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Abstract 

 

Quantitative flow characterization of 

homogeneous and isotropic turbulence using 

stereoscopic particle image velocimetry 

 

Hyunkyun Jung 

Department of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

We herein conduct a wide range of quantitative analysis on homogeneous and 

isotropic turbulence (HIT) by means of statistical flow characterization. A turbulence 

chamber with synthetic jet actuators achieves experimental realization of 

homogeneity and isotropy without mean flow: Reλ up to 228. Stereoscopic particle 

image velocimetry is employed to measure velocity fields of full three-components. 

One-point statistics confirm the high quality of stationary HIT, while two-point 

statistics including velocity correlation function, structure function, and energy 

spectrum demonstrate scale-to-scale isotropy and the similarity in the inertial 

subrange. The dissipation rate is measured using five different methods, aiming at 

comparing their performance and examining their applicability to general PIV 

experiments with insufficient spatiotemporal resolution. We crosscheck the 

measurement performance and show that the methods relying on Kolmogorov’s 

similarity hypothesis provide consistent results whereas large-eddy method and 

direct method return underestimated results due to excessive and limited spatial 

resolution, respectively. 

 

Keyword: homogeneous isotropic turbulence, turbulence statistics, dissipation rate 

measurement, stereoscopic particle image velocimetry 

Student Number: 2018-27421 
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Chapter 1. Introduction 

 

Turbulence is an everyday phenomenon, which can be readily observed in 

nature and technology. The respiratory airflow through the larynx is turbulent, as is 

the natural convection in the room where you sit. In the open air, fallen leaves rustle 

in the turbulent wind and pollutants disperse with turbulent convection. At a larger 

scale, flow motions in the atmospheric and oceanic circulation are turbulent. It is 

also prevalent in industrial applications such as the aerodynamic drag on vehicles, 

the reacting flows in internal combustion engines, and heat exchangers. This 

ubiquitous nature of turbulence makes the study of turbulence important and 

intriguing. 

Under suitable conditions, which generally come to one requirement that the 

kinematic viscosity ν of the fluid is sufficiently small compared to the flow scale, the 

fluid velocity at any given time and position takes random values and is not 

determined by large-scale boundary conditions themselves. These fluctuating 

motions are referred to as turbulence. Since turbulent flow shows irregular patterns 

with unstable motion, it is complicated to analyze and predict the chaotic flow 

motion. Therefore, we hereby consider the simplest type of turbulence, namely 

homogeneous and isotropic turbulence (HIT). Turbulence is said to be homogeneous 

and isotropic if all the statistical moments of fluctuating motions are invariant under 

any translation or rotation. HIT can be described by one statistical state that is 

independent of initial and boundary conditions, as the flow field of steady HIT is 

boundless in time and space (Batchelor, 1953). 

From the theoretical point of view, HIT is attractive because such a simplified 

study is essential for obtaining concrete theoretical results for the more general cases 
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of turbulence (Monin & Yaglom, 1971). Since Taylor (1935) introduced the concept 

of HIT and its statistical descriptions, many theoreticians such as von Karman and 

Howarth (1937) have developed more general kinematics and dynamics of HIT. In 

particular, Kolmogorov (1941a) provided a monumental theory that describes the 

universal structure of turbulence using the framework of homogeneity and isotropy 

in the statistical distribution of the small-scale turbulent motions. Kolmogorov’s 

similarity hypotheses asserted that the statistical properties of the turbulence at some 

small-scales are uniquely determined by the dissipation rate ε, which suggests that 

the rate of viscous dissipation of turbulent energy is one of the most important 

characteristics of turbulence. 

For experimentalists, HIT is considered to be idealistic in the sense that the 

exact realization of such motion is highly challenging, and that the theory is mainly 

based on abstract reasoning rather than empirical observations. Thus, many 

experimental researchers have attempted to create real HIT in the laboratory to 

accomplish the purpose of understanding actual turbulent phenomena. The most 

common way of generating turbulence in the laboratory is the wind tunnel, where a 

steady flow passes through a grid and develops into turbulent flow (Comte-Bellot & 

Corrsin, 1966). These turbulent flows show two-dimensional homogeneity and 

isotropy, but streamwise inhomogeneity and anisotropy due to the decay of 

turbulence along the tunnel. Accordingly, many laboratory devices such as stirring 

tanks using oscillating girds (Desilva & Fernando, 1994; Ott & Mann, 2000), rotating 

facilities (Douady et al., 1991; Liu et al., 1999; Friedman & Katz, 2002) or planar 

jet arrays (Variano et al., 2004; Bellani & Variano, 2014; Carter et al., 2016) were 

invented to minimize the mean flow. Despite their axisymmetric and stationary 

motion, they still exhibit anisotropy along an axis with a certain amount of mean 

flow and mean strain. 
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Spherical symmetry, on which HIT theory assumes, can be attained by 

symmetric forcing from the corners of a regular polyhedron. Hwang and Eaton (2004) 

designed a very effective type of “turbulence chamber” to generate spherically 

symmetric HIT using synthetic jet actuators at the eight corners of a cubical acrylic 

box, and this type of configuration has since then been replicated by many other 

similar laboratory apparatuses (Goepfert et al., 2010; Zimmermann et al., 2010; 

Chang et al., 2012; Dou et al., 2016). This design results in outstanding homogeneity 

and isotropy with a high Reynolds number, such that realization of HIT with clear 

scale separation is accomplished. Moreover, it has turbulent motion with nearly zero 

mean flow and zero mean strain, which eliminates large-scale inhomogeneity and 

enables both Lagrangian and Eulerian measurements of turbulent motions. 

In this study, we replicated the turbulence chamber with spherical symmetry 

using eight synthetic jet actuators to create HIT at five different intensities, and 

quantitatively characterized the turbulence. The turbulent flow characteristics 

including homogeneity, isotropy, and zero-mean flow are quantified using one-point 

statistics. Then, we analyze two-point statistics to quantify flow scales and monitor 

the scale-to-scale isotropy. For this purpose, velocity correlation functions, second-

order structure-functions, and energy spectra are calculated. Accordingly, we 

measure the dissipation rate, which is a primary parameter in describing the turbulent 

flow, using five different methods: dissipation rate scaling, structure-function fitting, 

energy spectral fitting, large eddy method, and direct method. By crosschecking 

these methods, we can understand the advantages and limitations of each technique. 

Using the measured dissipation rate, the length- and time-scales of turbulence are 

quantified, and the universal structure of small-scale turbulence in HIT theory is 

confirmed. 
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Chapter 2. Experimental Setup 

 

2.1. Turbulence chamber 

The turbulence chamber is a cubical acrylic box, with length of 380 mm, and 

the eight corners cut off to make the inner side approximately spherical. It has 

detachable glass windows on each of the four lateral faces to provide optical access 

for the cameras and laser sheet. The chamber is shown in Figure 2.1. The synthetic 

actuators were mounted on the corners, pointing to the center of the chamber and 

generating symmetric turbulent flow at the center region. The synthetic jet is 

advantageous in that it creates a flow with net momentum flux but no net mass flux, 

and that it needs no external fluid source. Here, the working fluid is air. Subwoofer 

speakers with polypropylene cones (made by Peerless, rated power 50W, frequency 

response at 60-5,000 Hz) pushed air out of the plenum through round orifices (dia. 

19mm). The discharged air jets passed through ejector tubes (dia. 40 mm, length 74 

mm), which allowed the entrainment of air from the ports (21 mm × 10 mm) at the 

base, thereby increasing the flow rate. The steel grids at the tube end broke up the 

large scale structure from each synthetic jet, resulting in a mix of turbulence 

structures at the center of the chamber. 

The subwoofer speakers were driven with sinusoidal waves amplified by two 

audio amplifiers (made by Behringer, 300 W for four channels, amplification level 

up to 28dB). The waves were created with an analog voltage output module (NI-

9264, made by National Instrument), and each wave was independently set to 

randomly change the frequency (90-110 Hz) and phase ten times a second. Cosine 

taper function was applied at the conjunction part of the two sine waves at different 

phases, to eliminate signal discontinuity. The randomness prevented the formation 
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of any periodic structure, such as a standing wave that can possibly disturb the 

turbulence. We conducted measurement of five cases with different woofer 

amplification levels, which are presented in Table 2.1. To quantify the jet intensity 

of each case that is highly correlated with the overall turbulence intensity, we 

measured the jet velocities at the jet exit using hot-wire anemometer for twenty 

seconds for each of the eight jet actuators, and the mean values are shown in Figure 

2.2. 

 

2.2. Stereoscopic particle image velocimetry 

Stereoscopic particle image velocimetry (SPIV) was applied to measure full 

three-components of velocity, which has been a useful technique for turbulent flow 

field measurements (van Doorne & Westerweel, 2007). The imaging domain (region 

of interest; ROI) was a planar region of 37×37 mm2. Two monotone CCD cameras 

(made by Vieworks, 12bit depth, 2048×2048 px2, 7.4㎛ pixel array) was used with 

two Nikon 105 mm macro lenses at f/2.8. Scheimpflug mounts were installed to 

make the focal plane aligned with the planar domain (Prasad & Jensen, 1995). The 

lens angle θ was 20° each, and the camera angle α was 7.5° each. As a light source, 

a dual-cavity Nd:YAG laser (made by Dantec, energy: 60mJ per pulse at 532 mm) 

with modular sheet optics was pulsed twice at a specified time separation. The time-

interval was chosen to give maximum pixel displacements to be 8 pixels, as shown 

in Table 2.1. Images were taken when synchronized pulses from a pulse generator 

(made by IDT, eight channels, resolution: 20 ns) double-triggered the cameras and 

laser. The imaging trigger was repeated ten times a second to have enough time gap 

longer than turbulent time scales so that stochastic independence of the samples can 

be maintained. Alumina particles with a nominal size of 0.3㎛ were used as flow 
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tracers. As compressed air was pumped into a seeder, the fluidized particles moved 

to a cyclone separator which removed the large particle agglomerates. Subsequently, 

the fine alumina particles were sprayed as tracers into the chamber through a flexible 

pipe (inner dia. 8 mm, outer dia. 12 mm). 

The SPIV interrogation was performed using Insight 4G 11.1 software (made 

by TSI, stereo processing). At first, a stereo-calibration map was obtained using 

images of a calibration target, with cubic polynomial regression for in-plane 

directions and linear regression for the out-of-plane direction. The mapping 

procedure was based on the back-projection of three-dimensional geometry and the 

elimination of image distortions (Soloff et al., 1997). All images were dewarped 

according to the 3D-calibration map using the cardinal spline interpolation method. 

