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Abstract 

 
Solving inverse problem is essential to explore an unknown structural model 

with noisy data, and to discover meaningful knowledge for future progress. Damage 

in structures can be also identified by inverse analysis, and the identified results will 

be help to prevent undesirable situations. In recent decades, to identify unknown 

structural parameters, system identification (SI) methods have been developed based 

on optimization algorithms employing various regularization techniques. However, 

such optimization-based SI methods may suffer from ill-posedness due to uncertain 

measurement noises. In this thesis, several probabilistic system identification (P-SI) 

methods are developed based on Bayesian methods to alleviate technical challenges 

in SI problems. Unlike Bayesian-based inverse problem, which uses Gaussian 

assumption for prior and posterior, these P-SI methods can use general prior 

distribution, and particular P-SI method focuses on deriving general posterior in 

addition. For these purpose and needs for applicability to various structural systems, 

the following five P-SI methods are proposed. 

In Chapter 2, the first P-SI method based on the Bayesian Network (BN) is 

developed. BN describes random variables by nodes connected by links, which 

represent conditional probability tables (CPT) explaining the probabilistic 

relationship between the linked nodes. For effective SI using BN, the proposed BN 

model employs a bi-variate Gaussian function describing the spatial distribution of 

a structural parameter with a small number of parameters. After calculating CPTs of 

structural responses through Monte Carlo Simulation (MCS) of structural analysis, 

a BN inference algorithm effectively derives the posterior distribution of spatial 

distribution parameters with observed responses. The proposed P-SI method is tested 
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by numerical examples, and is compared with maximum likelihood estimation (MLE) 

and an FE-updating method. From the comparisons with two optimization methods, 

the superior performance of the proposed method is confirmed. 

Chapter 3 employs sampling-based approximate inference for BN to overcome 

the so-called converging problem in BN, which is caused by the large size of the 

CPT due to a large number of parent nodes for one child node. In particular, an 

importance-sampling (IS) is applied to conduct approximate inference. Additionally, 

to represent a general spatial distribution of deterioration with a reduced number of 

nodes in the BN, a random field model based on Karhunen–Loève expansion is 

proposed. Then, through conducting MLE and reconstructed equilibrium equation 

with approximately calculated full responses, the best IS density is derived. The 

proposed P-SI method, which uses approximate inference of BN based on the 

derived IS density is tested by a numerical example of a two-dimensional steel square 

plate. The proposed method is successfully demonstrated by deriving accurate spatial 

distribution of deterioration scenarios with noisy-measurements. 

In Chapter 4, the third P-SI method is developed by modifying the transitional 

Markov Chain Monte Carlo (TMCMC) to derive general posteriors of structural 

parameters efficiently. However, when TMCMC was applied to SI problems, the 

performance shows inconsistency with local minima. So, a modified-TMCMC (m-

TMCMC) is introduced by adopting three modifications: First, utilizing weighted 

average for mean of sampling density; second, re-sizing covariance of sampling 

density based on acceptance ratio in the previous step; and third, setting-up initial 

samples based on results from MLE and FE-updating selectively. To identify general 

shapes of spatial distribution with a reasonable number of parameters, KL-based 

general deterioration model from Chapter 3 is used. The proposed P-SI method is 
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demonstrated through numerical examples of steel plate and b-pillar structure by 

providing accurate and robust results. 

To facilitate application of the third method to complex structures, which 

preclude optimization-modules from providing reliable initial samples, Chapter 5 

develops a new P-SI method by combining Event Tree (ET), pruning technique, and 

sampling. While exploring the ET structure represents degradation scenarios 

described by a KL-based general deterioration model, a forward nonlinear structural 

analysis is performed for each branch representing a degradation scenario, to assess 

their validity with respect to the available measurements. Branches with insignificant 

likelihoods are pruned to make the search process efficient. A pre-process of 

reordering the random variables used in the ET is also introduced to improve the 

efficiency of the search scheme. The proposed P-SI method is demonstrated and 

tested by numerical examples of complex structures such as B-pillar and cable-

stayed-bridge. The results confirm that the proposed method provides an efficient 

tool for identifying spatial distribution of degradation in complex structural systems. 

In Chapter 6, regularization-based dual adaptive Kalman filter (Rb-D-AKF) is 

developed to track status of structural parameters of dynamic system, which is 

damaged suddenly by an earthquake excitation. As a basis of the proposed method, 

the unscented KF (UKF) is chosen. Then, the state-space model based on parameter 

estimation is advanced for time-variant parameters, and adopts a regularization 

technique to avoid lack of information from sparse-measurement. However, UKF 

using consistent artificial-noise-covariance matrices still gives inaccurate or biased 

estimation due to damaged parameters. So, several adaptive filtering techniques are 

explored, and master-slave KF for measurement noise estimation is adopted for the 

proposed Rb-D-AKF. Meanwhile, particle swarm optimization (PSO) is adopted 
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with a constructed objective function to tune the proposed P-SI method for an 

optimal estimation. In numerical investigations, it is emphasized to perform the 

tuning-process based on PSO thoroughly. After that, the validity of proposed method 

will is demonstrated by comparison with other filter methods. 

Chapter 7 summarizes the key idea of each method, and evaluates each method 

in terms of objectives considered in the development of each method. From this 

assessments, the relation between P-SI methods is clearly shown, and guidance is 

provided to select a proper P-SI method according to conditions of the given problem. 

After that, the thesis is concluded with further research topics to improve the 

proposed P-SI methods.  

 

Keyword : Probabilistic System Identification, Bayesian Network, Importance 

Sampling, Modified Transitional Markov Chain Monte Carlo, Sampling-based 

Branch-and-Bound Method, Regularization-based Dual Adaptive Kalman Filter. 
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Chapter 1. Introduction 
 

 

1.1. Research Background 
 

1.1.2 Bayesian-based inverse problem 

In various engineering fields, inverse problems have been investigated to 

identify status of critical parameters in structural system. Forward problem aims to 

predict or estimate observable responses, which may depend on the values of 

assumed structural parameters. On the other hand, inverse problem aims to identify 

structural parameters, which cannot be measured directly. Then, inverse problem 

infer defined structural parameters with observed responses from structural model. 

This inverse problem has suffered from ill-posed problem, which means non-

uniqueness of solution in general and may be caused by numerous reasons, e.g., lack 

of data, experimental uncertainties, and uncertainty of knowledge about physical 

theories. Solving inverse problem is essential to explore an unknown structural 

model with noisy data, and to discover meaningful knowledge of structural systems 

for future progress. Also, damage in structures can be identified by inverse analysis, 

and this analysis will help prevent undesirable catastrophe situations. For the purpose 

of system identification, thesis will focus on solving inverse problem from 

probabilistic view by utilizing several Bayesian methods to consider uncertainties in 

prior information and measurements. Additionally, the probabilistic methods can 

support decision-making by deriving probability distribution about target structural 

parameters. Before introducing five developments, basic concept of Bayesian-based 

inverse problem is explained briefly (Tarantola, 1987). 

Let 𝑓(𝐱,  𝐃) be a joint probability density; x and D are vectors of structural 
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parameters and corresponding observed responses. With this assumption, marginal 

and conditional probability densities can be derived: 

𝑓𝐱(𝐱) = ∫ 𝑓(𝐱,  𝐃)𝑑𝐃
𝐃

 (1.1a) 

𝑓𝐃(𝐱) = ∫ 𝑓(𝐱,  𝐃)𝑑𝐱
𝐱

 (1.1b) 

𝑓𝐱|𝐃(𝐱|𝐃) = 𝑓(𝐱,  𝐃) ∫ 𝑓(𝐱,  𝐃)𝑑𝐱
𝐱

⁄  (1.1c) 

𝑓𝐃|𝐱(𝐃|𝐱) = 𝑓(𝐱,  𝐃) ∫ 𝑓(𝐱,  𝐃)𝑑𝐃
𝐃

⁄  (1.1d) 

With above densities, posterior distribution for structural parameters will be 

presented by Bayes’ theorem, which describes how the conditional probability of 

structural parameters given the observations can be computed from prior and 

likelihood distributions. 

𝑓𝐱|𝐃(𝐱|𝐝obs) =
1

𝐶
𝑓𝐱(𝐱)𝑓𝐃|𝐱(𝐝obs|𝐱) (1.2a) 

𝑓𝐃|𝐱(𝐝obs|𝐱) = ∫ 𝑓𝑀(𝐝obs|𝐝)𝑓𝑆(𝐝|𝐱)𝒅𝐃
𝐃

 (1.2b) 

where 𝐝  and 𝐝obs  are a vector of exact responses and a value of observed 

responses respectively; C is a normalizing factor, which cannot be calculated in 

multi-dimension. In Eq. (1.2a), 𝑓𝐃|𝐱(𝐝obs|𝐱) means likelihood function, and this 

function can be divided to two distribution: 𝑓𝑀(𝐝obs|𝐝)  and 𝑓𝑆(𝐝|𝐱) . First 

probability density function describes uncertainty of measurements and second one 

represents the theoretical relationship between responses and structural parameters. 

If Gaussian assumption is utilized for these two functions, following equations can 

be derived: 

𝑓𝑀(𝐝obs|𝐝) = (2𝜋𝑁𝑑𝑒𝑡𝐂𝑀)
−
𝟏
𝟐𝑒𝑥𝑝(−

1

2
(𝐝 − 𝐝obs)

T𝐂𝑀
−𝟏(𝐝 − 𝐝obs)) (1.3a) 

𝑓𝑆(𝐝|𝐱) = (2𝜋𝑁𝑑𝑒𝑡𝐂𝑆)
−
𝟏
𝟐𝑒𝑥𝑝(−

1

2
(𝐝 − 𝐠(𝐱))T𝐂𝑆

−𝟏(𝐝 − 𝐠(𝐱))) (1.3b) 
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where 𝐂𝑀  and 𝐂𝑆  are covariance matrices to consider uncertainties in each 

function, and 𝐠(𝐱) represents a linear or nonlinear structural model. Most previous 

research on inverse problem assumed that the structural model in given problem is 

sufficiently accurate, and the corresponding model uncertainty can be ignored. From 

this assumption, the Eq. (1.3b) will be substituted by deterministic equation: 𝐝 =

𝐠(𝐱). 

Then, the posterior distribution in Eq. (1.2a) will be re-written with Gaussian-based 

prior as follows: 

𝑓𝐱|𝐃(𝐱|𝐝obs) = 𝑐0 ∙ exp(−𝑆(𝐱)) (1.4a) 

𝑆(𝐱) =
1

2
((𝐠(𝐱) − 𝐝obs)

T𝐂𝑀
−𝟏(𝐠(𝐱) − 𝐝obs) 

+(𝐱 − 𝐱𝑝𝑟𝑖𝑜𝑟) 
T
𝐂𝐱

−𝟏(𝐱 − 𝐱𝑝𝑟𝑖𝑜𝑟)) 

(1.4b) 

�̂� = max
𝐱

𝑓𝐱|𝐃(𝐱|𝐝obs) (1.4c) 

where 𝑐0 is a constant term for simplicity of equation, and 𝐂𝐱 is covariance for 

prior distribution. Eq. (1.4a) is the final posterior distribution for Bayesian-based 

inverse problem, and the point corresponding to peak in posterior will be solution, 

which can be derived by Maximum a Posterior (MAP) represented in Eq. (1.4c). 

In the procedure of deriving posterior for Bayesian-based inverse problem from 

Eq. (1.2) to (1.4), three assumptions are used: First, the probability density for 

measurements model is represented in the form of Gaussian; Second, deterministic 

structural model is considered directly in posterior by ignoring model uncertainty; 

Lastly, the prior distribution is also Gaussian. The first assumption is reasonable, if 

there exist sufficient number of measurements. Then, second assumption is relevant 

to practical application of all methods for inverse problem, and further research for 

practical application needs to be conducted. Then, the third assumption is debatable. 

Actually, the prior does not have to follow Gaussian, and the priors in general shape 
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of distribution can be considered by sampling techniques when Bayesian-updating 

will be performed. Also, because of the third assumption, the posterior in Eq. (1.4a) 

is limited to Gaussian, either. So, this thesis focuses on the use of general shape for 

prior, and to derive posterior in general distribution eventually. Before introducing 

the developed methods in this thesis, optimization-based methods for inverse 

problem will be explained, and the relation between optimization-based methods and 

MAP will be mentioned to assert the validity of developing new Bayesian 

frameworks of thesis. 

 

1.1.2 System identification based on optimization 

Maintaining the healthy conditions of civil infrastructure systems, is important 

for preventing the losses of properties and lives. Throughout its life-cycle, a structure 

is subject to deterioration, aging or fault of material, which may weaken the structure 

to an uncertain level. To avoid catastrophic events caused by such structural 

weakness, it is essential to monitor the structural health of civil infrastructures in 

construction or use. For this reason, structure health monitoring (SHM) has been 

exploited to collect data from sensors on structures and estimate the actual values of 

structural parameters changed due to deterioration or damage of structures in use 

(Zou et al. 2000; Kim et al. 2007; Fan and Qiao 2011; Ye at al. 2012; Figueiredo et 

al. 2014; Hios and Fassois 2014). As one of the main SHM techniques, so-called 

system identification (SI), which generally refers to non-destructive inverse analysis 

to estimate structural or modal parameters based on the measured responses of a 

structure subjected to loads, were developed in past decades. SI problems are usually 

solved by minimizing an error function consisting of measured and calculated 

responses (Gioda et al. 1980; Honjo et al. 1994; Park et al. 2001). Due to the nature 
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of such optimization problems and noises of measured data, many SI algorithms have 

suffered from “ill-posedness,” which is mentioned already as non-uniqueness and 

non-stability of solution in inverse problems (Hansen 1992; Eriksson 1996; Kallel 

and Bertrand 1996). Most of the existing SI algorithms are based on the minimization 

of the error between calculated responses (based on assumed values of structural 

parameters) and measured responses (Gioda et al. 1980; Honjo et al. 1994; Park et 

al. 2001). When the assumed structural model describing the mechanical system does 

not represent the actual structure well enough to overcome noises in the measured 

responses, the numerical solution of the optimization problem can be highly unstable. 

Therefore, a proper structural modeling is critical for SI. In most cases, FE models 

are used to construct the stiffness matrix in the equilibrium equation. For a linear 

elastic continuum, the static equilibrium is described as 

( ) K x U P  (1.5) 

where K, U, P, and x respectively denote the stiffness matrix, nodal displacement 

vector, nodal load vector, and structural parameters affecting the stiffness matrix 

such as material properties. With a change in x, one could mathematically describe 

deterioration of the material, an inclusion of foreign material, or crack decreasing 

the elastic properties around damage. Then, an error function to be minimized is 

defined by using the displacement vector in Eq. (1.5), i.e.  
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( , , ) subject to 0
2

c m

E  f x U U R x  (1.6) 

where 𝚷𝐸 denotes the error function, and   represents the Euclidean norm of the 

error function vector f. In addition, Uc, Um, and R(x) are vectors of calculated 

displacements, measured displacements, and constraints for the structural parameters, 

respectively. The vector f in the Euclidean norm quantifies the errors of the structural 
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model for the given value of x. The following two types of error functions are often 

used for SI (Shin and Koh 1999; Park et al. 2006): 

mcmc
UxUUUxf  )(),,(  (1.7a) 

PxKUxfUUxf  )(),(),,( mmc
 (1.7b) 

Eq. (1.7a), termed as a nonlinear least squares problem (Eriksson 1996; Shu et al. 

2016), quantifies the error in terms of the displacement. Since the error term involves 

the calculated response Uc(x), the optimization requires performing FE analysis 

(Balomenos et al. 2015), i.e. solving Eq. (1.5), iteratively during the optimization. 

Although this approach does not need full measurement, it might suffer from issues 

related to convergence, and is time-consuming in general. On the other hand, using 

the error definition in Eq. (1.7b), termed as a linear least squares problem (Hansen 

1992), the optimization does not require solving Eq. (1.5) iteratively. In this linear 

approach, the optimization problem is solved based on the derivative of the error 

function defined using L2-norm. However, a full measurement is needed to avoid 

rank-deficiency in the equilibrium equation. Using either approach, the optimization 

problem in Eq. (1.6) is prone to issues such as non-unique solutions and non-stability. 

This “ill-posedness” problem may become critical as the noise in measured 

displacement increases (Honjo et al. 1994; Park et al. 2001). To overcome this issue, 

various regularization techniques have been developed to alleviate instability by 

introducing prior information about parameters (Lee et al. 1999).  

0)( subject to 
2

1
),,(

2

1
min

2

0

2

1

2

 


xRxxUUxf
x


T

t

mc

E  (1.8) 

where x0 is prior information about structural parameters, and  is a regularization 

factor. Actually, this minimization problem in Eq. (1.8) is identical to minimizing Eq. 

(1.4b). The ratio between two covariance matrices in Eq. (1.4b) will function as a 
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regularization factor. So, Tikhonov regularization is a special case of Bayesian-based 

inverse problem when the prior distribution is Gaussian. Many Tikhonov 

regularization methods have been developed to solve Eq. (1.8), but their efficacy is 

in general sensitive to types of structures, boundary conditions, and traction 

conditions (Ladevèze and Rougeot 1997; Lee et al. 1999, 2000; Park et al. 2001; 

Louf et al. 2008; Park 2015; Weaver 2015). Moreover, it is difficult to determine the 

regularization factor automatically (Hansen 1992; Eriksson 1996; Lee et al. 2000; 

Park at al. 2001; Park 2015). Even if a proper method of regularization is identified 

under a given circumstance, most methods developed based on the aforementioned 

approaches are deterministic, and thus may not be able to describe the uncertainty in 

the results of the SI, which is caused by the uncertainty in the measurement, model 

error, and sensitivity of the optimization with respect to such uncertainties. 

 

1.2. Objectives for Probabilistic System Identification (P-SI) 
 

In the previous section, Bayesian-based inverse problem and existing SI with 

regularization were introduced briefly. In case of Bayesian-based inverse problem, 

it is clear that the type of distribution for prior and posterior is limited to Gaussian. 

Then, SI methods using Tikhonov regularization is a special case of Bayesian-based 

inverse problem using Gaussian assumption. Also, many regularization techniques 

suffered from ill-posedness in optimization process due to noisy measurements. To 

overcome the challenges in existing SI methods and to utilize general prior (or to 

derive general posterior) for flexible decision-making, this thesis aims to develop 

several Bayesian methods for probabilistic system identification (P-SI) 

corresponding to varying objectives as thesis is going-on. So, 2-6 Chapters will 
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propose P-SI methods against the each given problem condition. The core of each P-

SI development is summarized as follows. 

First, a P-SI method based on the Bayesian Network (BN) technology is 

developed, especially for probabilistic identification of spatial distribution of 

structural parameters. Utilizing graph theories, a BN describes random variables by 

nodes connected by links, which represent conditional probability tables (CPT) 

explaining the probabilistic relationship between the linked nodes representing 

uncertain quantities. For effective SI using BN, this first research proposes a BN 

graph model, which employs a bi-variate Gaussian function as a shape function 

describing the spatial distribution of a structural parameter with a small number of 

parameters. The parameters of the Gaussian (shape) function are considered as nodes 

in the BN to describe various spatial distribution patterns using a small number of 

parent nodes. Through this adoption, the number of nodes in the BN is not affected 

by the size of the finite element (FE) mesh. Using the constructed BN, information 

on applied loads, and observed structural responses, a BN inference algorithm 

effectively updates the prior distribution of spatial distribution parameters to the 

posterior distribution. The proposed method is tested and demonstrated by numerical 

examples. Using a variety of structural deterioration scenarios, the SI results by the 

proposed method are compared with those by maximum likelihood estimation 

(MLE), and an FE-updating method. During the test, the influences of measurement 

errors, and incomplete/missing data on the performance of the methods are also 

investigated. The results show that the proposed BN-based SI approach is more 

stable and robust than the other tested methods, and potentially has more merits that 

are worth investigating in future research.  

To extend the application of the BN-based SI, the second P-SI method employs 
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approximate sampling-based inference BN algorithm to overcome the so-called 

converging problem caused by the large size of the conditional probability table of a 

child node having many parent nodes. In particular, an approximate inference using 

importance sampling is exploited to estimate the spatial distribution. To describe a 

general spatial distribution of deterioration with a reduced number of nodes in the 

BN graph, a random field model based on Karhunen–Loève expansion is adopted. 

Using this model to describe deterioration, the best IS density is derived through 

conducting MLE and reconstructed equilibrium equation with approximately 

calculated full responses. The second P-SI method is demonstrated by a numerical 

example of a two-dimensional steel square plate under static loads and corresponding 

displacement measurements. Then, this probabilistic SI method is successfully tested 

by a variety of deterioration scenarios with random measurement noise included. 

Along with the second P-SI method using sampling, the third P-SI method is 

developed to derive general posterior by modifying the transitional Markov Chain 

Monte Carlo (TMCMC). The TMCMC, which was proposed by Ching and Chen 

(2007), combines a sequential particle filter method with MCMC sampling to push 

the samples gradually from the prior to the posterior distribution. However, the 

original TMCMC, which may result in local minima, needs to be further developed 

in order to solve SI problems effectively. So, the following three modifications are 

proposed in this research to develop a modified TMCM (m-TMCMC) is proposed: 

utilizing weighted average for mean of sampling density; re-sizing covariance of 

sampling density based on acceptance ratio in previous step; and exploiting SI results 

from the maximum likelihood estimation or finite-element updating selectively for 

initial samples. To identify general shapes of spatial distribution with a reasonable 

number of parameters, a general spatial deterioration model based on Karhunen-
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Loeve expansion is utilized. The third P-SI method is tested and demonstrated 

through numerical examples of steel plate and B-pillar structure, in which the effects 

of random measurement errors are also considered. The numerical examples 

demonstrate accuracy and robustness of the proposed method. 

The third method can derive general posterior, but it is critical to set-up reliable 

initial samples, which are derived by optimization modules. By the way, the 

complexity of a target structure, characterized by a large number of components, 

complex shapes and configurations, and nonlinear structural behavior, tends to 

exacerbate the ill-posedness in optimization. The fourth P-SI method combines 

Event Tree (ET), prunes technique used in branch-and-bound methods, and utilizes 

sampling. While exploring the ET structure representing degradation scenarios 

described by a Karhunen-Loève expansion based model, a forward nonlinear 

structural analysis is performed for each branch representing a degradation scenario, 

to assess their validity with respect to the available measurements. Branches with 

insignificant likelihoods are pruned to make the search process efficient. A pre-

process of reordering the random variables used in the ET is also introduced to 

improve the efficiency of the search scheme. This proposed SI method is 

demonstrated and tested by numerical examples of complex structures such as B-

pillar and cable-stayed-bridge. The results confirm that the fourth P-SI method is an 

efficient tool for identifying spatial distribution of degradation in complex structural 

systems, and can provide reliable initial samples for P-SI method 3. 

The fifth P-SI method recommends a proper adaptive rule for unscented 

Kalman filter (UKF) to identify parameters of time-variant dynamic system under 

dynamic loading. The UKF has been utilized to estimate system’s states, parameters, 

input (force), or combinations among these jointly. In this research, the UKF is 
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applied to track status of target parameters undergoing sudden decreases with sparse 

measurement. First, to avoid lack of information from sparse-measurement, the state-

space model based on parameter estimation is modified generally, then, adopts a 

Tikhonov regularization additionally. However, in spite of the advanced state-space 

model, UKF using constant artificial-noise-covariance matrices still provides 

inaccurate or biased estimation if the statistical characteristics of measurements are 

changed by suddenly damaged system parameters. To adapt to changing statistics in 

measurements, several adaptive filtering techniques are explored to make UKF 

efficient to track changed status. From investigations, the fifth P-SI method employs 

the dual adaptive filtering, whose slave filter estimates the artificial measurements 

noise of master filter at every time-step. However, it is almost impossible to tune the 

proposed dual filtering technique empirically due to sensitivity with respect to choice 

of artificial noises. To overcome this practical issue, particle swarm optimization 

(PSO) is adopted to tune the proposed method for an optimal estimation. In 

numerical investigations, it will be emphasized to perform the tuning-process based 

on PSO thoroughly. Then, the validity of proposed method will be proved by 

comparison with other adaptive filtering methods. 

A brief summary of each P-SI method is presented in Table 1.1. The following 

five chapters introduce the five P-SI method in datial. Based on aforementioned 

characteristics of five P-SI methods, five chapter could be grouped according to each 

characteristics. P-SI method 1 and 2 have a graphical characteristics from using BN, 

but show limitation of deriving general posterior. Because of this limitation, the third 

P-SI method is developed to derive general posterior. Then, as a special case, the P-

SI method 4 will be a module to set up reliable initial samples for P-SI method 3 

about defined complex structures. Lastly, the fifth P-SI method is developed as SI 
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tool to estimate time-variant dynamic system. From these characteristics, thesis’s P-

SI methods will be divided to three groups as three themes. Figure 1.1 is a diagram 

that explains the relationship between the proposed methods and the process of 

developing-procedure as thesis is going-on. 

 Main Methodology Objective 

Types of 

Structural 

System 

Shape of 

Posterior 

P-SI 

Method 1 

(Chapter 2) 

Bayesian Network: 

Exact inference 

Application 

of BN to SI 

Linear/ 

Static 
Discretized 

P-SI 

Method 2 

(Chapter 3) 

Bayesian Network: 

Approximate 

inference 

To overcome 

“Converging 

problem” in 

BN for SI 

Linear/ 

Static 

Multi-modal 

Gaussian 

P-SI 

Method 3 

(Chapter 4) 

Transitional Markov 

Chain Monte Carlo 

Advanced 

Version of 

TMCMC for 

Efficient SI 

Linear/ 

Static 
General 

P-SI 

Method 4 

(Chapter 5) 

Sampling-based 

Branch and Bound 

method 

New SI 

Methodology 

for Complex 

Structures 

Non-

linear/ 

Static 

- 

P-SI 

Method 5 

(Chapter 6) 

Regularization & 

Dual Adaptive 

Filtering 

Time-variant 

SI 

Linear/ 

Dynamic 

Uni-modal 

Gaussian 

Table 1.1. Brief Summary of Developed P-SI Methods 

As conclusion of the thesis, Chapter 7 will evaluate all methods based on 

several criteria, which were goals of process of developing corresponding P-SI 

methods. From those assessments, the characteristics of the five P-SI methods and 

relationship between methods will be revealed, and guidance is provided to suggest 

a proper P-SI method according to the given situation. Next, the thesis will conclude 

by providing several insights from development-procedures and future research 

topics for further developments. 
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Figure 1.1. Diagram for Thesis with Three Major Themes 
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Chapter 2. P-SI Method 1:  

Bayesian Network 
 

 

2.1. Introduction of Bayesian Network 
 

2.1.1 Bayesian methodology for P-SI 

For the purpose of P-SI and damage detection, many Bayesian methodologies 

(Figueiredo et al. 2014; Lam et al. 2014; Lam et al. 2015) have been developed 

mostly using data on dynamic responses or time sequential data. In general, those 

methods estimate the failure probability of a given event and the posterior 

distribution of structural parameters given available evidences (Beck and Au 2002; 

Muto and Beck 2006; Beck 2010). For effective investigation of the results and 

performance by the BN method proposed in this research, a Bayesian methodology 

described below could be applied to the same numerical examples for comparison. 

First, the measured and calculated displacements are assumed to be related to 

each other as follows: 

𝐔𝑚 = 𝐔𝑐(𝐱) + 𝐒𝛆 (2.1) 

In this equation, S denotes the diagonal matrix of {σ1, σ2, σ3, … , σ𝑛} in which σ𝑖 

represents the magnitude of the error for the corresponding element in the vector Uc, 

and 𝛆 is a vector of uncorrelated standard normal random variables, respectively. 

The product 𝐒𝛆 in Eq. (2.1) therefore describes the uncertain difference of each 

degree-of-freedom (DOF) as a zero-mean Gaussian random variable with the 

standard deviation σ𝑖. By using a diagonal matrix for S, the errors at all DOFs are 

assumed to have the same level of variability. The uncertain difference may come 

from the measurement error or the use of an imperfect structural model in calculating 

Uc. If the model error is assumed to be insignificant, the uncertain difference 
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represents the measurement error. The load vector P, which is needed to calculate Uc 

for structural parameter values x, is assumed to have relatively insignificant 

uncertainties, and thus considered as deterministic parameters in whole sections of 

this thesis. 

Based on the problem description in Eq. (2.1), the posterior distribution of 

uncertain parameters x is estimated by use of the Bayesian updating rule for the 

available input parameters Um and P. The well-known Bayesian updating rule (Box 

and Tiao 1992) is given as: 

( ) ( ) ( )f cL px x x  (2.2) 

where p(x) is the joint probability density function (PDF) representing the prior 

distribution reflecting the knowledge about x before the updating process, f(x) is the 

posterior distribution, L(x) is the likelihood function representing the information on 

parameters embedded in the evidence or data, and c is the so-called normalizing 

factor 

    1[ ]c L p d   x x x  (2.3) 

In general, estimating the posterior distribution through the Bayesian updating 

process in Eq. (2.2) is not straightforward because one needs to perform multifold 

integrals for calculating the normalizing factor c and for the statistical moments of 

the posterior distributions. The computational challenge has been overcome by 

various techniques including Markov Chain Monte Carlo methods (MCMC, Beck 

and Au 2002; Figueiredo et al. 2014; Lam et al. 2015) and importance sampling 

methods. For importance sampling, an effective sampling density needs to be 

selected (Kurtz and Song 2013). For example, a multivariate Gaussian PDF with a 
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proper choice of the mean vector and covariance matrix is often selected (Gardoni 

2002; Kurtz and Song 2013). 

