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Chordality of the phylogeny graph of a (2, j) digraph was studied by Lee et

al. [11] and Eoh et al. [5]. The problem whether the phylogeny graph of an

acyclic digraph is chordal or not is motivated by the propagation problem

in a Bayesian network. In this thesis, we study chordality of the phylogeny

graph of a (3, 2) digraph to extend the existing research. We show that the

phylogeny graph of any (3, 2) digraph is K7-free. Then we prove that if the

underlying graph of a (3, 2) digraph contains a hole of length n for n � 10,

then the phylogeny graph of a (3, 2) digraph is not chordal. In addition, we

obtain the complete list of orientations of holes that are forbidden subdi-

graphs for the class of (3, 2) digraphs whose phylogeny graphs are chordal.

We hope that our results will provide insights for the further research on

(i, 2) digraphs.
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Chapter 1

Introduction

1.1 Basic terminology

We follow basic terminology referred by Bondy et al. [1]. A graph G is consist-

ing of a set V (G) of vertices and a set E(G) of edges. An edge with identical

ends is called a loop. Two or more edges with the same pair of ends are said

to be parallel edge. A graph is simple if it has no loops or parallel edges.

Throughout this paper, we deal with simple graphs.

The ends of an edge are said to be incident with the edge, and vice versa.

Two vertices which are incident with a common edges are adjacent, as are two

edges which are incident with a common vertex, and two distinct adjacent

vertices are neighbors. Given a graph G, the set of neighbors of a vertex v

in G is denoted by NG(v). The degree of a vertex v in G, denoted by dG(v),

is the number of edges of G incident with v. In particular, if G is a simple,

dG(v) is the number of neighbors of v in G.

Given a graph G, a walk in G is a sequence of (not necessarily distinct)

vertices v1, v2, . . . , vk 2 V (G) such that vivi+1 2 E(G) for i = 1, 2, . . . , k � 1.

Such a walk W is written as W = v1v2 · · · vk. If the vertices in a walk are

distinct, then the walk is called a path. A cycle is a path v1v2 · · · vk together

with the edge vkv1 where k � 3. The length of a path or a cycle is the number
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of its edges.

A digraph D is consisting of a set V (D) of vertices and a set A(D) of arcs.

If a = (u, v) is an arc, then we say that u dominates v. The vertex u is the tail

of a, and the vertex v its head. The vertices which dominate a vertex v are

its in-neighbors, those which are dominated by the vertex its out-neighbors.

These sets are denoted by N
�
D
(v) and N

+
D
(v), respectively. Given a digraph

D, the underlying graph of D, denoted by U(D), is the graph with vertex set

V (D) and edge set {xy|(x, y) 2 A(D) or (y, x) 2 A(D)}. Conversely, given
a graph G, the orientation of G, denoted by

�!
G , is the digraph by replacing

each of its edges by just one of the two possible arcs with the same ends. A

digraph D is acyclic if it has no directed cycle. Throughout this paper, we

deal with simple acyclic digraphs.

Given a graph G, a graph H is called a subgraph of a graph G, written

H ✓ G, if V (H) ✓ V (G) and E(H) ✓ E(G). Let S be any subset of

V (G). Then the induced subgraph, denoted by G[S], is the graph whose vertex

set is S and whose edge set consists of all of the edges in E(G) that have

both endpoints in S. The same definition works for undirected graphs and

digraphs.

A graph G is said to be chordal if every cycle in G of length greater than

3 has a chord, namely, an edge joining two nonconsecutive vertices on the

cycle, that is, G does not contain a cycle of length at least 4 as an induced

subgraph. For example, a graph G1 in Figure 1.1 is a chordal graph and

a graph G2 is not chordal graph since a cycle v1v2v3v5v1 of length 4 has

no chord. Throughout this paper, we call a cycle of length at least 4 as an

induced subgraph a hole.

A graph G is called an interval graph if we can assign to each vertex x

of G a real interval J(x) so that, whenever x 6= y, xy 2 E(G) if and only if

J(x) [ J(y) 6= ;.
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1.2 Competition graph and its variants

Cohen [4] introduced the notion of competition graphs in the study on

predator-prey concepts in ecological food webs. Given an acyclic digraph

D, the competition graph of D, denoted by C(D), is the graph having vertex

set V (D) and edge set {uv|(u, w), (v, w) 2 A(D) for some w 2 V (D)}. Co-
hen [4] found that most food webs have competition graphs that are interval

graphs. Cohen’s empirical observation had led to a great deal of research

on the structure of competition graphs and on the relationship between the

structure of digraphs and their corresponding competition graphs. In the at-

tempt to characterize the graphs that occurs as competition graphs of acyclic

digraphs, Roberts [14] introduced the notion of the competition number k(G)

as the smallest k so that G together with k isolated vertices is the competition

graph of an acyclic digraph.

Many variations of ordinary competition graph have been introduced.

Now, we present various variants of competition graph and competition num-

ber. Analogously to competition graph, the common enemy graph(resource

graph) was introduced by Lundgen et al. [12]. Given an acyclic digraphD, the

common enemy graph of D, denoted by CE(D), is a graph having vertex set

V (D) and edge set {uv|(w, u), (w, v) 2 A(D) for some w 2 V (D)}. Scott [16]
introduced the competition-common enemy graphs as natural extension of

competition and common enemy graphs. Given an acyclic digraph D, the

competition-common enemy graph of D, denoted by CCE(D), is the graph
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having vertex set V (D) and edge set {uv|(u, w), (v, w), (z, u), (z, v),2 A(D)

for some w, z 2 V (D)}. Scott [16] also defined the double competition num-

ber dk(G) of a graph G to be the smallest integer k so that G [ Ik is the

CCE graph of some acyclic digraph. Since the competition-common enemy

graphs of a digraph D is the intersection of C(D) and CE(D), it is nat-

ural to also consider the union of C(D) and CE(D). The niche graph of

an acyclic digraph D, denoted by N(D), is the graph having vertex set

V (D) and edge set {uv|(u, w), (v, w) 2 A(D) or (z, u), (z, v) 2 A(D) for

some w, z 2 V (D)}. This notion was introduced by Cable et al. [2]. Then

CCE(D) ⇢ C(D) ⇢ N(D). Following the pattern established for competi-

tion graphs and CCE graphs, the niche number n(G) is defined to be the

smallest k such that G [ Ik is the niche graph of some acyclic digraph.

