks the designed look angle profile in before the
interception.

Unlike these terminal constraints of the interception and impact angle, the look angle
constraint is not guaranteed by the convergence of S because it should be satisfied during
the entire homing as shown in (4.4d)). To confirm whether the proposed guidance law in
achieves the look angle constraint in , the magnitude of the look angle o,/ is

investigated as follows

Theorem 4.1. For all initial conditions satisfying |oa(0)| < 0,, the look angle is bounded

during the entire homing as follows:
lom(t)] < o™ Vt € [0,ty]. (4.17)

Proof. Let us consider the compact set B 2 {o; : |oas| < 02} for the proof. From (4.13)),

the dynamics of o), under the proposed guidance law is expressed as

=59, — kosgn ()

:kldiel {sat (%) } é1 — kosgn ()

]{ZlvM sin oM d

= - {sat (%) } — kysgn (S) . (4.18)
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max

Then, on o), = o}, taking the time derivative of o, gives

oM

k1 Vg sin o™ e max
- faVhrsnoRp” ¢ {Sat (511) } hasgn (T — o). (4.19)

oM=0y*

Since d{sat (e1/¢1)} /de; = 1/¢py if |e1] < ¢y and d {sat (e1/p1)} /de; = 0 otherwise, we

obtain

oM < — kosgn (o™ — o)
op=0y*
e
= — kosgn (0}[{}“ — kysat (—1))
o1
<0 (4.20)
where the property 0 < k; < o} in (4.8)) is used. In a similar way, on oy = —o}*, we
have
k1 Vi sinoyf™ d ey p
o =————F —sat | — | p —kesgn (—oy — 0o
M Usza'K/}ax R d61 le 2 g ( M M)

>kosgn (o™ + o)

>0, (4.21)

The results of (4.20]) and (4.21)) verifies that B is an invariant set, which proves (4.17)). O

Theorem [.1] indicates that the look angle is bounded within the prescribed limit during
the entire homing. As a result, the guidance law in (4.13)) achieves that the missile intercepts

the target at the desired impact angle without violating the look angle constraint.
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4.3 Impact angle and time control guidance law with look

angle constraint

Note that the desired tasks in (4.4al), (4.4b) and (4.4d)) are achieved regardless of the
magnitude of ¢; which determines the look angle profile as shown in (4.7). It means that

the entire trajectory and time-to-go under the developed law can be adjusted as desired
by selecting an appropriate value for ¢;. Based on this property, remaining time-to-go
is calculated in subsection and an impact angle and time control guidance law is

designed using the time-to-go calculation in subsection {4.3.2]

4.3.1 Calculation of time-to-go

In our formulation where the missile flies at a constant speed, the remaining time-to-go at

the current time is calculated as follows:

L 1 current
oy =— = — dL 4.22
7 VM VM final ( )

where L is the remaining flight path of the missile. Since the flight path and relative range
vary over time as dL/dt = —V); and dR/dt = —V); cos oy respectively, the time-to-go in
(4.22]) is expressed as

1 (B

tgo v
M Rf:O

sec oy dR (4.23)

for R € [0, R]. After the convergence of S, from 1' and {D oy in 1} is obtained

as

k1 for

el(R)‘ > 6 (4.24a)
sin~! {a(Rl)RB} for ‘el(é)‘ < ¢ (4.24Db)
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where

. (kK 1 k
a(Ry) = sin (¢—161(R1)) R_f’ p= qb_i (4.25)

and R; in (4.24]) and (4.25)) is the relative range at e;(R) = ¢; and calculated as follows
from (-103):

(4.26)

