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ABSTRACT 

 

The pseudobinary systems have been widely used to obtain the 

desired properties. The property tuning has been usually conducted by 

controlling the composition for solid solution state. Recently, the 

methods to control the configuration have been developed, and thus it is 

attractive to investigate the pseudobinary system in the scope of 

configuration because many properties such as energy, bandgap, and 

dielectric constant vary according to the configuration. In this 

dissertation, configuration- and composition-dependent properties of the 

candidate materials to be used in transistor such as Ga(As,Sb), (In,Ga)As 

and (Be,Mg)O are theoretically investigated in terms of configuration.  

However, it is hard to theoretically investigate pseudobinary 

systems, especially the solid solutions, because of its enormous number 

of configurations, which is called configurational problem. To overcome 

the configurational problem, this dissertation proposes the efficient and 

accurate framework to calculate the properties of solid solution systems: 

(i) calculating the properties including energy of numerous 

configurations using density functional theory (DFT); (ii) making cluster 

expansion models for the each property based on DFT results to explore 

a wide range of composition and configuration space outside DFT 
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capability; (iii) calculating average property using the statistical 

thermodynamics, in which a system is consist of the large number of 

microstates. In the statistical thermodynamics part, the grand canonical 

ensemble is used to simulate more realistically, which allows the 

compositional fluctuation and continuous composition. 

To ensure that the proposed methodology can be applied to other 

new materials, the methodology is validated by comparing the calculated 

phase diagrams of Ga(As,Sb) and (In,Ga)As, and the calculated average 

bandgap of Ga(As,Sb) with experimental literature. In the process, it is 

found and proved mathematically that strain induced by lattice mismatch 

between microstates which comes from local compositional fluctuation, 

called local strain, is necessary to describe the phenomenon when using 

grand canonical ensemble. The calculated bandgaps of Ga(As,Sb) 

configurations show that the wider range of Ga(As,Sb) bandgap can be 

obtained by controlling both configuration and composition than by 

composition control alone. In addition, the negative proportional 

relationship between bandgap and energy is found for Ga(As,Sb) and 

expected for several pseudobinary systems from effective cluster 

interaction coefficient (ECI) in literature. 

The calculation on (Be,Mg)O is performed to obtain high 

dielectric constant and high bandgap, as a new candidate for high-k 

materials. By DFT calculation for unitcell, (Be,Mg)O with Be atom 
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which is deviated in rocksalt structure, called modified-rocksalt structure 

(m-RS), become more stable than rocksalt structure. By DFT calculation 

for various configurations, it is found that the dielectric constant of m-

RS (Be,Mg)O varies a lot according to the configuration while the 

bandgap keeps high value regardless of configuration. The large 

variation of (Be,Mg)O dielectric constant according to configuration 

becomes driving force for searching configurations with high dielectric 

constant rather than calculating the average dielectric constant. As a 

result, it is found that the configurations with superlattice-like structure, 

which can be deposited using ALD, have a high dielectric constant over 

300 K, which can be explained by long apical Be-O bond length. 

The method for simulating a pesudobinary system proposed in 

this dissertation can be utilized in predicting and controlling the 

properties of other pseudobinary systems. Confirming that the range of 

possible properties is broadened through controlling both composition 

and configuration will be a foundation for the study of pseudobinary 

system’s properties. 

 

Keywords: ab initio thermodynamics, configuration, Ga(As,Sb), 

(In,Ga)As, (Be,Mg)O, superlattice, phase diagram, bandgap, 

dielectric constant 
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CHAPTER 1 

  INTRODUCTION 

 

 

 

 

 

 

1.1 Overview of pseudobinary systems in electronic devices 

One of the traditional method to obtain an innovative property is 

mixing the materials which has a notable advantage to adjust properties. Among 

the mixtures, a pseudobinary system refers a material which is a mixture of two 

materials, at least one of which is compound materials. There are various field 

that the pseudobinary systems are used, but this study focused on the materials 

in the electronic devices. 

The metal-oxide-semiconductor field-effect transistor (MOSFET) is 

the most produced component in history [1]. Both semiconductor and dielectric 

in the first semiconductor devices were made of single crystals of elemental or 

compound materials. However, these materials could not provide the desired 

properties. Since the pseudobinary semiconductor materials GaAs1-xPx was 
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developed, many II-VI and III-V pseudobinary semiconductors have been 

developed for the materials in semiconductor devices, such as CMOS, HEMT, 

and so on. The pseudobinary systems for the dielectric materials have been 

studied to obtain desired value [2]. 

The properties of pseudobinary systems have been usually tuned by 

controlling the composition which is easy to control. However, the methods to 

control have been developed such as atomic layered deposition (ALD) [3,4], 

precipitation [5], and catalyst [6–8] even when the equilibrium state of the 

material is solid solution. Considering that many properties such as energy, 

bandgap, and dielectric constant depend on configuration, the configuration 

control will make it possible to obtain properties beyond the range of properties 

that can be obtained only through composition control. 

 

1.2 Challenges in calculating pseudobinary systems 

Pseudobinary systems form the ordered structure or disordered 

structure, called solid solution, according to the composition and temperature. 

Because the solid solution does not have the translational symmetry, solid 

solution is defined in infinite cell and it is hard to simulate the solid solution 

using DFT. 

There are some methods to simulate solid solution such as virtual 

crystal approximation (VCA) [9], coherent potential approximation (CPA) [10], 

Monte Carlo (MC) simulation, and multi-configurational supercell approach 
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[11]. Among the methods, the MC simulation and the multi-configurational 

supercell approach are based on statistical distribution of configurations in a 

system. The multi-configurational supercell approach considers the solid 

solution as the sum of the microstates, which is defined in relatively small cell, 

while the MC simulation uses sufficiently large cell to simulate solid solution. 

The multi-configurational supercell approach needs to calculate tremendous 

number of possible configurations, called configurational problem, and the 

large cell for MC simulation also requires a great amount of computational cost 

to simulate. 

 

1.3 Outline of the dissertation 

The main topic of this dissertation is to examine various properties of 

the pseudobinary system. The dissertation is organized as follows. The first 

chapter is an introduction to the pseudobinary systems. Chapter 2 shows the 

theoretical backgrounds which are used in the dissertation. This chapter 

suggests the need to consider the strain energy induced by the compositional 

fluctuation, which is called local strain energy. Chapter 3 elucidates the 

methodology to calculate the properties of a pseudobinary system. Although the 

methodology in this chapter is mostly based on the theories in the chapter 2, it 

also contains explanations of additional theories to overcome challenges. 

Chapter 4 describe the phase diagrams of Ga(As,Sb) and (In,Ga)As obtained 

by analyzing the energies of configurations of the materials using the 

methodology presented in the chapter 3 [12]. In addition, it is proved that the 
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local strain energy must be considered in the grand canonical ensemble for the 

solid solutions by comparing the cases with and without the strain energy 

induced by local fluctuation. Chapter 5 shows the calculated average bandgap 

of Ga(As,Sb) which expands the area where the methodology from the 

energetics to other configuration-dependent property, bandgap [13]. Chapter 6 

shows the analysis on the properties of (Be,Mg)O such as energetics, bandgap 

and dielectric constant [14]. It is found that the dielectric constant of (Be,Mg)O 

varies a lot depending on the configuration. Thus, the calculations are focused 

on searching the configurations having high dielectric constant which is the 

desired property. the unlike previous chapters. 
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CHAPTER 2 

   THEORETICAL BACKGROUND 

 

 

 

 

 

 

2.1. Introduction 

Studying a solid solution system including pseudobinary system in 

atomic-scale is difficult because of its non-periodicity and tremendous possible 

configurations. This problem is called a configurational problem.  

Some methods have been adopted to examine properties of 

pseudobinary systems such as special quasi-random structures (SQS), special 

quasi-ordered structures (SQoS), and Monte Carlo simulation. However, the 

SQS oversimplifies a solid solution as a fully random state, which is different 

from reality. The Monte Carlo simulation needs a large calculation cost, 

although it produces more accurate energy and entropy. The SQoS requires an 
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atomic structure obtained by pre-run Monte Carlo simulation. Hence an 

accurate and efficient computational method to deal with solid solution systems 

is demanding. 

The method used in this work is usually based on the generalized 

quasi-chemical approximation (GQCA) [15]. However, GQCA has an 

inefficiency which occurs when the method is applied to a large number of 

configurations. Thus, we eliminate the inefficiency resulting in a new method 

that combining first principle calculation, cluster expansion method, and 

statistical thermodynamics. 

 

2.2. Density functional theory (DFT) 

This section refers to the book written by Giustino [16], which gave a 

detailed description of DFT and related theories. The quantum mechanical 

behavior can be described by the Schrödinger equation. However, the 

Schrödinger equation can be solved only by numerical analysis except for some 

systems [17], and numerical analysis for the Schrödinger equation usually has 

high computational complexity. The Born-Oppenheimer approximation 

successfully reduces computational complexity by treating nuclei whose mass 

is thousands of times of electronic mass as stationary. 

