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Abstract 

 

Structural responses due to the aero-acoustic 

pressure generated from a small-scale 

supersonic jet 

 

HyunShik Joo 

Department of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

 

The noise generated by the supersonic jet is a principal source of structural 

vibration and internal noise during the launching event or static-firing operations. 

Complex phenomena are observed due to the interaction between the aerodynamic, 

acoustic and vibratory loads. In this dissertation, linearized aero-acoustics and 

structural analyses are performed via the numerical simulation and further validated 

with experimental results obtained by the small-scale article test for a supersonic 

free-jet. For the numerical simulation, three-dimensional computational fluid 

dynamics(CFD), especially Reynolds averaged Navier-Stokes simulation(RANS) 
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and delayed detached eddy simulation(DDES), are conducted. It is in order to 

explain the generation and propagation mechanism of the acoustic wave and 

reasonably calculate acoustic variables such as static pressure and its spatial/transient 

derivatives. Kirchhoff surface is placed at a distance to avoid the nonlinear turbulent 

sound-producing region. Helmholtz-Kirchhoff(H-K) method is employed in order to 

predict far field acoustic noise by using stored calculation results obtained by CFD 

at Kirchhoff surface. The Acceleration power spectral density(APSD) is predicted 

by employing a finite element method. The Optimal membrane element and discrete 

Kirchhoff triangle plate bending element(OPT-DKT) and Newmark- β  time 

integration scheme are utilized in order to reduce discrepancies in lower to mid 

frequency response of the structure. Using the present CFD and H-K method, sound 

pressure level(SPL)s are quantitatively compared with experimental results 

measured by 12 and 15 microphones at near and far field, respectively. Moreover, 

APSD's are compared with the experimental results obtained by an accelerometer at 

three different locations. The objective of this dissertation is to establish an 

estimation procedure for vibratory responses of structure due to the aero-acoustic 

pressure generated from the supersonic jet noise in lower to mid frequencies. 

Keywords: Linearized aero-acoustic prediction, structural analysis,  

supersonic jet analysis, supersonic jet experiment 

Student Number: 2015-20792 
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Chapter 1 

Introduction 

1.1 Background 

 

 Vibro-acoustic phenomena are observed when operating the high-speed 

rockets or launching a space vehicle. The term vibro-acoustic phenomena can 

be classified aerodynamic pressure fluctuation loads, self-excited loads, aero-

acoustic loads and vibro-acoustic behaviors of launch vehicle structures. In 

order to explain their nature, integrated aero-vibro-acoustic analysis procedure 

will be required. First, aero-acoustic prediction technique is described by both 

of analytic and experimental investigations. Second, vibro-acoustic analysis for 

oscillating structures is investigated through impact hammer test and transient 

analysis. Third, integrated aero-vibro-acoustic procedures are presented by 

combining aero-acoustic and vibro-acoustic analyses. Based on the literature 

survey, it is needed for computational approaches to predict structural responses 

of launch vehicle induced by aero-acoustic loads. Finally, an outline of the 

dissertation is presented. 

 

1.1.1 Aero-acoustic loads 

 

 Generally, supersonic jet noise is defined as the pressure driven fluid 
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generated from a rocket engine to a quiescent ambient flow field. There are two 

different characteristics of a supersonic jet; strong directional flow defined by 

the large scale structure(LSS) and relatively less omnidirectional flow 

generated by the fine scale structures(FSS) described in Fig. 1.1. Supersonic jet 

plumes can be classified into the following three regions; initial mixing region, 

transition region and fully-developed region. From the supersonic jet exit, 

supersonic flow is mixed with the atmospheric flow in the initial mixing region. 

An axial velocity is constant over Mach number (M)>1 and shear layer is 

developed and spread into the entire flow field. Potential core is located from 

the exit rocket nozzle to the transition region that supersonic flow velocity is 

maintained over M>1. Potential core length is commonly about 10~20 times 

the nozzle exit diameter(𝐷𝑒) downstream of the nozzle exit for supersonic jets. 

Due to the different between the supersonic jet flow and the ambient fluid, the 

supersonic flow velocity is decreased and finally changed into the transonic and 

subsonic characteristics. In the transition region, high intensity sound sources 

are generated by repeating process of creating and collapsing a number of Mach 

core. Consequently, in the fully-developed region, the shear layer shows lateral 

characteristics and leads to the directional noise propagation with respect to the 

rocket nozzle configuration and operating condition. 

 In 1971, NASA SP-8072 was reported from National Aeronautics and 

Space Administration(NASA) to provide a basic design of flightworthy 

structure including rocket-propulsion system [1]. It summarized the 

experimental results and accumulated knowledge for use in rocket-propulsion 
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system. However, it was limited to provide the acoustic efficiency based on 

experimental results, defined as the ratio of the sound power to the rocket 

exhaust mechanical power.  

 

 

Fig. 1.1 Characteristics of the supersonic jet flow 

 

1.1.2 Vibro-acoustic loads 

 

 Vibro-acoustic loads are induced by excitation loads such as aero-acoustic 

load, dynamic loads and self-excited loads. These excitations show a  

broadband and random characteristics. During lift-off event, the supersonic jet 

noise generated by supersonic plume is propagated and reflected by the launch 

vehicle structures. Due to a broadband nature, various numerical tools are 

developed in order to predict the vibro-acoustic responses of launch vehicle 
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structures. For low frequency analysis, deterministic finite element 

method(FEM) is used. For high frequency analysis, it is impossible for use of 

FEM to predict vibro-acoustic responses due to the limited computational 

efforts. Hence, statistical energy analysis is developed to consider a population 

of identical systems and to predict the ensemble-averaged dynamic response. 

In mid frequency range, it is careful to choose numerical analysis either FEM 

or SEA due to the interaction between structural vibration and a broadband and 

random nature of aero-acoustic loads as shown Fig 1.2. 

 

 

Fig. 1.2 Dynamic behaviour and analysis methodologies with respect to 

frequency range [2] 
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1.2 Literature survey 

1.2.1 Review of the aero-acoustic prediction for supersonic jet  

  

 NASA SP-8072 was the most representative study for launch vehicle and 

space vehicle. It summarized the broad information of the space launch vehicle 

in terms of rocket-exhaust noise generation, vehicle loads and empirical 

methodology to predict far field noise in order for minimizing technique of the 

acoustic loads. Basically, the characteristics of the rocket noise have been 

reported by experimental results. Comparing the noise field from many types 

of similar jets or rockets, the most elementary similarity can be defined by the 

use of the non-dimensional parameters such as Strouhal number(𝑆𝑡).  

 

  

Fig. 1.3 Sketch of the rocket flow and contour of equal overall sound-

pressure level for flight [1] 
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First, the rocket-exhaust noise is generated by the complex process of the high-

speed flow mixing with the atmosphere shown as Fig. 1.3. It is observed that 

the acoustic power is directly proportional to the cube of the exhaust velocity. 

The data range of acoustic efficiency is between 0.2 and 1.0 percent of total 

energy. It is also emphasized that the maximum radiation angle exists from the 

rocket-exhaust. The maximum radiation angle increases as the speed of sound 

(not the flow velocity) increases. This suggests that the jet noise from the 

exhaust have a directional nature caused by the mixing process between the 

supersonic exhaust jet flow and the atmosphere. From the acoustic point of view, 

the directionality of jet noise indicated that noise source may exist along the 

downstream of exhaust flow. This leads to investigate the noise generation of 

supersonic flow by conducting experiments and numerical analyses. 

 Second, an empirical methodology has been widely used in order to predict 

near and far-field noise by using normalized results obtained by acoustic 

measurement. A source-distribution and extrapolation technique are used to 

develop an empirical analysis with an accuracy of ±6𝑑𝐵  for standard 

configurations.  

 Third, the acoustic loads must be minimized to avoid acoustic problems 

associated with exhaust jet plume. The commonly used technique is the 

injection of water into the exhaust jet. It achieves more than 10dB reduction 

noise, but the amount of water is needed twice time to the mass flow of the 

exhaust. 

 Aforementioned experiences are called as two distributed source method 
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(DSM-1 and DSM-2). DSM-1 method assumes that the noise source is given to 

limited region of the exhaust area. On the contrary, DSM-2 is more complex 

that a total sound power is divided into finite sound power.  To assume the 

noise source locations, Eldred and Varnier suggested two empirical types of 

approximations [1,3]. Eldred's approximation for potential core was too large 

for supersonic flow-field with horizontal rocket test data. But, Varnier's 

approximation was adequate based on the reduced potential core length by a 

factor of 2. Haynes compared the sound power distributions of Eldred's and 

Varnier's approximations with numerical results obtained by employing 

Reynolds averages Navier-Stokes(RANS) simulation [4]. It denoted that 

Varnier's potential core length approximation was more appropriate than 

Eldred's approximation. However, the high frequency propagation behavior 

was unclear due to the limitation of RANS CFD. To predict more reliable noise 

propagation to the supersonic jets, large eddy simulation(LES) techniques has 

received significant attention in mechanical and aerospace engineering. 

Bodony et al, [5-6] suggested that it is necessary to conduct LES with 

considering discretization scheme, boundary conditions and far-field prediction 

based on the acoustic analogy, i.e., Lighthill theory. 

 First, numerical discretization in space and time must be carefully chosen 

to capture the acoustic propagation and predict the range of calculated 

frequency. While RANS simulation gives averaged pressure in space and time, 

acoustic waves can be captured by LES depending on their discretization size 

and numerical order. Figure 1.4 shows the numerical accuracy with respect to 
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the various orders of discretizations scheme. Due to the use of the finite 

difference and volume approximation in LES, numerical accuracy is increasing 

by including higher-order terms [7]. The exact resolution to capture a 

wavelength(𝜆) of acoustic propagation is presented in Table 1.1.  

 

 

 

Fig. 1.4 Exact solution and numerical accuracy with respect to the 

discretization scheme in computational acoustics [7] 

 

 

Table 1.1 Resolution for capturing acoustic propagation in terms of the 

different discretization scheme [7] 

Scheme Resolution() 

Second-order 21.0 

Fourth-order 10.5 

Sixth-order 7.4 

Optimized 6.6 
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Regarding of the finite difference approximation, the sixth-order Pade's 

approximation were commonly used to yield a minimum size of finite 

difference stencil [8-13]. In the contrast to the finite difference approximation, 

Andersson et al. [14] and Shur et al. [15-16] employed finite volume methods 

in order for complex geometries of subsonic jet. A hybrid Roe flux-difference 

splitting algorithm with a four-order central and fifth-order upwind scheme was 

also presented by Hirsch [17]. It is investigated that finite volume methods are 

comparatively inaccurate to predict jet noise than the finite difference 

approximation. However, it provides complex geometries to be easily solved. 

For the temporary scheme, Runge-Kutta(RK) techniques have been widely 

used. But few studies report appropriate use of RK schemes. Subgrid scale 

model is one of the distinct component to employ LES for jet noise. The 

resolved scale of motion is determined depending on the grid size. Smagorinsky 

[18] suggested that a measure of the local grid on spacing and Smagorinsky 

coefficients(𝐶𝑠) can be used to calculate the subgrid scale stress. Smagorinsky 

and Erlebacher et al. [19] employed constant Smagorinsky coefficient for the 

canonical flow model.  
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Fig. 1.5 Schematic of typical jet noise analysis [6] 

 

Second, computational boundary conditions for inflow and outflow used in 

the jet noise analysis must be well treated. Schematic of typical jet noise is 

depicted in Fig. 1.5. If the outward-traveling waves reach to the 

computationally out flow boundary, reflected waves are created to satisfy the 

fixed condition such as pressure far-field and outflow. To predict jet noise 

precisely, nonreflecting boundary conditions are needed to prevent reflected 

waves from computational boundary area. Tam et al. [20], Bogey et al. [21], 

Poinsot et al. [22] and Hirsch [17] developed characteristic boundary conditions 

for two and three-dimensional jet noise problems to diminish in reflected waves. 

Sponge zone is placed to the boundary areas that a cooling term is added into 

the right-hand side of the governing equation. Reflected waves are attenuated 

by passing through sponge layers and neglected in the computational analysis 

for jet noise. Further studies are well described in [23-24]. At the inflow 

boundary, it is nearly impossible to apply appropriate boundary condition to 
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agree with the nature of jet noise. The dominant supersonic jet noise is coming 

from the dissipation of jet shear layers. The shear layer is originated from the 

big pressure difference between high velocity flow and the atmosphere. It is 

subjected to flow instabilities that lead to the generation of strong turbulent 

fluctuations and grows downstream. To perform those simulations, LES is 

employed without an explicit nozzle treatment. The inflow boundary in LES 

needs a forcing term to promote natural transition from an initial laminar to 

turbulent flow. Parasitic noise can be numerically introduced from disturbances 

by adopting “vortex ring” [25]. It produces a space-time forcing, but it may not 

be physically realistic. Numerical frequencies are not kept in constant as well. 

An alternative forcing scheme is that the disturbances are described in a modal 

form in order for a spatially evolving, parallel, annular mixing layer [26].  

 Third, the most interesting phenomena of supersonic jet noise is to predict 

far-field noise at a long distance from the nozzle exit. Far-field noise can be 

directly calculated by solving LES, but it is not adequate problem for aerospace 

engineering due to the excessive computing power and computational time. 

Three alternative techniques are developed in order to extrapolate the sound 

propagation from the inner domain to far-field area. Bogey et al. [27-28] 

suggested that the far-field radiated noise can be obtained by using 

multiplication by 1
𝑅⁄  where R is denoted as a distance from the calculated 

pressure data to the far-field location. The vector connecting the jet to far-field 

point is defined by the potential core length that the source location may differ 

with respect to the angle from the nozzle exit. Kirchhoff surface is adopted in 
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order to efficiently predict far-field noise. The governing equation of supersonic 

jet is linearized into inviscid wave equation. The key idea is that viscous 

attenuation and nonlinear effects such as initial shock propagation can be 

neglected. Based on the linearized assumption, the far-field noise was 

calculated by using the near-field noise with static pressure and its derivatives 

[29-30]. Therefore, Kirchhoff surface must be located far away from the 

supersonic jet where nonlinear dynamics are dominants. This implied that far-

field noise can be significantly over-predicted [31]. However, there appears no 

solid evidence that Kirchhoff surface must be located on certain fixed 

computational domain of supersonic jet noise. 

