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F43Ath Harel & Sowder(2007)+= 7iQlely F&a17F Fole A=
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i
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o
T
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OIN
ol
2
2
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o
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o
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o go gt XX 41 o -
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b
e
41%

o
N
m
_l
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2

W F
o,

AES 308 S 9= =4 Hln‘oﬂ/\-] WEATS M S =
O maAsh se] Yol dF JALES BEARE AT 5
oo ¥ Lart slek

ot Mo
1%

(o

ft

=

2

(i

2

of

o

ft

g

St

N o

FIE U ATe 259 A7V Buxo gt Kim(2008)2 F3HAY
< o= 3 FH T mAeE sty Abolo] A S JL/‘UP@%
Harel & Sowder(1998)¢] A3} =202 EAsth WA m(2009)= 5
W 55 Y9 FRlojy FE5E RIste AAHLE A7) Zo] ofYy
2} Lakatos®] #d-& we} AT Fa 7|3t —r%‘ oA mFzbe}t g
Aol wrslg BT &, oo W, B8, AW(2018)2 R A
TE FTHMA T e FHY =4, ¥R, u/‘d < Brtske A
< AE7F 8-S Briete A Zolrl AR FeS BT o Ei
g ATES FH EF9 A Mgs 2astdthe HollA JHA 7 ¢

. oyl SHel Uitk YAAES WYs #EY F Jde W A ﬁOﬂ
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e oAaEE  BFS AZHoR  aIUL

Mejia-Ramos & Inglis(2009)+= S7 &xole Ao &4, AT U
Ad, T HE7F A AR Mo FYEARE, BEAE Ao

_ 3 =0
F-El 9] < AHSAT F, 9 ER
SH(prooH)3 FH3H7|(proving)s =% Tk QRlo] e Eojof
ghoh. W Ixe thdo] He Aol FHoldd, IS AAE F3
v &Fol FH7I7E 2 Aolth o] dAFdAE FH EEE 4L
AE AREAQl SHAA et e T UEE BHT Aot fEo,
2AdE FHel g et FHS AAAHA Es e AL &3
A8k k& Zlolth
2. 55t W&o A AY

‘A9 (Authority)” 2h= AES AR, BA, JAF ok TRt W=
o A Alg= ottt Pace & Hemmings(2007)& dAHE 32 WA
AHE Aol ARSI Rl BAIR Aotk A7l Al BRRlE ol
= F4d(egitimacy)o]l Fojd AR o] & wEa= Aol FoRE A
2 ERd0 7 aSelA AHHA s dAfe 9, A
= FHAN =4S FAT Amit & Fried(2005)=
Aol A7 7|EY AY AFE vF o2 5 wSolxe] ALl g
<= ANdststdn. FAA] HgS AHEE oE3 2.

AR, Weber(1947)7F A|Ae d9le) 7@ WA A9, AeH A4,
Fhel2nbd ALE X3S Webere] #9119 ML S wWete
A AYE AL oA T, Weber7t AlAg AE 8 A WollA o
g o Stk WA, §E de' AL AAE AA W AT e

AA FolE e Aot FE Iy AN, dARel 22 o] 7zl

= H
o 7 5
g %

e
el
B
i)
N
HI
i}
aly

1o - 2 A ST




497k WA 497k Bk w5 @A Yol S8k A4 HEslel 1
SAZL Zhe A7 WA 499 AR Bgow, A¥H AW &
Wol g Rme] Asish 2ol 0@ AR BAF FAYY) W] v
G Aglelth ol olsiHA % %% e . ey
AT, FA, ANE Ho} A 2

mpAuto 2, shelanbd ASE Y BEE S
n@T 4t wAolA AutAel AL Wl el
sAe AvteE AASAL 1 5L AFHE
lelzntd AT & 4 Utk ol F AYSA <& 1-DI gk

-

<E 11-1> Webere] #92 Al 7FA 3 (Weber, 1947, p. 328)

A9l 79 e
wam e | DA S FEFA AAS e A

E5hs WA
A54 A9 | ude] A
e

‘_C;]_ A A1 &)
shel mha 9]

AT Aol == A

- 2
&4, 979 B 2HAJ] A

rr

7} ﬂ"‘M«l H ;ﬁfﬁ&t}. A
Webere| 2|2 ‘I’Fsé oA WA Al Rt
st Aol tidk dEbe] Ads F27
SHAYL mEAZE T Al A4
w=7F A9l w2} sleAs Syl

23<& AT

i 2
i)
o
™
At
N
N
i
do

fi
ol
o
ok
rir
x
rir
El
I
_>|~l_,
o
DU U

Uelhd Ffd dfelth WA, w4 Fxo Fie nAde AA, &

71Z3te] AdHEAT. wd e wAY] HAiUt #&7E gAY Hfae
ol Al Atk ol wAL, AL 9 A (positioning) et WA sHAl HHE
ok WA wA U] ARE FAoA dF d=3e AL dAAE TR

- 13 - - .H kl ]




TS SR O 2 A9 o] A nAHoA TFAA= WE
L= A9 Ffolth. o= Oyler(1996)

o Ft3 pEE 5 Qe @A
ATE e 9w 99 o4 AZEE + Aok )
& 9 old 3} SIROEAY A9 Yo YPOo WHEAE W

A A4S SAST. AA F’ & wH YolA
Uelus @38te] d9e ordty, agas @3k U8S FA S
A7|A mFApet A Atolol @I7F EATT ngAtel g FAIEHE
B stAo] FAstA FoEM AL FfH7F LA Aot
Amit & Frled(2005)‘\:‘ T3 wHolA e AL7F Weberd A<, A7t
A9, FHE AE 3¢S FEdS AYsiAh =3, o] d9e
QAFsH2 oA Zﬂf\lfﬂ Beene(1970)¢] dA91et WA #HA] ATk
A sttt Beene(1970)= A3 Z x4 ARSIZ AA ¢Ho] 13 &
HESE o 545 T Zlo] old F&AY AFs AT A=A
I Mds AAEAT. 8t o] WA dfle Jide 8 S
of gt FoRTs FEE HHIE FeAY ZAFAd 2HE T4
Amit & Friede= o213 A MdES ‘F49 A9’ 2 AHsta, o
T KA ‘E9’ E AASAT
A9 A FoA ALl Fol= H(being in authority)2 g Abgo]
A=) J&= Qs Jojy} HAZtel| WE Aol Fol= AL 9u|st
w, BLA7} B Z(being an authority)S 3+ Algho] oj® A3tsl A
HE A& #3sl= Aolth(Wagner & Herbel-Eisenmann, 2014a). Ak
g Atolo) ALEl A BAERE AH7F EAdeH, WS Ao dHAE
M AV O ARES 2 Abgo] EXEA ok A7)edA A
Zbe AP o]9 o] AMEE olIly FEAS ZA Hed, oldd A
A BAANA L AT He Aol
ALY AFAEQ] F8e 49 #ARFE #FE F At Gerson &
Bateman(2010)2 Amit & Fried(2005)7}F Al=dd& A3} FASE 270d 3
WAS AX " AF v HES FHodA d9e F e AFH, AE
T8, F82 AR At A7A gA AFH d9e o

k

ml

kool

S mlo—r'

50
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FAZE FholA AAT A=A A9 T ZL wFA o] 74
oA AFE AE vdnh ol LFARY A{FEEA TR gk
A7 A7 FAAAAE YepdtheE Ha A9 3 E& A&t
At thes oA 2ot Aok siANE A=Z AYE AQsias
Amit & Fried(2005)¢] a9l 7/id WolA AE <+ S+ dflgd+ A
ol Al A7 Ut

71E9 A8 A7 w5 oataFolA Edus 95 X2
t}. Herbel-Eisenmann & Wagner(2010)= 38 wA @3loA @9 =
28 Qe EZA dojxd thi(exical bundles)g A ABFATH o] g
3la] Wagner & Herbel-Eisenmann(2014a)& 2| 2-& 3+7ol =
27F A4Ale] ARE oAE9A AASI=AE BAEAT. 971
A Herbel-Eisenmann & Wagner(2010)9] =o|& 434 Rygozn
A FxE UAAH 2<d@mmanent factors)¥ <]#12 2 <l(transcendent
factors) o= WF3etA . A7IA WAZ a1e wd e Tl
ostal e AHEESY A" A Edste= Ao, AFH 2l
WAE Qa]le] ofd &<l ongth. WAld a<lel dAf9 39 K<l
oF A AL, MU HHY A FRE AASFAL, AAH 89l
o &9 acles WY H3l, @3ty HAAY He FxE AAEA
oD E3k, Wagner & Herbel-Eisenmann(2014b)2 w4=#7F 222 A
ElQle] FdollA Edus A9 olF e E4sta, d9E AXsk=E A
2210l ol g A= 7187 2 F AsE TSRS oS
T A9l g nFxe] Q1A wFEArE sl A9 54
= Aol 23& 7ISAth wgAet st 3he) st A A H
e AL Mo weatet Ao Aol dis
|

