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Abstract

This thesis consider cumulative sum (CUSUM) charts based statistical process

control (SPC) in count time series. Time series of counts have gained much atten-

tion in recent years in diverse fields such as manufacturing process, communica-

tion, queueing systems, medical science, crime and insurance. First, we considers

the first-order integer-valued autoregressive (INAR) process with Katz family in-

novations to include a broad class of INAR(1) processes featuring equi-, over-, and

under-dispersion. Its probabilistic properties such as ergodicity and stationarity are

investigated. Further, a SPC procedure based on the CUSUM control chart is con-

sidered to monitor autocorrelated count processes. The CUSUM-type test statistic

with conditional least square (CLS) and squared difference (SD) estimator for the

PINAR(1) model and its application to the diagnostic of control chart are also in-

vestigated. Also, we propose an upper one-sided CUSUM-type chart based on the

considered CUSUM statistic for an effective detection and a change point estima-

tion. For enhanced monitoring Markov counting process with excessive zeros. we

consider three control charts, namely cumulative sum (CUSUM) chart with a delay

rule (CUSUM-DR), conforming run length (CRL)-CUSUM chart, and the combined

Shewhart CRL-CUSUM chart. Moreover, for an easy implementation of the attribute

fixed sampling interval (FSI) and variable sampling internal (VSI) CUSUM control

charts, an R package, attrCUSUM, is developed.

Keywords: INAR model, CUSUM chart, Statistical process control, R, Software.

Student number: 2010-20220
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Chapter 1

Introduction

This thesis consider modeling and statistical process control (SPC) in count time

series. Time series of counts have gained much attention in recent years from the

researchers and practitioners in diverse fields such as manufacturing process, com-

munication, medical science, insurance, and queueing systems. Al-Osh and Alzaid

(1987) and McKenzie (1985); McKenzie (1988) introduced the first-order integer-

valued autoregressive (INAR) process based on a binomial thinning, and later, Alzaid

and Al-Osh (1990) and Jin-Guan and Yuan (1991) extended it to higher order INAR

processes. Al-Osh and Aly (1992) considered iterated thinning operator for modeling

autoregressive processes with negative binomial marginal distribution and innova-

tions (NBIINAR(1)), whereas Alzaid and Al-Osh (1993) studied INAR(1) processes

with generalized Poisson marginal distribution based on quasi-binomial thinning

operator (GPQINAR(1)). Franke and Seligmann (1993) considered the existence

of conditional maximum likelihood (CML) estimator. Park and Oh (1997) studied

the asymptotic properties of INAR(1) processes and the distributional relation to

M/M/∞ queueing systems. Meanwhile, Zheng et al. (2007) studied random coeffi-
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CHAPTER 1. INTRODUCTION

cient INAR(1) processes (RCINAR(1)) and Kang and Lee (2009) considered the pa-

rameter change test for RCINAR(1) models based on the cumulative sum (CUSUM)

test. Weiß (2008) provided a comprehensive review of existing thinning operators

and related INAR(1) processes. Later, Ristić et al. (2009) introduced a new first or-

der autoregressive process for modeling autocorrelated geometric marginals based on

negative binomial thinning operator (NGINAR(1)). Jazi et al. (2012a) recently con-

sidered INAR(1) processes with zero inflated Poisson innovations to analyze count

data with excessive zeros. Further, Ristić et al. (2013) introduced INAR(1) process

with geometric marginals based on generalized binomial thinning operator (DCGI-

NAR(1)) and Li et al. (2015) studied mixed INAR(1) processes with zero inflated

generalized power series innovations. Further, Bourguignon et al. (2015) considered

the INAR(1) with power series innovations and Bourguignon and Vasconcellos (2015)

examined an improved estimator in terms of bias based on the squared difference

(SD) estimator originally considered by Weiß (2012). Although there exist many

models to analyze autocorrelated count data as mentioned earlier, practitioners of-

ten encounter a problem in selecting correct models among the candidates. In some

situations, this task may be difficult and there must be a justification in applying

the chosen model to data: for example, either a model-check test or goodness-of-fit

test are requited. To avoid this difficulty, instead of using a specific model, one can

consider using a model family that can accommodate a broad class of integer-valued

time series models. Motivated by this, we consider the INAR(1) process with the

Katz family (KF) innovations, abbreviated as INARKF(1) as our the first subject.

We investigates its probabilistic properties such as the ergodicity, stationarity and

moments. Also, we apply the CUSUM chart, mentioned below, for detecting a mean

increase with numerical experiments and real data analysis for illustration of the

2



CHAPTER 1. INTRODUCTION

superiority of our considered method.

Control chart has long been playing a central role as a statistical process control

(SPC) method for detecting an abnormal change in manufacturing processes. It is

well known that the traditional Shewhart X̄ control chart reacts slowly to small

shifts of the process mean. Page (1954) introduced the cumulative sum (CUSUM)

control chart to improve the performance when monitoring small to moderate shifts.

For more details on control charts, we refer to Montgomery (2009). Although sam-

pling is usually conducted with a fixed sampling interval (FSI) to maintain control

charts, the variable sampling interval (VSI) is also adopted to improve the efficiency

of monitoring: see Reynolds et al. (1988); Reynolds et al. (1990) and Saccucci et al.

(1992). Epprecht et al. (2010) recently applied the VSI control scheme to the ex-

ponential weighted moving average (EWMA) chart, which is an alternative to the

Shewhart control chart designed for faster monitoring. In the VSI control scheme,

sampling intervals are planned to be varying according to the information obtained

from the precedent control statistic and the performance is usually evaluated by the

average time to signal (ATS) triggering an out-of-control condition. For more details,

we refer to Reynolds et al. (1990). When dealing with the rare events such as the in-

fection rate of rare diseases or the number of non-conforming units in a high-quality

manufacturing process, traditional control charts for attribute often lose their effi-

ciency owing to the excessive number of zeros in count data. Those zeros cause an

over-dispersion for the data, and thereby, underestimating the target values in the

monitoring process: see Woodall (2006). In order to overcome this defect, several

authors considered control charts adopting zero-inflated models for count data. Sim

and Lim (2008) considered Shewhart-type control charts for zero-inflated Poisson

(ZIP) and binomial (ZIB) distributions based on the Jeffrey’s prior intervals and

3



CHAPTER 1. INTRODUCTION

Blyth-Still intervals. Wang (2009) introduced an improved control chart using ad-

justed confidence intervals to cope with the case of small non-conforming rates. He

et al. (2012) and Rakitzis et al. (2016) recently studied the CUSUM control chart for

zero-inflated Poisson and binomial distributions. Conventionally, the detection of an

increase, rather than a decrease, in model parameters has been a core issue, because

the increase is mainly due to the process deterioration induced by an assignable

cause.

Meanwhile, He et al. (2014) considered a combination of CUSUM charts based

on zero-truncated Poisson CUSUM chart (ZTP-CUSUM) and conforming run length

(CRL)-based CUSUM (CRL-CUSUM) chart. It is well known that in the monitor-

ing process exhibiting zero-inflation, the CRL-type control charts are particularly

effective than other existing control schemes, see Goh (1987); Wu et al. (2000);

Wu et al. (2001); Ohta et al. (2001). But as far as we know, CRL-type charts for

the monitoring of Markov counting processes, which are our main focus, have not

been developed in the literature so far. Due to the automation and advancement

of quality in production process, the existence of serial dependence becomes in-

creasingly common phenomenon in the modern manufacturing industry. For this

reason, monitoring such processes has received a great deal of attention by many

authors in recent years. For example, several control charts to monitor the first-

order integer-valued autoregressive (INAR(1)) model are studied by Weiß (2007).

Weiss and Testik (2009) applied upper one-sided CUSUM charts to monitoring Pois-

son INAR(1) (PINAR(1)) model and Li et al. (2016) considered several charts for

the new geometric INAR(1) (NGINAR(1)) model. Recently, Rakitzis et al. (2017)

considered Shewhart-type and CUSUM charts based on the zero-inflated Poisson

INAR(1) (ZIPINAR(1)) model and the first-order zero-inflated Poisson autoregres-

4



CHAPTER 1. INTRODUCTION

sive conditional heteroskedasticity (ZIPINARCH(1)) model for monitoring processes

with serial dependence and zero-inflation. In Chapter 4, we consider improved mon-

itoring of Markov counting process with zero-inflation, based on the ZIPINAR(1)

and ZIPINARCH(1) model, which are suitable candidate models to capture serial

dependence and zero-inflation. To this end, we consider three kinds of control charts.

The first one is a new CUSUM-type chart based on a delay rule (CUSUM-DR) which

is a generalization of the ZTP-CUSUM chart considered by He et al. (2014). The

remainders are the CRL-CUSUM chart and the combined Shewhart CRL-CUSUM

chart.

The change point problem has been a popular topic in time series analysis since

the parameter change in the underlying time series model is observed at times in

actual practice as a result of changes in, for instance, the policy of government, the

quality of health care and the performance of machine in manufacturing process.

It is well known that inferences without knowing a parameter change can lead to

incorrect conclusions. For this reason, the change point detection problem has been

investigated by many authors such as Csörgö and Horváth (1997), Lee et al. (2003),

Hušková et al. (2007), Franke et al. (2012), Pap and Szabó (2013), Kang and Lee

(2014), Lee et al. (2016) and Huh et al. (2017). Among the existing methods of

change point test, the cumulative sum (CUSUM) test has long been popular because

its ease of understanding and implementation in practice. In Chapter 5 and 6, we

consider the usage of conditional least squares (CLS) estimator and SD estimator-

based CUSUM test statistic, respectively. We propose control schemes based on

virtual in-control sample and illustrate the performances of the proposed charts.

Also, real data examples are employed to provide the applicability of our proposed

charts.

5
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In this study, we also consider the VSI CUSUM control chart considered by

Reynolds et al. (1990), focusing on the ZIB distribution proposed by Hall (2000).

We particularly deal with the task of monitoring an increase of the propor-tion pa-

rameter in ZIB processes using the VSI CUSUM chart and compare its performance

with that of the FSI CUSUM chart considered by Rakitzis et al. (2016) via measur-

ing their ATS triggering an out-of-control condition. Moreover, we put our efforts to

develop an R package, attrCUSUM, for an easy implementation of the attribute VSI

CUSUM control chart, which is available from the comprehensive R archive network

(CRAN).

This thesis is organized as follows. Chapter 2 reviews the INAR process and

CUSUM control charts. Chapter 3 considers the INARKF(1) process and its ap-

plication to SPC based on the CUSUM control chart. Chapter 4 investigate the

CRL-CUSUM and CUSUM-DR chart for monitoring Markovian processes with fre-

quent zeros. Chapter 5 and 6 apply the CLS and SD estimator-based CUSUM test

statistic to monitoring autocorrelated count process. Finally, the usage of the R

package attrCUSUM developed for statistical design of FSI and VSI CUSUM chart

is given in 7.

6



Chapter 2

Reviews

2.1 Integer-valued autoregressive (INAR) models

Since Al-Osh and Alzaid (1987) introduced the INAR (1) model using a random

sum-type operator, the binomial thinning operator, it has become a popular process

for modeling count data with serial dependence. The binomial thinning operator,

‘◦’, designated by Steutel and van Harn (1979) is defined as

α ◦X =
X∑
i=1

Bi(α), (2.1.1)

where X is a non-negative integer-valued random variable and Bi(α)’s are inde-

pendent and identically distributed (i.i.d.) Bernoulli random variables with success

probability α ∈ [0, 1], independent of X. The process {Xt}t∈N0 is an INAR(1) model

if

Xt = α ◦Xt−1 + εt, t ∈ N, (2.1.2)

7
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where α ∈ [0, 1), ‘◦’ is the binomial operator in (4.2.1) and εt’s are i.i.d. random

variables defined on the non-negative integer values with a finite second moment,

independent of Xt−s, s ∈ N. The INAR(1) model forms a homogeneous Markov

chain and there is a strictly stationary process satisfying the relation in (4.2.2).

For a strictly stationary process PINAR(1) model with θ> = (α, λ) ∈ [0, 1) ×

(0,∞), its marginal density follows a Poisson distribution with mean µ = λ
1−α and

the transition probabilities are given as

P (Xt = j|Xt−1 = i) =

min(i,j)∑
k=0

P (α ◦Xt−1 = k|Xt−1 = i)P (εt = j − k)

= e−λ
min(i,j)∑
k=0

(
i

k

)
αk(1− α)i−k

λj−k

(j − k)!
, i, j ∈ N0.

Also, the h-step conditional expectation and variance of a stationary PINAR(1)

model, see Kim and Lee (2017), are calculated as

E (Xt+h|Xt) = αh(Xt − µ) + µ,

Var (Xt+h|Xt) = αh(1− αh)Xt + (1− αh)µ, h ∈ N.

where µ = λ
1−α . For additional properties of a stationary PINAR(1) model such as

higher moments, refer to as Eduarda Da Silva and Oliveira (2004) and Bourguignon

and Vasconcellos (2015).

Consider the residual process {ut = Xt−αXt−1−λ}t≥1 of the PINAR(1) model,

which does not necessarily need to be stationary. we can express Xt = αXt−1+ut+λ.

Using Proposition 1 in Weiß (2012) and Theorem 14.0.1 in Meyn and Tweedie (2012),

the fact that limt→∞Eut = 0 and limt→∞Var(ut) = λ(1 + α) can be easily checked

8
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and we obtain the results as follows:

Lemma 2.1.1. Suppose {Xt}t≥0 is a PINAR(1) model with parameter vector θ> =

(α, λ) ∈ (0, 1) × (0,∞) and EX4
0 ∈ (0,∞). Then, for k = 1, 2, 3, 4, and 1 ≤ i < j,

we obtain

(a) |EXk
t −EY k

0 | = O(αt),

(b) |Cov(Xi, Xj)− Cov(Yi, Yj)| = O(αj−i),

(c) |Cov(D2
X,i, D

2
X,j)− Cov(D2

Y,i, D
2
Y,j)| = O(αj−i),

where {Yt}t≥0 is a stationary PINAR(1) model with parameter vector θ> = (α, λ) ∈

(0, 1)× (0,∞), DX,i = Xi−Xi−1

2
and DY,i = Yi−Yi−1

2
.

Because the true values of parameter vector θ cannot be known in practice, it

must be estimated from a given sample path. There are conventional estimators to

estimate the parameter of PINAR(1) model such as the Yule-Walker (YW), con-

ditional least squares (CLS) and CML estimator which, in general, has the best

performance among those in terms of bias and mean squared error (MSE), see Al-

Osh and Alzaid (1987) for the details. In addition to conventional estimators, Weiß

(2012) considered a simple estimator called a SD estimator based on an unbiased

estimator of λ and fact that µ = λ
1−α as follows:

θ̂sd =

 α̂sd

λ̂sd

 =

 1− λ̂sd

X̄n∑n
t=1 (Xt−Xt−1)2

2n

 , (2.1.3)

where X̄n =
∑n
t=0Xt
n+1

. Bourguignon and Vasconcellos (2015) show that the asymptotic

9
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joint distribution of
√
n(θ̂sd − θ) is N(0,Σ) with

Σ =

 α(1−α2)
λ

+ (1− α)2 3+α
1+α

−λ(1− α)3+α
1+α

−λ(1− α)3+α
1+α

λ
(
1 + λ3+α

1+α

)
 .

From numerical experiments in Weiß (2012) and Bourguignon and Vasconcellos

(2015), it is admissible that the SD estimator can be a good alternative with closed

form to CML estimator in terms of bias and MSE.

2.2 CUSUM control chart

Control chart is one of the most useful tools in statistical process control (SPC).

Among control charts, the cumulative sum (CUSUM) control scheme, introduced

by Page (1954), is well known as a standard tool for detecting small to moderate

abnormal changes in the process of interest: see Montgomery (2012) for a general

review. A conventional upper one-sided CUSUM control statistic for detecting a

mean increase is expressed as:

C0 = c0, (2.2.4)

Ct = max (0, Xt − k + Ct−1) , t ∈ N, (2.2.5)

where c0(≥ 0) is called the ‘starting value’, usually set to be 0, k(≥ EXt) is called the

‘reference value’, and h(> 0) is the ‘control limit’. When Ct ≥ h occurs, the process

of interest is regarded as ‘out-of-control’. The reference value k acts as a tuning

parameter for the sensitive detection of a mean increase, preventing the statistic

from drifting towards the control limit h.

10
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The performance of control charts is commonly measured by the average run

length (ARL), which stands for the expected number of points plotted on a chart

until an out-of-control signal is triggered. There are two types of ARL. First, ARL0

(in-control ARL) is the expected number of points until a false alarm occurs, that

is, the control chart mistakenly triggers an out-of-control signal from the start of

monitoring. Second, ARL1 (out-of-control ARL) is the expected number of points

until the control chart alarms a shift from the start of the shift.

Although sampling is usually conducted with a fixed sampling interval (FSI)

to maintain control charts, the variable sampling interval (VSI) is also adopted to

improve the efficiency of monitoring: see Reynolds et al. (1988); Reynolds et al.

(1990) and Saccucci et al. (1992). Epprecht et al. (2010) recently applied the VSI

control scheme to the exponential weighted moving average (EWMA) chart, which

is an alternative to the Shewhart control chart designed for faster monitoring. In

the VSI control scheme, sampling intervals are planned to be varying according to

the information obtained from the precedent control statistic and the performance

is usually evaluated by the average time to signal (ATS) triggering an out-of-control

condition. For more details, we refer to Reynolds et al. (1990).

In below we illustrate the merits (M) and shortcomings (S) of traditional control

schemes.

• Shewhart-type

– M: easy to implement; sensitive in detecting large mean shifts.

– S: Not good at detecting small to moderate mean shifts and at detecting

dynamic changes.

• CUSUM, EWMA

– M: sensitive in detecting small mean shifts.

11
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– S: Not good at detecting large mean shifts and at detecting dynamic changes;

need to set tuning parameter.

• Combined Shewhart and CUSUM/EWMA

– M: Detect a wide range of mean shifts and dynamic patterns.

– S: Need to set multiple parameter; can not detect dynamic patterns.

• GLR-type

– M: Detect a wide range of mean shifts and dynamic patterns; can estimate

directly change point.

– S: Poor performance when the change is small of the change pattern is de-

caying.

12



Chapter 3

On First-order Integer-valued

Autoregressive Process with Katz

Family Innovations

3.1 Introduction

This chapter considers the first-order INAR process with Katz family innovations.

This family of INAR processes includes a broad class of INAR(1) processes with

Poisson, negative binomial, and binomial innovations, respectively featuring equi-

, over-, and under-dispersion. Its probabilistic properties such as ergodicity and

stationarity are investigated and the formula of the marginal mean and variance

is provided. Further, a statistical process control (SPC) procedure based on the

cumulative (CUSUM) control chart is considered to monitor autocorrelated count

processes. A simulation and real data analysis are conducted for illustration.

This chapter is organized as follows. Section 3.2 introduces the INARKF(1) pro-

13
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cess and investigates the probabilistic properties such as its existence, stationarity,

ergodicity, and other probabilistic properties. Section 3.3 discusses the conditional

maximum likelihood estimator and compares the fitness of the INARKF(1) to a real

data set with that of other existing models. Section 3.4 considers the SPC procedure

for INARKF(1) processes, wherein the CUSUM approach is taken to detect a mean

increase. Section 3.5 provides the proofs for the theorems presented in Section 3.2.

Finally, Section 3.6 provides concluding remarks.

3.2 INAR(1) process with Katz innovations

The distribution of non-negative integer-valued random variables can be uniquely

expressed recursively in the following manner:

pj+1 = f(j,Θ)pj, j = 0, 1 . . . , (3.2.1)

where Θ is a vector of parameters and pj denotes the probability mass function.

Katz (1965) designated a simple system to generate (3.2.1) with two parameters

Θ = (θ1, θ2), such as

f(j,Θ) = max

(
θ1 + θ2j

1 + j
, 0

)
, j = 0, 1, . . . , (3.2.2)

where θ1 > 0, θ2 < 1. It can be easily seen that θ2 ≥ 0 implies pj > 0 for all j ∈ N0

and θ2 < 0 implies pd−θ1/θ2e+k = 0 for all k ∈ N, wherein dxe denotes the smallest

integer not less than x.

Remark 1. It is well known (cf. Johnson et al. (1992)) that

[i] If θ2 < 0 and −θ1/θ2 ∈ N, the KF distribution coincides with Bin(−θ1/θ2,

14
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Figure 3.1: The sample paths of INARKF(1) processes with length 100

θ2/(θ2 − 1)).

[ii] If 0 < θ2 < 1, the KF distribution coincides with NB (θ1/θ2, 1− θ2).

[iii] If θ2 = 0, the KF distribution coincides with Poisson (θ1).
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Although the probabilistic structure of the Katz family is quite simple, it covers a

wide spectrum of distributions. According to Fang (2003), under the assumption that

−θ1/θ2 ∈ N when θ2 < 0, the ratio of the variance to the mean of the KF distribution

is obtained as r = (1 − θ2)−1. When r = 1, the KF distribution can be interpreted

as the Poisson distribution (equi-dispersion); when r < 1, the binomial distribution

(under-dispersion); when r > 1, the negative binomial distribution (over-dispersion).

Definition 3.2.1. The INARKF(1) process is the INAR(1) process defined by

Xt = α ◦Xt−1 + εt, t ∈ N, (3.2.3)

where εt are i.i.d. KF random variables with parameter (θ1, θ2): see (3.2.1) and

(3.2.2), independent of Xs, s ≤ t− 1, and Bi(α)’s are the ones in (4.2.1).

Figure 3.1 shows a simulated sample path of an INARKF(1) process with length

100. A negative θ2 shows a relatively under-dispersed process, whereas a positive θ2

shows an over-dispersion. Below, we verify that the INARKF(1) process exists and

is stationary and ergodic, the proof of which is deferred to Section 3.5.

Theorem 3.2.1. The process {Xt}t∈Z is an irreducible, aperiodic and positive re-

current (and thus ergodic) Markov chain. Hence, there exists a strictly stationary

process satisfying (3.2.3).

Remark 2. It can be easily seen that EXk
t ≤ C <∞, k = 1, 2, 3, 4, for some C > 0.

Moreover, by Theorem 3.2.1, Xt converges to X in distribution, where X follows the

stationary marginal distribution. Thus, from the portmanteau lemma (cf. Theorem

29 of Billingsley (1979)), we obtain EXk ≤ limt→∞EX
k
t <∞, k = 1, 2, 3, 4.

Below, we investigate the probabilistic properties of the INARKF(1) process such

as the transition probabilities and k-step prediction. For convenience, in what follows
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of Section 2, we impose a condition that the KF distribution satisfies −θ1/θ2 ∈ N

when θ2 < 0. Then, the transition probability and stationary marginal density can

be expressed as follows: for i, j ≥ 0,

pij := P (Xt = j|Xt−1 = i)

=

min(i,j)∑
k=0

P (α ◦Xt−1 = k|Xt−1 = i)P (εt = j − k)

=

min(i,j)∑
k=0

(
i

k

)
αk (1− α)i−k

[(
θ1/θ2 + j − k − 1

j − k

)
(1− θ2)θ1/θ2 θj−k2

]
;

pj : = P (Xt = j) (3.2.4)

=
∞∑
i=0

pijP (Xt−1 = i)

=
∞∑
i=0

min(i,j)∑
k=0

(
i

k

)
αk (1− α)i−k

[(
θ1/θ2 + j − k − 1

j − k

)
(1− θ2)θ1/θ2 θj−k2

]
pi,

wherein 1
0

is interpreted as limx→0
1
x
.

Moreover, the k-step prediction can be conducted based on the fact as follows:

Theorem 3.2.2. Let {Xt}t∈Z be an INARKF(1) process. Then, the k-step condi-

tional mean and variance are given as

E (Xt+k|Xt) = αkXt +

(
1− αk

)
1− α

θ1

1− θ2

,

Var (Xt+k|Xt) = αk(1− αk)Xt +
α
(
1− αk−1

) (
1− αk

)
1− α2

θ1

1− θ2

+
1− α2k

1− α2

θ1

(1− θ2)2 .
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Remark 3. It can be easily seen that limk→∞E (Xt+k|Xt) = θ1
(1−α)(1−θ2)

and

limk→∞ V ar (Xt+k|Xt) = θ1(1+α(1−θ2))

(1−α2)(1−θ2)2
.

Moreover, we can see that the self-decomposability (cf. Steutel and van Harn,

1979) holds for of the INARKF(1) process, the proof of which is given in Section

3.5:

Theorem 3.2.3. If {Xt}t∈Z is a stationary INARKF(1) process, Xt is a discrete

self-decomposable (DSD) random variable.

The following can be obtained via using the Theorem 2.1 of Zhang and Wang

(2015).

Proposition 3.2.1. Let {Xt}t∈Z be a stationary INARKF(1) process with (θ1, θ2, α).

Then, for s, τ ∈ N with s < τ , we have

(i) µX = EXt = 1
1−α

θ1
1−θ2 ;

(ii) EX2
t = θ1(1+α(1−θ2))

(1−α2)(1−θ2)2
+

θ21
(1−αi)(1−θ2)2

;

(iii) E (XtXt+s) = αE (XtXt+s−1) +
θ21

(1−α)(1−θ2)2
;

(iv) EX3
t = (1− α3)−1

[
3α2

EX2
t (1− α + µε)

+ αµX ((1− α) (1− 2α) + 3 (1− α)µε + 3µε,2) + µε,3

]
;

(v) E (X2
tXt+s) = αE (X2

tXt+s−1) +EX2
t µε.

(vi) E
(
XtX

2
t+s

)
= α2

E
(
XtX

2
t+s−1

)
+ (α (1− α) + 2αµε)E (XtXt+s−1) + µXµε,2;

(vii) E (XtXt+sXt+τ ) = αE (XtXt+sXt+τ−1) + µεE (XtXt+s),

where µε = Eεt = θ1
1−θ2 , µε,2 = Eε2t = θ1(1+θ1)

(1−θ2)2
and µε,3 = Eε3t =

θ1(θ21+3θ1+1+θ2)
(1−θ2)3

.

Remark 4. The variance-to-mean ratio of a stationary INARKF(1) process is given

by

σ2
X

µX
=
σ2
ε/µε + α

1 + α
=

(1− θ2)−1 + α

1 + α
=
r + α

1 + α
.
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Thus, r = 1 implies the equi-dispersion and r > 1 and r < 1 imply the over- and

under-dispersion, respectively.

3.3 Parameter estimation and real example

Given observations x1, . . . , xn, the log-likelihood function is defined by

l (θ1, θ2, α) = log

[
P (X1 = x1)

n∏
t=2

P (Xt = xt|Xt−1 = xt−1)

]

= logP (X1 = x1) +
n∑
t=2

logP (Xt = xt|Xt−1 = xt−1),

P (Xt = xt|Xt−1 = xt−1) =

min(xt−1,xt)∑
k=0

(
xt−1

k

)
αk (1− α)xt−1−k P (εt = xt − k) .

Here, the probability mass function of innovations can be obtained as follows:

P (εt = xt − k) =

[
xt−k−1∏
i=0

max

(
θ1 + θ2i

1 + i
, 0

)]
P (εt = 0) ,

P (εt = 0) =
1

1 +
∑∞

j=1

[∏j−1
i=0 max

(
θ1+θ2i

1+i
, 0
)]

=



(1− θ2)θ1/θ2 if θ2 > 0

e−θ1 if θ2 = 0(
1

1−θ2

)−θ1/θ2
if θ2 < 0 and −θ1/θ2 ∈ N

1

1+
∑d−θ1/θ2e
j=1 [

∏j−1
i=0 max( θ1+θ2i1+i

,0)]
if θ2 < 0 and −θ1/θ2 /∈ N,

wherein
∏−1

i=0 max
(
θ1+θ2i

1+i
, 0
)

= 1.
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Table 3.1: The mean and MSE (in parentheses) of (C)MLE

θ1 θ2 α n θ̂1
cml

θ̂2
cml

α̂cml θ̂1
ml

θ̂2
ml

α̂ml

5 -0.1 0.2 100 5.0573 -0.1589 0.1763 5.0549 -0.1711 0.1731
(0.1814) (0.0476) (0.0091) (0.1891) (0.0495) (0.0092)

200 5.0328 -0.1398 0.1864 5.0377 -0.1459 0.1832
(0.0888) (0.0223) (0.0046) (0.0884) (0.0227) (0.0049)

500 5.0171 -0.1156 0.1943 5.0194 -0.1177 0.1927
(0.0306) (0.0068) (0.0018) (0.0316) (0.0072) (0.0020)

1000 5.0111 -0.1073 0.1977 5.0129 -0.1087 0.1967
(0.0160) (0.0031) (0.0009) (0.0163) (0.0032) (0.0010)

5 0.1 0.2 100 5.0403 0.0532 0.1816 5.0494 0.0430 0.1768
(0.1925) (0.0344) (0.0098) (0.2019) (0.0354) (0.0100)

200 5.0228 0.0725 0.1911 5.0298 0.0640 0.1876
(0.0835) (0.0138) (0.0050) (0.0879) (0.0145) (0.0052)

500 5.0433 0.0942 0.1979 5.0796 0.0902 0.1980
(0.0324) (0.0053) (0.0019) (0.0333) (0.0054) (0.0019)

1000 5.0035 0.0964 0.1994 5.0052 0.0940 0.1998
(0.0143) (0.0027) (0.0009) (0.0154) (0.0028) (0.0009)

5 -0.3 0.5 100 5.0958 -0.4464 0.4736 5.0982 -0.4593 0.4689
(0.3716) (0.2071) (0.0083) (0.3724) (0.2084) (0.0089)

200 5.0448 -0.3570 0.4843 5.0538 -0.3705 0.4809
(0.2553) (0.0722) (0.0040) (0.2588) (0.0756) (0.0042)

500 5.0221 -0.3365 0.4946 5.0272 -0.3444 0.4925
(0.0881) (0.0266) (0.0016) (0.0898) (0.0272) (0.0016)

1000 5.0022 -0.3072 0.5014 5.0058 -0.3130 0.4999
(0.0377) (0.0121) (0.0007) (0.0384) (0.0123) (0.0007)

2 -0.5 0.2 100 2.0074 -0.5162 0.1821 2.0082 -0.5162 0.1821
(0.0219) (0.0472) (0.0094) (0.0218) (0.0472) (0.0093)

200 2.0034 -0.5124 0.1903 2.0035 -0.5125 0.1909
(0.0102) (0.0202) (0.0057) (0.0102) (0.0196) (0.0056)

500 2.0003 -0.5065 0.1967 2.0002 -0.5068 0.1975
(0.0036) (0.0077) (0.0020) (0.0036) (0.0079) (0.0021)

1000 2.0001 -0.5027 0.1987 2.0001 -0.5028 0.1987
(0.0016) (0.0038) (0.0010) (0.0017) (0.0039) (0.0010)

2 -0.5 0.5 100 2.0333 -0.6021 0.4747 2.0356 -0.6113 0.4730
(0.0901) (0.1392) (0.0087) (0.0922) (0.1398) (0.0087)

200 2.0106 -0.5142 0.4873 2.0116 -0.5177 0.4862
(0.0254) (0.0409) (0.0043) (0.0258) (0.0402) (0.0043)

500 2.0015 -0.5079 0.4977 2.0015 -0.5089 0.4983
(0.0072) (0.0121) (0.0014) (0.0074) (0.0121) (0.0014)

1000 2.0003 -0.5032 0.4994 2.0004 -0.5069 0.4999
(0.0028) (0.0053) (0.0006) (0.0030) (0.0054) (0.0006)

2 0.5 0.2 100 2.0166 0.4729 0.1814 2.0210 0.4658 0.1765
(0.0347) (0.0112) (0.0082) (0.0365) (0.0117) (0.0084)

200 2.0062 0.4907 0.1950 2.0097 0.4848 0.1906
(0.0148) (0.0046) (0.0047) (0.0157) (0.0049) (0.0047)

500 2.0016 0.4970 0.1959 2.0037 0.4938 0.1940
(0.0055) (0.0018) (0.0017) (0.0058) (0.0019) (0.0017)

1000 2.0013 0.4988 0.1991 2.0022 0.4976 0.1979
(0.0026) (0.0009) (0.0008) (0.0027) (0.0009) (0.0008)
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Table 3.2: ML estimates, AIC, BIC and RMS of burglary data

model parameters MLE AIC BIC RMS
PINAR(1) λ 4.9021 846.27 852.21 4.081

α 0.1794

NBINAR(1) n 4.0768 757.52 766.43 4.067
p 0.4058
ρ 0.2560

GPQINAR(1) λ 3.7243 755.12 764.03 4.085
θ 0.3944
ρ 0.3448

NBRCINAR(1) n 3.7878 757.51 766.41 4.081
p 0.3825
ρ 0.3339

NBIINAR(1) n 3.9045 757.88 766.72 4.071
α 0.9346
ρ 0.3024

NGINAR(1) µ 5.3233 788.55 794.49 4.343
α 0.6165

GINAR(1) p 0.1787 810.37 816.31 4.178
α 0.3605

DCGINAR(1) µ 4.9605 804.59 813.50 4.177
α 0.4447
θ 0.4360

ZINAR(1) λ 4.9610 829.81 838.72 4.091
ρ 0.2276
α 0.3628

INARG(1) π 0.2040 762.49 768.43 4.092
α 0.3629

INARKF(1) θ1 1.4834 754.90 763.81 4.067
θ2 0.6634
α 0.2585

Then, the maximum likelihood estimator (MLE) (θ̂1, θ̂2, α̂) of (θ1, θ2, α) is given

as the (θ1, θ2, α) that maximizes the log-likelihood function. It can be performed by

using numerical maximization procedures found easily in most of statistical program-

ming languages. One can also obtain a conditional MLE (CMLE) via conditioning

on the first observation.

Table 3.1 lists a simulated result about the mean and mean squared errors

(MSEs) of the MLE and CMLE for different values of (θ1, θ2, α) and n =100, 200,

500, 1000. The Monte Carlo simulation experiments are performed via using the R

programming language: see the R project for statistical computing (http://www.r-
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Figure 3.2: The sample path and PACF plot of the burglary data

project.org). The number of Monte Carlo replications for each case is 500. The

(conditional) MLE of (θ1, θ2, α) is obtained by maximizing the (conditional) log-

likelihood function using the Nelder-Mead method. Here, due to the complex seen

in (3.2.4), the marginal density of X1 is empirically obtained through a simulated

process of size 20, 000 at given (θ1, θ2, α). Table 3.1 shows that for all cases, θ̂1 is

overestimated whereas θ̂2 and α are underestimated. Both the magnitude of bias

and MSE of θ̂1 increase as θ1 and α increase, mainly affected by the former rather

than the latter. Similarly, those of θ̂2 increase as θ1 and α increase. Moreover, it can

be observed that the bias and MSE decay to zero and the CMLE and MLE have a

similar performance. It is also revealed that the estimation of θ1 is slightly worsened

when either (mainly) θ1 or α becomes larger.

Below, we illustrate an example to fit the INARKF(1) process to a real data set.

To this task, we use the burglary data series reported in the 65th police car beat in

Pittsburgh: see the Forecasting Principles site (http://www.forecastingprinciples.com).

The data set comprises 144 observations, monthly observed from 1990 to 2001.
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The sample path plot and partial autocorrelation function are shown in Figure

3.2. The sample mean, variance, dispersion and autocorrelation are obtained as

5.9583, 17.8304, 2.9925 and 0.2551, respectively. Here, we compare the fitness of

the INARKF(1) process with that of PINAR(1), INAR(1) process with Poisson

marginals (Al-Osh and Alzaid, 1987), NBINAR(1), INAR(1) process with negative

binomial marginals (McKenzie, 1986; Weiß, 2008), GPQINAR(1), quasi-binomial

INAR(1) process with generalized Poisson marginals (Alzaid and Al-Osh, 1993),

NBRCINAR(1), random coefficient INAR(1) process with negative binomial marginals

(Weiß, 2008), NBIINAR(1), iterated INAR(1) process with negative binomial marginals

and innovations (Al-Osh and Aly, 1992), NGINAR(1), negative binomial thinning

based INAR(1) process with geometric marginals and innovations (Ristić et al.,

2009), GINAR(1), INAR(1) process with geometric marginals (Alzaid and Al-Osh,

1988), DCGINAR(1), dependent counting INAR(1) process with geometric marginals

(Ristić et al., 2013), ZINAR(1), INAR(1) process with zero inflated Poisson innova-

tions (Jazi et al., 2012a), and INARG(1), INAR(1) process with geometric innova-

tions (Jazi et al., 2012b).

