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Abstract

Top-down Design of Reconfigurable
Bianisotropic Acoustic Metamaterials
beyond the Passivity and Reciprocity

CHOONLAE CHO

DEPARTMENT OF ELECTRICAL ENGINEERING AND
COMPUTER SCIENCE

COLLEGE OF ENGINEERING

SEOUL NATIONAL UNIVERSITY

Over the past two decades, metamaterials have revolutionized how we
manipulate classical waves. They allow us to obtain constitutive parameters
beyond the bound of natural materials by artificially designing tailor-made
resonance modes in the unit structure. Since all wave dynamics are
anticipated from the constitutive parameters landscape in which the wave
propagates, the implementation of entire constitutive parameters enables
intriguing theoretical and practical applications in many wave systems, such
as negative refraction and invisibility cloaking. Although various structures

have been successfully proposed to obtain extraordinary wave properties, the
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design approach to the existing metamaterial poses fundamental challenges
in realizing the physical properties.

In many practical applications, metamaterial structures capable of
independent control of each wave property has been envisaged as an ideal
platform for reconfigurability. While metamaterial structures consisting of a
combined substructure that controls one of the fundamental resonances have
been proposed, it is required that an integrated platform offering decoupled
control of the wave parameters. In particular, in the case of reconfigurable
metamaterials, tuning the constitutive parameters depends on modifying the
physical structure attached to the metamaterials, posing a fundamental
challenge in the tuning range. Therefore, there is a need for a study to achieve
flexible control and realize extreme properties.

In this dissertation, | provide the top-down design approach of the
reconfigurable acoustic metamaterial that overcomes conventional
limitations and achieves designer wave properties. Based on the principles of
decoupling of fundamental resonances, acoustic metamaterial platforms that
offer independent control of wave parameters and their applications are
presented. Then, | propose the concept of virtualized metamaterials on their
signal response function to escape the boundary inherent in the physical
structure of metamaterials, which generate artificial polarizations based on
the digital signal processing technique, escaping physically resonating
structure. Virtualized metamaterials enable decoupled control of all possible

complex wave parameters in a reconfigurable manner and extreme wave
.. ¥ | ] =11
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properties. This dissertation is expected to provide a breakthrough in
metamaterial design by implementing all wave properties independently,
realizing designable frequency dispersion characteristics, and providing a

flexible platform that can realize acoustic metamaterials' full capability.
Keywords : Metamaterials, Acoustics, Bianisotropy, Active Metamaterials,

Wave dynamics

Student Number : 2013-20890
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Figure A.1 | The schematic diagram for monopolar and dipolar models of the
virtualized atom. The scattering process is defined as a monopolar
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Figure A.2 | Metamaterial power gain. The spectrum for the sum of
transmission intensity and reflection intensity for the 4
configurations (in Fig. 2) with convolution phase 8 = 0° (blue),
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90° (green), 180° (red) and 270° (black), where symbols and lines
denote the experimental and theoretical results respectively. Here
[r|? + |t|? is the power gain for one-side incidence. 93
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Chapter 1

Introduction

In this chapter, | overview the progress and challenges in metamaterials. |
introduce metamaterials in electromagnetic, acoustic, and elastic systems and
present practical applications in a sense manipulating wave dynamics. Recent
achievements and fundamental challenges underlying in realize
metamaterials are discussed. In the last part, the scope and outline of this

dissertation are described.



1.1. Achievements and challenges in metamaterials

Metamaterials are artificial structures that offer extraordinary wave properties
that cannot found in natural media. They enable unusual manipulations of
classical waves, initially in the case of electromagnetic waves [1-9] and
subsequently for acoustic waves [10-18], water waves[19], and more recently,
elastic waves in solids [20-24]. In electromagnetics, artificial magnetism
exhibiting negative permeability [5], double negative metamaterials [6],
matched-zero index materials [7,8], and extremely high index metamaterials
[9] have been demonstrated in microwave, terahertz, and optical frequencies.
With a similar analogy to the electromagnetic metamaterials, acoustic and
elastic metamaterials have realized tailor-made resonances for bulk modulus
[12] and mass density [14] in different frequencies and background systems.
The ability of metamaterials to acquire physical properties beyond those of
natural materials reflects the engineering degrees of freedom in designing
artificial structures.

Since then, many intriguing phenomena manipulating classical waves further
than the conventional method have been demonstrated, such as negative
refraction [25-27], superfocusing [28-32], extraordinary transmission [33],
invisibility cloaking [34-36], and metasurfaces [37-39]. In addition,
metamaterials allow the quantum-classical analogy [40], which enables not
only the classical simulation of unstable quantum phenomena [41,42] but also
quantized wave dynamics in the classical system, including the quantum Hall

2 S



effect and topological theory [43-46], parity-time symmetry and non-
Hermitian degeneracy [47], Anderson localization [48], Bloch oscillations
[49,50], and supersymmetry [51-55], which require the most extreme values
of the constitutive parameters [56,57]. These effects consistently confirm that
metamaterials can be designed to yield a wide range of constitutive

parameters and can be inhomogeneous.
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Figure 1.1 | a-c, Electromagnetic metamaterials exhibiting artificial

magnetism. (a) Photograph of the zero-index metamaterial sample consists of
SRR and wire strips at microwave [3]. (b) An electron micrograph of an SRR
fabricated by electron-beam lithography for 100 THz [5]. (c) Field-emission
scanning electron microscope images (left) and elementary cell (right) of
optical negative index metamaterial [6]. d-f, Acoustic metamaterials (d)
Helmholtz resonator with negative bulk modulus [12]. (e) Membrane type
acoustic metamaterials with negative mass density [14]. (f) Negative

refractive index using space-coiling structure [16].
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To make further use of metamaterials in practical situations, many
applications require tunability or reconfigurability. This can be achieved by
optical pumping active materials [58,59], mechanically changing geometric
parameters using MEMS [60,61], or combining external RLC circuit
elements with metamaterial structures. Tuning can also be extended to the
level of each atom when backend electronics such as an FPGA chip or a
computer are used to store and alter the state of the controlling parameters
[62-64]. For most of these metamaterials, the tuning largely depends on the
actual mechanism for modifying the metamaterial resonance of the physical
structures.

To this end, the separation of wave parameters has been predicted as an ideal
platform for the deterministic reconfiguration of the meta-atom [65], while its
validity has not yet responded. In many cases, metamaterial design has been
realized using bottom-up, retro-fit approaches, in which the building blocks
are proposed first, and the subsequent design is performed through a series of
iterations and guesswork. Furthermore, reconfigurable metamaterials pose a
fundamental challenge in terms of the degree of flexibility or range of
tunability, which is crucial in many applications requiring real-time
reconfigurability. Additionally, it is hard to imagine using standard
approaches for separately configuring resonating strength, bandwidth, and
phase lag, e.g., for a Lorentzian frequency dispersion, as these depend on the
actual tuning mechanisms.

In the context of tunability and reconfigurability, acoustic metamaterials,
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mainly programmable by electronically controlled elements, can be used to
achieve a wide range of tunable effective parameters [66-70]. These acoustic
metamaterials have proved useful as a platform for many intriguing wave
phenomena, such as unidirectional invisibility [67], sound isolation [68],
Willis coupling [69], and highly tunable mechanical properties [70]. These
works point to the direction that programmable control with external circuits
or microprocessors can be used to provide a higher level of abstraction of the

physical properties of metamaterials.



1.2. Outline of the dissertation

This dissertation is focused on the design of bianisotropic acoustic
metamaterial to provide a platform that enables decoupled control of acoustic
wave properties in a reconfigurable way, as well as to offer extreme wave
properties.

In chapter 2, | introduce acoustic wave dynamics starting from the duality
relation between acoustics and electromagnetics. Then | provide the
definition and characteristics of bianisotropy and its applications. The
experimental methods utilized in this work are also elaborated here. In chapter
3, the top-down approach of bianisotropic acoustic metamaterials is addressed,
and meta-atom structures implemented with membrane and space-coiling
structures are provided. By extending the generalized Snell’s law, it is also
introduced that deterministic approach to design metasurface, which
independently manipulates reflection and transmission wavefronts. Chapter 4
present the concept of virtualized metamaterials, reconfigurable
metamaterials that generate artificial polarization based on the digital
convolution signal processing technique. Demonstration of one-dimensional
acoustic virtualized meta-atom proved programmable polarizabilities in a top-
down manner. In chapter 5, by extending the virtualization concept to
bianisotropic metamaterials, extreme wave properties including reciprocal

bianisotropy beyond the passivity limit, remarkably high nonreciprocity



without rapid flow, and broadband-, flat- frequency dispersions are

demonstrated.
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Chapter 2

Acoustic Wave Dynamics

This chapter introduces the background theory of linear acoustic wave
dynamics. First, | briefly provide the governing wave equations for acoustic
and electromagnetic systems, focusing on the duality relationship. The
characteristics of bianisotropy with detailed classification are discussed in the
electromagnetic and acoustic domains. Finally, experimental methods for the

bianisotropic acoustic medium utilized in this work are described.



2.1 Duality relation between acoustics and

electromagnetics

The similarity between governing equations in different physical systems has
provided novel perspectives and applications distinct from traditional
viewpoints. This section provides the duality relation between acoustics and
electromagnetics. Acoustic wave dynamics are governed by the linearized
Euler’s equations consist of conservation of mass and Newton’s second law,

Vp =-0,m,

2.1
V.v=-0¢, @1)

where p and v are acoustic pressure and velocity fields, & is the momentum
field, and e is the strain field. In isotropic acoustic media, strain and

momentum fields are simply defined as

_ p-l
e=B"p. 2.2)
T=pV,

where B is the bulk modulus and p is the mass density. Egs. (2.1) and (2.2)

lead to the acoustic wave equation for the scalar pressure field as

L o2p=o, 2.3)

2
\% p—C2

or equivalently, but for the velocity field,

vav- L o2v=o, (2.4)
C
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where ¢ = (B/p)Y? is the speed of the acoustic wave.

On the other hand, electromagnetic wave dynamics are governed by the

Maxwell equations, of which source-free case can be written as,

VxE=-0B
VxH=0,D
V-D=0
V-B=0

(2.5)

where E, H, D, and B are electric field, magnetic field, electric displacement,
and magnetic field density, respectively, with constitutive relation

D=¢E

B 4H (2.6)

where ¢ and u are electric permittivity and magnetic permeability. These two
equations have a duality relation between two-dimensional acoustic and
electromagnetic systems with a single polarization. In Cartesian coordinate,
the acoustic wave and transverse electric (TE) or transverse magnetic (TM)
polarized electromagnetic waves which only contain z-directional electric
field E = Ez:z or H = Hzz are identical when exchanging the variables as

follows:

TEcase [p v B' ple[E, zxH & u], (2.7a)

TMcase [p v B” p|o[H, -zxE x4 £].  (2.7b)

z

While acoustic wave equations do not satisfy invariant symmetry in 3D [71],

10 T
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which is crucial for the coordinate transformation[65], duality relations in Eq.
(2.7) enable direct adaption of electromagnetically demonstrated phenomena
into acoustic systems, e.g., acoustic cloaking [72-74], acoustic hyperlens [75],
extraordinary acoustic transmission [76], and many intriguing applications. It
is noted that because acoustic waves with a solely longitudinal nature offer a
single polarization mode, duality relation cannot be utilized for
electromagnetic waves with mixed polarization. | further note that the elastic
waves that have both longitudinal and transverse polarizations can have a
duality relation with the electromagnetic system while it requires polarization

restrictions in elastic systems.
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2.2 Bianisotropy

2.2.1 Bianisotropy in electromagnetics

Bianisotropy is an exotic electromagnetic property that describes the coupling
between electric and magnetic fields. The simplest form of electric and
magnetic field coupling, which is referred to as bi-isotropy, can be expressed
by the following constitutive relation,

D=¢E+&H

B=uH+(E @8

where ¢ and { are magnetoelectric- and electromagnetic- coupling constants,
or simply bi-isotropic parameters. By decomposing ¢ and { based on the
Lorentz reciprocity, Eq. (2.8) can be rewritten as,

D=¢E+(y—ix)H

(2.9)
B=uH+(x+ix)E

where k = i(& - {)/2 and y = i(¢ + {)/2 are reciprocal- and nonreciprocal bi-
isotropic parameter, respectively. In bi-isotropic materials for both reciprocal
and nonreciprocal cases, the cross-coupling results in energy exchange
between different polarizations, and thus, waves propagating in these media
undergo polarization rotation. Bi-isotropic reciprocal media (x # 0) is often
referred to as chiral media, while the bi-isotropic nonreciprocal media (y # 0)
is called Tellegen media [77], which has long been debated whether they can

physically realizable.
12



To further generalize bi-isotropy, one can conceive cross-coupling with
anisotropic tensorial form as anisotropic media. These generalized linear
electromagnetic properties can be written as following bianisotropic
constitutive relations

D=¢-E+&-H

B Hat E (2.10)

where € and p are the permittivity and permeability parameters in the form of
dyadic tensor, & and ¢ are bianisotropic dyadic. Again based on the Lorentz

reciprocity, Eq. (2.10) can be rewritten as,

D=8-E+(XT—iKT)'H

2.11)
B=p-H+(x+ix)-E

where x = i(ET — {)/2 and y = i(E" + {)/2 are reciprocal- and nonreciprocal-
bianisotropic parameters, respectively, with superscript T denotes transpose

operation.