 Ffowcs Williams-Hawking (FW-H) surface is also employed. Compared to 

Kirchhoff surface, FW-H surface can be located to much closer location of 

supersonic jet plumes. It is derived from the governing equations of a 

compressible, viscous fluid in an integral representation [32-33]. The advantage 

of FW-H surface for far-field jet noise prediction comes from a significant 

reduction in computational cost. The FW-H surface can be placed anywhere 

even in a nonlinear region where the Kirchhoff surface cannot be utilized. 

However, there is an open question how much closer than the FW-H surface 

location.  

 Based on the computational approaches mentioned above, many 

researchers have attempted to predict far-field jet noise at range of Mach 

numbers between 0.3 and 2.0. To concentrate on the supersonic jet noise, a few 

representative studies are described. Lo et al. [34-35] conducted both of fully-
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expanded and underexpanded supersonic jet simulations for laboratory scale at 

exit Mach number of 1.95. Ahn [36] developed 5th order compact monotonicity 

preserving scheme in order to predict supersonic jet noise. Both of cold/hot 

supersonic jet benchmark problem are employed and finally twin supersonic jet 

noise prediction is also conducted. Detached eddy simulation(DES) is an 

alternative technique to alleviate the requirement of the excessive number of 

computing hardware by combining RANS and LES. DES is also called as 

hybrids of RANS and LES. The main idea of DES technique is to calculate wall 

turbulence by using RANS and transfer estimated data to the LES. Compared 

to LES, RANS is much favorable approach for wall modeling of the supersonic 

flow. It is extended to developed delayed detached eddy simulation (DDES) 

turbulence model. By introducing the shielding function between the RANS 

and LES region, the largest edge length associated with the wall has been 

achieved [37-39].  

 

1.2.2 Review of the vibro-acoustic prediction for launch vehicle structures 

  The purpose of vibro-acoustic analysis is mainly related with structural 

responses due to aero-acoustic loads generated from the supersonic jet. 

Especially, payloads and fairing structures are exposed to extreme conditions 

such as intense acoustic loads. The generated jet noise during lift-off vibrate air-

born acoustics and structure-born vibration. In addition, a broadband and 

random vibration of launch vehicle may cause electronics malfunction.  

  Acoustic loads are of important concern in the nearfield and farfield, 
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respectively. To predict structural responses due to the acoustic loads, finite 

element method (FEM) was developed in the 1960s to 1970s. To couple 

acoustic load and structural responses, boundary element method (BEM) were 

also adopted. Finally, SEA approach is developed in order to predict structural 

responses in high frequency range.  

 Arenas et al. [40] explained noise and vibration characteristics of space craft 

structures. Vibro-acoustic effects on human body, structures, launch vehicles 

and launch pad are main concern in order for successful launch. To understand 

vibro-acoustic effects, hundreds of measurements and analyses are employed. 

Pirk et al. [41] conducted vibro-acoustic analysis for Brazilian vehicle satellite 

launcher(VLS) fairing. In order to predict the dynamic response of the 

mechanical structure and the fairing inner acoustic cavity, FEM/BEM are used 

for the low-frequency analysis with emphasis on the vibro-acoustic coupling 

effect between the fairing structural vibrations and its inner cavity acoustic 

pressures. SEA model is used to predict vibro-acoustic structural responses in 

high frequency range. However, it is still ambiguous to determine the mid 

frequency range that predicted structural displacement are different between 

FEM/BEM and SEA analyses. Desmet [42] suggested various potential 

solutions to mid-frequency vibro-acoustic modelling such as deterministic 

technique, statistical methods and hybrid approach. However, it is limited to 

employ simple geometrical problem. For the design verification process of 

launch vehicle(Vega-C launcher), integrated aero-vibroacoustic procedure is 

developed by Bianco et al [43]. Supersonic jet parameters such as diameter of 
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nozzle exit and Mach number are used to assume aero-acoustic characteristics. 

Semi-empirical jet noise model(revised Eldred-based model) and BEM based 

propagation are adopted in order to predict overall sound pressure 

level(OASPL). Then, vibro-acoustic analysis is implemented. For the low 

frequency range, both of hybrid FEM/SEA and full FEM are conducted. For the 

high frequency range, SEA analysis is adopted as well.  An estimation 

methodology on the structural responses of the high-speed flight vehicle(HSFV) 

is developed by Kim [44]. Three types of dynamics loads(acoustic loads, rocket 

motor self-excited loads and aerodynamic fluctuating pressure loads) are 

considered. SEA is used to overcome limitations of deterministic method 

(FEM/BEM). Structural responses are compared with MIL-STD-810 design 

specification to examine the appropriateness of HSFV.  
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 1.3 Aims and Scope 

 

Based on the review of aero-acoustic and vibro-acoustic prediction 

methodologies provided in the foregoing subsection, it is important to develop 

integrated aero-vibro-acoustic analysis for supersonic jet and structural 

responses. In this dissertation, a sequential analysis procedure will be presented 

in order to structural responses in low to mid frequency range due to aero-

acoustic loads generated from supersonic jet as shown in Fig. 1.6. Furthermore, 

experiment will be described to verify developed procedure. 

 

 

Fig. 1.6 Sequential procedure for aero-acoustic and vibro-acoustic 

analysis 

 

First, a three-dimensional computational fluid dynamics(CFD) will be 

presented with consideration of the acoustic noise for the small-scale 
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supersonic jet. Design Mach number of a small-scale supersonic jet is 1.8. For 

aero-acoustic prediction, three-dimensional RANS/DDES analyses will be 

presented. A procedure to transfer data calculated from three-dimensional 

DDES to acoustic analysis will be described while preserving frequency range 

of aero-acoustic prediction. For the far-field noise prediction, Helmholtz-

Kirchhoff(H-K) method will be described. In addition, accessible equipment 

setup for small-scale supersonic jet experiment will be presented as well. 12 

and 15 set of microphone are used to measure sound pressure level in both of 

near and far-field. 

Second, a three-dimensional transient FEM will be presented. Thus, OPT-

DKT shell element with Newmark-β time integration will be described. 

 Third, vibro-acoustic analysis will be presented. By combining aero-

acoustic loads predicted by combining three-dimensional DDES and H-K and 

transient FEM analysis, APSD will be shown. Structural experiment will be 

described in order to validate APSD obtained by numerical analysis. 

Furthermore, limitation of low-mid frequency range will be explained based on 

FEM mesh tests. 

The novel contributions of this dissertation can be summarized as follows. 

 

i. Aero-acoustic prediction: three-dimensional RANS and 

DDES analysis are conducted for a small-scale supersonic jet. 

 

ii. Vibro-acoustic prediction: structural responses induced by 
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aero-acoustic loads are obtained based on FEM for low frequency 

range. 

iii. A lab-scale supersonic jet experiment is designed and 

conducted. 

 

iv. Numerical results obtained by aero-acoustic and vibro-

acoustic analyses are compared with experiments. 

 

v. Limitation of the frequency range are explained with respect 

to the aero-acoustic and vibro-acoustic analysis. 
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 1.4 Outline of Dissertation 

To provide an outline of this dissertations, the contents of the chapters are 

present as follows. 

 

In Chapter 2, aero-acoustic prediction for a small-scale supersonic jet will be 

described. Governing equations for three-dimensional fluid dynamics will be 

explained based on DDES. Governing equations for three-dimensional aero-

acoustic analysis will be developed to predict far-field noise by projecting 

calculated pressure data on Kirchhoff surface. 

 

In Chapter 3, experiments for a small-scale supersonic jet will be conducted. 

Design Mach number and configuration of the small-scale supersonic jet nozzle 

will be described. Furthermore, two arrays of microphones will be introduced 

to measure accurate pressure data at near and far-field. 

 

In Chapter 4, aero-acoustic prediction for a small-scale supersonic jet will be 

compared with obtained by experimental measurements in order to achieve the 

accuracy of aero-acoustic prediction. Shock cell lengths and centerline pressure 

will be compared with previous studies. Overall sound pressure level(OASPL) 

at near and far-field will be presented both of numerical analyses and 

experimental data. 

 

In Chapter 5, vibro-acoustic analysis for thin plate structure will be described. 
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A transient FEM will be introduced based on OPT-DKT shell element and 

Newmark- time integration. Frequency response function of clamped thin plate 

structure will be explained by using transient acceleration results. 

 

In Chapter 6, structural responses due to aero-acoustic pressure generated 

from a small-scale supersonic jet will be described. Two different APSD's will 

be presented and validated with experimental results. Furthermore, reliable 

frequency range for FEM will be suggested. 

 

In Chapter 7, conclusions and future works of this dissertation will be 

presented. 

 

- Park, T. Y. in Yonsei University contributed to conduct the experiments 

for the small-scale supersonic jet and numerical results in Chapters 3, 4 

and 6. All the contents provided by Park will be denoted as “provided by 

Park.” Similarly, all the results collaborated with T. Y. Park, will be 

indicated as “collaborated with Park”. 
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 Chapter 2 

Aero-acoustic prediction for supersonic jet 

  In this section, numerical methodologies for aero-acoustic prediction are 

described. First, three different methodologies for supersonic jet analysis is 

presented: 1) RANS, 2) LES, 3) DDES. Second, acoustic analysis is defined by 

using the Kirchhoff surface located at the linear region of the supersonic jet 

flow. Subsequently, aero-acoustic prediction is completely explained such as 

sound pressure level(SPL), near and far-field noise.  

 2.1 Governing equation for three-dimensional fluid dynamics 

 2.1.1 Reynolds averaged Navier Stokes equation 

To conduct the supersonic jet analysis at exit Mach number 1.8, compressible 

RANS equation is used. The compact form of Navier Stokes(NS) equations is 

described as follows: 

 

𝜕

𝜕𝑡
∫ 𝑊𝑑Ω

Ω

+ ∮ (𝐹𝑐 − 𝐹𝑣)𝑑𝑆
𝜕𝑆

= ∫ 𝑄𝑑Ω
Ω

 
(2.1) 

 

  where 𝑊, 𝐹𝑐, 𝐹𝑣 and 𝑄 denote the conservative variables, convective 

flux, viscous flux and external sources. 

RANS equations for compressible flow can be reformulated as follows:  

 



 

22 

 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(𝜌𝑣𝑖) = 0 
(2.2) 

 

𝜕

𝜕𝑡
(𝜌𝑣𝑖) +

𝜕

𝜕𝑥𝑗
(𝜌𝑣𝑗𝑣𝑖) = −

𝜕𝑝

𝜕𝑥𝑖
+

𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
 

(2.3) 

 

𝜕

𝜕𝑡
(𝜌𝐸) +

𝜕

𝜕𝑥𝑗
(𝜌𝑣𝑗𝐻) =

𝜕

𝜕𝑥𝑖
(𝑣𝑖𝜏𝑖𝑗) +

𝜕

𝜕𝑥𝑗
(𝑘

𝜕𝑇

𝜕𝑥𝑗
) 

(2.4) 

 

𝑣𝑖 = �̅�𝑖 + 𝑣𝑖
′, 𝑝𝑖 = �̅�𝑖 + 𝑝𝑖

′ 
(2.5) 

 

  where ∙ ̅ denotes the averaged value with respect to the space and time. 

Viscous stress (𝜏𝑖𝑗) is obtained from strain tensor(𝑆𝑖𝑗) and rotation tensor (Ω𝑖𝑗). 

 

𝜏𝑖𝑗 = 2𝜇𝑆𝑖𝑗 + 𝜆
𝜕𝑣𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗 = 2𝜇𝑆𝑖𝑗 −

2𝜇

3

𝜕𝑣𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗 

(2.6) 

 

𝑆𝑖𝑗 =
1

2
(

𝜕𝑣𝑖

𝜕𝑥𝑗
+

𝜕𝑣𝑗

𝜕𝑥𝑖
) 

(2.7) 

 

Ω𝑖𝑗 =
1

2
(

𝜕𝑣𝑖

𝜕𝑥𝑗
−

𝜕𝑣𝑗

𝜕𝑥𝑖
) 

(2.8) 

 

Pressure and velocity are obtained based on averaging formulation as follows: 
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�̅�𝑖 = lim
𝑇→∞

1

𝑇
∫ 𝑣𝑖𝑑𝑇

𝑡+𝑇

𝑡

 
(2.9) 

 

  Figure 2.1 shows the calculated velocity of time average and variation 

range with respect to time in RANS. 

 

 

Fig. 2.1 Calculated velocity of time average and variation range with 

respect to time in RANS 

 

 

Table 2.1 Characteristics of three different computational fluid 

dynamics for the supersonic jet noise prediction 

Resolved flow 

modeling 

Computational Time Accuracy 

RANS Entire Low 

DES Partial High 

DNS None Very high 
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2.1.2 Large eddy simulation 

 

Smagorinsky suggested that LES is to predict physical vortex flow [18]. 

Deardorff proposed an improved LES to predict more realistic turbulence from 

an engineering perspective [45]. LES is extended to the Direct Numerical 

Simulation (DNS) by Schumann, but DNS is not applicable for supersonic jet 

analysis due to the excessive problem sizes [46]. Table 2.1 shows the 

characteristics of three different computational fluid dynamics for the 

supersonic jet noise. Regarding the enhancement of the computing power, 

Bardina et al. [47] and Moin et al. [48] showed the application of LES for the 

turbulent flow.  