[−
1

2
∑ ∇𝑖

2
𝑖 − 𝑉𝑛(𝑟) +

1

2
∑

1

|𝑟𝑖−𝑟𝑗|
𝑖≠𝑗 ]Ψ = EΨ (2.1) 

, where r indicates coordinate of an electron, E is ground state energy of 
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electrons, Ψ indicates a wavefunction of the electron coordinates, and 𝑉𝑛(𝑟) is 

the external potential (potential of the nuclei) which is defined as follows: 

𝑉𝑛(𝑟) = −∑
𝑍𝑗

|𝑟𝑖−𝑅𝑗|
𝑖,𝑗  (2.2) 

, where R and r are coordinates of nucleus and electron, Z is a charge of the 

nucleus. However, the complexity of Eq. (2.1) increases tremendously as the 

number of electrons increases.  

Density functional theory is the successful numerical method to solve 

the Schrödinger equation based on the Kohn-Sham equation [18].  

[−
1

2
∇2 + 𝑉𝑛(𝑟) + 𝑉𝐻(𝑟) + 𝑉𝑋𝐶(𝑟)]𝜙𝑖(r) = εi𝜙𝑖(r) (2.3) 

, where 𝑉𝐻(𝑟) is the Hartree (electrostatic) potential, 𝑉𝑋𝐶(𝑟) is the exchange-

correlation potential, and εi is the orbital energy of the corresponding Kohn-

Sham orbital (wave function) 𝜙𝑖(r) for a single electron i. 𝑉𝐻(𝑟) is defined 

as follows: 

𝑉𝐻(𝑟) =
1

2
∫

𝜌(𝑟′)

|𝑟−𝑟′|
𝑑𝑟′  (2.4) 

, where  

𝜌(𝑟) = ∑ |𝜙𝑖(r)|
2

𝑖  (2.5) 

is electron density. 

𝑉𝑛(𝑟) and 𝑉𝐻(𝑟) are known exactly as Eq. (2.2) and (2.4), but there 

is no exact form of 𝑉𝑋𝐶(𝑟) . To approximate 𝑉𝑋𝐶(𝑟) , the local density 
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approximation (LDA) [19] and generalized gradient approximations (GGA) 

such as Perdew-Burke-Erzerhof (PBE) functionals [20] are widely used. 

 

2.3. Cluster expansion 

Because DFT is an expensive calculation, it is hard to explore the vast 

configurational space using DFT. Cluster expansion is one of the machine 

learning to efficiently calculate the configuration-dependent properties (such as 

energy and bandgap) of numerous configurations without sacrificing accuracy. 

Cluster expansion is based on the assumption that properties come from the 

interaction of atoms. Thus, the property of a specific configuration is described 

as the sum of contributions from various clusters, which refer to a group of 

interacting atoms. In the scope of cluster expansion, the configuration-

dependent property Y of configuration σ is expressed as the following equation: 

𝑌𝝈 = ∑ ∑ 𝐽𝑘,𝑚
𝑌 ∏ 𝜃(𝜎�̇�){�̇�}∈(𝑘,𝑚)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑚𝑘  (2.6) 

, where 𝐽𝑘,𝑚
𝑌   is effective cluster interaction coefficient (ECI), {i} is the 

symmetrically identical set of sites that make up the mth k-site cluster (k,m), 

and 𝜃(𝜎𝑖) is a function that returns -1 for atom A and 1 for atom B according 

to an element occupying site i, 𝜎𝑖, of a pseudobinary system AxB1-xC. Equation 

(2.6) can be applied to a supercell-size-independent (intensive) property. 

However, the unit of energy of a configuration in this study is per microstate 

(per supercell) which is cell-size-dependent. Thus, Eq. (2.6) for energy is 

rewritten as: 
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Δ𝐸𝝈 = ∑ ∑ 𝐽𝑘,𝑚
Δ𝐸 ∏ 𝜃(𝜎�̇�){�̇�}∈(𝑘,𝑚)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑚𝑘  (2.6-1) 

whereas bandgap of a configuration is calculated as: 

Δ𝐸𝑔,𝝈 = ∑ ∑ 𝐽𝑘,𝑚

𝐸𝑔 ∏ 𝜃(𝜎�̇�){�̇�}∈(𝑘,𝑚)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑚𝑘  (2.6-2) 

For multi-component system, the discrete Chebyshev polynomials are usually 

adopted to define 𝜃(𝜎𝑖) [21,22]. ECI represents the contribution of the cluster 

(k,m) and ∏ 𝜃(𝜎�̇�){�̇�}∈(𝑘,𝑚)  represents the clusters of the configuration. 𝐽𝑘,𝑚
𝑌  

is obtained from some configuration’s DFT results. After 𝐽𝑘,𝑚
𝑌  is obtained, the 

property of any configuration can be predicted. 

 

2.4. Statistical thermodynamics 

Although the property of any configuration can be predicted using 

cluster expansion, studying a solid solution system including a pseudobinary 

system on the atomic scale is difficult because of its non-periodicity. No matter 

what large and random configuration, the configuration is hard to represent the 

solid solution. A breakthrough was found in the grand canonical ensemble, 

which regards the macroscopic system as a collection of small microstates. 

When configurations calculated using cluster expansion are considered as 

microstates, the solid solution can be described with the probabilities of 

configurations. According to the grand canonical ensemble, the ensemble 

average of property of a system (�̅�) is given by 

�̅� = ∑ 𝑌𝝈𝑃𝝈𝝈  (2.7) 



 

10 
 

, where 𝑃𝝈  is the probability that each configuration will occur. In the 

equilibrium state of a pseudobinary system AxB1-xC, 𝑃𝝈 at a given composition 

(x) and temperature (T) is calculated according to the following equations: 

ℤ(𝑥, 𝑇) = ∑ exp (
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈  (2.8) 

𝑃𝝈 =
exp(

𝑛𝝈Δ𝜇−Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

ℤ(𝑥,𝑇)
 (2.9) 

, where ℤ(𝑥, 𝑇) indicates the grand partition function, 𝑛𝝈 is the number of 

atoms A in a configuration 𝜎, 𝑘𝐵 is the Boltzmann constant, and Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 is 

total mixing energy of configuration. The equation Δ𝜇 = 𝜇(𝐴) − 𝜇(𝐵) 

represents the difference of the chemical potential between atoms A and B, 

which is determined by the following equation to satisfy self-consistency:  

𝑥 = ∑ 𝑥𝝈𝑃𝝈𝝈 =
1

N
∑ 𝑛𝝈𝑃𝝈𝝈 =

1

N
∑ 𝑛𝝈

exp(
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

ℤ(𝑥,𝑇)𝝈  (2.10) 

, where 𝑥𝝈  is the composition of configuration, N denotes the sum of the 

number of atoms A and B. Grand canonical ensemble is often called µVT 

ensemble because microstates in the grand canonical ensemble are described in 

the fixed µ, volume (V), and T. Thus, the volume must be fixed. However, the 

configurations that consist of solid solutions usually have different free relaxed 

volumes. Thus, Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 is the sum of free relaxed energy and strain energy to 

match a given volume. 

Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 = Δ𝐸𝝈 + 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 (2.11) 
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, where Δ𝐸𝝈  denotes the mixing energy of configuration, and 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 

indicates the difference of energies under free relaxed state and strained state. 

For pseudobinary system AxB1-xC, Δ𝐸𝝈 is defined as follows: 

Δ𝐸𝝈 = 𝐸𝝈 − [𝑥𝝈𝐸𝐴𝐶 + (1 − 𝑥𝝈)𝐸𝐵𝐶] (2.12) 

, where 𝐸𝐴𝐶  and 𝐸𝐵𝐶  are the energy of AC and BC. 

When Y is total energy, thermodynamic properties such as average 

total mixing energy (Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅), configurational entropy (𝑆(𝑥)), and free energy 

(Δ𝐹) of the system are calculated as follows: 

Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅ = ∑ ∆𝐸𝝈
𝑡𝑜𝑡𝑎𝑙

exp(
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

ℤ(𝑥,𝑇)𝝈  (2.13) 

𝑆(𝑥) = −𝑘𝐵 ∑ 𝑃𝝈 ln(𝑃𝝈)𝝈  (2.14) 

Δ𝐹 = Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝑇Δ𝑆 = N𝑥∆𝜇 − 𝑘𝐵𝑇 ln(ℤ(𝑥, 𝑇)) (2.15) 

, where Δ𝑆 indicates the mixing entropy which is defined as  

Δ𝑆 = 𝑆(𝑥) − (1 − x)𝑆(0) − 𝑥𝑆(1) (2.16) 

The main concern in the field of pseudobinary systems is phase 

separation. Many pseudobinary systems mix its component well and form a 

single phase, but there are also a lot of pseudobinary systems whose phase is 

separated. The phase separation induces inhomogeneity in the electrical and 

optical properties as well as the nano- and micro-scale structures [23–28]. 

Fortunately, it is well known that the phase separation can be predicted from 

the Δ𝐹-x graph. In Δ𝐹 curve as a function of x, when the second derivative of 
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the mixing Helmholtz free energy ( ∂2ΔF 𝜕𝑥2⁄  ) is negative implying the 

concave curve, local compositional separation is energetically favored, while 

convex curve disallows local separation, which means metastable at least. Thus, 

the points where the second derivative of the mixing Helmholtz free energy is 

zero (∂2ΔF 𝜕𝑥2⁄ = 0 ) divide the metastable state and unstable state, called 

spinodal points. For the range of composition between the contact points of the 

common tangent in Δ𝐹-x graph in a given temperature, Δ𝐹 must be higher 

than Δ𝐹 of contact points of common tangent which is averaged according to 

labor rule. Therefore, contact points of common tangent divide the stable state 

and the metastable state, called the binodal points. Then the phase diagram is 

obtained by collecting binodal points and spinodal points for various 

temperatures. 