Two-dimensional PIV interrogation utilized FFT correlator as the cross-correlation 

engine with the window deformation method. The first interrogation window size 

was 64px with 50% overlap, and the second one was 32px with the same overlap 

ratio. The local median test was then applied to detect outliers, which is appropriate 

for a homogeneous flow field (Westerweel, 1994; Westerweel & Scarano, 2005), and 

either local median or valid secondary peak replaced the bad vectors. Finally, the 

vector fields of full three-components were reconstructed according to the 

calibration map. Some major PIV interrogation parameters are shown in Table 2.2. 
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Table 2.1 Experimental conditions 

Case 
Woofer amplification 

[dB] 

Time-interval Δt 

[㎲] 

Image pairs N 

[pair] 

1 28 40 2,000 

2 26 50 2,000 

3 24 60 2,000 

4 22 70 2,000 

5 20 80 2,000 

 

 

 

 

 

 

Table 2.2 PIV interrogation conditions 

Window Size [px2] 32 × 32 

Overlap Ratio [%] 50 

Number of Vectors 101 × 101 

Vector Spacing Δx [mm] 0.368 

 

  



 ８ 

 

Figure 2.1 Stereo-PIV measurement of HIT chamber 

Figure 2.2 Mean jet exit velocity according to the amplifier intensity for the 

subwoofer speakers 
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Chapter 3. One-Point Statistics and Flow Quality 

 

3.1. Statistically stationary turbulence 

The synthetic jet actuators were constantly activated to attain a set of two 

thousand independent samples of statistically stationary turbulence for each case. In 

statistical fluid mechanics, it is generally implied that turbulent flow fields are 

random in the sense of probability theory. Thus, every single measurement of the 

flow field can be regarded as “a sample taken from the statistical ensemble of all 

possible fields” (Monin & Yaglom, 1971). The averaging of the measured flow fields 

can be understood then as probability averaging concerning the corresponding 

statistical ensemble. A schematic of two thousand samples from a statistical 

ensemble is shown in Figure 3.1. To investigate one-point statistics of the 

experimental results, we assumed time-invariance of turbulence, and obtained a field 

of ensemble statistics by temporal-averaging. Furthermore, we confirmed the 

homogeneity, space-invariance of turbulence, and then obtained single ensemble 

statistics by spatiotemporal-averaging, representing the whole measurement for each 

case. 

A sample velocity field of Reλ = 228 is shown in Figure 3.2(a). The vector map 

depicts x- and y-directional velocities, while the color map quantifies the out-of-

plane velocities. The mean velocity field that is ensemble-averaged over two 

thousand samples for the same case is shown in Figure 3.2(b). Note that the reference 

scale is expanded by three-times. The mean flow, compared to the instantaneous flow, 

has a small velocity magnitude with little spatial variation, which means nearly zero 

mean-flow and zero mean-strain. 
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3.2. Evaluation of flow quality 

The fluctuating component of velocity uᵢʹ(x1, x2) (i = 1,2,3), was obtained by 

subtracting the local mean velocity Uᵢ(x1, x2) from the measured instantaneous 

velocity uᵢ,meas(x1, x2). Hereinafter, the fluctuating component will be denoted by 

uᵢ(x1,x2) for briefness. We obtained the probability density functions (PDFs) of the 

velocity fluctuation from the whole spatial field and time duration for each case, 

normalized by the local root-mean-square (RMS) velocity uᵢ,RMS(x1, x2), as shown in 

Figure 3.3. The u1 (horizontal), u2 (vertical), and u3 (out-of-plane) velocity 

components closely follow the standard Gaussian profile, with skewness S ≈ 0 and 

kurtosis K ≈ 3 as shown in Table 3.1, which implies the turbulence is stationary 

(Mouri et al., 2002). 

The homogeneity was evaluated by examining the spatial distribution of the 

turbulent kinetic energy (TKE; k) 

𝑘(𝑥1, 𝑥2) =
1

2
𝑢𝑖,RMS(𝑥1, 𝑥2)𝑢𝑖,RMS(𝑥1, 𝑥2) (𝑖=1,2,3) (Eq.3.1) 

normalized by the spatial-average of TKE ‹k›, as shown in Figure 3.4(a). The 

distribution is uniform with little variation in space, which means the turbulence is 

homogeneous compared to previous literature (Goepfert et al., 2010; Chang et al., 

2012). Figure 3.4(b) shows the range that contains ninety-five percent of values, and 

verifies good homogeneity for the other conditions as well. 

The isotropy was similarly evaluated by examining the spatial distribution of 

the ratio between RMS velocity quantities uj,RMS(x1, x2) / uᵢ,RMS(x1, x2), which also has 

uniform spatial distribution as shown in Figure 3.5(a). Figure 3.5(b) shows the mean 

and the range containing ninety-five percent of values of the RMS velocity ratio, 

which verifies good isotropy for the other conditions as well. Here, the mean value 
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of u2,RMS/u1,RMS and u3,RMS/u2,RMS are biased from unity because the intensity of 

velocity fluctuation in the vertical direction u2,RMS is slightly smaller than that in the 

other directions. 

Furthermore, spatial velocity derivatives 𝜕𝑖𝑢𝑗  were calculated by central 

differencing of the velocity fluctuation fields, and then the PDFs of velocity 

derivatives were drawn as shown in Figure 3.6. Their statistical moments are 

summarized in Table 3.2. First, we found that longitudinal derivatives are negatively 

skewed, while transverse derivatives are not skewed. The skewness S values of 

longitudinal derivatives were -0.346 and -0.395, which agree with previous work 

(Vincent & Meneguzzi, 1991; Sreenivasan & Antonia, 1997; Bos et al., 2012). The 

negative skewness S is a direct consequence of the nonlinearity of the Navier-Stokes 

equation, representing the production rate of mean-square vorticity by vortex 

stretching (Tavoularis et al., 1978). Moreover, both directional derivatives showed 

highly intermittent characteristics with the kurtosis K up to 6.28. These phenomena 

were also reported in the literature (Sreenivasan & Antonia, 1997; Gotoh et al., 2002; 

Bos et al., 2012), which reported the intermittency of energy dissipation and high-

strain (Ishihara et al., 2009; Davidson, 2015). 

To have a wide range of turbulence conditions, we controlled the amplifier 

intensity of the subwoofer speakers that are mounted on the synthetic jet actuators. 

We confirmed that the TKE varies according to the change of woofer amplification, 

as shown in Figure 3.7(a). The TKE values were plotted according to the jet exit 

velocities measured in Figure 2.2, which shows a linear correlation. Here, TKE-3C 

is calculated from the full three velocity components, while TKE-2C is from two in-

plane components, as a reference. The variation of TKE values in the figure implies 

the ability to generate turbulence under various conditions with our experimental 

setup. 
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Figure 3.1 Independent samples taken from a statistical ensemble 
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(a) 

(b) 

Figure 3.2 Example flow field (case 1): vector map for in-plane velocity and 

color map for out-of-plane velocity (a) Instantaneous velocity field 

(b) Mean velocity field from 2,000 samples; Note that the reference 

scale is expanded by three-times 
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Table 3.1 Statistical moments of velocity fluctuations (case 1) 

 Velocity RMS (2nd) S (3rd) K (4th) 

u1 1.056 m/s +0.035 2.99 

u2 0.985 m/s +0.078 3.19 

u3 1.058 m/s -0.088 3.44 

Gaussian - 0 3.00 
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Figure 3.3 Probability density functions of velocity fluctuations (case 1) 
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(b) 

(a) 

Figure 3.4 Homogeneity plot (a) Map of 
k(x1‚ x2)

‹k›
 (case 1): 95% values in 

0.939-1.066 (b) Homogeneity quantities in other conditions; the 

intervals show the range that contains 95% values 
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(b) 

(a) 

Figure 3.5 Isotropy plot (a) Map of 
u2‚RMS(x1‚ x2)

 u1‚RMS(x1‚ x2)
  (case 1): 95% values in 

0.829-1.082 (b) Isotropy quantities in other conditions and in other 

directions; the intervals show the range that contains 95% values 
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Table 3.2 Statistical moments of velocity derivatives (case 1) 

  S (3rd) K (4th) 

Longitudinal 
∂1𝑢1 -0.346 4.81 

∂2𝑢2 -0.395 5.07 

Transverse 
∂2𝑢1 +0.015 6.23 

∂2𝑢3 +0.001 6.28 

Gaussian 0 3.00 
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Figure 3.6 Probability density functions of velocity derivatives (case 1): 

longitudinal derivatives in solid lines and transverse derivatives in 

dashed lines 
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(a) 

(b) 

Figure 3.7 Turbulent kinetic energy (TKE) for each case (a) TKE varying with 

the woofer amplification level (b) TKE variation with the jet exit 

velocity, showing a more linear correlation 
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Chapter 4. Two-Point Statistics and Flow Scale 

 

4.1. Velocity correlation function 

Two-point spatial velocity correlation functions were calculated. The 

longitudinal velocity correlation functions are defined as follows, where Fuu(r) 

denotes the longitudinal correlation of the horizontal velocities and Fvv(r) denotes 

the vertical one. 

F𝑢𝑢(𝑟) = 〈𝑢1(𝑥1, 𝑥2)𝑢1(𝑥1 + 𝑟, 𝑥2)〉 〈𝑢1,RMS
2 〉⁄  (Eq.4.1) 

F𝑣𝑣(𝑟) = 〈𝑢2(𝑥1, 𝑥2)𝑢2(𝑥1, 𝑥2 + 𝑟)〉 〈𝑢2,RMS
2 〉⁄  (Eq.4.2) 

The transverse velocity correlation functions are defined as follows, where Guu(r) 

denotes the transverse correlation of the horizontal velocities. 

G𝑢𝑢(𝑟) = 〈𝑢1(𝑥1, 𝑥2)𝑢1(𝑥1, 𝑥2 + 𝑟)〉 〈𝑢1,RMS
2 〉⁄  (Eq.4.3) 

Figure 4.1(a) shows the longitudinal velocity correlation functions F(r) in two 

different directions: solid lines for horizontal and dashed lines for vertical. The point 

is that each pair of solid and dashed lines are in a nearly exact agreement over the 

whole range of r, which demonstrates the scale-to-scale isotropy of the turbulence. 

Moreover, Figure 4.1(b) shows the transverse correlation G(r), and the GIso(r) that is 

from the isotropy relation (Eq.4.4). We find that each pair of solid and dashed lines 

are also in agreement, which means the isotropy relation in HIT theory (von Karman 

& Howarth, 1937) holds in the measured turbulence, verifying the scale-to-scale 

isotropy of the turbulence. 
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G(𝑟) ≈ GIso(𝑟) = F(𝑟) +
𝑟

2

𝜕F(𝑟)

𝜕𝑟
  (Eq.4.4) 

The integral length scale (Lii) was estimated by integrating the extrapolated 

longitudinal velocity correlation function, as follows. 

Lii =  ∫ Fii(𝑟)𝑑𝑟
∞

0
   (Eq.4.5) 

The extrapolation of F(r) is inevitable because we cannot measure the tail of F(r) for 

which r is greater than 37mm, within the experimental setup. The exponential 

extrapolation procedure is illustrated in Figure 4.2(a); we made a linear regression 

model in the logarithmic space so that we obtain an exponential regression model in 

the linear space. Here, we only used the samples in the middle of the curve in order 

to exclude relatively unreliable samples at both ends. The full longitudinal velocity 

correlation function including the extrapolated data is shown in Figure 4.2(b). The 

estimated integral length scales and their ratios are summarized in Table 4.1, where 

the ratio is close to unity, demonstrating large-scale isotropy (Carter & Coletti, 2017). 

Moreover, the values seem to be independent of the turbulence conditions for cases 

1 to 5. This result implies the large-scale similarity of turbulence in the five different 

conditions, likely due to the fixed chamber size. 

