
 

 

저 시-비 리- 경 지 2.0 한민  

는 아래  조건  르는 경 에 한하여 게 

l  저 물  복제, 포, 전송, 전시, 공연  송할 수 습니다.  

다 과 같  조건  라야 합니다: 

l 하는,  저 물  나 포  경 ,  저 물에 적 된 허락조건
 명확하게 나타내어야 합니다.  

l 저 터  허가를 면 러한 조건들  적 되지 않습니다.  

저 에 른  리는  내 에 하여 향  지 않습니다. 

것  허락규약(Legal Code)  해하  쉽게 약한 것 니다.  

Disclaimer  

  

  

저 시. 하는 원저 를 시하여야 합니다. 

비 리. 하는  저 물  리 목적  할 수 없습니다. 

경 지. 하는  저 물  개 , 형 또는 가공할 수 없습니다. 

http://creativecommons.org/licenses/by-nc-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nc-nd/2.0/kr/


  

공학석사 학위논문 

 

A Study on Analytical Model for 

Stress of Tensile Armor in 

Flexible Riser Subjected to 

Combined Loads 

 

복합 하중을 받는 유연식 라이저의 Tensile 

Armor Stress 계산을 위한 해석적 모델  

 

2019 년 02 월 

 

서울대학교 대학원 

조선해양공학과 

윤 란 희 



  

A Study on Analytical Model for 

Stress of Tensile Armor in 

Flexible Riser Subjected to 

Combined Loads 

 

지도 교수 장 범 선 

 

이 논문을 공학석사 학위논문으로 제출함 

2019 년 2 월 

 

서울대학교 대학원 

조선해양공학과 

윤 란 희 
 

 

윤란희의 공학석사 학위논문을 인준함 

2019 년 2 월 

 

위 원 장          노 명 일        (인) 

부위원장          장 범 선        (인) 

위    원          신 종 계        (인) 



 

 i

Abstract 

 

A Study on Analytical Model for 

Stress of Tensile Armor in 

Flexible Riser Subjected to 

Combined Loads 

 

Yun Ranhui 

Department of Naval Architecture and Ocean 

Engineering  

The Graduate School 

Seoul National University 

 

The un- bonded type flexible riser shows the nonlinear behavior 

with greatly varying bending stiffness according to the contact state 

of the helical armor layers. Since the flexible risers are subjected to 

various combined loads including tension, pressure, and bending 
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moment, which varies with time, an analytical model describing the 

axial stress of tensile armor layer is needed to perform fatigue 

analysis. 

The objective of this study is to develop an analytical model that can 

calculate the nonlinear bending stiffness of the flexible riser and the 

axial stress hysteresis of the tensile armor layer when tension and 

bending moment are applied together with internal and external 

pressures. This is accomplished by dividing into three sub- steps as 

follows. 

First, an analytical model that can calculate contact pressure 

between layers by reflecting layer separation caused by tension. 

Unlike pressure alone, when tension is applied, there is a gap 

between the layers due to the radial displacement between the layers. 

In this study, the contact pressure between layers are calculated by 

using an analytical model of axisymmetric load, which can reflect the 

layer separation phenomenon, and compared with FE analysis results. 

Second, analysis of slip mechanism of tensile armor layer and 

modification of existing bending model. The slip mechanism of the 

tensile armor layer is generally accepted as the explanation of the 

axial force of the tendon induced by the curvature and the friction 
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between the tendon and the adjacent layer. However, the analytical 

model has a very small critical curvature and a very high bending 

stiffness in the stick state when compared with the actual 

experimental results and FE analysis results. Therefore, the 

analytical model for bending behavior is modified by considering the 

shear deformation and the radial displacement of the section, and it 

is verified by comparing with FE analysis results. 

Third, a case study on various combined load cases is conducted. 

The moment hysteresis results of a flexible riser for different load 

cases are obtained using an analytical model including axisymmetric 

model and modified bending model to evaluate the effects of external 

pressure and tensile force on nonlinear bending behavior. 

Keywords : Flexible riser, Nonlinear bending hysteresis, Analytical 

model, FE model, Combined load 

Student Number : 2017- 29463 
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1. Introduction 

Flexible riser is a multi- layered pipe that transports oil and gas 

from a seabed well to offshore platform. The composition of flexible 

riser is shown in Fig. 1. The number of layers and the configuration 

of each layers are slightly different according to the diameter of the 

pipe and designed load conditions as internal and external pressures 

and the depth of the sea. Nevertheless, it must contain pairs of tensile 

armor layers having opposite laying angles to resist any directions 

torsion. 

 

 

Fig. 1 Composition of flexible riser 

 

All the layers in flexible riser have their own functions as presented 

in Table 1. Metal layers such as carcass, pressure armor and tensile 
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armor layers serve to provide the structural rigidity of the flexible 

riser for various external loads. Especially, a pair of tensile armor 

layers are very important from a structural point of view not only 

because it contributes to most of the axial, torque and bending 

stiffness, but also because it is the main cause of the nonlinear 

bending behavior of the flexible riser.  

  

Table 1 Function of each layers 

Layer Function 

Carcass Burst prevention 

Pressure armor External/internal pressure resistance 

Tensile armor layers Torsional/axial/bending resistance 

Pressure sheath Polymer barrier, thermal insulation 

Anti- friction layers Friction reduction between metal layers 

Outer sheath Polymer barrier, thermal insulation 

 

In the case of un- bonded type flexible riser, nonlinear behavior is 

observed in which the bending stiffness greatly changes according to 

the contact state of helical armor layer and adjacent polymer layers 

as shown in Fig. 2. 
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Fig. 2 Nonlinear bending behavior of flexible riser 

 

This nonlinear bending stiffness can be explained by the relationship 

between the frictional force acting on the tendon and the net axial 

force induced by the curvature as presented in Fig. 3. If the net axial 

force, the force trying to slide the tendon element along its direction, 

induced in the helical tendon does not overcome the frictional force 

acting on the tendon, the tendon is in a stick state with the adjacent 

layers, contributing greatly to the bending stiffness of the riser. 

However, when the curvature increases, the force trying to slide the 

tendon overcomes the maximum frictional force, the tendon starts to 

slip in its own direction, and the contribution to the bending stiffness 

of the flexible riser sharply decreases. At this time, the first slip 

occurs at the tendon at the neutral axis position, where the difference 

in axial force of tendon along its own axis is maximum, and the 
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curvature at which the first slip occurs is called critical curvature. 

Critical curvature values are affected by interlayer contact pressure, 

friction coefficient, and so on. 

 

 

Fig. 3 Sliding force and frictional force actiong on the tendon 

 

Various studies have been conducted on the nonlinear bending 

behavior of flexible risers and the stresses of tensile armor layers. 

However, most studies focused on the nonlinear bending behavior 

under constant internal and external pressure conditions, and little 

studies on the effects of the combined pressure, tension, and bending 

moment on the stress of the tensile armor layer have been done. 

However, the flexible riser is exposed to not only different internal 

pressure and external pressure depending on depth, but also dynamic 

global loads such as tension and moment. In this case, the critical 

curvature is also affected by the contact pressure between the layers 
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depending on the magnitude of tension and pressure loads. Thus, in 

order to accurately calculate the nonlinear stiffness of the flexible 

riser and the stress of the tensile armor, it is necessary to investigate 

the behavior of the flexible riser subjected to the combined loads.  

