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Abstract

On intersection forms of
4-manifolds with boundary

Dong Heon Choe

Department of Mathematical Sciences

The Graduate School

Seoul National University

In the early 1980s, Freedman showed that every unimodular bilinear form

is realized as the intersection form of a simply connected closed topological

4-manifold. On the other hand, Donaldson proved that the intersection form

of a smooth definite closed 4-manifold is diagonalizable over the integer.

The intersection form of a 4-manifold is the integral symmetric bilinear form

on the second homology group of the 4-manifold. In this thesis, we study

the intersection forms of the smooth definite 4-manifolds with a rational

homology 3-sphere boundary.

The first part of this thesis provides the finiteness result of the intersec-

tion forms of the smooth definite 4-manifolds bounded by a fixed rational

homology 3-sphere up to stable equivalence. We also show that the finite-

ness result holds for the family of spherical 3-manifolds. In the second part,

we focus on the spherical 3-manifolds which admit a rational homology ball

filling. Hence we provide a complete classification of spherical 3-manifolds

which bound a smooth rational homology 4-ball. We also determine the or-

ders of spherical 3-manifolds in the rational homology cobordism group.

Key words: intersection forms, slice-ribbon conjecture, spherical 3-manifolds,

Heegaard Floer correction terms.

Student Number: 2010-23076
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Chapter 1

Introduction

In 4-dimensional topology, there are two celebrated results in the early 1980s

by M. Freedman and S. Donaldson. Commonly, these results involve the

topological invariant called the intersection form of 4-manifolds. It is an in-

tegral symmetric bilinear form on the second homology group modulo tor-

sion given by the algebraic intersection number between two surfaces in the

4-manifold.

In 1981, Freedman proved the 4-dimensional Poincaré conjecture [12],

i.e., he showed that a homotopy 4-sphere is homeomorphic to the standard

4-sphere. More generally, the homeomorphism type of the simply connected

4-manifold is unique if the intersection form is even. For an odd form, there

are two homeomorphism types and at least one of the manifolds does not

admit any smooth structures. He also proved that every unimodular form is

realized by the intersection forms of simply connected topological 4-manifolds.

In contrast, Donaldson proved the diagonalization theorem[6] which states

that the only diagonal forms are realized by the intersection forms of definite

smooth 4-manifolds. It is known that there are more than 107 equivalence

classes of the even definite unimodular form with rank 32. Thus, there is no

general classification theorem for unimodular definite forms.

As in [13], Frøyshov defined the rational valued invariant γ(Y, s) for a

rational homology 3-sphere (Y, s) with a spinc structure s by analyzing the

solution space of Seiberg-Witten equations. This invariant puts a constraint

on the intersection form of a smooth definite 4-manifold bounded by Y .
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CHAPTER 1. INTRODUCTION

He gave an alternate proof of Donaldson diagonalization theorem by using

Frøyshov’s invariant combining Elkies’s theorem [9].

Ozsváth and Szabó introduced a Frøyshov type invariant called the cor-

rection term invariant derived from Heegaard Floer theory. This invariant

shares many properties of Frøyshov’s invariant. Moreover, it is a spinc homol-

ogy cobordism invariant. There are algorithms for computing the invariants

for a large family of 3-manifolds (e.g., lens spaces, some families of plumbed

3-manifolds, Dehn surgery manifolds).

1.1 Intersection forms of definite 4-manifolds

with boundary

In this thesis, we study the intersection forms of smooth definite 4-manifolds

bounded by a given 3-manifold. We say that a lattice Λ is smoothly (resp.

topologically) bounded by a 3-manifold Y if Λ is realized by the intersection

form of a smooth (resp. topological) 4-manifold with the boundary Y . We

can check that Y bounds Λ⊕〈−1〉 if Y bounds Λ by the connected sum with

CP2
. We call the procedure stabilization.

Definition 1.1.1. Two negative definite forms Λ1 and Λ2 are stably equiv-

alent if Λ1 ⊕ 〈−1〉n ∼= Λ2 ⊕ 〈−1〉m for some non-negative integers n and m.

Let I(Y )(resp. ITOP (Y )) be the set of all negative definite lattices

that can be smoothly (resp. topologically) bounded by Y , up to stable-

equivalence. Freedman and Donaldson’s results can be interpreted as fol-

lows.

ITOP (S3) = {[Λ]|Λ is any unimodular negative definite lattice}

I(S3) = {[〈−1〉]}
We can check that |ITOP (Y )| is also infinite for a rational homology 3-

sphere Y . See theorem 2.2.1.

Our main result is the finiteness of I(Y ) for 3-manifolds with some con-

ditions. Although it has been known that I(Y ) is finite only for 3-manifolds

2



CHAPTER 1. INTRODUCTION

with small correction term, we conjecture that it is finite for any rational

homology 3-sphere Y .

Theorem 1.1.2. Let Y1 and Y2 be rational homology 3-spheres. Suppose that

there is a negative definite smooth cobordism from Y1 to Y2 and |I(Y2)| <∞.

Then |I(Y1)| <∞.

Since we know that |I(S3)| < ∞ based on Donaldson’s diagonalization

theorem, we have the following corollary.

Corollary 1.1.3. Let Y be a rational homology 3-sphere. If Y bounds a pos-

itive (resp. negative) definite smooth 4-manifold, then there are only finitely

many negative (resp. positive) definite lattices, up to stable-equivalence,

which can be realized as the intersection form of a smooth 4-manifold bounded

by Y .

In other words, if I(−Y ) 6= ∅, then |I(Y )| <∞.

Proof. Let W be a positive definite smooth 4-manifold with the boundary Y .

Then we construct a negative definite cobordism from Y to S3 by reversing

the orientation of the punctured W .

In [3], Boyer showed that there are the only finitely many homeomorphism

types of the simply connected 4-manifolds which have a given intersection

form and boundary Y . From this, we obtain the following corollary.

Corollary 1.1.4. For a rational homology 3-sphere Y , if Y bounds a positive

(resp. negative) definite smooth 4-manifold, then there are the finitely many

homeomorphism types of simply connected negative (resp. positive) definite

smooth 4-manifolds bounded by Y , up to stabilization.

To prove our main theorem, we consider a set of lattices L defined purely

algebraically in terms of the invariants of a given 3-manifold Y . This set L
contains negative definite lattices, up to stable-equivalence, which satisfy the

conditions for a definite lattice to be smoothly bounded by Y , induced from

the correction term invariants and fundamental obstructions from algebraic

topology. See Chapter 2 for details of these conditions, where we obtain

Theorem 1.1.2 by showing the finiteness of L.

3



CHAPTER 1. INTRODUCTION

Theorem 1.1.5. Let Γ1 and Γ2 be fixed negative definite lattices, and C > 0

and D ∈ Z be constants. Define L(Γ1,Γ2;C,D) to be the set of negative def-

inite lattices Λ, up to stable-equivalence, satisfying the following conditions:

• det(Λ) = D,

• δ(Λ) ≤ C, and

• Γ1 ⊕ Λ is embedded into Γ2 ⊕ 〈−1〉N , N = rk(Γ1) + rk(Λ)− rk(Γ2).

Then L(Γ1,Γ2;C,D) is finite.

Our proof of Theorem 1.1.5 is highly inspired by the work of Owens and

Strle in [36], where they studied non-unimodular lattices in terms of the

lengths of characteristic covectors. The key idea of our proof is to improve

one of their inequalities on the length of a characteristic covector, to give an

upper bound on the rank of the lattices in L(Γ1,Γ2;C,D).

It is interesting to ask which 3-manifolds satisfy the condition in Corollary

1.1.3, i.e., which 3-manifolds bound a positive definite smooth 4-manifold.

Since many of 3-manifolds, including all Seifert fibered rational homology 3-

spheres, bound a definite smooth 4-manifold up to the sign (see Proposition

4.2.2), it is more reasonable to find the families of 3-manifolds bounding the

definite smooth 4-manifolds of both signs.

It is well known that any lens space satisfies such property. Note that

lens spaces can be obtained by the double covering of S3 branched along

2-bridge knots. If we generalize lens spaces to this direction, the double

branched covers of S3 along quasi-alternating links are known to bound the

definite smooth 4-manifolds of both signs (with trivial first homology) [40,

Proof of Lemma 3.6]. Also, notice that lens spaces can be obtained by Dehn-

surgery along the unknot. In [37], Owens and Strle classified 3-manifolds

obtained by Dehn-surgery on torus knots which can bound definite smooth

4-manifolds of both signs. We consider this question for another class of

3-manifolds, Seifert fibered rational homology 3-spheres, which also contains

lens spaces. In particular, we determine spherical 3-manifolds which bound

definite smooth 4-manifolds of both signs, and finally, show that any spherical

3-manifold Y has the property that |I(Y )| <∞.

4



CHAPTER 1. INTRODUCTION

Theorem 1.1.6. Let Y be a spherical 3-manifold. Then, there are finitely

many stable classes of negative definite lattices which can be realized as the

intersection form of a smooth 4-manifold bounded by Y , i.e. |I(Y )| <∞.

1.2 Spherical 3-manifolds bounding rational

homology 4-balls

Another interesting question is which 3-manifolds bound rational homology

4-balls. The question is related to the study of the knot concordance group.

It is well known that the double branched cover Σ(K) of S3 along a knot

K bounds a rational homology ball if the K is slice [4]. So, one can show

that a knot K is not slice by proving that Σ(K) cannot bound any rational

homology 4-ball. For example, the celebrated slice-ribbon conjecture posted

by Fox [11] has been established for all 2-bridge knots [26], a certain family

of pretzel knots [15],[23] and some families of Montesinos knots [22],[24].

By using Donaldson diagonalization theorem, Lisca classified all lens

spaces which bound rational homology balls. Moreover, he completely deter-

mined which connected sums of lens spaces bound rational homology balls.

Aceto and Golla studied this question for the 3-manifolds given by Dehn

surgery on S3 along a knot.

In this thesis, we consider this question for spherical 3-manifolds. The

spherical 3-manifolds are the closed orientable 3-manifolds which admit a

complete metric with the constant curvature +1. A spherical 3-manifold has

a form S3/G where G is a finite subgroup of SO(4) generated by rotations.

Notice that all 3-manifolds with a finite fundamental group are spherical

3-manifolds by Perelman’s elliptization theorem. Spherical 3-manifolds are

divided into 5-classes with respect to their fundamental groups: C(cyclic),

D(dihedral), T(tetrahedral), O(octahedral) and I(icosahedral) type. The

cyclic type manifolds are the lens spaces, of which Lisca gave a complete

classification. Let R be the set of rational numbers greater than 1 defined

in [26], so that the lens space L(p, q) with p > q > 0 bounds a rational

homology ball if and only if p/q ∈ R. Our main result is the following.

5



CHAPTER 1. INTRODUCTION

Theorem 1.2.1. A spherical 3-manifold Y bounds a rational homology 4-

ball if and only if Y is homeomorphic to one of the following manifolds:

• L(p, q) such that p
q
∈ R

• D(p, q) such that p−q
q′
∈ R

• T3, T27 and I49,

where p and q are relatively prime integers such that p > q > 0 and p− q >
q′ > 0 is the reduction of q modulo p− q.

The spherical 3-manifolds are obtained by the double branched cover of

some Montesinos links. Let S be the set of Montesinos knots which give

spherical double branched covers.

Corollary 1.2.2. The slice-ribbon conjecture is true for knots in S.

We say that two 3-manifolds Y1 and Y2 are rational homology cobordant

if there is a 4-dimensional cobordism W from Y1 to Y2 such that the embed-

dings Yi −→ W i = 1, 2 induce isomorphisms between homology groups with

rational coefficients. The set of rational homology 3-spheres up to the cobor-

dism relation forms an abelian group called the rational homology cobordism

group, denoted by Θ3
Q. Theorem 1.2.1 classifies spherical 3-manifolds which

represent the identity element in Θ3
Q. It is natural to ask what the orders of

spherical manifolds are. The orders of all lens spaces are known by Lisca in

[27]. We determine the order of non-cyclic spherical manifolds.

Theorem 1.2.3. The order of a spherical manifold of type D, D(p, q) in Θ3
Q

is the same as that of the lens space L(p − q, q). The order of a spherical

manifold Y of type T, O or I is given as:

• 1 if and only if ±Y ∼= T3, T27 or I49,

• 2 if and only if ±Y ∼= T15,

• ∞ otherwise.

As a corollary, we compute the orders of elements of S in the knot con-

cordance group.

Corollary 1.2.4. For a Montesinos knot K ∈ S, the order of K in the knot

concordance group is equal to that of Σ(K) in Θ3
Q.

6



CHAPTER 1. INTRODUCTION

Organization

In the next chapter, we collect some background materials of integral lat-

tices, intersection forms and Seifert 3-manifolds. In Chapter 3, we introduce

Heegaard Floer homology and the correction term invariant that will be used

to prove the main theorem. In Chapter 4, we investigate the finiteness of the

equivalence classes of the definite intersection forms bounded by a given ra-

tional homology 3-sphere. In Chapter 5, we classify the spherical 3-manifolds

which bound a rational homology 4-ball. We also determine the order of el-

ements in Θ3
Q which are represented by spherical 3-manifolds.

7



Chapter 2

Preliminaries

In this chapter, we introduce the intersection forms of 4-manifolds and linking

pairings of 3-manifolds. Algebraically, these are bilinear forms over a finitely

generated abelian group. We also briefly explain the Seifert 3-manifolds and

Dehn surgery manifolds.

2.1 Integral lattices

A lattice of rank n is a free abelian group of rank n with a nondegenerate

symmetric bilinear form over the group. An integral lattice denotes the

lattice with an integer valued bilinear form. Let Λ = (Zn, Q) be an integral

lattice where

Q : Zn × Zn −→ Z

is a non-degenerate bilinear form. By tensoring R to Q, the bilinear form Q

is diagonalizable and we denote the number of positive and negative diagonal

entries by b+ and b− respectively. The signature σ(Λ) is defined by σ(Λ) :=

b+− b−. If |σ(Λ)| = rk(Λ), then we say that Λ is definite lattice. By fixing a

basis {v1, . . . , vn} for Λ, we can represent Λ by an n × n matrix, [Q(vi, vj)].

The determinant of a lattice Λ denoted by det(Λ) is the determinant of a

matrix representation of Λ. In particular, if the determinant of a lattice is

±1, or equivalently a corresponding matrix is invertible over Z, we say that

the lattice is unimodular.

8



CHAPTER 2. PRELIMINARIES

For simplicity, we denote Q(v, w) by v ·w. We say that an integral lattice

Λ is even if v ·v is even for any v ∈ Zn. Otherwise, Λ is odd. The dual lattice

Λ∗ := Hom(Λ,Z) is defined as follows.