 

4.2. Second-order structure-function 

The second-order structure functions were calculated. We hereinafter refer to 

the second-order structure function as structure-function (SF) for briefness. The 

longitudinal structure functions are defined as follows, where DLLu(r) denotes the 

longitudinal structure-function of the horizontal velocities and DLLv(r) denotes the 

vertical one. 
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DLL𝑢(𝑟) = 〈{𝑢1(𝑥1 + 𝑟, 𝑥2) − 𝑢1(𝑥1, 𝑥2)}2〉 2〈𝑢1,RMS
2 〉⁄  (Eq.4.6) 

DLL𝑣(𝑟) = 〈{𝑢2(𝑥1, 𝑥2 + 𝑟) − 𝑢2(𝑥1, 𝑥2)}2〉 2〈𝑢2,RMS
2 〉⁄  (Eq.4.7) 

The transverse structure functions are defined as follows, where DTTu(r) denotes the 

transverse structure-function of the horizontal velocities and DTTv(r) denotes the 

vertical one. 

DTT𝑢(𝑟) = 〈{𝑢1(𝑥1, 𝑥2 + 𝑟) − 𝑢1(𝑥1, 𝑥2)}2〉 2〈𝑢1,RMS
2 〉⁄  (Eq.4.8) 

DTT𝑣(𝑟) = 〈{𝑢2(𝑥1 + 𝑟, 𝑥2) − 𝑢2(𝑥1, 𝑥2)}2〉 2〈𝑢2,RMS
2 〉⁄  (Eq.4.9) 

The longitudinal results are shown in Figure 4.3(a), and the transverse ones are 

shown in Figure 4.3(b). The main point of Figure 4.3 is that each pair of solid and 

dashed lines (i.e. horizontal and vertical directions, respectively) are in close 

agreement over the whole range of r, which reconfirms the scale-to-scale isotropy of 

turbulence (Carter & Coletti, 2017). 

The structure functions display scale information of turbulence, as they have a 

sharp curvature in the dissipative range, while having a relatively uniform increase 

in the inertial subrange (IR). In particular, Kolmogorov’s second similarity 

hypothesis states that, when Reλ is large, the statistical properties of D(r) have a 

universal form that is uniquely determined by r and the dissipation rate ε alone in the 

inertial subrange (IR) (Kolmogorov, 1941a, b), validated by elaborate experiments 

(Saddoughi & Veeravalli, 1994) and high-resolution direct numerical simulations 

(DNS) (Wang et al., 1996). This statement, after dimensional analysis, leads to the 

two-thirds law as follows. Here, C2 is a constant and 4.02C1 ≈ 2.12, where C1 is a 

universal empirical constant of 0.53 (Sreenivasan, 1995; Yeung & Zhou, 1997). 
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DLL(𝑟) = 𝐶2𝜀2 3⁄ 𝑟2 3⁄  (in the IR)   (Eq.4.10) 

DTT(𝑟) = (4 3⁄ )𝐶2𝜀2 3⁄ 𝑟2 3⁄  (in the IR)  (Eq.4.11) 

 

4.3. Energy spectrum 

The one-dimensional (1D) energy spectra were obtained using fast Fourier-

transform (FFT) of velocity fields. To be specific, the spectra of each line for each 

direction from the velocity fields were first calculated, and then ensemble-averaged 

over all the image pairs. The results are shown as markers in Figure 4.4(a) and Figure 

4.4(b), where the longitudinal spectra are denoted by Eαα(kα) and the transverse 

spectra are denoted by Eββ(kα). Furthermore, the longitudinal one-dimensional 

energy spectra were also calculated in another way, shown as solid lines in Figure 

4.4(b), using the cosine-transform of the extrapolated longitudinal velocity 

correlation functions (Section 4.1), as follows. 

E𝛼𝛼(𝑘𝛼) =
2

𝜋
〈𝑢𝛼,𝑅𝑀𝑆

2 〉 ∫ F𝛼𝛼(𝑟) cos(𝑘𝛼𝑟) 𝑑𝑟
∞

0
 (Eq.4.12) 

In Figure 4.4, the one-dimensional energy spectra in the lower-wavenumber 

region can be scaled by a -5/3 slope. This is clear evidence that we measure the 

inertial subrange (Eq.4.13-14), a direct result from Kolmogorov’s second similarity 

hypothesis. 

E𝛼𝛼(𝑘𝛼) = 𝐶1𝜀2 3⁄ 𝑘𝛼
−5 3⁄

 (in the IR)  (Eq.4.13) 

E𝛽𝛽(𝑘𝛼) = (4 3⁄ )𝐶1𝜀2 3⁄ 𝑘𝛼
−5 3⁄

 (in the IR)  (Eq.4.14) 

In the higher-wavenumber region, the spectra using FFT (markers in Figure 4.4(a)) 
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show long tails, which is typical due to noise in the measurement. The spectra using 

cosine-transform of F(r) (lines in Figure 4.4(a)) show a fluctuating pattern, which is 

typical of the Fourier-transform result of a gate function corresponding to the PIV 

interrogation window (Foucaut et al., 2004). In addition, the 1D spectra in the four 

different directions are in good agreement (Figure 4.4(b)), which supports the scale-

to-scale isotropy of turbulence. 

The radial two-dimensional (2D) energy spectra were also calculated. The 

radial 2D spectrum of α-directional velocities is defined by the sum over an annulus 

radius k in wavenumber space (Liu et al., 1994): 

E𝛼𝛼(𝑘) = ∑ 𝑢𝛼(𝑘1, 𝑘2)𝑢𝛼
∗ (𝑘1, 𝑘2)𝑘1

2+𝑘2
2=𝑘2 .  (Eq.4.15) 

Here, 𝑢𝛼
∗ (𝑘1, 𝑘2) is the complex conjugate of 𝑢𝛼(𝑘1, 𝑘2), where 𝑢𝛼(𝑘1, 𝑘2) is the 

result of the two-dimensional Fourier transform of the velocity field 𝑢𝛼(𝑥1, 𝑥2) 

(Eq,4.16); the value M =101 and N =101 are the number of vectors in Table 2.2. 

𝑢𝛼(𝑘1, 𝑘2) = ∑ ∑ 𝑢𝛼(𝑥1𝑚, 𝑥2𝑛)𝑒−𝑖(𝑥1𝑚𝑘1+𝑥2𝑛𝑘2)𝑁
𝑛=1

𝑀
𝑚=1  (Eq.4.16) 

The results are shown in Figure 4.5, where the minus five-thirds law also scales the 

spectra in the lower-wavenumber region. From Kolmogorov’s similarity hypothesis, 

the radial 2D energy spectra in the inertial subrange follow the formula below (Liu 

et al., 1994), the constant Ck being 1.64 (Sreenivasan, 1995; Yeung & Zhou, 1997). 

E𝛼𝛼(𝑘) = 0.535𝐶𝑘𝜀2 3⁄ 𝑘−5 3⁄  (in the IR)  (Eq.4.17) 

The one- and two-dimensional energy spectra have a peak at the lowest-

wavenumber, and decrease in intensity with wavenumber. However, this shape is 

counterintuitive in that the actual eddy size distribution should be dominant at a finite 
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length-scale, not at the lowest-wavenumber. The reason of this shape is the “aliasing 

effect,” where the low-dimensional spectrum misinterprets a wave of wavenumber k 

as being one of wavenumber k cosθ, θ for the degree between the wave and its 

orthogonal projection onto the low-dimensional space, resulting in the energy of the 

wave appearing closer to the origin in spectral space (Davidson, 2015). Therefore, 

the low-dimensional energy spectra do not represent the actual energy density 

distribution of turbulent eddies (waves) in physical space. On the other hand, the full 

three-dimensional energy spectrum, which is unobtainable using the stereoscopic 

measurement in a planar domain, can distinguish, but still not precisely quantify, the 

actual distribution of eddies in turbulence. 

  



 ２７ 

 

(a) 

(b) 

Figure 4.1 Velocity correlation functions (case 1, 3, 5) (a) Longitudinal 

velocity correlation functions (b) Transverse velocity correlation 

functions plotted against the isotropy relation 
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(a) 

(b) 

Figure 4.2 Procedure to obtain the extrapolated longitudinal velocity 

correlation function (case 1, horizontal velocities) (a) Exponential 

regression in the logarithmic graph (b) Full velocity correlation 

function including the extrapolated data 
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Table 4.1 Estimated integral length scales and ratios 

Case 
L11 (horizontal) 

[mm] 

L22 (vertical) 

[mm] 
L11 / L22 

1 28.99 27.14 1.068 

2 28.92 27.83 1.039 

3 26.98 24.14 1.118 

4 26.21 25.42 1.031 

5 25.70 24.69 1.041 
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(a) 

(b) 

Figure 4.3 Second-order structure functions (case 1, 3, 5) for two different 

directions (a) Longitudinal structure functions (b) Transverse 

structure functions 
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(a) 

(b) 

Figure 4.4 One-dimensional energy spectra (case 1) (a) Longitudinal 1D 

energy spectra using two different methods (b) Longitudinal and 

transverse 1D energy spectra 
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Figure 4.5 Radial two-dimensional energy spectra (case 1) 
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Chapter 5. Measurement of Dissipation Rate 

 

5.1. Direct method 

The dissipation rate ε is the rate of the dissipation of mechanical energy per unit 

mass in a viscous fluid, which is calculated by the working rate of viscous stress per 

unit mass, as follows. 

  𝜀 =
1

𝜌
𝜏𝑖𝑗𝑆𝑖𝑗   (Eq.5.1) 

The viscous stress 𝜏𝑖𝑗 for a Newtonian fluid is defined as Eq.5.2, since the viscous 

stress and the strain rate 𝑆𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
)  have a linear correlation with the 

coefficient being twice the dynamic viscosity 𝜇 (= 𝜌𝜈). 

    𝜏𝑖𝑗 = 2𝜇S𝑖𝑗   (Eq.5.2) 

Consequently, the dissipation rate ε in a Newtonian fluid can be directly calculated 

from the following formula: the substitution of Eq.5.2 into Eq.5.1. 

   𝜀 = 2𝜈𝑆𝑖𝑗𝑆𝑖𝑗 = 𝜈
𝜕𝑢𝑖

𝜕𝑥𝑗
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
)  (Eq.5.3) 

The PIV measurement of a planar domain cannot return full-components of 

strain rate tensor 𝑆𝑖𝑗 because the PIV does not measure the velocity gradient in the 

out-of-plane direction. Some researchers have tried to utilize two SPIV systems 

simultaneously to obtain the full strain rate tensor (Foucaut et al., 2016), whereas the 

measurement domain should be reduced to a line, thus impractical for three-

dimensional flows. Instead, we adopt the continuity equations (Eq.5.4) and the 
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isotropy relations (Eq.5.5) to estimate the full strain rate tensor in a quadratic form 

(Eq.5.6) (Doron et al., 2001). 