LES is capable of solving large eddy dominant turbulence that supersonic jet 

noise is mainly corresponds. The governing equation of LES is derived by using 

the Favre averaging technique with a spatial filter as follows: 

 

U = �̅� + 𝑈′ 
(2.10) 

 

where U, �̅� and 𝑈′ denotes an exact, resolved and unresolved variable by 

using the spatial filter. Thus, filtered variable can be expressed as 

 

�̅�(𝑟𝑜, 𝑡) = ∫ 𝑈(𝑟, 𝑡)𝐺(𝑟𝑜, 𝑟, Δ)
Ω

𝑑𝑟 
(2.11) 
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where 𝛺, 𝐺, and 𝑟 represent the fluid computational domain, spatial filter 

function and spatial vectors. Spatial filter function is defined by the small scale 

grid size. The filter width is defined as Δ = (Δ1, Δ2, Δ3)
1

3⁄ .  

Finally, the governing equation for LES is reformulated as follows: 

 

𝜕�̅�

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(�̅��̃�𝑗) = 0 

(2.12) 

 

𝜕

𝜕𝑡
(�̅��̃�𝑖) +

𝜕

𝜕𝑥𝑗
(�̅��̃�𝑗�̃�𝑖) +

𝜕�̅�

𝜕𝑥𝑖
−

𝜕�̂�𝑖𝑗

𝜕𝑥𝑖
= −

𝜕𝜏𝑖𝑗
𝑆𝐹

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗
(�̅�𝑖𝑗 − �̂̅�𝑖𝑗) 

(2.13) 

 

𝜕

𝜕𝑡
(�̅��̅�) +

𝜕

𝜕𝑥𝑗
(�̅��̃�𝑗�̅�) +

𝜕�̂�

𝜕𝑥𝑖
+ 𝑝�̃�𝑘𝑘 − �̂�𝑖𝑗�̃�𝑖𝑗 = −𝐴 − 𝐵 − 𝐶 + 𝐷 

(2.14) 

 

where 𝐴, 𝐵, 𝐶 and 𝐷denote the divergence of subgrid heat flux, divergence 

of subgrid, expansion of the subgrid pressure and viscous dissipation of subgrid, 

respectively. More details are explained in [49].  

Many subgrid models have been developed, but only Smagorinsky sub-grid 

scale (SGS) is used in order to focus on the DDES explained in the following 

section. Stress tensor of SGS can be obtained as follows: 

 

𝜏𝑖𝑗
𝑆𝐹 −

𝛿𝑖𝑗

3
𝜏𝑘𝑘

𝑆𝐹 = −2𝜌𝜈𝑇�̃�𝑖𝑗 + (
2𝜌𝜈𝑇

3
)

𝜕�̃�𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗 

(2.15) 
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𝜈𝑇 = (𝐶𝑠Δ)2|𝑆| (2.16) 

   

where |𝑆|  and 𝐶𝑠  is the absolute strain tensor and the Smagorinsky 

coefficients. Lilly [50] suggested 0.18 for Smagorinsky coefficients, but 0.1 

value is commonly used for the supersonic jet analysis. However, LES is not 

applicable for the supersonic jet with complex geometries including the wall 

because excessive number of the grids will be required to resolve the wall 

turbulence.  

 2.1.3 Delayed detached eddy simulation 

  Due to the limited application of LES for supersonic jet flow, a zonal 

approach, i.e., detached eddy simulation, is established. The main idea of DES 

is to apply RANS for the wall region and LES for the rest region. It induced the 

efficient analysis to predict supersonic jet noise. Among the various turbulent 

model approaches, Spalart-Allmaras(S-A) model is employed. Shur suggested 

S-A model [51]. In the original S-A model, the minimum turbulence length 

scale (�̃�) is defined as follows: 

 

�̃� = 𝑚𝑖𝑛(𝑑, 𝐶𝑑𝑒𝑠Δ𝑚𝑎𝑥) 
(2.17) 

 

where 𝐶𝑑𝑒𝑠 and 𝛥𝑚𝑎𝑥 denote the turbulence coefficient and the maximum 

grid size, respectively. A value of 𝐶𝑑𝑒𝑠  is commonly chosen to 0.65 for jet 

noise analysis. The minimum turbulence length in S-A DES analysis is revised 
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as follows:  

 

 

�̃� = 𝑑 − 𝑓𝑑  𝑚𝑎𝑥(0, 𝑑 − 𝐶𝑑𝑒𝑠Δ𝑚𝑎𝑥) 
(2.18) 

 

𝑓𝑑 = 1 −  tanh((𝑆𝑟𝑑)3) 
(2.19) 

 

𝑟𝑑 =
𝜈

√𝑈𝑖,𝑗𝑈𝑗,𝑖𝜅2𝑑2
, 𝜅 = 0.41 

(2.20) 
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 2.2 Boundary element method for CFD near field to the acoustic far 

field 

 

To predict the supersonic jet noise, it is necessary to combine computational 

fluid dynamics and aero-acoustic analysis. While the near-field noise is directly 

calculated by the fluid analysis such as pressure and velocity, the far-field noise 

is commonly obtained by the projection technique such as H-K or Ffocws 

Williams-Hawking(FW-H) method. 

 2.2.1 Helmholtz-Kirchhoff method 

 H-K method is the linear wave equation based on the BEM. For the 

supersonic jet noise prediction, H-K method is employed that Kirchhoff surface 

should be located at the certain distance from the exit nozzle. While 

computational fluid dynamic analysis is conducted to resolve the turbulent flow, 

far-field noise can be obtained by integrating accumulated numerical results 

from previous CFD analysis. 

 

p(𝑄, 𝑡) =
1

4𝜋
∫ {−

1

𝑠
[
𝜕𝑝

𝜕𝑛
] +

𝜕

𝜕𝑛
(

1

𝑠
) [𝑝] −

1

𝑐0𝑠

𝜕𝑠

𝜕𝑛
[
𝜕𝑝

𝜕𝑡
]} 𝑑𝑆 

(2.21) 

 

where 𝑄 and 𝑠 denote the observer location, the distance from Kirchhoff 

surface to observer, respectively. It is found that noise can be obtained at every 

point if the resulting pressure and its derivatives are reliable. To obtain the near- 

and far-field noise, SPL is derived as follows: 
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SPL = 20 log10 (
𝑝𝑟𝑚𝑠

𝑝𝑟𝑒𝑓
) 

(2.22) 

 

where 𝑝𝑟𝑚𝑠 and 𝑝𝑟𝑒𝑓 denote the root mean square of static pressure and 

the reference static pressure(20μPa), respectively. 
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 Chapter 3 

Experimental setup for a small-scale supersonic 

jet 

 3.1 Configuration of the small-scale supersonic jet 

   

 In this section, configuration of the small-scale supersonic jet is presented 

in order to have a purpose of exit Mach number 1.8 for lab-scale experiments. 

With assumption of isentropic process, an exit Mach number can be simply 

derived as follows: 

 

 

𝐴

𝐴∗
=

1

𝑀
(

1 +
𝛾 − 1

2 𝑀2

1 +
𝛾 − 1

2

)

𝑟+1
2(𝛾−1)

 (3.1) 

 

  where 𝐴, 𝐴∗, 𝑀, and 𝛾 denote the cross-sectional area at a nozzle exit, 

the cross-sectional area at a nozzle throat, Mach number at a nozzle exit, and 

specific heat ratio, respectively. Due to the specific heat ratio is fixed to be 1.4 

for unheated supersonic jet, Mach number at a nozzle exit may vary with the 

ratio of two cross-sectional areas between nozzle throat and exit. The radius at 

nozzle exit is fixed on 20mm for the small-scale experiments. Figure 3.1 shows 

the correlation of the nozzle throat radius corresponding to the Mach number at 
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nozzle exit. The radius of the nozzle throat and Mach number at the nozzle exit 

is provided in Table 3.1. The radius of the nozzle throat is about 8.6mm for 

target 1.8 exit Mach number. The fabricated small-scale supersonic jet is 

presented in Fig. 3.2. 

 

 

Fig. 3.1 Correlation between the exit Mach number and radius at 

the nozzle throat 

 

Table 3.1 Various radii of the nozzle throat and exit Mach number 

Exit Mach No. Radius of nozzle throat[mm] 
 

Radius at the nozzle throat Radius of nozzle throat[mm] 
 

1.5 9.51 

1.6 9.22 

1.7 8.91 

1.8 8.59 

1.9 8.27 

2.0 7.94 

2.1 7.61 
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Fig. 3.2 Fabricated small-scale supersonic jet for the design Mach 

number 1.8 
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 3.2 Experimental configuration for a small-scale supersonic jet 

   

 In this section, an accessible technique to conduct experiments for a small-

scale supersonic jet with exit Mach number 1.8 is described by using five main 

components.  

First, a number of bombe are needed to satisfy the high pressure condition 

due to the limited capacity approximately 12~15bar per each. For the present 

experiments, the target pressure at the small-scale supersonic jet inlet is 6.5bar. 

It requires at least greater than 50 bar in a reservoir(bombe). Therefore, six 

bombes are employed as shown in Fig. 3.3.  

 

 

Fig. 3.3 Six bombes for high pressure reservoir 

 

 



 

34 

 

Second, an air compressor is required to recharge exhausted pressure for 

continuous experiments. In the present experimental setup, air compressor is 

utilized after every 5~10 time for the supersonic jet experiments in order to 

satisfy the high pressure condition. It takes 3~4 hours to become fully recharged. 

Third, a valve/regulator is equipped in order to adjust the required inlet 

conditions. Due to the high pressure inlet condition of the small-scale 

supersonic jet(6.5bar), a regulator is tightened or loosened to satisfy the high 

pressure condition. As shown in Fig. 3.2, the inlet condition is obtained by pitot 

tube connected into the innermost of the supersonic jet. 

Fourth, a small-scale supersonic jet is established to obtain the supersonic 

flow. Highly pressurized supersonic flow is injected into upward direction. It is 

installed upward to avoid acoustic reflection from the bottom wall.  

Fifth, near/far-field noise is measured by a number of microphones with a 

measurement band over 160dB. Two types of microphones are employed. The 

specification for two types of microphones are presented in Table 3.2. Figure 

3.4 describes the conceptual sketch of an experimental setup for the small-scale 

supersonic jet. 
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Fig. 3.4 Conceptual sketch of an experimental setup for the small-

scale supersonic jet 

 

Table 3.2 Specifications for two types of microphone 

 Radius of nozzle throat[mm] 
 

GRAS 46BE 1/4’’ GRAS 46BF-1 1/4’’ 

Frequency range[Hz] 4~80,000 4~100,000 

Dynamic range[dB] 35~160 35~172 

Sensitivity[mV/Pa] 3.6 3.6 

 

 3.2.1 Near-field microphone array 

In order to measure the static pressure at the near-field, microphone array 

should be located in the region of the dominant supersonic jet flow with 

avoiding fluctuation. In addition, the near-field experimental results will be 

used to validate numerical results obtained by CFD analysis in Chapter 4. 12 

microphones are employed at a distance equal to 10 times the diameter of the 

nozzle(20mm). Each microphone is separated at 2.5𝐷𝑒 intervals of each other 

where 𝐷𝑒 denotes the diameter of nozzle exit(20mm). Figure 3.5 describes a 
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sketch of 12 microphones equipped with additional supports. A photograph of 

near-field measurement for a small-scale supersonic jet is presented in Fig. 3.6. 

Table 3.3 describes the distance variation along the additional support of the 

near-field noise experiments. 

 

 

 

 

Fig. 3.5 Conceptual sketch of an experimental setup for the near-field 

measurement and photographs 
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Fig. 3.6 Photograph of the near-field measurement for a small-scale 

supersonic jet (collaborated with Park) 

 

 

Table 3.3 Distance variation along the additional support of the near-

field measurement for a supersonic jet 

Microphone Distance [𝑫𝒆] 

1 2.5 

2 5.0 

3 7.5 

4 10.0 

5 12.5 

6 15.0 

7 17.5 

8 20.0 
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9 22.5 

10 25.0 

11 27.5 

12 30.0 

 

 3.2.2 Far-field microphone array 

 

It is important to assume the noise source location for far-field noise 

measurement. Therefore, annular array of 15 microphones is equipped due to 

presence of noise source generated from the supersonic jet flow. There have 

been a number of studies regarding of noise sources location. However, the 

present noise source is assumed a distance of 13𝐷𝑒 from the nozzle exit by 

obeying the previous study conducted by Kent et al. [52]. To measure the far-

field noise containing all angles from the noise source, 15 points along the 

annular array are chosen. Each angle of 13 points varies by 5𝑜 from 20𝑜 to 

80𝑜 . Remaining 2 points vary by 10𝑜  from 90𝑜  to 100𝑜 . Diameter of 

annular array is 100𝐷𝑒 in order to facilitate validation with numerical results. 

Additionally, annular array structures are covered by the sound-absorbing 

materials to avoid scattering to each other. Table 3.4 presents the angle variation 

along the annular array of the far-field noise experiments. Figure 3.7 describes 

a sketch of 15 microphones equipped with annular supports. A photograph of 

far-field for a small-scale supersonic jet is provided in Fig 3.8. Transient static 

pressure of the near- and far-field microphones is measured and provided by 

Park. 
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Fig. 3.7 Conceptual sketch of an experimental setup for the far-

field measurement and photographs 

 

Fig. 3.8 Photograph of the far-field measurement for a small-scale 

supersonic jet (collaborated with Park) 
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Table 3.4 Angle variation along the annular array of the far-field 

measurement for a supersonic jet 

Microphone Degree[deg] 

1 20 

2 25 

3 30 

4 35 

5 40 

6 45 

7 50 

8 55 

9 60 

10 65 

11 70 

12 75 

13 80 

14 90 

15 100 
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 Chapter 4 

Aero-acoustic prediction and validation for the 

supersonic jet noise 

 

 In this chapter, a procedure to predict supersonic jet noise is developed and 

validated with experimental results. Figure 4.1 shows the procedure for the 

aero-acoustic prediction and validation for a supersonic jet noise. 

 

 

Fig. 4.1 Procedure for the aero-acoustic prediction and validation 

 

 First, three-dimensional RANS analysis is conducted in order to estimate 

noise source of supersonic jet flow. Based on the numerical results obtained by 

RANS analysis, it is revealed that noise source of the present supersonic jet 
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flow is located at a distance 9 to 17 times the diameter of the nozzle exit. 

