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Abstract 

 

On Statistical models for  

Cross-over design 

 
Yonggab Kim 

Department of statistics  

The Graduate School 

Seoul National University 

 

Cross-over designs have been widely used in clinical 

trials to investigate the efficacy of new treatments. In 

cross-over designs, each subject is treated subsequently 

with different treatments. Many methods such as linear 

mixed models have been used to analyze the repeated 

measurements from cross-over designs. When we 

consider repeated measured response variables, estimation 

of random components for linear mixed models is not 

always easy. Thus, we applied the generalized estimating 

equation method to cross-over designs and compared their 

results with those from linear mixed models. To apply the 

generalized estimating equation method to the data from the 
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cross-over designs, we need to switch the role of variables 

such a way that the independent variable in linear mixed 

models is considered as a response variable in generalized 

estimating equation model and vice versa. Through 

simulation studies, we checked the type I errors and 

compared powers to evaluate the performance of the 

proposed generalized estimating equation method. 

Keyword: Correlated data, Cross-over design, Mixed 

effect model, Generalized estimating equation model. 
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Chapter 1.  

 

 

 

Introduction  

 

 

 
Longitudinal studies are frequently used in various 

research areas these days, especially in clinical trials. 

Unlike cross-sectional studies in which only one 

observation is taken for each subject, the longitudinal study 

takes repeated measurements over time for each subject 

[1]. The key advantage of the longitudinal study is that it is 

possible to obtain information about individual’s pattern of 

over time. Typically, two experimental designs can be used 

in longitudinal studies, parallel and cross-over designs. In 
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the parallel design, each experimental unit is randomized to 

receive only one experimental treatment. In the cross-over 

design, each unit or subject receives a sequence of 

experimental treatments [2,3].  

The classical analysis of continuous responses 

generated from cross-over designs assumes that the 

vector of observations for a subject follows a multivariate 

normal distribution [4]. Linear mixed model (LMM) which 

is a most commonly used analysis for cross-over designs 

assumes the normal distribution [5,6,7]. However, this 

normality assumption is rarely satisfied in real data [8, 9]. 

The LMM approach to repeated measurements extends 

univariate regression analysis to multivariate regression 

analysis for correlated response variables by adopting a 

random component to handle the correlations. However, the 

estimation of random components is not always easy. Quite 

often, the estimation of LMM causes a convergence 

problem [8,9]. To avoid this problem, we adopted the GEE 

modelling approach by switching the role of variables in 

such a way that an independent variable in LMM be 

considered as a response variable in GEE and vice versa. 

Through comparison studies, we compared the 

performances of these two models.  
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This article is structured as follows. In Chapter 2, we 

introduce the general data layout of repeated 

measurements. In Chapter 3, we introduce the notation and 

basic structure of LMM and GEE model. In Chapter 4, we 

perform real data analysis that investigates effect of 

ingestion of seaweed extract on anti-oxidative and 

inflammation and simulation studies. Conclusion and future 

works are summarized in Chapter 5. 
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Chapter 2.  

 

 

 

Materials  

 

 

 

2.1 General data layout of cross-over design 

 

Repeated measurements are taken for each subject in a 

sequence of treatments in cross-over designs. The layout 

of data from cross-over designs contains sequence 

identifier (sequence number), subject identifier, period 

identifier and some covariates of interest. Table 1 shows a 

layout of the general structure of the data for cross-over 

design [10]. 
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Table 1 General layout for cross-over repeated measurements 

Sequence 

ID 

(i) 

Subject   

ID 

(j) 

Period 

(k) 

Observation 

# 

Response 

y
ijk

 

Covariates 

(xijk1, xijk2…xijkp) 