The likelihood function of the SI problem of interest is given in the following 

form (Gardoni et al. 2002): 

 
1 1

( )1
( ) σ ε ( ) φ

σ σ

m cN N
m c i i

i i i i

i i i i

U U
L P U U

 

 
     

 
 

x
x x  (2.4) 

where 𝑈𝑖
𝑚 and 𝑈𝑖

𝑐(𝐱) i =1,…, N, are the measured and calculated displacements 

at the i-th DOF, ε𝑖 is the i-th element of the random vector 𝛆, and φ(∙) denotes 

the PDF of the standard normal distribution. In the examples of this chapter, the same 

level of error is assumed for the DOFs, i.e. σ𝑖 = σ, i = 1,…, N. When there exists 

no available prior information on the distribution of the parameters, non-informative 

prior, which has minimal influence on the posterior result, is selected. 

Since sampling-based approaches may experience slow or erroneous 

convergence, and the focus of this chapter is the development of an SI method 

employing BN, in the examples of this research, structural parameters are estimated 

alternatively by the Maximum Likelihood Estimation (MLE) method instead of 

Bayesian parameter estimation in Eq. (2.2). No prior information is available to 

construct a prior distribution in the examples, so the results by MLE and Bayesian 

estimation would be similar. This convergence issue of Bayesian parameter 

estimation is another motivation of the SI method employing Bayesian Network (BN) 

proposed in this chapter. 

 

2.1.2 Definition of Bayesian network 

A Bayesian Network (BN) is a probabilistic graphical model that describes 

random variables and their probabilistic dependencies using nodes and arcs, 
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respectively. Each node in a BN is associated with a discretized probability 

distribution for a certain number of intervals determined to effectively represent the 

uncertainty. The arcs between related nodes describe the probabilistic dependencies 

of a child node on its parent nodes by conditional probability, which are stored in the 

form of so-called Conditional Probability Table (CPT). There also exist BN 

methodologies that can model continuous random variables without discretization 

(Fenton and Neil, 2012). In this research, however, we focus on using discrete BN 

for the proposed SI method and thus provide a brief review on fundamental theories 

as backgrounds. More detailed information of BN and its various applications can 

be found in the literatures (e.g., Jensen and Nielsen, 2007; Fenton and Neil 2012; 

Barber 2013; Bensi et al. 2013), and a review paper (Bensi et al. 2011) on the 

application of BN to practical engineering problems. 

Consider a set of discrete random variables X = {X1, …, Xn} for which a BN is 

constructed. By the multiplication rule, the full probabilistic model of the variables, 

i.e. the joint Probabilistic Mass Function (PMF) can be evaluated by the product of 

the conditional probabilities and a marginal probability, i.e.  

         11212111 ,...,,..., XpXXpXXXpXXXpp nnnn  X  (2.5) 

Once a BN is constructed, the full joint PMF can be evaluated alternatively by the 

followings (Fenton and Neil 2012): 

    



n

i

ii XpaXpp
1

X  (2.6) 

where pa(Xi) and n respectively denote the outcome of the parent nodes of Xi and the 

total number of the nodes in the BN. Using available marginalization algorithms, 

one can eliminate variables from the joint PMF in Eq. (2.6) to obtain the marginal 

PMF of each random variable in the BN model. 



 

 

18 

Based on this alternative formulation, many effective algorithms have been 

developed for exact and approximate inference employing sampling techniques 

(Cheng and Druzdzel 2000; Beck and Au 2002; Yuan 2006; Straub and Der 

Kiureghian 2010). When information on one or several variables in the BN are 

available in the form of so-called evidence e, the BN inference algorithms propagate 

the evidence to all nodes in the Bayesian Network to compute the conditional 

probability. 

 
 
 

 
'

' '
p

p p
p


 



x e X
X x e X

x e
 (2.7) 

where X' is the set of all variables except the nodes x having evidence e. The terms 

in Eq. (2.7) are computed efficiently using Eq. (2.6) and a marginalization algorithm. 

BN methodologies are known to provide Bayesian updating results at all nodes more 

efficiently than existing Bayesian methodologies (Bensi et al. 2013). 

Once pre-calculations are completed to construct CPT, the BN can provide 

efficient probabilistic inference for general selections of observed and unobserved 

nodes. The BN does not use any optimization techniques, which are needed for 

existing SI algorithms, MLE and Bayesian parameter estimation methods. Moreover, 

a full measurement is not required, that is, through partial measurement one can 

update the distribution of uncertain parameters. It is also noted that the constructed 

BN can be updated whenever new evidences become available. 

 

2.2. Application of Bayesian Network to P-SI 
 

2.2.1 Construction of Bayesian network for SI 

Suppose a BN has been constructed for a structure, in which nodes x represent 

structural parameters, and nodes Um denotes the measured displacements in Eq. (2.1). 
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Using BN for the purpose of SI means computing the conditional distribution of x 

given an evidence e available for the nodes Um. From Eq. (2.7), the conditional 

probability is expressed as 

)(
)(

)(
)( x

eU

xeU
eUx p

p

p
p

m

m

m




  (2.8) 

As explained in Section 2.1.2, using a BN inference algorithm, the conditional 

probability in Eq. (2.8) can be computed efficiently. This process does not need an 

optimization technique, and thus the ill-posedness issue of inverse problems can be 

avoided. On the other hand, for successful SI, it is necessary to design a BN that 

properly describes the phenomenon, and to construct CPTs in the designed BN. In 

this research, as the first attempt to use the BN technology for SI, a BN structure is 

designed to identify spatial distribution of a structural parameter in linear elastic 

continua, which are modeled by Q4 elements for computational simulations using 

Finite Element Method (FEM). 

There exist two modeling approaches for BN: causal model and diagnostic 

model (Fenton and Neil 2012). This research adopts the causal model approach, 

which is generally known to cause less problems related to hierarchical relationship 

between nodes during the inference. Accordingly, structural parameters x ={X1, X2, 

…, Xm} affecting stiffness matrix are first selected as parent nodes (See Figure 2.1 

for a BN explaining the general concept). The displacements Uc(x) in Eq. (2.1), 

which can be predicted by solving equilibrium equation such as Eq. (1.1), are 

naturally identified as the child nodes of the structural parameter nodes (the nodes 

𝑢1
𝑐 , 𝑢2

𝑐 , … , 𝑢𝑛
𝑐  in Figure 2.1). The BN graph shows that the probabilistic distributions 

of the calculated displacements are determined by those of the structural parameters 

x and the applied force P. Because the objective of this research is proposing the 
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BN-SI method in general and demonstrating it for identifying the spatial distribution 

of material parameters under a non-destructive test setting, the applied force P is 

assumed to be deterministic in the numerical examples. It is known that the amount 

and locations of the applied force can be controlled by engineers during practical 

non-destructive tests (Salawu 1997; Shin and Koh 1999; Park 2002), so the 

assumption of deterministic applied force seems to be reasonable. For the cases in 

which uncertainties in the applied forces need to be considered (Louf et al. 2008; 

Richard et al. 2012; Figueiredo et al. 2014), the proposed BN-SI will be further 

developed in future studies to facilitate such applications. One needs to provide a 

probability table for each node of x to describe information on x available prior to 

the test. If no prior information is available, a non-informative prior distribution is 

assumed (Box and Tiao 1992). Then, the CPTs are constructed to describe the 

conditional probabilities of the calculated displacement nodes given structural 

parameter values. In this research, the CPTs are constructed by Monte Carlo 

simulations (MCS) of structural analysis. 

The proposed BN design also incorporates uncertain errors in measuring 

displacements during the tests, i.e. 𝐒𝛆 in Eq. (2.1). The measured displacements in 

Eq. (2.1) are added to the BN graph as child nodes of the calculated displacements. 

In this research, the measurement error is modeled relative to the calculated 

displacement to be consistent with usual trends observed in the tests (Li et al. 2014). 

This means, in constructing CPTs connecting the calculated and measured 

displacements, the standard deviation parameter σ in Eq. (2.1) is determined as a 

prescribed percentage of the given calculated displacement value. For example, if a 

BN is constructed with 5% relative error in the measurement, the conditional 
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probability of 𝑈𝑖
𝑚  given 𝑈𝑖

𝑐  is calculated by the model in Eq. (2.1) with σ =

0.05 × 𝑈𝑖
𝑐. 

 
Figure 2.1. Causal Relation-based Bayesian Network for Structure 

 

2.2.2 Calculation of CPT using MCS of structure analysis 

If structural parameters in the proposed BN design represent specific locations 

or individual elements of the FEM model, the size of the BN will increase 

exponentially as the size of mesh is reduced for accurate FE simulations or the size 

of the structure increases. Such an increase in the size of BN would make the 

inference calculations slow and require an excessively large memory for 

computations. An even more challenging issue caused by such a modeling approach 

is so-called “converging problem” (Bensi et al. 2013), which occurs when one child 

node has numerous parent nodes. In this case, the size of the CPT of the child node 

quickly increases, which makes both construction of CPTs and probabilistic 

inference challenging and inefficient. Generally, it is not recommended that one 

child node has many parent nodes having a large number of intervals (Bensi et al. 

2013). 
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To overcome these issues, in this research, a shape function is introduced to 

approximately describe the spatial distribution of the structural parameter of interest. 

Then, the model parameters of the shape function are selected as parameters x in the 

proposed BN design. There exist various sophisticated random field methods such 

as Karhunen–Loève expansion (Weaver 2015), which would help identify more 

general shape of the spatial distribution. However, this research uses a simple shape 

function to test the proposed concept with the least number of parameters in the BN 

graph. The further development of BN-SI to employ more general random field 

models is identified as a future work as described in conclusion. To describe the 

spatial distribution of Young’s modulus E in a two-dimensional structure, a bivariate 

Gaussian function is employed as follows. 
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where x and y are the spatial coordinates of the two-dimensional space, 𝑓𝐸(𝑥, 𝑦; 𝐱) 

is the Gaussian function describing the change in Young’s modulus at the location 

(x, y) from its mean-level value, and the Gaussian function parameters 𝑚𝑥, 𝑚𝑦, 𝑆𝑥, 

𝑆𝑦, r and ∆𝐸 respectively describe the x- and y-coordinates of the peak location of 

the spatial distribution, variability in x- and y-directions, the contour shape of the 2-

dimensional spatial distribution (in analogy to the correlation coefficient of the bi-

variate normal distribution), and the maximum amplitude of the spatial distribution 

at the peak location. A total of six parameters are needed to describe the spatial 

distribution model. Figure 2.2 shows example distributions created by Gaussian 

functions to illustrate the effects of parameters. 
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Figure 2.2. Bayesian Network model employing Gaussian shape function 

Using this shape function, Young’s modulus at a general location (x, y), 

𝐸(𝑥, 𝑦; 𝐱) is described as 

     , ; μ , , ;E EE x y x y f x y x x  (2.11) 

where 𝜇𝐸(𝑥, 𝑦) is the mean-level value of Young’s modulus. As a result, in each 

FE simulation performed for CPT construction, the stiffness matrix 𝐊(𝐱)  is 

calculated using Young’s modulus in Eq. (2.11) using 6 parameters. The proposed 

BN design (Figure 2.2) employing the shape function approach does not need to be 

modified even if the size of mesh is changed. Because the BN does not require a full 

measurement at all locations, the computational time for BN inference is not affected 

either. 

 

2.3. Numerical Investigations 
 

2.3.1 Problem definitions 

Consider a two-dimensional square-shaped structure with a side length of 2.5m 

shown in Figure 2.3. The structure is modeled by 10×10 Q4 elements. The Poisson 

ratio is assumed to be 0.3. The mean-level value of Young’s modulus, 𝜇𝐸(𝑥, 𝑦) is 

assumed to be 200 GPa everywhere. The boundary at bottom is all fixed, and all the 
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other degrees of freedom (DOFs) are free. Static forces 10GN are applied downward 

at all free DOFs as shown in the figure. 

 
Figure 2.3. Example structure for numerical investigations of the proposed method 

Model Parameters 
Distribution 

Type 
Discretized intervals 

Number of 

Intervals 

𝑚𝑥 and 𝑚𝑦 Uniform 
0.125, 0.375, 0.625, 0.875, 

1.125, 1.375, 1.625, 1.875, 

2.125, 2.375 
10 

r Uniform 
-0.95, -0.5, -0.05, 0, 0.05, 

0.5, 0.95 
7 

𝑆𝑥 and 𝑆𝑦 Uniform 0-0.2, 0.2-0.4, …, 0.8-1 5 

∆𝐸 Uniform 0-0.1, 0.1-0.2, …, 0.8-0.9 9 

Table 2.1. Priors Assumed for 6 Parameters in the Gaussian Function 

Prior distributions are introduced for the six parameters describing the spatial 

distribution in Eq. (2.9) and Eq. (2.10). In this example, the uniform distributions in 

Table 2.1 are used as the prior distributions. The discretized intervals of each uniform 

distribution are determined such that conditional probabilities given each interval are 

reliability estimated by MCS. In each MCS simulation, the stiffness matrix 

corresponding to the combination of selected intervals is constructed to calculate the 
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displacement Uc(x) by an FE analysis. These computations for constructing CPTs 

were conducted by a High-Performance Computing (HPC) cluster having 120 cores 

and Rocks 6.1.1 Linux operating system. The time required to calculate entire CPTs 

is about 5 hours with MATLAB Distributed Computing Engine (MDCE) specialized 

for parallel computing. However, it should be noted that the computational cost for 

probabilistic inference using the CPTs and the sensor measurements takes only about 

5 minutes. In this example, only y-direction displacements are considered for both 

measured and calculated displacements. If x-direction displacements are also 

considered, the BN would be able to estimate structural parameters more accurately. 

Among 110 free DOFs, 30 DOFs shown in Figure 3 are selected for measuring 

displacements. Lastly, the CPTs for the observation nodes are calculated based on 

the model in Eq. (2.1) and the assumed level of relative errors. In this numerical 

example, 5% relative errors following Gaussian distributions are assumed for Eq. 

(2.1) used to construct the CPTs. The level of relative error needs to be carefully 

selected since assuming too small or large measurement errors could make the BN 

inference infeasible or inaccurate.  

 

2.3.2 Results of the proposed method with comparison 

The performance of the proposed BN-based SI method is tested by use of four 

scenarios simulating spatial distributions of Young’s modulus, possibly caused by 

deterioration. The detail information of the scenarios is given in Table 2.2. First, 

Scenario 1 represents a concentric deterioration located at the center of the structure. 

Scenario 2 simulates deterioration concentrated in a diagonal line. Next, Scenario 3 

represents a concentric deterioration located at the left-lower corner of the structure. 

On the other hand, Scenario 4 depicts a concentric deterioration located at the right-
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upper corner. These scenarios are visualized in Figures 2.4 ~ 2.13, and Figures 2.15 

~ 2.22 using dotted-line contours. 

Scenarios 𝑚𝑥 𝑚𝑦 r 𝑆𝑥 𝑆𝑦 ∆𝐸 

Scenario 1 1.125 1.125 0 0.9 0.9 0.85 

Scenario 2 1.125 1.125 0.95 0.9 0.9 0.85 

Scenario 3 0.125 0.125 0 0.7 0.7 0.85 

Scenario 4 2.375 2.375 0 0.7 0.7 0.85 

Table 2.2. Spatial Distribution Scenarios Used to Test the Proposed Method 

In the next subsections, the SI results by the proposed BN-based method are 

mainly compared with those by the Maximum Likelihood Estimation (MLE) (as an 

alternative of a Bayesian estimation). During the test, 20 different sets of relative 

errors are randomly generated from uniform distributions and added to the scenarios 

because relative errors are known to make ill-posedness issue more severe than 

absolute errors. For example, if 5% relative errors are assumed for the scenarios, the 

measured displacement value is simulated from a uniform distribution between 95% 

and 105% of the displacement in the scenario. Numerical investigations are made 

for two different approaches: (1) Approach 1: Run an SI for each of 20 measurement 

sets, and estimate structural parameters by statistical analysis of 20 sets of the 

parameters estimated by the SIs, and (2) Approach 2: Run a BN-SI by performing 

BN inferences using all 20 measurement sets sequentially, i.e. posterior distributions 

from a measurement set is used as prior distributions for the Bayesian inference using 

the next measurement set. 

 

2.3.2.1 Approach 1: using single measurements-set respectively 

First, the results of the tests using relative error 1% were tested but not shown 

in this research because the results are fairly close to exact solutions in both MLE 

and BN-based SI, and the measurement error in practice is usually greater than 1%. 
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The SI results for the four scenarios with relative error 5% are shown in Figures 2.6 

~ 2.9 (BN-SI) and Figures 2.10 ~ 2.13 (MLE). Figures 2.6 ~ 2.13 show that the 

averages of 20 sets are fairly accurate for both methods, but the variability of the 

BN-SI is much smaller than that of MLE. This means, using the BN-SI, one can have 

more confidence in the estimation results especially when SIs using repeated 

measurements are not feasible. 

 

 
(a) 

 
(b) 

Figure 2.4. Results of FE-updating-SI by Approach 1: Scenario 1  

with Relative Error 1% 
 

 
(a) 

 
(b) 

Figure 2.5. Results of FE-updating-SI by Approach 1: Scenario 1  

with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.6. Results of BN-SI by Approach 1: Scenario 1 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.7. Results of BN-SI by Approach 1: Scenario 2 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.8. Results of BN-SI by Approach 1: Scenario 3 with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.9. Results of BN-SI by Approach 1: Scenario 4 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.10. Results of MLE by Approach 1: Scenario 1 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.11. Results of MLE by Approach 1: Scenario 2 with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.12. Results of MLE by Approach 1: Scenario 3 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.13. Results of MLE by Approach 1: Scenario 4 with Relative Error 5% 

Unlike MLE and optimization-based SI methods which give point-estimates on 

structural parameters, BN-SI can estimate a posterior distribution about parameters 

even for a single measurement set. For example, Figure 2.14 shows the coefficients 

of variance (c.o.v) of 6 parameters estimated from the posterior distributions 

obtained by the BN-SI for Scenario 1. 
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(a) 𝑚𝑥 

 
(b) 𝑚𝑦 

 
(c) 𝑆𝑥 

 
(d) 𝑆𝑦 

 (e) r 
 

(f) ∆𝐸 

Figure 2.14. Box Plots of c.o.v. of Posteriors by BN-SI (Approach 1, Scenario 1) 

Since the BN-SI has been performed for each of 20 measurement sets separately, 

box plots are made to visualize the variability of the 20 posterior c.o.v. estimates. 

The variability of the posterior c.o.v. among 20 SI results naturally increases as the 

measurement error increases. However, the average c.o.v. of 20 SI results is stable 

even if the size of relative measurement error is large. The posterior statistics 

provided by the proposed method help quantify the confidence in the SI results, 
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which may be useful when only a single or few sets of measurements are available.  

2.3.2.2 Approach 2: using multiple measurements-sets sequentially 

In this approach 2, the same 20 measurement error sets are used to create 20 

sets of evidences, i.e. sets of measured displacements to perform BN inferences 20 

times sequentially. That is, the posterior distributions obtained from one set of 

evidence are used as the prior distributions for the inference using the next set. Using 

Approach 2, both BN-SI and MLE provided more robust and accurate estimation 

results than those by Approach1 using the same number of data sets. Among the 

numerical results supporting this statement, the results for Scenario 3 and 4 using 

Approach 2 are presented in Figures 2.15 ~ 2.18 to compare with those by Approach 

1, i.e. Figures 2.8, 2.9, 2.12 and 2.13. These cases assumed a fairly low level of 

relative error 5%. For further investigation of Approach 2 under larger relative errors 

(10% and 15%), the approach was applied to all four scenarios as shown in Tables 

2.3 ~ 2.6. While both BN-SI and MLE show better results when compared to those 

by Approach 1, BN-SI show more accurate results than MLE. Even when relative 

errors increase up to 15%, BN-SI gives results that are fairly close to the exact 

solutions. These results confirm that the proposed BN-SI can keep improving its 

estimation results by performing Bayesian updating based on newly available test 

data. 
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(a) 

 
(b) 

Figure 2.15. Results of BN-SI by Approach 2: Scenario 3 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.16. Results of BN-SI by Approach 2: Scenario 4 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.17. Results of MLE by Approach 2: Scenario 3 with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.18. Results of MLE by Approach 2: Scenario 4 with Relative Error 5% 

Scenario 1 𝑚𝑥 𝑚𝑦 r 𝑆𝑥 𝑆𝑦 ∆𝐸 

Exact Solution 1.125 1.125 0 0.9 0.9 0.85 

Relative 

error 

10% 

BN-SI 1.125 1.125 0 0.9 0.9 0.85 

Error 

(%) 
0 0  0 0 0 

MLE 1.114 1.131 0.0361 0.8602 0.9298 0.8605 

Error 

(%) 
1.03 0.56  4.42 3.31 1.24 

Relative 

error 

15% 

BN-SI 1.125 1.125 0.05 0.9 0.9 0.85 

Error 

(%) 
0 0  0 0 0 

MLE 1.117 1.140 0.0414 0.8534 0.9508 0.8603 

Error 

(%) 
0.69 1.32  5.18 5.64 1.21 

Table 2.3. Results of BN-SI and MLE by Approach 2: Scenario 1  

with Relative Errors 10% and 15% 

 

Scenario 2 𝑚𝑥 𝑚𝑦 r 𝑆𝑥 𝑆𝑦 ∆𝐸 

Exact Solution 1.125 1.125 0 0.9 0.9 0.85 

Relative 

error 

10% 

BN-SI 1.125 1.125 0.95 0.9 0.9 0.85 

Error 

(%) 
0 0 0 0 0 0 

MLE 1.050 1.067 0.9223 0.7313 0.7731 0.8794 

Error 

(%) 
6.68 5.15 2.92 18.7 14.1 3.46 

Relative 

error 

15% 

BN-SI 1.125 1.125 0.95 0.9 0.9 0.85 

Error 

(%) 
0 0 0 0 0 0 

MLE 1.045 1.067 0.9177 0.7225 0.7758 0.8717 

Error 

(%) 
7.13 5.18 3.40 19.7 13.8 2.55 

Table 2.4. Results of BN-SI and MLE by Approach 2: Scenario 2  

with Relative Errors 10% and 15% 
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Scenario 3 𝑚𝑥 𝑚𝑦 r 𝑆𝑥 𝑆𝑦 ∆𝐸 

Exact Solution 1.125 1.125 0 0.9 0.9 0.85 

Relative 

error 

10% 

BN-SI 0.125 0.125 0 0.7 0.7 0.85 

Error 

(%) 
0 0  0 0 0 

MLE 0.1859 0.2798 0.2002 0.6729 0.6251 0.8296 

Error 

(%) 
48.7 100  3.87 10.7 2.40 

Relative 

error 

15% 

BN-SI 0.125 0.375 0.05 0.7 0.5 0.85 

Error 

(%) 
0 200  0 28.57 0 

MLE 0.1816 0.3440 0.2705 0.6822 0.5823 0.8321 

Error 

(%) 
45.3 175  2.54 16.8 2.11 

Table 2.5. Results of BN-SI and MLE by Approach 2: Scenario 3  

with Relative Errors 10% and 15% 

Scenario 4 𝑚𝑥 𝑚𝑦 r 𝑆𝑥 𝑆𝑦 ∆𝐸 

Exact Solution 1.125 1.125 0 0.9 0.9 0.85 

Relative 

error 

10% 

BN-SI 2.375 2.375 0.05 0.7 0.7 0.85 

Error 

(%) 
0 0  0 0 0 

MLE 2.235 2.423 0.2814 0.7426 0.7837 0.8205 

Error 

(%) 
5.91 2.01 28.1 6.09 12.0 3.47 

Relative 

error 

15% 

BN-SI 2.375 2.375 0.05 0.7 0.7 0.85 

Error 

(%) 
0 0  0 0 0 

MLE 2.163 2.494 0.4036 0.7883 0.8547 0.8270 

Error 

(%) 
8.94 5.00 40.4 12.6 22.1 2.7 

Table 2.6. Results of BN-SI and MLE by Approach 2: Scenario 4  

with Relative Errors 10% and 15% 

Base Scenarios Excluded Measurements  

Scenario 1 u9, u10, u15, and u16 

Scenario 2 u9, u10, u15, and u16 

Scenario 3 u1, u2, u7, and u8 

Scenario 4 u23, u24, u29, and u30 

Table 2.7. Altered Scenarios to Reflect Possible Malfunction of Device 

 

2.3.2.3 Further investigations: incomplete/missing measurements 

Next, in order to test the performance of BN-SI when measurement data are 

missing or incomplete possibly due to malfunctions of devices, four out of the 30 

measurement locations are excluded. Table 2.7 shows the measurement DOFs (See 
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Figure 2.3) excluded from each of the four scenarios used in the examples above. 

Then, BN-SI and MLE are applied to these altered scenarios using Approach 1 

(relative error 5%). The results by BN-SI and MLE are shown in Figures 2.19 ~ 2.22, 

and Figures 2.23 ~ 2.26, respectively. The accuracy of the estimation by both BN-SI 

and MLE is decreased due to the reduction of the evidences. It is also noted that 

accuracy and variability of the estimation by BN-SI are less sensitive to the reduction 

than MLE. The scenario showing the most change in the estimation results is 

Scenario 4. This is because a change of material parameters nearby free boundary 

conditions is hard to predict in general, and thus requires evidences from more DOFs. 

 
(a) 

 
(b) 

Figure 2.19. Results of BN-SI by Approach 1: Altered Scenario 1  

with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.20. Results of BN-SI by Approach 1: Altered Scenario 2  

with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.21. Results of BN-SI by Approach 1: Altered Scenario 3  

with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.22. Results of BN-SI by Approach 1: Altered Scenario 4  

with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.23. Results of MLE by Approach 1: Altered Scenario 1  

with Relative Error 5% 
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(a) 

 
(b) 

Figure 2.24. Results of MLE by Approach 1: Altered Scenario 2  

with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.25. Results of MLE by Approach 1: Altered Scenario 3  

with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 2.26. Results of MLE by Approach 1: Altered Scenario 4  

with Relative Error 5% 
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2.4. Summary 
 

In this chapter, a new system identification (SI) method employing Bayesian 

Network (BN), termed BN-SI, was proposed to overcome issues of existing SI 

methods such as non-stability and non-uniqueness of solutions. A BN graph structure 

is proposed for the purpose of SI, and the Conditional Probability Tables (CPTs) 

describing the probabilistic relationships between the nodes in the BN graph are 

constructed by Monte Carlo Simulations (MCS) of forward structural analysis. Once 

CPTs are constructed, the posterior distributions of parameters of interest are readily 

obtained for available observations using efficient Bayesian inference algorithms. In 

both processes of building a BN and probabilistic inference using the BN, no 

optimization algorithms are needed, so the ill-posedness problems, which occur in 

most SI algorithms, can be avoided. The proposed BN graph structure employs the 

nodes representing spatial distributions of material property, the calculated and 

measured displacements. In particular, a bi-variate Gaussian function having a small 

number of parameters is introduced to describe the spatial distribution so that the 

issue of converging many arcs to child nodes can be avoided even if finer elements 

and meshes are desired for accurate structural analysis. 

The performance and merits of the proposed BN-SI were successfully 

demonstrated by various damage scenarios. BN-SI shows smaller variability in the 

SI results, compared to those by Maximum Likelihood Estimation (MLE), which is 

used as an alternative to a Bayesian parameter estimation when no informative 

information is available to specify prior distributions. An approach of sequential SIs 

(“Approach 2”), i.e. updating SI estimates whenever newly available information is 

obtained, is also successfully tested, which allows BN-SI to keep improving 

accuracy of the estimation when repeated tests are possible. Additionally, to simulate 
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cases in which test data are incomplete or missing, possibly due to malfunction of 

measurement devices, some evidences are excluded from the aforementioned 

scenarios. According to the test, the proposed BN-SI is robust against missing data. 

It is noted that, for many cases reported in this study, existing SI methods such as a 

nonlinear least squares problem called FE-updating were not able to provide robust 

estimation due to ill-posedness, and even when possible, the results showed much 

larger variability in estimation results. 

The results of the numerical examples demonstrate that the proposed BN-SI 

method has a great potential as a more robust and consistent platform for 

probabilistic SI of a variety of structures. This BN research – the first attempt of 

using BN for SI – employed a simple bi-variate Gaussian function to avoid the 

converging problem in BN. While this approach enables effective estimation of a 

smooth spatial distribution of material parameters accurately, a further study is 

needed to identify general spatial distribution patterns including multi-modal spatial 

distributions using an advanced random field model. It is noted that, unlike FE-

updating and existing Bayesian methods, computational time required for BN 

inference is consistent regardless of the mesh size. However, a further study is 

needed for comprehensive investigation of merits and remaining challenges of the 

proposed method under various conditions. There is also a possibility to utilize 

various cutting-edge BN technologies including those employing structural 

reliability methods or sampling methods for the purpose of BN-SI. 
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Chapter 3. P-SI Method 2:  

Importance-Sampling for Bayesian Network 
 

 

3.1. Limitations of P-SI Method Using Bayesian Network 
 

Chapter 2 proposed a probabilistic SI method, which estimates spatially 

deteriorated material properties by using Bayesian Network (BN). BN is a 

probabilistic graphical model that consists of nodes and links, which are respectively 

representing random variables and their probabilistic dependencies (Jensen and 

Nielson 2007; Barber 2013). For the probabilistic relationship in each link, one needs 

to construct conditional probability table (CPT). The BN-based SI in Chapter 2 

incorporated a Gaussian shape function having 6 parameters in order to depict 

deteriorated spatial distribution of material properties in a 2-dimensional space. The 

results of the BN-based SI showed accuracy and robustness compared to other SI 

methods employing maximum likelihood estimation (MLE) and finite element (FE)-

updating.  