— e (R
Ri = Ryexp (—¢1 tarellkgl 0)>

Now, let us calculate the time-to-go by substituting (4.24)) into (4.23)). First, when |e;(R)| >
¢1, the condition of |e;(R)| > ¢ is equivalent to R > R; since |e;(R)| is monotone increas-

ing for R from (4.10)). Thus, the time-to-go when |e;(R)| > ¢ is rewritten as

1 [ .1 [ .
tgo(R) :W/R secoydR + Vs ) sec oy dR. (4.27)
1 f

Substituting (4.24]) into (4.27)) yields

1 [ I 1 -
tgo(R) :V_/ sec kydR + Vo dR
M M J Ry \/1 sin o/ (R)
k Rl 1 -
=M R R+ —/ R (4.28)
Vi VarJo (1 - a2 () B

The second term in (4.28)) is rewritten as

1 B Ry ) : 1/8 B
) — o / BT 4k (4.20)
\/1 2(Ry) R268 203 (sin k1) " Vi Jo Rl\/l — a2 (Ry) B2
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. _ 28
By using a parameter 7 defined as n = o?(R;)R?® = sin® k, (R/ R1> , we have

1 dR = o / 1) (sin k)" R dn
\/1 2(R,) R2# 23 (sin kl)l/ﬁ Vu Riny1—n

R, n(R1) 1 R28 2
= 75 / sin? k:l—% dn
20 (sin k1) " Vi Jo WI—1n
_ Ry / (R1) nl/% o
28 (sinky) "’ Viy Jo nvT=n
Ry ( 1 1)
= B R '8
28 (sin k) ° Vi ) 28" 2

Ry ( 1 1)
= B | sin® ky; 4.30
283 (sin k) Vi 72372 (4:30)

where B (+;-,-) is the incomplete beta function. As a result, t,, when |e(R)| > ¢y is

calculated as

sec kq R, ( 5 1)
too = R—R;)+ B sin“ky; —, =
w = BRI (sin k1) 7 Vi V2672
sec ky Ry ( Lo, D 1)
= R—Ry)+ B | sin” ky; —, = 4.31
Vi ( 2 2k1 (sin k1)/*1 vy Y2k 2 (4.31)
When |e1(R)| < ¢1, the time-to-go is given by
1 (R -
teo(R) = —/ secoydR. (4.32)
Vi

Applying a calculation technique similar to (4.28) ~ (4.31]) into (4.32)), the time-to-go when

ler(R)| < ¢1 can be obtained as follows:

. R 5 ( . 1 1>
0= sin“on; 57,5
I 2ﬁ|SiIlO'M|1/BVM 25 2

= fin B | sin® ﬁ61 ; ﬂ, 1 (4.33)
k) |0 $1 2k 2
2]€1 sin (¢> 1) M
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To sum up, the time-to-go under the guidance law in (4.13)) is calculated as

sec ky Ri¢y < 2, 1 1)
R—Ry)+ B | sin” ky; —, = for |e1 (R 4a,
Vi ( 2 2k; (sin k)% vy Y2k, 2 e ()] AHdta)
tgo = R o [k 1
R B<sm2 (gzﬁ_lel) ;2%1,5) for [ex(R)| <4¢34b)
2k ‘sin (%61) Vi ! '

which is also expressed by using the series as

o0

( seck R 2n)!
i (R—Ry) + — Z (2n) sin?k;  for |e;(R)| > ¢h.35a)
Vi Vir £=5 920 (1 + 2n%> (n!)?
t!]O = 00
2n)! k
kRS (2n) sin2" <—1@1> for [er(R)| < (@:35b)
\ Vi 2= o2n (1 + 2n%> (n!)” 1
Ignoring the higher order term after sin®"(-) and applying the approximation of sin (%el> ~
%61, the approximated time-to-go is obtained as
k in? k
kL g py 4 B[ TR ) e (R) > 6 (4.36a)
Vi Vi 2 (1 + 22—1)
1
tgo = ket 2
r(,, (89)
— |1+ —F for le;(R)| < ¢1. (4.36b)
Vi 2 (1 + 2(’;—1)

\

Note that the estimated time-to-go in (4.36]) is controllable by adjusting the value of ¢;.
Based on this property, a proper value for ¢; is found in next subsection for the impact

time control.