By changing the condition of the number of the common out-neighbors,

Kim et al. [9] introduced the notion of p-competition graph. Given an acyclic

digraph D (loops allowed), if p is a positive integer, the p-competition graph

Cp(D) corresponding to D is defined to have vertex set V (D) and edge be-

tween u and v in V (D) if and only if, for some distinct a1, . . . , ap in V (D),

the pairs (u, a1), (v, a1), (u, a2), (v, a2), . . . , (u, ap), (v, ap) are arcs. Note

that C1(D) is ordinary competition graph. Kim et al. [9] studied the proper-

ties of p-competition graphs, obtaining analogues of results about ordinary

competition graphs. In attempt related to underlying graph, the notion of

phylogeny graphs was introduced by Roberts and Sheng [15]. The phylogeny

graph of an acyclic digraph D, denoted by P (D), is the graph with vertex

set V (D) and edge set E(U(D)) [ E(C(D)). For example, given an acyclic

digraph D in Figure 1.2(a), the competition graph of D is the graph C(D)

in Figure 1.2(b), and the phylogeny graph of D is the graph P (D) in Fig-

ure 1.2(c). The phylogeny number p(G) is defined to be the smallest k such

that G [ Ik is the phylogeny graph of some acyclic digraph. It is common

assumption that it is acyclic in studying competition graph and its variants.

However, more recent study of the variants of competition graphs does
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Figure 1.2: (a) An acyclic digraph D, (b) The competition graph C(D), (c)
The phylogeny graph P (D).

not assume that it is acyclic. Cho and Kim [3] introduced the notion of m-

step competition graph. Given a digraph D and a positive integer m, they

define the m-step digraph D
m of D as V (Dm) = V (D) and there exists an

arc (u, v) in D
m if and only if there exists a directed walk of length m from

u to v. The m-step competition graph of D, denoted by C
m(D), is defined to

have same vertex set as D and edge set {uv|(u, w), (v, w) 2 A(Dm) for some

w 2 V (D)}. Note that C1(D) is the ordinary competition graph of D. Cho

and Kim [3] obtained results about m-step competition graphs analogous to

the well-known results about ordinary competition graphs. Factor et al. [6]

introduced the notion of (1, 2)-step competition graph extending the concept

of m-step competition graphs. Given a digraph D, the (1,2)-step competition

graph of D, denoted by C1,2(D), is defined to have vertex set V (D) and

edge set {uv| either dD�v(u, w) = 1 and dD�u(v, w)  2 or dD�u(v, w) = 1

and dD�v(u, w)  2 for some w 2 V (D)}. Factor et al. [6] characterize the

(1, 2)-step competition graphs of tournaments and extend their results to the

(i, k)-step competition graph of a tournament.
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1.3 Triangulation of the moral graph

The problem whether the phylogeny graph of an acyclic digraph is a chordal

or not is motivated by propagation problem in Bayesian network. Pearl [13]

introduced the notion of Bayesian network. A Bayesian network is a proba-

bilistic graphical model consisting a set of variables and a set of arcs between

variables. The variables has a finite set of mutually exclusive states. The

variables together with the arcs form an acyclic digraph. To each variable

A with in-neighbors B1, . . . , Bn there is attached a conditional probability

table P (A|B1, . . . , Bn).

One of the best known problems, in the context of Bayesian networks,

is related to the propagation problem. Most noteworthy algorithms for this

problem are given by Shachter [17] and by Lauritzen and Spiegelhalter [10].

Those algorithms include common two steps. The first step of this algo-

rithm consists of the moralization of the network structure. This means that

all variables with a common in-neighbors are linked, after which all direc-

tions on the arcs are deleted. The resulting graph is called a moral graph.

Moral graph is similar concept to phylogeny graph. A chain graph is a mixed

graph with some edges and arcs. Its vertex set V is a union of disjoint sets

V (1), V (2), . . . , V (T ). Within a set V (i), there are some edges, and between

sets, there are arcs, but these are from V (i) to V (j) if i < j. Given a chain

graphD, Lauritzen and Spiegelhalter [10] defines its moral graph as the graph

G whose vertex set is V and which has xy 2 E(G) if and only if (x, y) is an

arc of D, (y, x) is an arc of D, or there are a and b in the set V (i) so that

(x, a) and (y, b) are arcs of D. If all V (i) have exactly one element, then the

moral graph is exactly the phylogeny graph. Lauritzen and Spiegelhalter [10]

used the terminology a is the child of x and x is the parent of a if (x, a) is

arc of the chain graph. The second step of the algorithm is the so-called tri-

angulation of the moral graph. A graph is triangulated if any cycle of length

greater than 3 has a chord. The general rule for adding a link between vari-

ables is that any cycle with more than three variables shall have a chord. It
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has to do with adding chords on moral graphs. Refer to remaining steps in

Jensen [8].

Since triangulation of the moral graph plays an important role to way to

solve the propagation problem in a Bayesian network, we think that studying

chordality of moral graphs is meaningful. Extending this topic in general, in

this thesis, we study about the chordality of phylogeny graphs of acyclic

digraphs.

1.4 Chordality of a phylogeny graph

It is known that a necessary and su�cient condition for a graph being interval

is that the graph does not contain a cycle of length at least 4 as an induced

subgraph and the complement of the graph is transitively orientable. This

implies that an interval graph is chordal. Steif [18] showed that it might be

di�cult to find the structural properties of acyclic digraphs whose competi-

tion graphs are interval. In that respect, Hefner et al. [7] placed restrictions

on the indegree and outdegree of vertices of acyclic digraphs to obtain the list

of forbidden subdigraphs for acyclic digraphs whose competition graphs are

interval. An (i, j) digraph is an acyclic digraph such that each vertex has in-

degree at most i and outdegree at most j. Hefner et al. [7] characterized (2, 2)

digraphs whose competition graphs are interval. This implies that Hefner et

al. [7] characterized (2, 2) digraphs whose competition graphs are chordal.

