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Abstract

Experimental Evaluation and On-Blade 

Trailing-Edge Flap Control Algorithm for 

Helicopter Vibration Reduction

ByeongUk Im

Department of Mechanical and Aerospace Engineering

The Graduate School

Seoul National University

The periodic and nonlinear properties of helicopter rotors in forward flight induce 

undesirable vibratory loads on the rotor hub. Many recent studies have 

demonstrated that on-blade control (OBC) using active trailing-edge flaps (ATEFs) 

may reduce vibration level through comprehensive rotor simulations and wind-

tunnel tests. In this thesis, structural integrity analysis on the Mach-scaled Seoul 

National University flap (SNUF) prototype blade and a high-fidelity identification 

process of its vibratory load transfer function along with control simulations using 

the multi blade coordinate transformation (MBC) are introduced. 

Multi-body finite element structures of the hingeless SNUF blade are configured 

with one-dimensional beam elements and two-dimensional cross-sectional 

properties. Aerodynamic interfaces include the three-dimensional finite state 
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dynamic inflow and wake theory. Structural integrity is evaluated with sectional 

redistribution of the stress and strain in the principal axes of the plies which are 

obtained for 6 different load cases. The load cases include the maximum trimmed 

blade internal loads at advance ratios of 0.15 and 0.33. The stress and strain 

margins are below 65% of allowable values under safety factor of 1.5. Results of 

the estimated fan plot and lead-lag mode damping variation with respect to the 

collective pitch reveals that the present SNUF blade has similarities to the full-

scale hingeless blades. 

A linear time-periodic (LTP) transfer function and corresponding reduced order 

linear time-invariant (LTI) state-space model is identified by frequency-sweep of 

the flap in a fixed-frame using Fourier coordinate transform. Based on the 

estimated transfer functions of the vibratory loads, vibratory load alleviating 

simulation is performed where the flap control input is provided by linear quadratic 

Gaussian (LQG) regulator. Control margins such as the gain and phase margin are 

to be precisely examined by the loop-break analysis. 

Finally, fabrication, bench dynamic tests and tensile tests on SNUF blade is 

carried out. Dynamic characteristics of the flap actuation mechanism is identified 

under tensile load, as well as the tensile load test on the prototype flap blade 

revealed the validity of the structural design of the blade.   

Keywords : Helicopter vibration reduction, Mach-scaled flap rotor blade, 

Multi-body dynamics, LTP system identification, LQG vibration 

control

Student Number : 2017-23159
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Chpater 1

Introduction

1.1 Helicopter Vibration 

Helicopters have capability of various missions owing to their vertical takeoff 

and landing capabilities, where the unique vertical flight is possible with the 

rotary wing aeromechanics. However, the rotating blades coupled with the 

complex aerodynamics have intrinsic periodic imbalance when the rotor faces 

with upcoming flows in maneuvering flight missions.

Fig. 1.1 Complex aerodynamic environment of a helicopter [1]
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The �� blades induce ��Ω frequency vibratory loads on the rotor hub, 

where �� is the number of blades, Ω is the rotation speed of the rotor. As 

the hub vibration transfers to the gearbox, airframe and passengers, the 

reduction of hub vibratory loads in helicopters has been the primary target of 

helicopter researchers. 

1.2 Previous Researches

Recent studies have demonstrated that individual blade control (IBC) using 

the active twist rotor (ATR) or active trailing-edge flaps (ATEFs) may reduce 

vibration levels through comprehensive rotor simulations and wind-tunnel 

tests [1-5]. added. Particularly, with the recent technological advances in 

smart material actuator such as piezoelectric actuator, scale model and full 

scale ATEFs are designed and tested on whirl towers and flight tests [6-11]. In 

those research, comprehensive rotor analyses were conducted before and 

during the tests to size the active rotor, predict the authority of flaps, and 

develop suitable control algorithms. Identification of quasi-steady transfer 

matrix or transfer function between the vibratory loads and flap actuation

were commonly implemented. Also, open-loop flap actuation tests with phase 

sweep were studied to see the flap control authorities to reduce both vibration 

and BVI noise. 

The University of Maryland [6 – 8] conducted scale rotor tests on hover 

stand and forward flight whirl tower tests. Sizing and numerical analysis 
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model were based on UMARC code. They fabricated a flap actuation system 

using commercially available piezo-electric benders with a flexure-based 

mechanism. The model rotor had NACA0012 section without any built-in 

twist. In their earlier studies [6, 7], hover tests revealed the control authority 

of active flaps, and an adaptive control algorithm using Kalman filter 

algorithm was incorporated in the forward flight tests without considering the 

1/rev vibrations due to blade dissimilarity. Later on, they focused on the 

vibration reduction of dissimilar blades with the same scale model on a one-

seventh Bell-412 Mach-scaled rotor hub [8]. A closed-loop identification of a 

transfer matrix and individual control schemes were investigated in hover 

stand to alleviate the 1/rev dissimilarity hub vertical load. The most 

challenging part of their studies were the flap mechanism fabrication. When 

the trailing edge flap mechanisms were tested under the rotating inertial and 

aerodynamic loadings, the magnitude of flap angle was reduced with 

increasing actuation frequencies, which resulted in higher complexity of 

controller design. 

Fig. 1.2 University of Maryland Mach-scaled flap rotor blade [6 – 8]

In Ref. 9, several wind-tunnel tests were conducted to demonstrate 

effectiveness of the vibration and BVI noise reduction of the full-scale 

SMART rotor equipped with flaps driven by 2X-frame piezoelectric actuators. 

The flap had span length of 0.177R, and it was supported by five equally 
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spaced hinges. The 2X-frame actuators jointly developed by MIT and Boeing 

had bandwidth up to 11/rev frequency. A classical continuous-time closed-

loop controller was designed based on the manual gain adjustment. Also, a 

transfer function between the flap angle and the hub load was identified using 

measured data. Then, an inner-loop position control of actuator was included 

to minimize undesired effects of any disturbances to flap actuation. 