4.3.2 Impact time control based on time-to-go calculation

In the previous subsection [£.3.1], it was verified that the time-to-go under the proposed

guidance law is a function of the parameter ¢;. To achieve the impact time constraint,

82 |

] S o)) &

1V



therefore, the process to find a proper value of ¢; is investigated in this subsection.
¢1 that guarantees the impact time control can be obtained by solving the following

equation:

tgo <¢1) :t;lgs
L, —t (4.37)

Since the time-to-go ¢4, has two different expressions depending on the values of e; and ¢;
as shown in (4.36]), the process to calculate the solution of ¢; for the impact time control

can be complicated. To simplify the process, the following theorem is introduced.

Theorem 4.2. Consider ty,1(¢1) and ty,2(¢1) defined as

r(,, (&)
tgo1(¢1) = 7l R s for all ¢, > 0 (4.38)
w 2 (1 + 2%)

5?251 (R Rl) VM (1 + (Sfi—zlca)) for 0 < ¢1 < ‘61‘
tgo,2<¢1) = "
v 1+

(40
¢1 el
(1+2 1) for ¢1 > |eq|
Let ¢7 and ¢7* be the solutions of ty,1(¢1) = t;gs and tyo2(¢1) = t;lzs respectively. Then ¢F
and @7 satisfy sat(e1/d7) = sat(e1/P7).

(4.39)

Proof. First, let us investigate the solution ¢7 prior to the proof. From (4.38]), the solutions
satisfying tg1(¢}) = % is obtained as

( 2
klRel (4.40a)
| 2(Vartie — R) + (/4 (Vatdes — R)® + 2Re3 (Vagtles — R)
o= ki Re?
Sk (4.40b)
2 (Vartles — R) — (/4 (Vagties — R)® + 2Re? (Viyties — R)
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The solution in (4.40b)) satisfies

ki Re?
2 (Vastdes — R) — (/4 (Vagtdes — R)® + 2Re? (Vatdes — R)
ki Re?
2}‘34f“5-fﬂ <Sgn(‘ﬁ4ﬁ%$“f® "V/l*'555£§§i§7)
0. (4.41)

which implies that more than one solution for ¢ cannot exist.

Now, let us prove the theorem in two cases: 0 < ¢} < |e1]| and @7 > |ey|. First, if
0 < ¢} < ley|, the solution satisfying ¢7 > |e;1| does not exist by the result of and
. Then, ¢7* satistying ¢1* > |e;| also does not exist because tg,1(¢1) = tg02(¢1) when
¢1 > |e1|. Consequently, the solution ¢1* also satisfies 0 < ¢1* < |e;| when 0 < ¢ < |eq].

If ¢f > |ey], it is obvious that the solution ¢1* is obtained as ¢1* = ¢ > |e;| since
tgo1(P1) = tgo2(d1) When ¢1 > |ei| as shown in (4.38)) and (4.39). As a result, ¢7 and ¢}
satisfy sat (e1/¢7) = sat (e1/¢7*) in both cases. O

When the guidance law in (4.13) is implemented, the parameter ¢; is used to compose
od, as a form of sat (e;/¢1), which is shown in (4.7)). Therefore, Theorem 4.2| signifies that
solving the equation t,1 (¢1) = tjﬁs is sufficient to obtain the solution of ¢, satisfying 1}

for the implementation of the proposed guidance law. The solutions of g, (¢1) = t;ﬁs are

given by (4.40)), and (4.41)) in Theorem reveals that the solution in (4.40b)) is invalid

since it is proved as negative. Therefore, we have the substantive solution as

kl RG%
2 (Vastdes — R) + /4 (Vastles — R)? + 2Re? (Vagtdss — R)

¢1 = (4.42)

That is, choosing the parameter ¢; as (4.42)) enables the impact time control.
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4.4 Numerical simulation

In this section in which two subsections are included, the validity of the proposed guidance
law is demonstrated through numerical simulations. In subsection [£.4.1], the proposed law
is simulated for various engagement scenarios to evaluate the performance. In subsection
[4.4.2] the proposed law is compared with other guidance laws that consider the impact
angle and time constraints.