The bianisotropy can be classified into two significant groups based on the
symmetry of the bianisotropic dyadic. First, the media with symmetric k and
y, i.e., k = k" and y = ¥, are usually referred to as bi-isotropic since these
kinds of couplings involve energy exchange between different polarizations
as bi-isotropic media discussed above. On the other hand, antisymmetric k
and y, i.e, kx = —x' and y = —" are called bianisotropic parameters,

distinguished by their unique property that exchanges the intensity between

13



electric and magnetic field in the same polarization. More strict classification

and capabilities of the bianisotropy can be found in Tretyakov et al. [78].

Media with antisymmetric k will exchange the intensity between electric and
magnetic fields while conserving the polarization. These media are called
omega media since Q-shape structure can efficiently produce electromagnetic
coupling in a single polarization. In omega media, wave feels different
impedances depending on the direction of propagation. For example, in one-

dimensional reciprocal bianisotropic media with

0 0O
e=¢cl,p=ul,xk={0 0 0], (2.12)
0 « O

where I is the unit dyadic, wave impedances for +x and —x directions are given

by

g M, A (2.13)

with refractive index n = + (gu — x?)Y2.

Antisymmetric y, i.e., nonreciprocal bianisotropy, has a close relationship to
the Lorentz transformation of moving media. i.e., objects moving with the

velocity v feels bianisotropic parameter as

n?-1
Xi = —mquﬂk : (2.14)
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where B = v/co, n is the refractive index of the reference media. In the
nonreciprocal bianisotropic media, the wave feels a different refractive index
along the propagation direction. In a 1-D system with

0 0O

e=¢l,p=ul,x=|0 0 0], (2.15)
0O O

refractive indices for +x and —x directions are given by
n=n-y, N=N+y, (2.16)

where n is the refractive index of the reference media.

It is important to investigate the scattering properties of a bianisotropic slab
for applications such as bianisotropic metasurface. For the reciprocal
bianisotropic case, reflection coefficients could differ because of the
directional impedances, while the transmittance should be identical. On the
other hand, for the nonreciprocal bianisotropy, the transmittance is different
by the different refractive index, while reflection coefficients are the same. |
further generalize the above direction-wise scattering parameters in one-
dimensional bianisotropic media. When the wave propagates through the
bianisotropic slab with thickness d and wave parameters,
0 0O

0 0
e=¢cl,p=ul, k=0 0 Of,x=|0 O
0 « O 0 y

, (2.17)

o O O



scattering parameters (S-parameters) are given by

S 2ip(e—p+2ixc)sin(nkyd )
11_(2n+(lu+8))efinkod +(2n—(,u+8))ei”kod )

inykod

4ne
(2n+(u+e))e™ +(2n—(u+e))e™

in;kyd

SlZ =

(2.18)
B 4ne

Sy (2n+(ﬂ+8))efinkod +(2n—(,u+8))ei”kod :
3 2ip (& — p—2ixc)sin (nk,d )
22— (2n+(,u+g))e_i”k°d +(2n—(,u+g))ei”k°d

with direction-wise refractive indices and impedances in Egs. (2.13) and
(2.16). While in mirror-symmetric metamaterials which are non-bianisotropic,
S-parameters are simply represented by reflection coefficient Si1 = S22 and
transmission coefficient S21 = Si12, all four S-parameters have to be elaborated

in bianisotropic media to extract wave parameters accurately.
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2.2.2 Acoustic bianisotropy

There exist an acoustic analogy of bianisotropy that describes the coupling
between pressure and velocity field. Acoustic bianisotropy, also known as the
acoustic Willis coupling, was originally anticipated by Willis et al. [79] in
elastic waves. In bianisotropic acoustic media, constitutive relations are given
by

e= B‘1p+()(T —iKT)-V

_ (2.19)
m=p-V+(x+ik)p

where p is the mass density dyadic tensor and k and y are reciprocal and
nonreciprocal bianisotropic parameters, respectively, which are the first order
dyadic. It is noted that as implicitly described in Eq. (2.19), due to the
longitudinal nature of acoustic waves, acoustic bianisotropy must not be bi-
isotropic but bianisotropic. Therefore, acoustic bianisotropic media have a
duality relation with the electromagnetic system with specific single-
polarization, and thus the characteristics are identical to the electromagnetic
bianisotropic media such as omega media and moving media.

To realize acoustic bianisotropy, it is required to break the mirror symmetry
as analogous to electromagnetic bianisotropy. Considering the wave
longitudinal nature of the acoustic wave, the asymmetry along the acoustic
wave propagation direction lifts the reciprocal bianisotropy like omega media.
In Fig. 2.1, reciprocal bianisotropy is demonstrated by breaking the mirror

symmetry: Demonstration of acoustic bianisotropy utilizes asymmetrically
17 iH =~ TH



located resonating membranes along the propagation direction (Fig. 2.1a,b)
[80,81]. By maximizing the asymmetry of the Helmholtz resonator, reciprocal
bianisotropy close to the theoretical maximum was demonstrated (Fig. 2.1c)
[82]

For the nonreciprocal bianisotropy, asymmetric flow cause the nonreciprocal

bianisotropy along the current direction, which can be written as,

y=—M_ (2.20)

where M = v/co is the Mach number, v is the flow speed, and co is the speed
of acoustic wave [83]. This result is similar to the Lorentz transformation in
electromagnetics, while differences lie in the relativistic perspectives. Figure
2.2 shows examples of nonreciprocal acoustic bianisotropic media realized
by circulating fluid [84] and deriving speakers [85].

The recent realization of acoustic bianisotropy with an adequately designed
inverse bulk modulus and mass density enables the exotic manipulation of
acoustic waves. Figure 2.3 shows applications of bianisotropic acoustic
metamaterials. Reciprocal bianisotropic media allows acoustic metagratings
that manipulate acoustic wavefront with single unit cell structure (Fig. 2.3a)
[86] and diffraction free metasurface, which enables 100% transmission of
power without diffraction losses (Fig. 2.3b) [87]. Nonreciprocal bianisotropic
media realizes acoustic circulator, which is analogous to optical Zeeman

effect (Fig. 2.3c) [84], and directional wave manipulations (Fig. 2.3d) [83].

18
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Figure 2.1 | Acoustic reciprocal bianisotropic metamaterials using a,b,

asymmetric membranes [80,81] and ¢, Helmholtz resonator [82].

N R
mechanical
shakers

Figure 2.2 | Acoustic nonreciprocal bianisotropic metamaterials using a,

circulating fluid [84], b, resonator cascaded deriving speakers [85].

03 02 o1 0 o1 02
Distance (m) Distance (m)

Figure 2.3 | Applications of acoustic bianisotropic metamaterials. a, Acoustic

metagrating [86], b, diffraction free metasurface [87], ¢, Acoustic isolator

[84], and d, nonreciprocal metalens [83].
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2.3 Experimental methods

To characterize acoustic properties of metamaterials such as mass density,
inverse bulk modulus, and bianisotropy, 4-point measurement with a National
Instruments DAQ device and LabVIEW have been used with a properly
designed impedance tube. The impedance tube, which is an acoustic
waveguide with a small cross-section compared to the wavelength of interest
to carry node-free one-dimensional acoustic waves, measures the specimen’s
scattering coefficients. As depicted in Fig. 2.4, the incident acoustic wave
generated by the loudspeaker is scattered by the specimen, and four
microphones - two of them are located on the upstream side, and the others
are on the downstream side measure forward and backward propagating

components at each side. Microphone detected signal can be expressed by

ikx; ikx.
~ Me™ -M,e™

P = a2y _ g2k
M eik(2x1+x2) -M eik(x1+2x2)
_ V2 1
P = p2in _ g2ike d
ik ik, (2.21)
M,e™ —M e™
2+ = eZMe _ g2k
M eik(2x3+x4) -M eik(x3+2x4)
— 4 3
P, = ezikx3 _ezikx4 !

where M1, M2, M3, and M4 are microphone detected signal. The S-parameters

of the specimen can then be given as follows.



(B> =)(>) 020
P2, Sy Sy )\ P

In non-bianisotropic media, the reciprocity constrains Si1 = Sz2 and S12 = Saa,
and thus single measurement can determine S-parameters. However,
bianisotropic media require at least two times measurements with
independent incident waves. In this work, the scattering properties of the
meta-atom were tested by means of incident waves coming from the forward
and backward directions. In the experimental setup, | flipped the orientation
of the meta-atom, while the waves were always incident from the same end

of the impedance tube.

Microphone 1 Microphone 2 Microphone 3 Microphone 4

Absorber

Loudspeaker Specimen

Figure 2.4 | Schematics of 4-point measurement method in an impedance tube.
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Chapter 3

Top-down Design of Acoustic Metamaterials

In this chapter, I introduce the top-down design approach, the strategy for the
decoupling of fundamental oscillations, which allows independent control of
wave parameters. Based on the separation of characteristic oscillations, the
underwater design of one-dimensional bianisotropic meta-atom controlling
mass density, the inverse of bulk modulus, and bianisotropy near zero-index
point is presented. | also propose bianisotropic acoustic metasurfaces that
manipulate reflection and transmission wavefront independently by
extending the concept of generalized Snell’s law, which enables deterministic
control of reflection and transmission coefficients. Lastly, | also present the
design of two-dimensional acoustic metamaterials using a space-coiling

structure that is readily applicable to other background acoustic media.



3.1 Introduction to a top-down approach to design

metamaterials

For the reconfigurable control of metamaterials, independent and decoupled
access to each wave properties are desired. To this end, metamaterials have
been demonstrated that allow independent adjustment of each wave
parameter [56,88-90], while most of them consist of substructures that adjust
only one of the fundamental resonances responsible for the wave parameters.
These fundamental oscillations are basically monopole and dipole resonance,
which is elucidated from the effective medium theory for electromagnetics
[91], the acoustics [80], or the elastics [92]. These can also be found in the
Dirac-like point in zero-index metamaterials, where fundamental modes for
each wave parameters degenerate. Figure 3.1 shows the dispersion relation of
zero-index metamaterial and three eigenmodes at triply degenerated Dirac-
like point of TE polarized electromagnetic waves in which permittivity and
permeability are controlled by the monopolar and dipolar resonances. From
this zero-index point, all signs of wave parameter space can be accessed by
tuning these resonance modes.

Therefore, to realize decoupled access to the wave parameters, the top-down
design approach conceives the Lieb lattice-like cross-shaped meta-atom
structure as depicted in Fig.3.2a. The unit cell consists of one central
resonator resonating at w1 and four side resonators resonating at w2. And the

coupling between the center to side resonator and side to side resonators is
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given by x12 and k22, respectively. Then, the coupled-mode equations of the

Lieb-like system can be summarized to eigenvalue problems as below,

@, ik, Kk, Uk, K,
-k, ®, ik, O 0
-k, -k, , 0 0 lw=o0vy. (3.1)
—-ix, O 0 ®, ik,
-k, O 0 -k, o,

Eq. (3.1) has monopolar eigenmode wo and degenerate dipolar eigenmodes
wx and wy as shown in Fig. 3.2b, with resonance frequencies of each
eigenmodes wo, wx, and wy. The system requires to have proper resonance
frequencies w1 and w2 and coupling constants x12 and k22, such that wo = wxy,
to realize the zero-index property. These physical parameters can be realized
with a variety of structures. For example, top-down acoustic metamaterials
based on the mass loaded membrane resonator enables decoupled access to
the bulk modulus and mass density by tuning the membrane mass [80]. The
top-down approach can be used for different background media or different

systems.
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Figure 3.1 | Zero-index metamaterials and fundamental modes. a, Dirac-like
dispersion near the zero-index frequency in the square lattice for TE

electromagnetic waves. b, Fundamental modes at Dirac-like point for (left) z-

directional permittivity and (mid and right) permeabilities for y- and x-
directions [93].

