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Abstract

Fast Graph Query Processing Algorithms

Using Dynamic Programming

Hyunjoon Kim

Department of Electrical Engineering

and Computer Science

College of Engineering

The Graduate School

Seoul National University

Over the last several decades, a great deal of efforts have been made to de-

velop practical solutions for NP-hard graph query processing problems because

of diverse graph data publicly available. Despite such efforts, the existing algo-

rithms still show a limited scalability in handling large and/or many graphs. In

this thesis we consider three important and well-known graph query process-

ing problems, which are subgraph query processing, subgraph matching, and

supergraph search.

First, we propose fast algorithms for subgraph query processing and sub-

graph matching. We describe three advanced techniques including dynamic pro-

gramming. Experiments on real-world and synthetic datasets show that our

algorithms are faster than state-of-the-art subgrpah query processing and sub-

graph matching algorithms by up to orders of magnitude in terms of query

processing time.

Second, we develop a fast and scalable algorithm for the supergraph search

problem. We use four novel techniques including dynamic programming. Ex-

tensive experiments with real datasets show that our approach outperforms
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state-of-the-art algorithms by up to orders of magnitude in terms of indexing

time and query processing time.

Keywords: graph query processing; subgraph search; subgraph query process-

ing; supergraph search; subgraph matching; subgraph isomorphism; dynamic

programming; backtracking; adaptive matching order
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Chapter 1

Introduction

1.1 Background

Over the last several decades, much research has been carried out on practical

graph query processing as various public graph data attracted great attention

in numerous application domains [67]. The public graph data can be catego-

rized into two types depending on their applications: large graphs such as social

networks and Resource Description Framework (RDF) data, and smaller graphs

such as chemical compounds and protein-protein interaction (PPI) networks.

On the one hand, researchers have been motivated to develop scalable and effi-

cient algorithms to analyze the large graphs. One of the most famous problems

for a large graph is subgraph matching. Given a data graph G and a query graph

q, the subgraph matching problem is to find all matches of q in G. On the other

hand, there are two fundamental graph query processing problems in smaller

graphs, i.e., subgraph search (or subgraph query processing) [42, 5, 26, 74] and

supergraph search [8, 98, 107, 11, 51]. Given a query graph Q and a set D of data

graphs, subgraph search is to find all the data graphs that contain Q as sub-

graphs. Supergraph search is to retrieve all the data graphs that are contained

1



(a) Schizophrenia PPI network [23] (b) Twitter network [47]

(c) Chemical structure of raspberry ellag-

itannin [87]

(d) YAGO RDF data [86]

Figure 1.1: Real-world datasets for graph query processing applications.

in Q as subgraphs.

In this study, we focus on the these graph query processing problems. They

are widely present in real-world applications (see Figure 1.1) such as social net-

work analysis [17, 72], RDF query processing [39], chemical compound search

in cheminformatics [108], PPI network analysis in bioinformatics [79, 80, 7],

shape matching in image processing [62, 8], and malware detection [2]. For

example, given a PPI network of one species and a database of structural mo-

tifs, researchers in bioinformatics find the motifs contained in the PPI network

[79, 80, 7]. In cheminformatics, molecules are modeled as undirected labeled
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graphs where vertices represent atoms and edges represent chemical bonds, and

supergraph search is used in the process of synthesizing new compounds with

well-known chemical molecules [108]. Indeed, the National Institutes of Health

(NIH) provides a web user interface for supergraph search and subgraph search

of chemical compounds in an open chemistry database called PubChem[78].

These problems are NP-hard since they include finding subgraph isomor-

phism which is an NP-hard problem [25]. That is, solving the problems is a

bottleneck in overall performance of the applications. Such applications give

challenges to these problems: fast response time and good scalability for a

large number of graphs and/or large-sized graphs. For instance, there are more

than 96 million chemical compounds in PubChem, which also contains large

molecules such as nucleotides and carbohydrates.

To address these limitations, we propose fast algorithms for subgraph query

processing and subgraph matching. We describe three advanced techniques in-

cluding dynamic programming. Experiments on real and synthetic datasets

show that our algorithms are faster than state-of-the-art algorithms by up to

orders of magnitude in terms of query processing time.

We also develop a fast and scalable algorithm for the supergraph search

problem. We use four novel techniques including dynamic programming. Ex-

tensive experiments with real datasets show that our approach outperforms

state-of-the-art algorithms by up to orders of magnitude in terms of indexing

time and query processing time.

1.2 Organization

The remainder of the thesis is organized as follows. Chapter 2 provides problem

statements and related work. Chapter 3 describes fast algorithms for subgraph

search and subgraph matching. Chapter 4 gives a fast and scalable algorithm

for the supergraph search problem. Finally, Chapter 5 concludes the thesis.
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Chapter 2

Graph Query Processing

2.1 Preliminaries

We focus on undirected, connected, and labeled graphs. Our methods can be

easily applied to directed or disconnected graphs with multiple labels on vertices

or edges. A graph g = (V (g), E(g), lg) consists of a set V (g) of vertices, a set

E(g) of edges, and a labeling function lg : V (g)∪E(g)→ Σ that assigns a label

to each vertex or edge, where Σ is a set of labels (for simplicity, we consider

graphs with labels only on vertices in Chapter 3). For a subset S of V (g), the

induced subgraph g[S] denotes the subgraph of g whose vertex set is S and

whose edge set consists of all the edges in E(g) that have both endpoints in S.

We will use the directed acyclic graph (DAG) as a tool to build an index

for multiple data graphs. A DAG g′ for a graph g is defined as a DAG that is

built from g by assigning directions to the edges of g (e.g., g and its reverse

g−1 in Figure 2.2 are DAGs of g1 in Figure 4.2). A vertex is a root if it has no

incoming edges while a vertex is a leaf if it has no outgoing edges. A DAG g′

is a rooted DAG if there is only one vertex r ∈ V (g′) (i.e., root) that has no

incoming edges. A vertex u′ is a descendant of u if g′ contains a path from u to

4



(a) X (b) Y

Figure 2.1: Embeddings of X in Y .

u′. A sub-DAG of g′ rooted at u, denoted by g′u, is the induced subgraph of g′

whose vertices are u and all the descendants of u.

The height of a rooted DAG g′ is the maximum distance between the root

and any other vertex in g′, where the distance between two vertices is the

number of edges in a shortest path connecting them. Let Child(u) denote a set

of u′ ∈ V (g) that have incoming edges from u. Let Parent(u) denote a set of

u′ ∈ V (g) that have outgoing edges to u.

Definition 2.1.1. Given a graph X = (V (X), E(X), lX) and a graph Y =

(V (Y ), E(Y ), lY ), an embedding of X in Y is a mapping M : V (X) → V (Y )

such that (1) M is injective (i.e., M(u) 6= M(u′) for u 6= u′ in V (X)), (2)

lX(u) = lY (M(u)) for every u ∈ V (X), and (3) (M(u),M(u′)) ∈ E(Y ) and

lX(u, u′) = lY (M(u),M(u′)) for every (u, u′) ∈ E(X).

Given two graphs X and Y with labels only on vertices, an embedding of X

in Y is the same as the above definition except that (3) (M(u),M(u′)) ∈ E(X)

for every (u, u′) ∈ E(Y ). GivenX and Y in Figure 2.1, there are two embeddings

ofX in Y , i.e., {(u1, v1), (u2, v2), (u3, v3), (u4, v5)} and {(u1, v1), (u2, v3), (u3, v2),

(u4, v5)}. We say that X is subgraph-isomorphic to Y , denoted by X ⊆ Y , if

there exist an embedding of X in Y . An embedding of an induced subgraph of

X in Y is called a partial embedding. A mapping that satisfies (2) and (3) is

called a homomorphism, i.e., it may not be injective. For the sake of traceability,

we enumerate the mapping pairs in M in the order in which they are added to

5



(a) g (b) g−1 (c) Path tree of g

Figure 2.2: DAGs and path tree.

M .

The path tree of a rooted DAG g is defined as the tree gT such that each

root-to-leaf path in gT corresponds to a distinct root-to-leaf path in g, and gT

shares common prefixes of its root-to-leaf paths (e.g., Figure 2.2c is the path

tree of g in Figure 2.2a). For a rooted DAG g with root u, a weak embedding

M ′ of g at v ∈ V (Q) is defined as a homomorphism of the path tree of g such

that M ′(u) = v.

An unvisited (i.e., unmapped) vertex u of a DAG g in a mapping M is called

extendable regarding M if all parents of u are matched in M . A DAG ordering

always selects an extendable vertex as the next vertex to map.

2.2 Problem Statement

Subgraph Search. Given a query graph q and a set D of data graphs, the

subgraph search problem is to find all data graphs in D that contains q as

subgraphs. That is, subgraph search is to compute the answer set Aq = {G ∈

D | q ⊆ G}.

Subgraph Matching. Given a query graph q and a data graph G, the subgraph

matching problem is to find all embeddings of q in G.

Subgraph search and subgraph matching are closely related to each other

[74]. Given a query graph q and a set D of data graphs, we can address the

subgraph search problem through a little modification of a subgraph matching

6



algorithm, i.e., for every data graph G ∈ D it reports G and terminates as

soon as it finds the first embedding of q in G. Since subgraph isomorphism (i.e.,

“Does G contain a subgraph isomorphic to q?”) is NP-complete [25], the two

problems are NP-hard.

Supergraph Search. Given a query graph Q and a set D of data graphs, the

supergraph search problem is to find all data graphs in D that are subgraphs

of Q. That is, supergraph search is to compute the answer set AQ = {gi ∈ D |

gi ⊆ Q}. For example, given a set D of data graphs and a query graph Q1

in Figure 4.2, supergraph search finds a set AQ1 = {g1, g3} of answer graphs,

each of which is contained in Q1 as a subgraph. Since subgraph isomorphism is

NP-complete [25], the supergraph search problem is NP-hard.

2.3 Related Work

Subgraph Search. Plenty of early algorithms [92, 102, 109, 42, 15, 5, 26] for

subgraph search adopted the indexing-filtering-verification strategy: (1) given a

set D of data graphs, proper data structures are constructed from substructures

(i.e., features) of data graphs in an indexing phase, (2) given a query graph q,

the data graphs with a feature that do not contain q as a subgraph are filtered

out for every feature in a filtering phase, and (3) a subgraph isomorphism test

is performed against every remaining candidate graph in a verification phase.

These algorithms can be classified into two groups, feature mining approach and

feature enumeration approach, depending on their methods to extract features

[35, 74].

First, in feature mining approaches, common features frequently appeared

in data graphs are extracted. gIndex [92] extracts frequent subgraphs from data

graphs, and build a prefix tree from these features. Tree+∆ [102] mines frequent

trees up to predetermined size, and store them as a hash table. These approaches

are well-known to be costly in index construction [32, 35].

Second, all features up to a user-defined size are enumerated and indexed

7



in feature enumeration approaches. GCode [109] enumerates all paths, and pro-

duces vertex signatures in data graphs by using the paths. CT-index [42] enu-

merates tree and cycle features, whereas SING [15], GraphGrepSX [5], and Grapes

[26] lists all paths of bounded length. Since all features of data graphs are enu-

merated, the index construction in these approaches requires a large amount of

memory, resulting in a large size of indices.

The above two approaches aim to filter out as many false answers as possible

by using their indices in order to avoid exploring whole search space for false

graphs with no embedding found in verification; however, index construction of

these approaches generally takes a great deal of time and space.

Some researchers recently selected a filtering-verification strategy without

index construction. In CFQL [74], they leverage existing subgraph matching

algorithms to speed up subgraph search. Specifically, the preprocessing tech-

nique of CFL-Match and the search method of GraphQL are used in filtering

and verification, respectively. Without the index-based filtering, CFQL outper-

forms other indexing-filtering-verification algorithms, benefiting from the fil-

tering power and efficient verification technique of existing subgraph matching

algorithms.

Subgraph Matching. Since Ullmann [83] introduced a backtracking method

to address subgraph isomorphism, a lot of subgraph matching algorithms [13,

69, 101, 33, 99, 31, 4, 30] have been suggested based on backtracking [83, 48].

This approach generally works as follows: (1) for each query vertex u, a can-

didate set C(u) is obtained through a filtering process, where C(u) is a set

of candidate data vertices that u can be mapped to, and (2) a matching or-

der of query vertices is determined and backtracking is applied based on the

matching order. Although these algorithms were designed based on this general

framework, they vary significantly in performance, which relies on a filtering

method, a matching order, and a technique to prune out a search space during

backtracking.
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Some early subgraph matching algorithms such as Ullmann [83], VF2 [13],

QuickSI [69], and SPath [101] independently obtain each candidate set by using

local filters that consider neighborhood of vertices; however, some algorithms

such as GraphQL [33], Turboiso [31], CFL-Match [4] and DAF [30] build auxiliary

data structures on a query and data graph in order to get small candidate sets

and produce effective matching orders by estimating as precise search cost as

possible.

Most subgraph matching algorithms generate precomputed and fixed match-

ing orders, i.e., global matching orders, which are exploited throughout whole

search process. Although Turboiso chooses a different matching order for each

region in search space, the matching order is constant inside each region. SPath

and DAF determine a matching order regarding each partial embedding, i.e.,

adaptive matching order, which dynamically selects a next query vertex to

match that has the minimum expected cost.

Some algorithms eliminate redundant computations of the search process

originated from the nature of backtracking. For example, DAF prunes out re-

dundant partial embeddings that will not lead to embeddings in the future by

utilizing the knowledge (i.e., failing sets) gained from past exploration in search

space.

Supergraph Search. Extensive research has been done to develop efficient

solutions for supergraph search. The general approach in previous work is as

follows: (1) an index is constructed for a set D of data graphs, and (2) given a

query graph Q, a set AQ of answer data graphs is computed. Due to the NP-

hardness of supergraph search, several existing algorithms (including CIndex [8],

GPTree [98], and PrefIndex [107]) adopt the filtering-and-verification framework

in which their indices are exploited to first filter some false answers to obtain a

set of candidate graphs, and then each candidate graph is verified whether it is a

subgraph of Q by a subgraph isomorphism test. However, these solutions have a

significant overhead of data mining techniques (e.g., frequent subgraph mining)

9



to extract common substructures from data graphs in indexing. Moreover, they

suffer from high cost of verification for each data graph in a candidate set.

In order to address these problems, IGQuery [11] heuristically finds some

answer graphs by using its index, and then runs a filtering-and-verification

method in a set of remaining data graphs to reduce the cost of both filtering

and verification. First, IGQuery merges a set of data graphs into an integrated

graph (IG) by depth-first search based on the frequency of edges in IG (without

using any mining techniques) so that IG contains each data graph as a subgraph.

To reduce the candidate graphs that will go through the verification, IGQuery

finds a common subgraph Q′ between the query graph and IG again by depth-

first search, and then directly outputs the data graphs which are subgraphs

of Q′, i.e., direct inclusion. Then, IGQuery runs filtering and verification for

the remaining data graphs as follows (a feature graph is a common subgraph

of some data graphs. A set of feature graphs are found when IG is built): 1)

for each feature graph, perform a subgraph isomorphism test to check whether

it is a subgraph of the query graph; if it is not, filter all data graphs which

contain the feature graph as subgraphs, 2) for each unfiltered data graph, run

a subgraph isomorphism test with the query graph.

Unlike the existing work, DGTree [51] filters and searches at once in a single

query processing algorithm. First, it constructs a tree called DGTree where each

node consists of a unique feature graph and the data graphs which contain the

feature graph. The feature graph of a node is always the feature graph of its

parent plus one edge, and all data graphs appear as the feature graphs of leaf

nodes. During DGTree construction, all (or some) embeddings (see Definition

2.1.1) of each feature graph in the data graphs are computed, which takes

exponential time in the worst case. In query processing, one traverses DGTree,

and at each node finds all embeddings of the corresponding feature in the query

graph in order to decide whether or not to filter the data graphs that contains

the feature. If there are no embeddings, the data graphs are pruned. If one
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arrives at a leaf node, the data graph is added to the answer set.

Much research has also been conducted to develop the efficient solutions for

the problems related to supergraph search. Subgraph matching [31, 4, 30, 58]

is one of the classic problems in graph analysis. Several studies of similarity

search on supergraph containment were proposed to approximately solve the

supergraph search problem [70, 96]. Recently, probabilistic supergraph search

has been studied to handle uncertain data graphs with probability on edges or

vertices [81, 100].

Other Work. Some papers focus on comprehensive techniques that can be

applied to any subgraph matching algorithm. BoostIso [64] compresses a data

graph by merging similar vertices to accelerate the performance. For efficient

batch query processing of subgraph matching, MQOsubiso [65] computes a query

execution order so that cached intermediate results can be exploited. In [58],

a new matching order of query vertices (or edges) is designed specifically for a

DBMS by using a set of database operators.
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Chapter 3

Subgraph Query Processing and
Subgraph Matching

Given a data graph G and a query graph q, the subgraph matching problem is

to find all embeddings of q in G. Given a query graph q and a set D of data

graphs, subgraph search (or subgraph query processing) is to find all the data

graphs in D that contain q as subgraphs.