1 1 1 1 y
111

 x1111 … x111p 

2 1 𝟐 2 y
212

 x2121 … 𝒙𝟐𝟏𝟐𝒑 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

I 1 K I*K 𝒚𝑰𝟏𝑲 xI1K1 … 𝒙𝑰𝟏𝑲𝒑 

1 2 1 1 y
121

 x1211 … x121p 

2 2 𝟐 2 y
222

 x2221 … x222p 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

I 2 K I*K y
I2K

 xI2K1 … xI2Kp 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

1 j 1 1 y
1j1

 x1j11 … x1j1p 

2 j 𝟐 2 y
2j2

 x2j21 … x2j2p 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

I j K I*K y
IjK

 xIjK1 … xIjKp 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

1 N 1 1 y
1N1

 x1N11 … x1N1p 

2 N 𝟐 2 y
2N2

 x2N21 … x2N2p 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

I N K I*K y
INK

 xINK1 … xINKp 
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Chapter 3.  

 

 

 

Methodology  

 

 

 

3.1 Notation and basic structure of LMM 

 

Currently, the LMMs are most commonly used for 

modeling repeated measurements in cross-over designs [5, 

6, 7]. In this section, we briefly discuss the LMM approach. 

Let 𝑍𝑖𝑗𝑘  be the continuous response variable for the 

𝑖𝑡ℎ sequence (𝑖 = 1,2, … ,  𝐼), the 𝑗𝑡ℎ subject (𝑗 = 1,2, … ,  𝑁) at 

time 𝑘 (𝑘 = 1,2, … ,  𝐾). For a continuous outcome, LMM can 

be written as 

𝑍𝑖𝑗𝑘 =  𝛽0 + ∑ 𝛽𝑔𝑊𝑖𝑗𝑘
𝐺,𝑔

𝐺−1

𝑔=1

+ ∑ 𝛾𝑝𝑊𝑖𝑗𝑘
𝑃,𝑝

𝐾−1

𝑝=1

 +𝑠𝑗 +  𝜖𝑖𝑗𝑘 
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𝑖 = 1,2, … , 𝐼;  𝑗 = 1,2, … ,𝑁;  𝑘 = 1,2, … , 𝐾 

where 𝑊𝑖𝑗𝑘
𝐺,g

 and 𝑊𝑖𝑗𝑘
𝑃,p

 are group and period indicator 

variables, respectively, such as 𝑊𝑖𝑗𝑘
𝐺,𝑔

= I (for the 

𝑖𝑡ℎ sequence, 𝑗𝑡ℎ subject at time 𝑘 belongs to the group 𝑔), 

𝑊𝑖𝑗𝑘
𝑃,𝑝= I(for the 𝑖𝑡ℎ sequence, the value of 𝑗𝑡ℎ  subject at 

time 𝑘 is measured in period 𝑝), and 𝐼(A) is the indicator 

function of event A. 

  𝑠𝑗 is a random subject effect for the 𝑗𝑡ℎ subject and 

𝜖𝑖𝑗𝑘 is a random error term. We assume that 𝑠𝑗~ 𝑁(0,  𝜎𝑠
2) 

and 𝜖𝑖𝑗𝑘~ 𝑁(0,  𝜎2), and 𝑠𝑗 and 𝜖𝑖𝑗𝑘 are independent. 

 

3.2 Estimation and Testing hypotheses of LMM 

 

In general, estimation in LMM is done by maximizing 

likelihood (ML) or maximizing restricted likelihood (REML) 

[11]. Testing the hypotheses in LMM is for comparing 

levels of fixed effect or for determining whether the 

variation due to random effect is zero or not. To test for 

fixed effect, consider the hypothesis 𝐻0:  𝛽1 = 𝛽2 = 𝛽3 =

𝛽4 =  =𝛽(G−1) = 0, the likelihood ratio test (LRT) can be 

used and we need to construct full and reduced model to 

perform likelihood ratio test:  
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 Full model: 𝒀 = 𝑿 𝜷 + 𝒁 𝜸 + 𝜺   

 Reduced model: 𝒀𝟎 = 𝑿𝟎𝜷𝟎 + 𝒁 𝜸 + 𝜺  

 

The LRT statistic for the test of the hypothesis: 𝐻0 :  𝛽 ∈

𝛩𝛽0
 vs 𝐻1 :  𝛽 ∈ 𝛩𝛽 

 is given by 𝑇 = 2(𝑙 − 𝑙0) where 𝛩𝛽0
 is a 

subspace of the parameter space 𝛩𝛽 
 of fixed effect 𝛽 and 

𝑙  and 𝑙0  represent the log-likelihood of full model and 

reduced model [12]. 