Hom(Λ,Z) = {v ∈ Λ⊗ R|v · w ∈ Z for any w ∈ Λ}

We say that a lattice Λ1 is embedded into a lattice Λ2 if there is a

monomorphism preserving bilinear forms. Note that there is the natural

lattice embedding Λ into Λ∗ by definition of the dual lattice. ξ ∈ Λ∗ is called

a characteristic covector if ξ · v ≡ v · v (mod 2) for any v ∈ Λ. Let Char(Λ)

be the set of characteristic covectors of Λ. Observe that ξ− ξ′ ∈ 2Λ∗ for any

ξ, ξ′ ∈ Char(Λ). This implies that there is an affine structure on Char(Λ):

Char(Λ) = ξ0 + 2Λ∗ for a characteristic covector ξ0 ∈ Char(Λ).

There is a classification theorem for indefinite unimodular lattices.

Theorem 2.1.1 (J. Serre). The equivalence class of an indefinite unimodular

lattice is determined by its rank, signature and type.

Lemma 2.1.2 (Van der Blij). For any unimodular lattice Λ and characteristic

covector ξ of Λ, we must have

σ(Λ) ≡ ξ · ξ (mod 8)

We denote the rank 1 unimodular lattice by 〈±1〉 and 〈±1〉n for its n-

direct sum. For an odd unimodular lattice with rank n and signature σ, it is

represented by (n+σ
2

)〈+1〉 ⊕ (n−σ
2

)〈−1〉 for a suitable choice of basis. For an

even unimodular form, there are two building blocks denoted by E8 and H.

E8 =




2 1

1 2 1

1 2 1

1 2 1

1 2 1 1

1 2 1

1 2

1 2




, H =

[
0 1

1 0

]

9



CHAPTER 2. PRELIMINARIES

In particular, if a unimodular lattice is even, then the signature is divided

by 8 by lemma 2.1.2. Then the even lattice with rank n and signature σ is

represented by
σ

8
E8 ⊕

n− |σ|
2

H.

However, there is no classification theorem for definite lattices. The fol-

lowing numerical invariant of definite lattice is defined by using the charac-

teristic covectors.

δ(Λ) := max
ξ∈Char(Λ)

(rk(Λ)− |ξ · ξ|)

Note that δ(〈+1〉n) = 0 and δ(λ) = rk(Λ) for an even lattice Λ. Elkies

proved the characterization theorem of the standard definite lattice by using

this invariant.

Theorem 2.1.1 ([9]). Let Λ be a positive definite unimodular lattice. Then

δ(Λ) ≥ 0. Moreover, δ(Λ) = 0 if and only if Λ ∼= 〈+1〉n for some n.

Later we will see that there is an alternate proof of Donaldson diagonal-

ization theorem by using the result above with the correction term invariant.

Owens and Strle obtained an analogous result for nonunimodular definite

lattices.

Theorem 2.1.2 ([36]). For a positive definite lattice Λ with rank n and

d = det Λ,

• δ(Λ) ≥ 1− 1/d if d is odd

• δ(Λ) ≥ 1 if d is even

Moreover, the inequalities become equalities if and only if Λ ∼= 〈+1〉n−1⊕〈d〉.

2.2 Intersection forms of 4-manifolds

Let X be a compact oriented 4-manifold. The intersection form is defined as

follows:

QX : H2(X,Z)/Tor×H2(X,Z)/Tor −→ Z

10
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defined by QX(a, b) = PD(a) ∪ PD(b)[X, ∂X] where PD is the poincaré du-

ality map and [X, ∂X] is the relative fundamental class compatible with the

given orientation of X. Note that QX is a symmetric bilinear form. More-

over, if ∂X is a rational homology 3-sphere, QX is nondegenerate. In this

case, ΛX = (H2(X,Z)/Tor, QX) forms a lattice. We call a closed 3-manifold

a rational homology 3-sphere if the homology groups of the manifold are iso-

morphic to those of the standard 3-sphere with rational coefficients. Hence

(H2(X,Z)/Tor, QX) forms an integral lattice. In particular, if ∂X is an in-

tegral homology sphere, then (H2(X,Z)/Tor, QX) is an unimodular lattice.

Example 2.2.1. The simplest example is the standard 4-sphere S4. Since

there is no nontrivial class in H2(S4), ΛS4 is trivial. The second example is

the complex projective plane CP2. Note that two distinct projective lines

in CP2 intersect positively at one point. This implies [CP1] · [CP1] = 1 for

[CP1] ∈ H2(CP2), which means that QCP2 = 〈+1〉 from b2(CP2) = 1. The

third example is S2×S2. There are two homology classes S1 = [S2×p], S2 =

[p × S2] ∈ H2(S2 × S2) for a point p in S2. Then we can check S1 · S1 = 0,

S2 ·S2 = 0 and S1 ·S2 = 1. Hence we obtain QS2×S2
∼= H from b2(S2×S2) = 2.

The remarkable theorem of Freedman says that all unimodular lattices

are realized by the intersection forms of the simply connected topological

4-manifolds.

Theorem 2.2.2 ([12]). For any integral unimodular lattice Λ, there is a closed

simply connected topological 4-manifold X with ΛX
∼= Λ. Moreover, the

number of homeomorphism types is given as follows.

• If Λ is even, there is exactly one such manifold.

• If Λ is odd, there are two such manifolds.

Now we introduce the linking pairing on 3-manifolds. The linking pairing

is related to the intersection form of 4-manifolds bounded by the 3-manifold.

For a rational homology 3-sphere Y , the linking pairing of Y is the map

λY : H2(Y ;Z)×H2(Y ;Z)→ Q/Z

induced by the Poincaré duality of Y . Suppose that Y bounds a lattice

Λ = (Zn, Q) and X is a 4-manifold realizing Λ. From a long exact sequence

11
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of the pair (X, Y ), we have

|H2(Y ;Z)| = | det(Λ)|t2 (2.2.1)

for some integer t, and it induces the following chain map

H2(X, Y ;Z)/Tors
Q−→ H2(X;Z)/Tors→ H2(Y ;Z)/T ,

where T is the image of the torsion subgroup of H2(X;Z). This gives a nec-

essary condition for a lattice to be bounded by Y . Freedman’s classification

theorem can be generalized for 4-manifolds with boundary. See [3]. We can

obtain an infinity result in the topological category.

Theorem 2.2.1. Let Y be a rational homology 3-sphere. Then

|ITOP (Y )| =∞.

Proof. For the linking pairing of a 3-manifold Y , it is known by Edmonds [8,

Section 6] that there is a definite form presenting it. This form is realized by

a topological 4-manifold W by Boyer’s result. Now, we have the infinitely

many definite lattices bounded by Y , up to stabilization, by the connected

summing W which is a closed topological 4-manifold with a non-standard

definite intersection form.

Proposition 2.2.2. If a lattice Λ is bounded by a rational homology 3-sphere

Y , then there exists an integer t such that |H2(Y ;Z)| = | det(Λ)|t2, a subgroup

T of H2(Y ) of order t, and a monomorphism

ψ : Zn/Q(Zn)→ H2(Y )/T

such that ψ is equivariant between the linking form of Zn/Q(Zn) and the

induced linking pairing on the image of ψ.

Indeed, for our purpose, we only need a much weaker obstruction to the

lattices bounded by a rational homology 3-sphere.

Proposition 2.2.3. If a lattice Λ is bounded by a rational homology 3-sphere

Y , then det(Λ) divides |H2(Y ;Z)|.

12
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2.3 Spherical manifolds as Seifert manifolds

and Dehn surgery manifolds

2.3.1 Seifert fibered rational homology 3-spheres

Spherical 3-manifolds are included in a broad class of 3-manifolds called

Seifert fibered rational homology 3-spheres, shorten to Seifert manifolds in

this thesis. We briefly recall some notions and properties of Seifert manifolds.

See [34] and [32] for some detailed expositions.

A Seifert manifold can be represented by the surgery diagram depicted

in Figure 2.1. The collection of integers in the diagram,

(b; (α1, β1), (α2, β2), . . . , (αr, βr)),

of which b ∈ Z, and αi > 0 and βi are coprime integers, is called the Seifert

invariant. Let Y (b; (α1, β1), . . . , (αr, βr)) denote the Seifert manifold corre-

sponding to the invariant. It is clear from the surgery diagram that permu-

tations among (αi, βi)’s in an invariant result in the same 3-manifold. By the

blow-down procedure and Rolfsen’s twist respectively, we have the following

homeomorphisms,

Y (b; (α1, β1), . . . , (αr, βr), (1,±1)) ∼= Y (b∓ 1; (α1, β1), . . . , (αr, βr)),

and

Y (b; (α1, β1), . . . , (αr, βr)) ∼= Y (b− n; (α1, β1), . . . , (αr, βr − nαr)).

See [14] for more details. Hence any Seifert invariant can be normalized

so that b ∈ Z and αi > βi > 0 are coprime integers to represent the same

manifold, called the normalized Seifert invariant. From now on, all Seifert

invariants are assumed to be normalized unless stated otherwise. Any Seifert

manifolds with r ≤ 2 are homeomorphic to lens spaces, and the (orientation

preserving) homeomorphism classes of lens spaces are classified as follows:

L(p, q) ∼= L(p′, q′) if and only if p = p′ and q ≡ (q′)±1 modulo p.

13
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−α1

β1 −α2

β2

−αr

βr· · ·

−b

−b

−a11 −a21 −as11

−a12 −a22 −as12

−a1r −a2r −asrr

Figure 2.1: A surgery diagram of the Seifert manifold with the invariant

(b; (α1, β1), . . . , (αr, βr)) and its associated plumbing graph.

In this thesis, L(p, q) denote the lens space obtained by (p/q)-surgery along

the unknot. By the homeomorphism classification of Seifert manifolds (See

[34, Chapter 5]), the homeomorphism types of Seifert manifolds with r ≥ 3

are classified by their normalized invariants up to the permutations among

the pairs (αi, βi).

Let Y be a Seifert manifold with the invariant (b; (α1, β1), . . . , (αr, βr)).

We define

e(Y ) := b−
r∑

i=1

βi
αi
,

called the Euler number of the Seifert manifold. Note that the Euler number

is independent from the choices of the Seifert invariants of Y . It is easy to

check that Y is a rational homology 3-sphere if and only if e(Y ) 6= 0. From

the linking matrix of the surgery diagram of Y , the order of H1(Y,Z) is given

as follows.

|H1(Y,Z)| = α1α2 . . . αk

∣∣∣∣∣b−
k∑

i=1

βi
αi

∣∣∣∣∣ .

By changing the orientation of Y if necessary, we can assume that e(Y ) >

0. Note that e(−Y ) = −e(Y ). Then there is a natural negative definite 4-

manifold with the boundary Y constructed as follows. Extend each pair

14
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(αi, βi) in the invariant by the following Hirzebruch-Jung continued fraction:

αi
βi

= a1
i −

1

a2
i −

1

· · · −
1

asii

= : [a1
i , a

2
i , . . . , a

si
i ],

where aji ≥ 2. The canonical (negative) definite 4-manifold of Y is the

plumbed 4-manifold corresponding to the weighted graph in Figure 2.1, i.e.,

each vertex with weight n represents the disk bundle over the 2-sphere with

the Euler number n and each edge connecting two vertices represents the

plumbing of the associated two disk bundles. See [14, Example 4.6.2] for the

plumbing construction. The assumption that e(Y ) is greater than 0 implies

that the intersection form of the 4-manifold is negative definite. See lemma

4.2.1.

2.3.2 Spherical 3-manifolds as Seifert manifolds

We recall that all spherical manifolds are known to be Seifert manifolds with

the following normalized Seifert invariants [43]:

• Type C: (b; (α1, β1)),

• Type D: (b; (2, 1), (2, 1), (α3, β3)),

• Type T: (b; (2, 1), (3, β2), (3, β3)),

• Type O: (b; (2, 1), (3, β2), (4, β3)),

• Type I: (b; (2, 1), (3, β2), (5, β3)),

where αi > βi > 0 are coprime integers. Up to the orientations of the

manifolds, we can further assume that b is greater than or equal to 2 for D,

T, O and I type manifolds. In terms of the choices of {βi}, we organize the

notations of all spherical manifolds, up to the orientations, as follows:

• Type C: L(p, q), p > q > 0, (p, q) = 1,

15
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• Type D: D(p, q), p > q > 0, (p, q) = 1,

• Type T: T6(b−2)+k, b ≥ 2, k = 1, 3, 5,

• Type O: O12(b−2)+k, b ≥ 2, k = 1, 5, 7, 11,

• Type I: I30(b−2)+k, b ≥ 2, k = 1, 7, 11, 13, 17, 19, 23, 29.

See Table 5.4.5 for the identification of these notations with the corre-

sponding Seifert invariants. Notice that the subscript in the notation for T,

O or I type manifold is equal to the order of H1(−;Z) of the manifold divided

by 3, 2 and 1 respectively.

2.3.3 Spherical 3-manifolds as Dehn surgery manifolds

Let S3
r (K) denote the 3-manifold obtained by r-framed Dehn surgery of S3

along a knot K, and Tp,q denote the (p, q)-torus knot. Recall that any Dehn

surgery manifolds along torus knots are Seifert manifolds.

Lemma 2.3.1 ([30, Proposition 3.1], [37, Lemma 4.4]). Let p and q be relative

prime integers. Then for any rational r,

S3
r (Tp,q)

∼= −Y (2; (p, q∗), (q, p∗), (m,n))

where 0 < p∗ < q (resp. 0 < q∗ < p) is the multiplicative inverse of p (resp.

q) modulo q (resp. p), and m
n

= pq−r
pq−r−1

.

In particular, since a Seifert invariant of any spherical 3-manifold of the

type T, O or I can be written as

±Y (2; (2, 1), (3, 2), (∗, ∗))

by changing the orientations if necessary, it can be obtained by Dehn surgery

along the right-handed trefoil knot T by Lemma 2.3.1.

16
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Example 2.3.2. The manifold O12(b−2)+11 is homeomorphic to the manifold

gotten by (2(12b−13)
4b−5

)-surgery along T .

Y (b; (2, 1), (3, 1), (4, 1)) ∼= −Y (−b; (2,−1), (3,−1), (4,−1))

∼= −Y (−b+ 3; (2, 1), (3, 2), (4, 3))

∼= −Y (−b+ 3 + (b− 1); (2, 1), (3, 2), (4, 3 + 4(b− 1)))

∼= S3
2(12b−13)

4b−5

(T ).