 In this research, an analytical bending model in stick state 

considering three effects; cross- wound configuration of inner and 

outer tensile armor, interlayer contact pressure induced by bending 

itself, and the shear deformation of all the polymer layers, is 

proposed and verified by comparing with FE analysis.  

 

 

2. Analytical Method 

2.1. Overall procedure for Combined Load 

 When pressure and tensile load are applied to flexible riser, inter-

layer contact pressures are generated. When a bending load is 

applied to the flexible riser in the presence of the contact pressure, 

a nonlinear bending hysteresis curve forms due to the stick- slip 

mechanism of the tensile armor layer. The magnitude of the contact 

pressure between the tensile armor layer and the adjacent layers 

affects the critical curvature of the hysteresis curve. Therefore, 
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when more than two loads such as pressure, tensile force, and 

bending moment are applied together, a calculation of inter- layer 

contact pressure caused by the axisymmetric load should precede 

the calculation of nonlinear bending stiffness. 

 In this study, two analytical models, a model for axisymmetric loads 

and a model for bending load, are used in sequence to calculate the 

structural behavior of the flexible riser subjected to a combined load.  

At first, an analytical model proposed by Bathui et. al(2002) 

describing the structural behavior of the flexible riser with respect 

to pressure, torque and longitudinal force is used to calculate the 

longitudinal elongation, inter- layer contact pressures, radial 

displacements and thickness changes of each layers. Then, an 

analytical model for the bending moment is used to calculate the 

nonlinear bending stiffness of the flexible riser, reflecting the results 

from the model for axisymmetric loads. In the process of calculating 

the bending stiffness in stick state, equilibrium equations of inner 

tensile armor and outer tensile armor are established considering the 

following three factors: 

Ÿ Interaction between inner tensile armor and outer tensile armor 

layers. 

Ÿ Interlayer contact pressure induced by bending. 
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Ÿ Equivalent shear stiffness for inner four layers. 

 

2.2. Analytical Model for Axisymmetric Loads 

 An analytical model for axisymmetric loads calculates the 

axisymmetric deformation and inter- layer contact pressures with 

respect to the axisymmetric loads such as axial force, axial torque, 

internal and external pressures. 

 Displacements about axisymmetric loads are shown in Fig. 4. The 

axial displacement  and the axial rotation  are the same for all 

layers, but, the radial displacement  is different for each layer. 

 

 
Fig. 4 Displacements about axisymmetric loads 

 

2.2.1. Equilibrium Equations of Each Layer 

According to Bathui et. al (2009), equilibrium equations of each 
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layer can be generated by categorizing all layers in flexible riser into 

three types; isotropic tube layers, orthotropic tube layers, and helical 

layers. 

Polymer layers including pressure sheath, anti- friction layers are 

modeled as isotropic tube layers because they have the same 

stiffness in their longitudinal and circumferential directions. Using the 

principle of virtual work and the stationarity of the total potential 

energy, the equilibrium equation of isotropic tube layer in matrix form 

is given by 

11 −    0 0  12 (1 − ) 0 0  
⎩⎪⎨
⎪⎧∆∆ ⎭⎪⎬

⎪⎫ =  + ∆2∆              (1) 
where ,  and  are the length of tube layer, the radius of layer 

and the cross- section area, and  and  are the Poisson ratio and 

elastic modulus. In addition, ∆ and ∆ represents the change in  and ∅ over the length. Moreover,  and  in the right hand 

side represent the axial force and the axial torque, respectively. 

Furthermore, the pressure difference between inner and outer 

surface of a layer ∆ is defined as follows: ∆ =  −                                                     (2) 
where   and   indicate the internal and external pressure of 
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a layer. 

 Using the properties of equivalent shell layer derived from the 

method proposed by Sausa (2005), inner carcass and pressure armor 

layers are modeled as orthotropic tube layer. The equilibrium 

equation for orthotropic tube layer derived in the same way as the 

isotropic tube layer with the assumption of linear elastic plane-

stress material is given by 

 0 00   00 0 
⎩⎪⎨
⎪⎧∆∆ ⎭⎪⎬

⎪⎫ =  + ∆2∆                          (3) 
where the subscript ‘1’ and ‘2’ represent the axial and circumferential 

directions in a cylindrical coordinate system with respect to the 

equivalent shell , repectively. 

 Inner and outer tensile armor layers are classified to a helical layer. 

By considering only axial stress in the tendon, the equilibrium 

equation for the helical layer can be written in the following matrix 

form : 

  cos   cos  sin  sin  cos  cos  sin   sin  cos   sin sin  cos   sin  sin  tan 
⎩⎪⎨
⎪⎧∆∆ ⎭⎪⎬

⎪⎫ =  + ∆2∆   (4) 
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where ,  and  indicate the number of tendons in a helical layer, 

the laying angle of tendon and the cross- sectional area of a tendon, 

respectively. 

 

2.2.2. Global Stiffness Equation 

 A global stiffness matrix of flexible riser can be constructed by 

using the coefficients of all the layer stiffness matrices. In case of 

axial displacement and axial rotation, the stiffness of flexible riser 

can be represented as the sum of each layer’s stiffens. In case of 

radial displacement, however, the stiffness of each layer cannot be 

summed up since the displacement is different for each layers. 

Therefore, the equations for radial behavior of each layer are added 

to a global stiffness equation individually. The global stiffness 

equation in matrix form can be written as 
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⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡   0  0        0 0 0 0  0  00 0  0 0 0 0 0 0 0 0 0  0 0 0 0 0 00 0 0 0  0 0 0 0 0 0 0 0 0  0 0 0 0  0 0 0 0  0 0 0 0 0 0 0 0 0  0 0  0 0 0 0 0 0  0  0 0 0 0 0 0 0 0   ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤






∆∆........








=  
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡

2∆2∆2∆2∆2∆2∆2∆2∆⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 (5) 

where the subscript  indicates the th layer in order from the inside 

for the expression of radius, radial displacements, and pressure 

differences between inner and outer surfaces of each layer.  and  in right hand side represent the total axial force and total axial 

torque applied to flexible riser, respectively and can be defined as 

follows: 

 =  
 +   

                                                (6) 
 =  

                                                           (7) 
In addition, the coefficients  (,  = 1, . . . , 10)  in stiffness matrix 

have following expressions:  
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 =  (1 − )  +   +     cos  
 =  2(1 − )  +    +    sin  cos   

 = (),  = (),  = () ,  = () 
 = (),   = (), 

  =  sin  tan ,   =  sin  tan  

 =   =    cos  sin  
 =   = (),  =   = (), 

 =   =   ,   =    =  

 =   =  sin  cos  

 =   =  sin  cos  

 =   =  sin  

 

2.2.3. Continuity Equations 

 In order to solve the global stiffness equation, the load vector or the 

deformation vector should be known. However, due to the complexity 
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of interaction between layers, the radial displacements and the 

pressure difference of each layer are always unknown. Therefore, 

the number of equations are insufficient and eight more equations are 

needed to solve the problem in a direct scheme. 