Though the subgraph search problem and the subgraph matching problem

are closely related to each other, the research on each problem had been sep-

arately conducted until recently. Existing work on subgraph search [92, 102,

109, 42, 15, 5, 26] mainly adopted the indexing-filtering-verification strategy:

(1) given a set D of data graphs, proper data structures are constructed from

substructures (i.e., features) of data graphs in an indexing phase, (2) given

a query graph q, the data graphs with a feature that do not contain q as a

subgraph are filtered out for every feature in a filtering phase, and (3) a sub-

graph isomorphism test is performed against every remaining candidate graph

in a verification phase. Meanwhile, the recent study on subgraph matching

[31, 4, 30] proposed algorithms based on a preprocessing-enumeration frame-

work in Figure 3.1: an auxiliary data structure on a query graph and a data

12



Figure 3.1: General framework of state-of-the-art subgraph matching algo-

rithms.

Figure 3.2: General framework of state-of-the-art subgraph search algorithms.

graph is constructed in a preprocessing stage, and all matches of the query

graph are found by using the data structure in an enumeration stage (or search

stage). State-of-the-art subgraph matching algorithms take polynomial time for

preprocessing while they take exponential time for enumeration in the worst

case. These algorithms substantially improved the query processing time by

taking advantage of compact candidate sets and efficient matching orders ob-

tained from the auxiliary data structures. Researchers recently utilized existing

subgraph matching algorithms to efficiently solve the subgraph search prob-

lem [74]. They apply the preprocessing and enumeration methods of existing

subgraph matching algorithms to the filtering stage and the verification stage,
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Figure 3.3: Overview of our subgraph search algorithm.

respectively, in the general subgraph search framework of Figure 3.2. (Note that

filtering takes polynomial time whereas verification takes exponential time in

the figure, so verification may not finish within reasonable time.) Despite its

performance improvement over the existing indexing-filtering-verification ap-

proaches, it showed limited response time and scalability in dealing with large

query graphs or many data graphs.

In this chapter, we introduce a new subgraph search algorithm [37] using

three main techniques in order to address the limitations as in Figure 3.3. Our

main contributions are the following: (1) we propose an efficient filtering method

that builds a compact auxiliary data structure on q and G ∈ D to obtain as

few candidates as possible by using dynamic programming; (2) we suggest an

improved adaptive matching order, i.e., leaf adaptive matching, for all query

vertices, which leads to a smaller search space in the verification phase; (3) we

propose a novel technique, i.e., pruning by equivalence sets, to prune out the

search space by using the knowledge gained from the auxiliary data structure

and the exploration on a search tree. We conduct extensive experiments on
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Table 3.1: Summary of state-of-the-art subgraph matching algorithms where a

query graph q and a data graph G are given.

Preprocessing

Algorithm Data structure Technique

CFL-Match [4] CPI refinement using a spanning tree of q

DAF [30] CS DP between a query DAG and G

ELPSM [37] CS
DP between a query DAG and G

+ filtering by neighbor-safety

Search (enumeration)

Algorithm Matching order Decomposition Pruning

CFL-Match [4] global core-forest-leaf N/A

DAF [30] adaptive leaf failing sets

ELPSM [37] adaptive N/A failing sets, equivalence sets

several well-known real datasets as well as synthetic datasets to compare our

approach with existing algorithms (we modify the state-of-the-art subgraph

matching algorithm DAF [30] to run subgraph search, and also compare ours

with the modified DAF). In addition, the three techniques for subgraph search in

turn lead to an improved algorithm [37] for subgraph matching. Experiments

show that our approach outperforms existing subgraph search and subgraph

matching algorithms by up to several orders of magnitude in terms of query

processing time.

Table 3.1 summarizes state-of-the-art subgraph matching algorithms where

a query graph q and a data graph G are given as input. In the preprocessing

stage, all the algorithms build auxiliary data structures which keep a set of can-

didate vertices in G for each u ∈ V (q). While CFL-Match refines its auxiliary

data structure CPI by using a spanning tree built from q, DAF and ELPSM con-

struct auxiliary data structures CS on q and G by using dynamic programming

(DP) between a query DAG of q and G. Unlike DAF, ELPSM applies a new
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Table 3.2: Summary of competing subgraph search algorithms.

Algorithm Indexing Filtering Verification

Grapes [26] trie index VF2

CFQL [74] N/A Preprocessing of CFL-Match Search of GraphQL

DAF [30] N/A Preprocessing of DAF Search of DAF

ELPSS [37] N/A Preprocessing of ELPSM Search of ELPSM

filtering technique using neighbor-safety to DP in order to filter out more un-

promising candidate vertices of u ∈ V (q). In the search stage, DAF and ELPSM

adopt adaptive matching orders whereas CFL-Match uses a global matching or-

der based on the core-forest-leaf decomposition, in which q is decomposed into

a dense subgraph (i.e., core), a forest, and degree-one (i.e., leaf) vertices so that

we first match vertices of a core, then vertices of a forest, and finally leaf ver-

tices. Unlike the leaf decomposition strategy of DAF that always matches leaf

vertices in the last, ELPSM can adaptively match leaf vertices in our matching

order to reduce the search space. Moreover, we add a new technique to prune

out a part of the search space by using equivalence sets in ELPSM.

Competing subgraph search algorithms are summarized in Table 3.2. Here,

we modify the subgraph matching algorithm DAF [30] to solve subgraph search

(which will be called DAF). While Grapes builds a trie that consists of paths

extracted from D in indexing, CFQL, DAF and ELPSS process a query graph

q without the indexing stage. In the filtering stage, they build auxiliary data

structures on q and each g ∈ D, and filter false answers by using the data

structures, whereas Grapes performs filtering by using the trie. In the verification

stage, Grapes and CFQL adopt well-known subgraph matching algorithms VF2

and GraphQL, respectively. DAF and ELPSS use the methods modified from the

subgraph matching algorithms DAF and ELPSM, respectively, where we find up

to an embedding of q in each G ∈ D.
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The rest of the chapter is organized as follows. Section 3.1 gives an overview

of our approach. Section 3.2 introduces our filtering technique, Section 3.3 de-

scribes our query vertex matching order, and Section 3.4 presents a new tech-

nique to prune out a part of search space. Section 3.5 shows the experimental

results of competing algorithms.

3.1 Algorithm Overview

For simplicity of presentation, we focus on undirected and connected graphs

with labeled vertices. Our techniques can be easily extended to directed or

disconnected graphs with labeled edges. A graph g = (V (g), E(g), Lg) consists

of a set V (g) of vertices, a set E(g) of edges, and a labeling function Lg :

V (g)→ Σ that assigns a label to each vertex where Σ is a set of labels.

Algorithm 1: SubgraphSearch

Input: a query graph q, a set D of data graphs

Output: a set Aq of answer graphs

1 Aq ← ∅;

2 foreach data graph G ∈ D do

3 if SubgraphIsomorphism(q,G) then

4 Aq ← Aq ∪ {G};

1 Function SubgraphIsomorphism (q,G)

2 qD ← BuildDAG(q,G);

3 CS, isF iltered← ConstructCandidateSpace(q, qD, G);

4 if isF iltered then return false;

5 else return Search(qD,CS);

Algorithm 1 outlines the overall procedure of our subgraph search algorithm.

Given a query graph q and a set D of data graphs, we run SubgraphIsomor-

phism for each data graph G ∈ D. SubgraphIsomorphism returns true if q
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Figure 3.4: A set D of data graphs.

Figure 3.5: A query graph q, query DAGs qD and q−1D built from q, and a path

tree T (qD) of qD.

is subgraph isomorphic to G; false otherwise.

SubgraphIsomorphism consists of three procedures. First, BuildDAG is

invoked to build a query DAG qD, where query DAG qD is defined as a rooted

DAG that is built from q by assigning directions to the edges in q, e.g., qD and

its reverse q−1D in Figure 3.5 are query DAGs (a root of qD is selected as in [30]).

It also finds neighbor equivalence class (NEC) among all degree-one vertices in

q, and merge the vertices in the same NEC to a single vertex in qD, where NEC

is a set of query vertices which have the same label and the same neighbors

[31]. In Figure 3.7, a query DAG qD is a rooted DAG built from q. Note that

NEC vertex u4 in qD corresponds to u′4 and u′5 in q, i.e., NEC(u4) = {u′4, u′5}.

Then ConstructCandidateSpace is executed to build an auxiliary data

structure CS on q and G. CS is an auxiliary data structure used in [30], but

our CS construction is different from that of [30]. We build a more compact CS

by using extended DAG-graph DP (dynamic programming) with an additional
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filtering function that utilizes a concept called neighbor-safety (Section 3.2).

Finally, Search returns true if it finds an embedding of q in G; false oth-

erwise. It matches query vertices based on our adaptive matching order using

qD and CS (Section 3.3). Furthermore, we propose a new technique to prune

repetitive search space by utilizing equivalence sets (Section 3.4). We also apply

failing sets of [30] in our algorithm.

In order to tackle the subgraph matching problem for a query graph q and a

data graph G, we run SubgraphIsomorphism such that Search is modified

to find all embeddings of q in G (Section 3.4).

3.2 Filtering by Neighbor-Safety

In this section we describe a dynamic programming approach combined with a

filtering technique in order to get a compact CS.

Candidate Space. A candidate space (CS) on q andG consists of the candidate

set C(u) for each u ∈ V (q), and edges between the candidates as follows:

1. For each u ∈ V (q), there is a candidate set C(u), which is a set of vertices

inG that u can be mapped to. (The exact condition of mapping is specified

below.)

2. There is an edge between v ∈ C(u) and v′ ∈ C(u′) if and only if (u, u′) ∈

E(q) and (v, v′) ∈ E(G).

For example, Figure 3.6a shows a CS on q in Figure 3.5 and G1 in Figure 3.4.

Five candidates v1, v2, v3, v12, v13 are in C(u1), and there is an edge between

v13 ∈ C(u1) and v8 ∈ C(u2). Let a path tree T (q) of a DAG q be the tree

such that each root-to-leaf path corresponds to a distinct root-to-leaf path in

q, and T (q) shares common prefixes of root-to-leaf paths of q [30] (Figure 3.5).

A weak embedding M of a rooted DAG q with root u at v ∈ V (G) is defined as

a homomorphism of T (q) such that M(u) = v.
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Given a CS, we define a dynamic programming (DP) table D[u, v] for u ∈

V (q) and v ∈ V (G): D[u, v] = 1 if v ∈ C(u) and the following necessary

conditions for an embedding that maps u to v hold; D[u, v] = 0 otherwise.

1. There is a weak embedding M of a sub-DAG qu at v (i.e., a homomorphism

of T (qu) such that M(u) = v) in the CS.

2. Any necessary condition h(u, v) (other than Condition 1) for an embed-

ding that maps u to v is true in the CS.

D[u, v] can be computed using the following recurrence in a bottom up order

from leaf vertices to a root vertex, i.e., u is processed after all its children in q

are processed:

D[u, v] =


1 if

∧
uc∈Child(u) f(D[uc, •], v) ∧ h(u, v)

0 otherwise

(3.1)

where a main function f(D[uc, •], v) is 1 if there is vc adjacent to v in the CS

such that D[uc, vc] = 1; 0 otherwise. Applying h along with f is more effective

in filtering than using only f in dynamic programming and then applying h

separately.

After dynamic programming, the new candidate set is computed as follows:

v is in the new C(u) if and only if D[u, v] = 1. (Note that candidate sets

C(u) serve as a compact representation of D.) This optimization technique will

be called extended DAG-graph DP. Let the optimization such that h(u, v) is

omitted from Recurrence (3.1) be simple DAG-graph DP.

Now we define a necessary condition h for an embedding.

Definition 3.2.1. For each vertex u ∈ V (q) and a label l ∈ Σ, a neighbor set

Nbrq(u, l) is a set of neighbors of u labeled with l. For each vertex v ∈ C(u)

and a label l ∈ Σ, a neighbor set NbrCS(u, v, l) is defined as ∪un∈Nbrq(u,l){vn ∈

C(un) | vn is adjacent to v ∈ C(u) in CS}.
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(a) Initial CS (b) After refinement of C(u1) using

neighbor-safety

(c) After refinement of C(u1) and C(u2)

using neighbor-safety

(d) CS after extended DAG-graph DP

Figure 3.6: Extended DAG-graph DP over CS on q in Figure 3.5 and G1 in

Figure 3.4 using neighbor-safety.

Definition 3.2.2. Given a query graph q and a CS on q and G, we say that

v ∈ C(u) is neighbor-safe regarding u if for every label l ∈ Σ, |Nbrq(u, l)| ≤

|NbrCS(u, v, l)|.

For example, in a query graph q of Figure 3.5, Nbrq(u1, B) = {u2, u3}, and

Nbrq(u2, A) = {u1, u4}. In CS of Figure 3.6a, NbrCS(u1, v3, B) = {v8}, and

NbrCS(u2, v8, A) = {v3, v13}. According to Definition 3.2.2, v3 is not neighbor-

safe regarding u1 since Nbrq(u1, B) > NbrCS(u1, v3, B), whereas v8 is neighbor-

safe regarding u2.

Lemma 3.2.1. Suppose that we are given a CS on q and G. For each vertex

u ∈ V (q), mapping u to a candidate vertex v ∈ C(u) which is not neighbor-safe

regarding u cannot lead to an embedding of q in G.

Proof. Suppose that there exist u ∈ V (q) and v ∈ C(u) not neighbor-safe re-
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garding u such that mapping u to v leads to an embedding M of q in G. Since v

is not neighbor-safe regarding u (i.e., there exists l ∈ Σ such that |Nbrq(u, l)| >

|NbrCS(u, v, l)|), at least two different vertices ui and uj in Nbrq(u, l) are

mapped to the same vn ∈ NbrCS(u, v, l) in M (i.e., M(ui) = M(uj) = vn).

This contradicts the assumption that M is an embedding because M is not

injective (i.e., M(ui) = M(uj) for ui 6= uj). Thus our assumption is incorrect,

and mapping u to v that is not neighbor-safe regarding u cannot lead to an

embedding of q in G.

By Lemma 3.2.1 we define h(u, v) such that h(u, v) = 1 if v is neighbor-safe

regarding u; h(u, v) = 0 otherwise.

Lemma 3.2.2. Given a CS on q and G, the time complexity of extended DAG-

graph DP on the CS is O(|E(q)| × |E(G)|).

The time complexity above includes the computation of neighbor-safety, but

it is the same as the complexity of DP in [30]. Before extended DAG-graph DP, a

neighbor set Nbrq(u, l) is computed for every u ∈ V (q) and l ∈ Σ. Now, for each

u ∈ V (q), neighbor sets NbrCS(u, v, l) have to be computed for every v ∈ C(u)

and l ∈ Σ. To do that, for a fixed u ∈ V (q) we need to check the edges between v

and vn for all v ∈ C(u) and all vn ∈ C(un) where un ∈ Nbrq(u, l) by Definition

3.2.1. For fixed u ∈ V (q), all neighbor sets Nbrq(u, l) are disjoint and cover all

neighbors of u, and thus we look at each neighbor un of u only once in this

computation. The number of edges between all v ∈ C(u) and all vn ∈ C(un) is

at most O(|E(G)|) by Condition 2 of the Candidate Space definition. Hence the

neighbor-safety computation for all u ∈ V (q) takes Σu∈V (q){deg(u)×O(|E(G)|)}

= O(|E(q)||E(G)|) time, where deg(u) is the degree of u.

Construction of a Compact CS. By using the above optimization technique

multiple times with different query DAGs, we can filter as many candidate

vertices as possible, and thus compute a compact CS. At the beginning an

initial CS is constructed. For each u ∈ V (q), C(u) is initialized as the set of
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vertices v ∈ V (G) such that LG(v) = Lq(u). In addition, the neighborhood label

frequency (NLF) filter [31] can remove v ∈ C(u) such that there is a label l ∈ Σ

that satisfies |Nbrq(u, l)| > |NbrG(v, l)|. To take advantage of bit operations,

NLF of V (g) in [4, 30] is implemented as a bit array with |Σ||V (g)| bits where

each bit represents 0 if Nbrg(u, l) = ∅ or 1 otherwise (i.e., 1-bit lightweight NLF

filter). In our approach, we implement NLF as a bit array with 4|Σ||V (g)| bits

to represent |NLFg(v, l)| up to 4 for each v ∈ V (g) and l ∈ Σ. Therefore it

can filter v ∈ C(u) with |NbrG(v, l)| < 4 such that |Nbrq(u, l)| > |NbrG(v, l)|,

which is more effective in filtering than the 1-bit lightweight NLF filter in our

empirical study. Figure 3.6a illustrates an initial CS on a query graph q in

Figure 3.5 and a data graph G1 in Figure 3.4.

Since DP is executed based on a query DAG, we will use the rooted DAG

qD and its reverse q−1D (in Figure 3.5) to refine candidate sets. In the first step

of refinement we run simple DAG-graph DP using q−1D to the initial CS. In the

second step we further refine the CS using qD. However, in Figure 3.6a, CS after

one or two steps of simple DAG-graph DP is the same as the initial CS. In the

third step, we perform extended DAG-graph DP using q−1D . For example, given

q−1D in Figure 3.5 and CS in Figure 3.6a, we refine C(u1) first, and then refine

C(u2), and so on. After the refinement of C(u1) in Figure 3.6b, v3 and v13 are

removed from C(u1) since they are not neighbor-safe regarding u1. After the

refinement of C(u2) in Figure 3.6c, therefore, v8 is removed from C(u2) since

there is no vc ∈ C(u1) adjacent to v8. At the same time, v4 and v5 are removed

since they are not neighbor-safe regarding u2.

Finally, we terminate if there exists an empty candidate set, i.e., C(u) = ∅.