Figure 3.2 | Lieb-like structure and fundamental modes. a, Schematics of
coupled-mode analysis to design zero-index metamaterials. b, Fundamental

modes of interests. ¢, Implementation of top-down acoustic metamaterials

based on the mass loaded membrane resonator [80].
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3.2 Top-down design of bianisotropic acoustic

metamaterials for underwater applications

In this section, | provide a 1-D top-down bianisotropic meta-atom design for
underwater background media. In the water, the design of acoustic
metamaterials suffers from the low contrast of inverse bulk modulus and mass
density compare to that in the air. This limits the design degree of freedom by
reducing the possibility of mass adjustment and increasing the complexity of
the flexural stiffness of the membrane as a plate. Therefore, to utilize the same
approach used in Ref. [80], | reduce the dimension of meta-atom to 1-D and
use the membrane material like copper, which has a density of 8960 kg/m?®
due to the shortage of mass tunability as depicted in Fig.3.3a. In this structure,
inverse bulk modulus, mass density, and bianisotropy are controlled by the
thickness of the inner membrane ti, outer membrane to, and the differences in
inner membranes Ati. Figure 3.3b shows the frequency disperse on of the
effective wave parameters retrieved from the S-parameters, which
demonstrate the matched zero-index at a target frequency of 50 kHz when
structural parameters of to = 2.2 mm and ti = 1.5 mm. Here, solid lines and
dashed lines are depicted with and without structural analysis, which includes
the bending stiffness of the plate. In Fig. 3.3c-e, numerical analysis
demonstrates the decoupled control of mass density, inverse bulk modulus,

and bianisotropy with control parameters to, ti, Ati, respectively.
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Figure 3.3 | 1-D acoustic metamaterials with resonating membrane for
underwater operation. a, Schematics of designed acoustic meta-atom.
Effective wave parameters mass density, inverse bulk modulus, and
bianisotropy are controlled by the thickness of the inner membrane, outer
membrane, and the differences in inner membranes. b, Frequency dispersion
of effective wave parameters for matched zero-index meta-atom retrieved
from scattering parameters. Solid lines and dashed lines are numerical
calculations with and without structural analysis, which includes bending
stiffness of the plate. c-e, Decoupled control of wave parameters in 1-D
acoustic meta-atom. (c) Mass density, (d) inverse bulk modulus, and (e)
reciprocal bianisotropy numerically obtained by the scattering parameter

retrieval method.
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3.3 Extended generalized Snell’s law for

independent manipulation of scattering wave-fronts

In this section, | propose bianisotropic acoustic metasurfaces that manipulate
reflection and transmission wave-front independently. Metasurfaces enable
compact wave manipulation by forming abrupt phase shifts within extremely
thin thickness, where the phase shift is delicately designed to perform proper
operations. For the manipulation of the wavefront, the generalized law of

reflection and refraction is utilized, which is given by [37]

sin(er)_sin(a)=%%_f, an

sin(6,)n,—sin(6,)n, :2%%_?()'

where i, 6, and O: are the angle of incidence, target reflection, and
transmission angle, ni and n: are the refractive indices in the incident and
transmitted side media, Ao is the free space wavelength at operation frequency;,
and @ is the required phase distribution on the metasurface. In this scheme,
the phase shift is realized with the array of resonators that have an identical
level of scattering amplitude but different phases covering all 2z range. In
most cases, resonating structures are constructed by the bottom-up scenario,
i.e., scanning the scattering amplitude and phase by sweeping structural

parameters as shown in Fig. 3.4b,c.
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For a more systematic manner, metasurfaces that controlling reflection and
transmission wavefronts can be designed with the distribution of the
bianisotropic wave parameters. For example, Huygens’ surface [94] is the
design approach based on the control of electric and magnetic polarizabilities
to induce transmission phase shift while matching the impedances to make
reflectionless metasurface. While the Huygens’ surface can directly be used
to control both wavefronts, it requires wave parameters of extremely high or
non-passive values to cover all scattering range. Bianisotropic metasurface
enables independent control of the reflection and transmission wave-front in

a relived manner.

For the target complex reflection and transmission coefficients, required wave
parameters are inversely calculated from Eqg. (2.18). Figure 3.5 shows
complex reflection and transmission coefficient mapped into the lossless,
reciprocal bianisotropic parameters space for different amplitude ratios. It is
noted that for the non-bianisotropic media, which correspond to the £ =0
surface in Fig. 3.5, extreme wave parameters away from the origin are
required to cover the entire 2z phases of reflection and transmission. Utilizing
bianisotropic meta-atom, we can deterministically design the metasurface

demonstrating independent control of reflection and transmission wave.
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Figure 3.6 shows a numerical demonstration of a bianisotropic metasurface
with selective control of reflection and/or transmission. The metasurface
consists of a 48 x 1 array of meta-atoms and is designed to bend scattered
waves with an intensity ratio between reflected and transmitted waves set to
25% : 75%. Required bianisotropic wave parameters are calculated inversely
from the target phase of reflection and transmission coefficients in Fig. 3.6a.
Figure 3.6b shows the scattered fields of each meta-atom that makes up the
metasurfaces, showing clear agreement with target phases. In Fig. 3.6c, full-
field simulations confirmed the operation of top-down bianisotropic
metasurface with independent and deterministic control of the scattering

wavefronts.
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Figure 3.6 | Independent manipulation of reflection and/or transmission
wavefronts in a bianisotropic metasurface. a, Target phase shift of each meta-
atom. b, 1-D Scattered fields distribution of each meta-atom consisting
metasurfaces. ¢, Full-wave simulation of the metasurface. Wave incidents

from the bottom left with a 45° incident angle are reflected and scattered at

the metasurfaces.
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3.4 Space-coiling acoustic metamaterials for two-

dimensional bianisotropic metamaterials

In this section, | provide the design of space-coiling type acoustic
metamaterials enabling 2-D bianisotropy, readily scalable to the other system.
The top-down design in section 3.1 requires control of coupling constants
(membrane and mass) between the resonators (cells). To effectively tune the
coupling constants, | adopt the space-coiling metamaterial structure that
offers an extended path length to the system, which results in high effective
mass. The proposed top-down metamaterial structure is depicted in Fig. 3.7a:
external four cells and inner cells are connected with the meander structure,
which is characterized by effective width w and path length I. For the system
symmetry and design feasibility, space-coiling structures are split into ns paths
and ns-times folded, which make effective path length to be | = nd. In this
structure, wave parameters mass density, inverse bulk modulus, and
bianisotropy are independently controlled by outer path depth do = fodoo, inner
path depth di = fidio, and the asymmetry of inner path depth di: = fi(1 + f4i)dio,
where doo and doo are inner depth and outer depth of the zero index point, fo,
fi, and fsi are tuning parameters. Figure 3.7b,c depicts numerically
demonstrated zero-index acoustic metamaterials. In Fig. 3.7b, frequency
dispersion of mass density and inverse bulk modulus matched zero index
point at frequency 2950 Hz. Figure 3.7c shows 2-D Dirac-like w—k dispersion

relations near the zero-index point. The Dirac-like point is the signature of
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the zero index media where all three possible eigenmodes are degenerate at a
specific frequency. The design parameters of a = 27.5 mm, wo = 1 mm, wi =
0.25 mm, and wa = 0 are used in Fig. 3.7b,c. It is noted that zero-index
frequencies in Fig. 3.7b,c are different because the numerical method utilized
in Fig. 3.7b is wave parameter retrieval from scattering parameters, which
integrate surface effects at the interface between the metamaterial and
background media, on the other hand, Fig. 3.7c is obtained from eigenmode
analysis assuming perfect periodicity. Figure 3.7d-f shows the decoupled
control of wave parameters in the space-coiling structure. From the zero index
point, tuning the control parameters fo, fi, and f4i mostly control mass density,
inverse bulk modulus, and bianisotropy. As space coiling metamaterials
provide effective properties by not the material property but the structure
geometry, metamaterials with the meander structure can directly be scaled to
the other system, e.g., different frequencies and other background media. For
example, the proposed space-coiling metamaterial structure here with a =
0.275 mm = 0.24 1 at 3 kHz in the air, can be used underwater at 5 kHz by

scaling to a = 7.2 mm, which again corresponds to 0.24 /.
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Figure 3.7 | Space-coiling top-down acoustic metamaterials. a, Schematics

of designed space-coiling acoustic metamaterials. b, Numerically retrieved

frequency dispersion of wave parameters. c, Dirac-like dispersion with triply-

degeneracy of zero-index media. d-f, Decoupled control of wave parameters

in space coiling acoustic metamaterials. (d) Mass density, (e) inverse bulk

modulus, and (f) reciprocal bianisotropy numerically obtained by the

scattering parameter retrieval method. Each wave parameter is solely

controlled by the width of the outer path and inner path, and asymmetry of

inner path width.

35



Figure 3.8 shows the plane wave propagation through the zero index
metamaterials designed with space-coiling metamaterials. Metamaterials are
composed of 5 x 10 arrays of matched zero index meta-atoms deigned in Fig.
3.7 and plane waves incident from bottom to top direction. In Fig. 3.8a,
reflections occur at the incident interface because of the finite length of the
slab, breaking the periodicity and induces local effects as mentioned above.
In Fig. 3.8b,c, design modification in outermost atoms in first and fifth rows
compensate the surface effects, showing clear scattering-free and zero phase

shift propagation, even under the arbitrary defects inside.

Figure 3.8 | Wave propagation through the matched zero-index metamaterials.
a, Metamaterial composed of an array of matched zero index meta-atoms
utilized in Fig. 3.1c. b, Metamaterial compensating the surface effects show
perfect tunneling effect, showing zero phase shift. ¢, Matched zero-index

metamaterial showing robust scattering-free tunneling against defects.
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3.5 Conclusion

In summary, | present the top-down design of bianisotropic acoustic
metamaterials. Starting from the top-down design approach that decouples
fundamental monopolar and dipolar oscillations, | design a 1-D bianisotropic
meta-atom consists of three rooms divided by mass loaded membrane
structure made of copper. The proposed meta-atom independently controls all
wave parameters near the zero-index point in the water background at 50 kHz
operating frequency. In addition, a design approach to a bianisotropic
metasurface that manipulates the reflected and transmitted wavefronts has
been proposed. In this extended generalized Snell's law, the required
structural parameters of metasurface elements are calculated deterministically
by inversely retrieving the bianisotropic wave parameters from the target
transmission and reflection coefficients. Independent manipulations have
been numerically demonstrated in the bianisotropic metasurface made with
the proposed 1-D top-down meta-atom platform. Furthermore, a robust 2-D
meta-atom design using the space-coiling structure is presented. Because the
resonances of space-coiling structure originate from the geometry, the
proposed structure can directly applicable to other background media or
different systems by scaling to the wavelength. Scattering-free transmission
in an array of meta-atom confirmed the zero-index operation of the designed

meta-atom structure.

37



Chapter 4

Virtualized metamaterials

This chapter introduces the concept of virtualization of metamaterials and
demonstrates its application in manipulating acoustic wave propagation. By
replacing the frequency resonating response of a physical metamaterial
structure with a mathematically designed frequency dispersion implemented
by digital convolution in the time domain within a microprocessing unit, the
impulse response and the form of atomic response of a metamaterial structure
is virtualized using a software code for digital representation. In the absence
of any physical resonating structure, the digital representation of the
virtualized metamaterial permits a highly arbitrary specification of the desired

resonating frequency response.



4.1 Introduction to the concept of virtualized

metamaterials

Polarizations and scattering process in nature media can be described in the
following procedure as depicted in Fig. 4.1: When the external incident waves
arrive at the microscopic scatterers, the local fields exerted on them create
polarization distribution, and temporal oscillations of polarizations generate
subsequent scattering. Total net radiation from the entire particle is the
scattered field, and the mixture of these scattered fields and incident fields
will be seen as the total fields. The polarization property depends on, and is
thus limited by the physical properties such as the composite materials, the
scatterer structure, and the frequency of waves in not only conventional
materials but also metamaterials with physical structures. On the other hand,
in a virtualized metamaterial, the entire polarization process is replaced by
the digital signal processing technique: the effective local field is detected by
the signal detector, the polarization is calculated by a programmable
microprocessor, and the scattering field is generated by an external source
that fires the calculated signal output. While the artificial physical structures
of metamaterials mimic the working of natural atoms with engineering
degrees of freedom, the concept of virtualization generalizes this analogy to
a digital representation with tunability based solely on software modification,

assigning another level of meaning to “meta.”



Figure 4.1 | a, Polarization process of the natural scatterer and b, its

schematic diagram
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4.2  Digitally virtualized acoustic polarizations

4.2.1 Virtualization of the signal response of meta-

atom

The concept of virtualized metamaterials conceives active metamaterials that
utilize digital signal processing technique exactly mimicking this polarization
process of natural materials. The virtualized acoustic metamaterial atom
comprises a pair of circular microphones situated around two speakers (Fig.
4.2a) and is bonded on a small rectangular holder (lower inset of Fig. 4.2a).
This virtualized atom is then placed on the inner side of the top cover of the
one-dimensional hollow waveguide to interact but without blocking the sound
waves traveling within. For operation, the microphones and speakers are
further connected to an external single-board computer (Raspberry Pi 3B+
with analog-to-digital / digital-to-analog conversion module Waveshare
ADS1256 / DACB8532). Sound waves arriving at the two microphones are
detected, digitally sampled, and then processed in real-time by a software
program running on the single-board computer. The resultant digital output
signals are then converted back to analog and are feedback to the two speakers
to generate the synthesized scattered waves. This combination of
microphones, speakers, and software defines the atom’s generic scattering

response.
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Figure 4.2b shows a detailed representation of the software program. |
construct a general linear operation from the signals at the two microphones

M1 and M2 (Mij(t)) to the signals at the two speakers S1 and Sz (Si(t)) as

Si(t) = - a¢ (¥y (t - o) * My(1), (4.1)
a .-- Virtual Meta-atom -. ..~
:,’ S M P Y 21 \(_Yn_ .
? Y@" Q’I incident ’/_'f'»/yhx,r Yp‘t‘?‘ transmitted
——O0—O0—{—
S K‘ - O