There is a well-known “converging problem” in BN (Bensi et al. 2013). If there 

are numerous parent nodes for a given child node of BN, the large size of CPT can 

make the probabilistic inference challenging. Additionally, the large number of 

discretization for continuous variables in SI problems will exacerbate this situation, 

and may make it impossible to calculate CPT. Because of this issue, the simple 

Gaussian shape function having a small number of parameters was exploited in the 

previous research. So, although the BN-based SI could derive accurate SI-results, it 

is clear that the applicability of that method is limited to simple spatial distribution 

patterns.  

In this chapter, to overcome converging problem and to extend the applicable 
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spatial distribution to more general ones, a BN using an approximate inference based 

on importance sampling is proposed. This approach makes it possible for child nodes 

to have enough number of parent nodes to capture general spatial distribution 

patterns. Along with this development, general spatial distribution of deterioration 

based on Karhunen–Loève expansion is also proposed. After then, the proposed 

method will be demonstrated and tested by the same numerical example represented 

in Chapter 2 against general spatial distribution of deterioration. 

 

3.2. Development of Bayesian Network Using Importance-

Sampling 
 

3.2.1 Evidence-based importance-sampling (Eb-IS) 

To overcome the limitation described in the previous section, approximate 

sampling-based BN inference algorithms are developed. Among many sampling 

algorithms, Markov chain Monte Carlo (MCMC) is an efficient method, which is 

popular for Bayesian updating (Kruschke 2014). In the algorithm of MCMC process, 

one does not need to compute the normalizing factor, and generated samples 

naturally represent posterior distribution. However, when utilizing MCMC process, 

parallel computing is limited since current samples are generated based on the 

previous samples according to Markov process, which means that transition 

probabilities between different values in the state depend only on the random 

variable’s current state. For cases requiring iterative calculations, it may be infeasible 

to generate dependent samples. Therefore, despite several strengths of MCMC, this 

second research adopts importance-sampling (IS) to conduct efficient inference in 

BN overcoming limitations caused by converging. 

For a thorough discussion of the proposed method in this chapter, IS is briefly 
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explained here. Consider the integral of a function, i.e. 

𝐼𝑔 = ∫ 𝑔(𝒙)𝑑𝒙
Ω

 (3.1) 

where 𝑔(𝒙) is a function of m variables 𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑚) over a domain Ω. 

For example, Eq. (3.1) becomes a structural reliability problem if the function is 

defined as 𝐼𝑔(𝒙)𝑓(𝒙; 𝐮), where 𝐼𝑔(𝒙) is general function of random variables x 

such as a limit-state function, and 𝑓(𝒙, 𝒖) is the joint probability density function 

(PDF) of x with parameters u. Evaluating Eq. (3.1) by MCS, i.e. by samples 

generated from the original PDF 𝑓(𝒙; 𝐮) may require a large number of samples if 

𝐼𝑔(𝒙) defines extremely rare events. To improve efficiency of sampling against rare 

events, IS introduces an alternative sampling density function ℎ(𝒙), i.e. 

𝐼𝑔 = ∫
𝑔(𝒙)

ℎ(𝒙)
ℎ(𝒙)𝑑𝒙

Ω

 (3.2) 

If a good alternative sampling density can be identified in advance, the integration 

can be achieved efficiently. As one of the efforts to derive a near-optimal IS density 

ℎ(𝒙), Kurtz and Song (2013) proposed to identify the best sampling density function 

by the cross-entropy-based adaptive importance sampling method using Gaussian 

mixture. More details can be found in the reference. 

To develop the extended vesion of BN-based SI, the IS is adopted to derive best 

sampling density about terget system parameters such as Young’s modulus. For this 

purpose, the IS density following a Gaussian distribution will be derived by two steps. 

First, the center of the IS density, i.e. the mean vector, can be estimated by MLE 

using Eq. (2.4). Then, along with the estimated mean vector, the standard deviations 

for the IS density can be derived through reconstruction of stiffness matrix based on 

finite element method (FEM) as follows.  
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𝐊(𝒙)𝐔𝑓−𝑚 − 𝐏 = 𝒆 (3.3) 

where 𝒙 is a vector of target parameters such as Young’s modulus considered in this 

application; e is a noise vector of uncorrelated normal random variables with zero 

means and standard deviations for which a certain value is assumed based on the 

scale of uncertainties in the forces, e.g., 𝒆~𝑁(𝟎, (0.03 × 𝑑𝑖𝑎𝑔(|𝐏|))2); 𝐔𝑓−𝑚 is a 

vector of full-measured displacements. In the numerical example of Chapter 2, it was 

assumed that displacements were measued sparsely at the selected locations. That 

numerical example with the same definition of measurements is utilized again in this 

chapter. Fundamentally, some elements of 𝐔𝑓−𝑚 are unknown due to the sparse-

measurement condition. However, approximate values for displements, which are 

not measured, can be calculated from the �̂�, which is estimated by MLE in advance, 

i.e., 𝐔𝑓−𝑚 = 𝐊(�̂�)−𝟏𝐏. And, those values corresponding to the selected locations 

for measuring will be replaced by actually measured values. So, 𝐔𝑓−𝑚 is a vector 

consisting of measured- and predicted- displacements. Next step is reconstructing 

the first term in left-side of Eq. (3.3), i.e.  

𝐊(𝒙)𝐔𝑓−𝑚 = 𝐔𝒆𝒍𝒆𝒙 (3.4) 

In the equation above, 𝐔𝒆𝒍𝒆  is a matrix of element-modal shapes consisting of 

vectors for finite element-wise displacements 𝐔𝒋
𝒆𝒍𝒆, and this vector will be caculated 

as: 

𝐔𝒋
𝒆𝒍𝒆 = 𝐁𝐓𝐃𝐱=𝟏𝐁𝐒𝒋

𝒆𝒍𝒆𝐔𝑓−𝑚 (3.5) 

where 𝐁 and 𝐃𝐱=𝟏 respectively denote the matrix of strain-displacement relation 

and constitute matrix for the case x = 1, when Q4 element with plain-stress is used 

(MCLachlan and Peel 2000); 𝐒𝒋
𝒆𝒍𝒆 is a selection matrix for j-th Q4 element, i.e., 

(𝐒𝒋
𝒆𝒍𝒆)𝑖𝑖 = 1, if the i-th element in 𝐔𝑓−𝑚 is a corresponding displacement for j-th 
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Q4 element, otherwise will be zero. The purpose of this reconstruction process is to 

pull out the vector of Young’s modulus from stiffness matrix. Eventually, the Eq. 

(3.3) can be re-written as 

𝐔𝒆𝒍𝒆𝒙 − 𝐏 = 𝒆 (3.6) 

As mentioned ealier, 𝒆 is a noise-vector assumed to be Gaussian white with zero 

mean and covariance matrix 0.03 × 𝑑𝑖𝑎𝑔(|𝐏|). Through this definition of noise-

vector with Eq. (3.6), the target parameters x can be represented as a form of 

Gaussian function, i.e., 𝒙~𝑁(�̂�, (0.03 × 𝑑𝑖𝑎𝑔(|(𝐔𝒆𝒍𝒆)−1𝐏|))2). In this sequential 

procedures from Eq. (3.3) to (3.6), the validity of derived Gaussian distribution will 

be evidenced by measurement. So, this derived distribution will be named as 

evidence-based IS (Eb-IS) density hereafter, and will be adopted for approximate 

inference of BN in the next section.  

 

3.2.2 Algorithm of Eb-IS for Bayesian network 

In this chapter, approximate inference algorithm based on importance-sampling 

is adopted because computatioin-time is fairly independent of the topology of the 

network and is linear to the number of samples. In using importance sampling for 

BN inference, it is critical how to select an effective IS density to generate samples. 

If generated samples are not feasible in terms of the observations, the algorithms will 

fail to converge toward reasonable posterior distribution. For accurate and efficient 

inference, this research will use Eb-IS, which is similar to Evidence Pre-propagated 

Importance Sampling algorithm for BN (Cheng and Druzdzel 2000; Yuan and 

Druzdzel 2006). However, the Eb-IS focuses on SI problems of linear mechanical 

system with continuous variables. Additionally, a Gaussian mixture distribution 

model is employed to describe a wide-class of posterior distributions. After deriving 
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each variable’s posterior having multiple peaks, several combinations consisting of 

those peaks corresponding to each variable can represent possible deterioration 

scenarios with prioirty based on the calculated likelihood. By considering various 

deterioration scenarios from the same measurements, appropriate acctions will be 

prepared in advance based on the corresponding likelihood of those scenarios. Figure 

3.1 summarizes the proposed algorithm, which is based on generic importance 

sampling algorithm for Bayesian network (GIS-BN, Yuan and Druzdzel 2006) and 

adopts Eb-IS density for sampling and Gaussian mixture model for posterior 

distributions. This algorithm is named as Evidence-based importance-sampling for 

Bayesian network (Eb-IS-BN). 

1. Calculate Eb-IS density for all nodes in BN except the obeserved nodes 

2. Order the nodes according to their topological order 

3. for i  1 to Sampling Number do 

I. generate samples from the mixture consisting of Eb-IS density and prior 

II. calculate likelihood values and prior values of generated samples 

end for 

4. Sum up vectors of likelihood value of nodes to calculate probability of 

evidence 

5. for i  1 to Sampling Number do 

Calculate posterior values with prior value, likelihood value, and normalizing 

factor from 3rd and 4th step 

end for 

6. Conduct filtting-process based on Gaussian mixture for posterior distribution  

Figure 3.1. Algorithm of Eb-IS-BN 

This algorithm is straightforward to be conducted if the best IS density for each 

node in BN will be derived appropriately. First, the order of sampling will be 

determined by the hierarchical structure of the constructed BN, e.g., samples for the 

parent node should be generated before generating samples of corresponding child 
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nodes. After determining the order for sampling, samples for each variable will be 

generated sequentially according to the determined order. In the second sub-step of 

the third step, all generated samples will be substituted to the likelihood function 

such as Eq. (2.4) and function of prior distribution. As mentioned earlier, it is 

infeasible to calculate the normalizing factor, i.e., c = [∫ 𝐿(𝐱) 𝑝(𝐱)d𝐱]−1, because 

multi-fold integration is essential for the factor and the statistical moments of the 

posterior distribution. However, from the sampling, the reciprocal of normalizing 

factor, which is called as probability of evidence in the fourth step, will be calculated 

easily. Then, the posterior value about samples can be calculated according to 

prepared prior value, likelihood value, and normalizing factor. Finally, these 

posterior values corresponding to the samples will be fitted by Gaussian mixtures as 

posterior distribution having multi-peaks. In case of BN using CPTs, the size of CPT 

will increase exponentially when the number of parent nodes for one child node 

increases. However, when using IS density, the computational time of the above 

algorithm using approximate inference increases in proportion to the number of total 

samples. Although a suitable number of samples is required to achieve a reliable 

level of accuracy for posterior distributions, the converging problem can be avoided. 

 

3.2.3 General deterioration mode based on random field 

This research is an extended version of the P-SI method proposed in Chapter 2, 

and the same numerical example, i.e., steel square plate in Figure 2.3, is utilized 

again. On the other hand, more general spatial distribution of deterioration in system 

parameters will be identified. For this purpose, this research proposes general spatial 

distribution based on random field model such as Karhunen–Loève (K-L) expansion 

(Weaver 2015). Basically, K-L expansion provides a second-moment-based 
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characterization of a random field in terms of deterministic orthogonal functions and 

uncorrelated standard normal random variables. For example, the spatial distribution 

of Young’s modulus in a 2-dimensional domain, denoted by E(x, y) can be described 

by a K-L model as follows: 

𝐸(𝐱) = 𝐸(𝑥, 𝑦) = 𝜇𝐸(𝑥, 𝑦) + 𝜎(𝑥, 𝑦)∑ 𝑠𝑖√𝜆𝑖φ𝑖(𝑥, 𝑦)
𝑁𝑟

𝑖=1
 (3.7) 

where x and y are the spatial coordinates of the 2-dimensional domain, and 𝜇𝐸(𝑥, 𝑦) 

and σ(𝑥, 𝑦) respectively denote the mean function and standard deviation function 

of the random field. In the same equation, 𝜆𝑖, φ𝑖(𝑥, 𝑦), si and Nr are respectively 

the eigenvalue, eigenfunction, random contribution (described by standard normal 

random variable), and the number of significant eigen modes (determined based on 

the eigenvalues) of the i-th mode of the covariance function 𝐶(𝐱1, 𝐱2). For example, 

the following covariance function model is utilized: 

𝐶(𝐱1, 𝐱2) = 𝜎𝑐
2exp(−

√(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2

𝐿𝑐
) (3.8) 

where x1 = (x1, y1), x2 = (x2, y2), and 𝜎𝑐 and 𝐿𝑐 respectively denote the standard 

deviation of the homogeneous random field and correlation length determining the 

strength of the spatial correlation. The eigenvalues and eigenfunctions are obtained 

by solving Fredholm integral equation of the second kind, i.e. 

∫ 𝐶(𝐱1, 𝐱2)𝜑𝑘(𝐱2)𝑑𝐴𝑒Ω𝑒
= 𝜆𝑘𝜑𝑘(𝐱1) where 𝑑𝐴𝑒 = 𝑑𝑥𝑒𝑑𝑦𝑒 (3.9) 

One can use Galerkin method employing finite elements to solve Eq. (3.9) 

numerically. The detailed process can be found in the literature (Phoon et al. 2002; 

Choi et al. 2006; Weaver 2015; Stefanou and Papadrakakis 2007). Using the 

eigenfunctions derived from solving Fredholm equation of the second kind, the 

following mathematical model is proposed as the spatial distribution model 
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describing the decrease in Young’s modulus caused by the deterioration: 

𝐸(𝑥, 𝑦) = 𝑆 ∙ 𝜇𝐸(𝑥, 𝑦) − 𝜎(𝑥, 𝑦)∑ |𝑠𝑖|
〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉

+

max[〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉
+]

𝑁𝑟

𝑖=1
 (3.10a) 

with 〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉
+ =

𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)
0


if𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦) > 0

otherwise
 (3.10b) 

where si is a re-defined parameter representing the contribution of the corresponding 

eigenfunction and its prior distribution follows the uniform distribution in Table 3.1, 

〈∙〉+ is a function operator introduced to impose a condition that Young’s modulus 

does not increase by the deterioration, max[〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉
+] denotes the maximum 

value over the entire domain introduced for normalizing the eigenfunction. Then, S 

is an additional parameter describing initial imperfection of the nominal value of 

Young’s modulus and its prior distribution follows the uniform distribution in Table 

3.1. In summary, for given 𝜇𝐸(𝑥, 𝑦) and 𝜎(𝑥, 𝑦), and the eigenfunctions, the Eb-

IS-BN estimates the posterior distribution of S and si, i = 1,…, Nr based on the 

observations, i.e, a total of (Nr+1) parameters. Hereafter, the model in Eq. (3.10) is 

referred to as KL-based general deterioration model, and this model will be utilized 

in Chapter 4 and 5. 

Model Parameters Distribution Type Continuous Interval 

S Uniform [0.5, 1.5] 

si (i-th mode’s contribution) Uniform [1, 1] 

Table 3.1. Priors for Parameters in KL-based General Deterioration Model 

 

3.3. Numerical investigations 
 

3.3.1 Re-design of P-SI method using Bayesian network 

The same numerical example in Figure 2.3 is used for the validation of proposed 

method with identical boundary and loading conditions; The Poisson ratio is 

assumed to be 0.3; The mean-level value of Yong’s modulus, 𝜇E(𝑥, 𝑦), is given as 
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200 GPa everywhere. To derive eigenfunction from Fredholm equation explained in 

Eq. (3.9), the correlation length in covariance function is assumed as half of the side 

length of the structure. Then, the number of eigenfunction, Nr, has to be determined. 

As mentioned earlier, the number of significant modes can be determined in terms 

of their contribution to the sum of the eigenvalues to satisfy as: 

∑𝜆𝑖

𝑁𝑟

𝑖=1

/∑ 𝜆𝑖

𝑁𝑒𝑙𝑒

𝑖=1

> 𝑇 (3.11) 

where T is target contribution level for which 85% and 90% are assumed in this 

numerical investigations. Then, the corresponding numbers of significant modes are 

calculated as 15 and 28, respectively. Including S, the total numbers of parameters 

estimated by BN are 16 and 29. To test the proposed method, same condition of the 

numerical example in Chapter 2 is used: 20 sets of downward displacements at 

selected 30 DOFs among the total of 110 DOFs such as Figure 2.3. Then, relative 

errors are introduced to these sets of generated measurements by simulating 

measured displacement value from a uniform distribution between (100 – Le) % and 

(100 + Le) % where Le is the assumed level of error. The re-designed BN for proposed 

BN using approximate algorithm is shown in Figure 3.2. 

 

Figure 3.2. Re-designed Network for Eb-IS-BN 
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In the re-designed BN, the re-defined parameters of KL-based general 

deterioration model are substituted to parent nodes of displacement nodes. The 

difference between Figure 2.2 and Figure 3.2 that observation nodes are not used. In 

Chapter 2, the Bayesian network is constructed based on CPTs, which is calculated 

from MCS of structural analysis. In this calculation process for CPTs, the noise is 

not included, and corresponding displacement nodes means true value according to 

the values of parent nodes. So, to consider noise in measured displacement, the 

observation nodes were added in Figure 2.2. However, the Eb-IS-BN is proposed to 

use approximate inference using sampling technique, and this technique can consider 

the measurement noise without additional nodes in network. Also, the small number 

of nodes will help decrease computational time of the proposed algorithm.  

 

3.3.2 Approximate inference with post-process 

For the best IS density, the Gaussian function derived in Section 3.2.1 will be 

used, i.e., 𝒙~𝑁((𝐔𝒆𝒍𝒆)−1𝐏, 0.03 × 𝑑𝑖𝑎𝑔(|(𝐔𝒆𝒍𝒆)−1𝐏|)). The value of 𝜎(𝑥, 𝑦) in 

Eq. (3.10) is assumed to be constant at the level of 75% of the mean value. Using the 

aforementioned KL-based model, two deterioration scenarios having 16 and 29 

parameters in Table 3.2 are studied. In this numerical test, the result of the posterior 

obtained from current Bayesian inference is used as the prior distribution of the next 

inference, which was proposed as Approach 2 in Chapter 2. This process is repeated 

sequentially for the 20 sets of measurements. For the initial inference, uniform 

distributions in Table 3.1 are used as the prior distribution. 

Scenarios Parameter values assumed for scenarios (si = 0 if not mentioned) 

Scenario 1 s0=1, s3=0.4, s8=0.3, s11=0.5, s14=0.6 

Scenario 2 s0=1.1, s1= s7=0.5, s15=−0.4, s19=−0.7 

Table 3.2. Assumed Scenarios by KL-based General Deterioration Model 
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The proposed Eb-IS-BN is conducted using 2,000 samples for each parameter. 

Figure 3.3 and 3.4 show results of Scenario 1 for relative error 3 and 5% respectively. 

In Figures 3.3(a) and 3.4(a), the estimated Young’s modulus at 9 selected locations 

in Figure 2.3 are compared with the exact solutions. The use of Gaussian mixture 

model allows the posteriors to have more general shapes of distribution as shown in 

Figure 3.5. Gaussian mixture having 20 densities is used in this numerical test, and 

multiple peaks are observed from the fitting process. Generally, SI problems have 

suffered from ill-posedness, which means non-stability and non-uniqueness of 

solution, and the multi-peaks in estimated posteriors may be caused by this non-

uniqueness. So, it is important to interpret the captured multiple peaks. When the 

distance between the captured peaks in the derived posteriors are larger than 5% of 

ranges of initial prior in Table 3.1, the peaks are regarded as separated peaks. Then, 

the “combinations” consist of verified peaks from each posterior, and priorities of 

these combinations are ranked by the likelihood values. From this procedure, several 

solutions can be derived, and this results will be helpful for decision-making to 

prepare possible deterioration scenarios. In Figure 3.3 ~ 3.7, the sub-plot (a) shows 

three most highly ranked results in terms of likelihood value, and sub-plot (b) 

represents the weighted average of spatial distributions of deterioration 

corresponding to combinations. In the same manner, algorithm of Eb-IS-BN is 

applied to Scenario 2 with relative error 3 and 5%. Figures 3.6 and 3.7 show that the 

proposed algorithm can successfully identify the spatial distribution of the 

deterioration for Scenario 2 as well while the number of variables increases. 
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(a) (b) 

Figure 3.3. Results of Eb-IS-BN: Scenario 1 with Relative Error 3% 

 

 
(a)  (b) 

Figure 3.4. Results of Eb-IS-BN: Scenario 1 with Relative Error 5% 

 

 
(a) 

 
(b) 

Figure 3.5. Posterior distributions about Scenario 1 with Relative Error 3% 
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(a)  (b) 

Figure 3.6. Results of Eb-IS-BN: Scenario 2 with Relative Error 3% 

 

(a)  (b) 

Figure 3.7. Results of Eb-IS-BN: Scenario 2 with Relative Error 5% 

 

3.3.3 Local patterns for damage assessments 

In Section 3.2.3, the KL-based general deterioration model in Eq. (3.10) is 

proposed to describe spatial distribution of deteriorated system parameters. Then, 

Scenario 1 and 2 in the previous section were assumed based on the proposed 

deterioration model. Although the original purpose of proposed deterioration model 

was representing general spatial distribution of deterioration, the same model is 

utilized to conduct damage assessment, which focuses on identifying locally 

damaged parameters. To show availability of KL-based general deterioration model 
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to damage assessment, two local patterns are assumed as shown in Table 3.3. For 

these assumed patterns, a target contribution level 85% is used for Eq. (3.11). Thus 

the corresponding total number of parameters is 16.   

Patterns 
Parameter values assumed for local pattern  

(si = 0 if not mentioned) 

Local Pattern 1 s0=1.03, s3=1.4, s9=−0.6 

Local Pattern 2 s0=1.1, s2= 1, s8=−1.1, s15=0.5 

Table 3.3. Assumed Local Patterns by KL-based General Deterioration Model 

When the proposed method was performed to identify Scenario 1 and 2, it was 

assumed that static forces 10GN were applied downward at the selected DOFs, and 

the corresponding DOFs’ displacements were measured as shown in Figure 2.3. On 

the other hand, these conditions are modified for damage assessment: the static 

forces 10 GN are applied at the upper boundary only, and 20 DOFs are selected 

newly to decrease the number of measurements: 20 sets of downward displacements 

and relative error are used. The modified conditions are represented in Figure 3.8. 

 
Figure 3.8. Modified Forces & Measurements Conditions for Damage Assessments 
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The results of Eb-IS-BN, which is the results from 3,000 samples about 

assumed local patterns, are presented in Figure 3.9 ~ 3.10. In case of local pattern 1, 

results corresponding to the number of elements from 31 to 40 will be presented with 

specific values. On the other hand, the derived values about number of elements from 

51 to 60 will be given for the local pattern 2. 

 
(a) Exact 

 
(b) Error 3%  

(c) Error 3% 

 
(d) Error 5%  

(e) Error 5% 

Figure 3.9. Results of Eb-IS-BN: Local Pattern 1 with Relative Error 3 & 5% 
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(a) Exact 

 
(b) Error 3%  

(c) Error 3% 

 
(d) Error 5%  

(e) Error 5% 

Figure 3.10. Results of Eb-IS-BN: Local Pattern 2 with Relative Error 3 & 5% 

In Figure 3.9, the sub-plot (a) shows the exact solution of local pattern 1, and 

sub-plot (b) and (d) represent weighted averages of spatial distributions of local 

damage corresponding derived combinations. Then, sub-plot (c) and (e) show three 

most highly ranked combinations based on likelihood values. Even if these results 

are derived by using small number of measurements unlike previous results of 

scenarios for general deterioration, the accuracy level is high enough to identify the 
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exact solution. In the same manner with Figure 3.9, Figure 3.10 represents results 

about assumed local pattern 2: exact solution in sub-plot (a), weighted average of 

spatial distribution of local damage in sub-plot (b) and (d), three most highly ranked 

combinations in sub-plot (c) and (e).  

 

3.4. Summary 
 

In Chapter 3, a probabilistic system identification method using the evidence-

based importance-sampling for Bayesian Network (Eb-IS-BN) is proposed. The 

proposed method uses a random-field based spatial deterioration model to capture 

general patterns of spatial distribution. For accurate and efficient inference, Eb-IS 

density is derived by maximum likelihood estimation (MLE) for the mean and by 

reconstructing stiffness matrix for the standard deviations. The proposed procedure 

for selecting the best IS density is suitable for linear mechanical systems. Then, the 

proposed BN algorithm, which conducts approximate inference by the derived Eb-

IS density, overcomes converging problem. Additionally, in this algorithm, Gaussian 

mixture fitting is adopted to depict multiple peaks in posterior distribution. A square-

shaped steel plate is used to test the proposed method. In this numerical example, the 

ill-posedness of the inverse problem is captured by multiple peaks of posteriors. To 

consider this situation, combinations, which consist of peaks from each posterior, 

are prioritized in terms of their likelihood values to present most likelihood 

deterioration distribution from estimated posteriors. The proposed method shows 

good accuracy of estimated distribution for linear examples, and can describe non-

uniqueness of solution in SI problems by giving prioritized solutions. However, it is 

still difficult to apply the proposed method to nonlinear problem having many 
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parameters because the Eb-IS density cannot be derived by the same procedure for 

such nonlinear cases. Future research is needed to promote more general applications 

of Eb-IS-BN to complex structural systems. 
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Chapter 4. P-SI Method 3:  

Modified Transitional Markov Chain Monte Carlo 

(m-TMCMC) Method 
 

 

4.1. Introduction of TMCMC 
 

4.1.1 History of MCMC and TMCMC 

P-SI method 1 and 2, i.e., BN using exact- and approximate-inference, show 

limitation in deriving posterior in general shape because of insufficient discretization 

(to decrease computational cost in calculation for CPT) and post-process using 

Gaussian mixture fitting, respectively. It is noted that MCMC is able to handle 

general posterior distribution. In this chapter, as an alternative Bayesian method to 

handle general posterior in high-dimensional SI problems, a modified version of 

Transitional Markov Chain Monte Carlo (TMCMC) method is proposed. First, 

MCMC and original TMCMC are introduced briefly.  

MCMC (Gilks et al. 1996; Beck and Au 2002; Andrieu and Thoms 2008; 

Figueiredo et al.2014; Kruschke 2014; Lam et al. 2015) is a Monte Carlo Simulation 

(MCS) method generating samples based on a Markov process, which means the 

probability of the transition to the next sample point is determined only by current 

sample, i.e. 

𝑃(𝑋𝑡+1|𝑋𝑡 , … , 𝑋1, 𝑋0) = 𝑃(𝑋𝑡+1|𝑋𝑡) (4.1) 

where Xt is the t-th sample in the sequence of the sampling. MCMC algorithms are 

developed such that samples generated from the MCMC process eventually 

represent the target distribution. The two most well-known MCMC algorithms are 

Metropolis-Hastings (MH) and Gibbs sampling. The acceptance/rejection rule of the 

MH sampling employs the “ratio” of the densities at the current and the proposed 
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sample point, which makes it unnecessary to compute the normalizing factor in Eq. 

(2.3). Therefore, MH is useful particularly for Bayesian parameter estimation in 

which the target distribution includes an unknown normalizing factor. Gibbs 

sampling, which is a special case of the Metropolis algorithm, changes the value of 

only one of the parameters each time using the proposal density derived from the 

target density function. MCMC algorithms do not require additional calculations of 

the normalizing factor, which can be derived as a by-product from inference. In this 

research, the MH algorithm is selected for the purpose of comparison with the 

proposed method because the MH algorithm is more efficient than Gibbs sampling 

for the given SI problems.  

Although MCMC is a powerful approach that can obtain the general posterior 

distribution, one needs to be aware of critical issues before applying MCMC to 

realistic applications (Betz et al. 2016). First, the MCMC produces samples that are 

statistically dependent, which may reduce the efficiency of statistical estimators. 

Second, the “burn-in” period, which is the initial phase until the Markov Chain can 

produce samples representing the posterior distribution, needs to be handled 

carefully. To discard samples from the burn-in period, it is important to determine 

the length of the period effectively. Third, most of the MCMC techniques become 

inefficient when the number of random variables is large. Because of these issues, 

SI based on straightforward application of MCMC may not provide accurate results 

in an efficient manner.  