Fig. 1.3 SMART Mach-scaled rotor blade on whirl tower [9]

ADASYS rotor [10, 11] equipped on the BK117 was the first flight test of 

on-blade active flaps. The flap actuation mechanism used single tension rod to 

deliver the driving forces of piezoelectric actuator to flap rotations. The 

combined flap actuation mechanism was capable of a maximum deflection of 

±10°. The flap mechanism was tested on a static bench and a hover stand. 
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The trailing-edge flap was modularized and three flap units were used. Unlike 

other transfer-matrix based control method that uses individual blade inputs 

and fixed frame load outputs, the multi-blade coordinate transform (MBC) or 

the Fourier coordinate transform (FCT) was employed for flap actuation 

inputs and blade load sensors. Then 4/rev vibratory load transfer functions for 

the collective and two lateral cyclic flap inputs were identified. The transfer 

functions were obtained by assuming the response is linear time-invariant 

(LTI). 

Fig. 1.4 ADASYS full-scale flap rotor blade [10, 11]

Among those previous active flap rotor studies, most of the vibratory load 

control algorithms developed were in the form of quasi-steady and linear time 

invariant assumptions, and the control results showed average of 60~90% 

reduction in the multiple load reduction control. However, what hinders the 

shift to the production stage of flap rotors is that those adaptive or non-

adaptive controls based on transfer matrices could not provide any 

mathematical tools for evaluating the control loop stability. Also, the 

continuous-time higher harmonic control method relied on the trial-and-error 

method to adjust the gains. This simply means that an accurate mathematical 

derivation of the vibratory load transfer function to flap actuation is needed to 

rigorously design controller and asses the relative stability margins. More 
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recently, there are some efforts to derive the linear state space models from 

the coupled CFD/CSD analysis using the reduced order method or the rational 

function approximation [12, 13].

In an effort to devise an active vibratory load control device for the 

helicopter, the previous research team of the Seoul National University have 

investigated and designed a Mach-scale active flap blade in the last few years 

named as Seoul National University Flap (SNUF) blade [14 – 19]. Structural 

design and optimization of blade and flap mechanism were done [14-18]. Also, 

the flap driving component was fabricated and tested under static 20kg load 

for longer than 2 hours [19].

1.3 Research Objectives and Thesis Outline

In this thesis, structural analysis for SNUF blade is introduced, and an 

identification process for the linear time periodic transfer function along with 

the relevant controller design procedures are studied. Also, the test and 

evaluation of the fabricated flap mechanism and prototype SNUF blade is 

performed. The remainder of this thesis is organized as follows: 

Chapter 2 covers the baseline aeroelastic simulation for present SNUF 

design, including a detailed structural analysis to evaluate the structural 

integrity of SNUF flap blade and its flap driving mechanism. The chapter 

includes a process to identify the vibratory load transfer function based on

coordinate transform.
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Chapter 3 provides a design procedure of vibratory load controller and its 

evaluation in both MATLAB/Simulink and DYMORE simulations, where

precise assessment of the gain and phase margins using a loop-break analysis 

are implemented using MATLAB/Simulink.

Chapter 4 discusses the results of the bench test of flap driving mechanism 

and tensile load test on the fabricated prototype SNUF blade. 

Chapter 5 presents a summary of the thesis, key contributions, and future 

research works to be implemented.  
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Chpater 2

SNUF Rotor Simulation Model Development

2.1 Nonlinear Helicopter Rotor Simulation Model

Construction of an accurate numerical simulation model for a helicopter is 

important in the design stage of a rotor blade. Although the exact responses 

may not coincide strictly, structural and aerodynamic load prediction should 

follow trends of the actual phenomena of a real rotor system. Also, for a 

development of a controller simulation, a fast converging of the time domain 

solution is desired. In order to satisfy these requirements, an efficient multi-

body dynamics analysis program DYMORE [20] is used in this thesis. 

DYMORE has capabilities of modeling the rotor with geometrically exact 

element formulation with internal dynamic wake lifting lines. In order to 

verify the aerodynamic model in the DYMORE, aerodynamic loading is 

compared with a comprehensive rotor simulation code CAMRAD-II [21]. 

2.1.1 Overview of SNUF Rotor System

SNUF blade has a NACA0015 section with −10° pre twist, but the twist 

angle for special section is set to zero to give fabricating convenience. Figure 

2.1 shows the twist angle distribution. The flap has a span of 20% of the blade 

radius, a chord of 0.15� and flap center is set to 75% span, where the location 
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and blade were designed based on the optimization procedure in previous 

research [18]. However, since the former analytical design of the blade is 

modified to be suitable for actual fabrication, a structural integrity analysis 

should be done. Figure 2.2 shows SNUF blade configuration for actual 

fabrication. Figure 2.3 shows the fabricated blade. A pushrod hinge and three 

flap hinges are used. The hinges were designed to fit inside the blade skin to 

prevent any aerodynamic drag resistances. The details of the modified SNUF 

blade is given in Table 2.1

Fig. 2.1 Blade pre twist distribution of SNUF

T
w
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t,

 d
eg
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Fig. 2.2 SNUF blade planform

Fig. 2.3 Fabricated blade flap mechanism part

Table 2.1 SNUF blade parameters

Properties Values

Rotor type Hingeless

Rotating speed, Ω 1300 RPM

No. of blades, �� 4

Blade radius, � 1.5	m

Blade chord, � 0.135	m

Lock number, γ 3.717

Root cutout 27% R

Tip Mach number, � 0.6

Shaft angle, �� −6°
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2.1.2 DYMORE Multi-Body Aeroelastic Analysis Configuration

Multi-body structures of the hingeless SNUF blade are configured with one-

dimensional geometrically exact beam elements and two-dimensional cross-

sectional properties using DYMORE and VABS [22]. Figure 2.4 shows the 

components of the present DYMORE modeling. The hingeless configuration 

is represented with a pitch bearing and equivalent pitch stiffness of the KARI 

whirl stand. The blade is divided into three blade sections, and the middle 

section is attached with the bracket and flap assembly. The flap mechanism is 

simplified with four joints, using revolute, universal, prismatic, and spherical 

joints. 28 quadratic elements are used for the blade meshing. 