   (
𝜕𝑢3

𝜕𝑥3
)

2
= (

𝜕𝑢1

𝜕𝑥1
+

𝜕𝑢2

𝜕𝑥2
)

2
   (Eq.5.4) 

   
(

𝜕𝑢𝑖

𝜕𝑥𝑗
)

2

≈ (
𝜕𝑢𝑘

𝜕𝑥𝑙
)

2

𝜕𝑢𝑖

𝜕𝑥𝑗

𝜕𝑢𝑗

𝜕𝑥𝑖
≈

𝜕𝑢𝑘

𝜕𝑥𝑙

𝜕𝑢𝑙

𝜕𝑥𝑘

(𝑖 ≠ 𝑗 & 𝑘 ≠ 𝑙)} (Eq.5.5) 

 𝑆𝑖𝑗𝑆𝑖𝑗 = 2 (
𝜕𝑢1

𝜕𝑥1
)

2
+ 2 (

𝜕𝑢2

𝜕𝑥2
)

2
+ 2 (

𝜕𝑢1

𝜕𝑥1

𝜕𝑢2

𝜕𝑥2
) +

3

2
(

𝜕𝑢1

𝜕𝑥2
+

𝜕𝑢2

𝜕𝑥1
)

2
 (Eq.5.6) 

Moreover, we apply a correction to Eq.5.3 to eliminate the dominant random 

error term of PIV measurements when directly calculating the dissipation rate ε 

(Eq.5.7) (Tanaka & Eaton, 2007); 𝜀|∆𝑥 denotes the dissipation rate of Eq.5.3 using 

the velocity derivatives from the central differencing with ∆𝑥 grid spacing, while 

𝜀|2∆𝑥 denotes that with 2∆𝑥 grid spacing. 

  ε𝑑𝑖𝑟𝑒𝑐𝑡(𝑥1, 𝑥2) =
1

3
[4𝜀|2∆𝑥(𝑥1, 𝑥2) − 𝜀|∆𝑥(𝑥1, 𝑥2)] (Eq.5.7) 

In general, however, this direct method of dissipation rate calculation is 

inapplicable to PIV measurements of turbulence, because the limited spatial 

resolution of the PIV interrogation windows cannot capture the smallest fluid 

motions that are necessary to obtain the actual strain rate. Therefore, unless we 

employ a super-resolution PIV method that can resolve the Kolmogorov length-scale 

η, we can utilize the following four methods that are based on the universal scaling 

law of HIT (Section 5.2 – 5.3), large-scale energy budget (Section 5.4), or large-eddy 

simulation (LES) analogy (Section 5.5). 
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5.2. Structure-function fitting method 

The first method to accurately measure the dissipation rate ε is the structure-

function (SF) fitting method that is based on Kolmogorov’s second similarity 

hypothesis in the inertial subrange (IR), formulated in Eq.4.10-11. In the equations, 

the structure-function D(r) is a directly obtainable value as a function of r, and the 

constant C2 is a universal constant of 2.12. Thus, as we reverse the formulae, we can 

estimate the dissipation rate in the inertial subrange (de Jong et al., 2009) as follows. 

𝜀 = (1 𝑟⁄ )[DLL(𝑟) 𝐶2⁄ ]3 2⁄  (in the IR)  (Eq.5.8) 

𝜀 = (1 𝑟⁄ )[DTT(𝑟) (4𝐶2 3⁄ )⁄ ]3 2⁄  (in the IR)  (Eq.5.9) 

The dissipation rate measurements using the compensated longitudinal SF (Eq.5.8) 

are shown in Figure 5.1(a), and the measurements using the compensated transverse 

SF (Eq.5.9) are shown in Figure 5.1(b). Both compensated SFs show plateaus, which 

imply the inertial subrange. We take the maximum point of the slightly convex curve 

in each plateau region as the estimated dissipation rate ε value, shown as dashed lines 

in the figure. The quantities are summarized in Figure 5.2(a). The circle markers 

correspond to Figure 5.1(a), while the diamond markers correspond to Figure 5.1(b). 

We can find that the dissipation rate measurements from the four different SFs are in 

a good agreement; thus, hereinafter, we use the averaged values over the four 

quantities for each condition as the results of the structure-function fitting method. 

Here, the x-axes of the graphs are set to be the jet exit velocities, which are shown in 

Figure 2.2 and Figure 3.7(b), so the five points correspond to case 1 to 5: woofer 

amplification 20dB to 28dB. 
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5.3. Energy spectrum fitting method 

The second method is the energy spectrum fitting method that is based on 

Kolmogorov’s second similarity hypothesis in spectral space, formulated in Eq.4.13-

14. In these equations, the energy-spectrum Eᵢᵢ(kj) is a directly obtainable value as a 

function of wavenumber kj, and the constant C1 is a universal constant of 0.53. 

Therefore, by reversing the formulae in the same way as the previous section 

(Eq.5.8-9), we can estimate the dissipation rate in the inertial subrange, as follows. 

𝜀 = [E𝛼𝛼(𝑘𝛼) 𝐶1⁄ ]3 2⁄ 𝑘𝛼
5 2⁄

 (in the IR)  (Eq.5.10) 

𝜀 = [E𝛽𝛽(𝑘𝛼) (4𝐶1 3⁄ )⁄ ]
3 2⁄

𝑘𝛼
5 2⁄

 (in the IR)  (Eq.5.11) 

The dissipation rate measurements using the energy spectrum methods (Eq.5.10-11) 

are shown in Figure 5.3; the quantities were calculated by fitting the -5/3 slope (red 

dashed line in Figure 4.4) to the energy spectra for each case. The results from the 

four different energy spectra are in good agreement, and they closely agree with the 

previous result (εSF), implying the validity of the two methods through crosschecking. 

One difference between the two methods, structure-function fitting and energy 

spectrum fitting, is the Reynolds number dependence. As the original hypothesis 

(Kolmogorov, 1941a) has noted, the structure-function follows the scaling laws 

(Eq.4.10-11) in the inertial subrange when the Taylor microscale Reynolds number 

is large enough to clearly separate large- and small-scales of turbulence (Pearson & 

Antonia, 2001; Antonia et al., 2017). Therefore, in the case of small Reynolds 

number, about less than one hundred, the scaling law might not exactly hold, which 

results in inaccuracy of the structure-function fitting method. On the other hand, the 

one-dimensional energy spectrum is relatively independent of the Reynolds number 
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(Djenidi & Antonia, 2012; Antonia et al., 2014). Thus, the energy spectrum fitting 

method still holds in the case of small Reynolds number, or even when 

inhomogeneity occurs. To sum up, the energy spectra method can be applied to 

turbulence with a wider range of Reynolds numbers, compared to the structure-

function fitting method, because the spectrum scaling holds relatively irrespective of 

the Reynolds number. 

In addition, the normalized one-dimensional longitudinal energy spectra 

E𝛼𝛼(𝑘𝛼) (𝜀𝜈5)1 4⁄⁄  were calculated and plotted as functions of 𝑘𝛼𝜂 in Figure 5.4. 

Here, the ε value in the denominator was from the measured result in Figure 5.3, 

while the Kolmogorov length scale η was calculated from the following definition. 

    𝜂 = (𝜈3 𝜀⁄ )1 4⁄    (Eq.5.12) 

Figure 5.4 depicts that the normalized energy spectra from the five different 

turbulence conditions are in an exact agreement with the -5/3 slope region, which 

verifies the similarity of turbulence in the inertial subrange. 

 

5.4. Dissipation scaling method 

The viscous dissipation of turbulent kinetic energy occurs at the smallest scale 

as mentioned in Section 5.1, whereas the TKE itself comes from large-scale forcing, 

both of which are described in the classical energy cascade model of turbulence. This 

energy balance over the two different scales implies that the dissipation rate ε can be 

directly estimated from the large-scale energy transfer rate Π with a constant Cε 

(Vassilicos, 2015), as follows. 

  𝜀 ≈ Π = 𝐶𝜀 𝑢𝑖,RMS
2 (L𝑖𝑖 𝑢𝑖,RMS⁄ )⁄ = 𝐶𝜀 𝑢𝑖,RMS

3 L𝑖𝑖⁄  (Eq.5.13) 
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Here, 𝑢𝑖,RMS
2  represents large-scale energy and L𝑖𝑖 𝑢𝑖,RMS⁄  represents large-scale 

turnover time; thus, their ratio Π means large-scale energy transfer of turbulent 

kinetic energy. More precisely, Π quantifies the rate of “energy transfer,” which 

requires measuring the inertial subrange, in which neither production nor dissipation 

of energy occurs (Lumley, 1992; McComb et al., 2010), agreeing with our 

experiment as examined in Chapter 4. 

The constant Cε in Eq.5.13 is known as a universal constant of 0.5 when Reλ is 

greater than 50 (Sreenivasan, 1984; Ishihara et al., 2009), verified by high-resolution 

DNS (Kaneda et al., 2003). As an exception, the constant is subject to vary in the 

case of strong mean shear (Pearson et al., 2002), decaying (Sreenivasan, 1998; Bos 

et al., 2007), or different large-scale flow topology (Mazellier & Vassilicos, 2008; 

Thormann & Meneveau, 2014), none of which correspond to our study. 

The dissipation rate measurements using the dissipation scaling method are 

shown in Figure 5.5. The measured values from two different directions agree well 

with each other, in accord with the previous results using the structure-function 

fitting method. Therefore, by crosschecking, we can conclude that the three methods: 

structure-function fitting method, energy spectrum fitting method, and dissipation 

scaling method work accurately in the SPIV measurement of HIT with this 

experimental setup. Accordingly, the results in Figure 5.2, 5.3, 5.5 can be regarded 

as the true values of the dissipation rate of turbulence. 

 

5.5. Large-eddy method 

Up to now, we have investigated dissipation rate measurement methods that 

apply only to the simplest type of turbulence: HIT. However, general turbulence, 

where statistics vary in space and time, requires a different approach. Here, we 
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consider the large-eddy method, which is a popular and established method to 

measure the dissipation rate, and we evaluate its performance for various conditions. 

The large-eddy method is based on the idea that the PIV measurement of limited 

spatial resolution is analogous to large-eddy simulations (LES), in that both of them 

function as a low-pass filter (Germano, 1992). Because the PIV measurement 

resolution is in between the large-eddy and sub-grid scales (SGS) as shown in Figure 

5.6, the dissipation rate is estimated as the energy transfer at the cutoff wavenumber 

(Sheng et al., 2000). To be specific, we adopt an eddy viscosity model, namely the 

Smagorinsky model (Smagorinsky, 1963; Lilly, K., 1966), which is commonly used 

in LES for SGS stress modelling. The formulation of the large-eddy method is in the 

following equations (Eq.5.14-15), with the Smagorinsky constant of Cs = 0.17. Here, 

the filter size Δ in LES is replaced by the PIV interrogation window size ΔIW and the 

strain rate invariant |S| is defined as (2SijSij)1/2 (Meneveau & Katz, 2000). 

  𝜏𝑖𝑗 = −𝐶s
2𝛥2|𝑆|𝑆𝑖𝑗 (Smagorinsky model)  (Eq.5.14) 

  𝜀 ≈ 〈𝜀SGS〉 = −2〈𝜏𝑖𝑗𝑆𝑖𝑗〉 = 23 2⁄ 𝐶s
2𝛥IW

2 〈𝑆𝑖𝑗𝑆𝑖𝑗〉3 2⁄  (Eq.5.15) 

There is an issue regarding the non-universality of the Smagorinsky constant Cs 

for various turbulence types. The constant value of 0.17 is appropriate for HIT, while 

is should be adjusted for other kinds of turbulence, such as high-shear flow in a 

turbulent boundary layer (Deardorff, 1971; Canuto & Cheng, 1997). In LES, to 

overcome this deficiency, dynamic SGS stress models have been applied, which are 

based on the idea of calculating the local Smagorinsky constant using two cutoff 

filters at different sizes (Germano et al., 1991; Lilly, D. K., 1992). Although the 

Smagorinsky model improved with the dynamic procedure, it is still dependent on 

the cutoff scale and local flow scale (Meneveau & Lund, 1997). The variability of 
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the Smagorinsky constant and its scale-dependency imply that the PIV interrogation 

window size, corresponding to the filter size in LES, can influence the results from 

the large-eddy method in PIV measurements. This implication has been supported 

by a PIV experiment (Bertens et al., 2015), and a PIV simulation with a DNS dataset 

(Lee & Hwang, 2019). 

