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Abstract

Spin superfluidity in antiferromagnetic spin-1

Bose-Einstein condensates
Joon Hyun Kim

Department of Physics and Astronomy
The Graduate School

Seoul National University

Superfluid phase is an exotic state of matter which has an ability to flow

without friction. It arises from the phase ordering that spontaneously breaks the

U(1) gauge symmetry of system, which allows a gapless and massless excitation

called Goldstone boson. For a superfluid system, it is important to comprehend

its critical velocity and the corresponding Goldstone mode in a phenomenolog-

ical perspective. This simple description would be a useful starting point for

the study on superfluidity, because it can reveal the universal characteristics of

various superfluids.

The novel types of superfluidity in multiple superfluid systems also can be

understood in this spirit. Especially in the mixture of two superflowing compo-

nents, the superfluidity can emerge for spin channel as well as mass channel due

to the inter-component interactions. It is associated with the different Goldstone

mode called gapless magnon, inducing novel topological excitations and dissipa-

tive dynamics. To improve its understandings, the first step that we should take

is to detect a finite critical velocity and investigate its corresponding dissipation

mechanism.

This thesis contains our efforts to understand the spin superfluidity in an

antiferromagnetic spin-1 Bose-Einstein condensate, whose two spin components
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are miscible and symmetric. Our works are divided into three main parts. First,

we investigate the critical dynamics of spin superflow by examining the damp-

ing of its dipole oscillation. We find the superflowing regime at low velocity,

and the two dissipative dynamics are observed above certain critical velocities:

generation of dark-bright solitons, which is explained by the modulation insta-

bility of the counterflow of two spin components, and generation of transverse

magnon excitations, which occurs via spin-mixing collisions and leads to the

transient formation of axial polar spin domains. Note that in order to generate

a spin flow, we utilize a quench protocol under a magnetic field gradient. To

understand the field gradient effect on our sample, we further study the quench

dynamics across quantum phase transition under the field gradient.

Next, we observe the propagation of two distinct sound modes in the

condensate, which are referred to as density sound and spin sound, respectively.

The sound waves without distortion reflect the linear dispersion of the excitation

modes, connoting the properties of phonon and magnon. In particular, we can

precisely determine the ratio of their sound velocities from a timescale analysis,

which can be a powerful method for probing the subtle interaction effects in

binary superfluid systems.

Finally, we confirm the existence of spin superfluidity against a moving

magnetic obstacle that provides external spin perturbations. Its breakdown ap-

pears above certain critical velocites, accompanying the generation of spin waves

or half-quantum vortices in the condensate. Particularly, it is observed that the

nucleation of vortices is favorable only by strong obstacles that induce both spin

and mass perturbations, which implies the spin-mass coupling in the vortices. In

this case, we find the hierarchy from superfluid to magnon excitation to vortex
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shedding with the increase of the obstacle velocity.

Keywords : spinor Bose-Einstein condensate, antiferromagnetic interactions,

binary superfluid, spin superfluidity, spin superflow, critical velocity,

elementary excitation, topological defect.
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Chapter 1

Introduction

Superfluidity is an ability to flow without friction below a certain critical veloc-

ity, a novel state of matter beyond the classical limit of fluids. This phenomenon

arises from the quantum nature of many-body system, whose underlying mech-

anism is determined by the types of quantum statistics that the paritcles obey:

the identical bosons constitute a Bose-Einstein condensate (BEC) that forms a

macroscopic wave function in the ground state of system, while the fermionic

particles develop into a Bardeen-Cooper-Schrieffer (BCS) superfluid with the

condensation of Cooper pairs. The experimental realization of ultracold atomic

gases in 1990s [1–3] opened up a new era of research on superfluidity due to

their purity and high tunability. Furthermore, a mixutre of multiple superfluid

components has been realized by spin degree of freedom or different atomic

species [4–7], which gives a chance to explore a new type of superfluidity in-

volving their intercomponent interactions. In this chapter, I will give a brief

introduction to the basic concepts of spinor BEC with simple mathematical

descriptions, particularly in terms of their superfluidity.
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1.1 BEC and superfluidity

1.1.1 Bose-Einstein condensate

Bosons are the identical particles whose wave functions are symmetric under an

exchange operator. Because of their symmetric property, two or more bosonic

particles can be occupied in the same quantum state, following the Bose-Einstein

statistics. According to the statistics, the average occupation number n̄i in the

i-th quantum state with the energy Ei is given by

n̄i =
1

e(Ei−µ)/kBT − 1
, (1.1)

where µ is the chemical potential, kB is the Boltzmann constant, and T is the

absolute temperature. For Ei − µ� kBT , the occupation can be approximated

to the Maxwell–Boltzmann distribution as n̄i ∝ e−(Ei−µ)/kBT . In other words,

the bosonic nature is revealed at low temperature because a small amount of

particles are occupied in high energy states. To understand the effect of tem-

perature in the quantum mechanical sense, it is useful to introduce the thermal

de Broglie wavelength

λth =
h√

2πmkBT
(1.2)

with m being the particle’s mass and h being the Planck constant, which rep-

resents the spatial extent of a single quantum state for a particle. When λth is

shorter than interparticle distance d, each particle tends to be singly occupied,

or not overlapped with others, because the number of particles is smaller than

that of quantum states. As the system’s temperature decreases, λth becomes

comparable to d and some particles start to overlap in the same states. In this

case, each of them cannot be described as a point-like particle longer, but as a

wave packet with the extent of λth. Finally, all particles become overlapped in
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the lowest energy state for λth � d, forming a macroscopic matter wave with

long-range coherence, which is called Bose-Einstein condensate.

In general, the Hamiltonian of a system with N particles is given as

H =
N∑
i=1

[
− ~2

2m
∇2
i + Vext(ri)

]
+
∑
i<j

Vint(ri − rj), (1.3)

where Vext(ri) is the external potential for the i-th particle while Vint(ri − rj) is

the interaction potential between the i-th and j-th particle at the position ri(j)

of i(j)-th particle. Especially, for a weakly interacting Bose gas, the interaction

between atoms can be approximated as follows: i) the two-body interactions are

dominant due to the dilute condition, and ii) the s-wave scattering is dominant

due to the ultracold condition. Under these approximations, the interaction

potential is described as

Vint(ri − rj) = g
∑
i<j

δ(ri − rj), (1.4)

where g = 4π~2a
m

with a being the s-wave scattering length.

Now we consider the wave function of a BEC. All atoms are in the same

single-particle state φ(ri) with 1 =
∫

dr |φ(r)|2. Because of their weak interac-

tion, theN -particle wave function can be described as the simple multiplification

of all φ(ri)s. Defining ψ ≡
√
Nφ, the energy of the system is given as

E =

∫
dr
( ~2

2m
|∇ψ|2 + Vext(r)|ψ|2 +

g

2
|ψ|4

)
(1.5)

with the constraint of number conservation, N =
∫

dr |ψ(r)|2 =
∫

dr n(r) =

const. Then, we can obtain the Gross-Pitaevskii (GP) equation,[
− ~2

2m
∇2 + Vext(r) + g|ψ(r)|2

]
ψ(r) = µψ(r), (1.6)
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by minimizing (E − µN) with µ being the Lagrange multiplier. This equation

can be interpreted as the form of Schorödinger equation with an extra non-

linear term g|ψ(r)|2, which indicates the mean field of interaction with the other

atoms. Physically, µ represents the chemical potential of the system, ∂E/∂N .

For instance, µ = ng = ∂
∂N

(
N2

2
g
V

)
= ∂E

∂N
in a uniform Bose gas, where V is the

volume.

1.1.2 Bogoliubov excitation

The GP equation enables us to study the mean-field ground state of a weakly

interacting Bose gas and its stationary properties. To understand its excited

states and dynamic behaviors, it should be generalized to a time-dependent

form (see Ref. [8]), or a microscopic theory of the system is required. Here, I

will briefly introduce the Bogoliubov description, which explains the elementary

excitation of a BEC in a microscopic picture. The detailed descriptions can be

obtained from several textbooks [8–10].

Let us consider a system consisting of a BEC and a small amount of

non-condensed atoms. Then, the bosonic field operator ψ̂ can be splitted into

ψ0 with k = 0 and δψ̂ with k 6= 0, which physically means that the condensate

is dominant in the system and its interaction with non-condensed part plays a

role of perturbation. The operator can be transformed as ψ̂ = 1√
V

∑
k e

ik·r/~âk

in momentum states, and the Hamiltonian of the system can be described as

H =
∑
k

(~2k2

2m
+ Vext

)
â†kâk +

∑
k1,k2,k3,k4

g

2V
δ(k1+k2,k3+k4)â

†
k1
â†k2

âk3 âk4 , (1.7)

where â
(†)
k is the annihilation (creation) operator of a bosonic particle with mo-

mentum p = ~k, satisfying
[
âk, â

†
k′

]
= δk,k′ and

[
â

(†)
k , â

(†)
k′

]
= 0. After dividing
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Eq. 1.7 into â
(†)
0 and â

(†)
k 6=0, we can obtain that

H =

[
N0Vext +

∑
k 6=0

(~2k2

2m
+ Vext

)
â†kâk

]

+
g

2V
N0

[
N0 +

∑
k 6=0

(4â†kâk + â†kâ
†
−k + âkâ−k)

]
, (1.8)

where N0 is the number of the condensed atoms. Here, â†0â0 is replaced by N0,

and the quadratic terms in â
(†)
k 6=0 are neglected because of small δψ̂. We can

express N0 as N0 = N −
∑

k 6=0 â
†
kâk with N being the total number of atoms.

By inserting it to Eq. 1.8,

H = E0 +
1

2

∑
k 6=0

(
â†k â−k

)ε0 ε1

ε1 ε0

 âk

â†−k

 , (1.9)

where E0 = const, ε0 = ~2k2
2m

+ gN
V

, and ε1 = gN
V

. Finally, by introducing the

Bogoliubov transformation that âk

â†−k

 =

 uk −vk
−vk uk

 b̂k

b̂†−k

 , (1.10)

with u2
k−v2

k = 1 and b̂
(†)
k satisfying the commutation rules for Boson as â

(†)
k , the

Hamiltonian can be diagonalized as

H = E0 +
1

2

∑
k 6=0

(
b̂†k b̂−k

) uk −vk
−vk uk

ε0 ε1

ε1 ε0

 uk −vk
−vk uk

 b̂k

b̂†−k


= E0 +

1

2

∑
k 6=0

(
b̂†k b̂−k

)εk 0

0 εk

 b̂k

b̂†−k


=

(
E0 +

∑
k 6=0

εk
2

)
+
∑
k 6=0

εkb̂
†
kb̂k (1.11)
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with εk =
√
ε20 − ε21 =

√
ε0k(ε

0
k + 2gn), where ε0k = ~2k2/2m and n = N/V .

The resultant Hamiltonian suggests that the elementary excitation can be in-

terpreted as a quasi-particle b̂†k whose energy is given as εk. In particular, the

energy spectrum εk becomes linear dispersion for the k → 0 limit, as εk ≈ c~k

with c =
√
gn/m being the speed of sound, which is called the gapless phonon.

Note that εk accords with the allowed excitation modes for δn in a BEC, which

are derived from its hydrodynamic equations [8].

1.1.3 Landau criterion

Superfluidity is one of the important properties of a weakly interacting Bose

gas. Fundamentally, it arises from the U(1) gauge symmetry of the system,

whose order parameter contains and the superfluid phase eiθ. When the phase

transition occurs, the symmetry of θ is spontaneously broken. Then, it is possible

for the ordered state to fluctuate along θ, which is called the Goldstone boson.

The key feature of this mode is no requirement of energy cost, i.e., gapless

and massless, revealed as a linear energy dispersion. For the U(1) symmetry

breaking, the corresponding Goldstone boson is the gapless phonon, obtained

from Eq. 1.11. According to the Landau’s argument, such linear dispersions

induce the emergence of superfluid behaviors.

Let us consider the system where a superfluid is at rest while an obstacle

is translated at a constant velocity v. If the phonon mode is excited with the

momentum p in rest frame, the Hamiltonian of the system is simply described

as E = Eg + εp from a macrosopic viewpoint, where Eg and εp are the energies

of the ground and excited states, respectively. Now, the rest frame changes to

the obstacle frame moving with v, in which the superlfuid flows with −v while

6



the obstacle is at rest. Then, the system’s Hamiltonian is modified by Galilean

transformations as

E(v) = Eg +
1

2
Mv2 + εp − p · v, (1.12)

where M is the total mass of the superfluid. The first two terms correspond to

the energy of ground state in the moving frame, and the last two terms indicate

that of a single excitation. Therefore, the creation of excitation is preferable

when εp < p · v, which provides the minimum condition for v is obtained as

vc = min
p

(
εp
p

)
, (1.13)

where vc is called the Landau critical velocity. This means that any excitations

are not generated by a moving obstacle below vc, which corresponds to the

superfluid regime. If εp has a quadratic dispersion, vc is always zero at p → 0,

which implies that vanishment of superfluidity. For the system to have a nonzero

critical velocity, εp should be modified to a linear dispersion like the gapless

phonon excitation. Note that in Eq. 1.11, εk is reduced to ε0k with g = 0, which

suggests that the interatomic interaction plays a key role on the superfluidity

in a Bose gas.

In a superfluid, a flow is induced by the gradient of superfluid phase,

whose velocity is given by v = ~∇θ/m. Therefore, the spatial fluctuations on θ

by phonon excitations generate tangled mass flow, dynamically inducing density

fluctuations in the condensate. Furthermore, we note that the phase fluctuations

are transmuted into the density modulations in a freely expanded sample due

to the self-interference between its spatially different phases [11,12].

7



1.2 Spinor BEC and spin superfluidity

1.2.1 Spinor Bose-Einstein condensate

When the constituent atoms of a BEC have an internal spin degree of freedom,

its macroscopic wave function also can have the multiple components corre-

sponding to each spin states, which is called spinor Bose-Einstein condensate.

The spin dynamics is collective in a spinor BEC, and its interplay with super-

fluidity allows novel phenomena such as spin superflow, magnetic phase and

quantum phase transition, new types of topological excitation, and so on.

To describe a spinor BEC in the mean-field level, let us revisit the general

Hamiltonian withN particles in Eq. 1.3. In this case, the spin state of each atoms

should be taken into account in order to determine Vext(ri) and Vint(ri − rj).

First, the external potential is given by Vext = Vtrap + VB, where Vtrap is the

trapping potential while VB is the Zeeman energy due to a static magnetic field

B = Bẑ. When VB is small compared with the fine-structure splitting,

VB = (gJJ + gII)
µB
~
·B, (1.14)

where J and I are respectively the total electron angular momentum and the

nuclear angular momentum. gJ and gI are the g-factors corresponding to them,

and µB is the Bohr magneton. For many cases, gI � 1 so the electron magnetic

moment contributes to the greater part of VB. Particularly, for a weak field

compared with the hyperfine splitting, the total angular momentum F = J + I

becomes a good quantum number, and by taking the projection of J onto F,

VB = gJ
〈F · J〉
|F |2

µB
~

F ·B = gFµBFzB, (1.15)

where gF is the hyperfine Landé g-factor and Fz is the z-projection of F. Note
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that gF contains the information on the direction of total angular momentum,

while Fz indicates its magnitude.

Now we focus on the hyperfine splittings of the ground state in 23Na

atoms. Their energy shifts can be exactly calculated as the Breit-Rabi formula,

∆EF=1,2 = − ∆Ehf

4(I + 1/2)
+ gIµBmFB ∓

∆Ehf

2

√
1 +

2mFx

I + 1/2
+ x2, (1.16)

where x ≡ (gJ−gI)µBB
∆Ehf

with ∆Ehf = h × 1771.626 MHz being the hyperfine

energy splitting. Under a weak-field approximation, i.e., x� 1, we obtain that√
1 + 2mF x

I+1/2
+ x2 ≈ 1 + 2mF x

I+1/2
+ x2

8
(4−m2

F ), which results in

∆EF=1,2 = ∓
[
mF

4
gJµBB +

(4−m2
F )

16

(gJµBB)2

∆Ehf

]
+ const

≈ pmF ± qm2
F + const, (1.17)

where |p| = |gFµBB| = h× 0.7B MHz/G and q = (gFµBB)2

∆Ehf
= h× 277B2 Hz/G2

are the linear and quadratic Zeeman energies, respectively. In the last row, it is

applied that gI = −0.0008� 1, gJ = 2.0023, and gF = ∓1/2 for F = 1, 2, and

the terms independent of the mF states are included in const.

Second, the interaction potential Vint(ri − rj) becomes more complex be-

cause the effect of interspin collision is added. To simplify the s-wave scattering

problem including different spin states, several approximations are assumed for

the collisions [13]: i) only the lowest partial waves undergo collisions (Lpair = 0),

ii) their contact interaction is rotationally invariant (Lpair + Fpair is conserved),

iii) the spin-orbit coupling is negligible (Lpair and Fpair are independent), iv)

the mixing of the hyperfine states hardly occurs (Fpair is conserved). Then, the

interaction of a spinor gas can be described as the collisions of atoms in the Fpair

channel whose s-wave scattering length is given by aFpair
. Due to the exchange
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symmetry of the particles, Fpair must be even, so the interaction potential is

Vint(ri − rj) =
∑

Fpair=even

gFpair
PFpair

∑
i<j

δ(ri − rj), (1.18)

where gFpair
= 4π~2aFpair

/m is the interaction coefficient for the Fpair channel,

and PFpair
is the projection operator. By using the identity 1 =

∑
Fpair

PFpair

and the relation that Fi · Fj = 1
2

(
F2

pair − F2
i − F2

j

)
, we can obtain that

Fi · Fj =
∑

Fpair=0,2

(Fi · Fj)PFpair

=
∑

Fpair=0,2

1

2
[Fpair(Fpair + 1)− 2F (F + 1)] PFpair

= P2 − 2P0, (1.19)

where Fi(j) is the total angular momentum of i(j)-th particle, and Fpair = 0, 2

for spin-1 atoms. Therefore, Eq. 1.18 becomes

Vint(ri − rj) =
∑
i<j

(g0P0 + g2P2) δ(ri − rj)

=
∑
i<j

(c0 + c2Fi · Fj) δ(ri − rj), (1.20)

where c0 = (2g2 +g0)/3 and c2 = (g2−g0)/3 are the density and spin interaction

coefficients, respectively. The spinor Hamiltonian of spin-1 atoms in the F = 1

hyperfine state finally becomes

H =
N∑
i=1

[
− ~2

2m
∇2
i + Vtrap(ri) + pFz + qF 2

z

]
+
∑
i<j

(c0 + c2Fi · Fj) δ(ri − rj).

(1.21)

Unlike the single-component BEC case, the mean-field order parameter is

defined as a vector form, Ψ(r) = (ψ+1, ψ0, ψ−1)T , where ψm is the wave function
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of the |m〉 Zeeman component. The expectation value of Eq. 1.21 is given as

E =

∫
dr

[
~2

2m
|∇Ψ(r)|2 +

(
Vtrap(r) + p〈Fz〉+ q〈F 2

z 〉+
c0n

2
+
c2n

2
〈F2〉

)
n

]
,

(1.22)

where n =
∑

m=0,±1 ψ
∗
mψm is the total density, and Fα =

∑
m,m′=0,±1 ψ

∗
m(fα)mm′ψm

for α = x, y, z with fx = 1√
2

(
0 1 0
1 0 1
0 1 0

)
, fy = i√

2

(
0 −1 0
1 0 −1
0 1 0

)
, and fz =

(
1 0 0
0 0 0
0 0 −1

)
be-

ing the spin-1 matrices. Under the constraint of number conservation, we can

obtain the coupled GP equations,(
− ~2

2m
∇2 + Vtrap + p+ q + c0n+ c2Fz

)
ψ+1 +

c2√
2
F−ψ0 = µψ+1, (1.23)(

− ~2

2m
∇2 + Vtrap + c0n

)
ψ0 +

c2√
2
F+ψ+1 +

c2√
2
F−ψ−1 = µψ0, (1.24)(

− ~2

2m
∇2 + Vtrap − p+ q + c0n− c2Fz

)
ψ−1 +

c2√
2
F+ψ0 = µψ−1, (1.25)

where F± ≡ Fx ± iFy. By solving the equations, especially for c2 > 0, three

types of ground state can be achieved:

(i) Ψ = (
√
neiφ+1 , 0, 0)T with fz = 1 or (0, 0,

√
neiφ−1)T with fz = −1

(ii) Ψ =

(√
n

2

(
1− p

c2n

)
eiφ+1 , 0,

√
n

2

(
1 +

p

c2n

)
eiφ−1

)T

with fz = − p

c2n

(iii) Ψ = (0,
√
neiφ0 , 0)T with fz = 0

which are called (i) ferromagnetic, (ii) antiferromagnetic, and (iii) polar phase,

respectively. The mean-field phase diagram of a spin-1 BEC is depicted de-

tailedly in Fig. 1.1, resulting from the GP equations.

Note that the antiferromagnetic phase is possible only when the two con-

stituent spin states are miscible. For 23Na atoms in the F = 1 hyperfine state,

the s-wave scattering lengths am,m′ between spin |m〉 and |m′〉 components are
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Figure 1.1: Mean-field phase diagram of a weakly interacting spin-1 Bose gas as
a function of p̃ = p/c2n and q̃ = q/c2n for (a) c2 > 0, (b) c2 = 0, and (c) c2 < 0.
The red solid (dashed) lines denote the phase boundaries of the first(second)-
order phase transition. The Roman numerals in the diagram represent (i) fer-
romagnetic (fz = 1 for p̃ > 0, fz = −1 for p̃ < 0), (ii) antiferromagneitic (or
easy-plane polar), (iii) polar (or easy-axis polar), and (iv) broken-axisymmetry
phases, respectively [16].

a±1,±1 = 54.54(20)aB, a+1,−1 = 50.78(40)aB, and a0,0 = 52.66(40)aB, where

aB is the Bohr radius [14]. The interaction coefficients gm,m′ = 4π~2am,m′/m

satisfy the miscible condition for |±1〉 states, i.e., g2
+1,−1 < g+1,+1g−1,−1. Espe-

cially, g+1,+1−g+1,−1

g+1,+1
≈ 0.07, which is close to the boundary of miscible-immiscible

transition [15]. On the other hand, we can express that g±1,±1 = c0 + c2 and

g+1,−1 = c0−c2 (see the section 1.2.3). By using the definition of c0 = (2g2+g0)/3

and c2 = (g2− g0)/3, we can achieve that g±1,±1 = g2 and g+1,−1 = (g2 + 2g0)/3.