17



Chapter 3

Heegaard Floer homology and

correction term invariants

In this chapter, we overview Heegaard Floer homology developed by Ozsváth

and Szabó. From the absolute grading on the homology groups, the correc-

tion term invariant can be induced. This invariant puts some constraints on

the intersection form of definite 4-manifolds bounded by a given 3-manifold.

3.1 Heegaard Floer homology

For an oriented closed 3-manifold Y equipped with spinc-structure t, one can

associate a Z-filtered chain complex (CF∞(Y, t), ∂). If t is a torsion spinc-

structure, the chain complex has a relative Z-grading and a finitely and freely

generated Z[U,U−1]-module structure. Note that the filtration is given by

the negative power of U and the U -action decreases the homological grading

by 2. Denote the filtration level by i, then the subcomplex can be defined as

follows.

CF−(Y, t) := CF∞(Y, t){i < 0}
There are various versions of Heegaard Floer chain complexes

CF+(Y, t) := CF∞(Y, t)/CF−(Y, t), ĈF (Y, t) := CF−(Y, t)/U · CF−(Y, t)

18
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These chain complexes form short exact sequences as follows.

0 CF−(Y, t) CF∞(Y, t) CF+(Y, t) 0

0 ĈF (Y, t) CF+(Y, t) CF+(Y, t) 0·U

We obtain long exact sequences of homologies from the short exact se-

quences.

· · · HF−(Y, t) HF∞(Y, t) HF+(Y, t) · · ·

· · · ĤF (Y, t) HF+(Y, t) HF+(Y, t) · · ·

ι π

ι̂ ·U

From the map π, we define the reduced part of the group HF+
red(Y, s) :=

coker(π). Also one can check that

HF+
red(Y, s) := coker(π) ∼= ker(ι) =: HF−red(Y, s).

3.2 Absolute grading and correction terms

A (n + 1)-dimensional cobordism from Y1 to Y2 is an oriented (n + 1)-

dimensional manifold X with ∂X ∼= Y2

∐−Y1. A 4-dimensinal cobordism

W with a spinc-structure s induces maps between the boundary 3-manifolds

with spinc structures given by the restriction of s. More precisely, the cobor-

dism (W, s) from (Y1, t1) to (Y2, t2) induces the following commutative dia-

gram.

· · · HF−(Y1, t1) HF∞(Y1, t1) HF+(Y1, t1) · · ·

· · · HF−(Y2, t2) HF∞(Y2, t2) HF+(Y2, t2) · · ·

ι

F−W,s

π

F∞W,s F+
W,s

ι π

19
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Ozsváth and Szabó showed that each of the maps F ◦W,s is an invariant of

the spinc cobordism (W, s) up to sign [41]. Moreover the cobordism map in-

duces a lift called the absolute grading of the relative Z-grading on HF ◦(Y, t)

for a torsion spinc structure t. The absolute grading g̃r is characterized by

the following properties.

• In diagram 3.2 above, the row maps preserve the absolute grading.

• The generator of ĤF (S3) has the absolute grading 0.

• Let (W, s) be a spinc cobordism from (Y1, t1) to (Y2, t2), and ξ ∈
HF∞(Y1, t1), then

g̃r(FW,s(ξ))− g̃r(ξ) =
c1(s)2 − 2χ(W )− 3σ(W )

4

From the absolute grading, Ozsváth and Szabó defined the numerical

invariant of rational homology spheres with a spinc structure.

Definition 3.2.1 ([38]). The correction term d(Y, t) is the minimal grading

of the non-torsion elements in the image of π : HF∞(Y, t) −→ HF+(Y, t).

Let Y be a rational homology 3-sphere and t be a spinc structure over Y .

The correction term is an analogous invariant to Frøyshov’s in Seiberg-Witten

theory [13]. The correction terms are rational homology spinc cobordism

invariants and satisfy

d(−Y, t) = −d(Y, t)

and

d(Y1#Y2, t1#t2) = d(Y1, t1) + d(Y2, t2),

It also puts a constraint on the intersection forms of the negative definite

spinc 4-manifolds with boundary.

Theorem 3.2.1 ([38, Theorem 9.6]). If X is a negative definite smooth 4-

manifold bounded by Y , then for each spinc structure s over X

c1(s)2 + n ≤ 4d(Y, s|Y ),
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where c1(−) denotes the first Chern class, n is the rank of H2(X; Z), and

s|Y is the restriction of s over Y .

Since any characteristic covector in H2(X,Z)/Tors is identified with c1(s)

for some spinc structure s on X, we obtain the following inequality.

Proposition 3.2.2. If a negative definite lattice Λ is smoothly bounded by a

rational homology sphere Y , then

δ(Λ) ≤ 4d(Y )

where d(Y ) := max
t∈Spinc(Y )

d(Y, t).

From d(S3) = 0 and the characterization theorem of Elkies 2.1.1, we can

obtain Donaldson’s diagonalization theorem.

Theorem 3.2.3 ([7]). Suppose that X is a smooth closed 4-manifold. If the

intersection form of X is negative definite, then it is isomorphic to the diag-

onal lattice (Zn, 〈−1〉n).

3.3 Correction terms of knot surgery mani-

folds

Although it is a hard problem in general to compute the correction terms of

rational homology 3-spheres, it can become tractable if the manifold can be

obtained by Dehn-surgery along a knot. Let K be a knot in S3, and S3
p/q(K)

denote the 3-manifold obtained by the (p/q)-framed Dehn surgery along K.

Note that there is a natural enumeration i ∈ Z/pZ of spinc structures over

S3
p/q(K) [38, Section 4.1]. If K is the unknot U , the correction terms of

S3
p/q(U) or lens space L(p, q) can be computed by the following recursive

formula [38]:

d(−L(p, q), i) =

(
pq − (2i+ 1− p− q)2

4pq

)
−d(−L(q, r), j) and d(S3) = 0,

(3.3.1)

where r and j are the reduction modulo q of p and i, respectively. According

to Jabuka, Robins and Wang [19], the correction terms for lens spaces can
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be also obtained by a closed formula in terms of the Dedekind-Rademacher

sums as follows.

d(L(p, q), i) = 2s(q, p; i) + s(q, p)− 1

2p
(3.3.2)

The Dedekind-Rademacher sum s(q, p; i) is defined as

s(q, p; i) =

|p|−1∑

k=0

B̄1

(
kq + i

p

)
· B̄1

(
k

p

)

and

s(q, p) = s(q, p; 0)− 1

4
,

where B̄1(x) = x− bxc − 1
2

for the usual floor function x 7→ bxc.
For a general knot K, it is known that the correction terms of S3

p/q(K) can

be computed in terms of the correction terms of lens spaces and a sequence

of non-negative integers {Vs(K)}∞s=0, which are the invariants of K derived

from the knot Floer chain complex of K, by the following formula due to Ni

and Wu.

Theorem 3.3.1 ([33, Proposition 1.6]). Suppose p, q > 0, and fix 0 ≤ i ≤
p− 1. Then

d(S3
p/q(K), i) = d(L(p, q), i)− 2 max{Vb i

q
c, Vb p+q−1−i

q
c}. (3.3.3)

If K is a torus knot (more generally, an L-space knot), Vs(K) can be

gotten by the Alexander polynomial of K [40]. For instance, the (either left

or right handed) trefoil knot T has

Vs(T ) =

{
1, s = 0

0, s > 0.

Thus we can compute the correction terms of all spherical manifolds of the

types T, O and I, in principle, by the discussion in Section 2.3.3 and the

formula above.

There is another advantage of having Dehn surgery descriptions of our 3-
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manifolds. Applying the correction term obstruction usually takes more work

since we need to determine in advance which spinc structures over a rational

homology 3-sphere can be extended to any hypothetical rational homology

4-ball which it bounds. See [35, 18, 16] for some resolutions of this issue.

However, if the 3-manifold is obtained by Dehn surgery along a knot, then

we can easily identify such spinc structures. Suppose Y ∼= S3
p/q(K). If Y

bounds a rational homology ball W , then p = m2 for some m > 0 and there

are exactly m spinc structures over Y that extend to W . It is known that

there are exactly m spinc structures on S3
m2/q(K) that admit integer-valued

correction terms, according to Aceto and Golla [1, Lemma 4.9]. Therefore,

in order to argue that Y does not bound a rational homology ball, we only

need to find a nonzero integer correction term of a spinc structure over Y .

Proposition 3.3.2. Let Y be a manifold obtained by (m2/q)-framed Dehn

surgery along a knot in S3. If Y admits a non-vanishing integral correction

term for some s ∈ Spinc(Y ), then Y does not bound a rational homology

4-ball.

We call those spinc structures on S3
m2/q(K) admitting integer-valued cor-

rection terms the extendable spinc structures. In particular, in terms of the

natural identification

Spinc(S3
m2/q(K)) ∼= Z/m2Z,

the set of extendable spinc structures is

{[i0 +m · k] ∈ Z/m2Z | k = 0, . . . ,m},

where

i0 =





q−1
2

for odd m and odd q,
m+q−1

2
for odd m and even q,

q−1
2

or m+q−1
2

for even m.

See [1, Lemma 4.7]. We can say that if m is even, the correction term of

either [ q−1
2

] or [m+q−1
2

] has an integer value. In particular, if m is odd, then

i0 is the spinc structure induced from the unique spin structure on S3
m2/q(K).
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Definite intersection forms of

4-manifolds with boundary

4.1 Finiteness of definite lattices bounded by

a rational homology 3-sphere

The purpose of this section is to prove Theorem 1.1.5 and consequently The-

orem 1.1.2. First, recall the following well-known fact: see [29, p. 18] for

example.

Lemma 4.1.1. There are finitely many isomorphism classes of definite lat-

tices which have a given rank and determinant.

We first show a special case of Theorem 1.1.5 in which Γ1 and Γ2 are the

trivial empty lattices.

Proposition 4.1.2. Let C > 0 and D ∈ Z be constants. There are finitely

many negative definite lattices Λ, up to stable-equivalence, which satisfy the

following conditions:

• det Λ = D,

• δ(Λ) ≤ C, and

• Λ is embedded into 〈−1〉rk(Λ) with prime index.
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Proof. Let Λ be a negative definite lattice of rank n that satisfies the condi-

tions above. Without loss of generality, we may assume that there is no vector

of square −1 in Λ. By Lemma 4.1.1 the theorem follows if we find an upper

bound for the rank of Λ, only depending on D and C. Let {e, e1, . . . , en−1}
be the standard basis of the standard negative definite lattice 〈−1〉n, i.e.

e2 = −1, e · ei = 0, ei · ej = −δij for i, j = 1, . . . , n− 1.

Let p be the index of the embedding ι of Λ into 〈−1〉n. If p = 1, then the

embedding is an isomorphism and so Λ should be the empty lattice, up to

stable-equivalence. Now suppose p is an odd prime. Then the cokernel of ι

is a cyclic group of order p, and it is generated by e+Λ since e /∈ Λ. Observe

that −ei ∈ sie + Λ for some odd integer si ∈ [−p + 1, p− 1]. Consider a set

of elements of Λ,

B := {pe, e1 + s1e, . . . , en−1 + sn−1e}.

Since the determinant of the coordinates matrix corresponding to the above

set equals to p, it is in fact a basis for Λ. The matrix representation of Λ

with respect to the basis is given as

Q = −




p2 ps1 ps2 . . . psn−1

ps1 1 + s2
1 s1s2 . . . s1sn−1

ps2 s1s2 1 + s2
2

. . .
...

...
...

. . . . . . sn−2sn−1

psn−1 s1sn−1 . . . sn−2sn−1 1 + s2
n−1



.

We also compute the inverse of Q as follows

Q−1 =




−1+
∑n−1

i=1 s
2
i

p2
s1
p

s2
p

. . . sn−1

p
s1
p
s2
p
... −I(n−1)×(n−1)

sn−1

p



.

Note that Q−1 represents the dual lattice of Λ with respect to the dual basis
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of B. Hence a characteristic covector ξ of Λ can be written as a vector

ξ = (k, k1, . . . , kn−1),

where k is an odd integer and ki’s are even integers, in terms of the dual

basis of Q since p2 is odd and 1 + s2
i is even for each i. From the matrix Q−1

we compute

|ξ · ξ| = 1

p2
(k2 +

n−1∑

i=1

(ksi − pki)2).

Applying Lemma 4.1.3 below,

min{|ξ · ξ| : ξ characteristic covector of Λ} ≤ n+ 2

3
.

Therefore, by theorem 3.2.1,

δ(Λ) =
n−minξ∈Char(Λ) |ξ · ξ|

4
≤ C,

and we conclude that

n ≤ 6C + 1.

In the case of p = 2, the lattice Λ admits a basis

{2e, e1 + e, . . . , en−1 + e},

and hence the zero vector is characteristic. Therefore,

δ(Λ) =
n

4
≤ C.

By Lemma 4.1.1, there are only finitely many negative definite lattices

satisfying the given conditions.

Now, we prove the following algebraic lemma used in the proof above.

Lemma 4.1.3. For an odd prime p and odd integers s1, s2, . . . , sn−1 in [−p+

1, p− 1], there exist an odd integer k and even integers k1, k2, . . . , kn−1 such
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that

k2 +
n−1∑

i=1

(ksi − pki)2 <
n+ 2

3
p2.

Proof. For an odd prime p, consider the set K := {−p+ 2,−p+ 4, . . . , p− 2}
of odd integers in the interval [−p+ 1, p− 1]. Note, for each k and si in K,

there is a unique even integer ki such that ksi − pki ∈ K. Denote this ki by

ki(k, si). Since ksi ≡ k′si (mod 2p) implies k ≡ k′ (mod 2p) for k and k′ in

K, we obtain {ksi − p · ki(k, si)|k ∈ K} = K for each si ∈ K. Therefore,

∑

k∈K

n−1∑

i=1

(ksi − p · ki(k, si))2 = (n− 1) · 2(12 + 32 + · · ·+ (p− 2)2)

=
n− 1

3
p(p− 1)(p− 2).

Since |K| = p− 1, there exists k ∈ K such that

n−1∑

i=1

(ksi − p · ki(k, si))2 ≤ n− 1

3
p(p− 2).

Since |k| < p, we obtain the desired inequality.

Now, Theorem 1.1.5 is proved by applying a similar argument of Propo-

sition 4.1.2. First, observe the following.

Lemma 4.1.4. Let Γ1 and Γ2 be negative definite lattices. Then the set of

stable classes of lattices,

C(Γ1,Γ2) := {(Im(ι))⊥ | ι : Γ1 ↪→ Γ2⊕〈−1〉N , an embedding for some N ∈ N}/∼,

is finite.