Kirchhoff surface location is also carefully confirmed by observing steady flow 

region from RANS analysis. 

 Second, three-dimensional DDES analysis is performed to provide 

numerical results calculated on Kirchhoff surface. For accurate aero-acoustic 

prediction, it is important to determine the minimum and maximum frequency 

that requires the specific mesh size and total simulation time in DDES analysis. 

For validation of DDES analysis, shock cell length and centerline pressure are 

compared with obtained by previous study.  

 Finally, aero-acoustic jet noise prediction at both near- and far-field are 

predicted and compared with experimental measurement by using 12 and 15 

microphones. To investigate the accuracy of present analyses for supersonic jet 

flow, two computational approaches are presented. Prediction for the near-field 

noise is only obtained from numerical results of DDES analysis. After that, far-

field noise prediction is presented by using H-K method. 
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 4.1 Computational approach for the supersonic jet noise prediction 

 

To predict the supersonic jet noise, two computational approaches can be 

suggested. DNS is one of the computational approaches that all turbulent flow 

is resolved. But, it is not applicable for a laboratory scale problem because of 

its computing requirements. For an efficient supersonic jet noise prediction, 

scale resolved simulation(SRS) such as LES and DDES is generally employed 

by resolving a certain range of frequencies for turbulent jet flow. 

A procedure for the supersonic jet noise prediction is conducted in the 

following order. 

i. Three-dimensional RANS analysis is conducted in order to 

figure out the characteristics of supersonic flow and investigate 

candidate region for Kirchhoff surface location. 

ii. To predict accurately the resolving turbulent flow, the 

maximum and minimum grid size are determined with respect to 

the order of the solution scheme. While the maximum frequency is 

dependent on the maximum grid size, the minimum one is attributed 

to the simulation time.  

iii. Three-dimensional DDES analysis is employed to 

accumulate and transfer pressure variables for H-K method located 

on Kirchhoff surface. 

iv. Non stationary results are excluded to predict the far-field 

noise due to its nonlinearity that violate the linearized wave 
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equations, i.e., H-K method. 

 

Although it is not required much effort to conduct three-dimensional RANS 

for the supersonic jet, a few additional will be considered as follows: 

 

1) Supersonic and potential core can be identified by observing 

the distribution of Mach number along the nozzle exit. Noise source is 

assumed to be located between the supersonic and potential core. 

2) Sufficient size of computational domain can be derived that 

supersonic jet plume do not interfere the boundary domain. Generally, 

computational domain in the supersonic flow direction is about 40 to 100 

times the diameter of nozzle exits due to its long plume length. 

3) Steady region can be determined in order to place Kirchhoff 

surface into DDES analysis. 

4) Y+ should be small enough to estimate the wall turbulence. 

 

From the understanding of the supersonic jet flow based on the RANS 

analysis, appropriate grid size in DDES analysis is achieved. However, noise 

stems from not only supersonic flow, but also turbulent flow generating 

eddy(frequency). To resolve the noise frequency range, mesh size is determined 

with respect to the order of the solution scheme in CFD. As described in Table 

1.1, higher order scheme has an advantage for efficient DDES analysis that 

maximum grid size is larger than those used in lower order scheme.  
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  To utilize H-K method by using DDES analysis, it is necessary to store the 

spatial coordinates and pressure variables such as static pressure and its 

derivatives per a certain number of time step. However, time step in DDES or 

LES analysis generally smaller than 10−6[𝑠]  that large capacity storage is 

also required for a long time simulation. Once pressure variables are saved at 

interval of twenty time steps, i.e., 1 × 10−5[𝑠] , the maximum frequency is 

50,000[Hz] based on the Nyquist theory. A paradox is induced from the storage 

cycle of pressure variables and the maximum grid size in order to predict high 

frequency noise. Therefore, DDES or LES analysis for very high frequency 

problem is not recommended. 

 Additionally, inter-point interval of pressure data storage points on 

Kirchhoff surface is also carefully considered. Although accumulated data 

contains the information of frequencies, it will not be predictable when the gap 

between the data storage points are too big. It provides that adequate resolved 

points on Kirchhoff surface is determined. 

  Finally, there has been no solid basis for Kirchhoff surface location in 

DDES or LES analysis. In the present analysis, Kirchhoff surface is placed to 

the steady flow region that pressure magnitudes are not changed or less than 

0.7% by transient simulation. It ensures that the far-field noise prediction is 

propagated from Kirchhoff surface located in the linearized flow field. 

To predict the supersonic jet noise, RANS, DDES and acoustic analysis are 

sequentially performed. 

 First, the three-dimensional RANS analysis is conducted in order to figure 
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out two properties of the supersonic jet flow. Figure 4.2 shows the Mach 

distribution at 0.02 sec. Computational domain is defined as 2.4m for the nozzle 

axis and 1.6m for azimuthal direction, respectively. It is 120𝐷𝑒 and 80𝐷𝑒 in 

terms of normalized exit diameter. It is observed that the noise source can be 

located at a distance 9~17 times the diameter of the nozzle exit. Also, steady 

flow region is chosen to utilize H-K method, i.e., Kirchhoff surface location. In 

the present analysis, Kirchhoff surface is determined to place at the region that 

static pressure may not vary with 0.7% with atmosphere described in Fig. 4.3. 

 

 

Fig. 4.2 Mach distribution on z=0 plane 

 



 

47 

 

 

Fig. 4.3 Pressure distribution (0.7% threshold) 

 

To conduct DDES analysis, the maximum grid size for Kirchhoff surface and 

simulation time should be determined. The resolved frequencies for the present 

analysis are targeted from 50[Hz] to 4,840[Hz]. Figure 4.4 shows the tendency 

of decreasing grid sizes as the targeted frequency increases. To predict the aero-

acoustic noise at 4,840[Hz], it is required that the maximum grid sizes should 

not be greater than 0.0034[m] in the computational domain surrounded by 

Kirchhoff surface. For the noise resolution and reliable minimum 

frequency(50[Hz]), DDES analysis is required to conduct during 0.02[sec] 

elapsed duration based on Nyquist theory. 
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Fig. 4.4 Maximum mesh size with respect to the target frequencies for 

DDES analysis 

 

 Finally, the cross section of the present grid on z=0 plane is shown in Fig. 

4.5. In the present computational domain, curved geometry of the supersonic 

jet is included. To resolve turbulent flow from the wall, fine mesh is employed 

from the supersonic jet inlet to exit. Furthermore, fine mesh is also applied in 

order to cover the shear layer region. From the supersonic jet exit(0𝐷𝑒) to a 

distance equal to 40 times the diameter of the exit diameter(40 𝐷𝑒 ), the 

maximum grid size is kept less than 0.0034[m]. 
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Fig. 4.5 Cross section of the present grids on z = 0 plane with Kirchhoff 

surface  

 

 A cylindrical Kirchhoff surface is placed on the steady region obtained by 

RANS simulation as described in Fig. 4.6. To store and transfer pressure 

variables(𝑝,
𝑑𝑝

𝑑𝑥
,

𝑑𝑝

𝑑𝑦
,

𝑑𝑝

𝑑𝑧
 𝑎𝑛𝑑 

𝑑𝑝

𝑑𝑡
 ), a cylindrical Kirchhoff surface consists of 

144 lines in the circumferential direction. Each line consists of 160 points in 

order to keep accuracy of the acoustic analysis based on H-K method. Five 

pressure variables of 23,040 points are stored at every 1 × 10−5[𝑠𝑒𝑐]. 
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Fig. 4.6 Kirchhoff surface in computational domain 

 

 More details about DDES analysis is provided in Table 4.1. The total 

number of mesh is approximately 20million. Time step is chosen to be 1 ×

10−6[𝑠𝑒𝑐]  in order not to exceed CFL number beyond a unity. Although 225 

cores of the parallel hardware are employed, the total computation time will 

require 1 month to the reach the converged results. Figure 4.7 describes 

pressure derivatives in terms of time on Kirchhoff surface. 

 

 

Fig. 4.7 Pressure derivatives in terms of time on Kirchhoff surface 
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Table 4.1 Information of the present DDES analysis 

 Method 

Solver Pressure-based 

Analysis Transient 

Turbulence model Spalart-Allmaras DES(DDES) 

Fluid Ideal gas 

Viscosity Sutherland law 

Scheme Coupled 

Spatial Green-Gauss node based 

Pressure Second order 

Density Second Order Upwind 

Momentum Bounded central differencing 

Turbulent Viscosity Third-order MUSCL 

Energy Second order upwind 

Temporal Bounded second order implicit 

Time step 𝟏 × 𝟏𝟎−𝟔[𝒔𝒆𝒄] 

Elapsed time 0.02316[sec] 
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 4.2 Validation of RANS and DDES 

  

Understanding of the shock-cell structure of the supersonic jet flow field is 

required in order to understand aeroacoustic behavior where the shock 

contributes significantly to the supersonic jet noise. From RANS analysis, time-

averaged pressure for the centerline is presented from 0 to 15𝐷𝑒 as shown in 

Fig. 4. 8. Magnitude of the pressure is significantly fluctuated from the 

supersonic jet exit. Shock-cell length with that given from the experimental 

measurement [53] and that by Prandtl's vortex sheet model [54] are compared 

in Fig. 4.9. The first five shock cells are used due to the limitation that the vortex 

sheet model is only valid in the initial region of the supersonic jet. Equation 

(4.1) is Prandtl's vortex sheet model in the form of the supersonic jet Mach 

number(𝑀𝑗) and its exit diameter(𝐷𝑗). 

 

𝐿𝑠 = 0.4158𝜋(𝑀𝑗
2 − 1)

1
2𝐷𝑗 (4.1) 

 

The present shock-cell spacing is 1.88𝐷𝑒 with exit Mach number 1.8. The 

comparison between present results and previous LES analyses shows good 

agreement while the empirical model overpredicts the shock-cell length. 
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Fig. 4.8 Average pressure along the centerline 

 

 

 

Fig. 4.9 Shock-cell spacing versus the supersonic jet Mach number 

 

 

 



 

54 

 

 Furthermore, the centerline pressure decay of the supersonic jet is also 

compared with that obtained by the previous study [55]. The centerline pressure 

decay of three different nozzle pressure ratio(NPR) is presented in Fig. 4. 10. 

 

 

Fig. 4.10 Centerline pressure decay of the jet at NPR's 6, 6.41, and 7 

 

 As shown in Fig. 4.10, the pressure is significantly fluctuated and decreased 

along the centerline due to the oblique shock. The shock-cell length of NPR 

6.41 is located between those of NPR's 6 and 7 obtained by the experimental 

measurements. However, the centerline pressure for NPR 6.41 is overpredicted 

by the present numerical simulation than experiments for NPR's 6 and 7 after 

the end of the potential core, which is located roughly at 15.88 𝐷𝑒 . The 

phenomena of overpredicted centerline pressure were reported in the previous 

researches [55-56] as well. 

 To assume the noise source of the supersonic jet, core length is obtained and 

compared with those obtained by experiments [55]. Figure 4.11 describes core 

length with various NPR's. The present core length is assumed to be roughly 16 
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which shows good agreement with the experimental results. 

 

 

Fig. 4.11 Core length with respect to NPR 
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 4.3 Near-field noise prediction and validation 

 

For the experimental measurements, 12 microphones are equipped into the 

near-field linear array as shown in Fig. 3.6. Experiments are conducted more 

than three times in order to investigate reproducibility of the supersonic jet 

noise.  

 

Fig. 4.12 Transient pressure history at x=𝟎𝑫𝒆 for the near-field array 

(provided by Park) 

 

During each supersonic jet blow, which lasts 5 seconds, pressure data from 

1~2 second is employed where the pressure is converged from the supersonic 

jet as shown in Fig. 4.12. Figure 4.13 describes PSD's of the near-field linear 

array for three times of the experimental measurements. By an analysis block 

size of 100 samples and 50% overlap, this results in approximately 200 

averages per each location. Although two microphones are capable of 

measuring the frequency range up to 80k and 100k, the 5th-order Butterworth 

filter with range of 500~9,600Hz is employed in order to compare OASPLs and 
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PSD's with those obtained by the numerical results. From the experimental data 

reported by Gee et al. [57] that similar laboratory-scale jet noise is investigated 

for the near-field jet noise measurement of design Mach number 1.8, PSD's are 

generally decreased as the angle from the supersonic jet axis is increased. 

 

   

a) 𝟎𝑫𝒆 b) 𝟐. 𝟓𝑫𝒆 c) 𝟓𝑫𝒆 

   

d) 𝟕. 𝟓𝑫𝒆 e) 𝟏𝟎𝑫𝒆 f) 𝟏𝟐. 𝟓𝑫𝒆 

   

g) 𝟏𝟓𝑫𝒆 h) 𝟏𝟕. 𝟓𝑫𝒆 i) 𝟐𝟎𝑫𝒆 

   

j) 𝟐𝟐. 𝟓𝑫𝒆 k) 𝟐𝟓𝑫𝒆 l) 𝟐𝟕. 𝟓𝑫𝒆 

Fig. 4.13 Power spectral density for the near-field array 

 

For numerical analysis, the near-field noise prediction can be achieved by 
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utilizing CFD numerical results because it is located inside of Kirchhoff 

surface(10𝐷𝑒). As the maximum grid size located inside of Kirchhoff surface 

is provided less than 0.0034[m], prediction for the near-field noise is reliable to 

resolve frequencies up to 4,840[Hz]. To extract the acoustic noise from the 

numerical results, static pressure is stored while DDES analysis is in progress. 

By applying the root mean square(RMS) technique, the near-field noise is 

obtained numerically. 

 Figure 4.14 shows the comparison of the sound pressure level between the 

numerical and experimental results. The 5th-order Butter worth filter with range 

of 500~9,600Hz is employed. Details are provided in Table 4.2. The averaged 

discrepancy is 4.09dB for 12 locations of linear array. The maximum and 

minimum discrepancy is 8.63dB at 0𝐷𝑒  and 0.4dB at 20𝐷𝑒 , respectively. 