_Transducer

M e w5 m
R S ,,/’Speakers
'@‘ M* ,,,,, . _)W

Microphones t t t

Figure 4.2 | Schematics of the virtualized metamaterial. a, Virtualized
metamaterial consisting of a structural atom of two circular microphones
and two speakers (the two rectangular patches), connected to a small
single-board computer for signal processing at a digital level. The
virtualized metamaterial is embedded on the inner side of the top cover
of a one-dimensional acoustic waveguide, not blocking the incident wave
in a passive mode. b, Schematic representation of the virtualized
metamaterial atom: signals detected at the two microphones (M1 and M2)
are convoluted with a 2 x 2 matrix (), resulting in two signals to fire at
the two speakers (S1 and S2) as secondary radiation from the atom. Y is
also called the impulse response of the atom. The phase distance between
the two speakers is 20 (actual distance: 2 x 8.5 mm), and the phase
distance between the two microphones is 2¢ (actual distance: 2 x 2.6 cm)

for present implementation.
42 A 2T ]



where * denotes convolution operator, and ¢ represents an extra design time
delay in the convolution operation. The whole operation comprises a matrix
convolution and a differentiation in time to offset the result of convolution
(kernel Y to be designed later) as a driving voltage with zero averaged value
for convenient handling within the program. A second time-derivative
appears on this voltage since the speaker is actually driven by the voltage in
a time-differential way. Finally, a time rate change of the voltage generates
sound radiation by the speaker. In the frequency domain, the operation is

summarized as
Si(w) = Yij(w)Mj(o), 4.2)

where Yij(w) = o?Yij(w) e%*. Each orange arrow in the diagram connects a
microphone to a speaker and is labeled as one of the matrix elements Yij of
the above operation (hereafter, “convolution”). The main horizontal line (in
blue) represents the waveguide direction, in which an incident wave (e.g.,
from the left) travels and interacts with the atom. The secondary sources at S1
and Sz radiate symmetrically both forward and backward. These secondary
radiations are added to the incident waves, finally becoming the reflected and
transmitted waves within the waveguide. Having specified Yij(w), it is
possible to solve the overall response of the whole atom (Fig. 4.2b), yielding
transmission/reflection coefficients and the polarizability matrix aij (or
equivalently the scattering matrix sij) in terms of Yij. As the polarizability

matrix in one-dimensional acoustics is generally 2 x 2, | chose to use two
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microphones and two speakers to detect and generate both monopolar and
dipolar incoming and outgoing waves. Note that all digital computations
when performing the convolution can apply only to a finite length of digital
signal samples from M1 and M2 before the current digital signal sample and
must finish within one sampling period (133 ps) of the analog-to-digital
conversion module. | also note that while Refs. [66-69] have set up the way
to use electronic circuits to replace a physical structure, the further
virtualization of the impulse response matrix in our case allows arbitrary
specification of the atomic response (amplitude, center frequency, bandwidth,
gain/loss, monopolar/dipolar type) and the frequency dispersion through
program code without the need to set up different physical structures or

different external circuits.

In modeling the constitutive parameters (such as permittivity/permeability in
electromagnetism and mass density/ inverse bulk modulus in acoustics) for
both natural materials and metamaterials, a Lorentzian frequency dispersion
is probably the most representative spectral lines-shape. This acts like an
“alphabet,” both for analytical modeling and as a numerical measure to
decompose an arbitrary frequency spectrum to the sum of Lorentzian
components of different spectral parameters. Here, | sought to instruct our
virtualized metamaterial to mimic a Lorentzian response as our first example
of a virtualized metamaterial. For simplicity, | focus on the monopolar

response only, corresponding to an acoustic metamaterial with resonating
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bulk modulus; the relationship of the effective medium to atomic
polarizability will be described later. A monopolar response of the virtualized
atom is fulfilled by setting Y11 = Y12 = Y1 = Y22 = ¥/2 in the software. |

consider the convolution kernel ¥(t) to have the following form:
Y(t) = a wo?sin(wot + O) €7 (for t>0) or 0 (for t<0).  (4.3)

This involves several model parameters, where wo is resonating frequency, y
Is resonating bandwidth, and a is resonance strength. In the formula, these
have units of radial frequency, and their values are specified in units of
frequency by a factor of 1/2z for brevity. As an additional parameter to control
the shape of frequency dispersion, I also defined @ as the “convolution phase.”
The software then connects the microphone signals to the speaker signals as

in Eq. (4.2), generating the monopolar polarizability of the atom as

-y _ ¢, 2c0sgpcosdY () _2c,
% = 1) Soo (@) = iw 1—2e" cosoY (a)) " iw Y (a))

with Y (w)= w—zg( e’ — + e’ _ jei‘"‘“ (4.4)
Wy +w+iy  w,—w—Iiy

where co is the speed of sound in air, and i is the unit imaginary number. All
the other polarizability coefficients (a1, ao1, and aio) should be zero in this
case. For a conventional metamaterial atom, we would expect the monopolar
polarizability aoo, or the inverse of bulk modulus to have a positive imaginary

part for a passive atom. Where ¢ = 0° and the convolution delay ot is set to
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have arg(e'®”) = #/2 at resonating frequency wo, the resultant aoo mimics the
Lorentzian frequency dispersion of a passive acoustic metamaterial in the
frequency regime around wo. As an example, choosing wo at 1 kHz, y at 15
Hz and a resonating strength a at 7.85 Hz to implement a passive metamaterial
(0=0°), Y(t) in Eq. (4.3) is then programmed as the convolution kernel in the
virtualized metamaterial atom. To calculate the a or the s matrix, | measured
the transmission and reflection coefficients experimentally in both forward
and backward directions within the waveguide. The blue curve in Fig. 4.3a
represents the frequency trajectory from 750 to 1250 Hz of the experimentally
extracted monopolar scattering coefficient se. It traces what is roughly a
circle, starting near the origin from small frequencies, in a counter-clockwise
direction. It falls into the passive regime (indicated by the blue region), with
the dashed circle passing through the origin with the center at —0.5. The
complex transmission and reflection coefficients (t and r) are simply related
to See by t — 1 = r = see/2. In this case, the resonance causes a dip in the
transmission spectrum (blue curve in Fig. 4.3b). The Lorentzian shape of both
its real and imaginary parts of the monopolar polarizability aco is shown in
Fig. 4.3c (blue curves and symbols). The symbols representing the
experimental results agree well with the theoretical Lorentzian shape (lines).
This constitutes a conventional metamaterial that our virtualized metamaterial

approach can mimic.
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Figure 4.3 | Mimicking Lorentzian frequency dispersion and active acoustic
medium with a resonating monopolar response. a, Frequency trajectories of
the experimental monopolar scattering coefficient see on the complex plane
for four configurations with convolution phase 6 = 0° (blue), 90° (green), 180°
(red), and 270° (black). The red/blue shaded area denotes the active/passive
region. Arrows indicate the direction from small to large frequencies. b,
Transmission amplitude spectrum for the four configurations. The
convolution kernel Y(t) for the four different cases of convolution phases are
shown in the inset. ¢, The real part (solid symbols) and the imaginary part
(empty symbols) of the complex monopolar polarizability aco. Solid and
dashed lines denote the corresponding theoretical Lorentzian line shapes for
both the real and imaginary parts, respectively.
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Although Eqg. (4.3) is only a specific class of frequency dispersions, we can
now change it by adopting other values of the convolution phase 6 to obtain
a distinctly different virtual metamaterial. Without needing to design a new
physical structure as in the conventional approach to designing metamaterials,
the software takes on the role of a physical structure. When & is changed to
180°, ¥(w) simply flips signs. It produces an “anti-Lorentzian” shape of aoo
(red curves and symbols in Fig. 4.3c). The imaginary peak then becomes
negative, indicating a simulated material gain. More intuitively, in Fig. 4.3b,
the transmission amplitude shows up as a peak beyond a value of one, with
the additional power in the transmitted wave drawn directly from the external
digital circuits. Figure 4.3a also shows the trajectory of sec on the complex
plane for the virtualized metamaterials at different convolution phases (e.g.,
6 =90° and 270°); again, the trajectory is circular. In a geometric picture on
the complex plane, the convolution phase 6 actually rotates such circles about
the origin by the same angle in a clockwise direction. This rotation on the
complex plane moves part of the circular trajectory out of the passive zone,
making the virtual atom unavoidably active. The virtualized metamaterial
now takes on the original role of the swapped real and imaginary parts of the
Lorentzian distribution. The real part of aoo shows up as a peak while the
imaginary part shows up as an oscillation, respectively, shown as green and
black in Fig. 4.3c. For conventional metamaterials, a Fano resonance is

usually introduced to provide an asymmetric line-shape [95]. Here, we can



create an asymmetric line-shape (see & = 90° and 270° in the |t| spectrum) by

tuning the convolution phase value.

The virtualized representation of the metamaterial in Eq. (4.3) provides a
straightforward implementation of an active medium. One interesting point is
that the anti-Lorentzian shape (effectively the same as a Lorentzian shape but
with a negative resonating strength a) has to stand as an approximation in the
frequency regime around the resonating frequency. If valid for the whole
frequency axis, the poles of the complex function Y(w) will occur entirely in
the upper half complex plane, denying causal implementation of the
convolution kernel. Our approach guarantees causality because it implements
the virtual atom by convolution in the time domain. The approximation of the
anti-Lorentzian shape around the resonating frequency is linked to the

condition arg(e'®”) = #/2, which is only approximately satisfied.



4.2.2 On-demand tuning of dispersion

The virtualized approach to constructing metamaterial allows us to freely
reconfigure the frequency dispersion on-demand in a very flexible way.
Conventionally, a physical metamaterial design provides both resonating
strength and bandwidth at the same time. In principle, these two physical
properties (or model parameters) can be reconfigured by two geometric
parameters of the metamaterial. However, decoupled control of the two
physical properties by two geometric parameters is highly non-trivial®t. While
varying a single geometric parameter often results in a simultaneous change
in both physical properties, our approach means that resonating strength and
bandwidth are simply two input parameters that can be specified
independently, as the convolution kernel (Y(t) in Eq. (4.3)) is defined simply
as a mathematical function in the software code for digital representation.
Figure 4.5 (a) shows the virtualized metamaterial as specified schematically
in Fig. 4.3. The resonating strength a is varied from 3.93, 7.85 to 11.78 Hz
while the resonating bandwidth is fixed at y = 15 Hz. The magnitude and
spectral profile of both the real part (solid lines and filled symbols) and the
imaginary part (dashed lines and empty symbols) of the monopolar
polarizability increase and scale with a. Similarly, I reduced the resonating
bandwidth y from 30 to 15 and 7.5 Hz to obtain sharper resonance with a
being kept at a constant value of 7.85 Hz. The results are shown in Fig. 4.4b;
in both cases, the experimentally obtained frequency dispersions of
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monopolar polarizability aco (plotted in symbols) agree well with the
theoretical model derived from Y(t), where the solid and dashed lines
represent its real and imaginary parts, respectively. In fact, as the magnitude
of Y(t) decays in time through exp(—yf), the smallest y we can achieve is
limited by the total convolution time (Tc) implemented in the software code.
A smaller y requires a larger Tc if the magnitude of Y(t) is to decay to a
negligible value before truncation. For example, a requested 10dB decay in
Y(t) before truncation was chosen for accurate implementation of the target
Y(t) with y as small as 3.4 Hz. In these cases, the resonating frequency was
kept at 1 kHz. Finally, we fixed y = 15 Hz and a = 7.85 Hz and then varied
the resonating frequency wo from 0.8 to 1.2 kHz in steps of 100 Hz. Clear
resonances were observed around the designated resonating frequencies, with
a tunable range of resonating frequencies approaching almost 40% of the
central frequency in the tunable range (Aw/w), which is limited only by the
speed of the electronics. Faster electronics can further increase the digital
sampling frequency to achieve a higher frequency bound, while the
convolution (accomplished digitally within one sampling period) can involve
more samples. | also note that the tunability offered by our approach can
become more flexible and generic. As Y(t) is a mathematical function freely
encoded in the software, we can render the frequency dispersion to have a
more general shape, for example, to capture multi-resonating frequencies,

each with different strengths, bandwidths, and with either gain or loss.
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Figure 4.4 | Decoupled tuning of resonance amplitude, bandwidth, and center
frequency for the virtualized metamaterial. a, Three cases of resonating
strength a = 3.93 (black), 7.85 (red) and 11.78 Hz (blue) with constant
resonating bandwidth y = 15 Hz and resonating frequency wo = 1 kHz. The
real/imaginary part of monopolar polarizability aoo is plotted in solid/empty
symbols for the experimental results. b, Three cases of resonating bandwidth
y = 30 (black), 15 (red) and 7.5 Hz (blue) with constant resonating strength a
= 7.85 Hz. ¢, Resonating frequency wo varies from 800 to 1200 Hz in steps
of 100 Hz with y = 15 Hz and a = 7.85 Hz. Here an extra phase shift is
inevitable because of the inherent time delay in electronic devices as the
resonance frequency increases. The corresponding theoretical models are

plotted in solid/dashed lines for the real/imaginary part in all panels.
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4.2.3 Independent control of monopolar and dipolar

scattering

Connecting monopolar incidence to monopolar scattered waves corresponds
to an acoustic metamaterial with a resonating bulk modulus. Our virtualized
approach can also be used to construct metamaterials with a more general
response than monopolar scattering. As our atom has sufficient degrees of
freedom when generating both monopolar and dipolar secondary radiations,
the same virtualized metamaterial technique can be used to generate a dipolar
scattering response, corresponding to an effective resonating density. In this
case, | set Y11 = Y12 = —¥21 = Y22 = ¥/2 and the dipolar scattering coefficient

is then given by

26, 28ingsindY (@) _ 40 G ocinsy (). (45)
i 1+2ie”sindY () i

oy, = ;:—C‘Z)Sll(co) =
Y(t) and Y(w) are still defined in Eq. (4.3) and in Eq. (4.4) (with subscript 1
added to a and y to indicate the dipolar nature of the model parameters). To
demonstrate, | set a resonating frequency wo = 1.2 kHz, resonating strength
a1 = 14.25 Hz and linewidth y1 = 8 Hz; | also set the convolution phase 6 =
0°, corresponding to the passive case. The resultant real and imaginary parts
of a1 are shown in Fig. 4.5a as the black solid and dashed curves with
resonating behavior. This corresponds to a resonating mass density (in an
effective medium of the virtualized metamaterial) with a positive resonating
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peak in its imaginary part. On the other hand, if we change the convolution
phase 6 to 180° (with the same parameters for wo, a1 and y1), the resonating
atoms are gain-dominating around the resonating frequency, showing a
negative peak in the imaginary part of aa1 in Fig. 4.5b. In the same Fig. 4.5a,b,
the corresponding values of monopolar response aoo (shown in red) have
much smaller amplitudes than the instructed dipolar response.