For each process, we calculate the MLE, AIC, BIC, and root mean square

(RMS) of predicted values. Table 3.2 shows that the INARKF(1) has the small-

est AIC, BIC, RMS values, which suggests to adopt the INARKF(1) process among

the models under consideration. The MLE in this case is obtained as (θ̂1, θ̂2, α̂) =

(1.4834, 0.6634, 0.2585).
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3.4 CUSUM chart to monitor a mean increase

In this section, we consider the CUSUM control chart for INARKF(1) processes to

monitor an increase of θ1 when θ2 and α are fixed. We do this because the mean

increases as θ1 increases when the dispersion of the INARKF(1) process is fixed.

For a review of the CUSUM control chart, we refer to Weiss and Testik (2009) and

Chao-Wen and Reynolds Jr (2001).

Let {Xt}, t ∈ N, be a stationary INARKF(1) process with parameter (θ10 , θ2, α)

and marginal mean µX . A one-sided CUSUM control chart for detecting the mean

increase is then expressed as a plot of the CUSUM statistic as follows:

C0 = c0,

Ct = max (0, Xt − k + Ct−1) , t ∈ N,

where c0 is a non-negative starting value, commonly set to be 0, k ≥ µX is the

reference value, and h > 0 is the limit value.

Note that the bivariate process (Xt, Ct)t∈N has the Markov property with fol-

lowing transition probabilities:

p(x, y|w, z) : = P (Xt = x,Ct = y|Xt−1 = w,Ct−1 = z)

= pwxIy (max(0, x− k + z)) ;

p1(x, y|w) : = P (X1 = x,C1 = y|C0 = w)

= pxIy (max(0, x− k + w)) , (3.4.5)

where Iy(·) denote the indicator function. To conduct the calculation for ARLs of

the designed CUSUM chart, here we employ the Markov chain approach of Brook
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and Evans (1972): see Weiss and Testik (2009) for a review of this approach used

for autocorrelated count processes. The marginal probabilities in (3.4.5) can be

empirically obtained based on the generated process of size 20,000, as done in Section

3.4.

For exploring the CUSUM control chart to detect a small increase, we design a

chart with its in-control ARL being near 200. Since it is difficult to obtain a closed

form to optimize the CUSUM control chart for a specified increase, we choose k such

Table 3.3: The ARL of INARKF(1) CUSUM control chart with θ10 = 1.5

θ10 θ2 α µX k h θ1: 1.5 1.6 1.7 2 2.5 3 5 10
1.5 -0.5 0.25 1.33 2 5 233.7 155.4 108.8 38.6 14.2 7.8 2.7 1.2

3 2 279.9 198.6 146.9 50.7 17.6 8.6 2.1 1.0
0.50 2.00 3 7 216.0 147.0 105.2 40.6 15.4 8.4 2.7 1.1

4 3 259.3 180.6 131.7 49.7 17.7 8.7 2.0 1.0
0.75 4.00 5 19 203.7 133.0 92.7 36.3 14.7 8.4 3.0 1.3

6 9 225.6 150.1 105.5 39.8 14.2 7.1 1.9 1.0

-0.8 0.25 1.14 2 3 205.4 158.9 126.8 74.1 15.3 7.6 2.3 1.1
3 1 201.6 162.8 135.2 87.1 16.0 7.4 1.9 1.0

0.50 1.71 2 13 208.9 145.3 107.1 55.3 17.2 10.5 4.3 2.0
3 4 207.4 158.6 125.4 72.2 17.1 8.4 2.3 1.0

0.75 3.43 4 23 201.4 141.8 105.6 55.7 17.2 10.1 3.9 1.8
5 10 232.8 168.5 127.3 67.2 16.3 8.0 2.3 1.0

-0.9 0.25 0.80 1 5 202.9 176.7 155.8 13.2 9.2 5.3 2.6 1.2
2 1 235.8 219.5 205.4 12.0 8.2 3.4 1.4 1.0

0.50 1.20 2 4 204.4 184.1 167.6 15.8 10.2 4.9 1.9 1.0
3 1 236.6 215.8 198.8 14.1 9.0 3.7 1.3 1.0

0.75 2.40 3 15 202.7 176.1 155.3 17.0 11.3 6.1 2.7 1.2
4 5 230.1 203.1 181.5 15.6 9.4 4.0 1.3 1.0

0.1 0.25 2.22 3 10 254.2 154.9 100.1 36.5 13.6 7.9 3.0 1.3
4 5 212.6 145.7 103.2 43.3 15.5 7.9 2.2 1.0

0.50 3.33 4 19 213.1 128.1 83.1 32.7 13.9 8.5 3.4 1.5
5 10 231.9 149.9 101.5 39.8 14.3 7.6 2.4 1.0

0.75 6.67 7 57 203.2 118.2 77.4 33.8 16.2 10.5 4.4 2.1
8 31 210.6 126.7 82.5 32.0 12.8 7.5 2.8 1.2

0.2 0.25 2.67 3 18 201.6 114.6 72.5 29.1 13.5 8.7 3.7 1.8
4 9 232.8 151.4 102.6 39.5 14.0 7.6 2.6 1.1

0.50 4.00 5 19 209.0 127.8 83.5 32.3 13.1 7.8 3.0 1.3
6 11 211.4 138.1 94.3 37.4 13.5 7.1 2.2 1.0

0.75 8.00 9 46 200.3 117.5 75.6 30.3 13.1 8.1 3.3 1.6
10 29 210.6 127.2 82.4 31.0 11.7 6.5 2.4 1.0

0.5 0.25 4.00 5 19 202.5 123.4 80.0 30.3 12.3 7.4 3.0 1.4
6 13 228.9 151.4 103.6 40.2 14.1 7.5 2.5 1.1

0.50 6.00 7 33 205.5 120.3 76.7 29.8 12.8 8.0 3.2 1.5
8 22 218.8 136.5 89.8 33.7 12.6 7.1 2.6 1.1

0.75 12.00 13 76 201.4 113.5 71.9 28.9 13.0 8.2 3.5 1.8
14 53 205.1 118.9 75.4 28.2 11.3 6.7 2.7 1.1
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as bµX + 1c and bµX + 2c, and find the smallest integer h such that the ARL0 is

greater than 200 with c0 = 0, where bxc stands for the largest integer not exceeding

x.

Tables 3.3 and 3.4 demonstrate the adequacy of the CUSUM control chart for

INARKF(1) processes, showing a reasonable performance for all over-, equi-, or

under-dispersed autocorrelated count processes. Table 3.5 illustrates an example to

compare the CUSUM control chart with the c-chart for several different parameters.

Table 3.4: The ARL of INARKF(1) CUSUM control chart with θ10 = 3

θ10 θ2 α µX k h θ1: 3 3.25 3.5 4 5 7 10 15
3 -0.5 0.25 2.67 3 12 203.3 85.4 45.3 20.4 9.2 4.4 2.6 1.7

4 5 256.8 127.8 69.9 27.5 8.7 3.0 1.6 1.1
0.50 4.00 5 13 233.3 110.2 59.8 24.8 9.3 3.9 2.2 1.3

6 6 205.3 107.7 61.9 26.1 8.5 2.8 1.3 1.0
0.65 5.71 6 38 202.1 90.6 51.9 25.9 12.4 6.0 3.5 2.2

7 18 218.2 104.2 57.3 24.3 9.1 3.7 2.1 1.2

-0.8 0.25 2.29 3 7 299.0 142.2 78.4 26.3 9.1 3.7 2.1 1.3
4 3 326.1 181.0 111.4 36.2 10.3 3.0 1.4 1.0

0.50 3.43 4 15 211.1 103.3 60.0 24.5 10.3 4.6 2.6 1.7
5 7 266.0 142.1 85.3 31.1 10.0 3.3 1.6 1.1

0.65 4.90 5 41 205.6 97.4 59.7 29.3 14.6 7.2 4.2 2.6
6 16 200.7 103.7 61.7 24.8 9.5 3.8 2.2 1.2

-0.9 0.25 2.07 3 5 357.1 213.3 139.4 29.6 9.2 3.3 1.8 1.1
4 2 353.1 237.8 171.9 35.4 9.9 2.7 1.3 1.0

0.50 3.11 4 10 233.6 138.1 90.6 25.9 9.6 3.9 2.2 1.3
5 4 212.8 138.0 96.8 27.4 8.8 2.7 1.3 1.0

0.65 4.44 5 23 213.6 118.9 76.3 25.4 11.1 5.0 2.9 1.9
6 10 215.7 131.0 87.7 25.8 8.9 3.2 1.6 1.0

0.1 0.25 4.44 5 19 226.1 89.3 45.8 20.0 8.9 4.2 2.5 1.6
6 10 226.6 108.4 58.3 22.8 7.8 3.1 1.7 1.1

0.50 7.00 8 21 217.9 96.8 51.2 21.1 8.3 3.6 2.1 1.2
9 13 221.9 107.1 58.4 23.2 7.7 2.9 1.5 1.0

0.65 9.52 10 55 203.9 84.5 46.9 22.8 10.8 5.3 3.1 2.0
11 32 206.6 90.5 48.2 20.5 8.2 3.6 2.1 1.2

0.2 0.25 5.33 6 22 218.8 87.0 44.6 19.5 8.6 4.1 2.5 1.6
7 13 238.5 110.7 58.3 22.4 7.8 3.2 1.8 1.1

0.50 8.00 9 32 212.2 88.2 46.3 20.3 8.8 4.1 2.4 1.5
10 20 211.9 97.2 51.7 20.8 7.6 3.1 1.8 1.1

0.65 11.43 12 63 202.5 82.3 45.2 21.9 10.3 5.0 3.0 2.0
13 39 201.3 86.3 45.6 19.6 8.0 3.6 2.1 1.2

0.5 0.25 8.00 9 31 206.1 83.1 42.7 18.6 8.2 3.9 2.4 1.5
10 21 208.8 95.7 50.3 19.9 7.4 3.2 1.9 1.1

0.50 12.00 13 53 200.1 79.7 42.2 19.4 8.9 4.3 2.5 1.7
14 37 206.6 88.1 45.7 18.9 7.6 3.4 2.0 1.2

0.65 17.14 18 87 200.6 78.7 42.6 20.3 9.5 4.7 2.8 1.9
19 62 203.0 82.3 42.8 18.5 7.9 3.7 2.2 1.3
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A conventional one-sided c-chart for detecting a mean increase is the plot of the

c statistic as follows:

c0 = 0,

ct = Xt, t ∈ N.

The process is regarded out-of-control when the signal, ct ≥ h, is triggered where

h > 0 is the upper control limit. For comparison, we choose the upper control limit

of c-chart such that its in-control ARL is near 500. On the other hand, we design

a CUSUM control chart with bµX + 1c, c0 = 0 and h such that its in-control ARL

is grater than that of the c-chart. As expected, the CUSUM control chart appears

to detect a small increase better than the c-control chart. However, a large increase

is not so well-detected as the small case: the performance in this case is slightly

worsened.

To illustrate the applicability of CUSUM control chart, we use the disorderly

conduct data series reported in the 44th police car beat in Pittsburgh. This data set

Table 3.5: Comparison of the c-chart and CUSUM control chart

θ10 θ2 α µX
3.2 -0.2 0.27 3.65 θ1: 3.2 3.4 3.8 4.2 5 7 10

CUSUM(k=4, h=24) 543.42 194.56 56.67 29.88 15.01 6.74 3.83
c-Chart(h=10) 512.09 310.69 197.89 64.67 21.73 4.25 1.45

5.4 -0.1 0.25 6.55 θ1: 5.4 5.6 6 6.4 8 10 15
CUSUM(k=7, h=32) 508.30 223.97 74.27 39.24 12.80 6.97 3.43
c-Chart(h=15) 492.06 409.93 179.15 100.88 18.18 4.93 1.26

3.1 0 0.65 9 θ1: 3.15 3.35 3.75 4.15 5 7 10
CUSUM(k=10, h=56) 551.31 214.32 63.55 32.34 14.90 6.47 3.63
c-Chart(h=19) 529.01 289.98 105.90 47.40 13.35 2.20 1.03

2 0.1 0.54 4.83 θ1: 2 2.2 2.6 3 4 5 8
CUSUM(k=5, h=63) 510.16 148.70 50.64 29.83 14.61 9.73 5.00
c-Chart(h=13) 503.17 252.80 82.94 35.29 8.16 3.18 1.08

5.5 0.4 0.16 10.91 θ1: 5.5 5.7 6.1 6.5 8 10 15
CUSUM(k=11, h=90) 505.24 198.33 77.88 47.63 19.34 10.88 5.36
c-Chart(h=25) 489.64 269.31 156.42 95.44 19.99 5.51 1.36
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Table 3.6: ML estimates, AIC, BIC and RMS of disorderly conduct data (From 1990 to 1996)

model parameters MLE AIC BIC RMS
PINAR(1) λ 3.1333 366.73 371.59 2.120

α 0.2154

NBINAR(1) n 11.6397 364.66 371.95 2.123
p 0.7443
ρ 0.2828

GPQINAR(1) λ 3.5073 365.63 372.93 2.121
θ 0.1258
ρ 0.2629

NBRCINAR(1) n 13.3209 365.69 372.98 2.121
p 0.7686
ρ 0.2624

NBIINAR(1) n 5.2047 524.51 531.80 6.154
α 0.5403
ρ 2.3e-06

NGINAR(1) µ 4.3067 388.39 393.25 2.497
α 0.7995

GINAR(1) p 0.2571 396.10 400.96 2.264
α 0.5177

DCGINAR(1) µ 3.0627 396.87 404.16 2.256
α 0.5291
θ 0.2992

ZINAR(1) λ 3.1875 368.30 375.59 2.122
ρ 6.4e-08
α 0.2109

INARG(1) π 0.3236 370.05 374.91 2.215
α 0.5001

INARKF(1) θ1 2.2080 364.29 371.58 2.119
θ2 0.2537
α 0.2511

Table 3.7: ARL0 of CUSUM control chart for disorderly conduct data with k = 4

model ARL0

h: 19 20 21 22 23 24 25 26
INARKF(1) 72.4 79.0 85.9 93.0 100.6 108.4 116.6 125.0
PINAR(1) 84.3 91.9 99.9 108.3 116.9 126.0 135.3 145.0

h: 27 28 29 30 31 32 33 34
INARKF(1) 133.9 143.0 152.6 162.4 172.6 183.2 194.1 205.4
PINAR(1) 155.1 165.5 176.2 187.3 198.8 210.5 222.7 235.1

h: 35 36 37 38 39 40 41 42
INARKF(1) 217.1 229.1 241.5 254.3 267.5 281.0 295.0 309.4
PINAR(1) 248.0 261.1 274.7 288.6 302.8 317.4 332.3 347.6
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Figure 3.3: The sample path of disorderly conduct data

is monthly data observed from 1990 to 2001. We first use the data from 1990 to 1996

to fit the INARKF(1) process, and then apply the CUSUM control chart to the data

from 1997 to check whether the mean increase occurs or not. The sample plot and

the ACF and PACF plots are given in Figure 3.3 (the dashed line denotes December

1996) and Figure 3.4, respectively. The sample path plot shows that one cannot easily

detect a mean increase after the dashed line. For disorderly conduct data from 1990

to 1996, the sample mean, variance, dispersion, and autocorrelation are given as

3.9643, 5.3602, 1.3521 and 0.2261, respectively. As in Section 3, the INARKF(1)

model and others are fitted to the data before the dashed line. Because Table 3.6

demonstrates that the INARKF(1) process is the most adequate, we consider the

CUSUM statistic with reference value k = 4 based on the selected INARKF(1)

process with parameters (θ1 = 2.2080, θ2 = 0.2537, α = 0.2511) and choose a suitable

limit value h. For the reference value k = 4, the ARL0 of the CUSUM control chart

with limit value h = 23 and h = 34 are obtained as 100.6 and 205.4, respectively: see

Table 3.7. Here, because the number 205.4 is greater than the length of data and is

also large enough, we conclude that h = 34 is more suitable as a predetermined limit
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Figure 3.4: The ACF and PACF plot of disorderly conduct data (From 1990 to 1996)

value of the CUSUM control chart with reference value k = 4. The plot of CUSUM

statistic for disorderly conduct data is given in Figure 3.5, wherein the dashed and

dot-dash lines respectively stand for h = 23 and h = 34. Meanwhile, the C1,t and

C2,t respectively stand for the CUSUM statistic with reference value k = 4 of the

disorderly conduct data from 1990 to 1996 and from 1997 to 2001, respectively. In

both cases, the initial state of the CUSUM statistic, C1,0 and C2,0, is set to be 0.

Since the maximum value of the CUSUM statistic C1,t is 19, we conclude that the

process is in-control. However, surprisingly, the plot of C2,t has an increasing trend

and C2,t ≥ h occurs at t = 44 (August 2000). In fact, the sample mean of the data

from t = 1 (January 1997) to t = 44 (August 2000) is 4.818 which is grater than

that of the past observations. This phenomenon is hard to catch unless the CUSUM

control scheme has been applied. We also apply the CUSUM control chart based on

a PINAR(1) process (Weiss and Testik, 2009) to this data. From the results in Table

3.6, a PINAR(1) process with parameters (λ = 3.1333, α = 0.2151) is fitted. In this

case, the corresponding limit value h for the ARL0 ≈ 100, 200 are given as 21 and 31,

respectively, which are less than the corresponding limit values under the assumption
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Figure 3.5: The plot of CUSUM statistic for disorderly conduct data

of INARKF(1) process. In this case, unexpected false alarm occurs frequently in its

in-control state, which is an undesirable situation to practitioners. This shows that

the CUSUM control chart based on INARKF(1) processes outperforms that based

on PINAR(1) processes.
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3.5 Proofs

Proof of Theorem 3.2.1. We follow the lines of the proof of Proposition 2 of

Bourguignon et al. (2015). We first consider the case of θ2 > 0. It can be eas-

ily seen that {Xt} is an irreducible and aperiodic Markov chain. Let P t(i, j) =

P (Xt = j|X0 = i). Then, either {Xt} is positive recurrent or limt→∞ P
t(i, j) = 0

owing to Theorem 4.3.3 of Ross (1996). Since {Xt} is irreducible, it suffice to show

that limt→∞ P
t(0, 0) exists and is positive. Note that Katz family distribution is

reduced to an NB distribution when θ2 > 0.

Since Xt has the same distribution as αt◦X0+
∑t−1

j=0 α
j ◦ εt−j (Al-Osh and Alzaid

(1987)),

P t(x, 0) = P (Xt = 0|X0 = x)

= P
(
αt ◦X0 = 0|X0 = x

)
P (εt = 0)

t−1∏
i=1

P
(
αi ◦ εt−i = 0

)
=
(
1− αt

)x
(1− θ2)θ1/θ2

t−1∏
i=1

(
1− θ2

1− θ2(1− αi)

)θ1/θ2
= (1− θ2)tθ1/θ2

(
1− αt

)x t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 .
We claim that that

P t (x, 0) = (1− θ2)tθ1/θ2
(
1− αt

) t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 .
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For t = 1, we get

P 1 (x, 0) = P (X1 = 0|X0 = x)

= P (α ◦X0 = 0|X0 = x)P (ε1 = 0)

= (1− θ2)θ1/θ2 (1− α)x

Next, if the above is valid for t, we get

P t+1 (x, 0) = P (Xt+1 = 0|X0 = x)

=
∞∑
y=0

(1− θ2)tθ1θ2
(
1− αt

)y t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
×

min(x,y)∑
k=0

(
x

k

)
αk (1− α)x−k

(
θ1/θ2 + y − k − 1

y − k

)
(1− θ2)θ1/θ2 θy−k2

= (1− θ2)(t+1)θ1θ2

t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
×
∞∑
y=0

min(x,y)∑
k=0

(
1− αt

)y (x
k

)
αk (1− α)x−k

(
θ1/θ2 + y − k − 1

y − k

)
θy−k2 ,
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which equals

= (1− θ2)(t+1)θ1θ2

t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
×

x∑
k=0

∞∑
y=k

(
1− αt

)y (x
k

)
αk (1− α)x−k

(
θ1/θ2 + y − k − 1

y − k

)
θy−k2

= (1− θ2)(t+1)θ1θ2

t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
×

x∑
k=0

(
1− αt

)k (x
k

)
αk (1− α)x−k

∞∑
y=k

(
θ2

(
1− αt

))y−k(θ1/θ2 + y − k − 1

y − k

)
,

= (1− θ2)(t+1)θ1θ2

t−1∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
×

x∑
k=0

(
1− αt

)k (x
k

)
αk (1− α)x−k

∞∑
z=0

(
θ2

(
1− αt

))z(θ1/θ2 + z − 1

z

)
.

Then, owing to Newton’s generalized binomial theorem, we can have

P t+1 (x, 0)

= (1− θ2)(t+1)θ1θ2

t∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 x∑
k=0

(
1− αt

)k (x
k

)
αk (1− α)x−k

= (1− θ2)(t+1)θ1θ2

t∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 x∑
k=0

(
1− αt

1− α

)k (
x

k

)
αk (1− α)x

= (1− θ2)(t+1)θ1θ2 (1− α)x
t∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 x∑
k=0

(
x

k

)(
α + α2 + · · ·+ αt

)k
= (1− θ2)(t+1)θ1θ2 (1− α)x

(
1 + α + α2 + · · ·+ αt

)x t∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2
= (1− θ2)(t+1)θ1/θ2

(
1− αt+1

)x t∏
i=1

(
1− θ2

(
1− αi

))−θ1/θ2 ,
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and therefore,

P t+1 (0, 0)

=
∞∑
x=0

P 1 (0, x)P t (x, 0)

= (1− θ2)(t+1)θ1/θ2
(
1− θ2(1− αt)

)−θ1/θ2 t−1∏
i=1

(
1− θ2(1− αi)

)−θ1/θ2
= (1− θ2)θ1/θ2

t∏
i=1

(
1− θ2

1− θ2 (1− αi)

)θ1/θ2
.

This validates our conjecture.

Note that

logP t (0, 0) =
θ1

θ2

log (1− θ2) +
θ1

θ2

t−1∑
i=1

[
log (1− θ2)− log

(
1− θ2

(
1− αi

))]
,

and set f(θ) = log (1− θ). Then, by the mean value theorem, we can write f(θ2)−

f (θ2 (1− αi)) = f ′(θi)α
iθ2 for some θi ∈ (min (θ2, θ2 (1− αi)) ,max (θ2, θ2 (1− αi))),

so that

logP t(0, 0) =
θ1

θ2

f(θ2) + θ1

t−1∑
i=1

f ′(θi)α
i.

Since |f ′| has a finite maximum M(θ) on [min (θ2, θ2 (1− αi)), max (θ2, θ2 (1− αi))],

we see
∑∞

i=1 |f ′(θi)αi| ≤M(θ)
∑∞

i=1 α
i <∞, which implies that limt→∞ logP t+1(0, 0)

exists and is finite, so that limt→∞ P
t(0, 0) > 0.

Since the case of θ2 < 0 can be similarly handled and the case of θ2 = 0 is

reduced to the Poisson distribution case, the theorem is validated.
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Proof of Theorem 3.2.3. Since the proof for the case of θ2 = 0 is manifest owing

to Alzaid and Al-Osh (1988), we only provide the proof for the case of θ2 6= 0. Note

that Xt has the same distribution as
∑∞

i=0 α
i ◦ εt−i, where εt are i.i.d. KF (θ1, θ2)

random variables with the probability generating function (PGF):

Gε (z) = (1− θ2)θ1/θ2 (1− θ2z)−θ1/θ2 .

Then, the PGF of Xt is given by

GX(z) =
∞∏
i=0

[
(1− θ2)θ1/θ2

(
1− θ2 + αiθ2 (1− z)

)−θ1/θ2], (3.5.6)

which implies that Xt has the same distribution as Y0 +
∑∞

i=1 Yi, where Yi are

independent random variables with PGF:

GYi(z) =
[
(1− θ2)θ1/θ2

(
1− θ2 + αiθ2 (1− z)

)−θ1/θ2] .
Since Y0 has the same distribution as εt and α ◦Xt−1 has the same distribution as∑∞

i=1 Yi, owing to (3.5.6), the PGF of α ◦Xt−1 is obtained as

GX (αz + 1− α) =
∞∏
i=0

[
(1− θ2)θ1/θ2

(
1− θ2 + αi+1θ2 (1− z)

)−θ1/θ2]
=
∞∏
i=1

GYi(z).

This asserts the theorem.
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3.6 Concluding remarks

In this chapter, we considered the INAR(1) process with the Katz family innovations

and investigated its probabilistic properties such as the ergodicity and stationarity.

A numerical experiment is conducted to examine the performance of the (condi-

tional) MLE and a real example is provided to demonstrate the validity of the

INARKF(1) process. Further, the INARKF(1) process is applied to a SPC prob-

lem and the CUSUM control chart is considered to detect a small mean increase

of autocorrelated count processes. All the obtained results confirmed the validity

of the INARKF(1) process. In practice, the Katz distribution family has merit to

overcome the weakness that the conventional Poisson INAR(1) process has, that

is, the equi-dispersion. Because the INARKF(1) process inherits great flexibility of

the Katz family, it has a high potential to extend to diverse applications. Concern-

ing the SPC, it would be worth study to compare the CUSUM control chart with

other charts such as the residual-based CUSUM chart and the exponential weighted

moving average (EWMA) chart.
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Chapter 4

Improved CUSUM monitoring of

Markov counting process with

frequent zeros

4.1 Introduction

Control chart originally introduced by Shewhart (1924) has become one of the most

commonly used tools of statistical process control (SPC) for process monitoring.

When the quality characteristics of considered processes are hard to express nu-

merically, each inspected unit is classified as either conforming or nonconforming

in compliance with its specification. Zero-inflated Poisson (ZIP) distributions are

frequently used for modeling near-zero defect processes. Xie and Goh (1993) con-

sidered a control scheme based on ZIP distributions for monitoring zero-inflated

processes subject to random shocks, and He et al. (2012) proposed log-likelihood

ratios-based cumulative sum (CUSUM)-type charts. Meanwhile, He et al. (2014)
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considered a combination of the CUSUM charts based on zero-truncated Poisson

CUSUM (ZTP-CUSUM) and ‘conforming run length’ (CRL)-based CUSUM (CRL-

CUSUM) charts. It is well known that in monitoring process with zero-inflation, the

CRL-type control chart is more effective than other existing control schemes, see

Goh (1987); Wu et al. (2000); Wu et al. (2001); Ohta et al. (2001). However, the

CRL-type chart for monitoring Markov counting processes is not yet fully developed

in the literature.

Due to the automation and advancement of quality in production process, se-

rially correlated processes have become increasingly common in the modern man-

ufacturing industry, and monitoring on those processes has received considerable

attention from many researchers. For example, we can refer to Weiß (2007) who

study various control charts in first-order integer-valued autoregressive (INAR(1))

models, Weiss and Testik (2009) who apply upper one-sided CUSUM charts for

Poisson INAR(1) (PINAR(1)) models, Li et al. (2016) who consider control charts

for geometric INAR(1) (NGINAR(1)) models, and Kim and Lee (2017) who pro-

pose the INAR(1) models with Katz family innovations (INARKF(1)) for modeling

serially dependent processes exhibiting under-, equi- and over-dispersion in a uni-

fied manner and apply the CUSUM charts to monitoring mean increase. Rakitzis

et al. (2017) recently considered the Shewhart-type and CUSUM charts based on

zero-inflated Poisson INAR(1) (ZIPINAR(1)) models and first-order zero-inflated

Poisson autoregressive conditional heteroskedasticity (ZIPINARCH(1)) models for

monitoring processes with serial dependence and zero-inflation.

This study aims to improve the capability of monitoring Markov counting pro-

cesses with zero-inflation based on ZIPINAR(1) and ZIPINARCH(1) models. To

this end, we consider three types of control charts, that is, a new CUSUM-type
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chart with delay rule (CUSUM-DR), which is a generalization of the ZTP-CUSUM

chart considered by He et al. (2014), and CRL-CUSUM and combined Shewhart

CRL-CUSUM charts.

This paper is organized as follows. Section 4.2 briefly reviews ZIPINAR(1) and

ZIPINARCH(1) models with their statistical properties and investigates some Markov

chain properties required for statistical design and performance evaluation. Section

4.3 describes the control schemes considered in this study. Section 4.4 conducts nu-

merical experiments and Section 4.5 provides a real data example to showcase the

proposed charts. Concluding remarks are given in Section 4.6. Finally, a Markov

chain method for calculating the ARL of the CUSUM-DR chart is described in

Appendix.

4.2 Modeling zero-inflated Markov counting pro-

cess

In this section, we introduce ZIPINAR(1) and ZIPINARCH(1) models and state

some probabilistic properties and estimating method. We also investigate a com-

monly used approximation method used for the statistical design and performance

evaluation of control charts.

4.2.1 Zero-inflated Poisson INAR(1) model

Since Al-Osh and Alzaid (1987) introduced the INAR(1) model with the binomial

thinning operator (Steutel and van Harn, 1979), it has become a popular process

for modeling count data with serial dependence. The binomial thinning operator ‘◦’

40



CHAPTER 4. IMPROVED CUSUM MONITORING OF MARKOV COUNTING
PROCESS WITH FREQUENT ZEROS

designated by Steutel and van Harn (1979) is defined as

α ◦X =
X∑
i=1

Bi(α), (4.2.1)

where X is a non-negative integer-valued random variable and Bi(α)’s are inde-

pendent and identically distributed (i.i.d.) Bernoulli random variables with success

probability α ∈ [0, 1], independent of X. A process {Xt}t∈N0 is said to follow an

INAR(1) model if

Xt = α ◦Xt−1 + εt, t ∈ N, (4.2.2)

where α ∈ [0, 1), ‘◦’ is the binomial operator in (4.2.1) and εt’s are i.i.d. random

variables, defined on non-negative integer values, with a finite second moment, in-

dependent of Xt−s for s ∈ N. The INAR(1) process in (4.2.2) is a homogeneous

Markov chain and strictly stationary.

INAR(1) models have been extensively studied by many authors, see Scotto et al.

(2015) for a review. Among these, Jazi et al. (2012a) considered the zero-inflated

Poisson INAR(1) (ZIPINAR(1)) model with parameter (α, λ, ρ)> and innovations

εt, which are zero-inflated Poisson distributed with rate parameter λ > 0 and zero-

inflation parameter ρ ∈ [0, 1) as below:

P (εt = l) =

 0 with probability ρ

λle−λ

l!
with probability 1− ρ

= 1(l = 0)ρ+ (1− ρ)
λle−λ

l!
, l ∈ N0,

where 1(·) is the indicator function. It is easy to check that the ZIPINAR(1) model

41



CHAPTER 4. IMPROVED CUSUM MONITORING OF MARKOV COUNTING
PROCESS WITH FREQUENT ZEROS

reduces to a PINAR(1) model when ρ = 0. The mean and variance of innovations

are obtained as E(εt) = λ(1− ρ) and Var(εt) = λ(1− ρ)(1 + ρλ), respectively.

Transition probabilities pij ≡ P (Xt+1 = j|Xt = i) of the ZIPINAR(1) model are

given as

pij =

min(i,j)∑
k=0

(
i

k

)
αk(1− α)i−k

(
1(j − k = 0)ρ+ (1− ρ)

λj−ke−λ

(j − k)!

)
, i, j ∈ N0.

Further, marginal probabilities pj ≡ P (Xt = j) are given as

pj =
∞∑
i=0

min(i,j)∑
k=0

(
i

k

)
αk(1− α)i−k

(
1(j − k = 0)ρ+ (1− ρ)

λj−ke−λ

(j − k)!

)
pi, j ∈ N0,

(4.2.3)

which is importantly used when evaluating the performance of control charts. Be-

cause the infinite sum representation in Equation (4.2.3) is not analytically tractable,

we take the Markov chain-based approximation approach as in Subsection 4.2.3. to

numerically calculate the marginal probabilities of ZIPINAR(1) models.

The 1-ahead conditional mean E(Xt+1|Xt) and variance Var(Xt+1|Xt) are given

as

E(Xt+1|Xt) = αXt + λ(1− ρ), Var(Xt+1|Xt) = α(1− α)Xt + λ(1− ρ)(1 + ρλ).

Based on these, marginal mean µ ≡ E(Xt), variance σ2 ≡ Var(Xt) and ratio of

variance-to-expectation are calculated as

µ =
λ(1− ρ)

1− α
, σ2 =

λ(1− ρ)(1 + α + ρλ)

1− α2
, σ2/µ = 1 +

ρλ

1 + α
. (4.2.4)
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This particularly shows that the ZIPINAR(1) model is a suitable candidate for

modeling autocorrelated counting processes with over-dispersion.

The autocovariance and autocorrelation functions are given by

Cov(Xt+h, Xt) = αhσ2, Corr(Xt+h, Xt) = αh, h ∈ N0. (4.2.5)

which coincide with those of conventional AR(1) models. More details regarding

ZIPINAR(1) models, such as k-ahead conditional expectation and discrete self de-

composability, can be found in Jazi et al. (2012a).

4.2.2 Zero-inflated Poisson INARCH(1) model

Here we consider another Markov counting process with frequent zeros. A process

{Xt}t∈N0 is said to follow a ZIPINARCH(1) model with parameter (α, ω, ρ)> when

Xt+1, conditioned on Xt, Xt−1, . . ., is zero-inflated Poisson distributed according to

Poi(ω + αXt), where α ∈ [0, 1) and ω > 0 and ρ ∈ [0, 1). Transition probabilities

pij = P (Xt+1 = j|Xt = i) are given as

pij = 1(j = 0)ρ+ (1− ρ)
(ω + αi)je−(ω+αi)

j!
, i, j ∈ N0,

where ω, α and ρ are ARCH parameters and zero-inflation parameter, respectively.

If ρ = 0, the ZIPINARCH(1) model reduces to a PINARCH(1) model, see Ferland

et al. (2006); Weiß (2010). Lee et al. (2016) showed that {Xt}t∈N0 forms a stationary

process.

As with ZIPINAR(1) models, marginal probabilities can be obtained approxi-

mately based on the Markov chain approach as in Subsection 4.2.3. The 1-ahead
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conditional mean E(Xt+1|Xt) and variance Var(Xt+1|Xt) are

E(Xt+1|Xt) = (1− ρ)(ω + αXt), Var(Xt+1|Xt) = (1− ρ)(ω + αXt)(1 + ρω + ραXt).

Based on these, marginal mean µ = E(Xt), variance σ2 = Var(Xt) and ratio of
variance-to-expectation are obtained as

µ =
(1− ρ)ω

1− (1− ρ)α
, σ2 =

(1− ρ)ω(1 + ρω − (1− ρ)α)

(1− (1− ρ)α2)(1− (1− ρ)α)2
, σ2/µ =

1− α(1− ρ) + ρω

(1− α(1− ρ))(1− α2(1− ρ))
. (4.2.6)

It is easy to check σ2/µ > 1, indicating that the ZIPINARCH(1) model is suitable

for modeling over-dispersed Markov counting processes. The autocovariance and

autocorrelation functions are given as

Cov(Xt+h, Xt) = ((1− ρ)α)hσ2, Corr(Xt+h, Xt) = ((1− ρ)α)h, h ∈ N0.