For example, after applying extended DAG-graph DP to Figure 3.6a, we get

the CS in Figure 3.6d and there is no candidate left in C(u3), so we can be sure

that there is no embedding of q. If no candidate sets are empty after multiple

execution of optimization, we get the final CS. We can repeat extended DAG-

graph DP with alternating qD and q−1D until no changes occur in candidate sets,
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Figure 3.7: A query graph q, and a query DAG qD where NEC of q is merged.

but one step of extended DAG-graph DP after two steps of simple DAG-graph

DP is enough based on our empirical study.

3.3 Leaf Adaptive Matching

Suppose that we are trying to extend a partial embedding M in the search

process. An unmapped vertex u of a query DAG qD in M is called extendable

regarding M if all parents of u are matched in M , and the set CM (u) of ex-

tendable candidates of u regarding M is defined as a set of vertices v ∈ C(u)

adjacent to M(up) in CS for every parent up of u [30]). Like DAF [30], we se-

lect an extendable vertex u as the next vertex to match and match u to each

extendable candidate of u.

However, our adaptive matching order is different from those of existing

algorithms. State-of-the-art subgraph matching algorithms [4, 30] adopt leaf

decomposition strategy in which the vertices in a query graph are decomposed

into the set of degree-one vertices and the rest, and the degree-one vertices

are matched after the remaining vertices are matched. This method generally

helps postponing redundant Cartesian product [4]; nevertheless, it sometimes

spends unnecessary search space especially when there are small number of

candidates of degree-one vertices. We take all query vertices into consideration

in our adaptive matching order to reduce the search space.

For example, consider a query DAG qD of q in Figure 3.7 and a data graph

G2 in Figure 3.4. There is no embedding of q in G2. Recall that neighbor
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(a) Search tree of the existing algorithms

with leaf decomposition

(b) Search tree of leaf adaptive match-

ing

Figure 3.8: Search trees of two different adaptive matching orders where (u, v)!

means a mapping conflict (i.e, v is already matched so u cannot be mapped to

v).

equivalence class (NEC) vertex u4 in qD corresponds to u′4 and u′5 in q, i.e.,

NEC(u4) = {u′4, u′5}. The search trees in Figure 3.8 illustrate the search process.

A node (u, v) corresponds to the last mapping pair of a partial embedding

M , so let M denote a node as well as a partial embedding. A node (u, v)!

means a mapping conflict, i.e., v is already matched so u cannot be mapped

to v. Let (u, {v1, ..., vn}) represent that the n vertices in G are matched to

a vertex u in qD where n = |NEC(u)|. Based on the leaf decomposition as

shown in the search tree in Figure 3.8a, leaf vertices u4 and u6 are eventually

matched after the remaining vertices are matched. Specifically, given a partial

embedding M = {(u1, v1), (u2, v2)}, we select u3 as the next extendable vertex

to match, and then match u5 and u6; however, none of partial embeddings lead

to embeddings. Therefore, matching u5 and u6 to all their extendable candidates

causes huge redundant search space by postponing a mapping conflict of u3 and

u4 at v3.

Leaf Adaptive Matching. We propose an improved adaptive matching order

to select the next extendable vertex. In our adaptive matching order, we can
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save much search space by allowing the flexibility in the matching order of

degree-one vertices. Suppose that we are trying to extend a partial embedding

M .

• If there is a degree-one extendable vertex u that has |NEC(u)| unvisited

extendable candidates in CM (u), then we select u as the next vertex.

• Otherwise, we select a degree-one vertex as the next vertex if there are

only degree-one extendable vertices; an extendable vertex u such that

|CM (u)| is minimum otherwise [30].

Consider the search tree of leaf adaptive matching in Figure 3.8b. Given a

partial embedding M = {(u1, v1), (u2, v2)} and CM (u4) = {v3, v4}, we choose

u4 as the next vertex to match since there are |NEC(u4)| unvisited extendable

candidates in CM (u4). After we extend M to M ∪{(u4, {v3, v4})}, there are no

degree-one extendable vertices, so we choose u3 as the next vertex to match.

Hence, we can detect a mapping conflict of u3 and u4 at v3 as early as possible

without matching u5 and u6.

3.4 Pruning by Equivalence Sets

In this section we develop a new technique to remove some parts of a search tree.

Once we visit a new node (i.e., a new partial embedding) M , we next explore the

subtree rooted at M and come back to node M . By utilizing a common property

shared by candidates and some knowledge gained from the exploration of the

subtree rooted at M , we can prune out some partial embeddings among the

siblings of node M .

Definition 3.4.1. Suppose that we are given a CS on q and G. For a vertex

u ∈ V (q) and two candidate vertices vi and vj in C(u), we say that vi and

vj share neighbors if for every neighbor un of u in q, vi and vj have common

neighbors in C(un). Then a cell π(u, v) is defined as a set of vertices v′ ∈ C(u)

that share neighbors with v in CS.
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Figure 3.9: A query graph q and CS. Every cell π(u, v) is represented as a unique

ID according to a table above.

As a new running example, we use a query graph q and the CS in Figure

3.9. For example, v3, v4 and v5 in C(u5) share neighbors in CS, so π(u5, v3)

= π(u5, v4) = π(u5, v5) = {v3, v4, v5}, while only v3 and v4 in C(u2) share

neighbors in CS, i.e., π(u2, v3) = π(u2, v4) = {v3, v4}.

Assume in the rest of this section that we are given a partial embedding

M , an extendable vertex u ∈ V (q), and vi ∈ CM (u) after the exploration of

the subtree rooted at M ∪{(u, vi)}. Let TM (u, vi) denote the set of embeddings

in the subtree rooted at M ∪ {(u, vi)}. We will define below a set πM (u, vi) of

vertices vj ∈ CM (u) equivalent to vi, which is a subset of π(u, vi). We aim to

avoid exploring the subtree rooted at M ∪ (u, vj) in which no embeddings will

be found if TM (u, vi) = ∅; otherwise (i.e., there has been at least one embedding

in TM (u, vi)), obtain all embeddings in TM (u, vj) without exploring the subtree

rooted at M ∪ (u, vj).

Definition 3.4.2. Let IM (u, vi) be the set of all mappings (u′, vi) that conflict

with (u, vi) at vi in the subtree rooted at M ∪ (u, vi), and UM (u, vi) be the

set of all mappings (u′, v′) visited in the subtree such that vi /∈ π(u′, v′). A

negative cell π−M (u, vi) regarding M is π(u, vi)∩{∩(u′,vi)∈IM (u,vi)π(u′, vi)} if there

was at least one mapping conflict at vi in the subtree; π(u, vi) otherwise. A

27



Figure 3.10: Pruned search tree. Nodes enclosed by dashed boxes are pruned

by equivalence sets.

positive cell π+M (u, vi) regarding M is π−M (u, vi) − δM (u, vi) where δM (u, vi) =

∪(u′,v′)∈UM (u,vi)π(u′, v′). The equivalence set πM (u, vi) regarding M is defined as

π−M (u, vi) if TM (u, vi) = ∅; π+M (u, vi) otherwise.

Figure 3.10 is a search tree for a query graph q and a CS in Figure 3.9. Sup-

pose that we just came back to nodeM∪{(u3, v9)} whereM = {(u1, v1), (u2, v3),

(u4, v8)} after the exploration of the subtree rooted at M ∪ (u3, v9). An equiv-

alence set πM (u3, v9) regarding M is π−M (u3, v9) = π(u3, v9) = {v8, v9, v10}

since there was no mapping conflict at v9. For M ∪ {(u2, v3)} where M =

{(u1, v1)}, there was a mapping conflict at v3 after the exploration of the

subtree rooted at M ∪ (u2, v3) with no embeddings found, so πM (u2, v3) is

π−M (u2, v3) = π(u2, v3) ∩ π(u5, v3) = {v3, v4}. Suppose that we just came back

to node M ∪ {(u4, v10)} where M = {(u1, v2), (u2, v6)} after the exploration of
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the subtree rooted at M ∪ (u4, v10). Since there were no mapping conflicts

during the exploration, π−M (u4, v10) is π(u4, v10) = {v10, v11, v12}. However,

we visited a mapping (u3, v11) such that v10 /∈ π(u3, v11), so π+M (u4, v10) =

π−M (u4, v10) − δM (u4, v10) = {v10, v12} where δM (u4, v10) = π(u3, v11) = {v11}.

Since we found embeddings during the exploration, πM (u4, v10) is π+M (u4, v10).

Definition 3.4.3. For every embedding M∗ ∈ TM (u, vi), an embedding M∗s

symmetric to M∗ at vj ∈ C(u) is M∗−{(u, vi)}∪{(u, vj)} if vj is not matched

in M∗; M∗ − {(u, vi), (u′, vj)} ∪ {(u, vj), (u′, vi)} if vj is matched to u′ in M∗.

Lemma 3.4.1. If the subtree rooted at M ∪ {(u, vi)} has no embeddings (i.e.,

TM (u, vi) = ∅), M ∪ {(u, vj)} will not lead to an embedding for each vj ∈

πM (u, vi). Otherwise (i.e., the subtree has at least one embedding), there exists

an embedding M∗s symmetric to every embedding M∗ ∈ TM (u, vi) at vj for each

vj ∈ πM (u, vi).

Consider the search tree in Figure 3.10 again. When we come back to the

node M∪{(u3, v9)} where M = {(u1, v1), (u2, v3), (u4, v8)} after the exploration

of the subtree rooted at M ∪ {(u3, v9)}, we could not find any embeddings of

q and there were no mapping conflicts at v9 during the exploration. Therefore,

no matter which vertex in πM (u3, v9) is matched to u3, it will not lead to

an embedding of q because all possible extensions will end up with failures in

the same way. Hence, we need not extend the siblings M ∪ {(u3, vj)} of node

M ∪{(u3, v9)} for each vj ∈ πM (u3, v9). Similarly, suppose that we came to the

node M ∪ {(u2, v3)} where M = {(u1, v1)} after the exploration of the subtree

rooted at M ∪{(u2, v3)}. We could not find any embeddings of q, and there was

a mapping conflict at v3 during the exploration, so πM (u2, v3) = {v3, v4}. This

implies that the subtree rooted at M∪{(u2, v4)} will be the same as that rooted

at M ∪ {(u2, v3)} except that a mapping conflict occurs at (u5, v4) instead of

(u5, v3). Hence, M ∪ {(u2, v4)} will not lead to an embedding, so we need not

extend to the sibling M ∪ {(u2, v4)} of node M ∪ {(u2, v3)}.
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Now, suppose that we explored the subtree rooted at M ∪{(u4, v10)} where

M = {(u1, v2), (u2, v6)}, and came back to the node M ∪ {(u4, v10)}. We found

two embeddings in TM (u4, v10), and obtain πM (u4, v10) = {v10, v12}, which

implies that M ∪ {(u4, v12)} will lead to the embedding symmetric to each

M∗ ∈ TM (u4, v10) at v12, i.e., the same embedding as M∗ ∈ TM (u4, v10) except

that u4 is mapped to v12. Note that v11 ∈ CM (u4) is not in πM (u4, v10) since we

may not find any embeddings extended from M ∪{(u4, v11)} due to a mapping

conflict of u4 and u3 at v11.

Search Process. Matching in Algorithm 2 is our search process to find all

embeddings of q in the CS where the new adaptive matching order in Section

3.3 and Lemma 3.4.1 are applied. Similarly to DAF [30], it extends a partial

embedding M based on DAG ordering: we report M as an embedding of q if

|M | = |V (qD)| (line 1); otherwise, we choose an extendable vertex in line 3

(the root vertex of qD is first selected when |M | = 0), and for each unvisited

v ∈ CM (u), extend the current partial embedding M to M ′ = M ∪{(u, v)}, and

recursively execute Matching with M ′ (lines 5-24). However, our backtracking

process differs from that of DAF as follows.

On one hand, we select the next extendable vertex u among multiple ex-

tendable vertices based on our new adaptive matching order in Section 3.3 (line

3).

On the other hand, our new pruning technique is added. For every v ∈

CM (u), v is initialized as ‘inequivalent’ (line 4). Let eqM (u, v) be the vertex

in πM (u, v) that has been already matched with u in the extension of M . For

each unvisited candidate v ∈ CM (u), we report an embedding M∗s symmetric

to M∗ at v for every embedding M∗ extended from M ∪ {(u, eqM (u, v))}, and

continue if v ∈ CM (u) is equivalent (lines 7-9); otherwise, initialize π−M (u, v) and

δM (u, v), and update δM (u′, v′) for every ancestor (u′, v′) of (u, v) in the search

tree such that va /∈ π(u, v) and π(ua, va)∩π(u, v) 6= ∅ before the recursive call of

Matching (lines 12-14). By Definition 3.4.2, all the ancestors (ua, va) of (u, v)
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Algorithm 2: Matching(qD,CS,M)

1 if |M | = |V (qD)| then Report M ;

2 else

3 Select a next extendable vertex u;

4 Set v ← inequivalent for each v ∈ CM (u);

5 foreach v ∈ CM (u) do

6 if v is unvisited then

7 if v is equivalent then

8 Report embedding M∗s symmetric to each

M∗ ∈ TM (u, eqM (u, v)) at v;

9 continue;

10 M ′ ←M ∪ {(u, v)};

11 Mark v as visited;

12 π−M (u, v)← π(u, v); δM (u, v)← ∅;

13 foreach ancestor (ua, va) of (u, v) where va /∈ π(u, v) and

π(ua, va) ∩ π(u, v) 6= ∅ do

14 δM (ua, va)← δM (ua, va) ∪ π(u, v);

15 Matching(qD,CS,M
′);

16 Mark v as unvisited;

17 if TM (u, v) = ∅ then πM (u, v)← π−M (u, v) ;

18 else πM (u, v)← π−M (u, v)− δM (u, v) ;

19 foreach v′ ∈ πM (u, v) do

20 eqM (u, v′)← v;

21 Set v′ ← equivalent for v′ ∈ CM (u);

22 else

23 Let Mp be parent node of (M−1(v), v);

24 π−Mp
(M−1(v), v)← π−Mp

(M−1(v), v) ∩ π(u, v);
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such that va /∈ π(u, v) should be visited in line 13, but in our implementation

we visit only the ancestors such that va /∈ π(u, v) and π(ua, va) ∩ π(u, v) 6= ∅

for efficiency because v′ ∈ π(u, v) such that v′ /∈ π(ua, va) does not need to be

considered to compute a positive cell π+(ua, va) which is a subset of π(ua, va).

After the recursive invocation of Matching, πM (u, v) represents π−M (u, v) if

there has been no embedding in the subtree rooted as M ∪{(u, v)}; π+M (u, v) =

π−M (u, v)−δM (u, v) otherwise (lines 17-18). Next, we let eqM (u, v′) be v, and set

‘equivalent’ to every v′ in πM (u, v) (lines 19-21). If v is already visited (line 22),

a mapping conflict of M−1(v) and u at v occurs, so we update a negative cell

π−Mp
(M−1(v), v) regarding Mp (where Mp is the parent node of (M−1(v), v))

(lines 23-24).

For subgraph search, we modify Algorithm 2 such that it finds up to one

embedding of q in each G ∈ D. First, we terminate and return true as soon

as we find the first embedding M . Next, we do not need to find symmetric

embeddings, thus for an extendable vertex u and an unvisited extendable can-

didate v ∈ CM (u) such that v is equivalent, we continue (line 8 is removed).

Finally, πM (u, v) always represents π−M (u, v) (line 17) so the computation of

δM (u, v) is no longer needed (lines 13-14 are removed). Then we invoke Match-

ing(qD,CS, ∅) instead of Search(qD,CS) in Algorithm 1.

In our implementation, we do not need to compute π(u, v) for every u ∈ V (q)

and v ∈ C(u) since we may visit only some v ∈ C(u) and terminate after finding

an embedding. Hence, a cell π(u, v) is computed not right after CS construction,

but the first time when v ∈ C(u) has become an extendable candidate such that

v ∈ CM (u).

3.5 Performance Evaluation

In this section, we evaluate the performance of the competing algorithms for

subgraph search and subgraph matching. All the source codes were obtained

from the authors of previous papers, and they are implemented in C++. Ex-
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periments are conducted on a machine running CentOS Linux with two Intel

Xeon E5-2680 v3 2.5GHz CPUs and 256GB memory.

Since these problems are NP-hard, an algorithm cannot process some queries

within a reasonable time; thus, we set a time limit of 10 minutes for each query.

If an algorithm does not process a query within the time limit, we regard the

processing time of the query as 10 minutes. We say that the query graph finished

within the time limit is solved. Each query set consists of 100 query graphs. For

each query set, we measure the average of metrics below which are commonly

used in previous work [74, 35, 30]:

• False positive ratio FPq =
|Cq |−|Aq |
|Cq | for query graph q: we evaluate the

filtering power of the subgraph search algorithms where Cq is the set of

remaining candidate graphs for q after filtering, and Aq is the set of answer

graphs for q.

• Size of auxiliary data structure: we measure the sum of sizes of candi-

date sets, i.e., Σu∈V (q)|C(u)|, to evaluate the effectiveness of the subgraph

matching algorithms.

• Query processing time: we measure the sum of filtering time and verifi-

cation time for subgraph search, or the sum of preprocessing time (i.e.,

time to construct an auxiliary data structure) and search time (i.e., time

to enumerate the first 105 embeddings) for subgraph matching. For the

sake of reasonable comparison, we compute the average of the time to

process query graphs which are solved by at least one of the competing

algorithms.