Lee et al. [11] also placed limits on the indegree and outdegree of vertices

of acyclic digraphs to study chordality of phylogeny graphs. Lee et al. [11]

showed a su�cient condition and a necessary condition for (2, 2) digraphs

having chordal phylogeny graphs. They gave two main results. One is that

if the underlying graph of a (2, 2) digraph D contains a hole of length n for

n � 7, then a phylogeny graph of a (2, 2) digraph D is not a chordal graph.

The other is that if an underlying graph of a (2, 2) digraph D is chordal,

then the phylogeny graph of D is also chordal. Eoh et al. [5] studied more on
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chordality of the phylogeny graphs of (2, j) digraphs. They showed that the

phylogeny graph of a (2, j) digraph D is chordal if the underlying graph of

D is chordal for any positive integer j. They also provided a good necessary

condition for (2, 2) digraphs having chordal phylogeny graphs by extending

the result given by Lee et al. [11]. As long as the underlying graph of a (2, 2)

digraph is chordal, its phylogeny graph is not only chordal but also planar. As

chordality of the phylogeny graph of a (2, j) digraph studied by Lee et al. [11]

and Eoh et al. [5], it is meaningful to study of chordality of the phylogeny

graphs of (i, 2) digraphs to extend the existing research. Hoping to provide

insights for the further research on (i, 2) digraphs, we study the phylogeny

graphs of (3, 2) digraphs.

1.5 Preview of thesis

We study on the maximum degree of the phylogeny graphs of (i, j) digraphs

and present some forbidden subgraphs for phylogeny graphs of (3, 2) di-

graphs. Especially, we show that the phylogeny graph of any (3, 2) digraph

is K7-free. Then we give a necessary condition for (3, 2) digraphs having

chordal phylogeny graphs as follows. If the underlying graph of a (3, 2) di-

graph contains a hole of length n for n � 10, then the phylogeny graph of

a (3, 2) digraph is not a chordal graph. Finally, we obtain the complete list

of orientations of holes that are forbidden subdigraphs for the class of (3, 2)

digraphs whose phylogeny graphs are chordal.
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Chapter 2

The maximum degree of the

phylogeny graph of an (i, j)

digraph

We call an edge in the phylogeny graph P (D) a cared edge in P (D) if the

edge belongs to the competition graph C(D) but not to the underlying graph

U(D). For a cared edge xy in P (D), there is a common out-neighbor v of

x and y in D by definition. The vertex v is called a vertex taking care of

the edge xy and it is said that xy is taken care of by v or that v takes care

of xy. A vertex in D is called an caring vertex if an edge of P (D) is taken

care of by the vertex. For example, the edges v5v7, v5v8, and v7v8 of P (D) in

Figure 1.2(c) are taken care of by v3 and v4 is taking care of v2v3,v3v7 and

v2v7.

Lee et al. [11] showed that the structure of the phylogeny graph of an

(i, j) digraph.

Lemma 2.1 ([11]). For the phylogeny graph P (D) of a (i, j) digraph D and

a vertex v of P (D), there are at most 1
2i(i� 1) cared edges taken care of by

v.
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Lemma 2.2. Each out-neighbor of a vertex v in (i, j) digraph takes care of

at most i� 1 cared edges incident to v in P (D).

Proof. Let D is a (i, j) digraph. Take vertices x and y such that y is the

out-neighbor of x. There can be at most i� 1 cared edges incident to x that

are taken care by y since y has indegree at most i.

The following Lemma is immediately true by Lemma 2.2.

Lemma 2.3. For the phylogeny graph P (D) of a (i, j) digraph D and a vertex

v of P (D), there are at most (i� 1)j cared edges incident to v.

Proposition 2.4. For the phylogeny graph P (D) of a (i, j) digraph D and

a vertex v in D, the degree of v is at most i(j + 1).

Proof. Since v has indegree at most i and outdegree at most j, then there are

at most i + j non-cared edges incident to v in P (D). In addition, there are

at most (i� 1)j cared edges incident to v in P (D), by Lemma 2.3. Therefore

there are at most i(j + 1) edges incident to v in P (D).

10



Chapter 3

Forbidden subgraphs for

phylogeny graphs of (3, 2)

digraphs

We can construct a (3, 2) digraph whose phylogeny graph contains P6_ I1 as

a subgraph as shown in Figure 3.1.

Proposition 3.1. The phylogeny graph of a (3, 2) digraph is (Pn _ I1)-free

for any integer n � 7.

Proof. Suppose, to the contrary, that there is a (3, 2) digraph whose phy-

logeny graph has the fan graph Pn _ {a} for some n � 7. Let G = P (D) and

G1 is induced subgraph of G such that V (G1) = V (Pn)[{a}. Suppose that x
is an out-neighbor of a for a vertex x not on Pn. Then, by Lemma 2.2, x takes

care of at most two cared edges incident to a. Since x is not on Pn, (a, x)

does not contribute to deg
G1
(a) and so x contributes at most two to deg

G1
(a).

Suppose x is an out-neighbor of a for a vertex x on Pn. Then there must be

at most one cared edge joining a and a vertex on Pn. Thus x contributes at

most two to deg
G1
(a). Hence the out-neighborhood of a contributes at most

four to deg
G1
(a).

11
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Figure 3.1: (a) A (3,2) digraph D, (b) The phylogeny graph of D contains
P6 _ I1.

On the other hand, if the in-neighborhood of a consists of three vertices

on Pn, then it creates a chord of Pn in P (D). Therefore a has at most two in-

neighbors that contained in V (Pn). Thus the in-neighborhood of a contributes

at most two to deg
G1
(a). Hence we have shown that deg

G1
(a)  6 and we

reach a contradiction.

Corollary 3.2. The phylogeny graph of a (3, 2) digraph is (Cn _ I1)-free for

any integer n � 7.

We can construct a (3, 2) digraph whose phylogeny graph contains K6 as

a subgraph as shown in Figure 3.2.

Theorem 3.3. For any (3, 2) digraph D, the phylogeny graph of D is K7-free.