 

3.3 Notation and basic structure of GEE approach 

 

Liang and Zeger (1986) proposed the GEE method as an 

extension of generalized linear model to handle repeated 

measurements [13]. Later, Touloumis A. et al (2013) 

developed GEE model for multinomial responses [14, 15]. 

In this section, we review notation and basic structure of 

GEE model. 

Let 𝑌𝑖𝑗𝑘 𝜖 {1,2, … ,  𝐶(> 2)} be the multinomial response for 

𝑖𝑡ℎ sequence ( 𝑖 = 1,2, … ,  𝐼)  𝑗𝑡ℎ  subject  (𝑗 = 1,2, … ,  𝑁)  at 

time 𝑘 (𝑘 = 1,2, … ,  𝐾). Define 𝑌𝑖𝑗𝑘  as the indicator variable, 

𝐼(𝑌𝑖𝑗𝑘 = 𝑐)  for 𝑐 = 1,2, … , 𝐶,  where 𝐼(A)  is the indicator 

function of event A. It means that 𝑌𝑖𝑗𝑘𝑐 = 1 if the response 

for 𝑖𝑡ℎ  sequence, 𝑗 𝑡ℎ subject at time 𝑘 falls at category 𝑐, 
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𝑌𝑖𝑗𝑘𝑐 = 0  otherwise. We convert 𝑌𝑖𝑗𝑘  to the equivalent 

(𝐶 − 1)-variate vector𝒀𝒊𝒋𝒌 = (𝑌𝑖𝑗𝑘1, 𝑌𝑖𝑗𝑘2, … , 𝑌𝑖𝑗𝑘(𝐶−1))
T
, where 

∑ 𝑌𝑖𝑗𝑘𝑐
𝐶
𝑐=1   = 1 . Next, we define the 𝐾(𝐶 − 1) -variate 

response vector for 𝑖𝑡ℎ  sequence, 𝑗 𝑡ℎ  subject 𝒀𝑖𝑗 =

(𝒀𝑖𝑗1
T , 𝒀𝑖𝑗2

T   , … , 𝒀𝑖𝑗𝑇
T )

T
. 

Let 𝑿𝑖𝑗𝑘  be the (𝐶 − 1) ×  (𝑝 + 𝑚)  design matrix 

consisting of covariate vectors associated with 𝒀𝒊𝒋𝒌, where 

𝑝  is the number of variables of interest and 𝑚  is the 

number of dummy variables for representing the period 

effects. 

𝑿𝑖𝑗𝑘 =  

(

 
 

𝑥𝑖𝑗𝑘11

𝑥𝑖𝑗𝑘11

⋮
𝑥𝑖𝑗𝑘(𝐶−1)1

…
…
⋱
…

𝑥𝑖𝑗𝑘1𝑝

𝑥𝑖𝑗𝑘2𝑝

⋮
𝑥𝑖𝑗𝑘(𝐶−1)𝑝

𝑥𝑖𝑗𝑘1
𝑝𝑒𝑟𝑖𝑜𝑑 1

𝑥𝑖𝑗𝑘1
𝑝𝑒𝑟𝑖𝑜𝑑 1

⋮

𝑥𝑖𝑗𝑘1
𝑝𝑒𝑟𝑖𝑜𝑑 1

…
…
⋱
…

𝑥𝑖𝑗𝑘1
𝑝𝑒𝑟𝑖𝑜𝑑 𝑚

𝑥𝑖𝑗𝑘2
𝑝𝑒𝑟𝑖𝑜𝑑 𝑚

⋮

𝑥𝑖𝑗𝑘(𝐶−1)
𝑝𝑒𝑟𝑖𝑜𝑑 𝑚

)

 
 

 

Let 𝑿𝒊𝒋 = (𝑿𝒊𝒋𝟏
T  

, … , 𝑿𝒊𝒋𝑲
T )T

 

be the  𝐾(𝐶 − 1) × (𝑝 + m) 

covariates matrix for the 𝑖𝑡ℎ sequence and the 𝑗𝑡ℎ subject. 