 

2.5. Dielectric constant 

The dielectric constant is composed of multiple factors, which include 

electronic polarization, ionic polarization, dipolar polarization, interfacial 

polarization. However, each contributor is frequency-dependent. The electronic 

and ionic polarizations are two main contributors in the frequency regime of 

interest. It is well known that ionic contribution to dielectric constant can be 

calculated from phonon mode [29]. As a result, the static permittivity tensor 

𝜀𝛼𝛽
0  can be calculated as: 

𝜀𝛼𝛽
0 = 𝜀𝛼𝛽

∞ +
4𝜋

V
∑

𝑍𝑚𝛼
∗ 𝑍𝑚𝛽

∗

𝜔𝑚
2𝑚  (2.17) 
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, where the subscripts 𝛼 and 𝛽 indicate the direction of the applied electric 

field and the resulting polarization, respectively; 𝜀𝛼𝛽
∞  denotes the electronic 

permittivity tensor; V  denotes the cell volume; the subscript m denotes the 

phonon mode; and 𝑍𝑚𝛼
∗ , 𝑍𝑚𝛽

∗  and 𝜔𝑚 are the mode-effective charge along 

the direction 𝛼 and 𝛽, and the frequency of phonon mode m at the Γ point in 

the Brillouin zone, respectively. The mode-effective charge is defined as: 

𝑍𝑚𝛼
∗ = ∑ 𝑍𝑖,𝛼𝛽

∗ 𝑈𝑖,𝑚𝛽κ,β  (2.18) 

𝑈𝑖,𝑚𝛽 =
𝑣𝜅,𝑚𝛽

√𝑀𝑖
 (2.19) 

, where 𝑖 denotes the atom; 𝑍𝑖,𝛼𝛽
∗  denotes the Born effective charge tensor of 

atom 𝑖; 𝑈𝑖,𝑚𝛽 denotes the Eigen-displacement vector along 𝛽 of the phonon 

mode m; 𝑣𝑖,𝑚𝛽 denotes the eigenvector along 𝛽 of the atom 𝑖 in the phonon 

mode m; and 𝑀𝑖 denotes the atomic mass of 𝑖. Then, the dielectric constant 

tensor κ𝛼𝛽 was calculated as:  

κ𝛼𝛽 = 𝜀𝛼𝛽
0 𝜀0⁄  (2.20) 

, where ε0 is the permittivity of the vacuum. The electronic dielectric constant, 

Born effective charge, and phonon mode which are required to calculate 

dielectric constant tensor κ𝛼𝛽  can be calculated using density functional 

perturbation theory (DFPT). DFPT is the powerful technique to compute 

response properties directly arising from the perturbations of atomic 

displacement, and electric field by linear response theory, based on the 

Sternheimer equation to calculate the variation of the Kohn-Sham orbital under 
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a given perturbing potential [30–34]. 

(−
1

2
∇2 + 𝑉𝑛(𝑟) + 𝑉𝐻(𝑟) + 𝑉𝑋𝐶(𝑟) − ϵi) |Δ𝜙𝑖〉  

= −(Δ𝑉𝑛(𝑟) +
1

2
∫

Δ𝜌(𝑟′)

|𝑟−𝑟′|
𝑑𝑟′ +

𝑑𝑉𝑋𝐶(𝜌)

d𝜌
|
𝜌=𝜌(r)

− Δϵi)|𝜙𝑖〉 (2.21) 

In this dissertation, the temperature-dependent κ𝛼𝛽  is calculated 

from the temperature-dependent phonon. Some programs have been introduced 

to calculate the phonon dispersion in a given temperature [35–37]. In this 

dissertation, the temperature-dependent κ𝛼𝛽  is calculated from the the 

temperature-dependent phonon using Eq. (2.17).  

The fluctuation method is another method to calculate temperature-

dependent κ. Fluctuation method is based on the following equation [38,39]: 

κ =
1

𝜀0𝑉𝑘𝐵𝑇
[⟨�⃗⃗� 2⟩ − ⟨�⃗⃗� ⟩

2
] (2.22) 

, where �⃗⃗�  indicates dipole moment. Using statistical mechanics, Eq. (2.22) 

can be derived from [40]:  

𝐹𝑖 = 𝑈𝑖 − 𝑉�⃗� 𝑖�⃗�  (2.23) 

, where F is free energy, U is internal energy, �⃗�  is polarization, �⃗�  is external 

field, and i indicate the microstate. 

External field method is the method that calculating κ  from the 

molecular dynamics under the external field as [41]: 

𝜅 = 1 +
�⃗� 

𝜀0�⃗� 
 (2.24)  
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CHAPTER 3 

   METHODOLOGY FOR  

   AVERAGE PROPERTY 

 

 

 

 

 

3.1. Introduction 

Although the theory is explained in chapter 2, researchers will face 

many obstacles when the theories are applied in practice. For example, it is 

impossible to calculate the strain energy in Eq. 2.11 for all configurations under 

various strains, and the pseudobinary system with 2×2×2 supercell of zinc-

blende structure generates 232 configurations, which are too many to calculate 

even when cluster expansion is used. So, here is useful information which is 

used when conducting research applying the methodology to GaAsxSb1-x and 

InxGa1-xAs. Note that the statistic thermodynamics part in methodology is 

coded and the program is available at https://5pg.readthedocs.io/en/latest/ 
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3.2. Density functional theory (DFT) 

Figure 3.1 shows the reason why 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 in Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 is mandatory 

to calculate the probability of a configuration 𝑃𝝈 . Figure 3.1 (a) depicts the 

schematics of the grand canonical ensemble where all the microstates are freely 

relaxed, hence, the strain energy is zero. In Fig. 3.1 (b), in contrast, all 

microstates have the uniform lattice constant of the average composition, 

implying that each microstate is under a local strain condition.  
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Figure 3.1 Schematic of the grand canonical ensemble with (a) freely relaxed 

microstates, (b) microstates under strain induced by local 

compositional fluctuation at x = 0.5. The side length of the square 

refers to the lattice constant in each microstate.3 
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Thus, to calculate the probability of a configuration 𝑃𝝈 , it is 

mandatory to calculate 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 to obtain Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙. There are two methods to 

account for this strain energy. One is the calculation of the 𝐽𝑘,𝑚
Δ𝐸  under strain 

from the data sets obtained by the DFT calculations as in the previous study 

[42], and the other is the post-addition of the average strain energy to the mixing 

energy in the freely relaxed state, ΔEσ. The former needs DFT calculations for 

all configurations under strain. Therefore, it does not meet the primary purpose 

of using the CE, which is a reduction in the computational cost without 

sacrificing accuracy. If the 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 is independent of the configuration, then 

the latter is valid. 

To confirm whether the configuration affects the 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 or not, the 

𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 at two relative volumes V/V0 of 0.9 and 1.1 were tested assuming an 

isostatic strain at x = 0.5. V and V0 are the strained volume and the freely relaxed 

volume, respectively. The 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛  of 20 arbitrary configurations for 

(GaAs)0.5(GaSb)0.5 and 11 configurations for (InAs)0.5(GaAs)0.5 were calculated. 

The standard deviation of 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 were evaluated to be below 0.6 meV/atom 

for (GaAs)0.5(GaSb)0.5 and 0.7 meV/atom for (InAs)0.5(GaAs)0.5, respectively. 

This implies that 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 does not depend on the configuration [15] and can 

thus be estimated using a small number of configurations for a given local 

composition xσ and given volume V. 

It is obvious that 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 depends on target volume and the volume 
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of configuration in the free relaxed state also varies. Because calculating 

𝐸𝑠𝑡𝑟𝑎𝑖𝑛 for all configurations takes a huge amount of calculation cost, a simple 

method to obtain strain energy must be found for the efficiency of methodology. 

Thus, the author focus on the Birch-Murnaghan equation of state, the well-

known equation that describing the strain energy [43]. 

𝐸𝑠𝑡𝑟𝑎𝑖𝑛 =
9𝑉0𝐵0

16
{[(

𝑉0

𝑉
)

2

3
− 1]

3

𝐵0
′ + [(

𝑉0

𝑉
)

2

3
− 1]

2

[6 − 4 (
𝑉0

𝑉
)

2

3
]} (3.1) 

, where B0 and 𝐵0
′  are the bulk modulus and its derivative, and V0 and V are 

the volume without strain and with strain. Because 𝐵0 depends on materials, 

only target volume and volume of free relaxed configuration are required to 

calculate strain energy. Though the difference in lattice constant between GaAs 

and GaSb, and between InAs and GaAs is large, both GaAsxSb1-x and InxGa1-

xAs follows substitutional Hume-Rothery rules [44], and lattice constants (a0) 

of GaAsxSb1-x and InxGa1-xAs follow Vegard’s law well as in the experimental 

literature [45–48] and in the calculation of this work in Fig. 3.2, fortunately. 