Proof. Suppose, to the contrary, that there is a (3, 2) digraph D whose phy-

logeny graph P (D) contains K7 as a subgraph. Let v1, v2, v3, v4, v5, v6, v7 be

the vertices ofK7. LetD1 be the the subdigraph ofD induced by {v1, . . . , v7}.
Since D1 is acyclic, there is a vertex of indegree 0 in D1. Without loss of gen-

erality, we may assume that v1 has indegree 0 in D1. Now consider the edges

12
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Figure 3.2: (a) A (3,2) digraph D, (b) The phylogeny graph of D contains
K6.

in K7 incident to v1 i.e., v1v2, v1v3, v1v4, v1v5, v1v6, v1v7. At most four of

them are cared edges by Lemma 2.3. Since v1 has indegree 0 in D1, none of

v2, . . . , v7 can be an in-neighbor of v1 and so at most two of v1v2, v1v3, v1v4,

v1v5, v1v6, v1v7 belong to U(D). Consequently, exactly two of v1v2, v1v3, v1v4,

v1v5, v1v6, v1v7 belong to U(D) and the remaining four edges are cared edges

in P (D).

Without loss of generality, we may assume that v1v2, v1v3, v1v4, v1v5 are

the cared edges. Then v6 and v7 are the out-neighbors of v1 in D. Since a

vertex taking care of v1vi is an out-neighbor of v1 for each i = 2, . . . , 5, it

must be v6 or v7. By Lemma 2.2, each out-neighbor of v1 takes care of at

most two edges incident to v1 in P (D), so each of v6 and v7 takes care of

exactly two edges incident to v1. Without loss of generality, we may assume

N
�(v6) = {v1, v2, v3}. (3.1)

Then

N
�(v7) = {v1, v4, v5}. (3.2)
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Figure 3.3: The vertex x takes care of v6v7.

Therefore both v6 and v7 have indegree three in D, so the edge v6v7 cannot

belong to U(D). Thus the edge v6v7 is a cared edge in P (D). Since (v1, v6),

(v2, v6), (v3, v6), and (v1, v7),(v4, v7), (v5, v7) are arcs of D, none of v1, v2, v3,

v4, v5 is a common out-neighbor of v6 and v7. Therefore, the edge v6v7 is taken

care of by a vertex x distinct from v1, v2, v3, v4, and v5. (See Figure 3.3.)

We will show that at least one of v2v7, v3v7 is not a cared edge. Suppose, to

the contrary, that both v2v7 and v3v7 are cared edges. By (3.2), any of v1, v4,

v5 can be a common out-neighbor of neither v2 and v7 nor v3 and v7. By (3.1),

v6 cannot take care of v2v7 or v3v7. Furthermore, {v6, v7} ✓ N
�(x), x cannot

take care both v2v7 and v3v7. Therefore, there is a vertex y 62 {v1, v4, v5, v6, x}
which takes care of at least one of v2v7 and v3v7. Since the outdegree of v7 is

at most 2, x and y are the only possible vertices that can take care of v2v7

and v3v7.

Case 1. The vertex y takes care both v2v7 and v3v7. Then N
+(v2) =

N
+(v3) = {v6, y}. Accordingly, y and v6 take care of the edges v1v2, v2v3,

v1v3, v2v7, and v3v7. Therefore the edges v2v4, v2v5, v2v6, v3v4, v3v5, and v3v6

must be in U(D). Since N
+(v2) = N

+(v3) = {v6, y}, there are arcs (v4, v2),

(v4, v3), (v5, v2), (v5, v3) in D. Then {v2, v3, v7} ✓ N
+(v4) and we reach a

contradiction.

Case 2. The vertex y takes care of exactly one of v2v7 and v3v7. Then x

14



takes care of the other of v2v7 and v3v7. Without loss of generality, we may

assume that x takes care of v2v7, and y takes care of v3v7. Then N
+(v2) =

{v6, x}, so N
�(x) = {v2, v6, v7}. Thus, by (3.1), the edges v2v4 and v2v5 must

be in U(D). Since N
+(v2) = {v6, x},those edges were originated from the

arcs (v4, v2), (v5, v2) in D. Then

N
+(v3) = {v6, y} and N

+(v4) = {v2, v7}. (3.3)

Now v3 and v4 do not have a common out-neighbor in D. Since v3 and v4 are

adjacent in P (D), (v3, v4) or (v4, v3) is an arc in D, which contradicts (3.3).

Since we have reached a contradiction in both cases, we may conclude

that at least one of v2v7, v3v7 is not a cared edge. By symmetry, it is true

that at least one of v4v6, v5v6 is not a cared edge. By the way in which the

digraph has been constructed so far, we may assume v2v7 and v4v6 are not

cared edges without loss of generality. Then, by (3.1) and (3.2), the edges v2v7

and v4v6 in P (D) are inherited from arcs (v7, v2), and (v6, v4), respectively.

Then v7 ! v2 ! v6 ! v4 ! v7 is a directed cycle, which contradicts the

definition of (i, j) digraph. Hence we have shown that, for any (3, 2) digraph

D, P (D) is K7-free.
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Chapter 4

A necessary condition for the

phylogeny graphs of (3, 2)

digraphs whose phylogeny

graphs are chordal

Lee et al. [11] showed that some properties of chordal graphs.

Proposition 4.1 ([11]). Any induced subgraph of a chordal graph is also a

chordal graph.

Proposition 4.2 ([11]). A chordal graph containing a cycle of length n has

at least 2n� 3 edges.

Proposition 4.3 ([11]). Let G be a chordal graph. For any cycle C in G and

any edge xy on C, there exists a vertex on C that is a common neighbor of

x and y in G.

A vertex v on a cycle C of length at least 4 in a chordal graph G is a

vertex opposite to a chord of C if the two vertices immediately following and

immediately preceding it, respectively, in the sequence of C are adjacent.
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Figure 4.1: A W-configuration of length ` (7  `  10).

Proposition 4.4 ([11]). Each cycle of length at least 4 in a chordal graph

has at least two nonconsecutive vertices each of which is opposite to a chord

of the cycle.

Lee et al. [11] introduced the notion of W -configuration as follows: A

graph isomorphic to the graph G defined by V (G) = {v1, . . . , v7} and E(G) =

{vivj|1  i < j  7, j � i  2} W-configuration. We extend it into a graph

isomorphic to any graph G defined by V (G) = {v1, . . . , vn} and E(G) =

{vivj|1  i < j  n, j � i  2} for n � 7. See Figure 4.1 for an illustration.

Proposition 4.5 ([11]). If a chordal graph with the degree of each vertex at

most four contains a cycle of length 7, then it contains a W-configuration as

a subgraph.