Proof. First, we claim that the set

{(Im(ι))⊥ | ι : Γ1 ↪→ Γ2 ⊕ 〈−1〉N , an embedding}/∼

is stabilized for some large enough N . Let {v1, . . . , vrk(Γ1)} be a basis for Γ1.
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By considering the representations of vi in terms of a basis for Γ2⊕〈−1〉N , if

N >

rk(Γ)∑

i=1

|vi · vi|,

then there is a vector e ∈ 〈−1〉N such that e · e = −1 and e · vi = 0 for all

i = 1, . . . , rk(Γ1). Hence in order to prove the finiteness of C(Γ1,Γ2), it is

enough to consider some fixed large N .

Let {wj}mj=1 be a basis for Γ2 ⊕ 〈−1〉N . Note that an embedding of Γ1

into Γ2 ⊕ 〈−1〉N can be presented by the system of equations

vi =
m∑

j=1

ai,jwj,

where ai,j are integers. Since Γ1 and Γ2 ⊕ 〈−1〉N are definite, the possible

choices of ai,j are finite for each i, j, and hence the number of possible em-

bedding maps is also finite.

Proof of Theorem 1.1.5. Fix negative definite lattices Γ1 and Γ2, and con-

stants C > 0 and D ∈ Z. Let Λ be a negative definite lattice which satisfies

the conditions in the theorem. Without loss of generality, we may assume

that there is no square −1 vector in Λ. By Lemma 4.1.1, the theorem follows

if we show that the rank of Λ is bounded by some constant only depending

on Γ1, Γ2, C and D.

From the third condition of Λ, there is an embedding

ι|Γ1 : Γ1 ↪→ Γ2 ⊕ 〈−1〉N ,

where N = rk(Λ) + rk(Γ1)− rk(Γ2). Let (Im(ι|Γ1))
⊥ ∼= 〈−1〉n ⊕ E, where E

is a lattice without square −1 vectors and n = rk(Λ)− rk(E). Note that [E]

is one of the elements in the finite set C(Γ1,Γ2) in Lemma 4.1.4.

Now we need to find a bound of the rank of Λ embedded in 〈−1〉n ⊕ E.

This will be obtained by the similar argument in the proof of Theorem 4.1.2.

The main difference is that we have an extra summand E.

Let ι′ be an embedding Λ into 〈−1〉n ⊕ E, and p be the index of ι′. If
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n = 0, i.e. the rank of Λ is same as the rank of E, then we have a bound of

the rank of Λ by Lemma 4.1.4. Similarly, if p = 1, then Λ ∼= 〈−1〉n ⊕ E and

we have the same rank bound of Λ.

Now suppose n 6= 0 and that p is an odd prime. Let

{e, e1, . . . , en−1, f1, . . . , fr}

be a basis for 〈−1〉n ⊕ E so that e2 = −1, e · ei = 0, ei · ej = −δij and

e · fj = ei · fj = 0 for any i, j and E is generated by {f1, . . . , fr}. By the

same argument in Proposition 4.1.2, we can choose a basis for Λ ,

{pe, e1 + s1e, . . . , en−1 + sn−1e, f1 + t1e, . . . , fr + tre} (4.1.1)

where si’s are odd integers in [−p + 1, p − 1] and tj’s are integers in [−p +

1, p − 1]. Now with respect to the dual coordinates for this basis, write a

characteristic covector ξ as

ξ = (k, k1, . . . , kn−1, l1, . . . , lr)

where k is odd, ki’s are even and lj ≡ (fj + tje) · (fj + tje) (mod 2) for each

i, j. To find the matrices of Λ and Λ−1, introduce an (n+ r)× (n+ r) matrix

M and a r × r matrix A as

Mij :=





p if i = 1, j = 1

1 if i = j, 2 ≤ j ≤ n+ r

sj−1 if i = 1, 2 ≤ j ≤ n

tj−n if i = 1, n+ 1 ≤ j ≤ n+ r

0 otherwise,

and

Aij := fi · fj.
Note that M represents the embedding of Λ into 〈−1〉n⊕E and A represents
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E. By the basis in (4.1.1), Λ and the dual of Λ are represented as follows:

QΛ = M t

( −In×n 0

0 A

)
M

and

Q−1
Λ = M−1

( −In×n 0

0 A−1

)
(M t)−1

= −M−1(M t)−1 +M−1

(
0 0

0 A−1 + Ir×r

)
(M t)−1.

(4.1.2)

We obtain that

|ξ · ξ| ≤ 1

p2
(k2 +

n−1∑

i=1

(ksi − pki)2) + |S(k, l1, . . . , lr, t1, . . . , tr)|,

for some function S. We emphasize that the function S is independent to n,

since it is obtained from the last term of Equation (4.1.2). Then by Lemma

4.1.3,

min{|ξ · ξ| : ξ characteristic covector of L} ≤ n

3
+ |S|

Therefore, we obtain

n ≤ 3

2
(4C + |S|)

from δ(Λ) ≤ C. The case that p = 2 is easier to find a similar bound for n

by applying the same argument.

For an arbitrary index p, we use an idea in [36] to have a sequence of

embeddings

Λ = E0 ↪→ E1 ↪→ E2 ↪→ · · · ↪→ Es = 〈−1〉n ⊕ E

such that each embedding Ei ↪→ Ei+1 has a prime index. The length of this

steps is also bounded by some constant related to D. Moreover, δ(Ei) ≤
δ(Λ) ≤ C for any i since E∗i ↪→ Λ∗ and so Char(Ei) ⊂ Char(Λ). Thus

we complete the proof of theorem by an induction along each prime index

embedding.
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Proof of Theorem 1.1.2. Let W be a negative definite, smooth cobordism

from Y1 and Y2. If X is a negative definite 4-manifold with the boundary Y1,

then X ∪Y1 W is a negative definite 4-manifold bounded by Y2. Moreover,

the intersection form of X embeds into the intersection form of X ∪Y1 W .

By the necessary conditions for a negative definite lattice to be bounded by

a rational homology sphere discussed in Section 2, I(Y1) is a subset of the

union of

L(QW ,Γ; max
t∈Spinc(Y1)

d(Y1, t), D)

over all integers D dividing |H1(Y1;Z)| and [Γ] ∈ I(Y2). Then Theorem 1.1.2

follows from Theorem 1.1.5.

4.2 Definite lattices bounded by Seifert fibered

3-manifolds

In this section, we discuss which Seifert fibered 3-manifolds satisfy the con-

dition in Corollary 1.1.3. In particular, we completely classify spherical 3-

manifolds Y such that both I(Y ) and I(−Y ) are nonempty, and show that

|I(Y )| <∞ for any spherical 3-manifold Y .

4.2.1 Seifert fibered spaces

Seifert fibered 3-manifolds are a large class of 3-manifolds that contains 6

geometries among Thurston’s 8 geometries of 3-manifolds. We remind that

These 3-manifolds have a definite bounding from the plumbing construction.

See Section 2.3.1.

Lemma 4.2.1. The intersection form of the corresponding plumbed 4-manifold

of a normal form Y (e0; (a1, b1), . . . , (ak, bk)) is negative definite if and only if

e(Y ) = e0 −
b1

a1

− · · · − bk
ak

> 0.

Proof. This is directly obtained by diagonalizing the corresponding intersec-

tion form of the plumbed 4-manifold after extending over Q.
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We refer e(Y ) by the Euler number of a Seifert form Y (e0; (a1, b1), . . . , (ak, bk)).

Notice that the Euler number is in fact an invariant for the Seifert fibered

3-manifold Y , and e(−Y ) = −e(Y ).

Proposition 4.2.2. Any Seifert fibered rational homology 3-sphere can bound

positive or negative definite smooth 4-manifolds.

Now we introduce a condition for a Seifert fibered rational homology 3-

sphere to bound definite 4-manifolds of both signs.

Proposition 4.2.3. Let Y be a Seifert fibered rational homology 3-sphere of

the normal form

(e0; (a1, b2), . . . , (ak, bk)).

If −e0 + k ≤ 0, then Y bounds both positive and negative definite smooth

4-manifolds, i.e. both I(Y ) and I(−Y ) are not empty.

Proof. Let Y be a Seifert 3-manifold with the normal form (e0; (a1, b2), . . . , (ak, bk))

such that −e0 + k ≤ 0. By the previous proposition, Y bounds a nega-

tive definite 4-manifold. To find a positive definite bounding of Y , consider

the plumbed 4-manifold X corresponding to −Y ∼= Y (−e0 + k; (a1, a1 −
b1), . . . , (ak, ak − bk)). Note that b+

2 (X) = 1. By blowing up (e0 − k) points

on the sphere in X corresponding to the central vertex, we get a sphere with

self intersection 0 in X#(e0 + k)CP2. By doing a surgery on this sphere, we

obtain a desired negative definite 4-manifold. More precisely, we remove the

interior of the tubular neighborhood of the sphere, S2×D2 ⊂ X#(e0−k)CP2,

and glue D3×S1 along the boundary, and it reduces b+
2 (X#(e0− k)CP2) by

1.

Remark. This proposition can be alternatively proved by the fact that these

Seifert fibered spaces can be obtained by the branched double covers of S3

along alternating Montesinos links. See [28, Section 4].

Note that the condition in Proposition 4.2.3 is not a necessary condition.

For example, the Brieskorn manifold,

Σ(2, 3, 6n+ 1) ∼= M(−1, (2, 1), (3, 1), (6n+ 1, 1))
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bounds both negative and positive definite 4-manifolds since e(M) < 0 and

it can be obtained by (+1)-surgery of S3 on the n-twist knot.

On the other hand, the inequality −e0+k ≤ 0 is sharp since the Brieskorn

manifold Σ(2, 3, 5) ∼= Y (2, (2, 1), (3, 2), (5, 4)), of which −e0 + k = 1, cannot

bound any positive definite 4-manifold by the constraint from Donaldson’s

diagonalization theorem.

4.2.2 Spherical 3-manifolds

We claim that most of the spherical 3-manifolds can bound smooth definite

4-manifolds of both signs, except the following cases:

T1 = Y (2; (2, 1), (3, 2), (3, 2)),

O1 = Y (2; (2, 1), (3, 2), (4, 3)),

I1 = Y (2; (2, 1), (3, 2), (5, 4)),

and

I7 = Y (2; (2, 1), (3, 2), (5, 3)).

Remark that we follow the notations of Bhupal and Ono in [2] for this class

of 3-manifolds.

Proposition 4.2.4. The manifolds T1, O1, I1 and I7 cannot bound a positive

definite smooth 4-manifolds.

Proof. In [25, Lemma 3.3], Lecuona and Lisca showed that if 1 < a1
b1
≤ a2

b2
≤

a3
b3

and 1 < b2
a2

+ b3
a3

, then the intersection lattice of the plumbing associated

to Y (2; (a1, b1), (a2, b2), (a3, b3)) cannot be embedded into a negative definite

standard lattice.

Observe that the manifolds, T1, O1, I1 and I7 satisfy the conditions of

the lemma. Hence these manifolds cannot bound any positive definite 4-

manifolds by the standard argument using Donaldson’s theorem.

Proposition 4.2.5. Any spherical 3-manifolds except T1, O1, I1 and I7 can

bound both positive and negative definite smooth 4-manifolds.
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Proof. Since we orient a spherical 3-manifold to bound a natural negative

definite 4-manifold, it is enough to construct a positive definite one with the

given boundary Y . Type-C manifolds are lens spaces, and it is well known

that they bound positive definite 4-manifolds either.

Let (n, q) be a pair of integers such that 1 < q < n and gcd(n, q) = 1,

and n
q

= [b, b1, . . . , br−1, br]. We denote by Dn,q, the dihedral manifold

Y (b; (2, 1), (2, 1), (q, bq − n)).

The canonical plumbed 4-manifold of Dn,q is given in Figure 4.1. If b > 2,

there is a positive definite bounding by Proposition 4.2.3. In the case b = 2,

we can check that −Dn,q
∼= Y (1; (2, 1), (2, 1), (q, n− q)), and the correspond-

ing plumbed 4-manifold X satisfies b+
2 (X) = 1. As seen in Figure 4.2, we

get a 2-sphere with self-intersection 0 after blowing down twice from X, and

the sphere intersects algebraically twice with the sphere of self-intersection

−c + 3. Hence the sphere with self-intersection 0 is homologically essential,

and we obtain a desired negative definite 4-manifold by a surgery along the

sphere.

In the other cases (tetrahedral, octahedral and icosahedral cases), we can

apply a similar argument except for the 4-cases.

−2

−2 −b −b1 −br−1 −br

Figure 4.1: The plumbing graph of the canonical plumbed 4-manifold of Dn,q,

where n
q

= [b, b1, . . . , br−1, br].

By Proposition 4.2.5 and Theorem 1.1.2, we know that the most of the

spherical manifolds have finitely many stable classes of definite lattices to

bound them. Finally, we show that the exceptional cases of spherical 3-

manifolds also satisfy such finiteness property.
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−1

−2 −2 −c+ 1

−c1

−c2

−ck

−c+ 30

−c1

−c2

−ck

Figure 4.2: The canonical plumbed 4-manifold of−Dn,q and the configuration

after blow-down twice, where n
n−q = [c, c1, . . . , ck].

Proof of Theorem 1.1.6. Note that I1
∼= Σ, and in this case we have |I(Σ)| ≤

15 from the lattice theoretic result in [10] as mentioned in the introduction.

We utilize this for the other cases.

Observe that the canonical plumbed 4-manifold XT1 of T1 can be embed-

ded in the canonical plumbed 4-manifold XΣ of Σ. See Figure 4.3. Let W

be a 4-manifold constructed by removing XT1 from XΣ. Then W is a neg-

ative definite cobordism from T1 to Σ. The finiteness of I(T1) follows from

Theorem 1.1.2.

Since the canonical plumbed 4-manifold O1 is also embedded in XΣ, we

have |I(O1)| <∞. For the manifold I7, we blow up on the sphere in XΣ to

contain the canonical plumbed 4-manifold of I7. Then the same argument

works to show that |I(I7)| <∞.

As we mentioned in the introduction, it is known that the 3-manifolds

obtained by the double branched cover of quasi-alternating links in S3 bound
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−2

−2 −2 −2 −2 −2 −2 −2

O1

T1

−2 −1

−2 −2 −2 −2 −3 −2 −2

I7

Figure 4.3: The embedding of the plumbed 4-manifold corresponding to the

manifolds T1 and O1, and I7 into −E8-manifold and −E8#CP2, respectively.

both positive and negative definite 4-manifolds with trivial H1. Indeed, there

is some family of Seifert fibered 3-manifolds that are not obtained by the

double branched cover on a quasi-alternating link but can be shown to bound

definite 4-manifolds of both signs by our result. For example, the dihedral

manifolds Dn,n−1 are such 3-manifolds.