By exploiting the virtualized metamaterial’s degrees of freedom, the
monopolar resonance and dipolar resonance can be generated at the same time.
More importantly, all of the resonating model parameters can be designed as
highly arbitrary. For the implementation, I set Y11 = Y22 = (Yo + Y1)/2 and Y12
= Yz = (Yo — Y1)/2 where Yo and Y1 are implemented by Eq. (4.3) with
resonating strength ao and a1 and resonating linewidth yo and y1, with the
resonating frequency commonly set at wo = 1.2 kHz. As shown in Fig. 4.5c,
both soo and si1 are now resonating. Model values are detailed in the caption
to Fig. 4.5. The virtualized atom can also be immediately transferred to the
gain regime by changing 6 from 0° to 180°, as shown in Fig. 4.5d; the
resonating peak of the imaginary part for both aoo and a11 goes negative as a
dominating gain around resonance. | have been using polarizability to
represent the atomic property. On the other hand, our 1-D metamaterial can
be equivalently represented as an effective medium of thickness d (actual
thickness of our atom = 6.5 cm), the relationship between the effective bulk
modulus B and the effective mass density p can be related to the monopolar

and dipolar polarizabilities as
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Figure 4.5 | Decoupled control on the monopolar and dipolar scattering

coefficients. a,b, Virtualized metamaterial with only dipolar response where

the model parameters are set as y1 = 8 Hz, a1 = 14.2 Hz, resonating frequency

o = 1.2 kHz and convolution phase 6 = 0° (a) and 180° (b). ¢,d, Monopolar

response is further added to configurations in (a,b) with model parameters yo

= 15 Hz, ao = 6.3 Hz with the same wo. e,f, Monopolar response is changed

to ao = 4 Hz while other model parameters are kept the same. For all results,

the left/right panel shows the scattering coefficients for convolution phase 6

=0°(a,c,e) and 180° (b,d,f).
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where Bo and po are the bulk modulus and the mass density of the air,
respectively, while yo and y1 refer to monopolar and dipolar. The ability to
control both monopolar and dipolar polarizabilities is essential in order to
control the transmission and reflection amplitudes simultaneously through t —
1 = (See + So00)/2 and r = (See — So0)/2. | note that the near-field coupling (as
there is no physical structure) if we periodically place identical atoms along
the propagation direction, can be neglected. The effective medium parameters

are still valid when we scale up the number of atoms.

Unlike conventional metamaterials that require the design of a special kind of
atom, the virtual implementation of metamaterials allows density and
modulus to be independently tuned without affecting each other and without
modifying any physical structures or external circuits. Figure 4e,f show the
corresponding results for the model parameters in Fig. 4.5¢,d (¢ = 0°and 180°)
but with the resonating strength ao divided by a factor of 1.6. The results show
that dipolar resonance is almost unaffected while monopolar resonance (e.qg.,
the peak of Im(ao0)) is divided by roughly the same factor. Our results confirm
the advantages of the virtualization approach in designing tailor-made
configurations, addressing some of the inherent limitations of conventional

metamaterial approaches by allowing the model parameters to be tuned to any
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desired value. This also contrasts with common approaches in which the
resonating strength and bandwidth of active metamaterials are unlikely to be
independently configurable because they depend on actual mechanisms to
achieve gain. Moreover, while dipolar resonance is much sharper than
monopolar resonance in conventional metamaterials, the virtualized approach
can make the two resonances are similar in shape and bandwidth (see Fig.
4.5e). This enables impedance matching (to achieve small reflectance) in a
wide frequency regime. In short, the present virtualized approach offers great

advantages for modifying metamaterial resonance.
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4.2.4 Transient response of the virtual metamaterial

The response of a resonating metamaterial generally depends on the Q-factor,
or equivalently the resonating linewidth, of the resonance. The response time
can be measured experimentally by using a step function (with the carrier
frequency, e.g., 1 kHz) as input to drive the incident wave. As an example,
we shine such an incident wave on the metamaterial with different resonating
linewidth y = 7.5, 15, and 30 Hz. As shown in Fig. 4.6, the response time,
defined as the time to get half of the steady-state amplitude, is found as 29,

14, and 7 ms, which is roughly proportional to 1/y.

On the other hand, we can also fire a transient signal with a varying amplitude
as a wave packet for the incident wave, instead of getting the monopolar
response at separate frequencies by firing continuous waves at different
frequencies. Here, the responses from 750 to 1250 Hz are measured in one
single transient experiment by inverse Fourier transforming the measured
signal at various microphones. Figure 4.7a shows the input pulse (quadratic
spline) with a duration of 5.0 ms and 2.5 ms. The carrier frequency of the
pulse is set as 1 kHz. Such an incident transient pulse is fired to the
metamaterial, with the configuration in Fig. 4.3 with convolution phase 6 =
0°and resonating linewidth y = 15 Hz. Figure 4.7b,c shows the corresponding
experimental spectrum (solid/empty symbols for real/imaginary part)

obtained for the monopolar polarizability. As we can see, the results follow
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the theoretical spectrum (in lines) very well, even up to a pulse width as short
as 5.0 ms, which is much shorter than the response time of 14 ms, indicating
the metamaterial can work for transient excitations. When the pulse width is
further reduced, we see higher noise as the total power of the incident wave

is now spread across a wider range of frequencies.

On the other hand, the response time (due to electronics and digital sampling)
can be probed by firing a pulse to our metamaterial but with a non-resonating
response (small resonating strength). Figure 4.8 shows a typical incident pulse
(in black line) and the measured scattering from the metamaterial (red dashed
line). It is found that the response time is around 500 ms, which includes all
the physical and electronic delays between the microphones and speakers

with feedback.
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Figure 4.8 | Response time for a non-resonating metamaterial. Incident
(pi) and scattering (ps) waves of a non-resonating metamaterial in
probing the ultimate response time, due to all physical and digital

electronic delay.
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4.3 Experimental setup

The experimental set-up is schematically shown in Fig. 4.2a. A meta-atom
consists of two speakers and two microphones with electric peripherals,
including a microprocessor, analog-to-digital/digital-to-analog converter, and
amplifying modules. For the digital convolution, the microprocessor is
programmed to operate at a sampling frequency of 7.5 kHz and using 400
sampling data to accomplish all calculation process within one cycle.
Speakers and microphones which are connected to the microprocessor and
communicate through the serial peripheral interface, are assembled in an
acrylic frame (width = 3.0 cm, length = 6.5 cm). This transducer module is
mounted on top of a one-dimensional rectangular acoustic waveguide (width
= 6.0 cm, height = 2.0 cm). For the measurement, | used the 4-points
measurement method with the National Instrument DAQ device and Labview
system. The scattering parameters spectra can also be obtained by doing a
transient stimulus using a wave packet of finite duration and a carrier

frequency.



4.4 Conclusion

In conclusion, | have proposed and provided experimental support for the
concept of virtualized metamaterials, removing the physical restrictions of
traditional metamaterials. Using a convolution kernel function and digitally
driven wave sources to synthesize the scattered wave directly, it was possible
to freely access different frequency dispersion curves on demand, achieving
decoupled control on different wave parameters and constitutive parameters.
The software-controlled transition between Lorentzian, anti-Lorentzian, and
asymmetric dispersion curves were experimentally confirmed within a single
platform while independently addressing amplitude, center frequency,
bandwidth, and convolution phase for all dispersion curves across a broad
frequency range. The frequency dispersion, equivalently the impulse response
function, can be programmed to other shapes to achieve optimal bandwidth
for material constitutive parameters [66], material gain, zero-index, etc. In
fact, the frequency dispersion of the material parameters can be further
modulated in time slowly (comparing to the sampling period), we can then
apply such dynamic modulation on individual atoms to construct time-
varying metamaterials [96]. For example, a modulation phase lag between
different atoms can be used to generate an Aharonov—Bohm phase and non-
reciprocal transmission [97], which can now be readily achieved in acoustics.
Furthermore, we can also use an ensemble of these virtualized atoms to realize

Floguet topological phases with a temporally periodic Hamiltonian [98,99].
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For our platform, gain and loss can also be matched exactly and varied in the
time domain due to the flexible tunability, allowing us to investigate non-
Hermitian systems [100,101] with exceptional points that can now be scanned
through dynamically and without any physics structures. It should also be
straightforward to inverse-derive the mathematical kernel for a virtualized
metamaterial on demand for targeted applications and wave parameters. This
approach is not limited to the acoustic platform, as the implementation of the
convolution kernel function can also be envisaged in FPGA, for the faster

convolution required in ultrasonic or microwave applications.

64



Chapter 5

Extreme Acoustic Properties

beyond the Passivity and Reciprocity Bounds

This chapter discusses the feasibility of the virtualized metamaterials to
provide extreme acoustic wave properties that hardly achievable. | assess the
ultimate bound of Willis coupling and the conditions for nonreciprocity and
implement ideas using virtualized metamaterials. By achieving selective
excitation of the inverse bulk modulus, and the mass density, | demonstrate
the ultimate Willis bound and extreme nonreciprocity within the same
platform as a universal building block for future Willis applications. I further
realize Willis atom operation with broadband and flat dispersion, in both the
purely reciprocal and purely nonreciprocal regimes, from analytically

constructed dispersion curve via the inverse design method.
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5.1 Introduction to the limit of bianisotropic media

Despite the great successes achieved thus far, the full potential of
bianisotropic acoustic metamaterials has not been achieved. First, The
maximum bound of Willis coupling and nonreciprocal operation, which are
inherent to the passivity of the metamaterial structure, currently hinders the
full exploitation of the advantages offered by Willis metamaterials in future
applications. Although the breaking of the passive Willis bound or the tuning
of nonreciprocity have been envisaged with the introduction of active
metamaterials, the question of how to achieve selective excitation and flexible
control of all four constitutive parameters to enable extreme bianisotropy and

fully controllable nonreciprocity has yet to be answered.
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5.2  Extreme acoustic properties

5.2.1 Bianisotropy beyond the passivity bound

To realize independent manipulation of all polarizability, | define a scattering
matrix S having parity symmetry in the one-dimensional system as depicted
in Fig. 5.1, for incident (a) and scattered (b) waves propagating in the forward
(+) and backward (-) directions, which are decomposed into components of
even (e) and odd (0) parity: ae = (a+ + a)/2, a0 = (a+ — a.)/2, be = (b+ + b)/2,
and bo = (b+ — b-)/2. The couplings between the incident fields and scattered
fields are then written as (be bo)T = S (ae a0)", with the scattering matrix S

being defined as

(see seojzl[t++t_+r++r_—2 t, -t +r —r j (5.1)

2 t, -t —r+r t 4+t —-r,—-r -2

where r and t are the reflection and transmission coefficients, respectively.
Then the relation between the scattering matrix S and the normalized

polarizability @ becomes:

app aPV _i See Seo (5 2)
aVP Ay - IkO Soe Soo ’ .

where ko is the free space wavenumber. In this representation, the diagonal
terms relating even-incident to even-scattering components (See) and odd-

incident to odd-scattering components (Soo) correspond to the inverse bulk

]
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modulus and mass density, respectively, while the coupling of the off-
diagonal components even to odd components (See) and odd to even
components (Seo) are the acoustic bianisotropy or Willis coupling parameters.
Although our consideration of Willis coupling does not assume passivity and
reciprocity in general, it is worth mentioning that for a conventional passive
and reciprocal metamaterial, reciprocity is equivalently represented by t+ =t
Or Seo = —Soe, and the maximum Willis coupling corresponds to [Seo| (OF |Soe|) =

1, which is difficult to achieve while keeping the other components intact.