Lemma 4.6. If a chordal graph with the degree of each vertex at most four

contains a cycle C of length at least ` for any integer ` � 7, then it contains

a vertex on C of degree 4.
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Proof. Let G be a chordal graph with the degree of each vertex at most

four. In addition, let C := v1 . . . v`v1 be a cycle of length ` � 7 of G and

H be the subgraph of G induced by V (C). Since G is chordal, so is H by

Proposition 4.1. Moreover, H contains a cycle of length `, |E(H)| � 2` � 3

by Proposition 4.2. Then
P

v2V (H) degH(v) = 2|E(H)| � 4`� 6. Since ` � 7,

there exist a vertex on C of degree 4 in H by the pigeonhole principle.

Proposition 4.7. If a chordal graph with the degree of each vertex at most

four contains a cycle C := v1v2v4 · · · v2b `
2cv2d `

2e�1v2d `
2e�3 · · · v1 of length `

for ` � 7, then it contains a W-configuration with vertex set V (C) and edge

set {vivj|1  i < j  `, j � i  2} as a subgraph.

Proof. Let G be a chordal graph with the degree of each vertex at most four

and H be the subgraph of G induced by the vertex set of C := v1v2v4 · · ·
v2b `

2cv2d `
2e�1v2d `

2e�3 · · · v1 of length ` for ` � 7. We relabel the vertices on

C so that C =: w1w2 · · ·w`w1. By Lemma 4.6, there exists a vertex on C of

degree 4 inH. By cyclically permuting the vertices on C, we may assume that

w1 is a vertex of degree 4 and let {ws, wt} be the possible pairs of neighbors of
w1 other than w2 and w`, that is, {ws, wt} = NH(w1)\{w2, w`} for s, t 6= 1, 2, `

and s < t. Suppose to the contrary that ws and wt are not consecutive. Then

the (ws, wt)-section of C containing neither w2 nor w` forms a cycle C
0 of

length at least 4 together with w1. By applying Proposition 4.3 to C
0, we

have ws and wt adjacent. We note that ws and wt turns out to have degree

4. Now we consider the three cycles C1, C2 and C3, such that C1, C2, and C3

are formed by w1 together with the (w1, ws)-section of C not containing wt,

by the edge wswt together with (ws, wt)-section of C not containing w1, and

by w1 together with the (w1, wt)-section of C not containing ws, respectively.

Since ` � 7, at least one of C1, C2, C3 has length at least 4. Whichever the case

is, one of pairs {w1, ws}, {ws, wt}, {w1, wt} cannot have a common neighbor

on the corresponding cycle, which violates Proposition 4.3. Therefore ws and

wt are consecutive.

Case 1. Either (s, t) = (3, 4) or (s, t) = (` � 2, ` � 1). By symmetry, we
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Figure 4.2: {ws, wt} in a cycle of length `.

may assume that s = 3 and t = 4 (see Figure 4.2 (a)). Then w1 is adjacent

w3 and w4. Now, by applying Proposition 4.3 to the edge w1w4 on the cycle

formed by the edge w1w4 and the (w4, w1)-section of C not containing w3,

we may conclude that one of w5, . . . , w` is adjacent to both w1 and w4. Since

w1 is adjacent to only w2, w3, w4, and w`, it must be w`. Therefore w4 is

adjacent to w`. By the same Proposition applied to the edge w4w` on the

cycle formed by the edge w4w` and the (w4, w`)-section not containing w3,

one of w5 . . . , w`�1 is adjacent to w4 and w`. Since w1, w3, w5, and w` are the

only vertices adjacent to w4, it must be w5. Now w` is adjacent to w5. We

may continue this process until we obtain a W-configuration:

8
<

:
w3w1w4w`w5w`�1 · · ·w`+5�iwiw`+4�i · · ·w `

2+1w `
2+3 if ` is even;

w3w1w4w`w5w`�1 · · ·w`+5�iwiw`+4�i · · ·wd `
2e+3wd `

2e+1 if ` is odd.

Now we set w2 as v1. Then

wj =

8
>>><

>>>:

v�2j+5 if j = 1 or 2;

v2j�4 if 3  j 
⌅
`

2

⇧
+ 2;

v2`+5�2j if
⌅
`

2

⇧
+ 3  j  `.
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Therefore the sequence of above W-configuration is written as

v2v3v4v5v6v7 · · · v2i�5v2i�4v2i�3 · · · v`�2v`�1.

Case 2. (s, t) = (p, p+1) for some p 2 {4, . . . , `� 3} (see Figure 4.2 (b)).

Then w1 is adjacent to wp and wp+1. Then the edge w1wp (resp. w1wp+1)

together with the (w1, wp)-section (resp. (w1, wp+1)-section) of C containing

w2 (resp. w`) forms a cycle X1 (resp. X2) of length at least 4. By applying

Proposition 4.3 to the edge w1wp (resp. w1wp+1) on X1 (resp. X2), we con-

clude that one of w2, . . . wp�1 (resp. wp+2, . . . w`) is a vertex that adjacent to

the both w1 and wp (resp. w1 and wp+1). Since w2, wi, wp+1 and w` are the

only vertices adjacent to w1, it must be w2 (resp. w`). Therefore wp and wp+1

are adjacent to w2 and w`, respectively. By the same Proposition applied to

the edge w2wp (resp. wp+1w`) on the cycle formed by the edge w2wp (resp.

wp+1w`) and the (w2, wp)-section (resp. (wp+1, w`)-section) not containing w1,

one of w3, . . . , wp�1 (resp. wp+2, . . . , w`�1) is adjacent to w2 and wp (resp. w2

and w`). Since w1, w2, wp�1, and wp+1 (resp. w1, wp, wp+2, and w`) are the

only vertices adjacent to wp (resp. wp+1), it must be wp�1 (resp. wp+2). There-

fore w2 and w` are adjacent to wp�1 and wp+1, respectively. We may continue

this process until we obtain two W-configurations. The above configuration

written as

8
<

:
w1wpw2wp�1 · · ·wp+2�iwiwp+1�i · · ·w p

2+2w p
2

if p is even;

w1wpw2wp�1 · · ·wp+2�iwiwp+1�i · · ·wb p
2cwb p

2c+2 if p is odd.