 The first equation comes from the compatibility equations for 

pressure  =  ,  = 1, … , 7                                           (8) 
which yield 

 ∆
 = ( −  )

 =  −  =  −                     (9) 
where   and   are the external pressure acting on th layer and 

the internal pressure acting on ( + 1)th layer. Additionally, innermost 

pressure   and outermost pressure   indicate the internal 

pressure acting on inner carcass layer, and the external pressure 

acting on outer sheath layer, respectively. 

 On the other hand, the continuity of radial displacements provides 

the remaining seven equations. Assuming that there are no gaps 

between layers results in the following compatibility equations to be 

satisfied for all contact surfaces: ∆ = ∆ ,  = 1, … ,7                                      (10) 
where ∆  and ∆  represent the change in the radius of outer 
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surface of th layer and the inner surface of ( + 1)th layer. 

Meanwhile, the thickness change of  th layer can be written as 

follows: ∆ = ∆ − ∆ ,     = 1, … ,8                                     (11) 
 Introducing the relationship between radial displacement and change 

in the radius of inner and outer surfaces of th layer, , = (∆ +∆ )/2, to Eq.(11) gives the following equations 

∆ = , − ∆2 ,  = 1, … ,8 

∆ = , + ∆2 ,     = 1, … ,8                                    (12) 
Substituting Eq.(12)  into Eq.(10) yields the relationships between 

radial displacements and thickness change of adjacent layers 

, + ∆2 = , − ∆2 ,     = 1, … ,7                              (13) 
which can be simplified to the following expressions with the 

assumption that thickness change occurs only in polymer layers, that 

is, ∆ = ∆ = ∆ = ∆ = 0. 

, − , = ∆2 ,  = 1, 3, 5, 7 

, − , = ∆2 ,     = 2, 4, 6                                        (14) 
 The thickness change of polymer layer subjected to pressure and 

axial force can be derived from the theory of strength of materials 



 

 15

for a thin isotropic tube as follows: 

∆ = ∆ (2 − )2 −  ,  = 2, 4, 6, 8                       (15) 
where axial force acting on  can be derived from the layer stiffness 

equation and is given by 

 = 11 −   ∆ +    − ∆                              (16) 
Introducing Eq.15 to Eq.14 results in seven equations for radial 

continuity condition. 

, − , = ∆ (2 − )4 −  2 ,  = 1, 3, 5, 7 

, − , = ∆ (2 − )4 −  2 ,     = 2, 4, 6                   (17) 
 Finally, Eq.9 reflecting the continuity of pressure and Eq.17 the 

radial displacement continuity condition provides additional eight 

equations. Therefore, an axisymmetric problem of flexible riser can 

be solved at once since in matrix form if there are no gap between 

layers. 

 

2.2.4. Consideration for layer separation 

 Unlike internal and external pressure, tension can cause layer 

separation phenomenon. When a layer separation between th layer 

and ( + 1)th layer occurs, gap between two layers appears as shown 
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in Fig.5. Therefore, Eq.8 and Eq.10, which come from the 

compatibility condition, do not hold where = . 

 

 

Fig. 5 Layer separation and definition of gap 

 

By introducing a positive gap between th and ( + 1)th layers, , 

Eq.11 can be modified as follows: ∆ +  = ∆                                                (18) 
This modification increases the number of unknowns by one. 

Therefore, an additional equation is needed to solve the problem 

without using an iterative scheme. 

 When the layer separation occures, the interlayer contact pressure 

between the two layers is zero, since the two layers are not in contact. 

Accordingly, Eq.8 for =  splits into the following two equations: 

∆ ∆
nth layer (n+1)th layer 

Undeformed 
contact surface
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  − 
 =   −  =   

  − 
 =  −  = −                            (19) 

Therefore, the number of equations also increases by one and 

becomes equal to that of unknowns. 

 If the separation occurs at two or more contact surfaces, the 

pressure equilibrium equation split into more equations, so the 

number of unknowns and the number of equations become always the 

same. 

 

2.3. Existing Analytical Model for Bending Behavior 

The bending stiffness about  - axis of a flexible riser can be 

calculated as the sum of the bending stiffness of all layers as shown 

in the following equation: 

 =  ,(1 − ) +  , +   ,                       (20) 
where   and  ,  are the total bending stiffness of flexible 

riser and the bending stiffness of th layer, respectively. 

Unlike the isotropic and orthotropic layers, the tensile armor layers 
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consisting of helical tendons have nonlinear bending stiffness as 

described in the introduction. Several analytical models have been 

proposed for nonlinear bending stiffness of such tensile armor, and 

two models, which are used widely in these days, are introduced in 

this section. 

2.3.1. Kraincanic and Kebadze model (KK model)  

 Under the assumption that a plane surface remains plane with 

respect to bending deformation, Kraincanic and Kebadze (2001) 

proposed an analytical model describing nonlinear bending behavior 

of flexible riser. 

 As shown in Fig. 6, a tendon on cylindrical surface have toroidal 

configuration when bending deformation occurs in stick condition. In 

this case, the axial displacement of the tendon is different for the 

angular position in cylindrical coordinate. 
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Fig. 6 Deformation of a tendon on cylindrical surface under bending 

 

 Fig. 7 shows the longitudinal deformation of the tendon on the 

colored cylindrical surface in Fig. 6. The axial strain and stress of 

the tendon can be expressed as the respective functions of curvature  and angular position  as follows.  

 =  =  cos  cos                                              (21) 
 =  =  cos  cos                                             (22) 

where the constants  ,  ,   and   represent elastic modulus, 

cross- sectional area, radial position in a cylindrical coordinate, and 

the laying angle of tendon. 

 .  

.  
 +    

 = 1/
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Fig. 7 Change in length of a tendon for KK model 

 

 The axial stress of a tendon varies along its own axis, and the 

difference in the stress generates a force trying to slide the tendon. 

From Eq.21, the difference in axial force is given by 

∆ =  dd ∆ =  dd dd ∆ = − cos  sin  sin  ∆              (23) 
where sin  d = d 

 In the stick state, where the slip of tendon element doesn’t occur, 

the frictional force and the difference in axial increase in a balanced 

manner when curvature increases as shown in Fig. 8, if there are 

contact pressures acting on a tendon. However, the frictional force 

cannot be greater than the maximum static frictional force which is 

defined as follows:  =  +  ∆                                        (24) 
where 

 and 
 indicate the friction coefficients for internal and 



 = 0


 = 0
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external contact surfaces, respectively. Therefore, when curvature 

exceeds a certain value called critical curvature, which yields the 

maximum static frictional force, the tendon elements starts to slide 

along its own axis. 

 

Fig. 8 Force diagram of an infinitesimal element of a tendon 

 

 

Fig. 9 Contact pressures acting on a tendon 

 

 At critical curvature, the absolute value of difference in axial force 

is equal to that of the maximum static frictional force. By equating 

Contact pressure on 
outer surface

 Contact pressure on 
inner surface
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the absolute value of the two forces expressed in Eq.22 and Eq. 24, 

the positive critical curvature of a tendon at angular position  can 

be found as: 

 = ±  +  sin  cos  sin                                           (25) 
According to Eq.25, a tendon that has an angular position of  = ±  

begins to slip first at minimum critical curvature,  , , which can 

be written as: 

  =   +  sin  cos                                                (26) 
It is because that the force trying to slide a tendon is largest at the 

neutral axis. 