• Ratio of filtering time to verification time: this ratio shows that how much

filtering or verification time accounts for in query processing time.

Even though Grapes apparently spends a large amount of time and space in

indexing datasets, indexing time or index size will not be considered as metrics
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for the evaluation since all the other subgraph search algorithms process queries

without indexing.

3.5.1 Subgraph Search

Since CFQL [74] significantly outperformed existing subgraph search algorithms,

and Grapes [26] was generally the fastest in query processing among existing

indexing-filtering-verification approaches [74, 35], we select these two algorithms

to be compared with our subgraph search algorithm ELPSS. Furthermore, we

modify the state-of-the-art subgraph matching algorithm DAF [30] to solve sub-

graph search, and also compare ELPSS with the modified DAF (which will be

called DAF in this section).

Table 3.3: Characteristics of real-world datasets for subgraph search where Σ

is a set of distinct vertex labels.

Dataset Average per graph

|D| |Σ| |V (G)| |E(G)| degree |Σ|

PDBS 600 10 2,939 3,064 2.06 6.4

PCM 200 21 377 4,340 23.01 18.9

PPI 20 46 4,942 26,667 10.87 28.5

IMDB 1,500 10 13 66 10.14 6.9

REDDIT 4,999 10 509 595 2.34 10.0

COLLAB 5,000 10 74 2,457 65.97 9.9

Real Datasets. Experiments are conducted on real-world datasets, which are

PDBS, PCM, PPI used in [26, 35, 74], and IMDB, REDDIT, COLLAB provided

by [93]. PDBS is a set of graphs that represent DNA, RNA, and proteins. PCM

is a set of protein contact maps of amino acids. PPI is a database of protein-

protein interaction networks. IMDB is a movie collaboration dataset in which

a vertex represents an actor, and an edge exists between two actors if they take
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part in the same movie. REDDIT is a dataset of online discussion communities,

and COLLAB is a scientific collaboration dataset. As no label information is

available for IMDB, REDDIT and COLLAB, we randomly assigned a label

out of 10 distinct labels to each vertex. The characteristics of the datasets are

summarized in Table 3.3.

Query Sets. In order to comprehensively examine the algorithms, we adopt

two query generation methods similar to those in previous studies, which are

random walk [35, 74] and breadth-first search (BFS) [85, 74]. For each dataset

D, we generate eight query sets QiR (i.e., random-walk) and QiB (i.e., BFS)

where i ∈ {8, 16, 32, 64} is the number of edges of a query graph. A query

graph is generated in the random-walk method as follows: (1) select a graph

from D uniformly at random, (2) select a vertex uniformly at random from

the selected graph, (3) perform a random walk from the selected vertex until

we visit i distinct edges, from which we extract a subgraph with these edges.

The BFS method is the same as the random-walk method except the third

step: (3) perform a BFS from the selected vertex, and whenever all neighbors

of a current vertex v are visited, extract edges between v and the neighbors,

and edges between the neighbors and visited vertices until we extract i distinct

edges. Since query graphs are generated from each dataset, they keep the same

statistical characteristics as the dataset.

False Positive Ratio. Figure 3.11 presents the false positive ratio of the sub-

graph search algorithms on the real datasets. While DAF is the worst in filtering

false answers, ELPSS is the best with average false positive ratio less than 0.1

in the most query sets. The big improvement of the false positive ratio orig-

inates from extended DAG-graph DP that utilizes neighbor-safety. Between

Grapes and CFQL, Grapes is better than CFQL at filtering in PDBS (which is

the sparsest among the datasets and has a small number of distinct labels per

graph), whereas CFQL is more powerful in IMDB (which is dense and has a

small number of distinct labels); in fact, IMDB has the largest average den-
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(a) PDBS (b) IMDB

(c) PCM (d) REDDIT

(e) PPI (f) COLLAB

Figure 3.11: False positive ratio of the subgraph search algorithms on the real

datasets.

sity, i.e., 2|E(G)|
|V (G)|(|V (G)|−1) . For the remaining datasets, the false positive ratio of

Grapes is lower than that of CFQL on random-walk query sets while that of

CFQL is lower on BFS query sets. These phenomena may stem from the dif-

ferent strengths of the two algorithms: (1) Grapes extracts all paths of up to

a fixed length from a query graph where path features are effective in filtering

for a path-like query, and (2) CFQL is good at filtering candidates of a query

vertex with a high degree by checking all edges with its neighbors.

Query Processing Time. Figure 3.12 shows the average query processing

time of the algorithms (no algorithm finishes a query inQ64R of COLLAB within

the time limit). ELPSS is generally the fastest except some query sets of small

sizes due to not only fewer false positive answers obtained by extended DAG-

graph DP but also the smaller search tree of leaf adaptive matching shrunk by
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(a) PDBS (b) IMDB

(c) PCM (d) REDDIT

(e) PPI (f) COLLAB

Figure 3.12: Query processing time of the subgraph search algorithms on the

real datasets.

equivalence sets. ELPSS is up to two orders of magnitude faster than DAF, and

up to three orders of magnitude faster than CFQL. ELPSS outperforms Grapes

up to five orders of magnitude in Q32B and Q64B of IMDB. However, the query

processing time of ELPSS is slightly larger than that of CFQL in Q8R and Q8B

of PDBS, PCM and PPI because an embedding of a small query graph can be

easily found by all the algorithms, so exploiting extended DAG-graph DP or

the pruning technique of ELPSS may incur an overhead instead.

The query processing time of each algorithm varies a lot depending on the

size of a query graph and the characteristic of a dataset. In general, the per-

formance gap between ELPSS and the others increases as the size of a query

graph grows. While Grapes shows the stable performance on PDBS which is

extremely sparse, its query processing time exponentially grows as the size of a
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query graph increases on the rest in Figure 3.12. Spikes in the query processing

time of large queries are also observed in the results of CFQL for all the datasets

other than PDBS. However, DAF takes nearly constant query processing time

in REDDIT as well as PDBS, and shows more stable performance than CFQL

and Grapes in the rest. The query processing time of ELPSS remains steady as

the size of a query graph increases in all the datasets except PPI and COLLAB.

The spikes in query processing time of ELPSS are generally shown in the results

for large query graphs of PPI and COLLAB.

Table 3.4: Average ratio of filtering time to verification time (%).

Grapes CFQL DAF ELPSS

PDBS 2.2 : 97.8 89.9 : 10.1 96.8 : 3.2 92.0 : 8.0

PCM 1.3 : 98.7 45.0 : 55.0 72.9 : 27.1 85.7 : 14.3

PPI 0.01 : 99.99 18.7 : 81.3 28.0 : 72.0 43.9 : 56.1

IMDB 2.6 : 97.4 21.1 : 78.9 36.9 : 63.1 67.6 : 32.4

REDDIT 0.2 : 99.8 21.9 : 78.1 94.0 : 6.0 95.3 : 4.7

COLLAB 0.7 : 99.3 19.2 : 80.8 34.1 : 65.9 49.9 : 50.1

These results originate from a ratio of filtering time to verification time

as shown in Table 3.4. For all the competing algorithms, verification takes

exponential time in the worst case whereas filtering takes polynomial time.

Indeed, in Table 3.4, Grapes spends the most of query processing time verifying

candidate graphs, which degrades the overall performance. The verification time

of CFQL takes up most of its query processing time in all but PDBS. Although

the verification time of DAF makes up over 60% of its query processing time

on PPI, IMDB and COLLAB, the ratio of verification time consistently smaller

than that of CFQL. Unlike the other algorithms, ELPSS spends the verification

time less than or comparable with the filtering time, which confirms its steadier

performance than the others.

38



Sensitivity Analysis. We evaluate the algorithms by varying several char-

acteristics of a set D of synthetic data graphs. We generate each data graph

G ∈ D by upscaling an input data graph of PPI with 2008 edges using Evo-

graph [63], and assign labels to vertices based on a power law distribution. We

vary following parameters:

• The number of distinct labels in Σ: 10, 20, 40, 80

• A scaling factor s of a data graph in D: 2, 4, 8, 16

• The number of data graphs in D: 102, 103, 104, 105

where s indicates that |E(G)| is s times as many as that of the input data

graph while Evograph keeps the same statistical properties of G by increasing

|V (G)| accordingly. Similarly to the existing work [35, 74], we set |Σ| = 20,

s = 2, and |D| = 103 as default; in fact, we choose s = 2 so that the default

|V (G)| corresponding to s = 2 is larger than that of the existing work for stress

testing. If not specified, the parameters are set to their default values. We use

query sets Q16R and Q16B on each dataset D.

False Positive Ratio. False positive ratio of the algorithms on the synthetic

datasets is displayed in the left column of Figure 3.13. Since Grapes is unable

to finish indexing data graphs with s = 16 or those with |D| = 105 due to

excessive memory usage, we compare only the remaining three algorithms on

these data graphs. ELPSS consistently outperforms the others regarding false

positive ratio. A runner-up in most cases is Grapes, followed by CFQL. Overall,

the false positive ratio falls as the number of distinct labels grows, because more

distinct labels on the vertices enable the algorithms to extract diverse features

or to obtain fewer candidates, which results in filtering more false answers. The

false positive ratio also generally falls especially for the random-walk query

sets as the size of data graphs (i.e., a scaling factor s) gets larger. Larger data

graphs are more likely to contain a query graph as a subgraph, thus the false

positive ratio can decrease as the number of candidate graphs increases. Since
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(a) Varying |Σ|

(b) Varying a scaling factor s

(c) Varying |D|

Figure 3.13: False positive ratio and query processing time on the synthetic

datasets. The results of Q16R and Q16B are shown in the left and right, respec-

tively, of each figure.

the algorithms filter each data graph independently, varying |D| should not

affect their filtering power; indeed, except processing the random-walk query

set on a small number of data graphs, i.e., |D| = 100, the false positive ratio

remains relatively constant for different numbers of data graphs.

Query Processing Time. Query processing time of the algorithms on the

synthetic datasets is shown in the right column of Figure 3.13. The order of the

algorithms from the fastest to the slowest is ELPSS, DAF, CFQL, and Grapes. The

query processing time falls as the number of distinct labels increases, because

we can filter more data graphs by taking advantage of more labels, and verify
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fewer candidate graphs. The query processing time rises as a data graph gets

larger since the time to verify a false positive data graph can dramatically

increase. The time also rises as the number of data graphs grows, because more

false positive answers may exponentially increase the verification time. BFS

queries with high-degree vertices generally take less query processing time than

random-walk queries for ELPSS and DAF since they take advantage of the high

degree of query vertices in filtering.

Table 3.5: Average ratio of filtering time to verification time for the random-

walk query sets (where s = scaling factor).

Grapes CFQL DAF ELPSS

|Σ| 10 0.01 : 99.99 0.2 : 99.8 14.3 : 85.7 24.6 : 75.4

20 0.02 : 99.98 2.9 : 97.1 51.1 : 48.9 70.1 : 29.9

40 0.1 : 99.9 0.1 : 99.9 42.7 : 57.3 84.2 : 15.8

80 0.1 : 99.9 0.1 : 99.9 97.2 : 2.8 98.5 : 1.5

s 2 0.02 : 99.98 2.9 : 97.1 51.1 : 48.9 70.1 : 29.9

4 0.01 : 99.99 0.2 : 99.8 9.9 : 90.1 47.5 : 52.5

8 0.02 : 99.98 0.2 : 99.8 58.8 : 41.2 61.0 : 39.0

16 0.3 : 99.7 8.2 : 91.8 42.3 : 57.7

|D| 102 0.01 : 99.99 0.8 : 99.2 78.9 : 21.1 92.8 : 7.2

103 0.02 : 99.98 2.9 : 97.1 51.1 : 48.9 70.1 : 29.9

104 0.1 : 99.9 1.4 : 98.6 67.8 : 32.2 33.3 : 66.7

105 3.7 : 96.3 37.1 : 62.9 65.5 : 34.5

The explanations above are confirmed by Table 3.5, which shows the average

ratio of filtering time to verification time on each synthetic dataset. CFQL and

DAF spends most of the query processing time in verification. The ratio of the

verification time of DAF and ELPSS decreases as |Σ| increases. As in Table 3.4,

ELPSS spends shorter time in verification than the others for most datasets in
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Table 3.5.

To summarize, ELPSS is better than other algorithms in filtering out false

answers, and takes a smaller portion of query processing time in verification.

We observe in the experiments that verification generally takes more time in a

false positive answer than an answer, because an algorithm has to explore the

whole search space to verify that there are no embeddings in the false positive

graph while terminating as soon as it finds an embedding in the answer graph.

Therefore, a smaller number of false positive answers results in fewer attempts

to explore the whole search space of false positive graphs. Nevertheless, finding

an embedding in an answer graph can sometimes cost a lot in the verification

phase. Hence a more advanced verification technique can quickly find an embed-

ding of a query graph in each answer graph by avoiding frequent backtracking.

Consequently, lowering false positive answers (by extended DAG-graph DP) and

reducing search space (by leaf adaptive matching and equivalence sets) lead to

shorter verification time, resulting in the improvement of overall performance.

3.5.2 Subgraph Matching

To evaluate the performance of our subgraph matching algorithm ELPSM, we

compare ELPSM with two state-of-the-art algorithms CFL-Match [4] and DAF

[30].

Datasets. We test the algorithms against real datasets in Table 3.6, which

were widely used in previous work [31, 4, 48, 30]. Yeast, HPRD and Human are

protein-protein interaction networks. Email communication network and DBLP

collaboration network are obtained from Stanford Large Network Dataset Col-

lection [50]. As no label information is available for Email and DBLP, we ran-

domly assigned a label out of 20 distinct labels to each vertex. YAGO is an RDF

dataset, so we transformed it into a graph dataset by applying the type-aware

transformation proposed in [39].

Query Sets. We use the same experimental setting as [4] and [30]. We generate
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Table 3.6: Characteristics of real-world datasets for subgraph matching where

Σ is a set of distinct vertex labels in G.

G |V (G)| |E(G)| Avg degree |Σ|

Yeast 3,112 12,519 8.04 71

HPRD 9,460 37,081 7.83 307

Human 4,674 86,282 36.91 44

Email 36,692 183,831 10.02 20

DBLP 317,080 1,049,866 6.62 20

YAGO 4,295,825 11,413,472 5.31 49,676

sparse query sets QiS and non-sparse query sets QiN where i is the number of

vertices in a query graph such that i ∈ {50, 100, 150, 200} for Yeast and HPRD,

and i ∈ {10, 20, 30, 40} for the remaining datasets. Each query graph in QiS

and QiN has the average degree ≤ 3 and > 3, respectively. A query graph is

generated as follows: (1) select a vertex uniformly at random, (2) perform a

random walk on a data graph until we visit i distinct vertices, and (3) extract

a subgraph with the visited vertices and some edges between these vertices.

Size of Auxiliary Data Structure. Figure 3.14 displays the average size of

the auxiliary data structure for each algorithm. The smaller the size is, the

smaller the search space of an algorithm is. The size of the auxiliary data

structure grows as a query graph gets larger. ELPSM consistently has a smaller

number of candidates than DAF or CFL-Match, thanks to extended DAG-graph

DP. Compared to the size of CS in DAF, extended DAG-graph DP decreases

the size by more than 10% in Yeast, Email and DBLP; in fact, DAF uses only

simple DAG-graph DP, so for each u ∈ V (q), C(u) in CS of ELPSM is a subset

of that of DAF.

Query Processing Time. Figure 3.15 shows the average query processing

time of the algorithms. Due to the three main techniques described in the
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(a) Yeast (b) Email

(c) HPRD (d) DBLP

(e) Human (f) YAGO

Figure 3.14: Sizes of auxiliary data structures of the subgraph matching algo-

rithms.

previous sections, ELPSM outperforms DAF which is followed by CFL-Match. In

particular, ELPSM is more than four orders of magnitude faster than CFL-Match

in Q100N , Q150N and Q200N of Yeast, and more than three orders of magnitude

faster than DAF in Q30N of Yeast and DBLP. Different from ELPSS, ELPSM

searches a data graph for multiple embeddings, so it can output numerous

symmetric embeddings at once by using equivalence sets. However, the query

processing time of ELPSM is slightly more than that of the others in some query

sets of HPRD and Email due to the overhead of extended DAG-graph DP and

the computation of equivalence sets. For example, HPRD has a small size and

many distinct labels, so most queries of HPRD finishes within 10ms, which

means that they are easy instances for all the algorithms. Therefore lightweight
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(a) Yeast (b) Email

(c) HPRD (d) DBLP

(e) Human (f) YAGO

Figure 3.15: Query processing time of the subgraph matching algorithms on

real datasets.

simple approaches may take shorter time for these queries.

Since we find a large number of embeddings in the data graph for the sub-

graph matching problem, the search time takes far more than the preprocessing

time in all the datasets except for HPRD. On these datasets, CFL-Match and

DAF spend 99.5-99.999% and 98.9-99.999%, resepctively, of query processing

time in search. However, search accounts for 75.6-99.98% in ELPSM, which con-

sistently has a smaller percentage than the others for each dataset. As a result,

our strategy to obtain compact candidate sets and to reduce search space gives

rise to an efficient subgraph matching algorithm.
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Chapter 4

Supergraph Search

Given a query graph Q and a set D of data graphs, supergraph search is to

retrieve all the data graphs in D that are contained in Q as subgraphs. Most

supergraph search algorithms adopted the indexing-filtering-verification frame-

work in Figure 4.1. (1) From a set D of data graphs, the algorithms construct

indexes before processing queries, (2) given a query graph q, the data graphs

not contained in q as a subgraphs are filtered out by using the indexes in a

filtering phase, and (3) a subgraph isomorphism test is performed against every

remaining candidate graph in a verification phase.