The dissipation rate measurements using the large-eddy method are shown in 

Figure 5.7. Here, 1C, 2C, 3C denotes the number of velocity components used in the 

strain rate calculation (Eq.5.4-5), based on the isotropy assumption. The results show 

that, in comparison with the accurate measurement using SF fitting, the large-eddy 

method underestimates the dissipation rate when the turbulence intensity is low. This 

means the large-eddy method underestimates when the normalized PIV resolution is 

high (ΔIW/η is small): IW size over the smallest Kolmogorov length-scale becomes 

finer when the turbulence intensity decreases, as shown in the inner box of Figure 

5.7. 

Underestimation of the dissipation rate with the large-eddy method at high PIV 

resolution is because the cutoff wavenumber corresponding to the IW size moves to 

the higher wavenumber region with higher normalized PIV resolution. As a result, 

the cutoff wavenumber moves to the dissipative region in the spectrum, beyond the 

inertial subrange. Thus, the large-eddy method, which is based on the SGS flux in 

the inertial subrange, becomes inapplicable. Therefore, the large-eddy method 

requires the PIV spatial vector spacing to be in the inertial subrange, which becomes 

a necessary condition for PIV experimental settings when using this method for 

dissipation rate calculation. 

Nonetheless, the large-eddy method has a great advantage in that it can obtain 

the dissipation rate at each instant and location with high temporal- and spatial 

resolution, thus providing the spatiotemporal distribution of the dissipation rate. For 
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this reason, the large-eddy method can be applied to more general measurements of 

inhomogeneous or unsteady turbulent flow. PDFs of the dissipation rate, calculated 

from the large-eddy method, are shown in Figure 5.8. They follow a lognormal 

distribution. This result verifies Kolmogorov’s third similarity hypothesis, which 

suggests that the dissipation rate shows an asymptotic behavior of lognormal 

dispersion in homogeneous turbulence (Kolmogorov, 1962; Kraichnan, 1974). 

Moreover, the profile becomes closer to a lognormal distribution when a larger 

number of velocity components are used in calculating the strain rate, indicating the 

necessity of 3D measurements to investigate the distribution of viscous dissipation. 

 

5.6. Comparison 

Five different methods for dissipation rate measurement have been investigated, 

including the direct method. Figure 5.9 compares these five results in a single plot. 

The first three lines show the three accurate measurements from Section 5.2-4, two 

of which utilize the universal scaling laws in the inertial subrange: structure-function 

fitting and energy spectrum fitting methods, and the other utilizes energy scaling 

between energy-production and dissipation scales: dissipation scaling method. Next, 

the large-eddy method shows underestimation with smaller turbulence intensity due 

to the excessive PIV resolution compared to the smallest turbulence length-scale, as 

outlined in Section 5.5. Finally, the results of the direct method are depicted in this 

figure as triangular markers. The direct method underestimates the dissipation rate 

for all five conditions, because the PIV resolution is larger than the Kolmogorov 

length-scale, and thus the smallest fluid motions cannot be resolved. We observe that 

the discrepancy becomes larger with coarser normalized PIV resolution, as the 

insufficiency of the spatial resolution becomes worse. 
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The repeatability of each method has been checked to examine the reliability of 

each measurement method. Figure 5.10 shows the results, in which we divided two 

thousand samples into ten sets of two hundred samples each, and plot the calculation 

result of each set in the figure. The order of the five methods on the x-axis is 

according to the magnitude of the mean value. We find that the dissipation scaling 

method has the widest confidence interval (CI) indicating the largest random error, 

whereas the direct method has the narrowest CI indicating the least random error. 

The other three methods: large-eddy method, structure-function fitting method, and 

energy spectrum fitting method, show a similar extent of CI, indicating a similar 

random error. The dissipation scaling method has highest uncertainty, because it is 

influenced by the direct propagation of uncertainty in the integral length scale Lii as 

shown in Eq. 4.5. 
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(a) 

(b) 

Figure 5.1 Compensated structure functions and the estimated dissipation rate 

values (case 1-5) (a) Compensated longitudinal SFs (horizontal 

velocities) (b) Compensated transverse SFs (horizontal velocities) 
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(a) 

(b) 

Figure 5.2 Dissipation rate measurement using structure-function fitting 

method, five points corresponding to case 1 to 5 (a) Dissipation rate 

from four SFs in the four different directions (b) Averaged quantities 

over the four values for each condition 
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Figure 5.3 Dissipation rate measurement using energy spectra fitting 

method, five points corresponding to case 1 to 5 
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Figure 5.4 Normalized longitudinal 1D energy spectra (case 1 to 5) 
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Figure 5.5 Dissipation rate measurement using dissipation scaling 

method, five points corresponding to case 1 to 5 
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Figure 5.6 Schematic diagram of the large-eddy method adopting a SGS 

model from large-eddy simulations (LES) 
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Figure 5.7 Dissipation rate measurement using large eddy method, five 

points corresponding to case 1 to 5; Inner box is the 

normalized PIV resolution (ΔIW over η) 
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Figure 5.8 Probability density functions of the dissipation rate measured 

using the large-eddy method (case 1), showing lognormal 

distribution 
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Figure 5.9 Comparison of the dissipation rate measurement using five 

different methods, five points corresponding to case 1 to 5; 

Inner box is the normalized PIV resolution (ΔIW over η) 
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Figure 5.10 Repeatability check for the five methods (for case 1), error 

bar corresponds to the 95% confidence interval 
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Chapter 6. Uncertainty Analysis 

 

Although the majority of this thesis utilizes in-plane 3D stereoscopic PIV, many 

studies are still done using standard 2D PIV. Thus, in this chapter, we quantitatively 

investigate the random error in standard 2D PIV measurements, and the uncertainty 

propagation to turbulence statistics from the PIV velocity error, using both analytical 

and numerical frameworks. The mathematical expectations of the propagated errors 

under the Gaussian error assumption draw the correction formulas, and the Taylor-

series method analytically calculates the resultant uncertainty. With presumed local 

and instantaneous PIV velocity uncertainty, Monte-Carlo simulations validate both 

error corrections and uncertainty quantification using a numerical planar PIV model. 

The expectation value of nonlinear estimates tends to increase due to spurious 

random fluctuations. The uncertainty value is proportional to the presumed PIV 

velocity uncertainties, and the proportionality factor reflects the flow structure. The 

new method proposes simple explicit formulas of error and uncertainty, so that 

turbulence measurements by PIV can be improved, and reliability of the results can 

be quantified. 

 

6.1. Literature survey 

Particle image velocimetry (PIV) has become a primary experimental method 

for measuring fluid velocity fields over a wide range of length scales. However, this 

technique has inherent uncertainty, the magnitude of which can significantly vary 

depending on the experimental setup, image processing, and flow complexity 

(Huang et al., 1997; Westerweel, 2000). For example, optical distortions (Reuss et 

al., 2002), light-sheet misalignment (Grayson et al., 2018), camera saturation, low 
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particle density, speckles (Scharnowski & Kahler, 2016b), peak-locking (Fincham & 

Spedding, 1997; Christensen, 2004), sub-grid regression (Roesgen, 2003; Nobach & 

Honkanen, 2005), time-interval of image-pair (Scharnowski et al., 2019), and spatial 

resolution limit (Kahler et al., 2012) can be sources of uncertainty. The overall 

displacement uncertainty of PIV is commonly assumed to be 0.1 pixel, while it can 

reach as low as 0.05 pixel with precisely controlled experiments, without flow 

gradients or solid boundaries (Kahler et al., 2016). On the other hand, it can rapidly 

increase, more than tenfold, in poor conditions such as with considerable out-of-

plane motion (Nobach & Bodenschatz, 2009) and aberrations (Reuss et al., 2002). 

Within a measurement region, the PIV uncertainty may differ due to an 

inhomogeneous flow field and non-uniform contributors to error. Moreover, its level 

is subject to change in time with nonstationary flows. Therefore, many recent studies 

have focused on quantifying the local and instantaneous uncertainty embedded in 

PIV results (Timmins et al., 2012; Charonko & Vlachos, 2013; Sciacchitano et al., 

2013; Wieneke, 2015; Scharnowski & Kahler, 2016a). However, none of them has 

been widely accepted as the standard (Sciacchitano et al., 2015; Sciacchitano, 2019). 

According to these studies, the resulting uncertainty in a single PIV velocity 

measurement is largely influenced by post-processing. Among these schemes, we 

employed the image matching method (Sciacchitano et al., 2013) to quantify the PIV 

random error while using the same turbulence chamber and optical equipment, but 

one CCD camera for planar PIV, which shows a value of 0.1 to 0.2 px (Jung et al., 

2019), agreeing with the literature. 

For a certain amount of PIV velocity uncertainty, the propagation of the 

uncertainty into instantaneous and time-averaged quantities has been investigated 

using Taylor-series analyses and Monte-Carlo simulations (Wilson & Smith, 2013a). 

Under the assumption of normally-distributed random error, an experimental study 
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compared the Taylor-series method with experiments, and then suggested the 

necessity of correction to nonlinear statistical quantities such as the strain rate 

invariant (Wilson & Smith, 2013b). Furthermore, uncertainty propagation has been 

extended to consider spatial correlations and nonlinear statistics, which has been 

assessed via both experiments and Monte-Carlo simulations (Sciacchitano & 

Wieneke, 2016). 

As discussed in Chapter 5, the dissipation rate ε is one of the essential 

descriptive parameters of turbulence, as it is key to understanding turbulent length 

and time scales. Therefore, many researchers have investigated dissipation rate 

estimation using PIV. Strong dependency on the effect of PIV sub-window size and 

spatial resolution has been shown by analytical and experimental methods 

(Saarenrinne & Piirto, 2000; Saarenrinne et al., 2001; Zaripov et al., 2019). 

Moreover, analytical corrections to the PIV dissipation rate measurements have been 

suggested because of the limited spatial resolution (Lavoie et al., 2007; Tanaka & 

Eaton, 2007). However, these studies rely on the direct method (Section 5.1) and use 

the definition of the dissipation rate, which theoretically requires high spatial 

resolution to capture the smallest turbulent flow scales. This does not generally apply 

to typical PIV conditions. In practice, the dissipation rate can be estimated using the 

large-eddy method (Section 5.5). 

Although considerable research has been devoted to estimating uncertainties in 

PIV and its propagation into basic quantities, rather less attention has been paid to 

uncertainties in turbulence statistics. Indeed, in measuring turbulent flow, PIV 

uncertainty can play a more crucial role due to complex fluid motion with high-

velocity gradients (Meunier & Leweke, 2003; Li, D. X. et al., 2008; Westerweel, 

2008). In this chapter, therefore, we quantify the influence of PIV uncertainty on the 

dissipation rate ε measurement using the large-eddy method and propose an error 
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correction to the quantities derived from the PIV dataset. 