To address these issues of MCMC, the TMCMC was proposed by Ching and 

Chen (2007). The TMCMC combines a sequential particle filter method with 

MCMC sampling to push the samples gradually from the prior to the posterior 

distribution. The key idea of TMCMC is that the proposal density, i.e. the density 
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function generating samples during the MCMC sequence, starts from the prior 

distribution 𝑃(𝐱),  and makes a gradual transition to the posterior through 

optimization at each round of samplings. For this purpose, the proposal density 

function at the j-th round of sampling, 𝑃𝑗(𝐱) is determined as  

𝑃𝑗(𝐱) ∝ 𝑃(𝐱)𝐿(𝐱|U = U𝑚)𝑞𝑗 (4.2) 

where qj is the transition-controlling parameter of the j-th round, satisfying 𝑞0 =

0 < 𝑞1 <∙∙∙< 𝑞𝑚 = 1. As seen from Eq. (4.2), when 𝑞𝑗 becomes 1 at the m-th 

round, samples generated from 𝑃𝑗=𝑚(𝐱) will represent the posterior distribution, 

𝑃(𝐱|U = U𝑚) . After each round of sampling, the transition parameter 𝑞𝑗 is 

increased such that the proposal density makes a continuous transition from the prior 

to the posterior distribution. Ching and Chen (2007) proposed to select 𝑞𝑗 by an 

optimization such that the coefficient of variation (CV) of the updates in the 

likelihood function, i.e. 𝐿(𝐱|U = U𝑚)𝑞𝑗−𝑞𝑗−1 evaluated by use of the samples of 

the previous round, is maintained around a desired level, say v = 100%. This is 

achieved by the optimization 

𝑞𝑗 = argmin
𝑞
(|𝐶𝑉𝑗(𝑞) − 𝜈|) (4.3) 

where 𝐶𝑉𝑗(𝑞) with q ∈ (qj1, 1] is the sample coefficient of variation of the set 

{𝐿(𝐱(𝑗−1,1)|U = U𝑚)
𝑞𝑗−𝑞𝑗−1

, …, 𝐿(𝐱(𝑗−1,𝑁𝑠)|U = U𝑚)
𝑞𝑗−𝑞𝑗−1

 } where x(j1,k) is 

the k-th sample of the (j1)-th round of the sampling, k = 1, …, Ns, and Ns is the 

number of samples generated at each round of sampling. In the original MCMC, the 

samples are generated from a fixed proposal distribution, which is not directly related 

to the target posterior distribution. By contrast, TMCMC generates samples from the 

proposal density that makes a gradual transition to the target posterior so that the 



 

 

63 

convergence can be achieved with fewer number of samples. The algorithm of 

TMCMC is summarized as follows: 

TMCMC algorithm (Ching and Chen 2007) 

ㆍ Generate Ns samples from the prior distribution, i.e. initial sampling (j = 0) 

ㆍ For j > 0, run the following scheme: 

1. Find qj by solving the optimization problem in Eq. (4.3) using the samples 

from the (j1)-th sampling round. If the optimization gives qj > 1, set qj = 1. 

2. For all samples k = 1, …, Ns, compute the updates in the likelihood function, 

(j,k): 
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j jq q
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3. Compute the mean of updates in (j,k): 
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4. Compute the covariance matrix of the Gaussian proposal distribution as 
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The coefficient  is a parameter scaling the proposal distribution. Ching and 

Chen (2007) suggested  = 0.2. 

5. For each k in {1, …, Ns}, set:    , 1,

c

j k j k
x x  and perform the followings: 

ㆍ Select a value from the set {1, …, Ns} randomly based on the probability 

mass function defined as ( , ) 1 ( , )(  sample selected)=ω / ωsNth

j k k j kP k  , k = 

1,…,Ns, and denote the selected index value by lk. 

ㆍ Propose a new sample: draw
p

x from a normal distribution that is centered 

at
 , k

c

j l
x and has covariance matrix jΣ . 

ㆍ Generate a sample r from the uniform distribution on [0, 1]. 
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ㆍ If 
 

  , k

p

j

c

j j l

P
r

P


x

x
, then set  ,

c p

j k
x x , otherwise do nothing. 

ㆍ Set    , ,

c

j k j k
x x . 

6. If qj = 1, stop the iteration. Otherwise set j = j + 1 and perform Steps 15. 

 

4.1.2 Needs for further development of TMCMC for SI 

Since proposed by Ching and Chen (2007), TMCMC has been studied by many 

researchers (Zheng and Chen 2014, Jensen et al. 2014, Ortiz et al. 2015, Hadjidoukas 

et al. 2015, Angelikopoulos et al. 2015, and Betz et al. 2016). Most of the recent 

research papers on TMCMC focused on applications to a variety of engineering 

problems or combination with other methods. Angelikopoulos et al. (2015) 

combined TMCMC with two methods, which are Kriging interpolation and 

Metropolis adjusted-Langevin transition kernel, each or together for the purpose of 

identification of dynamic system. Ortiz et al. (2015) used TMCMC and Bouc-Wen 

model (Wen 1976) to identify dynamic system. Especially, Betz et al. (2016) focused 

on further development of TMCMC by three modifications: First, they proposed to 

re-calculate assigned probability, which was calculated at once in the original 

TMCMC algorithm, in every sampling of Step 5 of original TMCMC algorithm. 

Through this modification, they considered accepted samples, which will influence 

change of current Markov chain. Second, a pre-sampling is conducted to cover and 

discard the burn-in period in Step 5. Third, it was also suggested that all random 

variables be transformed to uncorrelated standard normal space in order to generate 

samples independently.  

To faciliate clear understanding according to several drawbacks in original 

TMCMC, a simple example about Bayesian-updating was conducted. First of all, the 
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prior distribution and likelihood function were assumed about random variable x 

such as 𝑝(𝑥)~𝑁(6, 1.252) , 𝐿(𝑥)~𝑁(3, 0.92) , respectively. With these 

assumptions, algorithm of TMCMC in Section 4.1.1 was conducted, and the results 

of TMCMC is presented in Figure 4.1. In Figure 4.1(a), it is confirmed that the 

algorithm of TMCMC is terminated after conducting just 3 rounds consisting of Step 

1 ~ 5 in the algorithm. Then, the derived posterior distribution by TMCMC is 

illustrated as a form of frequency in Figure 4.1(b), and this frequency distribution 

can be transformed to probability distribution by dividing it by total number of 

samples. In the derived posterior distribution, the several peaks are identified, and 

these identified peaks may appear as local minima in practical applications. 

 
(a) 

 
(b) 

Figure 4.1. Illustration of TMCMC about Simple Bayesian-updating Example 

To apply TMCMC to SI problems, the likelihood function can be given as 
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x x  (4.4) 

where No, si, i and  are the number of observations, standard deviation of the 

error in measuring 𝑈𝑖
𝑚 , uncorrelated standard normal variables, and probability 

density function of the standard normal distribution, respectively. Without losing 

generality, in this research, the standard deviations of the error will be assumed 

homogeneous, i.e.si = s. In the application part, displacements are measured 20 

times at each selected location. That is, 20 sets of measurements will be used to 

construct the likelihood functions in all numerical investigations. When the original 

TMCMC is applied to SI problems using the likelihood function in Eq. (4.4), it is 

observed that the estimated posteriors tend to fall into local convergence with 

inconsistent performance. To overcome this issue, a few modifications of TMCMC 

are proposed in the next section. 

 

4.2. Development of m-TMCMC 
 

4.2.1 Algorithm of m-TMCMC based on three modifications 

The original TMCMC were applied to SI problems. However, the peak points 

of the derived posteriors for SI problems tend to fall into wrong locations, which are 

local minima, during the transition process. To facilitate the use of TMCMC for SI 

problems, the following modifications are proposed: The first modification is 

regarding the center of the proposal distribution used in Step 5. In the original 

TMCMC, the samples from the previous step are first considered as candidates for 

the center of proposal distribution at the current step. These points are randomly 

selected according to the probability mass functions determined by the weights (j,k). 
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Naturally, if a few sample points have dominant weights by chance, samples 

generated from the current steps will be concentrated at those points, which may lead 

to local convergence. Thus, to avoid this, at Step 5, the samples are generated from 

a common proposal function whose mean is defined as the weighted average 
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x x  (4.5) 

Where 𝐱(𝑗,𝑙)
𝑐 = 𝐱(𝑗−1,𝑙), 𝑙 = 1,… ,𝑁𝑆 are the samples from the previous sampling 

round. To illustrate the proposed change, examples of generated samples by the 

original and modified TMCMC are shown in Figure 4.2(a) and Figure 4.2(b) 

respectively. As shown in Figure 4.2(a), if a few samples from the previous sampling 

round have dominant weights, the chance of wrong convergence may increase. By 

contrast, as shown in Figure 4.2(b), sampling around the weighted average in Eq. 

(4.5) facilitates the convergence to the exact solution. 

 
(a) original TMCMC 

 
(b) m-TMCMC 

Figure 4.2. Example of Samples Generated by (a) Original TMCMC,  

and (b) m-TMCMC 

Second, the size of the covariance matrix is re-sized adaptively in every 

iteration by acceptance ratio, ARj-1 of previous iteration. Accordingly the covariance 

matrix is defined as: 
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Σ x x x x  (4.6) 

where ARj-1 is the acceptance ratio of the previous sampling round. This modification 

encourages the algorithm to explore wider space when many samples are declined 

during the previous sampling round. Before introducing the last modification, the 

same Bayesian-updating example in the previous section was re-performed with 

mentioned two modifications. Similarly, 3 rounds were required for terminating the 

algorithm adopting modifications, but the dispersion of distribution at round 3 

decreased in Figure 4.3(a) thanks to the second modification. Then, unlike the 

previous posterior from original TMCMC, just one significant peak is identified in 

Figure 4.3(b). This result means the proposed modifications will be helpful for 

TMCMC to avoid local minima in practical applications through the first 

modification. 

 
(a) 

 
(b) 

Figure 4.3. Illustration of TMCMC Adopting 1st and 2nd Modifications about 

Simple Bayesian-updating Example 
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Lastly, other existing SI methods are exploited to obtain effective initial 

samples for TMCMC process. If the prior distribution P(x) is non-informative, i.e. 

having little influence on the posterior (Box and Tiao 1992), TMCMC algorithm 

needs to explore a large domain, which may make the process inefficient or 

inaccurate. In this research, to generate effective initial samples, MLE and FE-

updating are adopted. These two methods are based on optimization, and thus may 

suffer ill-posedness as the measurement error size increases. Nevertheless, these 

methods can at least provide meaningful initial points for TMCMC. The relative 

goodness of the initial points suggested by the two methods is hard to predict because 

it depends on boundary conditions, traction conditions and deteriorated scenarios. 

So, in this study, both methods are used to generate initial points, and the method 

giving smaller error in terms of displacement is selected. For this purpose, the 

maximum error ratio of displacements, ERmax, is defined as 

 







 


m

Esimated

cm

ER
U

xUU
max

max  (4.7) 

where xEstimated is structural parameter of interest estimated by MLE or FE-updating. 

The method giving smaller ERmax is selected, and the corresponding xEstimated is used 

as the initial center of Gaussian proposal density. A certain percentage (say 30%) of 

the absolute value of xEstimated is selected as the standard deviation of the proposal 

density function based on experiences in given SI problems. Effective initial samples 

identified by this procedure help accelerate the convergence of the TMCMC 

algorithm. The procedure of the modified TMCMC (m-TMCMC) is summarized as 

below. Three modifications described above are indicated by underlines. 

Modified TMCMC (m-TMCMC) algorithm for SI problems 

ㆍ Conduct MLE and FE-updating to estimate structural parameters. 
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ㆍ Select xEstimated which has smaller ERmax in Eq. (4.7) 

ㆍ Generate Ns samples from Gaussian proposal distribution ~ N(xEstimated, initial) 

where initial is the diagonal matrix whose diagonal elements are determined by 

0.3absolute value of xEstimated . Set AR1 = 1. 

1. Find qj by solving Eq. (8) using the samples from the (j1)th sampling round. 

If the optimization gives qj > 1, set qj = 1. 

2. For all samples k =1, …, Ns, compute the updates in the likelihood function:  
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3. Compute the mean of updates in (j,k): 
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4. Compute the covariance matrix of the Gaussian proposal distribution as: 
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The coefficient  is a parameter scaling the proposal distribution. Ching and 

Chen (2007) suggested  = 0.2. 

5. For each k in {1, …, Ns}, set:    , 1,

c

j k j k
x x  and perform the followings: 

ㆍ Propose a new sample 
p

x  from the Gaussian proposal density ~ 

N(
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x x , j) 

ㆍ Generate a sample r from a uniform distribution on [0, 1]. 

ㆍ If 
 

  , k

p

j

c

j j l

P
r

P


x

x
, then set  ,

c p

j k
x x , otherwise do nothing 

ㆍ Set    , ,

c

j k j k
x x . 

6. Compute the acceptance ratio from Step 5 as ARj. 

7. If qj = 1, stop the iteration. Otherwise set j = j + 1 and perform Steps 16. 
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4.3. Numerical Investigations 
 

In this section, to demonstrate and test the proposed m-TMCMC, two numerical 

examples are investigated. In the first example of a square-plate, several scenarios 

employing two kinds of spatial distribution functions are used: Bi-variate Gaussian 

shape function in Chapter 2 and K-L expansion. In the second example of “b-pillar” 

used in automotive structures, the proposed m-TMCMC method is tested against 

realistic conditions and shapes to check its practical usability. In all examples, the 

prior information of all random variables are assumed as a non-informative and are 

represented with uniform distribution. This chapter also adopts relative error, which 

is known to make ill-posedness more severe than absolute errors, to simulate noises 

included in the measurements. The relative errors are considered by simulating 

measured displacement value from a uniform distribution between (100 – Le) % and 

(100 + Le) % where Le is the level of relative error, say 1, 3, and 5%. About assumed 

scenarios in each numerical example, 20 sets of measurements are generated 

randomly and used as observations. The standard deviation that appears in the 

likelihood function in Eq. (4.4) is estimated by use of these measurement data. 

Although the locations of measurements are selected intuitively in the examples, in 

general, the total number and locations of the measurements need to be selected 

based on repetitive experiments (Weaver 2015) and the characteristics of the sensor 

technology used for the system identification, e.g. fiber optic sensors including FBG 

and optical time-domain reflectometer sensors (Yi 2016). 

 

4.3.1 Example 1: Square steel plate 

The same numerical example in Figure 2.3 is used again for the validation of 

the proposed method with identical boundary and loading conditions; The Poisson 
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ratio is assumed to be 0.3; The mean-level value of Young’s modulus μE(x, y), is 

given as 200 GPa everywhere.  

 

4.3.1.1 Case 1: Multiple Gaussian function 

Firstly, simple spatial distribution patterns described by Gaussian functions are 

investigated. This is to make more clear comparison between the performance of the 

proposed m-TMCMC and Metropolis-Hasting (MH) component-wise algorithm 

(Kruschke 2014) before practical applications. The spatial distribution of Young’s 

modulus described by multiple Gaussian functions is: 

     
1

, μ , , ;
pN

E G p

p

x y x y f x y


 E x  (4.8) 

where fG(x,y;x) is the Gaussian function in Eq. (2.9) to describe the variation of 

Young’s modulus at the location (x, y) from its mean-level value, and the same six 

parameters of Gaussian function in Eq. (2.10) are assumed. Np denotes the number 

of peaks, i.e. Gaussian functions used to describe the spatial distribution. If there are 

Np peaks, the number of parameters to be estimated will be 6×Np.  

Model Parameters Distribution Type Continuous Interval 

mx,p and my,p Uniform [0, 2.5] 

rp Uniform [0.95, 0.95] 

sx,p and sy,p Uniform [0, 1.1] 

Ep Uniform [0, 0.9] 

Table 4.1. Priors Assumed for Six Parameters in the Gaussian Function 

Scenarios N of peak mx,p my,p rp sx,p sy,p Ep 

Scenario 1 
peak 1 1.125 0.125 0 0.7 0.7 0.75 

peak 2 1.375 2.375 0 0.7 0.7 0.75 

Scenario 2 

peak 1 1.125 0.125 0 0.7 0.7 0.75 

peak 2 0.125 2.375 0 0.7 0.7 0.75 

peak 3 2.375 2.375 0 0.7 0.7 0.75 

Table 4.2. Spatial Distribution Scenarios for Case 1 Described by Gaussian 

Functions 
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Uniform distributions are assumed for these parameters as shown in Table 4.1. 

Table 4.2 lists the model parameters used to generate two scenarios of spatial 

distribution: Scenario 1 (2 peaks) and Scenario 2 (3 peaks). The proposed method 

(Figure 4.4 and 4.5) and MH components-wise algorithm (Figure 4.6 and 4.7) are 

first applied to Scenario 1 with relative measurement error 1% and 5%. The sample 

size of the m-TMCMC at each sampling round (described in Step 5) is 1,000, and 

this value is used throughout the steel plate example. The total sample size of the m-

TMCMC is about 2,000~8,000 after the convergence. The sample size of the MH 

method is around 10,000 after achieving convergence at the same target level of 

coefficient of variation, 5%. Figures 4.4-4.7(a) are box plots showing the posterior 

distributions of Young’s modulus at 9 selected locations shown in Figure 2.3 (E11, 

E16, …, E89). Figures 4.4-4.7(b) show estimated spatial distributions of Young’s 

modulus (solid lines) and original scenarios (dotted lines). These results show that 

the SI results by the proposed method are more accurate and robust against 

measurement errors than the MH method. The total computational time of the 

proposed method is about 5~10 minutes while the MH method achieves the same 

level of convergence in about 80~120 minutes. In this research, all computations are 

conducted by a personal computer with 3.50 GHz CPU, 32 GB RAM, and MATLAB 

R2016a. 
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(a)  (b) 

Figure 4.4. Results of m-TMCMC-SI: Scenario1 with Relative Error 1% 

 

 
(a)  (b) 

Figure 4.5. Results of m-TMCMC-SI: Scenario1 with Relative Error 5% 

 

 
(a)  (b) 

Figure 4.6. Results of MCMC (M-H)-SI: Scenario1 with Relative Error 1% 
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(a)  (b) 

Figure 4.7. Results of MCMC (M-H)-SI: Scenario1 with Relative Error 5% 

 

 
(a)  (b) 

Figure 4.8. Results of m-TMCMC-SI (MLE): Scenario 2 with Relative Error 1% 

 

 
(a)  (b) 

Figure 4.9. Results of m-TMCMC-SI (MLE): Scenario 2 with Relative Error 3% 
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(a)  (b) 

Figure 4.10. Results of m-TMCMC-SI (FE-updating): Scenario 2  

with Relative Error 1% 

 

 
(a)  (b) 

Figure 4.11. Results of m-TMCMC-SI (FE-updating): Scenario 2 

 with Relative Error 3% 

For Scenario 2 having 3 peaks, the m-TMCMC is conducted using initial points 

from MLE (Figure 4.8 and 4.9) and from FE-updating (Figure 4.10 and 4.11) for 

relative error 1% and 3%. These results support the validity of the third modification 

presented in the previous section. The initial points provided by MLE are better than 

FE-updating at 1% error level, but worse at 3% level. In other words, one method is 

not always more robust than the other. Because of this, the m-TMCMC compares 

the initial points by the two methods in terms of the error measure given in Eq. (4.7) 

for each case. 
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4.3.1.2 Case 2: KL-based general deterioration model 

Next, the KL-based general deterioration model, which was proposed in 

Chapter 3, is introduced as follows. This model is used to describe more general 

spatial distribution patterns.  
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with 
     ,   if  , 0,

0                 otherwise

i i i ii i
s x y s x ys x y  


   

 (4.9b) 

In this example, the correlation length Lc is selected as the half of the side length 

of given structure. This value can be determined considering the smoothness of the 

spatial distribution for the given problem. After deriving eigenfunctions, the number 

of significant eigenfunctions, i.e., Nr in Eq. (4.9a) are determined by solving: 

∑𝜆𝑖

𝑁𝑟

𝑖=1

/∑ 𝜆𝑖

𝑁𝑒𝑙𝑒

𝑖=1

− 𝑇 > 0 (4.10) 

where T is the pre-determined ratio of the contribution of the significant 

eigenfunctions to the total. When T is selected as 80%, 85%, and 90% in this example, 

Nr is determined as around 10, 15, and 28. Thus, the number of parameters in Eq. 

(4.9a) estimated by the m-TMCMC was 11, 16, and 29 (because S should be 

estimated as well). The prior distributions of these parameters are assumed as 

uniform distributions as shown in Table 4.3. Three scenarios, i.e., Scenarios 3 to 5 

are created for the example as shown in Table 4.4. 

Model Parameters Distribution Type Continuous Interval 

S Uniform [0.5, 1.5] 

si (i-th mode’s contribution) Uniform [1, 1] 

Table 4.3. Priors for Parameters in KL-based General Deterioration Model 
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Scenarios 
Number of 

parameters  

Assumed values for each scenarios  

(si = 0 if not mentioned) 

Scenario 3: 

steel plate 
11 S=1.2,  s3=0.2,  s4=0.5,  s9=0.5,  s10=0.4 

Scenario 4: 

steel plate 
16 

S=1.0,  s1=0.2,  s2=0.1,  s3=0.7,  s8=0.2,  

s14=0.2 

Scenario 5: 

steel plate 
29 

S=1.0,  s1=0.2,  s2=0.1,  s3=0.50,  

s8=s14=s20=0.2, s19=0.2, s25=0.3, s28=0.3 

Table 4.4. Spatial Distribution Scenarios for Case 2 Described by KL-based 

General Deterioration Model 

Scenario 3 describes the situation of initial imperfection from steel 

manufacturing process. Without losing general applicability of the method, the value 

of s(x,y) in Eq. (4.9a) is modelled as constant, which is 75% of the mean value. The 

values of the parameters of Eq. (4.9a) and prior information assumed for this 

example 1 will be used again in example 2: B-pillar. 

 
(a)  (b) 

Figure 4.12. Results of m-TMCMC-SI: Scenario 3 with Relative Error 1% 

 
(a)  (b) 

Figure 4.13. Results of m-TMCMC-SI: Scenario 3 with Relative Error 3% 
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(a)  (b) 

Figure 4.14. Results of m-TMCMC-SI: Scenario 3 with Relative Error 5% 

 

 
(a)  (b) 

Figure 4.15. Results of m-TMCMC-SI: Scenario 4 with Relative Error 1% 

 

 
(a)  (b) 

Figure 4.16. Results of m-TMCMC-SI: Scenario 4 with Relative Error 3% 
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(a)  (b) 

Figure 4.17. Results of m-TMCMC-SI: Scenario 4 with Relative Error 5% 

 

 
(a)  (b) 

Figure 4.18. Results of m-TMCMC-SI: Scenario 5 with Relative Error 1% 

 

 
(a)  (b) 

Figure 4.19. Results of m-TMCMC-SI: Scenario 5 with Relative Error 3% 
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(a)  (b) 

Figure 4.20. Results of m-TMCMC-SI: Scenario 5 with Relative Error 5% 

Figure 4.12-4.14, 4.15-4.17, and 4.18-4.20 respectively show the SI results of 

Scenarios 3, 4, and 5 with relative error 1%, 3%, and 5%. Table 4.5 reports the 

maximum error ratio of displacements, ERmax, of MLE and FE-updating, and 

indicates which method was used to generate initial samples for m-TMCMC by 

underlines. The results in Figure 4.12-4.20 show that a larger number of parameters 

(compared to the Gaussian function model) tend to increase the variability of the 

posterior distribution slightly, but the posterior means still match the exact solutions 

successfully. 

Scenarios Relative Error 
ERmax from each methods (%) 

MLE FE-updating 

Scenario 3: 

steel plate 

1 % 1.12 % 1.09 % 

3 % 3.42 % 3.34 % 

5 % 5.82 % 5.68 % 

Scenario 4: 

steel plate 

1 % 1.14 % 1.27 % 

3 % 3.41 % 3.81 % 

5 % 5.76 % 6.08 % 

Scenario 5: 

steel plate 

1 % 1.13 % 1.32 % 

3 % 4.11 % 3.82 % 

5 % 5.65 % 6.22 % 

Table 4.5. ERmax by MLE and FE-updating (underline indicates which method was 

used to generate initial points for m-TMCMC) 
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4.3.1.3 Case 3: Local patterns for damage assessment 

In Chapter 3, P-SI method 2 (Eb-IS-BN) was tested about two assumed local 

patterns for damage assessments in Table 3.3 with modified conditions: static forces 

at the upper boundary only and the decreased number of measurements such as 

Figure 3.8. To compare performance with that by P-SI method 2, the m-TMCMC is 

applied to the same local patterns, and the other assumptions, which mean the 

number of random parameters in KL-based general deterioration model and number 

of sets of measurements, are identical with the conditions of given problem in 

Section 3.3.3. The increased number of samples (8,000) at each sampling round was 

used to compensate the decreased number of measurements. 

In Figure 4.21, sub-plot (a) shows the exact local pattern, and sub-plot (b) and 

(d) are weighted averages of derived spatial distribution about relative error 3 and 

5%. Then, sub-plots represent derived posterior distributions about several elements 

(E31 ~ E40). In both cases of sizes of error, the results show prominent accuracy and 

robustness without local minima. About local minima, it is noted that initial samples 

for m-TMCMC was set up by FE-updating, which may be one of local minima in 

Figure 4.22 (a). In Figure 4.22, the result of MLE seems to be closer to the exact 

pattern. However, the result of FE-updating was selected to generate initial samples 

for m-TMCMC, because the calculated ERmax from FE-updating was smaller than 

the ERmax from MLE. From this numerical test, the superior performance of m-

TMCMC is revealed by deriving accurate results regardless of unreliable initial 

samples.  
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 (a) Exact 

 
(b) Error 3%  

(c) Error 3% 

 
(d) Error 5%  

(e) Error 5% 

Figure 4.21. Results of m-TMCMC-SI: Local Pattern 1 with Relative Error 3 & 5% 

 

 
(a) FE-updating (ERmax = 7.59%) (b) MLE (ERmax = 8.83%) 

Figure 4.22. Results of FE-updating & MLE: Local Pattern 1 with error 5% 
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(a) Exact 

 
(b) Error 3%  

(c) Error 3% 

 
(d) Error 5%  

(e) Error 5% 

Figure 4.23. Results of m-TMCMC-SI: Local Pattern 2 with Relative Error 3 & 5% 

In the same manner as Figure 4.21, Figure 4.23 shows the results of m-

TMCMC about local pattern 2. In this case, the variance in derived posterior 

distributions is smaller than posteriors derived for pattern 1. From this result, it is 

confirmed that the local pattern 2 can be identified more stably about both sizes of 

error than the case of local pattern 1. 
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4.3.2 Example 2: B-pillar (KL-based general deterioration model) 

In order to test the performance of the proposed method for more complex 

boundaries and spatial deterioration patterns, the m-TMCMC is applied to a “b-

pillar,” one of the structural frames in cars protecting human’s lives against accidents. 

If the stiffness is decreased in this element due to deterioration, passengers in the car 

can be exposed to a higher level of risk. Figure 4.24 shows an example b-pillar model 

consisting of 5×42 Q4 elements. The DOFs at bottom are all fixed. For the purpose 

of SI, the static force 10GN is applied downward at the upper boundary of the 

structure. It is assumed that one can measure the displacements of 42 DOFs (black 

dots in the figure). Ten locations, L1, …, L10, are picked for the purpose of visualizing 

the estimated posterior distribution of Young’s modulus by box plots. Because of the 

increased complexity, the number of samplings in Step 5 of the m-TMCMC is 

increased to 3,000. Three scenarios, termed Scenarios 6-8 are created with 16, 29 

and 43 model parameters, i.e. 15, 28 and 42 KL modes. Scenarios 6 and 7 used 16 

and 29 parameters for comparison with Scenarios 4-5. Scenario 8 uses 42 KL modes 

determined from Eq. (4.10) with target T = 80%. The assumption on prior 

distributions are the same as the previous example as shown in Table 4.3. The 

detailed information about these scenarios are given in Table 4.6. 

Scenarios 
Number of 

parameters  

Assumed values for each scenarios  

(si = 0 if not mentioned) 

Scenario 6: b-pillar 16 S=1.0,  s1=0.2,  s15=1 

Scenario 7: b-pillar 29 S=1.0,  s9=0.5,  s17=1 

Scenario 8: b-pillar 43 S=1.0,  s10=1,  s39=0.5 

Table 4.6. Spatial Distribution Scenarios for Example 2 
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Figure 4.24. B-pillar Model: FE model, Applied Loads and Boundary Conditions 
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(a) exact 

 
(b) error 1% 

 
(c) error 3% 

 
(d) error 5% 

Figure 4.25. Exact and Estimated Spatial Distribution by m-TMCMC: Scenario 6 
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(a) error 1% 

 
(b) error 3% 

 
(c) error 5% 

Figure 4.26. Estimated Posterior Distribution at 10 Selected Locations: Scenario 6 
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(a) exact 

 
(b) error 1% 

 
(c) error 3% 

 
(d) error 5% 

Figure 4.27. Exact and Estimated Spatial Distribution by m-TMCMC: Scenario 7 
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(a) error 1% 

 
(b) error 3% 

 
(c) error 5% 

Figure 4.28. Estimated Posterior Distribution at 10 Selected Locations: Scenario 7 
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(a) exact 

 
(b) error 1% 

 
(c) error 3% 

 
(d) error 5% 

Figure 4.29. Exact and Estimated Spatial Distribution by m-TMCMC: Scenario 8 

 

 

 

 



 

 

92 

 
(a) error 1% 

 
(b) error 3% 

 
(c) error 5% 

Figure 4.30. Estimated Posterior Distribution at 10 Selected Locations: Scenario 8 

Figures 4.25 and 4.26 respectively show the estimated spatial distributions and 

posterior distributions at selected locations for Scenario 6. In the same manner, 
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Figures 4.27-4.28 and 4.29-4.30 respectively show the results of Scenarios 7 and 8. 