Although various techniques have been exploited in the existing solutions,

even the state-of-the-art algorithms (i.e., IGQuery and DGTree) show several

limitations to efficiently handle real-world data.

First, index construction is computationally expensive in some existing

work. Frequent subgraph mining or its variants are commonly used to extract

common subgraphs shared by many data graphs in the process of building in-

dices [91, 8]; however, these data mining techniques are costly and not scalable

to deal with large data graphs. DGTree searches the data graphs for embeddings

of a feature graph corresponding to every node to build the tree-structured in-
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Figure 4.1: General framework of existing supergraph search algorithms.

dex, which takes exponential time in the worst case.

Second, filtering methods in some previous work are costly, which may de-

grade overall query processing performance. For example, in the feature-based

filtering process of IGQuery, one searches the query graph for an embedding of

every feature graph (i.e., a subgraph isomorphism test), and thus it also takes

exponential time.

Third, search methods in the existing algorithms can cause redundant com-

putations. For example, given a set D of data graphs and a query graph Q1 in

Figure 4.2, we can find a partial embedding M1 = {(w1, v1), (w2, v4), (w4, v23)}

of g1 in Q1 and M3 = {(w1, v1), (w2, v4), (w3, v23)} of g3 in Q1, where M1

and M3 overlap in Q1. However, in IGQuery, once a set of candidate graphs

is obtained by the direct inclusion and feature-based filtering, every candidate

graph is verified by a subgraph isomorphism test; thus, an embedding of every

candidate graph is independently computed although (partial) embeddings of

some candidate graphs in Q may overlap each other. The DGTree traversal may

spend redundant search space to find all partial embeddings of each answer

graph. For example, DGTree finds 7×10 partial embeddings of g1 in Q1, i.e.,

M1 = {(w1, v1), (w2, v4−10), (w3, v11−20), (w4, v23)}, each of which can extend to

an embedding, but finding one of them is enough to solve this problem.
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(a) A set D of data graphs (b) A query graph

Figure 4.2: Data graphs and a query graph.

Contributions. To address the limitations above, we introduce the following

new ideas, which lead to a faster and scalable algorithm IDAR [38] for super-

graph search.

First, we propose an efficient index construction method called DAG inte-

gration, in which we build a data DAG from each data graph and merge data

DAGs into an integrated DAG (IDAG) I. DAG integration has following advan-

tages over existing work. Unlike DGTree and some indexing methods based on

frequent subgraph mining, DAG integration takes polynomial time. Compared

to the depth-first search of IGQuery, we can compactly merge a data DAG into

I in a topological order of the DAG, guided by the similarities between vertices

in the data DAG and I.

Second, we propose an auxiliary data structure called integrated candidate

space (ICS), which will serve as a complete search space to find all embeddings of

data graphs in Q. By applying dynamic programming between IDAG and graph

during ICS construction, we can efficiently filter false answers. ICS construction

has conceptually the same effect as combining multiple CS’s, where CS is an

auxiliary data structure used in [30] to find all embeddings of one graph.

Third, we introduce a new supergraph search method active-first search

and a new adaptive matching order relevance-size order. We extend a partial
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Figure 4.3: Overview of our supergraph search algorithm.

mapping from V (I) to V (Q) in this framework to find an embedding of each

candidate graph merged to I. Intuitively, only the vertices in V (I) relevant

to the candidate graphs that share the partial mapping (i.e., active vertices)

can be the next vertices to match in active-first search. Based on relevance-

size order, among vertices that can be matched, we first select a next vertex

such that the extended partial mapping covers as many partial embeddings of

candidate graphs as possible. This search method can save redundant search

space by finding at most one embedding of every candidate graph and keeping

a large overlap among partial embeddings of candidate graphs.

Figure 4.3 illustrates the overview of our algorithm, which includes the three

techniques above, i.e., DAG integration, dynamic programming between I and

Q, and active-first search.

Table 4.1 summarizes five supergraph search algorithms. The first four al-

gorithms mine a set F of frequent subgraphs as features from a set D of data

graphs by using frequent subgraph mining. In the filtering stage, for each f ∈ F

these algorithms filter the data graphs that contain f not contained in a query
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Table 4.1: Summary of existing supergraph search algorithms (where SI repre-

sents a subgraph isomorphism test).

Algorithm Indexing Filtering Verification

CIndex [8] frequent subgraphs SI on feature SI on data graph

GPTree [98] frequent subgraphs SI on feature SI on data graph

PrefIndex [107] frequent subgraphs SI on feature SI on data graph

IGQuery [11]
frequent subgraphs direct inclusion

SI on data graph
& integrated graph & SI on feature

DGTree [51] tree tree traversal

IDAR [38] IDAGs IDAG-graph DP active-first search

graph Q. Finally, they conduct a subgraph isomorphism test to verify if each

remaining data graph is contained in Q. IGQuery performs the same process

as these algorithms, but in addition it integrates every g ∈ D to an integrated

graph IG in indexing, and finds some answers by exploiting the IG (i.e., direct

inclusion) before filtering out false answers. DGTree builds a tree of features

in indexing. It filters and verifies simultaneously by traversing the tree. IDAR

integrates every g ∈ D to multiple IDAGs. In the filtering stage, IDAR performs

dynamic programming between an IDAG and Q, which takes polynomial time

unlike the other algorithms. In the verification stage, IDAR uses a new search

method that maps IDAG vertices to query vertices, called active-first search.

Organization. The remainder of the paper is organized as follows. Section 4.1

presents a brief overview of our algorithm. Section 4.2 describes DAG integra-

tion by which we merge input data graphs. Section 4.3, 4.4 and 4.5 present

new techniques used in query processing. Section 4.6 discusses the results of

performance evaluation.
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4.1 Algorithm Overview

We first describe our index construction algorithm over a set D of data graphs

to build a set of integrated DAGs (IDAGs) in Algorithm 3, which follows the

procedures below.

Algorithm 3: BuildIndex

Input: a set D of data graphs

Output: a set D∗ of integrated DAGs

1 D′ ← ∅;

2 foreach data graph g ∈ D do

3 g′ ← BuildDAG(g); D′ ← D′ ∪ {g′};

4 Π← Partition(D′);

5 foreach for each set in Π do

6 I ← empty integrated DAG;

7 foreach data DAG g′ in the set do

8 B ← BottomUpSim(g′, I);

9 FindMerging(g′, I, B);

1. Initially, BuildDAG is called to build a rooted DAG g′ from g for every

data graph g ∈ D. In BuildDAG, we first select a root, which will be

merged into a root of IDAG. Since the root is the first vertex in IDAG to

match in the search process, we prefer the root of g′ to have an infrequent

label in D and a large degree for better pruning; thus, the root r of g′

is selected as r ← argminu∈V (g)
freq(lg(u),NLPF(u))

degg(u)
, where a neighbor label-

pair of u is a pair of labels (lg(u′), lg(u, u′)) for an adjacent vertex u′ of

u, NLPF(u) is the frequency of u’s distinct neighbor label-pairs, e.g., in

Figure 4.4a NLPF(w1) in g1 is {(B, 1) : 1, (C, 2) : 1} (where edge labels 1

and 2 represent a solid line and a dashed line, respectively), and freq(l, x)

is the frequency of a pair of vertex label l and NLPF x. In order to build
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g′, we traverse g in a BFS order from r, and direct all edges from upper

levels to lower levels. We refer to these DAGs for data graphs in D as

data DAGs.

2. Partition takes a set D′ of data DAGs as input, and outputs disjoint

sets Π of data DAGs in D′. We define the property of the root r of a

data DAG g′ as (lg′(r),NLPF(r)). In Partition, we first compute the

property p of the root for every data DAG g′ ∈ D′, and divide D′ into

sets such that data DAGs with different root properties are in different

sets. We sort all data DAGs with a same property in the ascending order

of height (a data DAG with smaller number of vertices comes first among

the data DAGs with the same height). Next, we equally divide the sorted

data DAGs (with a same property p) into γ|hgt(p)| sets where hgt(p) is

a set of distinct heights of the data DAGs with property p, and γ is a

constant (γ = 0.5).

3. For each set, we integrate every g′ in the set to I in FindMerging guided

by similarity scores between the vertices of g′ and I, which are computed

in BottomUpSim and FindMerging (Section 4.2).

Selecting which IDAG a given data DAG should be integrated to based on

the similarity scores causes a considerable overhead in our experiments, while

its benefit over the current partitioning method based on the root property and

the DAG height is minor. This implies that the root property and the DAG

height are effective measures in estimating the similarities of DAGs in low cost.

For simplicity of presentation, g will denote a data graph or a data DAG

from the next section.

The overall framework of query processing is shown in Algorithm 4, which

takes a query graph Q and a set D∗ of IDAGs, and finds an answer set AQ for

Q. For every IDAG I, we go through two steps as follows.
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Algorithm 4: SupergraphSearch

Input: query graph Q, a set D∗ of integrated DAGs

Output: answer set AQ

1 AQ ← ∅;

2 foreach I ∈ D∗ do

3 ICS ← BuildICS(I,Q);

4 f ← ∅;

5 Backtrack(I, ICS, f, AQ);

1. First, BuildICS is invoked to build an ICS by using dynamic program-

ming between an IDAG and a graph (Section 4.3). We will show that

finding an embedding of each data graph g ∈ D in Q is equivalent to

finding an embedding of g in the ICS.

2. Next, we find an embedding of each data graph g integrated to I in the

ICS by Backtrack. We use a new search technique based on active-first

search (Section 4.4) and relevance-size order (Section 4.5).

4.2 DAG Integration

In this section we describe a technique called DAG integration in which we

construct an IDAG from multiple data graphs.

Integrated DAG. Given a set of DAGs, we merge all the DAGs into an

integrated DAG (IDAG) I = (V (I), E(I), lI , DI , S(I)) that consists of a set V (I)

of integrated vertices, a set E(I) of directed edges, a labeling function lI that

assigns a label to each integrated vertex. Additionally, IDAG I has a set DI(u)

of DAGs merged to each integrated vertex u ∈ V (I), and a set DI(u, u′, x) of

DAGs merged to each edge (u, u′, x) ∈ E(I) where x is an edge label. We also

associate with each IDAG I the set S(I) of data graphs integrated to I.

Figure 4.5 shows the IDAG constructed from a set D′ of data DAGs in
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(a) A set D′ of data DAGs. (b) A query graph.

Figure 4.4: Data DAGs and a query graph.

Figure 4.5: The integrated DAG for D′.

Figure 4.4a (where we integrate the data DAGs with different root properties for

simplicity). The IDAG keeps the set of data DAGs integrated to each integrated

vertex and edge as in Figure 4.5. For instance, an edge (w1, w3) in g1 is merged

to the edge (u1, u3, 2) in the IDAG, i.e., DI(u1, u3, 2) = {g1}.

Definition 4.2.1. Given a DAG g and an IDAG I, a merging of g to I is

defined as an embedding h : V (g) → V (I) ∪ Vnew where Vnew is a set of newly

created vertices during the integration of g to I.

For example, a merging h3 of g3 in Figure 4.4a is an embedding {(w1, u1),

(w2, u2), (w3, u3), (w4, u4)} from g3 to I in Figure 4.5.

Suppose that we are given a DAG gk and an IDAG Ik−1 to which a set

D′ = {g1, g2, ..., gk−1} of DAGs are integrated. In our integration method, we

integrate gk to Ik−1 so that the merging of gk to Ik−1 becomes the embedding

of gk in Ik. A merging of an induced subgraph of gk to Ik−1 is called a partial
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merging.

Definition 4.2.2. Suppose that we are given a partial merging h and an ex-

tendable vertex w. The set of mergeable candidates of w regarding h is defined

as Ch(w) =
⋃

wp∈Parent(w) N̂
wp
w (h(wp)), where N̂

wp
w (up) represents the set of

children u of up in V (I) such that lg(w) = lI(u).

Integration Framework. Based on a DAG ordering and the definition of the

mergeable candidates, our new integration framework finds a merging of g to I

as follows.

1. Select an extendable vertex w regarding the current partial merging h.

2. Extend h by merging w to an unmapped u ∈ Ch(w) if such a vertex exists

in Ch(w); to a newly created integrated vertex u otherwise, and recurse.

Two questions arise: (1) Among all extendable vertices regarding h, which

vertex should be extended first? (2) To which unmapped mergeable candidate in

Ch(w) should we merge w? In our integration method, we select an extendable

vertex w and a mergeable candidate u at once such that the similarity score

sim(w, u) is maximum among all possible pairs of extendable vertices and their

mergeable candidates. We will compute sim(w, u) by using bottom-up similarity

and top-down similarity.

Example 4.2.1. Figure 4.6 displays the integration of DAGs in Figure 4.4a.

Assume that we just merged w1 into u1 during integration of g2 to I1 in Figure

4.6a. We select w2 between two gray extendable vertices w2 and w3, and merge

w2 into u2, because sim(w2, u2) is the largest. Note that the sub-DAG rooted

at w2 is similar to the sub-DAG rooted at u2. In Figure 4.6b, assume that we

just merged w2 into u2 during integration of g3 to I2. Since sim(w3, u3) is the

largest, we select w3 rather than w4 and merge w3 into u3. Note that the reverse

sub-DAG rooted at w3 (consisting of w3, w2, and w1) is similar to the reverse

sub-DAG rooted at u3.
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Algorithm 5: FindMerging

Input: a DAG g, an IDAG I, bottom-up similarity B

1 Update the root ur of I; h← {(wr, ur)};

2 while there is an extendable vertex in V (g) do

3

(w, u)← arg max
(w′,u′)

sim(w′, u′) for every extendable

vertex w′ and u′ ∈ Ch(w′)

4 if u is matched in h then

5 Remove u from Ch(w);

6 if Ch(w) = ∅ then

7 Create a new vertex û of I; h← h ∪ {(w, û)};

8 else

9 Update u; h← h ∪ {(w, u)};

Definition 4.2.3. For each w ∈ V (g) and u ∈ V (I), the bottom-up similarity of

w and u is defined as B(w, u) = score(w, u)+
∑

wc∈Child(w) max
uc∈Child(u)

{B(wc, uc)},

where score(w, u) is 1 if lg(w) = lI(u); 0 otherwise.

Definition 4.2.4. Suppose that we are given a partial merging h of g to I, and

an extendable vertex w ∈ V (g). The top-down similarity of w and u ∈ Ch(w) re-

garding h is defined as Th(w, u) = score(w, u) +
∑

wp∈Parent(w){Th(wp, h(wp))}.

The similarity of w and u ∈ Ch(w) is defined as sim(w, u) = B(w, u)+Th(w, u).

Intuitively, B(w, u) measures how much the sub-DAG rooted at w and the

sub-DAG rooted at u are similar, while Th(w, u) measures the similarity between

the reverse sub-DAG rooted at w and that rooted at u.

Bottom-up similarity B is computed in BottomUpSim in Algorithm 3. In

BottomUpSim, the bottom-up similarity of every w ∈ V (g) and u ∈ V (I) is

computed in a reverse topological order of DAG g, i.e., w is processed after all

its children in g are processed.
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(a) The moment w1 is just merged into

u1 during integration of g2 to I1.

(b) The moment w2 is just merged into

u2 during integration of g3 to I2.

Figure 4.6: Example of DAG integration.

Top-down similarities are computed and a DAG g is integrated into an IDAG

I at the same time in Algorithm 5. First we set a partial merging h to {(wr, ur)},

and update ur by adding g to DI(ur), where wr and ur are the roots of g and

I, respectively (line 1). While there is an extendable vertex in V (g), we select

an extendable vertex w such that sim(w, u) is the maximum among all pairs of

extendable vertices and their mergeable candidates (lines 2-3). If u is already

matched in h, u is removed from Ch(w) (line 4-5); moreover, we create a new

integrated vertex û and extend h accordingly if Ch(w) = ∅ (lines 6-7), or repeat

the same process from line 2 if Ch(w) 6= ∅. Otherwise, we update u and extend

h by adding (w, u) to h (lines 8-9). When we create or update u, g is added

to DI(u), and DI(h(wp), u, lg(wp, w)) for each wp ∈ Parent(w). We maintain a

max priority queue to get the maximum sim(w, u). Once a vertex w ∈ V (g)

becomes extendable due to an extension of h, Ch(w) and top-down similarities

between w and u ∈ Ch(w) are immediately computed.

Back to Figure 4.6a of Example 4.2.1, we select w2 between two gray ex-

tendable vertices w2 and w3 because Th(w2, u2) = Th(w3, u2) but B(w2, u2) >

B(w3, u2). In Figure 4.6b of Example 4.2.1, we select a pair (w3, u3) and merge

w3 to u3 because bottom-up similarities of candidate pairs are the same but

Th(w3, u3) > Th(w4, u3).

57



Lemma 4.2.1. Given a DAG g and an IDAG I, the time and space complexities

of DAG integration of g to I are O(|E(g)||E(I)|+|V (g)||V (I)| log(|V (g)||V (I)|))

and O(|V (g)||V (I)|), respectively.

