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ABSTRACT

Unified Topology and Shape Optimization of
Linkage Mechanisms Simultaneously Considering
Kinematic and Compliance Characteristics
Sangmin Han
School of Mechanical and Aerospace Engineering
The Graduate School
Seoul National University

Mechanism synthesis based on topology optimization has recently received much
attention as an efficient design approach. The main thrust behind this trend is the
capability of this method to determine automatically the topology and dimensions of
linkage mechanisms. Towards this direction, there have been many investigations,
but they have thus far focused mainly on mechanism synthesis considering kinematic
characteristics describing a desired path or motion.

Here, we propose a new topology optimization method that synthesizes a linkage
mechanism considering not only kinematic but also compliance (K&C)
characteristics simultaneously, as compliance characteristics can also significantly
affect the linkage mechanism performance; compliance characteristics dictate how
i

elastic components, such as bushings in a vehicle suspension, are deformed by
external forces. To achieve our objective, we use the spring-connected rigid block
model (SBM) developed earlier for mechanism synthesis considering only kinematic
characteristics, but we make it suitable for the simultaneous consideration of K&C
characteristics during mechanism synthesis by making its zero-length springs
multifunctional. Variable-stiffness springs were used to identify the mechanism
kinematic configuration only, but now in the proposed approach, they serve to
determine not only the mechanism kinematic configuration but also the compliance
element distribution. In particular, the ground-anchoring springs used to anchor a
linkage mechanism to the ground are functionalized to simulate actual bushings as
well as to identify the desired linkage kinematic chain.

After the proposed formulation and numerical implementation are presented, three
case studies to synthesize planar linkage mechanisms were considered. Through
these case studies, we verified the validation of the proposed approach and proved
that the proposed methodology could solve problems when existing methods could
not. After the effectiveness of the proposed method is demonstrated with a simplified
two-dimensional vehicle suspension design problem, the proposed methodology is
applied to design a three-dimensional suspension. To deal with three-dimensional
mechanisms, a spatial SBM is newly developed because only planar SBMs have
been developed. Furthermore, a set of design variables which can vary bushing
stiffness are newly introduced. Using the proposed method, it was possible to
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successfully synthesize two types of suspension mechanisms which have similar
kinematic characteristics to each other but different compliance characteristics. By
using the proposed method simultaneously considering kinematic and compliance
characteristics, a unique suspension mechanism having an integral module which is
known to improve R&H performances was synthesized.

In this study, although applications were made only to the design of vehicle
suspensions, other practical design problems for which K&C characteristics must be
considered simultaneously can be also effectively solved by the proposed approach.
This study is expected to pave the way to advance the topology optimization method
for general linkage mechanisms considering kinematic characteristics but also the
other characteristics such as force-related characteristics.

Keywords: Topology Optimization, Rigid-body Linkage Mechanism,
Kinematic Characteristics, Compliance Characteristics
Student Number: 2013-23838
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CHAPTER 1.
Introduction
Equation Chapter 1 Section 1

1.1 Motivation and related literatures
In a machine, mechanisms are used to convert a given driving force to the desired
output motion and force. Linkage mechanisms are the mechanisms in which all the
components are combined to form a closed chain, and they have been applied to
many industrial applications where repetitive works are required such as vehicle
suspensions, morphing mechanisms of airfoils, lifts and so on. Even though many
linkage mechanism applications are replaced by robot systems, but they are still of
great importance because of the advantages of simplicity, lightweight, and using
fewer actuators compared to robot systems.

For the linkage mechanism design, there are mainly two types of conditions to be
considered. The first is the conditions related to kinematic characteristics. Path
generation and motion generation, which are the main problems of mechanism
synthesis, fall into this type, and mechanical gain and transmission angle are also
included. The other is the conditions related to the force. During linkage mechanisms
1

are working, external loads can be often applied to the mechanisms or inertial forces
can be generated to the system. The conditions related to the force are such as
minimizing the force acting on the components or minimizing input torque to
generate the desired output force and so on.

Compliance characteristics dealt with in this thesis denote the change of mechanisms
due to the deformation of elastic elements such as springs or bushings when external
forces are applied, and they are one of the representative characteristics related to a
force. A representative industrial application considering compliance characteristics
is a vehicle suspension. Bushings are usually used to connect the vehicle chassis and
suspension links in order to reduce the noise, vibration, and harshness (NVH), and
external forces such as cornering forces or braking forces make the bushings
deformed. Therefore, for good ride and handling (R&H) performances, the vehicle
suspensions should be designed considering compliance characteristics such as these
deformations as well as kinematic characteristics.

Traditionally, the design process of linkage mechanisms can be divided into two
stages. The first is about concept design. In order to synthesize a linkage mechanism,
the topology such as type and number should be determined. This process is usually
carried out by the intuition of the engineer since no systematic method exists. After
defining the topology of linkage mechanisms, the detailed design should be needed
at the second stage. In the detailed design process, things such as the dimensions of
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the links or bushing stiffness are defined to satisfy the desired design conditions. If
failed to satisfy the design conditions in the detailed design stage, the engineer
should start over from the first, to choose the topology of mechanism.

To avoid this iterative, time-consuming, and trial-error based design process,
automatic synthesis method for linkage mechanisms have been researched since the
early 2000s based on topology optimization method. The basic concept of this
method is to find the topology of linkage mechanisms as well as the detailed design
using the optimization method. In other words, the topology and shape of the linkage
mechanisms which can satisfy the given design conditions are defined automatically
by the optimization algorithm. The concept of mechanism synthesis based on
topology optimization methodology was firstly implemented by Felter [1]. Then,
Kawamoto and his colleagues [2-4] were succeeded in synthesizing non-Grashof
type planar linkages which generated short-path based on a nonlinear bar based
ground structure model, and also proposed the formulation for degree-of-freedom
(DOF). The results that Kawamoto et al. were shown were the possibility to
synthesize linkage mechanisms by using the gradient-based optimization because the
DOF expression they proposed were able to be differentiable. After then, there have
been some successful researches based on a nonlinear bar based model such as to
synthesize large motion mechanism [5], to synthesize linkage mechanisms both the
topology and geometry using two-stage optimization approach [6], and to synthesize
practical linkage mechanisms like vehicle steering system [7] and suspensions [8].
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Especially, the work transmittance function presented in [7] to deal with the DOF
issue made it possible to be able to determine the DOF of the system by the ratio of
the input and output energy.

In addition to the nonlinear bar based model, there have been many studies using the
spring-connected rigid blocks. The concept of the spring-connected rigid block
model (SBM) was firstly presented by Kim et al. [9]. In the SBM, the connectivity
among the blocks is defined through the stiffness of the zero-length springs
connecting the blocks, and the connectivity of the blocks can represent the linkage
mechanisms. Nam et al. [10] dealt with numerical issues that could occur in the SBM
and suggested some remedies. Then, the extended version of the SBM which can
deal with more general joints such as prismatic or pin-in-slot was proposed in [11]
because the earlier version was only able to represent revolute joints, and it was
developed to able to synthesize a finger rehabilitation robot device [12]. The SBM
was developed to be able to deal with gear elements as well as links using additional
design space consisted of gear blocks [13]. In addition to the improvement of the
modeling, Fourier-based formulation for solving path generation without prescribed
timing was proposed in [14], and linkage mechanism which can generate the
human’s gait trajectory path was successfully synthesized by Fourier-based
formulation and by simultaneous topology and shape synthesis [15].

Besides the SBM, another modeling using rigid blocks were also presented in [16-
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18], and another interesting approach for topology optimization of linkage
mechanisms were also presented [19-23].

Although many studies about the automatic synthesis of linkage mechanisms have
been researched so far, there is a limitation that only kinematic conditions such as
path generation or motion generation have been dealt with in the previous studies.
As mentioned in the beginning, there are other types of conditions to be considered
when designing mechanisms as well as kinematic conditions. Therefore, even though
linkage mechanisms are synthesized with the existing method for automatic
synthesis, there should be an additional design process in order to consider the
conditions related to a force. What if the mechanisms synthesized by the existing
automatic synthesis method cannot satisfy the conditions related to the force at the
additional design process? If so, the engineer would have to start over the design
process like when using the traditional method.

5

1.2 Research objectives
In this dissertation, a new method of topology optimization for linkage mechanism
synthesis which can consider two types of design conditions. Especially, this study
aims to develop the topology optimization method which can consider kinematic and
compliance (K&C) characteristics of linkage mechanisms simultaneously.

For topology optimization of linkage mechanisms considering K&C characteristics,
there are several issues to be implemented. The first thing is to develop a modeling
in which both kinematic and compliance analyses can be conducted. This is because
when using the same modeling, the design variables for the optimization can be
shared so that the design variables are updated to consider both characteristics. The
second thing is that the modeling should be able to represent elastic elements. As
mentioned in Chapter 1.1, compliance characteristics are determined by the
deformation of the elastic elements. Especially, the elastic elements we employed in
this research are elastic-behaving bushings because the main application in this
research is focused on synthesizing a vehicle suspension.

To resolve these major issues, the modeling and formulation for topology
optimization method simultaneously considering K&C characteristics of linkage
mechanisms will be presented based on the spring-connected rigid block model
(SBM) in this research. The idea is to utilize zero-length springs to represent bushing
elements. In previous studies about the SBM, various joints or gear elements were
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able to be represented through the zero-length springs, but the usage of the zerolength springs was still limited to be used only to represent the connectivity.
Therefore, the problems which previous researches dealt with were related to
kinematic characteristics. In order to overcome this problem, we will present the way
how to make the zero-length springs had physical meaning for a compliance analysis.

And next, we will apply the proposed method to a vehicle suspension design for
proving the validity and effectiveness. Vehicle suspensions have been synthesized
by topology optimization method before [8], but at then, only kinematic
characteristics like wheel center motion when wheel travels were considered.
Therefore, the geometry of the vehicle suspensions could be obtained after the
optimization, but additional design process should be needed for defining the
bushing spec for compliance characteristics. However, since the proposed method
can deal with both kinematic and compliance characteristics, we can present the spec
of the bushing as well as geometry of the vehicle suspensions after the optimization.
Thus, the modeling and formulation for designing a vehicle suspension considering
K&C characteristics will be implemented.

7

1.3 Background research
1.3.1 Linkage mechanism synthesis based on the springconnected rigid block model (SBM)
About the modeling for topology optimization of linkage mechanisms, there are two
types of models that mainly have been used as mentioned in Chapter 1.1. One is the
model consisted of nonlinear bars and the other is the model consisted of rigid blocks
connected by zero-length springs called a SBM. Both models have been proved to
be able to perform topology optimization of linkage mechanisms effectively through
the previous studies. Spring-connected rigid block model (SBM) is employed in this
research because of suitability for representing bushing stiffness and it will be
explained in this section for better understanding. Especially, the simple version of
a SBM [14, 15] is used to synthesize linkage mechanisms as the various joints or
gear elements do not be needed to design vehicle suspension which is the main
interest in this research.

Before explaining the modeling of a SBM, it is worth understanding the design
process for automatic synthesis of linkage mechanisms based on a SBM. For an easy
explanation, the problem is assumed to consider only with kinematic characteristics.
Fig. 1.1 sketches a problem to synthesize a mechanism in a given design domain by
topology optimization method for linkage mechanisms. Fig. 1.1(a) shows the
problem definition that is to synthesize linkage mechanisms which can convert the
given input motion to the target path at the end-effector in the design domain. For
8

the mechanisms synthesis, 3×3 rigid blocks connected each other by the zero-length
variable-stiffness springs are employed as Fig. 1.1(b). The vertical and horizontal
springs are to connect adjacent blocks while oblique springs, called anchoring
springs, connect between the rigid blocks and the ground. The connectivity of the
blocks are defined by the stiffness of the springs, and the stiffness of the springs are
converged to minimum or maximum after optimization process.

The connectivity of the rigid blocks by the stiffness of springs is shown in Fig. 1.2.
There are two block-connecting springs between two blocks and eight anchoring
springs attached at every corner of the blocks. If the stiffness of all the springs have
the minimum value as in Fig. 1.2(a), the two blocks can move separately. If only one
block-connecting spring has the maximum value as in Fig. 1.2(b), the spring will
bond rigidly the two points where the spring is attached, and this represents a
revolute joint in 2D space. If the two block-connecting springs have the maximum
stiffness as in Fig. 1.2(c), the two blocks will become one rigid body. In addition to
the state of Fig. 1.2(c), if one anchoring spring has a maximum value, the rigid body
consisted of the two blocks will be connected to the ground by an anchored revolute
joint as in Fig. 1.2(d). If using this connectivity of the blocks, a four-bar mechanism
can be presented by the SBM as in Fig. 1.3. We will make the SBM be able to
consider compliance characteristics, and the detailed explanation will be given in
Chapter 2.2.
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1.3.2 Determination of the system’s degree-of-freedom (DOF)
based on the work transmittance efficiency function
The degree-of-freedom (DOF) of the system refers to the number of actuators
required to define all the postures of the mechanism components, and when
synthesizing mechanisms, the satisfaction of the correct DOF is a very important
issue (typically 1 DOF). Normally, the DOF of the system can be calculated by
Gruebler’s equation using the number of links and joints if the mechanism is defined.

For the automatic synthesis method for linkage mechanism using gradient-based
optimizer, dealing with integer-valued DOF’s by using real-valued variables is
important. While global optimizers can deal with integer values, gradient-based
optimizers cannot handle integer directly because they require a sensitivity analysis.
Some researches about dealing with the DOF as real-values were conducted [3, 24],
but these methods had a limitation to solve the practical design problems because of
the high-nonlinearity. However, the work transmittance efficiency function proposed
in [7] could help to synthesize industrial applications through topology optimization
method for linkage mechanisms based on gradient-based optimizers [7, 8, 12, 15].

Before presenting the form of the work transmittance efficiency function, it is worth
knowing the states of the linkage mechanisms which have different DOF in detail.
The states of the linkage mechanisms which have different DOF are shown in Fig.
1.4. According to Gruebler’s equation, the DOF of the mechanisms in Fig. 1.4(a),
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Fig. 1.4 (b), and Fig. 1.4 (c) are 2, 0, and 1, respectively. As in Fig. 1.4(a) and Fig.
1.4(b), when an input motion is given to the system, it can be seen that the 0-DOF
system cannot move without deformation of the components and the 2-DOF system
cannot resist the external force, respectively. By the way, the 1-DOF system can
move without any deformation by resisting the external force. Based on this
observations, the work transmittance energy function was presented, and the form is
as follow:

  W out W inp

(1.1)

Where W inp is the work done by an actuator, and W out is the work done by the
system against the resistance force through the movement of the loaded point. When
the work transmittance function (  ) is to be 1, it means that the system can move
without any deformation by resisting the external force because all of the work done
by an actuator is used to resist the external force not deforming the system. Because
many studies successfully synthesized linkage mechanisms using this function
already, we will also use this function as an objective to handle the DOF of the
system. The specific form of the Eq. (1.1) will be given with the optimization
formulation in Chapter 2.
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1.4 Outline of thesis
The thesis is organized as follow.

In Chapter 2, we present a new topology optimization method to synthesize a linkage
mechanism simultaneously considering not only kinematic but also compliance
(K&C) characteristics. Especially, the way how we make the spring-connected rigid
block model (SBM) suitable for the simultaneous consideration of K&C
characteristics during mechanism synthesis is given. After the proposed formulation
and numerical implementation are presented, three case studies are considered to
synthesize planar linkage mechanisms.

In Chapter 3, a spatial vehicle suspension for rear is designed through the proposed
methodology. For designing a vehicle suspension, we develop a spatial springconnected rigid block model, and explanations about the analysis and formulation
are presented. To verify the effectiveness of the developed methodology, two design
cases are investigated.

In Chapter 4, the overall conclusion of this dissertation is presented.

In Appendix A, a target cascading process for deriving K&C characteristics to
improve ride and handling (R&H) performances is given. For deriving K&C
characteristics, a design optimization of a double wishbone to improve R&H
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performances is conducted.

In Appendix B, the techniques to suppress floating blocks which do not affect K&C
characteristics at convergence are explained. For confirming the effects of the
floating blocks during optimization, Case study 3 in Chapter 2.4 is revisited with the
technique to suppress floating blocks.

In Appendix C, a mesh dependency issue is investigated. For the investigation, Case
study 1 in Chapter 2.4 is solved again with the more number of blocks, and the
optimization results are presented.
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Fig. 1.1 Overview of topology optimization of linkage mechanisms for
generating the target path based on the SBM. (a) Problem definition and (b)
the ground model using the SBM
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Fig. 1.2 Representation of the connectivities depending on the spring stiffness.
(a) Disconnected, (b) connected by a revolute joint, (c) rigidly-connected, and
(d) rigidly-connected two blocks connected by an anchored revolute joint
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Fig. 1.3 A four-bar mechanisms represented by a SBM
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Fig. 1.4 Illustration of linkage mechanisms which have
(a) DOF = 2, (b) DOF = 0, and (c) DOF = 1, respectively
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CHAPTER 2.
Unified topology and shape optimization method for
the mechanism synthesis simultaneously considering
kinematic and compliance (K&C) characteristics
Equation Chapter 2 Section 1

2.1 Overview
Mechanisms play an important role in machinery because they convert input drive
into desired motion and force. Traditionally, mechanisms are synthesized in a
sequential manner, during which engineers intuitively decide upon the basic
topology of the linkage mechanisms. This process is followed by dimensional
synthesis to meet design requirements precisely [25-30]. On the other hand,
mechanism synthesis based on topology optimization has recently received much
attention as an efficient alternative design approach. The main thrust behind this
trend is the capability of this method automatically to determine the topology and
dimensions of linkage mechanisms. Towards this direction, there have been many
investigations [2-4, 6-18, 24]. After mechanism topology optimization based on the
maximization of the work transmittance efficiency [7] was suggested, successful
applications have been reported in the design of finger rehabilitation exoskeletons
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[12] and vehicle suspensions [8]. However, these studies were limited in that they
considered only kinematic characteristics, with which the generation of a desired
motion or path is pursued. Kinematic characteristics are certainly the most important
feature to consider in linkage mechanism synthesis, but compliance characteristics
governing static deformations under applied forces are also important to consider in
some applications [31-43]. However, no design method based on topology
optimization that considers both kinematic and compliance characteristics is yet
available.

Especially with regard to vehicle suspension design, not only kinematic but also
compliance characteristics are known significantly to affect the behavior of a vehicle
suspension, which in turn governs the ride and handling (R&H) performance of a
vehicle [44-49]. The specific two-dimensional design example considered in this
study is sketched in Fig. 2.1(a). As the desired kinematic characteristics, target wheel
center motion is prescribed according to the vertical motion of the wheel. As the
desired compliance characteristics, the displacement of the contact patch should be
within a certain range when lateral force is applied at the initial position. (It is known
that large displacement of the contact patch can degrade the R&H performance of a
vehicle [45, 49].) As indicated in Fig. 2.1(a), the compliance characteristics can be
evaluated by measuring the movement of a suspension mechanism due to the elastic
deformation of its bushings when external force is applied. Because currently
available topology optimization methods for mechanism synthesis are limited in that
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they only consider kinematic characteristics, it is necessary to develop a new
topology optimization method that can handle both kinematic and compliance (K&C)
requirements.