(4.2.7)

For more details regarding ZIPINARCH models, see Lee et al. (2016), Zhu (2012)

and Huh et al. (2017).

4.2.3 Some commonly required properties

In this subsection, we investigate some properties required for the statistical design

and performance evaluation of our proposed control schemes when the given process

is either ZIPINAR(1) or ZIPINARCH(1). For a reference regarding more general

Markov processes, we refer to Meyn and Tweedie (2012).

Let {Xt}t∈N0 be either a stationary ZIPINAR(1) or ZIPINARCH(1) process.

Then, marginal probabilities pj = P (Xt = j) can be approximately calculated with
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a large M ∈ N as the solution of equation:

P∗p = p, (4.2.8)

where

P∗ = diag

(
1∑M

j=0 p0j
, . . . ,

1∑M
j=0 pMj

)
P, P =


p00 p01 · · · p0M

p10 p11 · · · p1M
...

...
. . .

...

pM0 pM1 · · · pMM

 and p =


p0

p1
...

pM

 .

This numerical approximation method in Equation (4.2.8) is useful when an analytic

form of the stationary marginal distribution is hard to attain. Because {n ∈ N0 :

pn > 0} has infinitely many elements, we use the approximation in Equation (4.2.8)

with M = bµ+20σc+1. This method can also be used to calculate the approximate

truncated expectation as follows:

µ∗r ≡ E(Xt|Xt ≥ r) =
µ−

∑r−1
j=0 jpj

1− P (X < r)
, r ∈ N, (4.2.9)

which is importantly used in the design of CUSUM-DR charts introduced in Section

4.3.

Consider

T = min{t ∈ N : Xt ≥ 1}, (4.2.10)

where T stands for the first-hitting time to touch or across 1. We can easily check
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that the distributions of T and T |X0 = l for l ∈ N0 are given as

P (T = n) =

 1− p0 if n = 1

p0(1− p00)pn−2
00 if n ≥ 2,

(4.2.11)

P (T = n|X0 = l) =

 1− pl0 if n = 1

pl0(1− p00)pn−2
00 if n ≥ 2.

(4.2.12)

Then, using the fact that E(T ) =
∑∞

n=0 P (T > n) and E(T |X0 = l) =
∑∞

n=0 P (T >

n|X0 = l), we obtain

E(T ) = 1 +
p0

1− p00

, (4.2.13)

E(T |X0 = l) = 1 +
pl0

1− p00

, (4.2.14)

E(T |X0 ≥ 1) =
1

1− p0

(4.2.15)

for l ∈ N0. These play an important role in the statistical design and performance

evaluation of CRL-CUSUM and combined Shewhart CRL-CUSUM charts consid-

ered in Section 4.3.

In what follows, θ denotes the model parameter of {Xt}t∈N. For ZIPINAR(1)

models, θ = (α, λ, ρ)>, and for ZIPINARCH(1) models, θ = (α, ω, ρ)>. The θ can

be estimated numerically using the maximum likelihood (ML) method. Given ob-

servations x1, x2, . . . , xn generated from {Xt}t∈N, the log-likelihood function is given

as

l(θ|x1, x2, . . . , xn) = px1 +
n−1∑
i=1

log pxixi+1
. (4.2.16)
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The ML estimator θ̂ of θ is obtained as the value that maximizes the log-likelihood

function in Equation (4.2.16). In actual calculation, we use the R programming

language (R Core Team, 2017). One can also get a conditional ML estimator condi-

tioning on the first observation x1.

4.3 Control chart for zero-inflated Markov count-

ing process

In this section, we consider several control schemes for monitoring mean increase,

namely, a change from µ = µ0 to µ = µ0 + δ with δ > 0. The detection of mean

increase has been of great importance in practice because this case is mainly related

to process deterioration such as aggravation of production quality due to machine

wear. We only consider the case that design parameters are positive integers, since

this is common in monitoring Markov counting processes, see Weiss and Testik

(2009), Kim and Lee (2017), Rakitzis et al. (2017) and Yontay et al. (2013).

In practice, the upper one-sided Shewhart-type chart (Shewhart, 1924) is the

most natural for monitoring mean increase because it is easy to implement and can

quickly detect an abnormal change. However, it is well known that in general, the

Shewhart-type chart has low detection sensitivity to relatively small shifts.

Scheme 1. Upper one-sided Shewhart-type chart (Shewhart(u))

Given design parameter u ∈ N (upper control limit), observations {Xt}t∈N are

plotted on the Shewhart-type chart with the in-control (IC) region [0, u). The process

is regarded out-of-control (OoC) when Xt ≥ u occurs.

Due to its sensitivity to small to moderate shifts, the CUSUM control chart

proposed by Page (1954) has received considerable attention from many authors,
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see He et al. (2012); Weiss and Testik (2009); Kim and Lee (2017); Rakitzis et al.

(2017); Yontay et al. (2013); Lucas (1985); Reynolds et al. (1990); Chao-Wen and

Reynolds Jr (2001); Rakitzis et al. (2016). A conventional upper one-sided CUSUM

statistic is expressed as follows:

C0 = c0,

Ct = max(Ct−1 +Xt − k, 0), t ∈ N,

where reference value k ∈ N is selected based on µ. The k affects the detection

sensitivity of CUSUM charts and also has a role to prevent CUSUM statistics from

being absorbed into OoC region. To properly choose this value, we adopt an empirical

rule provided by Weiss and Testik (2009), namely, k = bµc+1 or bµc+2. The initial

value c0 is set to 0, which is common in the design of CUSUM charts, see Weiss and

Testik (2009), Kim and Lee (2017), Yontay et al. (2013) and Lucas (1985).

Scheme 2. CUSUM chart (CUSUM(k,h))

Given reference value k ∈ N and control limit h ∈ N, statistics {Ct}t∈N are plotted

on the CUSUM chart with IC region [0, h). An OoC signal is triggered if Ct ≥ h.

In general, the CUSUM chart outperforms the Shewhart-type chart when moni-

toring small to moderate shifts. However, Rakitzis et al. (2017) found that when

monitoring autocorrelated counting processes with excessive zeros, the CUSUM

chart does not perform well and is less sensitive to small to moderate shifts than

the Shewhart-type chart.

To handle zero-inflated Poisson counts with serial independence, He et al. (2014)

considered zero-truncated CUSUM charts. Here, we consider a modified CUSUM

chart with delay rule (CUSUM-DR), which is a generalization of the zero-truncated
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CUSUM chart:

Cd
0 = cd0,

Cd
t = 1(Xt ≥ r) max(Cd

t−1 +Xt − kd, 0) + 1(Xt < r)Cd
t−1, (4.3.17)

where cd0 ∈ N0, r ∈ N, and reference value kd ∈ N is chosen based on the truncated

expectation µ∗r in Equation (4.2.9), that is, kd = bµ∗rc + 1 or bµ∗rc + 2. We call r

‘delay rule parameter’. The initial value cd0 is set to 0 in performance evaluation.

Scheme 3. CUSUM-DR chart (CUSUM-DR(r,kd,hd))

Given delay rule parameter r ∈ N, reference value kd ∈ N, and control limit hd ∈ N,

CUSUM-DR statistics {Cd
t }t∈N are plotted with IC region [0, hd). The CUSUM-DR

chart triggers an OoC signal if Cd
t ≥ hd.

The CUSUM-DR chart is basically designed to selectively update CUSUM statis-

tics and to avoid a bad influence of relatively lower values on the CUSUM chart.

When r = 1, the CUSUM-DR chart coincides with the zero-truncated CUSUM chart

(He et al., 2014). Because a too large delay rule parameter r gives rise to a relative

low update frequency of CUSUM-DR charts and worsens overall chart performance,

r should be carefully determined. Since our numerical experiments indicate a poor

performance of CUSUM-DR charts with r > dµe + 1, r is selected within range

r ≤ dµe+ 1.

In addition to the aforementioned schemes, we consider a CUSUM-type chart

based on CRL values. A random variable CRLi, i ∈ N, is defined as the number of

observation between the (i − 1)th and ith nonconforming observations, inclusive

of the nonconforming observation at the end, see Wu et al. (2000). Consider a

Bernoulli process {Bt}t∈N defined as Bt = 1(Xt ≥ 1), where (Bt = 1) means that
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we observe nonconforming observation at time t. CRLi values can be obtained by

taking a transformation of {Bt}. For instance, suppose that we have observations

{0, 0, 3, 0, 5, 2, 0, 0, 0, 1}. Then, the corresponding Bernoulli process values are given

as {0, 0, 1, 0, 1, 1, 0, 0, 0, 1} and CRL values are obtained as {3, 2, 1, 4}. It is easy to

see that

E(CRL1) = E(T ) = 1 +
p0

1− p00

, (4.3.18)

E(CRLi) = E(T |X0 ≥ 1) =
1

1− p0

, i ∈ N\{1}, (4.3.19)

where E(T ) and E(T |X0 ≥ 1) are the ones in Equations (4.2.13) and (4.2.15),

respectively. This fact is importantly used in the statistical design of CRL-CUSUM

charts. It is obvious that the mean increase, induced by a decrease in zero-proportion,

leads to a decrease in the mean of CRL values. For this reason, we naturally consider

the lower-sided CRL-CUSUM chart whose control statistic based on the CRL values

is given as follows:

Cc
0 = cc0,

Cc
i = max(Cc

i−1 + kc − CRLi, 0), (4.3.20)

where i ∈ N, cc0 ∈ N0, set to 0, and reference value kc ∈ N\{1} is chosen from

E(CRL2) in Equation (4.3.19), namely, kc = dE(CRL2)e − 1 or dE(CRL2)e − 2

as in the conventional lower one-sided CUSUM chart (Yontay et al., 2013). Notice

that since CRLi ≥ 1, the CRL-CUSUM chart can be applied only to the case of

E(CRL2) > 2, or equivalently, p0 >
1
2
, which is not a stringent condition in high-

quality processes with zero-inflation.
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Scheme 4. CRL-CUSUM chart (CRL-CUSUM(kc,hc))

Given reference value kc ∈ N\{1} and control limit hc ∈ N, {Cc
i }t∈N values are

plotted on the CRL-CUSUM chart with IC region [0, hc). An OoC signal is triggered

if Cc
i ≥ hc.

Because the CRL-CUSUM chart does not perform well when zero proportion is

nearly constant, we consider its combination with a Shewhart chart.

Scheme 5. Combined Shewhart CRL-CUSUM chart (S CRL-CUSUM(u,kc,hc))

Given upper control limit u ∈ N in the Shewhart-type chart, reference value kc ∈

N\{1}, and control limit hc ∈ N of the CRL-CUSUM chart, observations {Xt}t∈N
are plotted on the Shewhart chart with IC region [0, u). Moreover, CRL-CUSUM

statistics {Cc
i }t∈N are plotted on the CRL-CUSUM chart with IC region [0, hc). An

OoC signal is triggered if either Xt ≥ u or Cc
i ≥ hc.

A common measure for evaluating the detection effectiveness of control charts

is the average time to signal (ATS). The ATS is defined as the average amount

of time from the start of process monitoring until a signal is alarmed by control

chart. When the process is IC, the corresponding ATS is denoted as ATS0, which

is interpreted as the average time until a false alarm occurs. Meanwhile, when the

process is OoC, ATS1 denotes the corresponding ATS value. When the process of

interest is IC, the larger the ATS0 is, the less frequently the false alarms occurs,

whereas the smaller the ATS1 is, the more effectively the detection of change can be

made. For fair comparison, the values of ATS0 of considered charts should be set to

a predetermined value. Because of the discrete nature of design parameters, ATS0

values cannot be exactly the same as the predetermined value, and they are only

made as close as possible in our numerical experiments.

The ATS value in Shewhart-type, CUSUM, and CUSUM-DR charts coincides
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with the average run length (ARL), defined as the average number of points plotted

on a chart until an OoC signal occurs. To evaluate the ATS performance of control

charts, we take the Markov chain approach proposed by Brook and Evans (1972). In

Appendix 4.7 and 4.8, we provide a Markov chain method for computing the ARL

values of CUSUM-DR and the ATS values of CRL-CUSUM charts. For a reference

as to the Shewhart-type and CUSUM charts, we refer to Weiss and Testik (2009);

Weiß and Testik (2012).

Figure 4.1 illustrates a path example of control statistics with mean increase

in Phase II for the ZIPINAR(1) model. The path is obtained from Phase I data

(t = 1, 2, . . . , 100) generated from the ZIPINAR(1) model with λ = 4.2, α =

0.3 and ρ = 0.8, wherein the corresponding µ, µ∗1 and E(CRL2) are calculated

as 1.2, 3.198, 2.665, respectively. Meanwhile, the parameters of Phase II process

(t = 101, 102, . . . , 120) are set to λ = 4.8, α = 0.4 and ρ = 0.7, wherein the corre-

sponding µ, µ∗1 and E(CRL2) are obtained as 2.4, 3.874 and 1.614, respectively. We

consider the CUSUM-type control charts such as the conventional CUSUM chart

with k = 2, the CUSUM-DR chart with r = 1, kd = 4, and the CRL-CUSUM chart

with kc = 2. Notice that in Figure 4.1(d), {ti}i∈N denotes a subsequence of {t}t∈N
such that Cc

ti
= Cc

i . The result shows that the CUSUM-type control chart sensitively

reacts to an abnormal change. The performance of aforementioned control charts is

compared in Section 4.4.

4.4 Performance evaluation

We evaluate the chart performance in terms of ATS value for stationary ZIPINAR(1)

and ZIPINARCH(1) models. As mentioned earlier, we focus on monitoring mean
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Figure 4.1: An example of control statistics: (a) sample path; (b) CUSUM statistic with k = 2; (c) CUSUM-DR
statistic with r = 1 and kd = 4; (d) CRL-CUSUM statistic with kc = 2

increase, that is, a shift from IC mean µ = µ0 to OoC mean µ = µ0 + δ, δ > 0. For

this, we introduce (γ, µ, ρ)>, where γ = Corr(Xt+1, Xt) and µ and ρ are marginal

mean and zero-inflation parameter.
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Consider the ZIPINAR(1) model with parameter θ = (α, λ, ρ)>. Given IC pa-

rameters (γ, µ, ρ)> = (α, λ/(1 − α), ρ)> = (γ0, µ0, ρ0)>, we consider the following

three OoC scenarios:

• Mean increase by up-shift in dependence parameter α.

Namely, (γ0, µ0, ρ0)> −→ (γ0 + ηγ, µ0 + δ, ρ0)>.

• Mean increase by up-shift in rate parameter of innovation λ.

Namely, (γ0, µ0, ρ0)> −→ (γ0, µ0 + δ, ρ0)>.

• Mean increase by down-shift in zero-inflation parameter of innovation ρ.

Namely, (γ0, µ0, ρ0)> −→ (γ0, µ0 + δ, ρ0 − ηρ)>.

Here, the corresponding values of α, λ, ρ, ηγ and ηρ can be obtained using the

relationships in (4.2.4) and (4.2.5).

Following the approach of Rakitzis et al. (2017), given IC parameters (γ, µ, ρ)> =

(γ0, µ0, ρ0)> of the ZIPINAR(1) model, the corresponding IC parameters of the

ZIPINARCH(1) model are set to (γ, µ, ρ)> = (γ0, µ0, ρ0,arch)
>, wherein ρ0,arch gives

rise to the same IC mean, autocorrelation and zero-proportion in both ZIPINAR(1)

and ZIPINARCH(1) models.

For the ZIPINARCH(1) model with IC parameters (γ, µ, ρ)> = ((1 − ρ)α, (1 −

ρ)ω/(1− (1− ω)α), ρ)> = (γ0, µ0, ρ0,arch)
>, we consider the following two OoC sce-

narios:

• Mean increase by up-shift in constant parameter ω.

Namely, (γ0, µ0, ρ0,arch)
> −→ (γ0, µ0 + δ, ρ0,arch)

>.

• Mean increase by down-shift in zero-inflation parameter ρ.

Namely, (γ0, µ0, ρ0,arch)
> −→ (γ0, µ0 + δ, ρ0,arch − ηρ)>.
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Using relationships (4.2.6) and (4.2.7), we can calculate the corresponding values of

α, ω, ρ and ηρ. Notice that the presence of zero-inflation parameter ρ reduces the

influence of ARCH parameter α on the process mean, and thus, the case of ARCH

parameter change is omitted in this study.

The results on the ATS performance of the considered charts are reported in

Tables 4.1-4.5, wherein the corresponding zero proportions (denoted by ‘zp’), trun-

cated expectations, and expected CRL values are provided. The lowest OoC ATS

value is highlighted in bold face. The choice of reference value in each CUSUM-type

chart is made in the manner mentioned in Section 4.3. For the CUSUM-DR chart,

the results for the case of r ≤ dµ0e+ 1 are only provided because detection perfor-

mance for r > dµ0e + 1 is unsatisfactory according to our numerical experiments.

Moreover, only the case of zero-proportion > 0.5 is considered since such situation

is better suited to the process with excessive zeros.

In Table 4.1, we provide the ATS profiles with mean increase by a shift in α when

the data follows a ZIPINAR(1) model. The results show that the CRL-CUSUM

chart has the best performance in the detection of small and moderate shifts (about

δ ≤ 1.0) excepting the case of (γ0,µ0,ρ0) = (0.5,1.2,0.8). When there are large

shifts (about δ ≥ 1.0), the conventional CUSUM chart is superior to the others.

For (γ0, µ0, ρ0) = (0.5,1.2,0.8), the conventional CUSUM chart performs slightly

better than the CRL-CUSUM chart when δ = 0.4, 0.5. However, the difference

is not significant. For most cases, the CUSUM-DR chart performs better than the

Shewhart-type chart. However, these charts are significantly worse than the CUSUM

and CRL-CUSUM charts. Meanwhile, the combined Shewhart CRL-CUSUM chart

shows the performance in between the CUSUM and CRL-CUSUM charts. It could be

reasoned that the CRL-CUSUM chart outperforms other charts because an increase
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Table 4.1: ATS profiles when the data follows ZIPINAR(1) model with mean increases by up-shifts in α

Information Control Chart Design ATS
δ

0.0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0
(γ0,µ0,ρ0): (0.2,1.2,0.7) Shewhart(9) 343.7 276.7 226.3 188.3 159.2 136.7 75.7 50.4 37.2

zp: 0.584 CUSUM(2,15) 350.3 205.9 136.7 98.9 76.1 61.3 30.6 20.7 15.8
µ∗1: 2.882 CUSUM-DR(1,3,16) 363.1 326.1 265.3 210.3 167.6 135.7 61.4 37.5 26.6
µ∗2: 3.707 CUSUM-DR(2,5,5) 374.4 293.2 231.6 185.7 151.6 126.0 62.3 39.1 27.9

E(CRL1): 3.028 CRL-CUSUM(2,12) 349.7 162.9 100.8 72.4 56.7 47.0 27.2 20.7 17.6
E(CRL2): 2.402 S CRL-CUSUM(10,2,14) 370.8 184.7 114.6 81.8 63.6 52.3 29.4 21.8 17.9

(γ0,µ0,ρ0): (0.2,1.2,0.8) Shewhart(11) 318.4 266.5 225.4 193.1 167.7 147.4 89.2 63.0 48.5
zp: 0.672 CUSUM(2,21) 321.3 202.4 140.9 105.5 83.3 68.4 36.1 25.1 19.6
µ∗1: 3.656 CUSUM-DR(1,4,14) 316.8 308.5 265.5 219.7 181.0 150.5 73.1 45.9 33.2
µ∗2: 4.679 CUSUM-DR(1,5,8) 308.2 260.0 211.9 173.3 143.6 121.0 63.2 41.5 30.8

E(CRL1): 4.387 CRL-CUSUM(3,30) 314.0 164.6 111.7 85.6 70.2 60.0 37.2 28.8 24.4
E(CRL2): 3.047 S CRL-CUSUM(12,3,37) 314.8 178.7 123.6 95.2 78.1 66.6 40.7 30.8 25.5

(γ0,µ0,ρ0): (0.2,2.0,0.7) Shewhart(13) 453.1 375.2 313.7 265.2 226.7 195.9 108.2 70.6 51.1
zp: 0.523 CUSUM(3,27) 477.8 318.4 226.6 169.9 132.9 107.5 51.6 33.4 24.8
µ∗1: 4.190 CUSUM-DR(1,5,16) 467.0 391.1 318.2 258.3 211.4 175.2 83.1 50.2 35.0
µ∗2: 5.193 CUSUM-DR(2,7,8) 444.0 363.7 298.0 246.2 205.7 174.1 89.2 55.7 39.2

E(CRL1): 2.751 CRL-CUSUM(2,22) 456.4 253.4 171.6 129.8 105.1 88.9 53.6 41.1 34.8
E(CRL2): 2.095 S CRL-CUSUM(14,2,27) 466.0 275.7 189.3 143.4 115.8 97.5 56.8 41.7 33.7

(γ0,µ0,ρ0): (0.3,0.4,0.8) Shewhart(6) 959.1 658.2 480.7 369.6 295.5 243.5 122.3 78.3 56.1
zp: 0.764 CUSUM(1,10) 1023.0 290.5 143.8 91.8 67.0 53.0 27.1 18.7 14.2
µ∗1: 1.696 CUSUM-DR(1,2,7) 970.6 480.8 274.7 180.5 130.7 101.1 46.4 30.0 21.8
µ∗2: 2.593 CUSUM-DR(2,3,4) 982.9 582.5 368.7 254.8 189.0 147.7 66.8 42.1 30.1

E(CRL1): 6.071 CRL-CUSUM(3,22) 1035.9 207.4 101.5 67.1 50.9 41.6 24.0 18.3 15.5
E(CRL2): 4.240 CRL-CUSUM(4,56) 968.1 229.8 128.8 91.8 72.7 61.1 37.4 29.3 25.4

S CRL-CUSUM(7,3,23) 964.8 214.2 105.3 69.7 52.9 43.2 24.9 18.8 15.5
S CRL-CUSUM(7,4,61) 955.9 242.1 136.0 96.8 76.5 64.1 38.6 29.5 24.5

(γ0,µ0,ρ0): (0.3,0.8,0.8) Shewhart(8) 349.0 280.2 230.5 193.8 166.0 144.6 85.6 59.8 45.5
zp: 0.673 CUSUM(1,22) 330.7 177.1 115.8 85.1 67.2 55.7 31.2 22.5 17.8
µ∗1: 2.450 CUSUM-DR(1,3,8) 348.1 252.1 185.7 142.1 112.9 92.7 47.0 31.2 23.4
µ∗2: 3.347 CUSUM-DR(2,4,6) 475.0 358.5 270.5 209.1 166.4 136.1 66.6 42.8 31.3

E(CRL1): 4.585 CRL-CUSUM(2,9) 326.9 145.5 87.5 61.6 47.6 39.1 22.1 16.6 13.9
E(CRL2): 3.062 CRL-CUSUM(3,33) 350.8 169.0 110.9 83.7 68.0 57.9 36.0 28.2 24.3

S CRL-CUSUM(9,2,10) 329.7 158.8 96.6 68.0 52.3 42.7 23.7 17.5 14.3
S CRL-CUSUM(9,3,39) 351.2 180.8 120.3 91.0 73.9 62.8 38.3 29.2 24.2

(γ0,µ0,ρ0): (0.3,1.2,0.8) Shewhart(12) 1327.4 1014.6 795.3 638.5 523.8 437.9 220.1 137.5 96.9
zp: 0.625 CUSUM(2,30) 1375.2 681.0 397.2 260.4 185.8 141.2 60.3 38.3 28.6
µ∗1: 3.198 CUSUM-DR(1,4,16) 1324.5 896.8 619.4 444.4 331.6 256.3 103.3 59.9 41.4
µ∗2: 4.174 CUSUM-DR(2,5,12) 1272.3 935.1 682.6 508.4 389.1 306.0 126.7 72.9 49.8

E(CRL1): 4.171 CRL-CUSUM(2,18) 1427.2 546.1 289.4 185.7 134.0 104.5 51.7 36.9 30.1
E(CRL2): 2.665 S CRL-CUSUM(13,2,20) 1385.9 598.4 322.0 205.5 147.2 113.9 55.0 38.5 30.8

(γ0,µ0,ρ0): (0.4,1.2,0.8) Shewhart(10) 396.5 326.7 274.5 234.7 203.7 179.1 108.1 75.5 57.3
zp: 0.580 CUSUM(2,22) 400.3 252.7 175.8 131.3 103.3 84.5 43.7 29.9 23.0
µ∗1: 2.854 CUSUM-DR(1,3,20) 392.5 304.7 239.2 191.6 156.9 131.1 67.7 44.3 32.8
µ∗2: 3.789 CUSUM-DR(1,4,10) 429.2 310.0 234.1 183.6 148.5 123.3 63.2 41.5 30.7

E(CRL1): 3.979 CUSUM-DR(2,4,13) 388.6 311.9 251.3 205.3 170.5 144.0 75.7 49.4 36.2
E(CRL2): 2.378 CRL-CUSUM(2,18) 406.6 229.8 153.9 114.5 91.1 76.0 43.9 33.1 27.8

S CRL-CUSUM(11,2,21) 400.6 242.2 165.5 123.7 98.5 82.0 46.6 34.3 28.0

(γ0,µ0,ρ0): (0.5,1.2,0.8) Shewhart(9) 304.1 256.1 219.4 190.9 168.2 149.8 94.6 67.7 52.1
zp: 0.534 CUSUM(2,20) 288.5 196.4 144.3 112.2 91.0 76.2 41.8 29.1 22.5
µ∗1: 2.576 CUSUM-DR(1,3,14) 301.6 224.2 173.9 139.7 115.5 97.7 53.5 36.4 27.4
µ∗2: 3.481 CUSUM-DR(1,4,8) 314.5 236.0 184.6 149.4 124.2 105.5 58.2 39.5 29.6

E(CRL1): 3.811 CUSUM-DR(2,4,9) 317.5 244.4 194.3 158.8 132.8 113.3 62.8 42.4 31.7
E(CRL2): 2.147 CRL-CUSUM(2,23) 300.8 194.4 141.9 111.7 92.6 79.6 49.7 38.7 33.2

S CRL-CUSUM(10,2,28) 306.3 206.4 152.8 120.9 100.3 86.0 52.5 39.6 32.6
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Table 4.2: ATS profiles when the data follows ZIPINAR(1) model with mean increases by up-shifts in λ

Information Control Chart Design ATS
δ

0.0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0
(γ0,µ0,ρ0): (0.2,1.2,0.7) Shewhart(9) 343.7 217.6 145.2 101.3 73.4 55.0 18.8 9.7 6.4

zp: 0.584 CUSUM(2,15) 350.3 211.3 139.1 98.2 73.2 57.1 24.9 15.6 11.4
µ∗1: 2.882 CUSUM-DR(1,3,16) 363.1 183.3 112.3 78.1 59.1 47.2 23.3 15.5 11.8
µ∗2: 3.707 CUSUM-DR(2,5,5) 374.4 218.0 136.3 90.8 63.9 47.1 16.9 9.6 6.7

E(CRL1): 3.028 CRL-CUSUM(2,12) 349.7 289.5 246.3 214.1 189.5 170.1 114.4 88.6 74.0
E(CRL2): 2.402 S CRL-CUSUM(10,2,14) 370.8 266.9 196.8 147.9 113.1 87.8 30.2 14.0 8.3

(γ0,µ0,ρ0): (0.2,1.2,0.8) Shewhart(11) 318.4 194.5 126.4 86.7 62.2 46.3 16.4 9.2 6.7
zp: 0.672 CUSUM(2,21) 321.3 202.0 138.2 100.9 77.5 62.0 29.2 18.9 14.2
µ∗1: 3.656 CUSUM-DR(1,4,14) 316.8 172.0 108.1 75.6 56.9 45.2 22.0 14.7 11.3
µ∗2: 4.679 CUSUM-DR(1,5,8) 308.2 180.6 115.5 79.4 57.9 44.3 18.3 11.1 8.1

E(CRL1): 4.387 CRL-CUSUM(3,30) 314.0 272.1 241.0 217.0 198.0 182.6 136.1 112.8 99.0
E(CRL2): 3.047 S CRL-CUSUM(12,3,37) 314.8 231.3 171.4 127.8 96.1 73.1 23.5 11.6 7.7

(γ0,µ0,ρ0): (0.2,2.0,0.7) Shewhart(13) 453.1 316.2 227.0 167.2 126.1 97.2 34.2 16.6 10.0
zp: 0.523 CUSUM(3,27) 477.8 321.0 227.5 168.7 130.0 103.4 46.0 28.0 20.0
µ∗1: 4.190 CUSUM-DR(1,5,16) 467.0 290.1 192.6 135.4 100.1 77.2 32.0 19.4 13.9
µ∗2: 5.193 CUSUM-DR(2,7,8) 444.0 288.9 196.3 138.9 101.9 77.3 28.5 15.6 10.5

E(CRL1): 2.751 CRL-CUSUM(2,22) 456.4 404.3 362.6 328.7 300.8 277.5 202.7 163.4 139.7
E(CRL2): 2.095 S CRL-CUSUM(14,2,27) 466.0 365.6 289.2 230.3 184.4 148.4 54.8 24.6 13.5

(γ0,µ0,ρ0): (0.3,0.4,0.8) Shewhart(6) 959.1 355.5 167.6 93.0 58.0 39.5 12.4 7.4 5.8
zp: 0.764 CUSUM(1,10) 1023.0 351.8 165.0 94.9 62.7 45.4 18.1 11.5 8.6
µ∗1: 1.696 CUSUM-DR(1,2,7) 970.6 271.6 118.2 67.6 45.5 33.8 14.7 9.7 7.4
µ∗2: 2.593 CUSUM-DR(2,3,4) 982.9 310.8 136.9 75.3 48.1 34.0 12.8 8.1 6.3

E(CRL1): 6.071 CRL-CUSUM(3,22) 1035.9 501.9 307.5 217.6 168.7 138.8 80.4 61.8 52.6
E(CRL2): 4.240 CRL-CUSUM(4,56) 968.1 421.1 266.8 200.6 164.9 142.6 95.8 78.8 69.8

S CRL-CUSUM(7,3,23) 964.8 412.2 221.7 136.5 91.3 64.5 18.5 9.4 6.6
S CRL-CUSUM(7,4,61) 955.9 379.6 216.1 141.4 98.0 69.9 18.9 9.4 6.6

(γ0,µ0,ρ0): (0.3,0.8,0.8) Shewhart(8) 349.0 194.3 118.9 78.5 55.0 40.5 14.5 8.5 6.4
zp: 0.673 CUSUM(1,22) 330.7 182.4 117.8 84.5 65.0 52.5 26.8 18.3 14.2
µ∗1: 2.450 CUSUM-DR(1,3,8) 348.1 177.4 104.7 69.2 49.8 38.1 16.8 10.9 8.3
µ∗2: 3.347 CUSUM-DR(2,4,6) 475.0 229.1 128.0 80.5 55.5 41.0 16.5 10.3 7.7

E(CRL1): 4.585 CRL-CUSUM(2,9) 326.9 259.5 214.3 182.5 159.0 141.2 93.0 72.1 60.6
E(CRL2): 3.062 CRL-CUSUM(3,33) 350.8 269.3 220.1 187.8 165.1 148.3 104.6 85.8 75.2

S CRL-CUSUM(9,2,10) 329.7 221.8 154.1 110.2 81.0 61.1 20.8 10.8 7.4
S CRL-CUSUM(9,3,39) 351.2 233.5 163.8 118.7 87.9 66.3 21.4 10.9 7.4

(γ0,µ0,ρ0): (0.3,1.2,0.8) Shewhart(12) 1327.4 746.2 449.1 286.5 192.1 134.5 36.5 16.5 10.1
zp: 0.625 CUSUM(2,30) 1375.2 714.5 419.2 270.8 188.8 139.8 53.4 31.6 22.5
µ∗1: 3.198 CUSUM-DR(1,4,16) 1324.5 624.3 335.6 202.2 134.0 95.8 34.8 20.7 14.9
µ∗2: 4.174 CUSUM-DR(2,5,12) 1272.3 590.2 311.2 184.2 120.4 85.2 30.4 18.1 13.0

E(CRL1): 4.171 CRL-CUSUM(2,18) 1427.2 1117.1 904.0 751.8 639.3 553.9 328.0 235.4 187.0
E(CRL2): 2.665 S CRL-CUSUM(13,2,20) 1385.9 903.4 604.4 414.6 291.4 209.8 55.9 22.8 12.7

(γ0,µ0,ρ0): (0.4,1.2,0.8) Shewhart(10) 396.5 253.4 171.0 120.9 88.9 67.6 24.7 13.3 9.0
zp: 0.580 CUSUM(2,22) 400.3 256.4 176.9 129.5 99.4 79.2 36.7 23.3 17.2
µ∗1: 2.854 CUSUM-DR(1,3,20) 392.5 223.4 145.2 103.9 79.6 64.0 31.7 21.1 16.0
µ∗2: 3.789 CUSUM-DR(1,4,10) 429.2 268.4 179.2 126.5 93.6 72.0 29.1 17.2 12.2

E(CRL1): 3.979 CUSUM-DR(2,4,13) 388.6 220.1 140.4 98.2 73.6 58.0 27.1 17.6 13.2
E(CRL2): 2.378 CRL-CUSUM(2,18) 406.6 338.4 289.4 252.9 224.9 202.8 139.7 110.6 94.0

S CRL-CUSUM(11,2,21) 400.6 289.4 214.5 162.5 125.4 98.4 36.2 18.0 11.2

(γ0,µ0,ρ0): (0.5,1.2,0.8) Shewhart(9) 304.1 204.7 144.6 106.4 80.9 63.4 25.6 14.4 9.8
zp: 0.534 CUSUM(2,20) 288.5 197.6 143.5 109.2 86.4 70.5 34.6 22.5 16.7
µ∗1: 2.576 CUSUM-DR(1,3,14) 301.6 196.4 136.8 100.8 77.8 62.3 29.4 19.0 14.1
µ∗2: 3.481 CUSUM-DR(1,4,8) 314.5 213.7 152.6 113.6 87.6 69.6 30.2 17.9 12.5

E(CRL1): 3.811 CUSUM-DR(2,4,9) 317.5 206.6 142.9 104.0 79.0 62.3 27.4 17.0 12.3
E(CRL2): 2.147 CRL-CUSUM(2,23) 300.8 252.6 218.1 192.5 172.9 157.5 113.4 92.7 80.7

S CRL-CUSUM(10,2,28) 306.3 229.2 176.5 138.9 111.2 90.3 37.6 19.8 12.5
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Table 4.3: ATS profiles when the data follows ZIPINAR(1) model with mean increases by down-shifts in ρ

Information Control Chart Design ATS
δ

0.0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0
(γ0,µ0,ρ0): (0.2,1.2,0.7) Shewhart(9) 343.7 306.4 275.0 248.3 225.4 205.6 137.3 98.1 73.4

zp: 0.584 CUSUM(2,15) 350.3 255.2 190.5 145.3 113.1 89.8 36.2 19.9 13.1
µ∗1: 2.882 CUSUM-DR(1,3,16) 363.1 290.8 236.6 195.3 163.2 138.1 68.7 40.6 26.8
µ∗2: 3.707 CUSUM-DR(2,5,5) 374.4 324.7 283.9 250.0 221.4 197.3 118.3 77.0 53.0

E(CRL1): 3.028 CRL-CUSUM(2,12) 349.7 224.3 153.5 111.2 84.7 67.2 31.5 20.9 16.1
E(CRL2): 2.402 S CRL-CUSUM(10,2,14) 370.8 250.1 174.1 126.6 96.1 76.0 35.4 23.4 18.0

(γ0,µ0,ρ0): (0.2,1.2,0.8) Shewhart(11) 318.4 285.7 258.1 234.4 214.1 196.3 134.4 98.1 74.8
zp: 0.672 CUSUM(2,21) 321.3 240.0 183.7 143.9 114.9 93.6 41.9 24.4 16.7
µ∗1: 3.656 CUSUM-DR(1,4,14) 316.8 264.9 224.0 191.2 164.7 143.0 77.8 47.8 32.0
µ∗2: 4.679 CUSUM-DR(1,5,8) 308.2 263.6 227.5 197.9 173.4 152.9 88.0 55.6 37.6