Fig. 2.4 DYMORE multi-body configuration of SNUF rotor

Aerodynamic loading is calculated using the internal aerodynamic 

interfaces of DYMORE that include the three-dimensional finite state 

dynamic inflow and wake theory of Peters and He [23]. In this thesis, 15 

modes of dynamic inflow are selected, which is equivalent to 136 states. Also, 

the number of aerodynamic interfacing nodes is set to 30 with Gaussian 

distribution.    
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2.1.3 Two Dimensional Cross-Section Analysis using VABS

Figure 2.5 represents a typical section of SNUF blade. Layup pattern for the 

skin is based on the optimized result by Eun et al. [18]. The original 0.5mm 

thin C-type spar design is modified to flange and sandwich-web to carry the 

actuator shaft and journal guide bearing. Additional ±45° plies were added 

to prevent excessive shear strains. 

Fig. 2.5 Cross section and layups of SNUF blade

  The cross-sectional properties are calculated by VABS, with a pre-

processing scripts written in MATLAB and executed by the PreVABS [22]. 

The blade properties are calculated from several discretized representative 

cross-sections as shown in Fig. 2.6. The two-dimensional cross-section mold 

points were obtained from the three-dimensional CAD file. Finite 

discretization of the cross-section is performed with Gmsh [24], which is a 

powerful free-ware. The mesh size is determined as the smallest possible 

mesh size in PreVABS with quadratic element. Figure 2.7 shows the finite 

element discretized cross-sections. Figure 2.8 depicts the result sectional 
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properties distribution along the span. 

Fig. 2.6 Cross-section analysis points

(a) X12

(b) X15_1

(c) X21

Fig. 2.7 Representative mesh results of cross-sections
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(a) Axial stiffness

(b) Torsional stiffness

(c) Flap bending stiffness

(d) Lag bending stiffness

Fig. 2.8 Sectional properties distribution
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2.1.4 Baseline Trim Analysis Results

In order to select a representative analysis point that shows a large vibratory 

load, 4/rev vibratory loads in steady forward flight state are identified through 

advance ratios of 0.1 to 0.38 where ��/� = 0.06 and shaft tilt angle of −6°. 

A wind-tunnel trim with zero first harmonic flapping is implemented in this 

thesis. In DYMORE, the trim is performed with its internal AUTOPILOT 

function. The initial collective pitch angle is set to obtain average of zero 

vertical hub load in the perturbation identification period in order to get rapid 

convergence and stable trimmed result. Figures 2.9 to 2.11 shows the history 

of the input and output responses during trim analysis at � = 0.15. 

Fig. 2.9 Hub vertical load, pitching moment, and rolling moment 

convergence histories
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Fig. 2.10 Trim control input convergence histories

Fig. 2.11 The first harmonic of flapping convergence histories

To verify the trim analysis aerodynamic environment, the finite state 
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dynamic wake model in the present DYMORE analysis is compared with the 

prescribed wake level of CAMRAD-II analysis. As described by Peters and 

He, the finite state dynamic wake model is basically a prescribed-wake 

analysis and it shows good correlations with the CAMRAD-II prescribed-

wake analysis in Figs. 2.12 and 2.13. Even though it cannot account for the 

wake roll-up or the detailed blade-vortex interactions, it is useful to the design

of higher harmonic controllers. 

Fig. 2.12 Trim angle comparison, rigid blade uniform inflow (green 

markers), DYMORE dynamic wake (black lines), and CAMRAD 

prescribed wake (blue markers) and free wake (red markers) 
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(a) DYMORE lift � = 0.15 (b) CAMRAD II lift � = 0.15

(c) DYMORE lift � = 0.33 (d) CAMRAD II lift � = 0.33

Fig. 2.13 Trim lift distribution comparison in prescribed wake level 

analysis 

Figure 2.14 depicts the result of the each trimmed vibratory loads at 

advance ratios. The vibratory load increases in low advance ratios up to 0.15 

because of the mixing of returning wake. Then, it decreases as the advance 

ratio increases, for the wake geometry is gradually flown away from the rotor, 

which may reduce the vibratory load induced from the wake interaction until 

the transition point to higher blade loading from high advance ratio is reached 

(� = 0.25 in Fig. 2.14).
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Fig. 2.14 Fixed frame 4/rev vertical vibratory loads versus advance 

ratio

2.2 SNUF Blade Prototype Structural Integrity Analysis

2.2.1 Sectional Recovery of Stress and Strain for a Trimmed Rotor

Structural integrity is evaluated by the stress and strain recovery analysis for 

the blade sections. Sectional redistribution of the stress and strain in the 

principle axes of the plies are calculated using VABS in 6 load cases where 

the maximum trimmed blade internal loads ��,��, and �� occur in advance 

ratios of 0.15 and 0.33. Figure 2.15 shows the steady-state period response of 

blade internal loads. The blade internal loads were multiplied by a safety 
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factor of 1.5.

The results of the six cases of structural integrity analysis are summarized in 

Table 2.2. Figure 2.16 illustrates the distribution of recovered strain factor of 

safety along the span where advance ratio is 0.15 and in the azimuthal 

location of maximum internal load �� takes place. The maximum strain 

occurs in the transverse tensile direction of the uni-directional carbon ply in 

the flange.

(a) Blade axial load, ��
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(b) Blade chord-wise load (lag-wise), ��

(c) Blade vertical shear load, ��

Fig. 2.15 Blade loading at � = �.��
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Table 2.2 Stress and strain recovery results

Load case
Ply coordinate 

direction

max(
����������/
���������� )

max(
����������/
���������� )

� �

0.15

Max 
��

Tensile longitudinal 50% 40%
Tensile transverse 59% 9%
Shear 30% 73%

Max 
��

Tensile longitudinal 52% 41%
Tensile transverse 60% 8%
Shear 26% 63%

Max 
��

Tensile longitudinal
Tensile transverse
Shear

51%
60%
26%

41%
8%
63%

0.33

Max 
��

Tensile longitudinal
Tensile transverse
Shear

57%
69%
27%

45%
9%
62%

Max 
��

Tensile longitudinal
Tensile transverse
Shear

53%
62%
31%

42%
9%
78%

Max 
��

Tensile longitudinal
Tensile transverse
Shear

51%
60%
39%

41%
9%
94%

(a) Stress distribution
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(b) Strain distribution

Fig. 2.16 Stress and strain recovery analysis result for 
� = �.��, ��	������.