The spin-dependent parts in Eq. 1.22 are gathered as

Espin =

∫
dr
(
p〈Fz〉+ q〈F 2

z 〉+
c2n

2
〈F2〉

)
n, (1.26)

which gives us insights into the determination of ground spin state. With the

assumption of rare dipolar relaxation in a spinor gas, the total magnetization

is conserved as M =
∫

dr 〈Fz〉n(r) = const. Under this constraint, the spin
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interaction works to minimize (Espin−λM) with λ being the Lagrange multiplier.

Especially, in a homogeneous magnetic field, the effect of linear Zeeman energy p

is compensated by λ. Therefore, the key factors to determine the spin dynamics

in the condensate are the spin interaction c2n and the quadratic Zeeman energy

q. The spin configuration that minimize Espin depends on the sign of c2 and q,

given as follows.

c2 > 0 c2 < 0

q > 0 |F| = 0 with |Fz| = 0 |F| = 1 with |Fz| = 0

q < 0 |F| = 0 with |Fz| = 1 |F| = 1 with |Fz| = 1

For example, c2 > 0 for the F = 1 23Na atoms, which undergo antiferromagnetic

interactions to |F| = 0, while c2 < 0 for the F = 1 87Rb atoms, which undergo

ferromagnetic interactions to |F| = 1. Note that for the antiferromagnetic spinor

BEC, the order parameter can be represented as

Ψ =


ψ+1

ψ0

ψ−1

 =
√
neiθ


−dx+idy√

2

dz
dx+idy√

2

 , (1.27)

where θ is the superfluid phase, and d̂ = (dx, dy, dz) is a spin nematic director.

When q > 0, the condensate prefers to be d̂ ‖ ẑ so that |Fz| = 0, which is called

polar phase or easy-axis polar (EAP) phase. On the other hand, it prefers to

be d̂⊥ẑ for q < 0 so that |Fz| = 1, which is called antiferromagnetic phase or

easy-plane polar (EPP) phase.
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1.2.2 Bogoliubov excitations

In a spinor BEC, the elementary excitations also can be interpreted as the Bo-

goliubov description similar with the single-component case. The only difference

is that the field operator ψ̂m has spin degree of freedom denoted as the subscript

m, so the cross-terms between ψ̂m are added to the Bogoliubov Hamiltonian.

The mathematical derivation of the theory is complicated, of which rigorous de-

scription is given in Ref. [16]. Here, I will begin to discuss it from the resultant

Hamiltonian in the paper.

Introducing the annihilation (creation) operator â
(†)
k,m of an atom in the

|m〉 spin state, we can obtain that

H = E0 +
1

2

∑
k 6=0

(
â†k â−k

)Hk + H1 H2

[H2]∗ [H−k + H1]∗

 âk

â†−k

+ α, (1.28)

where E0 = const and α indicates the gathering of high-order terms. For spin-1

atoms, â
(†)
k =

(
â

(†)
k,+1, â

(†)
k,0, â

(†)
k,−1

)T
is a three-component vector and Hk,1,2 are

the 3× 3 matrices,

Hk = (ε0k − µ)1 + pfz + q + f 2
z , (1.29)

H1 = c0n(ρ+ 1) + c2n
∑

α=x,y,z

(fαρfα + χαfα) , (1.30)

H2 = c0nρ̄+ c2n
∑

α=x,y,z

fαρ̄f
T
α , (1.31)

with ρmm′ = ζ∗mζm′ , ρ̄mm′ = ζmζm′ , and χα =
∑

m,m′ (fα)m,m′ ζ
∗
mζm′ , where

(ζ+1, ζ0, ζ−1)T is the normalized order parameter. The chemical potential is de-

termined as µ = pfz+q (|ζ+1|2 + |ζ−1|2)+c0n+c2n
(
f 2
x + f 2

y + f 2
z

)
. The condition

for diagonalization of the Hamiltonain is given as

σz

Hk + H1 H2

[H2]∗ [H−k + H1]∗

uk,m

vk,m

 = εk,m

uk,m

vk,m

 , (1.32)
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where σz = ( 1 0
0 −1 ), which arises from the Bogoliubov transformation. Then, the

Eq. 1.28 can be expressed as

H = (E0 + Ezp) +
∑

k 6=0,m

εk,mb̂
†
k,mb̂k,m, (1.33)

where Ezp is the zero-point energy, and b̂†k,m represents the quasi-particles of

elementary excitations with the energy spectrum of εk,m.

Now, let us consider the EPP and EAP phases with zero magnetizaiton

in an antiferromagnetic BEC. In the EPP phase, the order parameter is ζ =(√
1
2
, 0,
√

1
2

)T
and Hk,1,2 are given as

Hk + H1 =


ε0k + (c0+c2)n

2
0 (c0−c2)n

2

0 ε0k − q + c2n 0

(c0−c2)n
2

0 ε0k + (c0+c2)n
2

 , (1.34)

H2 =


(c0+c2)n

2
0 (c0−c2)n

2

0 c2n 0

(c0−c2)n
2

0 (c0+c2)n
2

 , (1.35)

which provides the three excitation modes,

εk,+1 =
√
ε0k (ε0k + 2c0n), (1.36)

εk,0 =
√

(ε0k − q) (ε0k − q + 2c2n), (1.37)

εk,−1 =
√
ε0k (ε0k + 2c2n). (1.38)

The first mode b̂k,+1 is associated with the in-phase fluctuation of the phases

of ζ±1, called gapless phonon, whose energy has a linear dispersion in the limit

of k → 0, i.e., εk,+1 ≈ cn~k with cn =
√
c0n/m. The second mode b̂k,0 directly

corresponds to the fluctuation that creates ζ0, which can be interpreted as spin-

mixing collisons of (0,±1) + (0,∓1)→ (k, 0) + (−k, 0) with (momentum, spin).

15



There exists the gap of
√
q(q − 2c2n) in εk,0 for k = 0, so this mode is called

gapped magnon, or transverse magnon in the sense that the nematic director

on the xy plane fluctuates toward the z axis. The third mode b̂k,−1 indicates

the fluctuation of the relative phase between ζ±1. Like the first mode, εk,−1 is

reduced to be linear as εk,−1 ≈ cs~k with cs =
√
c2n/m for k → 0, which is called

gapless magnon. Note that cn and cs correspond to the speeds of sound in the

decoupled mass and spin channels, respectively. But, when the magnetization

fz of the condensate is nonzero, the two gapless modes are coupled as εk,±1 =√
ε0k

[
ε0k + (c0 + c2)n± n

√
(c0 − c2)2 + 4c0c2f 2

z

]
.

In the EAP phase, on the other hand, the order parameter is ζ =

(0, 1, 0)T , and Hk,1,2 are given as

Hk + H1 =


ε0k + q + c2n 0 0

0 ε0k − q + c0n 0

0 0 ε0k + q + c2n

 , (1.39)

H2 =


0 0 c2n

0 c0n 0

c2n 0 0

 , (1.40)

which provides the three excitation modes,

εk,±1 =
√

(ε0k + q) (ε0k + q + 2c2n) (1.41)

εk,0 =
√
ε0k (ε0k + 2c0n) (1.42)

The two degenerate modes, b̂k,±1, implies the spin-mixing collisions of (0, 0) +

(0, 0)→ (k,±1) + (−k,∓1). They are called gapped magnon due to their finite

gap energies of
√
q(q + 2c2n) for k = 0, or also called transverse magnon but

in this case the nematic director aligned to the z axis fluctuates toward the xy
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plane. The b̂k,0 mode indicates the fluctuation of ζ0, of which energy becomes

εk,0 ≈ cn~k with cn =
√
c0n/m for k → 0, corresponding to gapless phonon.

In the similar way, we can also obtain the Bogoliubov excitation of a BEC

with ferromagnetic interactions. Especially, there exist the two magnon modes

in the ferromagnetic phase with ζ = (1, 0, 0)T , which directly correspond to the

fluctuations to create the other spin states, i.e., b̂k,0 = âk,0 and b̂k,−1 = âk,−1.

The studies on the magnons in a ferromagnetic spinor BEC were performed in

UC Berkeley [17–19].

1.2.3 Spin superfluidity

In an EPP phase, the two excitation modes have linear dispersions at the long

wavelength limit. The creation of gapless phonons, or quasi-particles of b̂k,+1,

breaks superfluidity according to the Landau criterion, as described in the sec-

tion 1.1.3. Then, the question arises whether the different type of superfluidity

can emerge against generating the quasi-particles of b̂k,−1, i.e., gapless magnons.

The answer is that there exists spin superfluidity in the system, which is an abil-

ity for spin flow to occur without dissipative drag force below a certain critical

velocity.

For a simple argument, let us consider a binary mixture with two sym-

metric components. The mean-field interaction energy of the system is given

as
Eint

V
=

1

2
gn2

1 +
1

2
gn2

2 + g1,2n1n2 (1.43)

where g is the intracomponent interaction, g1,2 is the intercomponent interac-

tion, and n1(2) is the number density. By introducing that g = c0 + c2 and
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g1,2 = c0 − c2, it can be written as

Eint
V

=
1

2
c0(n1 + n2)2 +

1

2
c2(n1 − n2)2

=
1

2
c0n

2
+ +

1

2
c2n

2
− (1.44)

where n± ≡ n1±n2 represent the total density and relative density, respectively.

In other words, the interaction energy can be interpreted as the decoupled sum of

mass and spin channels, whose interaction coefficients are determined by c0 and

c2, respectively. Therefore, we can expect that both mass and spin superfluidity

are induced in the EPP phase. Note that this argument can be extended to the

two-fluid hydrodynamic model [20], where the decoupled two modes correspond

to Eq. 1.36 and 1.38 (see the section 5.1.3).

For the EPP phase, the gapless magnon is the Goldstone boson that arises

from the breakdown of symmetry for spin rotation. It generates the fluctuations

on d̂0 = (dx, dy, 0) in the system, and by the induced spin flow, the spatial

fluctuations on spin density are dynamically created [21,22]. We also emphasize

that the quantization of mass circulation can be diversified by the aid of the

spin ordering [23, 24]. Especially when a single spin component solely rotates,

a ferromagnetic point defect is formed by filling its vortex core with the other

spin component, called a half-quantum vortex (HQV) [21,25,26]. Its circulation

is h/2m for θ and d̂0, respectively, which implies that the coupling of mass and

spin currents is shown in the HQV. Note that the HQVs are fundamental topo-

logical excitations in the binary superfluid system, especially playing a crucial

role on the Berezinskii-Kosterlitz-Thouless (BKT) transition into its coupled

superfluidity [27,28], or spin superfluidity [29,30].
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1.2.4 Spinor vs Mixture

Strictly speaking, our experimental studies were performed on a spinor conden-

sate with antiferromagnetic interactions, particularly in the EPP phase. But in

some cases, I will regard it simply as a binary superfluid of the spin |mF = ±1〉

components. In Ref. [31], it was pointed out that the characteristics of a spinor

BEC is the symmetry of its order parameter under spin rotation. That is, the

spinor system can be considered as a typical mixture when the transverse spin

states are not involved.

From the GP equations of Eq. 1.23–1.25, we can obtain physical insights

on the difference between the spinor and mixture systems. Assume that the off-

diagonal terms in the spin-1 matrices are zero, i.e., fx = fy = 0, which results

in F± = 0. By using the relation that c0n±c2Fz = c0(n+1 +n0 +n−1)±c2(n+1−

n−1) = n+1(c0 ± c2) + c0n0 + n−1(c0 ∓ c2),(
− ~2

2m
∇2 + Vtrap + p+ q + gn+1 + c0n0 + g+1,−1n−1

)
ψ+1 = µψ+1, (1.45)(

− ~2

2m
∇2 + Vtrap + c0n+1 + c0n0 + c0n−1

)
ψ0 = µψ0, (1.46)(

− ~2

2m
∇2 + Vtrap − p+ q + g+1,−1n+1 + c0n0 + gn−1

)
ψ−1 = µψ−1, (1.47)

where g = g±1,±1 = c0 + c2 and g+1,−1 = c0 − c2 are applied. Without the

transverse spin components, the equations indicate a three-component mixture

of the |+1〉, |0〉, and |−1〉 states, whose intra- and inter-component interaction

coefficients are given by g for |±1〉–|±1〉, g+1,−1 for |+1〉–|−1〉, and c0 for |0〉–|0〉

and |0〉–|±1〉. Particularly for ψ0 = 0, the system becomes the mixture of the

|mF = ±1〉 states, which implies that the condensate in an EPP phase can be

understood as a binary superfluid gas unless the spin-exchange collisions occur

for |0〉+ |0〉 ↔ |+1〉+ |−1〉.
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1.3 Outline of thesis

The organization of the thesis is as follows. In chapter 2, the nuts and bolts for

our experiments with spinor BECs are introduced, including the working prin-

ciple of our machine, spin manipulation and imaging methods, sample charac-

terzation, etc. Chapter 3 presents the systematic study of spin superflow in an

antiferromagnetic spinor condensate, which demonstrates its critical behavior

and reveals the two types of dissipation mechanism. Then, the experimental

observation for the effect of a magnetic field gradient on the spin dynamics of

a spinor BEC is described in chapter 4. Chapter 5 and 6 are focused on ex-

ploring various superfluid behaviors in a binary superfluid gas. In chapter 5,

the observation of spin sound mode as well as density sound mode is presented,

and chapter 6 describes the critical phenomena for both magnon excitation and

shedding of HQVs in the sample by a moving magnetic obstacle, which demon-

strates the existence of spin superfluidity against external spin perturbations.

The summary of the thesis and the possible future extensions are given in chap-

ter 7.
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Chapter 2

Spinor BEC experiments

To produce and manipulate a spinor Bose-Einstein condensate, a lot of experi-

mental techniques are required. In this chapter, I will describe the procedure to

prepare the sample in our laboratory, especially from the viewpoint of a practical

experiment. At first, the working principle of our machine is briefly introduced,

which produces a BEC sample starting from a chunk of sodium. Then, the ba-

sic techniques to manipulate its spin state and apply external perturbations are

discussed with simple theoretical descriptions. The imaging methods to obtain

the information on the sample are explained, and finally, it is discussed how to

characterize it.

2.1 Producing BECs

2.1.1 Machine

The machine in 23–104 has been with QGL’s history, having a classical structure

composed of three parts: oven, where the atomic vapor is emitted from a chunk
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23Na
~ 300 °C

6Li
> 400 °C
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Cold plate

Atom shutter

Differential
pumping tube

Figure 2.1: Sectional diagram of oven part in a side view from Solidworks.

of sodium, Zeeman slower, where the atomic flux is made slow down by laser

cooling while it passes through a long tube, and main chamber, where the cold

atoms are trapped and come to form a BEC. Let us look into the details of each

parts, focusing on their practical operation.

The oven part was newly builded by B. Ko in 2016 referring to the MIT’s

work [32,33], upgraded to a 23Na-6Li dual species oven. The details of its overall

design and specific elements are described in his thesis [34], so here I concentrate

on the emission of atomic vapor. Figure 2.1 depicts the front part of the oven,

which shows the side view of its cross section. The atomic source is comprised

of the two cups separately putting 23Na and 6Li chunks inside, and they are
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connected with a mixing nozzle tube. The low conductance of the nozzle tube

not only reduces back flow from the Li cup to the Na cup, but also prevents the

excessive emission of 23Na vapor. Note that some of the vapor can be condensed

at the Li cup before passing through the final nozzle plate. Therefore, to obtain

the dense atomic flux of 23Na, the Li cup should be maintained at high tem-

perature as well as the Na cup so that such condensation would be minimized.

Typically, the oven is operated by heating the Na cup to 260–300 °C and the Li

cup above 400 °C, while the nozzle temperatures are always kept above 420 °C

(tube) and 450 °C (plate), respectively. Among the atoms after the final nozzle,

only those moving in the horizontal direction can pass through the differential

pumping tubes and finally reach the Zeeman slower, whose velocity distribution

is determined by the final nozzle temperature.

The atoms sprayed with the unwanted angles can be accumulated on the

inner wall of oven six-way cross. To filter them out before entering the six-way

cross, a ring-shaped disk is welded on its front side and a skimming hole is

placed with cold copper plate (Fig. 2.1). Note that the skimming structures

not only prevent its contamination, but also play the role of cold spot to lower

the oven base pressure. However, it should be careful that the sodium can be

excessively accumulated after the years of oven operation as shown in Fig. 2.2,

which causes several serious problems. First, the heat conductivity of sodium

is much larger than that of the oven body (304 stainless steel), so it becomes

a heat transfer channel from the nozzle side to the six-way side. Because the

nozzle plate is always maintained at high temperature, the cold plate also can

be heated by the heat transfer, resulting in the rise of oven base pressure. Sec-

ond, the accumulation can make the skimming hole narrow and even blocked,

which dramatically reduces the atomic flux reaching the Zeeman slower. If those
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(c)

(a)

(d)

(b)

Figure 2.2: Sodium accumulation in oven six-way cross. (a) Front and (b) top
view of the six-way cross at the inital pumping stage. The skimming hole and
copper plate are joined with the bottom flange of the cross, and the screening
disk is welded at the front arm of the cross. After the oven operation for several
years, the unwanted sodium can be accumulated as (c) and (d).
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symtoms are observed, it is better to open the front part of the six-way cross

and scrape the sodium off.

The 23Na atoms entering the Zeeman slower tube experience momen-

tum kicks by a laser beam propagating in the opposite direction. During the

laser cooling, the Doppler shift of the atoms is varied as they slow down. To

make them interact with the slowing beam continuously until reaching the main

chamber, it is compensated by the Zeeman shift of a sptially varying magnetic

field. To this end, the three solenoid coils are wound on the tube, which are

called decreasing coil, increasing coil-1, and increasing coil-2, respectively [35].

The first and second coils generate the field inside the tube, and the third coil

minimizes the residual field at the end of the increasing coil-1. Note that the

atoms undergo the reverse of the magnetic field direction when they move from

the decreasing part to the increasing part. The two parts are connected with

a 1.33” bellow, which performs as a zero-field space, so that the atoms can be

optically pumped into the opposite cyclic transition with sufficient time [38]. At

the main chamber, the slowing beam does not interact with the cooled atoms

because it is far-detuned from the resonance frequency of 23Na.

Note that the main chamber has lots of windows for optical access, which

include two recessed bucket windows, ten side windows, and one window perpen-

dicular to the atomic beam. Further, to control the magnetic field and magnetic

force at the center of the chamber, various Helmholtz and anti-Helmholtz coils

are implemented. The roles of each windows and coils are depicted in Fig. 2.3.

At the rear side of the chamber, there exists an extra solenoid-like coil to com-

pensate the Zeeman slower field in the main chamber. The details of our main

chamber are described in Ref. [35] for its constituent elements and Ref. [36,37]

for the coil configuration.

25



A: Feshbach coil pairs
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E: Bias field coil pairs
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Figure 2.3: Configuration of main chamber. (a) Side view. The top and bottom
sides of the main chamber consist of the recessed bucket windows (C), which are
used as the paths of vertical beams for magneto-optical trap (MOT), imaging
beam, plugging beam for magnetic trap, strring beam, etc. On the buckets,
two Helmholtz coils (A, E) and two anti-Helmholtz coils (B, F) are installed.
Two coils inside the vacuum chamber (D) work as a generator of radio wave and
microwave, respectively. (b) Top view. Ten side windows are used as the paths of
horizontal MOT beams, repumping beam for MOT, optical-dipole trap (ODT)
beam, etc. There exist three Helmholtz coils and anti-Helmholtz coil around the
chamber. Here I use the term ‘(anti-)Helmholtz’ in terms of the electric current
of coil pair, whose magnitude is equal and direction is the same (opposite)
direction, while its distance does not strictly match with the coil radius. This
figure is the modification of the original illustrations in Ref. [35–37].
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Figure 2.4: Lithium deposition on slower viewport. The reflecting surface on the
viewport indicates the deposited lithium, which can be removed by illuminating
a UV LED light on that surface for several days.

In our machine, it should be careful that the transmission of the slower

window can be reduced by the deposition of 23Na or 6Li atoms. Although the

viewport was always heated to about 80 °C when the machine was operated, it

is found that the deposition of 6Li could not be prevented. Actually, the slowing

beam was measured to be cut down by 50 % after passing through the nozzle

plate in late 2016, but the efficiency dropped to 25 % after the three years of

the 6Li experiment. Surprisingly, the completely same problem is desrcibed in

Ref. [32], which reported the reduction of 50→ 20 % after the similar period. It

was commented that the transmission could be recovered by heating the window

above 200 °C. Instead of the risky work, we find that the deposited lithium can

be removed by using a UV LED light. The visible changes were shown on the

viewport after the light was illuminated for several days (Fig. 2.4).
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2.1.2 Laser system

For the cooling and trapping of 23Na atoms, we use a commercial dye laser,

which converts the seed of 532 nm into 589 nm. The frequency of the dye laser

is stabilized through the two-step locking process. At first, it is locked to an ex-

ternal reference cavity to suppress the short-term drift. Then, the long-term drift

of the cavity is stabilized by using the modulation transfer spectroscopy (MTS)

of a sodium vapor cell, locked for the |F = 2〉 hyperfine state in the D2 transi-

tion [39]. Compared with directly using the saturated absorption spectroscopy

(SAS), the MTS technique is more stable because it is free of the background

conditions of vapor cell such as its temperature or pressure in principle [40].

The laser system is used for a variety of purposes such as the laser beams

for magneto-optical trap (MOT) and its repumping, the Zeeman slowing beam,

the imaging beam for the |F = 1〉 or |F = 2〉 state, and so on. Each beam is

diffracted by an acousto-optic modulator (AOM) to tune its frequency detuning.