Therefore the target volume is determined according to average composition x, 

and the volume of configuration is determined by local composition xσ. The B0 

values calculated by fitting the 𝐸𝑠𝑡𝑟𝑎𝑖𝑛  show feasible agreements with the 

experimental B0 value.  
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Figure 3.2 (a) Lattice constant of 236 configurations of (GaAs)x(GaSb)1-x and 

(b) lattice constant of 297 configurations of (InAs)x(GaAs)1-x in 

2x2x2 supercell. The solid line follows Vegard’s rule. 
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3.3. Cluster expansion 

The pseudobinary system AxB1-xC has the fixed atom C, which 

corresponds to Ga in GaAsxSb1-x and As in InxGa1-xAs. When atom C 

participates in performing cluster expansion, the computational amount 

increases by at least 2 times. Thus, it is better to ignore the fixed atom C. It 

should be noted that symmetry should be preserved. When atom C is ignored, 

a zinc-blende structure becomes a face-centered cubic (FCC) structure. The 

space group of zinc-blende structure (F4̅3m) and FCC (Fm3̅m) is different, 

some clusters which are distinct in a zinc-blende structure become 

symmetrically identical in FCC structure. Fig. 3.3.1 shows an example of 

clusters in the case. When the clusters that distinct in zinc-blende structure are 

maintained after atom C is ignored, calculation efficiency is improved more 

than twice without loss of accuracy. The validity of ignoring atom C can be 

confirmed by comparing the equations of the cluster expansion method for the 

cases with and without atom C. 

 

3.4. Thermodynamic statistics 

3.4.1 Ensemble average  

The desired properties vary depending on the application, but the 

bandgap of pseudobinary semiconductors is always important, and Ga(As,Sb) 

and (In,Ga)As bandgaps are calculated in this dissertation. Considering the 
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pseudobinary systems including Ga(As,Sb) and (In,Ga)As are utilized in a solid 

solution state, not in an ordered structure, it is quite weird to discuss the 

bandgap because band theory assumes a periodic system. However, there is the 

experiment literature which observes the band structure of the solid solution 

system [49] and theoretical evidence that periodicity can be restored by 

choosing proper effective particles [50].  

Even though the bandgap can be defined in the solid solution, it is 

another problem whether calculating the bandgap of a system as an ensemble 

average of the bandgap is valid or not. It is hard to prove where bandgap can be 

calculated using ensemble average. Nevertheless, we try to explain the validity. 

One literature explains it by the fact that the VBM and CBM states of solid 

solution are delocalized as ordered structures when the valence state of atom A 

and atom B in AxB1-xC is the same [51]. From an empirical point of view, there 

are literature which calculates the bandgap of system as average of canonical 

ensemble [11,52,53]. From a mathematical point of view, average property 

calculated using grand canonical ensemble is one of the weighted arithmetic 

mean for microstates as Eq. (2.7) and the cluster expansion is also the weighted 

arithmetic mean for clusters as Eq. (2.6). Thus, the grand canonical ensemble 

average for the cluster expansion results is in principle the same as the cluster 

expansion result for the infinite cell. Thus, if the cluster expansion on bandgap 

is acceptable, ensemble averaging for bandgap can also be adopted. Although 

the cluster expansion is usually applied to energy, bandgap is also a property 

which can be computed using the cluster expansion and there are literatures that 

cluster expansion is applied to bandgap [54–58].  
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3.4.2 Number of samples 

To calculate grand partition function ℤ(𝑥, 𝑇) , properties of all 

microstates are required. When the number of configurations is small enough 

to simulate all configurations, it is reasonable to reduce the computational cost 

by adopting the weight according to the number of symmetrically equivalent 

configurations. However, zinc-blende GaAsxSb1-x and InxGa1-xAs in 2×2×2 

supercell generate 232 ≈ 4.3×109 configurations, which are too many to calculate, 

although cluster expansion enables fast prediction of properties of 

configurations. Thus, random sampling was used. According to ‘the law of 

large numbers’, the average energy obtained from a sufficiently large number 

of configurations should be close to the true average value. Besides, the number 

of possible configurations at each local composition, K, greatly varies 

depending on the local composition, n/N, as follows 

𝐾 = 𝐶𝑁
 

𝑛 =
𝑁!

𝑛!(𝑁−𝑛)!
 (3.2) 

Kn/N=0 and Kn/N=1 is only one, and Kn/N=1/32 and Kn/N=31/32 (the second-lowest or 

the second-highest local composition in the 2×2×2 supercell) is 32. These K 

values are too small compared to Kn/N=0.5 (= 32!/16!/16! = ~ 6.0×108). This 

means that the local composition near 0 or 1 cannot be selected in a fully 

random manner among all possible configurations, 232. This may result in 

insufficient accuracy near both ends of the composition range. In this 

dissertation, for the even sampling for each n/N, the number of configurations 
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calculated using CE, 𝐾′, for each discrete n/N was set to 10,000. This means 

that a total of 330,000 configurations spanning 33 local compositions were 

calculated using CE. 𝐾′ = 10,000 was found to be large enough to converge 

the average mixing energy for n/N = 0.5 within 1 meV/atom. ‘Simple random 

sampling with replacement’ was conducted to select configurations for 𝐾′ . 

Thus, sampling more than the real possible configurations (K<𝐾′ ) for some 

local compositions near both ends of the composition range is not a problem. 

The canonical partition function, which does not allow the local 

compositional fluctuation, z(n/N,T) for 𝐾′ = 10,000 was calculated as in the 

previous study using the correction term K/𝐾′ [59]. 

𝑧 (
𝑛

𝑁
, 𝑇) = ∑ exp (

−Δ𝐸𝜎

𝑘𝐵𝑇
)

𝐾

𝐾′𝝈(𝑛𝝈=𝑛)  (3.3) 

Then, the grand canonical partition function ℤ(𝑥, 𝑇)  can be described as a 

function of the canonical partition function z(n/N,T). 

ℤ(𝑥, 𝑇) = ∑ exp (
𝑛Δ𝜇−𝐸𝝈(𝑛𝝈=𝑛)

𝑠𝑡𝑟𝑎𝑖𝑛

𝑘𝐵𝑇
) 𝑧 (

𝑛

𝑁
, 𝑇)𝑁

𝑛=0  (3.4) 

where 𝐸𝝈(𝑛𝝈=𝑛)
𝑠𝑡𝑟𝑎𝑖𝑛  is the strain energy of configurations whose nσ is n. 

Note that the 𝐸𝝈(𝑛𝝈=𝑛)
𝑠𝑡𝑟𝑎𝑖𝑛  can be calculated using DFT as the section 3.2, and 

z(n/N,T) can be calculated with ΔEσ according to Eq. (3.3). 
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CHAPTER 4 

   PHASE DIAGRAM OF  

   III-V SEMICONDUCTOR SOLID SOLUTION 

 

 

 

 

 

4.1. Introduction 

III-V compound semiconductor materials have been extensively 

studied due to their tunability in properties as well as lattice constant [60,61]. 

In particular, pseudobinary systems composed of III-V compounds such as 

Ga(As,Sb) and (In,Ga)As are of interest in semiconductor devices and 

optoelectronic applications [62–64]. However, some of these systems have 

phase separation, which induces many disadvantages as discussed in chapter 2. 

Therefore, it is crucial to understand the atomic scale local fluctuations, which 

will improve the performance of applications. The phase diagram is useful as a 

critical guide to phase separation. However, experimental phase diagrams for 

some III-V pseudobinary systems are not available, which is partly due to an 
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excessively large amount of experimental work to obtain phase diagrams. For 

instance, phase diagrams of Al(P,Sb) [65] and Al(As,Sb) [66] were reported 

only by calculations, not by experiments yet. In this regard, theoretical means 

using ab initio calculations could be a viable alternative to obtain the necessary 

phase diagrams. 

Among several calculation methods developed for the phase diagrams, 

we focus on a non-empirical method because a non-empirical method can be 

also applicable to new materials. In general, the calculation methods are mainly 

composed of two parts: a calculation of the energy, and a calculation of the 

entropy. A previous study on Ga(As,Sb) using the special quasi-random 

structure (SQS) oversimplified the energy calculations by selecting one 

representative configuration for only five compositions [67] whereas the 

number of viable atomic configurations should be much higher. The sampling 

of configurations was insufficient to take into account the characteristic 

randomness of a solid solution, which resulted in a large error in the energy 

calculation. On the other hand, this previous report treated the entropy as the 

ideal entropy of mixing [67], which may differ from the actual entropy at a low 

temperature. Another study used a more statistical method to calculate the phase 

diagrams of Ga(As,Sb) and (In,Ga)As by introducing generalized quasi-

chemical approximation (GQCA) [15]. Although the GQCA method is 

theoretically accurate, that work also used only one configuration for each of 

the five compositions. As a result, the phase diagrams of Ga(As,Sb) calculated 

by using SQS and GQCA showed a large discrepancy in the binodal line and 

the upper critical solution temperature (Tc) when compared to experimental 
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results [68–71]. 

The more configurations and corresponding energies are calculated, 

the higher statistical accuracy can be achieved. However, it is impossible to 

calculate all the energetics of countless configurations using fist-principles 

calculations due to the enormously high computational cost. To solve this 

problem, Wei et al. introduced a cluster expansion (CE) method that enables 

rapid predictions of the energies for a large number of configurations based on 

the results obtained using first-principles calculations [42]. To estimate the 

average energy for all configurations, they used a relatively small system 

composed of 8 configurations in a 1×1×2 supercell. Many studies using CE 

calculated energy and entropy by assuming an entirely random structure [72–

74]. In these studies, the configuration-dependent energetic stability was 

neglected, therefore, the probability of each configuration to occur was 

considered the same. However, it is different from reality [75]. Meanwhile, a 

Monte Carlo simulation is another approach to calculate the energy and entropy 

more realistically using CE. Such methods have been used to predict the phase 

diagrams of III-V compound semiconductors [42,73–77]. However, they 

demand more computational resources than CE. Therefore, it is still necessary 

to introduce an accurate and efficient computational method to predict phase 

diagrams.  