 

6.2. Error correction 

From now on, planar PIV is considered which measures two velocity 

components (u1, u2) in a planar domain. In PIV, processed statistics contain error that 

is inherently due to velocity uncertainty. Thus, nonlinearly derived quantities tend to 

deviate from the true value. This error is first quantified, then corrected in this section. 

Moreover, the uncertainty propagation is analytically examined, and then 

numerically assessed using a PIV model in the following sections. 

PIV measures a displacement field of working fluid at an instant, and then 

obtains a velocity field within a specific time interval. The ith-component of the 

measured displacement ∆xi
e can be decomposed into the true value ∆xi and random 

error e∆xi, where the superscript e denotes the measured value with an error. By 

dividing the displacement value by a preset time interval ∆t, we get the measured 

velocity in the following form. 

    𝑢𝑖
𝑒 = 𝑢𝑖 + 𝑒   (Eq. 6.1) 

The error denoted as noise is assumed to be independent, compared to the velocity 

value itself (Carr et al., 2009), and thus follows a normal distribution with zero mean: 

𝑒 ∼ 𝑁(0, 𝜎𝑒
2). The standard deviation of the error σe corresponds to the standard 

uncertainty of the velocity measurement. Here, note that the equation does not 

account for bias error, but only for random error, because bias errors cancel out when 

dealing with fluctuating components. Moreover, for PIV statistical quantities, 

random uncertainties, not bias ones, dominate the overall uncertainty (Sciacchitano 

& Wieneke, 2016). Since all the results that are derived from the PIV velocity contain 
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the intrinsic velocity error term in Eq. 6.1, the deviation of the results due to the 

errors can be statistically obtained by calculating the mathematical expectation of 

the errors. In reverse, by subtracting the deviation from the measured values, 

corrected results can be found.  

First, the correction to the RMS of velocity fluctuation ui,RMS was examined. 

Herein, we write 𝑢𝑖,RMS
′  instead of ui,RMS for clearly emphasizing “fluctuation,” and 

we may simply write u instead of ui for the sake of brevity. Regarding this point, we 

also need to be reminded that the velocity fluctuation RMS 𝑢𝑖,RMS
′  is defined as the 

second moment (standard deviation) of the measured velocities as follows. 

    𝑢RMS
𝑒′

= 𝜎𝑢𝑒   (Eq.6.2) 

In the actual measurement, the fluctuation consists of both true turbulent fluctuations 

and spurious fluctuations from noise. The velocity fluctuation RMS value is 

overestimated because of this latter noise. The expected value of the measured 

velocity fluctuation RMS is as follows, where overbar denotes time or ensemble 

averaging. 

  𝑢𝑒′ = 𝑢𝑒 − 𝑢𝑒̅̅ ̅ = (𝑢𝑖 + 𝑒) − (𝑢�̅� + �̅�) = 𝑢′ + 𝑒′ (Eq.6.3) 

  𝐸[𝑢𝑒
RMS
′

] = √𝑢′2̅̅ ̅̅ + 𝐸 [2𝑒′𝑢′̅̅ ̅̅ ̅ + 𝑒′2̅̅ ̅̅ ] = √𝑢′2̅̅ ̅̅ + 𝜎𝑒
2 (Eq.6.4) 

It is assumed that the expectation of 𝑒′𝑢′̅̅ ̅̅ ̅ is equal to zero because the noise and true 

velocity are independent of each other. Since the PIV uncertainty that corresponds 

to the uncertainty of velocity measurement has been determined, the velocity 

fluctuation RMS can be corrected by calculating the inverse function. 
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   𝑢RMS
′ 𝑐𝑜𝑟𝑟

= √𝑢𝑒
RMS
′ 2

− 𝜎𝑒
2  (Eq.6.5) 

Second, the correction to the strain rate invariant squared |𝑠|2 = 2𝑠𝑖𝑗
′ 𝑠𝑖𝑗

′  (twice 

that of Eq. 5.6) was examined. Before directly going through the strain rate, we first 

examine the spatial derivative within the strain rate equation. Finite differencing was 

used to estimate the spatial derivatives of the velocity fluctuation field, sampled on 

equidistant grids in order to obtain the velocity fluctuation gradient tensor 
𝜕𝑢𝑗

′

𝜕𝑥𝑖
. The 

derivative involves a truncation error, and extensive studies have examined this 

effect. It has been shown that second-order central differencing is sufficiently 

accurate, and is thus widely used (Lourenco & Krothapalli, 1995; Foucaut & 

Stanislas, 2002; Etebari & Vlachos, 2005). Here, the second-order central difference 

scheme was employed, while the truncation error was not taken into account, as it is 

beyond the scope of this study. Moreover, when dealing with the dissipation rate 

measured by the large-eddy method, the truncation error can be analogically 

interpreted as part of a turbulence model. 

The spatial derivative was calculated as follows, 

  
𝜕𝑢𝑗

𝑒′

𝜕𝑥𝑖
=

𝑢𝑗
𝑒′

(𝑥𝑖+∆𝑥)−𝑢𝑗
𝑒′

(𝑥𝑖−∆𝑥)

2∆𝑥
=

𝜕𝑢𝑗
′

𝜕𝑥𝑖
+

𝑒+−𝑒−

2∆𝑥
,  (Eq.6.6) 

where ∆x denotes the grid spacing and e± simply denotes ej(xi±∆x). Since the 

derivative is a linear function of two errors, its expected value is always equal to the 

true value. The square of the spatial derivative can also be considered as follows, 

  (
𝜕𝑢𝑗

𝑒′

𝜕𝑥𝑖
)

2

= (
𝜕𝑢𝑗

′

𝜕𝑥𝑖
)

2

+ (
𝑒+−𝑒−

∆𝑥
)

𝜕𝑢𝑗
′

𝜕𝑥𝑖
+

𝑒+
2−2𝑒+𝑒−+𝑒−

2

4(∆𝑥)2 , (Eq.6.7) 
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where the expected value of the second term on the right-hand side is zero. From the 

characteristics of the normal distribution that the square of the random variable has 

the expected value equal to the variance, 𝐸[𝑒2] = 𝜎𝑒
2, and that the correlation of 

independent random variables is zero, 𝐸[𝑒+𝑒−] = 0, the following holds. 

   𝐸 [(
𝜕𝑢𝑗

𝑒′

𝜕𝑥𝑖
)

2

] = (
𝜕𝑢𝑗

′

𝜕𝑥𝑖
)

2

+
1

2
(

𝜎𝑒

∆𝑥
)

2
  (Eq.6.8) 

   (
𝜕𝑢𝑗

′

𝜕𝑥𝑖
)

2,𝑐𝑜𝑟𝑟

= (
𝜕𝑢𝑗

𝑒′

𝜕𝑥𝑖
)

2

−
1

2
(

𝜎𝑒

∆𝑥
)

2
  (Eq.6.9) 

The strain rate tensor invariant squared |𝑠|𝑒2 = 2𝑠𝑖𝑗
𝑒 𝑠𝑖𝑗

𝑒  can be rewritten, from Eq. 

5.6, as follows, where this one quantity needs eight independent measurements of 

velocity components. 

|𝑠|𝑒2 = 4 (
𝜕𝑢1

𝑒′

𝜕𝑥1
)

2

+ 4 (
𝜕𝑢2

𝑒′

𝜕𝑥2
)

2

+ 3 (
𝜕𝑢1

𝑒′

𝜕𝑥2
)

2

+ 3 (
𝜕𝑢2

𝑒′

𝜕𝑥1
)

2

+

4 (
𝜕𝑢1

𝑒′

𝜕𝑥1

𝜕𝑢2
𝑒′

𝜕𝑥2
) + 6 (

𝜕𝑢1
𝑒′

𝜕𝑥2

𝜕𝑢2
𝑒′

𝜕𝑥1
)   (Eq.6.10) 

As seen in Eq. 6.8, the first four terms are expected to be overestimated by 

1

2
(𝜎𝑒 ∆𝑥⁄ )2  times its coefficient. Since the last two terms only have linear 

components of the random error, their expectations equal the true values. Therefore, 

the expected and corrected values of resolved strain rate invariant squared were 

derived as follows. 

   𝐸[|𝑠|𝑒2
] = |𝑠|2 + 7 (

𝜎𝑒

∆𝑥
)

2
   (Eq.6.11) 
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   |𝑠|2,𝑐𝑜𝑟𝑟 = |𝑠|𝑒2 − 7 (
𝜎𝑒

∆𝑥
)

2
   (Eq.6.12) 

Third and last, the correction to the dissipation rate measurement using the 

large-eddy method was examined. The large-eddy method can be rewritten as 

follows, which is exactly the same as Eq. 5.15. 

   𝜀LE
𝑒 = 𝐶𝑠

2∆IW
2 (|𝑠|𝑒2

)
3 2⁄

   (Eq.6.13) 

Because this quantity is a complicated multivariate function including the square-

root-sum of random variables, its mathematical expectation cannot reduce to a 

closed-form expression. Therefore, the quadratic Taylor series approximation was 

first applied, and then the expectation value was approximately calculated. The 

dissipation rate, a function of eight independent errors, can be written as 

   𝜀LE
𝑒 = 𝜀LE

𝑒 (𝑒𝑛) (𝑛 = 1,2, … ,8),  (Eq.6.14) 

where en denotes each of the eight errors, and the expectation of the Taylor series 

approximation is calculated as follows. 

   𝐸[𝜀LE
𝑒 ] = 𝜀LE + 𝐸 [

1

2!
∑ (

𝜕2𝜀LE
𝑒

𝜕𝑒𝑛
2 )

𝑒=0
𝑒𝑛

28
𝑛=1 ] (Eq.6.15) 

Note that the expected values of the first-order terms and the second-order 

correlation terms were excluded because they have zero value, as errors are normally 

distributed and independent, thus leaving only the squared terms. The second 

derivative of the measured dissipation rate is 

 (
𝜕2𝜀LE

𝑒

𝜕𝑒𝑛
2 )

𝑒=0
=

3

4
𝐶𝑠

2∆IW
2 {|𝑠|−1 (

𝜕|𝑠|𝑒2

𝜕𝑒𝑛
)

2

+ 2|𝑠| (
𝜕2|𝑠|𝑒2

𝜕𝑒𝑛
2 )}

𝑒=0

, (Eq.6.16) 
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and its substitution into Eq.6.15 yields the following. 

𝐸[𝜀LE
𝑒 ] = 𝜀𝐿𝐸 +

3

8
𝐶𝑠

2∆IW
2 |𝑠|−1𝐸 [∑ (

𝜕|𝑠|𝑒2

𝜕𝑒𝑛
)

2

𝑒𝑛=0
𝑒𝑛

28
𝑛=1 ] +

3

4
|𝑠|𝐸 [∑ (

𝜕2|𝑠|𝑒2

𝜕𝑒𝑛
2 )

𝑒𝑛=0
𝑒𝑛

28
𝑛=1 ]  (Eq.6.17) 

Each derivative can be obtained from Eq.6.10, and each expectation value of error 

squared can be obtained using the normal error assumption, E[𝑒2] = 𝜎𝑒
2. Then we 

find the approximate expectation and the correction of the dissipation rate using the 

large-eddy PIV method as follows. 