 After the first slip occurs at neutral axis, the slip area expands as 

the curvature increases in the slip- progression state. In this phase, 

the force trying to slide a tendon element changes. Therefore, the 

relationship between the critical curvature and the corresponding 

angular position of a tendon changes to the following equation. 

κ =   2 − cos                                                     (27) 
By assigning zero to , the maximum critical curvature , where all 

the tendons in cross- section become slip state, can be found as 

follows: 
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  = π2                                                      (28) 
The bending stiffness of a tensile armor layer consists of evenly 

spaced n tendons are tabulated in Table 2. Since the tendons could 

not resist to additional bending moment in slip state, the bending 

stiffness of tensile armor layer starts to decrease from the minimum 

critical curvature, until it becomes zero at the maximum critical 

curvature as illustrated in Fig. 10.   

 

Table 2 Bending stiffness of tensile armor layer in three phases of 

stick- slip behavior 

Curvature range Bending stiffness, ()  <   

(stick state) 
 = 12  2 3 

  <  <   
(slip progression) 

 − 2      − 12  2     
where  = 1.7836   <  

(slip state) 
0 
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Fig. 10 Nonlinear bending stiffness of tensile armor layer 

 

 Bending moment of a tensile armor layer can be obtained by 

integrating the bending stiffness with respect to curvature as follows: 

 =  () d                                                   (29) 
where ()  indicates the bending stiffness at curvature  . The 

relationship between bending moment and curvature is plotted in Fig. 

11. The bending moment and curvature have a linear relationship 

before the slip begins. During the slip progression, the bending 

moment increases slightly. Finally, in full- slip state, bending moment 

is constant even if curvature increases. 
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Fig. 11 Relationship between bending moment and curvature of 

tensile armor layer 

 

2.3.2. Sandwich Beam model (SB model)  

 The concept of sandwich beam was introduced into an analytical 

model calculating the axial stress of a helical tendon laid on bent 

submarine cable by Lutchansky (1969). In this model, shear 

interaction between tendon and the supporting layer is considered in 

the equilibrium equation of tendon.  

 As mentioned in the previous section, the frictional force arises 

between tendon and the supporting layer under bending deformation. 

The magnitude of frictional force is equal to that of the force trying 

to slide a tendon. This frictional force generates shear deformation 

of the supporting layer as shown in Fig. 12. 
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Fig. 12 Shear interaction between tendon and supporting layer 

  and  represent the axial tension of tendon and length of tendon 

along the undeformed path, respectively. With the assumption of 

small deformation, the difference between local displacement of 

tendon, , and the displacement of tendon that would take place 

under the bending deformation keeping the section plane, , has a 

linear relationship with the shear strain of supporting layer, , as 

follows: 

 ≅  −                                                       (30) 
where t is the thickness of supporting layer.  

 The equilibrium of tendon element considering shear force that is 

proportional to the shear strain as depicted in Fig. 13. Referring to 

Fig. 13, the equilibrium equation of tendon element can be formulated 
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as the following differential equation:  ∆ =  − ∆                                            (31) 
where   is the shear stiffness parameter. By analogy with the 

sandwich beam theory,  is defined by: 

 =                                                               (32) 
where  and  represent the shear modulus of supporting material 

and the width of tendon cross- section, respectively. 

 

 

Fig. 13 Equilibrium of tendon element 

 

 By implementing the constitutive law and dividing by ∆, Eq.31 can 

be written in terms of displacement as: 

  =  −                                               (33) 
where  and  is the elastic modulus and the cross- sectional area 

of tendon. By only considering particular solution of the second order 

ordinary differential equation, the solution of Eq. (33)  can be obtained 

  + ∆( −  )
∆
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for axial strain of tendon: 

 =  cos  sin 1 +  sin    =  cos  sin 1 +  sin                             (34) 
It is seen that shear stiffness  parameter will decrease the axial 

strain of tendon, hence reducing the bending stiffness in stick 

condition at a given curvature. In addition, if  becomes large enough, 

the second term in the denominator becomes small enough to be 

ignored. Then, the axial strain of tendon becomes the same as that of 

the KK model not considering shear deformation of the supporting 

layer. Contrary to the axial strain, the critical curvature increases 

with the presence of  parameter and is expressed as follows: 

  =   +  sin  cos  1 +  sin                             (35) 
 It means the slip of tendon occurs at larger curvature and the stick-

state region in the bending hysteresis curve becomes longer in this 

model than KK model.  

 

2.4. A Proposed Analytical Model 

As introduced in Section 2.3, KK model and SB model describe the 

nonlinear bending behavior of tensile armor layer in flexible riser. 

However, there are some limits in the two models. The KK model 
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with the assumption that a plane section remains plane after bending 

deformation overestimates the axial stress of tendon in stick state. 

The SB model considering the shear interaction between a helical 

tendon and the supporting layer does not fit to the flexible riser which 

has two cross- wound tensile armor layers. In addition, both models 

don’t take into account the contact pressure acting on tensile armor 

layers induced by bending itself.  

 In this study, an analytical model for bending behavior is proposed 

to overcome the above- mentioned limitations by considering three 

effects: 

Ÿ Interaction between inner and outer tensile armor layers. 

Ÿ Interlayer contact pressure induced by bending. 

Ÿ Equivalent shear stiffness for inner four layers. 

 

2.4.1. Assumptions and Definitions 

 The proposed analytical model is based on a set of assumptions to 

establish equilibrium equation of inner and outer tensile armor 

tendons in stick state. The main assumptions are listed below.  

Ÿ Each tendon on inner and outer tensile armor layers slides only 

along its own helical axis. It means the lateral slip of each tendon 
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is neglected in this study. 

Ÿ Deformed shape of cross- section does not vary in its longitudinal 

direction of the pipe, i.e. the pipe is subjected to uniform bending 

and has the same curvature over the entire length. Hence, the 

effect of restrained end is neglected. 

Ÿ Within the analysis range, the bending deformation is sufficiently 

small that the curvature does not exceed the minimum bending 

radius (MBR).  

Ÿ Bending and torsional stiffnesses of tendon are neglected. Hence, 

only the axial stiffness of individual tendon is considered in this 

study.  

Ÿ The variation of laying angle caused by bending deformation is 

ignored. This assumption is reasonable as long as the flexible 

riser has a relatively small curvature within the stick state. 

 In order to formulate the equilibrium equation of each tendon on 

inner and outer tensile armor layers, its geometry and deformation 

are defined first. 
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Fig. 14 Geometry of tendons in inner tensile armor layer ( IT) and 

outer tensile armor layer (OT) 

 

Fig. 14 shows the geometry of one tendon for each of two tensile 

armor layers. Subscript ‘IT’ and ‘OT’ indicate the inner tensile armor 

and outer tensile armor, respectively. The distance along the path 

direction of each of two tendons, s  and s, is defined from the 

point at  = 0 and follows the direction which yields positive angular 

position  . According to the definition, s  and s  have the 

following relationships with . 