E(CRL1): 4.387 CRL-CUSUM(3,30) 314.0 212.7 155.9 121.2 98.6 82.9 46.6 33.1 26.3
E(CRL2): 3.047 S CRL-CUSUM(12,3,37) 314.8 224.8 169.1 133.5 109.6 92.7 52.7 37.5 29.6

(γ0,µ0,ρ0): (0.2,2.0,0.7) Shewhart(13) 453.1 419.7 390.0 363.2 339.2 317.4 234.6 180.1 142.3
zp: 0.523 CUSUM(3,27) 477.8 371.0 292.1 233.2 188.7 154.6 68.0 37.9 24.9
µ∗1: 4.190 CUSUM-DR(1,5,16) 467.0 398.9 342.8 296.4 257.7 225.1 122.7 73.5 47.5
µ∗2: 5.193 CUSUM-DR(2,7,8) 444.0 398.5 359.0 324.6 294.4 267.9 173.7 118.7 84.4

E(CRL1): 2.751 CRL-CUSUM(2,22) 456.4 320.1 237.5 184.8 149.5 124.8 67.9 47.7 37.6
E(CRL2): 2.095 S CRL-CUSUM(14,2,27) 466.0 344.9 262.8 207.3 169.0 141.8 78.1 54.9 43.2

(γ0,µ0,ρ0): (0.3,0.4,0.8) Shewhart(6) 959.1 696.5 530.5 418.0 338.0 278.8 129.9 73.6 ∗
zp: 0.764 CUSUM(1,10) 1023.0 515.7 288.8 175.7 114.5 79.1 23.3 12.2 ∗
µ∗1: 1.696 CUSUM-DR(1,2,7) 970.6 610.1 409.6 288.7 211.5 159.7 54.2 25.6 ∗
µ∗2: 2.593 CUSUM-DR(2,3,4) 982.9 676.7 491.2 370.5 287.7 228.8 91.8 46.7 ∗

E(CRL1): 6.071 CRL-CUSUM(3,22) 1035.9 342.2 156.8 91.3 62.2 46.8 21.5 14.9 ∗
E(CRL2): 4.240 CRL-CUSUM(4,56) 968.1 274.2 145.6 98.8 75.2 61.0 33.1 24.2 ∗

S CRL-CUSUM(7,3,23) 964.8 345.7 160.8 93.8 63.9 48.1 22.1 15.2 ∗
S CRL-CUSUM(7,4,61) 955.9 287.4 153.8 104.6 79.6 64.6 34.8 25.2 ∗

(γ0,µ0,ρ0): (0.3,0.8,0.8) Shewhart(8) 349.0 293.7 250.8 216.8 189.3 166.8 97.6 63.8 44.6
zp: 0.673 CUSUM(1,22) 330.7 204.0 136.9 98.6 75.0 59.7 28.2 18.2 13.3
µ∗1: 2.450 CUSUM-DR(1,3,8) 348.1 271.3 216.0 175.1 144.2 120.3 56.5 31.6 19.8
µ∗2: 3.347 CUSUM-DR(2,4,6) 475.0 379.7 309.2 255.7 214.2 181.5 90.2 51.9 32.8

E(CRL1): 4.585 CRL-CUSUM(2,9) 326.9 215.4 149.8 109.1 82.8 65.0 28.2 17.6 13.2
E(CRL2): 3.062 CRL-CUSUM(3,33) 350.8 203.3 136.8 101.7 80.7 67.0 37.4 27.2 22.2

S CRL-CUSUM(9,2,10) 329.7 225.6 159.9 117.4 89.2 70.0 30.1 18.7 13.9
S CRL-CUSUM(9,3,39) 351.2 214.2 147.0 110.3 88.0 73.3 40.8 29.3 23.4

(γ0,µ0,ρ0): (0.3,1.2,0.8) Shewhart(12) 1327.4 1157.4 1017.5 900.9 802.9 719.5 445.2 299.0 212.5
zp: 0.625 CUSUM(2,30) 1375.2 894.3 603.0 420.8 303.3 225.5 75.3 39.0 25.5
µ∗1: 3.198 CUSUM-DR(1,4,16) 1324.5 1023.5 803.8 640.3 516.7 421.9 176.9 89.4 51.7
µ∗2: 4.174 CUSUM-DR(2,5,12) 1272.3 1024.4 835.5 689.3 574.6 483.3 227.7 123.5 74.1

E(CRL1): 4.171 CRL-CUSUM(2,18) 1427.2 838.0 526.0 351.4 248.4 184.7 71.0 43.4 32.2
E(CRL2): 2.665 S CRL-CUSUM(13,2,20) 1385.9 888.4 579.9 392.3 277.3 205.1 77.3 47.0 34.7

(γ0,µ0,ρ0): (0.4,1.2,0.8) Shewhart(10) 396.5 344.2 301.4 265.9 236.2 211.1 129.0 85.9 60.7
zp: 0.580 CUSUM(2,22) 400.3 297.5 226.6 176.5 140.3 113.7 49.8 28.6 19.3
µ∗1: 2.854 CUSUM-DR(1,3,20) 392.5 309.1 248.3 202.9 168.4 141.7 70.3 42.0 28.2
µ∗2: 3.789 CUSUM-DR(1,4,10) 429.2 350.3 289.6 242.2 204.6 174.4 87.6 50.4 31.9

E(CRL1): 3.979 CUSUM-DR(2,4,13) 388.6 317.6 263.2 220.8 187.3 160.5 83.4 50.0 33.0
E(CRL2): 2.378 CRL-CUSUM(2,18) 406.6 280.5 203.9 155.2 122.8 100.5 51.3 35.3 27.9

S CRL-CUSUM(11,2,21) 400.6 289.0 215.0 165.4 131.5 107.8 54.9 37.4 29.1

(γ0,µ0,ρ0): (0.5,1.2,0.8) Shewhart(9) 304.1 261.3 226.7 198.3 174.7 155.0 91.8 59.8 41.4
zp: 0.534 CUSUM(2,20) 288.5 222.3 175.1 140.5 114.7 95.1 45.1 26.8 18.3
µ∗1: 2.576 CUSUM-DR(1,3,14) 301.6 242.3 197.8 163.8 137.3 116.5 58.5 34.7 22.9
µ∗2: 3.481 CUSUM-DR(1,4,8) 314.5 259.8 217.2 183.6 156.7 134.9 70.7 42.0 27.2

E(CRL1): 3.811 CUSUM-DR(2,4,9) 317.5 261.4 218.0 183.9 156.7 134.8 70.6 42.3 27.7
E(CRL2): 2.147 CRL-CUSUM(2,23) 300.8 216.7 164.7 130.8 107.7 91.3 52.7 38.8 32.1

S CRL-CUSUM(10,2,28) 306.3 226.6 174.4 139.3 115.0 97.5 55.6 39.8 31.5
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Table 4.4: ATS profiles when the data follows ZIPINARCH(1) model with mean increases by up-shifts in ω

Information Control Chart Design ATS
δ

0.0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0
(γ0,µ0): (0.2,1.2) Shewhart(9) 401.5 276.5 197.2 145.0 109.6 84.8 31.0 15.5 9.4
(α,ω,ρ): (0.437,2.100,0.543) CUSUM(2,17) 444.5 289.8 199.1 143.3 107.4 83.3 34.1 20.1 14.1

zp: 0.584 CUSUM-DR(1,3,19) 424.7 215.9 130.3 89.4 66.8 53.0 25.5 16.8 12.6
µ∗1: 2.882 CUSUM-DR(1,4,9) 464.8 325.1 233.8 172.5 130.3 100.6 36.2 18.6 11.9
µ∗2: 3.423 CUSUM-DR(2,4,9) 403.2 248.1 161.2 110.3 79.2 59.3 22.4 12.9 9.1

E(CRL1): 2.455 CRL-CUSUM(2,9) 430.1 378.3 341.4 314.4 294.1 278.7 239.7 226.7 221.9
E(CRL2): 2.402 S CRL-CUSUM(10,2,10) 392.4 306.3 242.8 194.5 157.1 127.7 50.1 23.7 13.4

(γ0,µ0): (0.2,1.2) Shewhart(12) 671.6 454.1 319.0 231.6 173.2 132.9 47.5 23.6 14.2
(α,ω,ρ): (0.582,2.792,0.656) CUSUM(2,26) 679.5 446.0 307.4 221.4 165.7 128.4 52.0 30.4 21.3

zp: 0.672 CUSUM-DR(1,4,22) 677.7 335.7 190.4 123.2 88.3 68.0 31.1 20.3 15.3
µ∗1: 3.656 CUSUM-DR(2,5,13) 654.1 400.2 255.4 170.2 118.6 86.5 30.4 17.5 12.4
µ∗2: 4.079 CUSUM-DR(2,6,9) 688.7 454.0 310.3 218.8 158.7 118.1 37.7 18.7 12.1

E(CRL1): 3.081 CRL-CUSUM(3,32) 701.8 624.7 572.8 536.6 510.7 491.7 447.7 435.6 432.1
E(CRL2): 3.047 S CRL-CUSUM(13,3,41) 672.4 513.8 399.3 313.0 246.7 195.4 69.0 32.1 18.5

(γ0,µ0): (0.2,2.0) Shewhart(11) 214.3 165.9 130.7 104.7 85.1 70.1 31.3 17.2 10.9
(α,ω,ρ): (0.409, 3.270, 0.511) CUSUM(3,20) 226.2 172.3 134.8 107.9 88.2 73.4 36.4 22.8 16.3

zp: 0.523 CUSUM-DR(1,5,12) 226.5 159.6 116.0 86.8 67.0 53.1 23.1 14.2 10.2
µ∗1: 4.190 CUSUM-DR(2,5,13) 232.6 161.6 116.5 87.0 67.2 53.5 24.1 15.0 10.9
µ∗2: 4.494 CUSUM-DR(3,6,8) 232.4 171.3 129.2 99.6 78.4 62.8 26.5 15.0 10.1
µ∗3: 5.003 CUSUM-DR(3,7,5) 219.1 166.6 129.1 101.8 81.7 66.5 28.6 15.6 10.0

E(CRL1): 2.110 CRL-CUSUM(2,11) 225.5 218.3 212.5 207.8 204.1 201.0 192.0 188.5 187.0
E(CRL2): 2.095 S CRL-CUSUM(12,2,14) 227.8 196.0 168.2 144.1 123.2 105.3 49.3 25.8 15.4

(γ0,µ0): (0.3,0.4) Shewhart(6) 433.9 247.8 156.0 105.5 75.3 56.2 19.8 10.4 6.7
(α,ω,ρ): (0.722, 0.674, 0.584) CUSUM(1,10) 477.6 266.0 163.9 109.3 77.6 58.0 22.4 13.3 9.6

zp: 0.764 CUSUM-DR(1,2,7) 427.7 217.9 125.1 79.6 55.1 40.8 16.2 10.0 7.4
µ∗1: 1.696 CUSUM-DR(1,3,4) 491.9 276.2 170.7 113.2 79.4 58.2 19.4 10.2 6.9
µ∗2: 2.665 CUSUM-DR(2,3,4) 420.8 233.8 143.7 95.4 67.2 49.8 17.8 9.9 6.8

E(CRL1): 4.751 CRL-CUSUM(3,12) 421.5 238.3 157.9 116.9 93.5 79.0 51.9 45.1 42.8
E(CRL2): 4.240 CRL-CUSUM(4,30) 435.4 205.9 133.1 101.1 83.9 73.5 53.7 48.6 46.8

S CRL-CUSUM(7,3,14) 435.2 234.2 147.2 103.2 77.9 61.8 27.3 14.9 9.3
S CRL-CUSUM(7,4,36) 425.6 203.1 128.2 93.6 73.8 60.6 28.3 15.1 9.3

(γ0,µ0): (0.3,0.8) Shewhart(9) 401.4 275.1 196.8 146.0 111.6 87.6 34.6 18.5 11.8
(α,ω,ρ): (0.746,1.393,0.598) CUSUM(2,14) 400.7 279.5 203.3 153.2 118.9 94.8 40.5 23.4 16.0

zp: 0.673 CUSUM-DR(1,3,12) 404.0 253.8 167.1 115.3 83.4 63.1 25.3 15.4 11.2
µ∗1: 2.450 CUSUM-DR(2,4,8) 403.8 270.4 188.9 136.9 102.4 78.8 29.7 16.3 11.0
µ∗2: 3.231 CRL-CUSUM(2,6) 461.2 392.1 344.5 310.5 285.6 267.0 220.9 205.8 200.3

E(CRL1): 3.228 CRL-CUSUM(3,25) 397.3 290.3 231.9 196.7 173.9 158.3 124.3 114.3 110.7
E(CRL2): 3.062 S CRL-CUSUM(10,2,7) 423.4 312.3 237.4 184.7 146.4 117.9 48.3 25.1 15.4

S CRL-CUSUM(10,3,33) 398.1 273.8 204.4 160.7 130.5 108.1 48.1 25.2 15.5
(γ0,µ0): (0.3,1.2) Shewhart(12) 544.3 397.3 297.9 228.8 179.5 143.4 58.4 30.8 19.2
(α,ω,ρ): (0.727,2.034,0.587) CUSUM(2,27) 546.3 391.0 288.5 219.0 170.6 136.1 58.4 34.2 23.8

zp: 0.625 CUSUM-DR(1,4,18) 542.4 365.1 252.2 179.1 131.2 99.3 38.0 22.4 15.9
µ∗1: 3.198 CUSUM-DR(2,4,22) 527.0 335.9 226.3 161.1 120.7 94.4 41.4 25.6 18.4
µ∗2: 3.808 CUSUM-DR(2,5,13) 552.2 394.4 288.8 216.3 165.4 128.9 47.9 25.2 16.5

E(CRL1): 2.741 CRL-CUSUM(2,8) 672.1 609.5 562.8 527.3 499.8 478.3 420.8 400.1 392.0
E(CRL2): 2.665 S CRL-CUSUM(13,2,9) 529.9 420.0 337.0 273.1 223.4 184.2 79.0 40.8 24.5

(γ0,µ0): (0.4,1.2) Shewhart(14) 1289.3 961.4 732.4 568.8 449.3 360.5 144.4 72.7 42.6
(α,ω,ρ): (0.801,1.442,0.501) CUSUM(2,41) 1293.9 914.3 660.4 487.6 367.9 283.6 104.5 56.2 37.4

zp: 0.580 CUSUM-DR(1,3,50) 1283.0 701.9 425.7 286.4 209.6 162.9 73.7 46.7 34.1
µ∗1: 2.854 CUSUM-DR(1,4,27) 1287.4 916.1 662.3 485.9 361.8 273.5 88.5 44.2 28.6
µ∗2: 3.646 CUSUM-DR(2,4,33) 1275.8 838.4 568.5 399.2 290.9 219.8 83.3 47.2 32.1

E(CRL1): 2.520 CRL-CUSUM(2,14) 1294.5 1014.2 825.5 693.7 598.8 528.6 355.3 294.6 268.4
E(CRL2): 2.378 S CRL-CUSUM(15,2,7) 1250.9 927.6 711.4 561.2 453.4 373.5 170.8 92.0 54.4

(γ0,µ0): (0.5,1.2) Shewhart(12) 662.5 523.0 419.5 341.4 281.4 234.6 108.9 60.1 37.4
(α,ω,ρ): (0.813,0.976,0.385) CUSUM(2,35) 669.3 510.3 395.6 311.7 249.3 202.5 87.6 49.7 33.6

zp: 0.534 CUSUM-DR(1,3,31) 664.5 483.7 358.8 271.6 210.1 166.1 69.5 40.8 28.4
µ∗1: 2.576 CUSUM-DR(1,4,20) 650.6 508.8 404.0 325.2 265.1 218.4 95.7 50.9 31.7
µ∗2: 3.515 CUSUM-DR(2,4,23) 667.1 507.8 393.4 309.9 247.9 201.3 86.6 48.2 31.7

E(CRL1): 2.394 CRL-CUSUM(2,20) 699.2 497.3 376.7 300.5 249.8 214.6 135.7 109.7 97.9
E(CRL2): 2.147 S CRL-CUSUM(13,2,27) 688.7 498.9 377.0 296.9 242.3 203.5 109.4 69.8 46.7
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Table 4.5: ATS profiles when the data follows ZIPINARCH(1) model with mean increases by down-shifts in ρ

Information Control Chart Design ATS
δ

0.0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0
(γ0,µ0): (0.2,1.2) Shewhart(9) 401.5 344.4 298.8 261.9 231.5 206.2 126.6 86.3 63.1
(α,ω,ρ): (0.437,2.100,0.543) CUSUM(2,17) 444.5 319.7 236.0 178.4 137.9 108.8 43.2 23.7 15.7

zp: 0.584 CUSUM-DR(1,3,19) 424.7 330.5 263.8 215.0 178.6 150.7 77.0 47.7 33.0
µ∗1: 2.882 CUSUM-DR(1,4,9) 464.8 372.0 303.4 251.6 211.5 180.1 93.0 56.7 38.4
µ∗2: 3.423 CUSUM-DR(2,4,9) 403.2 326.7 269.2 225.2 190.8 163.5 86.3 53.2 36.3

E(CRL1): 2.455 CRL-CUSUM(2,9) 430.1 239.8 148.4 100.3 72.9 56.0 24.7 16.0 12.0
E(CRL2): 2.402 S CRL-CUSUM(10,2,10) 392.4 241.2 155.5 106.8 78.0 60.0 26.5 17.1 12.8

(γ0,µ0): (0.2,1.2) Shewhart(12) 671.6 565.2 481.9 415.6 362.0 318.1 184.6 121.0 85.8
(α,ω,ρ): (0.582,2.792,0.656) CUSUM(2,26) 679.5 481.7 351.3 263.1 201.9 158.5 63.0 35.0 23.5

zp: 0.672 CUSUM-DR(1,4,22) 677.7 515.6 402.8 322.1 262.8 218.1 104.8 62.5 42.4
µ∗1: 3.656 CUSUM-DR(2,5,13) 654.1 516.4 415.8 340.5 283.1 238.5 118.1 70.0 46.5
µ∗2: 4.079 CUSUM-DR(2,6,9) 688.7 555.0 455.0 378.5 319.1 272.1 140.3 84.6 56.5

E(CRL1): 3.081 CRL-CUSUM(3,32) 701.8 354.0 223.5 161.2 126.0 103.7 56.6 40.3 32.1
E(CRL2): 3.047 S CRL-CUSUM(13,3,41) 672.4 384.1 252.3 185.1 145.9 120.6 65.8 46.3 36.2

(γ0,µ0): (0.2,2.0) Shewhart(11) 214.3 195.3 178.7 164.2 151.4 140.1 99.1 74.1 57.7
(α,ω,ρ): (0.409,3.270,0.511) CUSUM(3,20) 226.2 185.8 154.2 129.2 109.3 93.3 47.7 28.7 19.5

zp: 0.523 CUSUM-DR(1,5,12) 226.5 197.8 173.9 153.9 137.0 122.7 75.5 50.7 36.4
µ∗1: 4.190 CUSUM-DR(2,5,13) 232.6 202.8 178.1 157.5 140.1 125.3 77.2 52.1 37.6
µ∗2: 4.494 CUSUM-DR(3,6,8) 232.4 205.9 183.6 164.5 148.2 134.1 86.2 59.8 43.9
µ∗3: 5.003 CUSUM-DR(3,7,5) 219.1 196.8 177.5 161.0 146.5 134.0 89.9 64.3 48.3

E(CRL1): 2.110 CRL-CUSUM(2,11) 225.5 158.8 118.2 92.1 74.6 62.2 33.6 23.2 17.9
E(CRL2): 2.095 S CRL-CUSUM(12,2,14) 227.8 170.9 131.4 104.3 85.3 71.7 39.2 27.1 20.9

(γ0,µ0): (0.3,0.4) Shewhart(6) 433.9 285.6 204.8 155.9 123.9 101.6 50.7 32.6 23.6
(α,ω,ρ): (0.722,0.674,0.584) CUSUM(1,10) 477.6 260.8 162.5 111.0 81.1 62.4 26.5 16.3 11.6

zp: 0.764 CUSUM-DR(1,2,7) 427.7 255.7 171.5 124.4 95.4 76.3 35.7 22.5 16.1
µ∗1: 1.696 CUSUM-DR(1,3,4) 491.9 305.2 209.5 154.1 119.2 95.7 44.8 27.9 19.8
µ∗2: 2.665 CUSUM-DR(2,3,4) 420.8 264.3 183.5 136.5 106.6 86.3 41.7 26.5 19.1

E(CRL1): 4.751 CRL-CUSUM(3,12) 421.5 163.9 87.9 57.0 41.6 32.7 16.4 11.5 9.0
E(CRL2): 4.240 CRL-CUSUM(4,30) 435.4 156.2 89.9 63.4 49.5 41.0 23.5 17.4 14.2

S CRL-CUSUM(7,3,14) 435.2 184.2 99.3 64.0 46.4 36.2 17.9 12.3 9.5
S CRL-CUSUM(7,4,36) 425.6 167.9 98.0 69.3 54.0 44.5 24.9 17.8 14.1

(γ0,µ0): (0.3,0.8) Shewhart(9) 401.4 314.5 253.7 209.4 176.2 150.7 81.8 53.0 38.1
(α,ω,ρ): (0.746,1.393,0.598) CUSUM(2,14) 400.7 287.0 214.4 165.6 131.6 107.0 48.9 29.0 19.9

zp: 0.673 CUSUM-DR(1,3,12) 404.0 294.1 223.4 175.4 141.7 117.0 57.1 35.3 24.8
µ∗1: 2.450 CUSUM-DR(2,4,8) 403.8 301.4 233.4 186.3 152.4 127.2 63.8 39.8 28.0
µ∗2: 3.231 CRL-CUSUM(2,6) 461.2 265.9 168.8 115.7 84.4 64.6 27.1 17.0 12.7

E(CRL1): 3.228 CRL-CUSUM(3,25) 397.3 201.8 129.4 94.7 75.0 62.4 35.8 26.5 21.8
E(CRL2): 3.062 S CRL-CUSUM(10,2,7) 423.4 272.7 183.3 129.0 95.0 72.9 30.0 18.5 13.5

S CRL-CUSUM(10,3,33) 398.1 223.5 147.4 109.0 86.6 72.1 40.5 29.0 22.9
(γ0,µ0): (0.3,1.2) Shewhart(12) 544.3 453.5 383.7 328.8 285.0 249.5 143.8 94.7 67.9
(α,ω,ρ): (0.727,2.034,0.587) CUSUM(2,27) 546.3 400.5 301.9 233.3 184.4 148.8 65.2 38.1 26.2

zp: 0.625 CUSUM-DR(1,4,18) 542.4 421.0 334.6 271.5 224.2 188.1 93.5 56.8 38.9
µ∗1: 3.198 CUSUM-DR(2,4,22) 527.0 402.9 317.1 256.0 211.1 177.3 90.3 56.7 40.0
µ∗2: 3.808 CUSUM-DR(2,5,13) 552.2 437.4 353.8 291.3 243.7 206.6 106.0 65.0 44.6

E(CRL1): 2.741 CRL-CUSUM(2,8) 672.1 409.2 267.3 185.6 135.8 103.9 42.6 26.3 19.4
E(CRL2): 2.665 S CRL-CUSUM(13,2,9) 529.9 366.9 259.1 188.1 141.0 109.3 45.2 27.7 20.2

(γ0,µ0): (0.4,1.2) Shewhart(14) 1289.3 1047.8 867.1 728.9 621.1 535.5 292.3 186.3 130.9
(α,ω,ρ): (0.801,1.442,0.501) CUSUM(2,41) 1293.9 894.5 639.3 471.0 356.7 277.2 107.6 59.9 40.5

zp: 0.580 CUSUM-DR(1,3,50) 1283.0 864.6 617.7 463.2 361.4 291.2 135.5 83.8 59.4
µ∗1: 2.854 CUSUM-DR(1,4,27) 1287.4 957.6 732.9 574.9 460.7 376.1 169.1 96.6 63.9
µ∗2: 3.646 CUSUM-DR(2,4,33) 1275.8 913.4 679.4 522.3 413.0 334.7 152.3 90.7 62.4

E(CRL1): 2.520 CRL-CUSUM(2,14) 1294.5 660.4 384.3 249.3 176.4 133.4 58.4 38.7 30.0
E(CRL2): 2.378 S CRL-CUSUM(15,2,7) 1250.9 752.7 463.2 302.8 212.5 159.1 67.5 44.1 33.7

(γ0,µ0): (0.5,1.2) Shewhart(12) 662.5 549.5 463.7 397.2 344.5 302.2 177.8 120.3 88.7
(α,ω,ρ): (0.813,0.976,0.385) CUSUM(2,35) 669.3 492.1 373.3 291.0 232.3 189.5 87.4 52.8 37.0

zp: 0.534 CUSUM-DR(1,3,31) 664.5 498.7 386.7 308.4 251.8 209.9 105.4 66.4 47.5
µ∗1: 2.576 CUSUM-DR(1,4,20) 650.6 509.4 408.7 334.9 279.4 236.7 123.0 77.3 54.4
µ∗2: 3.515 CUSUM-DR(2,4,23) 667.1 514.8 408.6 332.1 275.5 232.6 120.8 76.8 54.8

E(CRL1): 2.394 CRL-CUSUM(2,20) 699.2 388.2 250.4 179.8 139.0 113.3 60.9 43.8 35.4
E(CRL2): 2.147 S CRL-CUSUM(13,2,27) 688.7 438.5 295.6 215.0 166.9 136.1 72.5 51.1 40.3
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in dependence parameter induces a decrease in zero-proportion.

In Table 4.2, we provide the ATS profiles in the detection of mean increase by

a shift in λ when the data follows a ZIPINAR(1) model. In this case, the change

in zero-proportion is not large, so that one can easily guess that the CRL-CUSUM

chart performance cannot be as good as that in Table 4.1. The result indicates that

in the case of mean increase by a shift in λ, the CUSUM-DR chart is superior to the

others in detecting small and moderate shifts (about δ ≤ 0.5 or 1.0). For δ ≥ 1.5,

the Shewhart-type chart performs the best. For all cases, the CRL-CUSUM chart

performs the worst. The combined Shewhart CRL-CUSUM chart performs better

than the CRL-CUSUM chart due to the participation of the Shewhart-type chart.

In Table 4.3, we present the ATS profiles in the detection of mean increase by a

down-shift in ρ when the data follows a ZIPINAR(1) model. The symbol ‘∗’ stands

for the case that there is no ρ ∈ [0, 1) reflecting given OoC situations. The CUSUM-

DR chart with r = 2 performs much worse than that with r = 1. This phenomenon

appeals to intuition because the updating frequency is relatively small when r = 2.

Aside from this, a similar pattern to that in Table 4.1 is observed.

Tables 4.4 and 4.5 present the ATS profiles in the detection of mean increase by

an up-shift in ω and down-shift in ρ when the data follows a ZIPINARCH(1) model.

Table 4.4 makes a conclusion similar to that from Table 4.2. Also, the results in

Table 4.5 are quite similar to those in Table 4.3. Tables 4.2 and 4.4 show that for

almost all cases, the CUSUM-DR chart with r = 1 performs the best in detecting

small to moderate shifts (about δ ≤ 0.5) in λ or ω. However, if considering the

overall performance, including the case of large shifts, the r should be selected in

range r ≤ dµe+ 1.

Our findings suggest that in monitoring count time series with serial dependence

61



CHAPTER 4. IMPROVED CUSUM MONITORING OF MARKOV COUNTING
PROCESS WITH FREQUENT ZEROS

and excessive zeros, the CUSUM-DR chart is quite useful for detecting small to

moderate mean increase when the zero proportion is nearly fixed. Meanwhile, when

the mean increases by a decrease of zero proportion, the CRL-CUSUM chart is highly

recommendable. The combined Shewhart CRL-CUSUM chart is also recommendable

if there is no prior information about the parameters of change, which is more

realistic in practice.

4.5 A real data example

To illustrate the usability of the proposed CUSUM-type charts, we analyze the drug

offense data series reported in the 26th police car beat in Pittsburgh. This data set

is monthly observed from January 1990 to December 2001, which can be obtained

from the crime data section of the forecasting principles site (http://www.forecasting

principles.com). First, we use the first 60 observations, namely, from January 1990

to December 1994, as Phase I sample, and the remaining 84 values as Phase II

sample. The sample path plot is illustrated in Figure 4.2, wherein the dashed line

denotes December 1994. A mean increase can be seen clearly around December 1999

(t = 120), and henceforth, our main purpose in this example is to check whether the

control charts can detect a mean increase before that time point.

The sample mean, variance, zero proportion and CRL of Phase I data are

obtained as 0.9167, 1.5353, 0.5667 and 2.2308, respectively, which indicates over-

dispersion and zero-inflation in the series. The ACF and PACF plots are given in

Figure 4.3, indicating that the process is first-order Markovian. The sample auto-

correlation is calculated as 0.2924.

We fit PINAR(1), ZIPINAR(1), PINARCH(1) and ZIPINARCH(1) models to
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Figure 4.2: Sample path of drugs data (from January 1990 to December 2001)
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Figure 4.3: ACF and PACF plot of drugs data (January 1990 - December 1994)

Phase I sample. In addition to these models, the following models are also considered:

• i.i.d. geometric distribution.

• i.i.d. Poisson distribution.

• GINAR(1); INAR(1) model with geometric marginals (Alzaid and Al-Osh,

1988).

• NGINAR(1); negative binomial thinning based INAR(1) model with geometric
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marginals (Ristić et al., 2009).

• NBINAR(1); INAR(1) model with negative binomial marginals (McKenzie,

1986; Weiß, 2008).

• INARKF(1); INAR(1) model with Katz family innovations (Kim and Lee,

2017).

For model selection, we calculate the ML estimates and Akaike information criterion

(AIC) and Bayesian information criterion (BIC) values. The initial value in ML

estimation is chosen based on the sample moments and the relationships in (4.2.4)-

(4.2.7). Table 4.6 shows that the ZIPINARCH(1) model is the best fit. The ML

estimates are obtained as α̂ = 0.4604, ω̂ = 1.0586 and ρ̂ = 0.3983. Based on these

values, the corresponding γ̂, µ̂, µ̂∗1 and µ̂∗2 are obtained as 0.2770, 0.8810, 1.9849 and

2.7679, respectively. Also, Ê(CRL1) and Ê(CRL2) are 2.4154 and 2.2531.

Below, we design the control charts with ARL0 near 500 to detect mean increase:

• Shewhart-type chart with u = 7 (ARL0 = 473.8).

• CUSUM chart with k = 1 and h = 24 (ARL0 = 500.7).

• CUSUM-DR chart with r = 2, kd = 3 and hd = 8 (ARL0 = 509.8).

Table 4.6: ML estimates, AIC and BIC of drugs data (Phase I: January 1990 - December 1994)

Model ML estimates AIC BIC
i.i.d. geometric µ̂ = 0.9167 161.21 163.30

i.i.d. Poisson λ̂ = 0.9167 172.42 174.51

GINAR(1) p̂ = 0.5192, α̂ = 0.1944 159.42 163.61

NGINAR(1) µ̂ = 0.9196, α̂ = 0.3844 157.69 161.88

NBINAR(1) n̂ = 1.0891, p̂ = 0.5396, ρ̂ = 0.2002 161.39 167.68

INARKF(1) θ̂1 = 0.3780, θ̂2 = 0.4917, α̂ = 0.1934 162.20 168.48

PINAR(1) α̂ = 0.2527, λ̂ = 0.6899 167.56 171.75

ZIPINAR(1) α̂ = 0.1329, λ̂ = 1.6395, ρ̂ = 0.5148 156.84 163.13

PINARCH(1) α̂ = 0.3981, ω̂ = 0.5599 164.01 168.20

ZIPINARCH(1) α̂ = 0.4604, ω̂ = 1.0586, ρ̂ = 0.3983 155.22 161.51
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• CRL-CUSUM chart with kc = 2 and hc = 13 (ARL0 = 486.5).

• Combined Shewhart CRL-CUSUM chart with u = 8, kc = 2 and hc = 15

(ARL0 = 504.4).

Figure 4.4 shows that these control charts have no false alarms in Phase I sample.

Figure 4.5 provides the plots of control statistics applied to Phase II sample. The

Shewhart-type, CUSUM and CUSUM-DR charts detect a mean increase at March

2000 (t = 123). However, this could be easily guessed without an aid of control

charts. Notice that the CRL-CUSUM and combined Shewhart CRL-CUSUM charts

respectively trigger an OoC signal at April 1999 (t = 112) and June 1999 (t =

114). The sample mean, autocorrelation, zero-proportion, and CRL of the data from

January 1995 (t = 61) to March 2000 (t = 123) are given as 1.1587, 0.3522, 0.4603

and 1.8529, indicating that the mean increase is due to a decrease in zero-proportion.

4.6 Concluding remarks

In this study, we proposed a new CUSUM-type chart with delay rule and CRL-

CUSUM charts and investigated their ATS performance when applied to detect-

ing mean increase in counting processes with excessive zeros. For this purpose, we

used the ZIPINAR(1) and ZIPINARCH(1) models and adopted the Markov chain

method in the calculation of ATS values. When there is a small to moderate mean

increase and zero-proportion is nearly fixed, the CUSUM-DR chart appeared to be

quite effective. Meanwhile, when there is a small to moderate mean increase and

also a decrease in zero-proportion, the CRL-CUSUM and combined Shewhart CRL-

CUSUM charts outperformed the others. Overall, our findings confirm the validity
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Figure 4.4: Plot of control charts (January 1990 - December 1994); (a) Shewhart-type chart; (b) CUSUM chart; (c)
CUSUM-DR chart; (d) CRL-CUSUM and S CRL-CUSUM chart

of the proposed charts and show their potential as a functional SPC tool to detect

mean increase in high-quality processes. Our charts are applicable to other distribu-

tions, e.g. zero-inflated negative binomial distributions, and more general models.
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Figure 4.5: Plot of control charts (January 1995 - December 2001); (a) Shewhart-type chart; (b) CUSUM chart; (c)
CUSUM-DR chart; (d) CRL-CUSUM and S CRL-CUSUM chart

The task of extension to more general and various situations is left to our future

project.
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4.7 Appendix A. ARL computation for CUSUM-

DR chart

For calculating the ARL of CUSUM-DR charts, we take the Markov chain approach

taken by Brook and Evans (1972). For an overview of the Markov chain approach

for the performance evaluation of control charts, we refer to Weiss and Testik (2009)

and Li et al. (2014). In Appendix 4.7 and 4.8, we suppose that {Xt}t∈N follows either

a stationary ZIPINAR(1) or ZIPINARCH(1) model. It is obvious that the bivari-

ate process {(Xt, C
d
t )}t∈N defined by {Xt} and Equation (4.3.17) forms a bivariate

Markov chain with transition probabilities:

pd(a, b|c, d) ≡ P (Xt+1 = a, Cd
t+1 = b|Xt = c, Cd

t = d)

= pca1(b = 1(a ≥ r) max(d+ a− kd, 0) + 1(a < r)d),

where a, b, c, d ∈ N0 and r ∈ N. Moreover, the initial probabilities are given as

pd1(a, b|c) ≡ P (X1 = a, Cd
1 = b|Cd

0 = c)

= pa1(b = 1(a ≥ r) max(c+ a− kd, 0) + 1(a < r)c),

where a, b, c ∈ N0 and r ∈ N.
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Based on the predetermined design parameter (kd,hd), consider

Qd =


pd(0, 0|0, 0) pd(0, 1|0, 0) · · · pd(ldx, l

d
c |0, 0)

pd(0, 0|0, 1) pd(0, 1|0, 1) · · · pd(ldx, l
d
c |0, 1)

...
...