The details of the laser system are described in Ref. [35], and here I just attach

the illustration of the laser table to replace a long explanation (Fig. 2.5).

2.1.3 Trapping atoms

The laser-cooled atoms are finally trapped in magneto-optical trap (MOT) at

the center of main chamber. A MOT is composed of the three pairs of counter-

propagating laser beams with circular polarization and a quadrupole magnetic

field. The frequency of MOT beams is near-resonant to |F = 2〉 → |F ′ = 3〉 so

that the atoms undergo the cyclic transition. Nonetheless, there can exist the

hyperfine relaxation into the |F ′ = 2〉 state, which results in the decay into the

|F = 1〉 state, so the repumping beam for |F = 1〉 → |F ′ = 2〉 is also required.

28



86
.5

 M
H

z

93
.5

 M
H

z

– 
24

6.
2 

M
H

z

1.
71

 G
H

z

10
0 

M
H

z

98
.5

 M
H

z

– 
18

7

G
o 

to
 e

rr
or

 s
ig

na
l

Figure 2.5: Schematic illustration of laser system, modified in 2017. We use the
+1st order diffracted beam for all AOMs except the slower AOM (−1st order)
with double-pass configuration.
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In our machine, the repumping beam having a dark spot is utilized, which is

called the dark MOT scheme: all the atoms outside the dark spot are optically

pumped to the |F ′ = 2〉 or |F ′ = 3〉 state by the repumping or MOT beams,

while those inside the spot remain stationary. Compared with the conventional

bright MOT, this scheme is advantageous for capturing a large number of atoms

by reducing the radiation pressure, especially for 23Na [41].

However, one of the drawbacks to using the dark MOT scheme is that it

is sensitive to the alignment of MOT and repumping beams, I think. Actually,

we frequently suffered from the decrease of the atom number captured in MOT,

and our daily work was to raise it. In many cases, it was recovered by tweaking

those alignments, but sometimes, the power balance or frequency of MOT beams

played a key role. Other factors involved in the capturing sequence, such as the

bias field for MOT, the slowing beam, the Zeeman slower coil, and so on, also

could be checked, although giving minor improvements in my experience. When

more extensive inspection is required for its recovery, the following procedure

would be useful practically. At first, check that all MOT beams are centered on

the lenses in their beam paths, and adjust them if not. Next, for the pairs of

the counter-propagting beams, check that thier bright regions are overlapped at

both windows, and adjust them if not. If a small bright MOT is shown in the

chamber, place the dark spot on it and tweak the MOT beam alignment in the

direction that the inside of the spot is fully filled with faint fluorescence light.

And finally, if a bright core is found in the fluorescence as in Fig. 2.6, tweak all

possible things to grow it.

The atoms in MOT are transferred into an optically plugged magnetic

quadrupole trap [42], which consists of a quadrupole magnetic field that cap-

tures the atoms in the |F = 1,mF = −1〉 state and a blue-detuned (532-nm)
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(a) (b) (c)

Dark MOT core
Dark spot

Figure 2.6: Capturing a dark MOT. (a) A bright MOT captured in the chamber.
(b) A dark spot placed on the bright MOT. (c) After the inside of the spot is
filled with dimmer fluorescence light, a core of dark MOT can be grown.

optical potential that removes its zero-field region to suppress the atom loss via

a spin flip. Experimentally, we turn off all laser beams for the dark MOT state,

instantly ramp up the magnitude of quadrupole field. and turn on the plugging

beam. Then, the radio-frequency (rf) evaporation is applied to the atoms in the

magnetic trap, which selectively removes the atoms with relatively high energy

by transferring them into the anti-trapped |mF = 1〉 state. The rf frequency

is slowly reduced from 30 MHz to 2 MHz for 12 s so that there is the ample

time for the atomic cloud to be thermally equilibrated during the evaporation

process. The atoms are loaded into an optical dipole trap (ODT) with oblate

geometry along the z axis by decompressing the quadrupole field with the beam

power of ODT ramped up. After the further evaporation through lowering the

ODT depth, a BEC is finally formed with millions of atoms. To maximize the

atom number of condensate, the alignment of plugging beam and the magnetic

field during the ODT loading procedure should be tweaked.
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2.2 Manipulating spinor BECs

2.2.1 Spin control

The initial spin state of the condensate is the |F = 1,mF = −1〉 state, because

the atoms go through the magnetic trap before transferred into the ODT. To

manifest the characteristics of ’spinor’ system, it is required to be prepared in

the ground spin state, i.e., |mF = 0〉 for q > 0, which can be possible via the

Landau-Zener transition under a rf–field dressing.

Let us assume that a spin-1 system is under a background magnetic field

B = Bẑ and an oscillating field Brf = Brf cos(ωt) x̂. In the Hamiltonian with

the dressed state, the energy levels of its three spin states are crossed at ∆ = 0,

where ∆ ≡ ω − ωL with ωL = |gFµBB|/~ being the Larmor frequency. For

large q, the |mF = ±1〉 states are energetically shifted up, which opens up the

adiabatic passage from |mF = −1〉 to |mF = 1〉 (at ∆ = 0) or to |mF = 0〉 (at

∆ = q) due to the avoided crossing [36]. Practically, we control the spin state of

the condensate by sweeping B instead of ω with a constant Brf. Depending on

the sweeping rate ∂B/∂t and the Rabi frequency Ω = |gFµBBrf|/~, the different

passages are accessible. To obtain the |mF = 0〉 state, the two parameters should

be appropriately chosen to induce the diabatic jump at ∆ = 0 (|mF = −1〉 →

|mF = −1〉) and the adiabatic transition at ∆ = q (|mF = −1〉 → |mF = 0〉).

When the condensate is prepared in the |mF = 0〉 state, i.e., d̂ ‖ ẑ, we

can rotate the nematic director by inducing the Rabi oscillation with a resonant

rf–pulse. For instance, by applying a π/2–pulse, it can be transmuted into the

easy-plane polar state, i.e., d̂⊥ẑ. To this end, the resonant condition that ω ≈ ωL

should be obtained by the spectroscopy of ω for the spin rotation. Note that ωL

can be measured precisely within 1 kHz by using a π–pulse for the rotation from
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|mF = −1〉 to |mF = 1〉, which we use to calibrate the background magnetic

field. For more information on the Rabi oscillation and the field calibration in

our system, refer to Ref. [36] and Ref. [37].

2.2.2 Microwave dressing

To study an EPP phase of the condensate, the sign of q should become negative

to have it the system’s ground state. In general, q means the quadratic depen-

dence of Zeeman shift on a static magnetic field, B. Under the strong field, the

quadratic shift couples the |F = 1〉 and |F = 2〉 states, which changes the good

quantum number from |F,mF 〉 to |J,mJ〉. But, the Zeeman shift by the static

field is limited to q > 0, so we cannot access the full range of q by manipulating

B only.

In order to obtain q < 0, the microwave dressing technique is used to

artificially couple the |F = 1〉 state with |F = 2〉 [43,44]. When a microwave field

is applied, the total quadratic Zeeman energy can be expressed as q = qB + qµ,

where qB is the contribution of the background magnetic field and qµ is that of

the additional AC field. For 23Na, the former is given by qB ≈ 277B2h Hz/G2,

while the latter resembles the effect of AC Stark shift. The energy shift of the

|F = 1,mF 〉 state by microwave can be written as

δEmF
=
∑
m′F

~Ω2
mF ,m

′
F

4∆mF ,m
′
F

, (2.1)

where ΩmF ,m
′
F

is the Rabi frequency and ∆mF ,m
′
F

is the frequency detuning of

the microwave field for the |F = 1,mF 〉 → |F = 2,m′F 〉 transition, and they are

finally aggregated as

qµ =
δE1 + δE−1 − 2δE0

2
. (2.2)
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Therefore, we can control q from −∞ to ∞ by tuning ∆mF ,m
′
F

. The examples

of the calculation on qµ are described in Ref. [36] and Ref. [37].

In the actual experiment, qµ is calibrated as follows. First, we measure

the Rabi frequencies, ΩmF ,m
′
F

, for all the allowed |F = 1,mF 〉 → |F = 2,m′F 〉

transitions. And also, ∆0,0 is determined by the spectroscopical method, which is

possible via the π-polarization component of microwave. Then, qµ is determined

by calculating δEmF
with the measured ΩmF ,m

′
F

and ∆mF ,m
′
F

= ∆0,0 − (mF +

m′F )µB
2~B. Note that the information of Clebsch–Gordan coefficients depending

on the polarization of microwave is implied in the measured Rabi frequencies.

2.2.3 Magnetic field gradient control

A magnetic field gradient is one of the important parameters to determine spin

dynamics in a spinor BEC. It makes a linear Zeeman energy p spatially vary

so the system’s mean-field ground state becomes different in space [4, 45], or it

generates the spin-dipole motions in an EPP phase [15,46].

To control the field gradient, its tensor matrix should be considered. The

total magnetic field is expressed as

Btot = B +


Bxx Bxy Bxz

Byx Byy Byz

Bzx Bzy Bzz



x

y

z

 with Bij = î · ∂Btot

∂j
, (2.3)

and defining that B = Bẑ, we obtain its magnitude as

|Btot| = B

√√√√1 +
2 (Bzxx+Bzyy +Bzzz)

B
+
∑
i=x,y,z

( ∑
j=x,y,z

Bijj

B

)2

≈ B +Bzxx+Bzyy. (2.4)
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Figure 2.7: Ramsey interferometry of magnetic field gradient. (a) Density profile
of the |mF = 0〉 components after Ramsey interferometry. The arrow indicates
the direction of integral. (b) The 1D profile integrated along the vertical axis
(blue dots), and its fitted curve to Eq. 2.5 (red solid line). The spatial frequency
of the fringe pattern is determined by τBzx.

In our experimental condition, the magnetic field is much larger than its gra-

dient, i.e., B � Bij, so the quadratic terms can be neglected. Besides, due to

oblate geometry of the sample along z axis, Bzzz can be regarded to be constant

in the sample. Therefore, we can fully manipulate the magnetic field gradient

with two degrees of freedom, by using two anti-Helmholtz coils.

The magnitude of Bzx (or Bzy) can be calibrated by implementing the

Ramsey interferometry. After preparing the |mF = 0〉 state under the magnetic

field gradient, we rotate d̂ to the xy plane by applying a π/2–pulse. For q < 0, d̂

undergoes the Larmor precession on the plane, whose frequencies are spatially

different because of the field inhomogeneity. When it returns to the z axis after

the hold time τ , the |mF = 0〉 components are shown with certain fringe patterns

in space. The atomic density of the final state after the interferometry can be
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described by using the matrix algebra as [47]∣∣∣∣∣∣∣∣∣


ψ+1

ψ0

ψ−1


∣∣∣∣∣∣∣∣∣
2

=

∣∣∣∣∣∣∣∣∣D(0,
π

2
, 0)D(φ, 0, 0)D(0,

π

2
, 0)


0
√
n

0


∣∣∣∣∣∣∣∣∣
2

= n


1
2
sin2φ

cos2φ

1
2
sin2φ

 , (2.5)

where D(α, β, γ) is the rotation operator along the Euler angles of (α, β, γ). The

rotating phase φ on the xy plane is determined as φ = φ0 + ωL(x)τ , where φ0

is the initial phase and ωL(x) = gFµB (B +Bzxx) /~ is the Larmor frequency.

That is, Bzx can be characterized by the spatial period of the Ramsey fringe as

Fig. 2.7.

In many cases, our interest is focused on the physical situation which is

free of the magnetic field gradient. The procedure to cancel it out is as follows.

Af first, find the condition that the Ramsey fringe pattern disappears with tens

of millisecond for τ . Then, as τ increases, finely tune the coil current to remove

the fringes. Note that the time scale of τ is limited up to ∼ h/c2n, because the

spin-dipole oscillation begins to be induced [15,46], which can spoil the Ramsey

signal. To remove the gradient more precisely, therefore, it is helpful to check

the oscillating motion and eliminate it, by utilizing the phase-contrast images

described in the section 2.4.2.

2.3 Spin-dependent optical potential

2.3.1 Basic understandings

A focused laser beam is a useful instrument to perturb a BEC sample within

a selective region. The optical dipole potential arises from the atom-light in-

teraction, whose characteristics is mainly determined by its detuning from the

36



resonance frequency of the atoms. Particularly, a near-reasonant laser beam can

generate the different potentials depending on the spin |mF 〉 states, which we

call the spin-dependent optical potential. Here I will give a brief introduction

to its realization in our system.

For 23Na in the hyperfine F = 1 state, the dipole potential of a near-

resonant beam is given by

UmF
(r) =

3πc2Γ

2ω3
0

I(r)

(
1− gFmFP

3∆1

+
2 + gFmFP

3∆2

)
, (2.6)

where ω0 is the resonance frequency for 2S → 2P transition, Γ is the decay

rate of the excited state, I(r) is the intensity of light, and P = 0,±1 for π-

and σ±-polarization [48]. Note that the spin-dependent terms arise from the

different optical strengths for |mF 〉s, which can be manipulated by the frequency

detuning of the laser beam, ∆1,2 for the D1,2 transition lines. Here, the hyperfine

structures of the excited state are neglected because their gaps are small enough

compared with ∆1,2.

Figure 2.8 displays the optical properties of two representative obstacles

in our experiment. For the 532-nm laser beam, ∆1,2 can be regarded as the same

∆, which results in UmF
(r) ≈ 3πc2Γ

2ω3
0

I(r)
∆

indicating repulsive potentials with the

same magnitude independently of the spin states. On the other hand, for the

near-resonant laser beam, the potential configuration can be U−1 = −U+1 with

U0 = 0 when its frequency is set to 508.505 THz satisfying that ∆1 : ∆2 =

1 : −2, which is called the magic frequency. The ratio of U+1/U−1 is shown as

a function of ∆1/∆D in Fig. 2.8(c), where ∆D is the frequency gap between

the D1 and D2 transition lines. Note that P is coupled with the spin state

mF in Eq. 2.6, which implies that whether U+1 is repulsive or attractive can

be changed by P = ±1 while U−1 has its opposite sign. But, once the laser
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Figure 2.8: Spin-dependent optical potential. (a) Simplified illustration of the
D line doublet for 23Na atoms. Typically, we utilize the far-detuned 532 nm
laser beam (red line) or the near-resonant laser beam with 589.56 nm (blue
line) for the obstacle experiment. (b) Schematic diagram of the corresponding
potentials applied to the atoms in the |mF = 0,±1〉 states, as an example, for
the σ−-polarized beam. (c) U+1/U−1 as a function of ∆+1/∆D (solid line) and
for σ− : σ+ = 3 : 1 (dash-dotted line). The black marker indicates the magic
wavelength for U+1 = −U−1.
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frequency is exactly set to the magic wavelength, the antisymmetric relation

of U±1 is always maintained regardless of the mixing of beam polarization. For

instance, if the beam is polarized with σ+ : σ− : π = a : b : c, the potential is

given by U±1 = ±(a− b)U , where U ≡ 3πc2Γ
8ω3

0

I
∆1

with ∆2 = −2∆1.

The antisymmetric optical potential can be interpreted as an artificial

Zeeman shift for the |mF = ±1〉 state. We expect the optical Zeeman field pop

to be utilized for generating a local spin domain with arbitrary shape, or exciting

a new type of soliton with SO(3) symmetry [49]. However, the optical control of

the quadratic shift is not possible in Eq. 2.6, i.e., qop = (U+1 +U−1−2U0)/2 = 0,

in the range of ∆1/∆D from 0 to 1. The effect of qop might exist in the higher

order calculation, but its magnitude will be much smaller than pop.

2.3.2 Implementation

To establish the laser setup for the spin-dependent optical potential, a 1178-nm

tunable diode laser system (DL pro) is used from Toptica, whose laser beam is

amplifed with the second harmonic generation (SHG) by a commercial module

(VRFA-P-1500-589-SF) from MPB Communications. For reference, the output

beam power of the seed laser system is given in Fig. 2.9(a), whose characteristic

curve depends on the laser frequency. We can tune the frequency by directly

adjusting the diffraction grating at the laser head (for coarse tuning) and con-

trolling the piezo voltage on its digital controller (for fine tuning). But unfortu-

nately, we find that 254.2525 THz (so that 508.505 THz after the SHG) is near

the mode-hop region in the intrinsic laser system [Fig. 2.9(b)]. To stabilize the

output power near the target frequency, we should scan the combination of the

course and fine tuning knobs, as well as adjusting the diode current. The output
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Figure 2.9: Experimental setup for magnetic obstacle. (a) Output beam power
versus diode current characteristic curve for our 1178-nm tunable diode laser
system, measured in case of 254.558 THz (Nov 2017) and 254.252 THz (Nov
2019). (b) An example of the beam power fluctuation at the mode-hop region,
which is measured by a photodiode. It should be stabilized by tuning the diffrac-
tion grating, the piezo voltage, and the diode current. (c) Optics system for the
PID control of the obstacle beam. We divide the initial laser beam into a mon-
itoring beam going to a photodiode and an obstacle beam going to the sample
by using a PBS and a half-waveplate. A large portion of the initial beam is
alloted to the monitoring beam. (d) An example of the PID-controlled signal of
the monitoring beam.
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beam enters a polarization maintaining fiber (PMJ-3A3A-980-6/125) from OZ

optics, after purified using a polarizing beam splitter (PBS). The fiber is con-

nected to the MPBC ’s module, and it finally emits a laser beam of 508.505 THz

up to ≈ 1.5 W.

In practice, there are some cautions to utilize this laser system. First, the

polarization axis of the seed laser beam should be aligned with slow axis, and

its power should be higher than 10 mW after the PM fiber. Second, the seed

laser should not be cut off during the operation of MPBC module. Third, the

optimization of SHG temperature is required depending on the laser frequency.

Note that the optimal temperature was 66.7 °C targeted for D2 line and 75.4 °C

(in control panel) targeted for spin-dependent obstacle. The SHG temperature

cannot exceed 80 °C, so the frequency of D1 line cannot be accessed with our

system.

We do not implement the frequency locking for the laser system, checking

that it fluctuates by a few GHz from the target frequency 508.505 THz. When a

small deviation δ exists as ∆1 = ∆ + δ and ∆2 = −2∆ + δ, the dipole potential

becomes

UmF
(r) ≈ 3πc2Γ

8ω3
0∆

I(r)

(
mFP +

(4 +mFP )δ

2∆

)
. (2.7)

The first term corresponds to the potential without δ from Eq. 2.6, and the

second term indicates the deviation from it, providing δUmF
∼ δ/∆. In our

case, ∆ = ∆D/3 ≈ 172 GHz, so δUmF
is induced within a few percent.

The final obstacle beam is switched on an off by a mechanical shutter,

and its beam power is linearly controlled by an AOM. Due to the near-resonant

condition, the required beam intensity is less than 0.01 µW/µm2 to obtain

|U±1| comparable to the chemical potential for our typical sample condition. To

stabilize and control such weak intensity, a PID control system is established
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Figure 2.10: Realization of magnetic obstacle. (a) Schematic diagram of the
obstacle beam applied to the condensate. (b) The in situ absorption images of
the real sample for the mz = 0,±1 states, with the magnetic obstacle switched
on. (c) An example of the beam characterization. From the 1D integrated profile
of the hole image, we obtain the 1/e2 radius of the Gaussian beam.
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for the AOM controller, which especially uses a high-power monitoring beam to

manipulate a low-power obstacle beam [Fig. 2.9(c)]. The intensity flucutation

is supressed to ≈ 15% [Fig. 2.9(d)].

The realization of the magnetic obstacle is shown in Fig. 2.10. For a fo-

cused Gaussian laser beam, the peak intensity can be characterized as I(0) =

2P0/πr
2, where r is the 1/e2 radius of the Gaussian profile and P0 is the mea-

surement of its total beam power. We can extract r from the absorption image

of the in situ sample, which is taken with the obstacle beam switched on, by

obtaining the Gaussian fitted curve as Fig. 2.10(c). Therefore, I(0), and finally

|U±1|, can be calculated from the measured r and P0.

2.4 Imaging

2.4.1 Absorption imaging

An absorption imaging is one of the most powerful methods to obtain infor-

mation about a BEC. The basic principle is quite simple: shine a laser beam

resonant to the sample, and take a picture of its shadow. Based on the direct

measurement of how many phontons are absorbed, this technique provides its

density information with high signal-to-noise ratio. The quantitative analysis of

absorption image is as follows.

Let us consider an incident light with intensity Ii toward a sample along

the z axis. For I � Is, the saturation effect can be neglected, and the intensity

attenuation is simply given as dI/I = −σn dz, where σ is the scattering cross

section, n is the atomic density, and dz is the penetration depth. Then, the final
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(e)(d)(c)(b)(a)

Figure 2.11: Absorption imaging procedure. (a) I1, (b) I2, (c) I3, (d) (I1−I3)(I2−
I3), and (e) optical density. Note that the noisy structures on the imaging beam
[shown as (b)] are not fully compensated in the O.D. signal [shown as (e)], as
ηa varies at those local regions due to their different beam intensities.

intensity can be written as If = Ii exp
[
−σ
∫
n(x, y, z) dz

]
, or

ñ(x, y) =
O.D.

σ
=

O.D.

ηaσ0

, (2.8)

where O.D. ≡ −ln(If/Ii) is the optical density, σ0 = 3λ2/2π is the scattering

cross section for the |F = 2,mF = −2〉 → |F ′ = 3,mF = −3〉 transition, and ηa

is the absorption coefficient. In the actual experiment, the O.D. is obtained as

O.D. = −ln

(
I1 − I3

I2 − I3

)
, (2.9)

where I1 is the raw image taken with sample, I2 is the raw image taken in the

absence of sample, and I3 is the raw image taken after the shutter of camera is

closed (Fig. 2.11).