𝐸[𝜀LE
𝑒 ] = 𝜀LE +

3

2
𝐶𝑠

2∆IW
2 {|𝑠|−1 [10 (

𝜕𝑢1
′

𝜕𝑥1
)

2

+ 10 (
𝜕𝑢2

′

𝜕𝑥2
)

2

+

16 (
𝜕𝑢1

′

𝜕𝑥1

𝜕𝑢2
′

𝜕𝑥2
) + 9 (

𝜕𝑢1
′

𝜕𝑥2
+

𝜕𝑢2
′

𝜕𝑥1
)

2

] + 7|𝑠|} (
𝜎𝑒

∆𝑥
)

2
 (Eq.6.18) 

𝜀LE
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𝑒 −
3

2
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2∆IW
2 {|𝑠|𝑒−1 [10 (

𝜕𝑢1
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𝜕𝑥1
)

2

+ 10 (
𝜕𝑢2

𝑒′

𝜕𝑥2
)

2

+

16 (
𝜕𝑢1

𝑒′

𝜕𝑥1

𝜕𝑢2
𝑒′

𝜕𝑥2
) + 9 (

𝜕𝑢1
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𝜕𝑥2
+

𝜕𝑢2
𝑒′

𝜕𝑥1
)

2

] + 7|𝑠|𝑒} (
𝜎𝑒

∆𝑥
)

2
 (Eq.6.19) 

 

6.3. Uncertainty propagation 

In order to quantify the uncertainty in an experimental result that is a 

multivariate function of J-variables, the Taylor-series method (TSM) is used 

(Coleman & Steele, 2018). For the result 𝑟 = 𝑟(𝑋1, 𝑋2, … , 𝑋𝐽), this method gives 

the uncertainty as follows, where U[Xi] denotes the uncertainty of the measured value 

Xi. 
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 𝑈2[𝑟] = (
𝜕𝑟

𝜕𝑋1
)

2
𝑈2[𝑋1] + (

𝜕𝑟

𝜕𝑋2
)

2
𝑈2[𝑋2] + ⋯ + (

𝜕𝑟

𝜕𝑋𝐽
)

2

𝑈2[𝑋𝐽] (Eq.6.20) 

When the uncertainties of statistical quantities are obtained from a set of samples 

𝑥 = {𝑥1, 𝑥2, … , 𝑥𝑁}, the estimation of the mean and variance from the measured 

sample data are defined, respectively, as follows. 

   �̅� =
1

𝑁
∑ 𝑥𝑖

𝑁
𝑖=1     (Eq.6.21) 

   𝜎𝑥
2 =

1

𝑁−1
∑ (𝑥𝑖 − �̅�)2𝑁

𝑖=1    (Eq.6.22) 

The standard uncertainty is defined as an estimate of the standard deviation of the 

parent population from which a particular elemental error originates [36]. By the 

definitions, therefore, the standard uncertainty is equal to the estimated standard 

deviation. Moreover, the 95% uncertainty corresponds to the 95% confidence level, 

which means 95% of error is expected to lie in the interval based on the Student’s t-

distribution. The 95% uncertainty value is obtained by multiplying the standard 

uncertainty and the 95% t-statistic of the sample size N. For averaged quantities, 

since we assumed that independent samples follow a distribution of standard 

deviation σx, the standard uncertainty of the average is given as follows (Benedict & 

Gould, 1996). 

    𝑈[�̅�] =
𝜎𝑥

√𝑁
   (Eq.6.23) 

 

First, the standard uncertainty of the velocity fluctuation RMS was obtained 

using the TSM as follows, where the standard uncertainty of a Gaussian random 

variable equals the standard deviation: 𝑈[𝑒] = 𝜎𝑒. 
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  (Eq.6.24) 

    𝑈[𝑢𝑒
𝑅𝑀𝑆
′

] =
𝜎𝑒

√𝑁
   (Eq.6.25) 

As the variance of the error itself is negligible compared to the variance of velocity 

measurement with the error model that assumes a fixed error variance, the 

uncertainty of the corrected value becomes nearly the same as the standard 

uncertainty without correction (Sciacchitano & Wieneke, 2016). 

   𝑈[𝑢𝑅𝑀𝑆
′ 𝑐𝑜𝑟𝑟

] ≈ 𝑈[𝑢𝑒
𝑅𝑀𝑆
′

]   (Eq.6.26) 

This assumption can be applied to all the following corrected values; thus the 

uncertainties of corrected values will not be derived separately. 

Second, the standard uncertainty of the strain rate invariant squared was 

obtained. The strain rate invariant square, Eq.6.10, can be rewritten in another form 

to separate longitudinal and transverse components as follows. 

 |𝑠|𝑒2 = 4 {(
𝜕𝑢1

𝑒′

𝜕𝑥1
)

2

+ (
𝜕𝑢2

𝑒′

𝜕𝑥2
)

2

+ (
𝜕𝑢1

𝑒′

𝜕𝑥1

𝜕𝑢2
𝑒′

𝜕𝑥2
)} + 3 (

𝜕𝑢1
𝑒′

𝜕𝑥2
+

𝜕𝑢2
𝑒′

𝜕𝑥1
)

2

 (Eq.6.27) 

As the uncertainties in the first term and the second term are independent, we use 



 ６４ 

Eq.6.20 to obtain the overall uncertainty: 

𝑈2[|𝑠|𝑒2
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(Eq.6.28) 

Applying the uncertainty propagation formula (Eq.6.10), where each term consists 

of four measured variables with the corresponding errors as seen in Eq. 6.6, we 

obtained the standard uncertainty of the strain rate invariant squared: 

𝑈[|𝑠|𝑒2
] = 2√10 (
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(Eq.6.29) 

When measuring stationary turbulent flow, the time-averaged statistical quantity is 

normally used. From Eq.6.23 the standard uncertainty of the temporal average over 

N samples is: 
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(Eq.6.30) 

where the over-line denotes temporally averaged quantity. Here, the magnitude of 

PIV uncertainty is assumed to be stationary with time. 

The third is the standard uncertainty of the dissipation rate measurement using 

the large-eddy method. This value can be derived from Eq.6.28, by applying the 

uncertainty propagation formula Eq.6.20. 
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 (Eq.6.31) 

Thus, the standard uncertainty of the dissipation rate is reduced into the following 

form. 
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 (Eq.6.32) 

As the same in Eq.6.30, when measuring stationary turbulence, the standard 

uncertainty of the time-averaged dissipation rate over N samples becomes as follows. 
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 (Eq.6.33) 

 

6.4. Numerical verification 

The Monte-Carlo method is a powerful approach to uncertainty quantification 

of an experimental result that is a function of measured variables. It draws errors 

from a Gaussian distribution that formulates a pre-quantified PIV uncertainty, and 

simulates the measurement repeatedly with individual errors sampled each time. 

Then, based on the distribution of the collected results, the uncertainty is statistically 
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determined (Coleman & Steele, 2018). Although the solution is only numerically 

available for this method, this gives the solution that is closer to the true value for 

not neglecting high-order terms, contrary to the TSM. 

Prior to the statistical evaluation, the PIV measurement was modeled with a 

three-dimensional velocity field from a direct numerical simulation (DNS) dataset. 

The Johns Hopkins Turbulence Database (JHTDB) offers a dataset of homogeneous 

isotropic turbulence (HIT) calculated using DNS, which consists of 10243 nodes and 

5028 time steps, covering twice the integral length scale and five times the large 

eddy turnover time, respectively (Li, Y. et al., 2008). Because the DNS dataset 

contains the true value of each measurement, the PIV model is highly advantageous 

with respect to exact verification. 

PIV measurement is essentially spatial filtering as it obtains one representative 

velocity over a finite sub-window region. Therefore, a single PIV measurement can 

be modeled by applying spatial filters to a DNS velocity field. For convenience, the 

direction perpendicular to the laser sheet is denoted by direction 3, and parallel 

directions are denoted by direction 1 and 2. In direction 3, Gaussian filtering was 

applied, due to the intensity distribution of the laser sheet. In direction 1 and 2, top-

hat filtering was applied, due to uniform laser intensity over the square sub-window. 

Normal random error was then added to each sub-window, the magnitude of which 

was determined from the pre-quantified PIV uncertainty. 

For one snapshot of turbulence, two in-plane velocity components at 

1024∙1024∙65 nodes for each direction was downloaded. Here, the center of the laser 

sheet in direction 3 was set to have node number 33. As only discrete data was 

available, instead of using a Gaussian filtering function for continuous data, a weight 

function Wj in the definite integral form was applied as follows, where j denotes the 

node number from 1 to 65 and i denotes the direction 1 and 2. 



 ６７ 

  𝑊𝑗 =
1
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)  (Eq.6.34) 

  𝑢𝑖 = ∑ 𝑊(𝑗−33)𝑢𝑖𝑗
65
𝑗=1     (Eq.6.35) 

Top-hat filtering was conducted by simply averaging over the square sub-window 

whose filter size is defined as the length of one side of the square. The filtered grid 

size was determined according to the overlap ratio. If the overlap ratio is 50% for 

example, the grid size should be half of the filter size. Finally, a random error e that 

follows a normal distribution with zero mean and a certain amount of standard 

deviation σe was added to each sub-window individually. A parameter ξ was 

introduced, which is defined as the ratio of the standard deviation of velocity error 

to the root-mean-square of overall velocities in the DNS dataset: ξ = σe ⁄(uRMS,DNS). 

This parameter shows the magnitude of PIV uncertainty and its range was assumed 

to be from 0 to 20%, which is on par with the range of true PIV uncertainty. Here, ξ 

nominally has a value less than 10% (0.2 px error over 2 px RMS displacement), 

while it can be as high as 20% in cases of severe optical distortions (Reuss et al., 

2002). Finally, one velocity field data set was obtained from the PIV model 

simulating the laser sheet intensity, sub-window correlation, and measurement error. 

The PIV model utilized the filtered DNS dataset instead of the synthetic PIV 

dataset, because of the limitations of synthetic PIV. Synthetic PIV first generates 

virtual particle images and implements the PIV software with these images, and thus 

is dependent on the performance of the PIV software, which is not directly 

quantifiable. Therefore, we directly added Gaussian error to each velocity value, 

which comprehensively simulates overall error contributors such as optical 

constraints, software inaccuracies, or limitations in capturing the flow. 

With the given conditions including filter size, overlap ratio, and PIV 
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uncertainty for time and space, error and uncertainty in the results derived from the 

PIV measurement can be numerically calculated via the Monte-Carlo Method with 

the PIV model. One thousand iterations were conducted for each quantity, such as 

velocity fluctuation RMS, resolved strain rate invariant, dissipation rate, and their 

corrections. For statistical quantities, the ensemble average over one hundred frames 

was conducted ahead of the iteration (Nframe = 100). The process is depicted in Figure 

6.1, where the left part describes the PIV model with input variables that are 

underlined, and the right part describes Monte-Carlo simulation for a range of PIV 

uncertainty (ξ = 0 – 20%). Finally, for the verification, the analytical solutions were 

compared with the Monte-Carlo solutions. 

 

6.5. Results and discussion 

In this section, the analytical approaches to both mathematical expectations 

(Section 6.2) and uncertainty propagations (Section 6.3) were verified by comparing 

them to Monte-Carlo results generated by the PIV model (Section 6.4). Then the 

corrections were validated in the same way. 

