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Abstract 

 

Understanding the behaviors of proteins is one of the most important but 

challenging problems these days. Molecular Dynamics(MD) simulation is one 

of the popular all-atom method for protein simulation, but the method requires 

high computational cost. On the other hand, Coarse-Grained(CG) simulations 

which mimic desired behavior of the system could be useful due to its 

computational efficiency. Some CG models especially consider solvent effects, 

being expected to have higher accuracy, but some unphysical phenomena such 

as bead overlapping problems are remained issues. Fortunately, the finite 

element based Brownian dynamics simulation of proteins do not make those 

problems, showing higher accuracy in comparison with other bead based 

Brownian dynamics simulation frameworks. However, the finite element based 

simulation consumes relatively high computational cost in comparison with 

other coarse-grained models, so that it cannot be proper for high throughput 

tasks. In this paper, an accelerated framework of finite element based Brownian 

dynamics simulation is proposed. Here, each calculation of friction matrices 

and trajectories is accelerated by using substructure static condensation with 

plug-in method and component mode synthesis method, respectively. Also, the 

runtime for several proteins simulations of previous and accelerated framework 

are compared. 
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Μ  Mass matrix 

Z  Friction matrix 

Κ  Stiffness matrix 
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Table 1. Description of simulated proteins and corresponding finite 

element models. 

Figure 1. Finite element framework for Brownian dynamics. 

Molecular surfaces of proteins are extracted and coarsened to 

generate FE models of proteins and physiological solvent. 

The volume enclosed by molecular surface represents 

protein, and the volume out of molecular surface represents 

physiological solvent which is composed of eleven layers, 

but a few layers are presented due to spacial issue. Stiffness 

matrix of the protein can be obtained by discretizing protein 

model. Friction matrix can be obtained by performing unit 

displacement simulation of which details are shown in 

equation (7). 

Figure 2. A simplified cencept of solvent around the target molecule. 

In the original framework, each solvent model is composed 

of eleven layers, while only three layers are shown due to 

spacial limitation. 

Figure 3. Comparison between the original method(left) and newly 

proposed plug-in(right) method. Preparing reduced reference 

solvent(dashed box) on the top right side is required only 

once and not be repeated after saving the model on the local 

disk. 
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Figure 4. On the top of the plug-in method(left), substructuring can be 

applied to further accelerate static condensation(right). 

Figure 5. The original approach in generating finite element 

model(top) and proposed approach employing component 

mode synthesis method to generate reduced finite element 

model(bottom) are compared. 

Figure 6. Comparison of the friction matrix computing time among the 

original full model(Original), plug-in only model(Plug-in), 

and plug-in & substructure static condensation(P&S) 

methods. The number after “P&S” indicates the number of 

substructures in the corresponding methods. Calculations by 

using the full model and plug-in only methods are 

implemented through ADINA. The difference between them 

indicates the effect of the plug-in method. On the other hand, 

all of plug-in & substructure static condensation methods are 

implemented through MATLAB. The difference between 

them indicates the effect of each substructuring static 

condensation. For a reference, plug-in & zero substructure 

static condensation is available; however, the computation 

cost is highly burdensome. 

Figure 7. Comparison of the degrees of freedom between the full 

solvent models and plug-in only method. Note that “plug-in 

with substructures method” does not reduce the degrees of 

freedom of the system. The plug-in method significantly 
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reduces the degrees of freedom with almost no computational 

cost, and the resultant friction matrices are also analytically 

the same with that of the full model. 

Figure 8. Comparison of the trajectory computing time among full 

model and Craig-Bampton method with various numbers of 

substructures. Here, the tick “CB(8)” on which Craig-

Bampton method with eight substructures is implemented has 

the best performance. 

Figure 9. omputational procedure of plug-in method (A+B=C) and 

further application of substructure static condensation (C → 

D → E → F). Plug-in method is implemented with almost 

free computational cost. 
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1. Introduction 

 Proteins perform most of bio-molecular functions which are 

necessary for maintaining life. The molecules do their tasks in a physiological 

solvent, indicating that the solvent friction effect is required to be considered 

in computer simulation [1]. Albeit the continuous breakthrough in computing 

powers, the simulation still requires high computational cost, permitting 

limited size and time span simulation. 

While the all-atom molecular dynamics simulation described above 

has a problem that the simulation requires high computational source, coarse-

grained models are developed to reduce the runtime, maintaining the desired 

behavior of the target system [2]. For example, the first coarse-grained model 

is approached by Levit and Warshel to predict protein folding [3]. Bead models 

represent a macromolecule as a combination of elastically connected beads. 

Elastic network model(ENM) [4,5] and Anisotropic network model(ANM) [6,7] 

are simple but successful bead models. Go [8] model includes Lennard-Jones 

potential based interaction term. However, natural frequencies of these vacuum 

bead models do not correspond to that of realistic scales, because solvent 

friction effect is not considered [9, 10]. 

Solvent effect can be addressed in Langevin dynamics simulations. 

Inertial term in the governing equation of Langevin dynamics can be neglected 

in a certain environment, which is termed Brownian dynamics. The flow around 

proteins in physiological solvent has low Reynolds number, which is Stokes 

flow. The inertial force can be neglected in Stokes flow; thus, the behavior of 

protein follows Brownian dynamics. A Brownian dynamics simulation 

procedure is proposed by Ermak and McCammon [11]. Also, several packages 

are served for Brownian dynamics simulation such as SDA [12], Browndye [13], 

UHBD [14], BD_Box [15], and Brownmove [16]. Many frameworks employ 

Rotne-Prager-Yamakawa approximation [18, 19] to apply solvent friction to 
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each bead [20, 21, 22]. Due to the simplicity and availability of long time-scale 

simulation, even a macro molecule such as DNA origami structure can be 

simulated by using these bead-based Brownian dynamic simulation [17]. 