In developing the proposed method, we employ the spring-connected rigid block
model (SBM) [9, 10, 14, 15], as illustrated in Fig. 2.1(b). In this model, the design
domain is discretized by a set of rigid blocks which are connected to each other by
zero-length block-connecting springs and to the ground by zero-length groundanchoring springs. This SBM can configure a desired mechanism if the stiffness
values of the springs, which vary as functions of design variables, are appropriately
assigned or optimized. While more detailed accounts of the SBM can be found in the
literature [9, 10, 14, 15], it is commonly known that when the stiffness of a spring
reaches its maximum or minimum value, two blocks (or a block and the ground) can
be considered as one rigid body or links connected by a revolute joint or as two rigid
bodies disconnected from each other. Because the current SBM has thus far been
developed for the synthesis of a mechanism that generates a target path only without
considering the compliance characteristics, it is necessary to resolve major modeling
and topology optimization formulation issues in order to achieve mechanism
synthesis considering K&C characteristics simultaneously. First, both kinematic and
compliance analyses should be performed within a single SBM framework to ensure
a streamlined optimization process. Otherwise, different mechanism models should
be used depending on the type of analysis, i.e., a kinematic or compliance analysis.
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Second, the SBM to be used for synthesis considering K&C characteristics
simultaneously should be able to represent bushings with elastic properties. This is
not considered in the existing SBM.

Before we present the proposed techniques to resolve the aforementioned issues, it
should be noted that bushings (elastic elements) are typically installed only at the
grounding joints. Accordingly, we allow the ground-anchoring springs to be
conceptually multifunctional, implying that they serve both rigidly to connect a
synthesized mechanism to the ground (or a chassis frame) for a kinematic analysis
and to simulate elastically deforming bushings for a compliance analysis. Thereby,
we use different spring stiffness values for the same block-connecting or anchoring
spring to conduct the kinematic and compliance analyses needed during the topology
optimization iterations. Specifically, the stiffness of an anchoring spring of an SBM
representing a mechanism being synthesized is set to vary from zero to some finite
k
value ( kmax
) for a kinematic analysis and to vary from zero to another value ( kbushing )

for a compliance analysis, where kbushing denotes the actual stiffness of the
k
candidate bushings and kmax
is a chosen value to allow a stable kinematic analysis

for mechanism synthesis. For the compliance analysis, the value of krigid is
k
assigned to the block-connecting spring, while the value of kmax
(upper bound) is

assigned for the kinematic analysis to the same spring if the design variable
controlling the spring stiffness reaches its upper bound value. (More details will be
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given in the main part of this paper.)

Fig. 2.1(c) shows a converged SBM state after the proposed topology optimization
is successfully completed. The anchoring springs with the maximum stiffness value
( kbushing ) serve to represent actual bushings, while blocks connected by the springs
of the maximum stiffness ( krigid ) represent a rigid link. The illustration on the right
side of Fig. 2.1(c) shows that the synthesized mechanism in the design domain
specified in Fig. 2.1(a) is the desired one-degree-of-freedom (DOF) linkage
mechanism which satisfies the desired K&C characteristics.

This chapter proceeds as follows. Chapter 2.2 presents a brief overview of the SBM
and the K&C analyses with the SBM. In Chapter 2.3, the formulation for topology
optimization of the mechanism synthesis considering K&C characteristics
simultaneously and the sensitivity analysis will be presented. As the design variables
control continuously varying spring stiffness values, a numerically efficient gradientbased method for which a sensitivity analysis is necessary is used to update the
design variables. To confirm the validity of the proposed method, three carefully
selected case studies, including the design of a two-dimensional simplified vehicle
suspension, will be conducted in Chapter 2.4. Concluding remarks are given in
Chapter 2.5.
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2.2 Modeling and analysis
2.2.1 Modeling
To perform topology optimization for mechanism synthesis, a ground model capable
of representing various mechanism topologies should be used. In this study, we
employ the spring-connected rigid block model (SBM) [9, 10, 14, 15] originally
proposed for mechanism synthesis only considering kinematic characteristics and
extend it to be able to perform mechanism topology optimization while considering
both kinematic and compliance (K&C) characteristics. While a representative
discretization of a design domain with SBs (spring-connected rigid block) is shown
in Fig. 2.1, we will use the simplest case, shown in Fig. 2.2, to explain our new
modeling approach that allows consideration of K&C characteristics simultaneously.

In Fig. 2.2, the design domain is discretized by two SBs, with the two blocks
interconnected by zero-length block-connecting springs ( kbi , where i is the spring
index) and zero-length ground-anchoring springs ( ka j , where j is the spring index).
The stiffness of each and every spring is varied as a continuous function of the design
variable bTi (for block-connecting spring) or  aTj (for anchoring spring) with

106  bTi ,  aTj  1 . The spring stiffness is treated as a monotonically increasing
function of the corresponding design variable (detailed form given in the next
section), and it should reach its maximum or minimum stiffness value at the
convergence of the mechanism topology optimization. As indicated on the right side
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of Fig. 2.2, the same design variables are used in the existing method (considering
only kinematic characteristics) and in the proposed method (considering both
kinematic and compliance characteristics). Among two sets of springs kbi and ka j ,
we will mainly consider the anchoring spring ka j in the subsequent discussion
because the discussion pertaining to ka j is also valid for kbi .

In the existing method, only the spring stiffness kakj is assigned to the anchoring
spring ka j and is interpolated as a function of the design variable  aTj , where kakj
denotes the stiffness of the spring used to calculate the kinematic behavior of a
synthesized mechanism represented by the SBM. In the proposed method, on the
other hand, the two sets of spring stiffnesses ( kakj and kac j ) are assigned to ka j and
are interpolated as a function of the same design variable  aTj , where kakj and kac j
denote the stiffnesses of the springs used to calculate the kinematic and compliance
behaviors, respectively. This means that in the proposed method, the spring is
considered to be multifunctional, with its functionality appropriately determined
depending on the type of analysis.

To be more specific, four cases are illustrated in Fig. 2.3, where all design variables
T
T
are assumed to reach their minimum ( min
) or maximum ( max
) values. In Case A,

all stiffness values reach their minimum and the two blocks are assumed to be
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disconnected and thus do not represent a specific layout as a whole. Cases B and C
present a two-link system connected by a revolute joint and a single link as a whole,
respectively. To represent these systems, the stiffnesses of some block-connecting
springs (as indicated by the thick red springs) have their maximum value while other
stiffness values reach their minimum. As the right side of Fig. 2.3 indicates, different
stiffness values are assigned depending on the types of analyses, either kinematic or
compliance

in

the

present

approach.

Specifically,

T
k
kbki ( max
)  kmax

and

T
kbci ( max
)  krigid . Because stable kinematic and compliance analyses generally

require different stiffness values, an adjustment of the maximum stiffness values for
different analyses is necessary. The situation for Case D better represents why two
different stiffnesses should be used for the simultaneous K&C analysis. First, we
note that Case D represents a single link connected to the ground by a hinge joint
with a bushing element. Clearly, the block-connecting springs should have
corresponding maximum values to ensure that the two blocks represent a single link.
In order to represent a hinged joint with a bushing element having a specific stiffness
value, the bushing element having the given stiffness should appear during the
mechanism synthesis step. Therefore, the corresponding anchoring spring should
T
k
behave multi-functionally to represent a revolute joint with kakj ( max
)  kmax
and a
T
)  kbushing .
bushing having the specific stiffness value ( kbushing ) with kac j ( max

Because multi-functionality of the block-connecting and anchoring springs is critical
for mechanism synthesis considering both kinematic and compliance characteristics,
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topology optimization should be formulated so as to accommodate this requirement.
Several related techniques will be presented in the section on the formulation.

2.2.2 Kinematic and compliance analyses with the SBM
To understand how kinematic and compliance analyses are performed with an SBM
in an arbitrary configuration (corresponding to a set of design variables with any
value between its minimum and maximum value), the principle of minimizing the
strain energy stored by zero-length elastically behaving springs can be used. If an
input motion or external force acts on an SBM, the positions of the rigid blocks of
the SBM can be determined in such a way that the strain energy stored in the zerolength springs is minimized. For a kinematic analysis, the position of the blocks
when changed by a given input motion is calculated, while for a compliance analysis,
the position of the blocks when changed by an external force is calculated. Therefore,
it is necessary to evaluate the strain energy stored in the system of zero-length springs
when the blocks of an SBM are moved by an external disturbance. Fig. 2.4 presents
a snapshot of two rigid blocks in a position after being moved by a given input
motion or external force. The current configurations of the two blocks are illustrated
as gray quadrangles with their edges indicated by solid lines, while the edges of the
corresponding original configurations are denoted by dotted lines. The two blocks
are connected to each other by the ith block-connecting spring ( kbi ), and the right
block is also connected to the ground by the jth anchoring spring ( ka j ). As noted
earlier in Chapter 2.1, the block-connecting springs serve to define the connectivity
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between two blocks and the anchoring springs serve to define to the connectivity
between a block and the ground. Note that these springs only couple the translational
motions (in the X and Y directions).

For the sake of convenience, the left block in Fig. 2.4 is denoted by the symbol “1”
and the right block is denoted by the symbol “2”. The symbols rbi ,1 and rbi ,2 are
the position vectors from the origin O of the global coordinate system (X, Y) to the
initial center points of Blocks 1 and 2, respectively. The transformation matrices
between the global coordinate system and the block-fixed local coordinate system of
Blocks 1 and 2 are correspondingly denoted by Tbi ,1 and Tbi ,2 , defined as
 cos bi ,1
Tbi ,1  
  sin bi ,1

sin bi ,1 
 cos bi ,2
 ; Tbi ,2  
cos bi ,1 
  sin bi ,2

sin bi ,2 

cos bi ,2 

(2.1)

where bi ,1 and bi ,2 are the angles between the global coordinate system and the
local block-coordinate systems of Blocks 1 and 2, respectively. Using Tbi ,1 and

Tbi ,2 , the displacement between the corners of the two blocks at which the ith blockconnecting spring is attached can be calculated as



 

ubi  rbi ,1  (Tbi ,1 )t sbi ,1  rbi ,2  (Tbi ,2 )t sbi ,2



(2.2)

where sbi ,1 ( sbi ,2 ) is the position vector from rbi ,1 ( rbi ,2 ) to the kbi -attached
corner in the local block-fixed coordinate system of Block 1 (Block 2). Likewise, the
displacement of the jth anchoring spring can be defined as
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u a j  rbi ,2  (Tbi ,2 )t s a j  ra j

(2.3)

Here, s a j is the position vector from rbi ,2 to the ka j -attached corner in the local
block-fixed coordinate system of Block 2 and ra j is the position vector from the
origin O of the global coordinate system (X, Y) to the ka j -attached corner of Block
2 at the initial position.

Using Eqs. (2.2) and (2.3), the strain energy stored in the ith block-connecting spring
and the jth anchoring spring can be expressed as

  u ;

1
U bi  kbi ubi
2

t

bi

  u 

1
U a j  ka j u a j
2

t

aj

(2.4)

The total strain energy stored in all of the springs can be then calculated as
U q  

Nb


i 1

Na

     12 k u   u 

1
kb ubi
2 i

t

u bi 

t

aj

j 1

aj

aj

(2.5)

where N b and N a correspondingly represent the number of block-connecting
and anchoring springs. The symbol q representing the state variable vector of the
blocks is defined as



q  q1t , qt2 , , qtN B



t

(2.6)

with



ql  rlt ,l



t

  xl , yl ,l  (l  1, 2,, N B )
t

(2.7)

( N B : the total number of rigid blocks)
In the subsequent discussions, it is convenient to redefine rbi ,1 and rbi ,2 as rl , the
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position vector of the lth block with proper renumbering.

In the kinematic analysis, the motion of a block is generated by a given input motion
in terms of the prescribed state variable of the input block. For example, if the input
motion corresponds to the rotation of the lth block,  l will be prescribed at all time
steps. In addition, the input motion is fixed at zero for the compliance analysis
because the compliance characteristics are defined at the initial position in this
research. Therefore, the state variable of the input motion is given in both analyses
and the total strain energy can therefore be considered as a function of the remaining
state variables, defined as

v  q1t , qt2 ,, q lt ,qtN B 

t

(2.8)

where

q l   xl , yl  if l is the input DOF
t

(2.9)

To determine v at any time instance, the total potential energy E ( v) is minimized,
as in earlier work (see Refs. [10, 11, 14]):

Minimize E ( v)  U ( v)  W out ( v)

(2.10)

As the result of Eq. (2.10), the following force equilibrium is obtained:

Fint ( v)  Fext ( v)= 0 for given l

(2.11)

Fint  dU dv ; F ext  dW out dv

(2.12)

where
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In Eq. (2.12), Fint denotes the internal force generated by the springs and Fext is
the external force applied to the system. In the kinematic analysis, Eq. (2.11) is
solved at every time step t * (t *  1,2,tmax ) under the given input motion l ,t * .
Typically, external force acts on the motion of the end-effector of a synthesized
mechanism for a kinematic analysis. This force should be known to define the work
transmittance efficiency function [7], which is critical when determining whether or
not the synthesized mechanism has the correct DOF. We explain how the external
force is applied later in the paper. In the compliance analysis, Eq. (2.11) is solved at
the initial position with the given external force. The explicit formulas for the terms
in Eq. (2.11) are omitted because they can be found in previous studies [10-15].

As discussed in Chapter 2.1 and as shown in Fig. 2.1, the block-connecting and
anchoring springs used to identify the configuration of a synthesized mechanism are
multifunctional; hence, their stiffness values are defined differently depending on
the analysis type, i.e., kinematic or compliance. For anchoring spring ka j , its
k
stiffness value becomes ka j  kakj with a maximum value of kmax
for a kinematic

analysis, and for a compliance analysis, ka j  kac j with a maximum value of

kbushing , where kbushing is the actual stiffness of the used bushing. For the blockconnecting spring kbi , its stiffness value becomes kbi  kbki with a maximum value
k
for a kinematic analysis, and for a compliance analysis kbi  kbci with its
of kmax
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k
needed for a stable
maximum value of krigid . Because the proper value of kmax

kinematic analysis was given in an earlier study [15], here we show that if krigid has
a sufficiently large value, approximately 2  103 larger than kbushing in this study,
the blocks connected by block-connecting springs with

kbci  krigid

behave

practically as a single rigid body for a compliance analysis. Thereby, the deformation
of an SBM in which the blocks are connected by these types of springs should occur
mostly in the anchoring springs. Considering that the stiffness value k bci will vary
between 0 and krigid , and the stiffness value kac j will vary between 0 and kbushing
during the topology optimization iterations, here we examine if the suggested choice
of krigid provides accurate compliance results using kac j  kbushing and kbci  krigid
with the example shown in Fig. 2.5.

Fig. 2.5(a) shows a four-bar linkage mechanism connected to the ground by bushings
the stiffness of which is 2000 N/m. It is loaded by an external force acting on its endeffector (Q). The input angle is fixed at zero for the compliance analysis and the
magnitude of the load is set to 200 N. For the compliance analysis, the horizontal
and vertical stiffnesses of the anchoring spring simulating a bushing are set to

kbushing  2  103 N/m and the block-connecting spring is set to krigid  4  106 N/m .
When modeling the four-bar linkage mechanism with ADAMS for the verification
purpose of the SBM, revolute joints are modeled using the ‘revolute joint’ element

31

and bushings are modeled with the ‘bushing’ element. To ensure that the input
actuator does not rotate, a ‘planar joint’ element is attached to the input actuator. The
compliance analysis results give the displacement of the end-effector, which is given
in Fig. 2.5(b). The results indicate that the analysis using the SBM with the suggested
value krigid is nearly as accurate as the ADAMS analysis using the original fourbar linkage model. Based on this test example,

krigid  2  103 kbushing for all case studies considered here.

32

krigid

will establish

2.3 Optimization Formulation
In this section, we discuss the method used to set the design variables of the SBM
for the K&C analysis and present a topology optimization formulation for linkage
mechanism synthesis considering both kinematic and compliance characteristics. A
sensitivity analysis is also conducted because we use the method of moving
asymptotes (MMA) [50], a gradient-based optimizer, in this research.

2.3.1 Design variable and interpolation
As explained in Chapter 2.1, the spring stiffness and the shape of the blocks of an
SBM should be determined to configure the desired mechanism. While the spring
stiffnesses are used to determine the topology of the synthesized mechanism, the
coordinates of the grid points used to discretize the design domain into a set of rigid
blocks (equivalently, the block edge coordinates) determine its shape. For
simultaneous topology and shape optimization, we introduce two set of design
variables, the topology-controlling design variable ξ T and the shape-controlling
design variable ξ X , defined as



ξT  ξTb

 ,  ξ    
t

t
T t
a





T
T
T
b1 , b2 , , bNb



ξ X  1X ,  2X , ,  2XN N

,  aT1 ,  aT2 , ,  aTN



t



t

a

(2.13)
(2.14)

with

  , ξ  

ξ  ξT

t
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t
X t

(2.15)

In Eq. (2.13), the total number of block-connecting springs is Nb and the total number
of the anchoring springs is Na. The total number of design variables for the shape of
the blocks is 2 N N because these variables are related to the coordinates of the block
grid points ( N N : the total number of the block grid points). Once these design
variables are introduced, the spring stiffness vectors for the kinematic analysis ( k k )
and the compliance analysis ( k c ) are interpolated as functions of the design
variables to carry out topology optimization:

      k
t

k k  k bk , k ak

t t

k
k
k
b1 , kb2 , , kbNb

, kak1 , kak2 , , kakN



t

a

k
k
kbki  kmax
 (bTi ) p ; kakj  kmax
 ( aTj ) p



     k
t

k c  k bc , k ca

t t

c
c
c
b1 , kb2 , , kbNb

, kac1 , kac2 , , kacN

(2.16a)
(2.16b)



t

a

(2.17a)

kbci  krigid  (bTi ) p ; kac j  kbushing  ( aTj ) p

(2.17b)

106  bTi ,  aTj  1 (i  1, 2, , N b , j  1, 2, , N a )

(2.18)

where

In Eqs. (2.16b) and (2.17b), p is the penalty parameter. Its value is set to 3, as in
earlier works [11-15]. Note that different maximum spring stiffness values are used
for the kinematic analysis and compliance analysis. Because the same design
variables are used in the two analyses, however, the mechanism layout status
represented by a set of design variables is identical for both the kinematic and
compliance analyses. The Cartesian coordinates ( X i and Yi ) of the ith grid point,

34

which determine the shape of the blocks, are treated as functions of the design
variables (  2Xi1 and 2Xi ) as



X  X 1 , Y1 , X 2 , Y2 , , X N N , YN N



t

(2.19a)

X i  X max2Xi 1  X min (1  2Xi 1 ); Yi  Ymax2Xi  Ymin (1  2Xi )

(2.19a)

106  lX  1 (l  1, 2, 3,  , 2 N N )

(2.20)

where

and X max ( Ymax ) and X min ( Ymin ) are correspondingly the maximum and
minimum values of the X (Y) coordinate of the design domain boundary.