Although averaged OASPLs along the distance from the nozzle exit are similar 

to each other, OASPLs are overpredicted by the numerical analysis from 0𝐷𝑒 

to 15𝐷𝑒. Detailed discussion is explained in Section 4.5. 
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Fig. 4.14 Comparison of the sound pressure level at the near-field for the 

supersonic jet (collaborated with Park) 

 

Table 4.2 Overall sound pressure level at the near-field for the 

supersonic jet 

 Overall sound pressure level [dB] 

Distance[𝑫𝒆] Numerical 

analysis 

Experiments Discrepancy 

0 141.34 132.71 -8.63 

2.5 141.45 133.76 -7.69 

5.0 141.35 136.40 -4.95 

7.5 141.33 137.55 -3.78 

10.0 141.42 135.00 -6.24 

12.5 141.51 133.73 -7.71 

15.0 141.47 137.12 -4.46 

17.5 141.57 140.46 -1.24 

20.0 141.67 142.10 0.40 

22.5 141.88 143.53 1.72 

25.0 142.58 142.89 0.46 

27.5 143.96 141.9 -1.88 
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 4.4 Far-field noise prediction and validation 

 

For the far-field noise measurements, 15 microphones are employed to 

measure the static pressure installed on the annular array as shown in Fig. 3.8. 

The radius of the annular array is 100 times the diameter of supersonic jet exit 

and the angle interval is fixed to be 5𝑜 for 13 microphones and 10𝑜 for 2 

microphones. Multiple experiments are performed for improved reliability of 

the measured data. Transient pressure history at the 𝜃 = 100𝑜 is presented in 

Fig 4. 15. Magnitude of the measured pressure is further decreased than those 

obtained by the near-field array. Measured angles to the assumed noise sources 

at a 13𝐷𝑒 distance are provided in Table 4.3. As explained in Section 4.3, the 

pressure data is extracted for 1~2 second. The 5th-order Butterworth filter with 

range of 500~9,600Hz is also utilized. Figure 4.16 describes PSD's of the far-

field annular array for three times of experimental results. Analysis block, 

overlap and averaging techniques are applied in the same way as those 

employed in the near-field measurement. 
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Fig. 4.15 Transient pressure history at r= 𝟏𝟎𝟎𝑫𝒆 and 𝜽 = 𝟏𝟎𝟎𝒐 for the 

far-field array (provided by Park) 

 

The far-field noise prediction is obtained from the H-K method by projecting 

the accumulated numerical results to the far-field location. Although the 

turbulent flow including the frequency characteristics is contained in DDES 

analysis, inter-point interval of Kirchhoff surface is carefully considered as well. 

In the present analysis, the static pressure and spatial/temporal derivatives are 

stored at large capacity storage per ten time step(1 × 10−5s) at 23,040 points. 

The inter-point interval is chosen to be 0.005[m] that the targeted frequency is 

9,600[Hz]. Helmholtz-Kirchhoff method is employed based on Matlab 

software developed by Park. 
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a) 𝜽 = 𝟐𝟎𝒐 b) 𝜽 = 𝟐𝟓𝒐 c) ) 𝜽 = 𝟑𝟎𝒐 

   

d) 𝜽 = 𝟑𝟓𝒐 e) 𝜽 = 𝟒𝟎𝒐 f) 𝜽 = 𝟒𝟓𝒐 

   

g) 𝜽 = 𝟓𝟎𝒐 h) 𝜽 = 𝟓𝟓𝒐 i) 𝜽 = 𝟔𝟎𝒐 

   

j) 𝜽 = 𝟔𝟓𝒐 k) 𝜽 = 𝟕𝟎𝒐 l) 𝜽 = 𝟕𝟓𝒐 

   

m) 𝜽 = 𝟖𝟎𝒐 n) 𝜽 = 𝟗𝟎𝒐 o) 𝜽 = 𝟏𝟎𝟎𝒐 

Fig. 4.16 Power spectral density for the far-field array 

 

Figure 4.17 provides OASPL along the varying angle from the noise source. 
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More details are summarized in Table 7.3. The averaged discrepancy is 2.05dB 

for 15 locations of annular array. The maximum and minimum discrepancy is 

6.3dB at 55𝑜 and 0.02dB at 35𝑜, respectively. Detail discussion is described 

in Section 4.5. 

 

 

Fig. 4.17 Comparison of the sound pressure level at the far-field for the 

supersonic jet (collaborated with Park) 
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Table 4.3 Overall Sound pressure level at the far-field for a supersonic 

jet 

 Overall sound pressure level [dB] 

Angle[deg] Numerical 

analysis 

Experiments Discrepancy 

20 127.31 126.85 -0.46 

25 128.06 127.74 -0.32 

30 128.64 128.59 -0.05 

35 128.81 128.79 -0.02 

40 128.59 127.7 -0.89 

45 127.62 124.76 -2.86 

50 125.88 120.34 -5.54 

55 123.64 117.31 -6.33 

60 120.75 116.32 -4.43 

65 118.42 115.44 -2.98 

70 116.91 114.72 -2.19 

75 116.15 114.84 -1.31 

80 115.78 115.66 -0.12 

90 114.94 115.32 0.38 

100 113.08 115.94 2.86 
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 4.5 Discussion for the supersonic jet noise prediction and validation 

 

 This section describes the discussion for the supersonic jet noise prediction 

and validation. The present computational analysis and experiments are focused 

on the near/far-field noise of supersonic jet with the exit Mach number 1.8. A 

lab-scale rocket nozzle is fabricated to study the supersonic jet noise. Based on 

the isentropic process in fluid dynamics, the exit Mach number 1.8 is selected 

by changing the nozzle throat radius. To identify the exit Mach number, three-

dimensional axisymmetric RANS simulation is conducted by using commercial 

software (ANSYS FLUENT). From the numerical results from RANS 

simulation, the exit Mach number is calculated to be approximately 2.2. 

Furthermore, the noise source location is assumed to be at a distance of 9 ~ 

17𝐷𝑒 times from the nozzle exit based on the Mach number distribution along 

the nozzle exit. Based on the numerical results, the small-scale experimental 

setup and other details are also introduced. 15 microphones at two types of the 

linear and annular array are used to measure the supersonic jet flow. Then, the 

measured results are converted to SPL. Noise measured at the near-field is 

directly compared with those obtained by DDES analysis. The near-field noise 

prediction shows good agreements with the averaged discrepancy of 4.09dB. 

As shown in Fig. 4.12, OASPL's of DDES analysis are nearly constant and 

increase in accordance with the non-dimensional distance from the supersonic 

jet exit. To predict the far-field noise, H-K surface is employed by using the 

accumulated numerical results.  
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4.5.1 Comparison of the numerical and experimental results 

 

 From the numerical results for the near-field, OASPL's are overpredicted 

with a range of 0𝐷𝑒~20𝐷𝑒 compared to those obtained by the experiments. In 

addition, OASPL's of the numerical results for the far-field are overpredicted at 

angles greater than 40 degrees. As shown in Fig. 4.18, both of the near and far-

field are divided into two regions; LSS and FSS. When the noise source of the 

supersonic jet is assumed to be located at 9𝐷𝑒 , the measured point at (x,y) 

= (10𝐷𝑒 , 20𝐷𝑒) spans an angle of 40 degrees from the assumed noise source. 

That present numerical results show good agreements within LSS-dominant 

region, while OASPL's in FSS-dominant region are overpredicted. 

 

 

Fig. 4.18 Simplified scheme of the near-field array 
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 In the similar manner, OASPL's by the present analysis in the far-field are 

overpredicted when compared with those obtained by the experiments above 

40 degrees from the assumed noise source located at 13𝐷𝑒. 

 

 

Fig. 4.19 Simplified scheme of the far-field array 

 

 To examine discrepancies of OASPL's, PSD’s are to be compared in LSS-

and FSS-dominant regions for the near and far-field, respectively. Figure 4.20 

describes PSD's of the near-field at x=0𝐷𝑒 , 10𝐷𝑒 , 20𝐷𝑒  and 25𝐷𝑒 . It is 

shown that PSD's are overpredicted in the range of 0~10𝐷𝑒 while those are 

similar for the range of 20~25𝐷𝑒 . Additionally, PSD's over 6,000Hz are 

decreased within FSS-dominant region. Although maximum mesh size is 

determined based on the mathematical formulation suggested by Tam [7], the 

resolved frequencies may vary with the computational location due to stretched 
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meshes. 

 Figure 4.21 depicts PSD's of the far-field at 𝜃 = 20𝑜, 40𝑜, 55𝑜 and 90𝑜. 

It is also revealed that PSD's are overpredicted at 𝜃 = 55𝑜 and 90𝑜, while 

those are similar at 𝜃 = 20𝑜  and 40𝑜 . From the comparison, the present 

analysis accurately predicts PSD's and OASPL's within LSS-dominant region, 

while those of FSS-dominant region are overpredicted. 

 

 

  

a) 𝟎𝑫𝒆 b) 𝟏𝟎𝑫𝒆 

  

c) 𝟐𝟎𝑫𝒆 d) 𝟐𝟓𝑫𝒆 

Fig. 4.20 Comparison of PSD's for the near-field 
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a) 𝜽 = 𝟐𝟎𝒐 b) 𝜽 = 𝟒𝟎𝒐 

  

c) 𝜽 = 𝟓𝟓𝒐 d) 𝜽 = 𝟗𝟎𝒐 

Fig. 4.21 Comparison of PSD's for the far-field 

  

 Overpredictive tendency for the supersonic jet noise prediction was also 

reported by the previous researchers. Labbe et al.[58] developed the 

computational fluid dynamics/computational aero acoustics(CFD/CAA) that 

OASPL's were overpredicted in FSS-dominant region(𝜃 > 45𝑜). The spatial 

discretization method is based on the finite volume methodology(FVM) on the 

structured grid as the same as the present analysis methodology. Fukuda et 

al.[59] employed an implicit LES for a solid rocket in the static firing test based 

on the finite difference method(FDM). Over 50 degrees-angle from the jet axis, 

OASPL's were overpredicted as well. Liu et al.[60] investigated the 

underexpanded supersonic jet with the design Mach number 1.5 based on the 

finite element method(FEM). The near- and far-field OASPL's showed the 
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similar trend that noise prediction at LSS-dominant region showed agreements 

while those were overpredicted at FSS-dominant region. Although different 

discretization schemes are employed in the aforementioned researches [58-60], 

overpredictive tendency is similarly observed at FSS-dominant region. 

Additionally, the number of azimuthal grid points is less than 160 in both of 

previous researches and present analysis. If the resolution of the computational 

grid is not sufficient to resolve high frequency, SPLs are generally 

overestimated. It is induced by higher energy at low frequencies than the 

physics from the turbulent structure of the jet shear layer. When the azimuthal 

grid points are coarse, RMS values of axial and radial fluctuating velocities are 

overestimated. Hence, RMS values of fluctuating pressure are also 

overestimated. From the effects of azimuthal grid resolution reported by 

Nonomura et al. [61] and Bogey et al. [62], OASPLs were decreased with the 

use of 1,024 grid points compared with those obtained by that of 256 grid points 

at FSS-dominant region. It denotes that overestimated PSD has a significant 

impact on the FSS-dominant region because SPL’s of the low-frequency 

structures are relatively smaller than those at LSS-dominant region. 

 In conclusion, present analysis with low-discretization scheme may predict 

OASPLs accurately at LSS-dominant region while the number of azimuthal 

grid points is needed to be increased in order for accurate prediction at FSS-

dominant region. 
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4.5.2 Effects of Kirchhoff surface location 

 

 Supersonic jet noise prediction of the far-field is conducted by combining 

DDES and H-K method. To find out effect of Kirchhoff surface location, three 

different Kirchhoff surface locations are employed as shown in Fig. 4. 22.  The 

information of three Kirchhoff surface locations is given in Table 4. 4. 

 

 

Fig. 4.22 Three different Kirchhoff surface locations 

 

Table 4.4 Information of three Kirchhoff surface locations 

Kirchhoff surface locations 

Number x(jet axis, 𝑫𝒆) r (radius, 𝑫𝒆) 

#1 0~40 8 

#2 0~40 9 

#3 0~40 10 

 

 Supersonic jet noise prediction of the far-field is conducted with varying 
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Kirchhoff surface locations as shown in Fig. 4. 23. 

 

Fig. 4.23 Comparison of the OASPL's at the far-field for three different 

Kirchhoff surface locations (collaborated with Park) 

 

Table 4.5 OASPL's for the varying Kirchhoff surface locations 

 Overall sound pressure level [dB] 

Angle[deg] Kirchhoff #1 Kirchhoff #2 Kirchhoff #3 

20 129.41 128.55 127.23 

25 129.71 128.82 127.86 

30 129.86 129.28 128.59 

35 129.90 129.72 129.08 

40 129.48 129.39 129.05 

45 128.08 128.28 128.33 

50 125.84 126.30 126.59 

55 122.84 123.54 124.04 

60 120.72 121.08 121.35 

65 119.15 119.57 119.85 

70 118.07 118.44 118.85 

75 117.71 118.10 118.38 

80 117.13 117.63 118.02 

90 116.02 116.27 116.54 

100 113.74 114.12 114.28 
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  OASPL's along the far-field locations employed using three different 

Kirchhoff surface locations are given in Table 4.5. Overall tendency shows 

good agreement while those at 20 degrees is decreased as Kirchhoff surface is 

far from the supersonic jet noise source. 

 In addition, OASPL's for the far-field are compared by employing two 

different elapsed durations, 0.18~0.2 [sec] and 0.2~0.22[sec]. Averaged 

discrepancy is 0.98dB for 15 observed points. The maximum discrepancy is 

2.24dB at 𝜃 = 80𝑜. It is assumed that elapsed duration may have an effect on 

the FSS-dominant region. 