The estimation results for Scenario 6 and Scenario 7 confirm that the proposed 

method can estimate posterior distributions accurately despite the high level of 

complexity in the structural boundary and spatial distribution of the structural 

deterioration. On the other hand, the results of Scenario 8 (42 KL modes) show small 

biases in the derived posterior distributions as shown in Figure 4.30. This is because 

that the KL mode corresponding to s39 of Scenario 8 cannot be captured effectively 

by the given measurement locations shown in Figure 4.24. This is a common issue 

for other SI methods. A further study is needed to develop a method that can identify 

optimal locations of sensors for the purpose of SI of spatial deteriorations. As long 

as the sensor locations are effective, the m-TMCMC will estimate accurate posterior 

distributions. 

To compare performances of SI methods for Scenarios 6-8, the maximum error 

ratios of displacements are presented in Table 4.7. Compared to Scenarios 3-5, the 

ERmax by MLE and FE-updating give more unstable estimation and less consistent 

results especially when the measurement error size increases. The performances 

become worse especially in Scenario 8, which has more parameters to estimate. To 

check the overall accuracy, Figure 4.31 shows the error ratios at all measurement 

locations. This confirms that the m-TMCMC provides more accurate estimation 

especially where the relative errors by the other methods are large. It is also shown 

that the estimation is more stable and consistent throughout the domain. It is noted 

that the estimated spatial distribution of Scenario 8 will be improved if more 

observations are available from additional or better locations. In summary, the results 

demonstrate that the proposed m-TMCMC can estimate the spatial deterioration with 

improved accuracy, stability and consistency for realistic problems. 
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(a) error 1% 

 
(b) error 5% 

Figure 4.31. Relative Errors at All Measurement Locations (1 ~ 42): Scenario 8 

(circles indicate the location with maximum error ratio) 

 

4.4. Summary 
 

In Chapter 4, a new system identification method is developed by modifying 

the transitional Markov Chain Monte Carlo (TMCMC; Ching and Chen, 2007) and 

combining it with KL-based general deterioration model. The proposed m-TMCMC 

features three modifications in terms of defining the center of sampling density, re-
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sizing covariance matrix based on acceptance ratio, and utilizing SI results by MLE 

or FE-updating as initial samples. Through these modifications, m-TMCMC can 

help avoid a wrong convergence to local minima and provide more stable and 

consistent results. The proposed method was successfully tested by two numerical 

examples: steel plate and b-pillar. The results of the numerical examples successfully 

demonstrated improved accuracy, stability and consistency of the proposed method. 

The B-pillar example shows that the method can be applied to realistic 

examples that require many model parameters to capture general deterioration 

patterns. Especially, the results of Scenario 8 indicate that the number of KL modes 

should be selected optimally under the given conditions of structure and locations of 

measurements. SI by the m-TMCMC and other SI methods can be further improved 

by optimal identification of sensor locations. Nevertheless, the m-TMCMC is still 

superior to other existing SI algorithms such as MLE, FE-updating and MCMC 

algorithms. In future studies, the proposed method will be employed for monitoring 

dynamic structural systems using time-series-data. In addition, it is desirable to 

perform further studies on how to select a proper correlation length for a given 

deterioration problem. 
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Chapter 5. P-SI Method 4:  

Sampling-based Branch-and-Bound Method 
 

 

5.1. Limitations of SI Methods for Complex Structures 
 

Many SI methods haven been developed based on optimization or Bayesian 

methodologies to alleviate the ill-posedness problem and facilitate applications of SI 

to more general conditions. While those methods, including the three P-SI methods 

in Chapter 2-4, significantly enhance capabilities of SI, their applications are still 

limited to simple linear structures. The first P-SI method (BN-based SI) suffers from 

converging problem, and this problem is inevitable due to a large number of system 

parameters in complex structures. In this case, the size of CPT increases 

exponentially, and makes calculation of CPT infeasible. Then, the second and third 

P-SI methods (Eb-IS-BN and m-TMCMC) include optimization process such as 

MLE and FE-updating as a pre-process to help main-process. In case of Eb-IS-BN, 

even if MLE is conducted anyway, it is not easy to derive the standard deviation for 

best IS density from the proposed reconstruction technique. So, when the developed 

P-SI methods were applied to complex structures requiring nonlinear analysis, the 

results were severely inaccurate or cannot be derived from the first. This is because 

the structural responses of complex structures are generally more sensitive to 

changes in structural parameters. Moreover, when the target structure is modeled by 

numerous elements and/or complex boundary conditions, the nonlinearity of the 

error function of the structural parameter generally increases, which may worsen the 

ill-posedness problem.  

Therefore, it is desirable to develop a P-SI methodology that can identify 

changes in complex structures such as a cable-stayed-bridge, which requires 
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nonlinear analysis with numerous elements. Before developing the proposed method, 

SI of damaged frame elements in a long cable-stayed-bridge in Incheon, Korea was 

attempted using the FE-updating method using Eq. (1.6) and (1.7a) However, the 

results from several attempts showed severe inaccuracy even when using a moderate 

number of structural parameters and assuming small noises in the measurements. 

This situation confirms that P-SI methods based on optimization cannot provide 

accurate solutions eventually because of the ill-posedness. 

 

5.2. Development of SBB Method 
 

To overcome the aforementioned limited applicability of P-SI methods, the 

proposed method adopts an event tree analysis (ETA) based framework to explore 

degradation scenarios represented by the branches, i.e. combinations of discretized 

system parameter values. Whenever a branch is explored by ETA, FE analysis is 

performed to compute the structural response given the degradation scenario 

represented by the branch. However, this ETA-based approach has the following 

potential drawbacks: First, it might be highly time-consuming to search many 

branches to find the exact degradation scenario since the event tree may grow quickly 

as the size of the problem increases. Second, the degree of discretization of system 

parameters is generally subjective. To overcome these two drawbacks, the proposed 

method employs a pruning technique to truncate branches based on their validity, 

which is evaluated in terms of a new measure introduced in this research. In this way, 

the proposed method removes irrelevant branches to significantly reduce the 

computational cost of ETA. In this section, the proposed sampling-based branch-

and-bound method is introduced and demonstrated by a simple example.  
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5.2.1 Sampling-based event tree analysis 

In order to estimate the system parameters in the form of the KL-based general 

deterioration model based on the available measurements, a sampling based Branch-

and-Bound method is proposed as follows using the Event Tree Analysis (ETA) 

framework. ETA is a forward, bottom-up, and logical modeling technique that can 

explore various combinations of sequential events initiating from a single event 

(Clemens and Rodney 1998). The term, Event Tree (ET) was introduced first time 

in the WASH-1400 nuclear power plant safety study (Ericson 2005). The main 

motivation for developing ETA was that fault trees made for calculating safety 

probability of nuclear plant tend to be too large when the system has a large number 

of components (Clemens and Rodney 1998). The original purpose of ETA is to 

systematically identify the combinations, termed as “branches” and categorize them 

into success or failure scenarios of the system. The occurrence probabilities of the 

branches are calculated throughout the process to evaluate the probabilities of the 

system-level success and failure. To utilize ETA for SI purpose, each of the re-

defined parameters in KL-based general deterioration model will be system 

parameters and needs to be discretized into several intervals. The size of an event 

tree quickly grows as more branches, i.e. intervals are explored for each system 

parameter. In the proposed method, the branches with the highest likelihoods, i.e. the 

most probable combinations of system parameter values are identified as the 

solutions of a given SI problem. The proposed approach entails the following 

challenges: First, a probabilistic framework is needed to deal with discretized 

random variables in ETA. Second, it can be time-consuming to explore branches 

especially when many random variables are discretized into a large number of 

intervals. 
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To overcome these challenges, two techniques are introduced. First, to deal with 

discretization, a sampling approach is used instead of full enumerations. In other 

words, random samples are generated for each variable based on a non-informative 

prior distribution (Box and Tiao 1992). Second, to decrease the computational time 

of ETA, a branch-pruning technique is introduced to prioritize critical branches 

during the ETA-based SI. This is inspired by the branch-and-bound method by Lee 

and Song (2011, 2013), which was developed to identify critical failure sequences 

with the highest likelihoods.  

 
Figure 5.1. Illustration of SBB-based SI for an Arbitrary Ordering of Parameters 

Figure 5.1 illustrates the proposed Sampling-based Branch-and-Bound (SBB) 

method using an example of 6 system parameters. In each step, random samples, i.e. 

a set of branches are generated for the corresponding system parameter from uniform 

distribution. Then, branches with high validity with respect to the available 

measurements survive while the others are pruned. In Figure 5.1, s1(1) and s1(2) 

Step1: s1

Step2: s2

Step3: s3

Step6: s6

si: ith System Parameter

Arbitrary Ordering: s1-s2-s3-s4-s5-s6

s1

s1(1)-s2 s1(2)-s2

s1(1) s1(2)

s2(3)s2(2)s2(1)

s1(1)-s2(1)-s3 s1(2)-s2(2)-s3 s1(2)-s2(3)-s3

s3(1) s3(2) s3(3) s3(4)

Step4(s4) ~ Step5(s5) 

{s1~s5(1)}-s6 {s1~s5(2)}-s6

s5(2)s5(1)
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denote the two surviving branches from the first step. For these branches, samples 

are generated for the next system parameter (s2 in Step 2) to create subordinate 

branches and pruned. The process of “branching and pruning” continue until the last 

system parameter. In this process, it is critical to assess branches to be survived in 

the next step. Next, index for validity-measure of branches will be developed. 

 

5.2.2 Branch-Validity-Measure (BVM) for pruning 

The proposed SBB procedure requires an effective measure of relative 

importance of branches for successful pruning. This section proposes a Branch-

Validity-Measure (BVM) as explained below. Suppose the measured displacements 

𝑈𝑖
𝑚, i =1,…, Nm, are available from 𝑁𝑚 locations. When the measurement noise is 

assumed to follow a Gaussian distribution, the likelihood function of a combination 

of system parameters in Eq. (5.1a), i.e. 𝐬 = {𝑆, s1, … , 𝑠𝑁𝑟}
T

 is derived as 

𝐸(𝑥, 𝑦) = 𝑆 ∙ 𝜇𝐸(𝑥, 𝑦) − 𝜎(𝑥, 𝑦)∑ |𝑠𝑖|
〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉

+

max[〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉
+]

𝑁𝑟

𝑖=1
 

(5.1a) 

with 〈𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)〉
+ =

𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦)
0


if𝑠𝑖 ∙ 𝜙𝑖(𝑥, 𝑦) > 0

otherwise
 

(5.1b) 

∏𝜑(
𝑈𝑖
𝑐(𝐬) − 𝑈𝑖

𝑚

𝑆𝐷𝑖
𝑚 )

𝑁𝑚

𝑖=1

 (5.2) 

where 𝑈𝑖
𝑐(𝐬) and 𝑆𝐷𝑖

𝑚 are respectively the displacement calculated by FE using 

the spatial deterioration model with the system parameter s, and the standard 

deviation of measurement noise at the i-th location.  denotes the probability 

density function of the standard Gaussian distribution. It is noted that the likelihood 

function in Eq. (5.2) cannot be used directly as a measure of branch importance 

because (1) the product quickly decreases to a negligible value as the number of 
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measurements increases, and (2) the function does not take into account how many 

locations show measurements similar to the displacements simulated by FE based 

on the system parameter s.  

In order to address these shortcomings, the Branch-Validity-Measure (BVM) is 

defined as 
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where 𝑃𝑉𝑃(𝒔) is the percentage of valid prediction (PVP), which is defined as 

follows to give a priority to branches providing reasonable predictions at more 

locations: 

𝑃𝑉𝑃(𝐬) =
1

𝑁𝑚
∑𝐼(

|𝑈𝑖
𝑐(𝒔) − 𝑈𝑖

𝑚|

𝑆𝐷𝑖
𝑚 ≤ 𝑘)

𝑁𝑚

𝑖=1

 (5.4) 

where I is the indicator function giving 1 if the equation holds and 0 otherwise, and 

k is a threshold value that defines a reasonable match between the measured and 

calculated displacements. A suitable value of k needs to be selected for a given SI 

problem. This study uses 𝑘 = 10, which means 𝑃𝑉𝑃(𝐬) computes the percentage 

of measurement locations where the difference between the measured and calculated 

displacement is less than equal to 10 × 𝑆𝐷𝑖
𝑚. In summary, the first and second terms 

in Eq. (5.3) respectively represent the number of locations showing reasonable 

predictions and how close those predictions are. 
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(a) 

 
(b) 

Figure 5.2. Histogram of Branch Validity Measures (BVM): (a) example, and (b) 

identifying valuable branches by fitted Gaussian mixture model 

The proposed SBB-based SI needs a procedure to determine a proper threshold 

on BVM to prune unlikely branches at each step. In this research, we determine the 

threshold value based on the shape of the BVM histograms. As shown in Figure 

5.2(a), the histogram of BVMs calculated from a given step of ETA tends to have a 

long right-tale featuring a small peak of branches that are likely to include the exact 

SI solution. To identify such a peak and the corresponding branches, a Gaussian 

mixture model is fitted to the BVM histograms as shown in Figure 5.2(b).  

From the fitted mixture, the Gaussian density with the highest mean value can 

be selected to represent a group of highly likely branches. Then, the quantile level of 

the corresponding pruning threshold would be defined as 

𝑝𝑡ℎ = 1 −𝜔𝑚𝑎𝑥𝜇 (5.5) 
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where ω𝑚𝑎𝑥𝜇 denotes the mixture weight of the selected Gaussian density, i.e. the 

contribution of the selected Gaussian density to the total Gaussian mixture 

distribution of the BVMs. In words, the branches with top ω𝑚𝑎𝑥𝜇 × 100(%) BVM 

values would be carried over to the next step of SBB. However, the threshold in Eq. 

(5.5) could exclude important branches at an earlier step. To avoid this, the threshold 

level needs to be lowered based on the estimated proximity of the current step’s 

branches to the exact solution.  

For this purpose, the proximity measure is defined as the ratio of the maximum 

BVM identified from the current step to the BVM value that the exact branch would 

have, i.e.  

𝑝𝑟𝑜𝑥𝑖𝑚𝑖𝑡𝑦𝑖−𝑠𝑡𝑒𝑝 =
max(𝐁𝐕𝐌𝑖−𝑠𝑡𝑒𝑝)

BVM𝑒𝑥𝑎𝑐𝑡
 (5.6) 

where 𝐁𝐕𝐌𝑖−𝑠𝑡𝑒𝑝 denotes the set of the BVM values of the branches identified 

from the i-th step, and BVM𝑒𝑥𝑎𝑐𝑡  is the BVM in Eq. (5.3) evaluated by setting 

𝑈𝑖
𝑐(𝐬) = 𝑈𝑖

𝑚, ∀𝑖 ∈ {1,… ,𝑁𝑚}, which is calculated as 𝑁𝑚/√2𝜋. A low proximity 

value indicates that the SBB needs to explore more branches in the next step, so one 

needs to lower the threshold value. To introduce this into the threshold level, in this 

study the quantile in Eq. (5.5) is modified to 

𝑝𝑡ℎ = 1 −
1

𝑝𝑟𝑜𝑥𝑖𝑚𝑖𝑡𝑦𝑖−𝑠𝑡𝑒𝑝
𝜔𝑚𝑎𝑥𝜇 (5.7) 

For example, when the branches of the current step are not close to the exact solution, 

the small value of the proximity measure will decrease the threshold quantile 𝑝𝑡ℎ, 

and thus more branches will be carried over to the next step. Branching and the 

proposed adaptive pruning are repeated until the branching is performed for all 

system parameters. 
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5.2.3 Pre-process for SBB algorithm 

From numerical experiments, it was observed that the efficiency of the proposed 

SBB algorithm illustrated in Figure 5.1 highly depends on the ordering choice of the 

system parameters used in the branching sequence. To improve the efficiency of 

SBB, a pre-process is introduced as follows. First, assuming each of the system 

parameters as the first one in the branching sequence, the corresponding proximity 

measure in Eq. (5.6) is computed after the branching at the first step. Since a high 

proximity measure indicates that the corresponding parameter is effective in 

identifying branches close to the exact solution, it is natural to put a priority to the 

parameter in SBB, i.e. earlier in the sequence. Therefore, the system parameter 

sequence is re-ordered based on the proximity measures, i.e. the larger proximity, 

the earlier. Figure 5.3 shows that the pre-process helps SBB-based SI focus on more 

important system parameters and as a result the SI solutions are obtained with a 

smaller number of branches compared to Figure 5.1. 

 
Figure 5.3. Illustration of SBB-based SI for the Order Rearranged by the Proposed 

Pre-process, i.e. in the decreasing order of the proximity measure value 

Step1: s3

Step2: s6

Step3: s4

Step6: s2

s3

s3(1)-s6 s3(2)-s6

s3(1) s3(2)

s6(1)

s3(2)-s6(1)-s4

s4(1)

Step4(s1) ~ Step5(s5) 

s3(2)-s6(1)-s4(1)-s1(1)-s5(1)-s2

s5(1)

s1(1)

si: ith System Parameter

Preprocessed Ordering: s1-s2-s3-s4-s5-s6
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Finally, the proposed SBB algorithm is summarized as follows. 

Algorithm: Sampling based Branch-and-Bound (SBB) Method 

[Pre-process: Re-order system parameters] 

 Calculate proximity1-step for each system parameter 

 SBB search sequence is determined by the decreasing order of proximity1-step 

values 

[Main-process: Perform sampling based branch-and-bound] 

 Following the order of system parameters determined by the pre-process, at 

each step 

1. Create new branches in terms of the current system parameter. If it is not 

Step 1, add these branches to the branches from the previous step 

2. Calculate BVMs for all new branches by Eq. (5.3) 

3. Fit a Gaussian mixture model with the histogram of BVMs of all branches 

at the current step 

4. Calculate the proximity and quantile threshold by equations (5.6) & (5.7) 

5. Prune branches whose BVM values are smaller than the threshold 

6. Proceed to the next step with the remaining branches. If it is the last step, 

terminate the algorithm 

 

5.2.4 Illustrative example 

Before applying the proposed algorithm to complex structural systems in 

numerical investigations, this section illustrates the algorithm using the simple 

structure example in Figure 5.4. The rectangular structure made of steel is modelled 

by three bilinear quadrilateral Q4 elements with 200 GPa as the mean value of Young’ 

modulus and Poisson ratio 0.3. The static forces of 10 GN are applied downward at 

the two upper boundary locations as shown in the figure. The degrees of freedom 

(DOFs) at the bottom are all fixed while the x- and y-displacements are measured 

from the other six nodes. For each measurement, a relative error of 3 % is assumed, 

i.e. measured displacements are generated from a uniform distribution between 97% 
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and 103%. A total of 20 sets of measurements are generated for the example. To 

create an example, first, a KL-based general deterioration model in Eq. (5.1) is 

derived using 3 eigen-modes whose contribution factors are considered system 

parameters to be identified by the SBB algorithm. A specific combination of the 

parameters, e.g. [s1 = 0, s2 = 0.3, s3 = 0.2] is introduced as a reference deterioration 

scenario. 

 
Figure 5.4. Simple Structure Example: Rectangular Steel Plate 

 

 
Figure 5.5. Histogram of BVMs at the 1st Step of Branching, and Pruning 

Threshold 
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As the pre-process of the proposed algorithm, the proximity measure in Eq. (5.6) 

is computed while each of the three parameters is used for the first step. For the 

scenario introduced above, proximity1-step for 𝑠1 , 𝑠2  and 𝑠3  are respectively 

0.3231, 0.6357, 0.6497. Therefore, the order of branch bounding is determined as 

𝑠3 → 𝑠2 → 𝑠1 . Next, as the first step of the main-process of the algorithm, 200 

samples are generated uniformly with respect to 𝑠3. The values of the other system 

parameters are set as zero before branching is performed for the parameters in the 

next steps. The BVMs of the generated branches are calculated by Eqs. (5.3) and 

(5.4). As explained in Section 5.2.2, potentially valuable branches having high 

BVMs are located in the right-tale region. A Gaussian mixture with 20 density 

functions is fitted to the BVM data, and the mixture weight of the density with the 

highest mean value is obtained to determine the pruning threshold level in Eq. (5.7) 

along with the calculated proximity1-step in Eq. (5.6).  

Then, the branches having BVMs under the pruning threshold will be discarded, 

and the other branches are carried over to the next step as shown in Figure 5.5. It is 

seen that the pruning threshold is significantly lower than the largest mean from the 

fitted mixtures because the system identification of the current step is still far from 

the exact sequence according to the calculated proximity measure. By lowering the 

threshold based on the estimated proximity, i.e. using Eq. (5.7) instead of Eq. (5.5), 

the proposed algorithm can keep exploring valuable branches in the next steps and 

avoid getting stuck in a local minimum. As the second step, samples are generated 

for 𝑠2 based on the branches carried over from the first step to compute BVMs. 

Without the reordering of the system parameters by the proposed pre-process, the 

number of branches and the corresponding computational cost may increase 

exponentially. In the current example, the proximity measure computed after the 
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second step of branching, i.e. proximity2-step is almost 1, which indicates that current 

branches are already close to the exact solution. Nevertheless, the branching for the 

third step with respect to 𝑠1 is performed for the validation of the proposed method.  

 

Contribution factors of modes as 

system parameters 
Total 

computation 

time 

Number 

of final 

branches 
Mode 1 

(𝑠1) 

Mode 2 

(𝑠2) 

Mode 3 

(𝑠3) 

Reference 

scenario 
0 0.3 0.2 - - 

Result with 

pre-process 
0 0.30 0.20 11.3 sec 1 

Result 

without 

pre-process 

(the branch 

having the 

highest 

BVM) 

0.01 0.39 0.04 24.7 sec 12 

Table 5.1. SI Results for Simple Structure Example 

Table 5.1 summarizes the SI results by the proposed SBB algorithm with and 

without the pre-process. When using a personal computer (Intel Haswell) with 3.50 

GHz CPU, 32GB RAM and MATLAB® , the computing-time of the proposed 

method is 11.3 second. The computing-time without the pre-process is 24.7 second. 

Besides, the results without pre-process are inaccurate. It is shown that the pre-

process helps the algorithm identify the reference deterioration scenario more 

accurately with less computational cost. 

 

5.3. Numerical investigations 
 

In this section, the proposed SBB method is tested by use of two complex 

structures. In the first example of a B-pillar frame, which was used in Chapter 4, the 

proposed method successfully deals with complex shape of structure and shows 

robustness compared with the FE-updating method. The spatial distribution of 
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Young’s modulus in the complex boundary of the B-pillar structure is identified in 

terms of the contribution factors of the eigen-modes of KL-based general 

deterioration distribution. In the second example, the SBB method is applied to the 

Incheon Grand Bridge to test the performance against the complexity caused by a 

large number of structural components and nonlinear structural analysis. 

In both examples, the uniform distributions between 0 and 1, or 1 and 1 are 

adopted as non-informative prior distributions of the random system parameters. For 

simplicity, the parameter S in Eq. (5.1) is not included in the random parameters and 

assumed as 1. The random noise of measurements is simulated as relative error, and 

errors are generated from uniform distribution between (100Le) % and (100+Le) %, 

where Le is the assumed level of relative error, say 1, 3, and 5%. For a given scenario, 

i.e. a reference SI solution of each numerical example, 20 sets of measurements are 

generated with random noise and considered as actual observations that are used for 

SI purpose. The standard deviations 𝑆𝐷𝑖
𝑚 of measured displacements at selected 

locations in Eq. (5.3) are estimated from the measurements sets randomly generated 

as explained above.  

It is noted that determining the locations and number of measurements is 

another critical topic because the SI results can be significantly affected by these in 

Chapter 4. One could determine those based on repetitive experiments (Weaver 

2015), but this option might be infeasible or costly. In these numerical investigations, 

the locations for measurements are selected intuitively, but recent developments of 

sensor technology could be utilized to further improve the performance of the 

proposed method. 
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5.3.1 Example 1: B-pillar structure 

B-pillars, which was the numerical example in Chapter 4, will be utilized to test SBB 

method. The mesh size (5×42 Q4 elements), boundary-, and loading- conditions are 

identical to those in Figure 4.19, and the displacements at 42 selected locations, 

which was presented as black dots in corresponding figure, will be measured with 

relative errors at the level of 1% and 3%. By use of the KL-based general 

deterioration model in Eq. (5.1), the SBB method can estimate Young’s modulus at 

any point in the domain, but Young’s modulus at 10 elements shown by the red 

circles are reported in the results to investigate the SI results. The correlation length 

to construct the general deterioration model, i.e. Lc in Eq. (3.8) is set as the half of 

the height. Setting T = 80% in Eq. (4.10), a total of 42 eigen-modes, i.e. 42 random 

system parameters are used in this example. 

Deterioration 

scenarios 

Number of 

parameters 

(T = 80%) 

Type of measurements 

Reference values 

used in scenarios 

(si = 0 for the other 

eigen-modes) 

Scenario 1 

42 

Partial measurements  

(42 DOFs) 
s2 = 0.5,  s3 = 0.45 

Scenario 2 
Full measurements  

(252 DOFs) 
s39 = 0.75 

Table 5.2. Deterioration Scenarios for B-pillar Example 

Table 5.2 provides details of two reference deterioration scenarios investigated 

in this example. In most practice, it is infeasible to measure displacements at all 

DOFs. To reflect this point, Scenario 1 uses partial measurements from the 42 

selected locations indicated by the black dots in Figure 5.6. On the other hand, to be 

able to compare the performance of the SBB method and FE-updating for highly 

local pattern of deterioration, Scenario 2 uses measured displacements from all 252 

DOFs, i.e. full measurements. 
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(a) 

 
(b) exact (c) 1% error  

 
(d) 3% error  

Figure 5.6. Results by FE-updating: Scenario 1 (B-pillar) 

Figures 5.6 and 5.7 respectively show the SI results by FE-updating and SBB 

method for Scenario 1, i.e. partial measurement case. The results in Figure 5.6 

confirm that FE updating cannot accurately estimate Young’s modulus. By contrast, 

SBB method is able to accurately estimate Young’s modulus even with partial 

measurements while the relative error does not significantly affect the results.  

For Scenario 2 with a highly local deterioration pattern, SI is performed by the 

two methods with partial measurements firstly, but neither method can provide 

accurate results. Therefore, for the purpose of comparison between the methods, it 

is assumed that measurements are available at all DOFs. Figures 5.8 and 5.9 clearly 
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show that the proposed SBB method can detect the local pattern while FE-updating 

cannot, even with the full measurements. In summary, the results of the B-pillar 

example show that the proposed SBB method provides a superior SI performance 

for structures having complex shapes and less sensitive to measurement noises and 

highly local patterns. 

 
(a) error 1% 

 
(b) error 3% 

 
(c) exact 

 
(d) error 1% 

 
(e) error 3% 

Figure 5.7. Results by SBB-SI: Scenario 1 (B-pillar) 
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(a) 

 
(b) exact  (c) error 1% 

 
(d) error 3% 

Figure 5.8. Results of FE-updating: Scenario 2 (B-pillar) 
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(a) error 1% 

 
(b) error 3% 

 
(c) exact 

 
(d) error 1% 

 
(e) error 3% 

Figure 5.9. Results of SBB-SI: Scenario 2 (B-pillar) 

 

5.3.2 Example 2: Cable-stayed-bridge (Incheon Grand Bridge) 

To test and demonstrate the proposed method for large-size complex structures, 

the SBB method is applied to the Incheon Grand Bridge. This cable-stayed bridge 

connects the Young-Jong Island, which has the Incheon International Airport, to the 

City of Incheon in South Korea, and was opened to the public in 2009. The total 

length of the bridge is 18.38 km, and the length of the cable-stayed-part is 1,480m 

as shown in Figure 5.10. In this example, the bridge FE model is constructed using 

902 frame elements and 208 cables. A nonlinear analysis employing an algorithm 

such as Newton-Raphson iteration is performed to calculate tensions of cables. Then, 
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an iterative process is required to decrease differences between calculated forces of 

frames and tensions of cables at the points where frame elements and cables meet. 

More details of cable-stayed-bridge analysis are available in Lee et al. (2015) and 

Yang (2016). 

 
(a) 

 
(b) 

Figure 5.10. The Configuration of Incheon Grand Bridge 

To apply the proposed method to the bridge, a simplified version of KL-based 

general deterioration distribution is derived by solving Fredholm integral equation 

of the second kind numerically using Galerkin method. In this bridge example, the 

correlation length of the covariance function in Fredholm equation was assumed as 

Lc = 1480 m. For simplicity, 1 × 1 identity matrix is used instead of the matrix of 

strain-displacement relation for Q4 elements, because the bridge model was 

constructed by frame elements. When up to 6 and 10 eigen-modes are included, the 

ratio T in Eq. (4.10) reaches 95 % and 97% respectively. Table 5.3 summarizes 

Scenarios 3-6 created using 6 or 10 eigen-modes. As for the load, 24 truck-loads 

(total weight of 29 tons) are applied at the center location of the main span girder. 
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As partial measurements, x- and z- direction displacements are measured at 162 

locations, which are uniformly distributed at the center of each longitudinal frame as 

shown in Figure 5.10(a). Figure 5.10(b) shows the targets of SI: (1) frame elements, 

i.e. longitudinal girders at center line (red), and (2) the front side of the right pylon 

(blue). 