. . .
...

pd(0, 0|ldx, ldc ) pd(0, 1|ldx, ldc ) · · · pd(ldx, l
d
c |ldx, ldc )

 ,

µd = (µd0,0, µ
d
0,1, . . . , µ

d
ldx,l

d
c
)>,

where ldx = hd + kd − 1, ldc = hd − 1 and µd is the solution of the linear equation

(I−Q)·µd = 1. For the vector µd, µda,b, for a ∈ {0, 1, . . . , ldx} and b ∈ {0, 1, . . . , ldc} can

be interpreted as the expected number of plotting before the control chart triggers

an OoC signal when it starts from IC state (X1 = a, Cd
1 = b). Then the ARL value

with the initial state Cd
0 = cd0, ARLd(cd0), is obtained as follows:

ARLd(cd0) = 1 +
∑
a,b

pd1(a, b|cd0) · µda,b

for a ∈ {0, 1, . . . , ldx} and b ∈ {0, 1, . . . , ldc}.

4.8 Appendix B. ATS computation for CRL-CUSUM

chart

Consider the bivariate process {(Yi, Cc
i )}i∈N, where Yi is the ith positive value and

Cc
i is defined as the same as that in (4.3.20). Because the distribution of CRLi+1 is

completely determined by Yi and Yi+1, we can easily see that {(Yi, Cc
i )}i∈N forms a
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bivariate Markov chain with transition probabilities:

pc(a, b|c, d) ≡ P (Yi+1 = a, Cc
i+1 = b|Yi = c, Cc

i = d)

= P (Yi+1 = a|Yi = c)P (Cc
i+1 = b|Yi+1 = a, Yi = c, Cc

i = d)

= P (Yi+1 = a|Yi = c)P (b = max(d+ kc − CRLi+1, 0)|Yi+1 = a, Yi = c)

for a, c ∈ N and b, d ∈ N0.

Note that when b = 0,

P (b = max(d+ kc − CRLi+1, 0)|Yi+1 = a, Yi = c)

= P (CRLi+1 ≥ d+ kc|Yi+1 = a, Yi = c)

=
P (CRLi+1 ≥ d+ kc, Yi+1 = a|Yi = c)

P (Yi+1 = a|Yi = c)

=

 1 if d+ kc = 1

pc0p0ap
d+kc−2
00

(1−p00)P (Yi+1=a|Yi=c) if d+ kc > 1.

Meanwhile, when b > 0,

P (b = max(d+ kc − CRLi+1, 0)|Yi+1 = a, Yi = c)

= P (CRLi+1 = d+ kc − b|Yi+1 = a, Yi = c)

=
P (CRLi+1 = d+ kc − b, Yi+1 = a|Yi = c)

P (Yi+1 = a|Yi = c)

=


pca

P (Yi+1=a|Yi=c) if b = d+ kc − 1

pc0p0ap
d+kc−b−2
00

P (Yi+1=a|Yi=c) if b < d+ kc − 1

0 if b > d+ kc − 1.

70



CHAPTER 4. IMPROVED CUSUM MONITORING OF MARKOV COUNTING
PROCESS WITH FREQUENT ZEROS

Since

P (Yi+1 = a|Yi = c) =
∞∑
j=1

P (Yi+1 = a,CRLi+1 = j|Yi = c)

= pca +
∞∑
j=2

pc0p
j−2
00 p0a

= pca +
pc0p0a

1− p00

,

pc(a, b|c, d) is explicitly given as

pc(a, b|c, d) =



pca + pc0p0a
1−p00 if b = 0 and d+ kc = 1

pc0p0ap
d+kc−2
00

1−p00 if b = 0 and d+ kc > 1

pca if b > 0 and b = d+ kc − 1

pc0p0ap
d+kc−b−2
00 if b > 0 and b < d+ kc − 1

0 if b > d+ kc − 1.

Similarly, we obtain the initial probabilities as

pc1(a, b|c) ≡ P (Y1 = a, Cc
1 = b|Cc

0 = c)

= P (Y1 = a)P (Cc
1 = b|Y1 = a, Cc

0 = c)

=



pa + p0p0a
1−p00 if b = 0 and c+ kc = 1

p0p0ap
c+kc−2
00

1−p00 if b = 0 and c+ kc > 1

pa if b > 0 and b = c+ kc − 1

p0p0ap
c+kc−b−2
00 if b > 0 and b < c+ kc − 1

0 if b > c+ kc − 1.

Since the reachable IC values of a are unbounded, they must be replaced with
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a bounded set by using a limiting condition such as a ≤ M for a sufficiently large

M ∈ N. Here we use M = bµ+ 20σc+ 1 as mentioned in Subsection 4.2.3. Despite

the obtained values of ATS are only approximates, the precision level can be feasibly

controlled by a proper selection of M .

Let (kc,hc) be the predetermined design parameter of the CRL-CUSUM chart.

Similarly to the CUSUM-DR chart, we consider

Qc =


pc(1, 0|1, 0) pc(1, 1|1, 0) · · · pc(lcx, l

c
c|1, 0)

pc(1, 0|1, 1) pc(0, 1|1, 1) · · · pc(lcx, l
c
c|1, 1)

...
...

. . .
...

pc(1, 0|lcx, lcc) pc(0, 1|lcx, lcc) · · · pc(lcx, l
c
c|lcx, lcc)

 ,

tc = (tc1,0, t
c
1,1, . . . , t

c
lcx,l

c
c
)> with tca,b = E(T |X0 = a),

µc = (µc1,0, µ
c
1,1, . . . , µ

c
lcx,l

c
c
)>,

where lcx = bµ + 20σc + 1, lcc = hc − 1, E(T |X0 = x)’s are the ones in Equation

(4.2.14) and µc is the solution of the linear equation (I −Q) · µc = tc. The tca,b in

vector tc denotes the expected next conforming run length when the current non-

zero observation is given as a. It is obvious that tca,b does not depend on the value of

b. Note that unlike the CUSUM-DR chart, µca,b in vector µc stands for the expected

elapsed time until the control chart triggers an OoC signal when it starts from IC

state (Y1 = a, Cc
1 = b) with a ∈ {1, 2, . . . , lcx} and y ∈ {0, 1, . . . , lcc}. Based on those,

the ATS value with initial state Cc
0 = cc0, ATSc(cc0), is given as

ATSc(cc0) = E(CRL1) +
∑
a,b

pc1(a, b|cc0) · µca,b,
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where a ∈ {1, 2, . . . , lcx}, b ∈ {0, 1, . . . , lcc} and E(CRL1) is the one in Equation

(4.3.18).

Note that the ATS computation of the combined Shewhart CRL-CUSUM chart

can be obtained by putting lcx = u − 1, where u is the control limit of the corre-

sponding Shewhart-type chart.
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Chapter 5

Monitoring Mean Shift in

INAR(1)s Processes based on

CLSE-CUSUM Procedure

5.1 Introduction

Bourguignon et al. (2016) recently consider the seasonal INAR(1) process with sea-

sonal period s ∈ N (INAR(1)s) as follows:

Xt = α ◦Xt−s + εt, t ∈ Z. (5.1.1)

Statistical properties, such as the existence of stationary solutions, explicit form of

autocorrelation function and transition probabilities can be found in Bourguignon

et al. (2016).

Weiss and Testik (2009) study the upper one-sided CUSUM control charts for
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Poisson INAR(1) processes and Yontay et al. (2013) consider the two-sided CUSUM

control chart by combining the one-sided CUSUM charts. The two-sided CUSUM

control statistic is defined as:

C+
0 = c+

0 ,

C+
t = max

(
0, Xt − k+ + C+

t−1

)
, t ∈ N,

C−0 = c−0 ,

C−t = max
(
0, k− −Xt + C−t−1

)
, t ∈ N,

where c+
0 and c−0 are starting values, k+ and k− are reference values, and h+, h−

are control limits of upper and lower one-sided CUSUM charts. When C+
t ≥ h+ or

C−t ≥ h− occurs, the process of interest is regarded as out-of-control.

In this chapter, we consider the CUSUM test based on conditional least squares

estimator (CLSE) from INAR(1)s processes and apply it to monitoring the mean

shift of Poisson INAR(1) processes. Based on this, we construct the one-sided con-

trol statistic and compare its performance with conventional CUSUM charts. As a

relevant work, we refer to Huh et al. (2017) who use the conditional maximum like-

lihood (MLE)in integer-valued generalized autoregressive conditional heteroskedas-

ticity (INGARCH) models.

This chapter is organized as follows. Section 5.2 presents the difference equa-

tions as to the moments of INAR(1)s processes. Moreover, the CLSE-CUSUM test

statistic is introduced. Section 5.3 designs a new control statistic for monitoring

mean shift based on the results in Section 5.2. Section 5.4 compares the proposed

control procedure with the CUSUM chart based on numerical experiments using

ARL, standard deviation (SD) and median. Section 5.5 illustrates a real data anal-
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ysis demonstrating the superiority of our proposed procedure to the CUSUM chart.

Sections 5.6 and 5.7 provide technical proofs and concluding remarks.

5.2 Higher moments and CLSE-based CUSUM

test

In this section, we show the existence of a 4th moment and provide related dif-

ference equations for stationary INAR(1)s processes. These are important in the

construction of the control statistic in Section 5.3.

Proposition 5.2.1. Suppose that α ∈ [0, 1) and Eε4t < ∞. Then, we have EXk ≤

C <∞, k = 1, 2, 3, 4, for some C > 0, where X is the unique stationary limit of Xt

in distribution.

Difference equations for moments are obtained by using the properties of Bino-

mial thinning operator.

Proposition 5.2.2. Let {Xt}t∈Z be a stationary INAR(1)s process with α ∈ [0, 1),

µε,k = Eεkt < ∞, k = 1, 2, 3, 4, and σ2
ε = µε,2 − µ2

ε,1. Then, for u, v, w ∈ N with

u < v < w,

(a) µx,1 := EXt =
µε,1

1− α
.

(b) µx,2 := EX2
t =

αµε,1 + σ2
ε

1− α2
+

µ2
ε,1

(1− α)2
.

(c) µx,3 := EX3
t =

1

1− α3

[
3α2(1− α + µε,1)µx,2

+ α ((1− α) (1− 2α) + 3 (1− α)µε,1 + 3µε,2)µx,1 + µε,3

]
.
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(d) µx,4 := EX4
t =

1

1− α4

[ (
6α3(1− α) + 4α3µε,1

)
µx,3

+
(
α2(1− α)(7− 11α) + 12α2(1− α)µε,1 + 6α2µε,2

)
µx,2

+
(
α(1− α)(1− 6α + 6α2) + 4α(1− α)(1− 2α)µε,1 + 6α(1− α)µε,2 + 4αµε,3

)
µx,1

+ µε,4

]
.

(e) µx(s)
(u) := E(XtXt+us) = αµx(s)

(u− 1) +
µ2
ε,1

(1− α)

(f) µx(s)
(0, u) := E

(
X2
tXt+us

)
= αµx(s)

(0, u− 1) + µε,1µx,2.

(g) µx(s)
(u, u) := E

(
XtX

2
t+us

)
= α2µx(s)

(u− 1, u− 1)

+ (α (1− α) + 2αµε,1)µx(s)
(u− 1) + µx,1µε,2.

(h) µx(s)
(u, v) := E (XtXt+usXt+vs) = αµx(s)

(u, v − 1) + µε,1µx(s)
(u).

(i) µx(s)
(0, 0, u) := E

(
X3
tXt+us

)
= αµx(s)

(0, 0, u− 1) + µε,1µx,3.

(j) µx(s)
(0, u, u) := E

(
X2
tX

2
t+us

)
= α2µx(s)

(0, u− 1, u− 1)

+ µε,2µx,2 + 2αµε,1µx,1 + α(1− α)µx(s)
(0, u− 1).

(k) µx(s)
(0, u, v) := E

(
X2
tXt+usXt+vs

)
= αµx(s)

(0, u, v − 1) + µε,1µx(s)
(0, u).

(l) µx(s)
(u, u, u) := E

(
XtX

3
t+us

)
= α3µx(s)

(u− 1, u− 1, u− 1)

+ 3α (µε,1 + α(1− α))µx(s)
(u− 1, u− 1)

+
(
α(1− 3α + 2α2) + 3µε,2

)
µx(s)

(u− 1) + µε,3.

(m) µx(s)
(u, u, v) := E

(
XtX

2
t+usXt+vs

)
= αµx(s)

(u, u, v − 1) + µε,1µx(s)
(u, u).

(n) µx(s)
(u, v, v) := E

(
XtXt+usX

2
t+vs

)
= α2µx(s)

(u, v − 1, v − 1)

+ (α(1− α) + 2αµε,1)µx(s)
(u, v − 1) + µε,2µx(s)

(u).

(o) µx(s)
(u, v, w) := E (XtXt+usXt+vsXt+ws) = αµx(s)

(u, v, w − 1) + µε,1µx(s)
(u, v).

Given observations X−s+1, X−s+2, . . . , Xn from the stationary INAR(1)s process

with Eεt = µε ∈ (0,∞), Var(εt) = σ2
ε ∈ (0,∞) and autocorrelation α ∈ [0, 1), the
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CLSE, θ̂n = (α̂n, µ̂εn), of parameter θ = (α, µε) can be obtained by minimizing the

conditional sum of squares Sn(θ) :=
∑n

t=1 (Xt − αXt−s − µε)2 over θ ∈ {0 ≤ α <

1, µε > 0}, that is,

α̂n =
n
∑n

t=1 XtXt−s −
∑n

t=1Xt−s
∑n

t=1Xt

n
∑n

t=1X
2
t−s − (

∑n
t=1 Xt−s)2

, (5.2.2)

µ̂εn =
1

n

(
n∑
t=1

Xt − α̂n
n∑
t=1

Xt−s

)
, (5.2.3)

where α̂n is set to be 0 if its denominator is 0. By checking the regularity conditions

in Klimko and Nelson (1978), one can see that the CLSE θ̂n enjoys the property of

consistency and asymptotic normality.

Since Page (1955), the change point problem has been widely appreciated as an

important issue in the time series analysis context, because ignorance of parameter

changes leads to a false conclusion. The CUSUM test has been popular due to the

ease at its usage among researchers: see Chen and Gupta (2011) for a general review

and Lee et al. (2003) for time series models. In this study, we consider to utilize

the CLSE-based CUSUM test in Lee and Na (2005) and Kang and Lee (2009) for

detecting the change of θ.

We set up the null and alternative hypothesis as follows:

H0 : θ0 = (α0, µε0) does not changes over X−s+1, . . . , Xn vs.

H1 : not H0.
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Put

W =

 E
(
X2
t−s(Xt − α0Xt−s − µε0)2

)
E (Xt−s(Xt − α0Xt−s − µε0)2)

E (Xt−s(Xt − α0Xt−s − µε0)2) E(Xt − α0Xt−s − µε0)2

 , (5.2.4)

V =

 EX2
t EXt

EXt 1

 . (5.2.5)

Define

T clsn := max
ν≤k≤n

T clsn,k = max
ν≤k≤n

k2

n

(
θ̂k − θ̂n

)>
V̂nŴ

−1
n V̂n

(
θ̂k − θ̂n

)
,

where ν is a positive integer,

V̂n =

 1
n

∑n
t=1 X

2
t−s

1
n

∑n
t=1 Xt−s

1
n

∑n
t=1 Xt−s 1

 , (5.2.6)

Ŵn =

 1
n

∑n
t=1 X

2
t−s(Xt − α̂Xt−s − µ̂ε)2 1

n

∑n
t=1 Xt−s(Xt − α̂Xt−s − µ̂ε)2

1
n

∑n
t=1 Xt−s(Xt − α̂Xt−s − µ̂ε)2 1

n

∑n
t=1 (Xt − α̂Xt−s − µ̂ε)2

 .

(5.2.7)

Following the arguments in Lee and Na (2005) and Kang and Lee (2009), we can

verify the following, the proof of which is omitted for brevity:

Theorem 5.2.1. Under H0, as n −→∞,

T clsn
w−→ sup

0≤u≤1
‖B◦2(u)‖2,

where B◦2(u) = (B◦1(u), B◦2(u))> is a 2-dimensional Brownian bridge.
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Tables 5.1 and 5.2 show that the performance of the CLSE-CUSUM statistics

with λ = µε0 + δ
√
µε0, α = α0 + δ at the nominal level of 0.05 when the innovations

follow a Poisson distribution with mean λ: the corresponding critical value is 2.408

(see Lee et al. 2003). Here, we use 1,000 repetitions. When n is small (n = 250, 500),

the sizes are somewhat over-estimated, which becomes more prominent when α is

higher (α = 0.75). However, as n increases, the size approaches the predetermined

Table 5.1: Empirical sizes and power of the CLSE-CUSUM statistic for INAR(1) process with shift in λ = µε0+δ
√
µε0

at the level of 0.05

δ
s µε0 α0 n -0.6 -0.45 -0.3 -0.15 0 0.15 0.3 0.45 0.6
4 5 0.25 250 0.97 0.78 0.43 0.16 0.07 0.15 0.38 0.68 0.89

500 1.00 0.99 0.72 0.23 0.06 0.21 0.65 0.95 1.00
1000 1.00 1.00 0.97 0.41 0.05 0.38 0.93 1.00 1.00
1500 1.00 1.00 1.00 0.56 0.05 0.54 0.99 1.00 1.00
2000 1.00 1.00 1.00 0.71 0.05 0.68 1.00 1.00 1.00

0.5 250 0.96 0.77 0.44 0.18 0.10 0.17 0.36 0.59 0.83
500 1.00 0.96 0.66 0.23 0.09 0.21 0.57 0.88 0.99
1000 1.00 1.00 0.93 0.35 0.06 0.33 0.87 1.00 1.00
1500 1.00 1.00 0.99 0.50 0.05 0.47 0.97 1.00 1.00
2000 1.00 1.00 1.00 0.64 0.05 0.58 0.99 1.00 1.00

0.75 250 0.97 0.81 0.52 0.26 0.11 0.24 0.38 0.57 0.77
500 1.00 0.97 0.68 0.28 0.11 0.24 0.53 0.82 0.96
1000 1.00 1.00 0.92 0.38 0.10 0.32 0.80 0.98 1.00
1500 1.00 1.00 0.98 0.50 0.07 0.41 0.94 1.00 1.00
2000 1.00 1.00 1.00 0.60 0.05 0.51 0.98 1.00 1.00

Table 5.2: Empirical sizes and power of the CLSE-CUSUM statistic for INAR(1) process with shift in α = α0 + δ
at the level of 0.05

δ
s µε0 α0 n -0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20
12 7 0.25 250 0.86 0.60 0.29 0.10 0.06 0.19 0.56 0.89 0.99

500 1.00 0.93 0.57 0.18 0.06 0.30 0.83 1.00 1.00
1000 1.00 1.00 0.93 0.34 0.05 0.51 0.99 1.00 1.00
1500 1.00 1.00 0.99 0.53 0.05 0.66 1.00 1.00 1.00
2000 1.00 1.00 1.00 0.68 0.05 0.81 1.00 1.00 1.00

0.5 250 0.86 0.64 0.35 0.13 0.07 0.25 0.69 0.97 1.00
500 1.00 0.95 0.64 0.19 0.07 0.39 0.94 1.00 1.00
1000 1.00 1.00 0.96 0.39 0.05 0.62 1.00 1.00 1.00
1500 1.00 1.00 1.00 0.59 0.05 0.80 1.00 1.00 1.00
2000 1.00 1.00 1.00 0.73 0.05 0.89 1.00 1.00 1.00

0.75 250 0.93 0.78 0.50 0.21 0.10 0.43 0.94 1.00 1.00
500 1.00 0.97 0.79 0.32 0.10 0.65 1.00 1.00 1.00
1000 1.00 1.00 0.99 0.57 0.08 0.90 1.00 1.00 1.00
1500 1.00 1.00 1.00 0.77 0.06 0.97 1.00 1.00 1.00
2000 1.00 1.00 1.00 0.91 0.05 1.00 1.00 1.00 1.00
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level. Moreover, the power tends to increase gradually when δ and n increase. Note

that when there is a shift in λ the performance in the case of δ < 0 is slightly better

in terms of power than in the other case. It can be also seen that for shift in α, the

performance in the case of δ > 0 is much better than in the other case. Overall, the

results confirm the validity of the CLSE-CUSUM statistic.

5.3 Monitoring mean shift using CLSE-CUSUM

scheme

In this section, we modify the CUSUM test in Theorem 5.2.1 that can detect a

parameter shift more efficiently in stationary INAR(1)s processes. Given predeter-

mined positive integer l > (s + 1), playing a role such as the length of virtual

in-control data, we put ν = l − s and define

Cn(ν) = max
1≤k≤n

l′n,k(ν) = max
1≤k≤n

(k + ν)2

n+ ν

(
θ̂′k − θ̂′n

)>
VW−1V

(
θ̂′k − θ̂′n

)
, (5.3.8)

where θ̂′k = (α̂′k, µ̂ε
′
k) with

α̂′k =
(ν + k)

∑k
t=−ν+1XtXt−s −

∑k
t=−ν+1Xt−s

∑k
t=−ν+1Xt

(ν + k)
∑k

t=−ν+1X
2
t−s − (

∑k
t=−ν+1 Xt−s)2

,

µ̂ε
′
k =

1

(ν + k)

(
k∑

t=−ν+1

Xt − α̂′k
k∑

t=−ν+1

Xt−s

)
;

Initial sums such as
∑0

t=−ν+1XtXt−s,
∑0

t=−ν+1Xt−s,
∑0

t=−ν+1Xt, and
∑0

t=−ν+1X
2
t−s

are replaced with νEXtXt−s, νEXt, νEXt, and νEX2
t , respectively; W and V are

calculated using the formula in Proposition 5.2.2. The same convergence result as
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in Theorem 5.2.1 also holds for Cn(ν), regardless of ν.

We evaluate the CUSUM statistic with the Poisson INAR(1) with mean λ0 in

(5.1.1). In this case, the marginal mean is µ0 = λ0/(1 − α0) and W and V are

obtained as:

V =

 µ0 + µ2
0 µ0

µ0 1

 , W =

 µ0(W1,1 +W1,2 +W1,3) µ0(W2,1 +W2,2 +W2,3)

µ0(W2,1 +W2,2 +W2,3) W3,1 +W3,2

 ,

where W1,1 = (1 + µ0)(λ2
0 + µ0 − 2λ0µ0 + µ2

0), W1,2 = α0(1 + 2(1 + λ0)µ0 − 2(1 −

λ0)µ2
0 − 2µ3

0), W1,3 = −α2
0(1 + 3µ0 − µ3

0), W2,1 = λ2
0 + µ0 − 2λ0µ0 + µ2

0, W2,2 =

α0(1+2λ0µ0−2µ2
0), W2,3 = −α2

0(1+µ0−µ2
0), W3,1 = λ2

0−2λ0µ0 +µ0 +2α0λ0µ0 +µ2
0,

W3,2 = α2
0µ0(1 + µ0)− 2α0µ0(α0 + µ0).

Note that in the case of INAR(1) process with Poisson innovations, the elements of

W can be obtained from Proposition 1 in Weiß (2012).

Tables 5.3 and 5.4 show the ARL profiles, compared with the conventional two-

Table 5.3: ARLs of the CLSE-CUSUM test statistic and conventional two-sided CUSUM chart for INAR(1) process
with shift in λ = λ0 + δ

√
λ0

δ
µ0 α0 ν c -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
2.5 0.25 CUSUM

(3,19,2,15): 155.7 229.4 338.8 459.5 510.7 440.8 322.1 224.8 158.3
100 1.374 298.6 448.6 510.5 559.1 510.8 398.6 309.5 213.6 147.1
250 1.151 149.3 227.9 355.0 505.0 510.7 387.5 263.8 177.7 127.6
500 0.955 147.6 203.6 301.1 466.4 510.6 396.2 261.7 183.2 136.5
750 0.828 153.9 207.0 297.3 453.5 510.8 398.3 270.3 192.1 145.0

2.5 0.5 CUSUM
(3,29,2,22): 144.4 210.8 307.8 429.2 492.4 438.6 325.3 231.5 165.0

100 1.380 390.4 509.8 573.4 530.2 492.1 403.0 305.1 217.6 159.5
250 1.140 166.9 254.0 381.4 486.8 493.4 385.7 266.1 184.6 134.1
500 0.942 158.5 221.9 324.2 452.1 492.6 388.8 268.0 189.6 144.6
750 0.809 162.2 222.1 313.5 436.4 492.9 386.1 273.4 197.1 153.5

2.5 0.75 CUSUM
(4,22,2,40): 143.8 202.2 296.1 413.5 497.6 477.4 386.1 292.1 216.5

100 1.401 580.4 656.9 624.0 590.2 497.5 381.4 275.5 203.5 149.8
250 1.146 197.5 303.8 440.0 528.4 497.6 384.7 264.6 189.5 139.5
500 0.937 171.5 238.5 352.0 480.9 497.6 382.3 268.2 195.5 150.1
750 0.808 173.4 235.3 334.9 467.8 497.6 389.9 277.0 204.5 159.2
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sided CUSUM chart (CUSUM(k+,h+,k−,h−) with c+
0 = c−0 = 0) when the param-

eters change to λ = λ0 + δ
√
λ0 and α = α0 + δ. Here, we use 30,000 repetitions.

The tables show that the CLSE-CUSUM control procedure outperforms the two-

sided CUSUM chart regardless of ν when there is an up-shift in λ. Overall, the

ARL performance appears to be the best at ν = 250 when there is an up-shift in λ.

However, the performance of the proposed procedure performs poorly when there is

a down-shift in λ or α which becomes clearer as ν gets smaller. When there is an

up-shift in α, the performance of the two charts does not differ significantly expect

ν = 100. For ν = 100, there are cases such that the out-of-control ARL is larger

than the in-control ARL when there is a down-shift in λ or α, although this phe-

nomenon is mitigated as ν increases. Such a case often occurs when the difference

between the in-control ARLs of the two one-sided charts is large, especially when

the in-control ARL of the upper one-sided chart is smaller than the lower one-sided

chart: see, for example, Yontay et al. (2013). We can easily guess that for the given

Table 5.4: ARLs of the CLSE-CUSUM test statistic and conventional two-sided CUSUM chart for INAR(1) process
with shift in α = α0 + δ

δ
µ0 α0 ν c -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
2.5 0.25 CUSUM

(3,19,2,15): 108.3 171.6 292.9 489.0 512.3 263.5 119.9 63.5 38.9
100 1.374 87.9 145.5 333.9 525.4 510.8 299.3 129.3 61.9 36.8
250 1.151 84.1 111.3 179.0 375.3 510.7 253.9 111.1 62.3 40.5
500 0.955 94.7 120.6 174.7 320.6 510.6 253.8 119.3 69.7 45.9
750 0.828 102.8 129.2 181.7 313.8 510.8 260.4 126.5 75.1 49.7

2.5 0.5 CUSUM
(3,29,2,22): 78.7 117.2 200.2 386.2 491.9 230.0 94.9 48.9 30.0

100 1.380 90.1 138.4 280.5 519.3 492.1 269.4 110.0 50.6 27.8
250 1.140 84.8 109.9 167.6 355.1 493.4 222.5 93.4 50.0 30.0
500 0.942 95.2 119.4 167.6 304.5 492.6 224.2 99.9 55.3 33.4
750 0.809 102.6 127.2 174.1 297.2 492.9 229.7 105.7 58.8 35.5

2.5 0.75 CUSUM
(4,22,2,40): 65.5 86.5 134.3 279.7 500.6 185.5 57.0 25.3 15.3

100 1.401 91.5 125.2 216.4 464.5 497.5 223.6 64.6 25.6 14.3
250 1.146 83.4 103.4 149.0 291.2 497.6 163.8 56.6 25.9 15.0
500 0.937 91.8 111.0 151.4 258.6 497.6 162.6 59.9 27.6 16.0
750 0.808 98.6 118.5 159.0 261.5 497.6 167.9 62.7 28.8 16.5
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control limit c, the out-of-control state signals including false alarms are mainly

caused by the up-shifts of parameter. Hence, if one uses the one control limit for

the two-sided monitoring, it may lead to a biased ARL performance. This problem

could be avoided by using proper lower and upper one-sided control limits.

Based on these findings, we design the one-sided CLSE-CUSUM statistic-based

control procedure as follows: given observations X−s+1, X−s+2, . . . , Xn from the sta-

tionary INAR(1)s process with α0 ∈ [0, 1), EXt = µ0 > 0 and EX4
t < ∞, let

cp(ν, n) = argmax
1≤k≤n

l′n,k(ν), where l′n,k(·) are in (5.3.8) and X̄cp(ν,n) =
∑n

k=cp(ν,n) Xk

for ν ≥ 2. Note that cp(ν, n) is an estimated location of change point when it exists.

The upper one-sided CLSE-CUSUM control statistic is then:

Cu
n(νu) =Cn(νu)I(X̄cp(νu,n) > µ0), n ∈ N, (5.3.9)

while the lower one-sided CLSE-CUSUM control statistic is:

C l
n(νl) =Cn(νl)I(X̄cp(νl,n) < µ0), n ∈ N,

where Cn(·) is the one in (5.3.8), I(·) is an indicator function, and νu ≥ 2 and

νl ≥ 2 are predetermined positive integers. Given control limits cu > 0 and cl > 0,

we determine that the process is out-of-control when Cu
n(νu) ≥ cu or C l

n(νl) ≥ cl is

signaled, that is, the signal of out-of-control state is triggered by a mean increase

(the former case) or a mean decrease (the latter case). ). The fundamental difference

between the proposed and conventional methods lies in that ours uses additional

information in estimation when determining the status of the process of interest.
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5.4 Performance comparison

We focus on the upper one-sided control chart for detecting a mean increase, since

this case receives more attention in practice. To compare with the upper one-sided

CUSUM chart (CUSUM(k, h) with c0 = 0), we adopt the reference value and cor-

responding control limit in Weiss and Testik (2009). Let {Xt}t∈Z be a stationary

INAR(1) process with α0 ∈ [0, 1) and Poisson innovations with meanλ0. In this

case, the marginal mean is obtained asµ0 = λ0/(1 − α0). Numerical experiments

show that the performance of our procedure and the CUSUM chart is not much

affected by the values of µ and λ for fixed α, so we only take account of the case

that µ0 = λ0/(1 − α0) = 2.5 and α0 ∈ {0.25, 0.5, 0.75}. These values are assumed

to change to µ = λ/(1 − α) with λ = λ0 + δ
√
λ0 and α = α0 + δ. Figure 5.1

shows the performance, in terms of ARL, of the CUSUM chart and our procedure

with several ν. The specific values in the figures can be found in Tables 5.5 and

5.6. The ARLs, SDs and medians are obtained using 30, 000 repetitions and the

same random seed is used for fairness. It is clear that the upper one-sided CLSE-

CUSUM procedure with ν = 100 outperforms the CUSUM chart in term of ARL,

when there are small to moderate shifts in λ. For ν ≈ 0.5ARL, the proposed proce-

dure has a better ARL performance when there are small shifts (about δ ≤ 0.3) in

λ. But for some moderate shifts (δ = 0.35, 0.4) in λ, the CLSE-CUSUM chart with

ν ≈ 0.5ARL shows a slightly lower performance. This phenomenon is more apparent

when ν ≈ ARL,1.5ARL. Moreover, for given δ, the ARL also decreases as the ν de-

creases. The value of α does not have a significant impact on the ARL performance in

monitoring up-shift in λ. When there is an up-shift in α = 0.25, the CLSE-CUSUM

procedure with ν = 100 shows a better ARL performance. However, for other α and

ν, the CLSE-CUSUM procedure shows a similar or slightly lower performance than
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Figure 5.1: ARLs of upper one-sided CLSE-CUSUM and conventional CUSUM chart

the CUSUM chart, which becomes more significant as α gets higher. This may be

due to the poor performance of the CLSE when high autocorrelations exist. Tables

5.7 and 5.8 show the results comparing the performance in terms of SD. For given
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δ, the SD tends to decreases as the ν increases. For ν = 100, the in-control SD and

out-of-control SD performance appear to be worse than that of the CUSUM chart

although the difference gets smaller as δ increases.

For ν ≈ 0.5ARL, the in-control SD of the CLSE-CUSUM shows a worse per-

formance. However, the out-of-control SD shows a better performance, except for

δ = 0.05, when there is a shift in λ. For ν ≈ ARL, 1.5ARL, the out-of-control SD

Table 5.5: ARLs of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1) process
with shift in λ = λ0 + δ

√
λ0

δ
µ0 α0 ν cu 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
2.5 0.25 CUSUM(3,16): 501.4 325.6 218.6 153.1 113.2 85.7 66.8 54.1 45.0

100 1.110 501.4 255.6 174.8 122.0 90.4 68.8 56.6 46.9 40.8
250 0.917 501.4 273.5 181.6 128.5 97.1 77.4 64.6 54.6 48.3
500 0.719 501.4 278.7 190.2 137.5 106.1 86.3 73.1 62.3 55.1
750 0.583 501.4 278.3 190.8 140.4 110.1 90.5 77.0 65.8 58.4

2.5 0.5 CUSUM(3,25): 605.5 385.1 256.0 176.3 130.4 99.2 78.5 63.5 53.2
100 1.169 605.5 312.6 198.8 145.6 104.6 80.7 64.8 55.7 46.5
300 0.931 605.5 328.6 210.6 148.7 114.1 91.6 75.6 63.2 56.7
600 0.724 605.5 331.3 219.2 158.8 125.1 101.7 85.2 73.9 64.6
900 0.590 604.5 332.5 223.5 164.5 131.0 107.1 90.3 78.6 68.9

2.5 0.75 CUSUM(3,39): 505.6 321.0 221.0 158.6 120.1 94.2 75.8 64.2 54.9
100 1.149 505.6 269.4 184.6 131.5 101.0 79.9 65.9 55.7 47.7
250 0.924 505.6 277.8 190.2 137.4 107.3 87.3 73.0 62.9 54.5
500 0.720 505.6 289.0 199.8 147.2 116.5 96.4 81.8 70.5 61.6
750 0.583 505.6 290.7 201.8 150.9 120.0 100.2 85.7 74.0 64.8

Table 5.6: ARLs of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1) process
with shift in α = α0 + δ

δ
µ0 α0 ν cu 0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2
2.5 0.25 CUSUM(3,16): 501.4 299.5 190.6 128.4 90.0 66.2 50.6 39.6 32.3

100 1.110 501.4 275.3 175.2 120.8 85.6 62.6 47.5 37.6 31.1
250 0.917 501.4 282.6 180.9 121.7 88.8 67.2 52.7 42.4 35.4
500 0.719 501.4 287.9 188.0 128.4 95.5 74.0 58.5 47.5 39.5
750 0.583 501.4 285.8 189.9 132.1 99.0 77.1 61.2 49.8 41.6

2.5 0.5 CUSUM(3,25): 605.5 320.0 186.4 117.0 79.1 56.5 42.3 33.0 26.5
100 1.169 605.5 313.1 181.1 118.9 80.1 57.0 41.1 32.1 25.4
300 0.931 605.5 314.6 183.0 119.0 82.7 60.9 46.3 36.3 29.1
600 0.724 605.5 316.5 189.4 126.6 89.5 66.7 51.0 40.1 32.1
900 0.590 604.5 316.9 192.9 130.7 93.3 69.8 53.6 42.1 33.7

2.5 0.75 CUSUM(3,39): 505.6 221.5 115.0 68.6 45.0 32.1 24.4 19.6 16.4
100 1.149 505.6 233.8 134.4 78.6 48.9 32.8 23.0 17.1 13.5
250 0.924 505.6 227.8 125.5 75.2 48.1 33.3 24.0 18.0 14.3
500 0.720 505.6 233.4 129.4 78.7 51.1 35.3 25.4 19.0 15.1
750 0.583 505.6 233.1 131.2 80.9 52.5 36.3 26.2 19.5 15.4
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in our procedure shows a better performance while the in-control SD looks rea-

sonable for all the cases with a shift in λ. For the shift in α, a similar conclusion

can be reached except for α = 0.75. For α = 0.75, even the out-of-control SD per-

formance is no better than that of the CUSUM chart. Tables 5.9 and 5.10 show

that when the median is used, a similar conclusion to the ARL case can be made.