Proposition 4.2.6. The dihedral manifold Dn,n−1 cannot bound a positive

definite smooth 4-manifold with trivial H1, and consequently cannot be ob-

tained by the double branched cover of S3 along a quasi-alternating link in

S3.

Proof. Let Y beDn,n−1 manifold, andX be the canonical plumbed 4-manifold

of Y . If W is a positive definite 4-manifold bounded by Y , then, as usual,

QX ⊕ −QW embeds into 〈−1〉rk(QX)+rk(QW ). First observe that an embed-

ding ι of QX to a standard definite lattice is unique, up to the automor-

phism of the standard definite lattice, as depicted in Figure 4.4, in terms of

the standard basis {e1, e2, . . . , en+1}. For this unique embedding, we have

(Imι)⊥ ∼= 〈−1〉rk(QW ).
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−e1 + e2

e1 + e2 e2 + e3 e3 + e4 en + en+1

Figure 4.4: The canonical plumbed 4-manifold of Dn,n−1.

Since H1(X;Z) is trivial, −QW is isomorphic to (Imι)⊥ ∼= 〈−1〉rk(QW ).

Suppose H1(W ) is trivial. Then H2(W,∂W ) and H2(W ) are torsion free,

and H2(Y ) have to be trivial from the following long exact sequence:

· · · → H2(W,∂W )
∼=−−→
QW

H2(W )→ H2(Y )→ H3(W,∂W ) = 0

However, we know that H2(Y ) is non-trivial.

Remark. Recently, all quasi-alternating Montesinos links are completely clas-

sified due to Issa in [17]. Since any Seifert fibered rational homology 3-sphere

is the double branched cover of S3 along a Montesinos link, the above propo-

sition might be followed from his result.
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Spherical 3-manifolds bounding

rational homology 4-balls

5.1 Obstructions for 3-manifolds admitting ra-

tional ball fillings

In this section, we recall our two main obstructions to 3-manifolds bounding

rational homology balls, one from Donaldson’s diagonalization theorem 3.2.3

and the other from Heegaard Floer correction terms. We also discuss how

one can compute the correction terms of spherical manifolds.

5.1.1 Donaldson obstruction

One of the main obstructions we shall apply to spherical manifolds bounding

rational homology balls or having finite order in Θ3
Q is given from Donaldson’s

diagonalization theorem.

Let Y be a rational homology 3-sphere, and suppose Y bounds a neg-

ative definite 4-manifold X and a rational homology 4-ball W . Then by

summing X and W along Y , one constructs a smooth negative definite

closed 4-manifold X ∪Y −W . Then Donaldson’s diagonalization theorem

[6, 7] implies that the intersection form of X ∪Y −W is diagonalizable over

Z, in other words, the form is isometric to the standard negative definite

lattice (Zb2(X), 〈−1〉b2(X)). In particular, the intersection form of X, QX ,
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embeds into (Zb2(X), 〈−1〉b2(X)), which is induced by the map H2(X;Z) →
H2(X ∪Y −W ;Z), namely there exists a map ρ from (H2(X;Z)/Tors, QX)

to (Zb2(X), 〈−1〉b2(X)) such that ρ(v1) · ρ(v2) = v1 · v2 for any v1 and v2 in

H2(X;Z)/Tors. We summarize this condition as follows.

Theorem 5.1.1 (Donaldson obstruction). Let Y be a rational homology 3-

sphere. Suppose Y bounds a negative definite smooth 4-manifold X. If Y

bounds a rational homology ball, then the intersection form of X embeds into

the standard negative definite lattice of the same rank.

Type-C manifolds (lens spaces)

The C-type spherical manifolds are lens spaces. As mentioned in the intro-

duction, lens spaces bounding rational homology 4-balls are completely clas-

sified by Lisca in [26], mainly using the Donaldson obstruction. We briefly

recall his strategy and results, which are also applied to some other types of

spherical 3-manifolds in Section 5.4.2.

Let p > q > 0 be relative prime integers, and L(p, q) be the lens space ob-

tained by (p/q)-framed Dehn surgery along the unknot. Given the Hirzebruch-

Jung continued fraction, p/q = [a1, a2, . . . , ar], let Γp,q be the linear graph

with r vertices of weights −a1, . . . ,−ar consecutively. Note that −L(p, q)

bounds a negative definite plumbed 4-manifolds corresponding to the graph

Γp,q. Define a numerical value I associated to Γp,q as

I(Γ) :=
r∑

i=1

(|ai| − 3).

One of the main ingredients in [26] and [27] is the complete classification

of the intersection lattices associated to incident forms of linear graphs pro-

vided that I(−) < 0 and their direct sums that can be embedded into the

standard diagonal lattice of the same rank. For the lens spaces whose corre-

sponding definite form is possibly embedded into the standard diagonal one

with the same rank, Lisca showed that there are in fact rational homology

balls bounded by the lens spaces.
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Theorem 5.1.2 ([26]). Suppose p > q > 0 are relative primes and I(Γp,q) <

0. Then L(p, q) bounds a rational ball if and only if Γp,q is embedded into the

standard definite lattice of the same rank.

Since lens spaces have a symmetry, −L(p, q) ∼= L(p, p− q), and I(Γp,q) +

I(Γp,p−q) = −2, either Γp,q or Γp,p−q have negative I value. Thus the above

gives the complete classification for lens spaces admitting rational homology

ball fillings.

5.1.2 Heegaard Floer correction terms

The correction terms satisfy the following property for rational homology

3-spheres that bound rational homology balls.

Theorem 5.1.3 ([38, Proposition 9.9]). If Y is a rational homology 3-sphere

that bounds a rational homology four-ball W , then

d(Y, t) = 0

for any spinc structure t that extends to W .

In order to obtain a more effective obstruction, one might need to employ

some algebro-topological aspects in this setting. Let X be a closed oriented

3-manifold or a compact oriented 4-manifold. Recall that the set spinc(X) of

spinc structures of X is affine isomorphic to H2(X;Z). Namely, by fixing a

spinc structure s in spinc(X), we get an isomorphism H2(X;Z) ∼= spinc(X),

and we denote the image of α ∈ H2(X;Z) in the isomorphism by s+α. For a

4-manifold W with the boundary 3-manifold Y , after fixing a spinc structure

s on W , we have the following commutative diagram:

H2(W ;Z)
∼=−−−→
s+

spinc(W )
y

y

H2(Y ;Z)
∼=−−−→

s|Y +
spinc(Y ),

where the vertical maps are induced by the natural restriction map.
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Let Y be a rational homology 3-sphere, and λ be the linking form of Y .

We say a subgroup M in H2(Y ;Z) is called a metabolizer of Y if M =M⊥

with respect to λ. In particular, the order ofM is the square root of that of

H2(Y ;Z). Suppose W is a rational homology 4-ball bounded by Y . Then by

the properties of Y and W and the long exact sequence of the pair (W,Y ), one

can show that the image of the map H2(W ;Z)→ H2(Y ;Z) is a metabolizer

in H2(Y ;Z) [4]. The discussion so far provides the following more detailed

obstruction to a rational homology 3-sphere bounding a rational homology

ball.

Correction term obstruction. Let Y be a rational homology 3-sphere. If Y

bounds a rational homology 4-ball, then there exists a spinc structure s0 on

Y and a metabolizer M in H2(Y ;Z) such that

d(Y, s0 + α) = 0

for any α ∈M.

5.2 Spherical manifolds of type D and T

In this section, we recall Lecuona’s results in [22, 24], which allows us to

determine the order of manifolds of type D and of the form T6(b−2)+3. We

also classify T-type manifolds admitting rational homology ball fillings.

5.2.1 Seifert manifolds with complementary legs

We say two pairs of integers (α1, β1) and (α2, β2) in a Seifert invariant are

complementary legs if β1/α1 +β2/α2 = 1. In [22, 24], Lecuona studied the set

of 3-legged Seifert manifolds with complementary legs. We recall Lecuona’s

results.

Proposition 5.2.1 ([24, Proposition 3.1], [22, Section 3.1]). Let Y be a

Seifert manifold with an invariant,

(b; (α1, β1), (α2, β2), (α3, β3)).
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Suppose (α1, β1) and (α2, β2) are complementary legs, namely β1/α1+β2/α2 =

1. Then Y is rational homology cobordant to the manifold with the invariant

(b− 1; (α3, β3)).

One can find a more general statement for Seifert manifolds with more

than 3-legs and a complementary legs in [1, Lemma 6.2]. Lecuona further

showed that if such Seifert manifold bounds a rational homology ball, then

the corresponding Montesinos links admit a ribbon surface. More precisely,

Proposition 5.2.2 ([24, Proposition 3.4]). Let Γ be a 3-legged star shaped

graph with two complementary legs. The Montesinos link MLΓ ⊂ S3 associ-

ated to Γ is the boundary of a ribbon surface F with χ(F ) = 1 if and only if

the Seifert space YΓ associated to Γ is the boundary of a rational homology

ball.

5.2.2 Type-D (Prism manifolds)

Recall that a type-D manifold admits the Seifert invariant

(b0; (2, 1), (2, 1), (α3, β3)),

such that b0 ≥ 2 and α3 > β3 > 0 are coprime integers, up to the orientations.

The manifolds are usually enumerated by two coprime integers p > q > 0

likewise lens spaces. Let p
q

= [b0, b1, . . . , br], and D(p, q) denote the manifold

homeomorphic to the boundary of the 4-manifold corresponding to the left

plumbing graph in Figure 5.1. Since (2, 1) and (2, 1) are complementary

pairs, we have the following direct corollary of Proposition 5.2.1.

Proposition 5.2.3. Let p > q > 0 be coprime integers. The dihedral mani-

fold D(p, q) is rational homology cobordant to the lens space −L(p− q, q).

In particular, the manifold D(p, q) has the same order in Θ3
Q as that

of the lens space L(p, p − q). Notice that if b0 = 2, then p−q
q

< 1. Since

L(p − q, q) ∼= L(p − q, q′) for q′ ≡ q modulo p − q, we have that D(p, q)

bounds a rational homology ball if and only if p−q
q′
∈ R, where 0 < q′ < p− q

is the reduction of q modulo p− q, as the statement in Theorem 1.2.1.
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−2

−2 −b0 −b1 −br−1 −br

'

−(b0 − 1) −b1 −br−1 −br

−b

−3

−2−2 −2 −(b− 1) −2

'

Figure 5.1: The canonical plumbing graphs of D(p, q) and T6(b−2)+3, and

linear graphs associated to manifolds that are rational homology cobordant

to them respectively.

5.2.3 Type-T

The T-type manifolds of the form T6(b−2)+3 admitting the Seifert invariant

(b; (2, 1), (3, 1), (3, 2)),

also possesses complementary legs, (3, 1) and (3, 2). Thus the manifold

T6(b−2)+3 is rational homology cobordant to the lens space −L(2b − 3, 2)

by Proposition 5.2.1. Then by Lisca’s result on the order of lens spaces in

Θ3
Q [27, Corollary 1.3], the order of T6(b−2)+3 is given as

• 1 if b = 2, 6,

• 2 if b = 4, and

• ∞ otherwise.

In fact, this together with a topological condition for rational homology

spheres bounding rational homology balls gives a complete answer for type-

T manifolds admitting rational ball filling. Let Y be a rational homology

3-sphere that bounds a rational homology 4-ball W . From the long exact

sequence of the pair (W,Y ), it is easy to see that the order of H1(Y,Z) is m2

for some non-negative integer m. In fact, m is the order of the image of the
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restriction map H2(Y ;Z) → H2(W ;Z). See[4, Lemma 3] or the discussion

in Section 5.1.2.

Now, let Y be a T-type spherical manifold, which has the normalized

Seifert form

(b; (2, 1), (3, β2), (3, β3)).

Observe that the order of H1(Y ;Z) is equal to

3 |6b− 3− 2(β2 + β3)| .

If Y bounds a rational homology 4-ball, then |H1(Y ;Z)| is a perfect square.

It forces Y to have {β2, β3} = {2, 3}, namely Y is of the form T6(b−2)+3.

Therefore, any manifolds of the form T6(b−2)+1 or T6(b−2)+5 cannot bound a

rational homology 4-ball.

Proposition 5.2.4. A spherical manifold Y of type T bounds a smooth ra-

tional homology 4-ball if and only if Y or −Y is homeomorphic to T3 or T27.

5.3 Spherical manifolds of type O and I

In this section, we classify the spherical 3-manifolds of type O and I bound-

ing rational homology 4-balls. In fact, this can be answered as a corollary of

the results in Section 5.4, where we will determine the order of those spher-

ical manifolds in Θ3
Q. Nonetheless we present this section because the argu-

ment becomes much easier if one just want to determine whether a spherical

manifold bounds a rational homology ball or not, instead of the exact order

of the manifold. This is because the condition that the order of H1 of a

rational homology 3-sphere bounding a rational homology ball is a square

number, reduces the cases we need to examine. Whereas this condition is

not applicable to the connected sums of a manifold since any even number

of connected sum admits a square order of H1.
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5.3.1 Type-O

The order of H1 of a O-type manifold, which has a Seifert invariant

(b; (2, 1), (3, β2), (4, β3)),

where b ≥ 2, and β2 ∈ {1, 2} and β3 ∈ {1, 3}, equals

2 |12b− 6− 4β2 − 3β3| .

Note that it cannot be a square number since β3 is coprime to 4. Therefore,

a O-type manifold cannot bound any rational homology 4-ball.

5.3.2 Type-I

Let Y be a I-type manifold, which has a Seifert invariant

(b; (2, 1), (3, β2), (5, β3)),

where b ≥ 2, β2 ∈ {1, 2} and β3 ∈ {1, 2, 3, 4}. Note that the order of H1(Y ;Z)

equals

|30(b− 2) + 45− 10β2 − 6β3| .
As considering the quadratic residues modulo 30, the only cases to make

|H1(Y,Z)| a square number are (β2, β3) = (2, 4) or (β2, β3) = (2, 1). Hence if

a I-type manifold bounds a rational homology ball, then it should be one of

the following families:

I30(b−2)+1 = Y (b; (2, 1), (3, 2), (5, 4))

or

I30(b−2)+19 = Y (b; (2, 1), (3, 2), (5, 1)).

Manifolds of the form I30(b−2)+1

We can show that the manifold I30(b−2)+1 cannot bound any rational ho-

mology ball by using the Donaldson obstruction. Note that the manifold
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−2

v1

−2

v2

−2

v3

−2

v4

−b −2

v5

−2

v6

−2v7

Figure 5.2: The canonical plumbing graph of the manifold I30(b−2)+1.