Since DGTree keeps a feature graph (i.e., a distinct subgraph of data graphs)

at its node, DGTree construction takes exponential time for finding embeddings

of a feature graph in data graphs (as described in related work of Section ??).

In contrast, DAG integration can effectively merge data graphs into IDAGs in

polynomial time, as IGQuery merges data graphs into an IG. Nevertheless, DAG

integration differs from the graph integration of IGQuery which uses a depth-first

search. In DAG integration, vertices with high similarity are selected to merge

based on DAG ordering, which leads to a compact integration for subsequent

filtering and search steps.

4.3 Dynamic Programming between IDAG and Graph

DAF [30] constructs an auxiliary data structure called CS (Candidate Space)

consisting of candidate vertices and corresponding edges, which serves as a

complete search space to find all embeddings of one graph. To deal with multiple

data graphs at once, we propose an auxiliary data structure called the integrated

candidate space (ICS). ICS construction, which takes an IDAG I and a query

graph Q as input, has conceptually the same effect as combining multiple CS’s.

By applying dynamic programming to ICS construction, we can efficiently filter

false answers and obtain a complete search space for all embeddings of remaining

data graphs in Q.

ICS. Given an IDAG I and a query graph Q, ICS on I and Q consists of the

following.

• For each u ∈ V (I), a set C(u) of candidate vertices is a set of vertices

v ∈ V (Q) which u can be mapped to. C(u) is a subset of Cini(u), where

Cini(u) is the set of vertices v ∈ V (Q) such that lI(u) = lQ(v).
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• For each u ∈ V (I) and v ∈ C(u), a set G(u, v) of candidate graphs is a set

of data graphs g ∈ DI(u) which can be answer graphs when u is mapped

to v. G(u, v) is initially DI(u). Let Zu denote ∪∀v∈C(u)G(u, v).

• There is an edge between v ∈ C(u) and vc ∈ C(uc) if and only if

(u, uc, x) ∈ E(I) such that x = lQ(v, vc), (v, vc) ∈ E(Q), and G(u, v) ∩

G(uc, vc) 6= ∅. The edges are stored as an adjacency list Nu
uc

(v) for each

v ∈ C(u) and each edge between u and uc in I, where Nu
uc

(v) represents

the list of vertices vc adjacent to v in Q such that vc ∈ C(uc).

Figure 4.7a shows the initial ICS on I in Figure 4.5 andQ2 in Figure 4.4b (ev-

ery number i in G(u, v) represents gi in Figure 4.7). In the initial ICS, Cini(u3) =

{v4, v6} because v4 and v6 have the same label as u3, G(u3, v4) = G(u3, v6)

= {g1, g2, g3} since DI(u3) = {g1, g2, g3}, and Zu3 = G(u3, v4) ∪ G(u3, v6)

= {g1, g2, g3}. There are edges between v2 ∈ C(u1) and two candidate vertices

in C(u6), i.e., Nu1
u6

(v2) = {v5, v7}.

Definition 4.3.1. An embedding of a data graph gi in an ICS on I and Q

is defined as an injective mapping M : V (gi) → V (Q) such that (1) M(w) ∈

C(hi(w)) and gi ∈ G(hi(w),M(w)) for every w ∈ V (gi) where hi is the merging

of gi to I, and (2) there is an edge (M(w),M(w′)) with label lgi(w,w
′) in the

ICS for every (w,w′) ∈ E(gi).

Definition 4.3.2. An ICS on I and Q is sound if it satisfies the following

statement: if there is an embedding M : V (g) → V (Q) of g ∈ S(I) in Q such

that M(w) = v, then v and g must exist in C(h(w)) and G(h(w), v), respectively.

(Recall that S(I) is the set of data graphs integrated to I.)

Definition 4.3.3. An ICS on I and Q is equivalent to Q with respect to I if the

set of all embeddings of g ∈ S(I) in Q is the same as the set of all embeddings

of g ∈ S(I) in the ICS.

Then we have the following equivalence property.

59



(a) Initial ICS. (b) ICS after the 1st refinement.

(c) ICS after the 2nd refinement.

Figure 4.7: Refinements of ICS using IDAG-graph DP.

Theorem 4.3.1. If an ICS on I and Q is sound, it is equivalent to Q with

respect to I.

Once we compute a compact sound ICS, Q is no longer necessary afterward

by the equivalence property.

IDAG-Graph DP. For each IDAG I, we find weak embeddings of all data

graphs in S(I) in our new technique called dynamic programming between IDAG

and graph (for short, IDAG-graph DP). Given a sound ICS, we have the follow-

ing observation.

• If there is an embedding M of a data DAG g∗ (g∗ can be g or g−1) in

ICS such that M(w) = v for a vertex w ∈ V (g∗), there must be a weak

embedding of g∗w at v in the ICS where g∗w is the sub-DAG of g∗ rooted at
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w.

Based on this observation, we propose an ICS refinement algorithm by using

dynamic programming in order to remove unpromising candidates from C(u)

and G(u, v) if such a weak embedding does not exist. First, for each set G(u, v)

of candidate graphs, we define the refined set of candidate graphs G′(u, v) as

follows:

g ∈ G′(u, v) iff g ∈ G(u, v) and there is a weak embedding

of g∗w at v in the ICS, where u = h(w). (4.1)

Second, for each set C(u) of candidate vertices, we define the refined set of

candidate vertices C ′(u) as follows:

v ∈ C ′(u) iff v ∈ C(u) and G′(u, v) 6= ∅.

For example, if we apply this refinement to the ICS in Figure 4.7b over the

IDAG I in Figure 4.5, we obtain the refined ICS in Figure 4.7c. Note that v7 is

removed from C(u2) since there are no weak embeddings of g1,w2 , g2,w2 , g3,w2 at

v7 in the ICS of Figure 4.7b, so G(u2, v7) = ∅. On the other hand, v2 stays in

C(u1) even though there are no weak embeddings of g1,w1 and g3,w1 at v2 since

there is a weak embedding of g2,w1 at v2 in the ICS.

To compute G′(u, v), we remove the data graphs that do not satisfy Con-

dition (4.1) from G(u, v). A data DAG g∗ (with merging h) such that there

is no weak embedding of a sub-DAG g∗w at v (where u = h(w)) has at least

one outgoing edge (w,wc) which has no corresponding edge (v, vc) such that a

weak embedding of g∗wc
exists at vc. We define and compute a set F u

uc
(v) of such

graphs in a bottom-up fashion.

Definition 4.3.4. For each u ∈ V (I), v ∈ C(u), and a child uc of u, the set

F u
uc

(v) of filtered graphs is the set of g ∈ DI(u, uc, x) that has the following

property: there is no vc ∈ C ′(uc) adjacent to v with lQ(v, vc) = x such that

g ∈ G′(uc, vc).
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To compute G′(u, v), we use the following recurrence:

G′(u, v) = G(u, v)− ∪uc∈Child(u)F
u
uc

(v),

where

F u
uc

(v) = ∪(u,uc,x)∈E(I){DI(u, uc, x)− ∪vc∈Nu
uc

(v,x)G
′(uc, vc)},

and Nu
uc

(v, x) = {vc ∈ Nu
uc

(v) | lQ(v, vc) = x}. According to the recurrence

above, we compute G′(u, v) and C ′(u) for all u ∈ V (I) by dynamic programming

in a reverse topological order of I∗(i.e, I or I−1), in which u is processed after all

children of u are processed. All the sets of data graphs above are implemented

as bit-arrays (|S(I)| bits per set) so that union, intersection, and difference

operations can be efficiently done in O(|S(I)|/w) time, where w is a word size.

Lemma 4.3.1. Given an ICS on I and Q, the time complexity of ICS construc-

tion is O(|E(I)||E(Q)||S(I)|/w), and and space complexity of ICS construction

is O(|E(I)||E(Q)|+ |V (I)||V (Q)||S(I)|/w).

Building a Compact ICS. By using IDAG-Graph DP multiple times in dif-

ferent orders, we can filter as many data graphs that have no weak embeddings

as possible, and get a small search space for remaining data graphs.

First, for every u ∈ V (I), C(u) is initialized to Cini(u), and G(u, v) is ini-

tialized to DI(u) for every v ∈ Cini(u). Moreover, a set Ac
Q of filtered graphs,

i.e., a set of data graphs not contained in the query, is initialized to ∅.

Next, IDAG-Graph DP refines the ICS over the rooted IDAG I and its reverse

I−1 alternately. We perform IDAG-Graph DP using I−1 to the initial CS. We

then further refine the ICS over I. The refined candidate sets in the current

step may help further refine the candidate sets using I−1 again, and so on. Our

empirical study showed that three steps are enough for optimization, so we set

this number to 3 in our experiments. For every u ∈ V (I), we clear C(u) if Zu ⊆

Ac
Q. Otherwise, we refine C(u) and G(u, v), calculate Zu = ∪∀v∈C(u)G(u, v),

and update Ac
Q as follows: Ac

Q ← Ac
Q ∪ (DI(u)− Zu).
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After computing the final candidate sets, we materialize the edges as an

adjacency list Nu
uc

(v) for each v ∈ C(u) to obtain the complete ICS. During the

refinements, we only maintain C(u), G(u, v), and Zu. The edges in Figure 4.7

are illustrated only for presentation.

After ICS construction, we do not need to consider a vertex u ∈ V (I) that

has no candidate (i.e., C(u) = ∅). Let V ′ be a set of integrated vertices with

nonempty C(u), then we assume that an IDAG is I[V ′] from the next section.

4.4 Active-First Search

From this subsection we present our new matching algorithm to find embeddings

of candidate graphs (i.e, the remaining data graphs in S(I) after the filtering

of ICS) in the ICS. Compared to the backtracking frameworks with a single

given graph in existing subgraph matching algorithms [31, 4, 30], our technique

is specifically designed to search for a common partial embedding shared by

candidate graphs via a mapping from V (I) to V (Q) with as small search space

as possible by taking advantage of the overlap between the candidate graphs in

I.

In our search method, only active vertices in V (I) are allowed to be matched

in a current partial mapping f : V (I)→ V (Q). Figure 4.8 shows an illustration

of an IDAG to which g1, g2 and g3 are integrated. Suppose we just matched u1

and u2 in current partial mapping f . Since f covers all data graphs, all children

of u1 or u2 (i.e., u3, u5 and u7) are active. However, if we extend f to f ′ by

matching u3, f
′ covers only g1 and g2. Thus, u4 and u5 are active, but u7 is no

longer active regarding f ′.

Example 4.4.1. Figure 4.9 shows an IDAG I to which DAGs for data graphs

in D of Figure 4.2a are integrated, and Figure 4.10 illustrates the ICS on I and

Q1 of Figure 4.2b. There are embeddings of g1 and g3 in the ICS, e.g., {(w1, v1),

(w2, v4), (w3, v11), (w4, v23), (w5, v26)} for g1, and {(w1, v1), (w2, v4), (w3, v23)}
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Figure 4.8: An illustrating example of an IDAG.

for g3; however, there is no embedding of g2.

We define a partial mapping f : V (I) → V (Q) and a set of data graphs

covered by f as follows.

Definition 4.4.1. A (partial) feasible mapping of an IDAG I in the ICS is

defined as a mapping f : V (I) → V (Q) such that there exists at least one

data graph gi ∈ S(I) that has its merging hi : V (gi) → V (I) where f ◦ hi :

V (gi) → V (Q) is a (partial) embedding of gi in ICS, and for every (u, v) ∈ f ,

a vertex of gi is merged to u, i.e., h−1i (u) exists. Such data graphs are a set of

(partial) feasible graphs regarding f , denoted as FG∗f (PFG∗f ). Let PFGf denote

PFG∗f −AQ.

Example 4.4.2. Figure 4.11 is a search tree for IDAG I in Figure 4.9 and

query graph Q1 in Figure 4.2b. A node in the search tree corresponds to a

partial feasible mapping, e.g., the root of the search tree corresponds to partial

feasible mapping f1 = {(u1, v1)}, its left child labeled with (u2, v4) corresponds

to f11 = {(u1, v1), (u2, v4)}, and so on. Therefore we use f to represent a node

as well as a partial feasible mapping. Each node shows the latest mapping (u, v)

of f and PFGf = {g1, ..., gk} (when AQ1 = ∅). In the search tree of Figure 4.11,

PFGf1 = {g1, g2, g3} for node f1 = {(u1, v1)}. Furthermore, PFGf11 = {g1, g3}

for node f11 = {(u1, v1), (u2, v4)} since g2 is not merged to u2, and PFGf21 =

{g1} for f21 = {(u1, v1), (u2, v4), (u3, v11)} since g3 is not merged to u3.

Definition 4.4.2. Let G denote a set of data graphs. An integrated vertex u is
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Figure 4.9: The IDAG built from D of Figure 4.2 .

irrelevant to G if G and Zu have no common graph (i.e., G∩Zu = ∅); relevant

to G otherwise.

Definition 4.4.3. Suppose that we are given a partial feasible mapping f and

a set PFGf of partial feasible graphs. An unvisited (i.e., unmapped) vertex u ∈

V (I) is called active regarding f if u is relevant to PFGf and all the u’s parents

relevant to PFGf are matched in f .

Now we describe our search method. Given a partial feasible mapping f

with PFGf , let u1, ..., un be the integrated vertices extended from f in the

search tree. Assume that we have explored the subtrees rooted at f ∪ {(uk, v)}

(where 1 ≤ k ≤ n) for every v that uk can be matched to. An active-first search

always selects an active vertex relevant to Uf,k as the next vertex to map, where

Uf,0 = PFGf and Uf,k = PFGf − ∪ki=1Zuk
for k ≥ 1.

We consider Uf,k, a subset of graphs in PFGf that have been untried as

partial feasible graphs in the extensions of f , in order not to find duplicate

embeddings of g ∈ PFGf . In Example 4.4.2, when we first visited f1, Uf1,0 =

PFGf1 = {g1, g2, g3}, thus u2 and u3 can be matched. Now, suppose that we

just came back to node f1 after the exploration of the subtrees rooted at f11

and f12. During the exploration, we have tried all possible extensions to map u2

with partial feasible graphs g1 and g3. Then Uf1,1 = PFGf1 − {g1, g3} = {g2},

so only u3 can be matched.

We define a failure that a partial feasible graph regarding f becomes no
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Figure 4.10: ICS on I in Figure 4.9 and Q1 in Figure 4.2 .

longer partially feasible regarding f ′ = f∪{(u, v)}. A candidate graph gi belongs

to a set empf (u, v) of empty-set graphs if w = h−1i (u) cannot be matched to v

regarding M ′ = f ′ ◦ hi.

Definition 4.4.4. Suppose that we are given a partial feasible mapping f and

an active vertex u. Given a candidate vertex v ∈ C(u), the set of matchable

graphs of u and v regarding f is defined as Gf (u, v) = G(u, v) − empf (u, v).

The set of matchable candidates of u regarding f is defined as Cf (u) = {v ∈

∪up∈Parentf (u)N
up
u (f(up)) | Gf (u, v) 6= ∅} where Parentf (u) is u’s parents rele-

vant to PFGf .

Example 4.4.3. Given a partial feasible mapping f = {(u1, v1), (u2, v4), (u3, v11)}

in Figure 4.10, u4 is the only active vertex. Since Nu1
u4

(v1)∪Nu2
u4

(v4)∪Nu3
u4

(v11) =

{v23} and Gf (u4, v23) = {g1, g2, g3}, v23 is the only matchable candidate of u4.

Lemma 4.4.1. Suppose that we are given a partial feasible mapping f and an

active vertex uk+1 relevant to Uf,k. For every candidate v ∈ Cf (uk+1), f
′ =

f ∪ {(uk+1, v)} is a partial feasible mapping with PFGf ′ = Uf,k ∩Gf (u, v).

In Examples 4.4.2 and 4.4.3, suppose that we just extended to f = {(u1, v1),

(u2, v4), (u3, v11)} with Uf,0 = PFGf = {g1}. Then f ′ = f ∪ {(u4, v23)} is

a partial feasible mapping with PFGf ′ = Uf,0 ∩ Gf (u4, v23) = {g1}, but we

cannot extend f to u5 which is not relevant to Uf,0, i.e., Uf,0 ∩ Zu5 = ∅.

66



Figure 4.11: Search tree of backtracking for new running example of I in Figure

4.9 and Q1 in Figure 4.2. Each node shows the latest mapping (u, v) of f and

PFGf = {g1, ..., gk} when AQ1 = ∅.

Backtracking Framework. Based on Lemma 4.4.1, our backtracking frame-

work finds an embedding of each data graph in the ICS as follows.

1. Select an active vertex u relevant to Uf,k regarding the current partial

feasible mapping f .

2. Extend f to f ′ by mapping u to each unvisited v ∈ Cf (u) if Cf (u) 6= ∅; a

dummy vertex v∗ otherwise (a vertex u with Cf (u) = ∅ should be matched

to v∗ to make its children active).

3. Compute PFGf ′ regarding the extended partial feasible mapping f ′.

4. Extend Mi : V (gi)→ V (Q) by mapping h−1i (u) to v for each gi ∈ PFGf ′

(if all vertices in V (gi) are matched, insert gi to AQ and remove gi from

PFGs), and recurse.

Figure 4.11 shows the search tree of the backtracking framework above.