However, the method not only requires hyper-parameters, such as the volume 

of beads and solvent viscosity, but also bead overlapping problems can be 

occurred [23], and moreover, damping term may be assigned on the beads that 

are not contacting with the solvent. 

Recently, finite element based Brownian dynamics simulation is 

developed by Reza and Giseok [24], without making problems stated above. 

The framework is a breakthrough in comparison with molecular dynamics. In 

particular, more massive proteins such as GroEL is likely to consume similar 

computational cost, while molecular dynamics simulation requires much more 

computational time. However, a higher throughput framework is required to 

meet certain demands, such as multi-body simulations, optimal design, and big 

data analysis. 

The finite element analysis has various advantages which are 

exploited in the newly proposed framework in this dissertation. Most of all, 

overall shape and size independently affect the behavior of models in finite 

element procedures. Thus, if the scales of the two models are the only difference, 

the analysis result of one model is equal to that of the other when scale effect is 

considered. Next, several model reduction methods are available to accelerate 

simulations [31, 32]. Research by Jaehoon et al [30] is one of the accelerated 

protein analysis where a model reduction method is well applied. Finally, 

various types of force and circumstance can be considered. For example, Van 

der Walls force [55, 56], electrostatic force field [25, 26] and Stokes flow 

circumstance [24, 27, 28, 29] can be simulated. Motivated by various 

advantages of finite element analysis, an accelerated approach for Brownian 

dynamics simulation is proposed. The new framework exploits scale 
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independency and model reduction methods. Simultaneously, the new 

framework still allows various types of force to be applied, while the forces 

cannot be applied when certain model reduction method is employed. 

In the next section, previous finite element based Brownian dynamics 

framework is described (Section 2.1). In the previous framework, each solvent 

model is generated with respect to target protein’s size which is supposed to be 

different with each protein. Calculating trajectories is implemented without 

model reduction. Next, the accelerated framework using model reduction 

methods are presented (Section 2.2). In the accelerated framework, a pre-

generated reference solvent is scaled up/down to efficiently calculate the 

damping matrix. Additionally, a model reduction method is employed to 

accelerate Brownian dynamics simulations. Finally, the acceleration 

performances for several example proteins are discussed (Section 3). 
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2. Methods 

In this section, previous finite element based framework for protein’s 

Brownian dynamics simulation is described, and then the accelerated 

framework is presented, sequentially. 

 

2.1 Finite element procedures for Brownian dynamics simulation 

 

2.1.1 Langevin and Brownian dynamics 

Governing equation of Langevin dynamics is [33] 

𝐌�̈� + 𝐙�̇� + 𝛁𝑉(𝐱) = 𝐟(𝑡) (1) 

where 𝐌�̈� indicates inertial force compose of 3N×3N inertia matrix(𝐌) and 

acceleration vector(�̈�). 𝐙�̇� is friction force term composed of 3N×3N friction 

matrix(𝐙) and velocity vector(�̇�). 𝛁𝑉(𝐱) is spatial gradient of potential energy, 

or the force caused by the interaction of matter. A vector 𝐱 is composed of 3N 

components, and f(t) is external stochastic force which can be written as 

〈𝑓𝑖(𝑡)〉 = 0 

〈𝑓𝑖(𝑡) ∙ 𝑓𝑗(𝑡
′)〉 = 2𝑘𝑏𝑇𝑍𝑖𝑗𝛿(𝑡 − 𝑡′) 

(2) 

where 𝑓𝑖  means 𝑖th  component of the external force, the bracket notation 

indicates the time-averaged value, 𝑘𝑏 is Boltzmann’s constant, and 𝛿(𝑡 − 𝑡′) 

is Dirac delta function. 

The governing equation of Brownian dynamics simulation can be 

obtained by ignoring inertial term and assuming elastic energy as the dominant 

component of 𝑉(𝐱). 
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𝐙�̇� + 𝐊𝐱 = 𝐟(𝑡) (3) 

where 

𝐾𝑖𝑗 =
𝜕2𝑉

𝜕𝑞𝑖𝜕𝑞𝑗
 

 

 

2.1.2  Finite element modeling 

Finite element analysis is a popular method of solving mechanics 

problems. The purpose of solving Brownian dynamics equation, Eq. (3), is the 

calculation of the displacement vector with respect to time, thus predicting the 

movement of the target protein. For the calculation, 𝐊, 𝐙, and 𝐟 are required 

to be determined, which is described in Figure 1. 

 

Finite element modeling of protein body 

Proteins can be modeled as homogeneous, linear elastic material [34]. 

