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ABSTRACT: A Reliability-based Topology Optimization framework with the integration of a 
parametric design process and additive manufacturing technique is proposed in this paper. The proposed 
method is applied to design architectural and structural joints subjected to uncertain load and material 
property. Optimal joint designs from various architectural and structural design consideration are 
discussed through numerical applications. A study is conducted on the comparison between deterministic 
and reliability-based topology optimization approaches. 

Joints and connectors are often the most complex 
element in building envelope assemblies and 
systems. Those component are constantly 
subjected to various loadings and conditions. 
Many of the structural and mechanical failures 
occur at joints as the stresses, loads, vibrations, 
and movements tend to concentrate at these 
locations. Therefore, it is practically impossible to 
create a single joint or connector that can be 
universally applied to all conditions. Also, to 
ensure the performance of the assemblies and 
systems, it is critical to optimize the geometry and 
configurations of the joints based on key 
functional requirements and design criteria. One 
of the significant requirements of the joint and 
connectors of building envelopes is to withstand 
uncertain excitations. The consideration of such 
loadings directly affects safety and increases the 
robustness of building envelope performance. 
Thus, engineers and architects need to take into 
account the uncertainty of the excitement induced 
by natural and human-made disasters in the 
architectural and structural analysis and design 
process. Due to inherent uncertainties in loadings 
to building envelopes, the performance of joints 
and connectors should be assessed in a 

probabilistic manner. This research focuses on 
developing a reliability-based topology 
optimization framework that can be utilized to 
design customized joints and connections for 
building applications under uncertainty 
considerations. This framework is built upon the 
integration of high-fidelity topology optimization 
algorithm, reliability analysis, random vibration 
analysis, additive manufacturing, computer 
simulations, and parametric design. Also, this 
research investigates the potentials of 3D printed 
topologically optimized hybrid materials as a 
means to overcome the abovementioned 
challenges and needs. Case studies and numerical 
applications are presented to demonstrate the 
validity and effectiveness of the proposed 
optimization and additive manufacturing 
framework. 

1. TOPOLOGY OPTIMIZATION 
The purpose of topology optimization (Martin P. 
Bendsøe and Sigmund 2004) is to find the optimal 
distribution of materials in a given design domain 
Ω subjected to tractions and displacement 
boundary conditions. Topology optimization has 
been widely used for the aeronautical, mechanical 
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engineering and practical design. Recently it has 
also been applied to civil engineering such as a 
long span bridge design, development of a bracing 
system for a multi-story building (Stromberg et al. 
2012). When the minimum value of the objective 
function indicates the optimal performance, the 
topology optimization is formulated as 

min   ( )
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objf
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α
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where fobj (·) is the objective function, g(·) is the 
constraint function(s), andα is the characteristic 
function indicating whether a given point in the 
design domain Ω belongs to the domain of a 
designed structure Ωd or not by, 1 (solid) and 0 
(void) respectively, i.e.   
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This binary form, however, results in the non-
differentiability and restricts implementation of 
gradient-based optimization techniques. To 
address the issue aforementioned and to obtain 
mesh-independent designs and checkerboard-free 
results (Sigmund and Petersson 1998), several 
methods have been developed such as density 
filtering (Bruns and Tortorelli 2001) and 
projection method (Almeida, Paulino, and Silva 
2009; J. K. Guest, Prévost, and Belytschko 2004). 
For instance, in the element-based approach, the 
filtered element density at the centroid of element 
e, e=1,…,ne is evaluated as 
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where 𝛋𝛋�𝑒𝑒 is the centroid of element e, a vector of 
deterministic design variables, d represents the 
discrete material distribution in a domain. wj =(r-
rj)/r≥0 and rj is the distance between the centroids 
of element e, and element j which lies within the 
radius r of element e. This procedure is applied to 
all finite elements, which results in a vector of the 
filtered element densities at the element centroids, 
i.e. 