Scenarios 
Number of 

parameters  

Reference values used in scenarios (si = 0 if not 

mentioned) 

Scenario 3 

6 (T = 95%) 

s4 = 0.17 

Scenario 4 s1 = 0.20, s4 = -0.25 

Scenario 5 s2 = 0.29, s3 = 0.23 

Scenario 6 10 (T = 97%) s4 = 0.29, s6 = -0.23 

Table 5.3. Deterioration Scenarios for Incheon Grand Bridge Example 

Before testing the proposed SBB method, FE-updating is applied. Since FE-

updating cannot provide good performance for the complex structure under realistic 

conditions, it is assumed that full measurement is available, i.e. the x-, y-, and z- 

direction displacements are available at all free DOFs, and the relative error is only 

0.0001%. In addition, although Scenario 6 was created with 10 eigen-modes (Table 

5.3), for FE updating application, the scenario was simplified by using only 6 eigen-

modes. Despite these unrealistically favorable conditions, the SI results by FE-

updating are highly inaccurate as shown in Table 5.4. 

Scenarios  
Estimated parameters under 0.0001% relative error 

s1 s2 s3 s4 s5 s6 

Scenario 3 0.0093 -0.3216 -0.6873 -0.3352 -0.3050 -0.3681 

Scenario 4 0.0004 -0.5209 -0.8079 -0.4682 -0.5698 -0.1285 

Scenario 5 0.0090 -0.9464 -0.2434 -0.2478 -0.2142 -0.2508 

Scenario 6* 0.0086 -0.3603 0.0935 -0.3674 -0.2887 -0.3615 

Table 5.4. SI Results by FE-updating for Incheon Grand Bridge example 

(*simplified by using only 6 modes) 

Now for SBB method, partial measurements are used with higher levels of 

relative errors of 3 and 5%. Figures 5.11-5.13 show the SI results for Scenarios 3, 4, 

and 5. In each figure, subplot (a) shows the boxplots of the estimated Young’s 
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modulus for 18 frame elements selected among a total of 902 elements, and (b) and 

(c) respectively show the estimates of Young’s modulus of girder (red) and right 

pylon (blue) shown in Figure 5.10(b). The plotted results in (b) and (c) are the 

weighted averages of the spatial distributions represented by the branches remaining 

at the end of the SBB procedure. In this calculation, the weight of each branch is 

defined as its BVM value divided by the sum of the BVMs of all remaining branches. 

In contrast to the performance of FE-updating, the proposed method can identify 

deterioration pattern with reasonable accuracy. It is also noted that the results for 

Scenario 5 (Figure 5.13) are less accurate than those for Scenario 3 (Figure 5.11) and 

Scenario 4 (Figure 5.12). This is because the assumed partial measurements provide 

enough information to identify Scenarios 3 and 4 while the shape in Scenario 5 

require more information for effective SI.  

In order to check if the SI results can be improved by incorporating more 

measurements, full measurements are also assumed to obtain the results in Figure 

5.14. It is shown that more measurement can improve the SBB-based SI while the 

full measurement assumption did not help FE-updating achieve reasonable accuracy 

even with smaller relative errors. Next, the SBB is applied to Scenario 6 to test its 

performance against the increased dimension of the given problem, i.e. the number 

of system parameters. The results in Figure 5.15 (partial measurement) and Figure 

5.16 (full measurement) indicate that the higher dimension may hamper the SBB-

based SI but the accuracy can be improved by incorporating more information. If 

one can select measurement locations optimally through future research efforts, the 

SBB method is expected to provide better results even without full measurements. It 

should be also noted that one needs to select the number of system parameters 

properly for optimal performance of the SBB method. 
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(a) 

 
(b) 

 
(c) 

Figure 5.11. Results of SBB-SI: Scenario 3 (partial measurement) 
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(a) 

 
(b) 

 
(c) 

Figure 5.12. Results of SBB-SI: Scenario 4 (partial measurement) 
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(a) 

 
(b) 

 
(c) 

Figure 5.13. Results of SBB-SI: Scenario 5 (partial measurement) 
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(a) 

 
(b) 

 
(c) 

Figure 5.14. Results of SBB-SI: Scenario 5 (full measurement) 
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(a) 

 
(b) 

 
(c) 

Figure 5.15. Results of SBB-SI: Scenario 6 (partial measurement) 
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(a) 

 
(b) 

 
(c) 

Figure 5.16. Results of SBB-SI: Scenario 6 (full measurement) 
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5.4. Summary 
 

In this chapter, to overcome challenges in P-SI of complex structures, a 

Sampling based Branch-and-Bound (SBB) method was developed by incorporating 

pruning techniques to the search process based on event tree (ET) and sampling. A 

random field-based model was used to describe the spatial pattern of the degradation 

in terms of a finite number of system parameters. The proposed search process was 

expedited by identifying potentially relevant branches in terms of the proposed 

Branch-Validity-Measure (BVM) and carrying those over to the next round of the 

search. A pre-process was also implemented to further improve the efficiency of the 

search by re-ordering the system parameters in the search sequence based on their 

relative significance. The proposed SBB algorithm was first illustrated by a simple 

structure in detail, and then, successfully demonstrated and tested by two examples 

of complex structures: the B-pillar structure and a cable-stayed bridge. The results 

of the numerical examples demonstrated that the SBB method can provide superior 

SI performance for complex structures under various conditions and scenarios 

compared to FE-updating method. 

In certain cases of complex structure examples, the FE-updating method was 

not able to provide reasonable SI results even with highly favourable conditions such 

as full measurements and negligible measurement error. By contrast, in the same 

cases, the SBB method accurately estimated the structural degradation patterns using 

partial measurements and realistic level of relative errors of measurements, e.g. 3 

and 5%. When the spatial deterioration pattern gets even more complex, the accuracy 

of SBB-based SI also decreased, but was improved by incorporating more 

measurements whereas the performance of FE-updating did not improve. This 

implies that the proposed SBB method has room for additional improvement through 
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further developments of the search process and optimal placement of sensors. Finally, 

the results of Scenarios 5-6 indicate that the accuracy of SI results is significantly 

influenced by the selected number and location of measurements. Since there may 

exist various limits on acquiring measurements in practical applications, it seems 

imperative to develop a scheme to optimize sensor placement to achieve successful 

SI outcomes under given constraints. 
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Chapter 6. P-SI Method 5:  

Regularization-based Dual Adaptive Kalman Filter 

(Rb-D-AKF) Method 
 

 

6.1. Introduction of Filter Methods 
 

6.1.1 Objective and Scope 

Identifying the varying status of dynamic structure system, which is used in 

various engineering areas, is critical to avoid severe malfunction caused by uncertain 

degradation of system parameters caused by deterioration or sudden damage from 

natural and artificial disasters. In this thesis, several P-SI methods have been 

developed utilizing probabilistic methods such as Bayesian network, transitional 

Markov chain monte carlo, and branch-and-bound method for static structural 

system. However, these methods cannot be easily applied to estimate status of 

dynamic system in near-real-time. To update precise knowledge of dynamic system 

with the given measurement at current time-step, Bayesian processor such as Kalman 

filter is considered one of the most proper methods for sequential Bayesian updating 

(Van der Merwe and Wan 2004; Brammer and Siffling 1989; Simon 2006; Astroza 

2019). To conduct filtering, an accurate state-space model depicting the given 

dynamic system is essential. Then, a suitable filter method should be selected 

especially when the constructed state-space model includes nonlinear function and 

time-variant assumptions.  

To track the status of non-linear dynamic system, the extended Kalman filter 

(EKF) was proposed (Simon 2006; Yang et al. 2006). EKF utilizes first-order 

linearization by Taylor expansion commonly to approximate underlying statistics of 

state-space model, but this filter suffers from the deficiencies including the 
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requirement of sufficient differentiability of the dynamic model. To overcome this 

inherent problem of the extended version, the unscented Kalman filter (UKF) was 

invented using so-called unscented transformation (Julier and Uhlmann 2004; Van 

der Merwe and Wan 2004;). This transformation linearizes nonlinearity of dynamic 

model through statistical techniques with derived sigma-points for time-update 

rather than using derivative of the dynamic model. In this research, the UKF is 

utilized as a basic filter, then, additional techniques are explored to adapt to the time-

variant dynamic system, which experiences sudden changes in system parameters by 

unexpected damage. Additionally, to consider a practical assumption about sparsely 

measured accelerations, the state-space model, which was used in parameter 

estimation only (Astroza et al. 2018), is modified by using the Newmark model to 

update modal-displacement, velocity, and acceleration with current system 

parameters for just one time-update. Then, the regularization technique with a prior 

information about system parameters is added to the state-space model to avoid 

divergence in estimations caused by sparse measurements. 

Although a proper state-space model is constructed for varying systems, the 

normal UKF using time-invariant artificial noises could not derive accurate 

estimations of the given problem. In normal UKF, artificial-noise-matrices are 

chosen so as to satisfying the optimal condition of filter during certain time-interval. 

So, the derived artificial matrices for certain time-interval may not be optimal if the 

statistical characteristics of measurement change. In this situation, the UKF should 

derive and use new artificial matrices at every time-step to satisfy the optimal 

condition. This research explored several adaptive filtering techniques, which adapt 

to varying statistical characteristics in measurements (Lee and Alfriend 2004; Liu et 

al. 2005; Yang et al. 2006; Astroza et al. 2018; Odry et al. 2018; Ritter et al. 2018). 
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From this investigation, dual adaptive filtering, which is often called as master-slave 

Kalman filter, for measurement noise estimation is finally selected and will be 

conducted with the proposed state-space model in advance. By the way, this dual 

adaptive filtering, which utilizes slave filter to correct artificial-measurement-noise 

of master filter at current time-step, requires additional artificial-noise-covariance 

matrices for slave filter. This duplicated number of artificial matrices make dual 

adaptive filtering hard to be tuned for an optimal estimation. Actually, it is very 

difficult to tune dual adaptive filtering methods empirically due to the absence of 

accurate knowledge about slave filter (Astroza et al. 2018;Ritter et al. 2018; Aucejo 

2019). Therefore, it is important to construct general framework for tuning-process. 

In this research, particle swam optimization (PSO), which has been developed for 

global optimization problems and was utilized to tune Kalman filter for mobile-robot 

attitude estimation (Odry et al. 2018), is adopted for tuning-process of dual filtering 

with appropriate assumptions to decrease the number of tuning-parameters. However, 

this tuning-process should be performed thoroughly because of randomness in 

algorithm of PSO. Actually, it is confirmed that more accurate estimations of dual 

filtering can be derived by performing PSO again with different boundary conditions. 

In numerical investigations, the improved estimations by newly derived tuning-

parameters will be presented along with several considerations for iterative tuning-

process. For practical application, actual earthquake is used for input forces, and 

several damage scenarios are assumed based on the calculated relative displacement 

histories between adjacent stories. About these scenarios, the proposed method is 

compared with normal UKF and other adaptive filtering techniques. 
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6.1.2 Review: unscented KF (UKF) 

This section will introduce the concept of UKF and its algorithm. The details 

about linear KF (LKF) can be found in references (Kalman 1960; Brammer and 

Siffling 1989; Simon 2006). Before the invention of UKF, the Extended KF (EKF) 

has been utilized widely for the nonlinear dynamic system. As mentioned earlier, the 

EKF works on the principle that the state distribution is approximated by a Gaussian 

random variable, and the state is propagated by the first-order linearization (such as 

Taylor expansion) of the nonlinear state-space model. However, the series 

approximation in EKF often causes significant errors due to the neglected 

nonlinearities, which may result in degraded performance or divergence of the 

estimation. Also, even if the errors from neglected nonlinearities in linearization are 

small, the EKF may suffer from the requirement of sufficient differentiability of the 

equations in the state-space model. To overcome this difficulty of EKF, the 

unscented transformation using statistical techniques with sigma-points (SPs) in 

UKF started from the idea of Julier and Uhlmann (2004) and provides derivative-

free way for the state estimation with nonlinear state-space model, while achieving 

the second-order accuracy with the same computational complexity as that of EKF. 

The UKF, which is often called as sigma-point KF (SPKF), is an estimation 

algorithm for the following general dynamic state-space model governed by a set of 

discrete-time nonlinear equations (Candy 2009): 

𝐱𝑘+1 = 𝑓(𝐱𝑘) + 𝐰𝑘 (6.1a) 

𝒛𝑘+1 = ℎ(𝐱𝑘+1, 𝒖𝑘+1) + 𝐯𝑘+1 (6.1b) 

where 𝑘 is the time index; 𝐱𝑘 is the vector of the states of interest, e.g. dynamic 

displacement, velocity, or status of system parameters such as elasticity and damping 

coefficient at time 𝑡𝑘; 𝒖𝑘 is the vector of input parameters; and 𝒛𝑘 is the vector 
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of the measured quantities such as acceleration. The functions 𝑓(∙)  and ℎ(∙) 

respectively denote the nonlinear system-process model and measurement-output 

model. The random variable 𝐰𝑘 ∈ ℝ𝑛𝐱×1 means the artificial process noise, which 

is assumed to be uncorrelated with 𝐯𝑘, and Gaussian white noise with zero mean 

and covariance matrix 𝐐𝑘 ∈ ℝ𝑛𝐱×𝑛𝐱 , i.e., 𝐰𝑘~𝑁(0, 𝐐𝑘) . Then, 𝐯𝑘 ∈ ℝ𝑛𝑧×1 

denotes artificial measurement noise assumed to be Gaussian white noise with zero 

mean and covariance matrix 𝐑𝑘 ∈ ℝ𝑛𝑧×𝑛𝑧 , i.e., 𝐯𝑘~𝑁(0, 𝐑𝑘). With this general 

form of nonlinear state-space model, the general algorithm of UKF is summarized 

in Figure 6.1. 

In Figure 6.1, the �̂�0|0  and 𝐏0|0
𝐱x  are initial estimates of target states, and 

�̂�𝑘+1|𝑘  and 𝐏𝑘+1|𝑘
𝐱x  are prior estimates of states at current time-step. After 

measurement-update part, the prior estimates will be corrected finally to posterior 

estimates, i.e., �̂�𝑘+1|𝑘+1  and 𝐏𝑘+1|𝑘+1
𝐱x  through correction-process by the 

calculated Kalamn gain. In this algoithm, 𝑊𝒎
𝒊  and 𝑊𝒄

𝒊 are weighting coefficients 

of SPs when calculating the mean and covariance (Candy 2009). 

𝑊𝒎
𝟎 = 𝑊𝒄

𝟎 =
𝜅

𝑁𝐱+𝜅
, 𝑊𝒎

𝒊 = 𝑊𝒄
𝒊 =

1

2(𝑁𝐱+𝜅)
 (6.2) 

where 𝜅 is scalar and a tuning parameter used to tune the high order moment of the 

approximation, but this parameter is assumed as zero in this research.  

If the system-process model or measurement-output model is a linear function, 

the process of time-update and measurement-update will be simplified to Eq. (6.3) 

and (6.4) respectively, as follows:  

�̂�𝑘+1|𝑘 = 𝑓(�̂�𝑘|𝑘), 𝐏𝑘+1|𝑘
𝐱x = 𝐏𝑘|𝑘

𝐱x + 𝐐𝑘 (6.3) 

�̂�𝑘+1|𝑘 = ℎ(�̂�𝑘|𝑘), 𝐏𝑘+1|𝑘
𝐳z = 𝐏𝑘|𝑘

𝐳z + 𝐑𝑘, 𝐏𝑘+1|𝑘
𝐱z = 𝐏𝑘+1|𝑘

𝐱x  (6.4) 
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So, if there is a linear model in nonlinear state-space model, the above equations will 

be helpful in reducing complexity of calculation. 

Initialize: 

�̂�0|0 and 𝐏0|0
𝐱x : Initial mean value of states with states’ covariance matrix 

𝑓𝑜𝑟𝑘 = 0, 1, 2,… 

Generate sigma-points based on �̂�𝑘|𝑘 and 𝐏𝑘|𝑘
𝐱x : 

𝜒𝑘|𝑘
𝑖 = [�̂�𝑘|𝑘 , �̂�𝑘|𝑘 + (√(𝑵𝐱 + 𝜿)𝐏𝑘|𝑘

𝐱x )
𝑖

 , �̂�𝑘|𝑘 − (√(𝑵𝐱 + 𝜿)𝐏𝑘|𝑘
𝐱x )

𝑖

] 

Generate 𝑁𝜎(= 2𝑁𝐱 + 1) 

of sigma-points (SPs) if 

system-process model is 

nonlinear function 

Time-update: 

1. 𝜒𝑘+1|𝑘
𝑖 = 𝑓(𝜒𝑘|𝑘

𝑖 ), �̂�𝑘+1|𝑘 = ∑ 𝑊𝒎
𝒊𝜒𝑘+1|𝑘

𝑖𝑁𝜎
𝑖=0  

2. 𝐏𝑘+1|𝑘
𝐱x = ∑ 𝑊𝒄

𝒊[𝜒𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎
𝑖=0 [𝜒𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]
T
+ 𝐐𝑘 

1. Predicted SPs, and 

mean of them 

2. Predicted covariance 

of states 

Generate sigma-points based on �̂�𝑘+1|𝑘 and 𝐏𝑘+1|𝑘
𝐱x : 

𝜒𝑘+1|𝑘
𝑖 = [�̂�𝑘+1|𝑘, �̂�𝑘+1|𝑘 + (√𝐏𝑘+1|𝑘

𝐱x )
𝑖

 , �̂�𝑘+1|𝑘 − (√𝐏𝑘+1|𝑘
𝐱x )

𝑖

] 

Generate 𝑁𝜎(= 2𝑁𝐱 + 1) 

of SPs if measurement-

output model is nonlinear 

function 

Measurement-update: 

1. 𝜁𝑘+1|𝑘
𝑖 = ℎ(𝜒𝑘+1|𝑘

𝑖 ), �̂�𝑘+1|𝑘 = ∑ 𝑊𝒎
𝒊 𝜁𝑘+1|𝑘

𝑖𝑁𝜎
𝑖=0  

2. 𝒗𝑘+1 = 𝒛𝑘+1 − �̂�𝑘+1|𝑘 

3. 𝐏𝑘+1|𝑘
𝐳z = ∑ 𝑊𝒄

𝒊[𝜁𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎
𝑖=0 [𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]
T
+

𝐑𝑘+1 

4. 𝐏𝑘+1|𝑘
𝐱z = ∑ 𝑊𝒄

𝒊[𝜒𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎
𝑖=0 [𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]
T
 

5. 𝐊 = 𝐏𝑘+1|𝑘
𝐱z (𝐏𝑘+1|𝑘

𝐳z )−1 

1. Predicted SPs, and 

mean of them 

2. Calculated innovation 

3. Predicted 

measurement 

covariance 

4. Predicted cross-

covariance 

5. Kalman gain 

State-update: 

1. �̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐊𝒗𝑘+1 

2. 𝐏𝑘+1|𝑘+1
𝐱x = 𝐏𝑘+1|𝑘

𝐱x − 𝐊 ∙ 𝐏𝑘+1|𝑘
𝐳z ∙ 𝐊T 

1. Corrected prediction 

of state 

2. Corrected prediction 

of covariance of state 

𝑒𝑛𝑑𝑓𝑜𝑟 

Figure 6.1. Algorithm of UKF 
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6.1.3 Practical issues in applications of filter methods 

This section will introduce several practical applications of filter methods about 

various estimations of states for structural systems with several considerations. 

Firstly, the types of estimation will be mentioned briefly. The dynamic responses 

(such as displacement, velocity, and acceleration), system parameters, and input 

force will constitute a vector of states in filter methods, and can be estimated 

respectively or jointly. Corresponding to these types of states, the filtering-process 

is called as state estimation, parameter estimation, and input estimation. When 

system parameters or input force are estimated with dynamic responses at the same 

time, these two-types are called as joint state-parameter estimation and input-state 

estimation, respectively.  

In filter methods, measuring acceleration is a general assumption, and the 

parameters about stiffness or damping coefficient are added to the vector of states 

with the other dynamic responses such as displacement and velocity. For nonlinear 

systems adopting Bouc-Wen hysteretic model, parameters related to the hysteretic 

model will be included to states vector additionally. For examples of joint state-

parameter estimation, Yang et al. (2006) used EKF to detect structural damage 

identification, and proposed adaptive tracking technique for suddenly changed status 

of system parameters about five-story linear structure. Wu and Smyth (2007) applied 

UKF to nonlinear system having 2 degree of freedoms (DOFs) for the objective of 

SI. In this study, it is revealed that the UKF shows better estimation than EKF in 

case of highly nonlinear systems. Chatzi and Smyth (2009) also utilized UKF for SI 

of nonlinear structural system consisting of 3 DOFs when non-collocated 

heterogeneous sensing was assumed. Most studies of this joint estimation used the 

equation of motion, so the one of dynamic response among acceleration or 
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displacement at all DOFs should be measured to avoid rank-deficiency. However, 

measuring dynamic responses at all DOFs is not possible for practical structures 

consisting of many components. Eventually, joint state-parameter estimation must 

have a limited applicability for practical uses. Meanwhile, the joint input-state 

estimation has been encouraged and conducted. When various joint state-parameter 

estimations are conducted, the input force is assumed to be known exactly. However, 

exact information about forces is not available in many situations. Gillijns and De 

Moor (2007) proposed recursive-three-step filter (RTSF) for unbiased minimum-

variance input and state estimation, but RTSF suffered from rank-deficiency because 

of a limited number of measured acceleration or reduced-order model from modal 

analysis. So, Lourens et al. (2012) proposed an advanced version of RTSF by using 

truncated covariance matrices through singular value decomposition. Then, Azam et 

al. (2015) proposed dual Kalman filter consisting of two-stage filters to prevent 

numerical issues such as un-observability and rank-deficiency of RTSF when using 

sparse acceleration-measurements.  

Aucejo et al. (2019) proposed an application of simple augmented Kalman filter 

with the developed state-space model based on the generalized-a method by 

mentioning the dual Kalman filter is sensitive to selection of artificial noises. In these 

studies for joint input-state estimation, the linear structural system was utilized 

mostly with time-invariant system parameters. Although this assumption requires no 

full-measurements, it is a critical issue to prevent rank-deficiency caused by sparse 

measurements or using reduced-order of model. While the joint state-parameter 

estimation focuses on the advanced performance of filter itself to track status of 

system parameters about highly nonlinear structural system, joint input-state 

estimation requires the proper selection among various filter methods to avoid 
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numerical issues with linear system. Recently, Astroza et al. (2019) applied UKF to 

Finite-Element (FE) updating with adaptive techniques to consider uncertainty of 

nonlinear FE model. In this research, different type’s state-space model, which was 

proposed to estimate system parameters only, is used unlike the state-space model 

represented in joint state-parameter estimations.  

From the above various applications of filter methods, it is noted that a suitable 

state-space model should be constructed in accordance with the objective of given 

problem, then conducting efficient filter methods will show better performance of 

estimation rather than using the latest ones. 

Next, in filter-related research, it is most important to tune filter by selecting 

artificial-noise-covariance matrices of process and measurement (𝐐𝑘 and 𝐑𝑘) for 

an optimal estimation. Regardless of filter’s type, proper selection of those artificial 

matrices is a critical issue to derive the best estimation. The reason why we use filter 

is that the estimation of filters with appropriately selected artificial matrices show 

good performance of tracking the interest status of system, even if the tuning-process 

may be difficult and will be different about the given problem. Unfortunately, there 

is no dominant technique for that tuning problem. To handle this problem, many 

studies have assumed generally that it is relatively easy to determine the artificial 

measurement noise rather than process noise thanks to known specification of 

sensors. If the degree of measurement noise can be known from sensor specification, 

the artificial process noise can be derived by constructing an optimization problem. 

For near-optimal estimation, the following minimization problem can be set-up: 

min
𝐐𝒌

√
1

𝑛𝑇
(∑ 𝒗𝑘(𝐐𝒌)

2
𝑇

𝑘=0
) (6.5) 
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where 𝒗𝑘 is an innovation vector, and above objective function means root mean 

square (RMS) of time-history of innovations. In several references (Azam et al. 

2015a; Azam et al. 2015b), it is already known that L-curve can be derived by solving 

above minimization problem as the size of covariance for artificial-process-noise 

decreasing. The opposite case, where process noise is known and the measurement 

noise is random variable, can be solved in the same manner. On the other hand, both 

artificial noises may be unknown in some situation. In this situation, the above 

objective function should have at least two terms about 𝐐𝑘  and 𝐑𝑘 . In most 

practical problems, the tuning-parameters will be more than two when considering 

joint estimations of states vector. Then, the L-curve cannot be derived when there 

are more than three parameters. Odry et al. (2018) utilized particle swarm 

optimization (PSO), which is a global optimization algorithm, to solve the above 

objective function having three variables. PSO was inspired by the information 

circulation and social behavior observed in bird flocks and fish schools, and is suited 

to solve problems where the optimal solution is a point in a multi-dimensional space 

of the parameters. When this PSO will be utilized to tune filter, the solution domain 

in PSO to find artificial noises should be set-up carefully as constraints to avoid 

sensitive behavior of UKF from wrong combinations of artificial noise matrices. 

In the next section, a suitable state-space model will be proposed to consider 

the condition of sparse measurements. After that, to track suddenly changed status 

of system parameters, several adaptive techniques to aid UKF will be explored. 

These adaptive techniques are compared with each other based on their objectives of 

development, then one of them will selected by considering the conditions of give 

problem, lastly. 
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6.2. Development of Rb-D-AKF 
 

6.2.1 Regularization-based state-space model for time-variant SI 

The goal of this chapter is identifying the status of dynamic system under 

seismic loading. Especially, when severe damage occured in some system 

parameters during loading, this situation will be represented by sudden decreases in 

corresponding system parameters. It is hard for normal UKF to track the status-

history of those system parameters having a discontinuity point where sudden 

decrease happened. Actually, the damage events were considered by Yang et al. 

(2006). However, in their studies, unpractical condition such as full measurement 

was assumed. Also, the proposed adaptive EKF was tested about relatively simple 

events where just one component was damaged suddenly. First of all, to consider 

practical measuring conditions, the estimation by filter methods should be conducted 

with sparse measurements. In the literature survey, the state-space models in existing 

joint state-parameter estimation require assumption of full measurements. Also, the 

state-space models used in joint input-state estimations are not appropriate because 

those models are constructed based on modal analysis, which assumes that the 

system parameters are time-invariant. In this section, simple version of state-space 

model in Eq. (6.6), which is proposed by Astroza et al. (2019) for parameter 

estimation only, is explored first, then, two modifications will be proposed to 

construct an advanced version.  

𝐱𝑘+1 = 𝐱𝑘 +𝐰𝑘 (6.6a) 

𝒛𝑘+1 = ℎ(𝐱𝑘+1, 𝒖𝒐, �̇�𝒐, 𝒑1:𝑘+1) + 𝐯𝑘+1 (6.6b) 

where the vector of states, 𝐱𝑘, will consist of system parameters such as Young’s 

modulus; 𝒑1:𝑘+1 is the time-history of seismic load; and 𝒖𝒐 and �̇�𝒐 are initial 
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displacement and velocity. Then, the function ℎ(∙) means response function of FE 

model. In this research, the Newmark method (𝛾 = 1/2, 𝛽 = 1/4) will be adopted 

for that function. When the UKF will be adopted for above state-space model, Eq. 

(6.3) will be substituted to the corresponding part in the algorithm of UKF, because 

the system-process model represented in Eq. (6.6a) is linear.  

The measurement-output model in Eq. (6.6b) does not use the equation of 

dynamic equilibrium, and just verifies that the predicted response from ℎ(∙) equals 

the measured response or not. So, full measurements is not essential any more. The 

aforementioned state-space model for parameter estimation may result in desirable 

accuracy of estimation in some cases. However, when using sparse measurements, 

it has been reported that although the predicted response will be matched to measured 

response well, unobserved response quantities may be considerably different with 

actual ones because of the biased estimation of parameters (Ding et al. 2012). Then, 

if there may be considerable noises in sparse measurements, the bias and non-

stability of estimation will be more severe. To alleviate this undesirable situation, 

the regularization technique is adopted from probabilistic point of view. The various 

regularization techniques have been developed, and these techniques’ Tikhonov term 

with the corresponding factor will be added to objective function in optimization 

process to obtain stabilized solutions based on a priori information (Hansen 1992; 

Lee et al. 2000; Park et al. 2006). The following regularization term with a 

corresponding factor will be added to measurement-output model, i.e. 

𝐱𝑘+1 = 𝐱0 + 𝒓𝐱 (6.7a) 

𝐱0 =∑ �̂�𝑖
𝑘

𝑖=1
 (6.7b) 
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where 𝐱0 is a vector of prior information about system parameters, and the nominal 

values of parameters can be used initially; and 𝒓𝐱  is a standard deviation as 

regularization factor to constrain the estimation, i.e., 𝐱𝑘~𝑁(𝐱0, 𝒓𝐱
2). Actually, it is 

a critical issue to determine the regularization factor in existing studies of 

regularization. This issue is still important in this research, but the regularization 

factor in Eq. (6.7a) is set-up as 0.5 × |𝐱0|, which means that the estimated states at 

current time-step will be located somewhere in the solution space represented by the 

probability distribution having nominal values as a mean and half of nominal values 

as a standard deviation. The value 0.5 is intuitively selected to consider system 

parameters’ decreases within half of initial states practically. This assumption is used 

in order to avoid the increased number of tuning-parameters using PSO. Because the 

next adaptive filtering techniques itself require more than two tuning-parameters, it 

is not desirable to increase the number of those parameters. In Eq. (6.7b), the prior 

information will be updated at every time-step to consider varying status of system 

parameters. 