The median performance in our procedure tends to be smaller as the ν decreases.

Table 5.7: SDs of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1) process
with shift in λ = λ0 + δ

√
λ0

δ
µ0 α0 ν cu 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
2.5 0.25 CUSUM(3,16): 488.9 311.2 206.7 142.6 100.8 73.6 55.6 43.0 34.1

100 1.110 1508.2 443.2 262.1 160.5 99.6 63.1 46.7 35.7 28.6
250 0.917 981.8 328.9 182.5 111.2 71.9 51.3 40.0 31.9 26.5
500 0.719 617.3 252.8 154.6 95.5 64.9 48.8 38.5 31.8 26.7
750 0.583 560.4 228.4 138.3 88.7 62.1 47.6 38.2 31.6 27.0

2.5 0.5 CUSUM(3,25): 595.0 364.8 238.7 159.4 112.0 82.0 61.8 47.6 37.9
100 1.169 1987.5 770.7 304.8 210.5 116.7 81.5 57.2 45.5 33.7
300 0.931 1036.3 414.5 207.3 124.5 83.6 60.8 47.0 37.8 32.4
600 0.724 770.9 306.6 167.1 107.9 76.5 57.6 45.3 38.2 32.0
900 0.590 691.2 277.3 156.2 102.3 74.1 56.6 45.3 38.1 31.6

2.5 0.75 CUSUM(3,39): 482.5 302.0 198.2 136.8 98.1 74.0 56.9 45.5 37.1
100 1.149 1638.8 585.8 279.1 168.1 111.2 73.9 56.5 43.9 35.3
250 0.924 1240.1 323.9 187.9 117.8 85.8 60.9 47.9 39.6 33.2
500 0.720 602.0 264.8 162.0 106.0 77.9 58.0 47.4 40.2 34.1
750 0.583 565.4 242.3 150.2 100.3 74.2 57.6 47.5 40.5 34.8

Table 5.8: SDs of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1) process
with shift in α = α0 + δ

δ
µ0 α0 ν cu 0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2
2.5 0.25 CUSUM(3,16): 488.9 287.7 177.9 117.6 79.6 56.1 41.1 30.8 23.9

100 1.110 1508.2 580.9 277.6 166.0 102.3 59.6 41.7 30.3 23.9
250 0.917 981.8 348.5 181.6 104.9 70.2 47.4 36.4 27.6 23.0
500 0.719 617.3 267.1 149.9 92.4 64.3 46.0 35.5 28.2 23.3
750 0.583 560.4 239.0 138.6 88.1 62.8 45.2 35.4 28.3 23.7

2.5 0.5 CUSUM(3,25): 595.0 302.9 169.6 101.7 64.4 43.4 30.6 22.2 16.7
100 1.169 1987.5 602.6 310.7 187.5 88.5 53.1 34.5 24.3 18.6
300 0.931 1036.3 374.3 173.9 97.1 60.9 41.4 30.4 23.1 18.3
600 0.724 770.9 294.0 146.7 88.5 58.1 40.9 31.0 23.8 19.1
900 0.590 691.2 263.5 137.6 85.0 57.3 41.1 31.4 24.3 19.5

2.5 0.75 CUSUM(3,39): 482.5 200.7 96.1 51.8 30.3 19.0 12.5 8.6 6.2
100 1.149 1638.8 411.4 241.3 82.9 44.5 25.0 15.3 9.8 6.8
250 0.924 1240.1 254.3 115.9 58.4 34.1 22.0 14.7 9.7 6.9
500 0.720 602.0 206.8 99.6 55.0 33.9 22.2 15.1 9.9 7.0
750 0.583 565.4 189.6 95.1 54.2 33.9 22.4 15.2 10.1 7.1
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From these findings, we conclude that our method can be comparable with the con-

ventional CUSUM chart if one is interested in an effective detection of the small

mean increase with maintained autocorrelation, which actually attracts more atten-

tion from the researchers: see, for instance, Yontay et al. (2013) and Kim and Lee

(2017). In practice, the choice of ν could be an important issue. An optimal ν in

term of ARL, SD and median might be obtained based on Monte Carlo simulations.

Table 5.9: Medians of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1) process
with shift in λ = λ0 + δ

√
λ0

δ
µ0 α0 ν cu 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
2.5 0.25 CUSUM(3,16): 349.0 230.0 156.0 111.0 82.0 64.0 51.0 42.0 35.0

100 1.110 189.0 136.0 101.0 76.0 62.0 51.0 44.0 38.0 34.0
250 0.917 268.0 178.0 128.0 97.0 79.0 65.0 56.0 48.0 44.0
500 0.719 315.0 204.0 147.0 113.0 92.0 76.0 67.0 58.0 51.0
750 0.583 329.0 213.0 155.0 120.0 97.0 82.0 71.0 62.0 55.0

2.5 0.5 CUSUM(3,25): 425.0 272.0 180.0 130.0 96.0 75.0 61.0 50.0 43.0
100 1.169 209.0 149.0 113.0 87.0 71.0 58.0 50.0 44.0 38.0
300 0.931 321.0 209.0 152.0 114.0 93.0 78.0 66.0 58.0 52.0
600 0.724 375.0 240.0 174.0 132.0 108.0 91.0 78.0 69.0 61.0
900 0.590 392.0 252.0 184.0 141.0 116.0 98.0 84.0 74.0 66.0

2.5 0.75 CUSUM(3,39): 360.0 229.0 160.0 117.0 91.0 73.0 60.0 52.0 45.0
100 1.149 207.0 143.0 108.0 86.0 71.0 59.0 51.0 46.0 40.0
250 0.924 276.0 180.0 134.0 105.0 86.0 73.0 63.0 56.0 49.0
500 0.720 320.0 208.0 154.0 123.0 100.0 86.0 75.0 65.0 58.0
750 0.583 334.0 219.0 163.0 129.0 106.0 91.0 80.0 69.0 62.0

Table 5.10: Medians of the upper one-sided CLSE-CUSUM chart and conventional CUSUM chart for INAR(1)
process with shift in α = α0 + δ

δ
µ0 α0 ν cu 0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2
2.5 0.25 CUSUM(3,16): 488.9 287.7 177.9 117.6 79.6 56.1 41.1 30.8 23.9

100 1.110 1508.2 580.9 277.6 166.0 102.3 59.6 41.7 30.3 23.9
250 0.917 981.8 348.5 181.6 104.9 70.2 47.4 36.4 27.6 23.0
500 0.719 617.3 267.1 149.9 92.4 64.3 46.0 35.5 28.2 23.3
750 0.583 560.4 239.0 138.6 88.1 62.8 45.2 35.4 28.3 23.7

2.5 0.5 CUSUM(3,25): 595.0 302.9 169.6 101.7 64.4 43.4 30.6 22.2 16.7
100 1.169 1987.5 602.6 310.7 187.5 88.5 53.1 34.5 24.3 18.6
300 0.931 1036.3 374.3 173.9 97.1 60.9 41.4 30.4 23.1 18.3
600 0.724 770.9 294.0 146.7 88.5 58.1 40.9 31.0 23.8 19.1
900 0.590 691.2 263.5 137.6 85.0 57.3 41.1 31.4 24.3 19.5

2.5 0.75 CUSUM(3,39): 482.5 200.7 96.1 51.8 30.3 19.0 12.5 8.6 6.2
100 1.149 1638.8 411.4 241.3 82.9 44.5 25.0 15.3 9.8 6.8
250 0.924 1240.1 254.3 115.9 58.4 34.1 22.0 14.7 9.7 6.9
500 0.720 602.0 206.8 99.6 55.0 33.9 22.2 15.1 9.9 7.0
750 0.583 565.4 189.6 95.1 54.2 33.9 22.4 15.2 10.1 7.1
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Figure 5.2: The sample path of disorderly conduct data

However, this approach is not always feasible in practice. We recommend to choose

ν ≈ 0.5ARL,ARL or the values between these two. Notice that if ν is smaller than

0.5ARL, the performance is poor in terms of the in-control SD. On the other hand,

if the ν is much larger than ARL, the overall performance would not be satisfac-

tory in terms of ARL. The performance does not vary much according to the type

of innovations, e.g. the Katz innovation (Kim and Lee, 2017) and other parameter

settings. The result is not reported here for brevity.

5.5 A real data example

In order to showcase an application of CLSE-CUSUM charts to monitoring INAR(1)s

processes, we consider the monthly number of disorderly conduct reported in the

44th police car beat in Pittsburgh from 1990 to 2001 in Kim and Lee (2017). We

use the data from 1990 to 1996 as an in-control sample. The CLSE-CUSUM control

chart is then applied to the data from 1997 to detect whether the mean increase

occurs or not.

The sample path plot is given in Figure 5.2, wherein the dashed line denotes

December 1996, and the ACF and PACF plots are presented in Figure 5.3. For in-
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Figure 5.3: The ACF and PACF plot of disorderly conduct data (from 1990 to 1996)

control data, the sample mean, variance, and autocorrelation are given as 3.9643,

5.3602 and 0.2261, respectively. From the sample path plot, one cannot easily check

whether the mean increases or not after the dashed line. Kim and Lee (2017) demon-

strate that for the data from 1990 to 1996, the first order INAR(1) process with the

Katz family innovation (INARKF(1)) is adequate. Based on the results from Kim

and Lee (2017), assuming that in-control data follows an INARKF(1) process with

θ1 = 2.2080, θ2 = 0.2537 and α = 0.2511. Kim and Lee (2017) apply the upper one-

sided CUSUM chart defined as in (2.2.4) and (2.2.5) with k = 4, h = 34 wherein the

in-control ARL is computed as 205.4 and the out-of-control signal occurs in August

2000. We apply the proposed upper one-sided CLSE-CUSUM procedure in (5.3.9) to

this data. Note that our procedure has the advantage of not requiring a specific dis-

tributional assumptions on the innovation process. To obtain the control limit that

renders the in-control ARL near 205.4, we use ν = 100 following the recommendation

in Section 5.4 and replace V and W by their estimates from the in-control sample

given as in (5.2.6) and (5.2.7). From numerical experiments with 30,000 repetitions,
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Figure 5.4: The upper one-sided CLSE-CUSUM chart of disorderly conduct data

the control limit cu is calculated as 2.035. The plot of CLSE-CUSUM statistic is

presented in Figure 5.4, wherein the dashed line denotes cu = 2.035, and the C1,t

and C2,t stand for the CLSE-CUSUM statistics with ν = 100 of the disorderly con-

duct data from 1990 to 1996 and from 1997 to 2001, respectively. It can be observed

that the data obtained from 1990 to 1996 is in-control because the maximum value

of the statistic C1,t is less than 2.035. In the meantime, the plot of C2,t shows that

the control statistic has an increasing trend and an out-of-control signal occurs at

t = 19 (July 1998). The estimated change point appears to be t = 8 (August 1997),
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indicating an earlier detection in comparison of the CUSUM chart. It can be also

seen that the sample mean of the data from August 1997 to July 1998 appears to

be 4.833, which is greater than that of the in-control data.

5.6 Proof of Proposition 5.2.1

Assume that X0 = 0. For t ∈ N, we can obtain the following by using the mathe-

matical induction. Notice that EXts ≤ Ck
∑t−1

i=0 α
ik, where

C1 = µε,1,

C2 =

(
α +

2αµε,1
1− α

)
C1 + µε,2,

C3 = 3α2 (1− α + µε)
C2

1− α2
+ α

(
1− 2α + 3µε +

3µε,2
1− α

)
C1 + µε,3,

C4 = α3 (6(1− α) + 4µε,3)
C3

1− α3

+ α2 ((1− α)(7− 11α) + 12(1− α)µε,3 + 6µε,2)
C2

1− α2

+ α

(
1− 6α + α2 + 4

(
1− 2α +

1

1− α

)
µε,3 + 6µε,2

)
C1 + µε,4.

Since α ∈ [0, 1), we have EXk
ts ≤ C := max{ Ck

1−αk : k = 1, 2, 3, 4}. Proposition

1 from Bourguignon et al. (2016) indicates that Xt converges in distribution to a

unique stationary marginal distribution X. Thus, owing to the Portmanteau lemma

(cf. Theorem 29.1 of Billingsley (1979)), we get EXk ≤ lim
t→∞

EXk
ts ≤ C, k = 1, 2, 3, 4.

�
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5.7 Concluding remarks

In this paper, we proposed a new control procedure based on the CLSE-CUSUM

statistic. Our method outperforms the conventional CUSUM chart when there are

small to moderate mean increases. Moreover, it merits to give additional information

on the location of a shift and to set in-control ARLs at one’s disposal. The proposed

procedure can be applied to other distributions and probabilistic structures without

serious difficulties.
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Chapter 6

On Residual CUSUM Statistic for

PINAR(1) Model in Statistical

Design and Diagnostic of Control

Chart

6.1 Introduction

During the past three decades, count time series models have been extensively stud-

ied in various fields such as production, medicine, communication, insurance and

bioscience. Since Al-Osh and Alzaid (1987), the first-order integer-valued autoregres-

sive (INAR(1)) model has been popular among researchers. For example, Jin-Guan

and Yuan (1991) proposed an extension to higher order and studied related sta-

tistical properties. Franke and Seligmann (1993) studied the conditional maximum

likelihood (CML) estimator and Park and Oh (1997) studied asymptotic properties
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of parameter estimators. The random coefficient INAR(1) (RCINAR(1)) model was

studied by Zheng et al. (2007). Further, Bourguignon et al. (2015) considered the

INAR(1) model with power series innovations and Bourguignon and Vasconcellos

(2015) considered an improved estimator of the squared difference (SD) estimator

originally proposed by Weiß (2012).

The change point problem has been extensively studied in time series analysis

since parameter change in underlying time series models is frequently observed in

practice, e.g. owing to the change of governmental policy, health care quality, and

machine performance in manufacturing process. It is well known that inferences

ignoring a parameter change can lead to incorrect conclusions. For retrospective

change point analysis, see Csörgö and Horváth (1997), Lee et al. (2003), Hušková

et al. (2007), Franke et al. (2012), Pap and Szabó (2013), Kang and Lee (2014), Lee

et al. (2016) and Huh et al. (2017).

Many authors also have considered statistical process control (SPC) for moni-

toring abnormal changes in count time series. The existence of autocorrelation in

process is common due to technological advances such as production automation.

The SPC for autocorrelated data has received considerable attention in recent years.

For instance, Weiß (2007) considered several control charts to monitor the Poisson

INAR(1) (PINAR(1)) model and Weiss and Testik (2009) applied the cumulative

sum (CUSUM) chart to PINAR(1) model. Recently, Kim and Lee (2017) considered

the INAR(1) model with Katz family innovations for modeling the process featuring

under-, equi- and over-dispersion and investigated the performance of the CUSUM

chart.

In this study, we consider the residual-based CUSUM test statistic using SD

estimator in PINAR(1) models and its application to the diagnostic of control chart
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design. Also, we propose an upper one-sided CUSUM-type chart for an effective

detection and accurate change point estimation, which is very important in practice

because it can reduce the time and cost required to diagnose an abnormal signal.

This paper is organized as follows. Section 6.2 reviews the PINAR(1) model and

its statistical properties such as transition probabilities, stationarity, conditional

moments and estimation. Section 6.3 considers some asymptotic properties of the

residual-based CUSUM test statistic with SD estimator and considers an application

to the retrospective phase (Phase I) analysis of CUSUM charts including a real data

example. Section 6.4 investigates an upper one-sided CUSUM procedure, carries out

performance comparison using numerical experiments in a monitoring phase (Phase

II), and presents a real data example. Concluding remarks are presented in Section

6.6. The proofs of the theorems are provided in Section 6.5.

6.2 PINAR(1) process

Steutel and van Harn (1979) designated the binomial thinning operator ◦ using

independent and identically distributed (i.i.d.) Bernoulli random variables as follows:

α ◦X =
X∑
i=1

Bi(α), (6.2.1)

where X is a non-negative integer-valued random variable, Bi(α)’s, i = 1, . . . , X,

are i.i.d. random variables with P (Bi(α) = 1) = α ∈ [0, 1], independent of X. Based

on this operator, Al-Osh and Alzaid (1987) introduced the PINAR(1) model with
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parameter vector θ> = (α, λ) ∈ [0, 1]× (0,∞) as follows:

Xt = α ◦Xt−1 + εt, t ∈ Z, (6.2.2)

where εt’s are i.i.d. Poisson random variables with mean parameter λ > 0, indepen-

dent of Xs, s ≤ t−1. It is well known that when α ∈ [0, 1), {Xt}t∈Z forms an ergodic

Markov chain, see Jin-Guan and Yuan (1991), and is strictly stationary, satisfying

Equation (6.2.2). The stationary PINAR(1) process with θ> = (α, λ) ∈ [0, 1)×(0,∞)

has a marginal density following a Poisson distribution with mean µ = λ
1−α , and

transition probabilities are given as

P (Xt = j|Xt−1 = i) =

min(i,j)∑
k=0

P (α ◦Xt−1 = k|Xt−1 = i)P (εt = j − k)

= e−λ
min(i,j)∑
k=0

(
i

k

)
αk(1− α)i−k

λj−k

(j − k)!
, i, j ∈ N0.

Also, the h-step conditional mean and variance are calculated as

E (Xt+h|Xt) = αh(Xt − µ) + µ,

Var (Xt+h|Xt) = αh(1− αh)Xt + (1− αh)µ, h ∈ N,

where µ = λ
1−α , see Kim and Lee (2017). For additional properties including higher

moments, we refer to Eduarda Da Silva and Oliveira (2004) and Bourguignon and

Vasconcellos (2015).

Let ut = Xt−αXt−1−λ, t ≥ 1, be the residual process. Then, using Proposition

1 of Weiß (2012) and Theorem 14.0.1 of Meyn and Tweedie (2012), we can see that

limt→∞Eut = 0 and limt→∞Var(ut) = λ(1 + α). Moreover, we obtain the following.
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Lemma 6.2.1. Suppose that {Xt}t≥0 is PINAR(1) with parameter vector θ> =

(α, λ) ∈ (0, 1)×(0,∞) and EX4
0 ∈ (0,∞). Then, there exists a stationary PINAR(1)

process {Yt}t≥0 with parameter vector θ> = (α, λ) ∈ (0, 1) × (0,∞), such that for

k = 1, 2, 3, 4, and 1 ≤ i < j,

(a) |EXk
t −EY k

0 | = O(αt),

(b) |Cov(Xi, Xj)− Cov(Yi, Yj)| = O(αj−i),

(c) |Cov(D2
X,i, D

2
X,j)− Cov(D2

Y,i, D
2
Y,j)| = O(αj−i),

where DX,i = Xi−Xi−1

2
and DY,i = Yi−Yi−1

2
.

Conventionally, PINAR(1) parameters are estimated with the Yule-Walker (YW),

conditional least squares (CLS), and CML estimators. The CML estimator has the

best performance in terms of bias and mean squared error (MSE), see Al-Osh and

Alzaid (1987). Weiß (2012) considered the SD estimator from X0, . . . , Xn, based on

an unbiased estimator of λ and the fact that µ = λ
1−α , as follows:

θ̂sd =

 α̂sd

λ̂sd

 =

 1− λ̂sd

X̄n∑n
t=1 (Xt−Xt−1)2

2n

 , (6.2.3)

where X̄n =
∑n
t=0Xt
n+1

. Bourguignon and Vasconcellos (2015) show that when {Xt}t≥0

is stationary,
√
n(θ̂sd − θ) is asymptotically normal with mean 0 and covariance

matrix

Σ =

 α(1−α2)
λ

+ (1− α)2 3+α
1+α

−λ(1− α)3+α
1+α

−λ(1− α)3+α
1+α

λ
(
1 + λ3+α

1+α

)
 .
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Weiß (2012) and Bourguignon and Vasconcellos (2015) demonstrated that the SD

estimator can be a good alternative to the CML estimator. In the next section,

we study the asymptotic properties of the residual-based CUSUM test with SD

estimates in Equation (6.2.3) and applications to statistical design and diagnostic

in SPC.

6.3 Change point test based on SD estimator

Let {Xt}t≥0 be a stationary PINAR(1) process with parameter vector θ> = (α, λ) ∈

(0, 1) × (0,∞). For a parameter change test, we set up the null and alternative

hypotheses as follows:

H0 : θ> = (α, λ) does not change over X0, . . . , Xn,

H1 : not H0.

As mentioned in Lee et al. (2004), in general, the residual-based test merits to make

a more stable test than the estimate-based test, see also Kang and Lee (2014). Thus,

in this section, we consider the residual-based CUSUM statistic:

1√
nσu

bnsc∑
t=1

ut −
bnsc
n

n∑
t=1

ut

 , s ∈ [0, 1],
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where σ2
u = λ(1+α). Since {ut = Xt−αXt−1−λ}t≥1 forms a sequence of stationary

martingale differences, it follows from Donsker’s invariance principle that

1√
nσu

bnsc∑
t=1

ut −
bnsc
n

n∑
t=1

ut

 w−→
n→∞

B◦1(s), (6.3.4)

where B◦1(·) denotes a Brownian bridge. Using estimator θ̂>n = (α̂n, λ̂n) of θ> =

(α, λ), based on X0, . . . , Xn with
√
n(θ̂n − θ) = Op(1), we consider ût = Xt −

α̂nXt−1 − λ̂n and σ̂2
u,n = V̂ar(ut) = 1

n

∑n
t=1 û

2
t . It can be easily checked that for

s ∈ [0, 1],

1√
n

bnsc∑
t=1

(ût − ut)−
bnsc
n

n∑
t=1

(ût − ut)

 = op(1)

and σ̂2
u,n

p−→
n→∞

σ2
u. Hence, we obtain the following.

Theorem 6.3.1. Let {Xt}t≥0 be a stationary PINAR(1) process with parameter

vector θ> = (α, λ) ∈ (0, 1)×(0,∞), consider an estimator θ̂n of θ such that
√
n(θ̂n−

θ) = Op(1). For s ∈ [0, 1], define

Tn(s) =
1√
nσ̂u,n

bnsc∑
t=1

ût −
bnsc
n

n∑
t=1

ût

 . (6.3.5)

Then, under H0,

Tn(s)
w−→

n→∞
B◦1(s).

From Theorem 6.3.1 and the continuous mapping theorem, we get the following
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result.

Corollary 6.3.1. Under the assumptions in Theorem 6.3.1 and H0, we have

sup
0≤s≤1

Tn(s)
w−→

n→∞
sup

0≤s≤1
B◦1(s),

inf
0≤s≤1

Tn(s)
w−→

n→∞
inf

0≤s≤1
B◦1(s),

sup
0≤s≤1

|Tn(s)| w−→
n→∞

sup
0≤s≤1

|B◦1(s)| .

In the remainder of this section, we investigate the asymptotic properties of the

change point estimator when a change exists:

(A1) Given ρ ∈ (0, 1), {Xt}0≤t≤bnρc and {Xt}(bnρc+1)≤t≤n follow PINAR(1) models

with parameter vectors θ̇> = (α̇, λ̇) ∈ (0, 1) × (0,∞) and θ̈> = (α̈, λ̈) ∈

(0, 1)× (0,∞), respectively, with EX4
0 ∈ (0,∞).

Suppose that {Ẏt}t≥0 and {Ÿt}t≥0 are stationary with parameter vectors θ̇ and θ̈,

respectively. As seen in Pap and Szabó (2013), it follows from the ergodic theorem

and Theorem 13.1.2 of Meyn and Tweedie (2012) that

1

n− bnρc

n∑
t=bnρc+1

f(Xt, Xt−1)
p−→

n→∞
Ef(Ÿ1, Ÿ0), ρ ∈ (0, 1), (6.3.6)

where f : N0×N0 → R with E|f(Ÿ1, Ÿ0)| <∞. Using this, we can easily check the

following, the proof of which is omitted for brevity:

Lemma 6.3.1. Suppose that {Xt}t≥0 satisfies (A1) and let θ̂>n = (α̂n, λ̂n) be the SD

estimator in Equation (6.2.3). Then, for ρ ∈ (0, 1), we obtain

√
n(θ̂n − θ̃) = Op(1),
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where θ̃> = (α̃, λ̃), α̃ = µ̃−1(ρα̇µ̇+(1−ρ)α̈µ̈), λ̃ = ρλ̇+(1−ρ)λ̈ and µ̃ = ρµ̇+(1−ρ)µ̈

with µ̇ = λ̇
1−α̇ and µ̈ = λ̈

1−α̈ .

Lemma 6.3.2. Suppose that {Xt}t≥0 satisfies (A1) and let θ̂>n = (α̂n, λ̂n) be the SD

estimator in Equation (6.2.3). Then, we obtain

(a)
1

n

n∑
t=1

ŭt
p−→

n→∞
0,

(b)
1

n

n∑
t=1

ût
p−→

n→∞
0,

(c)
1

n

n∑
t=1

û2
t

p−→
n→∞

σ̃2
u,

where ŭt = Xt − ᾰtXt−1 − λ̆t, ᾰt = α̇I(t ≤ bnρc) + α̈I(t > bnρc), λ̆t = λ̇I(t ≤

bnρc) + λ̈I(t > bnρc) and σ̃2
u = ρλ̇(1 + α̇) + (1− ρ)λ̈(1 + α̈).

Using these lemmas, we can have the following, the proof of which is given in

Section 6.5.

Theorem 6.3.2. Suppose that {Xt}t≥0 satisfies (A1) and let Tn(s) be the one

in Equation (6.3.5) with SD estimators in Equation (6.2.3). Let γ = σ̃−1
u ρ(1 −

ρ)(µ̃−1µ̇(α̇− α̈)µ̈+ λ̇− λ̈), σ̃2
u = ρλ̇(1 + α̇) + (1− ρ)λ̈(1 + α̈) and µ̃ = ρµ̇+ (1− ρ)µ̈

with µ̇ = λ̇
1−α̇ and µ̈ = λ̈

1−α̈ . Then, we have

(a) If γ > 0,
1√
n

sup
0≤s≤1

Tn(s) = γ + op(1),

(b) If γ < 0,
1√
n

inf
0≤s≤1

Tn(s) = γ + op(1).

Based on the results from Corollary 6.3.1 and Theorem 6.3.2, we consider the

CUSUM test and the change point estimate based on Tn,k = Tn
(
k
n

)
, defined in
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Equation (6.3.5) that uses the SD estimator in Equation (6.2.3), as follows:

(a) max
1≤k≤n

Tn,k and argmax
1≤k≤n

Tn,k to test whether there is a downward parameter

change.

(b) max
1≤k≤n

−Tn,k and argmax
1≤k≤n

−Tn,k to test whether there is an upward parameter

change.

(c) max
1≤k≤n

|Tn,k| and argmax
1≤k≤n

|Tn,k| for a two-sided test.

Then, we obtain the following, the proof of which is deferred to Section 6.5.

Theorem 6.3.3. Suppose that {Xt}t≥0 satisfies (A1). Let

τ̂n =

 max1≤k≤n Tn,k if γ > 0

max1≤k≤n−Tn,k if γ < 0,

and ρ̂n = τ̂n
n

. Then, we have

(a) τ̂n − bnρc = Op(1),

(b) ρ̂n − ρ = Op(n
−1).

Tables 6.1 and 6.2 present the performance of the statistic max1≤k≤n |Tn,k| with

ρ = 1/2. The empirical sizes and powers are calculated at the nominal level of 0.5:

the corresponding critical value is 1.353, see Kang and Lee (2014). Figure 6.1 displays

the histograms of simulated 100,000 sample of ρ̂n − ρ when max1≤k≤n |Tn,k| ≥ 1.353

with (α̇, λ̇) = (0.6, 5), (α̈, λ̈) = (α̇ + δ/2, λ̇ + 2δ
√
λ̇), δ = 0.1 and ρ = 1/2. In each

experiment, the replication number is 10,000. The results show that the performance

gets better in power and MSE as n increases and is irrespective of δ eventually.
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Figure 6.1: Histogram of ρ̂n − ρ with (α̇, λ̇) = (0.6, 5), (α̈, λ̈) = (α̇+ δ/2, λ̇+ 2δ
√
λ̇), δ = 0.1 and ρ = 1/2

To illustrate a real example, we analyze the IP data studied by Weiß (2007)

and Weiss and Testik (2009). This data set consists of the numbers of different IP

addresses accessing to the server page of Department of Statistics at University of
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Würzburg within 2-min period. We use the outliers-corrected IP data collected from

10 a.m. to 6 p.m. on November 29, 2005, see Weiß (2007) for the outliers correction.

The sample path, autocorrelation function (ACF) and partial ACF (PACF) plots are

provided in Figure 6.2. Because the sample mean and variance are 1.29 and 1.21, the

data does not indicate over-dispersion. Weiss and Testik (2009) fitted a PINAR(1)

model with α = 0.29 and λ = 0.91 to this data, and used the conventional CUSUM

chart for detecting parameter changes. We here apply the two-sided residual-based

CUSUM test at the nominal level of 0.05, see Figure 6.3, which demonstrates the

validity of the method in Weiss and Testik (2009).

Table 6.1: Empirical sizes and power of max1≤k≤n |Tn,k| with ρ = 1/2 and shift in α̇ at the level of 0.05

δ

(α̇, λ̇) (α̈, λ̈) n -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25

(0.3,2.5) (α̇+ δ, λ̇) 100 0.46 0.33 0.21 0.11 0.06 0.04 0.06 0.13 0.26 0.46 0.70
250 0.87 0.71 0.47 0.25 0.10 0.05 0.10 0.28 0.61 0.89 0.98
500 0.99 0.95 0.79 0.45 0.15 0.05 0.16 0.54 0.91 1.00 1.00
750 1.00 0.99 0.93 0.63 0.20 0.05 0.22 0.72 0.98 1.00 1.00

(0.3,3.75) 100 0.63 0.47 0.29 0.15 0.07 0.04 0.07 0.18 0.37 0.64 0.87
250 0.97 0.87 0.65 0.36 0.12 0.05 0.13 0.41 0.79 0.97 1.00
500 1.00 1.00 0.92 0.64 0.20 0.05 0.23 0.73 0.98 1.00 1.00
750 1.00 1.00 0.99 0.82 0.29 0.05 0.32 0.89 1.00 1.00 1.00

(0.3,5) 100 0.76 0.58 0.38 0.19 0.08 0.05 0.09 0.23 0.49 0.77 0.94
250 0.99 0.95 0.77 0.45 0.15 0.05 0.16 0.53 0.90 0.99 1.00
500 1.00 1.00 0.98 0.76 0.26 0.05 0.29 0.84 1.00 1.00 1.00
750 1.00 1.00 1.00 0.91 0.37 0.05 0.41 0.96 1.00 1.00 1.00

(0.6,2.5) 100 0.77 0.60 0.39 0.21 0.08 0.04 0.09 0.29 0.68 0.95 1.00
250 0.99 0.96 0.81 0.49 0.17 0.04 0.19 0.68 0.98 1.00 1.00
500 1.00 1.00 0.99 0.80 0.30 0.05 0.37 0.95 1.00 1.00 1.00
750 1.00 1.00 1.00 0.94 0.42 0.05 0.51 0.99 1.00 1.00 1.00

(0.6,3.75) 100 0.92 0.79 0.56 0.30 0.11 0.04 0.12 0.43 0.86 0.99 1.00
250 1.00 1.00 0.95 0.67 0.22 0.04 0.27 0.86 1.00 1.00 1.00
500 1.00 1.00 1.00 0.94 0.43 0.04 0.50 0.99 1.00 1.00 1.00
750 1.00 1.00 1.00 0.99 0.60 0.05 0.69 1.00 1.00 1.00 1.00

(0.6,5) 100 0.98 0.89 0.69 0.39 0.13 0.04 0.15 0.57 0.94 1.00 1.00
250 1.00 1.00 0.98 0.80 0.29 0.04 0.35 0.94 1.00 1.00 1.00
500 1.00 1.00 1.00 0.98 0.54 0.04 0.64 1.00 1.00 1.00 1.00
750 1.00 1.00 1.00 1.00 0.72 0.05 0.82 1.00 1.00 1.00 1.00
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6.4 Anomaly detection and post-signal diagnostic

Since Page (1954) introduced the CUSUM control scheme, the CUSUM method has

been an important tool in SPC. The CUSUM chart is well known to outperform

the Shewhart-type chart in detecting small to moderate changes, see Montgomery

(2012) for a general review of standard control charts. In this section, we focus on the

upper one-sided process monitoring in PINAR(1) models to detect a mean increase.

This problem has been regarded important in the SPC context on count processes

because mean increase is mainly due to critical process deterioration in practice, see

Weiss and Testik (2009), Kim and Lee (2017) and Rakitzis et al. (2017). In what

follows, in-control (IC) parameter vector θ̇> = (α̇, λ̇) ∈ (0, 1)× (0,∞) is assumed to

be either known or estimable from IC sample.

Table 6.2: Empirical sizes and power of max1≤k≤n |Tn,k| with ρ = 1/2 and shift in λ̇ at the level of 0.05

δ

(α̇, λ̇) (α̈, λ̈) n -1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0

(0.3,2.5) (α̇, λ̇+ δ
√
λ̇) 100 1.00 0.95 0.72 0.35 0.12 0.04 0.10 0.28 0.53 0.78 0.92

250 1.00 1.00 0.99 0.74 0.24 0.05 0.20 0.63 0.93 0.99 1.00
500 1.00 1.00 1.00 0.97 0.44 0.05 0.39 0.92 1.00 1.00 1.00
750 1.00 1.00 1.00 1.00 0.60 0.05 0.54 0.99 1.00 1.00 1.00

(0.3,3.75) 100 1.00 0.94 0.69 0.34 0.11 0.04 0.10 0.29 0.54 0.78 0.93
250 1.00 1.00 0.98 0.73 0.23 0.04 0.21 0.63 0.93 1.00 1.00
500 1.00 1.00 1.00 0.96 0.43 0.05 0.38 0.92 1.00 1.00 1.00
750 1.00 1.00 1.00 1.00 0.59 0.05 0.56 0.99 1.00 1.00 1.00

(0.3,5) 100 0.99 0.92 0.69 0.34 0.12 0.05 0.11 0.29 0.55 0.80 0.93
250 1.00 1.00 0.98 0.73 0.22 0.05 0.21 0.64 0.94 1.00 1.00
500 1.00 1.00 1.00 0.96 0.42 0.05 0.39 0.93 1.00 1.00 1.00
750 1.00 1.00 1.00 1.00 0.59 0.05 0.54 0.99 1.00 1.00 1.00

(0.6,2.5) 100 0.99 0.90 0.62 0.29 0.10 0.04 0.08 0.22 0.44 0.69 0.86
250 1.00 1.00 0.97 0.67 0.19 0.05 0.17 0.53 0.86 0.98 1.00
500 1.00 1.00 1.00 0.93 0.36 0.05 0.31 0.85 0.99 1.00 1.00
750 1.00 1.00 1.00 0.99 0.52 0.05 0.46 0.96 1.00 1.00 1.00

(0.6,3.75) 100 0.99 0.88 0.61 0.29 0.10 0.04 0.09 0.22 0.46 0.71 0.87
250 1.00 1.00 0.95 0.65 0.19 0.05 0.17 0.53 0.88 0.98 1.00
500 1.00 1.00 1.00 0.92 0.36 0.05 0.31 0.86 0.99 1.00 1.00
750 1.00 1.00 1.00 0.99 0.50 0.05 0.46 0.96 1.00 1.00 1.00

(0.6,5) 100 0.98 0.87 0.60 0.28 0.10 0.04 0.09 0.23 0.48 0.71 0.88
250 1.00 1.00 0.95 0.63 0.19 0.04 0.18 0.55 0.88 0.99 1.00
500 1.00 1.00 1.00 0.92 0.36 0.04 0.32 0.86 1.00 1.00 1.00
750 1.00 1.00 1.00 0.98 0.50 0.05 0.46 0.97 1.00 1.00 1.00
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Figure 6.2: Sample path, ACF and PACF of IP data (29 November 2005)

The upper one-sided CUSUM control chart with design parameter (k, h, cc0) is

expressed as a plot of CUSUM statistics as follows:

Cc
0 = cc0,

Cc
t = max

(
0, Cc

t−1 +Xt − k
)
, t ∈ N,

where cc0 ≥ 0 is an initial value, usually set to 0, and k ≥ µ̇ is a reference value

which affects the sensitivity of charts and prevents the statistics from absorbing
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Figure 6.3: Two-sided residual-based CUSUM statistic with SD estimator of IP data (29 November 2005)

into out-of-control (OoC) region. For integer-valued count time series, k = bµ̇c + 1

or bµ̇c + 2 is recommended, see Weiss and Testik (2009), Yontay et al. (2013) and

Kim and Lee (2017). The h indicates a predetermined control limit and the process

is regarded OoC when Cc
t ≥ h occurs. Provided Cc

t ≥ h at time n, the conventional

change point estimate is defined as follows:

τ̂ cn = max{1 ≤ t ≤ n : Cc
t = 0}.