The absorption coefficient ηa is determined by the transition line that

the imaging beam uses. For the cyclic transition of σ−-polarization, i.e., |F =

2,mF = −2〉 → |F ′ = 3,mF = −3〉, it is given by ηa = 1. On the other hand,

when we directly use the |F = 1〉 → |F ′ = 2〉 transition as a probe beam,

the atoms in the excited state can decay into the |F = 2〉 dark state during

the imaging process, which makes ηa decrease effectively. The reduction of ηa is

determined by the number of decaying atoms, depending on the beam intensity
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Ii and pulse duration τi of the imaging beam as well as the initial spin state of

the sample. The analytic expression for absorption signal and its experimental

inspection are comprehensively provided in Ref. [50]. In practice, we can obtain

ηa from O.D./σ0ñ, where the column density ñ is estimated from the trapping

frequencies and Thomas–Fermi radii of the condensate. In our system, we use

the σ−-polarized probe beam with Ii = 38 µW/cm2 and τi = 40 µs, in which

ηa,mF =−1 = 0.23, ηa,mF =0 = 0.19, and ηa,mF =+1 = 0.11, on the resonance of the

|F = 1〉 → |F ′ = 2〉 transition.

In typical experimental conditions, the Zeeman splitting (∼ tens of kHz)

is smaller than the laser linewidth (∼ a few MHz), so a sinlge probe beam can

image all the ground spin states, but with different ηa,mF
. When several spin

components coexist in the sample, they can be spatially separated by using a

magnetic force F = −gFµBmF∇|B|, which is called the Stern-Gerlach (SG)

spin seperation. Then, by taking an absorption image, the information on each

spin states can be simultaneously obtained from their separate density distri-

butions. Note that before applying the magnetic force, the condensate should

be freely expanded for a few milliseconds so that the |mF = 1〉 and |mF = −1〉

components moving in the opposite direction can avoid scattering.

2.4.2 Phase-contrast imaging

The SG spin seperation is a useful technique to resolve the condensate into its

spin states, but it has the limitation in that the time-of-flight (TOF) expansion

must be accompanied before imaging. To facilitate the observation of the in situ

spin distribution, we introduce an imaging method that uses a dispersive light

to the sample, which we called phase-contrast imaging (PCI). The mathematical
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focal planeobject plane image plane

Figure 2.12: Illustration of our imaging system. The orange ellipse represents
the in situ sample, and the scattered and unscattered lights are, respectively,
denoted as the orange dotted line and yellow background. The π/2 phase plate
is placed on the focal plane, indicated as the green square, if the phase-contrast
imaging is required. When we take an image after time-of-flight (TOF) expan-
sion, the sample falls down by ∆x (red ellipse) and the f2 lens is moved by ∆r
toward the CCD camera (blue dashed line). This figure is the modification of
the original illustration in Ref. [36].

description of PCI and its imaging spectra are given in Ref. [36]. Here I will just

briefly introduce the basic concept of PCI.

Let us consider a dispersive light to a condenstate, incident with electric

field Ei. After passing through the sample, the light obtains a phase shift φ0

from the scattering process, which can be interpreted as the sum of scattered

light (Eie
φ0 − 1) and unscattered light Ei. If a phase dot is placed on the focal

plane of the imaging system as Fig. 2.12, only the unscattered light obtains the

additional phase shift φ. Then, the final electric field is given as

Ef = Ei

(
Eie

φ0 + Eie
φ − 1

)
, (2.10)

whose intensity appears with the optical interference. In other words, the scat-

tered and unscattered lights are interfered with the help of a phase dot, which

enables us to distinguish φ0.

Now, φ0 is required to be made depend on the spin state of the conden-

sate. To this end, the frequency detuning of the imaging beam is set between

46



the |F ′ = 1〉 and |F ′ = 2〉 states. For the σ−-polarized beam, the dominant

transition strengths for the |F = 1,mF 〉 states are given as |F = 1,mF =

−1〉 → |F ′ = 2,mF = −2〉 and |F = 1,mF = 1〉 → |F ′ = 1,mF = 0〉, respec-

tively, which results in the different phase shifts with opposite sign. Then, both

phases gain an additional shift of π/2 by the phase plate, finally resolved at the

charge-coupled device (CCD) camera.

2.4.3 Imaging setup

For the two imaging techniques, a single imaging beam is shared by tuning its

frequency detuning with an AOM. The image of the sample is delivered to the

CCD camera by the 4f imaging system as Fig. 2.12, which consists of the two

achromatic lenses with f = 100 mm and f = 250 mm. The imaging plane is on

2(f1+f2) from the in situ sample, and the magnification is given by f2/f1 = 2.5.

However, when the sample is freely expanded for the time duration t, it

falls down by the displacement of ∆x = 1
2
gt2 due to gravity. To maintain the 4f

imaging system in that case, all the lenses and CCD camera should be shifted

by ∆x in principle, which would be a difficult job in practice. Instead, we only

adjust the position of the f2 lens, finding its condition that the imaging plane

is on the camera. By the thin lens equation, we obtain that

1

f1

=
1

f1 + ∆x
+

1

d1

, (2.11)

1

f2

=
1

−d1 + (f1 + f2 + ∆r)
+

1

d2

, (2.12)

where d1,2 are the distance from the f1,2 lens to the corresponding imaging plane,

and ∆r is the moving distance of the f2 lens. As an example, for t = 24 ms,

i.e., ∆x = 2.8 mm, the f2 lens should be transferred by ∆r ≈ 17.6 mm under
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the constraint of d2 = f2 − ∆. The magnification of the TOF image becomes(
d1

f1+∆x

)(
f2−∆

d1−(f1+f2+∆r)

)
≈ 2.512, not significantly changed from the in situ

case. The pixel size of our camera is 6.45 µm, so a single pixel in the actual

image would represent 6.45/2.5 ≈ 2.58 µm.
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Chapter 3

Critical spin superflow in a

spinor Bose-Einstein condensate

In this chapter, I will describe our experimental investigation of critical spin su-

perflow in an easy-plane polar condensate. The results establish the spin super-

fluidity of a spin-1 antiferromagnetic BEC system and provide a comprehensive

picture of the dissipation mechanisms in its spin sector, which were published

in the paper below.

• J. H. Kim, S. W. Seo, and Y. Shin, “Critical Spin Superflow in a Spinor

Bose-Einstein Condensate,” Phys. Rev. Lett., 119, 185302 (2017).

3.1 Background

Critical spin superflow phenomena were first explored in experiments using su-

perfluid helium-3, with the observation of phase slippage in a spin current [51].

Recently, in two-component atomic BEC systems, which can be regarded as
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effective spin-1/2 superfluids, the modulational instability of counterflow was

demonstrated [52–55]. Then, a natural direction in which to extend the study is

spinor BECs of spin-1 atoms [16]. In the presence of a uniform external magnetic

field, two ground-state phases of the spin-1 BEC support spin superflow in their

order parameter manifold: the broken-axisymmetric phase (BA) for ferromag-

netic interactions and the EPP phase for antiferromagnetic interactions, where

the BEC preserves spin rotation symmetry in the plane perpendicular to the

magnetic field and a spin superflow for axial magnetization can be manifested

with a spin texture. The stability of helical spin textures in the BA phase has

been experimentally investigated [56], and it was found that a uniform spin flow

spontaneously decays into an irregular pattern due to dipolar interactions. For

the EPP phase, collective spin-dipole oscillations were recently observed in a

trapped BEC [15], demonstrating the existence of a stable spin superflow.

3.2 Critical spin superflow

3.2.1 Spin-dipole oscillation

Our experiment starts with the preparation of a BEC of ≈ 3.0×106 23Na atoms

in the |F = 1,mF = 0〉 hyperfine state. The condensate is confined in an optical

dipole trap with trapping frequencies of {ωx, ωy, ωz} = 2π × {2.7, 3.9, 372} Hz

and its Thomas-Fermi radii are {Rx, Ry, Rz} ≈ {230, 160, 1.7} µm. For the peak

atomic density n of the condensate, the density and spin healing lengths are

given by ξn = ~/
√

2mc0n ≈ 0.7 µm and ξs = ~/
√

2mc2n ≈ 3.8 µm, respectively,

where m is the atomic mass and c0,2 denotes the density (spin) interaction

coefficients [14]. Because ξs > Rz and ξs � Rx,y, the spin dynamics of the

50



−1

+1

Axial
mag.

arb.
units

10 ms

270 μm

600 ms 1200 ms 1800 ms

400 ms 750 ms 1250 ms10 ms

Low Bq

High Bq

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.1: Spin-dipole oscillations in a trapped EPP condensate. Spatial distri-
bution of axial magnetization of the condensate at various hold times t (a)-(d)
for magnetic field gradient Bq ≈ 0.6 mG/cm and (e)-(h) 1.3 mG/cm. The oscil-
lation period is T ≈ 1230 ms (840 ms) for Bq ≈ 0.6 mG/cm (1.3 mG/cm). The
magnetization images were taken after 24 ms time-of-flight [21].

condensate is effectively two-dimensional. We prepare the condensate first in

the |mz = 0〉 state in an external magnetic field of Bz = 30 mG and rotate the

spin direction from the z-axis to the xy plane by applying a radio-frequency (rf)

pulse. Then, we stabilize the EPP phase by immediately turning on a microwave

field to tune the quadratic Zeeman energy to q/h ≈ −5.0 Hz [43,44].

A spin superflow is generated by applying a linear magnetic field gradient

Bq = ∂|Bz |
∂x

along the x direction, which gives the spin a spatially varying Lamor

frequency, inducing a coplanar spin texture. Bq is turned on before application of

the rf pulse and kept constant. Here, the variation of the Lamor frequency over

the sample is tens of Hz, much smaller than the inverse of the rf pulse duration.

Together with the trapping potential, the effect of the magnetic field gradient

is the shifting of the trap centers for the mz = ±1 spin components to opposite
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directions, which drives a spin-dipole motion of the trapped condensate [15]. Bq

is calibrated using the initial rate of increase of the spatial frequency of Ramsey

interference fringes between the mz = ±1 spin components [47].

Figure 3.1 shows the magnetization distributions of the condensate at

various hold times t after the rf pulse is applied for Bq ≈ 0.6 mG/cm and

1.3 mG/cm, which are measured via spin-sensitive phase-contrast imaging [21].

As t increases, magnetizations of opposite signs accumulate in each end of the

condensate, indicating the generation of spin flow in the condensate. For low

Bq, the magnetization profile is restored back to the initial neutral flat profile

after one oscillation period T [Fig. 3.1(c)] and continues to oscillate. For high

Bq, on the other hand, we observe that magnetization ripples, the length scale

of which is on the order of a few ξs, are generated as the two spin components

separate from each other, and the magnetization profile cannot be fully restored

to the initial state at t = T , exhibiting spatial fluctuations [Fig. 3.1(g)]. This

shows that spin-dipole oscillations are damped at high spin flow velocity via the

generation of collective spin excitations.

3.2.2 Damping analysis

To quantify the damping of spin-dipole oscillations, we measure the time evolu-

tion of the separation D(t) along the x-axis between the center-of-mass positions

of the two spin components by employing a Stern-Gelarch spin-separation imag-

ing technique [15]. Defining the spin-dipole length ds ≡ 2
N

∫
x[n+(~r)−n−(~r)]d3r,

where N is the total number of atoms and n± is the density distribution of the

mz = ±1 spin component, D is understood based on the relation ∆D(t) =

D(t)−D(0) = ds(t) + vs(t)τ , where vs = ḋs and τ is the time-of-flight duration.
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Figure 3.2: Damping rate γ as a function of the magnetic field gradient Bq. γ was
determined based on a damped sinusoidal function fit to the time evolution data
of the relative displacement ∆D of the center-of-mass positions of the mz = ±1
spin components (inset); the error bar indicates the fitting error. The dashed
and solid lines denote a two-line fit to the γ data. x0 = |gFµBBq/mω

2
x| is the

trap displacement due to field gradient.
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We model damped sinusoidal oscillations of the spin-dipole length as

ds(t) = A− Ae−γt(cosωt+
γ

ω
sinωt), (3.1)

with amplitude A, frequency ω, and damping rate γ, which satisfy the initial

conditions of ds = 0 and vs = 0 at t = 0. Then,

∆D(t) = A

[
1− e−γt cos(ωt+ φ)

cosφ

]
, (3.2)

where tanφ = − γ
ω

+ωτ + γ2

ω
τ . We determine the parameters {A, ω, γ} based on

the fitting to the data of ∆D(t).

The damping rate γ is observed to increase rapidly as Bq increases over

a certain value (Fig. 3.2). A two-line fitting to the measurement data gives a

critical point at Bc
q ≈ 0.9 mG/cm. In particular, we verify that the critical point

is identical to the minimum Bq for which we can observe small-scale magnetic

structures in the condensate at t ≈ π/ω [Figs. 3.1(b) and 3.1(f)]. Demonstrat-

ing a finite critical velocity for spin superflow, this result establishes the spin

superfluidity of the spinor superfluid system. In the region of small Bq < Bc
q , we

observe a slight increase in γ with increasing Bq, which we attribute to coupling

to other low-lying spin excitation modes because of trap anharmonicity [15,57].

The thermal fraction of the sample is less than 20%. At our lowest Bq, the spin-

dipole oscillation frequency is measured to be ω/ωx ≈ 0.19, which is consistent

with the results in Ref. [15].
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3.3 Modulational instability

3.3.1 Bogoliubov analysis

A condensate with a homogeneous spin current can be described as

Ψ =


ψ+1

ψ0

ψ−1

 =

√
n

2


exp

(
ik0x− iµ+1

~ t
)

0

exp
(
−ik0x+ iµ−1

~ t
)
 , (3.3)

where ψ+1,0,−1 denote the wave functions of the mz = +1, 0,−1 spin compo-

nents, respectively, with the spin flow velocity being vr = 2~k0/m. Due to the

spin flowing term, the chemical potentials for the mz = ±1 state are given by

µ±1 = µ+ εk0 , where εk0 = ~2k2
0/2m is the kinetic energy of the flowing motion.

For a small deviation,

δΨ ∝ ei(kx−ωt)


exp

(
ik0x− iµ+1

~ t
)

exp
(
−iµ0~ t

)
exp

(
−ik0x+ iµ−1

~ t
)
 , (3.4)

where µ0 = (µ1 + µ−1)/2, which produces the diagonalized Bogoliubov matrix

HB
m ≡

(
Hk+H1 H2

[H2]∗ [H−k+H1]∗

)
as

HB
m=±1 =


ε+k + (c0+c2)n

2
(c0−c2)n

2
(c0+c2)n

2
(c0−c2)n

2

(c0−c2)n
2

ε−k + (c0+c2)n
2

(c0−c2)n
2

(c0+c2)n
2

(c0+c2)n
2

(c0−c2)n
2

ε+k + (c0+c2)n
2

(c0−c2)n
2

(c0−c2)n
2

(c0+c2)n
2

(c0−c2)n
2

ε−k + (c0+c2)n
2

 , (3.5)

for the m = ±1 modes, where ε±k ≡ ε0k ± ~2kk0/m with ε0k = ~2k2/(2m) being

the single-particle spectrum, and

HB
m=0 =

ε0k − εk0 − q + c2n c2n

c2n ε0k − εk0 − q + c2n

 (3.6)
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for the m = 0 mode [58, 59]. Here, the two modes are decoupled due to ψ0 = 0

for the initial state, providing the 4 × 4 and 2 × 2 matrices, respectively. Note

that these can be obtained by replacing ε0k with ε+,−k for the m = ±1 modes or

with (ε0k − εk0) for the m = 0 mode in Eq. 1.34 and Eq. 1.35, which arises from

the calculation of −
(

~2
2m
∇2 + i~ ∂

∂t

)
δΨ.

In particular, the m = ±1 modes have the energy spectra of

ε2k,±1 = (ε0k)
2 + ε0kn(c0 + c2) +

(
~2kk0

m

)2

±

√
4

(
~2kk0

m

)2

[(ε0k)
2 + ε0kn(c0 + c2)] + (ε0k)

2n2(c0 − c2)2. (3.7)

For the low k limit, i.e., (ε0k)
2 → 0, the system becomes dynamically unstable

when
[
(~k0/m)2 − c0n/m

] [
(~k0/m)2 − c2n/m

]
< 0, or

2

√
c2n

m
< vr < 2

√
c0n

m
, (3.8)

in which density ripples of the mz = ±1 components would be generated [60].

3.3.2 Generation of dark-bright soliton

In Fig. 3.3, to examine the generation dynamics of collective spin excitations, we

display a sequence of the density distributions of the mz = ±1 spin components

for Bq ≈ 1.3 mG/cm slightly above the critical point. At t ∼ 150 ms, density

modulations along the spin flowing direction start appearing near the boundary

of the overlap region of the two spin components. We verified that the con-

densate preserves a smooth density profile and that the density modulations of

the two spin components are spatially anti-correlated. As the spin modulations

are enhanced further, at t ∼ 250 ms, a localized magnetization lump having a

56



270 μm

10 ms 200 ms

250 ms 300 ms 350 ms
0.0

1.5
OD

arb. units

0.0

0.5
OD

arb.
units

x

y

 mz = −1
 mz = +1

150 ms

x-axis position

C
en

tra
l

de
ns

ity

mz = +1

mz = −1

mz = +1

mz = −1

Figure 3.3: Generation of dark-bright solitons. Density distributions of the
mz = ±1 components for various hold times t for Bq ≈ 1.3 mG/cm slightly
above the critical point. The two spin components move to opposite directions,
and dark-bright solitons are generated in the boundary of the two-component
overlap region. The insets in the right column show enlarged images of the
boxed regions, where the first dimple-shaped solitons are located. The dashed
line indicates the condensate boundary. The optical density of the two spin com-
ponents are different because of the optical pumping effect that occurred during
the imaging [50]. The line profiles below each images show the central density
profiles of the two spin components along the x-axis. The gray arrows indicate
the positions of the first solitons.
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fully polarized core is formed at the tip of the overlap region. While more rip-

ples are generated along the boundary of the overlap region, the magnetization

lump propagates toward the center region, exhibiting its solitonic nature. This

observation remarkably parallels the results of previous experiments with two-

component BECs [53, 54], where it was observed that dark-bright solitons are

generated preferentially in the overlap interface of the two components above

a critical counterflow velocity. Thus, we understand that the critical point ob-

served for spin superflow arises from the modulation instability of the two coun-

terflowing spin components [52].

From the analysis of the counterflow instability of a homogeneous binary

superfluid, given in Eq. 3.8, we find that the lower bound for the critical relative

velocity is given by vc1 = 2
√
c2ñ/m, where ñ is the effective two-dimensional

column density [61], and that vc1 is not sensitive to spin polarization p. Taking

into account the local density, we obtain vc1 ≈ 0.6 mm/s for the region where

the first soliton is generated. To compare it with our observation, we extract

the local relative velocity vr between two spin components as follows. Assuming

zero net mass flow, the relation that

1 + p

2
v↑ +

1− p
2

v↓ = 0 (3.9)

is satisfied, where v↑,↓ are the moving velocity of spin mz = ±1 components,

respectively, and p is the spin polarization ratio. Then, the local relative velocity

between two spin components is estimated to be

vr = v↑ − v↓ =
2v↓

1 + |p|
. (3.10)

At t ∼ 200 ms, at which the magnetization ripples develop, the propagation

speed of the boundary of the overlap region is measured to be vb ≈ 0.38 mm/s.
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Figure 3.4: Images of the mz = −1 spin component at various hold times for
Bq ≈ 1.6 mG/cm. Solitons are progressively generated along the boundary of
the overlap region. As the solitons decay into small segments due to their snake
instability, a spin turbulence state forms in the center region.

We also find that the local spin polarization |p| = |(n+ − n−)/(n+ + n−)| ∼ 0.3

around the first soliton formation position, estimating that vr = 2vb/(1 + |p|) ∼

0.6 mm/s, which is comparable to vc1 ≈ 0.6 mm/s. For a better quantitative

comparison, it might be necessary to include the two-dimensional elliptical ge-

ometry of the condensate.

3.3.3 Snake instability

Figure 3.4 shows image data for higher Bq ≈ 1.6 mG/cm. After the first dimple-

shaped soliton is generated at the tip of the overlap region, many dark-bright

solitons are progressively generated along the boundary of the overlap region.

In the two-dimensional geometry, it is known that solitons are dynamically

unstable for transverse modulations, which is called snake instability [62,63], so

they decay into small segments and vortices. The length of the small segments is

approximately 15 µm ∼ 3ξs in the center region of the condensate. Eventually,

a turbulence state having a complex magnetization pattern is formed in the

center region. The emergence of turbulence was theoretically anticipated in a

counterflowing binary superfluid system [64, 65]. We note that our observation

is somewhat distinct from the results of three-dimensional counterflow system
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in that the main source of turbulence generation is the decay of dark-bright

solitons, not the reconnection of vortices. However, the effect of dimensionality

of trap geometry on a critical point remains an unclear question, and should be

studied further.

3.4 Transverse magnon excitation

3.4.1 Bogoliubov analysis

Let us revisit the Bogoliubov analysis of the spin-current-carrying state. From

Eq. 3.6, the system also has the m = 0 mode, whose energy spectra is given by

εk,0 =
√

(ε0k + q′)(ε0k + q′ + 2c2n), (3.11)

where q′ = |q| − εk0 is the effectively changed Zeeman shift [58, 59]. When

εk,0 < 0, a transverse magnon mode would be amplified via dynamical instabil-

ity, generating the mz = 0 components in the system. The gap energy is given

by ∆g =
√
q′(q′ + 2c2n) for k = 0, implying that the gap decreases with the

rise of εk0 . Note that the generation of transverse magnons also can be under-

stood as the spin-mixing collisions of (k,±1) + (−k,∓1) → (0, 0) + (0, 0) with

(momentum, spin).

3.4.2 Generation of mz = 0 components

In our experiment, for high Bq ≥ 1.8 mG/cm, we observe another critical phe-

nomenon in which the mz = 0 spin component is created in a spin flow via

spin-mixing collisions (Fig. 3.5). This process corresponds to the dynamic gen-

eration of transverse magnons, which are gapped excitations in a stationary
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Figure 3.5: Generation of transverse magnons. The fractional population η0 of
the mz = 0 spin component is given as a function of the product of t and Bq.
When the spin flow velocity is high to overcome the quadratic Zeeman energy,
spin-exchanging collisions occur to generate the mz = 0 spin components. The
vertical dashed line indicates the onset point for η0 at tBq ≈ 0.4 s·mG/cm.
The inset images show the density distributions of the spin components for
Bq ≈ 2.2 mG/cm at (i) t = 200 ms, (ii) 250 ms and (iii) 300 ms.