T T
1 1( ) [ ( ), , ( )] [ ( , ), , ( , )]

e en nρ ρ ρ ρ= =ρ d d d κ d κ d       (4) 

It is well known that integer 0-1 topology 
optimization leads to ill-posedness or a lack of 
solutions in general (Sigmund and Petersson 
1998). To avoid those issues, relaxation which 
enlarges the design domain to guarantee the 
existence of the solution can be carried out. With 
the relaxation, an important consideration in finite 
element settings for topology optimization is the 
material property interpolation model, which is 
used to determine the stiffness and mass 
properties of a discretized continuum domain. 
Assuming that the constituent material is linearly 
elastic and isotropic, the stiffness tensor of a finite 
element is defined as 

0( ( )) ( ( )) ,   0 ( ) 1  e e eρ ψ ρ ρ= < ≤D d d D d    (5) 

where ψ: R→[0,1] is a smooth convex function 
increasing from zero to one where 1 represents the 
presence of solid material, and 0 represents a sign 
of a void, i.e., the absence of solid material. D0 is 
an elasticity tensor of the solid material, where the 
density is 1. In the Solid Isotropic Material with 
Penalization (SIMP) model (M. P. Bendsøe and 
Sigmund 1999; Zhou and Rozvany 1991), the 
smooth convex function is defined by a power law 
function, i.e. 

( ) px xψ =  (6) 

The penalty factor p is considered greater than 1 
to penalize the intermediate densities so that the 
densities towards 0 or 1. The stiffness matrix of 
the eth element and its sensitivity as follows using 
the element-based computational framework with 
SIMP model. 
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where K0
e is computed by 

0 0  
e

e T
eΩ

= Ω∫K B D B  (8) 

in which B denotes a strain-displacement matrix 
of shape function derivatives in the domain Ωe of 
element e. A common objective in topology 
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optimization is finding the stiffest configuration 
of a given design domain. Thus the minimum 
compliance problem can be formulated as follows 
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where f is the global load vector, udisp  is the 
displacement vector defined through the 
equilibrium equations, VΩe is the volume (or area) 
of element e, and 𝑉𝑉�  denotes the prescribed 
volume. 

1.1. Reliability-based topology optimization 
When reliability analysis of a structure under 
uncertainty is incorporated into topology 
optimization, it is referred to Reliability-Based 
Topology Optimization (RBTO) (James K. Guest 
and Igusa 2008; Nguyen, Song, and Paulino 2011; 
Silva et al. 2010). Reliability-based Topology 
optimization (RBTO) incorporates appropriate 
uncertainties into the optimization process to 
obtain optimal solutions achieving a prescribed 
level of reliability. RBTO aims to achieve the 
optimal topological design under given 
probabilistic constraints, arising from 
uncertainties in material properties or loads. 

In system reliability-based topology 
optimization (SRBTO), a probabilistic constraint 
encompasses all of the failure events where they 
are often statistically dependent. Nguyen et al. 
(2011) used the Matrix-based System Reliability 
method (Kang et al. 2012; Song and Kang 2009) 
for system reliability-based topology optimization 
to overcome the difficulty in evaluating the 
probability of system failure event and improve 
the accuracy of reliability analysis. The 
formulation of deterministic design optimization 
is 
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where dlower and dupper are the lower and upper 
bounds of the design variables, respectively, and 
gi(·) is the limit-state function. CRBTO approach 
seeks to satisfy the probabilistic constraint for 
each failure mode. Therefore, CRBTO problem 
can be stated as follows:  
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where f(·) denotes the objective function, d 
represents the vector of design variables, and μx is 
the vector of the means of X. g(·) is the limit-state 
function whose negative value indicates violating 
the constraint. X denotes the vector of random 
variables and Pf [·] is the failure probability of the 
limit-state function. K, u, f are the global stiffness 
matrix, the global displacement vector, and the 
global force vector, respectively. The failure 
probability of g(·) can be computed with the joint 
probability density function (PDF) of X as: 

 ( ) 0

( )f
g

P f d
≤

= ∫
X

X X   (12)  

By transforming the random variables (U = T(X)) 
to the standard normal space, the failure 
probability is given by  

 ( ) 0

( )f n
G

P dϕ
≤

= ∫
U

U U   (13)  

where U represents the vector for standard normal 
variables transformed from X. G(·) denotes the 
limit-state function, φn is the joint PDF in the 
standard normal space.  