As a counterpart to the conventional CUSUM chart, we consider a modified

residual-based CUSUM statistic:

T νn,k =
1√
n+ ν

1

σ̇u

(
k∑

t=−ν+1

uνt −
k + ν

n+ ν

n∑
t=−ν+1

uνt

)
, k = 1, 2, . . . , n, (6.4.7)

where ν is a predetermined nonnegative integer value which plays a role as the
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number of virtual residuals, uνt = (Xt − α̇Xt − λ̇)I(t ≥ 1) with X0 = µ̇, and

σ̇2
u = λ̇(1 + α̇). Then we get the following result similarly to Theorem 6.3.2, the

proof of which is omitted for brevity.

Theorem 6.4.1. Suppose that given ρ ∈ (0, 1), {Xt}1≤t≤bnρc follows a stationary

PINAR(1) model with θ̇> = (α̇, λ̇) ∈ (0, 1) × (0,∞) and {Xt}(bnρc+1)≤t≤n follows a

stationary PINAR(1) model with θ̈> = (α̈, λ̈) ∈ (0, 1) × (0,∞). Let T νn,k be the one

in Equation (6.4.7), γ̇ = σ̇−1
u ρ(1− ρ)(µ̃−1µ̇(α̇− α̈)µ̈+ λ̇− λ̈) and µ̃ = ρµ̇+ (1− ρ)µ̈

with µ̇ = λ̇
1−α̇ and µ̈ = λ̈

1−α̈ . Then, we have

(a) If γ̇ > 0, then
1√
n

max
1≤k≤n

T νn,k = γ̇ + op(1),

(b) If γ̇ < 0, then
1√
n

min
1≤k≤n

T νn,k = γ̇ + op(1).

Using the above, as in Section 6.3 we consider the residual-based CUSUM statis-

tic with a virtual IC sample (RCUSUMV) with T νn,k in Equation (6.4.7) as follows:

(a) max
1≤k≤n

T νn,k for a lower one-sided monitoring.

(b) max
1≤k≤n

−T νn,k for an upper one-sided monitoring.

(c) max
1≤k≤n

|T νn,k| for a two-sided monitoring.

Then, we obtain the following similarly to Theorem 6.3.3.

Theorem 6.4.2. Let

τ̂ νn =

 max1≤k≤n T
ν
n,k if γ̇ > 0

max1≤k≤n−T νn,k if γ̇ < 0,
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and ρ̂νn = τ̂νn
n

. Then, under the assumptions in Theorem 6.4.1, we obtain

(a) τ̂ νn − bnρc = Op(1),

(b) ρ̂νn − ρ = Op(n
−1).

As mentioned earlier, we focus on the upper one-sided monitoring. The upper

one-sided RCUSUMV chart with design parameter (ν, cν) and its corresponding

change point estimate is defined as follows:

Cν
t = max

1≤k≤t
−T νt,k, t ∈ N,

τ̂ νn = argmax
1≤k≤n

−T 0
n,k if Cν

t ≥ cν occurs at time n,

where T νn,k is the one in Equation (6.4.7) and cν is a predetermined control limit.

Remark 5. One can consider a change point estimate such as argmax
1≤k≤n

−Tmn,k with

m = ν or m 6= 0 instead of m = 0. But our numerical experiments indicate, although

not provided here, that argmax
1≤k≤n

−T 0
n,k is recommendable in terms of bias and MSE.

Control charts are usually evaluated with average run length (ARL), defined

as the average number of points plotted within the IC region of chart till an OoC

signal is triggered. In-control ARL (ARL0) is the ARL until a false alarm occurs

when the process is still IC, while OoC ARL (ARL1) is the ARL until a correct

signal indicating an abnormal change occurs. Besides the ARL, one can also use the

standard deviation of run length (SDRL) as a performance measure. The SDRL is an

important measure because low SDRL indicates an efficient detection of abnormal

changes.

In general, the process is not always OoC at starting point, and thereby, the
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ARL1 does not represent typical OoC behavior. In practice, we do not know when

the process will go OoC, and thus, consider a more realistic performance measure

such as the expected conditional delay:

ARL(τ) = E(L− τ |L > τ), τ ∈ N0,

where L is the random variable denoting the number of points plotted on the chart

till an OoC signal is triggered and τ is unknown change point. In this study, we put

100 as a representative.

Since mean change is caused only by a change in λ when other features, e.g.

dispersion and autocorrelation, are fixed, we also focus on the change in λ, which

is common in existing literatures, see Yontay et al. (2013), Kim and Lee (2017)

and Rakitzis et al. (2017). To evaluate the upper one-sided RCUSUMV chart, we

carry out numerical experiments for (α̇, λ̇) = (0.25, 1.875), (0.25, 3.75), (0.25, 7.5),

(0.5, 1.25), (0.5,2.5), (0.5, 5), where (α̇, λ̇) is assumed to change to (α̇, λ̇ + δ
√
λ̇).

We design the CUSUM charts to get ARL0 ≈ 500, see Weiss and Testik (2009)

concerning the determination of design parameters in CUSUM charts.

Figure 6.4 shows that the SDRL when the process is IC decreases as ν increases.

For efficient statistical design and comparison, we choose ν to get the IC SDRL

(SDRL0) close to that of the CUSUM chart. For convenience, we restrict the range

of ν to {50n : n ∈ N}. Figure 6.4 shows that SDRL0 does not vary much according

as ν varies.

Table 6.3 displays the result when the process goes OoC at starting point. This

situation occurs, for example, when the process is restarted just after taking an

appropriate action. Table 6.3 reveals that the RCUSUMV chart has a better per-

formance in ARL for the detection of small shifts (about δ ≤ 0.25). Moreover, for
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Figure 6.4: Ratio of SDRL0 to ARL0 profiles

almost all cases, the RCUSUMV chart shows a better SDRL performance. Table

6.4 provides conditional ARL and SDRL when the true change point is 100. The

table also presents the performance of the change point estimates, evaluated with

bias and root mean squared error (RMSE). The RCUSUMV chart outperforms the

CUSUM chart in ARL when there are small to moderate shifts (about δ ≤ 0.4).

The RCUSUMV chart appears to perform better in SDRL than that of the CUSUM

chart for δ ≤ 0.6. Moreover, the RCUSUMV chart performance in bias and RMSE

is better in change point estimation than that of the CUSUM chart when there are

small to moderate shifts (about δ ≤ 0.4). Notice that the range of δ to yield more

efficient RCUSUMV chart is similar to that in change point estimation. For δ > 0.3,

the change point estimate of the RCUSUMV chart tends to be left-biased. In con-
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trast, that of the CUSUM chart tends to be right-biased up to δ = 0.6. When there

is a large shift (about δ ≥ 0.6), the CUSUM chart outperforms the RCUSUMV chart

in change point estimation. In the meanwhile, the RCUSUMV chart performance in

RMSE does not decline significantly while δ ≥ 0.6. Although not reported here, a

similar conclusion can be reached for other τ ’s.

Thus far, we have seen that the RCUSUMV chart performs adequately in de-

tecting small mean increase. The ν must be chosen numerically, which, however,

is not an easy task in practice. According to our experiments, the SDRL0 of the

RCUSUMV chart is similar to that of the CUSUM chart when the ν is selected in

between 2ARL0 and 2.3ARL0.

Table 6.3: Performance of RCUSUMV and CUSUM chart when the process go OoC at start-up with shift in λ̇

(α̇, λ̇) Design

RCUSUMV(ν,cν) δ
CUSUM(k,h) 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.6 0.8 1.0

(0.25,1.875) RCUSUMV ARL 501.4 278.8 179.4 129.5 100.3 81.7 66.6 59.3 52.1 46.5 42.3 35.3 26.9 21.8
(1000,0.5468) SDRL 492.5 234.0 130.8 82.6 58.0 43.4 33.8 27.1 22.6 19.3 16.7 13.0 8.9 6.6

CUSUM ARL 501.3 324.6 220.9 154.8 112.1 85.9 67.5 54.1 44.8 37.7 32.9 25.4 17.5 13.3
(3,16) SDRL 491.4 310.2 209.2 142.1 98.8 73.1 56.1 42.3 33.6 27.2 22.5 16.1 9.6 6.6

(0.25,3.75) RCUSUMV ARL 558.2 299.2 191.8 136.6 106.8 85.9 72.0 62.3 55.0 49.0 44.4 37.1 28.3 22.9
(1150,0.5396) SDRL 549.8 246.5 135.7 85.2 59.1 43.3 33.4 27.2 22.7 19.1 16.5 12.8 8.6 6.5

CUSUM ARL 558.3 376.6 258.7 183.4 136.5 102.4 78.2 62.2 50.6 41.6 35.4 26.3 17.1 12.6
(6,18) SDRL 549.8 368.3 249.3 174.9 127.4 94.1 69.0 53.7 42.1 33.2 27.1 18.5 10.5 6.9

(0.25,7.5) RCUSUMV ARL 565.6 306.0 195.0 139.1 107.2 87.5 73.7 63.2 55.5 49.6 44.8 37.8 28.6 23.1
(1200,0.5366) SDRL 553.1 253.2 136.7 84.2 58.2 43.2 33.7 26.8 22.1 18.8 16.0 12.5 8.3 6.1

CUSUM ARL 565.7 361.5 239.1 165.7 118.2 88.7 69.3 54.8 45.0 37.8 32.5 25.3 17.1 13.0
(11,31) SDRL 552.6 348.4 224.8 152.4 104.8 75.2 56.3 42.4 33.0 26.3 21.5 15.1 8.7 5.9

(0.5,1.25) RCUSUMV ARL 605.5 332.1 215.9 154.5 120.0 98.3 82.9 71.6 62.9 56.3 50.8 42.6 32.3 26.3
(1350,0.5271) SDRL 595.1 277.7 157.5 99.0 70.2 52.6 41.0 33.5 28.0 23.8 20.6 16.2 11.0 8.4

CUSUM ARL 605.5 383.2 252.6 176.6 129.8 99.2 78.3 64.0 53.3 45.8 39.6 31.2 22.0 17.0
(3,25) SDRL 590.2 365.5 234.5 159.4 112.8 81.5 61.2 48.2 38.1 31.1 25.7 18.7 11.3 8.0

(0.5,2.5) RCUSUMV ARL 513.3 297.5 195.5 142.9 111.2 91.2 76.3 66.0 58.3 52.1 47.1 39.5 30.0 24.3
(1150,0.5256) SDRL 499.8 250.5 143.1 93.1 65.1 49.1 38.1 30.9 25.8 22.0 18.9 14.8 10.0 7.5

CUSUM ARL 513.3 344.1 240.2 172.5 128.9 99.0 76.7 62.1 51.7 43.4 37.4 28.8 19.5 14.7
(6,26) SDRL 502.1 332.4 228.9 159.9 117.0 87.9 65.0 51.2 40.9 32.8 27.4 19.3 11.4 7.6

(0.5,5) RCUSUMV ARL 566.8 319.7 208.1 151.0 116.6 93.3 80.0 69.1 60.9 54.5 49.1 41.2 31.3 25.4
(1250,0.5280) SDRL 554.6 269.5 151.0 95.9 66.2 49.0 38.1 30.9 25.5 21.9 18.7 14.5 9.8 7.2

CUSUM ARL 566.7 363.2 240.2 168.6 122.2 93.6 73.5 59.7 49.9 42.7 37.0 29.0 20.4 15.8
(11,46) SDRL 551.6 348.3 222.6 151.7 104.7 76.3 56.6 43.9 34.5 28.1 23.1 16.4 9.9 6.8
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Table 6.4: Performance of RCUSUMV and CUSUM chart except false alarms with shift in λ̇ and τ = 100

(α̇, λ̇) Design

RCUSUMV(ν,cν) δ
CUSUM(k,h) 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.6 0.8 1.0

(0.25,1.875) RCUSUMV ARL 237.3 146.3 102.5 78.0 62.6 52.2 44.7 39.2 34.8 31.1 25.9 19.5 15.6
(1000,0.5468) SDRL 235.5 128.2 82.0 57.8 42.9 34.0 28.0 23.6 20.2 17.6 14.0 9.9 7.6

Bias(τ̂n) 129.4 59.5 28.2 11.6 2.3 -3.0 -6.3 -8.4 -9.9 -10.9 -12.0 -13.0 -13.4
RMSE(τ̂n) 233.6 121.3 74.1 50.1 37.5 31.2 27.6 25.6 24.6 23.9 23.1 22.8 22.4

CUSUM ARL 316.9 210.4 147.3 106.7 81.1 63.0 50.9 41.6 35.0 29.9 23.3 15.8 11.9
(3,16) SDRL 314.6 206.5 141.5 99.8 73.8 55.5 43.3 33.7 27.4 22.5 16.1 9.7 6.7

Bias(τ̂n) 298.1 190.3 126.0 84.5 58.2 39.8 27.7 18.7 12.6 8.5 3.4 -1.0 -2.7
RMSE(τ̂n) 433.5 280.8 189.3 130.6 93.6 67.4 50.3 37.4 28.9 22.7 15.4 10.5 9.6

(0.25,3.75) RCUSUMV ARL 254.4 155.1 108.4 82.0 65.6 54.8 46.8 40.9 36.3 32.7 27.1 20.4 16.3
(1150,0.5396) SDRL 248.9 132.4 84.7 58.4 43.6 34.6 28.1 23.5 20.2 17.7 14.0 9.9 7.5

Bias(τ̂n) 137.8 62.7 28.8 11.7 2.0 -3.1 -6.6 -8.8 -10.2 -11.1 -12.4 -13.3 -13.6
RMSE(τ̂n) 245.0 125.6 75.8 50.6 37.9 31.4 27.7 25.7 24.7 24.0 23.3 23.0 22.7

CUSUM ARL 372.4 253.6 178.2 130.4 97.8 75.3 59.6 48.2 39.5 33.3 24.9 16.0 11.5
(6,18) SDRL 372.9 251.7 173.6 125.6 92.4 69.4 53.4 41.9 33.7 26.9 18.9 10.6 6.8

Bias(τ̂n) 359.9 240.3 164.1 115.8 82.5 59.5 43.3 31.7 23.0 17.0 9.3 2.4 -0.1
RMSE(τ̂n) 518.3 348.1 238.9 170.7 123.7 91.1 68.4 52.0 40.0 30.9 19.8 9.7 6.7

(0.25,7.5) RCUSUMV ARL 258.7 156.9 108.8 82.2 66.1 55.3 47.1 41.3 36.6 33.0 27.4 20.5 16.5
(1200,0.5366) SDRL 250.2 134.7 83.7 57.6 43.3 34.0 27.8 23.4 20.1 17.5 13.8 9.7 7.4

Bias(τ̂n) 139.5 62.4 27.8 11.0 1.6 -3.8 -7.3 -9.3 -10.7 -11.7 -12.6 -13.4 -13.7
RMSE(τ̂n) 248.3 127.8 75.1 50.1 37.8 31.1 27.7 25.8 24.8 24.2 23.6 23.0 22.7

CUSUM ARL 352.4 229.6 158.9 112.6 83.4 64.4 50.8 41.8 35.0 29.8 22.9 15.4 11.5
(11,31) SDRL 346.5 224.4 151.8 105.1 75.2 56.1 42.5 33.1 26.6 21.6 15.3 9.0 6.0

Bias(τ̂n) 331.8 207.5 135.4 88.0 58.2 38.6 25.4 16.7 10.7 6.5 1.5 -2.3 -3.7
RMSE(τ̂n) 479.8 305.6 203.3 136.9 94.6 67.3 48.4 35.7 27.2 21.1 14.7 10.6 10.2

(0.5,1.25) RCUSUMV ARL 283.6 178.1 124.9 95.1 76.5 63.8 54.6 47.8 42.5 38.2 31.9 23.9 19.2
(1350,0.5271) SDRL 273.9 154.5 98.6 68.9 52.4 41.4 33.8 28.7 24.6 21.7 17.2 12.2 9.3

Bias(τ̂n) 161.0 80.3 41.1 21.0 9.3 2.3 -2.3 -5.2 -7.0 -8.4 -10.0 -11.3 -12.1
RMSE(τ̂n) 276.4 149.8 91.6 61.3 45.3 35.7 30.2 27.4 25.2 24.1 22.9 21.6 21.6

CUSUM ARL 370.5 242.8 169.6 123.3 93.0 72.8 59.0 49.0 41.6 36.1 28.4 19.8 15.2
(3,25) SDRL 366.3 237.6 159.7 113.3 82.3 62.5 47.8 38.5 31.1 25.8 18.9 11.7 8.1

Bias(τ̂n) 341.6 211.9 136.7 88.9 58.0 38.0 24.6 15.6 9.7 5.3 0.3 -3.7 -5.4
RMSE(τ̂n) 501.0 318.4 210.0 143.5 99.8 71.8 51.9 39.5 31.1 25.2 19.0 15.6 15.0

(0.5,2.5) RCUSUMV ARL 253.1 160.3 113.0 86.4 69.8 58.0 50.1 43.7 39.0 35.1 29.1 21.7 17.5
(1150,0.5256) SDRL 248.0 141.7 90.5 64.3 49.0 38.6 31.5 26.6 23.0 19.9 15.9 11.0 8.5

Bias(τ̂n) 140.7 69.0 34.1 15.8 5.6 -0.7 -4.6 -7.2 -8.8 -10.0 -11.7 -13.0 -13.2
RMSE(τ̂n) 247.9 135.5 82.9 55.8 42.3 34.2 29.4 27.0 25.5 24.4 23.7 23.0 22.5

CUSUM ARL 339.0 233.5 167.3 122.5 93.5 73.6 59.2 49.1 40.8 34.9 26.9 18.0 13.6
(6,26) SDRL 335.1 228.7 160.2 115.2 87.5 66.3 51.9 41.3 32.9 26.9 19.6 11.4 7.8

Bias(τ̂n) 321.1 214.6 147.2 101.7 71.9 51.6 37.1 26.8 18.9 13.5 6.7 0.8 -1.5
RMSE(τ̂n) 464.2 313.6 217.5 153.6 113.0 83.5 63.1 48.1 36.8 28.7 19.2 11.2 9.3

(0.5,5) RCUSUMV ARL 271.4 167.3 119.1 90.5 73.0 60.6 51.8 44.8 39.6 36.4 30.3 22.5 18.1
(1250,0.5280) SDRL 265.6 144.8 93.3 65.5 49.5 38.9 31.7 26.8 23.1 19.9 15.8 11.0 8.5

Bias(τ̂n) 150.8 70.8 35.4 16.4 5.6 -0.9 -5.0 -7.4 -9.1 -10.2 -11.7 -13.0 -13.6
RMSE(τ̂n) 265.4 138.5 84.9 57.4 42.6 34.4 29.6 27.0 25.7 24.4 23.5 22.9 22.9

CUSUM ARL 350.5 228.8 159.3 115.0 87.0 68.3 54.9 45.5 38.5 33.4 26.2 18.2 13.9
(11,46) SDRL 348.9 220.9 150.9 104.8 76.6 57.5 43.9 35.0 28.0 23.1 16.7 10.2 7.0

Bias(τ̂n) 320.9 197.1 125.8 80.1 51.7 33.0 20.5 12.2 6.5 3.2 -1.4 -5.0 -6.4
RMSE(τ̂n) 474.1 296.0 196.3 131.4 91.4 65.1 46.9 35.6 27.6 22.5 17.8 15.5 15.3
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Figure 6.5: Sample path for aggravated assaults data (January 1990 - December 2001)
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Figure 6.6: The ACF and PACF plot of aggravated assaults data (January 1990 - December 1995)

Next, we apply the RCUSUMV chart to aggravated assaults data of length 144,

observed monthly from January 1990 to December 2001 by the 31th police car beats

in Pittsburgh: see the forecasting principles site (http://www.forecastingprinciples.com).

Figure 6.5 provides the sample path plot of the data, wherein the dashed line in-

dicates December 1995 (t = 72). We use the first 72 observations as Phase I data

and the remaining 84 values as Phase II data. The ACF and PACF plots of Phase
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I data are provided in Figure 6.6, indicating that the data has the characteristics

of first-order autoregression. The sample autocorrelation is obtained as 0.2611, and

the sample mean and variance are obtained as 1.2917 and 1.2518, which indicates

equi-dispersion. We fit the PINAR(1) model and the following models to Phase I

data:

• i.i.d. geometric distribution.

• i.i.d. Poisson distribution.

• GINAR(1); INAR(1) model with geometric marginals (Alzaid and Al-Osh,

1988).

• NGINAR(1); negative binomial thinning based INAR(1) model with geometric

marginals (Ristić et al., 2009).

• NBINAR(1); INAR(1) model with negative binomial marginals (McKenzie,

1986; Weiß, 2008).

• INARKF(1); INAR(1) model with Katz family innovations (Kim and Lee,

2017).

• ZIPINAR(1); INAR(1) model with zero-inflated Poisson innovations (Jazi et al.,

2012a).

The results on ML estimates, Akaike information criterion (AIC) and Bayesian

information criterion (BIC) are reported in Table 6.5, indicating that the PINAR(1)

model is the best fit. The ML estimates are α̂ = 0.3036 and λ̂ = 0.8890. The

residual-based CUSUM test in Section 6.3 is provided in Figure 6.7, where the SD

estimates of λ and α are obtained as 0.9014 and 0.3021. No parameter changes are

detected at the level of 0.05.
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Figure 6.7: Two-sided residual-based CUSUM statistic with SD estimator of aggravated assaults data (January 1990
- December 1995)

Below, we consider the CUSUM chart with reference value k = 2, control limit

h = 7 and initial value cc0 = 0. Here, the corresponding ARL0 and SDRL0 are

obtained as 260.1 and 255.9. Based on these, we design the RCUSUMV chart with

ν = 600 and cν = 0.5088, wherein the ARL0 and SDRL0 are obtained as 260.1 and

Table 6.5: ML estimates, AIC and BIC of aggravated assaults data (January 1990 - December 1995)

Model ML estimates AIC BIC
i.i.d. geometric µ̂ = 1.2917 228.06 230.34

i.i.d. Poisson λ̂ = 1.2917 209.14 211.41

GINAR(1) p̂ = 0.4897, α̂ = 0.4051 218.44 222.99

NGINAR(1) µ̂ = 1.2479, α̂ = 0.5551 217.52 222.07

NBINAR(1) n̂ = 42.6904, p̂ = 0.9710, ρ̂ = 0.3133 207.47 214.30

INARKF(1) θ̂1 = 0.8426, θ̂2 = 0.0378, α̂ = 0.3134 207.47 214.30

ZIPINAR(1) α̂ = 0.3117, λ̂ = 0.9048, ρ̂ = 0.0297 207.49 214.32

PINAR(1) α̂ = 0.3036, λ̂ = 0.8890 205.50 210.06
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Figure 6.8: CUSUM charts for aggravated assaults data
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Figure 6.9: RCUSUMV charts for aggravated assaults data

253.8.

Figure 6.8 displays the CUSUM chart of the aggravated assaults data, triggering
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Figure 6.10: Change point estimates from RCUSUMV chart

a mean increase at March 2000 (t = 123). The change point is estimated as November

1999 (t = 119), which is too close to the point t = 123. On the other hand, Figure 6.9

shows that the RCUSUMV chart indicates a mean increase at February 2000 (t =

122), a little earlier than that obtained from the CUSUM chart. In this case, however,

the change point is much earlier estimated as January 1997 (t = 85), see Figure

6.10. The sample means in January 1990 to January 1997 and February 1997 to

February 2000 are respectively 1.2235 and 1.8110, which vividly shows a significant

mean increase. In fact, the estimated change point coincides with that obtained

through the SD residual-based CUSUM test when applied to the observations from

January 1990 to February 2000, see Figure 6.11. Overall, our findings demonstrate

the superiority of the RCUSUMV chart to the CUSUM chart.
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Figure 6.11: Change point estimates from residual-based CUSUM test with SD estimator

6.5 Proofs

Proof of Theorem 6.3.2. For the proof, we adopt the idea from Hušková et al.

(2007) and Pap and Szabó (2013). Observe that

1√
n
Tn(s) =

1

n

1

σ̂u,n

bnsc∑
t=1

ût −
bnsc
n

n∑
t=1

ût


=

1

σ̃u

1

n

bnsc∑
t=1

ût −
bnsc
n

n∑
t=1

ût

+

(
1

σ̂u,n
− 1

σ̃u

)
1

n

bnsc∑
t=1

ût −
bnsc
n

n∑
t=1

ût

 .
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From Lemma 6.3.2, we can readily check that

sup
0≤s≤1

∣∣∣∣∣∣
(

1

σ̂u,n
− 1

σ̃u

)
1

n

bnsc∑
t=1

ût −
bnsc
n

n∑
t=1

ût

∣∣∣∣∣∣ p−→
n→∞

0.

Write

bnsc∑
t=1

ût =

bnsc∑
t=1

ŭt +

bnsc∑
t=1

(ᾰt − α̂n)Xt−1 +

bnsc∑
t=1

(λ̆t − λ̂n),

where ŭt, ᾰt and λ̆t are the ones in Lemma 6.3.2. Using Lemma 6.3.1 and the ergodic

theorem, we can see that

bnsc∑
t=1

(ᾰt − α̂n)Xt−1 = (α̇− α̃)

min (bnsc,bnρc)∑
t=1

Xt−1

+ (α̈− α̃)

 bnsc∑
t=min (bnsc,bnρc)+1

Xt−1

+ op(n)

:= In + IIn + op(n).

Moreover, by Lemma 6.2.1 and Lemma 7.5 of Pap and Szabó (2013), we can write

In = min (bnsc, bnρc)µ̃−1(1− ρ)µ̇(α̇− α̈)µ̈+ op(n),

IIn = −min (bnsc − bnρc, 0)µ̃−1ρµ̇(α̇− α̈)µ̈+ op(n),

where µ̃ is the one in Lemma 6.3.1. Hence,

bnsc∑
t=1

(ᾰt − α̂n)Xt−1 = min (bnsc, bnρc)µ̃−1(1− ρ)µ̇(α̇− α̈)µ̈

−min (bnsc − bnρc, 0)µ̃−1ρµ̇(α̇− α̈)µ̈+ op(n).

122



CHAPTER 6. ON RESIDUAL CUSUM STATISTIC FOR PINAR(1) MODEL IN
STATISTICAL DESIGN AND DIAGNOSTIC OF CONTROL CHART

Similarly,

bnsc∑
t=1

(λ̆t − λ̂n) = min (bnsc, bnρc)(1− ρ)(λ̇− λ̈)−min (bnsc − bnρc, 0)ρ(λ̇− λ̈) + op(n).

Then combing these and the fact that

bnsc∑
t=1

ŭt = op(n), owing to Lemma 6.3.2, we

have that for γ > 0,∣∣∣∣∣∣ 1

σ̃u

1

n
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ût −
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n
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ût

− γ
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n
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ût

− γ
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≤
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(
min (bnsc, bnρc)

nρ
− min (bnsc − bnρc, 0)

n(1− ρ)
− 1

)
γ

∣∣∣∣+ op(1)

≤ γ

(
1− bnρc

nρ

)
+ op(1)

= op(1).

Hence, since σ̂u,n
p−→

n→∞
σ̃u by Lemma 6.3.2,

1√
n

sup
0≤s≤1

Tn(s) − γ = op(1). Similarly,

1√
n

inf
0≤s≤1

Tn(s)− γ = op(1) when γ < 0. This validates the theorem.

Proof of Theorem 6.3.3. We only provide the proof for the case of γ > 0 since the

other case can be handled similarly. Let τ̂n =argmax
1≤k≤n

Tn,k. Since τ̂n − bnρc = Op(1)

can be written as

lim
M→∞

lim sup
n→∞

P (|τ̂n − bnρc| ≥M) = 0,
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it suffice to show that

lim
M→∞

lim sup
n→∞

P

(
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For M ∈ {0, 1, . . . , bnρc}, we have
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ût

− 1

σ̂u,n

1

n

n∑
t=1

ût ≤ 0


≤ P

 1

σ̂u,n
min

M≤i≤bnρc−1

1

i

bnρc∑
t=bnρc−i+1

ût
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Note that owing to Lemma 6.3.2,

P
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Moreover,
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:= A1,n,M +A2,n,M +A3,n,M +A4,n,M +A5,n,M ,

where α̃, λ̃ and µ̃ are the ones in Lemma 6.3.1 and ŭt is the one in Lemma 6.3.2.

First, using Theorem 14.0.1 of Meyn and Tweedie (2012) and Lemma 7.7 of Pap

and Szabó (2013), we can get

1

σu
min

M≤i≤bnρc−1

1

i

bnρc∑
t=bnρc−i+1

(1− ρ)(µ̃−1(α̇− α̈)µ̈EXt−1 + λ̇− λ̈)

 −→
n→∞

γ

ρ
,

which yields A1,n,M −→
n→∞

0 regardless of M .

Next, applying Lemma 6.3.1, Lemma 6.3.2 and Lemma 7.8 of Pap and Szabó
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(2013), we have

lim
M→∞

lim sup
n→∞

Am,n,M = 0, m = 2, 3, 4.

Finally, since σ̂u,n
p−→

n→∞
σu due to Lemma 6.3.2 and the continuous mapping

theorem, we have

lim
M→∞

lim sup
n→∞

A5,n,M = 0.

Combining all these, we have

lim
M→∞

lim sup
n→∞

P

(
max

bnρc−M<k<bnρc+M
Tn,k ≤ max

1≤k≤bnρc−M
Tn,k

)
= 0.

Now that similarly, we can verify

lim
M→∞

lim sup
n→∞

P

(
max

bnρc−M<k<bnρc+M
Tn,k ≤ max

bnρc+M≤k≤n
Tn,k

)
= 0,

τ̂n − bnρc = Op(1), and thus, ρ̂n − ρ = Op(n
−1). This completes the proof.

6.6 Concluding remarks

In this paper, we investigated the asymptotic properties of the residual-based CUSUM

test statistic for PINAR(1) models with the SD estimator. we also proposed a

residual-based CUSUM-type procedure to monitor abnormal changes in PINAR(1)

models. Our proposed procedure efficiently detects abnormal changes and estimates

change points better than the conventional CUSUM chart when there are small

shifts. It has a high potential to apply to diverse models such as the NGINAR
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model and the integer-valued autoregressive conditional heteroskedastic (INARCH)

model. We leave this issue as our future work.
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Chapter 7

On the VSI CUSUM Chart for

Count Processes and its

Implementation with R Package

attrCUSUM

7.1 Introduction

When dealing with the rare events such as the infection rate of rare diseases or the

number of non-conforming units in a high-quality manufacturing process, traditional

control charts for attribute often lose their efficiency owing to the excessive number

of zeros in count data. Those zeros cause an over-dispersion for the data, and thereby,

underestimating the target values in the monitoring process: see Woodall (2006). In

order to overcome this defect, several authors considered control charts adopting

zero-inflated models for count data. Sim and Lim (2008) considered Shewhart-type
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control charts for zero-inflated Poisson (ZIP) and binomial (ZIB) distributions based

on the Jeffrey’s prior intervals and Blyth-Still intervals. Wang (2009) introduced an

improved control chart using adjusted confidence intervals to cope with the case

of small non-conforming rates. He et al. (2012) and Rakitzis et al. (2016) recently

studied the CUSUM control chart for zero-inflated Poisson and binomial distribu-

tions. Conventionally, the detection of an increase, rather than a decrease, in model

parameters has been a core issue, because the increase is mainly due to the process

deterioration induced by an assignable cause.

In this chapter, we consider the VSI CUSUM control chart considered by Reynolds

et al. (1990), focusing on the ZIB distribution proposed by Hall (2000). We partic-

ularly deal with the task of monitoring an increase of the propor-tion parameter

in ZIB processes using the VSI CUSUM chart and compare its performance with

that of the FSI CUSUM chart considered by Rakitzis et al. (2016) via measuring

their ATS triggering an out-of-control condition. Moreover, we put our efforts to

develop an R package, attrCUSUM, for an easy implementation of the attribute VSI

CUSUM control chart, which is available from the comprehensive R archive network

(CRAN).

This chapter is organized as follows. Section 7.2 introduces zero-inflated count

models and summarizes their probabilistic properties. Section 7.3 presents the FSI

and VSI CUSUM control charts in ZIB processes. Section 7.4 demonstrates the

effects of the VSI CUSUM chart in ZIB processes through numerical experiments.

Section 7.5 describes the R package attrCUSUM by illustrating some examples using

ZIB, Poisson and negative binomial distributions. Section 7.6 provides concluding

remarks.
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7.2 The zero-inflated model for count data

The zero-inflated model for count data has been popular in analyzing excessive

number of zeros in observations: see, for example, Lambert (1992), Hall (2000) and

Vieira et al. (2000). Let X be a random variable (r.v.) for zero-inflated count data.

Then, the probability mass function (pmf) of X is expressed as follows (Agarwal

et al., 2002):

px(x; ρ, θ) = ρ1(x = 0) + +(1− ρ)pw(x; θ), x = 0, 1, . . . , (7.2.1)

where 1(x = 0) denotes the Dirac distribution on x = 0, W is a nonnegative r.v.

with pmf pw(x; θ), x = 0, 1, 2, . . ., with parameter vector θ, and the ρ ∈ [0, 1] is the

zero-inflation parameter. When ρ = 0, the distribution of X coincides with that of

W , whereas when ρ = 1, the distribution of X reduces to the Dirac distribution on

x = 0. From Equation (7.2.1), the cumulative distribution function (cdf) of X is

obtained as:

FX(x; ρ, θ) = ρ+ (1− ρ)FW (x; θ), x = 0, 1, . . . ,

where FW (x; θ) is the cdf of X with parameter vector θ. Further, it can be easily

seen that the k-th moments and the variance of X are given as:

EXk = (1− ρ)EW k, x = 0, 1, . . . ,

Var(X) = (1− ρ)(EW 2 − (1− ρ)E2W ).
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Thus, the dispersion of X is given as:

DX : =
Var(X)

EX
=

(1− ρ)(EW 2 − (1− ρ)E2W )

(1− ρ)EW

= DW + ρEW ≥ DW ,

where DW = Var(W )/EW denotes the dispersion of W . This particularly shows that

the existence of frequent zeros causes the over-dispersion. The maximum likelihood

(ML) estimator (ρ̂ml, θ̂ml) of parameters (ρ, θ), given x1, . . . , xm, is obtained as the

maximizer of the log-likelihood function:

l(ρ, θ) := log
m∏
t=1

pX(xt; ρ, θ) =
m∑
t=1

log pX(xt; ρ, θ).