EPP state. When εk0 > |q|, i.e., vr > vc2 =
√

8|q|/m, ∆2
g < 0, which means that

the spin-current-carrying state becomes dynamically unstable and thus able to

generate transverse magnons. It is observed that the mz = 0 component is

initially created with a smooth spatial pattern in the center region of low |p|.

This result is consistent with the Bogoliubov analysis results, in which the most

unstable mode occurs at k = 0 and the gap energy increases with increasing |p|.

In Fig. 3.5, the fractional population η0 of the mz = 0 spin compo-
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nent is displayed as a function of tBq. In all our measurements for high Bq ≥

1.8 mG/cm, η0 shows sudden onset behavior at tBq ≈ 0.4 s·mG/cm. Ignoring

the effects of the trapping potential and atom interactions, the relative velocity

of the mz = ±1 spin components can be approximated to be vr = (µB/m)tBq.

Our measurement results suggest that vr ≈ 0.9 mm/s at the critical point, which

is in good agreement with the prediction of vc2 = 0.83 mm/s for |q|/h = 5 Hz.

Under our experimental conditions, vc1 < vc2 for the peak atom density. This

means that the modulation instability of spin superflow is incurred in the center

region before transverse magnon excitations are generated, and we infer that for

a homogeneous system, the dynamic instability for generating magnon excita-

tions is stronger than the modulation instability [58]. At the boundary of the

overlap region, solitons are already created [Fig. 3.5 inset (i)].

The turbulence state involving the mz = 0 spin component is qualita-

tively different from that shown in Fig. 3.4 for lower Bq. Because of its im-

miscibility to the mz = ±1 components [4], the generated mz = 0 component

forms axial polar spin domains, wherein spin flow is completely absent. Then,

the spin domains, having an excitation energy of |q| with respect to the ground

EPP state, dynamically relax with decreasing mz = 0 population, resulting in

an irregular spin texture. The quench dynamics of the axial polar phase for

negative q were investigated in our recent work [66].

3.5 Conclusion and Outlook

In conclusion, we investigated the critical spin superflow dynamics of an anti-

ferromagnetic spinor BEC and observed two critical phenomena: 1) dark-bright

soliton generation due to the modulation instability of counterflowing spin com-
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Figure 3.6: Critical velocity vc2 for transverse magnon as q → 0. The red solid
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√
|q| for the measurement of {q, vc2}. The gray shade

shows the region that we could not determine vc2 because of a finite response
time for spin-mixing collisions.

ponents and 2) transverse magnon generation via spin-exchange collisions.

An interesting extension is to investigate the case of |q| → 0. The simple

relation of vc2 =
√

8|q|/m predicts that vc2 → 0 as |q| → 0, i.e., the absence of

spin superfluidity. Figure 3.6 displays the examination of vc2 depending on q/h.

At large |q| regime, it seems to follow that vc2 ∝
√
|q|. For small |q|, however, we

find that vc cannot be exactly measured because a finite response time is required

for spin-mixing collisions. Besides, under a magnetic field gradient, it is difficult

to pinpoint the quantum critical point between the EPP and EAP phases. These

hindrances motivate the work in the next chapter to systematically examine the

effect of magnetic field gradient on a spinor BEC.
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Chapter 4

Metastable hard-axis polar state

of a spinor condensate under a

magnetic field gradient

In this chapter, I will describe our systematic study on spin dynamics of a spin-1

antiferromagnetic BEC under a magnetic field gradient. The results show the

significance of the field gradient effect on the EAP-to-EPP quench dynamics by

fully suppressing the dynamical instability at q < 0, which were published in

the paper below.

• J. H. Kim, D. Hong, S. Kang, and Y. Shin, “Metastable hard-axis polar

state of a spinor Bose-Einstein condensate under a magnetic field gradi-

ent,” Phys. Rev. A, 99, 023606 (2019).
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4.1 Background

The spinor BECs provide unique opportunities for studying quantum phase

transition dynamics owing to their rich phase diagram and the experimental

capability of dynamically controlling the system parameters. For the study, a

quantum quench protocol is typically employed: a system is initially prepared

in a well-defined phase and, by changing the system’s Hamiltonian, it is driven

to undergo a phase transition into another phase with different symmetry. Re-

cently, a quantum phase transition from the EAP to EPP phases was studied

with spin-1 antiferromagnetic BECs [66–68]. The sudden change of the q value

from positive to negative showed that the initial axial polar state is dynamically

unstable for q < 0 and spin fluctuations are exponentially amplified to cause

the phase transition. Especially in a 2D situation [66], the quench dynamics was

characterized by the emergence and decay of spin turbulence and the formation

of topological defects, such as half-quantum vortices [21].

A notable observation in the previous experiments was that the dynam-

ical instability of the initial axial polar state is significantly suppressed by a

magnetic field gradient [68]. In spite of the peculiar characteristics of the EAP-

to-EPP phase transition, in which metastable states are prohibited due to the

flat energy landscape at the quantum critical point qc = 0 [69], the metastability

of the axial polar state was demonstrated under a field gradient for q > 0, where

the ground state of the system has an inhomogeneous spatial structure of spin

domains, in the early works of antiferromagnetic spinor BECs [4, 70]. So, it is

natural to ask how the suppression of dynamical instability on the q < 0 side is

related to the metastability on the q > 0 side. In prospect of the quantitative

study of scaling behavior near the critical point, it is particularly important to
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understand the field gradient effect on the phase transition dynamics.

4.2 Mean-field ground state

In a mean-field description, the spin-dependent energy functional of a spin-1

spinor BEC under a magnetic field gradient is given as

Espin =

∫
dr n

(c2n

2
〈F2〉 − (p− p0)〈Fz〉+ q〈F 2

z 〉
)

(4.1)

where n(r) is the density of atoms [13, 16]. Here, p(r) = gFµBB(r) and p0 is

the Lagrange multiplier for the total magnetization Mz =
∫

dr n〈Fz〉, which

is conserved in the system. For Mz = 0, the magnetic field gradient effect is

represented by p̃(r) ≡ p − p0 = gFµBB
′x, where the field gradient direction is

assumed to be the x direction.

The order parameter of the BEC is expressed as Ψ = (ψ1, ψ0, ψ−1)T,

where ψl is the mz = l spin component of the condensate (l = 1, 0,−1), and its

ground state is given as

ΨI =
√
neiθ


0

1

0

 (4.2)

for p̃2 < 2c2nq and

ΨII =

√
n

2
eiθ


−e−iφ

√
1 + fz

0

eiφ
√

1− fz

 (4.3)

for p̃2 > 2c2nq, where θ is the superfluid phase and fz = min[ p̃
c2n
, 1] [16]. ΨI is the

axial polar state having only the mz = 0 component and ΨII is a mixture of the

mz = ±1 components with net magnetization fz. For fz = 0, ΨII corresponds

to the planar polar state with d = cosφ x̂+ sinφ ŷ.
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The spatial structure of a BEC trapped in a harmonic potential and under

a magnetic field gradient B′ can be described in the local density approximation.

As p̃ and n vary spatially over the sample, different spin domains are formed in

the trapped condensate and their interface locates at rc with xc = ±
√

2c2n(rc)|q|
gFµBB′

for q > 0, which is determined from p̃2 = 2c2nq. In this case, an axial polar

domain of the mz = 0 component is formed in the inner region of |x| < |xc| and

magnetized domains, having an unequal mixture of the mz = ±1 components,

appear in the outer region of |x| > |xc| [Fig. 4.1(a)II].

In Fig. 4.1(b), the fractional population η of the mz = 0 component in the

trapped BEC is displayed as a function of q. Here, we assume a Thomas-Fermi

(TF) density profile of n(r) = max
[
n0

(
1− x2

R2
x
− y2

R2
y
− z2

R2
z

)
, 0
]

and calculate η

by integrating the density over the inner region bounded by the domain inter-

face, where we obtain the analytic expression

ηm(q, B′) =
β

2

2β2 + 3R2
x

(β2 +R2
x)

3/2
with β =

√
2c2n0|q|
gFµBB′

(4.4)

for q > 0. As q decreases below zero, η vanishes, i.e., the axial polar domain in

the middle of the trapped condensate shrinks to disappear, and for q < 0, the

ground state becomes a two-component BEC, where the mz = ±1 components

are displaced symmetrically along the direction of a field gradient [Fig. 4.1(a)III].

In the case of zero field gradient, η shows a step change from 1 to 0 at q = 0,

which represents the quantum phase transition between the EAP and EPP

phases.

In Fig. 4.1(c), we plot the energy level of the ground state under a mag-

netic field gradient as functions of q, together with those of the axial polar state

and the planar polar state. To introduce the current work in comparison with

the previous experiments, we mark several points of interest in the plot by I,
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Figure 4.1: Mean-field ground state of a trapped condensate under a magnetic
field gradient B′. (a) Schematic description of the spatial structure of the BEC in
various states: (I) axial polar state and (II) ground states for positive quadratic
Zeeman energy q > 0 and (III) for q < 0. The blue, grey, and red shades
represent the mz = −1, 0, 1 spin components, respectively, and the black dashed
line indicates the density of the condensate. (b) Fractional population η of the
mz = 0 component in the ground state of the trapped condensate as a function
of q for B′ = 0 (blue line) and B′ 6= 0 (green line). (c) Energy level of the
BEC in the ground state as a function of q (green line). The E = 0 horizontal
line denotes the energy level of the axial polar state, and the red dashed line
shows the energy level of the planar polar state. In this work, we investigate the
relaxation dynamics from the axial polar state (I) to the ground state (III) for
q < 0 in the presence of the magnetic field gradient.
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II, and III. In Ref. [70], it was demonstrated that the axial polar state (I) in

the q > 0 region is metastable against relaxation to the ground state with spin

domains (II). In Refs. [66, 68], it was observed that the axial polar state (I) in

the q < 0 region is dynamically unstable to relax into the planar polar state

(dashed red line) for B′ ≈ 0. In this work, we examine the stability of the axial

polar state in the q < 0 region for relaxation into the ground state under a

magnetic field gradient (III).

4.3 Quench dynamics with field gradient

4.3.1 Experimental procedure

We start our experiment by preparing a BEC of 23Na atoms in the |F =

1,mF = 0〉 hyperfine spin state in a highly oblate optical dipole trap (ODT)

with the trapping frequency of (ωx, ωy, ωz) = 2π × (5.1, 7.2, 548) Hz. The sam-

ple preparation is carried out in a magnetic field of Bz = 0.2 G. The con-

densate contains typically Ntot ≈ 4.5× 106 atoms and its TF radii are given by

(Rx, Ry, Rz) ≈ (186, 131, 1.7) µm. The density and spin healing lengths are given

by, respectively, ξn = ~/
√

2mc0n0 ≈ 0.5 µm and ξs = ~/
√

2mc2n0 ≈ 2.5 µm

for the peak atomic density n0 of the condensate, where m is the atomic

mass and c0(c2) denotes the density (spin) interaction coefficient. Note that

Rz < ξs � Rx,y and spin dynamics in our system are effectively 2D. In the

experiment, Ntot is controlled by adjusting the evaporation cooling process in

the ODT and the final thermal fraction of the sample is kept less than 15 %.

A quantum quench experiment is performed by suddenly changing the

sign of q with a microwave field dressing technique, as described in Ref. [66].
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First, we adiabatically ramp Bz down to 50 mG. During the field ramp, we

control a magnetic field gradient B′ = ∂|Bz |
∂x

along the x direction. The final Bz

value is measured within 1 mG from the radio-frequency (rf) spectroscopy of

the energy levels of the F = 1 hyperfine spin states, and B′ is calibrated using

an interferometric technique, where the growth rate of the spatial frequency

of Ramsey interference fringes between the spin components is measured [47].

Before the quench, the value of q is determined by the intrinsic quadratic Zeeman

energy qB = q0B
2
z with q0/h = 278 Hz/G2 [4]. At Bz = 50 mG, qB/h = 0.7 Hz

and the initial mz = 0 state is dynamically stable under the field gradient [70].

Then, by suddenly turning on a microwave field, we tune q to a target value

qf [43, 44]. Here, qf = qB + qµ with the additional quadratic Zeeman energy

qµ induced by the microwave field. After a variable hold time t, we take an

absorption image of the sample with the SG spin separation. After releasing

the trapping potential and turning off the microwave field, a short pulse of

an additional magnetic field gradient is applied to spatially separate the three

mz = −1, 0, 1 spin components and the magnetic field is ramped to Bz = 0.5 G

during a 24-ms time of flight before imaging.

4.3.2 Metastable axial polar state

We measure the temporal evolution of η to characterize the stability of the axial

polar state after the quench to qf < 0. The decay rate Γ is determined as the

inverse of the time t0 at which η(t0) = 0.7, where t0 is obtained from a curve

fit of η(t) = 1 − αeγt to the experimental data for η > 0.6 at the initial stage.

Figure 4.2 displays the measurement results of Γ for B′ ≈ 0 and 2.6 mG/cm as

a function of |qf |/h. For B′ ≈ 0, Γ exhibits a power-law behavior of Γ ∝ |qf |γ
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Figure 4.2: Decay rate Γ of the axial polar state after the quench to qf < 0 as a
function of |qf |/h. The red circles and the blue squares show Γ for the B′ ≈ 0 and
2.6 mG/cm, respectively. Γ is obtained from the curve fit of η(t) = 1− αeγt to
the experimental data (right insets) and its error bar indicates a 95% confidence
interval of the fit. The red solid line denotes a power-law fit to the B′ ≈ 0 data,
which gives an exponent of 0.53(10). The blue solid line is a guide line for eyes
to the B′ ≈ 2.6 mG/cm data, which shows onset behavior for |qf |/h > 2 Hz.
The right insets display the temporal evolutions of η at (i) qf/h ≈ −1.4 Hz, (ii)
−2.7 Hz, and (iii) −20 Hz for B′ ≈ 0 (red) and 2.6 mG/cm (blue). Each data
point in the insets was typically obtained from five measurements of the same
experiments and the standard error of the mean is denoted by its error bar.
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with an exponent of 0.53(10), which is consistent with the result of the previous

experiment [66]. For B′ ≈ 2.6 mG/cm, Γ is found to be suppressed in a small |qf |

region and as |qf | increases, Γ is restored to the value for B′ ≈ 0. Remarkably,

for |qf |/h < 2 Hz, it was observed that η remains unity for a long hold time, even

up to 10 s, which is limited by the sample lifetime under the microwave field

dressing. In this case, Γ cannot be determined and we practically set Γ = 0. This

observation clearly shows that the dynamical instability of the axial polar state

is not only mitigated by a magnetic field gradient, but completely quenched to

make the spin excited state metastable against relaxation into the ground state.

Since in Ref. [70] the axial polar state was shown to be metastable under

a field gradient for q > 0, our observation seems to be a simple extension of its

metastability to the q < 0 region. But, we note that the underlying mechanism

for negative q should be different from that for positive q, because of the absence

of the energy barrier for local spin relaxation. For q > 0, local spin relaxation

via spin-exchange process is prohibited due to the energy barrier of the positive

quadratic Zeeman energy and requires thermal activation. However, for q < 0,

it is an exothermic process that would necessarily enhance the relaxation of the

axial polar state. Furthermore, one can think of an evolution path of the system

from the initial excited state to the ground state along which the system’s energy

continuously decreases. For example, the spin is first rotated from d = ẑ to d =

ŷ, which reduces the quadratic Zeeman energy, and the resulting planar polar

state is transformed to the ground state by redistributing the mz = ±1 spin

components in the trapped condensate. Therefore, the metastability observed

in the q < 0 region cannot be accounted for by the conventional frame based on

energy barrier in the system configuration.

We indeed observe that the metastable axial polar state is fragile for small
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spin perturbations. When the spin director d is tilted slightly away from the z

axis by applying a short pulse of rf field, the BEC immediately proceeds to relax

into the ground spin state. Also, when the system has small ferromagnetic do-

mains at its both ends, which is achieved by preparing the sample in the ground

state with positive q under a small magnetic field gradient, the spin domains

at both ends permeate through the condensate after the quench to qf < 0, re-

sulting in the ground spin state. This indicates that the metastable hard-axis

polar state is sustained as a global property of the condensate. Meanwhile, we

find that the metastable spin state is intact in a turbulent condensate contain-

ing many vortices, which is prepared by violently stirring the sample with an

optical obstacle [71, 72], demonstrating its stability for density perturbations.

4.3.3 Recurrence of dynamical instability

As |qf | increases, the metastability of the axial polar state eventually breaks

down (Fig. 4.2). The rapid recovery of Γ to the value of B′ ≈ 0 and the resem-

blance of the evolution curve η(t) for high |qf | suggest that the system suffers

from the same dynamical instability as in the B′ ≈ 0 case, which is associated

with transverse magnon excitations. However, the details of the relaxation dy-

namics under a field gradient are observed to be different from those for B′ ≈ 0.

In Fig. 4.3, we display absorption images of the sample at the early stage of the

quench evolution for B′ ≈ 0 and 2.2 mG/cm. At B′ ≈ 0, the quench dynam-

ics proceeds first with generating ring-shaped, long-wavelength spin excitations,

whose spatial pattern is inherited from the elliptical geometry of the conden-

sate [66]. On the other hand, when a field gradient is applied, the incipient spin

excitations appear with a stripe structure that is orthogonal to the field gradient
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Figure 4.3: Field gradient effect on the quench dynamics. Absorption images of
the three mz = −1, 0, 1 spin components for various hold times after the quench
to (a) qf/h ≈ −2.3 Hz and (b) −7.3 Hz. For B′ ≈ 2.2 mG/cm.
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Figure 4.4: Fractional population η of the mz = 0 component as a function of
qf/h for various B′, measured at a hold time t = 3 s after the EAP to EPP
quench (Ntot ≈ 4.5× 106). The solid lines denote sigmoid fits to each measure-
ment data set, from which the threshold qth is determined for the collapse of the
metastable hard-axis polar state. Each data point was typically obtained from
five measurements and its error bar indicates the standard error of the mean.

direction and has higher wavenumber. This means that the most unstable modes

for the dynamical instability are modified in the presence of the field gradient,

which breaks the rotational symmetry of the system. At sufficiently high |qf |,

the stripe spin excitations are followed by ring-shaped excitations [Fig. 4.3(b)],

implying tight competition between the two excitation modes. In the subsequent

relaxation, an irregular spin texture develops, wherein global spin polarization

gradually develop over the condensate, according to the applied field gradient.

In Fig. 4.4, we display the fractional population of the mz = 0 compo-

nent, η, measured at t = 3 s as a function of qf/h for various B′. η collapses

rapidly as qf decreases below a threshold, which represents the sharp transition

from the metastable regime to the dynamically unstable regime, as observed

in Fig. 4.2. The sudden collapse behavior allows unambiguous determination of
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the threshold value qth, which we determine using a sigmoid function fit to the

experimental data. With increasing B′, the metastable-to-unstable transition

position is further shifted away from the critical point qc = 0. This corroborates

that the field gradient induces the metastability of the axial polar state.

4.3.4 Dependence of qth on B′ and Ntot

We investigate the dependence of qth on B′ over a broad range of field gradients

up to B′ < 90 mG/cm [Fig. 4.5(a)]. |qth| monotonically increases with growing

B′. Remarkably, for low B′, the increase of |qth| exhibits power-law behavior. We

characterize the behavior by fitting a curve of |qth|/h = κB′α to the measurement

results for B′ . 20 mG/cm, obtaining α = 0.41(18) and 0.49(07) for Ntot ≈

4 × 106 and 1 × 106, respectively. As B′ increases over a few tens of mG/cm,

qth deviates from the power-law relation with B′. Interestingly, we notice that

the magnitudes of the field gradient at which the deviation becomes noticeable,

are close to the values given by µBB
′Rx = µ, which are B′ ≈ 38 mG/cm and

B′ ≈ 29 mG/cm for, respectively, Ntot ≈ 4×106 and 1×106, where µ = 1
2
mω2

xR
2
x

is the chemical potential of the condensate.

The field gradient effect of suppressing the dynamical instability might

be described as a result of spatial dephasing of the spin excitations, which are

otherwise amplified in the quenched condensate [68]. In the Bogoliubov analysis

of the initial axial polar state at qf < 0 for B′ = 0, the characteristic time and

length scales for the quench dynamics are given by tq ∝ |qf |−1/2 and lq ∝ |qf |−1/2,

respectively, which was also experimentally demonstrated [66]. Then, one may

consider a dimensional analysis to set the characteristic dephasing condition as

µBB
′lq ∼ h/tq. This suggests |qth| ∝ B′, which cannot explain the measured
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Figure 4.5: (a) |qth|/h as a function of B′. The green triangles (black open
circles) display the measurement results with Ntot ≈ 4.0× 106 (1.0× 106). The
solid lines denote power-law fits to each data set up to B′ ≈ 20 mG/cm, where
the exponents are given by α = 0.41(18) (green) and α = 0.49(07) (black),
respectively. The red dotted line indicates the |qth|/h value measured for B′ ≤
0.1 mG/cm. (b) |qth|/h as a function of Ntot for various B′. The error bar of
each data point indicates the range of 0.1 < η < 0.9 in the sigmoid curve fit to
the experimental data of η (Fig. 4.4), including the long-term systematic drift
of ±0.3 Hz in our measurements.
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exponent α in the experiment.

We also investigate the dependence of qth on the sample size for various

B′ [Fig. 4.5(b)]. For a given B′, it is observed that |qth| increases noticeably as

Ntot decreases below a certain number which is reduced for lower B′. This is

consistent with the previous observation in Fig. 5(a) that the condensate with

the smaller Ntot exhibits the larger exponent α and takes off earlier from the

power-law line. The measurement results show that the finite size effect enhances

the metastability of the axial polar state, but it is not a fundamental requisite

for having the metastable state.