% o 3

y

Fi?
T
n

B AFIME wEAst MAE syl

A SkFolA s
HAE EH871= sttt Langer-Osuna(2016) E

S Z
DAY A"

D o] =&lA Wagner & Herbel-Eisenmann(2014a)2] 4 E9] 319 245 <
8 woer @ FZ(authority structure)’ 2= &1 S AT
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2 EA A AelA stol AU AE E48AT ol
Engle, Langer-Osuna®} McKinney de Royston(2014)o] A|AI$H F3F =d
(a model of influence)oll 7]%3}e] Ao wralzRE HAYe AL &
213kt Langer-Osuna(2018)= Wagner & Herbel-Eisenmann(2014a)2]
‘AR Hl= Abeing an authority)” &  “A|FH AL = ‘FH ol
Fol= Zl(being in authority)’ & “AF3A H9” 9 NdozE HAsh
7|ES AT FES FASATH

Langer-Osuna®l 752 8 wfolM F2 asael d9s =9

AR ol Wate] £YT WA Uehbs S AE FTEAT

£ Al X7 Utk ole AA F3 o) GRIt Hu APl A
WASE F279 A9le] FUE BT glolth W, olHF A9 ¥
AE w3t A 3y e FFY A FHES 2P AW, o
L oAA Feeld BT 5 Qb ANEe] miolmE, A EEA

Uets Aol st e 97 gebds o Aol Yele d4,
A 7he] s A-gollA detde dE9], I #A A wFEATE YERY
L A9E 838 dart Jdut i o] AFolA =1 w8
Aol ARE Fshr] flsl AT HelAe A9 FA AFERTG= ug
ket st FHE A S-S AHEE Ad 2HE VY Ao
=3

F3 wFAe AL TS =o= wA o FALY AHAA
(identity)ell #3F =9& ojojd 4 Utk ALt BA| G| #3 =9 =
T  9A(positioning)ell 1 kS Fo] &gty Harré & van
Langenhove(1999)+ 9] X(positioning) S Al#E°] Ag A F+xE wjds}
= Y5 E3E gt YRR Jlsstdn. fAZE &ole SA4
o= QlFto] ojfol Folerte ou|Er|E SHARE, SfHoE Izt
Atolo] BAE ovldte ©l AMEEHZIE o) ol 94X Ade F
g wEolAel AL Py Ao B HEI FHSA #BHIG.
AA, A= AL 2 BANA B AL JdH AHEI] o
o] th(Herbel-Eisenamnn & Wagner, 2010). 152 =igtoj A AJztst of,

16 - ; iﬂ kl T}




Al 2o AAG wFAet A F2 A A Alolo] AAR W&
] HE WA weA, A H 8 S Abol o A
Az 7 ok el &2, X+ A FEQ Wetdl A & Abgra
o FA e disll 23S Fol, A3 2l 43548 T8l & Argol 74
A7k Aol Adoly A2 HAAL S Fosty] wfiEoltHHaree &
Langenhove, 1999). ?13+& BRI} 45 AH8Fo =4 3
Zh, AR AEE BHolAY wgA, A agla BRE A 2
5% 9385 FoAFgoza A7) LS A AIZItHLanger-Osuna &
Esmonde, 2017). 91X 25-E] W A3t wgAe} A9 oA LT P
< A9 #AE FASA & B oy ol ALY FHLENA
o]oj x| Al .

U 3 wE AT BoflA Aol B AFvE A vpE Zho}
17 olf€th neAe A9 2HE § AT eIRgs #AAY uF -
S weta vaglS w WslE 8 e - st W a
ol FEIFAUYRIAGA, 2007), 54T 54 MEES
Al aEAe] 9EE B4 04?7} B
2013; 473, 2013). olH & A7+ 8 wKolAe H 7H =
Yot EAF A= otdnh webx = ATt A 5 JerOJW«l
HAAE =43t AA w4 WA FPE= wrae) Ao A9 o

& A, et

l‘ﬂ
o
z
X0
E
o 3
ot
r}.i'
Lo
ol
rg

Ag7tA s £ S dAfd g A7+ Amit &
Fried2005)¢] A<fle] 7dol =H-& T3 Jth oo 723t AHE
slake]l AL S B3 BAE F IEE Adojd  thiexical
bundles)& A|F3te] oo #g AFZHA A4S 53 }41,} Aol N
de AYste] MY Z=E vtge® A9 /& b A7 53
ot skARE, AAR Aol AAE FASHE %LOV} SAEE 24
Weto A= wgAtel A Abolo] FEAE A wd EE AFsolA
Ul AE A¥ReE A 9 l ZQ3}t}. Fried(2014)= wA 9] A4
2Rl WAl AL7F YElde s #EE B4 s AHIPoH,

Hm
r°l'
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WzAe) A AN e A ojEA AAHEAS AW B
AE Al ]‘]’9\9\3} wetA] FA|HQ Ao A 9nE A= &
Aoe) o wie] MerelA B W, s ol el Asle waa

b SH4 Afelo] UEtbE A9 Aoz AwE ezt ok o
A o] Aol A B4 Abole] A9le] pAmEl ohel mAAkeh SHlel
GErhE A9 P FTE] 98l AAH A A mw
Ash Al B9 BANA FHE FHE A9 FFe A9E Aol
o,

3. =93}7](proving)¢} A<

A3l et A FH st (proving) &5 W (proof)o] FEA
oA wolEoAd F e AJAE 2t
o 71A FEoF & He FH s #AHs= tﬂ ﬂ%ﬂ i

4

g A 5 dos go

ol
oh
rlr
olN
o
rlo
olN
o
_11&
ox.
_>‘i
lo
r
o
2
lo
Ol

F=
29, wEA7t SYAA A
FIE Y AROE o3 3
97 wEolt AE £ =
J“L’—”FX}QP el 29 9B FHOE oyt QAse] gk,
Weber, 2008). wWebd o@l Aol Ax F9 m - Aol Asle] FA
g o9l TRegtA MY ATE HEST, oZlo] 58 wiolA
A91e] Wz AAHE AT o F Fgste] Avnolol s WL
& AN

3}
7= PE‘r(Mena -Ramos & Weber, 2014; Weber, 2008; Weber, Inglis, &
Mejia-Ramos, 2014; Weber & Mejia-Ramos, 2011). 413 AFoA F&E
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[e)

He ¢ BEslste #AAFoA Hfle IS etk Harel &
Sowder(1998)+ 5% A NA Uete thstd o A3 =4S T35
S A7)l ‘ABHAA S =2 (Authoritarian proof scheme)’ ©] 3
StEo] Atk o] =22 Stgo] A AR thE o] fro FEE= A
o] ofye}, FIS FA AMHY RFo® AXltes o FEIT. d
AR SH =204 A RAAY Aol e S AAdodA
2 AMd & AFske Aoty wFA7E SOl Al HE sk —”ﬂoﬂ A
28] #W97F Fsd =eo WAEH A+ Q%Qii
olA AujE F A= ZAolth Wk st S8 AW
oAl ZIxsto U+ AF, d9A FH EHO
Mejia-Ramos(2009) &= F&#ket g4 =5 %o
ol A S Agare) EA7F WAEY A=A9 oo wepA Hd59 A
7 29 s Atk AR ofy g} St A=
= HE o A7t A4S AE &+ Utk

=8, TS ¢ s # T3 A&7kt 2YA A
ojof pol7} Ath HE7Fe} =UA Abol W97l WHS Hladte
g A7 AgEo]  gkukinglis &  Alcock, 2012; Weber &
Mejia-Ramos, 2013). Inglis & Alcock(2012)& 4=8tx}e} thstao] =5 S
e we] o 2%

e
T

Fl

SA1A

o el S ANt o
SotAol we) FHe TS gl 9
7(':3!‘ [e]
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o,
o
)
o
oL

sshe Fgold Ao FFe wegE Pe $HY

=9 u - f‘ﬂés—oﬂ 73k Od? gE oﬂ/ﬂ—t— Aol sk FAS A Y
oA AA R
ok WA, 354

a7 st A %‘&Q 287} Av= ZAo|tkHanna, 1983;
Reid, 2002). o714 AE7Fe] AL7F =8iysE AL AY3 8] =
Bolu, waA e FHol B o vk W, 5 FEle] =5 Aol
A A7 AE AUAA Fxshs AL sHCA 9EE /EY
At Folth(Yackel & Cobb, 1996). <Fst AE7F=A 2] AHE AA