 = sin                                                      (36) 
 = − sin                                                   (37) 

where   and  are the laying angles of two tendons on inner and 

outer tensile armor layers, respectively. Since two tensile armor 

layers have cross- wound configuration, the signs of two laying 

angles are opposite. 
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Fig. 15 Deformation of inner tensile armor tendon 

 

The deformation of inner tensile armor tendon can be defined by 

displacement components as illustrated in Fig. 15.  ,   and ∆ 

indicate the longitudinal displacement, the radial displacement, and 

the change in angular position of the point of which angular position 

is  in undeformed configuration, respectively. The distance along 

the undeformed path of inner tensile armor tendon can be written in 

two expressions as follows: 

 = cos  =  sin                                            (38) 
where  is the length of pipe corresponding to the line length of 

undeformed helical tendon and is defined as: 

 = tan                                                        (39) 
Using the changed geometries induced by the displacement 

components, the distance along the deformed path of the tendon can 

 


   + (+∆)
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be defined and linearized as: 

 =     + ,  +  +  ( + ∆)
 

≅  tan   + ,  +   +  +                                          (40) 
where  is the circumferential displacement and defined by:  =  ∆                                                         (41) 
 From the small strain assumption, the axial strain of inner tensile 

armor tendon is written as the following equation using series 

expansion and truncating it up to the first power in 
 : 

 = lim∆ → ∆( −  )∆                                                                       
≅ sin  , + cos  , + sin  sin  ,                (42) 

 By using the relationship between   and  in Eq. (36) , the axial 

strain can be converted to: 

 = sin  sin  , + sin  cos  , + sin  sin  ,  (43) 
It can be seen that all displacement components lead to positive axial 

strain for inner tensile armor tendon from the above equation. 

 Similar to the inner tensile armor, the axial strain of outer tensile 

armor tendon can be derived from Fig. 16. The axial strain of the 

tendon is defined as the following equation: 
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 = − sin  , − cos  , + sin  sin  ,       (44) 
which has opposite sign for the first and the second terms in right 

hand side to those of Eq.(42) due to the opposite laying angle. 

However, when it is converted to a differential equation with variable  using Eq.36, it becomes the same expression as Eq.(43)  as follows: 

 = sin  sin  , + sin  cos  , + sin  sin  ,     (45) 
  

 

Fig. 16 Deformation of outer tensile armor tendon 

 

2.4.2. Equilibrium equations for stick state 

 In this section, the equilibrium equation for tensile armor layers are 

established under bending deformation considering the cross- wound 

configuration and radial displacement induced by bending itself.  

 At first, the force components in cylindrical coordinate generated by 


−



 +
(+

∆)
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the axial strain of tendon should be defined. The axial tension of 

tendon can be derived from the axial strain as follows: 

 =  =  sin  sin   + sin  cos   + sin  sin           (46) 
Then, each force component is expressed as follows. , = cos                                                       (47) , = sin                                                      (48) , = − sin ∆ , ≅ − sin   ∆                               (49) , = cos                                                  (50) , = − sin                                               (51) , = − sin ∆ , ≅ sin  ∆                               (52) 
where the longitudinal components, ,  and ,, and the tangential 

components, ,  and ,  are obtained from the geometries of 

each tendon. In addition, the radial components are derived from the 

curved beam as shown in Fig. 17 with the assumption of small ∆.  
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Fig. 17 Radial force induced by axial stress of tendon 

 

 The equilibrium equations presented in this study are formulated  

considering four layers in Fig. 18. Unlike the SB model, which 

considers only the shear interaction of one tendon layer and one 

supporting layer, equilibrium equations are established in the 

proposed model considering the shear interactions of two tendon 

layers and two supporting layers in longitudinal and circumferential 

directions. In addition, the radial equilibrium equations for inner and 

tensile armor layers are established considering the radial 

displacement caused by the axial stress of the tendon under bending 

strain. As a result, two equilibrium equations of the forces acting on 

inner and outer tendon in each of three axes in the cylindrical 

coordinate system are set up individually, so that the total number of 

equilibrium equations becomes six. 

 
12 

   



 

 37

 

 

Fig. 18 Four layers considered for equilibrium 

 

 At first, the equilibrium in longitudinal direction is considered. The 

increments of longitudinal tension of the two tendons act in opposite 

directions and generate shear deformation of inner and outer anti-

friction layers as illustrated in Fig. 19.  

 

 

Fig. 19 Equilibrium of two tendon elements in longitudinal direction 

 

In this case, the shear interaction forces of the two anti- friction 

layers are assumed to be proportional to the distances , , , 

Outer tensile armor

Outer anti-friction layer

Inner tensile armor

Inner anti-friction layer

z,

,
 ∆,

∆,
 ,∆

 ,∆
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which are defined as: , = , − ,                                                 (53) , = , − ,  − , − ,                               (54) 
where, ,

 and ,
 are the tendon displacements of inner and 

outer tensile armor in z- direction that would take place with the 

assumption of plane section and can be obtained from Eq. (20) and 

Eq.(35)- (36) as follows: 

, =  cos sin   sin                                      (55) 
, = −  cos sin   sin                                   (56) 

Referring to Fig. 19, the equilibrium equations for inner and outer 

tensile armor in longitudinal direction considering the shear 

deformation of supporting layers in  - plane can be formulated as: , ∆ =  ,∆ + ,∆                        (57) 
, ∆ = ,∆                                   (58) 

where   and  is the shear stiffness of inner and outer anti-

friction layers, which can be defined as: 

 =                                                      (59) 
 =                                                    (60) 
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where   and  are the shear modulus of inner and outer anti-

friction layers. In addition,  indicates the width of a tendon in two 

tensile armor layers. 

By dividing Eq. (57) and Eq. (58)  by ∆  and ∆, respectively, 

the equilibrium can be simplified as: , =  , + ,                                          (61) 
, = ,                                                 (62) 

 Similarly, the equilibrium between forces acting in circumferential 

direction can be made as illustrated in Fig. 20. However, in this case, 

since the circumferential increments of axial tension of two tendon 

elements have the same direction, the deformed configuration is 

different from that of the longitudinal case. In addition, there is no 

circumferential displacement under the assumption of plane section 

bending deformation, the amount of shear deformations of polymer 

layers are defined as functions of radial displacements of two tendons 

as follows: , = ,                                                        (63) , = , − ,                                               (64) 
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Fig. 20 Equilibrium of two tendon elements in circumferential 

direction 

 

The equilibrium equations for circumferential direction can be 

formulated as: , =  , − ,                                        (65) 
, = ,                                                  (66) 

 The radial equilibrium is different from the previous two cases. In 

this case, the axial force of tendon itself, not the increment of the 

axial force, generates the normal strain of the supporting layers.  

 The radial forces acting on the tendon induced by the radial 

deformation of polymer layers are modeled to be proportional to the 

thickness change of two polymer layers. By assuming that there are 

no radial displacement and thickness change of pressure armor, 

which is a steel layer right under the inner anti- friction layer, the 



,

,


∆,

∆,
,∆

 ,∆
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thickness change can be written as: , = ,                                                        (67) , = , − ,                                               (68) 
The force equilibrium equations for radial direction can be formulated 

as the following equations: , =  ,∆ − , ∆                            (69) , = ,∆                                         (70) 
where   and  are the radial stiffness of inner and outer anti-

friction layers and can be defined as: 

 =                                                     (71) 
 =                                                   (72) 

 which have similar forms to the shear stiffness of the layers. In 

addition,   and   represent the elastic modulus of inner and 

outer anti- friction layers. 
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Fig. 21 Equilibrium of two tendon elements in radial direction 

 

Substituting Eq. (49) and Eq. (52) into Eq. (69)  and Eq. (70), 

respectively, and dividing the equations by ∆ result in the following 

expressions for equilibrium in radial direction: − sin   =  , − ,                              (73) sin   = ,                                           (74) 
which have a unit of force. 