It is important to note that the quench threshold for B′ ≈ 0 was measured

to be qth/h ≈ −0.7 Hz regardless of the sample size [Fig. 4.5(b)]. This is different

from the general expectation that qth should be equal to the critical point qc = 0

at B′ = 0. We attribute its deviation to a residual field gradient B′z, along

the tightly confining z direction. In the experiment, it is difficult to precisely

calibrate B′z using the interferometric method, due to the small sample extent

along the z direction. From the power-law relation of |qth| with B′ in Fig. 4.5(a),

the residual field gradient is estimated to be B′z < 0.2 mG/cm.

4.4 Quantum critical point

4.4.1 Exploring ground-state spin profile

The quantum critical point between the axial and planar polar phases is fun-

damentally given by qc = 0, where the spin rotation symmetry is fully re-

stored. However, in Ref. [68] it was reported that the critical point is located at

qc/h ≈ +0.65 Hz. The physical origin of its deviation from the ideal point was
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not identified. Furthermore, the shift direction is positive in q, which cannot be

accounted for by the field gradient effect observed in this work.

To address the issue of locating the critical point, we examine the ground-

state spin profile of the condensate as a function of qf/h. We prepare the ground

state by rotating the spin direction d to the xy plane by applying a pulse of RF

field before quenching to a target qf . The initial condensate is an equal mixture

of the mz = ±1 spin components and when qf < qc, the system can easily relax

to the ground state via spin flow dynamics [46]. If qf > qc, it will be revealed by

the mz = 0 population in the ground-state condensate. In Fig. 4.6, we display

η measured at t = 3 s after the quench as a function of qf/h. The hold time

t = 3 s is set to be long enough to ensure the equilibrium state. For B′ ≈ 0,

a sudden onset of η is observed when qf/h increases over ≈ −0.7 Hz, whose

position is coincident with the measured threshold qth for the collapse of the

axial polar state. This is surprising because it means that the axial polar state

is the true ground state of the system for q/h > −0.7 Hz, i.e., qc/h ≈ −0.7 Hz.

4.4.2 Open questions

Our observation of qc/h ≈ −0.7 Hz seems to be inconsistent with our previous

explanation of qth 6= 0 for B′ ≈ 0, where we attributed it to the residual field

gradient B′z along the z direction. To test the possible association of qc not being

zero with B′z 6= 0, we repeat the same measurements with various magnetic field

configurations, where the background magnetic field Bz is slightly changed or

reversed while we maintains the field gradient B′ < 0.1 mG/cm in the xy plane;

but, B′z remains uncontrolled. In our measurements, we observe that qth varies

even by a few Hz in the q < 0 side and, also, that the onset point q∗th for η 6= 0
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Figure 4.6: Fractional population η of the mz = 0 component as a function
of qf/h for various B′, measured at a hold time t = 3 s after the EPP to
EAP quench (Ntot ≈ 4.5 × 106). The solid lines show the curve fits of η(qf ) =
ηm(qf − q∗th, B

′
eff) to the measurement data sets, where ηm(q, B′) is obtained

from Eq. 4.4. As free parameters, q∗th represents the onset point of η 6= 0 and
B′eff is the effective magnetic field gradient for the response of η. Each data point
was typically obtained from five measurements and its error bar indicates the
standard error of the mean. The left inset shows ηm(q, B′) for the experimental
conditions. The right inset displays absorption images of the mz= 1 (up), mz= 0
(middle),mz= −1 (down) spin components of the condensate after 3 s relaxation
at qf/h ≈ 5.1 Hz under B′ ≈ 10.4 mG/cm. The density-depleted holes in the
mz = ±1 components indicate quantum vortices generated via complex spin
flow dynamics in the relaxation from the initial EPP state [46].
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in the ground state always follows the variations of qth. Thus, it is tentatively

suggested that the field gradient along the tightly confining direction affects the

quantum critical point of the system, although there is currently no theoretical

scenario supporting the possibility.

Another notable observation in the η measurement in Fig. 4.6 is that

as B′ increases, q∗th is shifted from qc to the positive q direction. This might

be attributed to the domain wall energy, which is neglected in the mean-field

description of the ground state. Under a field gradient, an axial polar domain of

the mz = 0 component is sandwiched by ferromagnetic domains and its spatial

extent decreases with increasing B′ (Fig. 4.6 inset). Therefore, for a given energy

cost of the domain walls, it can be energetically unfavorable with small q > 0 to

have the middle axial polar domain. A quantitative analysis on the energetics

of the spin domain structure will be pursued in future works. We note that

the shift of q∗th can be ensured by observing spin domain formation via thermal

cooling at a fixed q, which might provide a more reliable method to reach the

ground state of the system [44,73–75].

4.5 Conclusion and Outlook

We observed the metastable hard-axis polar state in a spin-1 antiferromagnetic

spinor BEC under a magnetic field gradient. The metastability was shown to

be driven by the field gradient and break down below a certain threshold qth

of the quadratic Zeeman energy, due to the intrinsic dynamical instability. We

investigated the dependence of the threshold qth on the field gradient B′, and

found that qth is highly sensitive to B′ in the vicinity of B′ ≈ 0, exhibiting

power-law behavior of |qth| ∝ B′α with α ∼ 0.5. The finite size effect on qth was
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Figure 4.7: Measurement results of qth and q∗th in the plane of q/h and B′. qth
is the threshold for the metastable axial polar state to collapse, and q∗th is the
threshold for the ground state to have the mz = 0 spin component. The data
points are obtained from the fits to the η measurement data in Fig. 4.4 and
Fig. 4.6.

also examined, showing that the metastability is enhanced for small samples. By

exploring the ground spin states of the condensate depending on q, an evidence

was found that the quantum critical point is shifted away from qc = 0. In

Fig. 4.7, we summarize the measurement results of qth for small B′, together

with q∗th for the onset of η 6= 0 in the ground state.

We expect that our measurement results will stimulate further theoret-

ical investigations on the underlying mechanism of the observed field gradient

effect in the quantum phase transition dynamics in the spinor condensate. In

particular, the observation of the shift of the quantum critical point poses an

open question as to how the field gradient along the tight confining direction of

the sample can affect the critical point of the system. This question is crucial for

investigating phase-ordering dynamics [76–79] and possible scaling behavior in

the quantum transition dynamics [80–84] and studying many novel phenomena
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anticipated near the quantum critical point, such as the formation of fragmented

states [85–88] and critical spin superfluidity [30,46,89].
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Chapter 5

Observation of two sound modes

in a binary superfluid gas

In this chapter, I will present the observation of two sound modes in an easy-

plane polar condensate. The results are the first demonstration of spin sound in a

binary superfluid system and furthermore, establish an experimental protocol to

quantitatively study the two types of sound propagation, which were published

in the paper below.

• J. H. Kim, D. Hong, and Y. Shin, “Observation of two sound modes in a

binary superfluid gas,” Phys. Rev. A., 101, 061601(R) (2020).

5.1 Background

5.1.1 What is sound mode?

A sound wave is a vibration that propagates on a certain medium by the pressure

between its rarefaction and compression. In general, the sound propagation is
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a characteristic transport phenomenon revealing the medium’s thermodynamic

properties. In particular, it is more important in a superfluid because the sound

wave propagating without distortion captures the linear dispersion relation of

the system, which reflects the gapless Goldstone excitation in a long-wavelength

limit [8]. The speed of sound is determined by c =
√
∂P/∂ρ as global property

of the medium, where P and ρ is its pressure and mass density, respectively.

The sound mode that forms a localized wave packet is seemingly similar

with a solitary wave, or soliton, due to their nondispersive characters. But note

that the formation of soliton arises from the nonlinearity of the system’s gov-

erning equation. In a BEC, for instance, a soliton is formed at a sharp phase

step [90], in which the diverging kinetic energy is balanced with the nonlinear

interaction term in the GP equation (Eq. 1.6). Therefore, their key difference

is that the soliton structure accompanies a drastic phase jump while the sound

wave is a smoothly varying structure. Besides, the soliton propagation speed v

depends on the soliton depth nd, determined as v = c
√

1− nd/n, where n is

the total number density of condensate [91].

5.1.2 Two types of sound mode

In a two-fluid mixture, the interactions between two components induce the mix-

ing of the low-energy excitation modes of each component, giving rise to two

new hybridized sound waves. For instance, a superfluid system at finite temper-

ature, containing a normal fluid within it, supports two types of sound waves,

where the densities of the two components oscillate in phase and out of phase,

respectively [92, 93]. In superfluid 4He, they are referred to as first and second

sounds, corresponding to density and temperature waves, respectively, whose
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Figure 5.1: Sound waves in a symmetric binary superfluid. (a) Ordinary density
sound where the two superfluid components oscillate in phase and (b) spin
sound wave where they oscillate out of phase. The red solid and blue dashed
lines indicate the spatial density profiles of the two components. cn and cs denote
the propagation speeds of the density and spin sounds, respectively.

propagation speeds are determined as functions of thermodynamic quantities

such as superfluid density, entropy density, and compressibility [94].

In a similar vein, it is expected that a binary superfluid also shows the

two modes of density oscillations, i.e., sound waves (Fig. 5.1). Especially for the

symmetric case, where the two components are identical in mass, density, and

intra-component interactions, the two sound modes are decoupled as oscillations

in mass and spin channel. The in-phase oscillations correspond to an ordinary

pressure wave, whose propagation speed is determined by the compressibility

of the system. Meanwhile, the out-of-phase oscillations are a wave of the den-

sity difference between the two components, which we refer to as spin sound,

regarding the two components as two opposite spin states, |↑〉 and |↓〉 [95–97].

The two sound waves propagate with distinct speeds in the condensate, which

will be discussed in the next section.
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5.1.3 Hydrodynamic equations

In a long-wavelength limit, zero-temperature dynamics of a binary superfluid

is well described by two-fluid hydrodynamic equations from the viewpoint of

macroscopic flows [97]. Let us consider the time-dependent GP equations,

i~
∂ψi
∂t

=

[
− ~2

2m
∇2 + Vext + g|ψi|2 + g↑↓|ψj|2

]
ψi, (5.1)

where ψi(j) is the wave function of the spin-i(j) component (i, j =↑, ↓ and i 6= j)

and g(↑↓) is the intra-(inter-)component interaction coefficient. Inserting that

ψi =
√
ni exp(iφi) and ui = ~∇φi/m, the above equations can be expressed as

∂ni
∂t

+∇ · (niui) = 0 (5.2)

∂ui
∂t

+
1

m
∇
(

1

2
u2
i + Vext + gni + g↑↓nj −

~2

2m
√
ni
∇2√ni

)
= 0, (5.3)

in terms of local density ni and local velocity ui of each spin component. The

former is the continuity equation, and the latter is the Euler equation with the

chemical potential of µi = gni + g↑↓nj for the spin-i component. Note that the

last term on the left-hand side of Eq. 5.3 represents the quantum pressure, not

appearing in the classical Euler equation, which arises from the kinetic energy

term without the particle’s actual motions [8]. The quantum pressure can be

ignored in case of the condensate with smooth spatial variations.

For a stationary state with u↑(↓) = 0, and taking Vext = 0 to simplify the

problem, we can introduce small perturbations that ni = n0
i +δni and ui = δui,

which modifies Eq. 5.2 and Eq. 5.3 into

∂2δni
∂t2

− gn0
i

m
∇2δni −

g↑↓n
0
i

m
∇2δnj = 0. (5.4)

Finding the condition to have a traveling wave solution of δni = Ai sin(k·r−ωt),
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we obtain the wave velocity vs = ω/k as

v2
s± =

1

2m

[
gn±

√
g2
↑↓n

2 + (g2 − g2
↑↓)n

2
s

]
, (5.5)

where n = n0
↑ + n0

↓ and ns = n0
↑ − n0

↓ are the total density and the spin density,

respectively. In particular, in a symmetric binary superfluid with ns = 0, vs±

are reduced to

vs± =

√
1

2m
(g ± g↑↓)n. (5.6)

We note that there always exist two sound modes with different propagation

speeds for g > g↑↓ > 0. The fast wave is density sound for A↑ = A↓ and the

slow wave is spin sound for A↑ = −A↓. Microscopically, the two sound modes

indicate the wave packets comprised of the Bogoliubov quasiparticles, whose

energy spectra correspond to Eq. 1.36 and Eq. 1.38, respectively.

5.2 Observation of sound modes

5.2.1 Experimental procedure

Our experiment starts with the preparation of a BEC of 23Na in the |F=1,mF=0〉

hyperfine state. The condensate, typically containing≈ 3×106 atoms, is trapped

in an optical dipole trap with trapping frequencies of (ωx, ωy, ωz) = 2π ×

(5.4, 8.0, 571) Hz and its Thomas-Fermi radii are (Rx, Ry, Rz) ≈ (168, 113, 1.6) µm.

A binary superfluid is realized by transferring the atoms in the |mF=0〉 state

to a superposition of the two spin states, |↑〉 ≡ |mF=1〉 and |↓〉 ≡ |mF=−1〉,

by applying a short radio-frequency (rf) pulse so that the condensate comprises

an equal mixture of the two spin components. To prevent the spin-exchange

process generating the |mF=0〉 component, we tune the quadratic Zeeman en-

ergy to q/h ≈ −5.0 Hz using microwave field dressing [43, 44], and the binary
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superfluid is stabilized. The thermal fraction of the sample is less than 10 %.

The external magnetic field is Bz = 50 mG and its gradient is controlled to be

less than 0.1 mG/cm [45].

Sound waves are generated by applying local potential perturbations on

the condensate using a focused Gaussian laser beam, as in previous works [98–

101]. The laser beam penetrates along the z axis at the center of the condensate.

We adiabatically turn on the laser beam by increasing its intensity for 200 ms

and then rapidly switch it off in 1 ms. Sound waves are generated through

the sudden change of the optical potential and their subsequent propagation in

the condensate are probed by taking absorption or spin-sensitive phase-contrast

imaging at various hold times t after turning off the laser beam [21].

The key feature of our experiment is that the optical potential mag-

nitudes, V 0
↑(↓), for the spin–↑(↓) components can be differentiated by using

a near-resonant laser beam. For a near-resonant light, many different transi-

tion lines generating the optical dipole potential are spectroscopically resolved,

so the potential ratio, V 0
↑ /V

0
↓ , can be controlled with the optical frequency

and polarization of the laser beam [48]. In a linear regime with small opti-

cal potentials, the density, n↑(↓), of the spin-↑ (↓) component locally varies as

gδn↑(↓) + g↑↓δn↓(↑) + V 0
↑(↓) = 0, where g(↑↓) = 4π~2

m
a(↑↓) with m being the atomic

mass. Then, the deformations of the total density, n = n↑ + n↓, and the spin

density, ns = n↑ − n↓, are given as

∆n = −
V 0
↑ + V 0

↓

g + g↑↓
and ∆ns = −

V 0
↑ − V 0

↓

g − g↑↓
, (5.7)

respectively. Therefore, when V 0
↑ 6= V 0

↓ , ∆ns 6= 0 and a spin sound wave would

be generated by the local potential perturbation.

Note that in the spin sound generation experiment, we use the poten-
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tial with V 0
↑(↓) ≈ ∓1.1µ. In this case, the spin-↓ component is locally depleted

in the perturbing region, whereas the spin-↑ component is piled up to have

∆n ≈ µ
g
6= 0. This means that a density sound wave might be also generated

with the strong spin-dependent perturbation. Generally, when ∆ns < n, i.e.,

|V 0
↑ −V 0

↓ | >
g−g↑↓
g
µ ≈ 0.07µ, the perturbing region becomes fully spin-polarized

and the asymmetric potential induces a total density deformation. In our in situ

measurement of sound propagation, we employed strong perturbations to clearly

locate the position of the pulse wave. It was experimentally checked using ab-

sorption imaging with SG spin separation that no systematic effect on the sound

propagation speed arises from the strong perturbations.

5.2.2 Sound wave generation

We first investigate a density perturbation case with V 0
↑ = V 0

↓ , where we use

a 532-nm far-detuned laser beam which produces identically repulsive dipole

potentials for the two spin states. The 1/e2-intensity radius of the laser beam is

18.3(3) µm, and its potential height before turning it off is approximately five

times the chemical potential µ of the sample, resulting in a density-depleted hole

in the condensate. In Fig. 5.2(a), the in situ density images of the sample for

various hold times are displayed. We observe that a ring-shaped rarefaction pulse

is generated, and it propagates out in a radial direction. During its propagation,

the full width at half maximum (FWHM) of the density dip is maintained at

≈ 22 µm, implying the dispersionless characteristic of the sound wave. Taking

absorption imaging after 19-ms Stern-Gerlach spin separation, we find that both

spin components show density dips at the pulse position, which indicates that

the generated pulse wave is a sound wave in the in-phase oscillating mode.
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Figure 5.2: Observation of the sound propagation in a binary superfluid. (a)
in situ optical density (OD) images of the two-component Bose-Einstein con-
densate at various hold times t after applying a local density perturbation at the
center of the condensate. A ring-shaped rarefaction pulse is generated, and it
propagates outwardly. (b) in situ magnetization (Mz) images of the condensate
at various t after applying a local spin perturbation and (c) the corresponding
OD images of the two spin components taken after a 19-ms time of flight with
SG spin separation. The spin-↓ component shows a density dip and the spin-↑
component a density lump at wave pulse position.
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Next, we investigate the sound wave generation by spin-dependent per-

turbation with V 0
↑ = −V 0

↓ , where we employ a 589-nm near-resonant laser beam.

To generate asymmetric potentials for the two spin states, we tune the optical

frequency of the laser beam at 2π× 508.505 THz between the D1 and D2 lines

of 23Na, and set its polarization to be σ−, resulting in attractive and repulsive

potentials for the spin–↑ and ↓ components [48]. The 1/e2 radius of the beam

is 11(1) µm and its potential magnitude is V 0
↑(↓) ≈ ∓1.1µ.

Figure 5.2(b) shows the in situ magnetization images of the sample for

various hold times after turning off the 589-nm laser beam. A ring-shaped pulse

wave carrying a positive magnetization is observed as propagating out from the

center of the condensate. It is noticeable that the magnetization pulse propa-

gates much more slowly than the density wave presented in the previous case,

indicating that it is a different type of sound wave. The FWHM of the mag-

netization pulse is initially ≈ 9 µm and increases to ≈ 14 µm after 60 ms

propagation. From the absorption images taken after SG spin separation, we

observe that the spin–↓ component shows a density dip at the position of the

propagating pulse wave whereas the spin–↑ component shows a density lump

at the same position [Fig. 5.2(c)]. This clearly demonstrates the generation of a

spin sound wave in the binary superfluid system.

5.3 Sound velocities

5.3.1 Sound propagation speed

We measure the sound propagation speed from the time evolution of the radius

r of the ring-shaped pulse wave (Fig. 5.3). Here r is determined with the radial
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Figure 5.3: Measurement of sound velocities from time evolution of the radius
of the ring-shaped wave pulse; rn (red circles) for the density sound wave and
rs (blue squares) for the spin sound wave. Each data point consists of five mea-
surements of the same experiment and its error bar indicates their standard
deviation. The solid lines are the model curves of Eq. 5.8, fitted to the experi-
mental data, where R is the condensate radius, c is the speed of sound at the
sample center, and R sin(θ0) is the initial position of the sound wave.

position for the local density minimum (magnetization maximum) of the pulse

wave in the in situ images for the density (spin) sound. Taking into account

the inhomogeneous density profile of the trapped sample, we model the radial

dependence of the propagation speed as vr(r) = c
√

1− r2/R2 with the peak

speed c at the sample center and R =
√
RxRy, and obtain a model function of

r(t) = R sin(ct/R + θ0) (5.8)

for the ring radius by integrating vr(r) over time. From the model function fit of

Eq. 5.8 to the experimental data, we determine the speed c and the initial posi-

tion r(0) = R sin(θ0) of the sound wave. In our measurements, the sound veloc-

ities are given by cn = 3.23(18) mm/s for density sound and cs = 0.70(4) mm/s

for spin sound, which are found to be in agreement with the estimations of

vs+ = 3.22(5) mm/s and vs− = 0.61(4) mm/s from Eq. 5.6. This implies that
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the spin sound propagation demonstrates the existence of the gapless magnon

mode associated with the relative phase of the two spin components and cor-

roborates the spin superfluidity of the binary system [30, 46, 102]. The initial

positions rn(s)(0) of the sound waves are measured to be ≈ 13 µm, which are

comparable to the spatial sizes of the used laser beams.

In the calculation of vs±, we use the effective density n = (2/3)n0 with

n0 being the peak density of the condensate. The reduction factor is obtained

on the following spirit. Along the tight confining z direction of the highly oblate

sample, the hydrodynamics equilibrium is satisfied, which means that the kinetic

pressure is neglected and the density variation does not depend on the z position,

i.e., δn(r) = δn0(x, y). Then, we can obtain the effective density by using the

averaged number density [103,104], as

neff(r) =
1

2Rz

∫ Rz

−Rz
n0

(
1− z2

R2
z

)
dz =

2

3
n0. (5.9)

Note that in an oblate Fermi gas, the hydrodynamic condition should be exam-

ined in terms of its spatial extent and mean free path [105, 106]. On the other

hand, a BEC is a well-defined macroscopic wave function as long as µ > ~ωz,

always able to be described as the hydrodynamic equations. For µ < ~ωz, how-

ever, the atomic motion along the z axis is frozen so the hydrodynamic collisions

are suppressed. In this case, the effective density should be obtained from the

averaged interaction energy, which provides the reduction factor of
√

2 [61,101].

Our system corresponds to the µ > ~ωz case, and actually, our measurement of

cn,s supports the result of Eq. 5.9.
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Figure 5.4: Time-scale analysis for γ. (a) Interpolation for the time-scale analysis
of the sound wave propagation, constructing tn corresponding to ts at the same
r. (b) The resultant data points of {ts, tn}. Their error bars show the uncertainty
from its determination using linear interpolation, and the solid line is a linear
function fit to the data.
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5.3.2 Time-scale analysis

We remark that, although the individual velocities of cn and cs depend on the

details of the sample condition such as the particle density and the trapping

geometry, the ratio γ = cs/cn is a quantity that faithfully reflects the intrinsic

properties of the binary superfluid because both velocities have the same density

dependence. The measurement results of cn and cs give γ = 0.217(17). However,

we find that γ can be directly measured by a time-scale analysis of the two

experimental data sets for the density and spin sound waves, which requires no

assumption concerning the density profile of the sample.