In general, RBTO consists of an outer loop 
for optimization and an inner loop for the 
reliability analysis, which can be performed using 
the FORM or the SORM (Der Kiureghian 2005) 
in order to find the “most probable failure point 
(MPP),” U*. 

 
{ }* arg min   ( , )=0= GU U d U   (14)  
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In the FORM, for example, a reliability index β 
which is the shortest distance from the origin to 
the linearized limit-state function at U* in the 
standard normal space is obtained as 

 
( *)β *
( *)

∇
= − ⋅

∇
G
G

U U
U

  (15)  

Therefore, the failure probability in Eq. (15) is 
approximately evaluated by the distance β such as 

 
[ ]β≅ Φ −fP   (16)  

where Φ is the cumulative distribution function 
(CDF). 

1.2. Additive Manufacturing for TOPO-Joint 
The disruptive potential of Additive 
Manufacturing for the engineering and 
construction industry comes to the fore when this 
technology is viewed in the context of other 
emerging innovations such as novel architectural 
and structural design. Additive Manufacturing is 
transforming the architectural and structural 
design and construction through 3D printing of 
forms and components. Additive Manufacturing 
can substantially reduce construction time, 
material and improve the safety of on-site workers 
and the sustainability of the environment. 
Additive Manufacturing also allows complex 
geometries to be constructed at no additional cost. 
Therefore, recent advances in AM technology 
have become an essential foundation for the 
development of diverse and innovative 
technologies in the fields of academic research 
and industry. In particular, AM applications in 
engineering and architecture show positive effects 
to facilitate collaborations and communicates for 
successful completion of projects. 

2. TOPO-JOINT: ARCHITECTURAL AND 
STRUCTURAL DESIGN 
CONSIDERATION AND OPTIMIZATION 

Joint systems holding architectural enclosure are 
designed to satisfy multiple design criteria such as 
stiffness, vibration, and thermal conductivity. In 
the design process, topology optimization 
accounting for uncertainties in material property 
and magnitude of the force is utilized to increase 

their performance and satisfy prescribed 
reliability. Numerical applications of RBTO and 
comparison with DTO are presented in this 
section. 

2.1. Static compliance control design 
In order to control the stiffness of a joint, a 
suitable method of measuring stiffness is needed. 
Compliance of a joint is computed as FTu as 
described in Eq. (9) which is a displacement of the 
non-suppressed nodes of the joint in the finite 
element setting. It should be noted that if the 
compliance is small, the joint will be stiff. For the 
static compliance control problem, the forces and 
Young’s modulus, E are assumed to follow 
normal distributions. Means and standard 
deviations of random variables and optimization 
parameters are tabulated in Table 1.   
   
Table 1: Static compliance optimization problem: 
random variables and optimization parameters. 

E (N/m2) F (N)  
Mean Std. Mean Std. Pf

target 
10000 700 100 10 0.02 

 

 
Figure 1: (a) design domain and loading and boundary 
conditions, (b) optimal joint (DTO; volume = 2.64), and 
(c) optimal joint (RBTO; volume = 3.11). 

The design domain shown in Figure 1(a) is 
subjected to torsional forces following a normal 
distribution. The results from DTO and RBTO are 
described in Figure 1. To satisfy the target failure 
probability, thicker material layouts are observed. 

2.2. Dynamic compliance control design 
Architectural wall and façade system closely 
connected to a mechanical system that may 
generate harmonic vibration and loads during its 
operation can experience vibrational modes. The 
harmonic excitation from the mechanical system 
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thus may cause dynamic resonance of joints 
holding the architectural system. The steady-state 
response of the linear system under harmonic 
excitations is considered in the frequency domain 
to define dynamic compliance (Ma, Kikuchi, and 
Cheng 1995).  