Define 𝜋𝑖𝑗𝑘𝑐 = 𝐸(𝑦𝑖𝑗𝑘𝑐 |𝑿𝑖𝑗 )= 𝐏𝐫(𝑦𝑖𝑗𝑘𝑐 = 1| 𝑿𝑖𝑗 )= 𝐏𝐫(𝑦𝑖𝑗𝑘 =

𝑐| 𝑿𝑖𝑗 ) as the probability of response category c for 𝑖𝑡ℎ 

sequence, 𝑗𝑡ℎ  subject at time 𝑘 . And let 𝝅𝑖𝑗
 =

(𝝅
𝑖𝑡1 
T , … , 𝝅

𝑖𝑡𝐾 
T )

T
= 𝐸(𝒀𝒊𝒋|𝑿𝑖𝑗 )     be the 𝐾(𝐶 − 1) -variate 

vector where 𝝅𝑖𝑗𝑘 = (𝜋
𝑖𝑗𝑘1 
 , 𝜋

𝑖𝑗𝑘2 
 , … , 𝜋𝑖𝑗𝑘(𝐶−1)

 )𝑇  is the (𝐶 −

1)-variate vector where 𝜋𝑖𝑗𝑘𝐶 = 1 − ∑ 𝜋𝑖𝑗𝑘𝑐
𝐶−1
𝑐=1 .  

Let 𝒈: (0,1)𝐶−1 → 𝕽𝐶−1 be a (𝐶 − 1)-variate vector of 
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link functions. Then a multinomial generalized linear model 

to model the marginal expected vector for the 𝑖𝑡ℎ sequence, 

the 𝑗𝑡ℎ subject at time 𝑘 is given as follows.  

𝒈[𝐸(𝒀𝑖𝑗𝑘|𝑿𝑖𝑗)] = 𝒈(𝝅𝑖𝑗𝑘 ) = 𝑿𝑖𝑗𝑘𝜷, 

where 𝜷  is the ( 𝑝 + m) -variate regression vector of 

interest [14]. Depending on the type of the response 

variables, we can select various link functions. For 

multinomial ordinal response, we can choose the family of 

cumulative link model or the adjacent-categories logit 

model. For the nominal multinomial response, the baseline-

category logit model can be applied. The baseline category 

logit model is given as follows: 

log (
𝜋𝑖𝑗𝑘𝑐

𝜋𝑖𝑗𝑘𝐶
) = 𝛽0𝑐 + 𝑿𝑖𝑗𝑘𝜷𝑐

  

where {𝛽0𝑐: 𝑐 = 1,2, … ,  𝐶 − 1} are the category specific 

intercepts, and 𝜷𝑐 is the 𝑐𝑡ℎ category specific parameter 

vector. 

 

3.4 Estimation of GEE approach 

 

For general repeated measurement case, not cross-

over design, to obtain �̂�, a GEE estimator of 𝜷, Touloumis 

A. et al. (2013) solved the following estimating equation: 

𝑈(𝜷) =  ∑ 𝑫𝑖 𝑽𝑖 
−1(𝒀𝑖 − 𝝅𝑖 ) = 𝟎 

𝑁
𝑖=1 , 
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where 𝑫𝑖 =  
𝜕𝝅𝒊

𝜕𝜷
  and  𝑽𝑖 = 𝑽𝑖(𝜷)  is weight matrix that 

depends on 𝜷. 𝑽𝑖 = Cov(𝒀𝑖 |𝑿𝑖), the true covariance matrix 

for subject 𝑖 [17]. We extend this estimating equation for 

repeatedly measured cross-over designs. To get �̂�, we 

solve the estimating equation:  