The signum function sgn (-) in can cause the command chattering due to its dis-
continuity. To alleviate the fluctuation and obtain a continuous feasible guidance command,
the signum function is approximated as the following hyperbolic tangent function in the

implementation.

2

tanh (CL.T) = m —

(4.43)

where the value of a is chosen as a = 10. The approximation of allows the convergence
of S to be achieved by a continuous command with a deviation inversely proportional to
a from the ideal siding mode [44]. In all the scenarios of the following simulations, the
homing is performed until the relative range is less than or equal to 0.5 m, and the guidance
command of the missile is saturated at =10 g. The detailed setting of the parameters used

in the simulations are listed in Table .11

Table 4.1: Simulation setting

Parameters Values

Initial position of the missile (z,(0), y(0)) (0,0) km
Position of the stationary target (zr(0),yr(0)) (10,0) km

Initial missile flight path angle v,/(0) 30 deg

Missile speed Vi, 250 m/s

Missile acceleration limits |ay|™™ 10 ¢
Guidance gains ky =0y —0.01, by =1

T g denotes the gravitational acceleration, i.e., g = 9.81 m/s?.
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4.4.1 Performance analysis of the proposed guidance law

To investigate the performance of the proposed law, four scenarios where the terminal
impact angle and time are constrained as (y4,tq) = (—30°,45s), (—45°,50s), (—90°,60s),
and (—120°,65s) respectively with setting the look angle limitation as o} = 60° are
considered. Figures ~ illustrates the simulation results of the four scenarios under
the proposed guidance law.

Figure shows that the proposed law fulfills the interception against the stationary
target for every case. Specifically, the proposed law achieves the impact angles and times of
(yar(ty), tr) = (—29.96°,44.99 s), (—44.98°,49.99 s), (—89.98°,59.99 s) and (—119.97°,64.99 s)
in the four scenarios respectively. This result means that the impact angle and time errors
are within 0.04° and 0.01 s respectively for all the scenarios.

Figure shows that the proposed guidance law makes the surface variable S converge
to zero with generating the command that does not exceed +10 g. At the early stage of
the homing in every case, the guidance law yields a relatively large acceleration, which is
due to the demand that achieves the sliding mode. After the convergence of S, there also
exists an interval where the command slightly decreases in every case. It is related with a
sudden decrease of o, which can be found in Fig. [4.2d]

Figure provides the histories of impact angle and time errors, i.e. e; in and
tgo — t;ﬁs respectively. The exact solution for the time-to-go in (4.34]) is used as t4,. First, it
is observed that e; converges to zero as the missile approaches the target in every scenario,
which accords with the theoretical result in (4.10]). The second row of Fig. M shows that
the impact time error also goes to zero before the end of the homing. Since the proposed
law uses the approximate time-to-go in to satisfy the impact time constraint, the
accuracy of the impact time control is not always ensured during the entire homing. This is
why there is a difference between t,, and t‘gif;s at the early and middle stages of the homing.
However, as e; converges to zero, the difference between the exact time-to-go in and
the approximate one in also becomes zero. Therefore, the convergence of the impact
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time error to zero is guaranteed at the end of the homing, which can be seen in the second
row of Fig. [4.2¢