The volume of each protein, or solvent excluded surface, is needed calculated 

using UCSF Chimera 1.11.2 [45] (http://www.cgl.ucsf.edu/chimera/). After 

then, the volume within the molecula r surface is discretized into tetrahedral 

elements. Then, QSLIM algorithm function of MeshLab is employed to coarsen 

the molecular surface [35, 36, 37]. By using ADINA 9.3 (ADINA R&D, Inc, 

Watertown, MA, USA) [38], molecular surfaces are discretized into a bunch of 

ten node tetrahedral elements to which 0.3 of Poisson’s ratio is assigned. In the 

case of elasticity, Young’s modulus obtained by fitting the normal mode of the 

finite element method [27] to that of molecular dynamics simulation [40, 41] is 

assigned. For a reference, dominant movements generally depend on overall 

configuration, and heterogeneous material modeling brings only little accuracy 

http://www.cgl.ucsf.edu/chimera/
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advantage in the results [34]. Therefore, obtaining an accurate protein surface 

is a more crucial issue in comparison with employing convoluted elastic model. 

 

Finite element modeling of solvent 

The damping effect of the solvent causes friction force on the protein 

surface, which is proportional to node velocity. The solvent around the target 

protein is modeled as a sphere of which center is hollowed by the shape of the 

target protein. Note that the protein is not directly engaged in the modeling of 

the solvent, but the volume of protein is eliminated from a large sphere whose 

radius is 400 times of the largest dimension of the molecular surface. The large 

sphere can be divided into eleven solvent layers whose radii are set to 1.4, 2, 3, 

4, 5, 6, 8, 10, 20, 100, and 400 times of the largest dimension of the molecular 

surface, which are separately discretized into ten node finite elements (Figure 

2). The innermost solvent layer is the area between the molecular surface and 

the sphere whose radius is 1.4 times of the largest dimension of the molecular 

surface. Except for the innermost solvent layer, all of the solvent layers are not 

only geometrically similar to each other, but also are composed of the same 

number of tetrahedrons at the same location. 

The dynamic behavior of proteins in the solvent environment can be 

described as Stokes flow of which governing equations can be written as [31] 

momentum: 
∂τij

∂xj
+ fi

b = 0 (4) 

constitutive: τij = −pδij + 2μεij (5) 

continuity: vi,j = 0 (6) 
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where 

vi = velocity of fluid flow in the direction xi 

τij = components of the stress tensor 

fi
B = components of body force vector, here zero  

p = pressure 

δij = Kronecker delta 

μ = viscosity of fluid 

εij = components of velocity strain tensor =
1

2
(
∂vi

∂xj
+

∂vj

∂x𝑖
) 

 

This governing equations of fluid are equivalent to that of 

incompressible solid when viscosity(μ) and velocity(v) are interpreted as shear 

modulus and displacements respectively. The mixed, displacement-pressure 

formulation of finite element analysis is employed, and 10 displacement 

degrees of freedom with 1 pressure degrees of freedom tetrahedral element, or 

10/1 tetrahedral element, is applied [31]. 

In calculating the solvent friction matrices (Z), unit displacements are 

exerted on the nodal degrees of freedom on the protein surface, which is 

equivalent to applying unit velocities in the fluid configuration. Then, each 

reaction force vector is the corresponding column components in the friction 

matrices. The governing equation of unit displacement simulation is 

[

𝐊𝟏𝟏 𝐊𝟏𝟐 𝟎
𝐊𝟐𝟏 𝐊𝟐𝟐 𝐊𝟐𝟑

𝟎 𝐊𝟑𝟐 𝐊𝟑𝟑

] {

𝐱𝟏

𝐱𝟐

𝐱𝟑

} = {

𝐟𝟏
𝐟𝟐
𝐟𝟑

} 
(7

) 

where 

𝐱𝟏

= the displacement vector of surface DOFs, here unit displacement 
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𝐱𝟐 = the displacements vector of internal DOFs 

𝐱𝟑

= the displacements vector of outermost nodes, here zero displacement 

𝐟𝟏 = the force vector of surface DOFs 

𝐟𝟐 = the force vector of internal DOFs, here zero vecotor 

𝐟𝟑 = the force vector of boundary DOFs 

 

2.1.3 Dynamic simulation 

 The governing equation of Brownian dynamics simulation, equation 

(3), can be written as  

𝐙�̇� + 𝐊𝐱 = 𝐂d𝐰 (8) 

𝐂 = [�̃� 0
0 0

] (9) 

where the vector d𝐰 is a Gaussian distributed random vector of which mean 

and variance are zero and 
1

Δ𝑡
  respectively, where Δ𝑡  is the time-step. �̃�  is 

Cholesky decomposition of 2kb𝑇�̃�. 

�̃��̃�𝐓 = 2𝑘𝑏𝑇�̃� (10) 

Because of the problems described in Ref. [42] are not present in this 

framework, thus the trapezoidal rule is employed in solving equation (10) due 

to the efficiency. 

 

Time integration 

Displacement vectors with respect to time can be obtained through the 

following steps: 
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1) Calculation of the effective load vector at time 𝑡 + Δ𝑡 

�̂�(𝑡+Δ𝑡) = 𝐶𝑑𝑤(𝑡+Δ𝑡) + 𝑍[(
2

Δ𝑡
) 𝑥(𝑡) + �̇�(𝑡)] (11) 

 

2) Calculation of the displacement vector at time 𝑡 + Δ𝑡, or 𝑥(𝑡+Δ𝑡) 

𝑥(𝑡+Δ𝑡) = �̂�−1𝑅(𝑡+Δ𝑡) 𝑤ℎ𝑒𝑟𝑒 �̂� = 𝐾 + (
2

Δ𝑡
) 𝑍 (12) 

Rather than calculating �̂�−1𝑅(𝑡+Δ𝑡) in a numerical approach, obtaining �̂�−1 

and repeatedly multiplying the inverted matrix is computationally efficient. The 

former requires inversion per each time step, while the latter only requires once. 