 

 
Figure 2: (a) Design domain, loading and boundary 
conditions, (b) Optimal topology (DTO; volume = 1.02), 
(c) optimal topology (RBTO; volume = 1.32), and (d) 
dynamic compliance comparisons between initial design 
and optimal design (ωs=0.0, ωe=0.15). 

The equation of motion of a linear dynamic 
system in a discretized form is 

 
( ) ( ) ( ) ( )+ + = t t t tMu Cu Ku f   (17)  

where u (t), u (t) and u(t) are acceleration, velocity, 
displacement vectors at time t, respectively. M, C, 
K denote mass, damping, and stiffness matrices, 
and f(t) is the loading vector as a function of time 
t. Under the harmonic excitation, the equation of 
motion can be described by the following forms 

 
R I

R I

( ) cos( ) sin( )
( ) cos( ) sin( )

ω ω
ω ω

= −
= −

t t t
t t t

f F F
u U U

  (18)  

where FR and FI are the vectors of the excitation 
force amplitude, UR and UI denote the vector of 
the displacement amplitude. ω is the forcing 
frequency. After arranging coefficients of cos(ωt) 
and sin(ωt), equality condition can be held for all 
time t as following in a matrix form 

 

2
R R

2
I I

ω ω
ω ω

 − −    
=    −     

U FK M C
U FC K M

  (19)  

Herein, we introduce two complex vectors such as 
2

R I R I,   ,   (i.e. 1)= + = + ∈ = −i i i iU U U F F F (20)  

where U is the complex displacement. In the 
compact form, the complex linear system 
equation is 

 
2ω ω + − = iK C M U F   (21)  

The dynamic compliance can be expressed as 
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where ωs, ωe denote the initial and final angular 
frequency of the external forces, respectively.  

For a numerical investigation of uncertainty 
impacts, Young’s modulus and magnitude of a 
harmonic excitation are assumed to follow normal 
distributions. Figure 2(a) shows a design domain, 
boundary conditions and a node subjected to the  
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Figure 3: (a) Design domain, loading and boundary 
conditions for compliant mechanism optimization, (b) 
Optimal topology (DTO; volume = 1.52), and (c) optimal 
topology (RBTO; volume = 1.88). 

 
harmonic excitation. The problem statement of 
RBTO for the dynamic compliance is described as 

( ) target
R I dyn

2

min     ( )
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 + − = 

∫ S

f

V dV V

s t P C P

i

d
ρ

ρ U ρ U ρ
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Table 2 summarizes parameter values for 
optimization, dynamic load, and random 
variables. 
Figure 2(b)-(c) shows the optimal topology for a 
joint system from DTO and RBTO. RBTO results 

show the thicker diagonal distribution of material 
and additional branch. As can be seen from Figure 
2(d), the dynamic resonant response in the range 
of interest is significantly reduced for all two 
approaches. While minimizing a volume, the 
reduction of the area underneath the dynamic 
response curve is observed that indicates the 
improvement of dynamic behavior for both DTO 
and RBTO methods. However, the further 
reduction in RBTO represents less likely to 
exceed the prescribed the maximum dynamic 
compliance. 
Table 2: Dynamic compliance optimization problem: 
random variables and optimization parameters. 

E (N/m2) F (N)  
Mean Std. Mean Std. Pf

target 
10000 500 10 1 0.01 

2.3. Compliant mechanism control design 
Joints requiring flexible mechanism which is 
commonly referred to compliant mechanism are 
utilized and designed for architectural façade 
systems. The joint compliant system transmits 
forces or motions through elastic body 
deformation. The compliant mechanism needs to 
have an input node where external forces are 
applied, the output node where the transmitted 
force is expected and supports where the joint 
system is fixed. In the design process, the 
uncertainty in material property and the 
magnitude of forces may exist and result in 
undesirable effects on the overall performance of 
the system. A reliability-based topology 
optimization problem for joint compliant systems 
accounting for uncertainty can be formulated as: 