To realize all these polarization responses with selective excitation and
precise balancing between the cross-coupling terms, inverse bulk modulus,
and mass density, we employ a platform of a virtualized meta-atom, which
can directly mold the above parameters with the designer convolution
function connecting the detectors and sources. As depicted in Fig. 5.2, the
microprocessor returns output values to two speakers (Si) from the detected
signals of two microphones (M;) by means of the programmed convolution
kernels (Yi). I.e., the output voltages of the sources are calculated in the time

domain as follows:
Si(t) = -0 (T3 (£) * Mi()), (5.3)

where * is the convolution operator, and the subscripts i, j = 1 or 2 are the
labels of the speakers and microphones. In Eq. (5.3), one derivative is given

by the software for a zero averaged offset value, and the other derivative
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appears in speakers when generating a pressure field in a time differential way.
In the frequency domain, the entire operation is summarized as Si(w) =
Yii(w)Mj(w) where Yij(w) = w?Yij(w). To achieve a connection between the
speaker output Si and the microphone-detected signal Mj, similar to the
polarization process in Eq. (5.1), we decompose the convolution kernel Yij by

introducing a basis of convolution matrices:

1(1 1 1(-1 1 1(-1 -1 1(1 -1
€ =7 1 €0 =5 € =5 1 €00 =4 ) (54)
2(1 1 2(-1 1 201 1 2\-1 1

which satisfy Y = Yee €ee + Yeo €0 + Yoe €0e + Yoo €00. EQ. (5.3) can then be
rewritten in terms of the symmetric (even) and antisymmetric (odd)

components of the speakers and microphones as follows:

S, +S, _ Y.. Y YM #+M . (55)
SZ_S Yoe Yo M Z_M 1
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Figure 5.1 | The definition of the scattering matrix S in a one-dimensio

nal system. The incident and resultant scattered fields propagating in the
forward and backward directions are decomposed into even and odd co
mponents. The even-to-even and odd-to-odd scattering parameters corres
pond to the inverse bulk modulus and density, respectively, while the ev
en-to-odd and odd-to-even scattering parameters are the Willis parameter

S.
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forward M M K backward
incident incident

—

Figure 5.2 | Bianisotropic virtualized metamaterial. A virtualized
metamaterial consisting of two microphones and two speakers connected to a
microprocessor embedded in the cover of an acoustic waveguide. The
bottom-right inset shows a photograph of a transducer module of a virtualized
meta-atom. The top inset shows an analytical representation of the virtualized
metamaterial atom: two microphones (M;j) are convolved with a 2 x 2 matrix
(Yij) returning signals to fire at the two speakers (Si) as secondary radiation.
The distances between the two speakers and microphones are equally set to A
=50 mm. The scattering property of the meta-atom is tested by incident waves
coming from the forward and backward directions to identify all four

scattering parameters (r+, t+, r-, and t).
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It is important to note that in this representation, in terms of a basis of
convolution matrices, each basis matrix ex exclusively addresses one of the
four polarizability parameters, including the two Willis parameters. In our
atom configuration shown in Fig. 5.2, in the case of selective excitation (i.e.,

Y = Yoei), the polarizability parameters can then be written as follows:

N :icos(kOAIZ)ZYO
ik, 1—(1+e”‘0A)Y0 ’

a,, =2k, sin(k,A)Y,,

a,, =2k, sin(k,A) Y,

(5.6)

4 sin(k,A72)°Y,
a, =— _ .
wW iko 1_(1_elkoA )YO

where A is the distance between the two speakers (and microphones).
Therefore, decoupled control or balancing among all acoustic wave
parameters can be realized with analytically constructed kernels Yij of the
desired design. It is emphasized that the relationship derived in Eq. (5.6) is
analogous to the effective medium theory expression that relates the

constitutive parameters to the scattering parameters of composite scatterers.
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5.2.2 Extreme nonreciprocity

Figure 5.3 shows an experimental demonstration of the selective excitation of
each polarizability parameter in the virtual Willis metamaterial. We set the
program to have one of the basis convolution matrices €ee, €eo, €ce, and €oo,
given in Eq. (5.4) with the Lorentzian-form coefficient Yo(w). For time-
domain microprocessor signal processing, Yo(w) can then be expressed or

implemented as the following impulse response function:

§, () = %sin (at+0)e"u(t), (5.7)
0

where u(t) is the Heaviside step function, a = 15 is the total scaling factor, wo
= 1.0 kHz is the resonance frequency, 8 = —z/2 is the phase, and y = 15 Hz is
the resonance bandwidth. Figure 5.3a,b show the Lorentzian polarizations
experimentally realized with even-to-even eee and odd-to-odd eoo excitations,
which are responsible for inverse bulk modulus and mass density, respectively,
and Fig. 5.3c,d show the implementation of bianisotropy achieved with odd-
to-even eeo and even-to-odd eqe convolutions. Each polarization component is
exclusively excited, with the other components suppressed, in excellent
agreement with the analytical results in Eq. (5.6). Since this approach enables
simultaneous independent control of the four wave parameters, by balancing
the even-to-odd and odd-to-even couplings, we can also easily realize the

purely reciprocal and nonreciprocal Willis parameters « = i(apv — avwp)/2 and y
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= (apv + awp)/2 from the symmetric convolution kernels Y =Yo(eeo + €oe) fOr
the reciprocal case (Fig. 5.3e) and the antisymmetric Y = Yo(eeo — €ce) in the
nonreciprocal case (Fig. 5.3f). Our results are not subject to the strict
restriction imposed by the geometry of the scatterers in physical
metamaterials, in contrast with previous approaches, in which the resonance
strengths and bandwidths of individual polarization components are unlikely
to be independently configurable. It is further noted that because the
virtualized Willis metamaterial can also handle complex polarizabilities, it is
possible to achieve controllable gain and loss of the system as well as complex
bianisotropy, enabling phenomena such as imaginary reciprocal and
nonreciprocal coefficients, which are impossible with conventional

bianisotropic media.
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Figure 5.3 | Decoupled excitation of polarization components. a-d,

Virtualized Willis metamaterial for the four basis convolution matrices ece (@),

oo (D), €eo (C), and eoe (d) with the same Lorentzian convolution kernel Yo,

where the model parameters are set to a = 15, = —#/2, y = 15 Hz, and wo =

1.0 kHz. The polarizabilities app, aw, apv, and avp are depicted in black, green,

blue and red, respectively, with solid/empty symbols representing the

real/imaginary parts of the experimental results. The corresponding
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theoretical models are plotted with solid/dashed lines for the real/imaginary
parts. e,f, Purely reciprocal and purely nonreciprocal Willis couplings « =
i(apv — avp)/2 and y = (apv + awp)/2, realized with a balanced ece and eeo. The
purely reciprocal Willis coupling satisfying aw = —apv is demonstrated by their
summation, i.e., Y = Yo(eeo + €0e) (€), and the purely nonreciprocal term
satisfying avp = apv IS demonstrated by subtracting the two basis convolution

matrices, Y = Yo(€eo — €oe) ().



The ability to excite Willis coupling is known to be limited by the passivity
condition, as discussed earlier. Following the derivation in Ref. [86] for two-
and three-dimensional systems, for the one-dimensional passive system
treated here, the maximum bianisotropy bound is dictated by the following

two inequalities :

15| L+ 8| <,

, , : (5.8)
|Seo| [+ 55| <1.
or, equivalently in terms of polarizability,
2 . 2
‘koavp +‘1+|k0app‘ <1, 5.9)

’ 1+ ikger, | <1. |

‘koapv

Thus, the maximum bound of the Willis coupling is given by |owp|(Jotpv|)< ko2,
where the equality is satisfied when app (aw) = iko ™. If the systems are strictly
reciprocal, e.g., in the case of a physically designed structure with curled
channels, we can set t+ = t, and then, the inequality is reduced to |r+ —r-| <2
as an upper bound on the Willis coupling term for a reciprocal scatterer. In
this passive case, one needs to design a system witht+ =t =0and r+=-r_=
e?, where ¢ is the arbitrary real number needed to approach the equality in
the inequality. However, with our implementation using a virtualized
metamaterial, we need not be restricted by the reciprocity and maximum
bound of the Willis coupling. Because the secondary radiation source in our

virtualized metamaterial draws power from external digital circuits, it
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becomes straightforward to overcome the maximum bound of the Willis

coupling.

Figure 5.4 shows the magnitudes of the Willis couplings |op| (Fig. 5.4a) and
|avp| (Fig. 5.4b) for Lorentzian convolution kernels with two different scaling
factors (a = 15 and 30) at different resonance frequencies (fo = 900 Hz, 1000
Hz, and 1100 Hz) and with a fixed bandwidth (y = 15 Hz). All cases show a
central peak at the resonance frequency where the Willis coupling is
maximized, in agreement with the analytical models in Eq. (5.6). In contrast
to the maximum bianisotropy of a passive metamaterial (black dashed line),
which is dictated by |avp| (Or |ap]) = ko2, the newly established maximum
bianisotropy for the virtualized Willis metamaterial (magenta dotted line) is
now modified to |awp| (or |ap]) = 2koYsin(koA)Yo| with |Yo| = a/2y at the
resonance frequency, revealing the set of parameters for controlling the Willis
coupling strength. It is worth mentioning that the presence of koA in sin(koA)
reveals the required metamaterial geometry of the scatterer (or source) layout,
while the amplitude a, bandwidth y, and center frequency wo reveal the
significance of the scatterer characteristics. At the values A= 50 mm and y =
15 Hz used in the experiment, Fig. 5.4 shows theoretical (lines) and
experimentally realized (symbols) Willis parameters with the scaling factor
of a = 15 and a = 30 respectively, each for below and above the passivity
bound (black-dashed lines). In addition to the control parameter a, which
represents the power drawn by the active devices, it is further noted that the
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layout of the scatterers, represented by A, can also be used to control the
strength of the polarizability. In our implementation, a small A ~ /7 was used,
in the regime of metamaterials without further optimization. With the
introduction of a resonance directly into the Willis coupling term, the system
will draw the necessary power from the external source, i.e., become active,

and the conventional Willis bound can intuitively be surpassed.
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Figure 5.4 | Willis coupling beyond the passivity bound. Willis coupling
beyond the passivity bound achieved by controlling the scaling factors. a, The
magnitude of apv for the odd-to-even convolution kernel eeo. The Lorentzian
responses at three center frequencies, fo = 900 Hz (red), 1000 Hz (green), and
1100 Hz (blue), are demonstrated with two different scaling factors, a = 15
(empty symbols) and 30 (filled symbols). The analytical results for each
scaling factor are also plotted as solid and dashed lines, and the magenta
dotted lines denote the theoretical values of the Lorentzian peaks at the
resonance frequencies. The black dashed line represents the passivity limit of
Willis coupling, i.e., |apy| = koX. b, Same as a except that |awp| for the even-

to-odd convolution kernel eqe is demonstrated.
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5.2.3 Broadband-, flat-frequency dispersion

Recalling that there is no reason for the frequency response of Y to be limited
to a Lorentzian response in our implementation, here, we address a
metamaterial realization with an arbitrary target response function Fo(w)
based on the notion of inverse design. To realize apv(w) (Or avp(w)) = Fo(w),
we utilize the relation in Eq. (5.6) and obtain the convolution function Ye,(w)
= Fo(w)ko sin(koA) /2 (or Yoee(w) = —Fo(w)ko sin(koA)*/2) for the target frequency
response Fo. By applying inverse Fourier transformation to Yeo(®) (0r Yoe(w)),
we can numerically obtain the required time-domain convolution function y(t).
As metamaterials restrict koA to be small, the resultant time-domain function
of this inverse design process will be similar to the inverse Fourier transform
of the original target frequency response Fo(w). For example, we consider an

intriguing target frequency spectrum with a flat broadband response between

|

w1 and wz, specifically,

0+,

F, (a)) _ el E(sgn(aw @) —sgn(w + a)z))+% log o+ o,
(5.10)

0—a

:

which satisfies the Kramers-Kronig (KK) relation, along with its inverse

—e 7 F(sgn(a} — o) -sgn(w-w,))+ il log
2 T w-w,

Fourier transform,

f, (t):%%[Sin(a)lt+6?)—sin(a)2t+¢9)}u(t). (5.11)
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When w2 is set to be much larger than w1, the above function Fo(w) with 6 =
0 (¢ = #n/2) provides a flat real (imaginary) spectrum over a broad frequency
range while suppressing the imaginary (real) part, while peaks appear in the
vicinity of w1 and w2. This Fo(w) could thus be used to design broadband

Willis metamaterials offering purely real or purely imaginary polarizability.