 

3) Calculation of the velocity vector at time 𝑡 + Δ𝑡, or  �̇�(𝑡+Δ𝑡) 

�̇�(𝑡+Δ𝑡) = (
2

Δ𝑡
) (𝑥(𝑡+Δ𝑡) − 𝑥(𝑡)) − �̇�(𝑡) (13) 

Total time span is set to fifteen times of the lowest Brownian frequency of the 

target protein, and unit time-step as a number of total time span divided by ten 

thousand. 
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2.2 Accelerated finite element procedures for Brownian dynamics 

simulation 

Although finite element based Brownian dynamics simulation 

requires a short computing time in comparison with molecular dynamics 

simulation [24], high throughput framework is necessary for certain purposes 

such as multi-body protein simulation and design optimization. Here, an 

efficient framework for solvent modeling and dynamic simulation is proposed 

to enable accurate and rapid simulations. In this paper, the plug-in method and 

substructure static condensation method are applied in calculating friction 

matrix (Section 2.2.1). Component mode synthesis method on trajectory 

calculation (Section 2.2.2). 

 

2.2.1 Accelerated calculation of friction matrix: plug-in method and 

substructure static condensation 

To rapidly obtain Z matrix, plug-in method and substructure static 

condensation method are applied. The plug-in method is based on scaling 

up/down and static condensation. While the plug-in method can significantly 

improve calculation speed (Figure 6), substructure static condensation method 

is employed to further accelerate the calculation. Substructure static 

condensation process is composed of substructuring and static condensation, 

sequentially. 

 

Plug-in method 

In finite element analysis, if two models are geometrically similar, 

one’s stiffness matrix can be obtained by scaling the other’s behavior. 

Motivated by that the geometry of 2nd to 11th solvent layers are similar to each 
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other, a reduced and scaled reference solvent model exploited to substitute the 

ten solvent layers (dashed box in Figure 3). To obtain a stiffness matrix of 

reference solvent whose innermost radius is 𝐫𝑟𝑒𝑓
(𝑖𝑛)

  is rendered, and static 

condensation is implemented to eliminate all nodes except for the nodes on the 

innermost surface. The condensed model is stored in a local disc for repetitive 

usage. This process is not repeated again, but only the stiffness matrix of 

reduced solvent is loaded, when a target protein is needed to be analyzed. 

Next, a target protein’s innermost solvent is generated. The stiffness 

matrix of reduced solvent is also loaded and is scaled to the degree that the 

innermost solvent can be plugged-in. An eleven layers of solvent model is 

equivalent to this assembly, in calculating friction matrices. By using the 

assembled model, the same friction matrix can be obtained with highly reduced 

computing cost, and the additional computational cost due to loading and 

scaling the reference solvent is negligible. 

In a mathematical perspective, the relationship between the stiffness 

matrix of reduced outer solvent model and that of reduced reference solvent 

model is 

�̅�𝐨𝐮𝐭𝐞𝐫
(𝒔)

= 𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 × �̅�𝐫𝐞𝐟
(𝒔)

  (14) 

where 

𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 = (𝑟(𝑜𝑢𝑡) 𝑟𝑟𝑒𝑓
(𝑖𝑛)

⁄ )
1+2𝛿𝑥𝑖𝑥𝑗

 

subscript i and j indicate the dimension 

�̅�outer
(𝒔)

 = stiffness matrix of reduced outer solvent models 

�̅�ref
(𝒔)

 = stiffness matrix of the reduced reference solvent model 
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superscript (s) indicates that the stiffness matrix is originated from solvent 

model. The stiffness matrix of outer solvent has equivalent effect to the stiffness 

of reduced and scaled reference solvent, which can be written as 

�̅�outer = 𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 × �̅�ref  (15) 

Then, �̅�outer  is added to the stiffness of the innermost solvent, which is 

equivalent to plugging an innermost solvent model into the scaled outer solvent 

model. 

𝐙𝐆 = 𝐙inner + �̅�outer (16) 

where 

𝐙𝐆 is a global stiffness matrix of the assembled solvent model composed 

of an inner solvent and reduced outer solvent 

 

 

Substructure static condensation 

The result of the plug-in method, assembled solvent model, still 

requires friction calculation, while the computational burden is highly reduced. 

Various acceleration method popular in structure analysis are applied to further 

improve the calculation speed. Here, substructuring and static condensation is 

employed (Figure 4). For example, static condensation process requires matrix 

inversion of which computational complexity can be estimated as O(𝑁2~3), 

where 𝑁 denotes the size of the target matrix, and the index of 2~3 depends 

on the inversion algorithm. The advantage of substructuring is decomposition 

of a large matrix’s inversion into a block diagonal matrix’s inversion. Because 

the block diagonal matrix is composed of several smaller matrices, the 

computational cost is significantly decreased. In this dissertation, MPMETIS 

5.1.0 [43], a free mesh-partitioning software, is exploited for the substructuring 
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process. When an assembly model is substructured, the corresponding stiffness 

matrix can be written as 

𝐙(𝑟𝑒𝑚𝑎𝑝𝑝𝑒𝑑)
𝐆  =  [

𝐙b
G 𝐙c

G

𝐙c
G𝐓

𝐙sub
G

] (17) 

𝐙sub =

[
 
 
 
 
 
𝐙sub 1

G 𝟎

⋱
𝐊sub 𝑘

G

⋱
𝟎 𝐊sub 𝑁𝑠

G
]
 
 
 
 
 

 

where 

𝐙sub 𝑘
G = stiffness matrix of k𝑡ℎ substructure 

𝐙b
G = stiffness matrix of boundary degrees of freedom 

𝐙c
G = coupling matrix 

 

𝐙(𝑟𝑒𝑚𝑎𝑝𝑝𝑒𝑑)
𝐆  is remapped matrix of 𝐙𝐆, in which the remapping is originated 

from substructuring. 