 
( ) target

output_disp prescribed

min     (ρ)

. .     

with   

ρ
Ω

= ≤

> − =

=

∫ S

f

V dV V

s t P u u P
d
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  (24)  

A design domain, loading, and boundary 
conditions are shown in Figure 3(a). The external 
force is following a normal distribution, and a 
limit state function is set to g(uoutput_node≥−3). That 
is, a failure event occurs when the negative 
vertical output displacement exceeds the 
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prescribed value. With the same parameter values 
in Table 2, optimal joint systems are identified 
using topology optimization (Figure 3(b)-(c)). To 
achieve the target failure probability, similar to 
the previous numerical examples, thicker and 
wider material distributions are identified. 

3. PARAMETRIC DESIGN PROCESS AND 
INTEGRATION OF OPTIMIZATION 
ALGORITHM 

 

 

  

 
Figure 4: Integrative optimal design framework with 
algorithmic modeling tool: Optimal joint design through 
the parametric design process. 

 
With the emergence of parametric design tools 
and algorithms in engineering and architecture, it 
is possible to investigate different optimal 
solutions and balance variables considering 
multiple design criteria and factors. The building 
joint optimization framework discussed in the 
previous section is applied to the development of 
a reliability-based structural design optimization 
tool (Figure 4). This integrative optimization tool 

that is still in the development progress aims to 
provide architects and engineers with a platform 
for resolving the conflicts between aesthetics, 
stability, and safety in designing building joints. 
This optimization framework integrated with the 
graphical user interface (GUI) is also expected to 
enable professionals to communicate and 
collaborate effectively for successful completion 
of a project. The current version of the 
optimization framework utilizes the Rhino with 
Grasshopper as visualization and graphical 
representation of joint systems. The advanced 
numerical modeling, structural analysis, 
sensitivity computation, and optimization 
algorithms are developed using MATLAB. The 
C# script connects the two different platforms so 
that the optimization framework uses the GUI 
input data such as geometry, parameter variations, 
loading and boundary conditions defined for 
topology optimization and results can be observed 
on display in real-time. After topology 
optimization is completed, data in STL file format 
is generated for 3D additive manufacturing. The 
extension of the optimization framework 
incorporating multiple design objectives in 
interdisciplinary fields (e.g., vibration, material 
property, safety, and structural design code) and 
system reliability analysis and optimization are 
still in progress. 

4. EDUCATION AUGMENTATION THROUH 
TOPO-JOINT PROJECT 

This research project aims to foster academic-
industry collaboration, and integrate research 
component into education. Figure 5 shows 
structural and architectural joint design and 
applications in a workshop taught by Daekwon 
Park in Nanjing University, 2018. Adaptive joint 
mechanisms and design applications to structures 
and architectures were discussed and studied. The 
topology optimization framework discussed in the 
previous section is expected to be used as an 
effective means for curriculum augmentation and 
improvement by the creation of a new class on 
architectural and structural joint design and 
optimization. 



13th International Conference on Applications of Statistics and Probability in Civil Engineering, ICASP13 
Seoul, South Korea, May 26-30, 2019 

 8 

5. CONCLUSIONS 
In this paper, the development of a reliability-
based topology optimization framework 
integrating a parametric design process for 
creating customized joints and connections for 
architectural and structural applications. The 
proposed optimization framework is expected to 
facilitate collaborations between architects and 
engineers through dynamic visualization and 
GUI. The proposed RBTO framework provides an 
efficient way for architect and structural engineers 
to obtain optimal design solutions satisfying 
probabilistic constraints on various design criteria 
in the conceptual design process. As future 
research, system reliability-based topology 
optimization accounting for statistical 
dependency and considering a system failure 
event need to be integrated into the proposed 
framework. Also, developments of reliable multi-
objective optimization algorithms and sensitivity 
analysis remain as future works. 
 

  

  
Figure 5: Nanjing University joint workshop taught by 
Prof. Daekwon Park. 
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