2.2.2 Stability Comparison with Existing Full-Scale Rotors

In order to ensure the stability of SNUF blade, the non-dimensional mode 

frequencies and lead-lag damping characteristics are compared to the existing

full-scale blades. In Fig. 2.17, result of the estimated fan plot from structural 

analysis reveals that the present SNUF blade has similar flap, lag, and torsion 

modes with those of BK117 full-scale flap blade [11]. The first torsion mode 

frequency is 3.35/rev for the present SNUF blade, which sufficiently gives the 

control authority to the flap. 
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Fig. 2.17 Fan plot of BK117 and SNUF blade

In Fig. 2.18, lead-lag mode damping variations to collective pitch angles 

are derived from the in-plane moment reaction from the shaft fixed frame by 

least-square fitting to Eq. (2.1). The lead-lag mode damping increases with 

respect to the amplitude of collective pitch angle, which is analogous to that 

of BO105 hingeless blade [25]. Therefore, the present configuration of SNUF 

blade is said to be a structurally stable design. 

�� ≅ ����� cos(�� + �)
(2
.1)



26

Fig. 2.18 Lead-lag mode damping in hover

2.3 Development of Identification Method for LTP Transfer 

Function

This section describes the detailed derivation of mathematical expressions to 

identify the LTP transfer function. Fixed frame coordinate transformation is 

introduced, followed by the frequency response based identification method. 

2.3.1 Multi Blade Coordinate Transform (MBC)

MBC is also known as Fourier coordinate transformation (FCT) or Coleman 
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transform, and it is widely used in the rotor-dynamic industries such as the 

wind turbine, turbomachinery, and rotorcrafts [26 – 28]. It either converts the 

blade rotating frame quantity �� into the hub fixed frame variable ��� or 

the inverse. Through MBC transformation, system of the hub vibratory load to 

each trailing-edge flap can be readily manipulated by matching both input and 

output coordinates to the fixed frame. For a four-bladed rotor, the MBC 

transformation matrix for n-th harmonic, which is a time-varying matrix, is 

defined as Eqs. (2.2) and (2.3).

����� =

�

�

⎣
⎢
⎢
⎢
⎡

1 1 1 1

2 cos(�Ω�) 2 cos(�Ω� +
��

�
) 2 cos(�Ω� +

��

�
) 2 cos(�Ω� +

��

�
)

2 sin(�Ω�) 2 sin(�Ω� +
��

�
) 2 sin(�Ω� +

��

�
) 2 sin(�Ω� +

��

�
)

−1 1 −1 1 ⎦
⎥
⎥
⎥
⎤

                    

����� = �����
�� (2.2)

��� = [��, ��� , ��� , ��]
� = �����[��, ��, �� , ��]

� (2.3)

The n-th harmonic is specified by the number of blades, which is defined as 

follows.

� = 1, 2, 3, … ,
����

�
for �� even;

����

�
for �� odd (2.4)

Therefore, a four-bladed rotor only has the first harmonic components of non-

rotating frame states, ��� and ���. Also, the collective motion of a degree of 
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freedom is illustrated by ��. As a result, the non-rotating frame states can 

fully represent the cumulative rotor behavior, giving an impression to the 

individual flap control [27]. If the trailing-edge flap degrees of freedom in 

each rotating blade is transformed into a fixed frame, the vibratory load 

reduction controller can be designed in the fixed frame along with the 

converted fixed frame control input states.

One of the important characteristics of MBC is the frequency shifting 

property. As it is clear from Eq. (2.2), the frequency shifting results from the 

trigonometric action of the transformation matrix. Figure 2.19 and 20 shows 

that the fixed frame collective quantity �� is directly mapped into rotating 

quantities without any frequency shifting, whereas the fixed frame cyclic ���,

��� are mapped with ±1/rev frequency shifts. If the two cyclic input is 

imposed so that the phase of each blade becomes one-periodic signal, which is 

exactly the conventional individual blade control input, results in −1/rev

frequency shifting in hub fixed frame. In Fig. 2.21, the 4/rev individual blade 

control inputs eventually represent the 3/rev ��� and ��� inputs by the 

MBC transform. 
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(a) FFT of ��� = [cos(4Ω�) , 0, 0, 0]�

(b) FFT of �� = [��, �� , ��, ��]
�

Fig. 2.19 Frequency characteristics of the fixed frame collective input 

and rotating frame inputs 
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(a) FFT of ��� = [0, cos(4Ω�) , cos(4Ω�) , 0]�

(b) FFT of �� = [��, �� , ��, ��]
�

Fig. 2.20 Frequency characteristics of the fixed frame cyclic input and 

rotating frame inputs
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(a) 4/rev individual blade rotating frame input ��

(b) 3/rev fixed frame input ��� = �������

Fig. 2.21 Frequency characteristics of the fixed frame cyclic input and 

rotating frame inputs 
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Once the fixed frame control input states are designated, the blade frame 

flap deflections are obtained by multiplying ����� . Fig. 2.22 shows the 

general block diagram of vibratory load control loop using MBC. The fixed 

frame transfer function includes both MBC transformation and the flap rotor 

dynamics. Hence, identification of the fixed frame transfer function is 

performed by prescribing the non-rotating frame input 

��� = [��, ��� , ��� , ��]
�.

Fig. 2.22 Vibratory load control system block diagram

2.3.2 Frequency Domain Identification Technique of LTP systems

Since the helicopter rotor becomes a linear time-periodic (LTP) system in 

forward flight, a sinusoid input signal to a certain degree of freedom of the 

rotor at single frequency � yields a multiple superposition of the 

characteristic rotating frequency ��Ω, which is regarded as a modulation 

effect. For example, the frequency of the output signal is �, � +��Ω, 
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� − ��Ω, � + 2��Ω, � − 2��Ω, … [4]. Then, the definition of the LTP 

system is that the system includes each different LTI sub-transfer function for 

each modulated frequency. Figure 2.23 shows the LTP system block diagram.

Fig. 2.23 LTP system block diagram

Provided that an input signal �(�) = � cos(���� + �) is applied to a LTP 

system, the steady-state response ���(�) is assumed to be represented by the 

three dominant LTI sub-transfer functions. 

���(�) = ℱ������(��)���(� − ��Ω)��

+	ℱ��{��(��)�(��)} +	ℱ������(��)���(� + ��Ω)�� (2.5)

For LTI transfer function �� case, the input frequency response is defined as,

�(��) = ��
�

2
�(� + ���)�

��� + ��
�

2
�(� −���)�

��

(2.6)
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where the Dirac delta function is used in Eq. (2.6). Then the resulting steady-

state response for �� is evaluated using the shifting and sifting property of 

Fourier transform. 