and

8
<

:
w1wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·w `+p

2 +2w `+p
2

if `+ p is even;

w1wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·wb `+p
2 cwb `+p

2 c+2 if `+ p is odd.
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By concatenating two W-configurations, we obtain a longer W-configuration:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

w p
2
w p

2+2 · · ·wp+1�iwiwp+2�i · · ·wp�1w2wpw1

wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·w `+p
2 +2w `+p

2
if ` is even and p is even;

w p
2
w p

2+2 · · ·wp+1�iwiwp+2�i · · ·wp�1w2wpw1

wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·wb `+p
2 cwb `+p

2 c+2 if ` is odd and p is even;

wb p
2c+2wb p

2c · · ·wp+1�iwiwp+2�i · · ·wp�1w2wpw1

wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·wb `+p
2 cwb `+p

2 c+2 if ` is even and p is odd;

wb p
2c+2wb p

2c · · ·wp+1�iwiwp+2�i · · ·wp�1w2wpw1

wp+1w`wp+2 · · ·w`�i+2wp+iw`�i+1 · · ·w `+p
2 +2w `+p

2
if ` is odd and p is odd.

Now we set w1 as vp. Then

wj =

8
>>><

>>>:

vp�2j+2 if 1  j  p+1
2

v2j�p�1 if p+3
2  j  p+1

2 +
⌅
`

2

⇧

v2`+p+2�2j if p+3
2 +

⌅
`

2

⇧
 j  `

when p is odd;

and

wj =

8
>>><

>>>:

vp�2j+2 if 1  j  p

2

v2j�p�1 if p+2
2  j  p

2 +
⌃
`

2

⌥

v2`+p+2�2j if p+2
2 +

⌃
`

2

⌥
 j  `

when p is even.

Therefore the sequence of above W-configuration is written as

v2v3 · · · vp�2i+1vp�2i+2vp�2i+3 · · · vp�2vp�1vpvp+1vp+2 · · · vp+2i�2vp+2i�1vp+2i · · · v`�2v`�1.

Then we obtain the edge set {vivj|1  i < j  `, j � i  2}.

Lemma 4.8. Let D be a (3, 2) digraph and H = v1v2 · · · v`v1(` � 6) be a hole

of length at least 6 in U(D). In addition, let
�!
H be the cycle in D corresponding
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to H and G
⇤ be the subgraph of P (D) induced by such vertices on H of

oudegree greater than or equal to one in the digraph
�!
H . Then following are

true.

(a) G
⇤ is hamiltonian and has at least d `

2e vertices.

(b) For each vertex x in G
⇤, deg

G⇤(x)  4, Especially, if x has outdegree

two in the digraph
�!
H , then deg

G⇤(x) = 2.

(c) If |V (G⇤)| � 4 and there are two vertices on
�!
H sharing an out-neighbor

on
�!
H , then G

⇤ is not chordal.

(d) If ` � 8 and |V (G⇤)| = 4 or 5, then G
⇤ is not chordal.

(e) If |V (G⇤)| � 7, then G
⇤ is not chordal.

Proof. We show the part (a). Let G
0 be the subgraph of P (D) induced by

V (H). Each of v1, v2, . . . , v` has (i) exactly two in-neighbors or (ii) exactly one

out-neighbor and exactly one in-neighbor or (iii) exactly two out-neighbors

on
�!
H . Let v`1 , v`2 , . . . , v`k be the vertices having two in-neighbors on

�!
H for

some integer k  `. Then no pair of v`1 , v`2 , . . . , v`k is consecutive on
�!
H and

k  b `

2c. Moreover, each of v`1 , v`2 , . . . , v`k is the vertex opposite to a chord in

G
0. Therefore deleting v`1 , v`2 , . . . , v`k from G

0 result in a hamiltonian graph

G
⇤ with `� k vertices. Since k  b `

2c, G
⇤ has at least d `

2e vertices.

Now we show the part (b). By (a), |V (G⇤)| = p for an integer p � 3. Let

C be a Hamilton cycle of G⇤. Since all of the vertices having two in-neighbors

on
�!
H were deleted to obtain G

⇤, each vertex of G⇤ has (i) exactly two out-

neighbors on
�!
H or (ii) exactly one out-neighbor and exactly one in-neighbor

on
�!
H . Moreover, the edges in G

⇤ not on C, which are cared edges, are taken

care of by vertices not on G
⇤.

Take a vertex x in G
⇤. Then x is on

�!
H in D. If y is an out-neighbor on

�!
H

which was deleted when G
⇤ was obtained, then x is incident with the edge

cared by y in G
⇤. Therefore each out-neighbor of x on

�!
H contributes exactly
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one to deg
G⇤(x). Yet, x might have one out-neighbor z not on

�!
H . In this

case, x is possibly incident to two edges taken care of by z in G
⇤. Suppose

that x has an in-neighbor on
�!
H . Then it contributes exactly one deg

G⇤(x).

Thus we may conclude that if x has two out-neighbors on
�!
H , then

deg
G⇤(x) = 2 (4.1)

and if x has an out-neighbor and an in-neighbor on
�!
H , then

deg
G⇤(x)  4. (4.2)

To show the part (c) by contradiction, suppose that |V (G⇤)| � 4, there

are two vertices vi and vj on
�!
H sharing an out-neighbor on

�!
H , and G

⇤ is

chordal. Then vi and vj are adjacent in G
⇤. Since vi and vj are on C, there

exists a common neighbor vk of vi and vj in G
⇤ by Proposition 4.3. Therefore

vivjvkvi is a 3-cycle in G
⇤. Yet, by (b), vi and vj have degree two, so the

3-cycle must be a Hamilton cycle in G
⇤. Then |V (G⇤)| = 3 and we reach a

contradiction.

To show the part (d), suppose that ` � 8, and |V (G⇤)| = 4 or 5. Then

there are at three vertices having two in-neighbors were deleted. Since the

number of vertices on
�!
H having two out-neighbors on

�!
H is the same as

the number of vertices
�!
H having two in-neighbors on

�!
H , at least three

vertices have two out-neighbors on
�!
H . Since only vertices having two in-

neighbors were deleted to obtain G
⇤, those vertices remain in G

⇤ belonging

to C. Therefore there are at least three vertices on C each of which have

two out-neighbors on
�!
H . Then, since C has length at most 5, there are two

vertices vi and vj on C sharing an out-neighbor on
�!
H by the pigeonhole

principle. Since V (C) ⇢ V (
�!
H ), G⇤ is not chordal by (c).