I30(b−2)+1 bounds the plumbed definite 4-manifold X in Figure 5.2. Let us

label the vertices with weight −2 on the plumbing diagram by v1 to v7 as

depicted in Figure 5.2. We let vi simultaneously denotes a generator of

H2(X;Z) represented by the sphere corresponding to the vertex. Suppose

there is an embedding ρ of QX into the standard negative definite lattice

(Zn, 〈−1〉n) with the standard basis {e1, . . . , en}; namely ei · ei = −1 for each

i and ei · ej = 0 for i 6= j. Since v1 · v1 = −2, we have ρ(v1) = ±ei ± ej for

some i and j. After re-indexing and re-scaling by ±1, we may assume that

ρ(v1) = e1 − e2 without loss of generality. By a similar argument, the image

of v2 has the form ρ(v2) = e2 − e3 since v1 · v2 = 1. For the image of v3

on the embedding, there could be two choices: ρ(v3) = e3 − e4 or −e2 − e1.

However, assuming the latter implies that v1 · v4 ≡ v3 · v4 ≡ 1 (mod 2),

which gives a contradiction. Hence we admit the former case. By performing

this procedure consequently, the embedding is expressed as ρ(v1) = e1 − e2,

ρ(v2) = e2−e3, ρ(v3) = e3−e4, ρ(v4) = e4−e5, ρ(v5) = e6−e7, ρ(v6) = e7−e8

and ρ(v7) = e9 − e10, up to the automorphisms of (Zn, 〈−1〉n). Therefore,

the rank of the image of ρ is at least 10, and I30(b−2)+1 cannot bound any

rational homology ball by the Donaldson obstruction.

Manifolds of the form I30(b−2)+19

Suppose I30(b−2)+19 bounds a rational homology ball. Then

|H1(I30(b−2)+19;Z)| = 30(b− 2) + 19

must be a square number m2. In order to satisfy this property, m2 should

be equal to (30k + 13)2 or (30k + 23)2 for some k ∈ Z by considering square

numbers in Z/30Z. Let us further assume this.

46



CHAPTER 5. SPHERICAL 3-MANIFOLDS BOUNDING RATIONAL
HOMOLOGY 4-BALLS

−2

v2

−2

v3

−b

v5

−5

v4

−2v1

Figure 5.3: The canonical plumbing graph of the manifold I30(b−2)+19.

For the manifold I30(b−2)+19, we cannot apply the same obstruction that

used for I30(b−2)+1 since the intersection form of the canonical plumbed man-

ifold of I30(b−2)+19 can be possibly embedded into the standard definite diag-

onal lattice of the same rank. We first observe this. Let v1, . . . , v5 denote the

basis vectors of the intersection form QX of the canonical plumbed 4-manifold

X corresponding to I30(b−2)+19 as depicted in Figure 5.3, and let {e1, . . . , e5}
be the standard basis of the diagonal lattice (Z5, 〈−1〉5). If m2 = (30k+ 13)2

(i.e. b = 30k2 + 26k + 7), we have an embedding of QX into 〈−1〉5 so that

ρ(v1) = e1 − e2,

ρ(v2) = e3 − e4,

ρ(v3) = e4 − e5,

ρ(v4) = e1 + e2 − (e3 + e4 + e5), and

ρ(v5) = e1 + 2e2 + e3 + e4 + 2e5 − (k + 1){3(e1 + e2) + 2(e3 + e4 + e5)}.

If m2 = (30k+ 23)2 (i.e. b = 30k2 + 46k+ 19), then we get an embedding by

assigning v5 instead as

ρ(v5) = e2 − e3 − e4 − (k + 1){3(e1 + e2)− 2(e3 + e4 + e5)}.

Instead of the Donaldson obstruction, we make use of the condition from

Heegaard Floer correction terms. Observe that I30(b−2)+19 can be obtained

by (−30(b−2)+19
5b−6

)-framed Dehn-surgery along the left-handed trefoil knot. We

first consider the correction terms for the associated lens spaces.

Lemma 5.3.1. Let k ∈ Z and m2 = (30k+ 13)2 and q = 150k2 + 130k+ 29,
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or m2 = (30k + 23)2 and q = 150k2 + 230k + 89, and i0 = q−1
2

. Then

d(L(m2, q), i0 + 2|m|) = 6

for k 6= 0,−1.

Proof. This is obtained by a direct computation using the reciprocal for-

mula (3.3.1) for the correction terms of lens spaces. We give tables of triple

(p, q, i)’s in the computation. The condition k 6= 0,−1 ensures that p > q > 0

and p > i ≥ 0 in each steps.

Steps p q i

1 (30k + 13)2 150k2 + 130k + 29 75k2 + 65k + 14 + 2m

2 150k2 + 130k + 29 150k2 + 130k + 24 75k2 + 65k + 14 + 2m

3 150k2 + 130k + 24 5 75k2 + 65k + 14 + 2m

4 5 4 0

Steps p q i

1 (30k + 23)2 150k2 + 230k + 89 75k2 + 115k + 44 + 2m

2 150k2 + 230k + 89 150k2 + 230k + 84 75k2 + 115k + 44 + 2m

3 150k2 + 230k + 84 5 75k2 + 115k + 44 + 2m

4 5 4 0

Let T be the right-handed trefoil knot. Then by the formula (3.3.3) we

have

d(I30(b−2)+19, i0 + 2|m|) = d(S3

− 30(b−2)+19
5b−6

(−T ), i0 + 2|m|)

= −d(S3
30(b−2)+19

5b−6

(T ), i0 + 2|m|)

= −(d(L(m2, q), i0 + 2|m|)− 2 max{Vb i
q
c(T ), Vb p+q−1−i

q
c(T )}).
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Therefore, I30(b−2)+19 cannot bound a rational homology ball for any b 6=
3, 7, 11, 19 by Lemma 5.3.1 and Proposition 3.3.2. Similarly we can compute

that

d(L(232, 89), i0 + 2 · 23) = 4,

and hence I529 (b = 19) cannot bound a rational ball neither. The manifolds

I289 (b = 11) and I169 (b = 7) also admit nonvanishing integral correction

terms,

d(I289, i0 + 2 · 17) = 2 and d(I169, i0 + 6 · 13) = 2,

by the straightforward computation using the formula (3.3.3) and the cor-

rection term formula of [19] for lens spaces.

Proposition 5.3.2. The spherical manifold of the form I30(b−2)+19, b ≥ 2,

does not bound a rational homology ball if b 6= 3.

5.3.3 The manifold I49 bounding a rational homology

ball

The manifold I49 is the only remaining case of spherical manifolds that we

have not determined if it bounds a rational homology ball. Note that all

correction terms of extendable spinc structures on I49 vanish, i.e.

d(I49, i0 + 7s) = 0,

for i0 = 4 and s = 0, . . . , 6. We shall show that the manifold I49 in fact

bounds a rational homology ball by proving a stronger statement that this

manifold is the double cover of S3 branched along a ribbon knot. Recall

that any Seifert fibered rational homology sphere is the double cover of S3

along a Montesinos link. The corresponding link to a Seifert manifold can

be found from the plumbing graph associated to the manifold as follows.

To each vertex with weight n in the graph, we associate D1 bundle over S1

with n half twists, and to each adjacent vertices, we perform plumbings of

the corresponding pair of bundles. Then the boundary of the 2-manifold

constructed in the 3-sphere is the link to produce the Seifert manifold by the

double branched cover. We denote the Montesinos link corresponding to the
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−2 −3 −5

−2 −2

−1

Figure 5.4: A surgery diagram of I49 as a strongly invertible link and its

canonical branch set, the Montesinos knot M(3; (2, 1), (3, 2), (5, 1)). The

thick (−1)-framed unknot and its corresponding band induces a ribbon move

to the two component unlink.

Seifert invariant (b; (α1, β1), . . . , (αr, βr)) by M(b; (α1, β1), . . . , (αr, βr)). For

instance, the Montesinos knot associated with the manifold I49 is depicted

in the below of Figure 5.4.

Proposition 5.3.3. The Montesinos knot M(3; (2, 1), (3, 2), (5, 1)) is a rib-

bon knot.

Proof. It is a well-known fact that if there is a band that induces a ribbon

move from a knot to the two component unlink, then the knot is ribbon.

A band attached to the Montesinos knot M(3; (2, 1), (5, 1), (3, 2)) is given in

Figure 5.4 and one can check that this can be isotoped to the two component

unlink by performing the ribbon move along the band.
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We found the band by using a technique of Lecuona in [22, Section 3].

Lecuona considered the class of Montesinos knots whose branched cover has

the plumbing graph with I(−) ≤ −2 and gave an algorithm to find a band

if it is a ribbon knot. Although the graph Γ associated to our Montesinos

knot M(3; (2, 1), (5, 1), (3, 2)) has I(Γ) = −1, Lecuona’s technique was still

useful to find a band attached to it. As considering an embedding of the

intersection lattice of I49 to the standard diagonal one of the same rank,

we find a (−1)-framed unknot added to the surgery diagram of I49, as a

strongly invertible link depicted in Figure 5.4. One can easily check that a

consecutive blow-downs from the framed link diagram with the (−1)-framed

unknot results to S1×S2. In this case, the band corresponding to the branch

set of the (−1)-framed unknot, induces a ribbon move to the two component

unlink.

The discussion in the last two sections gave the proof of Theorem 1.2.1,

responding which spherical 3-manifolds bound rational homology balls.

5.4 Orders of spherical 3-manifolds in Θ3
Q

In this section, we discuss more generally the order of spherical 3-manifolds

in Θ3
Q. The orders of lens spaces were completely determined by Lisca in

[27]. In Section 5.2, we observed that any D-type manifolds and manifolds

of the form T6(b−2)+3 are rational homology cobordant to lens spaces, and

the order of them are same as that of the corresponding lens spaces. Now

we determine the order of all other types of spherical manifolds, using both

Donaldson and correction term obstructions again.

5.4.1 Finite order obstruction from Heegaard Floer

correction terms

Heegaard Floer correction term for a certain spinc structure can be used to

obstruct some rational homology 3-spheres to have finite order in Θ3
Q. Note

that if a rational homology 3-sphere Y has odd |H1(Y ;Z)|, then it admits a

unique spin structure on Y since H1(Y ;Z/2Z) = 0.
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Proposition 5.4.1. Let Y be a rational homology 3-sphere of which |H1(Y ;Z)|
is odd, and let s0 be the spinc structure induced from the unique spin structure

on Y . If Y has finite order in Θ3
Q, then

d(Y, s0) = 0.

Proof. Let Y be a rational homology 3-sphere with odd |H1(Y ;Z)|. We first

claim that the spinc structure s0 induced from the unique spin structure on

Y extends to any rational homology ball bounded by Y . Recall that if a spinc

structure on Y extends to W , then also does its conjugation. Since the set of

extendable spinc structures on Y to W is also of odd order (the square root of

|H1(Y ;Z)|), it must contain s0, which is the unique spinc structure preserved

by the conjugation, i.e. the one from the spin structure. Remark that the

same argument appears in the proof of [45, Proposition 4.2], although it is

stated only for rational homology 3-spheres obtained from plumbed graphs.

Notice that #ns0 is the spinc structure induced from the unique spin

structure on #nY . Hence if #nY bounds a rational homology ball for some

n, in other words, Y has finite order in Θ3
Q, then

d(#nY,#ns0) = n · d(Y, s0) = 0

by the property of correction terms under the connected sum and Theorem

5.1.2.

Remark. We remark that the parity condition in the proposition is neces-

sary. For instance, it is well known that L(p2, p − 1) bounds a rational ho-

mology ball, but one can check that the correction terms for spin structures

on L(p2, p− 1) are non-vanishing when p is even.

Now we apply the above to spherical 3-manifolds Y with odd |H1(Y ;Z)|.
In [45] Stipsicz showed that the correction term for spin spherical 3-manifold,

more generally for any spin link of rational surface singularities can be iden-

tified with the µ-invariant of Neumann [31] and Siebenmann [44] as

−4d(Y, s0) = µ(Y, s0).

In particular, µ(Y, s0) can be computed from the plumbing graph of the
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canonical definite 4-manifold X of Y [31] (See also Section 2 of [45]). Let Σ

denote the Wu surface of s0, namely the surface that represents the Poincaré

dual of c1(s0) and has coordinates 0 or 1 in the basis of H2(X;Z) represented

by embedded 2-spheres in the plumbing diagram of X. Then

µ(Y, s0) = σ(X)− [Σ]2,

where σ(X) is the signature of the intersection form of X.

Corollary 5.4.2. The following spherical manifolds admit non-vanishing

correction terms for the spin structures, and hence have infinite order in

Θ3
Q.

• T6(b−2)+k with any b and k = 1, 5.

• I30(b−2)+k with any b and k = 1, 7, 11, 13, 29.

• I30(b−2)+17 with odd b.

• I30(b−2)+19 and I30(b−2)+23 with even b.

Proof. For those manifolds, we compute the µ-invariants (and hence d-invariants)

for the spin structures by the algorithm in [45, Section 2] using the canonical

plumbing graphs. For instance, the plumbing graph associated to T6(b−2)+1 is

depicted in Figure 5.5. The Wu surface Σ corresponding to the spin structure

on T6(b−2)+1 is the sphere corresponding to the −2 vertex on the short leg if

b is odd, and the empty surface if b is even. Hence,

−4d(T6(b−2)+1, s0) = µ(T6(b−2)+1, s0) = σ(X)− [Σ]2 =

{
−4 for odd b

−6 for even b.

By applying the algorithm to other types of manifolds listed, one can check

that the correction terms for the spin structures on the manifolds do not

vanish. Therefore, those have infinite order in Θ3
Q by Proposition 5.4.1.

On the other hand, the manifolds of type I30(b−2)+17 with even b, and

I30(b−2)+19 and I30(b−2)+23 with odd b have vanishing correction terms for spin

structures, and any O type manifolds admit even order first homology group.

Hence we cannot apply Proposition 5.4.1 to them.
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−2 −2 −b −2 −2

−2

Figure 5.5: The canonical plumbed graph of T6(b−2)+1, and the boxed vertex

represents the Wu surface corresponding to the spin structure on it for even

b.

5.4.2 Finite order obstruction from Donaldson’s theo-

rem

The Donaldson obstruction can be also used to give information for the order

of rational homology 3-manifolds. If a rational homology 3-sphere Y bounds

a negative definite 4-manifold X and have order n in Θ3
Q then the direct

sum of n copies of the intersection form of X is embedded into the standard

diagonal lattice of the rank n · b2(X). This condition was sufficient enough

to obstruct sums of lens spaces to have finite order by Lisca [27]. For the

non-cyclic spherical manifolds, we consider two kinds of definite fillings of

them. One is the canonical definite plumbed 4-manifold we have used in

Section 5.3.2 and the other is the 4-manifold induced by the Dehn surgery

descriptions of them, which we will introduce first.