2.3.2 Objective and constraint functions
Our proposed formulation for topology optimization of linkage mechanisms
considering K&C characteristics is as follow:

Proposed simultaneous formulation:
Considering K&C characteristics simultaneously
Find ξ T and ξ X
to minimize 1  
Subject to1) Kinematic condition under the given input motion
(i )

(i )

 tk* ( v t* )   k (t *  1, 2,3, , tmax )

(2.21a)
(2.21b)

2) Compliance constraints for the given external load
( j)

( j)

 c ( v0 )   c (0: initial position)

(2.21c)

3) Constraint on the maximum number of bushings
Na


m 1

T
am

n

(2.21d)

where
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1
tmax

tmax



t

(t : Work transmittance efficiency at time t )

(2.22)

t 1

In Eq. (2.21a), the mean value of the work transmittance efficiency function (  ) [7]
is used as an objective here. It has been proven that if  is maximized or 1-  is
minimized, the correct DOF for a desired mechanism can be guaranteed in the
system [7, 8, 11-15]. The work transmittance efficiency function at each time step
( t* ) can be calculated according to the ratio of the work done by the system against
the external force to the work done by the input motion, as

t * ( v t * ) 

Wt*out
Wt*in



Wt*out
Wt*out  U t*

(t *  1, 2, , tmax )

(2.23)

where
out

Wt* ( vt* ) 

t*

 F  r
ext
t

Q
t 1

 rtQ

t 1



(2.24)

Additionally, the external force at time step t ( Ftext ) is defined as
Ftext ( v t )  Ft

rtQ1  rtQ
rtQ1  rtQ

(2.25)

where rtQ is the current location of the end-effector. The external force is applied
against the motion of the end-effector, expressed as Eq. (2.25), and the magnitude
( Ft ) is set to one. The output work and the external force are functions of the state
variable vector at time t ( v t ) because the location of the end-effector is derived from
the state variables of the output block.
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The constraint functions in Eqs. (2.21b) and (2.21c) are related to the K&C
characteristics. The symbol  tk*

(i )

represents the ith kinematic constraint and  c

( j)

is the jth compliance constraint. For example, if the kinematic requirement is to
synthesize a linkage mechanism capable of generating a given target path, one
(1)

kinematic constraint will be given (i=1) by  tk*  rtQ*  rˆtQ* , which represents the
Euclidean error, where rtQ* denotes the position of the end-effector at time step t *
and rˆtQ* is the position of the target path at time step t * . In contrast, if the target
compliance characteristics are to hold the x-coordinate displacement and the angular
displacement of the end-effector by external force within the error bounds, two
compliance constraints will be necessary (j = 1, 2). These are defined as
(1)

( 2)

 c  x0Q and  c  0Q .

The last constraint function, Eq. (2.21d), is employed to restrict the number of used
bushings, as a specific number of bushings is usually used in the actual design
process. In addition, this constraint can avoid the creation of unnecessary bushings
that do not contribute to governing the linkage motion but that instead adversely
affect the system stiffness at the end of the mechanism topology optimization
iterations. If unnecessary redundant bushings appear at the end, the resulting
mechanism may not satisfy the requirements of the target compliance characteristics
considering the bushing stiffness value used. In this study, the number of bushings
is set to n = 2, which is the minimum number of bushings needed to compose a planar
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linkage mechanism. A flowchart of the topology optimization process of linkage
mechanisms considering the kinematic and the compliance characteristics is
presented in Fig. 2.6.

If the proposed method is not used for mechanism synthesis considering kinematic
and compliance characteristics, one may need to utilize an existing method
developed for problems considering kinematic characteristics only and then consider
design optimization to consider compliance characteristics using the topological
layout obtained from the previous step. Therefore, two optimization process is
needed to synthesize a linkage mechanism which can satisfy the given kinematic and
compliance characteristics. This sequential optimization procedure is expressed as
shown below.
Two-step sequential formulation
- First step: Topology optimization only considering kinematic condition
Find ξ T and ξ X
to minimize 1  
Subject to 1) Kinematic condition under the given input motion
(i )

(i )

 tk* ( v t* )   k ( t *  1, 2, , tmax )
- Second step: Shape optimization considering K&C constraints
(2.26)

Find ξ X
to minimize 1  
Subject to 1) Kinematic condition under the given input motion
(i )

(i)

 tk* ( v t* )   k ( t *  1, 2, , tmax )
2) Compliance constraints for given external load
( j)

( j)

 c ( v0 )   c (0: initial position)
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Contrary to the simultaneous formulation proposed in this research, this formulation
is inevitably sequential due to the lack of a method to consider both kinematic and
compliance characteristics within a single topology optimization formulation.
Therefore, the use of the second step in Eq. (2.26) for shape optimization is inevitable.
With regard to this step, the bushing stiffness values are applied to the fixed pivots,
and the dimensions of the linkage mechanism synthesized during the previous step
are determined to satisfy the K&C constraints. The critical limitation of this
sequential approach is that if the desired K&C constraints cannot be satisfied during
the second step, it becomes necessary to use another mechanism topology; this
necessitates repeating the first step with different initial guesses. This process may
be repeated multiple times until the topology of a mechanism can be used to satisfy
the K&C constraints during the second step of the optimization. In Case study 2, we
will demonstrate that this undesirable situation can actually occur. At the same time,
we will show that a desired optimal mechanism can be found in a single step if the
proposed method is employed.

2.3.3 Sensitivity analysis
For an efficient mechanism synthesis, the method of moving asymptotes (MMA)
[50], a gradient-based optimizer, is used in this research. To use a gradient-based
optimizer, the sensitivities of the objective and constraint functions with respect to
the design variables are required. First, the sensitivity of the objective function is
calculated via
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(2.27)

Because the objective function is derived from the kinematic analysis, k k is used
in Eq. (2.27). In addition, t* k k and t* X will become zero because t*
is a function of the state variable vector vt* . The sensitivities dk k dξT and

dk k dξ X are calculated as follows:



dk k
k
k
k
k
 diag 3kmax
(bT1 )2 ,,3kmax
(bTN )2 ,3kmax
( aT1 )2 ,,3kmax
( aTN ) 2
T
b
a
dξ
dX
 diag  X max  X min , Ymax  Ymin ,, X max  X min , Ymax  Ymin 
dξ X

 (2.28)
(2.29)

To find dvt* dk k and dvt* dX , Eq. (2.11) is differentiated with respect to k k
and X to obtain
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(2.30a)

1

(2.30b)

(2.31a)
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(2.31b)

If Eq. (2.23) is used, t* vt* can be calculated as
t*
v t*




v t*

 Wt*out
 out
W* U *
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 Wt*out U t*
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Wt*out
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 (W *out  U * ) v *
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(Wt*out  U t* ) 2  v t*
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t
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(2.32)
The sensitivity of the kinematic constraint function is calculated as follows:

d tk*
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 tT
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(2.33)
The first and second terms in Eq. (2.33) were calculated using Eqs. (2.28) to (2.31),
and the last term can be calculated easily because  tk*

(i )

is an explicit function of

the state variable vector vt* in all case studies considered in this study. The
sensitivity of the compliance constraint function is calculated as follows:

( j)

d c
dξ

 d c( j )

T
 dξ

c( j )
 d
 dξ X

( j)
dv
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 0c
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v 0

( j)
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v 0









 
(2.34)

Because the compliance constraint function is derived from the compliance analysis,
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k c is used in Eq. (2.34). dk c dξT is calculated as



dk c
 diag 3krigid (bT1 )2 ,,3krigid (bTN )2 ,3kbushing ( aT1 )2 ,,3kbushing ( aTN )2
T
b
a
dξ


(2.35)

and dv0 dk c can be derived from Eq. (2.11) as



d F0int ( v 0 )  F0ext
dk c

 = dF

int
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 0
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1

(2.36a)
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 2U 0
1
J










c
c
c
c  0
2
dk
k  v 0 
v 0 k  v 0 
v 0  k

(2.36b)

Although the last term in Eq. (2.34) depends on the specific problems, it can be
calculated easily in this study because  c

( j)

is an explicit function of the state

variable vector v 0 in all case studies in the next chapter.

The sensitivity of Eq. (2.21d) is very simple to calculate because Eq. (2.21d) is the
sum of the design variables associated with bushings modeled by anchoring springs.
Therefore, the value of the component of the sensitivity related to the design variable
for the anchoring springs is 1, and the other values are 0.
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2.4 Case studies
In this section, three case studies are solved to demonstrate the validity and
effectiveness of the proposed method. First, we verify the proposed method by
synthesizing linkage mechanisms considering K&C characteristic simultaneously.
The second case study is considered to demonstrate the critical advantage of the
proposed method over a sequential method based on existing techniques. To this end,
we consider the synthesis of a two-dimensional vehicle suspension, which can be
regarded as a simplified version of a three-dimensional vehicle suspension as the
third example. In all case studies, the units of the length, force, moment, and spring
stiffness are the meter (m), newton (N), newton-meter (Nm), and newton per meter
(N/m), respectively. Note that when using the optimized result in Case study 3,
dealing with a realistic design problem, we explain in some detail how to interpret a
linkage mechanism from rigid blocks connected by block-connecting and anchoring
springs. (Accordingly, no detailed procedure by which to extract a specific linkage
mechanism layout from the SBM is presented in the details of Case Studies 1 and 2.)

2.4.1 Case study 1 - Validation of the proposed method
Here, the validity of the proposed method is checked; i.e., we assess whether a known
reference mechanism layout configuration can be recovered if its kinematic and
compliance characteristics are given. The specific mechanism considered for this test
is shown in Fig. 2.7(a). The target K&C characteristics used to synthesize the
mechanism are described in Fig. 2.7(b). With regard to the kinematic characteristics,
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the target path rˆiQ* at its end-effector location Q is a banana-shaped path which
is generated by the rotating input motion of link AB of the reference linkage.
Specifically, the input motion to generate the reference path is given by the rotation
angle as a function of time t * :


tInput
*


18

t * (t *  1, 2,,36)

(2.37)

As the desired compliance characteristics, the angular displacement of the endeffector is used in the initial configuration of the reference mechanism ( t *  0 ) under
the applied external force, as indicated in Fig. 2.7(b).

Fig. 2.8 shows the design domain discretized into 3×3 rigid blocks to be used for the
synthesis of the mechanism for Case study 1. The rigid blocks are connected to each
other by block-connecting springs and are connected to the ground by anchoring
springs attached to all corners of the rigid blocks. In total, there are 24 blockconnecting springs (controlled by 24 corresponding design variables) and 36
anchoring springs (controlled by 36 corresponding design variables.) To allow the
input block to rotate around the bottom left corner, the design variable values for the
anchoring springs attached to the input block are kept such that the maximum design
variable value is allocated to the lower left anchoring spring and the minimum design
variable value to the other anchoring springs. The end-effector is located at the center
of the output block, which is the top middle block in the initial layout. Thus, the
prescribed kinematic and the compliance conditions in Fig. 2.8(b) are identical to
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those given in Fig. 2.7(b). These conditions are explicitly written as

 tk* ( vt* )  rtQ*  rˆtQ*   k ( t *  1,2,,36)

(2.38a)

 c ( v 0 )  0Q  ˆ0Q   c

(2.38b)

In Eq. (2.38a), the Euclidean error is used to estimate the distance between the
position ( rtQ* ) of the end-effector and the position ( rˆtQ* ) of the target path at time step
t * . Eq. (2.38b) states that the absolute value of the angular displacement is less than

the target value. For the numerical calculations, the following values are used:
k
kmax
 1 104 ;  k  0.05;

kbushing  3  105 ; krigid  2  103 kbushing ; ˆ0Q  0.0032 ;  c  0

The results obtained for Case study 1 using the proposed formulation are presented
in Fig. 2.9. First, Fig. 2.9(a) shows the optimized mechanism layout represented by
rigid blocks along with the actual four-bar linkage mechanism interpreted from the
rigid blocks and the states of the block-connecting and anchoring springs. Fig. 2.9(b)
and Fig. 2.9(c) respectively show the converged design variables for the blockconnecting springs and those for the anchoring springs, which are used to determine
the topology of the synthesized mechanism. These figures show good convergence
of the design variables to their lower bound value of 0 or upper bound value of 1. As
shown in Fig. 2.9(c), only two bushings (modeled by anchoring springs) are
identified in the final mechanism among the 36 anchoring springs due to the
constraint expressed by Eq. (2.21d). Fig. 2.9(d) shows the iteration histories of the
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objective and constraint functions. After convergence, the mean value of the work
transmittance efficiency function (black line) goes nearly to 1, indicating that the
converged linkage mechanism has 1 DOF. (It was shown in an earlier study (Ref. [7])
that if  =1, the corresponding mechanism has exactly 1 DOF.) The red and blue
lines indicate the maximum value of the kinematic constraint functions and the value
of the compliance constraint function, respectively. Clearly, all constraints are within
the error bound, as shaded in green, at convergence.

From the results presented in Fig. 2.9, the proposed method is shown to find the
topology and dimension of the target linkage mechanism successfully if the
corresponding kinematic and compliance characteristics are given. Similar behaviors
were observed in other tested problems. In the next case study, we aim to demonstrate
why the simultaneous consideration of kinematic and compliance characteristics for
mechanism synthesis is crucial.

2.4.2 Case study 2 - Demonstration of the advantage of the
proposed method
The aim of Case study 2 is to demonstrate the critical advantage of the proposed
method that considers the K&C characteristics simultaneously during mechanism
synthesis over a method that considers K&C characteristics sequentially. The known
reference linkage mechanism is shown in Fig. 2.10(a). We will investigate how
effective the proposed method is when used to synthesize the mechanism back with
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the given target path rˆiQ* at its end effector location Q and the specified
compliance expressed as xˆ0Q under external vertical load F0ext , as sketched in Fig.
2.10(b). Specifically, the desired (target) path is a path including a crunode, which is
to be generated by the input rotation motion of link AB of the reference linkage,
given by

tInput

*


18

t * (t *  1, 2,,36)

(2.39)

Here, a path including a crunode is selected because the mechanism used to generate
a path overlapping a path curve is generally regarded as difficult to synthesize by a
numerical method [7]. For the compliance characteristics, the displacement in the xcoordinate of the end-effector when external force is applied at the initial position is
used, as shown in Fig. 2.10(b).

Fig. 2.11 illustrates the problem definition of Case study 2. Fig. 2.11(a) shows the
design domain and the initial layout of the SBM employed for the mechanism
synthesis. All statuses of the design domain and the SBM are identical to those used
in case Study 1 without the locations of the end-effector and the output block. The
output block in Case study 2 is the bottom-middle block and the end-effector is
located at the center of the output block in the initial layout. The conditions for the
kinematic and compliance analyses for optimization are identical to those in Fig.
2.10(b), and the kinematic and compliance constraint functions are as follows:

 tk* ( vt* )  rtQ*  rˆtQ*   k ( t *  1, 2,,36)
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(2.40a)





 c ( v 0 )   x0Q  xˆ0Q   c

(2.40b)

Unlike in Case study 1, the compliance constraint equation (2.40b) requires the
absolute value x0Q

of the x-directional displacement to exceed the target value

xˆ0Q . The values of the parameters used for this case are kbushing  2  103 and
xˆ0Q  0.005 , while the unlisted parameter values are identical to those given in
Case study 1.

Before presenting the result by the proposed method, we initially solve this problem
using a two-step sequential method which combines existing approaches, as depicted
in Eq. (2.26). The first step is to perform topology optimization to determine the
topological layout of a synthesized mechanism considering only the kinematic
condition that requires the synthesized linkage mechanism to generate the target path
which includes a crunode. This step is followed by the second step of shape
optimization using the linkage mechanism synthesized in the first step. During the
second step, the dimensions of the linkage that satisfy the prescribed K&C
characteristics are determined.

The optimization results according to the two-step sequential method with different
initial design variables or configurations are presented in Fig. 2.12(a) and (b). Note
that in these figures, blocks of the same color form a single rigid body or link as a
whole. Apparently, mechanisms to generate the target path may not be unique (within
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the tolerance error) in general, and in this case, two mechanisms with different
topologies are obtained after the first step of topology-optimization-based synthesis
depending on the initial design variables. Specifically, a six-bar linkage mechanism
is synthesized (see the middle figure of Fig. 2.12(a)) if all design variables ( bTi ,  aTj )
controlling the mechanism topology are set to 0.1 while a four-bar linkage
mechanism (see the middle figure of Fig. 2.12(b)) is synthesized if they ( bTi ,  aTj )
are set to 0.5. (Note that the design variables for anchoring springs attached to the
input block are excluded from this setting, as they should retain their values to allow
the input block to rotate around the bottom left corner during the optimization
process.)

Using the synthesized mechanisms with the topologies identified in the first step,
shape optimization is performed to satisfy both the target K&C constraints. These
results are presented as the final figures in Fig. 2.12(a) and (b). Clearly, the six-bar
mechanism among two synthesized mechanisms in the first step fails to satisfy all of
the required K&C characteristics. Although the use of initial ( bTi ,  aTj ) values equal
to 0.5 happens to satisfy the target K&C constraints, the message from this example
is clear. The overall design process consisting of two steps of sequential optimization
may be repeated iteratively, which overshadows the use of an automated
optimization-based design method. This situation requires the proposed method that
undertakes an optimization for mechanism synthesis considering the K&C
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characteristics simultaneously. Note that when using the proposed optimization
method, both the topology and shape optimization steps are integrated into a single
formulation.

Fig. 2.13 shows the optimization results according to the proposed approach Eq.
(2.21), as obtained with different initial topology-controlling design variables.
Irrespective of the initial design variables, the proposed method yields a mechanism
with the same topology, i.e., a four-bar linkage mechanism. Although the states of
block connections are not equivalent in the two synthesized mechanisms, the
geometries of the identified mechanisms resulting from the final SB layouts are
virtually identical. Because the proposed method is not so sensitive to the initial
guesses when both K&C characteristics are considered and successfully yield the
desired mechanism, the advantage of the proposed single-step unified approach over
the two-step sequential approach is readily apparent. In the next case study, we will
demonstrate how effective the proposed method can be in more realistic design
problem, in which there is no reference mechanism available.