Suppose that we just came back to node f21 = {(u1, v1), (u2, v4), (u3, v11)} with

PFGf21 = {g1} after the exploration of the subtree rooted at f21. During the

exploration, we have narrowed down search space to extend partial feasible

mappings regarding only PFGf21 , and tried all possible extensions to map u3,
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i.e., the first integrated vertex extended from f11, to every v ∈ Cf21(u3). After

the exploration, we have Uf11,1 = PFGf11−Zu3 = {g3}. Then we next match the

active vertex u4 relevant to Uf11,1. We have f22 = {(u1, v1), (u2, v4), (u4, v23)}

and PFGf22 = {g3}, and focus on finding an embedding of g3. Similarly, suppose

that we just came back to node f1 after we have explored the subtrees with

active vertex u2 to search for PFGf11 = {g1, g3}. Now we have Uf1,1 = PFGf1−

Zu2 = {g2}. Next, we choose u3 as the next vertex to match.

Computing Empty-set Graphs. We describe how to compute empty-set

graphs. Suppose that we try to extend f to f ′ = f ∪{(u, v)} by matching active

vertex u to its matchable candidate v. The set empf (u, v) of empty-set graphs is

the set of gi ∈ DI(u) (where u = hi(w)) such that for wp ∈ Parent(w), there is

at least one edge (wp, w) that does not correspond to edge (M(wp), v) ∈ E(Q),

where M = f ◦ hi. Now we compute empf (u, v) as follows.

empf (u, v) = ∪up∈Parentf (u){∪(up,u,x)∈E(I)DI,f (up, u, v, x)},

where DI,f (up, u, v, x) is ∅ if v ∈ Nup
u (f(up), x); DI(up, u, x) otherwise. Recall

that N
up
u (vp, x) = {v ∈ Nup

u (vp) | lQ(vp, v) = x}.

Consider the running example in Figure 4.10 in the backtracking framework

above. Note that all graphs have single edge labels (i.e., 1). Suppose that we just

visit a partial feasible mapping f = {(u1, v3), (u2, v22)} with Uf,0 = PFGf =

{g3}. Since u4 is active regarding f , we compute empf (u4, v24) to obtain the set

Gf (u4, v24) of matchable graphs. The parents of u4 relevant to PFGf (i.e., u1

and u2) are matched to query vertices, and v24 ∈ Nu1
u4

(f(u1)). However, v24 /∈

Nu2
u4

(f(u2)), so for every (u2, u4, x) ∈ E(I), all graphs in DI(u2, u4, x) have no

partial embeddings if we extend f to f ′ = f∪{(u4, v24)}. Thus, empf (u4, v24) =

DI,f (u1, u4, v24, 1) ∪ DI,f (u2, u4, v24, 1) = ∅ ∪ DI(u2, u4, 1) = {g1, g3}. Finally,

we can compute Gf (u4, v24) = G(u4, v24)− empf (u4, v24) = ∅. Hence, v24 is not

a matchable candidate of u4, so we do not extend f to f ′.
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4.5 Relevance-Size Order

When we extend a partial feasible mapping f , there may be more than one

vertex that can be matched. Which vertex should be extended first among

them? To answer this question, we describe an adaptive matching order suitable

for the backtracking framework based on active-first search.

Given a partial feasible mapping f , we prefer f ′ = f ∪{(u, v)} to have large

|PFGf ′ | so that f ′ is shared by as many partial feasible graphs as possible in

order to reduce the search space. In Figure 4.8, suppose that we matched u1

and u2 in a partial feasible mapping f , and u3, u5, u7 are active. We prefer u3

or u5 to u7 as the next vertex to match since u3, u5 are shared by more partial

feasible graphs than u7 regarding f . However, since a matchable candidate v

is undecided when we try to choose the next vertex u, we consider an upper

bound of |PFGf ′ | instead of |PFGf ′ | for every vertex that can be matched as

follows.

PFGf ′ = Uf,k ∩Gf (u, v) ⊆ Uf,k ∩ Zu

where k is the number of integrated vertices that have been extended from f .

We call the size of the upper bound Uf,k∩Zu the relevance rf (u) of u regarding

f .

Relevance-Size order. We make use of the estimation above to choose the

next vertex in our matching order.

1. Select an active vertex u relevant to Uf,k such that rf (u) is the maximum.

2. If there is more than one vertex with the maximum rf (u), select u with

the minimum |Cf (u)| among them.

Since we primarily consider the number of common graphs of Uf,k and Zu,

this matching order is called the relevance-size order, where rf (u) and Cf (u)

are computed regarding the partial feasible mapping f . Thus, the next vertex
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selected may be different for different partial feasible mappings; that is, the

relevance-size order is an adaptive matching order.

We also adopt the leaf decomposition strategy of [4] where vertices in I are

decomposed into the set of degree-one vertices and the set V ′ of the remaining

vertices so that we first match I[V ′], and then try the degree-one vertices.

Search Process. Algorithm 6 shows the backtracking process in which we find

an embedding of every gi ∈ S(I) in Q in the ICS by extending a partial feasible

mapping f . For simplicity, Uf,k is represented as Uf for every 0 ≤ k ≤ n, where

n is the number of extended integrated vertices from f . If |f | = 0, we map

the root r ∈ V (I) to one of its candidates v ∈ C(r) and recursively invoke

Backtrack (lines 1-6). If |f | ≥ 1, we backtrack if there is no active vertex

relevant to Uf (line 7); otherwise, we let Uf initially be PFGf and repeat

the following. While there is a graph in Uf (line 10), u is selected based on

the relevance-size order (line 11), f is updated to f ′, and PFGf ′ (and Uf )

is computed according to the following cases before (and after) Backtrack

is invoked (lines 12-24). Specifically, if there is no matchable candidate of u,

we extend f to f ′ = f ∪ {(u, v∗)}, let PFGf ′ be Uf − Zu, and update Uf to

Uf − PFGf ′ (lines 13-15). Otherwise, for each unvisited v ∈ Cf (u), we extend

f to f ′ = f ∪ {(u, v)}, set PFGf ′ to Uf ∩Gf (u, v), extend a partial embedding

of each g ∈ PFGf ′ in Q. If an embedding of g is found, we remove g from PFGs

and insert g to the answer set AQ. If all graphs in Zu are already in AQ, we

break (lines 17-23). We remove Zu from Uf after mapping u to all matchable

candidates of u (line 24). The relevance and matchable candidates of a vertex

is computed immediately when it becomes active due to an extension of f .
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Algorithm 6: Backtrack(I, ICS, f, AQ)

1 if |f | = 0 then

2 foreach v ∈ C(r) do

3 f ← {(r, v)}; PFGf ← G(r, v);

4 Mark v as visited;

5 Backtrack(I, ICS, f, AQ);

6 Mark v as unvisited;

7 else if there is no active vertex relevant to Uf then return;

8 else

9 Uf ← PFGf ;

10 while Uf 6= ∅ do

11 u← next vertex based on relevance-size order;

12 if Cf (u) = ∅ then

13 f ′ ← f ∪ {(u, v∗)}; PFGf ′ ← Uf − Zu;

14 Backtrack(I, ICS, f ′, AQ);

15 Uf ← Uf − PFGf ′ ;

16 else

17 foreach unvisited v ∈ Cf (u) do

18 f ′ ← f ∪ {(u, v)}; PFGf ′ ← Uf ∩Gf (u, v);

19 Mark v as visited;

20 Extend partial embedding of g ∈ PFGf ′ in Q, and if an

embedding of g is found, insert g to AQ;

21 Backtrack(I, ICS, f ′, AQ);

22 Mark v as unvisited;

23 if Zu ⊆ AQ then break;

24 Uf ← Uf − Zu;
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4.6 Performance Evaluation

In this section, we present experimental results to show the effectiveness of our

algorithm, referred to as IDAR. Since two state-of-the-art supergraph search

algorithms IGQuery [11] and DGTree [51] significantly outperformed other exist-

ing algorithms for graphs with small size and large size, respectively, we mainly

compare our approach against these two algorithms. These methods are evalu-

ated in several aspects: (1) the effect of the number of vertices in data graphs,

(2) the effect of the number of vertices in a query graph, (3) the effect of the

number of data graphs, and (4) the effect of the number of answer graphs.

Experiments are conducted on a Windows machine with an Intel i5-7500

3.40GHz CPU and 16GB memory. The executable file of IGQuery was obtained

from the authors in [11]. We couldn’t get the code of DGTree from its authors.

Nevertheless, we have communicated with the authors to get implementation

details, and implemented the algorithm in [51]. Its performance is as good as

(actually slightly better than) the one in [51] when compared against IGQuery.

Table 4.2: Experiment settings (k = thousand).

Parameter Range Default

|V (g)| (rand) 1-20, 21-40, 41-60, 61-80, 81-100 1-100

|V (g)| (freq) 1-10, 11-20, 21-30, 31-40 1-40

|V (Q)| 101-120, 121-140, 141-160, 101-

161-180, 181-200, 201-

|D| 10k, 20k, 40k, 60k, 80k, 100k 10k

Datasets. Experiments were performed on real datasets: AIDS, NCI, and Pub-

Chem. AIDS contains 42,687 compounds with 1 ≤ |V | ≤ 438 in the AIDS an-

tiviral screen dataset[76]. NCI consists of 265,242 graphs with 1 ≤ |V | ≤ 342

obtained from the National Cancer Institute database[77]. From PubChem, the
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open chemistry database at the NIH[78], 499,963 chemical compound structures

with 1 ≤ |V | ≤ 801 are downloaded.

Query and Data Graphs. Since IGQuery and DGTree are the state-of-the-

art algorithms to compare, we prepare the query and data graphs in a way

similar to [11] and [51] for fair comparison. For each dataset, we use the graphs

with |V | > 100 as the basic query set. To evaluate the performance of query

processing, we randomly select 100 query graphs from the basic query set, and

take the average processing time. We extract data graphs from the basic query

set in two different manners as in Table 4.2: (1) random walk on a randomly

selected graph, from which we obtain a subgraph containing all the visited

vertices and some edges between these vertices (denoted by “random”), and

(2) frequent subgraph mining (denoted by “frequent”) at minimum support

threshold 0.1 [11]. One experiment consists of a set D of data graphs and 100

query graphs. Default values for the number V (g) of vertices in a data graph,

the number V (Q) of vertices in a query graph, and the number |D| of data

graphs are shown in Table 4.2. If not specified, the parameters are set to their

default values.

Time Complexity. Given a query graph Q and a set D of data graphs, the

time complexity of each algorithm is shown in Table 4.3. While DGTree takes

exponential time in the worst case for indexing, the others take polynomial

time. All the algorithms take exponential time in the worst case for query

processing, resulting from the nature of a NP-hard problem. Since they are

designed to reduce query processing time experimentally, they cannot be com-

pared by the worst case time complexities, but they should be compared by

experiments. IGQuery and IDAR may reduce query processing time in prac-

tice by using polynomial-time heuristic techniques called direct inclusion and

IDAG-graph DP, respectively, before exponential-time subsequent steps.

Number of Vertices in Data Graphs. First, we vary the number of vertices

in data graphs. Specifically, we consider the sets of random data graphs with
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Table 4.3: Time complexities of algorithms (exp = exponential, w = word size,

S(I) = graphs integrated to I).

Indexing Query processing

IGQuery Σg∈D|E(g)|2 |E(Q)|2 (direct inclusion)

+ exp (filtering)

+ exp (verification)

DGTree exp exp

IDAR Σg∈D{|E(g)||E(I)|+ Σ∀I |E(I)||E(Q)||S(I)|/w

|V (g)||V (I)| log(|V (g)||V (I)|)} (IDAG-graph DP)

+ exp (search)

1-20, 21-40, 41-60, 61-80, 81-100 vertices, and frequent data graphs with 1-10,

11-20, 21-30, 31-40 vertices.

Figure 4.12 presents the time for index construction. IDAR and IGQuery are

comparable, whereas DGTree has the worst index construction time, e.g., IDAR

is faster than DGTree by at least one order of magnitude. The performance gap

between DGTree and IDAR increases as the number of vertices in data graphs

grows, because DAG integration in IDAR takes polynomial time unlike DGTree

construction that may take exponential time (to find embeddings of feature

graphs in the data graphs). If we assume that |E(g)| is significantly larger than

|V (g)| for g ∈ D, the time complexities of IDAR and IGQuery in Table 4.3 are

quadratic functions in the number of edges. Indeed, IDAR and IGQuery take

similar time in indexing as shown in Figure 4.12.

In query processing performance, IDAR always outperforms the competitors

as shown in Figure 4.13.

• On the one hand, IDAR is faster than IGQuery by up to two orders of

magnitude (81-100 in the random data graphs of AIDS, NCI, and Pub-
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(a) AIDS (random) (b) AIDS (frequent)

(c) NCI (random) (d) NCI (frequent)

(e) PubChem (random) (f) PubChem (frequent)

Figure 4.12: Indexing time for varying number of vertices in data graphs.
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(a) AIDS (random) (b) AIDS (frequent)

(c) NCI (random) (d) NCI (frequent)

(e) PubChem (random) (f) PubChem (frequent)

Figure 4.13: Query processing time for varying number of vertices in data

graphs.
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Chem); furthermore, the query processing time of IDAR generally remains

steady, while that of IGQuery exponentially grows. We attribute this phe-

nomenon to the different heuristics implemented by the algorithms, i.e.,

IGQuery suffers from heavy cost of subgraph isomorphism tests in the fil-

tering and verification phases as data graph sizes increase, which takes

exponential time in the worst case. However, the effective filtering (IDAG-

graph DP) and efficient search strategy of IDAR result in good scalability

with respect to the number of vertices in data graphs.

• On the other hand, IDAR outperforms DGTree by up to one order of

magnitude for large-sized frequent data graphs. The reason for this is

that IDAR searches for only one embedding of each answer graph, whereas

DGTree finds all (partial) embeddings of the answer graphs, which can be

costly for the data graphs that have a lot of embeddings in a query graph.

Number of Vertices in a Query Graph. Next, we vary the number of

vertices in a query graph as shown in Figure 4.14: 101-120, 121-140, 141-160,

161-180, 181-200, 201- for NCI and PubChem; and 101-120, 121-140, 141-160,

161- for AIDS (query graphs with |V | > 160 are not enough to be divided into

separate groups in AIDS, so we regard 161- as a single group). IDAR remains

steadier and runs consistently faster than the others by taking advantage of

the filtering power of IDAG-graph DP and the efficient search strategy. For

the random data graphs, IDAR outperforms IGQuery by up to three orders

of magnitude: 121-140, 141-160 in AIDS; 181-200, 201- in NCI; and 201- in

PubChem. For the frequent data graphs, IDAR is faster than DGTree by at

least one order of magnitude.

Between two existing algorithms, DGTree is generally faster in the ran-

dom data graphs, but IGQuery shows better performances in the frequent data

graphs. This phenomenon may stem from the fact that DGTree and IGQuery

are designed to run efficiently for queries with the small and large number of
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(a) AIDS (random) (b) AIDS (frequent)

(c) NCI (random) (d) NCI (frequent)

(e) PubChem (random) (f) PubChem (frequent)

Figure 4.14: Query processing time for varying number of vertices in a query

graph.

answers, respectively (see Number of Answer Graphs). In fact, some queries

for the frequent data graphs has far more answers than most queries for the

random data graphs since the frequent data graphs are generally smaller and

have fewer labels as shown in Table 4.4. The large gap in performances of IG-

Query between the random and frequent data graphs may be due to the big

difference of their IG sizes in Table 4.4.

Among the frequent data graphs, the gap between IGQuery and IDAR in Pub-

Chem is less than those in AIDS and NCI. These gap differences may originate
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Table 4.4: Characteristics of data graphs and size of IG (index of IGQuery) in

the experiment of Figure 3.11.

Data graph Avg |E(g)| Var |E(g)| |Σ| |E(IG)|

AIDS (rand) 52.13 906.82 35 18,690

NCI (rand) 52.25 891.24 46 23,777

PubChem (rand) 52.11 875.61 19 15,406

AIDS (freq) 31.43 14.77 6 238

NCI (freq) 22.86 10.52 6 441

PubChem (freq) 29.88 7.70 6 182

from IGQuery because the average query processing time of IGQuery varies a lot

for different datasets (8-284980 msec) whereas that of IDAR is relatively stable

(3-134 msec) in Figure 4.14. According to Table 4.4, IGQuery may benefit from

the characteristics of PubChem: the frequent data graphs in PubChem have

small sizes (i.e., Avg |E(g)|) and the least variance of sizes (i.e., Var |E(g)|),

which leads to IG with the smallest size (i.e., |E(IG)|). Indeed, the smaller the

size of IG is, the faster is IGQuery in query processing generally in Figure 4.14.

Number of Data Graphs. To test the effect of the number of data graphs on

indexing and query processing, we use the sets of 10000, 20000, 40000, 60000,

80000, and 100000 data graphs.

The indexing time for each algorithm is presented in Figure 4.15. The index-

ing performance of IDAR is on par with that of IGQuery in most cases; however,

DGTree cannot manage to construct the index for more than 10000 random

data graphs, and more than 20000 frequent data graphs because of its high

memory usage to store all (or some) embeddings of feature graphs in each data

graph.