This chapter presents an accurate and efficient prediction of the phase 

diagrams of Ga(As,Sb) and (In,Ga)As using a combined methodology 

composed of: density functional theory (DFT) calculations to guarantee 
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accurate energy; CE to properly account for the innumerable configurations; 

and grand canonical ensemble to consider the local compositional fluctuation, 

for obtaining the accurate average energy and entropy efficiently. Recently, a 

similar method has been called multi-configurational supercell approach [11] 

while the method has been used for a long time [59,78], but it uses the canonical 

ensemble which prohibits compositional fluctuation and treats discrete 

composition. The methodology in this chapter using grand canonical ensemble 

allows compositional fluctuation which is more realistic and enables to treat 

continuous composition range. In addition, the effect of the local strain induced 

by the local compositional fluctuation on the prediction of phase diagram is 

thoroughly investigated, which has not been focused despite its importance in 

the grand canonical ensemble to date. Although a previous study already 

considered the local strain [42], it treated the local strain within the DFT 

calculations by changing the volume of all configurations calculated, which 

demands further excessive computational cost. In contrast, this chapter 

separately calculates the local strain energy and then added it to the energy of a 

freely relaxed configuration obtained by DFT calculations and CE, which 

significantly diminished the computational cost without losing accuracy. By 

applying this method to Ga(As,Sb) whose phase diagram has been intensively 

studied in experiments [68–71], it is confirmed that the calculated phase 

diagram accurately reproduced the experimental binodal points. Then, the 

phase diagram of (In,Ga)As is also predicted by this method, and the prediction 

for the miscibility gap is compared to the experimental value, which is the only 

result found in the experimental report [79]. They show a feasible agreement, 
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suggesting the accuracy and efficiency of the present method. The overall 

calculations can be transferable to other III-V pseudobinary systems to obtain 

the phase diagram efficiently. Finally, an intuitive prediction of the phase 

separation is suggested by a simple estimation of the strain energy using the 

ratio of lattice parameters between the III-V semiconductor materials. 

 

4.2. Computational details 

4.2.1 Density functional theory  

Density functional theory calculations were performed using the 

Vienna Ab-initio Simulation Package (VASP) [80,81]. Blöchl’s projector 

augmented wave (PAW) approach [82,83] was used to describe the electron-

core interaction. DFT calculations were performed for the configurations in 

2×2×2 supercells which were generated by DBmaker in the Lattice 

Configuration Simulation (LACOS) package [84]. The local density 

approximation (LDA) [19,85] was used for the exchange-correlation potential. 

The energy cutoff for the plane-wave basis function was 500 eV and all the 

atomic positions and cell parameters were relaxed until the Hellmann-Feynman 

forces were below 0.02 eV/Å using Γ-centered 3×3×3 k-points. Strain energies 

were calculated by changing V/V0 for randomly selected configurations, which 

were at least three for each composition at regular intervals in the entire 

composition. The calculated strain energies were fitted to Birch-Murnaghan 

EOS in Eq. (3.1). 
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4.2.2 Cluster expansion  

The cluster expansion (CE) method was performed using the LACOS 

package [84]. The CE method efficiently calculates the configuration-

dependent properties of numerous configurations without sacrificing accuracy. 

In the CE method, the particular property of a configuration is described as the 

sum of contributions from various clusters, where a cluster refers to a group of 

interacting atoms. In this dissertation, a cluster composed of k atoms is called 

a k-site cluster, and m-th k-site cluster is expressed as (k,m). Using the 

properties of configurations calculated by DFT as training data, the effective 

cluster interaction coefficient (ECI) of each cluster is iteratively evaluated. The 

ECI indicates the contribution of each cluster. Then, the ECIs enable the 

prediction of the properties of any arbitrary configurations without expensive 

electronic calculations. The ECIs were calculated using the genetic algorithm 

implemented in the LACOS package from the energies of configurations 

calculated with LDA. The genetic algorithm implemented in the LACOS 

package was used to calculate ECI for the database using LDA. After obtaining 

ECI, the properties of 10,000 configurations for every possible composition at 

interval 0.03125 (= 1/32) in the 2×2×2 supercell were evaluated, for a total of 

330,000 configurations. The properties of configurations were used to obtain 

the average properties using Eq. (2.7). 
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4.3. Phase diagrams of Ga(As,Sb) and (In,Ga)As 

The ensemble size of the pseudobinary (AC)x(BC)1-x in CE is set to the 

2×2×2 supercell having 32 sites for A and B atoms. It generates 232 (=

∑ 𝐶𝑛𝑁
 32

𝑛=0  ~ 4.3×109) possible configurations, that are too many configurations 

for which to calculate all properties. Thus, DFT calculation and CE method are 

combined to improve the calculation efficiency. At first, the mixing energy, ΔEσ, 

is calculated by DFT calculation. Then, ΔEσ is calculated by CE method. Figure 

4.1 (a) and (b) show the calculated 𝐽𝑘,𝑚
Δ𝐸  for the freely relaxed (GaAs)x(GaSb)1-

x and (InAs)x(GaAs)1-x, respectively. The corresponding cluster for each 𝐽𝑘,𝑚
Δ𝐸  

are represented in Fig. 4.1 (c). Among 240 candidate clusters, 28 and 17 

effective clusters are selected for (GaAs)x(GaSb)1-x, and 17 effective clusters 

are selected for (InAs)x(GaAs)1-x by genetic algorithm.  

  



 

32 
 

 

 

 

 

 

Figure 4.1 ECIs of (a) (GaAs)x(GaSb)1−x and (b) (InAs)x(GaAs)1−x. (c) 

Cluster corresponding to 𝐽𝑘,𝑚
Δ𝐸 . The set of numbers (k,m) denotes 

m-th k-site cluster. 2 
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As discussed in chapter 3, it is verified that the 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 depends only 

on the local composition regardless of configuration. But for further 

verification, at least three configurations for each of the nine compositions at 

regular intervals in the entire composition range are randomly selected and the 

strain energies are calculated by changing V/V0. Figure 4.2 (a) and (b) show the 

strain energies of (GaAs)x(GaSb)1-x and (InAs)x(GaAs)1-x as a function of the 

V/V0 calculated in 2×2×2 supercell and the data are fitted to the Birch-

Murnaghan equation of state (B-M EOS) in Eq. (3.1) [43] as the black curves. 

It is confirmed that the B-M EOS curve can reproduce the strain energy per 

atom when 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 is calculated in 2×2×2 supercell for (GaAs)x(GaSb)1-x. 

The left y-axis is the strain energy of the system, while the right y-axis 

is the strain energy per atom. Note that the V/V0 range in Fig. 4.2 covers all 

possible strain ranges from dilute AC in BC to dilute BC in AC for (AC)x(BC)1-

x. For (GaAs)x(GaSb)1-x, dilute AC in BC refers to the microstate of GaAs (a = 

5.653 Å) under an isostatic strain condition induced by the matrix GaSb (a = 

6.118 Å), and so on. All strain energies are fitted by a single B-M EOS curve 

irrespective of the configuration and composition, indicating V0B0 is almost 

constant within a range that maintains accuracy. Therefore, 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛  can be 

easily estimated by these graphs for any V/V0 hence is separately added as the 

second term in Eq. (2.11). Note that V is determined by the local composition 

xσ, while and V0 is determined by the average composition x. In addition, Fig. 

3.2 already shows the calculated lattice constants (a0) of these systems which 
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follow Vegard’s law well as in the experimental literatures [45–48]. The a0 of 

(GaAs)x(GaSb)1-x and a0 of (InAs)x(GaAs)1-x are 0.7–0.8% and 0.4–0.8% 

smaller than the experimental values. From the fitted B-M EOS in Fig. 4.2, B0 

is calculated: B0 for GaAs is calculated as 71.9 GPa from Fig. 4.2 (a) and 73.6 

GPa; 57.2 GPa for GaSb from Fig. 4.2 (a); and 59.1 GPa for InAs from Fig. 4.2 

(b). They all show good agreement with the experiment B0 values [86], as the 

difference from the experimental values are within 1.6 and 3.8 % for GaAs, -

0.4 % for GaSb, and 1.4 % for InAs, respectively.   
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Figure 4.2 Strain energy induced by local compositional fluctuation as a 

function of the relative volume V/V0 for various compositions of 

(a) (GaAs)x(GaSb)1−x and (b) (InAs)x(GaAs)1−x. The black curves 

were fitted to the B-M EOS.4 
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Figure 4.3 (a) and (b) show the mixing energy, ΔEσ, for 

(GaAs)x(GaSb)1-x and (InAs)x(GaAs)1-x. The left y-axis is the mixing energy of 

the system, while the right y-axis is the mixing energy per atom. The green bar 

symbols are the individual ΔEσ values of 330,000 configurations calculated by 

CE with 𝐾′ = 10,000. From these individual ΔEσ values, the average mixing 

energy, Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅ for a given x and T were obtained at 300, 600, and 900 K from 

Eq. (2.13). To investigate the effect of the strain energy, the Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅  with 

(black bold lines) and without (red lines) the strain energy are calculated. For 

the case without strain energy, the 𝐸𝝈(𝒏𝝈=𝒏)
𝑠𝑡𝑟𝑎𝑖𝑛   is set as zero. The Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅ 

increases as the temperature increases and it tends to be more apparent when 

the strain energy is not taken into account. 
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Figure 4.3 Mixing energy of (a) (GaAs)x(GaSb)1−x and (b) (InAs)x(GaAs)1−x. 