𝑈(𝜷) =  ∑∑𝑫𝑖𝑗𝑽𝑖𝑗
−1(𝒀𝑖𝑗 − 𝝅𝑖𝑗)

𝑁

𝑗=1

= 𝟎𝒑

𝐼

𝑖=1

 

where 𝑫𝑖𝑗 =  
𝜕𝝅𝒊𝒋

𝜕𝜷
  and 𝑽𝑖𝑗 = 𝑽𝑖𝑗(𝜷) is a  𝐾(𝐶 − 1) × 𝐾(𝐶 −

1) “weight” matrix that depends on 𝜷. 𝑽𝑖𝑗 is a block matrix 

that mimics the form of Cov(𝒀𝑖𝑗|𝑿𝑖), the true covariance 

matrix for 𝑖𝑡ℎ sequence, 𝑗𝑡ℎ subject: 

𝑽𝑖𝑗 =  

[
 
 
 
 
𝑣𝑎𝑟(𝒀𝑖𝑗1) 𝑐𝑜𝑣(𝒀𝑖𝑗1, 𝒀𝑖𝑗2) … 𝑐𝑜𝑣(𝒀𝑖𝑗1, 𝒀𝑖𝑗𝐾)

⋮ 𝑣𝑎𝑟(𝒀𝑖𝑗2) … 𝑐𝑜𝑣(𝒀𝑖𝑗2, 𝒀𝑖𝑗𝐾)

⋮
…

⋮
…

⋱
…

         
⋮

𝑣𝑎𝑟(𝒀𝑖𝑗𝐾)]
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Chapter 4.  

 

 

 

Result 

 

 

 

To compare the results from the GEE models and 

LMMs, we analyzed the real data from a 3 x 3 cross-over 

experiment and then conducted a simulation study. 

 

4.1. Real data analysis: Investigation of the effect of ingestion 

of seaweed extract on anti-oxidative and inflammation. 

 

To evaluate the effect of ingestion of seaweed extract 

on anti-oxidative and anti-inflammation, a 3x3 cross-over 

study was performed for 36 subjects who were asked to 

ingest different amounts of extract (placebo, low dose and 
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high dose) over times. The following is illustration of this 

3x3 cross-over designs (Fig. 1).  
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Figure 1 Illustration of study design 
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Since the degree of anti-oxidative and inflammation is 

related to some proteomic and clinical variables, thirty-

eight proteins including EGF, IL6 and Fractalkine and 3 

clinical variables including ROS, MDA and ox-LDL were 

measured at every visit [18, 19]. In this study, every 

sample were received 3 different types of treatment. For 

each treatment, there were two different types of repeated 

factors: week and hour. In each week, repeated 

measurements were observed at three different hours. This 

is doubly repeated measurement data (Table 2). For 

simplicity, we combined repeatedly measured proteomic 

values in hours (0, 2, 6 hour) using the area under curve 

(AUC) [20]. 
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Table 2 Data structure of study 

Sample 

ID 
Treatment Week Hour Proteomic 1 Proteomic 2 … 

Sample 1 

 

High 0 0 33.86 122.4306 … 

High 𝟎 2 20.46 114.8632 … 

High 𝟎 𝟔 19.32 257.7051 … 

Low 1 0 27.49 291.6198 … 

Low 1 2 22.72 213.6423 … 

Low 𝟏 6 36.14 122.1773 … 

Placebo 𝟐 𝟎 22.6 199.5918 … 

Placebo 2 2 36.17 232.1971 … 

Placebo 𝟐 𝟔 34.27 179.2464 … 

Sample 2 Low 1 0 30.67 192.3319 … 

… … … … … … 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

17 

 