����(�) = |��(����)|��
�

2

× ℱ�����(� + ���)�
�����∠�(��)� + �(� − ���)�

����∠�(��)���

= |��(����)|��
�

2
��

1

2�
�������������∠�(��)�

+�
1

2�
�����������∠�(��)�	�

= |��(����)| cos{���� + � + ∠�(��)} (2.7)

Likewise, applying the same operations to the ��� and ��� , and 

substituting the expressions for frequency shift yields the result of Eq. (2.5). 

���(�) = |���(�(��� − ��Ω))|

× cos{(��� − ��Ω)� + � + ∠�(��)}

+ |��(����)| cos{���� + � + ∠�(��)}

+ |���(�(��� +��Ω))|

× cos{(��� + ��Ω)� + � + ∠�(��)} (2.8)
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Therefore, for any prescribed sinusoidal input to the LTP system, the output 

signal contents have all the independent frequency responses of the LTI sub-

systems, which have their own magnitude and shifted frequency range by the 

characteristic rotating frequency ���Ω, where � is an integer. 

Accordingly, identification of the flap rotor system is directly implemented 

using Eq. (2.8). The non-rotating frame collective, lateral cyclic, and 

longitudinal cyclic flap deflection inputs are separately prescribed, and the 

blade frame flap deflection input is determined by MBC transform. As it is 

discussed in section 2.3.1, using only one cyclic fixed input results in ±1/rev 

shifted blade frame input, and it results in complicated frequency contents in 

the hub load. Furthermore, the problem becomes mathematically 

indeterminate. Therefore, the fixed frame cyclic input is mixed to get only the 

+1/rev frequency shifting in the rotating frame. The sweep frequency ranges 

from 0/rev to 10/rev. 

Fixed frame reaction forces are measured as output, either from the shaft 

reaction or sum of the blade root reactions where the steady-state response is 

obtained after more than 200 rotor revolution periods. The hub forces are 

subtracted by the baseline forces so that the perturbed outputs are used. For 

the rest of the thesis, the operating trim condition is set to advance ratio of 

0.15 and ��/� of 0.06. Frequency response is calculated by dividing the 

output frequency data with input frequency signal obtained by FFT. ��

response is collected from the matched frequency data, and ��� and ���

are found at the corresponding shifted frequency ranges. 
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Figure 2.24 and 2.25 shows the results of the identification. The collective 

actuation has much more control authority than the cyclic actuation, for the 

average magnitude is 10 dB larger. 

(a) Vertical force transfer function to collective flap input 
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(b) Rolling moment transfer function to collective flap input

(c) Pitching moment transfer function to collective flap input

Fig. 2.24 Identified transfer functions to collective fixed frame flap input
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(a) Vertical force transfer function to cyclic flap input 

(b) Rolling moment transfer function to cyclic flap input
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(c) Pitching moment transfer function to cyclic flap input

Fig. 2.25 Identified transfer functions to cyclic fixed frame flap input

2.3.3 LTI State-Space Model Representation for Multiple Hub Load

Assuming the helicopter in steady-state as LTI system rather than LTP system 

requires that the magnitude of �� transfer function be far dominant than 

other periodic transfer functions. However, it depends on the frequencies as 

shown in Figs. 2.24 and 2.25. If the �� is weakly dominant at 4/rev, though, 

as the 4/rev vibratory load is the target load to be reduced, it is appropriate to 

take only �� to truncate the LTP system to LTI system, which is useful to 

design the controller. 

In order to derive the analytical form of transfer function for the ��
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system, the ‘invfreqs’ function in MATLAB is used where the algorithm uses 

Gauss-Newton iterative search with the output of the Levi’s algorithm as the 

initial estimate [29, 30]. Figure 2.26 shows the estimated transfer functions of 

��, �� , and �� to collective flap input, and Figure 2.27 plots the estimated 

transfer functions to cyclic flap input. Each transfer function is identified with 

12 states with 12 zeros and 12 poles. 

(a) Rolling moment transfer function, ���/���
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(b) Pitching moment transfer function, ���/���

(c) Vertical load transfer function, ���/���

Fig. 2.26 Estimated transfer functions for collective input
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(a) Rolling moment transfer function, ���/�����

(b) Pitching moment transfer function, ���/�����
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(c) Vertical load transfer function, ���/�����

Fig. 2.27 Estimated transfer functions for cyclic input

Since the identified transfer functions are based on the fixed-frame modal 

basis coordinate, a state-space model can be directly assembled. The number 

of states are determined by the sum of each number of states of identified hub

forces and moments. 

�̇ = [�]� + [�]���

��� , �� , ���
�
= [�]� + [�]��� (2.9)

Figs. 2.28 and 2.29 show the validation of the identified LTI state-space

representation to the outputs from DYMORE. The LTI assumption is clear for 

collective input, but it is blended with other harmonic functions in cyclic input 

cases. Also, it is concluded that simultaneous reduction is difficult because of 
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the intrinsic phase characteristics as shown in Figs. 2.28 and 2.29. 

(a) Validation of rolling moment output

(b) Validation of pitching moment
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(c) Validation of vertical load

Fig. 2.28 Collective mode input validation with DYMORE results

(a) Validation of rolling moment output
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(b) Validation of pitching moment

(c) Validation of vertical load

Fig. 2.29 Cyclic mode input validation with DYMORE results
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Chpater 3

LQG Vibration Controller Synthesis

3.1 Motivation for LQG Vibration Controller

In this thesis, the vibratory load reduction control is designed only for the 

vertical hub load. The controller should include the target frequency by the 

internal model principle, and the linear quadratic Gaussian (LQG) control is 

suitable for that purpose. The vibratory loads are substituted as disturbances to 

the regulator loop. Then, the LQG decides an optimal control input that 

regulates the output �� + �� to be zero. A steady-state Kalman filter state 

observer is designed to estimate the disturbance states. The state-space 

equations for the open-loop model is obtained from the identified transfer 

function. Figure 3.1 depicts the control system block diagram to alleviate the 

vibratory disturbances to the measurement output. 