Let us assume that dr/dt = cn,s · f(r), where f(r) is the effect of density

profile, which is identical for both waves. Then, the time required to move the

distance r is given by tn,s(r) =
[∫

(1/f(r)) dr
]
/cn,s− tn0,s0, where tn0,s0 are the

initial conditions induced by the difference between rn(0) and rs(0). From their

ratio at the same position, the value of γ is determined as

tn(r) = γ[ts(r) + ts0]− tn0, (5.10)

independent of f(r). Specifically, we perform the scale analysis as follows; for

each data point {ts, rs} in the spin sound measurement we determine the cor-

responding time tn for the density sound wave to have the same radius rn = rs

using linear interpolation of the density sound measurement data. We then ob-

tain γ by fitting a linear function tn = γts + β to the constructed data {ts, tn}

(Fig. 5.4). Here the offset β accounts for the difference of the initial positions

of the two sound waves. In the scale analysis, we obtain γ = 0.193(22), which

is in quantitatively good agreement with the predicted value of γ0 = vs−
vs+

=√
a−a↑↓
a+a↑↓

= 0.189(11).

Because the time-scale analysis of the two sound waves is free from sys-
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tematic errors associated with absolute density calibration, the measurement

of γ can be a powerful method for probing subtle interaction effects in binary

superfluid systems. In Ref. [20], it was shown that a nondissipative drag from

the movement of the other component, known as the Andreev-Bashkin (AB) ef-

fect [107], modifies only the speed of spin sound, not density sound, thus result-

ing in a direct shift in γ. In our weakly interacting system with n0a
3 ≈ 1.4×10−6,

the fractional weight of the superfluid drag is predicted to be ≈ 4× 10−4 [108],

and the corresponding shift in γ is too small to be resolved for the current un-

certainties of the scattering lengths, a and a↑↓ [14]. The precise measurement of

γ with strongly interacting systems would provide an interesting opportunity

to observe the AB effect [20,109]. It should be noted that the Lee-Huang-Yang

(LHY) corrections arising from quantum fluctuations also can cause a shift in γ.

In our sample, for instance, the relative shift of cn due to the LHY corrections

is estimated to be about 0.5% [110], which is one order of magnitude larger

than that of cs due to the AB effect. Therefore, the LHY corrections needs to

be taken into account for the quantitative understanding of γ.

5.4 Spin-dependent perturbations

Finally, we explore the general case of |V 0
↑ | 6= |V 0

↓ |, where both density and spin

sound waves would be generated simultaneously. In Fig. 5.5, we display density

and magnetization images of the sample that is purturbed with V 0
↑ ≈ −3µ and

V 0
↓ ≈ µ. The images were taken with a 19-ms time of flight to enhance the

detection of sound waves. It is clearly shown that both density and spin sound

waves are generated but propagate separately in the condensate, highlighting

their different speeds. The density wave appears as a density lump because
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Figure 5.5: Simultaneous generation of density and spin sound waves with strong
spin-dependent perturbations. OD images (upper row) and magnetization im-
ages (lower row) for various hold times, taken with a 19-ms time of flight. A
fast density wave and a slow spin wave propagate radially from the center. A
solitonic object with a magnetized core is created together with the two sound
waves, moving slower than the spin wave.

V 0
↑ + V 0

↓ < 0 and the spin sound wave carries positive magnetization because

V 0
↑ − V 0

↓ < 0.

A notable observation is that a soliton-like magnetized object is created

together with the two sound waves (Fig. 5.5 lower row). The magnetized object

moves slower than the spin wave, with preserving its spatial size and shape. We

interpret it as a small dipole of half-quantum vortices (HQVs) with same core

magnetization, which explains the bending shape of the object and its linear

motion [22]. HQVs are the defects involving both mass and spin circulations,

so their creation reveals that there was nonlinear coupling between mass and

spin currents in the sound wave generation via the strong spin-dependent per-

turbation. The dipole’s moving velocity of ≈ cs/2 suggests that the separation

between the two HQVs is ≈ 2ξs, where ξs is the spin healing length, implying

that their magnetized cores are almost coalesced [21]. In the experiment, the
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generation of the solitonic object was quite deterministic and we reason that it

must be due to the asymmetric shape of the optical potential.

5.5 Conclusion and Outlook

In conclusion, we investigated sound propagation in the symmetric binary su-

perfluid and observed two distinct sound modes in density and spin channels,

respectively. The ratio γ of the two sound velocities was precisely measured

from a time-scale analysis without absolute density calibration. An interesting

extension of this work would be to investigate the temperature dependence of γ

and its evolution in the dimensional crossover to 2D [111] and 1D [109]. Partic-

ularly, in our highly oblate sample, the density and spin healing lengths, ξn and

ξs, respectively, give a length hierarchy such that ξn < Rz < ξs. Thus, thermal

effects might have different dimensional characteristics for the density and spin

channels, possibly resulting in a variation of γ. We also expect that the spin-

dependent potential of the near-resonant laser beam can be extensively used

to investigate dynamics of various topological objects in the spinor superfluid,

such as HQVs [21,22], skyrmions [11], and nematic spin vortices [112].

Recently, a novel type of soliton, called magnetic soliton, was suggested in

a two-component Bose gas [113]. It is a solitary wave that transports a localized

spin polarization, whose structure is very similar with a spin sound wave, and

the only difference is the existence of π jump on the relative phase of two spin

components in case of soliton. Despite their ambiguity, we conclude that the

observed spin structures in our experiment are spin sound modes, not magnetic

solitons, for several reasons. First, the initial state was adiabatically prepared

for τ = 200 ms > h/µ to have density deformations, so the resultant excita-
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tions would contain the dynamics of spin density in the condensate. Second,

the measurement of cs is in agreement with the spin sound velocity. Note that

for magnetic solitons, the propagation speed v depends on their central magne-

tization mz, determined as v = cs
√

1−m2
z [114, 115]. Third, the solitons in a

2D system should decay into vortices due to the snake instability [46, 113], but

such processes were not found in our case. It would be an intriguing extension

of this work to investigate the two-dimensional behaviors of magnetic solitons.
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Chapter 6

Probing spin superfluidity in a

spinor condensate by a moving

magnetic obstacle

In this chapter, I will present our systematic study to probe spin superfluidity

in an easy-plane polar condensate by a moving magnetic obstacle. The results

demonstrate the spin superfluidity of the binary superfluid system, which is the

response to external magnetic perturbations, by revealing the onset behavior of

magnon excitations and the critical HQV shedding.

• J. H. Kim et al.,“Probing Spin Superfluidity in a Spinor Bose-Einstein

Condensate by a Moving Magnetic Obstacle,” submitted to Phys. Rev.

Lett. (2021).
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6.1 Background

Spin superfluidity is the absence of dissipation in a spin current [116], which gen-

erates from the hydrodynamics of superfluid with magnetism. In recent times,

it has been studied widely in several magnetic systems, suggesting the possibil-

ity of dissipationless spintronics applications [117–119]. One such minimal set-

ting allowing the remarkable phenomenon is a binary superfluid system, which

comprises of two symmetric superflowing components. Owing to the Z2 symme-

try, the system has two Goldstone modes corresponding to pure phonons and

magnons [16], which are associated with mass and spin superfluidity, respec-

tively [29,59,120]. In cold atom experiments, such symmetric binary superfluid

system was realized with spin-1 antiferromagnteic Bose-Einstein condensates

of 23Na. Its spin superfluidity was demonstrated by observing the absence of

damping in spin dipole oscillations of trapped samples [15, 30, 46], and two

sound modes in the mass and spin sectors were also observed [121].

One of the superfluid’s defining properties is the critical velocity for its

frictionless flow against external perturbations. In a conventional scalar super-

fluid with U(1) symmetry breaking, it is known that when it flows past an

obstacle, energy dissipation occurs above a certain critical velocity via phonon

radiation [122] and nucleation of vortices [106, 123, 124], arising from the local

accumulation of superfluid phase slippages [125]. An interesting question is how

a spin superfluid responds to a moving magnetic obstacle, i.e., an obstacle induc-

ing different perturbations to each spin component [126]. Based on the analogy

between the mass and spin sectors, it is expected that spin-wave excitations

would be generated above a certain critical velocity. However, the situation is

different for vortex nucleation because its fundamental topological excitations
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are vortices with fractional circulation [23, 24], which is called half-quantum

vortices (HQVs) [21,25,26]. An HQV contains mass and spin currents [22], and

therefore, its nucleation cannot be fulfilled by a pure phase slip process in the

spin sector.

6.2 Moving magnetic obstacle

6.2.1 Experimental procedure

Our experiment starts with a Bose-Einstein condensate of 23Na in the |F=1,mF=0〉

hyperfine ground state in an optical dipole trap [11], whose trapping frequencies

are (ωx, ωy, ωz) = 2π×(5.8, 8.9, 641) Hz. The typical atom number of the conden-

sate is∼ 2.7×106, and its Thomas-Fermi radii are (Rx, Ry, Rz)≈ (162, 106, 1.5) µm.

At the peak density of the condensate, the density and spin healing lengths are

ξn ≈ 0.5 µm and ξs ≈ 2.5 µm, respectively. We prepare an equal mixture of

atoms in the two spin states, |↑〉 ≡ |mF=1〉 and |↓〉 ≡ |mF=−1〉, by apply-

ing a π/2 radio-frequency (rf) pulse to the initial |mF=0〉 state. The two spin

components constitute a symmetric binary superfluid with equal interaction

energy g, atomic mass m, and density n/2. Their mutual interaction, g↑↓, is

comparable with g, given as (g − g↑↓)/g ≈ 7% [14], which implies that they

undergo a strong mutual interaction within the limit of the miscible condition

for g > g↑↓ [4, 15]. In our sample, the speed of spin sound is estimated to be

cs =
√

1
2m

(g − g↑↓)n = 0.63(4) mm/s at the effective peak density n of the highly

oblate condensate [121]. During the experiment, spin-mixing collisions between

the |↑〉 and |↓〉 states are prevented via a microwave field dressing [43,44], whose

frequency is detuned by −300 kHz to |F=2,mF=0〉. The external magnetic field
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is Bz = 50 mG, and its field gradient along the axes on the xy plane is removed

to be less than 0.1 mG/cm [45].

The schematic of our experiment is shown in Fig. 6.1(a). A magnetic

obstacle is realized using a focused 589-nm near-resonant laser beam with cir-

cular polarization, which produces optical potentials V 0
↑,↓ for the two spin states

with V 0
↑ = −V 0

↓ ≡ V0 [114, 115, 121]. The 1/e2 radius of the beam is ∼ 7ξs

of the sample. The obstacle beam is adiabatically ramped up for 300 ms to

propagate toward the central region of the condensate along the z axis, which

has been additionally held for 100 ms to stabilize the beam intensity. Then,

we sinusoidally oscillate the obstacle by manipulating a piezodriven mirror for

1 s at variable oscillation frequency f . The position of the obstacle is given by

x(t) = A[1− cos(2πft)] + x0, where the amplitude is 2A ≈ 37 µm and x0 is its

initial position. Over the perturbed region in the sample, the total density vari-

ation is < 5 %. After the stirring process, we ramp down the obstacle beam for

300 ms and take a spin-sensitive phase-contrast image of the sample to obtain

its spatial magnetization distribution [36]. The sample is freely expanded for

19 ms before applying the imaging beam to facilitate observing the magnon ex-

citations based on their self-interference [12] and the HQVs based on expanding

their core size [21].

6.2.2 Two types of perturbation

Perturbations generated by the magnetic obstacle depends on the obstacle

strength V0. Figure 6.1(b) exhibits ∆n and ∆ns at the peak position of the sta-

tionary obstacle as a function of V0, where ∆n ≡ n↓+n↑−n and ∆ns ≡ n↓−n↑
indicate mass and spin variations induced by the obstacle, respectively, with
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Figure 6.1: Oscillating magnetic obstacle in a symmetric binary superfluid. (a)
Schematic of the experiment. A focused 589-nm Gaussian laser beam, which
provides a repulsive (attractive) force for the spin–↑(↓) components, undergoes
a sinusoidal oscillation along a linear path at the central region of the binary
superfluid. (b) The magnitude of ∆ns and ∆n as a function of the obstacle
strength V0. The obstacle becomes nonlinear above Vc owing to the saturation
of spin polarization at the position of the obstacle. The insets display the rep-
resentative density profiles of the condensate with a weak obstacle (left) and a
strong obstacle (right). The yellow solid (green dashed) line shows the density
of spin–↑(↓) components. (c) Schematic of the experimental procedure in terms
of the obstacle strength.
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n↑(↓) being the local peak density of spin–↑ (↓) component. When V0 is small,

the obstacle produces ∆ns with ∆n = 0 owing to its magnetic property. In this

regime, the system is weakly perturbed; therefore, the density profiles of both

spin components vary smoothly. On the other hand, when V0 is stronger than

Vc, where Vc is the critical strength that makes the spin–↑ component locally

depleted at the position of the obstacle, the resultant perturbations become

nonlinear with nonzero ∆n included. The critical strength is obtained from the

condition that ∆ns = n, given as Vc/µ = (g − g↑↓)/(2g) ≈ 3.5 %, with µ = gn

being the chemical potential of a single-spin condensate. The extremely small

value of Vc in our system arises from the strong mutual interaction.

6.3 Growth of spin excitations

6.3.1 Critical energy dissipation

Figure 6.2 exhibits the magnetization profiles of the condensate for various stir-

ring frequencies f with the obstacle of V0/Vc ≈ 0.9 and 2.2. For low f , the spin

density remains stationary for both weak and strong obstacles. As f increases,

dynamic responses begin to occur in the sample and are distinguishable for the

two cases. When V0 < Vc, the fluctuation of spin density emerges all over the

condensate, but its variation is continuous and does not include any ferromag-

netic pointlike domains [Fig. 6.2(c)–(d)]. When V0 > Vc, such point defects are

exhibited with the spin waves, which indicate the creation of HQVs for high f

[Fig. 6.2(g)–(h)]. The generation of HQVs is revealed as density-depleted holes

in the spin–↑ component [Fig. 6.2(k)–(l)].

To characterize the spin excitations, we obtain the spatial variance σM
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Figure 6.2: Generation of spin excitations by an oscillating magnetic obstacle.
(a)-(d) Magnetization (Mz) images of the condensate after stirred with the weak
obstacle of V0/Vc ≈ 0.9 for 1 s. The spin profile remains stationary against the
oscillation of 1 and 4 Hz, while the spin waves are shown for 7 and 10 Hz.
(e)-(h) Similar images with the strong obstacle of V0/Vc ≈ 2.2. Ferromagnetic
point defects observed in (g) and (h) indicate the HQVs. (i)-(l) Images of spin–↑
component for the same conditions with (e)-(h), taken after the Stern-Gerlach
spin separation. The HQVs are distinguishable as density-depleted holes in those
profiles.
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strong (blue squares) obstacles as a function of vmax, which correspond to
V0/Vc ≈ 0.9 and 2.2, respectively. For each magnetization images, σM is ob-
tained for the area of 157 × 106 µm2 at the central region of the condensate.
The orange dots denote the condition in which the HQVs are observed. Each
data point indicates the mean value of five to seven measurements of the same
experiment and its error bar represents the standard deviation. The inset zooms
in on the strong obstacle case for vmax ≤ 0.3 mm/s with the scale of σM 0.02 to
0.03.
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of spin density at the central region of the condensate. Figure 6.3 displays the

growth of σM as a function of the stirring frequency or its corresponding maxi-

mal moving speed vmax. For the weak obstacle, σM remains constant for low f ,

while it begins to gradually rise above a certain onset frequency, which indicates

the growth of spin waves, or magnon excitations. The observed critical behav-

ior demonstrates the spin superfluidity in a binary superfluid against external

magnetic perturbations. The critical velocity vc is measured to be ≈ 0.44 mm/s,

equivalent to ≈ 0.7cs, but it crucially depends on the specific conditions of ob-

stacle potential and stirring method [124]. At the supersonic vmax regime, σM

is observed to be saturated and even decrease with an increase in vmax. The

supersonic motion of the obstacle dominantly produces high-frequency excita-

tions, and when their wavelength becomes shorter than the obstacle size, the

excitations can be suppressed [127–130].

For the weak obstacle with V0 < Vc, the creation of HQVs is suppressed,

and the gapless magnon excitations can be generated. When the speed of the

moving obstacle exceeds the critical velocity, vc ≈ 0.44 mm/s, the growth of

magnon excitations is proportional to the injected energy based on its motions.

We find that σM linearly increases with the stirring time tstir (Fig. 6.4). The

linear regime of σM is maintained up to more than tstir = 1 s, which has been

chosen in the main experiments.

We emphasize that the HQVs are not created to be observed in the full

range of vmax with the weak obstacle, which suggests that this obstacle is un-

favorable for the shedding of the HQVs owing to its pure magnetic property.

Besides, it would be difficult to create spin vortices having only spin circulation

because of their density-depleted cores. For the strong obstacle, the HQVs can

be nucleated with the aid of mass perturbations. In this case, a sudden increase
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Figure 6.4: Magnetization variance σM at the central region of the condensate,
which is grown by the oscillating magnetic obstacle of V0/Vc ≈ 0.9 with the
stirring time tstir. The stirring frequency is 10 Hz, which is above the critical
frequency (≈ 6 Hz). The insets display the representative magnetization profiles
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in σM is observed at a certain critical velocity vc,vortex ≈ 0.26 mm/s, whose

magnitude is significantly larger than the weak obstacle case owing to the full

magnetization of vortex core structures. However, our observation does not im-

ply that the nucleation of HQVs is possible only for the strong obstacle. Even

when using a wholly magnetic obstacle, a small amount of mass current can be

induced via a nonlinear process [126]; therefore, the HQVs would be created if

the stirring amplitude is sufficiently long, so that a large amount of mass current

is accumulated. Nonetheless, such event is quite difficult to occur because of the

finite sample extent.

6.3.2 Energetic hierarchy

In the inset of Fig. 6.3, another critical velocity vc exists below vc,vortex, above

which σM begins to weakly increase. The weak excitations are observed to not

include HQVs, which indicate the generation of gapless magnons. That is, the

system can experience the three different responses, from superfluid to magnon

excitation to HQV shedding, with an increase in vmax. The hierarchy between vc

and vc,vortex can be understood by the energetic description of vortex shedding

with a finite shedding frequency [106, 131, 132]. In this model, a drag force is

generated above the critical velocity vc [133,134], and it gradually accumulates

the energy in the form of local phase slippage around the obstacle. When the

energy injection stops before it exceeds the energy cost of a vortex dipole, the

accumulated energy can dissipate through the emission of waves, especially spin

waves for the magnetic obstacle.

n the previous stirring experiments, vc for the phonon excitations was ex-

plored in a single-component superfluid by confirming the heating fraction [70,
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105, 135] or measuring the macroscopic density compression based on a mov-

ing obstacle [136], while vc,vortex for a vortex dipole was scrutinized without

detecting the emission of phonons [106, 123, 124, 131]. In our experiment, the

onset behavior of magnon excitations can be directly observed, as well as that

of HQVs, which is attributed to the following reasons: First, the obstacle is not

linearly translated but sinusoidally oscillates, whose accelerated motions can

stimulate the radiation of waves [132,137]. Second, spin waves can be more vis-

ible than density waves owing to the 2D characteristic of spin dynamics in our

system based on the oblate geometry of the sample with ξs > Rz.

Based on our observations, the phase diagram for excitations by an oscil-

lating magnetic obstacle can be depicted as Fig. 6.5, depending on the strength

and moving velocity of the obstacle. For the weak obstacles, e.g., V0/Vc ≈ 0.9,

the superfluid regime is transitioned to the spin-wave regime at vc. On the other

hand, for the strong obstacles, e.g., V0/Vc ≈ 2.2, the system undergoes a two-

step transition with increasing the obstacle velocity, from superfluid to wave

to vortex excitation. In both cases, the superfluid would recur at the ultrafast

regime above spin sound velocity cs, which results from the nonzero size of ob-

stacle. We note that for the extremely weak obstacles, e.g., V0/Vc ≈ 0.5, σM is

found to scarcely vary in the full range of vmax. We suppose that the spin-wave

regime should exist above cs but its detection might be difficult because of its

weak amplitude.

It should be emphasized that the details of Fig. 6.5 would significantly

depend on the feature of obstacle and its stirring method. For instance, it was

pointed out that the density-vanishing boundary of a strong repulsive obsta-

cle could induce the nucleation of vortices prior to the growth of wave excita-

tions [138]. In case of magnetic obstacle, although such boundaries do not exist,
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the role of density perturbations arising from saturating local spin polarization

would be a key factor to determine the generative dynamics of HQVs.

6.4 Critical half-quantum vortex shedding

6.4.1 Initial stage of vortex generation

One intriguing query on the shedding of HQVs is about their core magnetization.

There can exist two types of HQV, whose core is filled with spin–↑ or spin–↓

component. When a singly charged vortex with pure mass or spin current is

dissociated, a pair of HQVs is generated with different core magnetization [21].

However, in the case of the direct HQV shedding, it is unclear that which type

of HQV is more favorable to be nucleated. To investigate the initial stage of

vortex generation, the strong obstacle with V0/Vc ≈ 2.2 is translated at the

central region of the condensate by a fixed distance ≈ 57 µm with a constant

velocity v to shed a few pairs of vortices. The resultant dynamics is found to be

divided into four stages as v increases: (i) no excitation arises in the sample, (ii)

a HQV dipole with spin–↓ core begins to shed, (iii) a HQV dipole with spin–↑

core begins to shed, and (iv) many HQVs are generated [Fig. 6.6(a)]. Both HQV

dipoles are observed to move straight, which implies that the two HQVs have

the opposite mass circulation in each dipole pair.