 By substituting Eq. (46)  into the six equilibrium equations and using 

the chain rule, the following differential equations containing six 

displacement functions of a variable  can be constructed in a matrix 

form: 

 

,
,,
 ,
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[]

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡,,,,,, ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

+ []
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ ,,,,,, ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤

= []
⎣⎢⎢
⎢⎢⎡

,,,,,,⎦⎥⎥
⎥⎥⎤ + []                       (75) 

where 

[] = 
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡cos  sin  cos  sin  0 0 0 0sin  cos  sin  0 0 0 00 0 0 − cos  sin  − cos  sin  0

0 0 0 sin  cos  sin  00 0 0 0 0 00 0 0 0 0 0⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

[] = 

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡ 0 0 cos  sin  0 0 00 0 sin  0 0 0

0 0 0 0 0 − cos  sin 0 0 0 0 0 sin − sin  − cos  sin  0 0 0 00 0 0 sin  cos  sin  0 ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤

 

[] =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

0  +  0 0 − 0 +  0 0 − 0 00  0 0 − 0− 0 0  0 00 0 sin  +  +  0 0 −
0 0 − 0 0 − sin  + ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤
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[] =
⎣⎢⎢
⎢⎢⎡− − 0−000 ⎦⎥⎥

⎥⎥⎤ , +
⎣⎢⎢
⎢⎢⎡0000 ⎦⎥⎥

⎥⎥⎤ ,  

 

2.4.3. Axial Stress of Tensile Armor Layers in stick 

state 

 The axial stress of tensile armor layer can be obtained from the 

displacement components which are the solutions of Eq. (75) . In 

order to solve Eq. (75) , the displacement functions are assumed to 

be trigonometric functions as follows: , = , sin                                                       (76) , = , sin                                                       (77) , = , cos                                                       (78) , = , sin                                                      (79) , = , sin                                                      (80) , = , cos                                                      (81) 
The assumptions for the above displacement functions are 

reasonable as the axial stress of tendon has the maximum value at 

the farthest location from the neutral axis and the rate of change of 

axial stress along the path is highest at the neutral axis as shown in 

Fig. 22.  
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Fig. 22 Assumed displacement functions 

 

Substituting Eqs. (76)- (81)  into Eq. (75) results in the following 

linear algebraic equations: 

[ +  − ′]
⎣⎢⎢
⎢⎢⎢
⎡ ,,,,,,⎦⎥⎥

⎥⎥⎥
⎤ = [′]                                         (82) 

where [] = −[] 
[] =

⎣⎢⎢
⎢⎢⎡

0 0 − 0 0 00 0 − 0 0 00 0 0 0 0 −0 0 0 0 0 −  0 0 0 00 0 0   0 ⎦⎥⎥
⎥⎥⎤ 
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[] =
⎣⎢⎢
⎢⎢⎡− − 0−000 ⎦⎥⎥

⎥⎥⎤ , +
⎣⎢⎢
⎢⎢⎡0000 ⎦⎥⎥

⎥⎥⎤ ,
 

Here, ,
 and  ,

 represent the amplitudes of ,
 and ,

, 

respectively, and they have the following expressions according to  

Eq. (55) and (56): 

, =  cos sin                                                  (83) 
, = −  cos sin                                              (84) 

Then, the right hand side of Eq. (82)  is proportional to the curvature. 

Therefore, the amplitude of displacement components are also 

proportional to the curvature. 

 Finally, the axial stress of inner and outer tendon can be calculated 

as follows: 

 =  sin  sin  , + sin  cos  , + sin  sin  , sin  ,  =  ,   (85) 
Where, the summation notation is not used. 

 

2.4.4. Consideration for shear deformation of inner 

layers 

 In the previous sections, only the inner anti- friction layer is 
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considered as the supporting layer of inner tensile armor layer. 

However, there are several layers under the inner anti- friction layer 

and their shear deformation needs to be taken into account as 

illustrated in Fig. 23. Therefore, an equivalent shear stiffness 
 

for inner four layers is used in this study to replace the shear 

stiffness of inner anti- friction layer in the equilibrium equations. The 

equivalent shear stiffness should satisfy the following relationship:  =                                                   (86) 
where   indicates the displacement of external surface of inner 

anti- friction layer along the direction of shear force  . By 

modeling the four layers as a series of springs, the equivalent shear 

stiffness can be calculated as: 1 = 1 + 1 + 1 + 1                                    (87) 
where  ,   and   represent the shear stiffness of inner 

carcass, pressure sheath, and pressure armor, respectively. 
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Fig. 23 Equivalent shear stiffness of inner four layers 

 

3. Verification 

In this section, the results of two analytical models for axisymmetric 

loads and bending moment are verified by comparing with FE results. 

In addition, the proposed bending model is compared with two 

existing bending models, KK model and SB model. 

 

3.1. Properties of 2.5 inch Flexible Riser 

 In this study, the 2.5 inch flexible riser is used for verification and 

case study. The main characteristics and detailed material properties 

of each layers are presented in Table 3, with reference to Witz(1996)  

and Yoo et al.(2017) . 

    








 

 49

Table 3 Material and geometric properties of 2.5 inch flexible riser 

No. Layer 
ID 

(mm) 
Material 

t 

(mm) 

E 

(GPa) 
ν  

#  of 

strips 

Sectional 

area 

(mm2)  

α 
(deg.)  

Yield 

strength 

(MPa) 

1 Carcass 63.2 AISI 304 3.5 193 0.3 1 19.6 - 87.5 215 

2 
Pressure 

sheath 
70.2 Nylon 12 4.9 0.284 0.29 1 -  -  30 

3 
Pressure 

armor 
80.0 

Steel 

AFNOR FI 

15 

6.2 205 0.3 2 51.5 - 85.5 780 

4 

Anti-

friction 

layer 

92.5 
Rilsan 

Nylon 11 
1.5 0.301 0.29 1 -  - 84.2 20** 

5 

Inner 

tensile 

armor 

layer 

95.5 

Steel 

AFNOR FI 

41 

3 205 0.3 40 18 - 35 1100 

6 

Anti-

friction 

layer 

101.5 
Rilsan 

Nylon 11 
1.5 0.301 0.29 1 -  - 84.7 20 

7 

Outer 

tensile 

armor 

layer 

104.5 

Steel 

AFNOR FI 

41 

3 205 0.3 44 18 35 1100 

8 
Outer 

sheath 
110.5 PA11 0.5 0.6 0.29 1 -  -  30 

 

3.2. FE Model 

 An FE model with eight layers is built using ANSYS Mechanical as 

presented in Fig. 24. The overall length in longitudinal direction of 

the model is 965mm, which is two times of the pitch length of outer 

tensile armor tendon. According to Sausa(2005), inner carcass and 

pressure armor are modeled as equivalent orthotropic tubes in the 
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FE model. 