Fig. 3.1 Disturbance rejection based vibratory load controller



48

3.2 LQG-Based Vibratory Load Reduction Synthesis Procedure

If the disturbance is denoted as subscript �, The disturbance augmented 

system equation is

�̇ = �
� ���
0 ��

� � + �
�
0
�� + �

0
��
��

� = [� 0]� + � (3.1)

where � is the flap deflection input, � is the vibratory load, and � is the 

measurement noise. The disturbance is defined as a deterministic noise of 

4/rev frequency. The shape of the frequency band should pass the zero

frequency, for the disturbance rejection control is designed using the 

perturbation equations. Then, the disturbance transfer function can be 

formed as follows

��(�) =
������

�

�

����

�����
�

�

(������)(������)

(3.2)

where the two additional poles are located near the zero-frequency band by 

selecting the coefficient �� and �� with 0.001 and 0.1, respectively. 

The control gain is designed using the general full-state feedback LQG 

formulation. The quadratic cost function is defined as
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� = lim
�→�

�
1

�
{��[�]� + ��[�]�}

�

�

	 (3.3)

The weighting matrices are determined by the initial guessing of maximum 

state values and input flap angle limits. The hub vertical perturbation force is 

set as 3 N, but rolling moment and pitching moment are not controlled in this 

thesis. Flap deflection limit is 10° for the designed flap mechanism. 

Then, the sub-optimal control input is determined as

� = −���	 (3.4)

where the static control gain � comes from solution of algebraic Riccati 

equation. Also, the estimated states are calculated from the stationary Kalman 

filter, where the variances are pre-determined by the measured responses from 

DYMORE in the design scope of this thesis. 

In order to analyze the relative stability of the control system, it is useful to 

use the break-point analysis. The closed loop is cut where the input and output 

responses are the most uncertain, which is usually before the identified system 

model. Then, the input and output are perturbed to get the open-loop transfer 

function. The open-loop transfer function containing the observer and control 

gain are utilized to plot the Nyquist diagram to assess the gain and phase 

margins, and the bode plot of sensitivity function to evaluate the disturbance 

rejection capability. Figure 3.2 describes present simulation diagram in 

MATLAB/Simulink. 
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Fig. 3.2 Simulink block diagram

3.3 Controller Evaluation at a Fixed-Flight Condition

In the present wind-tunnel trim isolated rotor configuration, the primary pitch 

control setting is fixed. By following the system identification and controller 

design procedure in previous sections, a linear control law is established on 

the trim condition. Figure 3.3 shows the stability margin of present design. 

The magnitude of gain margin is infinite, and phase margin is 68.2°. Figure 

3.4 depicts the sensitivity and closed-loop transfer functions that are 

complementary. The sensitivity function shows that it can reduce about -

9.2dB, about 65% reduction of vibration in 4/rev frequency range, but the 

actual result will be degraded as the actual system includes other harmonics 

from its LTP nature.
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Fig. 3.3 Nyquist diagram for present open-loop transfer function

Fig. 3.4 Bode diagram of sensitivity function and closed-loop system

Figure 3.5 shows the vibratory load reduction simulation result of both 

MATLAB/Simulink and DYMORE simulations. The flap driving input signal 

is copied to the DYMORE input obtained by MATLAB/Simulink model in 

Fig. 3.2. 4th order Runge-Kutta integration method is used, and a white noise 

of variance 0.1 is implemented. The result shows that the 4/rev vibratory load 
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is reduced about 78%. As the LTI identified system is verified in section 2.3.3, 

designed controller has almost same responses in both DYMORE and 

Simulink plotted in black ‘+’ marked line and green ‘x’ marker line, 

respectively. Since the estimation of state is based on the 4/rev deterministic 

function, there is some discrepancy between the estimated hub load and 

simulated response. Nevertheless, the phase of the simulated response and 

original non-linear DYMORE solution matches perfectly, which in turn 

satisfies the phase margin design criteria.  

Fig. 3.5 Time response of designed controller for hub vertical vibration

In order to verify the designed control system synthesis on the state-space 

representation of collective input, another control law for three hub load 

component ��, �� and �� is implemented. Figure 3.6 shows the responses 

to the intentionally designed control law. The designed simulated responses in 

MATLAB/Simulink match well with the DYMORE controlled responses. 
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Also, if the control effort is oriented to reduce hub moments, the hub vertical 

force increases. As a result, using of combination of collective and cyclic 

mode input will be necessary to reduce every component of hub vibration. 

(a) Hub vertical force

(b) Hub rolling moment
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(c) Hub pitching moment

Fig. 3.6 Time response of designed controller for three hub loads
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Chpater 4

Test and Evaluation of SNUF Rotor Blade

4.1 Bench Test Results for SNUF Flap Mechanism

4.1.1 Bench Test Setup

Bench tests include the frequency sweep test on the flap mechanism using the 

piezoelectric actuator and endurance test under 20kg centrifugal load on the 

flap. Figure 4.1 shows the bench test setup for flap driving mechanism. 

Fig. 4.1 Bench test setup for flap mechanism

The Cedrat APA1000L piezoelectric actuator is fixed to the titanium block 

which is fixed to blade roving, and actuator rod is supported by a linear bush.

The flap hinges were fixed to the testbed by bolting. Real-time measurement 

and actuation system is constructed by two NI PCI-6281 DAQ cards with a 

computer (Intel i7, 4.2 GHz), NI SCXI-1000 chassis with SCXI-1314/1520 

strain gauge bridge circuitry boards, and Cedrat voltage amplifier of gain 20. 
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The measurements and control signals are sampled in 75/rev (1624.8 Hz) 

where the real-time sampling loop is constructed by Visual C++ using DAQ 

buffered tasks. Flap angle is measured by potentiometer. 

Fig. 4.2 shows the endurance test setup using a linear actuator with a BLDC 

motor. As the real-time updating of pulse signals from the DAQ is highly 

complicated, an Arduino board was utilized to generate pulse-width-

modulation signal to the BLDC motor, which converts the analog signal from 

DAQ. Figure 4.3 shows the measurement units. In Fig. 4.4, the strain gauges 

were installed on the flap and pushrod guide. Span-wise and chord-wise 

strains are measured at the flap carbon fabric, and span-wise strain of shaft 

guide is monitored. 

Fig. 4.2 Endurance test setup for flap mechanism
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Fig. 4.3 Bench test measurement units

Fig. 4.4 Installed strain gauges.