To show the part (e), suppose to the contrary that G
⇤ is chordal. We
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relabel the vertices of G⇤ so that

C = v1v2v4 · · · v2b p
2cv2d p

2e�1v2d p
2e�3 · · · v3v1.

By (4.1) and (4.2), G⇤ has a maximum degree at most 4. Since G
⇤ is a

hamiltonian chordal graph with |V (G⇤)| � 7, G⇤ contains a W-configuration

with the vertex set V (C) and the edge set by Proposition 4.5 and 4.7 (see

Figure 4.1). Since the edges not on C are cared edges, the edges v2v3, v3v4,

v4v5, v5v6 are cared edges. Let w1, w2, w3, w4 be caring vertices of the edges

v2v3, v3v4, v4v5, v5v6, respectively, in D. Then w1, w2, w3, w4 are not on
�!
H

since H is a hole in U(D). Since v2, v3, v4, v5, and v6 have degree greater

than two, they cannot have two out-neighbors on
�!
H by (4.1). Therefore each

of v2, v3, v4, v5, v6 has one out-neighbor and one in-neighbor on
�!
H . Since wi

and wi+1 are caring vertices of edges vi+1vi+2, vi+2vi+3, respectively, wi and

wi+1 are out-neighbors of vi+2 for i = 1, 2, 3. But vi+2 may have at most one

out-neighbor not on
�!
H , so wi = wi+1 for i = 1, 2, 3. Thus w1 takes care of

four di↵erent edges and we reach a contradiction to Lemma 2.1. Therefore

G
⇤ is not chordal.

Theorem 4.9. Let D be a (3, 2) digraph whose underlying graph contains a

hole H of length greater than or equal to 10. Then P (D) is not chordal.

Proof. Let G
0 be the subgraph of P (D) induced by V (H). Suppose to the

contrary that G
0 is chordal. Let

�!
H be the cycle in D corresponding to H

and G
⇤ be the subgraph of P (D) induced by such vertices on H of oudegree

greater than or equal to one in the digraph
�!
H . Then G

⇤ is induced subgraph

of G0. Therefore G⇤ is chordal. In addition, by Lemma 4.8(a), G⇤ has at least

5 vertices. If |V (G⇤)| = 5 or |V (G⇤)| � 7, then G
⇤ is not chordal by (d)

and (e) of Lemma 4.8. Therefore |V (G⇤)| = 6. Then at least four vertices

having two in-neighbors on
�!
H were deleted, so at least four vertices have two

out-neighbors on
�!
H . Therefore there are at most two vertices in G

⇤ have one
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out-neighbor and one in-neighbor on
�!
H . By Lemma 4.8(b),

X

v2V (G⇤)

deg
G⇤(v) = 2|E(G⇤)|  2⇥ 2 + 2⇥ 4 = 16.

Then |E(G⇤)|  8. By the way, since G⇤ is a hamiltonian chordal graph with

6 vertices, G⇤ has at least 9 edges by Proposition 4.2 and so we reach a

contradiction. Therefore G1 is not chordal. Since G1 is an induced subgraph

of P (D), P (D) is not chordal by Proposition 4.1.
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Chapter 5

Forbidden subdigraphs for the

class of (3, 2) digraphs whose

phylogeny graphs are chordal

Let D be a class of digraphs. A digraph D0 is called a forbidden subdigraph for

D if D /2 D holds for any digraph D containing D0 as an induced subgraph.

Lee et al. [11] determined that non-isomorphic orientation of cycles of length

at most 6 that are forbidden subdigraphs for the class D⇤ of (2, 2) digraphs

whose phylogeny graphs are chordal. We extend it to the class D⇤ of (3, 2)

digraphs whose phylogeny graphs are chordal. Note that, by Theorem 4.9,

the orientations of cycles of length at least 10 are forbidden subdigraphs for

the class D⇤ of (3, 2) digraphs whose phylogeny graphs are chordal. Now, we

determine the non-isomorphic orientations of cycles of length at most 9 that

are forbidden subdigraphs for D⇤ .

Lemma 5.1. Let D⇤ be the class of (3, 2) digraphs whose phylogeny graphs are

chordal. Then the digraphs given in Figure 5.1 are the forbidden subdigraphs

among orientations of holes of length at most 7 for D⇤.
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Figure 5.1: The forbidden digraphs among orientations of cycles of length
at most seven for the class of (3, 2) digraphs whose phylogeny graphs are
chordal.
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(a) (b) (c)

Figure 5.2: The non-isomorphic orientations of cycles of length 4 and their
corresponding phylogeny graphs which are chordal.

Proof. Suppose that a (3, 2) digraph D contains an orientation
�!
H of a hole

H given in Figure 5.1 as an induced subgraph. To reach a contradiction,

suppose that P (D) is chordal. Let G0 be the subgraph of P (D) induced by

V (H). Then G
0 is a chordal. Let G⇤ be the subgraph of P (D) induced by such

vertices onH of oudegree greater than or equal to one in the digraph
�!
H . Then

G
⇤ is induced subgraph of G0, so G

⇤ is chordal. Then, from Figure 5.1, it is

easy to check that G⇤ contains at least four vertices and there are two vertices

on
�!
H sharing an out-neighbor on

�!
H . By Lemma 4.8(c), G⇤ is not chordal

and we reach a contradiction. Therefore the digraphs given in Figure 5.1 are

forbidden subdigraphs for D⇤. The other orientations of holes of length 6

or 7 cannot be forbidden subdigraphs of D⇤ as shown by Figures 5.4 and

5.5. Furthermore the orientation of holes of length 4 or 5 cannot cannot be

forbidden subgraphs of D⇤ as shown by Figures 5.2 and 5.3. Hence we may

conclude that the digraphs given in Figure 5.1 are the forbidden subdigraphs

among orientations of holes of length at most 7 for D⇤.
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Figure 5.3: The non-isomorphic orientations of cycles of length 5 and their
corresponding phylogeny graphs which are chordal.