To demonstrate the purely reciprocal and nonreciprocal Willis couplings, also
with broadband characteristics, we then program the convolution kernel to be
Y = Yo(eeo + €0e) for the reciprocal case and Y = Yo(eeo — €0e) for the
nonreciprocal case, as used in the narrowband demonstrations shown in Fig.
5.3e,f. Figure 5.5 shows the experimental realization of the purely reciprocal
Willis parameter x = i(apv — awvp)/2 and the purely nonreciprocal parameter y =
(apv + awp)/2, achieving a flat broadband spectrum over (w1, @2) = (800 Hz,
1200 Hz) for # = 0 (Fig. 5.5b,c) and 8 = z/2 (Fig. 5.5a,d), with a = 0.225. It is
important to note that while Fig. 5.5a,b each correspond to conventional
Willis couplings for omega media and moving media, which have real
components of x and y, respectively, the Willis couplings shown in Fig. 5.5¢,d
newly achieve imaginary x and y values, providing an additional degree of
freedom in terms of energy, i.e., gain and loss in the Willis coupling. We note
that while even more general frequency responses can be constructed beyond
the Lorentzian resonance and flat dispersion demonstrated here, it is
necessary to keep some reservations due to the causality restriction. For

example, the required time-domain convolution function from the inverse
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Fourier transform of the target frequency response could contain anti-causal
components, i.e., y(t) # 0 for t < 0. Nonetheless, we are open to the possibility
of mitigating at least the condition of y(t < 0) # 0 through some modification
of the virtual metamaterial configuration, such as placing the microphones
before the speakers. In essence, our virtualization scheme provides a one-step
implementation, through the digitization of the impulse response as a
software entity, to obtain any physically allowed broadband spectrum. The
same approach can be readily applied in other applications requiring a
broadband response. For example, it can also be applied to design causality-
optimal sound absorption media, with the advantage that once the causality-
optimal spectrum has been formulated, there is no need to formulate a strategy
further to obtain the corresponding metamaterial structures. In other words,
by adopting the virtualization approach, one does not need to be concerned
with passivity and reciprocity, which are the usual starting points for
formulating performance bounds, but rather can relax the necessary
considerations to causality only. In our case, causality is considered

automatically through the KK relation.
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designed from a frequency dispersion response with broadband flat real

values, while imaginary values are restricted in the vicinity of the band edges.
By balancing apv and awp, a,c broadband purely reciprocal Willis coupling
parameters x = i(apv — owvp)/2 and (b,d) broadband purely nonreciprocal Willis
coupling parameters y = (apv + awvp)/2 are achieved. a and b correspond to
conventional omega media and moving media with real x and y, while c and

d show imaginary reciprocal and nonreciprocal Willis couplings, which are

not naturally achievable.
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5.3 Experimental setup

The bianisotropic virtualized meta-atom consists of two MEMS microphones
(INMP401) and speakers (SMT-1028-t-2-r) laterally located on each edge of
the acrylic frame, which are connected to an external single-board computer
(Raspberry Pi 4B+) with amplifiers and analog-to-digital/digital-to-analog
converters (see Fig. 5.2). For digital processing, the input signals sampled by
the microphones are digitally processed by the microprocessor and then fed
to the speakers in real-time with a sampling frequency of fs = 7.5 kHz and a

number of samples equal to N = 400. The convolution is calculated as

S [n]= ZZN:Y” [K](M;[n=k]-M;[n—k~1]), where the index n = t/Ts is

i k=0

the discrete-time with sampling period Ts = fs 1. The speakers and
microphones, which communicate with the microprocessor through the SPI
(Serial Peripheral Interface), are mounted in an acrylic frame (width = 3.0 cm,
length = 6.5 cm). This transducer module is, in turn, mounted on the acoustic

waveguide (width = 3.0 cm, height = 3.0 cm).
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5.4 Conclusion

In this chapter, | demonstrate active bianisotropic metamaterials offering
Willis coupling beyond the passivity limit. The conditions for maximum
Willis coupling and reciprocity in the passivity regime are revisited, and then,
the new bound of the Willis parameter and the reciprocity with the
introduction of an active metamaterial are analyzed. By employing a
virtualized metamaterial platform that enables the flexible design of
scattering properties by means of software convolution functions, Lorentzian
resonances of all of the polarizability parameters are demonstrated, with
exclusive access to each polarizability, including the Willis parameters,
inverse bulk modulus, and mass density, independently. Using the fully
independent excitation of each parameter as well as precise balancing
between them, the operations of purely reciprocal and nonreciprocal Willis
couplings are realized. We also demonstrate the breaking of the Willis bound
in the passivity limit for the first time while isolating the control parameters
involved with the newly established Willis bound in the active regime, such
as the amplitude, bandwidth, and frequency of the active resonator that feeds
in external power for the scattered fields. Finally, we achieve the inverse
design of target Willis responses with identical, flat-amplitude Willis
coupling strengths over a broad frequency range, for the reciprocal and
nonreciprocal cases as well as the newly revealed case of nonconserved

bianisotropy.



Chapter 6

Conclusion

In this Dissertation, the top-down design of acoustic metamaterials has been
demonstrated for the decoupled and reconfigurable control of extraordinary
wave properties. From the idea that decouples fundamental oscillations of
wave parameters, a deterministic approach to provide target wave properties
in a single platform is investigated. With the physical metamaterial structure,
cross-shaped acoustic metamaterials using a mass on a membrane and space-
coiling resonator are proposed, which enable independent manipulation of
bulk modulus, mass density, and bianisotropy. These metamaterial structures
confirm deterministic operations of bianisotropic metasurface, manipulating
both reflection and transmission wavefronts and scattering-free propagation
in matched-zero index metamaterials. Extending the top-down approach of
physical metamaterials, | propose the concept of virtualized metamaterials

that mimics polarization process of natural media, offering reconfigurable and
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decoupled manipulation of wave properties. | fabricate one-dimensional
acoustic virtualized metamaterials using the microprocessor with electric
peripherals and the real-time digital convolution and show independent
control of all entity of wave parameters based on the decoupling of
fundamental wave parameters. Virtualized metamaterials could realize
extraordinary physical properties such as non-Hermiticity, bianisotropy
beyond the passivity bound, and extremely high nonreciprocity. It is
confirmed that any dispersion satisfying causality would be realized from the
software-controlled transition between Lorentzian, anti-Lorentzian, and
broadband-, flat dispersion.

Demonstrating full control and top-down tailoring of all wave
parameters within the same platform, this work would achieve the full
potential of acoustic metamaterials and their diverse applications beyond

conventional bound of passivity and nonreciprocity.



Appendix A

Supplements for Chapter 4

A.1 Monopolar and dipolar model of the virtualized atom

For a one-dimensional (1-D) system (along x-direction), we express the total
pressure and the velocity (in the propagating direction in x) by

p = a, cos (kx) +a, sin (kx)+b,e*" + b sgn (x)e"”, Al

. . Al

PCV,, = &isin (kx)+a, cos(kx)+hb, sgn (x)e*" + be"™,

where p and vx are the pressure and velocity fields, respectively, p and co are

the density and the sound speed in air. The monopolar (dipolar) incident

waves are denoted by ao (a1), while the monopolar (dipolar) scattered waves

are denoted by bo (b1) in generating symmetric (antisymmetric) waves, see

Figure A.1 for the schematic representation. The response of the artificial
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atom can be denoted by the scattering matrix S:

) E- 23
bl ai le sll al
which can also be written in terms of transmission (t) and reflection (r)

coefficients in the forward (subscript f) and backward (subscript b) directions:

(A.3)

1(t, +t, +r, +1r, -2 t, =t +r, -1,
t, -t —r, +r1, t,+t, —r,—n -2

The response of the system can be equivalently described by Y (w) matrix for
convolution operation (in Fig. 4.2b) or the scattering matrix S(w). They are

related to each other by

tinaly

=(cos¢ —_is_inﬂs_l(_cc?sé c_o?c.¢ ](SljJrG(Slj
cos¢ ising isind —ising )\ S, S,

where G is the structure factor in describing the propagation from two

(A.4)

speakers S1, Sz to microphones M1, M2 and is defined by

i e—i5 eiﬁ
G=e 4 ( ei5 eié} , (A5)
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. :_____l
(dipolar) _a,e 2 )

Figure A.1| The schematic diagram for monopolar and dipolar models of the
virtualized atom. The scattering process is defined as a monopolar response
when the symmetric input generates the symmetric scattering field (upper).
On the contrary, an anti-symmetric input generates an anti-symmetric
scattering field (lower) is defined as a dipolar response. Here ao,1 and bo
represent amplitudes of the incident and scattered waves, respectively. The

center of the virtualized atom is set at the origin.

where 2¢ is the phase distance between two microphones and 24 is the phase
distance between two speakers (see Fig. 4.2b). G modifies the response
matrix Y since microphones detect incoming waves plus the secondary
radiation generated by speakers. Such a “renormalization” from the circuit
response to the overall atomic response is common. It also occurs in the
effective medium theory for an ensemble of isolated dipoles: the macroscopic
and local fields are different so that susceptibility is proportional to
polarizability in the dilute limit but goes to the Maxwell-Garnett formula as

filling fraction increases due to a similar renormalization.
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From the relationship between S and Y, we can solve S from given Y. For
example, the scattering matrix for the monopolar atom in Figs. 4.3 and 4.4

can be obtained by substituting Y11 = Y12 = Y21 = Y22 = Y/2 to obtain

B 2Y () cosg O
S(a))_secé—ZY(m)e‘“’( 0 Oj (A0)

Similarly, we can also readily obtain a virtualized metamaterials with dipolar
scattering response by redesigning the [Y] matrix as Y1 = Y12 = Y21 = Y22

=Y/2. Then the scattering matrix [D](w) becomes

N (0 0
S(w)_csc§+2iY(a))ei¢(0 sin¢) (A7)

Theoretically, only the dipolar scattering coefficient Si1 is nonzero in S matrix,
but the discrepancy between two speakers of the atom inevitably generates
small amounts of monopolar secondary radiation in the experiment.
Therefore, the monopolar scattering coefficient Sco becomes nonzero, but is
very small compared to the dipolar scattering coefficient Si1, as shown in Fig.
4.5a,b. In a more conventional way to describe the response of the atom, we

can use the polarizability a, which is related to the S matrix by

a(a))z[%(w) a°°(w)]=_c—°s(a>) (A8)
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A.2. Power gain of active metamaterials

Figure A.2 plots the power gain |r|?> + |t|? for configurations in Fig. 4.3,

confirming the outgoing power is larger than the input power.

|2+ [ef?

800 900 1000 1100 1200
Frequency (Hz)

Figure A.2 | Metamaterial power gain. The spectrum for the sum of
transmission intensity and reflection intensity for the 4 configurations (in
Fig. 2) with convolution phase 8 = 0° (blue), 90° (green), 180° (red) and
270° (black), where symbols and lines denote the experimental and

theoretical results respectively. Here |r|? + [t|? is the power gain for one-

side incidence.
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A.3 Effective medium parameters and impedance matching

As shown in Fig. 4.5, the monopolar and dipolar response of the virtualized
metamaterial can be controlled independently. Therefore, we can readily
realize the decoupled control on the effective medium parameters since the
system can be regarded as an effective medium, which breaks through those
limitations inherent to the physical structures. The spectrum of the effective
medium parameters is determined by Eq. (4.6), as shown in Fig. A.3. For the
virtualized metamaterial with dipolar response only (Fig. A.3a,b, the
monopolar resonance strength ao = 0), the dipolar susceptibility y1, which is
associated with the effective mass density p, is dominated over the monopolar
susceptibility yo for both the case of convolution phase § = 0°and 180°. When
the monopolar resonance strength ao increases from 0 to 6.3 Hz, the
monopolar susceptibility yo emerges (Fig. A.3c,d). The virtualized
metamaterial behaves like an ensemble of isolated dipolar and monopolar
resonance. Therefore, we can further adjust the dipolar and monopolar
resonance independently to realize the impedance matching. Readjust the
resonance strength ao to 4.0 Hz, only the monopolar susceptibility xo
decreases while the dipolar susceptibility y1 keeps the same (Fig. A.3e,f). In
this case, the inverse of effective bulk modulus B and the effective mass
density p are almost equivalent, which represents the realization of impedance
matching (Z = (p/B™1)¥2 = 1). As a result, we can adjust the reflection and
transmission amplitudes and achieve small reflectance in a wide frequency
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regime as shown in Fig. A.4.

On the other hand, the connection from the single-atom polarizabilities to the
bulk property (multiple atoms) can be obtained from Eq. 4.6. In our
metamaterial atom in a 1D system, the near field in coupling the neighboring
unit cells (along the propagating direction) is not significant. The following
simulation shows that the wavefront quickly goes to plane wave within 5 cm,
which is comparable to the size of each atom (6.5 cm), and much smaller than

the wavelength of acoustic wave (34 cm).
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Figure A.3 | The effective medium parameters of the virtualized
metamaterial. The monopolar and dipolar susceptibilities yo (red) and y1
(black) for the convolution phase of & = 0° and 180°. (a,b) When the
virtualized metamaterial has a dipolar response only, the dipolar
susceptibility y1, associated with the effective density p, is dominated in
this case. (c,d) The monopolar susceptibility yo which is associated with
the effective bulk modulus B of the virtualized metamaterial emerges after
adding the monopolar response. (e,f) The monopolar susceptibility yo
decreases while y1 keeps the same when we lower the resonance strength
ao. For all results, lines and symbols represent the theoretical and the
experimental results, respectively. The left and right panels show the

scattering coefficients for the convolution phase of 8 = 0° and 180°.
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Figure A.4 | The reflection and transmission amplitudes. The reflection
amplitude |r| (black) and transmission amplitudes |t| (red) the convolution
phase of § = 0° and 180°, when the virtualized metamaterial has a dipolar
response only (a,b), the monopolar response is added (c,d), and the
monopolar resonance strength ao is decreased to realize the impedance
matching (e,f). For all the cases of convolution phase = 180° (right panel),
the virtualized atom is working in the active regime and the peak of the

transmission amplitudes beyond the unity
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Figure A.5 | The plane wave generation from meta-atom speakers. a,b,
Numerical simulations of meta-atom sources generating (a) monopolar
(symmetric) and (b) dipolar (anti-symmetric) scattering fields. c, Pressure
field profiles measured at y = 0 (solid line) and y = 0.02 m (dashed line) for
monopolar (blue) and dipolar (red) sources, where the wavefront goes to
plane wave within 0.05 m. Speakers modeled by 1 x 1.5cm flat rectangular
structure are 1.7 cm away from each other and mounted in 2 x 6 cm

rectangular waveguide.