This stiffness matrix can be further reduced to 

�̅�SB = 𝐙b − 𝐙c𝐙sub
−𝟏𝐙c

𝐓 (18) 

where subscript SB denotes that the value of �̅�SB  is defined on protein’s 

surface nodes, solvent’s outer surface nodes, and boundary nodes dividing 

substructures. 

Because substructure boundaries include non-surface degrees of 

freedom, one more static reduction is performed so that the resultant degrees of 

freedom can be equal to the degrees of freedom on protein surfaces. After 

substructure static condensation described above, the resultant stiffness 
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matrices can be written as  

�̅�SB = [
𝐙S 𝐙SB coupling

𝐙SB coupling
𝐓 𝐙B

] (19) 

where subscript S and B indicates protein surface and substructure boundary 

respectively. The post-substructure static condensation process can be written 

as 

𝐙surf = 𝐙S − 𝐙sb𝐙B
−𝟏𝐙sb

𝐓  (20) 

in which subscript surf indicates that all degrees of freedoms, except for those 

on protein’s surface, are leftover. The matrix to be inverted in this final static 

condensation, 𝐙B , is small; thus, the inversions do not consume high 

computational costs. As a result, the model only includes the degrees of 

freedom on the protein surface. Fortunately, equation (7) can be written as  

[𝐙surf𝐈] = [𝑓1 … 𝑓𝑘 … 𝑓3𝑀] (21) 

where the right-hand side of the equation (21) is the 𝐙  matrix required for 

equation (3), and the identity matrix, 𝐈 , corresponds to unit displacement 

vectors. Thus, 𝐙surf  in equation (21) is equal to 𝐙  matrix required for 

equation (3). 

 

2.2.2 Accelerated calculation of trajectory: component mode synthesis 

Calculation of proteins’ trajectories, or dynamic simulation, is 

performed through numerical integration shown in equation (11-13). However, 

the large degrees of freedom in the dynamic equation requires enormous 

computational cost. Component Mode Synthesis(CMS) can be one of proper 

method for protein simulation in which various mechanical environments are 
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likely to be considered. For example, hemoglobin whose density is about 

350mg/ml and proteins engulfed by chaperonins are under partially damped 

condition and contact force. Electrostatic force, Van der Waals force, and 

hydrophobic effects are also potential considerations. In these environments, 

stokes assumption which allows to neglect inertial force cannot be confirmed, 

and forces can be applied on the reduction target DOFs. DOF based reduction 

is likely to have lower accuracy in such conditions, but CMS approach is free 

from those problems. Here, the Craig-Bampton method [44] that has been one 

of the most popular component mode synthesis methods is employed. 

 

Component mode synthesis: The Craig-Bampton method 

By applying the substructuring method to the protein body (Figure 5), 

friction matrices and stiffness matrices can be rewritten as 

𝐙 = [
𝐙s 𝐙c

𝐙c
T 𝐙b

] , 𝐊 = [
𝐊s 𝐊c

𝐊c
T 𝐊b

] , 𝐱 = [
𝐱s

𝐱b
] 

𝐙s =

[
 
 
 
 
 
𝐙𝑠𝑢𝑏,1 𝟎

⋱
𝐙𝑠𝑢𝑏,𝑘

⋱
𝟎 𝐙𝑠𝑢𝑏,𝑁𝑠]

 
 
 
 
 

, 𝐊s =

[
 
 
 
 
 
𝐊𝑠𝑢𝑏,1 𝟎

⋱
𝐊𝑠𝑢𝑏,𝑘

⋱
𝟎 𝐊𝑠𝑢𝑏,𝑁𝑠]

 
 
 
 
 

 

 

(22) 

in which 𝐙𝑠𝑢𝑏,𝑘 and 𝐊𝑠𝑢𝑏,𝑘 indicate friction matrices and stiffness matrices 

of kth substructure among 𝑁𝑠 substructures respectively. Subscript s, c, and b 

indicate substructure, coupling, and boundary qualities, respectively. 
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The displacement matrix 𝐱 can be decomposed as following 

𝐱 = [
𝐱s

𝐱b
] = 𝐓0 [

𝐪s

𝐱b
] , 𝐓𝟎 = [

𝚽s −𝐊s
−1𝐊c

𝟎 𝐈b
] (23) 

where 𝚽s  and 𝐪s  are eigenvectors and generalized coordinates of 

substructures, respectively.  And, 𝐓𝟎  is a transformation matrix. The 

eigenvectors and generalized coordinates can be further decomposed into 

dominant modes and residual modes 

𝚽s = [𝚽d 𝚽r] , 𝐪s = [
𝐪d

𝐪r
] (24) 

in which subscript d and r denote the dominant and residual quality of 

movements. Note that 𝚽s is 𝑁𝑑 + 𝑁𝑟 square matrix, where 𝑁𝑑 << 𝑁𝑟. In 

the Craig-Bampton method, the residual terms in equation (24) is neglected; as 

a result, the transformation matrix 𝐓𝟎 is approximated as  �̅�CB. 