_I°"

b5 SO A ZF=xsA = HHA‘OE stdw HYA TH =4
= Ho|th. w2bA] Harel & Sowder(2007)& &HAY
_/_'I: . 5]-_/_': \:ﬂ-l:ﬂ o] :'L

oAx A9 FAE A

tlo
ol
ox
ok
k]
M
e
_?{_',
4
O,
b
Jhu
olN
o,
111} bl

A el A o Wl S =olvh ARAT,
22 29 ARG ANE Aol 01 9 wolEd £ A B AUA
o 2HE 71eATh

T SEolA gRolA Std A8 FA= Amit &
AEHR 8 A4 7hzl AE7F dfinte] A=
At T AAAATE A de FL 75 Aol
”740“‘ ASR AAAE aAMet 2L dF=e] /M Afl= 5 A
w=7kel Aol AxH7I #olth.  Otten,  Bleiler-Baxter}
Engledowl(2017)2 5% st stdo] A4skAl == 7id ARololA
of ezt S dEHe EAshs ATolA, S A9 9AE
< HsAT weAe] 8 ARrtEA Algsts A9t
AAFRD ShgelA vehds Aot FEE st AHolA(Amit &
Fried, 2005), % 2l - StgolA GfolAs #Af9 =95 HIVt=
Aol Aol dAsHA Fan I WL E st Adva darv) o,
A9 NES ZA 5 A "elA o] Aol wrgET WA, A9

A= TAY

- 20 - ] .-:rx;| -'.“.:r- 1_]




Mde dA Felelde] 5q wete F4@h o Apelxe] Ao
o ml Amit & Fried2005)7 Al A Ag)e] Aol 7)zste] A, A3
A wgtol A ALgEE Aok B AEs A9, FHE A oy

i)

S Zaen. WA D9l el AG BHE 4+ AE e 3
B2 A4 S 7 wEe} ol o] i Aol gl Falol 5
£ e AR 29 RE Agelx wEAZA) 4TE U5
= e AR ATL YR FAFORA, wiAe] WIE AA
B ojopmith ol MY AT Mwye W, wEAsh S 9
7} thEth ol d @ el A b ‘%EZ}QI A9, BEAY 3F A

ol YetbE A9, wFATE YEY 7
ATANA wFA Ze SRR AL o i%‘:% 71 € HqE =
fre d499 AAE #2E F Adte HdA IS 7HE Aolth
o=, Afs o Aol I3tate JatiFoA Eoivtes A9
E A4k EE2A 7T YALES FE ng}x} el FutE 3
Fol 7|zt E=olHEth 8t wA Yo oAaFoA yehus A9
T2 WA X wE 924 yetg ¢ Aok Wagner &
Herbel-Eisenmann(2014a)2 ©l& AZlste #9 725 B4AL + Ae
T3l B ES AASAT o] ATl e T R T
SAAF S Fal UEue "@3iAte wstE A9 Fxo] w3t B4 E

o] ZollAle o] AT Fa =Rl d|Iste S (prood)H FHE 7]
(proving)el ik MEdES ARy, F9H EIFE F3 S 37](proving),
T8 KA e AL i A AdHEJT. TH BFO AL
5 7159 FoAdE B7sta SR tE AALATS AA wAdA

BEY 5 9lE 39 REel B ATV £ wE Ak W,
29 A4S Ao AL YL Yt SAZ H4F 399 ANE
BANE Zol FFL VAT 3 ARAEAY AE WY w5 8

91 - . iﬂ kl r]
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b Faol He FgelA mAs)

Ao Ao A

EIEE
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3

Nlo
o

Tor

i)

HA X8 2 g2A At

Q13

£ %

yeol Ag)

Slmre] w0l B4

il

or

yol ofmd
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I |+ ¥4H

of A& tstAe] W wEI FAlol ¥ Feleld Yets a1
o -

Aok stale] A9E BASE Ad 2Ae

L1 4787

0178hIE 28H7] S ofstn Fetm gy AT HEom AME A4
2> #4oq A77 ARFUTG. AFR>e e B /8 44
2 olglatn AW AA A4 5 Y= FJEAQ wijoln], MR,
AR e waete e A4 nosle] AV NWeA B
wsfolth %, ot 5ot &l xR St wi FolA B
s 5940l glE moolty wd, el on wsr), F9e| B,
Zrjo] W7l 5o A8H weteldel 2 BEol B W w4

-

o AFNA AFE 49 FHE I Wger HIrE T
(Mejia-Ramos, Fuller, Weber, Rhoads, & Samkoff, 2012; Selden &
Selden, 2003; Smith, 2006; Smith, 2009). w&tA QFAE= <HAFE F4
2 oE wdof HE Ao FHE ERlA AFHoE IET F 9l
= $74o] 2 Aol 7|thst A

AATFE> 7499 AAAgAet g7 = gdEodE T3 Y F
of =& FHLE o FAstr] Aol 8 AAZ wg Foldta, F
A2 Aol Adste] AL FHE WESFI olof tiF HoFHol| o
FolAH F7IE T8 I E20Z JYPHGE Hol MFHAG F, o

_‘
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TFES wd ‘%‘l AFANM WE g5 S35 oldsta, ud Wi &
1 g ol A AR Foq7t o] Fod A== AU

= Adstr] {8 GANA vl 1574 1419]«1 A 3t
4789 22kl A FAVE AFEAeH, &7 T3 7S
o stF W8S 222 AYste AEste TEEZYL FAI7F FoH3
o A® FAls sHAlo] dFdel @ WY AEsa, £ 2wl oS
AFE ol MFEAeH oju HAAANA FE 2 Wl g v=y

H
of AlFHATE A AF A A FAo] LFUe F WHA
Classprep 22}l 55 H7F Al2gd AE3FAT 293 9)(2018)= U
Aol e}l T TE HIie AErte] S WUt did FAAAE
ZAPEY L A FEet Y EE RS v AT ol o] dFANE F
5 1 99 =894, 984 aga FAEE Hrtsta 59 FHel
gk A2 o AdE AAE = JA FoEA ALY FH TS A
Ao AEY F v FHS AU o8 &E5s Asted 2
HEZ AEFshe o] LEEFHL FAolH, olF T3l 87 F9o T4
g&ES A4S 7 Qlﬂl skt

Aol zAzlel FHE xS o]o] g FEEENES Jrws W
< T A3, FHAA 216351 =98 g T & F IA=EF =4
EE 5}% A3Yst7] s AEZQ wA A= g2 s 2

2 4
t}. Park & Choi(2014)+ m2le] &
k=]

2 gold £9€ BE ABHY wH BPe BE E 3
= Z 2

=
FYst7] fside AFAHA wde T2
K

Learning Classroom)$} 22 Al 28 n4l 9

2) ARy} wEro] WAl gFol| X, Yol dEE UYdH HAFZHA wA
oA =& Z(Golden Zone)d mAl % kol Ao FAHH, A=t &
(Shadow Zone)> w4 SFEo FAHAT. =& EolA 6_]—}\30] WAte] 9
71eh HaeE FAA o £ mEkd ¢ AR, A= o S
0& 7o St ET weAe] Yo RRE AFFO E}E}H A5A <
st wAd A FE E& A 93 A 3te] AAo] BHAIE I}
(Park & Choi, 2014).
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of AT oA B FzolN ZW LE BFo] AIFA FIE FUY
S Qe ol A 4 AES shile] ALCAIA AR AT AT 54
H9| ALCE 7 4e] atvie] AMow Hol 9, @ We| AR ol
Fol Zhsshah. of Zeldel Age uAs wEdel nE THS A
F8A ¥ & Atk = ZEAE 2R AAH Qo] Aol
ool gl A4 g kel AW LEAE} FYSE FUL 5

el
&, 7Y dFoA e FE e BHst Exsidv. d7Ae Al
< T Wer FFsal, g AH Al 2EZT
1

AREE> 799 mEAE 204 o4 o] wHE S Bl A A
2 AYAolth 53 o Yl WA S 5 gl Bt U]
4 sge AL, 3 AT AAAA S Rel-Re-3

[e)
(definition-theorem-proof)’ 2] W&o & A A Y= AALEZ] Y

g0 352 BMaT 5 A YolAe 434 Fe S Aol

S olsle Azl BT A5E AL, £ FlE A4
of sl wEsE e Pelth Rol AWl Esbe 1
o AAe QAL B YFHYCH(A, 2000, BAAA A Fe)