4.1.2 Static and Dynamic Characteristics of the Flap Mechanism

Piezoelectric actuators generally have hysteresis nonlinear characteristics. On 

the other hand, hysteresis depends on the frequency where it imposes a large 

phase distortion on low frequencies and relatively small phase distortion on 

high frequencies [31, 32]. The flap response to 1 Hz input signal is plotted in 
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Fig. 4.5. The plot for two periods are overlapped together, and it can be 

observed that the hysteresis occurs with regular fashion. There are no 

amplitude discrepancies between the two periods, and the other periods 

showed same responses as well.

Fig. 4.5 Hysteresis observed at 1 Hz response

Figure 4.6 shows the frequency response of the present flap mechanism that 

reveals the nonlinear characteristic of piezoelectric actuator. Lower 

frequencies have steady phase delays due to high hysteresis effect, whereas in 

Fig. 4.7, the 3/rev frequency signal can be regarded as linear. Linear dynamics 

can be derived for small input voltages at those frequencies, which can be 

mathematically modeled with electrical properties with mechanical and 

capacitance values of �, �, and �. Therefore, a transfer function having 

third order characteristic equation without any zeros can be generalized, and 

parameters of the transfer function are estimated by the least-squares method 
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from the measured step responses or sweeping of frequency responses. In Fig. 

4.6, the corner frequency for present flap mechanism in zero loading is about 

80 Hz. Note that the phase delay is about 150° in 3/rev.

Fig. 4.6 Input voltage to flap angle frequency response

Fig. 4.7 3/rev, 65.0 Hz input and output responses
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On the other hand, since the piezoelectric actuator input gets only positive 

voltages, an initial flap angle setting is inevitable to make the flap cover 

actuation range under the blocked force. As a result, there always is some 

initial bias voltage in every execution of the control program. In order to 

overcome such modeling difficulty, voltage to angular velocity relationship is 

adopted so that the resulting transfer function is irrelevant to any initial angle. 

Accordingly, the transfer function of angular velocity could be regarded as 2nd

order characteristic equation without any zeros. In the identification process, 

frequency response sweep around the 3/rev operation points are conducted. 

(a) Input voltage to flap angular velocity frequency response
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(b) 3/rev, 65.0 Hz transfer function validation

Fig. 4.8 Flap dynamics identification using angular velocity and its 

validation

Figure 4.8 (a) shows the measured magnitude and phase delay with 

estimated transfer function. Figure 4.8 (b) validates that the response of 

estimated transfer function applied by same input signal to flap captures phase 

and magnitude of actual flap angular velocity well. 

4.1.3 Endurance Test of Flap Mechanism

Endurance test on the flap mechanism was performed in the previous research, 

but without the strain measurements on the flap or any driving structure [18]. 

The purpose of this additional test is to assess the strains during 10 min of 

static loading conditions. 

Figure 4.9 shows the strains measured in unloaded condition while driving 

the flap at 5Hz. Chord-wise flap strain is more influenced by the actuation,
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giving the dynamic strain response. Figure 4. 10 shows the resulting strain 

after 10 minutes. Static strains of carbon flap had increased in both directions, 

and the strain of steel shaft guide had also amplified. Measured strains are 

sufficiently small compared to the allowable strain limits. 

(a) Flap span-wise gauge
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(b) Flap chord-wise gauge

(c) Steel shaft guide gauge

Fig. 4.9 Strains measured in unloaded condition
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(a) Flap span-wise gauge

(b) Flap chord-wise gauge
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(c) Steel shaft guide gauge

Fig. 4.10 Strains measured in 20kg loading condition

4.2 Tensile Loading Test

4.2.1 Tensile Loading Test Setup

Fabrication of the SNUF blade is collaborated with Sung-Woo Engineering. 

Before performing the hover tower tests on the blade, a structural integrity 

assessment for the prototype blade is verified by the tensile loading test. The 

maximum expected centrifugal load is 20kN on the blade root section. Figure 

4.11 shows the tensile loading test setup using the Galdabini QUASAR 25 kN 

universal testing machine. Blade tensile specimen is divided into root part and 

flap part. As shown in Fig. 4.12, two strain rosettes were attached on the 25% 
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chord line, one at 25%R and the other at 38%R for the root part specimen.

The strain rosette measures 0° and 90° direction strains. Each corresponds to 

X14 and X16 cross-sections in Fig. 2.6. Also, in Fig. 4.13, the flap part 

specimen has one 25% chord strain rosette, and the other rosette installed near 

flap cut-out section where stress concentration would occur. All the strain 

gauges were measured with quarter bridge configuration. 

Fig. 4.11 Tensile test experimental setup

Fig. 4.12 Strain gauges on root specimen
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Fig. 4.13 Strain gauges on flap specimen

  Tensile loading schedule is organized according to the University of 

Michigan blade tensile testing procedure [33]. A pretension of 50N is imposed 

to match the starting conditions. Then, the tensile load is controlled to reach 

400N at 40N/s in order to predict the equivalent axial stiffness of the 

prototype. Then, the crosshead of testing machine is moved with constant 

speed of 0.0254 mm/s, until the load becomes maximum 25kN. Specifically, 

the flap is driven with 5Hz sinusoidal signal during the test, and the flap 

deflection is measured with laser sensor to check whether any performance 

degradation of active flap happens. 

4.1.2 Test Results and Discussion

Figure 4.14 shows the load histories and crosshead displacements with time 

during the tensile test program for both root specimen and flap specimen. The 

load increases faster in the root specimen case even in the same crosshead 

speed. This implies that the axial stiffness of the root specimen is larger than 
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the flap specimen. 

(a) Load histories of both specimen tests. 

(b) Crosshead displacement histories of both specimen tests. 

Fig. 4.14 Fabricated blade tensile loading test results
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In Fig. 4.14 (a), the load increased almost linearly over 20kN, which is the 

maximum load expected in the trim condition. However, a small crack of a 

ply occurred at 18kN load in the root specimen, as indicated by the small 

sudden drop of the load at 110 s. Then, a relatively large crack occurred at 

24.9kN, and the test ended due to the load cell limit on 25kN. 

Similar small crack was observed for the flap specimen at 15kN. Flap 

specimen showed some more small cracks for load over 20kN, and exhibited 

a continuous fracture when the load was increased to 24kN. 