Lemma 5.2. Let D be a (3, 2) digraph whose underlying graph contains a

hole H of length ` 2 {8, 9} and D
0 be the subdigraphs of D including

�!
H

corresponding to H and one more vertex. Then there is no subdigraph in D
0

isomorphic to one of the digraphs given in Table 5.1 if and only if there is a

hole whose vertices are on H in the phylogeny graph of D.

Proof. Let H = v1v2 · · · v`v1 be a hole of length ` 2 {8, 9} in U(D) and let

G
0 be the subgraph of P (D) induced by V (H). Let G

⇤ be the subgraph of

P (D) induced by such vertices on H of oudegree greater than or equal to

one in the digraph
�!
H . Then G

⇤ is an induced subgraph of G0.

To show the contrapositive of the “only if” part, suppose that there

is no hole consisting of vertices on H in P (D). Then G
⇤ is chordal. By

Lemma 4.8(a), G⇤ is hamiltonian and has at least 4 vertices. Since G
⇤ is

chordal, |V (G⇤)| = 6 by (c) and (d) of Lemma 4.8. The possible isomorphic

orientations of H resulting in |V (G⇤)| = 6 are given Figures 5.6,5.7, and
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Figure 5.4: The non-isomorphic orientations of 6-cycle v1v2v3v4v5v6v1 satis-
fying the property that there exists an acyclic digraph including one of them
as an induced subdigraph such that its phylogeny graph is chordal. Each of
the bottom graphs is the phylogeny graph of the digraph above it.

30



v1

v7

v6

v5

v4

v3

v2

(a)

v1

v7

v6

v5 v4

v3

v2

(b)

v1

v7

v6

v5 v4

v3

v2

(c)

v1

v7

v6

v5

v4

v3

v2 v1

v7

v6

v5 v4

v3

v2

v1

v7

v6

v5 v4

v3

v2

v1

v7

v6

v5 v4

v3

v2

(d)

v1

v7

v6

v5 v4

v3

v2

(e)

v1

v7

v6

v5 v4

v3

v2

(f)

v1

v7

v6

v5 v4

v3

v2

v1

v7

v6

v5

v4

v3

v2

v1

v7

v6

v5 v4

v3

v2

Figure 5.5: The non-isomorphic orientations of 7-cycle v1v2v3v4v5v6v7v1 satis-
fying the property that there exists an acyclic digraph including one of them
as an induced subdigraph such that its phylogeny graph is chordal. Each of
the bottom graphs is the phylogeny graph of the digraph above it.
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Table 5.1. In each cycle given in (a)-(c) of Figure 5.6 and Figure 5.7, there

are two vertices on
�!
H sharing an out-neighbor on

�!
H . By Lemma 4.8(c), G⇤

is not chordal and we reach a contradiction. Therefore
�!
H isomorphic to one

of cycles in (d)-(g) of Figure 5.6. Then it is easy to check that G⇤ contains

a 6-cycle C including two vertices vi and vj at distance 3 on C of G⇤ which

have two out-neighbors in
�!
H . Obviously, none of vi and vj is adjacent to a

vertex on C to form a chord of C. If there is at most one chord of C, then

G
⇤ clearly has a hole. Suppose that there are two chord e and f of C. Note

that any vertex taking care of a chord of C is not on C. Suppose that e and

f are not adjacent. Then e and f are taken care of by two distinct vertices,

namely a and b, respectively. In addition, the ends of e and f form the set

V (C) \ {vi, vj} and become to have another out-neighbor a or b by achieving

outdegree two. Then there cannot be any chord other than e and f in G
⇤,

which results in a hole in G
⇤. Now suppose that e and f are adjacent. Then,

since each vertex in D has outdegree at most two, e and f are taken care of

by the same vertex, say a. Now a has indegree three and the ends of e and f

have outdegree two. Thus the remaining vertex on C cannot be adjacent to

a vertex on C to form a chord of C and so we have a hole in G
⇤. Therefore

the orientations of H given in Figures 5.6 and 5.7 are not possible if G⇤ is

chordal. Thus there is a subdigraph in D
0 isomorphic to one of the digraphs

in Table 5.1 and we have shown the contrapositive of the “only if” part.

Now we show the “if” part. If there is subdigraph in D
0 isomorphic to

one of digraphs given in Table 5.1, then G
0 may not have a hole as shown by

Table 5.1.

Let D⇤ be the class of (3, 2) digraphs whose phylogeny graphs are chordal.

Then, as shown in the proof of Lemma 5.2, the orientation of holes of length

8 or 9 given in Table 5.1 cannot be forbidden subdigraphs of D⇤. Moreover,

the other orientations of holes of length 8 or 9 are forbidden subdigraphs for

D⇤. By Lemmas 5.1 and 5.2, the following theorem is true.

Theorem 5.3. Let D⇤ be the class of (3, 2) digraphs whose phylogeny graphs
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Table 5.1: The non-isomorphic orientations of 8-cycle v1v2v3v4v5v6v7v8v1

and 9-cycle v1v2v3v4v5v6v7v8v9v1 satisfying the property that there exists an
acyclic digraph including one of them as an induced subdigraph such that
its phylogeny graph is chordal. Each of the bottom graphs is the phylogeny
graph of the digraph above it.
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Figure 5.6: The forbidden ones for G
⇤ being chordal among orientations of

holes of length 8 when |V (G⇤)| = 6.
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Figure 5.7: The forbidden ones for G
⇤ being chordal among orientations of

holes of length 9 when |V (G⇤)| = 6.
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are chordal. Then, among orientations of holes of length at most 9, the orien-

tations other than the ones given in Figures 5.2, 5.3, 5.4, 5.5, and Table 5.1

are the forbidden subdigraphs for D⇤.
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Chapter 6

Concluding remarks

In this paper, we obtained a necessary condition for (3, 2) digraphs having

chordal phylogeny graphs. Lee et al. [11] gave a su�cient condition for a

(2, 2) digraph whose phylogeny graph is chordal. They showed that if the

underlying graph of a (2, 2) digraph D is chordal, then the phylogeny graph

ofD is also chordal. Eoh et al. [5] went further to provide a su�cient condition

for a (2, j) digraph whose phylogeny graph is chordal. It would be interesting

to give good necessary conditions and su�cient conditions for (3, 2) digraphs

having chordal phylogeny graphs.
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