This is in the so-called transmission-line metamaterial regime in which the
near-field coupling between neighboring unit cells becomes negligible
while the coupling between the neighboring unit cells is only through far-
field. With this background, the single-atom property also represents the

bulk property when atoms are cascaded in the propagating direction. Figure

=

98 > ;ﬂ 2

1

i &



A.6a shows the more traditional representation of effective medium
parameters of the same type of atoms in Fig. 4.3 (with a smaller resonance
strength and convolution phase 180°), now in terms of an anti-Lorentzian
resonating reciprocal bulk modulus and a unit density (not shown here).
Solid lines/symbols are the extracted model/experimental values.
Black/blue represents the real/imaginary part. Then, by using these
effective single-atom medium properties, we can calculate the expected
two-atoms and three-atoms properties, transmission amplitude and phase
spectra are shown in Fig. A.6b,c, as solid lines, which also agree to the
experimental results shown in symbols, showing the validity in using single

atom property in scaling up to the situation of multiple atoms.
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Figure A.6 | Response from multiple atoms. a, Effective medium
parameters extracted from a single atom with convolution phase 0 = 180°.
Solid lines (symbols) represent theoretical (experimental) results. The real
(imaginary) part is shown in black (blue) color. b,c, Transmission from
cascading 2 or 3 atoms of the same configuration. Experimental results, (b)
for two atoms and (c) 3 atoms, are shown in symbols, while solid lines
represent the theoretical results that are obtained from the previous single-

atom property shown in (a).
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Appendix B

Supplements for Chapter 5

B.1 Derivation of the relationship between the polarizability and the
scattering matrix

It is well known that the fundamental resonances affecting the bulk modulus
and mass density are monopolar and dipolar, while bianisotropy corresponds
to monopolar-to-dipolar or dipolar-to-monopolar responses. This section
discusses the details of the polarization process in terms of the scattering
matrix in Eg. (5.1), which expresses the relations between even and odd
incident and scattered fields. We first derive the scattered field generated from

a small scatterer that satisfies the following constitutive relations [102]:

_p-l
e=B, p+M, (B.1)
n=p,vV+D,
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where e and & are the strain and momentum fields, respectively, and
M :—ljﬁdv and D:—ﬁj.prdv are monopolar and dipolar
V< p, \Y

polarizations, respectively. Rewriting the acoustic wave equations with time

harmonics e’ in terms of polarizations yields

Vp=io(p,v+D),

: B.2
V-v=io(B,'p+M) (B.2)

Therefore, the acoustic Helmholtz equation can then be written as
(V2 4Ky ) p =ioo(ikypcM +V D). (B.3)

Since the Green’s function of the 1D Helmholtz equation

(V2+ky’)G(r—r")==5(r—r') is given by G(r—r')=ieik"”’, the

0
scattered pressure fields p,, and p; atr=L/2<<1induced by amonopole

M and a dipole D = Dx located at the center (»’ = 0) are written as

s _ ia)pOCOML eiko“‘/z‘

) 2
i " (B.4)
s _1oD-TL iy
Pp = Te .

The polarizations M and D can be written in terms of the normalized

polarizability, by definition, as follows:
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M _ 1 Boilapp COilapv ploc
- -1 y (BS)

D L CO avp poaw Vloc
where pioc and vioc are local fields representing the sum of the external fields
exerted on the scatterers and the field induced by the geometry. When an

incident wave is propagating in forward (+) or backward (-) direction, the

scattered fields adjacent to the center are given by

r i L - L
P =5 (AGM. D). P =195 (2. ~D.) ¢ P

. oL ioL
p_ =T(PoCoM_—D_)’ P£=T(PoCoM_+D_)+ Pext 1 (B.6)
where the superscripts r and t denote the reflected and transmitted scattered
fields, respectively. When the contributions of other unit cells to the local field
are negligible, the local fields are determined simply by the external fields.
Therefore, the scattering coefficients and polarizability can be written as
ik

_%
r = 5 (app+apv+avp+aw),

+

+

t :1+%(app ta, —a, —aw),
(B.7)

The polarizability can then be described in terms of the forward and backward

scattering parameters,
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[app a p) 1 [t++t++r+ K2t A, T } (B.8)

(04 o =2ik0 t+_t—+r+_r +'t-_—t+_r__2

v p v

with the following relationship between the polarizability o and the scattering

matrix S:

aPP aPV _ 1 See Seo (B 9)
aVP Ay - IkO Soe Soo , .

where the normalized polarizability is related to the effective wave

parameters as follows:

-1 -1 -1 -1
B—l B 1+a. L C, o VL
[ é] - ( » ) oo (B.10)

& p Co L poX (1+ a,, L’l)

% e -1
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B.2 Derivation of the maximum Willis coupling in a one-dimensional

passive system

In this section, | develop a passivity condition for a one-dimensional
bianisotropic system, following 2-D and 3-D cases by Quan et al. [86]. In a
1-D system, the incident and total pressure and velocity fields (propagating

along the x-direction) can be written as

D = %(eikx +e—ikx)+%(eikx e—ikx)’
PoCoVi = %(e"‘X eikx)+a—2"(eikx + e’ikx),
a a b .. b _ (B.11)
P, :?e(eikx +e—ikx)+?o(eikx e—ikx)_i_zeelk\x\ +E°sgn(x)e'k‘x‘,
oGy, = %(eikx eikx)+a_20(eikx +eikx)+b_£sgn(x)eikx +b30eikx.

The passivity of the system, meaning that the absorption power is always

nonnegative, can be expressed as
1 . .
EReI(pi V- pV,)-dA>0. (B.12)

where the subscript i and t denote incident and total fields, respectively. This

inequality can then be rewritten in terms of aj and bi as follows:
(a,’b,+a,b, +b, & +b, a +b, b,+b, b, J<0. (B.13)
By rewriting Eg. (B.13) in the matrix form, the left-hand side can be

simplified to b'b + a'b + b'a = a’(S'S + S + Sf)a. Since the iant ais an_
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arbitrary vector, the Hermitian matrix S'S + S + S is a negative semidefinite

matrix, which necessitates that the diagonal components must be nonpositive:

155 | +[L+ 5| <1,

, , (B.14)
|Seo| +[1+S00| <1,
or equivalently, in terms of the polarizability «,
koot +[L kg | <1
(B.15)

i Lt ikgan, | <1

‘koapv

These results for a one-dimensional system are consistent with the two- and

three-dimensional derivations are given by Ref. [86].

The scattering matrix S depends on the choice of the reference plane. In the
main text, we define the reference plane that lies at the middle position
between the two speakers S1 and Sz as an obvious choice. However, when we
choose a reference plane that is shifted by Ag (in terms of phase), we have rr
— rre 2% and b — rp e, This corresponds to a unitary transformation of

the matrix S as follows:

s(a))a[_cc?m | sip (@) [ C‘@.S - mi. (B.16)
isimg caw +  Sd@n @0

Such a unitary transformation will not change the eigenvalues of S'S + S +

S™: therefore, the passivity condition is invariant against the choice of

reference plane, as expected, and the reciprocity condition Seo + Soe = 0 is also
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invariant. Therefore, the lower bound is invariant with respect to a shift of the

reference plane.
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B.3 Derivation of the scattering matrix in the virtual meta-atom structure

In this section, we discuss the exact scattering process of our virtual meta-
atom structure, focusing on the generation of the local fields. The speakers
(S1, S2) and microphones (M1, M2) are located at (—As/2, As/2) and (—Am/2,
Am/2), respectively, where both Am and As > 0, and are assumed to be
omnidirectional, detecting pressure fields and generating acoustic waves
propagating along both sides. Then, the total pressure field in the steady-state

IS given by
p(X) _ Sleiko\xmslz\ n Szeiko\x—As/Z\ 4 (X), (B.17)

where 1(x) = I+ exp(ikox) + 1-exp(—ikox) is the incident field. The microphones
detect these steady-state total fields, i.e., M1 = p(-Am/2) and M2 = p(Am/2).
The reflection and transmission coefficients are derived by setting the
incident field 1(x) to loexp(ikox) and loexp(—ikox) for forward and backward

incidence, respectively:

C-(n (L)oo, Lp (e, @)

where L is an arbitrarily long far-field distance satisfying L > As and Am,

which will not affect these coefficients. In our virtual meta-atom structure,

where As = Am = A, the scattering coefficients are explicitly written as
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QoY) —(Q Yy )™t — (Y, +Yry)

! —1+Y11+Y22—Q+(Y _|_Y21) 'ko +Qe2|k0A’

- —1+2iY,; sin(k,A)

o —1+Yy +Y, -Q +(Y12 +Y21)eik°A +Qe?tet’
_(Q=Yp)e ™ —(Q Yy )€ — (Y, +Yy)

—1Yy + Y —Q+ (Y + Y )e e'e + Qe
(= —1+2iY,,sin(k,A)
- —1+Y11+Y22—Q+(Y +Y21) IkOA +Qe2'koA

(B.19)

where Q = Yu1Y22 — Y12Y21. Thus, the elements of the scattering matrix S are

2cos(k,A/ 2)2 (Yll + Y + Yy + Y + ZQ(eikOA—l))
- —1H Yy Y, —Q+ (le "‘Yzl)eikA +Qe"
= isin (koA) (Yo =Yip + Yo, = Va5 )
” _1+Yll +Y22 - Q + (Y12 +Y21)eik0A + (282”(0A '
o - isin (ke A) (=Y, =Y, + Yy +Yy,)
T LY Y, —Q (Y12 +Y21)e”<°A + Qe
—2sin (kOA / 2)2 (_Yll +Y12 +Y21 _Y22 +2Q (eik°A+1))
SOO B _1+Y11 +Y22 - Q + (le +Y21)eik0A + QeZikoA

(B.20)

Equivalently, by applying Y = YeeYee + YeoYeo + YoeYoe + Yoo Yoo, ONE CaN

rewrite Eq. (B.20) as
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4c05 (ko1 2)° (Y., +(€"* 1) (VYoo ~Yeo¥er )
1- (14" )Y, — (1" )Y, +(1-€7" ) (YooY, = Voo Yoo )
. - 2isin(k,A)Y,,
Tl (1 e )Y, - (1€ Yo (17 ) (VoY Voo Yoo

ee

. - ~2isin(k,A)Y,, (B.21)
(1Y, — (1" Yo+ (1) (VYo —YiYee )
—4sin (koA 2)° (YOO — (€% +1)(Y,.Y,, —YeoYoe))
o (1+€% )Y, — (1" )Y,y +(1-62 ) (Y, Y ViYoo)

It is noted that since Y < 1 inour case, the higher-order term YeeYoo — YeoYoe

is negligible, and the denominator can simply be 1. Therefore, the virtualized

atom exclusively excites the corresponding scattering components Sij as

follows:

5. =400s(k,A/2)'Y,,,
Se = 2isin (K, A)Y,,,

See = —2iY, SN (KyA) Yo,
Spo = —45in (koA /2)°Y,,.

(B.22)
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B.4 Causality conditions in the inverse design of the frequency dispersion

The virtual meta-atom concept can enable the design of wave parameters over
a broad frequency domain by virtue of its arbitrary software-defined
frequency dispersion. Here, we remark on the possible issue of causality when
inversely engineering the dispersion. The wideband flat dispersion in Egs.
(5.10) and (5.11) can be used to design a broadband, near-zero index by

designing Y(w) = Yee(w)€ee + Yoo(@)eoo With

(o) 2cos(kA/2)2Yee(a))

O 1-2e"" cos (kA 2)Y,, (@)
_2sin(kA/2)'Y,, (@)
1+2ie"¥2sin (kA1 2)Y,, (@)

(B.23)

Then, the required time-domain functions for the coefficients yee(t) and yoo(t)
can be inversely designed from Yee and Yoo, either analytically or numerically.
Figures B.1a,c show the required time-domain functions for a wideband zero
inverse bulk modulus and mass density, which are calculated from the discrete
inverse Fourier transforms of Yee(w) and Yoo(w). Since the inverse design
incurs anti-causal components (red shaded regions), which cannot be
achieved, the realized polarizability must necessarily differ from the initially
designed frequency response. In Fig.B.1b,d, the effective inverse bulk
modulus and mass density reconstructed from only the causal components

(green shaded regions) are depicted, showing severe deformation from a flat
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dispersion. The discrepancy is more significant in the case of yoo because

sensing a dipole-like incident signal requires more time steps in practice.
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Figure B.1 | Causality analysis for the inverse bulk modulus and mass density.

a, Required time-domain convolution function yee(t) obtained from the
discrete-time inverse Fourier transform of Yee for the wideband flat dispersion
in Eq. (5.10). b, Numerically calculated inverse bulk modulus based on only
the causal components of yee(t), i.€., Yee(t)u(t), where u(t) is the Heaviside step
function. The real/imaginary parts are plotted as solid black/red lines, while
the analytical results reconstructed from yee(t) are plotted as dotted lines. c,d

Same as a,b but for yoo(t) and the mass density.
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