2.4.3 Case study 3 - Application to the design of a 2D vehicle
suspension
This case study presents the application of the developed optimization-based
mechanism synthesis method to the design of a more realistic mechanism, in this
case a two-dimensional simplified version of a vehicle’s suspension mechanism.
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The motivation of this Case study is to determine if we can design a suspension
mechanism as an alternative to the commonly used double-wishbone suspension (the
2D version of which is modeled as a four-bar linkage mechanism) using the
developed method. Specifically, we would like to find a suspension mechanism that
maintains kinematic characteristics nearly identical to those of the double-wishbone
suspension (a four-bar linkage in the 2D case) while the lateral stiffness of a vehicle
equipped with the suspension is improved. Because smaller deformation of the
contact patch of a wheel subjected to a certain set of resultant forces to the wheel
helps improve the vehicle response onto the steering input [45, 49], we aim to find a
new suspension, the deformation of which is smaller than that by the doublewishbone suspension. The specific target values will be given below.

With this motivation in mind, Fig. 2.14(a) illustrates the entire analysis domain
discretized by 5×3 rigid blocks in which the design and non-design domains are
discretized by the left 5×2 and rightmost 5×1 rigid blocks (darkly shaded),
respectively. While the non-design domain represents a wheel carrier, the design
domain is the area where a 2D version of a vehicle suspension is to be synthesized
by the proposed method. An explanation is necessary of the modeling technique
based on the SBM. First, the rightmost 5×1 rigid blocks are rigidly connected to each
other and the wheel center is located at the center of the middle block among the five
blocks. Second, the suspension mechanism to be synthesized in the design domain
should be connected not only to the wheel carrier but also to the vehicle chassis (this
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is not explicitly shown in Fig. 2.14(a), but see Fig. 2.1 for more details) lying next
to the left side of the design domain. Note that the vehicle chassis for the K&C
analysis can be considered as the ground because only the relative motion between
the chassis and wheel carrier is of primary concern with regard to suspension design.
While the motion between the wheel carrier and the vehicle suspension can be fully
governed by the kinematic characteristics, the motion between the chassis and the
vehicle suspension is governed by both the kinematic and the compliance
characteristics. Therefore, the use of elastically acting bushings must be considered
when connecting the chassis and the vehicle suspension. Accordingly, the proposed
multifunction anchoring springs can play a pivotal role in representing both the
kinematic and compliance characteristics, as explained in Chapter 2.1. Specifically,
all left corners of the leftmost blocks in the design domain are connected to the
chassis (ground) by anchoring springs.

As the target kinematic characteristics, the motion of the wheel center is specified as
the wheel goes up and down. This can be expressed as
(1)

 tk*  tQ*  ˆtQ*   k

(1)

( 2)

 tk*  xtQ*  xˆtQ*   k ;
(1)

where  k  0.0015 and  k

( 2)

( 2)

(2.41)

 0.015 . The target values, the spatial location ( xˆtQ*

and yˆtQ* ) of the wheel center and its orientation ( ˆtQ* ), are given in the form of
discrete data at 18 time steps in Table 2.1. The specific values in Table 2.1 are taken
from the motion of the wheel center of a two-dimensional version of a typical double-
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wishbone suspension (which is a four-bar linkage). For the kinematic analysis during
k
 2 103 is used.
the mechanism synthesis step, a value of kmax

As the target compliance characteristics, the horizontal displacement ( x0Q ) and
rotation ( 0Q ) at the wheel center point Q at time step t *  0 are required not
to vary more than the corresponding specified values when external loads are applied
to the wheel center. As illustrated in Fig. 2.14(b), external horizontal force

F0ext  1000e x and external moment M ext
0  270e x  e y ( e x , e y : unit vectors in
the horizontal and vertical directions) are applied to center point Q while its vertical
displacement at t *  0 is not allowed to move; i.e., y0Q  0 . The constraints
imposed on the displacement of the center point can be written as
(1)

(1)

( 2)

 c  x0Q   c ;
(1)

where  c  2  106 and  c

c

(1)

( 2)

 c  0Q   c

( 2)

(2.42)

 0.0015 . It should be noted that the set value of
(1)

is smaller than the typical values (  c  3  106 ) used for a double-wishbone

suspension to improve the lateral stiffness of a vehicle equipped with the suspension
mechanism to be designed. The kbushing value is so chosen to represent the stiffness
of commonly used bushing elements, kbushing  2  108 . As in the previous case
studies, krigid is set to krigid  2  103 kbushing . The results related to this case study
are presented in Fig. 2.15 to Fig. 2.17.
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Fig. 2.15(a) shows the final optimized layout represented by the SBM, showing a
six-bar linkage mechanism, as indicated by the thick blue lines in the figure. Fig.
2.15(b) explains how the six-bar linkage mechanism is represented in the SBM. On
the left-hand side figure of Fig. 2.15(b), only block-connecting and anchoring
springs having the upper bound stiffness value are sketched. Using these springs, the
following linkage layout interpretations are possible. First, block-connecting springs
1 and 2 make Blocks 1 and 2 behave as a single link. Blocks 9 and 10 also behave
as a single link due to the presence of block-connecting springs 17 and 18. Because
Blocks 7 and 8 are connected only at a single corner by block-connecting spring 14,
they behave as two links connected by a revolute joint. Likewise, block-connecting
spring 34 connects Blocks 7 and 9 by a revolute joint. Block-connecting springs 4,
16, and 20 connect Blocks 2, 8, and 10 to the wheel carrier by revolute joints,
respectively. With regard to the anchoring springs, Blocks 1 and 7 are connected to
the chassis (ground) by bushings, as represented by anchoring springs 1 and 7. Note
that these springs serve to connect these blocks to the chassis by a revolute joint in
the kinematic analysis. Blocks 3, 4, 5, and 6 are floating blocks not affecting the
configuration of the optimized layout even though they are connected to the skeletal
blocks by not converged springs. (The K&C characteristics of the result mechanism
do not change even if the floating blocks are detached and the more explanation
about floating blocks is given in Appendix B.) Based on these analyses, the
optimized layout represented in the SBM can be identified as a six-bar linkage
mechanism (four rigid bodies represented by a set of blocks, the wheel carrier, and
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the chassis). The converged values of the topology design variables ( ξ T ) controlling
the stiffnesses of the block-connecting and anchoring springs are shown in Fig.
2.15(c) and (d), respectively. Fig. 2.15(c) shows that several design variables did not
reach either the upper or lower bound values. However, the spring stiffnesses, which
are controlled by these design variables, do not affect the actual kinematic and
compliance characteristics of the resulting mechanism; no block-connecting spring
connecting any two of the floating blocks (Blocks 3, 4, 5, and 6) affects the layout
of the final optimized mechanism. On the other hand, the stiffnesses of all anchoring
springs reached their upper or lower bound value, as demonstrated in Fig. 2.15(d).
Owing to constraint equation Fig. 2.15(d) (with n  2 ), only two anchoring springs
attained the maximum stiffness value.

The iteration histories of the objective and the constraint functions are plotted in Fig.
2.16. Fig. 2.16(a) shows that the mean value of the work transmittance efficiency
function 

converges to 1, implying that the synthesized mechanism has the

correct DOF, which is 1. This is an important convergence criterion of the proposed
synthesis algorithm. Fig. 2.16(b) and Fig. 2.16(c) show the convergence histories of
the kinematic and the compliance constraints, respectively. At convergence, the
convergence criteria imposed on the constraints are
(1)

max( tk* )  0.0015

,

( 2)

max( tk* )  0.015

( 2)

 c  0.0011 .
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,

(1)

satisfied because

 c  1.99  106

,

and

Several snapshots of the intermediate and final layouts of the SBM at different wheel
center locations ( ytQ* =0.05, 0, and -0.05) are shown in Fig. 2.17. The blockconnecting and anchoring springs are not shown in this figure, but the evolution of
the block shapes, governed by design variable ξ X , is clearly shown. After the 150th
iteration, the synthesized mechanism starts to become identifiable.

It is worthwhile to compare the performance of the proposed simultaneous
formulation and that of the two-step sequential formulation for this case. These
results are compared in Fig. 2.18, which shows that unlike the proposed method,
yielding a six-bar linkage mechanism that successfully satisfies all of the required
K&C characteristics, the sequential method yields a four-bar linkage that cannot
satisfy the required compliance characteristics, instead only satisfying the kinematic
characteristics. As noted in the caption of Fig. 2.18, the same initial guesses of the
design variables are used for both formulations. It would be possible to find the same
six-bar linkage as yielded by the proposed method if many different initial guesses
were attempted for the two-step sequential formulation, but such a process is not
feasible for use for streamlined optimization-based mechanism synthesis.
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2.5 Summary
All previous studies on the topic of topology optimization of rigid-body linkage
mechanisms were limited to the synthesis of mechanisms considering only kinematic
characteristics. Here, we developed a new topology-optimization-based linkage
mechanism synthesis method that considers both kinematic and compliance
characteristics simultaneously during the iteration of the optimization process. Its
effectiveness was demonstrated through case studies. As the ground model for the
synthesis, the SBM (spring-connected rigid block model), as developed for synthesis
considering kinematic characteristics, is used in this study, but the proposed
approach to make block-connecting and anchoring springs multifunctional
depending on the analysis type, kinematic or compliance, was found to be critically
useful. Accordingly, the SBM framework using rigid blocks and stiffness-varying
springs was also found to be useful for when simultaneously considering the K&C
formulation, and an appropriate simultaneous formulation was proposed. Some
findings from the case studies considered can be summarized as follows.
1.

It was difficult or required repeated optimization runs using different initial
guesses to find successfully optimized results if the two-step sequential
formulation based on conventional approaches is used.

2.

For the considered design problems, including the synthesis of a 2D
suspension mechanism, the proposed simultaneous formulation yielded
successfully optimized mechanisms satisfying all of the required K&C
characteristics.
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3.

Especially during the design of a 2D suspension mechanism, the proposed
simultaneous formulation yielded an unconventional six-bar linkage
mechanism. For the synthesis, the wheel motion of a reference four-bar
linkage mechanism was used as the target kinematic characteristics, but
tighter constraints imposed on the target compliance characteristics were
responsible for synthesizing the six-bar linkage mechanism, in contrast to
the reference mechanism.

As future studies or practical applications, the proposed method can be extended to
deal with the synthesis of three-dimensional mechanisms. While the bushing
stiffness is fixed in the present work, it will be more practical if the value of the
bushing stiffness is also simultaneously designed within the proposed formulation.
In spite of some remaining tasks and issues that require further consideration, this
study is expected to contribute to the advancement of our knowledge of topology
optimization methods for linkage mechanisms.
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Table 2.1 Data of the eighteen points for target motion at the wheel center
t*

0

1

2

3

4

5

6

7

8

9

ytQ*

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

xˆtQ*

0

ˆtQ*

0

0.37

0.77

1.20

1.60

2.10

2.59

3.10

3.64

t*

10

11

12

13

14

15

16

17

18

ytQ*

-0.01

-0.02

-0.03

-0.04

-0.05

-0.06

-0.07

-0.08

-0.09

0.00012 0.00006 -0.00033 -0.00098 -0.0019 -0.0031 -0.0045 -0.0062 -0.0082

xˆtQ* -0.00039 -0.0011 -0.0021 -0.0034 -0.0049 -0.0068 -0.0090 -0.012 -0.015

ˆtQ*

-0.34

-0.67

-0.97

-1.25

-1.50
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-1.72

-1.91

-2.06

-2.17

4.20

Fig. 2.1 Example of a design process using the proposed method: (a) problem
definition for a 2D vehicle suspension, (b) modeling with the SBM, and (c)
layout of the SBM after optimization and the corresponding equivalent
linkage mechanism
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Fig. 2.2 The design domain discretized by 2x1 blocks connected by blockconnecting and anchoring springs. The multi-functionality of the springs in
the proposed method is compared with the mono-functionality in the existing
method
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Fig. 2.3 Representative cases with upper or lower bound stiffness values. Case
A: disconnected, Case B: Connected by a revolute joint, Case C: Rigidly
connected, and Case D: Hinged with a bushing
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Fig. 2.4 A snapshot of two rigid blocks in a position after being moved by a
given input motion or external force
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Fig. 2.5 An example to validate the compliance analysis using the SBM with
the suggested spring stiffness values: (a) linkage geometry and
loading/boundary conditions, and (b) comparison of the analyses using the
SBM model (left) and the original model with the ADAMS software package
(right)
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Fig. 2.6 Flow chart for topology optimization of linkage mechanisms
simultaneously considering kinematic and compliance characteristics
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Fig. 2.7 (a) Layout of the reference linkage mechanism for Case study 1 and
(b) illustrations of the K&C characteristics used for the mechanism synthesis
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Fig. 2.8 SBM to solve Case study 1: (a) design domain discretized by rigid
blocks at the initial configuration and (b) illustration of how to prescribe the
desired conditions using the SBM for the K&C analyses
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Fig. 2.9 Optimization results for Case study 1: (a) final optimized layout of the
SBM (left) and its equivalent mechanism (right), (b) design variables
controlling the block-connecting spring stiffnesses at convergence, (c) design
variables controlling the anchoring spring stiffnesses at convergence, and (d)
iteration histories of the objective and the constraint functions
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Fig. 2.10 (a) Layout of the reference linkage mechanism for Case study 2 and
(b) analysis conditions for the K&C characteristics
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Fig. 2.11 SBM to solve Case study 2: (a) design domain discretized by rigid
blocks at its initial configuration and (b) illustration of the method used to
prescribe the desired conditions using the SBM for K&C analyses
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Fig. 2.12 Optimization results for Case study 2 obtained by the two-step
sequential formulation (2.26) for the initial values for topology-controlling
design variables ( bTi ,  aTj ) set to (a) 0.1 and (b) 0.5
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Fig. 2.13 Optimization results for Case study 2 obtained by the proposed
simultaneous formulation (2.21) for the initial values of topology-controlling
design variables ( bTi ,  aTj ) set to (a) 0.1 and (b) 0.5

72

Fig. 2.14 Problem definition for Case study 3 dealing with the synthesis of a
2D vehicle suspension: (a) analysis domain discretized by rigid blocks where
the leftmost 5×2 rigid blocks are used to synthesize linkages (the rightmost
5×1 rigid blocks represent a wheel carrier), and (b) sketches explaining how to
evaluate the target K&C characteristics
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Fig. 2.15 Optimization results for the 2D vehicle suspension design problem:
(a) final optimized layout (thick lines represent the synthesized links), (b)
identified linkage mechanism (right) from the optimized layout expressed by
rigid blocks connected by block-connecting and anchoring springs having a
lower bound stiffness value, (c) converged values of the design variables for
block-connecting springs, and (d) converged values of design variables of the
anchoring springs
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Fig. 2.16 Iteration histories for Case study 3: (a) the mean value of the work
transmittance efficiency function, (b) kinematic constraint functions, and (c)
compliance constraint functions
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Fig. 2.17 Intermediate and final layouts at different time steps of the
synthesized linkage mechanism for the 2D vehicle suspension
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Fig. 2.18 Comparison of the optimization results for Case study 3 obtained by
the two-step sequential formulation (2.26) using the same initial values of the
design variables
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CHAPTER 3.
Design of vehicle suspensions for rear
using topology optimization method considering
K&C characteristics
Equation Chapter 3 Section 1

3.1 Overview
Vehicle suspension is a key part of whole vehicle systems since ride and handling
(R&H) performances of a vehicle can differ how the vehicle suspension is designed.
Especially, K&C characteristics of the vehicle suspensions are key parameters by
which many R&H performances of the vehicles can be affected [8, 45, 46, 48, 51,
52]. Kinematic characteristics of a vehicle suspension are related to the wheel motion
when the wheel goes up and down, and it is defined by the geometry of the
suspension. Compliance characteristics are mainly defined by the geometry of the
suspension and stiffnesses of bushings [45, 46, 52]. Especially, compliance
characteristics can be defined by the wheel movement arisen from the deformation
of bushings by the external forces such as lateral force, longitudinal force or aligning
torque [46, 47, 53] shown in Fig. 3.1.
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Traditionally, vehicle suspensions were sequentially synthesized like the way to
synthesize any other types of linkage mechanisms. First, the engineer decides
intuitively the basic concept of a vehicle suspension such as a topology. Second, the
dimensions are synthesized and the stiffnesses of bushings are defined to meet the
design requirements such as K&C characteristics [46, 49]. Many studies about
design optimization of suspensions were conducted thus far, but only geometric
parameters or bushing stiffness were mainly concerned [8, 46-48, 52-56]. On the
other hand, some studies tried to investigate the atlas of the independent suspensions
using number synthesis [51, 57], and topology optimization method only considering
kinematic characteristics has been used to synthesize a vehicle suspension [8].

In this Chapter, we apply the topology optimization method for linkage mechanisms
considering K&C characteristics to the design of spatial vehicle suspensions for rear.
For doing that, there are two main issues to be addressed. First, the model suitable
for the synthesize vehicle suspensions is needed. Second, stiffnesses of the bushings
as well as the geometry of the suspension should be designed because compliance
characteristics are defined by the geometry of the suspension as well as the
stiffnesses of bushings. To resolve this, we develop a spatial spring-connected rigid
block model for vehicle suspensions in contrary to the previous study [8] in which
nonlinear bar based model was used. That is because the 3D SBM is more effective
to represent linkage mechanisms with bushings. Fig. 3.2 is prepared to compare the
differences between a nonlinear bar based model and a SBM. As shown in Fig. 3.2,
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anchoring springs are used in both models to connect a rigid body to the ground. As
the key idea for topology optimization considering K&C characteristics proposed in
Chapter 2 is to utilize anchoring springs as bushings in a compliance analysis, the
nonlinear bar based model also may be used for the proposed method. However,
since many nonlinear bars share one anchoring spring, two more rigid bodies can be
generated on the same anchoring spring at convergence. Since this result is not
possible to implement in actual, post-processing should be needed [7, 8]. However,
after the post-processing, the number of anchoring springs could increase because
the rigid links should have their own fixed pivots, and it can make compliance
characteristics changed. In contrary to the nonlinear bar based model, since a rigid
block does not share anchoring springs to the other block in the SBM, the possibility
to increase the number of bushings represented by anchoring springs does not exist
in the SBM. The overview of the 3D SBM for synthesizing a vehicle suspension is
shown in Fig. 3.3.

The outline of this Chapter is as follow. In Chapter 3.2, an explanation of a modeling
and analysis of a spatial SBM will be given. In Chapter 3.3, the optimization
formulation for designing a vehicle suspension will be presented, and also an
explanation about the design variables will be given. In addition, since a gradientbased optimizer is used, sensitivity analysis will be also presented. To confirm the
validity of the proposed method, two carefully selected design cases will be
considered in Chapter 3.4. Concluding remarks are given in Chapter 3.5.
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3.2 Modeling and analysis based on the spatial SBM
3.2.1 The spatial SBM for the design of a vehicle suspension
For designing a vehicle suspension with a spatial SBM, the spatial SBM should be
represented the various types of the vehicle suspensions such as a double wishbone
type or multilink type. (MacPherson strut type is not considered in this research
because it is usually not used to vehicle suspension for the rear.) In addition, the
components of vehicle suspensions such as spherical joints, revolute joints, rigid
links, rigid arm, and elastically-behaving bushings should be able to be included in
the SBM.