The green bar symbol represents ΔEσ calculated by the CE. The 

black bold line and red line correspond to Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅  calculated 

with and without considering the strain energy at 300, 600, and 

900 K, respectively.5 
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The difference between Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅ for the cases with and without strain 

energy can be explained by the probability of configurations whose local 

composition is n/N to occur, Pn/N.  

𝑃𝑛/𝑁 = ∑ 𝑃𝝈𝝈(𝑛𝝈=𝑛) = ∑
exp(

𝑛𝝈Δ𝜇−Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

ℤ(𝑥,𝑇)𝝈(𝑛𝝈=𝑛)  (4.1) 

Figure 4.4 (a) and (b) show the Pn/N for the average composition x = 0.5 at 300, 

600, and 900 K in the case of (GaAs)0.5(GaSb)0.5 and (InAs)0.5(GaAs)0.5. The 

red line denotes Pn/N calculated without strain energy, while the black bold line 

denotes Pn/N calculated with the strain energy. Without considering the strain 

energy, the configurations whose local compositions are near both ends appear 

dominantly due to their low ΔEσ. In contrast, when the strain energy is 

considered, Pn/N shows a peak where n/N is the same as x = 0.5 because the 

𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 in Fig. 4.2 is one order larger than the ΔEσ in Fig. 4.3. It seems to be 

more plausible that the black line in Fig. 4.4 is closer to the real situation that 

the local composition of each microstate slightly deviates from the average 

composition. The discrepancy between the red line and the black line in Fig. 

4.3 becomes less distinct as the temperature increases because the Pn/N 

distribution becomes broader for both cases. Therefore, the difference between 

the black line and red line at a given temperature in Fig. 4.3 decreases along 

with the increase in temperature.  
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Figure 4.4 Pn/N of (a) (GaAs)0.5(GaSb)0.5 and (b) (InAs)0.5(GaAs)0.5 at 300, 600 

and 900 K. The dotted line represents n/N = x = 0.5.6 
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Figure 4.5 (a) and (b) show the calculated mixing Helmholtz free 

energies, ΔF, as a function of the composition at 300, 600, and 900 K for 

(GaAs)x(GaSb)1-x and (InAs)x(GaAs)1-x. In Fig. 4.5 (a) and (b), the left y-axis is 

the ΔF of the system, and the right y-axis is the ΔF per atom. The black bold 

lines and red lines correspond to the ΔF calculated with and without the strain 

energy, respectively. Both ΔF of Fig. 4.5 (a) and (b) are convex downward in 

the whole composition range. It can be mathematically proved that the ΔF 

without strain energy is always convex downward by developing the double 

differentiation of the general expression of ΔF without strain with respect to the 

composition.  

𝜕2Δ𝐹

𝜕𝑥2 = 𝑁
𝜕𝛥𝜇

𝜕𝑥
= 𝑁2 𝑘𝐵𝑇

𝑛2̅̅ ̅̅ −�̅�2 ≥ 0 (4.2) 

Equation (4.2) shows that the double differentiation of ΔF is always positive or 

zero. This means that phase separation never occurs in any solid solution if the 

strain energy is not considered in the grand canonical ensemble.  

In contrast, if the strain energy is considered, the second derivative of 

ΔF is developed as: 

𝜕2Δ𝐹

𝜕𝑥2 =
1

𝑘𝐵𝑇
(𝑛2̅̅ ̅ − �̅�2) (

𝜕𝛥𝜇

𝜕𝑥
)
2
+

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
+

1

𝑘𝐵𝑇
(

𝜕𝐸

𝜕𝑥

̅ 2

− (
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
) (4.3) 

where 
𝜕𝐸

𝜕𝑥

̅
 and (

𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
 are defined as  

𝜕𝐸

𝜕𝑥

̅
= ∑

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
𝑃𝜎𝝈 = ∑

𝜕𝐸𝜎
𝑠𝑡𝑟𝑎𝑖𝑛

𝜕𝑥
𝑃𝜎𝝈  (4.4) 
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(
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
= ∑ (

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
)
2

𝑃σ𝝈  (4.5) 

In Eq. (4.3), the first term is always positive. The second term in Eq. (4.3) is 

also positive because 
𝜕2𝐸

𝜕𝑥2 is the same as 
𝜕2𝐸𝝈

𝑠𝑡𝑟𝑎𝑖𝑛

𝜕𝑥2 , and 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 has a convex 

downward curve in the x range of interest, as shown in Fig. 4.2. On the other 

hand, the last term in Eq. (4.3) is always negative mathematically, because it is 

the negative value of the deviation of the strain energy over kBT. Therefore, Eq. 

(4.3) can be either positive or negative, which means ΔF may have inflection 

points, as shown in the black lines in Fig. 4.5, where phase separation occurs. 

Thus, for solid solutions with wide-range-tunable lattice constants as materials 

in this work having approximately 7% lattice change, the strain energy must be 

considered in the grand canonical partition function to calculate the correct 

thermodynamic properties. Detailed proofs on Eq. (4.2) and (4.3) are provided 

in section 4.6 
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Figure 4.5 ∆F of (a) (GaAs)x(GaSb)1−x and (b) (InAs)x(GaAs)1−x at 300, 600, 

and 900 K calculated with strain energy (black line) and without 

strain energy (red line).7 
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Finally, the phase diagrams of (GaAs)x(GaSb)1-x and (InAs)x(GaAs)1-

x are calculated from Δ𝐹 considering the strain (black lines in Fig. 4.5), using 

the grand canonical ensemble, as shown in Fig. 4.6 (a) and (b). The black solid 

and black dotted lines are the calculated binodal and spinodal lines, respectively. 

The gray area above the solidus curve indicates the region where the liquid 

phase of (GaAs)x(GaSb)1-x [46,71] and (InAs)x(GaAs)1-x [87] appear 

experimentally. 

The colored symbols in Fig. 4.6 indicates the experimental results 

measured by x-ray diffraction [68,69], electron probe microanalyzer [68,70,71] 

and transmission electron microscopy [79]. The calculated binodal line for 

(GaAs)x(GaSb)1-x in this chapter shows good agreement with the experimental 

results. In this calculation, Tc is 1040 K for (GaAs)0.58(GaSb)0.42. However, this 

Tc is located slightly above the solidus curve in the experimental literature [46], 

which means that (GaAs)x(GaSb)1-x is expected to melt before reaching the Tc 

as the temperature increases. The colored thin lines are the calculated results 

reported by using SQS with 5 samples ignoring the local strain energy (green) 

[67]; using GQCA with 5 samples considering the local strain energy (blue) 

[15]; using CE with 10 DFT samples considering local strain energy (red) [42]. 

The red thin line is the closest to our results, which demonstrates the 

independence of the strain energy on the configuration and the importance of 

the local strain energy. However, this red thin line is obtained by using ECIs as 

a function of volume, which requires a much larger amount of DFT calculations 

compared to our method. In the calculated (InAs)x(GaAs)1-x phase diagram in 
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Fig. 4.6 (b), on the other hand, Tc is predicted to be 716 K at (InAs)0.35(GaAs)0.65. 

Therefore, it is in agreement with the experimental report that phase separation 

occurs at 623 K [79]. However, the (InAs)x(GaAs)1-x has been usually grown 

over 720 K [88–91], which is above the calculated Tc. This could be one of the 

reasons why the phase diagram of this system has not been a crucial issue in 

experiments. Meanwhile, the Tc of the phase diagrams reported in theoretical 

literature varies greatly depending on the literature. Several previous studies 

calculated Tc to be 550 K using SQS with an ideal entropy [92]; 750–817 K 

using the CALPHAD method with experimental liquidus-solidus line [93–96]; 

and 312–380 K using a Monte Carlo simulation with ideal entropy [97]. Several 

other studies considered the strain energy and predicted Tc to be 520 K using 

GQCA (blue line) [15] and 630 K using CE with 10 DFT samples (red line) 

[42]. Among those, the red line is the closest to our result. Nonetheless, its 

spinodal line (dotted red) shows an unusual curve, which is presumably due to 

the small number of configurations considered. From these results, the 

consideration of the strain energy induced by the lattice parameter variation is 

found to be essential to predict the phase diagrams of (GaAs)x(GaSb)1-x and 

(InAs)x(GaAs)1-x. 
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Figure 4.6 Phase diagrams of (a) (GaAs)x(GaSb)1−x and (b) (InAs)x(GaAs)1−x. 