 The tendons in two tensile armor layers are modeled using 

BEAM188 elements. Except the two tensile armor layers, all layers 

are modeled using SOLID185 elements to reflect the thickness 

changes of polymer layers, which can increase the accuracy of inter-

layer contact pressures. 

 All the nodes on each of both end sections are rigidly linked to a 

remote point at the center of the section. Loads and boundary 

conditions are applied to the remote point. 

 According to the type of two layers in contact, two different contact 

elements are used in the model. The interaction between tensile 

armor layer and isotropic tube layer is modeled using a node- to-

surface contact with 0.1 of friction coefficient value(Sævik,1995) . 

For the contact between two tube layers, surface- to- surface 

contact elements are used. For both types of contact elements, the 

pure penalty method is used for the contact algorithm. In addition, the 

contact normal stiffness factor and penetration tolerance factor are 

set as 1.0 and 0.1, respectively. The normal stiffness factor is 

updated at each iteration based on the mean stress of underlying 

elements and the allowable tolerance value.  
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Fig. 24 FE model for 2.5 inch flexible riser 

 

3.3. Axisymmetric Load Analysis 

Interlayer contact pressures acting on the inner and outer tensile 

armor affect the nonlinear behavior of flexible riser. In order to verify 

the analytical model for axisymmetric loads, the interlayer contact 

pressures obtained from analytical model is compared with that of FE 

model for three different load cases; ‘pressure only’ case, ‘tension 

only’ case, and ‘tension with pressure’ case.  

 

3.3.1. Loads and Boundary Conditions for FE model 

 Fig. 25 illustrates the loads and boundary conditions applied to FE 

model in three different load cases. In ‘pressure only’ case, two 

remote points are constrained in all 6 degree of freedoms, and 10Mpa 

of external pressure is applied to the outermost surface. In ‘tension 
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only’ case, only one remote point is constrained in all DOFs and 0.5% 

of axial strain is applied to the other remote point. The same 

boundary condition is applied to the ‘tension with pressure’ case, and 

the external pressure as well. 

 Since the two end sections are rigidly linked, the interlayer contact 

pressure is not consistent over the length. In order to avoid the 

boundary effect, the interlayer contact pressure is obtained from the 

middle region marked in Fig. 26.  

 

 

Fig. 25 Loads and boundary conditions for FE model for verification 

of interlayer contact pressures 
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Fig. 26 Interlayer contact pressure measurement area 

 

3.3.2. Results 

 Interlayer contact pressure results obtained from analytical model 

and FE model for three load cases are shown in Fig. 27, Fig. 28 and 

Fig. 29. In these figures, the horizontal axis indicates the contact 

surfaces enumerated from the inside to the outside. According to Fig. 

27, the interlayer contact pressure increases from the innermost 

surface to the outermost surface when only external pressure is 

applied in both models. 

Fig. 28 shows the interlayer contact pressure results for ‘tension 

only’ case. When the flexible riser is subjected to tension, the 

interlayer contact pressure acting on the inner surface of two tendon 

layers greatly increases in comparison with other surfaces. This is 

because the helical tendon is tightened inward when the tensile force 
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in the longitudinal direction is applied. This leads to a layer separation 

between outer tensile armor and outer sheath in both analytical and 

FE model. Therefore, the analytical model with consideration for gap 

between layer properly describes the axisymmetric behavior of 

flexible riser subject to tension. 

 As shown in Fig. 29, the results for ‘tension with pressure’ case of 

two models also matches well. In addition, the inter- layer contact 

pressure results are similar to that obtained from the linear 

summation of ‘pressure only’ case and ‘tension only’ case. It means 

that the interaction between tension and pressure in axisymmetric 

analysis is not significant. 
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Fig. 27 Interlayer contact pressure result for ‘pressure only’ case. 

 

 

Fig. 28 Interlayer contact pressure result for ‘tension only’ case.  
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Fig. 29 Interlayer contact pressure result for ‘tension with pressure’ 
case. 

 

3.4. Combined Load Analysis 

 To verity the proposed model for nonlinear bending behavior of 

flexible riser, the analysis for combined tension, external pressure 

and bending moment are performed. 

 

3.4.1. Loads and Boundary Conditions for FE model 

 The axisymmetric load condition affects the nonlinear bending 
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displacements, and thickness changes. Therefore, in order to reflect 
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illustrated in Fig. 30. The tensile force is applied to two end sections 

to generate pure tensional force under bending deformation. 

 

 

Fig. 30 Loading sequence for combined load analysis 

 

 Table 4 lists the boundary conditions applied to the two remote 

points. In order to prevent a rigid body motion, RP2 is constrained in 

x, y, and z- directions. In addition, to generate pure bending 

deformation about x- axis, the rotation about y and z- axis are 

restrained at the remote points. 

 

Table 4 Boundary condition for combined load analysis 

DOF RP1 RP2 

X Fixed Fixed 

Y Fixed Fixed 

RP2RP1

Cyclic
Moment

Cyclic
Moment

Pressure

Tension



 

 58

Z Free Fixed 

RX Free Free 

RY Fixed Fixed 

RZ Fixed Fixed 

 

3.4.2. Results 

 Under 5MPa of external pressure and 30kN of tensile force, the 

curvature- moment hysteresis curve from KK model, SB model, the 

proposed model and FE results are presented in Fig. 31. It can be 

seen that the result of proposed model has less difference with the 

result of FE model than the existing bending models, KK model and 

SB model. 

 

Fig. 31 Curvature- moment hysteresis comparison 
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bending stiffness decreases in the order of KK model, SB model, and 

the proposed model, and that of FE model has a slightly smaller value. 

 

 

Fig. 32 Comparison of bending stiffnesses of four models in stick 

state 

 Also, the result of comparison between critical curvatures of four 

models are also presented in Fig. 33. On the contrary to the bending 

stiffness, the critical curvature increases in the order of KK model, 

SB model, and the proposed model. However, although the error is 

the smallest compared to other analytical models, the critical 

curvature of FE model is considerably smaller than the proposed 

model. The analytical model describing that the critical curvature 

shows a tendency opposite to the bending stiffness cannot explain it. 

Instead, the frictional stress between the surface of tendon layers 

and the adjacent tube layers induced by the axisymmetric loads can 

explain this result. In the analytical model, the frictional force occurs 
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by only the bending deformation. However, the frictional stress 

acting on the tendon can be aroused by the tension. This frictional 

force makes the stick- state region in the moment hysteresis curve  

shorten, since the bending deformation causes the slip to occur when 

the sliding force reaches the additional force required to make the 

frictional force reach the maximum frictional force. 

 

 

Fig. 33 Comparison of critical curvature of four models 
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model is the largest for the KK model and the smallest for the 

proposed model. However, there is still relatively large differences 

in the amplitude of stress function between the proposed model and 

FE model for the outer tensile armor in comparison with that of the 

inner tensile armor. It is because micro- slips of outer tensile armor 

tendon elements occur before the gross slip starts in FE model, since 

the pressure cannot be uniform over all tendon elements in a layer in 

the numerical result.  