First, the Monte-Carlo process for the dissipation rate was repeated until its 

mean value sufficiently converged. Figure 6.2 shows the root-mean-square (RMS) 

of relative error between the numerical result and analytical estimation for the mean 

dissipation rate versus iteration number for the case of ξ = 10%. As can be seen, the 

relative error definitely decreases with increasing iteration number up to one 

thousand, while it remains nearly unchanged afterward. Therefore, convergence is 

achieved at approximately Nt = 1,000 for the current simulation, and all of the 

following simulations hereinafter will have the same iteration number. However, the 

relative error does not approach zero, but has a residual error rate of 0.0102. This is 
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because of the inaccuracies involved with second-order approximation in estimating 

the dissipation rate (Eq.6.15). The subgraph shows that the difference between the 

relative error and the converged value approaches zero, thus confirming convergence. 

The comparison of analytical estimations and Monte-Carlo solutions in terms 

of mean value within the range of PIV uncertainty are illustrated in Figure 6.3. Note 

that this illustration presents only one sub-window for the case of ΔIW = 32 and 50% 

overlap. Figure 6.3(a) and 6.3(b) shows the measurement of velocity fluctuation 

RMS and the strain rate invariant squared, respectively. Both analytical and 

numerical means follow each other closely in parabolic form. Figure 6.3(c) shows 

the dissipation rate measurement, where the approximate mean follows the Monte-

Carlo results, but the approximation slightly underestimates with larger PIV 

uncertainty. The relative errors between the analytical dissipation rate mean values 

and the numerical values over all the sub-windows in the case of ξ = 10, 20% is given 

as a histogram in Figure 6.4. The histogram shows that the RMS relative error was 

less than 1% for ξ = 10%, and 7.41% for ξ = 20%, which means that the 

approximation was sufficiently accurate for the smaller PIV uncertainty case, but 

became inaccurate as the PIV uncertainty increases. This approximation is still 

practically valid, however, because the actual PIV uncertainty is lower than 10% in 

general, and it could be improved by considering higher terms in the Taylor-series 

approximation. 

Figure 6.3(c) also shows that, apart from the random error and uncertainty, the 

dissipation rate measured by PIV differs from that measured by the direct method 

with full resolution which corresponds to the true value. This is because of the 

fundamental limit of the large-eddy PIV method, for which the turbulence model in 

LES (Eq.5.14-15) is responsible. The discrepancy is inevitable, unless PIV spatial 

resolution is sufficiently fine to capture the smallest dissipative eddies. 
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Figure 6.5 presents the 95% uncertainty for the three measurements in Figure 

6.3. It shows that both analytical and numerical solutions agree well in the region of 

relatively low PIV uncertainty. However, as the PIV uncertainty increases, both 

nonlinear contributions and overestimation become considerable; thus the two 

solutions start to disagree. This demonstrates the limitation of the Taylor-series 

method, which accounts only for the linear part of the uncertainty propagation. 

To verify the correction, the same procedure was conducted with the corrected 

formulas at the same measurement conditions. Figure 6.6 shows both the non-

corrected and the corrected measurements of mean value, where the former ones are 

taken from Figure 6.3. As can be seen, the overestimation problem in nonlinear 

measurements due to PIV random uncertainty has been clearly solved. In Figure 

6.6(c), a small amount of residual error resulting from the approximation still 

remains. This was already illustrated in Figure 6.4, and is relatively small compared 

to the overestimation bias. Moreover, the uncertainty values of the corrected 

measurement are depicted in Figure 6.5, and it validates the assumption that the 

uncertainty difference between corrected and non-corrected measurements is 

negligible. 

Figure 6.7 gives the dissipation rate measurements at a certain y location, and 

demonstrates the effectiveness of the correction. Without the correction, shown as 

triangular markers, the PIV measurement overestimated the dissipation rate by up to 

about double in the case of ξ = 20%. After the correction, on the other hand, the PIV 

measurement was highly improved, as it approached the error-free PIV dissipation 

rate value. In the case of ξ = 20%, some residual error remains, resulting from the 

second-order approximation, while nearly no residual remains for ξ = 10%, which 

agrees with Figure 6.4 and 6.6. The discrepancy between the PIV measurement and 

DNS direct measurement, regardless of error, is because of the limitation of 
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turbulence modeling. 

In summary, the present work in Chapter 6 has proposed a mathematical 

framework for the correction of overestimation, resulting from nonlinear 

propagation of velocity uncertainty embedded in PIV measurements. The framework 

relies upon the assumption of Gaussian random error and the theory of mathematical 

expectation. It uses Taylor-series approximation if no exact expectation exists 

because of complicated error propagation. Monte-Carlo simulations have 

numerically verified the analytical framework, and overall results indicate that the 

proposed corrections have largely reduced the inaccuracy in obtaining nonlinear 

values such as velocity fluctuation RMS, strain rate invariant, and turbulent 

dissipation rate. The approximation has a relative error RMS of 0.8% for ξ = 10% 

and 7.4% for ξ = 20%, which means it becomes erroneous with increasing PIV 

uncertainty, but is still practically valid for typical PIV uncertainties. 

Another mathematical framework for the quantification of the propagated 

uncertainty (Sciacchitano & Wieneke, 2016) has been applied to the values derived 

from PIV measurement. The framework is based on the pre-determined velocity 

uncertainty in PIV measurements and its linear propagation. The Monte-Carlo 

simulations have also numerically assessed the uncertainty propagation, and both 

results confirm that the framework can quantify the resultant uncertainty. The 

framework becomes imprecise with increasing PIV uncertainty, because it only 

accounts for the linear propagation, but the method is still valid for an actual case of 

PIV uncertainty lower than 10%. 

Moreover, a PIV model using the DNS velocity dataset has been suggested for 

the numerical simulation. The model considers the intensity profile of the laser sheet, 

spatial filtering over sub-windows, and measurement random errors. This filtered 

PIV dataset is more appropriate than the synthetic PIV dataset that is widely used, 
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because it is independent of PIV image processing, and an arbitrary error can be 

added according to the purpose of simulation. The PIV model can be applied to other 

simulations of PIV measurement, in lieu of synthetic PIV. 
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Figure 6.1 Flow chart of Monte-Carlo method using the PIV model with a DNS 

dataset 
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Figure 6.2 Convergence of Monte-Carlo results for the mean corrected 

dissipation rate (Nframe = 100, ΔIW = 32, 50% overlap) 
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Figure 6.3 Comparison of analytical estimation and Monte-Carlo results for 95% 

uncertainty value (Nframe = 100, ΔIW = 32, 50% overlap, (32nd, 8th) sub-

window) (a) velocity fluctuation RMS (b) strain rate invariant squared (c) 

dissipation rate 
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Figure 6.4 Histogram of relative error between approximate solution and Monte-Carlo 

results for dissipation rate mean value (Nframe = 100, ΔIW =32, 50% overlap, Nt = 

1,000) (a) ξ = 10% (b) ξ = 20% 
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Figure 6.5 Comparison of analytical estimation and Monte-Carlo results for 95% 

uncertainty value (Nframe = 100, ΔIW =32, 50% overlap, (32nd, 8th) sub-

window) (a) velocity fluctuation RMS (b) strain rate invariant squared (c) 

dissipation rate 
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Figure 6.6 Comparison of corrected and non-corrected results for mean value (Nframe 

= 100, ΔIW =32, 50% overlap, (32nd, 8th) sub-window) (a) velocity 

fluctuation RMS (b) strain rate invariant squared (c) dissipation rate 
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Figure 6.7 Correction to the PIV dissipation rate measurement (Nframe = 100) (a) ΔIW =32, 50% 

overlap, y = 8 (b) ΔIW =64, 50% overlap, y = 18 
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Chapter 7. Concluding Remarks 

 

An experimental realization of homogeneous and isotropic turbulence (HIT) 

was successfully achieved in the laboratory, and the flow was quantitatively 

characterized using stereoscopic PIV.  

From the statistically stationary homogeneous flow, ensemble, spatial- and 

temporal-averaging were utilized to analyze the turbulence statistics. The turbulence 

showed excellent homogeneity and isotropy without mean flow or mean strain, and 

the Taylor microscale Reλ reached up to 228. It also manifested a skewed and sharp 

PDF for longitudinal velocity derivatives, indicating the dominance of vortex 

stretching and intermittency of dissipation. Moreover, three kinds of two-point 

statistics, representing flow scales, revealed scale-to-scale isotropy of the turbulence 

and the inertial subrange measured by the PIV setup. 

The dissipation rate ε of HIT was accurately measured using three different 

methods, two of which utilize Kolmogorov’s second similarity hypothesis: structure-

function fitting and energy-spectrum fitting, whereas the other one utilizes energy 

balance: dissipation scaling. Furthermore, two other methods: large-eddy method 

and direct method were also used, which are advantageous in their applicability to 

general PIV experiments. In conclusion, the large-eddy method requires the PIV 

interrogation window size to be in the inertial subrange, while the direct method 

requires sufficient PIV resolution to capture the smallest fluid motions 
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국문 초록 

난류 현상을 이해하는 데 기초가 되는 균질한 등방성 난류를 

실험적으로 구현하고 통계적인 방법으로 분석하였다. 합성 제트 

발생기로 구성한 난류 상자 중앙부에 평균 유동과 평균 기울기가 없는 

균질한 등방성 난류가 생성되었으며, 스테레오 입자영상유속계를 

이용하여 평면 계측영역의 세 방향 속도 성분을 계측하였다. 정상 

상태의 균질한 유동장을 독립적으로 측정함으로써 각 속도 벡터를 

시공간 전체에 대한 통계적 표본으로 간주하고 단일점 통계치와 이점 간 

통계치를 추계하였다. 단일점 통계치를 분석함으로써 난류 유동의 

정상성, 균질성, 등방성이 충분함을 확인하였다. 속도 상관 함수, 속도 

구조 함수, 에너지 스펙트럼을 포함하는 이점 간 통계치를 분석함으로써 

다규모 등방성과 관성 영역에서의 상사성 등을 확인하였다. 난류 

소산율을 측정하는 총 다섯 가지 방법을 비교분석함으로써 각 방법의 

성능을 평가하고 입자영상유속계로 난류를 측정하는 일반적인 

상황에서의 필요조건을 검토하였다. 관성 영역에서의 난류의 보편성에 

기초한 측정법과 규모 간 에너지 균형에 기초한 측정법은 일관된 결과를 

보였으며, 따라서 이를 본 실험에 대한 정확한 계측값으로서 활용하였다. 

반면에 균질한 등방성 난류뿐만 아니라 일반적인 난류 조건에 적용 

가능한 큰 에디 방법과 직접 측정 방법은 각각 계측의 공간 분해능이 

과하거나(관성영역보다 작은 영역을 분해하는 경우) 부족하여(유체의 

가장 작은 규모 움직임을 포착하지 못하는 경우) 난류 소산율을 과소 

측정할 수 있음을 확인하였다. 따라서 입자영상유속계를 이용한 난류 

측정 실험에서는 이 조건이 충족되도록 계측영역과 상관창 크기를 

통제하여야 한다. 

 

주요어: 균질한 등방성 난류, 난류 통계치, 소산율 측정, 

 스테레오 입자영상유속계 
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