The black solid and black dotted lines are the calculated binodal 

and spinodal curves. The gray area is above the experimental 

solidus line. The colored lines are the previous calculation results, 

while the colored symbols denote the previous experimental data.8  
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4.4. Upper critical solid temperature 

To further investigate the general effect of the strain energy on Tc, the 

experimental values of a0, B0, V0B0 of nine III-V semiconductor materials of 

zinc-blende structures are shown in Fig. 4.7 (a-c), respectively [86]. Figure 4.7 

(d) shows the matrix diagram of Tc of the various III-V solid solution systems 

in terms of a0 ratio and B0 ratio. These ratios are defined as the larger value 

divided by the smaller value for AC and BC. The maximum value of the a0 ratio 

is 1.19 and that of the B0 ratio is 1.84. On the other hand, the maximum ratio of 

V0B0 is only 1.10 because the B0 usually decreases as the a0 increases. This is 

the reason why 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 can be fitted by a single B-M EOS curve irrespective 

of the configuration and composition in Fig. 4.2. Thus, for a given V0B0, the 

strain energy in Eq. (3.1) is primarily determined by the relative volume, which 

is directly affected by the a0 ratio.  
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Figure 4.7 Experimental (a) a0, (b) B0, and (c) V0 B0 of nine III–V zinc-blende 

structure materials. (d) Matrix diagram of Tc. The a0 ratio and B0 

ratio are indicated using red and green scale bars, respectively. The 

Tc with an asterisk indicates that the Tc is above the solidus line. 

All data are obtained from the experimental literature, except Tc 

with a triangle.9 
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There are three types of rhombus cells in Fig. 4.7 (d); a cell with a 

value, a cell with the word “miscible”, a cell with a gray center. The value at 

the center of each cell denotes the Tc of the pseudobinary system which is found 

in experimental studies [45,71,79,98–101], except for (AlP)x(AlSb)1-x and 

(AlAs)x(AlSb)1-x, for which the values were reported through calculations [96]. 

The calculated Tc are marked by a small triangle at the right position of the 

numbers. The asterisk at the same position indicates that Tc is above the solidus 

line. The cells for quaternary systems have a gray center and are excluded from 

this chapter. The “miscible” in the center indicates that the phase separation has 

not been observed yet. For each cell, the colors of the upper and lower corners 

denote the a0 ratio and B0 ratio which are indicated by red and green scale bars. 

In general, phase separation does not occur for the cell with pale-colored 

corners. In contrast, Tc becomes higher for a cell with darker colored corners. 

For example, phase separation has not been observed for (InSb)x(GaSb)1-x 

whose a0 ratio is 1.06 while (InAs)x(GaAs)1-x with an a0 ratio of 1.07 has Tc 

above 623 K. Thus, the a0 ratio of 1.06–1.07 is the critical value that determines 

the phase separation in these III-V solid solution systems. It is slightly less than 

1.08, which is the corresponding value reported in the literature in the 1970s 

that considered six III-V pseudobinary systems [102]. The reason for such a 

small difference is that the phase separations of (InP)x(GaP)1-x with an a0 ratio 

of 1.08 and (InAs)x(GaAs)1-x with an a0 ratio of 1.07 were reported after that 

work was published. Since the a0 ratio of all (Al,Ga)-V solid solutions and III-

(P,As) solid solutions are smaller than this critical value, phase separation in 

these systems has not been observed. Due to the similar values of V0B0 among 
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the III-V materials investigated and the opposite tendency in the V0 ratio to the 

B0 ratio, the critical value of the B0 ratio to determine the phase separation is 

determined to be ~1.21. The a0 ratio and B0 ratio of (GaAs)x(GaSb)1-x are 1.08 

and 1.31, which implies that phase separation would occur. On the other hand, 

those of (InAs)x(GaAs)1-x are 1.07 and 1.24, which are slightly higher than the 

critical values, indicating a phase separation at a low temperature. These simple 

estimations using the a0 and B0 ratios are consistent with the calculated phase 

diagram in Fig. 4.6. The absence of the phase separation with a small a0 ratio 

results from the fact that a small variation in a0 and consequent small range of 

V/V0 results in a small absolute value of the third term in Eq. (4.3)  

The methodology for ab initio thermodynamics suggested in this 

chapter is expected to be valuable to the fine-tuning of the process and 

homogeneity of III-V pseudobinary systems, which are required to achieve 

smaller feature sizes for next-generation transistors. Furthermore, this 

methodology is also useful for metallurgical alloy systems where strain is an 

important issue at room temperature and moderate temperatures. 

 

4.5. Conclusion  

A novel methodology is proposed to efficiently and accurately predict 

the phase diagrams of alloys applying ab initio thermodynamics by taking into 

account the local strain energy induced by the local compositional fluctuation. 

The proposed method adopts the CE method in conjunction with DFT 
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calculations to obtain the freely relaxed energies (Eσ) of a sufficient number of 

configurations (σ). Then, the average energy (Δ𝐸𝑡𝑜𝑡𝑎𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅), the mixing Helmholtz 

energy (ΔF), and the phase diagram are calculated in the framework of the 

grand canonical ensemble. The local strain energy (𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛) induced by this 

local compositional fluctuation is separately calculated and then summed with 

the mixing energy of the freely relaxed condition (ΔEσ) to calculate the total 

mixing energy (Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙). The calculation relies on the fact that the local strain 

energy is independent of the configuration. The proposed method is applied to 

(GaAs)x(GaSb)1-x and (InAs)x(GaAs)1-x in comparison with experimental 

results. The calculated phase diagram of (GaAs)x(GaSb)1-x shows a good 

agreement with the experiments in the binodal line as well as the upper critical 

solution temperature (Tc). On the other hand, the phase diagram of 

(InAs)x(GaAs)1-x is also predicted and the calculated Tc is found to be lower 

than the usual growth temperature in the experiments. Finally, a prediction on 

Tc is suggested by an estimation of the strain energy using the ratio of lattice 

parameters between the nine zinc-blende structure III-V materials composed of 

combinations of the three cations (Al, Ga, In) and three anions (P, As, Sb), 

which is relevant to experimental reports. 

 

4.6. Appendix  

With the mixing Helmholtz free energy (Δ𝐹 ) in Eq. (2.15), it is 

obvious that 
𝜕𝛥𝜇

𝜕𝑥
 and 

𝜕𝑍

𝜕𝑥
 are needed to differentiate Δ𝐹. At first, we focus on 
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𝜕𝑍

𝜕𝑥
. When ignoring the strain energy, 𝐸𝝈

𝑠𝑡𝑟𝑎𝑖𝑛 = 0 and Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 = Δ𝐸𝝈 in Eq. 

(2.11). It means that all microstates in the grand canonical ensemble are freely 

relaxed. Therefore, they have their lattice constants, as shown in the schematic 

in figure 2 (a). The grand canonical partition function in Eq. (2.8) can be 

rewritten as follows. 

𝑍(𝑥, 𝑇) = ∑ exp (
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈 = ∑ exp (

𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈  (4.6) 

The mixing energy of the configuration (Δ𝐸𝝈) has no dependency on parameters 

x and 𝛥𝜇. Thus the grand canonical partition function is relatively simple to be 

differentiated as follows. 

𝜕𝑍

𝜕𝑥
=

𝜕𝑍

𝜕𝛥𝜇

𝜕𝛥𝜇

𝜕𝑥
=

𝜕

𝜕𝛥𝜇
(∑ exp (

𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈 )

𝜕𝛥𝜇

𝜕𝑥
=

𝜕𝛥𝜇

𝜕𝑥
∑

𝑛𝝈

𝑘𝐵𝑇
exp (

𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈 =

𝑍�̅�

𝑘𝐵𝑇

𝜕𝛥𝜇

𝜕𝑥
 (4.7) 

To calculate 
𝜕𝛥𝜇

𝜕𝑥
 , we calculate 

𝜕𝑥

𝜕𝛥𝜇
  which is the reciprocal of 

𝜕𝛥𝜇

𝜕𝑥
 . By 

assigning 𝑃𝝈 =
exp(

𝑛𝝈Δ𝜇−Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

𝑍(𝑥,𝑇)
  in Eq. (2.9) to 𝑥 =

�̅�

𝑁
=

1

𝑁
∑ 𝑛𝝈𝑃𝝈𝝈   in Eq. 

(2.10), x is transformed to 
1

𝑁

∑ 𝑛𝝈 exp(
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈

𝑍
. 

𝜕𝑥

𝜕𝛥𝜇
=

𝜕[
1

𝑁

∑ 𝑛𝝈 exp(
𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈

𝑍
]

𝜕𝛥𝜇
=

1

𝑁𝑍
∑

𝑛𝝈
2

𝑘𝐵𝑇
exp (

𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈 −

1

𝑁𝑍2

𝜕𝑍

𝜕𝛥𝜇
∑ 𝑛𝝈 exp (

𝑛𝝈Δ𝜇−Δ𝐸𝝈

𝑘𝐵𝑇
)𝝈 =

𝑛2̅̅ ̅̅

𝑁𝑘𝐵𝑇
−

�̅�

𝑁𝑘𝐵𝑇
�̅� =

1

𝑁𝑘𝐵𝑇
(𝑛2̅̅ ̅ − �̅�2) (4.8) 

Now, the mixing Helmholtz free energy ignoring the local strain energy is 
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differentiated twice with Eq. (4.7) and (4.8) as follows. 