Fig. 3.4 shows the two blocks between the chassis and the wheel carrier. As shown
in Fig. 3.4, block-connecting springs are attached to the adjacent corners of the
blocks and anchoring springs are attached to the block corners. For synthesizing a
vehicle suspension, the chassis of the car can be regarded as the ground because
K&C characteristics are defined as relative motions of a vehicle suspension against
the chassis. Therefore, the anchoring springs are only attached to the chassis-side
corners of the chassis-side blocks.

As explained in Chapter 2, the spring stiffness is used in a multifunctional way, in
which an anchoring spring at its maximum stiffness represents a rigid connection to
the ground in a kinematic analysis while it represents the ground-anchored bushings
in a compliance analysis. Therefore, the spring stiffness set to be different in two
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analyses as shown in Fig. 3.4. Unlike the 2D, stiffness of the springs in a compliance
analysis is presented as a vector form because stiffnesses of cylindrical bushings is
varies in each direction. By the way, as stiffness of block-connecting springs only
represents the connection between two points, only topology controlling design
variable ( bTi ) is used to interpolate the stiffness of block-connecting springs. In
contrary, as an anchoring spring represent a cylindrical bushing, design variable for
bushing stiffness (  jB ) is used as well as topology controlling design variable (  aTj )
to interpolate. The way how to interpolate spring stiffness by the design variables
will be given in Chapter 3.3.

Fig. 3.5 shows relationships of two blocks depending on the spring stiffness. Four
block-connecting springs are attached to the adjacent corners of the blocks and four
anchoring springs are attached to the chassis-side corners of the chassis-side block.
As shown in Fig. 3.5(a), if all the topology controlling design variables of the blockconnecting springs are at their minimum, two blocks can move separately. If only
one topology controlling design variable of block-connecting springs has the
maximum value, two blocks will be connected by a spherical joint and if two have
the maximum value, two blocks will be connected by a revolute joint that rotates
around the axis connecting two points as shown in Fig. 3.5(b) and Fig. 3.5(c),
respectively. In addition, if three or four topology controlling design variables of
block-connecting springs have the maximum value, two blocks act as one rigid as
shown in Fig. 3.5(d). At last, if one topology controlling design variable for
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anchoring springs has the maximum value, the point where the anchoring spring is
attached is anchored by a bushing in a compliance analysis regardless of the value
of the design variable for bushing stiffness as shown in Fig. 3.5(e). (Note that,
however, the point is anchored by a spherical joint in a kinematic analysis.)

3.2.2 Kinematic and compliance analyses by the spatial SBM
Before giving an explanation about how to perform kinematic and compliance
analyses, defining the state variables for a rigid block in a three-dimensional space
is needed. In this research, in order to depict the translational motion of the ith rigid
blocks, ri  {xi , yi , zi }t , which is the position vector from the origin O of the global
coordinate system (X, Y, Z) to the initial center points of the ith block is used. To
represent the roll, pitch, and yaw angles of the blocks, we employ the Tait-Bryan
angles θi  {i ,i , i }t that are defined in a coordinate system fixed at the ith block.
Therefore, the state variable vector of the ith rigid block becomes

qi  {xi , yi , zi ,i ,i , i }t .

The way to perform kinematic analysis of the spatial SBM is not different from the
2D SBM because the principle to minimize the strain energy stored by zero-length
springs can be used for 3D SBM. To calculate the total strain energy stored in the
zero-length springs when the blocks of an SBM are moved by a given input motion,
a snapshot of two rigid blocks in a moved position by a given input motion is
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prepared in Fig. 3.6. The moved positions of the two blocks are illustrated as gray
cubes with their edges in solid lines, while the edges of their initial positions are
denoted by dotted lines. The two blocks are connected to each other by the ith blockconnecting spring and the left block is also connected to the ground by the jth
anchoring spring. Note that these springs only couple the translational motions (in
the X, Y, and Z directions) because the spring at its maximum only plays a role as a
rigid connection where the spring is attached.

For a kinematic analysis, the strain energy stored in zero-length springs is needed to
be calculated. With the state variable vector, the displacement between the corners
of the two blocks at which the ith block-connecting springs are attached can be
calculated as



 

ubi  rbi ,1  Abi ,1sbi ,1  rbi ,2  Abi ,2sbi ,2



(3.1)

where

A bi ,1 
1
0

0 cos bi ,1

0 sin bi ,1
A bi ,2 

0   cos bi ,1 0 sin bi ,1  cos bi ,1


 sin bi ,1  
0
1
0   sin bi ,1

cos bi ,1    sin bi ,1 0 cosbi ,1   0

1
0

0 cos bi ,2

0 sin bi ,2

  cos b ,2
0
i

0
 sin bi ,2  

cos bi ,2    sin bi ,2

0 sin bi ,2  cos bi ,2

1
0   sin bi ,2
0 cosbi ,2   0

 sin bi ,1 0 

cos bi ,1 0  ;
0
1 
 sin bi ,2
cos bi ,2
0

0

0
1 
(3.2)
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For the sake of convenience, the left block in Fig. 3.6 is denoted by symbol “1” and
the right block is denoted by symbol “2”. The symbols rbi ,1 and rbi ,2 are the
position vectors from the origin O of the global coordinate system (X, Y, Z) to the
initial center points of Blocks 1 and 2, respectively. (Note that the initial center points
remain unchanged when the shape of the blocks are changed.) The symbols sbi ,1
( sbi ,2 ) is the position vector from the rbi ,1 ( rbi ,2 ) to the kbi -attached corner in a
coordinate system fixed at Block 1 (Block 2). The matrices Abi ,1 and Abi ,2 denote
the rotation matrices for Blocks 1 and 2, respectively.

Likewise, the displacement of the jth anchoring spring can be defined as





u a j  rbi ,1  A bi ,1s a j  ra j

(3.3)

Here, sbi ,1 is the position vector from the rbi ,1 to the ka j -attached corner in the
local block-fixed coordinate system of Block 1 and ra j is the position vector from
the origin O of the global coordinate system (X, Y, Z) to the ka j -attached corner of
Block 1 at the initial position

Using Eqs. (3.2) and (3.3), the strain energy stored in the ith block-connecting spring
and the jth anchoring spring can be expressed as

1
U bi  kbi ubi
2

  u ;
t

bi

  u 

1
U a j  ka j u a j
2

t

aj

and the total strain energy stored in all of the springs can be then calculated as
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(3.4)

U q  

Nb


i 1

Na

  u    12 k u   u 

1
kb ubi
2 i

t

bi

t

aj

j 1

aj

aj

(3.5)

The total number of the block-connecting springs and anchoring springs are denote
as Nb and N a . The symbol q represents the state variable vector of all blocks,
which is defined as



q  q1t , qt2 , , qtN B



t

(3.6)

with



q m  rmt , θtm



t

  xm , ym , zm ,m  m , m  (m  1, 2,, N B )
t

(3.7)

( N B : the total number of rigid blocks)

In a kinematic analysis for the 3D vehicle suspension design problem, the vertical
motion of the wheel center ( z W/C ) is prescribed at all time steps. Therefore, the strain
energy can be considered as a function of the remaining state variables, defined as



v  q1t , qt2 , , q tW/C ,, , qtN B



t

(3.8)

where

q W/C   xW/C , yW/C ,W/C , W/C , W/C 

t

(3.9)

Since the remained process to define v at any time instance is the same as when
doing in 2D SBM through Eqs. (2.10) and (2.12), they are not presented here.

For a compliance analysis of vehicle suspensions using the spatial SBM, a linear
equation is used here because the behavior of the wheel motion by the external forces
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is nearly proportional to the magnitude of the force [47]. Therefore, linear equation
to calculate the displacement of blocks by the external forces is needed. The state
variable for the small linearized motion can be



q  q1t , qt2 , , qtN B



t

(3.10)

with



q m  rmt , θtm



t

 xm , ym , zm , m  m  m 

t

(m  1, 2,, N B )

(3.11)

To derive the governing equation of the compliance analysis, we can assume that
positions of two blocks in Fig. 3.6 are changed by an external force. Then, the elastic
joint forces applied to the left and right blocks through the ith block-connecting
spring are given as below.

 Fbe 1 
 i, 
 e 
 Tbi , 1 
e
Fbi   e   K bci
Fbi , 2 
 e 
Tbi , 2 

 rbi ,1 


 θbi ,1 
c

  K bi
 rbi ,2 
θ 
 bi ,2 

 qbi ,1 


qbi ,2 

(3.12)

K bci 
 K bc ,Tr
i

 s bi ,1K bci ,Tr

 K bci ,Tr

 s bi ,2 K bci ,Tr

K bci ,Tr s bi ,1

K bci ,Tr

s bi ,1K bi ,Tr s bi ,1  K bci , Ro

sbi ,1K bci ,Tr

K bci ,Tr s bi ,1

K bci ,Tr

s bi ,2 K bci ,Tr s bi ,1  K bci , Ro

s bi ,2 K bci ,Tr



s bi ,1K bi ,Tr s bi ,2  K bci , Ro 


K bci ,Tr s bi ,2

s bi ,2 K bci ,Tr s bi ,2  K bci , Ro 
K bci ,Tr s bi ,2

(3.13)
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K bci ,Tr

 kbc , x
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t
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 0

0
kbci , y
0

 kbc ,
0 

 i
c
t
0  T; K bi , Ro  T  0


 0
kbci , z 

0
kbci ,
0

0 

0 T

kbci , 

(3.14)

Here, the symbols “Tr” and “Ro” denote translational stiffness and rotational
stiffness, respectively. The symbol sbi ,1 ( sbi ,2 ) is already defined in a kinematic
analysis, and sbi ,1 ( sbi ,2 ) is the skew-symmetric matrix of it. In addition, the
stiffness values for each direction in 3D can be different, six values are introduced
to represent them. The matrix T is a matrix which converts a coordinate attached to
the bushing into a global coordinate, but it is the same as the identity matrix I because
the bushing direction is fixed to a global coordinate in this research. Similarly, the
elastic joint force applied to the left block through the jth anchoring spring is given
as below.
Faej

K ca j

K ca j ,Tr

 kac , x
 j
t 
0
T

 0


 Fae ,1 
 j 
  e  K ca j
Ta j ,1 

 K ca ,Tr
j

s a K ca ,Tr
 j j

0
kac j , y
0

 rbi ,1 
c

  K a j q bi ,1
 θbi ,1 

(3.15)



s a j K ca j ,Tr s a j  K ca j , Ro 


(3.16)

K ca j ,Tr s a j

 kac ,
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 j
c
t
0  T; K a j , Ro  T  0


c 
 0
ka j , z



0
kac j ,
0

0 

0  T (3.17)

c
ka j , 


In Eq, (3.15), as the counterpart of Block 1 with the lth anchoring spring is the ground,
the elastic joint force to Block 1 is only used to the governing static equation. The

88

governing static equation for compliance analysis using the SBM can be written as

Kc q  Fext

(3.18)

Here, K c denotes the global stiffness matrix by assembling all the local stiffness
matrices in Eqs. (3.13) and (3.16). In addition, F ext stands for a global external
force vector applied to the system.

By the way, since the interested compliance characteristics in this research are
calculated at the initial position of the wheel, the z-coordinate of the wheel center is
fixed to the initial position of it for a compliance analysis, the governing equation in
Eq. (3.18) can be changed to obtain the remaining state variables as follow:

Kc v  Fext

(3.19)

and the remaining state variable vector for the small linearized motion ( v ) is as
below.



v  q1t , qt2 ,, q tW/C ,,, qtN B



t

(3.20)

where
q W/C  xW/C , yW/C ,0, W/C ,  W/C ,  W/C 

t

(W/C : Wheel center)

(3.21)

and Eq. (3.19) can be solved by using any linear solving method to obtain v for
compliance analysis [47].
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3.3 Optimization Formulation
3.3.1 Design variable and interpolation
For designing a vehicle suspension considering K&C characteristics, three types of
design variables are introduced. The first is for defining a topology, the second is for
determining dimensions, and the last is for adjusting bushing stiffness. These three
types of design variables are as follow:



ξ  ξT

    
t

, ξX

t

t t

, ξB

(3.22)

where



ξT  ξTb

     
t

, ξTa

t t





T
T
T
b1 , b2 , , bNb

,  aT1 ,  aT2 , ,  aTN









ξ X  1X ,  2X ,, 3XN N
ξ B  1B ,  2B , ,  NBa



t

a

t

t

(3.23)
(3.24)
(3.25)

Here, ξ T , ξ X , and ξ B denote the design variables of the topology, dimension,
and bushing stiffness, respectively. In Eq. (3.23), subscripts “b” and “a” denote
block-connecting springs and anchoring springs, respectively. The total number of
block-connecting springs is Nb and the total number of the anchoring springs is N a .
The total number of design variables for the shape of the blocks is 3 N N because
these variables are related to the coordinates of the block grid points ( N N : the total
number of the block grid points). The total number of the design variable for bushing
stiffness is N a because bushings are only attached to the anchoring springs.
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The spring stiffness vector is derived from the design variables using the equations
below.





(3.26a)

k
k
kbki  (bTi ) p  kmax
; kakj  ( aTj ) p  kmax

(3.26b)

k k  kbk1 , kbk2 ,, kbkN , kak1 , kak2 ,, kakN
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k c  k bc1 , k bc2 ,, k bcN
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, k ca1 , k ca2 ,, k caN

t t

a

k bci  (bTi ) p  k rigid



k ca j  (aTj ) p  (1   jB )k bushing,min   jB k bushing,max

(3.27a)
(3.27b)



(3.27c)

where

106  lT  1 (l  1,2,, Nb  Na ), 0  mB  1 (m  1,2,, Na )

(3.28)

Here, p is the penalty parameter, the value of which is set to three, as in earlier works
[11-15]. In Eqs. (3.26) and (3.27), the superscripts k and c denote the kinematic
analysis and the compliance analysis, respectively. As in Eqs. (3.26) and (3.27),
spring stiffness vector is defined differently in the kinematic and compliance
analyses. Since the anchoring springs in a kinematic analysis only represent the
connection between the two points where the springs are attached, but the anchoring
springs in a compliance analysis represent cylindrical bushings. Stiffness of a
cylindrical bushing can be specified as 3 translational springs and 3 rotational springs
as shown in Fig. 3.7. In addition, the stiffness of anchoring springs is linearly
interpolated by the design variable for bushing stiffness from the values at their
minimum to the values at their maximum in each direction as in Eq. (3.27c).
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The stiffness vector for a compliance analysis is defined as below.

k rigid  krigid , krigid , krigid ,0,0,0

t

(3.29a)









t

k bushing,min  k xc,min , k yc,min , k zc,min ,0,0,0

k bushing,max  k xc,max , k yc,max , k zc,max ,0,0,0

(3.29b)
t

(3.29c)

Bushings used in this research are modeled following the assumption that
translational stiffness of the radial direction (y and z axes) is 20 times than the
translational stiffness of the axial direction (x axis), and the rotational stiffnesses are
assumed to be zero because they because it is relatively small compared to the values
of the translational stiffness. Additionally, the maximum stiffness value of
translational direction in block-connecting springs krigid is set to be a sufficiently
large value, about 2  103 larger than k yc,max for representing a rigid connection.

The design variables for dimensions determine the lengths of the linkage mechanism
by changing the grid points of rigid blocks. The interpolation between the grid points
and design variables are as follow:



X  X 1 , Y1 , Z1 , X 2 , Y2 , Z 2 ,, X N N , YN N , Z N N



t

X i  X max3Xi  2  X min (1  3Xi  2 ); Yi  Ymax3Xi 1  Ymin (1  3Xi 1 );
Z i  Z max3Xi  Z min (1  3Xi )

(3.30)

(3.31)

where

106  nX  1 (l  1,2,,3N N )
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(3.32)

The symbols X i , Yi , and Z i represent the global Cartesian coordinates of the ith
grid point. X max , Ymax , and Z max denotes the maximum values of the X, Y, Z
coordinates of the design domain boundary and X min , Ymin , and Z min denotes the
minimum values of the X, Y, Z coordinates of the design domain boundary.

3.3.2 Objective and constraint functions
As shown in Fig. 3.1, we consider four types of analyses - one kinematic analysis,
and three types of compliance analyses - to perform for considering K&C
characteristics of a vehicle suspension in this research. In order to synthesize a
vehicle suspension using a topology optimization considering K&C characteristics
simultaneously, the following formulation is proposed.
Find ξT , ξ X , and ξ B
to minimize 1  
Subject to 1) Kinematic condition under a given input motion
(i )
(i )
gtk* ( v t * )   k (t *  1, 2,3, , tmax )

(3.33a)
(3.33b)

2) Compliance constraints for given lateral load
( j)

( j)

c
c
glat
(v lat )   lat
3) Compliance constraints for given longitudinal load
c( k )
c( k )
g longi
(v longi )   longi

(3.33c)
(3.33d)

4) Compliance constraints for given aligning moment
(l )

(l )

c
c
g align
(v align )   align

(3.33e)

5) Constraints on the maximum number of bushings
Na


m 1

T
am

6

(3.33f)

6) Nodal distance
Dist (i, j )  10 mm (i, j  1, 2, , N n , i  j )
where
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(3.33g)



1

tmax

tmax



t

(t : Work transmittance efficiency at time t )

(3.34)

t 1

In Eq. (3.33), the mean value of work transmittance efficiency function (  ) is used
as an objective here. The explanation and calculation of the work transmittance
efficiency function are not given here as they are already given in Chapter 2.3. The
constraint functions through Eq. (3.33b) to (3.33e) are related to the K&C
(i )

characteristics. The symbol g tk*

( j)

c
represents the ith kinematic constraint, g lat
is
(k )

c
is the kth
the jth compliance constraint when a lateral force is applied, glongi
(l )

c
compliance constraint when a longitudinal force is applied, and galign
is the lth

compliance constraint when an aligning moment is applied. The all compliance
characteristics are defined at the initial position and the detailed forms about the
K&C constraint functions are given in the next chapter with the each problem
definition. The constraint function in Eq. (3.33f) is employed to restrict the total
number of bushings at the convergence. Since there are no vehicle suspensions with
more than six bushings, we set to six as the maximum number of bushings when
synthesizing a vehicle suspension. The last constraint function in Eq. (3.33g) is used
for numerical stability. A flow chart of the topology optimization process for
synthesizing vehicle suspensions simultaneously considering K&C characteristics is
presented in Fig. 3.8.