 

 

Fig. 4.24 Comparison of OASPL's for the far-field for two different 

elapsed durations (collaborated with Park) 
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Table 4.5 OASPL's for the varying Kirchhoff surface locations 

Overall sound pressure level [dB] 

Angle[deg] 0.18~0.2[sec] 0.2~0.22[sec] 

20 127.23 127.31 

25 127.86 128.06 

30 128.59 128.64 

35 129.08 128.81 

40 129.05 128.59 

45 128.33 127.62 

50 126.59 125.88 

55 124.04 123.64 

60 121.35 120.75 

65 119.85 118.42 

70 118.85 116.91 

75 118.38 116.15 

80 118.02 115.78 

90 116.54 114.94 

100 114.28 113.08 
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4.5.3 Possibility of the crackle phenomena for the small-scale supersonic 

jet 

 

 Crackle was an annoying component of a jet noise reported by Williams et 

al. [63]. Characteristics of the crackle could not be identified by the normal 

spectral description of noise. Instead, the skewness of the pressure amplitude 

probability distribution was generally used [64-66]. Similar supersonic jet 

condition was investigated by Gee et al. [65] when the design Mach number 

was 1.8. For ideally and over-expanded small-scale supersonic jet, the crackle 

is not observed based on the experimental data. However, it is possible that the 

crackle will be generated from the present small-scale supersonic jet. Then the 

skewness of the measured pressure is to be investigated. Based on the previous 

researches, the magnitude of the skewness, 0.4, may be an evidence of the 

crackle phenomena. The skewness 𝑠 of the measured pressure is defined as 

follows: 

 

𝑠 =
𝐸[(𝑝(𝑡) − 𝜇)3]

𝜎
 (4.1) 

  

 where 𝜇  is the measured mean and 𝜎  is the standard deviation. Figure 

4.25 describes the skewness along the supersonic jet axis. It concludes that 

crackle phenomena are not generated from the present small-scale supersonic 

jet. 
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Fig. 4.25 Skewness levels versus the distance from the nozzle exit 
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 Chapter 5 

Vibro-acoustic analysis for a clamped thin plate  

 

 In this section, numerical methodologies for the vibro-acoustic prediction 

are described. First, a transient FEM will be introduced based on OPT-DKT 

shell element and Newmark- 𝛽  time integration. Second, the frequency 

response function(FRF) of a clamped thin plate structure will be described by 

using the transient acceleration results. From the information of FRF, it will be 

capable of comparing natural frequencies for a thin plate with the those 

obtained by the commercial software, ANSYS modal analysis. Subsequently, 

the resolved natural frequencies of a clamped thin plate will be compared with 

those obtained by the modal analysis. 
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 5.1 OPT-DKT shell element 

  

 An OPT-DKT shell element is created by combining an OPT membrane 

element and a DKT plate bending element [67-69]. Each element exhibits 

eighteen degrees of freedom. Each element is divided into three nodes, and it 

exhibiting six degrees of freedom (three translations and three rotations). 

 

 

Fig. 5.1 Geometry of the present OPT-DKT shell element 

 

 Figure 5.1 illustrates the present OPT-DKT shell element geometry. The flat 

triangular element (OPT) has three nodes with three degrees of freedom at each 

node. Global and local coordinate systems are denoted as (X,Y,Z) and (x,y,z), 

respectively. Based on the local coordinate (𝑥𝑖𝑗, 𝑦𝑖𝑗), the elemental geometric 

parameters length(𝑙𝑖𝑗), area(A), and volume(V) are defined as follows. 
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(𝑥𝑖𝑗, 𝑦𝑖𝑗)  =  (𝑥𝑖 − 𝑥𝑗, 𝑦𝑖 − 𝑦𝑗) 
(5.1) 

𝑙𝑖𝑗 = √𝑥𝑖𝑗
2 + 𝑦𝑖𝑗

2  
(5.2) 

𝐴 =
1

2
(𝑦21𝑥13 − 𝑥21𝑦13) 

(5.3) 

 

 For an optimal triangular element nodal displacement vector is represented 

by 𝑑𝑚 as follows: 

 

𝑑𝑚 = {𝑢1, 𝑣1, 𝜃𝑧1, 𝑢2, 𝑣2, 𝜃𝑧2, 𝑢2, 𝑣2, 𝜃𝑧2}𝑇 
(5.4) 

 

 The stiffness matrix of optimal triangular element is defined by 𝐾𝑚  as 

follows: 

 

𝐾𝑚 = 𝐾𝑚𝑏 + 𝐾𝑚ℎ = 𝑓(𝛼𝑏 , 𝛽0~9) =
1

𝑉
𝐿𝐸𝐿𝑇 +

3

4
𝛽0�̂�𝜃𝑢

𝑇 𝐾𝜃�̂�𝜃𝑢 
(5.5) 

 

 A membrane element stiffness is decomposed into two components 

obtained by three Gaussian numerical integration points. Then the basic and 

higher-order membrane stiffness are obtained with a set of 11 free parameters 

as shown in Table 5.1. Details of the matrices 𝐿, �̂�𝜃𝑢
𝑇  and 𝐾𝜃 are provided in 

[67] 
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Table 5.1 Values assigned to 11 free parameters 

Parameter Value 

𝜶𝒃 1.5 

𝜷𝟎 
𝟏

𝟐
(𝟏 − 𝟒𝝂𝟐) 

𝜷𝟏 1 

𝜷𝟐 2 

𝜷𝟑 1 

𝜷𝟒 0 

𝜷𝟓 1 

𝜷𝟔 -1 

𝜷𝟕 -1 

𝜷𝟖 -1 

𝜷𝟗 -2 

  

 where 𝜈 is Poisson's ratio. 𝐿  and �̂�𝜃𝑢 are constant coefficient matrices 

over the membrane element, respectively.  

 For the bending plate element nodal displacement vector is represented by 

𝑑𝑏 as follows: 

 

𝑑𝑏 = {𝑤1, 𝜃𝑥1, 𝜃𝑦1, 𝑤2, 𝜃𝑥2, 𝜃𝑦2, 𝑤3, 𝜃𝑥3, 𝜃𝑦2}
𝑇
 

(5.6) 

 

 The bending plate element stiffness can be formulated in terms of the seven 

Gaussian points as 

 

𝐾𝑏 = 2𝐴 ∑ 𝐵𝑏
𝑇𝐷𝑒𝐵𝑏𝑤𝑖

7

𝑖=1

 
(5.7) 
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𝑤𝑖  is a weighting function of Gaussian form contingent on the number of 

Gaussian points, while 𝐷𝑒 is the flexural rigidity of the plate. Details of the 

𝐵𝑏 are provided in [67] as well. 

 By combining the stiffness matrices of the membrane and bending plate 

element, OPT-DKT shell stiffness matrix can be defined by 𝐾𝑠 as follows: 

 

𝐾𝑠 = [
𝐾𝑚 𝐾𝑚𝑏

𝐾𝑚𝑏
𝑇 𝐾𝑏

] 
(5.8) 

  

 For a curved configuration, rotational operators should be adopted. Let 𝑒𝑘,𝑖 

denote the 𝑖𝑡ℎ axis vector on the shell element in the local coordinates. For the 

first axis vector on the shell element, 𝑒𝑘,1 can be established by selecting the 

first basis vector, 𝑟𝑏𝑎 = (𝑋𝑏 − 𝑋𝑎 , 𝑌𝑏 − 𝑌𝑎 , 𝑍𝑏 − 𝑍𝑎). 

 

𝑒𝑘,1 =
𝑟𝑏𝑎

‖𝑟𝑏𝑎‖
 

(5.9) 

 

 To define new three-nodes on x-y plane in the local coordinates, the third 

coordinate axis orthogonal to x-y plane in the local coordinates can be obtained 

by using 𝑟𝑏𝑎 and 𝑟𝑐𝑎. 

 

𝑒𝑘,3 =
𝑟𝑏𝑎 × 𝑟𝑐𝑎

‖𝑟𝑏𝑎 × 𝑟𝑐𝑎‖
 

(5.10) 
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 The remaining coordinate axis is described as  

 

𝑒𝑘,2 = 𝑒𝑘,3 × 𝑒𝑘,1 
(5.11) 

 

 By multiplying the rotational operator, newly defined three nodes are 

always imposed on x-y plane in the local coordinates. Hence, the stiffness 

matrix of OPT-DKT shell element can be established by combining the 

rearranged stiffness matrix (𝐾𝑒𝑓𝑓)  and rotational operator (𝑟𝑠) . The mass 

matrix can be obtained by applying an elemental shape function (𝑁)  and 

rotational operator(𝑟𝑠) in the formulation of OPT-DKT shell element. Finally, 

the effective stiffness matrix(𝐾𝑒𝑓𝑓) and load vector(𝑓𝑒𝑓𝑓) are expressed as 

follows. 

 

𝐾𝑂𝑃𝑇−𝐷𝐾𝑇 = 𝑟𝑠𝐾𝑠𝑟𝑠
𝑇 

(5.12) 

 

𝑀𝑂𝑃𝑇−𝐷𝐾𝑇 = 𝑟𝑠 [∫ 𝑁𝑇𝑁𝜌𝑑𝑉
𝑉

] 𝑟𝑠
𝑇 

(5.13) 

 

𝐾𝑒𝑓𝑓 = (
16

∆𝑡2
) 𝑀𝑂𝑃𝑇−𝐷𝐾𝑇 + 𝐾𝑂𝑃𝑇−𝐷𝐾𝑇 

(5.14) 
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𝑓𝑒𝑓𝑓 = 𝑀𝑂𝑃𝑇−𝐷𝐾𝑇 (
16

∆𝑡2
�̈� +

4

∆𝑡
�̇� + 𝑢) + 𝑓𝑒𝑥𝑡 

(5.15) 

 where �̈� , �̇�  and 𝑢  are acceleration, velocity and displacement of the 

nodal points, respectively. 
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 5.2 Modal analysis of a clamped thin plate 

 

 In order to obtain natural frequencies of a clamped thin plate, modal 

analysis is conducted by using ANSYS Modal as shown in Fig. 5.2. Properties 

of Aluminum 6061 are employed in order to manufacture a thin plate structure. 

Information of a thin plate geometry and material properties are given in Table 

5.2. 

 

 

Fig. 5.2 Sketch of a clamped thin plate 

 

Table 5.2 Properties of the thin plate 

Parameter Value[unit] 

Density 2700[
𝒌𝒈

𝒎𝟑⁄ ] 

Young's modulus 𝟔. 𝟖𝟗 × 𝟏𝟎𝟗[𝒑𝒂] 

Poisson's ratio 0.33 

Length 200[mm] 

Width 50[mm] 

Thickness 2[mm] 

 

 Langer et al. [70] investigated a thin plate with free-free boundary condition 

between experimental and numerical results. It was suggested that the influence 

of accuracy of bending structural wave was related with the number of elements. 
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Additionally, efficient discretizations of a thin plate structure were significantly 

dependent on the length and width, rather than on the thickness. Based on the 

previous investigation, shell elements are to be employed in order to conduct 

modal analysis of a thin plate. Total number of nodes and elements is 40,501 

and 40,000 respectively. Table 5.3 shows the natural frequencies of a thin plate 

obtained by both of using the solid element and shell element. Discrepancies of 

15 natural frequencies are smaller than 0.1%. This implies that it is capable of 

using the shell element for a thin plate modal analysis. The first four bending 

mode shapes are shown in Fig. 5. 3.  

 

Table 5.3 Comparison of the natural frequencies for a thin plate 

Mode 

number 
Solid element[Hz] Shell element[Hz] Discrepancy[%] 

1 41.553 41.553 0.048 

2 259.74 259.61 0.050 

3 327.03 327.00 0.009 

4 728.86 728.50 0.049 

5 976.67 976.09 0.059 

6 1010.7 1010.6 0.010 

7 1432.9 1432.2 0.049 

8 1778.3 1778.0 0.017 

9 2373.6 2372.4 0.051 

10 2674.3 2673.8 0.019 

11 3542.7 3541.1 0.045 

12 3733.1 3732.2 0.024 

13 4388.8 4388.6 0.005 

14 4763.1 4762.7 0.008 

15 4947.3 4945.6 0.034 
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Fig. 5.3 The first four bending modes of a clamped thin plate 
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 5.3 Frequency response function of a clamped thin plate 

  

 FRF is estimated from the ratio of input and output. In the present FEM 

analysis, transient displacement and acceleration are converted into frequency 

and its magnitude by employing fast Fourier transform(FFT) and PSD. Reliable 

frequency range is dependent on the input signal such as sampling rate and 

duration. In order to investigate FRFs of the clamped thin plate, unit step load 

is applied. If the input signal is a step, characteristics of the response will be 

equivalent to the natural frequencies of a clamped thin plate. Figure 5.4 

describes the configuration of clamped thin plate under the unit step load and 

receiver.  

 

 

Fig. 5.4 Impact load on a clamped thin plate 

 

 Without the damping effect, the waves generated by the unit step load 

propagate and finally excite the clamped thin plate with their own natural 

frequencies. Figure 5.5 shows the four snapshots of the wave propagation on 

the plate. 
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Fig. 5.5 Wave propagation in a clamped thin plate 

 

 In order to estimate natural frequencies of the present plate, transient 

acceleration at receivers is transformed into frequency domain by applying FFT. 

Total number of nodes and elements are 6,601 and 12,800, respectively. Time 

step (△ 𝑡)  is chosen as 10−5[𝑠𝑒𝑐]  and elapsed duration (𝑇)  is 0.2[sec]. 

Hence, the frequency resolution(△ 𝑓) and maximum reliable frequency(𝑓𝑚𝑎𝑥) 

are 5Hz and 50,000Hz, respectively. Figure 5.6 illustrates the transient 

acceleration obtained from the receiver as shown in Fig 5.6.  

 

 

Fig. 5.6 Transient acceleration recorded on the receiver 

 

 Figure 5.7 describes the frequency response function of a clamped thin plate 
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induced by the unit step load. 

 

 

Fig. 5.7 Frequency response function result of a clamped thin plate 

   

Frequencies in the peak magnitude is equivalent to the bending frequencies 

of a clamped thin plate. Table 5.4 shows comparison of the several bending 

frequencies of a clamped thin plate obtained by ANSYS modal analysis.  