Figure presents the histories of the flight path angle and look angle of the missile in
each scenario. The first row of Fig. confirms that the proposed guidance law satisfies
the impact angle constraint in all scenarios like Fig. .2 The second row of Fig.
demonstrates that the look angle does not violate the prescribed limit o™ = 60°, which
accords with the theoretical verification of Theorem [4.1} In summary, the proposed law
enables the missile to intercept the stationary target at the desired impact angle and time

without violating the pre-set field-of-view limit.
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4.4.2 Performance comparison with other guidance laws in real-

istic scenarios

This subsection compares the proposed guidance law with another guidance law that is
able to control the terminal impact angle and time called MPG (multi-phase guidance
law) studied in [39]. MPG can be applied to the missile with limited FOV due to its
ability to confine the look-angle within the prescribed limit. However, MPG is vulnerable
to unexpected disturbances and uncertainties because control of the impact angle and time
is carried out as an open-loop process.

For the comparative analysis of the proposed guidance law with the existing law, this
subsection considers three scenarios where a large detour is required to satisfy the desired
impact angle and time with the presence of three different disturbances. All of three sce-
narios are aimed at achieving the desired impact angle and time of v; = —80° and t; = 50 s
respectively with the look angle limitation of o} = 45°. A first-order transfer function is
applied between the guidance command and engagement dynamics to take into account the
autopilot delay, and the time constant of the transfer function is set to be 0.2. In addition,
considering the aerodynamics, gravitation, and controllable thrust, the missile speed and
flight path angle are assumed to vary with

Vi :¥ —gsinyy + A (4.44)

apm — gCosym

- (4.45)

M
where T, D, m, and A represent the longitudinal thrust force, aerodynamic drag, missile
mass, and disturbance caused by a longitudinal wind gust. The mass is fixed as m = 90 kg

and the drag model used in [26,[51] is adopted to formulate D in our simulation. The

3 11 3
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disturbance is modeled differently for each scenario as follows:

(

0 for the scenario #1

A=q +g{H(t)— H(t—10)} for the scenario #2 (4.46)

—g{H(t)— H(t —10)} for the scenario #3
\

where H(-) is the Heaviside step function; i.e., the gust influences for the first 10 seconds
in the scenarios #2 and 3. The thrust is assumed to be controllable to maintain the desired

speed Vi, = 250 m/s as
T =T.,+Kp (Vi — Vur) (4.47)

where T, is the equivalent thrust force to maintain the speed in an ideal condition and Kp
is the proportional gain selected as Kp = 30.

The simulation results with the speed-varying model described above are illustrated in
Figs. ~ and also summarized in Table £.2] Figures [4.3] [£.4] and provide the
results in the scenarios #1, 2, and 3 respectively. Figs. [1.3a] [4.4a], and show that both
laws achieve the interception in all the scenarios. In addition, as shown in the lower row
of Figs. ~ MPG and the proposed law prevent the look-angle from exceeding
the prescribed limit o}** = 45° during the entire homing although a curved trajectory is
demanded to satisfy the terminal constraints on impact angle and time. Thus, both MPG
and the proposed law can be applied when the missile is equipped with the seeker with
reduced FOV.

The results in Table also show that the proposed law produces smaller impact angle
and time errors than MPG in every scenario. MPG achieves the interception for every case
but does not ensure accurate impact angle and time. It is because MPG is vulnerable to

uncertainties and disturbances due to the absence of a feedback process to regulate the

impact angle and time errors as described in [39]. The results of the scenario #2 and 3
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clearly show the performance degradation of MPG caused by disturbances. In the scenario
#2, the missile under MPG intercepts the target 1.433 s faster than the desired impact
time because the wind accelerates the missile during the first 10 seconds as shown in Fig.
The opposite result arises in the scenario #3; the missile intercepts the target 0.947
s later than the requirement.