94

3.3.3 Sensitivity analysis
For an efficient mechanism synthesis, the method of moving asymptotes (MMA)
[50], a gradient-based optimizer, is used in this research. To use a gradient-based
optimizer, the sensitivities of the objective and constraint functions with respect to
the design variables are required. The calculation process for sensitivities of the
objective and kinematic constraint functions are identical to the 2D SBM. Thus, only
sensitivities of the compliance constraints are given here. In addition, as the
calculation of the sensitivities for each compliance constraints are not different, only
( j)

c
the sensitivity of the compliance constraints when a lateral load is applied ( g lat
) is

only given, and it is as below.
c( j )
 dg lat
 T
 dξ
( j)
 c( j )
c
dg lat
dg
  latX
 dξ
dξ

c( j )
 dg lat
 B
 dξ

c( j )
c
d v lat
  dk  g lat
  dξT  k c  dk c

 
 
 c( j )
   dX  g lat  d v lat
  dξ X  X
dX

 
  dk c  g c( j ) d v
lat
  a  lat 
c
  dξ B  k ca
d
k
a







c( j ) 
g lat

v lat 
c( j ) 
g lat

v lat 
( j)

c
g lat
v lat













(3.35)

Because the compliance constraint function is derived from the compliance analysis,
( j)

c
k c is used here. The partial derivatives glat
( j)

c
are all zero because g lat

( j)

( j)

c
c
k c , glat
X , and glat

k ca

is an explicit function of state variables in this study. To

obtain the sensitivity related to the topology controlling design variables, dk c dξT
is calculated as
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dk c  dk bc dk ca 

,

dξT  dξT dξT 

(3.36)

c
c
dk bcN
dk bci
dk bc  dk b1 dk b2
,
,, T ,, T b

dξT  dξT dξT
dξ
dξ



 dk bc

 0   Ti
 d b
dξT 
i








dk bci

dk bci
d

T
bi

 

 3  bTi

2

t

t

(3.37b)

(3.37c)

k rigid
c

c

dξT
dk ca j
d

T
aj

(3.37a)



 0


c
c
dk aN
dk a j
dk ca  dk a1 dk a2
a


,
,
,
,
,


T
T
T
T
T
dξ
dξ dξ
dξ
dξ


dk ca j






 dk ca

  0   Tj
 da

j








t





(3.38a)

t



 0



(3.38b)



 3( aTj ) 2  (1   jB )k bushing,min   jB k bushing,max



(3.38c)

Next, d vlat dk c can be derived from Eq. (3.18) as



d K c v lat  F ext
dk c

 = dK v
c

dk c

lat



d  K c v lat d v lat K c v lat 


 0
dk c  k c
dk c v lat 
1

(3.39a)

1

 K c v lat  K c v lat
 K c

d v lat


   c v lat  K c


c
c
v lat
dk
 k

 k
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(3.39b)

As K c is made by assembling the local stiffness matrices K bci and K ca j , the
partial derivative K c k c in Eq. (3.39b) can be also obtained by assembling the
partial derivative of the local stiffness matrices K bci k c and K ca j k c . In
addition, K bci k c ( K ca j k c ) can be calculated easily because K bci ( K ca j ) is
composed of K bci ,Tr and K bci , Ro ( K ca j ,Tr and K ca j , Ro ), and the components of

K bci k c ( K ca j k c ) are either 0 or 1 according to the order of spring stiffness.
As more details can be found in [47], the detailed explicit formula for them will not
be given here.

To calculate the sensitivity related to the dimension controlling design variables,

dX dξ X is calculated as
dX
 diag  X max  X min , Ymax  Ymin , Z max  Z min ,,
dξ X

(3.40)

X max  X min , Ymax  Ymin , Z max  Z min 
In addition, dv 0 dX can be derived from Eq. (3.18) as



d K c v lat  F ext
dX

 = d K v
c

dX

lat



d  K c v lat d v lat K c v lat


dX  X
dX
v lat
1


  0 (3.41a)


1

 K c v lat  K c v lat
 K c

d v lat
 
 
v lat  K c

v lat
dX
 X

 X 

(3.41b)

The partial derivative K c X can be calculated easily because s is explicitly
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used in K c .

At last, the sensitivity related to the design variables for bushing stiffness can be
calculated as below. (The other terms already calculated in Eq. (3.39).)
c
c
dk caN
dk ca j
dk ca  dk a1 dk a2
a

,
,, B ,,
dξ B  dξ B dξ B
dξ
dξ B


dk ca j
dξ B
dk ca j
d

B
j


 dk ca

 0   Bj
 d j











t

(3.42a)

t



 0



 ( aTj )3  k bushing,max  k bushing,min
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(3.42b)



(3.42c)

3.4 Design of vehicle suspensions for rear using the proposed
method
3.4.1 Definition of problem
Problem definition for synthesizing a vehicle suspension using a 3D SBM is shown
in Fig. 3.9. As shown in Fig. 3.9(a), 3  3  3 blocks are employed for designing a
vehicle suspension. The left 3  2  3 blocks are employed to synthesis a suspension
linkage mechanism because they are enough to represent the various types of
suspension linkage mechanisms such as a double wishbone type or an integral link
type. The rightest 3 1 3 rigid blocks (darkly shaded) represent a wheel carrier as
a whole and they are rigidly connected to each other by their block-connecting
springs. (The stiffnesses of block-connecting springs used to connect the wheel
carrier blocks are set to the maximum and they are not designed during optimization
process.) The wheel center is located at the center of the middle block among the
wheel carrier blocks. The suspension mechanism to be synthesized in the design
domain should be connected not only to the wheel carrier but also to the vehicle
chassis lying next to the chassis-side of the design domain (it is not explicitly shown
in Fig. 3.9). Therefore, as the use of bushings must be considered in connecting the
chassis and the vehicle suspension, all corners in the red-shaded zone are connected
to the chassis (ground) by anchoring springs. The radius of the tire is 0.273 m and
design domain is given as Dx  Dy  Dz  0.42 m  0.5 m  0.4 m . The numbers of
the block-connecting springs ( Nb ) and anchoring springs ( N a ) are 168 and 36,
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respectively, and the number of grid points to design ( N n ) is 48.

The way to perform K&C analyses shown in Fig. 3.1 using the 3D SBM is given
through Fig. 3.9(b) to Fig. 3.9(e). As shown in Fig. 3.9(b), the wheel center motion
is determined according to the given input motion which is prescribed z-coordinate
of the wheel center. Lateral and longitudinal force applied at the contact patch for
compliance characteristics are changed to the equivalent force and moments at the
wheel center, respectively since it is more convenient to perform compliance analysis
using the 3D SBM. The force and moment vectors applied to the system for
compliance characteristics are as below.

c
Flong

Flatc  1000e y N; M clat  273e y  e z Nm;
c
 1000e x N; M long
 273e x  e z Nm; M cAlign  1000e x  e y Nm;

(e x , e y , e z : unit vectors in the X , Y , and Z directions in the grobal coordinates)

The values of spring stiffness for kinematic and compliance analysis is as below.
k
kmax
=1  106 N/m;

k rigid =2  1011 N/m;

k xc,min =5  10 2 N/m;

k xc,max =5  106 N/m;

k yc ,min =k zc,min =1  10 4 N/m; k yc ,max =k zc,max =1  108 N/m;

As for the design cases of suspension mechanism synthesis, we will solve two types
of problems. First, by recovering the reference suspension linkage, the proposed
method will be validated. (The reference suspension is derived from the target
cascading method explained in Appendix A.) Second, a suspension linkage
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mechanism which can improve R&H performances compared to the reference
suspension will be synthesized. For both design problems, kinematic requirements
is given as to generate the target wheel center motion which is obtained from the
reference suspension linkage. By recovering the reference suspension linkage using
the proposed method in the first design case, compliance constraint functions are
given so as to have the similar compliance characteristics of the reference suspension
linkage. By the way, in the second design problem, the compliance constraint
functions are given in order to improve R&H performances. The more details will
be explained in the following chapters.

3.4.2 Design Case 1 - Recovery of a double wishbone
suspension
In Appendix A, a double-wishbone suspension which has a good R&H performances
is designed. In this chapter, the double-wishbone suspension is recovered using the
proposed methodology. The optimization formulation used for synthesis is as shown
in Eq. (3.33) and the detailed constraint functions are as
(1)

( 2)

gtk* ( v t* )  xtQ*  xˆtQ* ; gtk* ( v t* )  ytQ*  yˆtQ* ;
(3)
( 4)
(5)
gtk* ( v t* )  tQ*  ˆtQ* ; gtk* ( v t* )  tQ*  ˆtQ* ; gtk* ( v t* )   tQ* ˆ tQ*

(3.43a)

(t *  1, 2,, 20)
(1)

c
Q
Q
( v lat )  ylat
;
g lat
 yˆ lat
c( 2 )
Q
Q
c ( 3)
Q
Q
( v lat )  lat
; g lat
( v lat )   lat
g lat
 ˆlat
 ˆ lat
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(3.43b)

(1)

c
Q
Q
( v longi )  xlongi
;
g longi
 xˆlongi
c( 2 )
Q
Q
c ( 3)
Q
Q
( v longi )  longi
; g longi
( v longi )   longi
g longi
 ˆlongi
 ˆ longi

c(1)
Q
Q
c( 2)
Q
Q
(v align )  align
; g align
(v align )   align
galign
 ˆalign
 ˆ align

(3.43c)

(3.43d)

The error bounds used are set as below.
(1)

k k

( 2)

 5  103 m;  k

(3)

(1)

( 2)

(1)

( 2)

k

( 4)

 0.05 ;  k

(5)

 0.015

(3)

c
c
c
 lat
 1.05  104 m;  lat
 0.0417;  lat
 0.0655
(3)

c
c
c
 longi
 4.15  104 m;  longi
 0.0859;  longi
 0.159
(1)

( 2)

c
c
 align
 0.129;  align
 0.313

(3.44a)
(3.44b)
(3.44c)
(3.44d)

As shown in Eq. (3.43a), the differences between the generated wheel center motion
and the target wheel center motion when the wheel goes up and down are given as
the kinematic constraint functions for generating target wheel center motion obtained
from the reference suspension linkage. For the compliance constraint functions, eight
characteristics obtained from the three kinds of compliance analyses which are used
to define compliance characteristics of vehicle suspension in CARSIM software are
used. The differences between the values from the mechanism synthesis and the
target values in Table A.3 are given to the compliance constraint functions so that
the resulting mechanism has the similar compliance characteristics with the
reference suspension at the convergence.

The results related to this design case are presented in Fig. 3.10 to Fig. 3.12. In Fig.
3.10, it is showed that the final optimized layout represented by the SBM and its
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equivalent linkage mechanism. We found that the result suspension is a double
wishbone type. Fig. 3.11 illustrates the converged values of the design variables. In
Fig. 3.11(a), the converged values of the topology controlling design variables
related to the block-connecting springs are shown. Fig. 3.11(b) shows the converged
values of the topology controlling design variables related to the anchoring springs
and it can be found that only five pivot points to the chassis are generated after the
optimization. Fig. 3.11(c) indicates that the bushing stiffness of the anchoring springs
used in mounting points to the chassis are well adjusted to satisfy the compliance
characteristics by the design variables for bushing stiffness. Note that the red bars in
Fig. 3.11(c) indicates the design variables for bushing stiffness related to the
mounting points to the chassis. (The black bars which are not converged to the
minimum in Fig. 3.11(c) does not affect the system stiffness because the topology
controlling design variables matched with them are converged to the minimum.) Fig.
3.11(d) indicates the converged design variables for grid points.

Fig. 3.12 shows the convergence histories of the objective and constraint functions.
As shown in Fig. 3.12(a), the mean value of the work transmittance efficiency
function goes to 1, and it indicates the result suspension mechanism has a one degreeof-freedom. Fig. 3.12(b) and Fig. 3.12(c) shows the maximum values of the
kinematic constraint functions related to the displacement error and angular error,
respectively. Fig. 3.12(d) to Fig. 3.12(f) shows the values of compliance constraint
functions at the convergences. The detailed values are shown in Table 3.1 and Table
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3.2, in which all constraint values at the convergence satisfy the given design
conditions. Through the results presented through Fig. 3.10 to Fig. 3.12, it is proved
that the proposed method can synthesize the suspension linkage but also the bushing
stiffnesses which can satisfy the target K&C characteristics obtained from the
reference suspension.

At last, for verifying the validation of the K&C characteristics obtained from the 3D
SBM, Fig. 3.13 is prepared. In Fig. 3.13(a), the result suspension model built by
ADAMS software is shown. The kinematics curves at the wheel center obtained from
the SBM and ADAMS model is shown in Fig. 3.13(b), and it can be found that two
curves are exactly the same. In addition, the comparison of the compliance
characteristic values from the three types of compliance analyses is shown in Fig.
3.13(c), and it indicates that the compliance characteristic values obtained by using
the 3D SBM is almost the same as the values from ADAMS. Therefore, it is verified
that the modeling and formulation proposed for topology optimization of suspension
linkages simultaneously considering kinematic and compliance characteristics are
valid from these results.

3.4.3 Design Case 2 - Suspension synthesis for improving ride
and handling (R&H) performances
The aim of Design Case 2 is to design a suspension mechanism which can improve
R&H performances compared to the reference suspension linkage. Although R&H
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performances of a vehicle can be defined by various components in a vehicle, there
is a certain guideline for K&C characteristics of a suspension to improve the R&H
performances. In Design Case 2, while kinematic constraints for suspension linkage
synthesis are kept as the same as Design Case 1, compliance constraints are changed
to help to improve R&H performances of a vehicle. The followings are mainly
required for compliance characteristics to improve the R&H performances:
- High lateral and spin stiffnesses
- High compliance in longitudinal direction
- Toe-in during braking and cornering
It is easy to know that if the stiffness of a vehicle suspension becomes higher, the
handling performance related the response onto a steering input will be improved.
Therefore, the first requirement is needed for compliance characteristics of a vehicle
suspension. Second, the stiffness of a vehicle suspension in longitudinal direction
needs high compliance because the impact coming from the ground should be
absorbed well for a good ride performance. The last requirement is needed to ensure
the stability of a vehicle when cornering or braking [45, 47, 49, 58]. Like these
conditions, as the requirements for compliance characteristics of a vehicle
suspension to improve R&H performances are complicated, it is difficult to satisfy
all requirements by simply increasing or decreasing the stiffness of the bushing.
Therefore, these compliance characteristics should be considered in determining the
topology of a suspension as we insisted.
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As mentioned above, the kinematic conditions are set to be the same as Design Case
1, we will only explain about the compliance constraint functions here. The
compliance constraint functions for improving R&H performances are as follows:
(1)

c
Q
Q
g lat
 yˆ lat
(v lat )  ylat
;
c
Q
Q
c
Q
g lat
 ˆlat
(v lat )  lat
; g lat
(v lat )   lat
( 2)

( 3)

(1)





c
Q
Q
( v longi )   xlongi
;
g longi
 xˆlongi





c
Q
Q
c
Q
( v longi )    longi
; g longi
( v longi )   longi
g longi
 ˆlongi
(2)

( 3)

(3.45a)

(3.45b)

For compliance constraints in Design Case 2, only 2 types of compliance analyses
are considered because the requirements mentioned to improve R&H performances
are obtained from the two types of compliance analyses. In compliance constraints
Q
by a lateral force, the displacements of y-coordinate of the wheel center ( ylat
) and
Q
the angular displacement related to the camber angle ( lat
) are set to be less than

the values obtained from the reference suspension linkage. In compliance constraints
Q
by a longitudinal force, the displacement of x-coordinate of the wheel center ( xlongi
)

is set to be larger than the target value as to secure high compliance in longitudinal
Q
direction, by the way, the angular displacement related to the spin ( longi
) is set to

be stiffer than the reference suspension linkage. In addition, the angular
displacements of the wheel in rotation along the z axis are set such that toe-in can be
achieved in both types of compliance analyses. All error bounds for compliance
constraint functions are set to zero and the other parameters mainly used for
optimization are the same as in Design Case 1.
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The optimization results are shown in Fig. 3.14 to Fig. 3.16 and Table 3.3 and 3.4.
Fig. 3.14 shows that the final optimized layout represented by the SBM and its
equivalent linkage mechanism. The converged values of the design variables are
found in Fig. 3.15. In Fig. 3.15(a), the converged values of the topology controlling
design variables is illustrated. The green bars in Fig. 3.15(a) indicated design
variables for block-connecting springs used to connect the wheel carrier blocks. Fig.
3.15(b) shows the converged values of the topology controlling design variables for
anchoring springs, and it can be found that four mounting points are generated to
connect the result mechanism to the chassis. Fig. 3.15(c) illustrated the converged
values of design variables for bushing stiffness and the design variables related to
the mounting points (red bars) are well adjusted to satisfy the compliance constraints.
Fig. 3.15(d) shows the converged values of the design variables for grid points. The
kinematic constraint values at the convergence are in Table 3.3 and it shows that all
the values are below the kinematic error bounds. The comparison of compliance
characteristics between the result suspension and the reference suspension is
presented in Table 3.4. As intended, the comparison result shows that lateral and spin
stiffnesses are higher than the target values, compliance in a longitudinal direction is
higher than the target values, and making toe-in when a cornering or a braking force
is applied.

For identifying the topology of the result suspension defined by the springs, Fig. 3.16
is prepared. The left side of Fig. 3.16 illustrated the final state of the SBM. (The
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shape of the blocks is illustrated as the initial shape for easy identification.) In the
figure, blocks of the same color form a single rigid body or link as a whole. The
figure shows that the result suspension is consisted with three rigid bodies (2 rigid
arms and one rigid link). In detail, Blocks 1 to 6, the green blocks located in the
bottom floor, are connected rigidly to each other by block-connecting springs 1 to
16 and 49 to 60. Block-connecting springs 64 and 67 connects the green block group
to the wheel carrier by a spherical joint. Although two block-connecting springs are
used to connect, the block-connecting springs can represent just one spherical joint
because the location of them is the same. In addition, the green block group is
connected to the chassis (ground) by bushings represented by anchoring springs 4
and 10. Note that these springs serve to connect these blocks to the chassis by a
spherical joints in a kinematic analysis. All the blocks on the middle floor are floating
blocks that do not make a kinematic chain of the result mechanism.

About the blocks on the top floor, there are two groups of rigid blocks. One is
consisted of Blocks 20 and 23 and the other is consisted of Blocks 21 and 24. Blocks
20 and 23 are connected to each other by block-connecting springs 101 to 104 and
Blocks 21 and 24 are connected to each other by block-connecting springs 105 to
108. The orange block group is connected to the wheel carrier by the blockconnecting spring 115, and it is also connected to the purple block group by a
spherical joint represented by the block-connecting spring 43. The purple block
group is connected to the wheel charrier by the block-connecting spring 119. In
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addition, the purple block group is connected to the chassis (ground) by bushings
represented by anchoring springs 33 and 34.