We fitted the GEE model to proteomic or clinical 

variables as independent variables and treatment 

information as the response variable. We used the baseline 

category logit link function. Figure 2 shows the scatter plots 

of −log10(𝑝 − value)  of GEE model for independence and 

exchangeable structures and LMMs for proteomic and 

clinical variables. We found that the GEE model tended to 

provide smaller p-values than LMMs and thus successfully 

identified markers that are   associated with anti-

oxidative inflammation, including Malondialdehyde (MDA) 

and Interleukin (IL4) [20]. Table 3 shows the details result 

of GEE model for independence structure and LMM, and 

Table 4 represents the results of GEE model for 

exchangeable structure and LMM. From table 3, MDA, IL4, 

Fit3L and IP10 variables are significant at 5% level of 

significant for GEE model with independence structure, but 

in LMM all variables are insignificant except MDA at 5% 

level of significant. 
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Figure 2 Results of association test of GEE model and LMM. (a) 

for Independence structure and (b) for the exchangeable structure 
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Table 3 Results of univariate association test of LMM and GEE 

model for independence structure (* indicates clinical variable). 

Variable P-value of GEE P-value of LMM Variable P-value of GEE P-value of LMM 

MDA* 0.0001 0.0033 IL8 0.3756 0.4580 

IL4 0.0008 0.0838 IL15 0.3858 0.4102 

FIt3L 0.0154 0.7438 TGFa 0.3954 0.4144 

IP10 0.0381 0.1294 GRO 0.3962 0.6007 

IL10 0.0721 0.1207 EGF 0.4105 0.3778 

IL6 0.0756 0.1757 TNFa 0.4253 0.5284 

IL3 0.0823 0.2659 IFNa2 0.4712 0.5550 

IFNr 0.1045 0.2466 ROS* 0.4738 0.4350 

IL13 0.1196 0.1620 IL2 0.4920 0.4983 

IL7 0.1392 0.5398 GMCSF 0.5324 0.5878 

IL12p40 0.1515 0.1742 IL12P70 0.5436 0.1776 

TNFb 0.1935 0.1244 IL1RA 0.5669 0.6170 

MCP1b 0.2027 0.3716 OXLDL* 0.5678 0.6403 

IL1b 0.2030 0.2484 IL17A 0.6999 0.7342 

MCP1a 0.2125 0.4886 GCSF 0.8210 0.9249 

sCD40L 0.2402 0.2831 MCP1 0.8476 0.9913 

MCP3 0.2721 0.4029 MDC 0.8720 0.9448 

IL5 0.2745 0.2849 IL1a 0.8826 0.8949 

Fractalkine 0.2880 0.4324 VEFG 0.9273 0.9404 

IL9 0.3161 0.3747 Eoataxin 0.9330 0.5672 

FGF2 0.3524 0.4520    
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Table 4 Results of univariate association test of LMM and GEE 

model for exchangeable structure (* indicates clinical variable). 