3) Robert Lee Moore(1882-1994)= 281 A7t AL~ thste] 4=8F w2 A 3
staer THS /123 o, FYsts HE VtEXA g nFE Y
sAwyol tiste] 71k FHANA FH S dFoz JtEAFE A9
olye}t st o R stolg T WHE 7AE ¢ JAE FHde 7S A
A Fo] mro] 3t tiRobert Lee Moore, n.d.).
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oo, S 2o OB FAT 5 Yt =L AU

AT Fold L AFB> £9 44 09 WIoE g

FAF Ee HRAHEY, 4D, AYT{S AFHT s GO
3 =

A ] 4
B2 S AASAH. 74 AR 71 7]z 4o T Ex
Tl B A7 o] FHhAAM o] Fod Zo] TAFHAY. =T, 2
A S ANTE T8 A7 A 2Re FA AT o8 T A
FoaAds 2istadon, A7 FoAAs ALz o ATl st

o A7 FAANAE EFol Aol FelelA grighE Wolofo] WA
7 geg histThe

Ae AT w4 ol HUW FW WEsh Aol Sl A&
St shhe] WAle 39 WEE olviEz gy o

ZASE HAe] g o 39 HollA A|ASTE AT FHolxpe] MR-
ARE A3 Aol <& -1} £2t}H

D o AFE  Agustm  APLUNANNZRE  FASRB  No.
1710/003-001) ®ka1 21 8) =] AT,
5) A Feige] o|ge mF slgoltt,

C g - : H 2T




<E M-1> 7 FoAgRte] MFE AR

ol & AF shd o3 A&

o g Feta S 2 S =

A% ot 2 AN %E 1,2, 3

L 2 ] 1S 4 gy 1, 3

EE3 S S 2 oI &= 2

AE SRS 1 I A= 2

CE I a g 2 AT 2T 3, 4

35 SRS 2 I AE 4
13. 74 43

TP 20173 99 5YHE 129 12¢971A] dF Yo F HA AP EA

on, 3 W F£PLe RO APHIIT YL BF ALColA 23
HAG. s Y88 Apdd oA gA e g olAe Fi FAH
Fom, YEoE AAHH G Aae= 282l g AA T JEE=FHA
o FHEE FAoA gFA 2 FHE 282l g5 AlA T °‘%‘r°‘ﬂ}
o FAEYey I B A 157 WeHth o] FAE B 44
2 7% 9 AHAA AW FHA| <} Classprep HA| & 636}%12134, U
Aol THE FEoIY YEOE A AT 5 AUY. A2l F
oS Wi A e A 28Rl Sy AlA T d=S gol AYIA
o} o7 Aol e AHYE WESA Fe= A= xuvF S E
o] ZHS HuwIERT TY3 Ao 7123 =dold WA PFS @
o] WP o 18A ¢e HYde EF HRT £ JdA Sk9
o A2 AFEHIAG T LAV = A dEo] A+ A
o sl FHLS A =23, AR gle FFoles HYE BF 9
st the ALt gAY g st T Ayl AIER FHo] o]

Ak
U A AT ZE X P LA 3Y 4ol ool
o mEE 2 e Y AT
%

TAENG. o= &9Hes A
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CE M-2> dlv]a=r 2 2w wgo A" wA

S = oI A=t o 7| 6)
Given n+1 natural numbers, say «a;, a,, ... , a,,;, all less than
Y 2A5E
AqI4AE 1 ) or equal to 2n, then there exists a pair, say a; and a; with
dg] ] &8

i = j, such that aja;.

AIAE 2 AFo] F3A4 There are infinitely many prime numbers.

Suppose  f(x)=a,2" +a, 7" '+..4+aq, is a polynomial of
¥ A= 3 &4 &Fel &8 | degree n>0 with integer coefficients. Then f(z) is a
composite number for infinitely many integers x.

Let ¢ and n be natural numbers with (a,n)=1. Then there
oy A= 4 exist natural numbers i and j with i = j such that o =d’

(mod n).

6) < -2>00 A4 AAE WA LA FHe LZolAq AT
W& BEFE Hao AR5 k2 Hol@
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A= 3 o] 7hlEke] 1A E ol Felvie Y-S IS AT
st o] ¢ Fodo) Wafirh HA =S JHHSE AAE °olF
A& NMEANEZA G, A YFoA sty wxet FdoSH,
Fo] A& FYgste] AT FHE FEFES Mg E 5AHA
Holl A o] &Fol 7|28t F4 FALY AR W& AL
T Ao A AA g

o] A& A AA &} Classprepoll A& AA =3 FH AT
A A Y] HIE7E o] FoA AL T Fo] AHRS HARSE FHof| St ol A
= A, AFRS AgAke osf BRE ok, Classprepell A= A
= AR, Z2 9 E ErolB o] FEE SR E AT EI, Classprep o 24
B Ao =214, 954 H FAAZ g 5 A gA A4 )
Y2 FHHAJG. F3E A FA 9} Classprep A= St S &
Fo AWEE olgsly] 9% B FHoR AEFHAUT

4

12]11[‘[1‘

A

mloizlalmgi'r&l-n
RO

A

2.2. A5 A vy

o] AT AR BME RE Fyo] AYY FW, AN WE 1
o) hF Aol s7 ﬂ#z}ﬂ 49e 2ae WA ST $4, o
TAE WE Gyol WEE U3 A4T TP} A AAZ AT F
Hol e AEES ﬂs}aau}. of HRAN AW HAZ AEF F9
WEE 3 AT F9 Aol o7t U At ANAW, oY T
fole] Ugle] hd BHE o] Aol XM WA gr] o] FU

A GSkeh®
de Azel 448 A7 Feldel $48
| Qe olslE Assth BEAE FUE vl

ZHgstal & Hel FEe A =5 A E74A s (top-down) 2

§) WA/} AEE S5 AT FHe AT AN AT 5 Ak FHol
AEE WEATL ool e hEe] WA, AR Az B FHe 2
22 B3 ANSAL. SA 952 vde] P57 93 Aol AW &

At T Al AATE Eolg sk Al A ST




Aest AW Ade] UL Ho wESE AR ud
AUtk ol @ WEAM FH AP Aol A AT ol opy]
A

Aol 59 oA UetuE AAE g 5] HsiA maAtet
stgel  dhslE BASH. olE ffsl #Ae Wagner &
Herbel-Eisenmann(2014a)e] #|+gt @3} &4 E] 7]&3th. Wagner &
Herbel-Eisenmann(2014a)-> Herbel-Eisenmann & Wagner(2010)o A4 A A]
gk dojd thd(lexical bundles)s #A3st AL FRE BT + A=
3 BHES AT 714 E9 FERE A E9, A9 &
3}, @3ld FAA, Melzx HYE EFHAY. Herbel-Eisenmann &
Wagner(2010)8] A7+ Fo2 39 Wdsle] 7123197 wfZol, Al &
o] o]}e] iAol FFE Ego] #&E 4 ATk Wagner &
Herbel-Eisenmann(2014a)¢] 4 &2 ol A7l Aol kAR, <]
AT AL d=HoR2 FHol JAAHG ] wEel AP AN AAIS
Adojz thbs o] oA MAste] ARG, AL dojd F
AE O E HolHo &3t ZW AYS FATE olE A st
W (G -3>3 259

7H°l7<q A9 s LA A E BEVE A2 o YEhue Ao
ESE ?ZEH 11 iAot 291 tig AL Al e
Ao F2F zreth 5 113 52 2)1% diwAE AgEna s
g dold F3o o Agd HAE FFE 7 v ol E A
A A2 FEITY F=ol2 AP o=, o|yd WIHE I
Qat7] fef A Eepate] JAAHEAL ol FE3AT A AFE ¢
g 3l AREShE I UHANE 11 F2 290% diWALE 530
!
3

M

32

FN

A W97} Sely BEHE BRAAT. BE ol
4% A4 YEhg

@A Yo 354 FE o] et Buo A
olth. o= AlZe Aol W@ Aol Wael 1A

4>
0
rr

3 )
%

I3 3

73
<
H

E rBL
o

o [r

E

9) Wagner & Herbel-Eisenmann(2014)e] 4 E&& A7 st A Al8FSH ).




sHU s g3ddA 21T 5 Ao =9, a8 JteAdE dskAet A
Z I3

A7} 55 Q145ka gl

A =

T A= A5 LA Hee A9 Fx27F EfEna & 5 Atk
= FTeoF st ARelA =Hus A9 TEE

F A% -~ dervh dn

“of ek o &2 EHAM ALV dEbEE AASAT. Sl
5 = gtald e offo] tidk TalelA

g HFNA AL mdoz) A4

goid BAMe 53 wA WelA a3 tsd 4P TASE 95
A Seuks @Y Fxolth 2W AAXEF BN FFol AA o
nob @Al WakshE Aol thal doiY P& d: Y= ANY
s Edol ®rk o F3H WS AFY W =eus EAYT %