 

 

Fig. 34 Comparison of axial stress of inner and outer tensile armor 

tendon (κ = 0.003 [1/]) 
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curvature, the sliding force, which is proportional to the slope of axial 

stress, is consistent and appears to be linear with the angular position. 

However, the critical curvature of the proposed model and FE model 

is relatively large so that the curvature of 0.01m- 1 is the stick region. 

Therefore, the axial stress of two tendons are still cosine functions 

of angular position. 

 

 

Fig. 35 Comparison of axial stress of inner and outer tensile armor 

tendon (κ = 0.01 [1/]) 
 

 In addition, the interlayer contact pressure on the inner anti- friction 

layer ( IAF) and outer anti- friction layer (OAF) are compared for the 

four models as shown in Fig. 36. In the proposed analytical model, 
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model and FE model show a cosine function of angular position, 

consistently. The larger error for the pressure on outer anti- friction 

layer can be explained by the same reason as the axial stress of outer 

tensile armor. However, there is no interlayer contact pressure 

induced by bending itself for the KK model and the SB model, since 

two models don't consider it from the assumption.  

 

 

Fig. 36 Interlayer contact pressure on inner anti- friction 

layer(IAF) and outer anti- friction layer(OAF) 

 

4. Case Study 
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5. In case 1, 2 and 3, 5MPa of external pressure is applied with three 

different tensional forces; 0kN, 30kN and 60kN; to investigate the 

effect of tension in nonlinear bending behavior of flexible riser. On 

the other hand, case 3, 4 and 5 have same 60kN of tension and 

different external pressure load of 5MPa, 3MPa and 1MPa, 

respectively, to consider the effect of external pressure. 

 

Table 5 Axisymmetric load conditions for combined load analysis 

Load case Tension External pressure 

Case 1 0 kN 5 MPa 

Case 2 30 kN 5 MPa 

Case 3 60 kN 5 MPa 

Case 4 60 kN 3 MPa 

Case 5 60 kN 1 MPa 

 

 The bending moment hysteresis results from proposed analytical 

model and FE model are plotted in Fig. 37 to Fig. 41. According to 

the results, both tension and external pressure increase critical 

curvature and the range of bending moments in moment hysteresis, 

but the effect of external pressure is greater than that of tension. In 

addition, the error between two models is decreased by the increase 

of bending stiffness in stick state obtained from FE model, when the 
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load changes in the direction of increasing the contact pressure 

between the layers. It is because the larger the contact pressure, the 

less the effect of the micro- slip occurring in the FE model and the 

closer to the complete stick state, which is the main assumption of 

the analytical model.  

 

Fig. 37 Moment hysteresis curve(Case 01) 
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Fig. 38 Moment hysteresis curve(Case 02) 

 

 

Fig. 39 Moment hysteresis curve(Case 03) 
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Fig. 40 Moment hysteresis curve(Case 04) 

 

 

Fig. 41 Moment hysteresis curve(Case 05) 

 

5. Conclusion 
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outer tensile armor tendon in stick state is proposed and used for 

combined load analysis of flexible riser. In the proposed analytical 

model, the equilibrium equations for two tensile armor layers are 

established by considering: 

Ÿ Interaction between inner and outer tensile armor layers. 

Ÿ Interlayer contact pressure induced by bending. 

Ÿ Equivalent shear stiffness for inner four layers. 

 The interlayer contact pressures to be applied to proposed bending 

model is calculated based on analytical model proposed by 

Bathui(2009)  with consideration for layer separation. By comparing 

the results of two cases that external pressure and tension are 

applied individually, it is found that the layer separation between the 

outer tensile armor and the outer sheath occurs as an effect of 

tension. 

 The axial stress of tendon and moment hysteresis under combined 

load case calculated from the proposed analytical model is compared 

with the result from existing bending models and FE model. As a 

result, the proposed model is identified to show better agreement 

with FE results than existing models. In addition, inter- layer contact 

pressure induced by bending is investigated using proposed bending 

model and verified by comparing with FE results. 
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 Finally, the case study is performed to identify the effect of tension 

and external pressure on nonlinear bending behavior of flexible riser. 

The moment hysteresis curve calculated from proposed analytical 

model is compared with that from numerical analysis. In both 

analytical and numerical results, tension and external pressure 

increase critical curvature and range of bending moment in moment 

hysteresis curve. Moreover, it is found that the bending stiffness in 

the stick state of the analytical model and of the numerical model 

becomes more and more similar, as the load changes in the direction 

of increasing the contact pressure. 
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초록  

 

복합 하중을 받는 유연식 라이저의 Tensile 

Armor Stress 계산을 위한 해석적 모델 

 

Flexible riser는 해저 유정으로부터 해상 플랫폼까지 oil 및 gas를 

수송하는 다층구조의 파이프이다. 특히 Un- bonded type flexible 

riser의 경우, helical armor layer를 이루는 나선형 tendon들과 인접한 

polymer layer들의 접촉 상태에 따라 굽힘 강성이 크게 달라지는 

비선형 거동을 보인다. 

   본 연구는 최종적으로 내압 및 외압과 더불어 tension 및 bending 

moment가 가해질 때, flexible riser의 비선형 굽힘 강성 및 tensile 

armor layer의 axial stress hysteresis를 계산할 수 있는 analytical 

model을 개발하는 것을 목표로 한다. 이를 아래와 같은 세 가지 세부 

단계로 나누어 달성하였다. 

  첫 번째, tension에 의해 발생하는 layer separation을 반영하여 

layer간 접촉 압력을 계산 가능한 해석적 모델 검증. 압력만 작용하는 

경우와 달리 tension이 작용할 때는, layer간 반경방향 변위가 달라 

layer 사이에 gap이 발생한다. 본 연구에서는 layer separation 현상을 
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반영할 수 있는 축 대칭 하중에 대한 해석적 모델을 이용하여 layer 간 

접촉 압력을 계산하고 FE 해석 결과와의 비교를 수행하였다. 

  두 번째, tensile armor layer의 stick/slip 매커니즘 분석 및 기존의 

bending model 수정. tensile armor layer의 stick/slip 매커니즘은 

tendon과 인접한 layer 사이의 마찰력과 curvature에 의해 유도되는 

tendon의 axial force를 이용한 설명이 일반적으로 받아들여지고 있다. 

그러나 실제 실험 결과 및 FE 해석 결과와 비교했을 때, analytical 

model에서는 critical curvature가 매우 작고, stick 상태에서의 bending 

stiffness는 매우 크게 평가되는 문제가 발생한다. 따라서 이를 수정하기 

위해 단면의 전단 변형과 반경 방향 변위를 고려하여 해석적 모델을 

수정하고, FE 해석 결과와 비교하여 검증하였다. 

세 번째, 다양한 복합 하중에 대한 case study 수행. 수정된 axi-

symmetric model과 bending model을 포함하는 analytical model을 

이용하여 외압, 인장력, bending moment 등의 복합 하중이 가해질 때, 

flexible riser의 moment hysteresis에 대한 case study를 수행하여 

외압 및 인장력이 flexible riser의 굽힘 거동에 미치는 영향에 대해 

분석하였다. 

주요어 : 유연식 라이저, 비선형 굽힘 거동, 해석적 모델, 유한요소 모델, 

복합 하중 

학 번 : 2017- 29463 
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