 

Table 5.4 Comparison of the several bending frequencies 

Mode number Present[Hz] ANSYS modal 

analysis 

Discrepancy[%] 

1st 40 41.5 3.6 

2nd 260 259.6 0.2 

3rd 735 728.5 0.9 

4th 1450 1432.2 1.2 

5th 2415 2372.4 1.8 

6th 3605 3541.1 1.8 
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The maximum discrepancies for the bending frequencies are smaller than 2% 

except for the first natural frequency. Discrepancy of the first bending 

frequency is 3.6% due to the lack of the frequency resolution, i.e., 5Hz. Based 

on the numerical results, the bending frequencies are predicted to be larger than 

those obtained by ANSYS modal analysis.  
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 5.4 Mesh convergence examination for the frequency response 

function 

  

 When it comes to the high-frequency vibration analysis in FEM, the 

discrepancies will be introduced and accumulated by the polynomial 

approximations of shape functions. It is well-known that numerical solution 

will become rapidly inaccurate in terms of the wave speed. Additionally, 

spurious oscillations may be observed, and which is related to the Gibb's 

phenomena [71]. Wang et al. [72] investigated the accuracy of Newmark-𝛽 

method in transient analysis of the wave propagation problems. A certain 

criterion for the mesh size and time-step was provided based on the coupled 

effects of the velocity dispersion and amplitude dissipation. Wang suggested 

that it was possible to suppress the spurious velocity dispersion by choosing 

adequate mesh size and time-step if linear elements were employed. Bathe  

[73-74] developed a simple implicit time integration (called as Bathe's method) 

in order to conserve the energy and momentum of a dynamic system. Noh [75] 

performed Bathe's method in the wave propagation analysis. Compared to 

trapezoidal rule such as Newmark-𝛽 method, Bathe's one gave more accurate 

results with the use of effective mesh size and time step. However, Bathe's 

method was still limited to generate velocity dispersion.  

 Accuracy of FRF in high-frequency range is also found to be affected by 

the mesh size and time-step in the present FEM analysis. Hence, mesh size and 

time-step are needed to investigate with respect to FRFs. 
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 Figure 5.8 depicts three different configurations that mesh size is linearly 

decreased with respect to the width and length. 

 

 

Fig. 5.8 Three different configurations with respect to the mesh size 

 

 Information of three different configurations is summarized in Table 5.5 

 

Table 5.5 The number of nodes for the three different configurations 

  

Case Coarse Medium Fine 

∆𝒙(𝒘𝒊𝒅𝒕𝒉) 4 8 16 

∆𝒚(length) 20 40 80 

Total number of 

nodes 
105 405 1,377 

Total number of 

DOF's 
630 2,430 8,262 

 

 FRFs are estimated by employing a transient FEM analysis and FFT. Time 

step is selected to be 10−5[𝑠𝑒𝑐] and elapsed duration(𝑇) as 0.2[sec]. Figure 
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5.8 illustrates three frequency response functions interms of the mesh size. 

 

 

Fig. 5.9 Three frequency response functions in terms of the mesh size 

 

Table 5.6 Frequencies at the peak magnitude in three frequency 

response functions 

Mode 

No. 

Modal 

analysis(ANSYS) 
Coarse Medium Fine 

1 42 40 40 40 

2 259 260 260 260 

3 728 730 730 730 

4 1,432 1,455 1,440 1,435 

5 2,372 2,415 2,385 2,370 

6 3,541 3,610 3,545 3,520 

7 4,389 4,485 4,365 4,325 

8 4,763 4,850 4,735 4,690 

9 4,977 5,030 4,955 4,915 

10 5,524 5,590 5,470 5,415 

11 6,427 6,440 6,355 6,280 

12 7,730 7,505 7,475 7,375 
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Frequencies at the peak magnitude beyond 4,000[Hz] are shifted and 

overlapped to one another. The reliable range of FRFs can be determined by 

employing a transient FEM analysis and FFT. Table 5.6 provides the 

frequencies by the coarse, medium and fine mesh size, respectively. The values 

written in the boldface fonts are the decreased frequencies compared to those 

obtained by ANSYS modal analysis. From the analysis by the fine meshes, 

decreasing trend in high-frequency range is caused by the spurious results such 

as the velocity dispersion and propagation distance. In the present analysis, the 

location of receiver is fixed so that only velocity dispersion may be related with 

the spurious discrepancies. Those discrepancies occur prior to the arrival of the 

wave oscillation when the coarse meshes are used. However, the higher-

frequency components of the wave are slower than the lower-frequency ones 

when the fine meshes are used. It was reported in Ref. [70] that the numerically 

predicted propagation velocities were found to be smaller than the realistic ones 

when the fine meshes were used. 

 In conclusion, it is possible to determine the reliable frequency range by 

conducting a transient FEM analysis and FFT. By comparing the predicted 

frequencies obtained by both of the modal analysis and FRFs of acceleration, 

the maximum frequency and its accuracy are clearly determined. Regarding of 

the twilight zone that many researchers are still struggling with applicable 

methodologies for the lower-mid frequency, modal overlap factor(MOF) will 

be one of the standard parameter. Pirk et al.[41] conducted the vibro-acoustic 

analysis for high frequency range based on MOF > 5. Biance[43] reported that 
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FEM would not be applicable when a MOF was greater than 1, while MOF of 

3 was the limitation of applying FEM analysis for the lower-mid frequencies 

[44]. Figure 5.9 describes the modal overlap factor of a clamped thin plate with 

respect to the frequency range. The maximum reliable frequency will be 

approximately limited to 3,500[Hz] when MOF is 3 and the fine meshes are 

used. It is found that the maximum reliable frequency can be determined based 

on the present transient FEM analysis. 

 

 

Fig. 5.10 Maximum reliable frequency range 
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 Chapter 6 

Structural responses due to the aero-acoustic 

pressure  

 In this chapter, vibro-acoustic analysis is conducted to predict the structural 

responses due to the aero-acoustic pressure generated from a small-scale 

supersonic jet. Figure 6.1 shows the procedure for the present vibro-acoustic 

prediction and validation for structural responses due to the aero-acoustic 

pressure. 

 

 

Fig. 6.1 Procedure for the vibro-acoustic prediction and validation 

 

 First, computational approach for the vibro-acoustic analysis is presented. 

Transient acoustic pressure applied on a clamped thin plate is predicted by 
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combining DDES and H-K method. Based on the numerical results obtained by 

DDES, transient acoustic pressure can be predicted by propagating acoustic 

pressure from H-K surface. As shown in Fig. 6.2, three locations are chosen in 

order to investigate the structural responses due to the aero-acoustic pressure; 

1) FSS-dominant region1(Position #1), 2) LSS-dominant region1(Position #2), 

3) FSS-dominant region2(Position #3). Transient acceleration recorded at the 

receiver location is to be transformed into APSD's based on Welch's power 

spectral density estimation. 

 Second, the natural frequencies of a clamped thin plate with an 

accelerometer are to be measured. It is found that the natural frequencies are 

decreased compared to those obtained due to the added mass of an 

accelerometer. For equivalent FRFs of a clamped thin plate, density value is 

increased at a few locations of the structure. 

 Finally, the vibro-acoustic prediction of a clamped thin plate is conducted 

and compared with the experimental measurement by using an accelerometer. 

Due to the noise caused by the finite sampling data, Welch's method is 

employed with the window function and samples of overlap as well. 
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Fig. 6.2 Three locations from the supersonic jet 
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 6.1 Computational approach for the vibro-acoustic analysis 

  

 To predict the structural responses of a clamped thin plate, the propagated 

pressure can be obtained from the aero-acoustic prediction. Based on H-K 

method, it is possible to propagate pressure with relevant frequency 

characteristics. Figure 6.3 shows the transient pressure history applied to 

structures at Position #1. 

 

 

Fig. 6.3 Transient pressure history (provided by Park) 

 

Figure 6.4 presents the procedures the APSD can be obtained by conducting 

FEM analysis with the transient pressure. 
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Fig. 6.4 Procedure of the present vibro-acoustic analysis 

 

 In order to verify the present vibro-acoustic analysis, an experiment is also 

conducted. Accelerometer are attached into a clamped thin plate to obtain 

transient acceleration generated from the aero-acoustic loads of the small-scale 

supersonic jet. 
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 6.2 Experiments for a clamped thin plate with an accelerometer 

 

 In the experiment, the natural frequencies of the clamped thin plate may be 

varied due to added mass effect. Figure 6.5 depicts the clamped thin plate with 

an accelerometer. To implement the clamped condition, two heavy vices are 

used. Model 352C33 of an accelerometer is utilized to measure the acceleration 

of a clamped thin plate vibrated by an impact hammer. Impact hammer 

experiments are conducted three times in order to obtain accurate experimental 

results. Specifications for the accelerometer is provided in Table 6.1. Sampling 

time and total measuring duration are chosen to be 7.8125 × 10−6[𝑠𝑒𝑐] and 

3[sec], respectively. The decreased natural frequencies are obtained by using 

both of FFT and APSD results as shown in Fig. 6.6.  

 

 

Fig. 6.5 Photograph of the experiment for a clamped thin plate with an 

accelerometer 



 

102 

 

Table 6.1 Specifications of the accelerometer used 

352 C33(Accelerometer) 

Measurement range ±𝟓𝟎[g] 

Frequency range(±𝟓%) 0.5 ~ 10,000[Hz] 

Frequency range(±𝟏𝟎%) 0.5 ~ 15,000[Hz] 

Resonant frequency ≥ 𝟓𝟎, 𝟎𝟎𝟎[𝑯𝒛] 

Overload limit(shock) ±𝟓, 𝟎𝟎𝟎[g] 

 

  

1) Amplitude by FFT analysis  2) APSD  

Fig. 6.6 FFT and APSD results of the impact hammer experiment 

 

 It is shown that up to the third natural frequency of the clamped thin plate 

are decreased due to the mass of an accelerometer. Table 6.2 provides the 

natural frequencies of the clamped thin plate with/without an accelerometer. 

 

Table 6.2 Comparison of the natural frequencies with/without an 

accelerometer 

Mode number without an 

accelerometer 

with an 

accelerometer 

Discrepancy[%] 

1st 40 30 -25.0 

2nd 260 209 -19.6 

3rd 735 660 -10.2 
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 6.3 Equivalent modeling for the computational analysis 

  

 In order to consider the decreased natural frequencies in the experiment, the 

density is intentionally increased in the computational analysis. Figure 6.7 

describes the configuration of the clamped thin plate. Within the red colored 

area in Fig. 6.7, the density is increased from 2,700 to 40,000 in order to reflect 

the decreased frequencies in the experiment. Based on the experiments, natural 

frequencies are investigated up to the third mode frequency. For relevant higher 

mode frequencies, a three-dimensional element is employed by using ANSYS 

modal analysis. Comparison of natural frequencies up to the 7th mode is 

presented in Table 6.3. Natural frequencies of an equivalent modeling are 

compared with those obtained by the experiment up to the third natural 

frequency and the numerical results up to the 7th natural frequency obtained by 

ANSYS modal analysis. 

 

 

Fig. 6.7 Structural mesh and increased density area 

  

 Although the natural frequencies of the higher modes are not ideally 

equivalent, the lower natural frequencies are nearly equal up to the third mode. 
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Relatively higher-modes from the fourth to 7th mode show discrepancy of 

smaller than 11.3%. By such assumption, it is possible to conduct the vibro-

acoustic analysis for the structural responses due to the aero-acoustic loads 

generated from a small-scale supersonic jet. 

 

Table 6.3 Comparison of the several bending frequencies 

   

Mode 

number 

Experiment 

[Hz] 

Present 

[Hz] 

ANSYS 

[Hz] 

Discrepancy[%] 

1st 30 30 31 - 

2nd 209 223 223 6.3 

3rd 660 650 655 1.5 

4th - 1,260 1,279 1.5 

5th - 2,095 1,923 8.2 

6th - 2,533 2,685 5.7 

7th - 3,105 2,752 11.3 
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 6.4 Validation of the present vibro-acoustic analysis 

  

 The transient pressure history can be obtained by the propagating pressure 

wave based on H-K method. As shown in Fig 6.3, the transient pressure at 0.02 

second is extracted due to the limited elapsed duration of DDES. In order to 

identify the frequency characteristics of the transient pressure, FFT analysis is 

employed. Figure 6.8 describes the amplitude by FFT analysis with respect to 

frequency. While the transient pressure applied at Position #1 shows FSS 

characteristics, LSS feature is observed from the transient pressure applied at 

Position #2. Amplitude of FFT results for transient pressure at Position #3 is 

much smaller than those obtain from Position #1 and #2. This tendency is 

coincident with OASPL at the far-field as shown in Table 4.3. Low pressure 

amplitude with FSS characteristics are observed at high angles from the 

supersonic jet noise source. 

 

 

a) Position #1 
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b) Position #2 

 

c) Position #3 

Fig. 6.8 Amplitude of FFT analysis in terms of the transient pressure 

 

 Figure 6.9 presents APSD's acquired at position #1 from the experiment. It 

is found that the noise is included in the finite results.  

 

 

Fig. 6.9 Unfiltered APSD of the experiment at Position #1 
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 For the experimental noise reduction, Welch's method is employed as 

shown in Fig 6.10. The window length and sampling overlap is chosen to be 

12,800 and 50%, respectively. 

 

 

Fig. 6.10 Filtered APSD of the experiment at Position #1 

 

 Finally, APSD's for three different positions, #1 ~ #3, are presented in Figs. 