Donaldson obstruction using Dehn surgery descriptions of spherical

manifolds

Let p > q > 0 be the relative prime integers and K be a knot in S3. Let
p
q

admit the Hirzebruch-Jung continued fraction [a1, a2, . . . , ar], with ai ≥ 2,

and let Γp,q be the linear graph with weights a1, . . . , ar consecutively. By

Rolfsen’s twist S3
p/q(K) bounds a definite 4-manifold X of which intersection

form is isomorphic to QΓp,q , the incidence form of Γp,q; see Figure 5.6 for a

framed link diagram of X. As we introduced in Section 5.1.1, Lisca studied

the embedding of sums of intersection lattices QΓp,q into the standard diag-

onal lattice of the same rank, provided that I(Γp,q) < 0. Thus the result of

Lisca can be also applied to S3
p/q(K) such that I(Γp,q) < 0.
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∼= ∂
( )

· · ·K K

p
q

a1
a2 a3 ar

Figure 5.6: A definite 4-manifold bounded by a knot surgery manifold.

Proposition 5.4.3. Let p > q > 0 be relative prime integers such that

I(Γp,q) < 0. Then for any knot K in S3, the order of S3
p/q(K) in Θ3

Q is

greater than or equals to that of L(p, q).

Proof. In Lisca’s works [26, 27], a lower bound for the order of a lens spaces

L(p, q) in Θ3
Q is obtained by the Donaldson obstruction using the definite

lattice ⊕nQΓp,q bounded by the lens spaces. Therefore, the lower bound

is also applicable to the 3-manifolds that bound a 4-manifold with the same

intersection lattice QΓp,q . Moreover, for the lens spaces, the bound was turned

out to be the exact order in the Lisca’s work.

For example, consider manifolds of the form O12(b−2)+11. By Lemma 2.3.1,

we have the following surgery description of it (see Example 2.3.2):

O12(b−2)+11
∼= S3

2(12b−13)
4b−5

(T ).

The surgery coefficients have the following continued fraction:

2(12b− 13)

4b− 5
=





[8, 2, 2] if b = 2

[7, 2, . . . , 2︸ ︷︷ ︸
b−3

, 3, 2, 2] if b ≥ 3

Notice that if b > 5, then the corresponding linear graph has I(Γ2(12b−13),4b−5) <

0.

Similarly, we have

I30(b−2)+17
∼= S3

30b−43
5b−8

(T ) and I30(b−2)+23
∼= S3

30b−37
5b−7

(T ),
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and the continued fraction of the surgery coefficients are given as

30b− 43

5b− 8
=





[9, 2] if b = 2

[7, 2, . . . , 2︸ ︷︷ ︸
b−3

, 4, 2] if b ≥ 3

and

30b− 37

5b− 7
=





[8, 3] if b = 2.

[7, 2, . . . , 2︸ ︷︷ ︸
b−3

, 3, 3] if b ≥ 3.

Hence if b > 7 in both cases, each linear graph corresponding to the surgery

coefficients have I(−) < 0.

Corollary 5.4.4. The following spherical manifolds have infinite order in

Θ3
Q.

• O12(b−2)+11 for any b > 5

• I30(b−2)+17 for any b > 7

• I30(b−2)+23 for any b > 7

Proof. This directly follows from the result of [26, 27] and Proposition 5.4.3.

More precisely one check that the incidence forms of linear plumbing graphs

corresponding to the surgery slopes of the manifolds listed above are not

included in the Lisca’s set of linear lattices or sums of them that can be

embedded into the standard diagonal one with the same rank.

Remark that the remaining spherical manifolds that we have not deter-

mined the order, admit the Dehn-surgery descriptions (by Lemma 2.3.1)

whose corresponding linear graphs have positive I values.

Donaldson obstruction using canonical plumbed 4-manifolds

For the manifolds of type O12(b−2)+1, O12(b−2)+5, and O12(b−2)+7, we make

use of the canonical plumbed 4-manifolds of them to apply the Donaldson

obstruction and show they have infinite order in Θ3
Q.
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Proposition 5.4.5. Let X be the canonical negative definite 4-manifold with

the boundary O12(b−2)+k for b ≥ 2 and k = 1, 5 or 7. Then the direct sum

of n-copies of QX does not embed into the standard diagonal lattice of rank

n · rk(QX) for any n ≥ 1.

Proof. We first consider the manifold of the form O12(b−2)+1. Let QX be the

intersection form of the canonical negative definite 4-manifold X with the

boundary O12(b−2)+1, and let Qn
X denote the direct sum of n copies of QX .

Suppose that there is an embedding ρ of Qn
X into the standard lattice 〈−1〉r

for some r > 0. Label the basis vectors of the i-th copy of Qn
X by vi1, . . . , v

i
7,

corresponding them to the spheres in the plumbing diagram of X as seen

in the top of Figure 5.7. Let {e1, · · · , er} be the standard basis of 〈−1〉r.
Then after re-indexing and re-scaling by ±1, we may assume ρ(v1

1) = e1− e2,

ρ(v1
2) = e3 − e4, ρ(v1

3) = e4 − e5, ρ(v1
4) = e5 − e6, ρ(v1

6) = e7 − e8 and

ρ(v1
7) = e8 − e9 for the embedding of the first copy of QX as usual. Then

there are essentially two choices of the image of v2
1, namely ρ(v2

1) = ±(e1 +e2)

or e10 − e11. However notice that the former case cannot happen since 1 =

v1
1 · v1

5 ≡ v2
1 · v1

5 (mod 2) assuming this. By using this argument inductively,

we may assume that

ρ(vi1) = e9(i−1)+1 − e9(i−1)+2,

ρ(vi2) = e9(i−1)+3 − e9(i−1)+4,

ρ(vi3) = e9(i−1)+4 − e9(i−1)+5,

ρ(vi4) = e9(i−1)+5 − e9(i−1)+6

ρ(vi6) = e9(i−1)+7 − e9(i−1)+8,

ρ(vi7) = e9(i−1)+8 − e9(i−1)+9.

Then it follows that the rank of the image of ρ is at least 9n. Hence Qn
X

cannot be embedded into the standard diagonal lattice of the same rank.

Now, let X be the canonical definite 4-manifold of O12(b−2)+5. Label by

vi1, . . . , v
i
6, basis vectors of each i-th copy of Qn

X , as shown in Figure 5.7. As

usual, an embedding ρ of Qn
X into the standard diagonal lattice 〈−1〉r should
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have the form,

ρ(vi1) = e6(i−1)+1 − e6(i−1)+2,

ρ(vi2) = e6(i−1)+3 − e6(i−1)+4,

ρ(vi3) = e6(i−1)+4 − e6(i−1)+5

ρ(vi4) = e6(i−1)+5 − e6(i−1)+6

for i = 1, . . . , n, without loss of generality. Notice that there appeared 6n

basis vectors in the image of vi1 . . . v
i
4. Thus we only need to show that the

image of v1
6 contains a basis vector of other than {e1, . . . , e6n}. In fact, one

can easily see that ρ(v1
6) should be one of the following forms:

e6n+1 ± (e6(j−1)+1 + e6(j−1)+2) or e6n+1 + e6n+2 + e6n+3

for some j ∈ {1, . . . , n}. Hence the rank of the image of ρ is strictly greater

than 6n.

A similar argument will be applied toO12(b−2)+7. We label by vi1, · · · , vi5, i =

1, · · · , n, the basis vectors of Qn
X for the plumbed manifold X of O12(b−2)+7

as in Figure 5.7. By the same argument of the previous cases, an embedding

ρ of Qn
X into 〈−1〉r should have the form:

ρ(vi1) = e5(i−1)+1 − e5(i−1)+2

ρ(vi2) = e5(i−1)+3 − e5(i−1)+4

ρ(vi3) = e5(i−1)+4 − e5(i−1)+5

for i = 1, · · · , n. Then one can check that the followings are the only choices

for ρ(v1
5):

e5n+1 + e5n+2 + e5n+3 + e5n+4,

e5n+1 + e5n+2 ± (e5(j−1)+1 + e5(j−1)+2),

e5n+1 ± (e5(j−1)+3 + e5(j−1)+4 + e5(j−1)+5), or

±(e5(j−1)+1 + e5(j−1)+2)± (e5(k−1)+1 + e5(k−1)+2)
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Figure 5.7: The plumbing graphs for the canonical definite 4-manifolds

bounded by O12(b−2)+1, O12(b−2)+5 and O12(b−2)+7, respectively.

for some j, k ∈ {1, · · · , n} such that j 6= k. If we admit one of the first

3 cases, then the rank of the image of ρ is greater than 5n. If we assume

the last case, then v1
5 · w ≡ (vj1 + vk1) · w modulo 2 for any w in Qn

X . Since

(vj1 + vk1) · vj4 = (vj1 + vk1) · vk4 = 1, we have v1
5 · vj4 6= 0 and v1

5 · vk4 6= 0, which

induces a contradiction.

5.4.3 Greene-Jabuka technique

The spherical 3-manifold of the form I30(b−2)+19 with odd b is the manifold

to which the previous finite order obstructions cannot be applied. The cor-

rection terms for spin structures on them vanish, and the intersection lattice

of the canonical plumbed manifold of them can be possibly embedded into

the standard diagonal one of the same rank as we observed in Section 5.3.2.

However, a technique of Greene and Jabuka in [15] is turned out to be useful
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for showing I30(b−2)+19 have infinite order for b > 5.

We briefly sketch their idea. To prove the slice-ribbon conjecture for

a certain family of 3-strands pretzel knots, they combined the information

from the Donaldson’s theorem and Heegaard Floer correction terms. Let Y

be a rational homology 3-sphere bounding a negative definite plumbed 4-

manifold X with at most two bad vertices. If Y bounds a rational homology

ball W , then the inclusion map X ↪→ X ∪Y W induces lattices embedding

A : (H2(X;Z), QX)→ (H2(X∪Y W ;Z)/Tor, 〈−1〉b2(X)) by Donaldson’s diag-

onalization theorem. They observed that the set of the spinc-structures on Y

extending to W can be described by the map A. Moreover, combined with a

formula of Ozsváth and Szabó [39] for the correction terms of the boundary

3-manifold of plumbed 4-manifold, they obtained an upper bound for the

number of extendable spinc structures to W admitting vanishing correction

terms. We summarize their result as follows.

Proposition 5.4.6 ([15]). Let Y be a rational homology 3-sphere with |H1(Y ;Z)|
odd, and X be a plumbed 4-manifold with the boundary Y associated to a neg-

ative definite forest of trees with at most two bad vertices. Suppose Y bounds

a rational homology 4-ball W . Denote by A a matrix representation of the

map

H2(X;Z)→ H2(X ∪Y W ;Z)/Tors

in terms of the standard basis of the image. Then the number of spinc struc-

tures that admit vanishing correction terms is less than or equal to the order

of the quotient set

{(±1, . . . ,±1) ∈ Zn}/ ∼,
where v1 ∼ v2 if v1 − v2 is a linear combination of column vectors of A over

Z.

We now apply the above to the manifold I30(b−2)+19. Let Q be the intersec-

tion form of the canonical negative definite 4-manifold bounded by I30(b−2)+19

for a fixed b. Let Qn denote the direct sum of n-copies of Q. We also de-

note basis vectors of the i-th summand of Qn by vi1, v
i
2, . . . , v

i
5 following the

assignment in Figure 5.3. Note that rk(Qn)=5n.
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Lemma 5.4.7. Let ρ be an embedding of Qn into the standard negative def-

inite lattice of the rank 5n. Then ρ has the following form, up to the auto-

morphisms of the standard lattice:

ρ(vi1) = e1+5(i−1) − e2+5(i−1)

ρ(vi2) = e3+5(i−1) − e4+5(i−1)

ρ(vi3) = e4+5(i−1) − e5+5(i−1)

ρ(vi4) = ±(e1+5(σ1(i)−1) + e2+5(σ1(i)−1))± (e3+5(σ2(i)−1) + e4+5(σ2(i)−1) + e5+5(σ2(i)−1))

for i = 1, . . . , n, where σ1 and σ2 are some permutations in {1, . . . , n}, and

{e1, . . . e5n} is the standard basis of (Z5n, 〈−1〉5n).

Proof. Suppose that there is an embedding of Qn into the standard lattice of

the rank 5n. Then by the same argument of Proposition 5.4.5, the embedding

ρ have to have the following form:

ρ(vi1) = e1+5(i−1) − e2+5(i−1)

ρ(vi2) = e3+5(i−1) − e4+5(i−1)

ρ(vi3) = e4+5(i−1) − e5+5(i−1)

for i = 1, . . . , n, without loss of generality. Note that all 5n standard basis

vectors are already appeared in the image of vi1, v
i
2 and vi3. Since vi4 · vi4 = −5

and vi4 · vjk = 0 for k = 1, 2, 3 and j = 1, . . . , n, one can observe that the

image of vi4 has the form,

ρ(vi4) = ±(e1+5(σ1(i)−1)+e2+5(σ1(i)−1))±(e3+5(σ2(i)−1)+e4+5(σ2(i)−1)+e5+5(σ2(i)−1)).

Corollary 5.4.8. For b > 5, I30(b−2)+19 has infinite order in Θ3
Q.

Proof. If I30(b−2)+19 has order n in Θ3
Q, then there is a lattice embedding

ρ : Qn ↪→ 〈−1〉5n by the Donaldson obstruction. Let A be the matrix that rep-

resents the embedding ρ in terms of the basis {vi1, · · · , vi5}ni=1 and {e1, e2, · · · , e5n}
of Qn and 〈−1〉5n respectively as in the proof of Lemma 5.4.7. Then by the
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lemma and re-indexing and re-scaling of the basis {vi1, · · · , vi5}ni=1, one may

assume that the 5n× 5n-matrix A has the following form:

A =




B 0 0 0 ∗
0 B 0 0 ∗
0 0

. . . 0 ∗
0 0 0 B ∗


 ,

where B is a block matrix of the form either



1 0 0 1

−1 0 0 1

0 1 0 1

0 −1 1 1

0 0 −1 1




or




1 0 0 1

−1 0 0 1

0 1 0 −1

0 −1 1 −1

0 0 −1 −1



.

Note that the last n columns of A correspond to the image of {v1
5, · · · , vn5 }.

Now we apply Proposition 5.4.6. Consider the set V = {(±1, · · · ,±1) ∈
Z5n} and define a relation ∼ on V such that v ∼ w if and only if v − w

is a linear combination over Z of the first 4n column vectors of A. Define

W := {(±1, · · · ,±1) ∈ Z5} and a relation ∼ on W such that v ∼ w if and

only if v−w is a linear combination over Z of the column vectors of B. It is

easy to check that |V/∼| = |W/∼|n because the initial 4n columns of A has

a block matrix form.