Variable P-value of GEE P-value of LMM Variable P-value of GEE P-value of LMM 

MDA* 0.0024 0.0033 FGF2 0.3886 0.4520 

IP10 0.0609 0.1294 IL6 0.4106 0.1757 

IL4 0.0626 0.0838 Fractalkine 0.4192 0.4324 

IL10 0.1136 0.1207 MCP1a 0.4328 0.4886 

IL12p40 0.1629 0.1742 GRO 0.4380 0.6007 

IL1b 0.1640 0.2484 IL15 0.4444 0.4102 

MCP3 0.1907 0.4029 TGFa 0.4690 0.4144 

IL13 0.2055 0.1620 IFNa2 0.4919 0.5550 

TNFb 0.2118 0.1244 ROS* 0.5598 0.4350 

IL8 0.2206 0.4580 GMCSF 0.5802 0.5878 

IL7 0.2310 0.5398 IL1RA 0.6122 0.6170 

TNFa 0.2387 0.5284 Eoataxin 0.6312 0.5672 

IL3 0.2573 0.2659 IL12P70 0.6835 0.1776 

FIt3L 0.3004 0.7438 IL17A 0.7219 0.7342 

IL5 0.3085 0.2849 OXLDL* 0.7872 0.6403 

MCP1b 0.3088 0.3716 IL1a 0.8257 0.8949 

sCD40L 0.3094 0.2831 MDC 0.8807 0.9448 

EGF 0.3422 0.3778 VEFG 0.9326 0.9404 

IL9 0.3480 0.3747 MCP1 0.9416 0.9913 

IL2 0.3628 0.4983 GCSF 0.9581 0.9249 

IFNr 0.3657 0.2466    
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4.2. Simulation results 

 

To evaluate the performance of the GEE model, we first 

checked the Type I error and then compared the power with 

that of LMM. We generated random variables using the 

original clinical and proteomic variables. The details of this 

simulation study are given as follows. 

 

 Type I error and power simulation 

 

1. Generate random vector from the multivariate normal 

distribution with the mean vector 𝜇 = (0,0,0)𝑇  and the 

variance-covariance matrix Σindep = (
1 0 0
0 1 0
0 0 1

)  or 

𝛴𝜌 = (

1 𝜌 𝜌
𝜌 1 𝜌
𝜌 𝜌 1

) ,  𝜌 = 0.1, 0.3, 0.5, 0.7, 0.9. 

2. Perform LMM and GEE models and test hypotheses. 

3. Repeat 1-2 steps 1,000 times and calculate type I 

errors. 

4. Add effect size (𝛿) to the low dose group and 2𝛿 to the 
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high dose group generated in step 1, where 𝛿  is 

sequence from 0.02 to 0.3 by 0.02. 

5. Perform LMM and GEE model and test hypothesis. 

6. Repeat 1,4,5 steps 1,000 times and calculate power. 

 

The type I error simulation results showed that the 

GEE model and LMMs controlled the type I errors well. 

Figure 3 shows the power of LMM and GEE model over 

different effect sizes and correlation values ( 𝜌 =

0.1, 0.3, 0.5, 0.7, 0.9). As the effect size (𝛿) increased, the 

power of both GEE model and LMM increased. Figure 3 

depicts that; the power of the GEE model is slightly higher 

than LMM for independence structure. For exchangeable 

structure, the power of GEE model is also higher than LMM 

and difference of power between GEE model and LMM 

gradually improve when correlation increases. Since the 

efficiency of GEE estimators appeared to be an increasing 

function of correlation under an exchangeable correlation 

pattern, the power of GEE model improves when correlation 
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increases [15]. For binary response, GEE estimator has 

similar patterns for increasing correlation with the AR-1 

correlation structure [16]. Through the simulation studies, 

we could conclude that the GEE model tends to have 

comparable power to LMM.
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Figure 3 Results of simulation studies (Dashed line represents 0.05 point). 
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Table 5 Results of simulation studies 

 
(a) Independence 

structure 

(b) Exchangeable 

structure 

(𝝆 = 𝟎. 𝟏) 

(c) Exchangeable 

structure 

(𝝆 = 𝟎. 𝟑) 

(d) Exchangeable 

structure 

(𝝆 = 𝟎. 𝟓) 

(e) Exchangeable 

structure 

(𝝆 = 𝟎. 𝟕) 

(f) Exchangeable 

structure 

(𝝆 = 𝟎. 𝟗) 

Effect size 

(𝜹) 