Figure 4.16 shows the average query processing time. Since IGQuery cannot

solve some queries in a reasonable time, we set a time limit of 24 hours for a
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(a) AIDS (random) (b) AIDS (frequent)

(c) NCI (random) (d) NCI (frequent)

(e) PubChem (random) (f) PubChem (frequent)

Figure 4.15: Indexing time for varying number of data graphs.
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(a) AIDS (random) (b) AIDS (frequent)

(c) NCI (random) (d) NCI (frequent)

(e) PubChem (random) (f) PubChem (frequent)

Figure 4.16: Query processing time for varying number of data graphs.
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(a) AIDS (frequent) (b) NCI (frequent)

(c) PubChem (frequent)

Figure 4.17: Query processing time for varying number of answers.

query graph, and record the processing time of the query that does not finish

within the time limit as 24 hours for comparison. IDAR outperforms IGQuery

by up to three orders of magnitude in random graphs. For the frequent data

graphs, IDAR outperforms DGTree by up to one order of magnitude. Moreover,

IDAR is faster than IGQuery in all cases.

Number of Answer Graphs. We measure the query processing time for

different numbers of answer graphs: 0-9, 10-99, 100-999, 1000-10000 for frequent

data graphs in NCI and PubChem; and 0, 0-10000, 10000 for frequent data

graphs in AIDS (we set three ranges because the number of answers is not

evenly distributed). Since the number of answers for the random data graphs is

less diverse, the query processing time remains relatively constant, so we mainly

consider the frequent data graphs.

Figure 4.17 shows the results. Between IGQuery and DGTree, a better per-

former changes as the number of answers grows. For the small number of an-
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(a) AIDS (random) (b) AIDS (frequent)

Figure 4.18: Index size for varying number of data graphs.

swers, DGTree outperforms IGQuery because DGTree can efficiently filter many

false answers by utilizing diverse small features. For the large number of an-

swers, IGQuery performs better because it outputs many answers by using direct

inclusion, which can save the cost of subsequent filtering and verification.

IDAR consistently outperforms the others except for 0 in AIDS and 0-9

in PubChem where most query graphs have no answers. These queries are

easy instances answered within average 10 msec for IDAR and DGTree (DGTree

performs well especially for a query graph with no answers).

Index Size. Figure 4.18 demonstrates the size of each index for varying the

number of data graphs in AIDS (the results for the other datasets are similar).

In general IDAR is a better performer than others. The gap between IDAR and

IGQuery grows as the number of data graphs increases, which means that IDAR is

more effective in integrating numerous data graphs thanks to DAG integration.

Especially in frequent data graphs, IDAR benefits from a small number of root

properties in data DAGs and a large commonality among data graphs, which

leads to fewer IDAGs than those for random data graphs.
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Chapter 5

Conclusion

5.1 Summary

We have discussed the efficient algorithms for graph query processing.

In Chapter 2, we present the definitions of three fundamental graph query

processing problems, i.e., subgraph search, subgraph matching and supergraph

search. We also survey previous work for these problems.

In Chapter 3, we studied a new subgraph search algorithm ELPSS that

combines three techniques, which are extended DAG-graph DP using neighbor-

safety, matching degree-one query vertices adaptively, and pruning repetitive

search space by using equivalence sets. Furthermore, the three techniques lead

to an improved algorithm for subgraph matching. Experiments show that our

approach outperforms state-of-the-art subgraph search and subgraph matching

algorithms by up to several orders of magnitude with respect to query processing

time.

In Chapter 4, we propose a new supergraph search algorithm IDAR us-

ing DAG integration. In existing algorithms, index construction of filtering

approaches are computationally expensive, and search methods can cause re-
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dundant computations. We introduce four new concepts to address these limita-

tions: (1) DAG integration, (2) dynamic programming between integrated DAG

and graph, (3) active-first search, and (4) relevance-size order, which together

lead to a much faster ans scalable algorithm for supergraph search. Extensive

experiments on real datasets show that our approach outperforms the state-of-

the-art algorithms by up to several orders of magnitude in terms of indexing

time and query processing time.

5.2 Future Directions

Since subgraph matching, subgraph search and supergraph search are funda-

mental problems of graph query processing, our approaches can be extended

to other applications, environments, or related problems. We suggest several

future directions where the concepts or methods of this thesis may be utilized.

Practical Applications. Since our approaches are designed to improve aver-

age performance of many query graphs on diverse real-world data graphs, they

are not targeted at specific real datasets; that is, our algorithms are very effi-

cient in reducing the running time for difficult input graphs that degrade the

overall performance. However, in practical use we may be guaranteed to take

only graphs that follow specific characteristics as input.

On one hand, we can improve the performance of our algorithms on specific

datasets by capturing their complex nature, such as betweenness centrality,

clustering coefficients, neighbor label distribution of each label, and degree (or

label) distribution. For example, given a label of a vertex, some labels are

not allowed to be adjacent to the label in protein-protein interaction (PPI)

networks. Most social networks and PPI networks are reported to be scale-free,

i.e., degree distribution follows a power law, whereas the degree distribution

of Delaunay triangulation networks follows the Gaussian distribution in most

cases [57] (Delaunay triangulation for a given set P of discrete points in a

plane is a triangulation such that no point in P is inside the circumcircle of
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any triangle in the triangulation). While a PPI network exhibit small-world

property, meaning that the mean shortest path distance between two vertices is

small relative to the total number of vertices in the network [61], “six-degrees-

of-separation” networks do not have this property [88]. For the subgraph search

or subgraph matching problems in scale-free networks, one can match a query

vertex to a hub (i.e., a vertex with a number of links that greatly exceeds

the average) first if hubs exist among candidate vertices of the query vertex.

Moreover, one can obtain a matching order that uses the label constraints or

the label distributions above. In RDF query processing a global matching order

may perform better than an adaptive matching order, because unlike other

typical real-world datasets RDF graphs are well-structured, and thus generating

a matching order for each region is ineffective [39].

On the other hand, we can modify our algorithms to efficiently process spe-

cific query graphs. First, triangle counting is a famous social network analysis

application to detect communities or measure the cohesiveness of those com-

munities, and it is also exploited to compute clustering coefficients. Therefore

numerous algorithms have been suggested to find the occurrences of a triangle

query in a data graph. Second, RDF represents data as a set of triple (subject,

predicate, object), and multiple triples that have different predicates (or ob-

jects) may have a same subject in common; thus star queries are very common

in RDF query processing where a star query is a query graph with a central

vertex and its neighbors [110]. In addition, chain queries are also common be-

cause the subject of a triple pattern can be joined to the object of another triple

pattern so their triple patterns are connected one by one like a chain [49].

Scalability. Processing graph queries in web-scale conditions like social net-

works (e.g., Twitter [43]) or recommendation systems has been an essential

problem for many graph query processing algorithms [75, 53]. An increasing

number of studies addressed the problems of graph query processing in a large-

scale data by taking advantage of a parallel or distributed environment. Parallel
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subgraph matching using Graphics Processing Units (GPUs) was suggested in

[82, 28]. Since many real-world large-scale graphs are unlabeled, recent studies

have focused on solving the subgraph enumeration problem (subgraph matching

in unlabeled graphs) where given an unlabeled query graph q and an unlabeled

data graph G subgraph enumeration is to find all subgraphs in G that are

isomorphic to q. Some researchers proposed an efficient parallel algorithm for

subgraph enumeration in a single machine [73]. Further, a number of studies

tackled this problem in a distributed environment [66, 46, 34, 16, 1, 45, 44, 71].

Extending our techniques to parallel or distributed platforms would be an in-

teresting future work.

Dynamic Graphs. Another challenge lies in managing dynamic graphs where

vertices or edges in the graphs are inserted or deleted.

Processing queries on dynamic graphs has been extensively studied. Re-

searchers proposed efficient algorithms for continuous subgraph matching where

a query graph q, a data graph G, and a set of edges to be inserted into or deleted

from G are given [40, 20, 12]. One can leverage our techniques for subgraph

query processing and subgraph matching to deal with dynamic graphs.

In our supergraph search algorithm, DAG integration can be extended for

dynamic graph databases as follows. To insert a data graph g, we build a DAG

from g, select an IDAG to which the DAG will be integrated (based on the

partitioning rule), and integrate the DAG into the IDAG. To delete g from

IDAG I to which g is integrated, we remove g from the root of I, remove g from

the outgoing edges of the root, and repeat for the children of the root.

Graph Matching and Graph Pattern Matching. Given two graphs G and

H (with the same number of vertices), graph matching is to find a one-to-one

mapping f from V (G) to V (H) such that (u, v) ∈ E(G) iff (f(u), f(v)) ∈ E(H).

Subgraph isomorphism (i.e., “Given two graphs q and G, does G contain a sub-

graph isomorphic to q?”) is a one of the most famous graph matching prob-

lems. However, there are a number of interesting results on exact and inexact
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graph matching problems: graph isomorphism [56, 55, 14] and graph similarity

[24, 9, 103, 27, 105, 104, 97].

Given a pattern graph q and a data graph G, graph pattern matching is to

find all matches of q in G. There are two different well-known problems in graph

pattern matching, depending on how we define a match of q in G: subgraph

matching and graph simulation [52, 18, 21]. Meanwhile, some recent studies

have focused on the problem of top-k diversified subgraph matching [94, 19],

which asks for a set of up to k subgraphs in a data graph G isomorphic to a

query graph q such that the subgraphs cover the largest number of vertices in

G.

Since we have already addressed the subgraph matching problem in the

thesis, one may apply our work to the problems above.

Graph Neural Networks. Several NP-hard problems on graphs such as graph

matching (i.e., quadratic assignment problem) and the traveling salesman prob-

lem (TSP) are well-known combinatorial optimization problems, where the goal

is to find the optimum of an objective function whose domain is a discrete space.

In order to heuristically find near-optimal solutions, existing work rely on (1)

traditional techniques (such as branch-and-bound and tabu search) or (2) deep

learning methods like graph neural networks (GNNs) [3, 22].

Since the first model of GNN appeared [68], numerous GNN variants [41,

29, 84, 90, 59, 6, 95] recently have achieved state-of-the-art performance in

common tasks (e.g., node classification and graph classification) to assess their

performance. However, there are two challenges to apply GNNs into practi-

cal use. First, the design of many GNNs is based on empirical intuition and

experimental trial-and-error, so they have theoretically limited representation

power [10, 54, 60, 90, 36]. Second, scaling up GNNs is essential to deal with

large graphs but difficult due to the computational overhead of the core steps

in GNNs [106, 89].

A natural question arises. How could we develop GNN models that is highly
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expressive while maintaining scalability as much as possible? In order to answer

the question, one may study a theoretical framework for enhancing or analyzing

the representation power of GNNs by finding the close connection between

GNNs and the novel concepts of our approaches.
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gio. Graph attention networks. In Proceedings of the International Con-

ference on Learning Representations, 2018.

[85] J. Wang, N. Ntarmos, and P. Triantafillou. Graphcache: a caching sys-

tem for graph queries. In Proceedings of the International Conference on

Extending Database Technology, pages 13–24, 2017.

[86] G. Weikum, G. Kasneci, M. Ramanath, and F. Suchanek. The Future of

DB & IR. 2020.

[87] Wikipedia. Raspberry ellagitannin, 2020.

https://en.wikipedia.org/wiki/Raspberry ellagitannin.

100



[88] Wikipedia. Small-world network, 2020.

https://en.wikipedia.org/wiki/Small-world network.

[89] Z. Wu, S. Pan, F. Chen, G. Long, C. Zhang, and S. Y. Philip. A compre-

hensive survey on graph neural networks. IEEE Transactions on Neural

Networks and Learning Systems, 2020.

[90] K. Xu, W. Hu, J. Leskovec, and S. Jegelka. How powerful are graph neural

networks? In Proceedings of the International Conference on Learning

Representations, 2019.

[91] X. Yan and J. Han. gspan: Graph-based substructure pattern mining. In

Proceedings of the IEEE International Conference on Data Mining, pages

721–724, 2002.

[92] X. Yan, P. S. Yu, and J. Han. Graph indexing: a frequent structure-based

approach. In Proceedings of the ACM SIGMOD International Conference

on Management of Data, pages 335–346, 2004.

[93] P. Yanardag and S. Vishwanathan. Deep graph kernels. In Proceedings

of SIGKDD, pages 1365–1374, 2015.

[94] Z. Yang, A. W.-C. Fu, and R. Liu. Diversified top-k subgraph querying

in a large graph. In Proceedings of the ACM SIGMOD International

Conference on Management of Data, pages 1167–1182, 2016.

[95] Z. Ying, J. You, C. Morris, X. Ren, W. Hamilton, and J. Leskovec. Hi-

erarchical graph representation learning with differentiable pooling. In

Advances in Neural Information Processing Systems, pages 4800–4810,

2018.

[96] D. Yuan, P. Mitra, and C. L. Giles. Mining and indexing graphs for

supergraph search. Proceedings of the International Conference on Very

Large Data Bases, 6(10):829–840, 2013.

101



[97] Y. Yuan, G. Wang, L. Chen, and H. Wang. Graph similarity search on

large uncertain graph databases. The International Journal on Very Large

Data Bases, 24(2):271–296, 2015.

[98] S. Zhang, J. Li, H. Gao, and Z. Zou. A novel approach for efficient

supergraph query processing on graph databases. In Proceedings of the

International Conference on Extending Database Technology: Advances

in Database Technology, pages 204–215, 2009.

[99] S. Zhang, S. Li, and J. Yang. GADDI: Distance index based subgraph

matching in biological networks. In Proceedings of the International Con-

ference on Extending Database Technology, pages 192–203, 2009.

[100] W. Zhang, X. Lin, Y. Zhang, K. Zhu, and G. Zhu. Efficient probabilistic

supergraph search. IEEE Transactions on Knowledge and Data Engineer-

ing, 28(4):965–978, 2015.

[101] P. Zhao and J. Han. On graph query optimization in large networks.

Proceedings of the International Conference on Very Large Data Bases,

3(1):340–351, 2010.

[102] P. Zhao, J. X. Yu, and S. Y. Philip. Graph indexing: Tree+ delta ¿=

graph. In Proceedings of the International Conference on Very Large

Data Bases, pages 938–949, 2007.

[103] X. Zhao, C. Xiao, X. Lin, W. Wang, and Y. Ishikawa. Efficient processing

of graph similarity queries with edit distance constraints. The Interna-

tional Journal on Very Large Data Bases, 22(6):727–752, 2013.

[104] W. Zheng, L. Zou, X. Lian, D. Wang, and D. Zhao. Graph similarity

search with edit distance constraint in large graph databases. In Proceed-

ings of the ACM international conference on Information & Knowledge

Management, pages 1595–1600, 2013.

102



[105] W. Zheng, L. Zou, X. Lian, D. Wang, and D. Zhao. Efficient graph similar-

ity search over large graph databases. IEEE Transactions on Knowledge

and Data Engineering, 27(4):964–978, 2014.

[106] J. Zhou, G. Cui, Z. Zhang, C. Yang, Z. Liu, L. Wang, C. Li, and M. Sun.

Graph neural networks: A review of methods and applications. arXiv

preprint arXiv:1812.08434, 2018.

[107] G. Zhu, X. Lin, W. Zhang, W. Wang, and H. Shang. Prefindex: An effi-

cient supergraph containment search technique. In Proceedings of Inter-

national Conference on Scientific and Statistical Database Management,

pages 360–378, 2010.

[108] Q. Zhu, J. Yao, S. Yuan, F. Li, H. Chen, W. Cai, and Q. Liao. Super-

structure searching algorithm for generic reaction retrieval. Journal of

Chemical Information and Modeling, 45(5):1214–1222, 2005.

[109] L. Zou, L. Chen, J. X. Yu, and Y. Lu. A novel spectral coding in a

large graph database. In Proceedings of the International Conference on

Extending Database Technology, pages 181–192, 2008.

[110] L. Zou, J. Mo, L. Chen, M. T. Özsu, and D. Zhao. gStore: Answering
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요약

몇 십 년 전부터 다양한 그래프 데이터가 공개되면서, NP-hard 그래프 쿼리 프

로세싱 문제들을 위한 실용적인 애플리케이션을 개발하는 데 방대한 노력이 투

입되었다. 이러한 노력에도 불구하고 현존하는 알고리즘들은 대용량 혹은 대량의

그래프를다루는데한계를보여준다.본논문에서는부분그래프검색,부분그래프

매칭, 수퍼그래프 검색 등 그래프 쿼리를 처리하는 중요한 문제들을 다룬다.

첫 번째로, 본 논문에서는 부분그래프 쿼리 처리와 부분그래프 매칭을 위한 빠

른 알고리즘들을 제안한다. 이를 위해 동적 프로그래밍 (dynamic programming)

을 포함하여 세 가지 고급 테크닉을 사용한다. 실제 데이터과 합성 데이터에 대한

실험을 통해 본 알고리즘들이 쿼리 처리 시간에서 현존하는 가장 빠른 알고리즘들

보다 최대 수백 배에서 수십만 배 빠름을 검증하였다.

두 번째로, 본 논문에서는 수퍼그래프 검색을 위한 빠르고 확장성 있는 알고리

즘을 개발한다. 이를 위해 동적 프로그래밍을 비롯하여 네 가지 새로운 테크닉을

이용한다. 본 논문에서는 실제 데이터를 대상으로 한 방대한 실험을 통해 본 알고

리즘이 인덱싱 시간과 쿼리 처리 시간에서 현존하는 가장 빠른 알고리즘보다 최대

수천 배 빠르다는 사실을 보였다.

주요어: 그래프 쿼리 프로세싱; 부분그래프 검색; 부분그래프 쿼리 프로세싱; 부분

그래프매칭;수퍼그래프검색;부분그래프동형;동적프로그래밍;백트래킹;동적

매칭 순서
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