�̅�CB ≅ [
𝚽d −𝐊s

−1𝐊c

𝟎 𝐈b
] (25) 

By multiplying �̅�CB in front of equation (3) and simultaneously decomposing 

𝐱 to 𝐓0�̅�, the governing equation can be rearranged as 

�̅��̇̅� + �̅��̅� = 𝐟 ̅ (26) 

where 

�̅� = �̅�CB
T 𝐙�̅�CB, �̅� = �̅�CB

T 𝐊�̅�CB, 𝐟̅ = �̅�CB
T 𝐟(𝐭) 

 

As a result, the reduced form of equation (12) can be written as 

�̅�(𝑡+Δ𝑡) = �̂̅�−𝟏𝐑(𝑡+Δ𝑡) 𝑤ℎ𝑒𝑟𝑒 �̂̅� = �̅� + (
2

Δ𝑡
) �̅� 

(27) 

where the degrees of freedom in equation (3), 𝑁𝑑 + 𝑁𝑟, is reduced as 𝑁𝑑. Note 

that �̅�CB
T   does not change with respect to 𝐟 , indicating that this procedure 
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irrelevant to time and external loads applied on the reduced degrees of freedom. 

This is because the spectral transformation is independent of external loads. 

 

Accuracy issues 

The Craig-Bampton method can be interpreted as discarding 

redundant dynamic modes after coordinate transformation of targeted elements, 

or eigen decomposition of substructures where the substructuring designates 

the decomposition targets. Therefore, the method is likely to reduce the 

accuracy of the simulation results. To avoid accuracy loss, discarding the 

redundant dynamic modes is performed only on the inner nodes of the protein, 

while the modes of protein’s surface are conserved. The eigenvalue equations 

of substructures composed of inner nodes can be written as 

𝒁𝑠𝑢𝑏,1𝛗𝐢 = 𝜏𝒊𝑲𝑠𝑢𝑏,1𝛗𝐢 (28) 

Here, 𝒁𝑠𝑢𝑏,1 is zero matrix, because damping force is not directly applied on 

inner nodes. The eigenvalue and eigenvector of those region are  

𝜏𝒊 = 0 

𝛗𝐢 = 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑤ℎ𝑖𝑐ℎ 𝑖𝑡ℎ component is 1 
(29) 

To summarize, accuracy is not compromised by discarding dynamic modes, 

when the target of discard does not include surface nodes of protein 
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3. Results and discussion 

 The accelerated framework is also composed of friction matrix 

calculation and trajectory calculation. In the friction matrix calculation, the full 

solvent model is replaced by the plug-in method. On the top of that, substructure 

static condensation is implemented to further accelerate the framework. In 

trajectory calculation, full protein models are replaced with reduced models by 

using component mode synthesis. Several proteins [46-54] shown in Table 1 

are simulated with the accelerated frameworks. 

 

3.1 Acceleration performances in friction matrix calculation 

 In Figure 6, the runtimes of three different methods are compared (full 

solvent model, plug-in only model, and plug-in & substructure static 

condensation methods). Full model and plug-in only models are employed to 

calculate friction matrices, implemented through ADINA. On the other hand, 

static condensation with various numbers of substructures is applied on the top 

of the plug-in model, which is implemented through MATLAB. Here, each 

effect of the plug-in method and substructure static condensation is assed 

separately. 

 The runtime difference between the full model tick and plug-in only 

tick corresponds to the effect of the plug-in method. In average, the calculation 

using plug-in method is about 5.5 times faster than that using the full model. 

The plug-in method requires almost no computational cost (see Appendix 2), 

and the friction matrices obtained by employing this method is exactly the same 

with that obtained by the full model. The rapid calculation is based on almost 

freely reduced degrees of freedom by the plug-in method, which can be seen in 

Figure 7. 
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 By comparing the plug-in & substructures ticks, the effect of 

substructure static condensation with respect to the number of substructures can 

be assessed. The average acceleration performance acceleration performance 

starts to saturate at 20 substructures, culminating at 28 substructures. This is 

because the number of substructures increases, inverting a series of small 

matrix can be substituted for the inversion of a large matrix. But too many 

substructures result in the larger number of boundary nodes which are supposed 

to be inverted (equation (20)) after inverting substructured matrices (equation 

(18)). The average runtime with plug-in & 8 substructure static condensation is 

about 30 times shorter than that with full solvent. Here, the result of the plug-

in method is a kind of structure, and substructure static condensation is one 

example among various acceleration method in structure analysis; thus, other 

methods can be also utilized. 

3.2 Acceleration performances in trajectory calculation 

 In Figure 8, the runtime of the full protein model and reduced models 

using CMS are compared. Mathematically, this method can be interpreted as 

local Eigen decomposition which is implemented within each substructure. 

Thus, the method “full protein model” also indicates component mode 

synthesis with zero substructures; meaning that comparing all ticks in the figure 

can show the effect of substructures in using component mode synthesis. 