GEE 

model 
LMM 

GEE 

model 
LMM 

GEE 

model 
LMM 

GEE 

model 
LMM 

GEE 

model 
LMM 

GEE 

model 
LMM 

0.00 0.0691 0.0510 0.065 0.044 0.0671 0.0220 0.068 0.010 0.0661 0.002 0.058 <1E-4 

0.02 0.071 0.060 0.070 0.040 0.075 0.027 0.079 0.007 0.080 0.002 0.123 <1E-4 

0.04 0.095 0.078 0.100 0.061 0.109 0.033 0.118 0.021 0.156 0.003 0.296 <1E-4 

0.06 0.132 0.100 0.140 0.083 0.155 0.064 0.199 0.03 0.277 0.017 0.568 0.002 

0.08 0.184 0.149 0.215 0.161 0.23 0.105 0.327 0.083 0.444 0.042 0.734 0.009 

0.10 0.276 0.248 0.304 0.228 0.353 0.207 0.465 0.161 0.604 0.109 0.874 0.05 

0.12 0.38 0.334 0.372 0.317 0.483 0.295 0.558 0.261 0.768 0.235 0.932 0.147 

0.14 0.447 0.418 0.503 0.404 0.569 0.395 0.714 0.394 0.864 0.377 0.979 0.364 

0.16 0.578 0.542 0.624 0.558 0.708 0.549 0.824 0.591 0.936 0.58 0.99 0.644 

0.18 0.675 0.667 0.701 0.632 0.821 0.696 0.901 0.693 0.979 0.772 0.994 0.826 

0.20 0.759 0.725 0.781 0.731 0.878 0.764 0.943 0.824 0.988 0.859 0.996 0.939 

0.22 0.822 0.815 0.872 0.859 0.93 0.87 0.979 0.909 0.992 0.941 0.999 0.983 

0.24 0.901 0.895 0.911 0.888 0.968 0.928 0.986 0.942 0.999 0.983 1.000 0.999 

0.26 0.929 0.919 0.954 0.936 0.977 0.945 0.999 0.979 0.999 0.993 1.000 1.000 

0.28 0.964 0.968 0.975 0.973 0.991 0.981 0.999 0.992 1.000 1.000 1.000 1.000 

0.30 0.98 0.977 0.985 0.986 0.999 0.99 1.000 0.996 1.000 1.000 1.000 1.000 
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Chapter 5.  

 

 

 

Conclusions 

 
 
 

In this article, we applied the GEE model to repeated 

measurements from cross-over designs. Through 

empirical analysis, we assessed the performance of GEE 

against LMM. The real data analysis showed that the GEE 

model identified a larger number of significant markers 

than LMM. Through the simulation study, we evaluated 

the performance of the GEE models and LMMs 

systematically. When the effect size is small and moderate, 

the GEE model has higher power than LMM. When the 

effect size is large, GEE and LMM tend to have 

comparable power. 

In the near future, we will extend our GEE and LMM 
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model to handle the doubly repeated measurement 

structure from the cross-over designs. For example, we 

will develop new approaches of GEE and LMM for 

analyzing the data from cross-over designs with Week 

and Time repeated measurements. Finally, we will extend 

the GEE model for pathway-level analysis by using 

Hierarchical Structural Component Analysis (HisCoM) 

method introduced by [22]. 
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초    록 

 
 

교차 설계 방법은 새로운 처치의 효능을 조사하기 위한 임

상 시험 분야에서 널리 사용되고 있다. 교차 설계 방법에서 

각각의 대상은 시기마다 다른 처치를 받는다. 선형 혼합 모

형은 반복 측정된 교차 설계 자료를 분석하기 위해 널리 사

용되고 있다. 하지만, 선형 혼합 모형의 랜덤 성분 추정이 항

상 쉬운 것은 아니다. 따라서, 본 논문에서는 일반화 추정 방

정식 방법을 교차 설계에 적용하고 결과를 선형 혼합 모형의 

결과와 비교하였다. 교차 설계된 반복 측정 자료에 일반화 

추정 방정식 방법을 적용하기 위해 선형 혼합 모형의 독립 

변수가 반응 변수로 간주되고 그 반대의 경우도 마찬가지로 

변수의 역할을 전환하였다. 본 논문에서 제안한 일반화 추정 

방정식 방법의 성능을 평가하기 위해 제 1종 오류와 검정력

에 대한 시뮬레이션 연구를 진행하였다. 

주요어: 반복 측정 자료, 교차 설계, 선형 혼합 모형, 일반화 

추정 방정식 
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