(a) Longitudinal strain measured
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(b) Lateral strain measured

Fig. 4.15 Measured strains

Figure 4.15 (a) shows the strains measured in the tensile load direction. 

Strain observed for the root specimen is less than the strain observed for the 

flap specimen at 25% chord. The cracks are detected on exact timing as the 

load cell measurement. Root specimen shows some strain behaviors similar to 

plastic deformation before the initial crack at 110 s, revealing the decrease of 

slope. In addition, a small portion of lateral strains were detected as depicted 

on Fig. 4.15 (b). 

In summary, the root of the blade may survive under the nominal 20kN 

centrifugal loading as the actual centrifugal load is a distributed load, but it 

lacks some safety margins as the ply failure was observed around 20kN 

tensile load. The integrity of the flap part of the blade is satisfied as the actual 

centrifugal tensile load will be 15kN. However, since there is no significant 
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deformation or fractures observed in the outer skin of the specimens after the 

test, a detailed inspection of the specimen is needed. 

Fig. 4.16 Flap tip deflection history

  Figure 4.16 shows the measured flap tip deflection with time. The 

amplitude of the deflection remains same, but the steady flap tip deflection is 

affected by the tensile loading and deformation, which implies out-of-plane 

bending is occurred during the test. 
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Fig. 4.17 Load-strain and equivalent axial stiffness of root specimen

Figure 4.17 and 4.18 shows the load versus strain plot of root specimen. 

Calculated equivalent axial stiffness are 1.364 × 10�N for X14 cross-section 

location, 7.687 × 10� for X18 cross-section, and 9.946 × 10�N for X16 

cross-section, respectively. Table 4.1 summarizes the results of the axial 

stiffness from numerical prediction and strain gauges. The axial stiffness from 

the measurement is not a real stiffness, for the measured strain is only from 

the outer skin. Therefore, the stiffness ratios from the measured value and 

analysis are compared. Stiffness variations in both X14/X16 and X16/X18

have average of 12% error. 
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Table 4.1 Axial stiffness comparison

EA, × 10�N VABS Strain gauge
Percentile 

error

X14 15.11 13.64 -

X16 12.49 9.946 -

X18 (flap) 11.29 7.687 -

X14/X16 1.21 1.37 11.68%

X16/X18 1.11 1.29 13.95%

Fig. 4.18 Load-strain and equivalent axial stiffness of flap specimen 
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Chpater 5

Conclusions

5.1 Contributions

Through the thesis, the three main contributions are the development of an 

accurate and simple system identification method for the on-blade flap to 

fixed frame loads, a linear control law with stability margin assessment, and 

the testing and evaluation of the flap blade. 

The conclusions derived are:

(1) Structural integrity analysis of the modified SNUF blade for before 

fabrication is conducted using DYMORE and VABS. The stress and strain 

margins are below 65% of allowable values under safety factor of 1.5. 

(2) Identification of LTP transfer functions of SNUF rotor configuration is 

done by MBC technique in frequency domain, and the relevant ±1/rev 

frequency shifting properties are demonstrated. Identified LTP transfer 

functions can be reduced to LTI systems because of the dominant magnitude 

of �� .   

(3) Vibratory load reduction control system for hub vertical vibratory load 

is designed using LQG scheme that is inherently derived from the internal 

model principle, and relative stability margins are evaluated using the open-

loop transfer function obtained by the break-point analysis. Also, the control 

simulation gave 78% reduction in 4/rev hub thrust vibratory load. 
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(4) The static and dynamic tests of the flap mechanism revealed sufficient 

structural endurance and flap deflections. Also, the tensile load test on the 

blades showed that the fabricated prototype had no margins. 

5.2 Future Works

In the future, the flap mechanism dynamics and durability will be tested on 

KARI hover stand. System identification procedure on the hover stand and 

wind-tunnel will be implemented. Then, the identified dynamics of the blade 

and flap mechanism will be included in the control simulation loop to 

calculate the gains and construct a reliable model for wind-tunnel tests and 

flight test. Also, it will be examined if any substantial improvements are 

required in the blade design or flap mechanism design. 

.
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국문초록

회전익기 능동 진동 제어를 위한 플랩 블레이드의

시험 평가 및 제어 알고리즘 연구

임병욱

서울대학교 대학원

기계항공공학부

본 논문에서는 서울대학교 능동 뒷전플랩 축소 블레이드 (SNUF 

블레이드)에 대한 구조 안정성 및 동특성을 분석하였다. 이를 위해

시제 블레이드에 대한 인장 시험 및 뒷전 플랩 구동기 구성품에

대한 동특성 및 내구성 시험이 수행되었으며, 다물체 동역학 유한

요소 해석이 수행되었다. 무힌지형 SNUF 블레이드는 DYMORE 

및 VABS 를 사용하여 1 차원 기하학적 정밀 보 요소와 2 차원

단면 물성으로 구성되었다. 구조-공력 연계 해석은 DYMORE 

내부의 Peters/He 3 차원 유한 상태 동적 유입류 및 후류 이론이

사용되었다. 이러한 다물체 동역학 해석을 기반으로 동특성 해석을
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위해 다중 블레이드 좌표 변환(multi-blade coordinate 

transform; MBC transform) 및 주파수 스윕(frequency 

sweep) 기법을 이용한 플랩 블레이드의 선형 주기 전달함수

식별이 수행되었다. 식별된 선형 주기 전달함수로부터 상태-공간

방정식이 유도되었고, 선형 2 차 가우시안 (linear quadratic 

Gaussian; LQG) 기법을 이용한 최적 진동 하중 제어 알고리즘에

대한 설계가 수행되었다. 진동 하중 제어의 결과를 DYMORE 

다물체 동역학 해석 결과와 비교하였다. 또한,

MATLAB/Simulink 를 통한 개루프 전달함수 분석에 의해 이득

및 위상 여유과 같은 제어기 설계 여유 값이 정밀하게 해석되었다. 

마지막으로, 제작된 블레이드 시편에 대한 인장시험이 수행되어

블레이드 구조 내구성에 대한 평가를 완료하였다.

주요어 : 뒷전플랩 축소 블레이드, 다물체 동역학 해석, 선형

주기 전달함수 식별, 최적 진동 하중 제어 알고리즘

학  번 : 2017-23159
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