S

sl Al =Edue 3ol s sdEh

Aol #A3 AT d9 7= E dYY Hste] g B0 o] R
A= Ao UukAojti(¢], Hufferd-Ackles, Fuson, & Sherin, 2004;
Skovsmose, 2001). 7H¢1& A<} MAA M= wA Wi FAEAKLY A
A3 Age wEl A7 dehdts o2 YA a<l(immanent
factors) 0= AAIGTE ¥ A2 QRlo] FFe WA il =ve
Q9lo] A& Q<l(transcendent factors)e] H ™, of7)ol&= @Yo &3}
of &3}a dAde] d9 Tzl £FET. oAl 2, TsteA d9] 9
Gslel @3t A A9 FEVF UEste w oAF 2l dfvt
LAE Zolw, AAA AL JHAA LY AL T2V YERE o
WAA 8]l A7 EA" Aotk wahA A9 Fx BAEY 4
HFE QA2 alat YAA gRlo= Fi1 430

ol g A3 AFoA AAF BHEL] LIt wgAre] wsle] x4
S & Aol skAY, Fried(2014)= Wagner & Herbel-Eisenmann
(2014@)°] AAIG wFApe] Wl A =ejd d9 FERE Y Esle
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X
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Y
o
I
Qﬂ
38
v}

%
e
r2
rr

)

e 5 =3, cd TR
7V FAlol He FYLEA A FHE AWEs gAo] HEE 53
e B gAY dES S B S ok F, o] AT FHAHL
Aol I FEO| wFAe] IS YA N, wFAke} A Alo] 9
HA 7} S Y3HA A = AT 2 Wagner &
Herbel-Eisenmann(2014a)e] A|AI$t A1 &3l EAHES o] Ao &

6}71 HBHH wslate] whslE et AT '@ %4101]/‘1 7}
e FFY B3 @Rl AT o]s(move), oJAAE o] F(move)
o] mg<l w3H(exchange), FAES =Yty FHs= Wi =g
Al d2~(sequence), T3} Ao QoA st #A S ARLEY B

<91 oF A= (episode)Z HeE FEE 4 Qti(Truxaw & DeFranco,
2008). #9 7=E EFsta WERIA AT AHE AT A 9
At ol Fe] TR E WA WEE FEete] £t =3, T
shate] Wsto A A FxRIVF Edd E7E FA BEATOEN, A
T2 IY AHE AASATE =g, Ao Wi - dEAe] FF
o AolgH - uFAY AW’ o] EF F Ted shA|o|w A skt
A7 FEHAA YEhE sl "HAlo gk S8 IRE Jdiac
72 Ao

3z A9 EaES AR A #ES] Y3t HAE] B4
Hgo g Y 59 Ao whsEzre] e}l vlwstE A, xRS A
919 W37l dojd -’571}% Zaetat etk FY T ANA A H
FTHO oWl FEoA wxEAe] A9 WMEIt oA AT & A
o} o] WEAT} —’r g T R HA FASAY LES 19
FAIGFO BN, s FiEolA dEAe] AL WElyl dojuA H uiA
of thall =& Zlolth. FA FAIS FE2 EEAS] WAH gl A9

oo

mlo
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ox,
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& 33
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<E M-3> #AY +=x £ E(Wagner & Herbel-Eisenmann, 2014a, p. 875)

EA43 Adolz whAo
T AL T2 | d919 dolF S E34H A F= A9l T Wl 3 A A
T2 I A%
121A 3} 2914]o] Z+
B 2B R moz gE AN | o 9Ee A
M1 A9 2 EAd x¥E
_ stAl &4 A, FEUb| - 'HelA Zeo] i =
(Personal @3 A& }
' 02 Age 9xE u| Ry oA =39S
authority) - 53AQA WH
23 s S = 2=
SATEAL] vk
WAA <l
(Immanent
factors) dgg AR
RS I ZEA HH Zpzlolg e AMgEC] | - BYE F e A BF
(Personal - WSS MAskE A | A"t Atke AS | - ol9A AHSREA AHE
latitude) ek Ags ARE| AT ATkE F = T de7he?
sk Y 74
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Herbel-Eisenmann, 2018 #x). o2 =&dUE A F49 o7l gtks HoA, o] dFdAe

golg Adste] 8@

_37_

543 dod dAof
T 49 += LY dAd FA Z3E A Fe d9 T4 13} of A
T2 Ity A%
1919 e aFstE Aol flE -
<§M | mase Ava j{; g e g | T &Il A
3= 5 < 3
SCOUTSE 851 2y - ° A Ba g 2 gola,
authority) o} 3= =
A2 a1l
(Transcendent
5] A
factors o Ageel g1 Qe o
A4 - B|7F EAEHA He Ad 8.
. A v | +E BEA ¥ o N
(Discursive | = AR EAEA 2
o 54} ¢ de ¥n e A |
o ot
inevitability) 3 W = A,
10)
10) Wagner & Herbel-Eisenmann(2014a)2] ¥4 <A+ollA ‘@32 A (Discursive inevitability)” th4al “Aojz @3]
A Ll(mplicit ~ discursive  authority)’ 2h= ZdE AF83t3l  Jti(Andersson &  Wagner, 2019; Wagner &

‘w5 Wy o

&) 8 5



Iv. 95 2%

L Zxxe Asd A9

oWl Mol A FHL AP WEATF ek AR A9
o e AVET ona=wEE shte FHol oa o sael W
A= gon, & W ol oy W A TP FFolA A2
7= ATk Aae AU Avlshs BN BEAE ABH B
2 Bgnh WEAT BYGY AN ABI 139 grE FA
;

o

B
—O.L

LL A4 a1e d9=29 H&

WEAE AAA P B AAA A g WA acle] AE
e EA REE AFSETh Aol MET PAE 2sE, 9
Y B ZoBNE WA 4l YAE SHWth BEA}
Zgol e o AaFS A%sE BN A9l G} o wsy B
AY3 g AAH acle] s we] Aol THHUTh o IF o)
Agle] A mE AHEAAN WAL 5 ATk oWl 59l el A
= uAE 2cle] AYE S SO WES NSt duel A
o A T AAH 29l 4 A% =eiE 2o AEE VIR
el WE AdE FAOR AT

oAt 4= 9 7‘30—% sl 2ag Ad T stuzEA gRHAs

THE OFAT AdA AT 4 ojHo F AAF7t AZAeeE 20E vt
gog AAFre AFAFES &8 Fed FHo| gdFARHT. o F
P AFHS AMESt AFAEE U T AdFTE ol HA &
= A7 2A30E AS RYoEN BES FESE WAL O
FEARE 35 9A %4 HE ol &3t T, 39 LxAAY F
AAQD 5o Wsle F V-D 2o
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<FE V-D AL 4 BFAHE)9] 3} 2 Ag] 7=

FTE 3RS
B]-_;:J:_ o] u}3
3 Ake] s} a9 7z
o], 4.4 A7} FaFE= A “aY nol MELAY w, djo iF v} el
22 ke ¥ AAS i, 7k EANA % oF W ol A FEol m:o;
R s i o LI L )
AR PY, Awd 29 9HE ASHA BE i, jol el
[ 3]
T o7l RS T A b 8. 7‘;;;
BE 4, jol A o'F ol W nel tEA FEol ottty e | AAA
AL 49
22 aE o"7hA BobEe 332 complete residue systemo] = o] o
2 st 7] Ag7k nAn RE G ol dalA BEel ohigm |
EEE]
B0l AAA olFA ol He i, j7t EASA H A w01 4

558 BEY Z9 JAS 25 HHAA AAH W9 As)
TxE =eYon, AFY M B E9¢ 42T 5 dUd &
4e alshs BN AN WA A9 TEE SHYth I I
AA W@ 4D i, j& BAFHBE o' ool A2 FFY & Yok
E e ARRE REAA P39 GHH FAT fEsE AAH D
de] e F=E SeWt AN =d MPor As HE

,_
8
gl
EY
-
o
e
>
o2
» £
X
i)
e
o
(i
o
rlr
i)
o
o

7 oHE Qole Ua oA Tl A W, FEo) HE 448
Aol AFolA AANZE 5 97 Wi FEol HE T A @
Yo7 Aol UaE He 5 9ol meo] Brh: Y WA ©
o A9 FxE sejud Agsyoh

B0l UE A9E UAA o)A 9AH acle] Asiwe] A
of AT oleld AP Hrel WEA M UEhon, SHe

2 e

ox
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pa

balo] Frol A ol MUY FE ol gaE FRL HPshs
oA ol AT meg nnh 29 wuolA FYI 55e
We Relsw E V-9 2o,

o

GE V-2 o325 4 BEAHEH) 95 o8 AT =0 B 39
A AEE A5 Avel 44T 1

(a,n)=1, 7 i, jEN with i#j s.t ' =d’ (modn)

pf) Contrarily, suppose that

for V i, jEN, d'#Zd(modn)

Then, the set {a,d%...,a"} are complete residue system
by thm 3.17.