Unlike MPG, the proposed law ensures the precise impact angle and time control with
satisfying |yar(ty) —va| < 0.02° and |ty —t4] < 0.001s. The reason for the performance
difference between MPG and the proposed law is as follows. MPG calculates the parameters
to satisfy the desired impact angle and time based on initial conditions, which is classified as
the open-loop control. On the contrary, the proposed law has the feedback loop to regulate
the impact angle and time errors e; and ¢4, — t;lﬁs based on current state variables as shown
in and , which is the closed-loop control. For this reason, the proposed law yields
better performance than MPG in the presence of disturbances. As a result, the proposed
law can guarantee better performance for various impact angle and time conditions in real

applications compared with the existing guidance law.
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Figure 4.5: Simulation results in the scenario #3 under two guidance laws: MPG and the

proposed law
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Table 4.2: Summarized results of the simulation

Seenario  Guidance law Miss distance Impact angle error Impact time error

R(ty) (m]  ym(ty) — 7ya [deg] ty — tq [sec]
1 MPG 0.394 -1.198 -0.242
Proposed 0.389 -0.009 -0.001
9 MPG 0.391 -1.133 -1.433
Proposed 0.378 0.017 -0.001
5 MPG 0.401 -1.239 0.947
Proposed 0.268 0.015 -0.001
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Conclusions

In this dissertation, guidance laws for missiles with reduced field-of-view constraint are
proposed in each part composed of the following: (i) impact angle control guidance, (i)
impact time control guidance, and (#ii) impact angle and time control guidance. Each part
verifies that each proposed guidance law ensures the interception of a stationary target
without violating the prescribed field-of-view constraint while achieving the design objective
of each part through the theoretical analysis and the numerical simulations. The main

results of each study are summarized as:

e The look angle-constrained impact angle control guidance law that only uses the
bearing angles among the target information is proposed. To develop the guidance
law, the surface variable that only consists of the line-of-sight angle and look angle is
designed based on the kinematic conditions for achieving the impact angle constraint
with confining the missile look angle within the pre-specified limit. The guidance law
is derived to achieve the sliding mode of the defined surface variable. Since imposing
the terminal impact angle constraint requires the curved trajectory, this capability to
prevent the missile look angle from exceeding the prescribed limit is helpful from a
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practical standpoint. Furthermore, unlike the existing laws whose implementation de-
mands the knowledge of the relative range or line-of-sight rate, the proposed guidance
law only needs the line-of-sight angle and look angle among the target information.
Hence, the proposed law can easily be implemented into a homing missile equipped
with a structurally simple passive strapdown seeker. Both the theoretical analysis and
the numerical simulation result indicate that the proposed guidance law achieves the

desired tasks under bearings-only measurements.

The impact time control guidance law considering the seeker’s field-of-view limits is
investigated. The proposed guidance law is motivated by the fact that implementation
of an impact time control guidance requires the consideration of the seeker’s field-of-
view limits due to its curved trajectory. To take into account the impact time control
problem, the kinematic conditions are introduced, and the guidance law is designed
in order to satisfy the conditions based on the backstepping control technique. In
the control structure, the magnitude of the missile look angle is confined within a
prescribed range by restricting the controller gain, which allows the seeker’s field-of-
view to be within specific limits as a result. Numerical simulation result demonstrates
that the proposed law allows the missile to intercept the target at the desired impact

time without violating the seeker’s field-of-view limits.

The look angle constrained guidance law that is able to achieve the interception at the
desired impact angle and time is presented. The look angle profile that guarantees the
constraints on the desired impact angle and time is designed, and the guidance law
is structured to follow the designed look angle profile using the sliding mode control
method. Since the look angle profile is constructed to be smaller than the prescribed
limit, the proposed guidance law can ensure the terminal impact angle and time con-
ditions while preventing the look angle from exceeding the specified limit. Owing to
this capability to obey the look angle constraint, the proposed law can easily be im-

plemented to a homing missile equipped with a narrow field-of-view. In addition, the

3 11 3
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proposed approach fulfills the impact angle and time control through state feedback
structure, so more accurate performance is expected in real applications compared
with the existing approach based on open-loop structure. Numerical simulations are
performed and the results confirm that the proposed law yields satisfactory perfor-

mance despite the presence of disturbances.
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