The occurrence probability P (v) for the HQVs is displayed depending on

the core magnetization [Fig. 6.6(b)]. The onset of vortex generation occurs at

v ≈ 0.3 mm/s, which is similar to vc,vortex measured in Fig. 6.3. The shedding of

HQVs with spin–↑ core is relatively suppressed compared with that with spin–↓

core. In particular, we observe that the spin–↓ core HQVs can be shed at a
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Figure 6.6: Critical HQV shedding by a magnetic obstacle. (a) Four stages of
the HQV shedding dynamics by the magnetic obstacle with an increase in the
moving velocity v (see the main text for details). (b) Occurence probability
P (v) for spin–↓-core HQV (red squares), spin–↑-core HQV (blue triangles), and
either of them (black circles) as a function of v. The solid line denotes a guide
for the eyes to each data set based on the sigmoid functions.
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low velocity, e.g., v ≈ 0.2 mm/s, and they are always present when the spin–↑

core HQVs are observed at v . 0.6 mm/s. The two HQVs coexist up to the

supersonic regime, but P (v) begins to decrease for v & 1.0 mm/s, specifically

for the spin–↓-core HQV prior to that for the other HQV.

6.4.2 Effect of magnetic property

Within the framework of a binary mixture, the magnetic obstacle can be re-

garded as the effective potential differentiated for the two superfluid compo-

nents, which generates distinct critical velocities [139, 140]. The nucleation of

spin–↑ core HQVs is notable because it is effectively caused by an attractive

stirring beam. It is still debatable whether quantum vortices can be generated

by that obstacle in spite of several numerical studies [137, 141]. In our system,

the magnetic obstacle can be used as attractive potential for a single spin–↓ con-

densate or repulsive potential for a spin–↑ condensate; therefore, it is possible

to comparatively study the two cases with the same |V0|.

To examine the role of an attractive stirrer, we prepare the condensate

in a single spin–↓ state, having the magnetic obstacle sinusoidally oscillate on a

linear path for 1 s. The obstacle strength is |V0|/µ ≈ 1.66, where µ is the chem-

ical potential of the condensate, and the peak-to-peak amplitude is ≈ 37 µm.

Figure 6.7 displays the occurence probability P (v) for quantum vortices in the

condensate for various stirring frequencies f . We emphasize several implications

in this result. First, the vortices are observed for large f ; it implies that the vor-

tex generation is possible with the attractive obstacle. Second, its threshold

frequency for P (v) > 0.5 is ∼ 16 Hz, whose maximal velocity (≈ 1.2 mm/s) is

less than the speed of sound in the condensate; c =
√
gn/m ≈ 3.4 mm/s. Third,
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Figure 6.7: Vortex occurence probability P (v) as a function of the stirring fre-
quency f . The solid line denotes the fitted curve to a sigmoidal function, from
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display the representative density profiles of the condensate, corresponding to
10, 15, and 20 Hz.

117



when the same stirring experiment is carried out in a single spin–↑ condensate,

the vortices are found for frequencies below 16 Hz; it implies that the critical

velocity against the attractive obstacle is higher than that against the repulsive

obstacle. The different critical velocities are consistent with the local Landau

criterion at the position of the obstacle [132].

However, the HQV shedding dynamics cannot be fully understood as the

sum of the two independent vortex shedding processes. It would be affected

by the interaction among HQVs, as well as their coupling with magnon exci-

tations [22]. The value of vc,vortex is similar to the scale of cs, rather than the

sound velocity (c =
√
g(n/2)/m = 2.4 mm/s) in a single spin condensate, which

implies that the spin superfluidity would be involved.

6.5 Conclusion and Outlook

In conclusion, we have systematically studied the critical dissipative dynamics in

an antiferromagnetic Bose-Einstein condensate by a moving magnetic obstacle.

The onset of spin-wave excitations was observed for the weak obstacle, whose

stationary property was purely magnetic, directly probing the spin superfluidity

of the system. On the other hand, we found that the HQVs could be created for

the strong obstacle comprising local spin saturation, which revealed the spin-

mass coupling in the HQVs. In this study, we focused on the vortex shedding

problem of the binary superfluid system by preventing spin-mixing collisions to

generate the spin |mz=0〉 components. Our system can be extended to a spin-

1 spinor condensate to provide novel vortex structures, such as nematic spin

vortices [112, 142] and elliptic vortices [143], and generate transverse magnon

modes [46]. We assume that such phenomena can be explored by employing
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a magnetic obstacle, combined with controlling the spin-mixing energy of the

spinor superfluid.
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Chapter 7

Conclusion and Outlook

Our team has been experimentally studied spin dyanmics and spin superfluitiy

in a spinor Bose-Einstein condensate with antiferromagnetic interactions. At

first, we investigated the stability of spin superflow in the condensate by us-

ing a magnetic field gradient. We observed that the flow began to dissipate

through generation of dark-bright solitons via counterflow instability and trans-

verse magnon via spin-mixing collisions with certain critical velocities. The ef-

fect of magnetic field gradient was scrutinized further on the quench dynamics,

found to induce the metastable state in the EAP-to-EPP transition at negative

q. Next, we established a magnetic obstacle to generate a localized spin per-

turbation in the EPP condensate. By using the obstacle, the existence of spin

sound mode was demonstrated, which implies the linear dispersion of gapless

magnon excitation. Also, we systematically studied the stability of the EPP

condensate with a moving magnetic obstacle, directly probing spin superfluid-

ity against external magnetic perturbations and its two-step energy dissipation

through magnons and HQVs.

One intriguing topic for future exenstion is the spin dynamics at quantum

120



critical point. What happens for spin superfluidity at the critical point, in which

the symmetry for spin rotation is restored from 2D to 3D? The first answer that

we could simply come up was that the spin superfluidity would disapper owing

to the immiscibility between the spin |mF = 0〉 and |mF = ±1〉 components. In

this light, we tried observing the vanishment of spin superflow as q → 0, but

its experimental approach was difficult due to the long dynamic response time

arising from critical slowing down. To explore the system’s characteristics near

the phase transition, the system would be required to approach the critical point

with adiabatic passages, and the future studies should be focused on its equi-

librium state or long-time dynamics. Theoretically, it was suggested that the

unique order parpameter at the critical point could provide a novel superfluid

phase, which has superfluidity in mass sector but its spin ordering being bro-

ken, called paried superfluidity [144–146]. We anticipate that a two-dimensional

spinor Bose gas, compressed by using an accordion lattice or trapped in an

optical lattice, can be a proper testbed to search the peculiar phase.

Another extension is to study a variety of nonlinear spin excitations in

spinor BECs. Since the fundamental topological excitations were experimen-

tally observed in a spin-1 antiferromagnetic condensate [21, 22], new types of

spin structure, such as wall-vortex composite defects [147] and a family of SO(3)

soltions [49] including magnetic solitons [114, 115], have been found in the sys-

tem. In spite of their experimental demonstration, the dynamic properties on

their creation, dissipation or collision should be further investigated. Besides,

these studies also can be extended to the vicinity of the quantum critical point.

At this region, it has been suggested that novel vortex states are possible in

the EPP phase, such as a nematic spin vortex, which consists of the winding of

a pure spin current with an EAP core [112, 142], and an elliptic vortex, which
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has a spontaneously broken axisymmetry [143]. We expect that to observe these

structures would be a good navigator to explore the critical point.
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초 록

초유체란 마찰이 없이 흐를 수 있는 특이한 유체의 물성을 의미한다. 초유

체 현상은 계의 위상이 정렬될 때 발생하는 U(1) 게이지의 자발적 대칭성 깨짐에

의해 발생하며, 이는 에너지 틈과 질량이 없는 골드스톤 보존(Goldstone Boson)

의생성과관련된다.어떤초유체계를이해하기위해서는,계의임계속도및이에

대응되는 골드스톤 보존 모드에 대한 현상론적 이해가 선행되어야 한다. 초유체

의 현상론적 기술 방식은 서로 다른 초유체 간의 보편성을 확립하기 위한 기준이

될 수 있다는 점에서 초유체 연구의 중요한 출발점이 된다.

이러한 관점은 여러 종류의 초유체 성분이 혼합되어 나타나는 새로운 초

유체 현상들에 대해서도 동일하게 적용될 수 있다. 특히, 이원 초유체에서는 두

성분 간의 상호작용에 의해 질량 채널뿐만 아니라 스핀 채널에 대응되는 초유체

성이 발현될 수 있다. 스핀 초유체는 통상적인 초유체와 달리 에너지 틈이 없는

마그논(magnon)의 생성과 관련되며, 새로운 종류의 위상 들뜸 상태(topological

excitation) 및 에너지 감쇄 동역학을 유발한다. 스핀 초유체에 대한 이해를 확장

하는첫단계는초유체에대응되는임계속도를찾고,임계속도이상에서발생하는

감쇄 반응의 특성을 확인하는 것이다.

본 학위 논문에서는 반강자성 스핀-1 보즈-아인슈타인 응집체에서 발현되

는 스핀 초유체성 대한 연구 결과를 소개하고자 한다. 연구 결과는 크게 세 가지

주제로 구분될 수 있다. 첫째로, 응집체 내부에서의 스핀 쌍극자 진동의 감쇄 반

응을 조사함으로써, 스핀 초유동(spin superflow)의 임계 동역학을 연구하였다.

스핀의 진동 속도가 느릴 때 초유동 영역이 존재하는 것을 확인하였으며, 특정

임계속도 이상에서 두 종류의 감쇄 반응이 나타날 수 있음을 관측하였다: 두 스

핀 성분이 반대로 흐를 때 발생하는 변조 불안정성(modulational instability)에

의해 스핀 솔리톤(dark-bright soliton)이 생성되거나, 스핀-교환 충돌에 의해 에
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너지 틈이 있는 마그논(transverse magnon)이 생성된다. 본 실험에서는 자기장

그래디언트(gradient)를 가해준 상태에서 시료의 스핀 상태를 퀜치(quench)하는

방식으로 스핀 유동을 생성하였다. 자기장 그래디언트에 대한 시료의 반응을 더

명확히 이해하기 위해, 후속 연구로서 양자 상전이의 퀜치 동역학 변화 양상을

조사하였다.

둘째로, 반강자성 초유체에서 나타나는 두 종류의 비분산파 모드(sound

mode), 즉 밀도파 및 스핀파의 전파를 관측하였다. 펄스파의 파형이 분산되지

않는 이유는 펄스파에 대응되는 들뜸 상태가 선형의 에너지 분산 관계를 갖기 때

문이다.따라서관측된밀도파와스핀파는각각포논(phonon)과마그논(magnon)

의 에너지 틈이 없는 특성을 암시한다. 특히, 시간-스케일 분석을 통해 두 펄스파

의 전파 속도 비율을 정밀하게 측정할 수 있는 방법을 고안하였으며, 이는 이원

초유체계에서발생하는댜앙햔미세상호작용효과들을계측하기위한측량법이

될 수 있을 것이다.

마지막으로, 진동하는 스핀 장애물에 대해 스핀 초유체가 안정적으로 존

재할 수 있음을 확인하였다. 스핀 초유체의 붕괴는 특정 임계진동수 이상에서

발생하였으며, 이때 스핀파 혹은 반양자수 소용돌이의 생성을 수반하였다. 특히,

반양자수 소용돌이는 국소적인 스핀 편극에 의해 밀도의 섭동이 함께 유도될 수

있는, 강한 스핀 장애물에 의해서만 생성되었는데, 이는 스핀과 질량이 결합된

반양자수 소용돌이의 고유한 특성이 반영된 결과이다. 이 경우, 장애물의 진동

속도가 증가함에 따라 스핀 초유체에서 마그논 들뜸 상태로, 그리고 소용돌이

방출 상태로 이어지는 단계적 전이가 관측되었다.

주요어 : 스피너 보즈-아인슈타인 응집체, 반강자성 상호작용, 이원 초유체,

스핀 초유체성, 스핀 초유동, 임계 속도, 기본 들뜸, 위상적 결함.

학 번 : 2014-22364
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[43] F. Gerbier, A. Widera, S. Fölling, O. Mandel, and I. Bloch, “Resonant

control of spin dynamics in ultracold quantum gases by microwave dress-

ing,” Phys. Rev. A, vol. 73, p. 041602, Apr 2006.

[44] L. Zhao, J. Jiang, T. Tang, M. Webb, and Y. Liu, “Dynamics in spinor

condensates tuned by a microwave dressing field,” Phys. Rev. A, vol. 89,

p. 023608, Feb 2014.

[45] J. H. Kim, D. Hong, S. Kang, and Y. Shin, “Metastable hard-axis polar

state of a spinor Bose-Einstein condensate under a magnetic field gradi-

ent,” Phys. Rev. A, vol. 99, p. 023606, Feb 2019.

[46] J. H. Kim, S. W. Seo, and Y. Shin, “Critical Spin Superflow in a Spinor

Bose-Einstein Condensate,” Phys. Rev. Lett., vol. 119, p. 185302, Oct

2017.

[47] M. Sadgrove, Y. Eto, S. Sekine, H. Suzuki, and T. Hirano, “Ramsey In-

130



terferometry Using the Zeeman Sublevels in a Spin-2 Bose Gas,” J. Phys.

Soc. Jpn., vol. 82, p. 094002, Aug 2013.

[48] R. Grimm, M. Weidemüller, and Y. B. Ovchinnikov, “Optical dipole traps

for neutral atoms,” vol. 42 of Adv. At. Mol. Opt. Phys., pp. 95–170, Aca-

demic Press, 2000.

[49] X. Chai, D. Lao, K. Fujimoto, and C. Raman, “Magnetic soliton: From

two to three components with SO(3) symmetry,” Phys. Rev. Research,

vol. 3, p. L012003, Jan 2021.

[50] S. Kim, S. W. Seo, H.-R. Noh, and Y. Shin, “Optical pumping effect

in absorption imaging of F = 1 atomic gases,” Phys. Rev. A, vol. 94,

p. 023625, Aug 2016.

[51] A. S. Borovik-Romanov, Y. M. Bunkov, V. V. Dmitriev, Y. M.

Mukharskiy, and D. A. Sergatskov, “Investigation of spin supercurrents

in 3B ,” Phys. Rev. Lett., vol. 62, pp. 1631–1634, Apr 1989.

[52] C. K. Law, C. M. Chan, P. T. Leung, and M.-C. Chu, “Critical velocity

in a binary mixture of moving Bose condensates,” Phys. Rev. A, vol. 63,

p. 063612, May 2001.

[53] C. Hamner, J. J. Chang, P. Engels, and M. A. Hoefer, “Generation of

Dark-Bright Soliton Trains in Superfluid-Superfluid Counterflow,” Phys.

Rev. Lett., vol. 106, p. 065302, Feb 2011.

[54] M. A. Hoefer, J. J. Chang, C. Hamner, and P. Engels, “Dark-dark solitons

and modulational instability in miscible two-component Bose-Einstein

condensates,” Phys. Rev. A, vol. 84, p. 041605, Oct 2011.

131



[55] S. Beattie, S. Moulder, R. J. Fletcher, and Z. Hadzibabic, “Persistent

Currents in Spinor Condensates,” Phys. Rev. Lett., vol. 110, p. 025301,

Jan 2013.

[56] M. Vengalattore, S. R. Leslie, J. Guzman, and D. M. Stamper-Kurn,

“Spontaneously Modulated Spin Textures in a Dipolar Spinor Bose-

Einstein Condensate,” Phys. Rev. Lett., vol. 100, p. 170403, May 2008.

[57] A. Sartori, J. Marino, S. Stringari, and A. Recati, “Spin-dipole oscillation

and relaxation of coherently coupled Bose–Einstein condensates,” New J.

Phys., vol. 17, p. 093036, Sep 2015.

[58] K. Fujimoto and M. Tsubota, “Counterflow instability and turbulence in a

spin-1 spinor Bose-Einstein condensate,” Phys. Rev. A, vol. 85, p. 033642,

Mar 2012.

[59] Q. Zhu, Q.-f. Sun, and B. Wu, “Superfluidity of a pure spin current in

ultracold Bose gases,” Phys. Rev. A, vol. 91, p. 023633, Feb 2015.

[60] M. Abad, A. Recati, S. Stringari, and F. Chevy, “Counter-flow instability

of a quantum mixture of two superfluids,” Eur. Phys. J. D, vol. 69, p. 126,

May 2015.

[61] G. Huang, V. A. Makarov, and M. G. Velarde, “Two-dimensional solitons

in Bose-Einstein condensates with a disk-shaped trap,” Phys. Rev. A,

vol. 67, p. 023604, Feb 2003.

[62] D. L. Feder, M. S. Pindzola, L. A. Collins, B. I. Schneider, and C. W.

Clark, “Dark-soliton states of Bose-Einstein condensates in anisotropic

traps,” Phys. Rev. A, vol. 62, p. 053606, Oct 2000.

132



[63] B. P. Anderson, P. C. Haljan, C. A. Regal, D. L. Feder, L. A. Collins,

C. W. Clark, and E. A. Cornell, “Watching Dark Solitons Decay into

Vortex Rings in a Bose-Einstein Condensate,” Phys. Rev. Lett., vol. 86,

pp. 2926–2929, Apr 2001.

[64] H. Takeuchi, S. Ishino, and M. Tsubota, “Binary Quantum Turbu-

lence Arising from Countersuperflow Instability in Two-Component Bose-

Einstein Condensates,” Phys. Rev. Lett., vol. 105, p. 205301, Nov 2010.

[65] S. Ishino, M. Tsubota, and H. Takeuchi, “Countersuperflow instability

in miscible two-component Bose-Einstein condensates,” Phys. Rev. A,

vol. 83, p. 063602, Jun 2011.

[66] S. Kang, S. W. Seo, J. H. Kim, and Y. Shin, “Emergence and scaling of

spin turbulence in quenched antiferromagnetic spinor Bose-Einstein con-

densates,” Phys. Rev. A, vol. 95, p. 053638, May 2017.

[67] E. M. Bookjans, A. Vinit, and C. Raman, “Quantum Phase Transition

in an Antiferromagnetic Spinor Bose-Einstein Condensate,” Phys. Rev.

Lett., vol. 107, p. 195306, Nov 2011.

[68] A. Vinit and C. Raman, “Precise measurements on a quantum phase

transition in antiferromagnetic spinor Bose-Einstein condensates,” Phys.

Rev. A, vol. 95, p. 011603, Jan 2017.

[69] N. T. Phuc, Y. Kawaguchi, and M. Ueda, “Fluctuation-induced and

symmetry-prohibited metastabilities in spinor Bose-Einstein conden-

sates,” Phys. Rev. A, vol. 88, p. 043629, Oct 2013.

133



[70] H.-J. Miesner, D. M. Stamper-Kurn, J. Stenger, S. Inouye, A. P.

Chikkatur, and W. Ketterle, “Observation of Metastable States in Spinor

Bose-Einstein Condensates,” Phys. Rev. Lett., vol. 82, pp. 2228–2231, Mar

1999.

[71] W. J. Kwon, G. Moon, J.-y. Choi, S. W. Seo, and Y.-i. Shin, “Relaxation of

superfluid turbulence in highly oblate Bose-Einstein condensates,” Phys.

Rev. A, vol. 90, p. 063627, Dec 2014.

[72] S. W. Seo, B. Ko, J. H. Kim, and Y. Shin, “Observation of vortex-

antivortex pairing in decaying 2D turbulence of a superfluid gas,” Sci.

Rep., vol. 7, p. 4587, Jul 2017.

[73] D. Jacob, L. Shao, V. Corre, T. Zibold, L. De Sarlo, E. Mimoun, J. Dal-

ibard, and F. Gerbier, “Phase diagram of spin-1 antiferromagnetic Bose-

Einstein condensates,” Phys. Rev. A, vol. 86, p. 061601, Dec 2012.

[74] C. Frapolli, T. Zibold, A. Invernizzi, K. Jiménez-Garćıa, J. Dalibard, and
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A. Polls, and B. Juliá-Dı́az, “Shortcut to adiabaticity in spinor conden-

sates,” Phys. Rev. A, vol. 94, p. 043623, Oct 2016.

[88] B. Evrard, A. Qu, J. Dalibard, and F. Gerbier, “Production and

characterization of a fragmented spinor Bose-Einstein condensate,”

arXiv:2010.15739v1.

[89] E. B. Sonin, “Spin and mass superfluidity in a ferromagnetic spin-1 Bose-

Einstein condensate,” Phys. Rev. B, vol. 97, p. 224517, Jun 2018.

[90] S. Burger, K. Bongs, S. Dettmer, W. Ertmer, K. Sengstock, A. Sanpera,

G. V. Shlyapnikov, and M. Lewenstein, “Dark Solitons in Bose-Einstein

Condensates,” Phys. Rev. Lett., vol. 83, pp. 5198–5201, Dec 1999.

[91] J. Denschlag, J. E. Simsarian, D. L. Feder, C. W. Clark, L. A. Collins,

J. Cubizolles, L. Deng, E. W. Hagley, K. Helmerson, W. P. Reinhardt,

S. L. Rolston, B. I. Schneider, and W. D. Phillips, “Generating Solitons

by Phase Engineering of a Bose-Einstein Condensate,” Science, vol. 287,

pp. 97–101, Jan 2000.

136



[92] C. T. Lane, H. A. Fairbank, and W. M. Fairbank, “Second Sound in Liquid

Helium II,” Phys. Rev., vol. 71, pp. 600–605, May 1947.

[93] L. A. Sidorenkov, M. K. Tey, R. Grimm, Y.-H. Hou, L. Pitaevskii, and

S. Stringari, “Second sound and the superfluid fraction in a Fermi gas

with resonant interactions,” Nature, vol. 498, pp. 78–81, May 2013.

[94] T. D. Lee and C. N. Yang, “Low-Temperature Behavior of a Dilute

Bose System of Hard Spheres. II. Nonequilibrium Properties,” Phys. Rev.,

vol. 113, pp. 1406–1413, Mar 1959.

[95] A. M. Kamchatnov, Y. V. Kartashov, P.-E. Larré, and N. Pavloff, “Non-
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