Since a"€N, d""'=d’ (modn) for 1 <j<n.

fol
of

This contradicts to the suppose.

Thus, there exists i, jEN with i #j s.t. d' =a/(mod n).

550 399 =g ARW S ol A8 4D i, jo =
e £ AA% i, jol AAA W el sl FEol
= Me AST olTlelA R ol
ot ololtlolE BEHAUT mag olToluls HAoNA owF T
el A% nol BAA el W aol Hhal SadeiA Aol
Acks A 3178 ol gstath Yol AAs Afe AAFE ¥
Bt S ool talA, o e SAdA [iel Aol ojs) A
AA Ao A& oA FUF W4T VR AT o] AARRE 7}
o e FET 5 A7) MRl FPE ppEAT 5 ok
A AEHAY At 2ol AF {ad,.a"} 7k FAYdA Aol 1
T g ol MUY el B olgatel s HAHNA Bl Y
AH 2QloA AAE acle] AL Ago] WAL Fel 317
s49] Ao HIFo Bk W, S o] Fo] o X Azl A F
| 3% o3 ThEold Zolth wekd B 3179 U mgom

2

- a0 - . iﬂ 2-1)




s B33 3G A S5 Aol AR BAL 8s HFol
A BEtstA Adsliof A ol fd T2 Aol Fde T 9

FEAE WA alelA A2 acle] A Ee] Hgo] ATt o
=S8 Y EE SACAA dehd FEH SAclen T
W oTEe We, S el w3 AR AsiA WiAA acldA oA
2 aqlel A9z o] Uit

Ql

12. AA ale] dAEe A

MEa oA YR oAF 2<le] B elA WAH 2o AYR

A =AY E ok oleld AT WEH A el oo
F 948 89l Aoz AAHIE Ak o)W 39 HoA
oAH fole] AYE Sede AdA WAE 22le) AYE Sey
Aozo] AT Wl WE AHE FHOE A} AT

e 2 Lo
o
>

2
zolE o] FHe e AL E o g3l AAT F U= Ao
e AFHe Ak o WA FPE FY £AFEH HYE ol §
el o B F@SE A3t i~ 9 W, 0 o Aol BAY] afa,

B wE/4e Qe)E olfalo] q=aF VI i, j7} EATS A4
s Zlol Fa® 59 T Wad Ueolth o FHL U He
%y sl WESGT, WA P WENA FAH @ W

gt= <FE V-3>3 2t

ABe ANe] 9RE FEoIA RusE A} Ao YA My
s BRI AA MY A9 FERE =Wt Ao T 5
We ggsl glo] Adololof ks Ae AWste WA P4 B




CGE V-3 omas 1 HuAdD)e) BE B A9 7=

32} 9
W ze] w3
7l e a1Y 7=

OlF-E Aus R, 15E n7kR 9 £AE Tl
138 7bA Y] A7 AdEE o)A wro g &IMA 1HE ndla
n+13 2n Alole] HYZ YT
18t n AbelolAE 2718 I, n+13+3 2n Abeldls y/E B
olg.
a8y orIA 23 del, BAVF e A 22, Aera
13} n Abolo] /18 Mo A= p+13 2pAtold Hol® z77 9 H;H“
o247t A= A9 wWigrt g Az 8. i
OJAE v X dzlda. gdsgy AAPed, 3add A old A 7H Q13
e A HoA. 2
(2P

33
H7h A4 & ARL dudes A& Bl A
o7] e AEY w4t 242 7 AL oA zAlZE BokE Al =33
K. HA23 HAA
TEfA -, AR ®WE v a+y’t otV HA B | HYH
b, yo Hdl AFE nolFora? 29
WA zE F I A AZs ok, o7 3 A UL u), 3 e s}
vl =71 Faof szl o] W ol A. A

s}
A OJAE WtEsle SivF 2A8 He AdSs. e

dAdel He FERE UEHHGD oAEs FHeolgtn JHAYES  w,
r+y=n+1S WZA HHE y= n+13 2n AlololA AEd 4+ Q=
el Mol BR max(y)=ne] Athe F& 23 AR ey A
stozx 70d dfe A9 Fx2E =Wtk A7IA z=10]1, A4l
o] olHel A% T e FA Y3l zo ¥iFE n+13 2n Alolo|
Al stge] A4E A9 F Jdoe AEs 98ty 3d4de A9 FRE
o] Attt

oAde WAA el dAet oA aclel AL Ato]o] whEA<l A
S BT AA, AP Aol Apdolgtal A st FE A9
[ x+y=noZRE =19 AI3} FAHAA HAH gl <

o
S

J
=

B e



A eqle] A=) AL BT Aol 44T 21
HE ofoltiols ATsy] 98] PAle] Ayl MFe A
= ge oAd 2o A9 ARe FEF Aol OE
o8 9% 29 A AWat FAA A" 2o
acle] AR ABL Ytk ol 29e AEL £E]
Aol e wae ARAsE BN WAH 2o Agzel
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Use Contradiction.

Suppose there are finite prime numbers.

Let A= {ala, prime number}.

Since the number of A’ s components are finite, there
exists AM(A) which is the greatest among A’ s
B & components(3f| 4 &} %)

But, by 2.34, there exists a prime number p which is
greater than M(A).

This fact contradicts for the fact AM(A4) is the greatest
prime number.

There are infinite prime numbers.
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oA He A AF A AFH A Atele FYE AWE Aot

9 0 AN wEAL FF, aFAe el B o
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of os FAHAUT. o HANAN wA= AFE A9Y Ees &
.

Lo

3.1 3uka 4Ae] A9 2%

e Y 9 wES WP FEsPom, A Eev
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2RE 08 duxe $¥E f53y, S olnE mFAe] A
Ql W= (E V-22>9F 2

83 - 2 M2




B V-22> g2 1 BxAH D)o g e el 2 99 7=
WA

49 7=

EER B

54, 59 4 T3 e 4 AZNEA F3iar IREE
Ad ofdrEe] 29 2d o4 W sof aTe

EEEICEEED Ve eok Wk WA |
A groa?

ok o1A E= sorHAdE 19 E
HE7139 992 doplgs WAV F YA dua? H@ehA A

A.
A

WEAE oW WEe] SHREVE OE 33 P AFAA] B4
<l °

430 ofoldlolgl ‘A Ae § AYSE SeiF LHE & A
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cHWth doa ¥989 HE‘ off 7|x3le AT EE 55 =
wFEAE AL B9 A9 F2E UETH
om At 39 WAlE F AAe AA =97t JAPHAoH, Y =9
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£ 3% AL "HoA o] W =E R A FHE SHEE | AUH 49
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o) oo it =olB Bt Aol FHD + A REAE AH
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1 @A 24

Given n+1 natural numbers, say a,, ay, ... , a,.,, all less
A | than or equal to 2n, then there exists a pair, say «, and q;
with i = j, such that ala;.

Let q,=2"x(2m;—1) for k, = 0 and m,EN.

Since 1 < 2m;—1 < 2n, %ﬁ m; < n-i-%.

So, 1 < m; < n Since m;=N.

3

By the Pigeonhole principle,

olN
of.

there exist i, j such that a,=2"(2m,—1)=2"

where 1 <i,j <n+1.
Without loss of generality, a, < a;.

ThUS, a,;|aj.

2. 989 31

We pick z numbers between 1 and n.

And we pick y numbers between (n+1) and 2n.

3 Al | Then we know that z numbers between 1 and n

R Sl have at least » multiples between (n+1) and 2n and
=n they’ re different.

Since z+y=n+1 and max(y)=n, there must exist a

pair, say a;, a; With i j s.t ajla;.

We pick = numbers between 1 and n.

And we pick y numbers between (n+1) and 2n.

Then we know that » numbers between 1 and n

have at least » multiples between (n+1) and 2n and

they are different.

Since x+y=n+1 and max(y)=n, there exist a pair,

say a;, a; With i=j, s.t a)le, Ml
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if there exists a pair of (a;a;) St a;=a; With i=j,
then clearly ala;. Hence suppose that a; =a; if i
for i, je{1,2,....n+1}.

we will show the statement above by induction on n.
when n=1, ap, a26{1,2} and a; # Q.