By adopting regularization technique as an additional term in measurement-

output model, the stable estimation is possible by avoiding divergence of estimation 

because of sparse measurements. However, still the state-space model based on 

regularization is not enough to consider the mentioned damage scenarios. Because 

the measurement-process model in Eq. (6.6b) was designed for time-invariant 

system parameters, transient range in time-history of estimations cannot be avoided 

when the algorithm of UKF converges into changed status due to damaged 

components. And, if that transient range is considerably long, it may be impossible 

to derive accurate estimation before end of filtering. So, Eq. (6.6b) should be 
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modified generally to be able to track sudden changes. Next, Eq. (6.6b) will be 

divided by two steps: 

𝐪𝑘+1 = ℎ(𝐱𝑘+1, 𝐪𝒌, 𝒑𝑘+1) (6.8b) 

𝒛𝑘+1 = 𝐒𝚽(𝐱𝑘+1)𝐪𝒌+𝟏
T + 𝒗𝑘+1 (6.8b) 

where 𝐪𝑘 is a matrix consisting of modal displacement velocity, and acceleration, 

i.e., 𝐪𝑘 = [𝒒𝑘�̇�𝑘�̈�𝑘], and 𝐪0 = 𝚽(𝐱0)
−𝟏[𝐮0, �̇�0]; 𝐒𝑛DOF×𝟑 is a selection matrix 

for measured responses. And, 𝚽 ∈ ℝ𝑛DOF×𝑛DOF  is a matrix of mode shapes 

consisting of the eigenvectors 𝚽𝒋 , and this will be calculated by un-damped 

eigenvalue problem:  

𝐊𝚽 = 𝐌𝚽𝛀2 (6.9) 

where 𝐊, 𝐌, and 𝛀 are stiffness, dumped mass matrix, and a diagonal matrix of 

the eigenfrequencies. In Eq. (6.6b), the function h based on Newmark method was 

used to derive current response such as acceleration with initial responses and the 

whole time-history of seismic load. This procedure requires accumulating 

calculations as time-step of filter is going-on. On the other hand, Eq. (6.8a) uses the 

function h to predict next modal responses for just one time-update. In this updating 

procedure, the predicted vector of states from system-process model will be used in 

the measurement-output model, so changed system parameters will be considered 

immediately. In Eq. (6.8b), the updated vector of modal responses is transformed to 

nodal responses by the calculated matrix of mode shapes at current time-step. Then, 

each element in the selection matrix will be one if corresponding DOF is measured. 

Finally, the predicted nodal responses can be matched to the measured responses. 

Even if the proposed state-space model consisting of Eq. (6.6a), (6.7), (6.8a), and 
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(6.8b) has a form similar to parameter estimation, but unmeasured nodal responses 

at current time-step also can be calculated as by-products. This advanced version of 

spate-space model, which is named as regularization-based state-space model, will 

be utilized to track time-variant system parameters, when damage events occurred 

under seismic load. 

 

6.2.2 Master-slave Kalman filter for measurement noise estimation 

To track accurate estimation of time-variant parameters, the advanced version 

of state-space model proposed in the previous section should be used with a proper 

adaptive filtering technique. The normal UKF never makes the vector of states jump 

suddenly, and there are two reasons for the limited tracking-ability of normal UKF. 

First, the allowed jumping size of vector of states is already limited to the size of 

artificial-process-noise in the step of time-update part in the algorithm. Second, the 

Kalman gain for correction is influenced by not only artificial-process-noise but 

artificial-measurement-noise. So, if both artificial matrices are time-invariant during 

estimation, the tracking performance of normal UKF for time-variant states will be 

limited eventually. In this section, to compensate the limited applicability of normal 

UKF about damage events, several adaptive filtering techniques are investigated, and 

one of those techniques will be selected to utilize the newly proposed state-space 

model. Among several adaptive techniques, three techniques will be introduced 

briefly with their characteristics and validity for the objective of this research. 

First, the adaptive tracking technique, which is proposed by Liu et al. (2005), 

was investigated. In this study, the proposed tracking technique was applied to 

particle filter, which is known as a sequential Monte Carlo method, for leak detection 

and location in the management of a pipeline system. More details of this study about 
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particle filter and problem statements are not presented here to focus on the proposed 

adaptive technique. The following equations are appropriately modified version of 

that tracking technique about UKF:  

𝐕𝑘+1 = [𝜌𝐕𝑘 +
1

𝑁𝜎
∑[𝜁𝑘+1|𝑘

𝑖 − 𝐳𝑘+1]

𝑁𝜎

𝑖=0

[𝜁𝑘+1|𝑘
𝑖 − 𝐳𝑘+1]

T
] /(1 + 𝜌) (6.10a) 

𝐌𝑘+1 =
1

𝑁𝑘+1
∑[

1

𝑁𝜎
∑[𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎

𝑖=0

[𝜁𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

T
]

𝑘+1

𝑘=1

 (6.10b) 

𝜆 =
tr[𝐕𝑘+1]

tr[𝐌𝑘+1]
, 𝜆𝑘+1 = {

𝜆if𝜆 > 1
1if𝜆 ≤ 1

 (6.10c) 

where 𝐕𝑘+1 and 𝐌𝑘+1 are the covariance of the actual and theoretical residual; 

0 ≤ 𝜌 ≤ 1 is a forgetting factor, and one often selects 𝜌 = 0.95; and tr[∙] is a 

trace. The calculation of Eq. (6.10a-c) is conducted in the measurement-update part 

of UKF. The key idea in the equations above is that if there is considerable sudden 

changes in vector of states, this will result in considerable difference between the 

actual-residual covariance represented as 𝐕𝑘+1 and theoretical-residual covariance 

represented as 𝐌𝑘+1 . So, corresponding to the increasing-factor 𝜆𝑘+1  in Eq. 

(6.10c), the covariance of artificial-process-noise will increase rapidly in the next 

time-step to track the sudden decrease of states, i.e., 𝐐𝑘+1 = 𝜆𝑘𝐐. In this study, the 

whole elements in covariance for artificial-process-noise are assumed to be increased 

with same ratio. So, to consider general cases where each system parameter usually 

decreases suddenly at different time-points with different ratio of damage, Eq. (6.10c) 

can be modified to: 

𝚲𝑖𝑖 = (𝐕𝑘+1)𝑖𝑖/(𝐌𝑘+1)𝑖𝑖, (𝚲𝑘+1)𝑖𝑖 = {
𝚲𝑖𝑖if𝚲𝑖𝑖 > 1
1if𝚲𝑖𝑖 ≤ 1

 (6.11) 

Eq. (6.11) is a simple modification from the original version to consider the 

decreases in each system parameter, separately. The drawbacks of this adaptive 
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tracking technique is that the inaccurate increases of artificial-process-noise may 

cause severe bias or in-stability of estimation. Additionally, the increasing-factor can 

be calculated only when corresponding responses are measured, which violates the 

condition of sparse-measurements. So, this adaptive technique is not appropriate for 

the objective of this research. 

Next, two types of dual adaptive filtering will be introduced. Dual adaptive 

filtering is often called as a master-slave Kalman filter (MS-KF). The concept of 

MS-KF is that when the UKF is conducted as a master filter, the slave-filter will 

estimate the artificial-noises for process or measurement of master filter at every 

time-step. The block diagram of MS-KF is represented in Figure 6.2. 

 
Figure 6.2. General Block Diagram of Master-slave Kalman Filters 

where two random variables 𝛚𝑘 ∈ ℝ𝑛𝐱×1  and 𝛖𝑘 ∈ ℝ𝑛𝑧×1  are the artificial-

noises for process and measurements in slave filter, i.e., 𝝎𝑘~𝑁(0,𝐓)  and 

𝝊𝒌~𝑵(𝟎,𝐔) ; 𝐓 ∈ ℝ𝑛𝐱×𝑛𝐱  and 𝐔 ∈ ℝ𝑛𝑧×𝑛𝑧  are time-invariant covariance 

matrices for these noises, respectively; the index S in slave filter means a variable 

related to the slave filter; and 𝑑𝑖𝑎𝑔(∙) means the diagonal term of matrix. Actually, 

Master Filter: UKF

①

②

Slave Filter: KF

① ②

or

or

,

or , , , and or
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the well-known drawback of MS-KF is its sensitive behavior from the choice of two 

artificial-noises in slave filter. So, these noises for slave filter should be selected 

carefully (Ding et al. 2012; Ritter et al. 2018). Apart from this issue, linear KF (LKF) 

is mostly utilized for slave filter, because there is no accurate knowledge mostly 

about state-space model of slave filter (Ritter et al. 2018). In this research, a 

covariance-matching technique is adopted for the next two types of MS-KF, because 

this intuitive technique can be implemented simply with low computation costs 

(Brown and Rutan 1985; Ding et al. 2012; Ritter et al. 2018; Astroza et al. 2019). 

In Figure 6.2, when the equations in the dotted box labeled by number 1 are 

used, the MS-KF will estimate the artificial-process-noise of master filter at every 

time-step (Lee and Alfriend 2004; Ritter et al. 2018). This case is called as MS-KF 

for process noise estimation (MS-KFPE), and can be conducted based on two-types: 

“the innovation and its covariance” or “the residual and its covariance”. In this 

investigation, the latter one is selected due to its lower complexity of calculation. 

MS-KFPE uses system knowledge provided by the master filter for calculation of the 

covariance 𝐐𝒌 to improve the overall performance of estimator. The state-space 

model for slave filter in MS-KFPE is following as: 

𝒛𝑘+1
𝒔 = 𝑑𝑖𝑎𝑔 (

1

𝑁𝑘
∑ [𝐊𝑘+1𝒗𝑘+1][𝐊𝑘+1𝒗𝑘+1]

T
𝑘+1

𝑖=𝑘−𝑁𝑘

) (6.12a) 

𝐝𝑘+1 = 𝑑𝑖𝑎𝑔(𝐏𝑘+1|𝑘
𝐱𝐱 − 𝐏𝑘+1

𝐱𝐱 − 𝐐𝑘) (6.12b) 

𝒛𝑘+1
𝑠 = 𝐪𝑘+1 + 𝐝𝑘+1 + 𝛖𝑘 (6.12c) 

where 𝑁𝑘  is a time-window, which controls how fast the adaptation of 𝐐𝑘  is 

achieved. Eq. (6.12a) represents empirical covariance based on residuals as a 

measurement for slave filter. And, first two terms in right-hand side of Eq. (6.12b) 

describe prediction of residual’s covariance from master filter. Then, through Eq. 
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(6.12c), the empirical covariance of residual will be matched to the prediction value, 

and the gap between those two will be used to compensate wrong assumption of 

process noise of master filter. The slave filter is conducted in the part of 

measurement-update of UKF. Even if MS-KFPE does not violate the condition of 

sparse-measurements, at least three parameters, i.e., two noise covariance matrices 

for slave filter along with time-window, are required to be selected. Even if these 

three parameters can be set-up, there is a possibility of biased estimations due to 

inaccurate increases of artificial-process-noise covariance. This situation is similar 

to previous adaptive tracking technique. 

Meanwhile, if the equations in the dotted box labeled by number 2 are used, the 

estimation process is called as MS-KF for measurement noise estimation (MS-KFME). 

The state-space model for slave filter in MS-KFME is following as: 

𝐳𝑘+1
𝑠 = 𝑑𝑖𝑎𝑔(𝐄[𝒗𝑘+1𝒗𝑘+1

T])  (6.13a) 

𝐈𝑘+1 = 𝑑𝑖𝑎𝑔 (∑𝑊𝑐
𝑖[𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎

𝑖=0

[𝜁𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

T
) (6.13b) 

The goal of the slave filter at this time is to make the innovations, which can be 

employed to provide a measure of optimality of the filter, compatible with their 

expected covariance matrix. For this purpose, the covariance-matching techniques 

will be conducted, which is similar to the process in MS-KFPE (Astroza et al. 2019). 

Eq. (6.13a) means the actual covariance based on innovations, and Eq. (6.13b) is the 

predicted covariance of innovations from master filter. If two matrices from Eqs. 

(6.13a) and (6.13b) are sufficiently identical, the current covariance of measurement 

noise in master filter is appropriate. If the calculated value of Eq. (6.13a) is larger 

than the value of Eq. (6.13b), 𝐑𝑘+1 should be increased to avoid divergence of 

master filter, and consequently this procedure increases 𝐏𝑘+1
𝐱𝐱  (covariance of states). 
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Unlike MS-KFPE, MS-KFME does not require a time-window, and the biased 

estimation can be avoided by increasing the covariance of states instead of jumping 

𝐐𝑘 suddenly. While the increase of 𝐐𝑘 shifts the solution space, the increase of 

𝐏𝑘+1
𝐱𝐱  widens the solution space to be explored. The slave filter is implemented in 

the step of measurement-update of UKF either, but the corrected measurement noise 

covariance from slave filter can be used immediately to calculate the Kalman gain 

of master filter. So, in this research, MS-KFME will be utilized to track the sudden 

decreases of system parameters during seismic loading. The algorithm of MS-KFME 

with the newly proposed state-space model is summarized in Figure 6.3. Hereafter, 

this algorithm will be called as regularization-based dual adaptive Kalman filter (Rb-

D-AKF). 

Initialize: 

�̂�0|0 = 𝐱𝟎 and 𝐏0|0
𝐱x = 𝑑𝑖𝑎𝑔(|𝐱𝟎| × 10−2):  

Initial mean value of states with states’ covariance matrix 

�̂�0|0 = 𝑑𝑖𝑎𝑔(𝐑𝟎) and 𝐏0|0
𝐫𝐫 10−2 × 𝐑𝟎:  

Initial mean value of measurement noise with its covariance matrix 

𝐓 and 𝐔: Process and measurements noise covariance matrices for slave filter 

𝑓𝑜𝑟𝑘 = 0, 1, 2,… 

Time-update: 

1. �̂�𝑘+1|𝑘 = �̂�𝑘|𝑘 

2. 𝐏𝑘+1|𝑘
𝐱x = 𝐏𝑘|𝑘

𝐱x +𝐐𝑘 

1. Predicted vector of state  

2. Predicted covariance of 

states 

Generate sigma-points based on �̂�𝑘+1|𝑘 and 𝐏𝑘+1|𝑘
𝐱x : 

𝜒𝑘+1|𝑘
𝑖 = [�̂�𝑘+1|𝑘 , �̂�𝑘+1|𝑘 + (√𝐏𝑘+1|𝑘

𝐱x )
𝑖

 , �̂�𝑘+1|𝑘 − (√𝐏𝑘+1|𝑘
𝐱x )

𝑖

] 

Generate 𝑁𝜎(= 2𝑁𝐱 + 1) of 

SPs if measurement-output 

model is nonlinear function 

Measurement-update: 

1. 𝐪𝑘+1 = ℎ(𝐱𝑘+1, �̂�𝒌, 𝒑𝑘+1) 

2. 𝜁𝑘+1|𝑘
𝑖 = 𝐒𝚽(𝐱𝑘+1)𝐪𝒌+𝟏

T , �̂�𝑘+1|𝑘 = ∑ 𝑊𝒎
𝒊 𝜁𝑘+1|𝑘

𝑖𝑁𝜎
𝑖=0  

1. Updated modal 

responses 

2. Predicted SPs, and the 

mean of them 
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3. 𝒗𝑘+1 = 𝒛𝑘+1 − �̂�𝑘+1|𝑘 3. Calculated innovation 

[Slave Filter: Time-update] 

1. �̂�𝑘+1|𝑘 = �̂�𝑘|𝑘; 𝐏𝑘+1|𝑘
𝐫𝐫 = 𝐏𝑘|𝑘

𝐫𝐫 + 𝐓 

2. �̂�𝑘+1
𝑠 = �̂�𝑘+1|𝑘 + 𝐈𝑘+1  

(cf., 𝐳𝑘+1
𝑠 = 𝑑𝑖𝑎𝑔(𝐄[𝒗𝑘+1𝒗𝑘+1

T])) 

1. Prior estimates of mean 

and covariance matrix of 

𝐫𝑘+1 

2. Prediction of 𝐫𝑘+1 

[Slave Filter: Measurement-update] 

1. 𝐏𝑘+1|𝑘
𝐳𝒔𝐳𝒔 = 𝐏𝑘+1|𝑘

𝐫𝐫 + 𝐔; 𝐏𝑘+1|𝑘
𝐫𝐳𝒔 = 𝐏𝑘+1|𝑘

𝐫𝐫  

2. 𝐊𝑆 = 𝐏𝑘+1|𝑘
𝐫𝐳𝒔 (𝐏𝑘+1|𝑘

𝐳𝒔𝐳𝒔 )−1 

[Updating Measurement Noise for Master Filter] 

3. �̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐊𝑆(𝐳𝑘+1
𝑠 − �̂�𝑘+1

𝑠 ) 

4. 𝐏𝑘+1|𝑘+1
𝐫𝐫 = 𝐏𝑘+1|𝑘

𝐫𝐫 − 𝐊𝑆 ∙ 𝐏𝑘+1|𝑘
𝐳𝒔𝐳𝒔 ∙ (𝐊𝑆)T 

5. �̂�𝑘+1 = 𝑑𝑖𝑎𝑔(�̂�𝑘+1|𝑘+1) 

1. Predicted auto- and 

cross-covariance  

2. Calculated Kalman gain  

3. Posterior estimate of the 

mean of 𝐫𝑘+1 

4. Posterior estimate of the 

covariance of 𝐫𝑘+1 

5. Corrected measurements 

noise covariance for 

master filter 

Measurement-update (on-going): 

1. 𝐏𝑘+1|𝑘
𝐳z = ∑ 𝑊𝒄

𝒊[𝜁𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎
𝑖=0 [𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]
T
+

�̂�𝑘+1 

2. 𝐏𝑘+1|𝑘
𝐱z = ∑ 𝑊𝒄

𝒊[𝜒𝑘+1|𝑘
𝑖 − �̂�𝑘+1|𝑘]

𝑁𝜎
𝑖=0 [𝜁𝑘+1|𝑘

𝑖 − �̂�𝑘+1|𝑘]
T
 

3. 𝐊 = 𝐏𝑘+1|𝑘
𝐱z (𝐏𝑘+1|𝑘

𝐳z )−1 

1. Predicted measurements 

covariance 

2. Predicted cross-

covariance 

3. Calculated Kalman gain 

State-update: 

1. �̂�𝑘+1|𝑘+1 = �̂�𝑘+1|𝑘 + 𝐊𝒗𝑘+1 

2. 𝐏𝑘+1|𝑘+1
𝐱x = 𝐏𝑘+1|𝑘

𝐱x − 𝐊 ∙ 𝐏𝑘+1|𝑘
𝐳z ∙ 𝐊T 

3. �̂�𝑘+1 = ℎ(�̂�𝑘+1|𝑘+1, 𝐪𝒌, 𝒑𝑘+1) 

4. 𝐱0 = ∑ �̂�𝑖
𝑘+1
𝑖=1  

1. Corrected states 

2. Corrected covariance of 

state 

3. Corrected modal 

responses 

4. Update prior information 

𝑒𝑛𝑑𝑓𝑜𝑟 

Figure 6.3. Proposed Algorithm of Rb-D-AKF 
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6.3. Numerical Investigations 
 

6.3.1 Simulated damage scenarios 

To prove the validation of selected adaptive filtering technique with the 

proposed state-space model based on regularization, a 6 DOFs shear building in 

Figure 6.4 is introduced with simple system properties. 

 
Figure 6.4. Schematic View of a Shear-type Building 

The dumped mass of each floor is assumed as 1 kg, and Young’s modulus of 

all inter-storey is equal to 1 Pa (i.e., inter-storey stiffness of each floor is 24 N/m). 

Then, Rayleigh damping, which is proportional to mass and stiffness matrices, is 

utilized by assuming a damping ratio of 5% for the first and second natural-

frequencies. For simplicity, the linear system is assumed, and Young’s modulus of 

each component will be target system parameters of interest. Then, actual earthquake 

(EQ) ground motion is used in this research. The time-history of the 180 component 

of ground acceleration recorded at El centro station with Mw = 6.95 during 1940 is 

used in this numerical investigation. To consider potential damage scenarios, the 
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selected time-history of EQ is applied to the shear building model without damage 

events. After then, the relative displacements between adjacent stories are calculated 

to identify the peak values at each story with corresponding occurrence-time.  

In Table 6.1, the peak values with corresponding time are represented, and the 

parenthesis in each column means the order of maximum-peak and corresponding 

occurrence, respectively. Based on these calculations, several damage scenarios are 

assumed from two points of view: maximum-peak and occurrence order.  

 Peak value under seismic 

loading 

Occurrence-time corresponding 

to peak value 

1st story 0.0559 (2) 8.58 sec (5) 

2nd story 0.0454 (5) 4.94 sec (1) 

3rd story 0.0393 (6) 5.23 sec (2) 

4th story 0.0500 (3) 7.50 sec (4) 

5th story 0.0568 (1) 9.92 sec (6) 

6th story 0.0490 (4) 6.15 sec (3) 

Table 6.1. Calculated Relative Displacements of Inter-stories with Corresponding 

Occurrence-time without Damage 

Scenarios 1 and 2 are designed based on the order of maximum-peak and 

occurrence respectively. Scenario 3 depicts sequential sudden decreases of the first 

floor’s target parameters after the second floor’s target parameter decreases suddenly. 

Similarly, Scenario 4 depicts sudden decreases of the first floor’s target parameters 

after sudden decrease of the second floor’s target parameter. These two scenarios are 

assumed to investigate how the proposed method can distinguish sequential 

decreased system parameters in accordance with different sequences and different 

time-gaps of each sequence. After simulating the above scenarios, the condition of 

sparse-measurements is defined such that acceleration at first, second, fourth, and 

sixth floor will be measured. From this assumption, the selection matrix S will be set 

up such as 𝐒𝑖3 = 1, 𝑖 = 1, 2, 4, and6. Then, the noise-history, which is simulated 
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from a uniform distribution between 95% and 105% of RMS of measured 

accelerations, is added to depict noisy-measurements. 

Scenario Assumed statements for each scenario 

Scenario 1 E5 at 9.92 sec (25 %) 

Scenario 2 E2 at 4.94 sec (25 %) 

Scenario 3 E2 at 4.94 sec (25 %)  E1 at 8.58 sec (33 %) 

Scenario 4 E4 at 7.50 sec (25 %)  E1 at 8.58 sec (33 %) 

Table 6.2. Assumed Damage Scenarios based on Calculated Relative 

Displacements 

 

6.3.2 Tuning-process based on particle swarm optimization (PSO) 

In cases of normal filters such as LKF, EKF, and UKF, at least two tuning-

parameters are required to determine those artificial matrices. Although each 

diagonal term of artificial matrix may require corresponding parameters itself to 

adapt for each element of states, it will be assumed that all elements in vectors of 

states or measurements have same statistical characteristics for less-complexity. 

Mostly, it is assumed that the covariance for artificial-measurement-noises can be 

set-up initially based on sensor specification. After that, the covariance of process 

noise can be selected from the derived L-curve in 2-dimension. However, this 

process cannot work for adaptive filtering techniques, because adaptive techniques 

require more than two tuning parameters. To tune MS-KFME with the proposed state-

space model, three parameters will be added, i.e., two parameters for slave filter’s 

artificial matrices, and regularization factor in the new state-space model. So, in this 

case, it is not possible to derive the introduced L-curve for two tuning parameters. 

In this research, the particle swarm optimization (PSO), which is a population-

based search algorithm, will be adopted to conduct tuning-process for the Rb-D-AKF. 

PSO was utilized by Odry et al. (2018) in their filter study, and it was proved that 

PSO can identify proper artificial parameters for optimal estimations. It is known 
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that PSO does not have difficulties with nonlinear, noise, or discontinuous functions 

and is less susceptible to becoming trapped in local minima. Notwithstanding these 

advantages, this global optimization process may be burden to find optimal solution 

if there are lots of number of variables. Previously, it is mentioned that the 

performance of dual adaptive filtering is very sensitive to all artificial noises of 

master and slave filter. Actually, the positive definition, which is required to 

calculate sigma-points in UKF, is violated easily due to subtle changes in any 

artificial noise, and the process of UKF will be interrupted by this numerical issue. 

So, it is essential to decrease the number of parameters, which will be found by PSO. 

First, the regularization factor in proposed state-space model will be determined as 

half of nominal values of parameters, which means that the solution space will be 

constrained by the normal probability density using nominal values of states and half 

of this as mean and standard deviation, i.e., 𝐱~𝑵(𝐱𝟎, (0.5 ∙ 𝐱𝟎)
2). The reason for 

adopting regularization was to support sequential estimations of filter to avoid 

divergence from the lack of information due to sparse-measurements. Therefore, 

there is no need to select the precise regularization factor. Also it is not practical to 

consider damage events, which result in decrease of stiffness more than half of 

nominal. Secondly, each diagonal term of covariance for artificial measurements 

noise is assumed by 1 % of RMS of measurements for master filter. This assumption 

can be changed reasonably based on actual sensor specification. Similar to this 

assumption, the artificial covariance of measurement noise for slave filter is set-up 

by using 1% of identity matrix for simplicity. 

Finally, two tuning parameters, which control the size of covariance matrices 

for artificial process noise of master and slave filter, will be variables for PSO. One 

can think that the L-curve-based tuning process can be conducted thanks to the 
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decreased number of tuning-parameters. However, because of the mentioned issue 

about interruption of UKF, the L-curve cannot be derived. 

𝑓(𝑥1, 𝑥2) = √
1

𝑛𝑇
(∑ 𝒗𝑘(𝑥1, 𝑥2)

2
𝑇

𝑘=0
) (6.14a) 

𝐐 = 𝑑𝑖𝑎𝑔(|𝐱𝟎| ∙ 10
−𝑥1) and 𝐓 = 𝐈𝑛𝐱×𝑛𝐱 ∙ 10

−𝑥2 (6.14b) 

where 𝑥1 and 𝑥2 are tuning-parameters; and 𝐈𝑛𝐱×𝑛𝐱 is an identity matrix. Then, 

the objective function in Eq. (6.14a) is constructed based on Eq. (6.5) to find an 

optimal estimation having the least RMS of innovation-history. In this research, the 

algorithm of PSO, whose function is included in global optimization toolbox of 

2018b-version of MATLAB, is used. When conducting PSO, there are two important 

considerations for efficient optimization process: First one is boundary conditions, 

and second one is the number of particles with initial locations of particles. The lower 

and upper boundary conditions for the defined variables in PSO constrain the 

solution space, and wrong setting of this conditions may lead to finding no optimal 

solution for tuning parameters.  

One useful strategy for setting boundary conditions is that if the tuning results 

are found at one of the ends of initial boundaries, it is recommended to shift the 

relevant variables’ boundary to include that corresponding end. Along with setting 

boundary conditions, the number of particles, which probe to find the best in solution 

space, needs to be defined, and these particles should be scattered uniformly around 

the whole solution space. For example, it will be one of the alternatives to discretize 

the range of each variable uniformly such as [0.1, 0.2, 0.3, …, 0.9]. In this case, the 

total number of particles is 81 for 2-dimentional problem. Even if a large number of 

particles make PSO time-consuming, the results from PSO will be more robust and 

accurate. There may be another efficient way to perform PSO rather than these two 
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recommendations, but performing PSO iteratively is essential to find a near-optimal 

solution because of randomness in PSO. Table 6.3 presents results of PSO using 81 

particles about assumed damage scenarios with defined boundary conditions 

represented as [lower bound, upper bound]. In case of Scenario 2, PSO was re-

performed because the initial result was located at one of the boundaries. 

Scenario 
Results of PSO 

(𝑥1, 𝑥2) 
Initial Boundary  Changed Boundary 

for x1 for x2 for x1 for x2 

Scenario 1 (3.84, 7.17) [3.8, 5.2] [5, 9] - - 

Scenario 2 
(4.06, 5) 

 (3.93, 4.92) 
[3.8, 5.2] [5, 9] - [4, 8] 

Scenario 3 (3.84, 5.01) [3.8, 5.2] [5, 9] - - 

Scenario 4 (3.88, 5.82) [3.8, 5.2] [5, 9] - - 

Table 6.3. Derived Tuning-parameters from Particle Swarm Optimization 

 

6.3.3 Results of Rb-D-AKF based on PSO 

With tuning parameters derived by PSO, the Rb-D-AKF was conducted about 

assumed damage scenarios. For normal UKF and adaptive tracking technique-based 

UKF (AUKF), PSO using Eq. (6.14), of which the variable x2 is excluded, was 

conducted, and the derived value of x1 was 5.88 and 5.28, respectively. The MS-

KFPE is excluded due to complexity of selecting the size of time-window.  

In Figure 6.5, subplots (a), (b), and (c) are estimations of target parameters from 

the proposed method, normal UKF, and AUKF about scenario 1. It is noteworthy 

that even though the acceleration-history corresponding to the damaged parameter 

in Scenario 1 was not measured, the Rb-D-AKF derived accurate estimations of all 

parameters. On the other hand, the results of UKF and AUKF showed divergence or 

biased estimations. These results show that filter methods, which use time-invariant 

artificial noises or make artificial-process-noise jumped suddenly at specific time-

step, cannot adapt to varying statistical characteristics in measurements. 
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(a) Rb-D-AKF 

 
(b) normal UKF 

 
(c) AUKF (using adaptive jumping technique) 

Figure 6.5. Results of Rb-D-AKF, normal UKF, AUKF: Scenario 1 with 

RMS-noise 5% 
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Figure 6.6. Results of Rb-D-AKF: Scenario 2 with RMS-noise 5%  

Figure 6.6 reports estimations of Rb-D-AKF about Scenario 2. In this result, even if 

there are some unstable range during estimation, still estimations were un-biased. 

Next, the sequential damage events are tested to prove tracking-capability of the 

proposed method. 