 This result shows that eight substructures are the most optimized 

number of substructures. In comparison with full protein model, component 

mode synthesis with eight substructures consumes average 7.34 times smaller 

runtime. In calculating trajectories, the accelerated method follows the 

procedure of equation (11) to equation (13). Two acceleration issues with 

respect to the number of substructures are highly related to equation (12), which 

are described in detail in consecutive two paragraphs. First, obtaining �̂�−1 in 

equation (12) is one the time consuming process, which is affected by the size 
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of �̂� . To remind, obtaining �̂�−1  is more efficient than directly calculating 

�̂�−1𝑅(𝑡+Δ𝑡), because the inversion matrix is not required for every time step. 

Second, multiplication operation of �̂�−1𝑅(𝑡+Δ𝑡) in equation (12) is the other 

bottleneck, which is affected by the size of �̂� and time steps to be integrated. 

By using component mode synthesis with proper number of substructures, the 

size of �̂�  can be reduced; thus, inverting the matrix consumes less time. 

However, when the number of substructures are excessive, both inversion of �̂� 

and multiply calculation of �̂�−1𝑅(𝑡+Δ𝑡) consumes more time. 

 Most of all, in component mode synthesis, �̂� is expressed as �̅�. In 

obtaining �̅�−1 the number of substructures affects each of them in contrary 

directions. The greater the number of substructures result in smaller sizes of 

substructures. Then, the stiffness matrices of substructures is inverted rapidly, 

enabling to obtain �̅�CB . On the other hand, the greater the number of 

substructures result in larger number of boundary degrees of freedom. 

Considering that boundary degrees of freedom are not decomposed, the size of 

reduced stiffness (�̅� ) is necessarily larger than that of a fewer number of 

substructures. The large size of �̅�  leads to more computational time for 

inversion. Thus, the optimal number of substructures to balance the two 

operations should be considered. Here, with reference to Figure 8, the optimal 

number of substructure is determined as 8.  

 Next, time integration is the other bottleneck which depends on the 

size of reduced stiffness and the number of time steps for integration. Because 

the size of reduced stiffness is always equal to that of reduced friction matrix, 

the size of stiffness also includes that of friction matrix in this section. The 

optimal number of substructures for time integration is different from that of 

obtaining �̅�CB, �̅�−1. If the integration is performed for a large number of time 

steps, smaller numbers of substructures are suitable. Smaller numbers of 

substructures are more time consuming in obtaining �̅�CB , �̅�−1 , but smaller 
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degrees of freedom require less time consumption, and vice versa. 

  



22 

 

4 Concluding Remarks 

 In this paper, calculations of friction matrices and trajectories are 

accelerated by using plug-in method, substructure static condensation, 

component mode synthesis. The most significant breakthrough in this 

accelerated framework is the plug-in method that consumes almost no 

computational cost, while other accelerated framework is also highly intriguing. 

The accelerated method can save computational cost, promotes researchers to 

implement with higher resolution models, help design optimization, and data 

generation for deep learning framework in bioinformatics. 

  



23 

 

Tables 

Protein Solvent model Protein model 

PDB ID Name total DOF surface DOF total DOF surface DOF 

1ADO Adolase 576915 12006 161910 12006 

1BEB Beta-Lactoglobulin 591825 12006 184302 12006 

1DWR Myoglobin 574437 11406 164781 11406 

1RBX Ribonuclease A 589863 12006 155529 12006 

2GCA Chymotrypsinogen 591915 12006 146781 12006 

2DN2 Hemoglobin 571893 11916 128970 11916 

2GPD GPD (r) 612300 12006 169443 12006 

4PTI BPTI (q) 587127 12000 158022 12000 

193L Lysozyme 582093 12006 182376 12006 

Table 1 Description of simulated proteins and corresponding finite element models. 
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Figures 
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Figure 1 Finite element framework for Brownian dynamics. Molecular 

surfaces of proteins are extracted and coarsened to generate FE models of 

proteins and physiological solvent. The volume enclosed by molecular surface 

represents protein, and the volume out of molecular surface represents 

physiological solvent which is composed of eleven layers, but a few layers are 

presented due to spacial issue. Stiffness matrix of the protein can be obtained 

by discretizing protein model. Friction matrix can be obtained by performing 

unit displacement simulation of which details are shown in equation (7). 
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Figure 2 A simplified cencept of solvent around the target molecule. In the 

original framework, each solvent model is composed of eleven layers, while 

only three layers are shown due to spacial limitation. 
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Figure 3 Comparison between the original method(left) and newly proposed 

plug-in(right) method. Preparing reduced reference solvent(dashed box) on the 
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top right side is required only once and not be repeated after saving the model 

on the local disk.  



29 

 

 

Figure 4 On the top of the plug-in method(left), substructuring can be applied 

to further accelerate static condensation(right). 
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Figure 5 The original approach in generating finite element model(top) and 

proposed approach employing component mode synthesis method to generate 

reduced finite element model(bottom) are compared. 
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Figure 6 Comparison of the friction matrix computing time among the original full 

model(Original), plug-in only model(Plug-in), and plug-in & substructure static 

condensation(P&S) methods. The number after “P&S” indicates the number of 

substructures in the corresponding methods. Calculations by using the full model and 

plug-in only methods are implemented through ADINA. The difference between them 

indicates the effect of the plug-in method. On the other hand, all of plug-in & 

substructure static condensation methods are implemented through MATLAB. The 

difference between them indicates the effect of each substructuring static condensation. 