WLOG, let o, =1 and a, =2, then qla,.

suppose that the statement holds if n=% for k=N.
now consider distinct (k+2) natural numbers, say a,,
ay, ... ap.,, all less than or equal to 2k+2. Let
A= {a17a27"‘7akz+2}'

(D If all elements of 4 are less than or equal to 2k,
we are done by induction hypothesis.

@ If only one elements of 4 is greater than 2k, we
are done by induction hypothesis.

©) Suppose {2k+1,2k+2} C 4. let
B:=A—{2k+1,2k+2}. if k+1< B, then
(k+1)I(2k+2) and so we are done.

if k+1e B, then let ¢:=BU{k+1}. Then ¢ has
distinct (k+1) natural numbers, which are less or
equal to 2k. By induction hypothesis, ¢ has a pair of
elements, say ¢, and c,, s.t ¢le, with ¢, = ¢,.

if ¢, =k+1 and ¢, = k+1, then ¢, c,=4 and so we
are done.

suppose that ¢, =k+1, then ¢l(k+1) and ¢[2(k+1).
since ¢, # c,, then ¢,=4 and so we are done.
Suppose that ¢, =k+1, then (k+1)lc, and so
co=(k+1)« 2z for z&N with 2> 1. since c,=C, then
2k > ¢, =(k+1) « z > (k+1)2, which is contradiction.
Hence the statement holds when n=k+1.

By induction, the statement holds for all neN. []
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By U-F, a,=2"p, for 1 <i<n+1
where r, > 0, p, = 1(mod 2)

Def a map f:{q} ?il—>{1,2,...,n}
FE A fa)ep,
SRl By P. P. 7 is not injective.
<% Ji=j, pi=p;=p
a;=2"p, a;=2"p
TP =T
ajla;.
If some two of a, ... , a,,, are equal, then we are
done. Suppose that all of them are distinct. By unique
factorization, a,=2"p, where p,=1(mod2) and r, > 0.
Then p, <n. Note that if @, is odd, then r =o.
*12_3%1] Define a map {a,} ?I}—w{l,...,n} by a — p, By
Pigeonhole principle, this map fails to be injective.
Thus p:=p,=p;, for some i=; Without loss of
generality, suppose r, <r,. Then q=2"p divides
a;=2"p by Theorem 2.12.
Let o« and » be natural numbers greater than 1 and
let p)'py%...p," be the unique factorization of « and let
A9 212 | ' o .
oA q,'q,---q; be the unique factorization of ». Then alp if

and only if for all i <m there exists a j<s such
that p,=¢; and r; < ¢,
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CAHA A S
A | There are infinitely many prime numbers.
Suppose that there are finitely many prime numbers;
Call them p,, py, ... , p,.
Consider the positive integer P=pp,...p, + 1.
If P itself is prime, we’ re done.
If P is not prime, there exists a prime divisor p by
Theorem 2.1 because every number bigger than 1 can be
Zm | written as a product of primes by FTA.
But p,, p,, ... , p, are the only prime numbers, so that p
must be equal to one of p;, py, ... , p,.
Since plp,p,...p, and plP, pl1 by Theorem 1.2.
The only positive divisor of 1 is 1 itself and, because p> 1,
it is a contradiction.
g
1.2 | Let a, b and ¢ be integers. If alb and alc, then al(b—c).
8 Al
A . .
21 If » is a natural number greater than 1, then there exists
_ a prime p such that pin.
FTA(Fundamental Theorem of Arithmetic)
A7 | Every natural number greater than 1 is either a prime
2.3 | number or it can be expressed as a finite product of prime
A | numbers where the expression is unique up to the order of
the factors.
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Use Contradiction.

Suppose there are finite prime numbers.

Let 4= {ala, prime number}.

Since the number of A4’ s components are finite,
there exists a7(4) which is the greatest among A’ s
components(afl 438} #=)

But, by 2.34, there exists a prime number p which is
greater than A7(4).

This fact contradicts for the fact M(4) is the
greatest prime number.

There are infinite prime numbers.

>
olX a2
of. ::1
__>.~l_‘,

[’ 1I prove it by using contradiction.

Suppose there are finite prime numbers.

Let 4= {ala: prime numbers}.

Since the number of 4’ s components are finite.
There exists A7(4) which is the greatest among A4’ s
components.

Then m(A)+1> Mm(4) & M(A)+1EN.

Since M(A)+1<N, by 2.34 there exists

a prime number p, which is greater than a7(4)+1.
This contradicts to the fact m(4) is the greatest
prime number.

= The assumption above is not true.

= There are infinite prime numbers.

el 2.34
8 A

Let k¥ be a natural number.
Then there exists a prime larger than k.
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Suppose the contradiction, that is, the number of all
prime numbers is finite. Let 5= {p,,ps, ....p,} be the
set of all prime numbers. (k< N).

now, clearly p,p,..p,€N and by thm 2.34, there
exists prime p S.t. p> ppy...py.

since p> ppy...p, >p; for i=1,2,..,k, then peS,
which is contradiction.
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P1> P2y -+ 5 Py
e 1 — 1

3 A HET:EE
i=1m=0pD; k=1

PADSES

22 g 111,

=1 12 3 7

1,1 1,1

—(1+5+§+...)(1+§+?+.“)

CEIEE
A4 v

(D Suppose there are only finite primes, say p,, p,,
., p, fore some neN. Let m=pp,...p,+1. Since
m = p; for some i< {1,2,...,n}, and not 1, m must
be composite. Then (3ie{1,2,...,n})
if this holds, then

pilpipops--p,» pl(m—pypy..p,). Then pjl1, which is a

st plm.

However, since  p/m and

contradiction with the assumption that p, is a prime.
Thus there are infinitely many prime numbers.

@ Suppose there are finite primes, say p,, py» ... ,

p,. Then by FTA, for every natural number »m,

N=p|'py...p,", where r,eNU{0} for i=1,2,..,n. Let

n [ee} 1 . .
s=T1I|> =] In this summary, there exists a
i=1\n=0D;
multiplicative inverse of every natural number, by
il 1 -1 o — 1
FTA. Thus JJ| Y —|= Y —. Since ) — converges
i=1\n=0D; j=1J k=0D;

for every i by ratio test, the finite product of series

o

also converges. However, Y, l diverges by integral
j=1

test. Thus the equation does not hold, which implies
the number of prime number isn’ t finite.
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Suppose f(z)=a,z"+a, " '+..+a, iS a polynomial of
WA | degree n>0 with integer coefficients. Then f(z) is a
composite number for infinitely many integers z.
By Theorem 3.12, there exists %k such that for all = > &
implies that f(x)>1. Let f(k)=t>1.
Then,
fle+rt)=a,(k+rt)" +a, (k+rt)"" '+ .. +a, (k+rt)+a,
where r > 1, r&N.
=g That is, f(k+rt)=f(k)+tg(r)=t(1+g¢(r)) for leading term
g(r)a,t" "
By Theorem 3.12, applying 1+ g¢(r),
then there exists R such that 1+g¢(r)>1 for all »> R
So, f(k+rt)=t(1+g(r)) is a composite number for ¢>1
and 1+g(r) >1.
- Suppose f(z)=a,z"+a,_ 2" '+..+a, 1S a polynomial of
319 degree n >0 and suppose a, > 0. Then for any number Az,
_ there is an integer & (which depends on As) such that if
x>k, then f(z)> M.
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12} dEA A AT 51 22} x| A AAGT S
fra 2"+ ... +taxzta, With a, >0, n>1
f: nonconstant polynomial with positive | — £(z) is composite for inf. many zZz
leading coeff. pf. By 3.12, Jz=2Z: f(x)>1. Put a= f(z)
= imf has inf. many composites. Def: §= {yly=z(mod a)} Observe y=s =
pf) As hinted, we use 3.8: “f preserves | y=z(moda) = f(y)= f(z) (moda) by 3.8
congruence” Since f(z)=a, f(ly)=a=0 (moda)
3.12: “f is unbounded” o () =A{f(s)lseS} < {kdkEZ}
312 = (y=9) Claim: £(S) is unbounded. Fix Az
J2€Z: flz)>1 a:= f(z) By 3.12, 3k 2> k=f(z)>M
S5:= set of y=axz(moda) Note : = {z+amlm<z} is unbounded since a = 0
Claim: £(5): unbounded. Fix M =3k z>k= | Js€9st s>k ( = f(s)> M)
f(z) > m(s: unbounded), (a = 0) Since A is arbitrary, £(s) is unbounded
LAsES: s>k=f(s)> M, M arbitrary = | - £(9) is infinite
£(S): unbounded = infinite If o is composite, then every element of f(s)—{o} 1is
- Vclaim of f(s) is composite (except for | composites
+a) if n: prime If a is prime, then f(S9)—{0.+a} is composite
infinite
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By Theorem 3.11, f(z)>1 for some integer z. Put
fl@)=a. Let S be the set of integers that are
congruent to z. Note that § is unbounded. If ye.S,
ie. y=z(moda), then f(y)=f(z)=0(moda) Dby
Theorem 3.8. Thus f(S) is a subset of the set of
multiples of a. Claim f£(8) is unbounded.