The ML estimator can be calculated using a numerical maximization procedure

easily accessible from statistical programming languages such as R (R Core Team,

2017). Since we here focus on Phase II control chart, we assume that the parameter

values of (ρ, θ) are known or have been estimated precisely from a precedent large

Phase I sample. In this study, we consider the VSI CUSUM control chart based on

the ZIB distribution. We do this because the ZIB process is the most appropriate

when we deal with count data with an excessive number of zeros and the sampled

data is viewed as a group of size n > 1 (Noorossana et al., 2011). Assume that X

follows a ZIB distribution with parameters (ρ, n, p). Then, its pmf px(x; ρ, n, p) is

given as (Hall, 2000):

pX(x; ρ, n, p) = ρ1(x = 0) + (1− ρ)

(
n

x

)
px(1− p)n−x, x = 0, 1, . . . , n,
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where (n, p) ∈ (N, [0, 1]) is the parameters of a standard binomial distribution. The

mean, variance and dispersion of X are given by:

µX = (1− ρ)np,

σ2
X = (1− ρ)np(1− p+ ρnp),

DX = (1− p) + ρnp.

Given observations x1, . . . , xm from a ZIB process with parameters (ρ, n, p), where

n is assumed to be known, the ML estimator (ρ̂ml, p̂ml) of the parameters (ρ, p) is

obtained by solving the nonlinear equations (Vieira et al., 2000): ρ̂ml = 1− x̄
np̂ml

p̂ml = x̄+(1−(1−p̂ml)n)
n

,

where x̄ is the sample mean and x̄+ =
∑m

t=1 xt1(xt > 0)/
∑m

t=1 1(xt > 0) is the mean

of the positive values of the observations. Since the ML estimator (ρ̂ml, p̂ml) has no

closed form, a numerical optimization procedure should be hired in its calculation.

7.3 FSI and VSI control scheme for ZIB process

In this section, we describe the FSI and VSI CUSUM control charts with ZIB pro-

cesses, including the Markov chain approach proposed by Brook and Evans (1972).

7.3.1 CUSUM control statistic for ZIB process

We consider the monitoring process for the proportion p of non-conforming units of

ZIB processes with parameters (ρ, n, p), where the ρ is assumed to be known and
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to remain unchanged and the sample size n is fixed as in Rakitzis et al. (2016),

Noorossana et al. (2011) and Sim and Lim (2008). We assume that Xi, i = 1, 2, . . .,

are independent and identically distributed ZIB(ρ, n, δp0) r.v.s, where δ > 0 is a

positive constant that determines the magnitude of a shift in p0. Notice that when

δ = 1, the process is regarded as in-control, whereas it is regarded as out-of-control

when δ 6= 1. As mentioned by Rakitzis et al. (2016), when δ > 1, the out-of-control

condition is attributed to an increase in the proportion of non-conforming units,

mainly caused by a deterioration in the process performance. Meanwhile, δ < 1

implies that there is an improvement in the process, which can be used to set up a

potential future direction for process adjustment.

In this study, we design the one-sided VSI CUSUM control chart for monitoring

the proportion increase in ZIB processes, based on their corresponding FSI CUSUM

charts. Traditional one-sided FSI CUSUM control charts for detecting a mean in-

crease are expressed as the plot of CUSUM statistic:

C̃0 = c̃0, C̃t = max(0, C̃t−1 +Xt − k), t ∈ N, (7.3.2)

where c̃0 ∈ [0, h) is a starting value, usually set to be 0, k ≥ µX is a reference value,

which has a roll to inhibit the CUSUM statistic from drifting toward the control

limit h. CUSUM charts get less sensitive to small shifts but more sensitive to larger

shifts as k increases. Other starting values are sometimes used, for instance, when

considering a fast initial response (FIR) feature (Lucas and Crosier, 1982). The

process is regarded as out-of-control when the signal, C̃t ≥ h is triggered.

In the VSI CUSUM control scheme, a modified statistic is usually used. The VSI

upper one-sided CUSUM control statistic for detecting a mean increase is expressed
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as follows (Reynolds et al., 1990):

C0 = c0, Ct = max(0, Ct−1) +Xt − k, t ∈ N, (7.3.3)

where c0 ∈ [−k, h) is a starting value. As mentioned by Reynolds et al. (1990), a

remarkable difference between C̃t in (7.3.2) and Ct in (7.3.3) lies in whether or not

they record the negative CUSUM values: C̃t resets any negative CUSUM values to

zero, whereas Ct records negative CUSUM values and proceeds its accumulation

from zero for the next sample. Like the conventional FSI CUSUM chart, the VSI

CUSUM chart signals a mean increase whenever Ct ≥ h. It can be easily seen that

Ct ≥ h is equivalent to C̃t ≥ h. For this reason, we employ the modified CUSUM

statistic for both FSI and VSI CUSUM charts.

The VSI CUSUM chart is operated with two sampling intervals 0 < ds ≤ dl,

where ds denotes a shorter sampling interval, required to be as short as possible,

and dl is a longer one which should be properly chosen for the process to run without

sampling. Given a warning limit w ∈ (−k, h), the sampling interval is determined

by the current value of the CUSUM statistic. When the process is seemingly close to

out-of-control state, namely w ≤ Ct < h, the next sample is taken after a relatively

shorter time, ds, for reducing the delay time until an assignable cause is detected;

otherwise, namely if Ct < w, the next sample is taken after a relatively longer time,

dl, for preserving the predetermined average sampling frequency (see Figure 7.1).

When ds = dl, the VSI scheme can be regarded as a FSI scheme. For convenience,

it is assumed that ds = dl = 1 when considering the FSI scheme in this study. The

condition ds = dl = 1 implies that the ATS is the same as the average number of

sample to signal (ANSS)s. The VSI CUSUM statistic Ct, which uses negative values,

provides more warning limits than the conventional FSI CUSUM statistic C̃t. Thus,
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Figure 7.1: An example of plot of VSI CUSUM statistic

it provides more diverse design parameter candidates and yields a better parameter

design. This is the main reason to use the modified statistic Ct instead of C̃t.

Assume that one is interested in the quick detection of a shift δ > 1 in p0. The

performance of the FSI CUSUM chart is usually measured by the ANSS in an out-

of-control condition. Let ANSS(ρ, n, δp0, c0, k, h) denote the ANSS for the case of

the starting value, reference value, and control limit (c0, k, h) in ZIB processes with

parameters (ρ, n, δp0). Then, the optimal pair (k∗, h∗) is obtained by solving the

optimization problem stated below:

(k∗, h∗) =argmin
(k,h)

ANSS(ρ, n, δp0, c0, k, h), (7.3.4)

where ANSS(ρ, n, δp0, c0, k, h) = ANSS0. Here, the ANSS0 denotes a predetermined

in-control ANSS. Given ANSS0, the procedure of finding an optimal pair (k∗, h∗)

consists of the following two steps (Rakitzis et al., 2016): i) finding all possible pairs
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satisfying the condition ii) selecting the one satisfying (7.3.4) among such pairs. Let

Ψs, Ψl be the average number of samples before the occurrence of an out-of-control

signal, except the initial state, that use ds and dl, respectively, and let ρs be the

long-run proportion of shorter sampling intervals ds. Then, the following relations

hold (Reynolds et al., 1990):

ANSS = 1 + Ψls+ Ψll,

ρs =

 (1 + Ψls)/ANSS, if c0 ≥ w

Ψs/ANSS, if c0 < w,
(7.3.5)

ATS =

 ds(1 + Ψs) + dlΨl, if c0 ≥ w

dsΨs + dl(1 + Ψl), if c0 < w.
(7.3.6)

From the above, we see that ATS = d̄ · ANSS, where d̄ = dsρs + dl(1 − ρs). Note

that d̄ is regarded as the average sampling interval.

Similarly to the FSI CUSUM chart, we define ATS(ρ, n, δp0, c0, k, h, w, ds, dl) to

be the ATS for the case of the warning limit, shorter interval and longer sampling

interval w, ds, dl: the others are the same as in the FSI CUSUM chart. Then, given

ds, the optimal pair (k∗, h∗, w∗) is obtained by solving the optimization problem

given below:

(k∗, h∗, w∗) =argmin
(k,h,w)

ATS(ρ, n, δp0, c0, k, h, w, ds, dl), (7.3.7)

where ATS0:=ATS(ρ, n, δp0, c0, k
∗, h∗, w∗, ds, dl) =ANSS0.

In this study, the procedure of finding an optimal (k∗, h∗, w∗) is based on the

optimal pair (k∗, h∗) found in the FSI CUSUM scheme for procedural efficiency

and practicality, which implies that both FSI and VSI chart have the same ANSS
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function (Reynolds et al., 1988). Given ANSS0, ds and (k∗, h∗) in the FSI CUSUM

scheme, the procedure of finding an optimal warning limit w∗ consists of the two

steps: i) for all possible warning limits, calculate dl such that ATS0 = ANSS0 ii) for

all pairs (w, dl), select the one satisfying (7.3.7). The details on the calculations of

ANSS and ATS and obtaining dl values based on the Markov chain approach are

described in Subsection 7.3.2.

7.3.2 The Markov chain approach for CUSUM control chart

The optimization problems in (7.3.4) and (7.3.7) can be solved approximately based

on the discretization of state space and the Markov chain approach proposed by

Brook and Evans (1972). For details on the Markov chain approach in the VSI

CUSUM scheme, we also refer to Reynolds et al. (1990). For describing the procedure

of discretization and the Markov chain approach in this study, we first consider an

interval [−L,H) with L,H > 0. This interval is then divided into (H/d) + (L/d)

subintervals with length 0 < d < H, satisfying H/d ∈ N, L/d ∈ N, such as:

[−L,−L+ d), [−L+ d,−L+ 2d), . . . , [H − d,H).

Suppose that there is a discrete-time Markov chain consisting of states −L,−L+

d, . . . , H−d,H with 0 < d < H,H/d ∈ N and L/d ∈ N, where−L,−L+d, . . . , H−d

denote transient states and H denotes an absorbing state. The corresponding tran-

sition probability matrix P and the transient probability matrix Q of size (H/d) +
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(L/d), (H/d) + (L/d) are given as follows:

P =

 Q 1−Q · 1

0> 1

 ,

Q =


q−L,−L q−L,−L+d · · · q−L,(H−d)

q−L+d,−L q−L+d,−L+d · · · q−L+d,(H−d)

...
...

. . .
...

q(H−d),0 q(H−d),d · · · q(H−d),(H−d)

 ,

where qi,j = P (Ct = j|Ct−1 = i), i, j = −L,−L + d, . . . , H − d, 0 = (0, 0, . . . , 0)>

and 1 = (1, 1, . . . , 1)>. Note that each qi,j can be approximated as stated below:

qi,j = P (Ct = j|Ct−1 = i)

≈ P (Ct ∈ [j, j + d)|Ct−1 = i)

= P ((max(0, i) +Xt − k) ∈ [j, j + d))

Define the initial probability vector α for transient state with C0 = c0 as follows:

α = (α−L, α−L+d, . . . , αH−d)
>,

αj = P (C1 = j|C0 = c0), j = −L,−L+ d, . . . , H − d,

where 0 < d < H,H/d ∈ N and L/d ∈ N. Similarly, each αj is calculated approxi-
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mately by:

αj = P (C1 = j|C0 = c0)

≈ P (C1 ∈ [j, j + d)|C0 = c0)

= P ((max(0, c0) +Xt − k) ∈ [j, j + d))

Let µ = (µ−L, µ−L+d, . . . , µH−d)
> be the solution of the linear equation (I−Q) ·µ =

1 where I denotes the identity matrix and 1 = (1, 1, . . . , 1)>. Each µi, i = −L,−L+

d, . . . , H − d, is interpreted as the average number of steps before the Markov chain

is absorbed when it starts from transient state i. Then, the ANSS(ρ, n, δp0, c0, k, h)is

computed by:

ANSS(ρ, n, δp0, c0, k, h) = 1 + α>µ. (7.3.8)

Let µs be the solution of the linear equation (I−Q)·µs = vs where vs=(vs,−L,vs,−L+d,. . .,vs,H−d)
>

with

vs,j =

 1, if j ≥ w

0, if j < w,

Then, it can be easily seen that Ψs is obtained by Ψs = α>µs, and the dl satisfying

ATS0 = ANSS0 can be obtained using equation (7.3.5) and the equation: 1 =

dsρs + dl(1− ρs) with δ = 1. Therefore, the ATS is obtained by equation (7.3.6). In

the evaluation of ANSS and ATS, we keep an accuracy to two decimal places as in
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Rakitzis et al. (2016). To be more specific, we use the settings as follows:

k ∈ {0.01, 0.02, . . . , n− 0.01},

h ∈ {0.01, 0.02, . . .},

w ∈ {−k + 0.01,−k + 0.02, . . . , h− 0.01},

d = 0.01,

L = k,

H = h.

Notice that a better approximation result can be obtained as mentioned by Rakitzis

et al. (2016), but such a setting can induce the dimension of the transient matrix

Q to increase geometrically, giving rise to some cumbersome issues as to memory

allocation, computation time, and the validity of related matrices.

7.4 Effects of the VSI CUSUM control scheme in

ZIB process

In this section, we illustrate an example of the VSI CUSUM control scheme in ZIB

processes. The performance of the FSI CUSUM and VSI CUSUM charts is compared

by their ATS values. For the design of the FSI ZIB-CUSUM chart, we refer to

Rakitzis et al. (2016). They provide optimal parameters in the quick detection of

shift 1.2 in p0 by conducting considerably many numerical experiments for several

cases with starting value c0 = 0 and ANSS0 = 370.4. Using the ANSS0 = 370.4

of the FSI CUSUM chart, we compute the ATS values of FSI and VSI CUSUM
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Figure 7.2: ATS profiles of VSI upper one-sided CUSUM(k,h) chart with c0 = 0, when the data is ZIB(ρ, n, δp0)

charts with ATS0 = ANSS0, corresponding to the optimal warning limit in the

quick detection of a shift 1.2 in p0, when c0 = 0 and ds = 0.1, 0.25, 0.5. The ATS

value in the FSI CUSUM chart is regarded as the ANSS value. The average sam-

pling frequency (ASF) values, that is the ratio of the ANSS to the ATS, are also

presented for comparison. The results are provided in Figure 7.2 and Tables 7.1-

7.3, wherein ρs,0 denotes the long-run proportion of shorter sampling intervals when

the process is in-control. From these results, we can see that i) In the detection

of the shift 1.2 in p0 (which is the most interesting case), for all cases, there is a

reduction in ATS when adopting the VSI control scheme. Moreover, smaller values

of ds imply smaller ATS values when all other parameters are fixed (see also Figure

7.2). ii) There is no guarantee that for all possible shifts, the optimal warning limit

w yields smaller ATS values than the ANSS of the FSI chart. When w is large (i.e.

the large shift in p0 for some cases, such as ZIB(0.9, 100, δ ·0.02) and δ = 3, the ATS
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Table 7.1: ATS and ASF (in parentheses) values when the data is ZIB(ρ, n, δp0) with n = 100

(ρ, n, p0, c0) Optimal design ρs,0 ATS and ASF (in parentheses) values

FSI CUSUM(k, h) δ

VSI CUSUM(k, h, w, ds, dl) 1.0 1.1 1.2 1.3 1.5 2.0 3.0

(0.9,100,0.02,0) FSI (0.24,10.33) 370.42 252.67 186.30 145.33 99.20 54.59 29.57
VSI (0.24,10.33,0.81,0.50,1.703) 0.585 370.42 243.03 174.37 133.61 89.71 50.13 29.93

(1.00) (1.04) (1.07) (1.09) (1.11) (1.09) (0.99)
VSI (0.24,10.33,0.81,0.25,2.055) 0.585 370.42 238.21 168.41 127.75 84.97 47.90 30.12

(1.00) (1.06) (1.11) (1.14) (1.17) (1.14) (0.98)
VSI (0.24,10.33,0.81,0.10,2.266) 0.585 370.42 235.32 164.84 124.23 82.12 46.56 30.23

(1.00) (1.07) (1.13) (1.17) (1.21) (1.17) (0.98)

(0.8,100,0.01,0) FSI (0.22, 8.96) 368.60 240.12 171.84 131.49 87.86 47.41 25.13
VSI (0.22,8.96,-0.01,0.50,2.743) 0.777 368.60 225.49 154.78 115.41 75.46 41.45 24.31

(1.00) (1.06) (1.11) (1.14) (1.16) (1.14) (1.03)
VSI (0.22,8.96,-0.01,0.25,3.615) 0.777 368.60 218.18 146.25 107.37 69.26 38.47 23.90

(1.00) (1.10) (1.18) (1.22) (1.27) (1.23) (1.05)
VSI (0.22,8.96,-0.01,0.10,4.138) 0.777 368.60 213.79 141.13 102.55 65.54 36.68 23.65

(1.00) (1.12) (1.22) (1.28) (1.34) (1.29) (1.06)

(0.7,100,0.01,0) FSI (0.37,8.48) 370.35 223.22 149.94 109.12 67.96 33.70 16.92
VSI (0.37,8.48,-0.36,0.50,2.641) 0.766 370.35 207.32 131.91 92.48 55.43 27.47 15.10

(1.00) (1.08) (1.14) (1.18) (1.23) (1.23) (1.12)
VSI (0.37,8.48,-0.36,0.25,3.461) 0.766 370.35 199.37 122.90 84.17 49.17 24.36 14.19

(1.00) (1.12) (1.22) (1.30) (1.38) (1.38) (1.19)
VSI (0.37,8.48,-0.36,0.10,3.954) 0.766 370.35 194.60 117.49 79.18 45.41 22.50 13.64

(1.00) (1.15) (1.28) (1.38) (1.50) (1.50) (1.24)

Table 7.2: ATS and ASF (in parentheses) values when the data is ZIB(ρ, n, δp0) with n = 200

(ρ, n, p0, c0) Optimal design ρs,0 ATS and ASF (in parentheses) values

FSI CUSUM(k, h) δ

VSI CUSUM(k, h, w, ds, dl) 1.0 1.1 1.2 1.3 1.5 2.0 3.0

(0.9,200,0.02,0) FSI (0.79,11.92) 370.40 236.11 164.01 121.52 76.48 37.35 17.82
VSI (0.79,11.92,1.43,0.50,1.363) 0.319 370.40 230.83 157.50 115.14 71.35 35.01 18.30

(1.00) (1.02) (1.04) (1.06) (1.07) (1.07) (0.97)
VSI (0.79,11.92,1.43,0.25,1.351) 0.319 370.40 228.19 154.24 111.95 68.79 33.83 18.54

(1.00) (1.03) (1.06) (1.09) (1.11) (1.10) (0.96)
VSI (0.79,11.92,1.43,0.10,1.363) 0.319 370.40 226.60 152.29 110.04 67.25 33.13 18.68

(1.00) (1.04) (1.08) (1.10) (1.14) (1.13) (0.95)

(0.8,200,0.01,0) FSI (0.61,9.63) 370.43 225.30 151.16 109.21 66.60 31.60 15.51
VSI (0.61,9.63,-0.21,0.50,1.711) 0.587 370.43 215.14 139.13 97.75 57.61 27.04 14.32

(1.00) (1.05) (1.09) (1.12) (1.16) (1.17) (1.08)
VSI (0.61,9.63,-0.21,0.25,2.066) 0.587 370.43 210.06 133.12 92.02 53.12 24.76 13.72

(1.00) (1.07) (1.14) (1.19) (1.25) (1.28) (1.13)
VSI (0.61,9.63,-0.21,0.10,2.279) 0.587 370.43 207.02 129.51 88.58 50.42 23.39 13.36

(1.00) (1.09) (1.17) (1.23) (1.32) (1.35) (1.16)

(0.7,200,0.01,0) FSI (0.86,10.67) 370.45 205.80 129.72 89.83 52.18 23.82 11.49
VSI (0.86,10.67,-0.57,0.50,1.990) 0.664 370.45 193.37 116.04 77.47 43.13 19.47 10.26

(1.00) (1.06) (1.12) (1.16) (1.21) (1.22) (1.12)
VSI (0.86,10.67,-0.57,0.25,2.485) 0.664 370.45 187.15 109.19 71.29 38.61 17.30 9.64

(1.00) (1.10) (1.19) (1.26) (1.35) (1.38) (1.19)
VSI (0.86,10.67,-0.57,0.10,2.782) 0.664 370.45 183.42 105.09 67.59 35.89 15.99 9.27

(1.00) (1.12) (1.23) (1.33) (1.45) (1.49) (1.24)
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Table 7.3: ATS and ASF (in parentheses) values when the data is ZIB(ρ, n, δp0) with n = 500

(ρ, n, p0, c0) Optimal design ρs,0 ATS and ASF (in parentheses) values

FSI CUSUM(k, h) δ

VSI CUSUM(k, h, w, ds, dl) 1.0 1.1 1.2 1.3 1.5 2.0 3.0

(0.9,500,0.02,0) FSI (7.74,9.30) 370.35 185.29 106.68 68.10 34.52 13.95 10.06
VSI (7.74,9.30,-0.73,0.50,1.047) 0.086 370.35 184.15 105.47 67.06 33.83 13.72 9.98

(1.00) (1.01) (1.01) (1.02) (1.02) (1.02) (1.01)
VSI (7.74,9.30,-0.73,0.25,1.071) 0.086 370.35 183.57 104.87 66.54 33.48 13.60 9.94

(1.00) (1.01) (1.02) (1.02) (1.03) (1.03) (1.01)
VSI (7.74,9.30,-0.73,0.10,1.085) 0.086 370.35 183.23 104.51 66.23 33.28 13.53 9.92

(1.00) (1.01) (1.02) (1.03) (1.04) (1.03) (1.01)

(0.8,500,0.01,0) FSI (3.79,8.26) 370.29 197.72 118.89 78.35 41.41 15.80 6.60
VSI (3.79,8.26,-0.78,0.50,1.126) 0.202 370.29 194.61 115.39 75.14 39.02 14.68 6.38

(1.00) (1.02) (1.03) (1.04) (1.06) (1.08) (1.03)
VSI (3.79,8.26,-0.78,0.25,1.190) 0.202 370.29 193.05 113.64 73.53 37.82 14.12 6.27

(1.00) (1.02) (1.05) (1.07) (1.09) (1.12) (1.05)
VSI (3.79,8.26,-0.78,0.10,1.228) 0.202 370.29 192.11 112.59 72.57 37.11 13.79 6.21

(1.00) (1.03) (1.06) (1.08) (1.12) (1.15) (1.06)

(0.7,500,0.01,0) FSI (3.99,9.07) 370.17 178.69 100.27 63.05 31.66 11.79 4.84
VSI (3.99,9.07,-0.98,0.50,1.227) 0.312 370.17 173.78 95.17 58.65 28.61 10.45 4.55

(1.00) (1.03) (1.05) (1.08) (1.11) (1.13) (1.06)
VSI (3.99,9.07,-0.98,0.25,1.341) 0.312 370.17 171.33 92.63 56.45 27.09 9.77 4.40

(1.00) (1.04) (1.08) (1.12) (1.17) (1.21) (1.10)
VSI (3.99,9.07,-0.98,0.10,1.409) 0.312 370.17 169.85 91.10 55.13 26.18 9.37 4.32

(1.00) (1.05) (1.10) (1.14) (1.21) (1.26) (1.12)

value of the VSI ZIB-CUSUM chart becomes larger than the ANSS of the FSI ZIB-

CUSUM chart, which might be due to the longer sampling interval. However, this

is not an important case because the the CUSUM control chart is mainly designed

for monitoring small to moderate shifts. In fact, one may raise a question as to an

optimal ds since the smaller ds is, the smaller out-of-control ATS becomes, which is

a common phenomenon in VSI CUSUM charts. Although the shortest possible ds is

required, it must be at least greater than or equal to the minimum time required for

taking a sample and the corresponding longer sampling time dl must be admissible

to allow the process of interest to run without taking a sample. For a more detailed

discussion, we refer to Reynolds et al. (1990).

Although we mainly illustrate the ZIB case, the VSI control chart also works

properly and efficiently in detecting assignable causes for count processes: see Sub-
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section 7.5.2 for example. The VSI CUSUM control scheme is somewhat cumbersome

in application compared to the FSI control chart, but it provides attractive oppor-

tunities to practitioners. The attribute VSI CUSUM chart is easily implemented by

the R package attrCUSUM described in Section 7.5.

7.5 Software

In this section, we develop the R package attrCUSUM for an easy use of the VSI

CUSUM chart for count data in practice. The attrCUSUM deals with the Markov

chain approach for control charts, which is available from the CRAN. The latest

version of the package is available from the authors upon request. This package

utilizes the Markov chain approach by Brook and Evans (1972) (see also Reynolds

et al. (1990) for details). The core computational algorithms use the R package

RcppArmadillo by Eddelbuettel and Sanderson (2014), which is for the use of the

Armadillo C++ library by Sanderson (2010). The Armadillo is a C++ template

library for high quality linear algebras, aiming at good balance between usability

and computation speed. The attrCUSUM provides useful information in the design

of VSI CUSUM control charts for (zero inflated) binomial/Poisson processes, and

has merit of easy extension to other count processes.

7.5.1 Examples of usage with zero inflated binomial process

The function getAve_zibinom in the attrCUSUM provides useful information on the

design of the upper one-sided CUSUM control chart for ZIB processes. In fact, it is a

wrapper function of getAve and can be easily extended to any count processes. It also

gives an object of list including ANSS, ATS and transition probability matrices, and,
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further, provides the function getContl_zibinom, a wrapper function of getContl,

which returns the most suitable control limits h for a given ANSS0 value. Below,

we provide some example: First of all, the following package should be installed and

attached:

> install.packages("attrCUSUM")

> library(attrCUSUM)

Here, we only illustrate the case of ZIB(0.9, 200, 0.01) with c0 = 0, w = 0 and

k = 0.47. Assume that Xi is a ZIB process with parameters (0.9, 200, δ · 0.01). For

reproducing the result from Rakitzis et al. (2016) and applying the VSI control

scheme, we find a suitable control limit h with the in-control ANSS being near 370.4

as stated below:

> getContl_zibinom(rho = 0.9,

+ size = 200,

+ prob = 0.01,

+ anss.target = 370.4,

+ refv = 0.47,

+ c.zero = 0)

$refv.act

[1] 0.47

$c.zero.act

[1] 0

$sol1

contl1 ANSS1
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6.5300 370.3765

$sol2

contl2 ANSS2

6.5400 389.5988

We find that the suitable control limit h is given as 6.53 (notice that in Rakitzis

et al. (2016), the CUSUM statis-tic signals the out-of-control condition when C̃t > h

but not C̃t ≥ h).

We compute dl of the CUSUM control chart when k = 0.47, h = 6.53, c0 = 0,

w = 0 and ds = 0.1 as stated below:

> res0 <- getAve_zibinom(rho = 0.9,

+ size = 200,

+ prob = 0.01,

+ refv = 0.47,

+ contl = 6.53,

+ c.zero = 0,

+ warnl = 0,

+ ds = 0.1)

> res0$ANSS

[1] 370.3765

> res0$dl

[1] 1.516956

The out-of control ANSS and ATS of ZIB process with (0.9, 200, 0.01(1.2)) and

w = 0 are obtained as follows:
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> res1 <- getAve_zibinom(rho = 0.9,

+ size = 200,

+ prob = 0.01 * 1.2,

+ refv = 0.47,

+ contl = 6.53,

+ c.zero = 0,

+ warnl = 0,

+ ds = 0.1,

+ dl = res0$dl)

> res1$ANSS

[1] 183.0429

> res1$ATS

[1] 172.8257

Note that invalid arguments will end up with an error message:

> res0 <- getAve_zibinom(rho = -1,

+ size = -1,

+ prob = 0.01,

+ refv = 0.47,

+ contl = 6.53,

+ c.zero = 0,

+ warnl = 0,

+ ds = 0.1)

Error:

CheckArgs_dzibinom(x, rho, size, prob, log)

1: Argument ‘rho’ must be a numeric value in [0,1)
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2: Argument ‘size’ must be a positive integer value

7.5.2 Other count models

It is well known that a great number of nonconformities per sample situations can

be modeled by a Poisson distribution, so that the Poisson CUSUM chart for non-

conformities becomes an unquestionably popular procedure: see, for example, Lucas

(1985), White et al. (1997). Let Xi, i = 1, 2, . . . , be the number of nonconformities

observed in consecutive random samples of constant size from a production process

of interest. We assume that Xi’s are independent and identically distributed Poisson

r.v.s with mean λ + δ
√
λ. In this case, the VSI CUSUM control chart can be well

designed by using the function getAve_pois and getContl_pois similarly to the

case of ZIB processes.

Suppose that one is interested in detecting the shift of 0.2 from the mean in

units of standard deviation, that is δ = 0.2. An example of the ATS and ASF

values of the VSI CUSUM chart with ATS0 = ANSS0 = 370.4, when the data is

Poisson with mean 4 + δ2, can be found in Figure 7.3 and Table 7.4. Notice that the

optimal (k∗, h∗) is obtained through considerable amount of numerical experiments

as stated in Subsection 7.3.1. Although the optimal warning limit, in the view of

the ATS value, is found to be −4.20, we also consider other warning limits because

in case the longer sampling intervals dl corresponding to the optimal warning value,

are too long, it might not be acceptable for practitioners. The results in Table 7.4

reveal that there are desirable reductions in terms of ATS, confirming the validity

of the VSI CUSUM control scheme.

Note that the function getAve and getContl can be easily extended to other

count models. For instance, assume that one wishes to compute the ANSS when
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Figure 7.3: ATS profiles of VSI upper one-sided CUSUM(k,h) chart with c0 = 0, when the data is Poisson(4)

Table 7.4: ATS and ASF (in parentheses) values when the data is Poisson(4)

(λ, c0) Optimal design ρs,0 ATS and ASF (in parentheses) values

FSI CUSUM(k, h) δ

VSI CUSUM(k, h, w, ds, dl) 0.0 0.1 0.2 0.3 0.5 1.0 2.0

(4,0) FSI (4.21,21.54) 370.44 141.40 73.92 47.44 26.91 12.89 6.42
VSI (4.21,21.54,-4.20,0.50,132.555) 0.996 370.44 110.39 50.29 30.06 15.84 6.95 3.26

(1.00) (1.28) (1.47) (1.58) (1.70) (1.85) (1.97)
VSI (4.21,21.54,-4.20,0.25,198.332) 0.996 370.44 94.89 38.48 21.36 10.31 3.98 1.68

(1.00) (1.49) (1.92) (2.22) (2.61) (3.24) (3.82)
VSI (4.21,21.54,-4.20,0.10,237.799) 0.996 370.44 85.58 31.39 16.15 6.99 2.20 0.73

(1.00) (1.65) (2.35) (2.94) (3.85) (5.87) (8.78)

VSI (4.21,21.54,1.17,0.50,2.144) 0.696 370.44 120.46 57.35 35.32 19.65 9.63 5.25
(1.00) (1.17) (1.29) (1.34) (1.37) (1.34) (1.22)

VSI (4.21,21.54,1.17,0.25,2.716) 0.696 370.44 110.00 49.06 29.25 16.02 8.01 4.66
(1.00) (1.29) (1.51) (1.62) (1.68) (1.61) (1.38)

VSI (4.21,21.54,1.17,0.10,3.059) 0.696 370.44 103.72 44.09 25.61 13.84 7.03 4.30
(1.00) (1.36) (1.68) (1.85) (1.94) (1.83) (1.49)

VSI (4.21,21.54,5.07,0.50,1.327) 0.396 370.44 125.91 60.69 37.28 20.46 9.71 4.95
(1.00) (1.12) (1.22) (1.27) (1.32) (1.33) (1.30)

VSI (4.21,21.54,5.07,0.25,1.491) 0.396 370.44 118.17 54.08 32.19 17.24 8.13 4.21
(1.00) (1.20) (1.37) (1.47) (1.56) (1.59) (1.52)

VSI (4.21,21.54,5.07,0.10,1.589) 0.396 370.44 113.53 50.12 29.14 15.30 7.17 3.77
(1.00) (1.25) (1.47) (1.63) (1.76) (1.80) (1.70)

the data is obtained from a negative binomial distribution of size 2 and success

probability 0.5. For k = 4.5 and c0 = 0, a suitable control limit h, allowing the
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in-control ANSS value to be around 400, can be obtained as stated below:

> getContl(anss.target = 400,

+ refv = 4.5,

+ c.zero = 0,

+ process = function(x) {

+ dnbinom(x, size = 2, prob = 0.5)

+ })

$refv.act

[1] 4.5

$c.zero.act

[1] 0

$sol1

contl1 ANSS1

7.0000 344.3132

$sol2

contl2 ANSS2

7.1000 406.2175

Then, the corresponding longer sampling interval dl for (k, h) =(4.5,7.1), c0 = 0.

ds = 0.1 and w = −2 is given as follows:

> res0 <- getAve(refv = 4.5,

+ contl = 7.1,
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+ c.zero = 0,

+ process = function(x) {

+ dnbinom(x,

+ size = 2,

+ prob = 0.5)

+ },

+ warnl = -2,

+ ds = 0.1)

> res0$dl

[1] 1.522315

The out-of control ANSS and ATS values when the size is equal 2.5 are also obtained

as follows:

> res1 <- getAve(refv = 4.5,

+ contl = 7.1,

+ zero = 0,

+ process = function(x) {

+ dnbinom(x,

+ size = 2.5,

+ prob = 0.5)

+ },

+ warnl = -2,

+ ds = 0.1,

+ dl = res0$dl)

> res1$ANSS

[1] 164.7614
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> res1$ATS

[1] 135.5315

7.6 Concluding remarks

In this study, we considered the VSI CUSUM chart proposed by Reynolds et al.

(1990), particularly focusing on its application to the monitoring a small to mod-

erate increase of the proportion parameter in ZIB distributions proposed by Hall

(2000). We employed the Markov chain approach taken by Brook and Evans (1972)

for the calculation of ATS values and compared its performance with that of the FSI

CUSUM chart studied by Rakitzis et al. (2016). Our findings in numerical experi-

ments show that the VSI CUSUM chart is superior to the FSI CUSUM chart when

monitoring an increase of the proportion parameter in ZIB processes in terms of

ATS. We also developed an R package attrCUSUM to implement the VSI CUSUM

chart more efficiently, which has merit of an easy extension to other count processes

of interest. The method proposed in this study can be extended to more sophisti-

cated CUSUM charts such as the two-sided VSI CUSUM chart.
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국문초록

본 논문에서는 계수 시계열 모형에서 CUSUM 관리도를 기반으로 한 통계적 공정 관

리를연구하였다.먼저,기존 INAR(1)모형의균등산포성질을극복하기위하여 Katz

분포족을 이용하여 균등, 과대, 과소산포를 모두 설명할 수 있는 INARKF(1) 모형을

제안하고, 이와 관련된 통계적 성질들을 규명한 뒤 CUSUM 관리도를 적용하여 모수

변화 탐지에 있어 그 우수성을 규명하였다. 또한, 기존 INAR(1) 모형에 대한 조건부

최소 제곱 및 squared difference 추정량을 이용한 CUSUM 변화점 검정에 대해 탐구

하고 이를 기반으로 효과적인 조기 탐지 및 이상점의 추정을 위한 CUSUM 방법론을

제안하였다. 더불어, 자기상관과 영과잉 특성을 갖는 고품질 프로세스에서 효과적인

모니터링을위하여지연규칙이있는 CUSUM관리도, conforming run length기반의

CUSUM 관리도를 제안하고 그 특성을 탐구하였다. 마지막으로, 기존 고정 샘플링

간격 관리도의 효율을 극대화 하기 위한 가변 샘플링 간격 CUSUM 관리도를 구현하

였고, 현장에서의 쉬운 적용을 위하여 R 패키지 attrCUSUM 으로 구현하였다.

주요어: INAR 모형, CUSUM 관리도, 통계적 공정 관리, R, 소프트웨어.

학번: 2010-20220
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