The final layout of the SBM in Design Case 2 shows that there are two arms and one
link between the wheel carrier and the chassis as the same as the result suspension
in Design Case1 and the reference suspension, but the connectivity is different from
them. In detail, the topology of the result suspension in Design Case 1 and the
reference suspension is identical to a double wishbone suspension, but the result
suspension in Design Case 2 is more like an integral link suspension [58]. Fig. 3.17
is prepared to help to understand of suspension topology. A cylinder and a circle
denote a revolute joint and a spherical joint, respectively, and a link with a revolute
joint and a spherical joint means a rigid arm. In Fig. 3.17(a) and Fig. 3.17(b),
topologies of a double wishbone suspension and an integral link suspension are
shown, respectively. The key feature of an integral link suspension compared to a
double wishbone suspension is that there is an integral link that connects a wheel
carrier to a link, not a chassis. In Design Case 2, the result suspension is composed
of two rigid arms and one link as a double wishbone suspension, but the connectivity
of it is more like an integral link suspension as one link connects the rigid arm to a
wheel carrier as shown in Fig. 3.17(c). Through these results, it is found that the
topology of a suspension can be different depending on the target compliance
characteristics, and the proposed method can find the right design for the suspension
linkage which can satisfy the given K&C conditions.
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3.5 Summary
In this chapter, we applied the topology optimization method of linkage mechanisms
simultaneously considering K&C characteristics to design a vehicle suspension. In
the design of a vehicle suspension, compliance characteristics are important features
as well as kinematic characteristics in that R&H performances of a vehicle are
determined by K&C characteristics.

For the topology optimization of suspension linkages simultaneously considering
K&C characteristics, there are two issues to be addressed. First, the model adapt to
apply the topology optimization method for linkage mechanisms considering K&C
characteristics was needed to develop. Second, the bushing stiffness can be adjusted
for applying the realistic design problem, in this case a vehicle suspension design.
For resolving the first issue, we develop a spatial spring-connected rigid block model
(SBM) and use the Tait-Bryan angles to define the posture of rigid blocks in 3D
space. The 3D nonlinear bar based model was already used for topology optimization
of suspension linkages, but it is found that the nonlinear bar based model is not
suitable to represent bushing stiffness because the nonlinear bars share the one
anchoring spring which should be used to represent bushings. However, in the 3D
SBM, an anchoring spring is not shared many rigid blocks, and thus it is useful to
represent bushing stiffness in three-dimensional space at the convergence of
topology optimization of suspension linkages.
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The second issue is solved by employing design variables for adjusting bushing
stiffness. As there is no need to represent bushings in a kinematic analysis, the design
variables are only used in a compliance analysis. In addition, as bushings are usually
used to connect to suspension linkages and the chassis, only the stiffness values of
anchoring springs are adjusted by the design variables. At last, optimization
formulation to implement the topology optimization of suspension linkages
simultaneously considering K&C characteristics is also proposed.

With two design cases, the validation and effectiveness are shown. In Design Case
1, a double wishbone suspension is generated when the K&C constraints are given
as to recover the reference suspension linkage of which topology is a double
wishbone suspension. Unlike this, in Design Case 2, when the compliance
characteristics are given as to help to improve the R&H performances of a vehicle,
a suspension linkage having the different topology is generated. Although the
composition of the result suspension in Design Case 2 is the same as that of a double
wishbone suspension, the connectivity of two suspensions is different because the
link of the result suspension in Design Case 2 connects the upper arm and the wheel
carrier. This kind of connectivity is more like an integral link suspension and thus it
is found that the topology of a result suspension linkage is changed as compliance
characteristics changes. Through these results, it is proven that the proposed method
can design a suspension linkage but also bushing stiffness as to satisfy the desired
K&C characteristics.
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Table 3.1 Values of the kinematic constraint functions at convergence for
Design Case 1
max( gtk*(1) )

max( g tk*(2) )

max( gtk*(3) )

max( g tk*(4) )

max( gtk*(5) )

(m)

(m)

(deg)

(deg)

(deg)

2.5×10-3

2.5×10-3

0.021

0.040

0.0076
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Table 3.2 Values of the complaicne constraint functions at convergence for
Design Case 1
c (1)
g lat

c (2)
g lat

c (3)
g lat

c (1)
glongi

c (2)
g longi

c (3)
g longi

c (1)
g align

c (2)
g align

(m)

(deg)

(deg)

(m)

(deg)

(deg)

(deg)

(deg)

2.5×10-5

0.029

0.026

5.1×10-5

0.048

0.14

0.0022

0.19
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Table 3.3 Values of the kinematic constraint functions at convergence for
Design Case 2
max( gtk*(1) )

max( g tk*(2) )

max( gtk*(3) )

max( g tk*(4) )

max( gtk*(5) )

(m)

(m)

(deg)

(deg)

(deg)

5.0×10-3

5.0 ×10-3

0.028

0.050

0.014

114

Table 3.4 Comparion between complaicne characteristic values of the result
suspension in Design Case 2 and the target values

ylat

lat

 lat

xlongi

longi

 longi

(m)

(deg)

(deg)

(m)

(deg)

(deg)

Result

-5.7×10-5

-0.020

0.0027

4.4×10-4

-0.17

0.0085

Target

-1.1×10-4

-0.042

0.066

4.2×10-4

-0.21

-0.16
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Fig. 3.1 Analysis conditions to define K&C characteristics of a vehicle
suspension. (a) Wheel bump/rebound motion for kinematic characteristics, (b)
lateral force for compliance characteristics, (c) longitudinal force for
compliance characteristics, and (d) alinging moment for compliance
characteristics
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Fig. 3.2 Illustrations of the models used for toplogy optimization of linkage
mechanisms. (a) The nonlinear bar based model and (b) the SBM
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Fig. 3.3 Modeling with the spatial SBM for designing a vehicle suspension

118

Fig. 3.4 Explanation about spring connection of the two blocks connecting
between chassis and wheel carrier
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Fig. 3.5 Representative cases with upper or lower bound stiffness vlaues in a
compliance analysis. Case A: disconnected, Case B: Connected by a spherical
joint, Case C: Connected by a revolute joint, Case D: Rigdly connected, and
Case E: Hinged with a bushing
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Fig. 3.6 A snapshot of two rigid blocks in a moved position by a given input
motion or an external force
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Fig. 3.7 Spring stiffness for a cylindrical bushing
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Fig. 3.8 Flow chart for topology optimization of vehicle suspensions
considering both kinematic and compliance characteristics
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Fig. 3.9 Problem definition for suspension linkage synthesis. (a) Design
domain and the employed SBM, (b) analysis conditions for kinematic
characteristic, and analysis conditions for compliance characteristics by (c) a
lateral force, (d) a longitudinal force, and (e) an aligning moment
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Fig. 3.10 Final optimization layout of the spatial SBM (left) and its equivalent
linkage mechanism (right) for Design Case 1
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Fig. 3.11 Design variables at convergence for Design Case 1: (a) topology
controlling design variables related to the block-connecting springs, (b)
topology controlling design variables related to the anchoring springs, (c)
bushing stiffness design variables (the red bars indicates the design variables
for bushign stiffness related to the mounting points to the chassis), and (d)
shape design variables
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Fig. 3.12 Convergence histories of Design Case 1: (a) objective, (b) kinematic
constraints related to the displacement error, (c) kinematie constraints related
to the angular error, (d) compliance constraints by a lateral force, (e)
compliance constraints by a longitudinal force, and (f) compliance constraints
by an aligning moment
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Fig. 3.13 Comparision the K&C characteristics obtained from the SBM and
ADAMS software to verify the validity of the proposed method using the
result of Design Case 1. (a) The result suspension model using ADAMS
software, (b) the comparison of kinematic curves, and (c) the comparison of
compliance characteristic values
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Fig. 3.14 Final optimization layout of the spatial SBM (left) and its equivalent
linkage mechanism (right) for Design Case 2
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Fig. 3.15 Design variables at convergence for Design Case 2: (a) topology
controlling design variables related to the block-connecting springs, (b)
topology controlling design variables related to the anchoring springs, (c)
bushing stiffness design variables (the red bars indicates the design variables
for bushign stiffness related to the mounting points to the chassis), and (d)
shape design variables
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Fig. 3.16 Identified the topology of the result linkage mechanism for Design
Case 2 (left) from the optimized layout expressed by rigid blocks connected by
the block-connecting and anchoring springs having the maximum stiffness
value (right). (In this figure, the block is illustrated as the initial shape of them
to decern easily.)
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Fig. 3.17 Illustrations of suspension topology. (a) Double wishbone suspension,
(b) integral link suspension, (c) the result suspension of Design Case 2
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CHAPTER 4.
Conclusions

In this dissertation, we proposed a new topology optimization method for linkage
mechanism synthesis simultaneously considering kinematic and compliance
characteristics. The proposed method is presented in the way that kinematic and
compliance analyses are performed in a streamlined optimization process. It was
shown that various linkages from planar mechanisms to spatial mechanisms such as
vehicle suspensions can be designed by the proposed method.

There were two main issues to be resolved for the topology optimization of linkage
mechanisms considering kinematic and compliance characteristics simultaneously.
First, a new ground model that can allow both kinematic and compliance analyses
was needed. Second, elastic elements such as bushings should be represented within
the model. To address these issues, we used the spring-connected rigid block model
(SBM) developed earlier for mechanism synthesis considering only kinematic
characteristics, but we made it suitable for the simultaneous consideration of K&C
characteristics during mechanism synthesis by making its zero-length springs
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multifunctional. Variable-stiffness springs were used to identify the mechanism
kinematic configuration only in the existing methods, but in the proposed approach,
they serve to determine not only the mechanism kinematic configuration but also the
compliance element distribution. In particular, the ground-anchoring springs used to
anchor a linkage mechanism to the ground were functionalized to simulate actual
bushings as well as to identify the desired linkage kinematic chain.

In Chapter 2, the proposed approach was implemented for synthesizing planar
linkage mechanisms. Through an example to validate compliance analysis using the
SBM, the feasibility of compliance analysis using the SBM was shown. The
effectiveness and validation of the proposed method were demonstrated with three
case studies. Also, the limitation of the optimization methodology for mechanism
synthesis for considering K&C characteristics based on the existing method was
presented. Thereby, an additional design process to consider K&C characteristics is
needed because the existing topology optimization method can consider only
kinematic characteristics. It was found that the existing method was difficult to apply
for the present design problems or required repeated optimization runs using
different initial guesses. However, the proposed simultaneous optimization approach
yielded successfully synthesized mechanisms satisfying all of the required K&C
characteristics even when the two-step sequential formulation could not. In addition,
we succeeded in synthesizing a 2D vehicle suspension which can be interpreted as a
six-bar linkage. The synthesized linkage mechanism indeed exhibited improved
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lateral stiffness compared to the 2D version of a double wishbone suspension, which
is a four-bar linkage.

In Chapter 3, the methodology for synthesizing a linkage mechanism considering
both kinematic and compliance characteristics simultaneously was applied to design
a spatial vehicle suspension. Although a spatial suspension linkage has already been
synthesized using a mechanism topology optimization method [8], but only
kinematic constraints were considered. Because the nonlinear bar model used in [8]
was not suitable for the simultaneous consideration, we developed a spatial SBM for
which the Tait-bryan angles which match well the camber, spin, and toe angles
defining the posture of a vehicle wheel were employed to define the posture of rigid
blocks. Bushing elements were represented by anchoring springs as in the 2D space,
but six values were given to anchoring springs as stiffnesses of a cylindrical bushing
are different depending on the direction in a compliance analysis. In addition, for
realistic deign of vehicle suspensions, we added design variables to adjust the
stiffness values of anchoring springs unlike in 2D problems, and thus the suitable
bushing stiffnesses were obtained when the topology optimization was completed.

To design vehicle suspensions, we considered two design cases. First, we aimed to
recover a known (reference) suspension linkage layout by using its kinematic and
compliance properties in the constraint equations. The topology of the reference
suspension linkage was a double wishbone and the result of Design Case 1 was found
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to be exactly the same. For Design Case 2, we changed the compliance
characteristics to improve the R&H performances of a vehicle while keeping the
same kinematic characteristics as those of the reference suspension. Specifically, the
compliance characteristics were so given as 1) to improve lateral and spin stiffnesses
which in turn help improve the vehicle response to a steering input, 2) to improve
the longitudinal compliance related to impact harshness, and 3) to do toe-in when a
braking or a cornering force is applied. The suspension mechanism synthesized in
Design Case 2 had two rigid arms and one link same as in a double wishbone
suspension, but we found that their connectivity was different. Because one rigid link
in the synthesized suspension was connected to the upper arm, not to a wheel carrier;
the suspension designed in Design Case 2 is found to be similar to an integral link
suspension.

To sum up, a new topology optimization methodology for mechanism synthesis
simultaneously considering kinematic and compliance (K&C) characteristics was
developed based on the spring-connected rigid block model (SBM) in this thesis, and
the effectiveness and validation was verified by three case studies. Furthermore, the
developed method was applied to design a vehicle suspension, and in the process of
applying, a spatial SBM was developed and also design variables for adjusting
bushing stiffness were added. By using the developed synthesis method, two types
of suspension linkages were successfully obtained. In that this study is the first
attempt to carry out the topology optimization of linkage mechanisms considering
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kinematic characteristics and also the other characteristics, it is expected that the
developed method can be further expanded to synthesize mechanisms in which
system stiffness or joint forces need to be considered.
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APPENDIX A.
Target cascading process for deriving K&C
characteristics of a suspension to improve vehicle’s
R&H performances
Equation Chapter

1 Section 1

A.1 Overview
Target cascading means to the process of deriving the requirements from the whole
vehicle to each subsystems such as suspensions or dampers [49]. In this Appendix,
the explanation of the target cascading process to derive K&C requirements for a
vehicle suspension to help to improve R&H performances of a vehicle is given. For
generating data of a variety of K&C characteristics, we used a double wishbone
suspension. By changing the geometry of the suspension, we can make a reliable
data of K&C characteristics. The K&C characteristics are used to define a vehicle
suspension in CARSIM, and thus we can investigate the relationship between the
K&C characteristics and R&H performances. Finally, through design optimization
of a double wishbone suspension for improving R&H performances, we can obtain
the K&C characteristics to improve R&H performances. The more details are in the
following chapters.
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A.2 Ride and handling (R&H) performances
For evaluating R&H performances of a vehicle, we use the thirteen performance
indices listed in Table A.1. The handling performances related with ISO 4318, ISO
7401, and ISO 3888 is obtained from the four types of full-car simulation using
CARSIM.
1) Step steer (SS)
2) Double lane change (DLC)
3) Steady-state circle simulation (SSC)
4) Rough road simulation (RRS)
The full-car model used is built based on DANIGO, an ultra-compact electric car,
and the steering input angle in SS is set so that the lateral acceleration equals 0.7 g
(g : gravity) and the velocity for DLC is kept in 70 km/h. In SSC, the radius of the
circle is 50 m and the velocity for RRS is set to 10 km/h. The some representative
graphs of the four simulations are shown in Fig. A.1. The ride performances is
evaluated by the kinematic and compliance characteristics which are well known to
be related with ride performances [49].
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A.3 Analysis procedure to evaluate R&H performances using
a double wishbone suspension
The overall analysis procedure to evaluate R&H performance from a configuration
of a double wishbone suspension is that K&C characteristics are obtained from a
double wishbone suspension using MATLAB, and the K&C characteristics are used
to be applied to CARSIM software to evaluate R&H performances. Through this
process, we can build an integrated analysis procedure to evaluate R&H
performances of a vehicle from the design of the suspension. The overall procedure
is as shown in Fig. A.2.
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A.4 Design optimization of a double wishbone suspension for
deriving K&C characteristics to improve R&H performances
A.4.1 Design variable and interpolation
The initial configuration of a double wishbone suspension is shown in Fig. A.3, and
the layout is changed by design variables. The design variables to be used in this
research are the position of the hard points and bushing stiffness as follow:

  , ξ  

ξ  ξX

t
B t

t

(A.1)

where





t

(0  iX  1)

(A.2)





t

(0   jB  1)

(A.3)

ξ X  1X ,  2X , ,  24X
ξ B  1B ,  2B , 3B ,  4B

In Eq. (A.1), ξ X and ξ B denote the design variable for position of hard points
and design variable for bushing stiffness. The position of hard points is interpolated
by the design variables as follow:

X   X1 , Y1 , Z1 , X 2 , Y2 , Z 2 ,, X 8 , Y8 , Z8 

(A.4a)

X i  X i ,initial  10  (3Xi  2  0.5) (i =1, 2, , 8)

(A.4b)

Y j  Y j ,initial  50  (3Xj 1  0.5) (j =1, 2, , 8)

(A.4c)

t

Z l  Z l ,initial  10  (3Xl  0.5) (l =1, 2, 6);
Z k  Z k ,initial  1  (3Xk  0.5) (k =2, 3, 4, 7, 8)

(A.4d)

The units in Eq. (A.4) is millimeter (mm), and the range where the hard points can
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be moved is set to be different by the directions as considering the change of
kinematic curves according to the position changes. Especially, as the kinematic
curves are sensitive to the z-coordinates, the range where the z-coordinates can be
moved are limited in 1 mm as in Eq. (A.4d).

As in Fig. A.3, as bushings are used to connect the upper and lower arm to the chassis,
four design variables are employed to interpolate the bushing stiffness. The rotation
axis of each bushings are fixed parallel to the line connecting the front and rear hard
points of each arm, and the bushing stiffnesses are interpolated by the design
variables as below.

k  k1,P , k1,Q , k2,P , k2,Q , k4,P , k4,Q , k5,P , k5,Q 

t



 i 
 ki ,P 
  ki ,P initial 

  0.7  
  0.6   
 i 
 ki ,Q 
 ki ,Q initial 

 

(i  1, 2, 4, 5)

(A.5a)

(A.5b)

The bushing stiffness is set to be able to be ± 30% from the initial value, and the
stiffness ratio by the direction in one bushing is kept as one design variable controls
two stiffness values in one bushing.

A.4.2 Metamodeling
As the purpose of this optimization problem is to design a double wishbone
suspension which can improve the R&H performances, multi-objective optimization
is suitable to use. For a multi-objective optimization, a multi-objective genetic
algorithm (MOGA) is generally used, but it requires a high computational cost
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because of population based optimization method. To resolve this, we build a
metamodel which mimic the behavior of simulation models with analytical
expressions and reduce the computational costs for the efficient optimization [5961].

Design of experiments (DoE) denotes the planning method for the experiment, and
the importance of it is increasing as the number of design variables is increasing. For
building a metamodel, choosing an adequate sampling technique is important, and
we use optimal Latin hypercube design (OLHD) technique which is a modified Latin
hypercube design technique to improve space-filling [62]. PIAnO software is used
for the sampling based on OLHD. The number of sample points is generated as 1000
which is more than the square of the number of design variables ( nd 2 , nd : the
number of design variables), and R&H performance values for the sample points are
calculated using CARSIM software. (Note that a metamodel is built for only the
R&H performance indices from CARSIM because the computational costs to run the
MATLAB code for K&C analysis is low.)

PIAnO is also used to build a metamodel. A kriging metamodel in PIAnO is used,
and it is verified with using an additional 100 sample points which are chosen by
augmented Latin hypercube design (ALHD) method [63]. The comparison between
the index values obtained from the metamodel and simulation model is shown in Fig.
A.4. In Fig. A.4, the x-axis means the sample points from the ALHD, and y-axis
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denotes the performance index values from the two models. The blue line denotes
the index values from the metamodel and the red-dashed line denotes the index
values form the simulation model. As shown in Fig. A.4, the index values obtained
from the metamodel and CARSIM are almost identical, and thus it can be said that
the metamodel has a good accuracy.