6.11, 6.12 and 6.13. In order to compare the corresponding magnitude of 

APSD's between the experimental and numerical results, APSD's of the 

numerical analysis is decreased by 50 times. Because the frequency resolution 

of the present analysis is 50[Hz] due to the elapsed duration (0.02[sec]) while 

1[Hz] is the frequency resolution in the experimental data. 
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Fig. 6.11 Comparison of APSD at Position #1 

 

 

Fig. 6.12 Comparison of APSD at Position #2 

 

 

Fig. 6.13 Comparison of APSD at Position #3 
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 Figures 6.11, 6.12 and 6.13 show good agreement between the numerical 

analyses and experimental results up to 3,000[Hz]. Aforementioned in Section 

5.4, the maximum reliable frequency is 3,500[Hz] based on the use of fine 

meshes as shown in Fig. 5. 8. The peak frequencies of APSD's over 3,500[Hz] 

are decreased in the present analyses compared to those obtained by the 

experiments. In conclusion, the maximum frequency range is determined by the 

mesh size for the vibro-acoustic analyses.   
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 6.5 Discussion of the structural responses predicting capability due 

to the aero-acoustic pressure 

 

 This section presents the discussion for the structural responses predicting 

capability due to the aero-acoustic pressure generated from the supersonic jet. 

The present computational analysis and experiments are focused on APSD's 

obtained by the transient FEM analysis and accelerometer. A clamped thin plate 

is employed to investigate several bending frequencies. To identify the natural 

frequencies of a thin plate, those are compared to ones obtained by the modal 

analysis. Discrepancy between the present numerical and modal analysis results 

is smaller than 0.1%. Additionally, FRF is estimated by an impact load analysis 

without the damping effect. The peak frequencies in FRF correspond to the 

bending frequencies of a clamped thin plate. The mesh convergence 

examination is conducted to figure out the relationship between FRFs and mesh 

size. Based on the present numerical results, natural frequencies in the higher 

modes can be shifted and overlapped to one another. The similar tendencies are 

also reported in many previous studies. Hence, the maximum reliable frequency 

can be determined by the transient FEM analysis. In addition, the present 

maximum reliable frequency is limited to 3,500[Hz] and MOF is selected to be 

3 while the value of MOF is different in the previous researches. The vibro-

acoustic analysis is conducted for a clamped thin plate with an accelerometer. 

Due to the added mass effect of for accelerometer, equivalent modeling is 

employed. Discrepancies of the several bending frequencies are nearly equal 
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up to the third mode and smaller than 11.3% for the fourth to 7th mode. Finally, 

APSD's of the present vibro-acoustic analysis are compared with those obtained 

by the experimental results. It is shown that the present vibro-acoustic analysis 

is capable of predicting the bending frequencies accurately up to 3,000[Hz]. 
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 6.5.1 Natural frequencies of a clamped thin plate obtained by the 

experimental results 

  

 Based on the impact hammer experiment, the natural frequencies up to the 

third mode are extracted by using an accelerometer and examined. Therefore, 

the natural frequencies over the third mode are determined from the supersonic 

jet experiments by applying Welch's method. Figure 6.14 shows three APSD's 

obtained by the accelerometer. Magnitude of APSD at Position #2 is bigger than 

that measured at Position #1 and Position #3. Additionally, it is found that 

APSD at Position #3 is much smaller than others due to the low amplitude of 

transient pressure at Position #3 predicted from H-K method. However, natural 

frequencies of a clamped thin plate are determined by comparing peak 

amplitude of APSDs at three different locations. 

 

 

Fig. 6.14 Comparison of APSD's at three different positions 
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Table 6.5 gives the several bending frequencies of the clamped thin plate 

obtained by the experiments. The remaining peak frequencies at 1,526[Hz] and 

2,553[Hz] are found to be the bending-related frequency. 

 

Table 6.5 Several bending frequencies of the clamped thin 

plate(experiments) 

Mode number Frequency[Hz]  

2nd 245~260 

3rd 650~714 

4th 1,258~1,339 

5th 2,193~2,197 

6th 3,125~3,132 

7th 3,520~3,703 

8th 4,559~4,602 

9th 5,166~5,238 
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 6.5.2 Maximum reliable frequency and the shifting effects 

  

 As shown in Fig. 6.11, 6.12 and 6.13, APSD's of the numerical and 

experimental results show good correlation up to 3,000[Hz]. It is coincident 

with the numerical results based on FRF described in Fig. 5.8. However, the 

peak frequencies of APSD's over 3,500[Hz] are in a decreasing trend in the 

present analyses compared to those obtained by the experiments. To find out 

the shifting effects, frequency range of APSD's is divided into the following 

two regions; 1) 100~1,000[Hz] for lower-frequency and 2) 1,000[Hz] 

~5,000[Hz]. Figures 6.15 and 6.16 describe the comparison of APSD's for the 

numerical and experimental results at Position #1. The second and third 

bending frequencies are found to be 250[Hz] and 650[Hz], respectively, as 

shown in Fig. 6.15. Additionally, magnitudes of APSD in the numerical results 

from 300[Hz] to 1000[Hz] are similar with those obtained by the experiments. 

In Fig. 6.16, the bending frequencies from the fourth to 6th mode are similar as 

well while the 7th and 8th bending frequencies by the numerical results shows 

shifting when compared with those obtained by the experiments. 
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Fig. 6.15 Comparison of APSD at Position #1(100~1,000[Hz]) 

 

 

Fig. 6.16 Comparison of APSD at Position #1(1,000~5,000[Hz]) 

 

 In the similar manner, APSD's of both numerical and experimental results 

at Position #2 are described in Figs. 6.17 and 6.18. Magnitude of APSD for the 

numerical results at 250[Hz] is smaller than that for the experimental results. It 

is caused by a lack of elapsed duration for the simulation in the present analysis. 

Magnitudes of APSD at 650[Hz] is approximately 0.001[𝐺2/𝐻𝑧 ] and the 
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present analysis is capable of accurately predicting the lower frequencies. In 

Fig 6.17, the fourth bending frequency is found to be 1,300[Hz] by the 

numerical analysis and 1,377[Hz] by the experiments. The 5th and 6th bending 

frequencies are similar in each other. However, the 7th and 8th bending 

frequencies by the numerical analysis are smaller compared to those obtained 

by the experiments. 

 

 

 

Fig. 6.17 Comparison of APSD at Position #2(100~1,000[Hz]) 

 

 

Fig. 6.18 Comparison of APSD at Position #2(1,0 00~5,000[Hz]) 
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Figures 6.19 and 6.20 describe APSD’s of both numerical and experimental 

results at Position #3. Magnitude of APSD for the numerical results at 250[Hz] 

is smaller than that for the experimental results as well. However, Magnitude 

of APSD at 650[Hz] is greater than that of experiments. While APSDs of both 

numerical and experimental results are of similar magnitude, numerical 

analyses are not capable of predicting natural frequencies of a clamped thin 

plate. Only 4th bending frequency is obtained by numerical analysis. 

 

 

Fig. 6.19 Comparison of APSD at Position #3(100~1,000[Hz]) 
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Fig. 6.20 Comparison of APSD at Position #3(1,000~5,000[Hz]) 

 

In summary, the maximum reliable frequency is determined by the mesh size 

of FEM analysis. Based on the transient FEM analysis and its FFT results, 

higher frequencies in numerical analysis shows shifting effect due to the 

numerical artifacts for discretization such as velocity dispersion and amplitude 

dissipation.  
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 Chapter 7 

Conclusion 

 7.1 Summary 

 

 In this dissertation, the structural responses due to aero-acoustic loads 

generated from a small-scale supersonic jet are investigated and further 

validated with the experimental results.  

 First, aero-acoustic prediction is conducted by employing three-

dimensional RANS/DDES and H-K method. Locations of noise source and H-

K surface are determined based on RANS. DDES is employed in order to 

resolve the higher frequency of the supersonic jet noise and further save 

pressure variables. H-K method is utilized in order to predict the far-field noise 

at a distance of 100𝐷𝑒. Pressure decay along the centerline, the shock cell length 

and core length are compared with those provided in the previous studies. The 

near-field noise prediction is presented and further validated with the 

experimental results. OASPL's at 13 points are compared and average 

discrepancy is obtained to be 4.09dB. In the similar manner, the far-field noise 

prediction is obtained and compared with experimental results. OASPLs at 15 

points are validated and their average discrepancy is 2.05dB. For FSS-dominant 

region, overestimated numerical results are acquired due to the coarse meshes 

in higher angle area(𝜃 > 45𝑜) from the supersonic jet noise source. Effects of 
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Kirchhoff surface location is investigated and OASPL's for the far-field may 

vary within 1dB. With regard to the crackle phenomenon, skewness of the 

measured pressure is smaller than 0.3. It is found that crackle phenomenon is 

not generated in the present experiment. 

 Second, the vibro-acoustic prediction is conducted based on the three-

dimensional FEM analysis. OPT-DKT shell element and Newmark-𝛽  time 

integration are adopted for the wave propagation. Modal analysis of a clamped 

thin plate is conducted in order to obtain the natural frequencies. In addition, 

FRF of a thin plate is obtained by impact load analysis with three different mesh 

sizes. Based on the present analyses, higher-mode frequencies may be 

decreased with respect to the mesh size. It is also discussed in terms of MOF 

which is one of the stand parameters in vibro-acoustic analysis. Three different 

locations are chosen to find out the structural responses due to the aero-acoustic 

pressure generated from the supersonic jet. Transient pressure is predicted by 

the propagating pressure wave based on the H-K surface. A transient FEM 

analysis is conducted to obtain acceleration at a receiver. APSD of a clamped 

thin plate is presented and further validated with those obtained by the 

experiments. Due to the added mass of an accelerometer, equivalent modeling 

is employed by increasing the density in a certain region of the computational 

domain. It is found that the discrepancy is smaller than 11.3% up to the 7th 

bending mode frequency. Three PSD's of a clamped thin plate are described in 

order to validate the present vibro-acoustic analysis. For lower-frequency range, 

the magnitudes and peak frequencies by the numerical analyses are nearly equal 
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to those by the experiments. Furthermore, the peak frequencies up to 3,000[Hz] 

show good agreement with those obtained by the experiments. It is also found 

that higher frequencies can be decreased and shifted with respect to the mesh 

size. 
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 7.2 Contributions of the present thesis 

  

The major contributions of the present dissertation are summarized as 

follows: 

 

 Integrated aero-acoustic and vibro-acoustic analysis are conducted for 

the small-scale supersonic jet. Sequential procedure for aero-vibro-

acoustic analysis is developed by combining RANS, DDES, H-K method 

and FEM analysis. 

 

 Aero-acoustic prediction is presented and further validated against the 

experimental results. OASPL's at the near- and far-field compared with 

those obtained by the experiments. It is found that averaged discrepancies 

of OASPL's at the near- and far-field are 4.09dB and 2.05dB, respectively.  

 

 Vibro-acoustic analysis is presented and further validated against the 

experimental results. FRF of a clamped thin plate is derived and validated 

with the experiments. 

 

 Discussion for the aero-acoustic prediction and vibro-acoustic 

analysis is presented. 

 

 Present aero-acoustic analysis is capable of accurately 
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predicting OASPL's in LSS-dominant region. 

 

 OASPL's in FSS-dominant region are obtained to overpredict 

due to the coarse meshes. 

 

 The present vibro-acoustic analysis is capable of accurately 

predicting APSD in the lower-frequency range with respect to the 

magnitude and peak frequencies. 

 

 The maximum reliable frequency can be determined based 

on the FRF result with respect to mesh size. 

 

 Higher frequencies can be shifted and overlapped due to the 

limitation of the discretization techniques utilized in the transient FEM 

analysis. 
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 7.3 Future suggestions 

 

 There are three future items to extend the computational analysis in the 

present dissertation as follows: 

 

 The present integrated procedure may be extended to predict higher 

frequency range by adopting the statistical energy analysis(SEA). 

 

 The present transient FEM analysis may be extended to predict the 

lower-mid frequency range by developing the relevant boundary element 

method(BEM). 

 

 APSD's for a VLS faring may be obtained by employing the present 

experimental apparatus with a launch pad. 
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 국문초록 

 

축소 초음속 제트로부터 발생하는 공력-음향 

하중에 의한 구조 응답 연구 

 

주현식 

서울대학교 대학원 

기계항공공학부 

 

음향 하중에 의한 구조 진동은 초고속비행체 또는 우주발사체가 

발사될 때 발생하는 대표적인 현상이다. 음향 하중에 의한 구조 

진동 현상을 예측하기 위해서는 유동 하중, 음향 하중 및 구조 응답 

등 다물리 해석이 요구된다. 본 논문에서는 공력-음향-구조 진동 

해석을 수행하여 축소 초음속 제트로부터 발생하는 공력-음향 

압력에 의한 구조 응답 연구를 수행하였으며 직접 실험을 수행하여 

결과를 비교하였다. 첫째, RANS 및 DDES 전산유체해석을 

수행하여 축소 초음속 제트의 소음 생성 원리 및 음향 변수를 

예측하였다. 음향 변수를 이용하여 근거리장 소음의 크기를 
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예측하였고 Kirchhoff 평면을 이용한 Helmholtz-Kirchhoff 

기법을 이용하여 원거리장 소음 크기를 예측하였다. 둘째, 유한요소 

해석을 이용하여 구조물의 응답 연구를 수행하였다. OPT-DKT 

쉘 요소 및 Newmark- β  기법을 이용하여 구조물의 가속도 

스펙트럼을 예측하였다. 또한 축소 초음속 제트에 대한 실험을 

수행하였다. 마이크로폰 및 가속도계를 이용하여 

근거리/원거리장에서의 소음의 크기 및 구조물의 가속도 

스펙트럼을 측정하였다. 예측된 근거리장에서의 소음의 크기는 실험 

결과와 평균 4dB, 원거리장에서의 소음의 크기는 평균 2dB 

이내의 정확성을 확인하였다. 또한 공력-음향 압력 하중에 의해 

진동하는 구조물은 3,000[Hz]까지 가속도 스펙트럼 신뢰 주파수 

범위가 있음을 확인하였다. 본 논문의 목적은 축소 초음속 제트에서 

생성되는 공력-음향 압력 하중에 의해 진동하는 구조물의 

저주파~중주파 응답을 예측하는 것이다. 

 

주요어 : 선형 공력-음향 해석, 구조 해석, 초음속 제트 해석  

축소 초음속 제트 실험 

학  번 : 2015-20792 
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