To compute |W/∼|, we follow the Greene and Jabuka’s argument in [15].

Define a function l : Z5 → Z as l(v) = 3(x1 + x2) ± 2(x3 + x4 + x5) where

v = (x1, x2, x3, x4, x5) is a element in Z5. Observe that ker(l) is exactly same

as the subspace generated by the column vectors of B (± sign of l follows

from the choices of B). One can check

Im(l|V1) = {−12,−8,−6,−4,−2, 0, 2, 4, 6, 8, 12}.

Hence |W/∼| = |Im(l|W )| = 11 and so |V/∼| = 11n. Proposition 5.4.6 im-

plies that 11n is an upper bound for the number of extendable spinc struc-

tures with vanishing correction terms of #nI30(b−2)+19. By the correction
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term obstruction, if I30(b−2)+19 has the order n in Θ3
Q, there are at least√

(30(b− 2) + 19)n spinc structures on #nI30(b−2)+19 with vanishing correc-

tion terms. Therefore, we obtain that 30(b− 2) + 19 ≤ 112 and b ≤ 5.

5.4.4 Correction terms revisited

In this section, we finally discuss the following 11 manifolds whose order has

not been determined so far.





O12(b−2)+11 with b = 2, 3, 4, 5,

I30(b−2)+17 with b = 2, 4, 6,

I30(b−2)+19 with b = 5,

I30(b−2)+23 with b = 3, 5, 7.

We claim that these manifolds also have infinite order in Θ3
Q. The main

ingredients of our proof are the correction term obstruction together with

the study of metabolizer subgroups in products of finite abelian groups by

Kim and Livingston in [21]. We also take advantage of that it is possible to

compute all the correction terms explicitly since we only have finitely many

manifolds at hand. We first develop the following finite order obstruction.

Proposition 5.4.9. Let Y be a rational homology 3-sphere with |H1(Y ;Z)|
square free. Then if Y has finite order in Θ3

Q, then

∑

s∈Spinc(Y )

d(Y, s) = 0.

Proof. Let Y be a rational homology 3-sphere with square freem = |H1(Y ;Z)|.
Suppose #2kY bounds a rational homology 4-ball. Then there exists a spinc

structure t on #2kY and a metabolizerM inH2(#2kY ;Z) ∼= ⊕2k
i=1H

2(Yi;Z) ∼=
(Zm)2k such that

d(#2kY, t + α) = 0

for each α ∈ M. Note that since m is square free, the projection map

from the metabolizer M to each summand H2(Yi;Z) ∼= Zm is a surjective

homomorphism by [21, Corollary 3]. Let αi denote the restriction of α ∈

63



CHAPTER 5. SPHERICAL 3-MANIFOLDS BOUNDING RATIONAL
HOMOLOGY 4-BALLS

M on each H2(Yi;Z). Then by summing all the correction terms for spinc

structures extending to the rational ball, we have

0 =
∑

α∈M

d(#2kY, t + α) =
∑

α∈M

2k∑

i=1

d(Yi, t|Yi + αi) =
2k∑

i=1

∑

α∈M

d(Yi, t|Yi + αi)

=
2k∑

i=1

mk−1
∑

s∈Spinc(Yi)

d(Yi, s) = 2kmk−1
∑

s∈Spinc(Yi)

d(Yi, s).

Corollary 5.4.10. The following manifolds have infinite order in Θ3
Q:

• O12(b−2)+11 for b = 2, 3, 4, 5,

• I30(b−2)+17 for b = 2, 6,

• I30(b−2)+19 for b = 5,

• I30(b−2)+23 for b = 3, 5, 7.

Proof. Observe that each manifold listed above admits square free order of

H1. Then by a direct computation of correction terms using the formula

(3.3.3) of Ni and Wu, we find each manifold admits nonzero sum of correction

terms over all spinc structures on it. Hence they have infinite order in Θ3
Q by

Proposition 5.4.9.

Now, we are left with only one manifold, I77. Notice that the sum of all

correction terms on I77 is zero. The order of I77 is answered by the following

finite order obstruction.

Proposition 5.4.11. Let Y be a rational homology 3-sphere with |H1(Y ;Z)| =
Zp ⊕ Zq, where p is a positive prime, (p, q) = 1, and pq is odd. Let s0 be the

unique spinc structure whose first Chern class is trivial. Consider the subset

in Spinc(Y ) defined as

A = {s0 + n · q | n = 0, . . . , p− 1}.
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Then, if Y has finite order in Θ3
Q, then

max
s∈A
{d(Y, s)}+ min

s∈A
{d(Y, s)} = 0.

Proof. Let Y be a rational homology sphere of finite order in Θ3
Q, satisfying

the hypothesis in the proposition. With out loss of generality, we may assume

that there is k > 0 such that #4kY bounds a rational homology ball. LetM
be a metabolizer of the linking form λ of #4kY in ⊕4kH2(Y ;Z) ∼= (Zp)4k ⊕
(Zq)4k of which corresponding correction terms vanish. By the classification

of linking forms over finite abelian groups, the linking form λ can be also

decomposed into the direct sum of linking forms on each summand of (Zp)4k⊕
(Zq)4k. Then, by a result of Kim and Livingston [21, Theorem 4],M contains

an element of the form

γ = (1, . . . , 1, a2k+1, . . . , a4k)⊕ β ∈ (Zp)4k ⊕ (Zq)4k

for some ai ∈ Zp and some β ∈ (Zq)4k. For any m ∈ {0, . . . , p− 1},

0 = d(#4kY,#4ks0 +mq · (γ ⊕ β))

= d(#4kY,#4ks0 +mq · γ ⊕ 0)

= 2k · d(Y, s0 +mq) +
4k∑

i=2k+1

d(Y, s0 +mqai).

Note that the first equation follows from Theorem 5.1.2, and in the third

equation we use d(Y, s0) = 0 from Proposition 5.4.1. Now, choose m so that

d(Y, s0 +mq) is the maximum in A. Then in order for the above equation to

hold, the minimum value in {d(Y, s0 +nq)|n = 0, . . . p} must be the negative

of the maximum value.

Corollary 5.4.12. The manifold of type I77 has infinite order in Θ3
Q.

Proof. By taking p = 7 and q = 11, the manifold I77 satisfies the hypothesis

of the above proposition. The correction terms of {s0 + 11n|n = 0, . . . , 6}
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are given as: {
0,−2

7
,
6

7
,−4

7
,−4

7
,
6

7
,−2

7

}

by the computation using that I77
∼= S 77

12
(T2,3), and Ni and Wu’s formula

(3.3.3). Since 6
7
− 4

7
6= 0, I77 has infinite order in Θ3

Q by Proposition 5.4.11.

Remark. We notice that the generalizations of our finite order obstructions,

Proposition 5.4.9 and 5.4.11, can be found in [16].

5.4.5 Concordance of Montesinos knots admitting the

spherical branched cover

We now prove by-products of our results, Corollary 1.2.2 and 1.2.4, about the

concordance of the family of Montesinos knots admitting spherical branched

double covers. Let S be the set of such Montesinos knots. The corollaries

can be considered as generalizations of the results of Lisca, [26, Corollary

1.3] and [27, Corollary 1.3], for 2-bridge knots (of which branched covers are

lens spaces).

Proof of Corollary 1.2.2. By the classifications of Seifert manifolds [43] and

Montesinos links [46], the Montesinos links which admit spherical manifolds

as the branched cover are exactly those corresponding to the natural Mon-

tesinos branch sets of spherical manifolds. Then, by the following clear im-

plication,

K is ribbon⇒ K is slice⇒ Σ(K) bounds a rational ball,

the corollary is proved if we show that all Montesinos knots K in S such that

Σ(K) bounds a rational ball are ribbon. This follows from Proposition 5.2.3

for the branch sets of D-type manifolds of order 1, T3, and T27, and from

Proposition 5.3.3 for the branch set of I49.

Proof Corollary 1.2.4. Recall that the concordance order of a knot K is

bounded below by the cobordism order of Σ(K). In the proof of Corol-

lary 1.2.2 above, we show that for any knot K in S, Σ(K) bounds a rational

homology ball if and only if K is slice (of concordance order 1). Thus we
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only need to show that the branch sets of order 2 spherical manifolds have

the same order in the concordance group.

For the lens spaces, this is a result of Lisca [27, Corollary 1.3]. Since the

order of H1 of D-type manifolds are even, they cannot be obtained by the

double cover along a knot. Hence it remains to show that the Montesinos knot

M(4; (2, 1), (3, 2), (3, 1)), the canonical branch set of T15, has concordance

order two. In fact, this Montesinos knot is isotopic to the knot 924 in terms

of the notation of the Rolfsen’s table [42]. See [20, Appendix F.2] for the

fact that 924 = M(4; (2, 1), (3, 2), (3, 1)). According to KnotInfo of Cha and

Livingston [5], the knot 924 has concordance order two.

As a final remark, we note that our work did not employ any particular

facts of spherical geometry, but make use of the properties of Seifert manifolds

and knot surgery manifolds. Thus it is natural to expect to generalize our

results to larger families of manifolds, and we address the following question.

Question. Which Dehn surgeries on the trefoil knot, or more generally 3-

legged Seifert manifolds bound rational homology balls?

Remark. We remark that Aceto and Golla classified S3
p/q(T ) bounding ratio-

nal balls provided that p ≡ 1 modulo q [1, Corollary 4.14].
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Type Spherical manifolds Order in Θ3
Q Proved in

C L(p, q) ∼= Y (−1; (q, p− q)) 1 if p
q
∈ R Lisca [27]

2 if p
q
∈ (S \ R) ∪ F2

∞ if p
q
/∈ S ∪R ∪ F2

D D(p, q) ∼= Y (1; (2, 1), (2, 1), (q, q − p)) same as L(p− q, q) Section 5.2.2

T T6(b−2)+1
∼= Y (b; (2, 1), (3, 2), (3, 2)) ∞ for any b Section 5.4.1

T6(b−2)+3
∼= Y (b; (2, 1), (3, 1), (3, 2)) 1 if b = 2, 6 Section 5.2.3

2 if b = 4

∞ otherwise

T6(b−2)+5
∼= Y (b; (2, 1), (3, 1), (3, 1)) ∞ for any b Section 5.4.1

O O12(b−2)+1
∼= Y (b; (2, 1), (3, 2), (4, 3)) ∞ for any b Section 5.4.2

O12(b−2)+5
∼= Y (b; (2, 1), (3, 1), (4, 3)) ∞ for any b Section 5.4.2

O12(b−2)+7
∼= Y (b; (2, 1), (3, 2), (4, 1)) ∞ for any b Section 5.4.2

O12(b−2)+11
∼= Y (b; (2, 1), (3, 1), (4, 1)) ∞ for any b > 5 Section 5.4.2

∞ for b = 2, 3, 4, 5 Section 5.4.4

I I30(b−2)+1
∼= Y (b; (2, 1), (3, 2), (5, 4)) ∞ for any b Section 5.4.1

I30(b−2)+7
∼= Y (b; (2, 1), (3, 2), (5, 3)) ∞ for any b Section 5.4.1

I30(b−2)+11
∼= Y (b; (2, 1), (3, 1), (5, 4)) ∞ for any b Section 5.4.1

I30(b−2)+13
∼= Y (b; (2, 1), (3, 2), (5, 2)) ∞ for any b Section 5.4.1

I30(b−2)+17
∼= Y (b; (2, 1), (3, 1), (5, 3)) ∞ for any odd b Section 5.4.1

∞ for even b > 7 Section 5.4.2

∞ for b = 2, 4, 6 Section 5.4.4

I30(b−2)+19
∼= Y (b; (2, 1), (3, 2), (5, 1)) ∞ for any even b Section 5.4.1

∞ for any odd b > 5 Section 5.4.3

1 if b = 3 Proposition 5.3.3

∞ if b = 5 Section 5.4.4

I30(b−2)+23
∼= Y (b; (2, 1), (3, 1), (5, 2)) ∞ for even b Section 5.4.1

∞ for odd b > 7 Section 5.4.2

∞ for b = 3, 5, 7 Section 5.4.4

I30(b−2)+29
∼= Y (b; (2, 1), (3, 1), (5, 1)) ∞ for any b Section 5.4.1

Table 5.1: The order of spherical manifolds in Θ3
Q, where p > q > 0 are

relative prime integers and b ≥ 2.
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60(1):147–238, 1933.

72



BIBLIOGRAPHY

[44] L. Siebenmann. On vanishing of the Rohlin invariant and nonfinitely

amphicheiral homology 3-spheres. In Topology Symposium, Siegen 1979

(Proc. Sympos., Univ. Siegen, Siegen, 1979), volume 788 of Lecture

Notes in Math., pages 172–222. Springer, Berlin, 1980.

[45] A. I. Stipsicz. On the µ-invariant of rational surface singularities. Proc.

Amer. Math. Soc., 136(11):3815–3823, 2008.

[46] H. Zieschang. Classification of Montesinos knots. In Topology

(Leningrad, 1982), volume 1060 of Lecture Notes in Math., pages 378–

389. Springer, Berlin, 1984.

73



국문초록

행렬식이 ±1인 임의의 정수이중선형형식이 단순연결된 닫힌 4차원 다양체의

교차형식이 될 수 있다는 것이 M. Freedman에 의해 알려져있다. 반면 닫힌

매끈한 4차원 다양체의 교차형식이 정부호이면 그 교차형식은 대각화 가능하

다는 것이 S. Donaldson에 의해 알려져있다. 이 논문에서는 유리적 호몰로지

3차원 구를 경계로 갖는 매끈한 정부호 4차원 다양체의 교차형식에 대해 연

구한다. 첫 번째로 이 논문에서는 고정된 유리적 호몰로지 3차원 구에 대해

그것을경계로갖는매끈한정부호 4차원다양체의교차형식의유한성에대해

논의한다. 또한 3차원 구면 다양체에 대하여 위의 유한성이 만족됨을 보인다.

두 번째로 어떠한 3차원 구면다양체가 유리적 호몰로지 4차원 공의 경계로 주

어지는지를 중점적으로 살펴본다. 그리하여 어떠한 3차원 구면다양체가 유리

적 호몰로지 4차원 공의 경계로 주어지는지 분류한다. 또한 유리적 호몰로지

보충경계 군 안에서 3차원 구면다양체의 위수를 결정한다.

주요어휘: 교차형식, 슬라이스-리본 가설, 3차원 구면 다양체, Heegaard Floer

수정 항.

학번: 2010-23076
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