 

Figure 6.7. Results of Rb-D-AKF: Scenario 3 with RMS-noise 5%  

Results about assumed Scenario 3 are presented in the Figure 6.7. In this result, 

it is noted that the estimation of 3rd floor’s parameter, whose corresponding 

acceleration-history was missing, changed suddenly in the vicinity of 33.75 sec. 

After this time point, the estimation of the parameter has been derived with wrong 
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value until the end of filtering-process. Because of this undesirable situation, the 

estimations of first and second floor’s parameters changed inaccurately along with 

the wrong estimation of third floor’s parameter. Fortunately, the estimations of all 

parameters showed an appropriate tracking-capability of the Rb-D-AKF before the 

estimation corresponding to the third floor was derived inaccurately.  

 
Figure 6.8. Results of Rb-D-AKF by the Newly Derived Tuning-parameters: 

Scenario 3 with RMS-noise 5% 

To improve the quality of estimations about Scenario 3, PSO adopting different 

boundary condition was performed. This time, the boundary for x2 in Eq. (6.14) is 

set as [2, 5]. When this boundary condition was used, the result of PSO is (𝑥1, 𝑥2) =

(4.01, 2.62). With this newly derived result, the Rb-D-AKF was conducted, and the 

results are presented in Figure 6.8. In this figure, it is confirmed that estimations of 

first and second floor’s parameters were improved with considerable accuracy 

because the wrong estimation of third floor’s parameter disappears. From this 

improvement, it is revealed that tuning-process using PSO must be conducted 

thoroughly about the other boundary conditions. 

Lastly, the sequential damage Scenario 4 was tested, and Figure 6.9 shows the 

estimation results. This initial result about Scenario 4 also is not accurate when 
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compared to the result of single damage scenarios. After the time-point near 30 sec 

roughly, the estimations of all parameters suffer severe instability. The notable point 

is that even though there is no assumption of sudden decrease in sixth floor’s 

parameter, the status of that parameter decreased at the latter part of estimation. This 

situation can be understood as follows: the damaged system parameter located in the 

lower story will influence on responses of DOFs located in upper story than the 

damaged parameter. In this case, the amplitude of response at sixth floor may 

increase due to the damaged system parameters according to first and fourth floors, 

and the covariance-matching technique may misunderstand that sixth floor’s 

parameter also experience some decrease by sudden damage. If there is a suitable 

technique considering structural knowledge together in slave filter, more accurate 

estimation will be achieved. Nevertheless, it is confirmed that the wrong estimation 

of fifth floor’s parameter occurred in the particular time-interval between from 11 to 

19 second approximately, but this estimation returns back near the accurate value. 

This behaviour is promising because that parameter’s acceleration-history was 

missing. So, PSO was performed again with other boundary conditions such as [1, 

5] for x2. Then, (𝑥1, 𝑥2) = (4.00, 1.61) was derived newly. 

 
Figure 6.9. Results of Rb-D-AKF: Scenario 4 with RMS-noise 5%  
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Figure 6.10. Results of Rb-D-AKF by the Newly Derived Tuning-parameters: 

Scenario 4 with RMS-noise 5% 

Figure 6.10 shows that undesirable estimation in sixth floor’s parameters was 

alleviated from the newly derived tuning-parameters. Also, this improved estimation 

shows more clear separations between damaged and the other parameters. Although 

the limited ability of covariance-matching technique was shown, still the Rb-D-AKF 

shows good performance based on an in-depth tuning-process. 

 

6.4. Summary 
 

Chapter 6 proposed the Regularization-based dual adaptive Kalman filter (Rb-

D-AKF) to identify suddenly damage of system under seismic loading using sparse 

measurements. Firstly, the state-space model for parameter estimation was modified 

to consider time-variant system parameters, and adopts regularization term to avoid 

divergence of estimation due to sparse-measurements. Secondly, the master-slave 

Kalman filter for measurement noise estimation (MS-KFME) was utilized to adapt to 

varying statistical characteristics in measurements. The unscented Kalman filter 

(UKF) as master filter estimates target system parameters, and a linear Kalman filter 
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(LKF) as slave filter estimates the diagonal term of artificial-measurement-noise 

covariance of UKF by using covariance-matching technique. Lastly, particle swarm 

optimization (PSO) was exploited to tune the artificial-noises in Rb-D-AKF with 

two practical considerations. This fifth P-SI method was tested using simulated 

structural response data for a numerical shear-building subjected to horizontal 

components of actual earthquake excitation. Then, several damage events were 

assumed based on the peak-values of relative displacements between adjacent stories 

and the occurrence-time corresponding to peak values when there is no damage in 

dynamic system. For comparison purposes, the normal UKF and UKF using adaptive 

tracking technique were conducted with the proposed method about assumed 

scenarios with sparse-noisy-measurements. Unlike other two methods, the proposed 

method derived accurate estimations of status of suddenly damaged system 

parameters even corresponding parameter’s response date was missing. From these 

interesting results, the possibility of the proposed method was validated by tracking 

suddenly decreased status of system parameters against missing measurements.  

It is a critical issue to tune all filter methods for the optimal estimation. 

Especially, dual filtering is generally known to be sensitive to selection of artificial-

noise-covariance matrices because the number of artificial-covariance matrices is 

duplicated and there is no accurate knowledge for slave filter. Although the number 

of tuning-parameters for Rb-D-AKF were reduced to just two parameters by several 

assumptions, it is mostly impossible to select tuning-parameters empirically due to 

the mentioned sensitivity of dual filtering. So, these tuning-parameters were 

calculated by PSO with the proposed objective function. In the numerical 

investigations, it was revealed that PSO must be performed thoroughly with different 

boundary conditions to derive better estimations.  
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As a future work, if an efficient global optimization method is developed by 

considering more number of tuning parameters, it is anticipated that tuning-

parameters derived from that advanced optimization will make dual filters flexible 

to adapt various practical situations by providing better estimations. Lastly, the slave 

filter in this research utilized the covariance-matching technique, which just focuses 

on differences between actual and theoretical covariance calculated by residuals 

without structural knowledge. Because of this limited capability of covariance-

matching technique for SI-purpose, some latent structural information may not be 

identified, which causes slow convergence to accurate values or biased estimations 

in some range. To infer meaningful information from sparse-noisy-measurements, 

various machine-learning techniques and latest Bayesian methods are anticipated to 

provide an efficient state-space model for slave filter. 
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Chapter 7. Conclusion 
 

7.1. Summary and Assessments of P-SI Methods 
 

The purpose of this thesis is to develop advanced Bayesian frameworks to 

support decision-making about inverse problem by deriving posterior distribution 

for structural parameters based on general prior. To this end, BN using exact- and 

approximate- inference, TMCMC, branch-and-bound method, and UKF with 

adaptive filtering technique are applied, and modified to develop advanced 

frameworks for efficient probabilistic inverse analysis. The development of each P-

SI method is a process to achieve different sub-objective as described in the 

corresponding chapter.  

First, BN was applied to inverse problem to take advantage of graphical 

characteristics, which enables intuitive modeling. This graphical characteristics 

promotes usability as well. However, the converging problem of BN itself hindered 

constructing CPT and performing inference. Because of this limitation of BN using 

exact inference, the second P-SI method proposed a procedure of deriving 

importance-sampling (IS) density to perform approximate inference in BN. In P-SI 

method 2, Gaussian mixture fitting is proposed to describe multi-modal in posterior, 

but it was not efficient or sufficient to depict general shape of posterior. So, among 

MCMC techniques, which is generally known as an efficient method for obtaining 

posterior, TMCMC was adopted and advanced for efficient probabilistic inverse 

analysis. In this P-SI method 3, the proposed third modification was utilizing two 

optimization methods (MLE and FE-updating) to set up well-defined initial samples. 

However, when the target structure is complex such as cable-stayed-bridge, which 

requires iterative analysis due to geometric non-linearity, those optimization 
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methods cannot set up reliable initial samples. To overcome this limited applicability 

to complex structure, the fourth P-SI method was developed to perform probabilistic 

inverse analysis and to support the third P-SI method by setting up initial samples 

regardless of structure’s complexity. The last P-SI method was proposed to estimate 

and track the status of structural parameters especially for time-variant dynamic 

systems. So, only P-SI method 5 can consider varying statistics of measurements. 

In the above summary of Chapter 2~6, the following five sub-objectives and 

criteria were considered: usability (graphical characteristics), efficiency 

(computation), general posterior, structural complexity, and applicability to 

static/dynamic. These sub-objectives are major considerations in this thesis, and will 

be utilized to assess the developed methods. The following table defines specific 

criteria with three grades according to each considerations, which will be used in the 

following comparative assessment of the five P-SI methods. 

 Mainly Related: Specific Criteria 

Efficiency 

(Total 

Computations) 

All 

 Number of structure analysis > 105: Low 

 Near-real-estimation (1 analysis per 1 

observation): High 

 Otherwise, will be Middle 

Usability 

(Graphical 

Characteristics) 

P-SI method  

1 & 2 

 Intuitive modeling: High  

 Requiring additional skill: Middle 

 No visual characteristic & requiring 

skill: Low 

General 

Posterior 
P-SI method 3 

 General shape: High 

 Multi-modal: Middle 

 otherwise, Low (uni-modal) 

Structural 

Complexity 
P-SI method 4 

 Can consider iterative structure analysis: 

High 

 Require small number of variables: 

Low, otherwise, Middle 

Applicability: 

Static/Dynamic  
P-SI method 5 

 Can consider time-variant: High 

 Time-invariant system: Middle 

 Otherwise, Low (static only) 

Table 7.1. Specific Criteria for Five Considerations 
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The first and second P-SI methods utilized BN. So, these two methods have 

good usability, and enable intuitive modeling thanks to graphical characteristics of 

BN. In the first P-SI method using BN, the conditional probability tables (CPTs) 

were calculated by performing numerous forward structure analyses similarly to 

Monte Carlo simulation (MCS). Through the construction of BN with calculated 

CPTs, the optimization process was avoided, and the BN using exact inference 

derived accurate solutions. The strength of the first P-SI method is that it is 

possible to perform exact inference of BN notwithstanding missing or incomplete 

measurements. This promising performance stems from characteristics of BN such 

as a bank containing plentiful structural information against various situations. 

 
Figure 7.1. Assessment of P-SI Method 1 

Figure 7.1 shows the results of assessment of P-SI method 1. As mentioned 

earlier, P-SI method 1 has a good grade in usability, but the others have low grades 

because of numerous computation required for constructing CPT (a typical number 

of performing structural analysis: 157,500). This limitation also hinders flexible 

applicability to complex structures or dynamic system. Also, discretizing continuous 

variables is another weakness for general posterior. Nevertheless, if BN 
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corresponding to given SI problems can be designed appropriately, the most stable 

P-SI can be performed about various conditions of measurements. 

The second P-SI method using approximate inference of BN proposed 

Evidence-based importance-sampling (Eb-IS) to overcome converging problem 

caused by a large number of parent nodes for the corresponding one child node in 

BN. To overcome this problem, the best Eb-IS density was derived by MLE and 

reconstruction of equilibrium equation, and utilized with Gaussian mixture fitting to 

conduct approximate inference in BN. The merit of the second P-SI method is that 

the BN including converging relations between nodes is relived from an infeasible 

computation problem, which means that the size of CPT corresponding to 

converging relations increases exponentially as the number of parent nodes. 

Moreover, the computational time for approximate inference is proportional to the 

number of nodes with total number of samples. This P-SI method is expected to 

derive desirable solutions for heavy network problems consisting of numerous nodes. 

 
Figure 7.2. Assessment of P-SI Method 2 

Figure 7.2 shows assessment of P-SI method 2 in terms of the five 

considerations. P-SI method 2 using approximate inference does not require 
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calculating CPT. Therefore, the grade of efficiency is middle, but the usability is 

graded as middle because of requirement of additional techniques, i.e., proposed 

procedure for Eb-IS. On the other hand, multiple peaks can be described in posterior 

by post-process, so, the grade of general posterior is middle. The other considerations’ 

grades are improved, because sampling technique enables flexible application by 

using structure analysis as a module.  

The third P-SI method explored TMCMC, and proposed an advanced version 

of TMCMC to avoid local minima with three modifications for efficient SI: First, 

weighted average of samples was adopted as the mean of sampling density at each 

step of TMCMC. Second, the covariance of sampling density was re-sized according 

to the acceptance ratio in the previous step. Lastly, MLE and FE-updating were 

utilized to generate reliable initial samples. The modified TMCMC (m-TMCMC) 

was validated by deriving accurate and robust solutions about several scenarios using 

general deterioration model. The strength of the third P-SI method is efficient 

capability of deriving general posterior distribution without post-process, which was 

exploited in P-SI method 2.  

 
Figure 7.3. Assessment of P-SI Method 3 
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In Figure 7.3, it is noted that P-SI method 3 has higher grade than previous two 

methods because posteriors with general shapes can be derived efficiently. However, 

TMCMC has no graphical characteristics, which is the reason of low grade in 

usability. Then, the others are the same as assessment results by P-SI method 2. 

Next, for SI of complex structures, which consist of many elements and show 

geometric nonlinear-behavior, sampling-based branch-and-bound (SBB) method 

was developed based on event tree analysis (ETA), sampling, and pruning-technique. 

The SBB method with the proposed branch-validity-measure (BVM) for pruning 

showed that accurate sequence of system parameters can survive while other 

irrelevant branches were pruned about the constructed cable-stayed-bridge model. 

The merit of the fourth P-SI method is a possibility of SI for complex structures 

unlike existing SI methods based on optimization. Although the proposed method is 

applied to low dimensional problems, the derived solutions are promising in 

comparison with the results from the other SI methods.  

 
Figure 7.4. Assessment of P-SI Method 4 

As mentioned earlier, only P-SI method 4 can deal with complex structures for 

performing P-SI. So, the consideration about structural complexity is graded as high. 
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However, just as P-SI method 1, P-SI method 4 has low grade in efficiency because 

numerous computation is required.  

Lastly, to conduct time-variant SI under seismic loading, the regularization-

based dual adaptive Kalman filter (Rb-D-AKF) was developed as the fifth P-SI 

method. For development of this method, various adaptive filtering techniques were 

explored, and master-slave Kalman filter (MS-KF) consisting of UKF and LKF as a 

master- and slave-filter was chosen. Additionally, the regularization-based state-

space model was proposed to consider a time-variant system and sparse-

measurements. Through the proposed state-space model, MS-KF for measurement 

noise estimation was validated by tracking the suddenly damaged system parameters 

under seismic loading. The strength of the last P-SI method is a tracking-ability 

for suddenly damaged system in near-real-time. Through numerical investigations, 

it is noted that the proposed filter methods can derive unbiased estimation with 

sparse-noisy-measurements from fine-tuning process. This un-based estimations are 

promising, and it is anticipated that the estimations can become more accurate by 

adopting a correct state-space model in the slave filter. 

 
Figure 7.5. Assessment of P-SI Method 5 
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The purpose of P-SI method 5 is performing P-SI about time-variant dynamic 

system. Consequentially, P-SI method 5 has only high grade about the last 

consideration. Another notable point is that the efficiency is graded as high. The 

reason of this grading is that P-SI method 5 does not require structure analysis many 

times about one set of measurements. So, near-real-estimation is feasible for P-SI 

method 5 only. 

Figure 7.5 shows final grades of all P-SI methods in terms of five considerations. 

This assessment provides clear assessment of the relationship between developments 

of five P-SI methods. 

 

7.2. Recommendations for Further Study 
 

In the previous section, the five P-SI methods developed in this thesis were 

summarized with key ideas and assessed based on five consideration criteria. These 

five methods have different characteristics, therefore the future works for 

improvements of each development will be different too. Strong points of each 

development were mentioned already, so this section will focus on introducing 

recommendations for further study based on limitations of five P-SI methods. In 

Table 7.2, further studies to enhance the accuracy and robustness of each P-SI 

method are presented with corresponding limitations.  

BN was utilized to develop the first and second P-SI methods. BN is the most 

efficient method if the corresponding network for given SI problems can be 

constructed successfully. However, converging problem mentioned earlier was a 

critical issue for the first P-SI method. Practically, it is almost impossible to calculate 

CPT for a child node that has many parent nodes. There are many efforts to overcome 

this computational problem, one of them is using a sampling technique such as 
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MCMC and IS (e.g., second P-SI method). As alternatives, the converging relation 

may be re-designed by two ways. Firstly, parent nodes in converging relation may 

be classified to several groups, and grouped parent nodes can converge to a new 

virtual node, respectively. By adopting additional virtual nodes for respective groups, 

initial converging relation can be described by several sub-converging relations. 

Through this re-design of initial relation, it will be feasible to calculate CPTs for sub-

converging relations, and the exact inference with those calculated CPTs can be 

performed unlike the initial BN. Secondly, the converging relation can be changed 

to series-relation when only changed series relation’s CPT can describe 

appropriately origin conditional dependency between parents and child. Although 

the transforming-process should be validated thoroughly, but the total amount of 

calculations for CPTs in the identified series relation will decrease significantly. 

These re-design techniques will be helpful to avoid an infeasible calculation when 

BN struggles for converging problem.  

As shown by the second P-SI method, application of sampling to BN is another 

alternative to overcome converging problem. Sampling techniques are utilized in BN 

not only to avoid converging problem but also to consider continuous random 

variables additionally. As relevant research, subset simulation and Gibbs-sampling 

have been utilized for sampling-based BN methods. These sampling techniques may 

be efficient for reliability problems to calculate failure probability with limit state 

functions. However, the second P-SI method adopted IS method because sampling 

from the best IS density is more effective to capture a pointed solution in the domain 

of given SI problem. In this development, it was a critical issue to derive the best IS 

density. Obviously, it is not easy to derive the best IS density when target structures 

consist of numerous elements and show nonlinear behavior. To overcome this 
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difficult situation, cross-entropy-based adaptive IS method or global optimization 

techniques can be utilized to identify near-best IS density.  

As the third P-SI method, the m-TMCMC was developed to derive posteriors 

of target system parameters efficiently. As one of the proposed ideas in the 

developments, the m-TMCMC adopted other optimization methods such as MLE 

and FE-updating for initial samples because TMCMC was not originated to find a 

pointed solution in a given domain. Since m-TMCMC is adopting other optimization 

methods, it may not be easy for m-TMCMC to find accurate solutions when adopted 

optimization methods cannot derive reliable initial samples for the given SI problems. 

This undesirable situation occurred similarly in the second P-SI method in 

identifying the best IS density, but it is different in that m-TMCMC will derive 

accurate solutions maybe with large number of samples. Or, various techniques to 

set up reliable initial samples can be applied instead of MLE and FE-updating. 

Meanwhile, this third P-SI method will be embedded as a module for any Bayesian 

method to derive posteriors efficiently. Also, it is expected that to be utilized for 

global optimization including randomness such as genetic algorithm and particle 

swarm optimization. In these algorithms, the particles are usually generated from 

uniform distribution without considering the likelihood of particles. By evaluating 

the particles’ priority in each step of algorithm, more reasonable performance of 

global optimization may be achieved. 

As the fourth P-SI method, SBB method was developed for a feasible SI of 

complex structures. Since the developed SBB method is a model-based approach, 

accurate structural modelling and sophisticated structural analysis techniques are 

required for effective applications of the method to complex structures in various 

engineering fields. It is also noted that the definition of the BVM significantly affects 
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the effectiveness of the proposed SI, and thus further research is needed to improve 

its applicability and performance in high-dimensional SI problems. For this future 

work, the BVM definition could be improved by using latest machine-learning 

methods or vector correlation techniques for effective description of similarity 

between calculated- and measured-responses. On the other hand, some scenarios’ 

results of SBB indicated that the accuracy of SI results also can be enhanced by using 

more points of measurements. However, it is limited practically to acquire a 

desirable number of measurements. Because of this limitation, finding the best 

locations for measurements is critical, but this selection problem is not easy either 

due to uncertainty of deterioration. So, it seems imperative to construct a general 

scheme for optimal sensor locations, and the numerical results of SBB may be used 

as a clue to construct a framework for sensor-location optimization. 

As the last P-SI method, Regularization-based dual adaptive KF (Rb-D-AKF) 

was developed based on MS-KF for measurement noise estimation with the new 

state-space model including regularization. Although the accurate estimation of this 

fifth P-SI method was confirmed, it is still a critical issue to tune filter methods with 

a number of tuning-parameters for an optimal estimation. Especially, dual adaptive 

filtering (i.e., MS-KF) is generally known to be sensitive to selections of artificial-

noise-covariance matrices due to the duplicated number of artificial-covariance 

matrices. In this development, PSO was adopted for tuning-process, which assumes 

just two tuning-parameters. It was revealed that PSO may be able to obtain more 

optimal tuning-parameters that would improve quality of estimations when other 

boundary conditions are considered. If more efficient global optimization method 

can be developed to conduct high-dimensional problems, reliable performance of 

dual filters will be achieved by providing better estimations. As another 
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consideration, the proposed method adopted covariance-matching technique in slave 

filter, and this technique focuses only on the difference between actual- and 

theoretical- values of innovation from master filter without considering structural 

behaviour. Consequently, some latent structural information in measurements cannot 

be revealed due to absence of using structural knowledge in that technique. So, 

supervised-learning or latest Bayesian methods, which can use knowledge of 

dynamic system as a prior information, will enhance the capability of slave filter to 

infer meaningful information from sparse-noisy-measurements 

 Development 
Limitations in 

Development 

Further Studies for 

Improvement 

P-SI 

Method 1 

(Chapter 2) 

BN-based SI 
 Converging 

problem in BN 

 Transformation of 

BN (converging 

relation) into 

compatible BN (sub-

converging relation or 

series relation) 

P-SI 

Method 2 

(Chapter 3) 

Eb-IS-based 

SI 

 Deriving the best 

IS density 

 Alternatives for the 

best IS: adaptive IS 

methods or global 

optimization methods 

P-SI 

Method 3 

(Chapter 4) 

m-TMCMC 

for efficient 

SI 

 Deriving reliable 

initial samples 

 Alternatives for initial 

sampling density: 

sophisticate SI-, 

adaptive IS-, and 

global optimization- 

methods 

P-SI 

Method 4 

(Chapter 5) 

SBB method 

for feasible 

SI of 

complex 

structures 

 Limited number 

of target system 

parameters 

 To enhance accuracy 

of BVM: latest 

machine-learning 

methods and vector 

correlation 

 General scheme for 

sensor optimization 

P-SI 

Method 5 

(Chapter 6) 

Rb-D-AKF 

for time-

variant SI 

 Limited capability 

of state-space 

model for slave 

filter 

 Limited number 

of tuning-

parameters 

 To improve 

robustness of tuning-

process: developing 

sophisticate global 

optimization methods 

 New state-space 

model for salve filter 

considering structural 

knowledge 

Table 7.2. Lists of Limitations and Future Topics for Developed P-SI Methods 
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초  록 

 

이세혁 

건설환경공학부 

서울대학교 대학원 

 

역해석은 구조물의 열화 혹은 외부 하중으로 인한 구조물의 손상 

정도를 파악하기 위한 방법으로, 경제 손실과 인명 피해를 초래하는 큰 

문제를 예방할 수 있는 결과를 도출할 수 있기 때문에 매우 중요하다. 

역해석의 한 분야로, 구조물 손상탐지기법은 해의 공간을 제안하는 

정규화(Regularization) 기법과 더불어 최적화에 기반하여 개발되어 왔다. 

하지만, 최적화 기법 기반 구조물 손상탐지기법은 측정 오차로 인해 

심각한 해의 비유일성 및 불안정성을 겪게 되며, 또한 주어진 구조물의 

여러 경계 조건에 따라 기법의 정확도 및 적용-유연성이 달라지게 된다. 

본 논문에서는, 위 언급된 문제들을 극복하고 의사결정에 도움을 주고자 

베이지안(Bayesian) 방법론들에 기반한 확률론적 구조물 손상탐지기법을 

제안하였다. 

첫 번째로, 베이지안 네트워크(Bayesian Network, BN)를 이용한 

확률적 손상탐지기법을 제안하였다. BN은 시각적 확률 모델로 

확률변수들을 노드(Node)로 표현하고 확률변수들간의 조건부 확률 

관계를 링크(Link)로 표현한다. 링크를 의미하는 조건부확률표(Conditional 

Probability Table, CPT)를 계산하기 위해 수많은 구조해석을 수행하여 

최종적으로 BN을 구축하였다. 구축된 BN의 효율적인 추론 알고리즘과 

측정한 구조물의 거동을 이용하여 물성치의 열화에 대한 사후분포를 

도출할 수 있으며, 제안한 방법론을 검증하기 위해 MLE (Maximum 

Likelihood Estimation)와 FE-updating을 추가적으로 수행하였다. 수치 

결과에서 제안한 방법론은 다른 두 방법론에 비해 정확하고 안정한 

결과를 보여주었고, 추후 연구를 위한 여러 가능성 및 잠재력을 

확인하였다. 
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두 번째 연구는 BN을 이용하여 더욱 일반적인 물성치 열화 분포를 

추정하고자 수행되었다. BN은 한 노드가 많은 상위 노드를 가질 때, 

CPT의 크기가 기하급수적으로 증가하여 추론이 불가능해지는 문제를 

겪는다. 이를 극복하기 위해, 중요도 샘플링(Importance-Sampling, IS)을 

이용하여 근사추론을 수행하는 BN 방법론을 제안하였다. 우선, 

Karhunen–Loève (KL) expansion을 기반으로 일반적 공간 분포 모델을 

제안하였고, 제안된 모델을 이용하여 MLE와 평형방정식의 재구축을 

통해 최적의 IS 밀도 함수를 도출하는 과정을 제안하였다. 제안한 

방법론의 검증을 위해 일반적인 열화 공간 분포를 가정하였고, 여러 

측정 오차 크기에 대해 정확한 결과를 도출할 수 있음을 확인하였다.  

세 번째 연구에서는 TMCMC(Transitional Markov Chain Monte Carlo)를 

이용하여 앞서 두 방법론과는 달리 시스템 인자에 대해 일반적인 

사후분포를 도출하고자 하였다. 하지만 국부 최적해 문제를 확인하였고, 

이를 극복하기 위해 세 가지 개선안을 제시하였다. 첫 번째로 

가중평균을 이용한 샘플링 함수의 평균 설정, 두 번째로 알고리즘의 

이전 단계에서의 샘플 채택 비율을 기반으로 샘플링 함수의 공분산을 

자동적으로 조절한다. 마지막으로, MLE와 FE-updating의 결과 중 좋은 

것을 선택적으로 선정하여 초기 샘플링에 사용하였다. 최종적으로 

modified-TMCMC를 제안되었고, 두 가지 수치 예제(steel square plate, B-

pillar)에 대해 안정적으로 정확한 결과를 도출함을 확인하였다. 

거대 복잡 구조물의 경우 많은 구성 요소와 복잡한 경계조건 및 

반복계산을 요구하는 비선형성으로 인해 최적화 기반 손상탐지기법의 

해의 비유일성 및 불안정성을 악화시키게 된다. 네 번째 연구는 복잡 

구조물에 대한 확률적 손상탐지를 수행하기 위해, 사건 수목 기법(Event 

Tree Analysis, ETA)을 바탕으로 계산시간을 줄이기 위한 가지-제거 

기법(Pruning Technique), 그리고 연속변수 고려를 위해 샘플링 기법이 

도입되었다. 불필요한 가지들을 제거하기 위해 가지-적합성 척도(Branch-

Validity-Measure, BVM)를 제안하였고, 이를 이용하여 ETA의 수행 순서를 

재 조정하는 사전 처리 과정이 도입되었다. 제안된 방법론은 FE-
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updating과의 비교를 통해 그 우수성이 검증되었고, 수치예제로 구성된 

인천 대교에 대해 적용되어 손상탐지 가능성을 확인하였다. 

 마지막으로 지진 하중과 같은 외부 하중 이력으로 인한 손상된 

동적 구조물의 물성치를 추정하기 위해 Rb-D-AKF (Regularization-based 

dual adaptive Kalman filter)가 제안되었다. 시변성 구조물과 부분측정을 

고려하기 위해 정규화(Regularization) 기반 상태-공간(State-Space) 모델을 

제안하였다. 또한, 구조물 손상으로 인해 나타나는 물성치의 급격한 

변화를 추정하기 위해 여러 적응형 칼만 필터 기법들이 조사되었고, 

최종적으로 인공 측정 노이즈의 공분산을 매 단계 마다 추정하는 이원화 

칼만 필터(Master-Slave Kalman Fiter)를 선정하였다. 마지막으로, PSO 

(Particle Swarm Optimization)를 이용하여 필터를 최적화시키고, 수치 

예제를 다른 필터 기법들과 비교하여 우수한 성능을 확인하였다. 

본 논문에서는 기존의 최적화 기반 구조물 손상탐지기법과는 달리 

베이지안 방법론들을 다섯 가지의 확률적 손상탐지기법들을 개발하였다. 

개발된 기법들은 결정론적 단일 결과가 아닌 확률분포의 형태로 구조물 

물성치를 추정함으로써 다양한 의사 결정에 도움을 줄 수 있을 것으로 

기대된다. 개발된 확률적 손상탐지기법들의 장점 및 한계점을 정리하고 

주어진 문제 조건에 따른 사용 지침을 제안하였다. 또한, 성능향상을 

위한 추후 연구 및 다른 연구분야로의 확대 적용 가능성에 대해 

언급하였다. 

 

주요어: 확률론적 구조물 손상탐지기법, 베이지안 네트워크, 주요도 샘플

링, 개선된 천이 마코프 체인 몬테 카를로, 샘플링 기반 분기 한정법, 정

규화 기반 이원화 적응형 칼만 필터. 
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