Fix az. Then there is a number % such that f(z)> M
if z>#k by Theorem 3.12. Since S is unbounded,
some element s<.5 is larger than &, so that
f(s)> M. Since M is arbitrary, f(5) is unbounded,
and consequently infinite. Therefore f(5) contains
infinitely many multiples of a, all of which are
composites, possibly except for +a when o is prime.

e 3.8
3 Al

Suppose f(z)=a,z"+a,_,z" '+..+a, iS a polynomial
of degree n>0 with integer coefficients. Let a, b
and m be integers with m > 0. If a=b(modm), then
fla) = f(b)(mod m).

A 312
8 Al

Suppose f(z)=a,z" +a,_,z" '+..+a, 15 a polynomial

of degree n>0 and suppose a, >0. Then for any
number A7, there is an integer & (which depends on

M) such that if z >k, then f(z)> M.
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By thm 3.12, there is an integer ¢ s.t. f(c)=m > 1.
By thm 3.12, there is keZ s.t if =z >k then f(z)>m.

by archimedian property, there is ¢=N s.t. ¢> k;c,

that is, ¢+ mg> k. (%)

clearly mg+c¢=c(lmodm). then by thm 3.8,
Flmg+e) = fle)(mod m).

since f(c)=m=0(modm), then f(mg+c)=0(modm)
by thm 1.11 and so m divides f(mg+c).

by (*), f(mg+c¢)>m and m divides f(mg+ec) with
m > 1, which implies f(mg+c¢) iS composite.

in this way for all integer ¢’ = ¢, f(mg' +c) 1S
composite, which implies there are infinitely many
integers z s.t. f(x) is composite.

g2 3.8
B A

Suppose f(z)=a,z" +a,_,z" '+..+a, IS a polynomial

of degree n>0 with integer coefficients. Let a, b
and m be integers with m > 0. If a=b(modm), then

fla)= f(b)mod m).

e 3.12
3 Al

Suppose f(z)=a,z" +a,_,z" '+..+a, iS a polynomial
of degree n>0 and suppose a, >0. Then for any
number A7, there is an integer k (which depends on
M) such that if z >k, then f(z)> M.
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#HAFH)
f(x) is composite for finitely many z<Z.

g A r>M = flz)>N

. (V=(f@)7k 7H & Qe 7P 2 A5

=) x> M = flz,)=ppe &)

p=fz)=fle,+p)=flz, +2p)=
Thus, f(x)—p=0 has infinitely many solutions.
It is contradiction.
Contrarily, suppose that f(z) is a composite number
for finitely many integer z. 18 f(x)7} 457 =
= AUl 27} AT A, 1 2E Mol shak
a8 > MY W, flz)= FA457F okyth Suppose
a, >0, 18 Thm 3.11°] 2& 2> m,Y o f(z)>09!
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i) f(z)=p for some x> M (p: &)
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e 3.8
3 Al

Suppose f(x)=a,z" +a,_ " '+..+a, iS a polynomial
of degree n>0 with integer coefficients. Let a, b
and m be integers with m > 0. If a=b(modm), then
fla)= f(b)(mod m).

e 3.11
3 Al

Suppose f(z)=a,z" +a,_,z" '+..4+a, IS a polynomial
degree n >0 and suppose a, >0. Then there is an
integer k& such that if x>k, then f(z)>0
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Let ¢ and n be natural numbers with (a,n)=1. Then there

A | exist natural numbers i and j with ¢ = j such that o' =d’
(mod n).
For all k, there exists unique &, such that " =b,(modn)
where 0 < b, <n.
For i = j, b, # b;.

= Then, b,, b, ... , b,_, are distinct integers.

The number of {klp, for integers & from 0 to n—1} iS n.
Suppose for all i, jEN with i = j, a'#a’(mod n).
Then there exist b, and b; where b, =b; with i = j.

This is a contradiction.
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(a,n)=1, 3 4, jJEN with i=j st o' =d’ (modn)
pf) Contrarily, suppose that
for V i, jEN, a'#d'(mod n)

W3 Al | Then, the set {a,d®..,a"} are complete residue
2443k | system by thm 3.17.
= Since a"€N, a""' =4’ (modn) for 1< j<n.
This contradicts to the suppose.
Thus, there exists i, jEN with i=j st o =d
(mod n).
Contrarily, suppose that for vi, jEN, a'#a’(modn).
Then, the set {a,d’..,a"} are complete residue
system by thm 3.17.
A AA | Since «"'EN, o' '=d(modn) for 1< j<n by
= def of complete residue system.
This contradicts to the suppose.
Thus, there exists i, jEN with i=j st o' =d
(mod n).
Let » be a natural number. Any set, {ay,ay, ...,aq,},
e 3.17 ' .
_ of n integers for which two are congruent modulo n

is a complete residue system modulo n.
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H]%7]¥:} '%]_Eloﬂ Q/]:O‘H, al’ az’ ey an+1_% n_o.i ]4_
2} 38 Thm 1249 93] o = ¢(mod n)E THEFT}
n

H{r

IS

Let a, b and n be integers with n>0. Then a=1b
(modn) if and only if « and » have the same
remainder when divided by n. Equivalently, a=1b
(modn) if and only if when a=ng, +r(0<r, <n—1)

and »= an+r2(0 <y < n—1), then T =Ty,
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Abstract

A Study of Instructor’ s Authority
and Students’ Authorities in
Undergraduate Students’ Proof

Presentations

Kyungwon Lee

Department of Mathematics Education
The Graduate School

Seoul National University

Proof is an essential topic at the undergraduate mathematics
education. Since proof is generally handled in the social context, it is
necessary to shed light on social activities in the teaching and learning
of proof. Proof presentation is a way to explore social activities in a
practical class at the undergraduate level.

The process of determining the truth or falsehood of the proof is
substantially affected by the authority of the proof author. Although
there are differences between experts and novices in ways of proof
reading, they are often influenced by the authority of experts.
However, the expert authority has been mainly dealt with in the area
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of teaching and learning of proof. Authority in the context of
mathematics education is posited as the concept including the expert
authority as well as the shared authority in the practical class. Previous
research focused on the discourse analysis of the instructor and
students to explore authority. Also, they primarily focused on one
subject such as the authority of the instructor or the authority of
students. The authority of both the instructor and the students needs to
be explored in the context of shared authority. Therefore, in this study,
students” proof presentations are designed to examine the shared
authority.

This study was conducted in a number theory course, which is not
affected by the hierarchy of the subject at the undergraduate level.
This class is designed for students to learn the definitions, theorems
and proofs that will be handed out in class in an out-of-class
environment and the actual classroom is designed to focus on
students” proof presentations and discussions. The presenters explained
their proofs and answered questions with the audience. The instructor
controlled both students’ presentations, questions and answers. In this
class environment, the presenters’ proof presentations, questions and
answers, and comments from the instructor were recorded. Also, the
students” written assignments and Classprep assignments which related
to the background of their discussions in class were collected. Based on
the framework of authority structures, results of the discourse analysis
about the presenters, audience and the instructor in five classes were
suggested for the answers to the research questions.

First, presenters showed the switched authority to communicate their
proofs clearly. The switch from the authority of immanent factors to
the authority of transcendent factors was explored for all presenters,
and the reverse switch was explored for the majority of the presenters.
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Presenters showed their switched authority in proving process for
presenting contents of the proof and setting a clear direction for their
proof presentations. This was for effective communication of the
proofs. Second, presenters and audience showed their responses to the
authority of the opposite nature during question and answer time. This
was to enable presenters and the audience to achieve consensus on the
learning contents through questions and answers, and to play their
roles as the subject of mathematical learning. Third, the instructor
showed the combined authority in students’ proof presentations. In the
process of conveying the expert knowledge of mathematics as well as
extending the discussions of proofs, the instructor revealed two
opposing authorities simultaneously. This was for the performance of
the instructor’ s role in the class where proof presentations were
centered.

This study is significant in that it examined the concrete aspects of
students” proof presentations at the undergraduate level. It is also
worth noting that the shared authority of both the instructor and
students was analyzed specifically.

Keywords: Proof Presentations, Authority, Undergraduate Mathematics

Education
Student Number: 2016-23223
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