A.4.3 Optimization formulation
If all R&H performance index values are used to be objectives, optimization
formulation can be written as below.
Find ξ X and ξ B
f m to minimize f m (m  1, 2,  , 13)

(A.6)

In Eq. (A.6), f1 to f13 denote the performance index values listed in Table A.2.

For using multi-objective global optimizer more efficiently, reducing the number of
functions to use as an objective is needed. To do this, we conduct a correlation
analysis between the handling performance indices because some of them may have
the similar trends. The result of the correlation analysis is as shown in Fig. A.5. In
Fig. A.5(a), it seems that some indices have the similar trends to other indices, and
the result after grouping the indices with the similar trends is as in Fig. A.5(b).
Therefore, they can be grouped in four as below.
Group A : f 7, f 9 , Group B : f1 , f 3 , f 6 , Group C : f8 , f10 , Group D : f 2 , f 4 , f 5 ,
We choose one in each group as objectives, and also add two which are interested.
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As a result, for the design optimization nine objectives are used and optimization
formulation is as below.
Find ξ X and ξ B
f m to minimize f n (n  1, 2, 5, 6, 7, 8, 11, 12, 13)

(A.7)

A.4.4 Optimization result
Using MOGA in PIAnO, we can obtain a Pareto-optimal set and it is illustrated in
Fig. A.6. As shown in Fig. A.6, the global optimal cannot find through the
optimization process, but a Pareto-optimal set is obtained. Because the number of
objectives is more than three, the results are illustrated as each subplot comparing
one by one for each objective function. All the values are normalized by their
maximum and minimum values, and thus if the value has the minimum, it will be
zero, and if the value has the maximum, it will be one. For example, the top-left
subplot denotes a plot of the normalized values of the Pareto-optimal set of f 9 and
f 9 , and the one next to it is an illustration of f 9 and f 7 .

To derive one design solution for a double wishbone suspension improving R&H
performances, a guideline is needed and we choose a data set that could improve f 2
at the most while the other handling performances are better than the initial. The
comparison of the R&H performances is shown in Fig. A.7. As in Fig. A.7, f 2 is
improved about 5 % compared when the initial layout while the other performances
are maintained at a similar level as the initial layout. The K&C characteristics of the
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optimal layout are presented in Fig. A.8 and Table A.3. Through these results, it is
found that the K&C characteristics which can improve R&H performances can be
derived using the presented process.
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Table A.1 R&H performance index used in this research
No
1
2

Index

Category

Overshoot value of yaw rate

Handling

90% response time of yaw rate

Handling

The second peak to peak interval value in yaw rate

Handling

Analysis
Step steer

3

Root mean square value of slip angles

Handling

5

Root mean square value of steering wheel angles

Handling

6

Linearity of lateral acceralation

Handling

Roll gradient value

Handling

Steering wheel angle gradient

Handling

Limit value of lateral acceralation

Handling

Root mean square value of the steering wheel angles

Handling

Anti-squat at 50 mm bump

Ride

Anti-lift at 50 mm bump

Ride

Longitudinal stiffness under impact load

Ride

4

7
8

Double lane change

Steady-state circle
simulation

9
10
11
12
13

Rough road simulation
Kinematic
Compliance
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Table A.2 Explanation of objectives used for the optimization
No

Index

f1

Overshoot value of yaw rate

f2

90% response time of yaw rate

f3

The second peak to peak interval value in yaw rate

f4

Root mean square value of slip angles

f5

Root mean square value of steering wheel angles

f6

Linearity of lateral acceralation

f7

Roll gradient value

f8

Steering wheel angle gradient

f9

Limit value of lateral acceralation

f10

Root mean square value of the steering wheel angles

f11

Anti-squat at 50 mm bump

f12

Anti-lift at 50 mm bump

f13

Longitudinal stiffness under impact load
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Table A.3 Compliance characteristics of the initial and optimized layout
Type

Cornering
force

Braking
force

Aligning
moment

Displacement

Optimized

Initial

Unit

Contact patch

0.273

0.235

mm/kN

Toe

0.066

0.043

deg/kN

Camber

0.042

0.033

deg/kN

Contact patch

-3.024

-2.091

mm/kN

Toe

-0.159

-0.088

deg/kN

Camber

0.859

0.329

deg/kN

Toe

0.313

0.183

deg/kN

Camber

0.129

0.087

deg/kN
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Fig. A.1 Sample graphs of full-car simulations considering in this research: (a)
step steer, (b) double-lane change, (c) steady-circle simulation, and (d) rough
road simulation
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Fig. A.2 The overall analysis procedure automatically evaluating R&H
performances from a configuration of a double wishbone suspension
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Fig. A.3 The information for initial configuration of a double wishbone
suspension to be used (P: bushing stiffness for radial direction, Q: bushing
stiffness for the axial direction)

152

Fig. A.4 The comparison of analysis results when using a metamodel and using
a simlation model (The function numbers denote the performance indices
from 1 to 10 in Table A.1, respectively)
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Fig. A.5 The result of correlation analysis between handling performance
index values using the data points obtained from OLHD: (a) The result sorting
by the function number and (b) the result after rearranging with similar
correlations
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Fig. A.6 Pareto-optimal set obtained from the optimization problem in
Appendix A. The Pareto-optimal set is plotted by two objective domain.
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Fig. A.7 Rador chart for comparing the values of R&H performance index
from the initial layout and optimized layout
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Fig. A.8 Comparison of knematic curves obtained from the initial layout and
optimized layout
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APPENDIX B.
Technique to suppress floating blocks
Equation Chapter

2 Section 1

B.1 Overview
Floating blocks in a SBM denote the blocks connected with only weak springs and
do not be used to transfer motion [10]. In other words, floating blocks do not
participate in composing any kinematic chain. Like these, the existence of floating
blocks do not make changes of the topology of linkage mechanisms, but if floating
blocks appear during the optimization process, they may cause numerical problems
like singularity [10]. For this reason, some techniques were proposed to resolve the
floating block issues [10, 64].

In this Appendix, the techniques to alleviate numerical singularity by anchoring the
floating blocks during the optimization will be explained and Case study 3 in Chapter
2.4 will be revisited with the technique. In addition, by comparing the results when
using and not using the technique, the effects of floating blocks will be discussed.
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B.2 Explanation of techniques to suppress floating blocks
For preventing to being made floating blocks during topology optimization of
linkage mechanisms, it is important to detect which blocks are being floated and
there are two types of techniques to detect floating blocks [10, 64]. The first
presented in [10] is to use the spring stiffness connected to a block. In the first
technique, the number of springs connected to one block whose stiffness is above a
certain small value is counted during the optimization process. If the number is 0 or
1, the block is determined to be floated, and it will be anchored to the ground by the
four anchoring springs connected to the block. This method seems somewhat
reasonable because if zero or only one corner is connected to the other part, the block
cannot compose a kinematic chain. However, if two or more blocks are connected to
each other by block-connecting springs but they are all floating blocks, the number
of springs with stiffness greater than a certain small value is not 0 or 1. (They are
called a grouping dummy).

The second technique is presented in [64] and the key idea is to use the Jacobian
matrix of the total strain energy as

J

d  dU (q)  dFint


dq  dq  dq

(B.1)

where U(q) denotes the total strain energy in Eq. (2.5). As in Eq. (B.1), the Jacobian
matrix means the change of the internal forces by the springs when each block is
perturbed to its DOF’s direction because the Jacobian is obtained from the derivative
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by the state variable vector of the blocks. As the eigenvalues of the Jacobian matrix
denote the change of internal force when a block is perturbed following the DOF,
and thus if a block is being floated, the eigenvalues corresponding to the block will
be nearly zero [64]. Therefore, by evaluating eigenvalues of the Jacobian matrix, it
is determined which blocks are floating even if there is a grouping dummy which is
not possible in the first technique. If detecting a floating block, it will be anchored
to the ground by the anchoring springs connected to the floating block as in the first
technique.
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B.3 Revisit Case study 3 for applying the technique to suppress
floating blocks
In the result of Case study 3, it can be found that some blocks were redundantly
attached to the skeletal blocks which are used to transfer motion at the convergence
as shown in Fig. B.1, and the springs attached to the blocks were not converged at
their maximum or minimum. As these blocks and springs do not affect the kinematic
and compliance characteristics of the result mechanism, the result mechanism is
determined as a six-bar linkage mechanism, but it is meaningful to investigate the
optimization result of Case study 3 with the technique of suppressing floating blocks
as it could help stable convergence by resolving numerical instability.

The technique to be applied is the methodology using the eigenvalues of the Jacobian
matrix because it can detect a grouping dummy. However, it is difficult to apply the
method right away to the proposed method. Because if a block is determined to float,
it will be grounded by the anchoring springs, and this causes a violation of the
constraint function related to the maximum number of bushings presented in Eq.
(2.21d). Therefore, the stiffness values of the anchoring springs to be used to ground
the floating block will be decreased by that constraint, and thus the optimization may
not converge until there is no floating block. To resolve this, the technique is applied
to help to perform kinematic analysis. Specifically, as floating blocks can occur
numerical singularity while do not affect the kinematic motion, they are anchored to
the ground during kinematic analysis. Although the state of the SBM system is not
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the same as the state represented by the design variables, it would not matter because
the kinematic motion needed to use for the objective and constraint functions does
not change by the state of the floating blocks. The optimization results the technique
of suppressing floating blocks are as in Fig. B.2 and Fig. B.3.

As shown in Fig. B.2(a), the result mechanism with the technique is a six-bar linkage
mechanism as the same as the result in Case study 3 in Chapter 2.4 and the
connectivity of the skeletal blocks determined by the springs at the convergence
shown in Fig. B.2(c) and (d) is also the same as in the result of Case study 3 in
Chapter 2.4. The difference between the result mechanisms using and not using the
technique is the connectivity with the floating blocks. In the result when not using
the technique, Blocks 7 and 8 are connected to the Blocks 5 and 6 by the spring not
converged at their minimum, but in the result when using the technique, Blocks 7
and 8 are clearly disconnected to the Blocks 5 and 6. However, as floating blocks do
not affect to compose a result mechanism, this difference does not matter to compose
a result mechanism using the SBM at the convergence.

The convergence histories of the objective and constraint functions are shown in Fig.
B.3, and they are almost the same as those of Case study 3 in Chapter 2.4. Especially,
the convergence histories of the constraint functions for both results are almost
identical. By the way, after when the value of the work transmittance function goes
to nearly 1, the convergence history of the objective when using the technique seems
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more stable than when not using the technique. Therefore, it can be said that this
technique does not make it change of the optimization results, but it can be helpful
for a stable convergence of optimization.
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Fig. B.1 Illustration of floating blocks existing in the result of Case study 3.
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Fig. B.2 Optimization results for the 2D vehicle suspension design problem
with the technique of suppressing floating blocks: (a) final optimized layout
(thick lines represent the synthesized links), (b) identified linkage mechanism
(right) from the optimized layout expressed by rigid blocks connected by
block-connecting and anchoring springs having a lower bound stiffness value,
(c) converged values of the design variables for block-connecting springs, and
(d) converged values of design variables of the anchoring springs
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Fig. B.3 Iteration histories for Case study 3 with the technique of suppressing
floating blocks: (a) the mean value of the work transmittance efficiency
function, (b) kinematic constraint functions, and (c) compliance constraint
functions
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APPENDIX C.
Investigation of mesh dependency issue
Equation Chapter

2 Section 1

C.1 Overview
In a SBM based topology optimization of linkage mechanisms, as the topology of a
linkage mechanism possible to be synthesized at convergence is dependent on the
number of blocks, the number of rigid blocks used to synthesize a linkage
mechanism is an important factor. To resolve the mesh dependency issue, two
remedies are presented in [65], and the simultaneous topology and shape
optimization approach is used in this research.

While the remedy to resolve the mesh dependency issue has been used and the
number of blocks to be used for mechanism synthesis in this thesis is suitable for
representing the required mechanism topology, it is worthwhile to investigate that a
linkage mechanism can be synthesized when using more blocks for being more
general methodology. For the investigation, Case study 1 in Chapter 2.4 is reconsidered in this Appendix.
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C.2 Re-consideration of Case study 1 with the more number of
rigid blocks
In Chapter 2.4, a four-bar linkage mechanism which can generate a banana path is
recovered using the proposed method in Case study 1, and 3 by 3 rigid blocks are
used for the SBM. The target K&C characteristics used to synthesize the mechanism
are described in Fig. 2.7(b), and the problem definition is shown in Fig. C.1. First,
as shown in Fig. C.1(a), we employ a 5 by 5 rigid blocks with which more than eightbar mechanism can be represented to recover the reference linkage mechanism.
Second, 11 by 11 rigid blocks is employed to test the capability of the proposed
methodology as shown in Fig. C.1(b), and this is the first attempt in topology
optimization of linkage mechanism based on the SBM. The optimization formulation
used for the testing is set to be the same as Case study 1 in Chapter 2.4, and for the
stable convergence, the technique to suppress floating blocks using the Jacobian
matrix is applied.

The optimization results are shown in Fig. C.2. As shown in the left of Fig. C.2(a),
the reference linkage mechanism is recovered when using 5 by 5 rigid blocks, and
the layout of the mechanism is similar with the result mechanism of Case study 1 in
Chapter 2.4. As shown in the right of Fig. C.2(a), the mean value of the work
transmittance efficiency function goes to 1 which means that one degree-of-freedom
mechanism is synthesized, and it is shown that the values of the constraint functions
are within the error bounds shaded green. The optimization results using the 11 by
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11 rigid blocks are shown in Fig. C.2(b). Even though, the employed rigid blocks
can represent a variety of topologies of the linkage mechanism, a four-bar linkage
mechanism which can generate the target K&C characteristics is synthesized as
shown in the left of Fig. C.2(b). The right of Fig. C.2(b) illustrates the convergence
histories of the objective and constraint functions, and it shows that there is a
convergence after 100th iteration. Although the convergence rate is slower than when
using 3 by 3 rigid blocks and 5 by 5 rigid blocks, that is natural phenomenon because
the number of design variables is 1212 when using 11 by 11 rigid blocks. An
important thing is that we succeed to synthesize a linkage mechanism using more
than 100 blocks using the proposed methodology. To solve the more general problem,
it can be needed to test the maximum number of rigid blocks able to be used, but
since more than 100 blocks are enough to represent most of linkage mechanisms to
be used, it is expected that the proposed methodology can be applied to various
applications.
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Fig. C.1 Problem definition for re-considering Case study 1 with (a) 5 by 5
rigid blocks and (b) 11 by 11 rigid blocks
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Fig. C.2 Optimization results for re-considering Case study 1 with (a) 5 by 5
rigid blocks and (b) 11 by 11 rigid blocks
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ABSTRACT (KOREAN)

기구학적 특성과 컴플라이언스 특성을
동시에 고려한 기구 위상 및 형상 통합
최적설계
한 상 민
서울대학교 대학원
기계항공공학부

위상 최적화(topology optimization) 기법을 이용한 한 기구 합성(mechanism

synthesis)은 그 효율성으로 인해 최근 많은 주목을 받고 있다. 이러한 추
세의 주 원인은 기구 위상 최적화 기법으로 인해 기구의 위상(topology)
과 치수(dimension)를 자동으로 합성할 수 있기 때문이다. 이러한 방향성
을 가지고 지금까지 많은 연구들이 진행되어 왔지만, 지금까지 진행된
연구들은 모두 경로 합성이나 운동 합성과 같이 기구학적 특성을 고려하
는 데에만 관심이 집중되었다.

본 연구에서는 기구의 기구학적 특성(kinematic characteristics)과 컴플라이
언스 특성(compliance characteristics)을 동시에 고려할 수 있는 새로운 기
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구 위상 최적화 기법을 제안한다. 기구학적 특성은 기구 설계에 있어 매
우 중요한 특성이지만, 외력이 작용하였을 때 자동차 서스펜션(vehicle

suspension)의 부싱(bushing)과 같은 탄성 요소들의 변형으로 인해 나타나
는 컴플라이언스 특성 또한 기구 설계 시 고려해야 할 중요한 특성이기
때문이다. 새로운 기구 위상 최적화 기법을 위해 우리는 기구학적 특성
만을 고려하기 위해 개발되었던 스프링-연결 블록 모델(spring-connected

block model)을 기구학적 특성과 컴플라이언스 특성을 동시에 고려할 수
있도록 고안하였다. 기존의 스프링-연결 블록 모델에서는 기구학적 연결
관계만을 표현하는데 사용되던 가변 강성 스프링을 본 연구에서는 기구
학적 연결 관계뿐 아니라 실제 부싱을 표현하도록 다목적으로 활용하여
기구학적 특성과 컴플라이언스 특성을 하나의 모델링을 통해 성공적으로
표현하였다.

개발한 방법론의 효과를 입증하기 위해 평면 기구 합성을 목표로 한 세
종류의 사례 연구(case study)를 진행하였고, 이러한 사례 연구를 통해 우
리는 제안한 방법이 기존의 방법으로는 해결할 수 없는 문제 상황을 해
결할 수 있음을 확인하였다. 개발한 방법론을 보다 실용적인 문제에 적
용하기 위해 3차원 자동차 서스펜션(vehicle suspension) 설계 하고자 하였
으며, 이를 위해 스프링-연결 블록 모델을 3차원으로 확장하였다. 또한,
보다 실용적인 설계 결과 도출을 위해 2차원 사례 연구에서는 사용하지
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않았던 부싱 강성 조절 설계 변수를 추가적으로 도입하여, 부싱 강성도
동시에 설계를 진행하였다. 3차원 서스펜션 설계는 기구학적 조건은 동일
하지만, 컴플라이언스 특성은 다른 두 가지 조건에 대해 진행되었으며,
두 설계 조건에서 모두 서스펜션 합성에 성공하였다. 특히, 두 서스펜션
의 결과 위상이 서로 다른 것을 확인할 수 있었는데, 이를 통해 기구학
적 조건은 동일하되 컴플라이언스 조건이 달라지면 결과 위상이 달라질
수 있음을 확인하였고, 개발한 방법론을 통해 설계 조건에 맞는 기구의
위상과 치수 그리고 필요한 부싱 강성까지도 성공적으로 설계할 수 있음
을 증명하였다.

본 연구는 컴플라이언스 조건이 특히 중요시 되는 자동차 서스펜션을 설
계하는데 집중하였지만, 개발한 방법론은 기구학적 특성과 컴플라이언스
특성이 모두 요구되는 다른 설계 문제에도 적용될 수 있을 것으로 기대
된다. 또한, 이 연구는 기구학적 특성뿐만 아니라 힘과 관련된 다른 특성
을 고려한 일반적인 기구 위상 최적화 기법으로의 발전에 기여할 것으로
기대된다.

주요어: 위상 최적화, 강체 기구, 기구학적 특성, 컴플라이언스 특성
학 번 : 2013-23838
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