For a reference, plug-in & zero substructure static condensation is available; however, 

the computation cost is highly burdensome. 
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Figure 7 Comparison of the degrees of freedom between the full solvent models and 

plug-in only method. Note that “plug-in with substructures method” does not reduce 

the degrees of freedom of the system. The plug-in method significantly reduces the 

degrees of freedom with almost no computational cost, and the resultant friction 

matrices are also analytically the same with that of the full model. 
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Figure 8 Comparison of the trajectory computing time among full model and Craig-

Bampton method with various numbers of substructures. Here, the tick “CB(8)” on 

which Craig-Bampton method with eight substructures is implemented has the best 

performance. 
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Figure 9 Computational procedure of plug-in method (A+B=C) and further application 

of substructure static condensation (C →  D →  E →  F). Plug-in method is 

implemented with almost free computational cost. 
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Appendices 

[Appendix 1] Static condensation 

 

Given that  

[
𝐊11 𝐊12

𝐊21 𝐊22
] {

𝐱1

𝐱2
} = {

𝐟1
𝐟2

}, 𝐟2 = 0 (15) 

where subscript 1 denotes the solvent model on the protein surface, and 

subscript 2 denotes the solvent model except for the protein surface. 
 

This can be expanded as 

{
𝐊11𝐱1 + 𝐊12𝐱2 = 𝐟1
𝐊21𝐱1 + 𝐊22𝐱2 = 𝟎

 
(16a) 

(16b) 

Thus, 𝐱𝟐 can be written as 

𝐱2 = −𝐊22
−1𝐊21 (17) 

Substituting equation (17) into equation (16a) yields 

(𝐊11 − 𝐊12𝐊22
−1𝐊21)𝐱1 = 𝐟1 (18) 

in which the coefficient of 𝐱1 is reduced stiffness matrix. And, equation (15) 

can be reduced as 

�̅��̅� = 𝐟 ̅ (19) 

where 

�̅� = 𝐊11 − 𝐊12𝐊22
−1𝐊21, �̅� = 𝐓𝐬𝐭𝐚𝐭𝐢𝐜𝐱1, 𝐟 ̅ = 𝐓𝐬𝐭𝐚𝐭𝐢𝐜 {

𝐟𝟏
𝟎

} = 𝐟1 
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[Appendix 2] a Computational procedure of the plug-in method and 

substructure static condensation 

Plug-in method 

Computational process of plug-in method is that condensed & scaled reference 

solvent matrix (Figure 9(A)) is added to the innermost solvent only matrix 

(Figure 9(B)). This addition operation corresponds to equation (16), and the 

result corresponds to 𝐙𝐆 and Figure 9(C). 

 

Substructure static condensation 

Here, the addition operation requires almost no computational cost. The 

combined matrix is then substructured, and the substructured matrix 

corresponds to 𝐙(𝑟𝑒𝑚𝑎𝑝𝑝𝑒𝑑)
𝐆   and Figure 9(D). Here, the number of 

substructures is set to four for explanation.  

Next step is substructure inversion of which result is 𝐙SB and Figure 9(E). 

In this example, the size of each component in substructured matrix is 7646, 

7592, 8078, 8021, 7937, 7721, 7868, 9488, 7961, 8072, 8129, 7583 respectively. 

Naturally, the entire size of 𝐙sub is 96096. The inversion operation of a series 

of these smaller matrices is much faster than the inversion operation of the 

96096 by 96096 matrix. Finally, 𝐙SB is reduced, which is corresponding to 

equation (19), so that 𝐙surf and Figure 9(F) is obtained. 
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요   약 

단백질의 거동을 이해하는 것은 인류가 당면한 가장 중요하고도 

어려운 문제들 가운데 하나이다. 분자동역학 시뮬레이션은 많은 

단백질 시뮬레이션과 관련된 연구에서 사용되는 all-atom 방법이지만, 

계산 부하가 굉장히 크다. 반면, Coarse-Grained(CG) 모델은 계산 부하는 

줄이면서 관심있는 거동은 비슷하게 모사하도록 고안되었는데, 

단백질 시뮬레이션에서 굉장히 유용하게 사용될 수 있다. 몇몇 

CG모델은 생체 용매가 단백질에 미치는 감쇠 효과를 고려하는데, 

진공상태의 시뮬레이션에 비해서 높은 시뮬레이션 정확도를 기대할 

수 있으나, bead overlapping과 같은 비현실적인 문제가 발생한다. 

다행히, 유한요소에 기반한 단백질의 브라운동역학 시뮬레이션은 

이러한 문제가 없기 때문에, 좀더 높은 정확도를 기대할 수 있다. 

그러나, 유한요소에 기반한 브라운동역학 시뮬레이션은 다른 

CG모델에 비해서 비교적 계산 부하가 높기 때문에, 높은 처리량을 

요구하는 목적으로는 적합하지 못하다. 본 연구에서는 가속화된 

유한요소 기반의 브라운동역학 시뮬레이션을 개발하였다. 병목현상을  

일으키는 friction matrix계산은 substructure static condensation과 plug-in 

method를 이용하여 가속화 하였고, trajectory계산은 component mode 

synthesis를 이용하여 가속화 함으로써, 해당 프레임워크의 병목현상을 

해결하였다. 기존의 프레임워크와 가속화된 프레임워크를 이용하여 

몇가지 단백질에 대해 시뮬레이션을 하여 계산시간을 비교하였다. 

주요어 : 브라운동역학, 단백질, 유한요소해석, 유한요소 축

소모델, DOF 기반 축소모델, 부분구조합성법 

학  번 : 2017-28485 
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