𝜕2Δ𝐹

𝜕𝑥2 =
𝜕

𝜕𝑥
(𝑁𝛥𝜇 + 𝑁𝑥

𝜕𝛥𝜇

𝜕𝑥
−

𝑘𝐵𝑇

𝑍

𝜕𝑍

𝜕𝑥
) =

𝜕

𝜕𝑥
(𝑁𝛥𝜇 + �̅�

𝜕𝛥𝜇

𝜕𝑥
−

𝑘𝐵𝑇

𝑍

𝑍�̅�

𝑘𝐵𝑇

𝜕𝛥𝜇

𝜕𝑥
) =

𝜕

𝜕𝑥
(𝑁𝛥𝜇 + �̅�

𝜕𝛥𝜇

𝜕𝑥
− �̅�

𝜕𝛥𝜇

𝜕𝑥
) = 𝑁

𝜕𝛥𝜇

𝜕𝑥
= 𝑁2 𝑘𝐵𝑇

𝑛2̅̅ ̅̅ −�̅�2 ≥ 0 (4.9) 

Note that the double differentiation of the mixing Helmholtz free energy is 

always positive or zero because the mean of the square values is always greater 

than the square of the mean value.  

Unlike the case ignoring the strain energy, it is the situation that each 

microstate in the grand canonical ensemble is constrained by the lattice constant 

of the average composition x, as shown in the schematic in Fig. 3.1 (b) and it 

induces 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛(𝑥) in Eq. (2.11) when local strain energy is considered. Since 

𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛 depends on x, Δ𝐸𝝈

𝑡𝑜𝑡𝑎𝑙 has a dependency on x through 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛. This 

makes the difference in the derivative of the grand canonical partition function 

in Eq. (2.8). 

𝜕𝑍

𝜕𝑥
= ∑

1

𝑘𝐵𝑇

𝜕(𝑛𝜎𝛥𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙)

𝜕𝑥
exp (

𝑛𝜎𝛥𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎 = ∑

1

𝑘𝐵𝑇
(𝑛𝜎

𝜕𝛥𝜇

𝜕𝑥
−𝜎

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
) exp (

𝑛𝜎𝛥𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
) =

𝑍

𝑘𝐵𝑇
(�̅�

𝜕𝛥𝜇

𝜕𝑥
−

𝜕𝐸

𝜕𝑥

̅
) (4.10) 

where,  

𝜕𝐸

𝜕𝑥

̅
= ∑

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
Pσ𝝈 =

1

𝑍
∑

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
exp (

𝑛𝝈Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈  (4.11) 

The double differential of free energy considering free energy is  

𝜕2Δ𝐹

𝜕𝑥2 =
𝜕

𝜕𝑥
(𝑁𝛥𝜇 + 𝑁𝑥

𝜕𝛥𝜇

𝜕𝑥
−

𝑘𝐵𝑇

𝑍

𝜕𝑍

𝜕𝑥
) =

𝜕

𝜕𝑥
(𝑁𝛥𝜇 + �̅�

𝜕𝛥𝜇

𝜕𝑥
−

𝑘𝐵𝑇

𝑍

𝑍

𝑘𝐵𝑇
(�̅�

𝜕𝛥𝜇

𝜕𝑥
−
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𝜕𝐸

𝜕𝑥

̅
)) =

𝜕

𝜕𝑥
(𝑁Δ𝜇 +

𝜕𝐸

𝜕𝑥

̅
) = 𝑁

𝜕𝛥𝜇

𝜕𝑥
+

𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
) (4.12) 

Both 
𝜕𝛥𝜇

𝜕𝑥
 and 

𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
) can be further expanded. At first, we calculated 

𝜕𝑥

𝜕𝛥𝜇
, 

the reciprocal of 
𝜕𝛥𝜇

𝜕𝑥
. 

𝜕𝑥

𝜕𝛥𝜇
=

1

𝑁

𝜕

𝜕𝛥𝜇
(

∑ 𝑛𝜎 exp(
𝑛𝜎𝛥𝜇−Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑍
) =

1

𝑁

∑ 𝑛𝜎(𝑛𝜎−
𝜕Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕Δ𝜇
)exp(

𝑛𝜎𝛥𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑘𝐵𝑇𝑍
−

1

𝑁𝑍2

𝜕𝑍

𝜕𝛥𝜇
∑ 𝑛𝝈 exp (

𝑛𝝈Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈 =

1

𝑁

∑ 𝑛𝜎(𝑛𝜎−
𝜕Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕Δ𝜇
)exp(

𝑛𝜎𝛥𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑘𝐵𝑇𝑍
−

1

𝑁

�̅�

𝑍

𝜕 ∑ exp(
𝑛𝜎𝛥𝜇−Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝜕Δ𝜇
=

𝑛2̅̅ ̅̅ −𝑛
𝜕𝐸

𝜕Δ𝜇

̅̅ ̅̅ ̅̅ ̅

𝑁𝑘𝐵𝑇
−

�̅�

𝑁𝑘𝐵𝑇
(�̅� −

𝜕𝐸

𝜕Δ𝜇

̅̅ ̅̅
) =

1

𝑁𝑘𝐵𝑇
(𝑛2̅̅ ̅ − 𝑛

𝜕𝐸

𝜕Δ𝜇

̅̅ ̅̅ ̅̅ ̅
− �̅�2 + �̅�

𝜕𝐸

𝜕Δ𝜇

̅̅ ̅̅
) =

1

𝑁𝑘𝐵𝑇
(𝑛2̅̅ ̅ − 𝑛

𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅ 𝜕𝑥

𝜕𝛥𝜇
−

�̅�2 + �̅�
𝜕𝐸

𝜕𝑥

̅ 𝜕𝑥

𝜕𝛥𝜇
) (4.13) 

There is a term for 
𝜕𝑥

𝜕𝛥𝜇
 on both the left and right sides. Because the purpose is 

deriving 
𝜕𝛥𝜇

𝜕𝑥
, the Eq. (4.13) is rearranged to solve for 

𝜕𝛥𝜇

𝜕𝑥
. 

∴ (𝑛2̅̅ ̅ − �̅�2)
𝜕𝛥𝜇

𝜕𝑥
= (𝑁𝑘𝐵𝑇 + 𝑛

𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅
− �̅�

𝜕𝐸

𝜕𝑥

̅
) (4.14) 

The other term, 
𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
), is expanded as follows. 

𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
) =

∑ (
𝜕2Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕𝑥2 +
𝜕Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
∙
𝜕(

𝑛𝜎Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)

𝜕𝑥
)exp(

𝑛𝜎Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑍
−
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∑
𝜕Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
exp(

𝑛𝜎Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑍2

𝜕𝑍

𝜕𝑥
=

∑ (
𝜕2Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝜕𝑥2 +
1

𝑘𝐵𝑇

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
∙(𝑛𝜎

𝜕Δ𝜇

𝜕𝑥
−

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
))exp(

𝑛𝜎Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝜎

𝑍
−

1

𝑍

𝜕𝐸

𝜕𝑥

̅ 𝜕𝑍

𝜕𝑥
 (4.15) 

By applying Eq. (4.10) into Eq. (4.15), 

𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
) =

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
+

1

𝑘𝐵𝑇
(𝑛

𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅ 𝜕Δ𝜇

𝜕𝑥
− (

𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
) −

1

𝑘𝐵𝑇

𝜕𝐸

𝜕𝑥

̅
(�̅�

𝜕𝛥𝜇

𝜕𝑥
−

𝜕𝐸

𝜕𝑥

̅
) =

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
+

1

𝑘𝐵𝑇

𝜕Δ𝜇

𝜕𝑥
(𝑛

𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅
− �̅�

𝜕𝐸

𝜕𝑥

̅
) +

1

𝑘𝐵𝑇
(

𝜕𝐸

𝜕𝑥

̅ 2

− (
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
) (4.16) 

, where  

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
=

1

𝑍
∑

𝜕2Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥2 exp (
𝑛𝝈Δ𝜇−Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈  (4.17) 

(
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
=

1

𝑍
∑ (

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
)
2

exp (
𝑛𝝈Δ𝜇−Δ𝐸𝜎

𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈  (4.18) 

𝑛
𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅
=

1

𝑍
∑ 𝑛𝝈

𝜕Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝜕𝑥
exp (

𝑛𝝈Δ𝜇−Δ𝐸𝜎
𝑡𝑜𝑡𝑎𝑙

𝑘𝐵𝑇
)𝝈  (4.19) 

Applying Eq. (4.14) and Eq. (4.16) to Eq. (4.12) yields the equation: 

𝜕2Δ𝐹

𝜕𝑥2 = 𝑁
𝜕𝛥𝜇

𝜕𝑥
+

𝜕

𝜕𝑥
(
𝜕𝐸

𝜕𝑥

̅
) =

1

𝑘𝐵𝑇

𝜕Δ𝜇

𝜕𝑥
(𝑁𝑘𝐵𝑇 + 𝑛

𝜕𝐸

𝜕𝑥

̅̅ ̅̅ ̅
− �̅�

𝜕𝐸

𝜕𝑥

̅
) +

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
+

1

𝑘𝐵𝑇
(

𝜕𝐸

𝜕𝑥

̅ 2

− (
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
) =

1

𝑘𝐵𝑇
(𝑛2̅̅ ̅ − �̅�2) (

𝜕𝛥𝜇

𝜕𝑥
)
2
+

𝜕2𝐸

𝜕𝑥2

̅̅ ̅̅
+

1

𝑘𝐵𝑇
(

𝜕𝐸

𝜕𝑥

̅ 2

− (
𝜕𝐸

𝜕𝑥
)
2̅̅ ̅̅ ̅̅ ̅
)

 (4.20) 
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CHAPTER 5 

   BANDGAP OF  

   III-V SEMICONDUCTOR SOLID SOLUTION  

 

 

 

 

 

5.1. Introduction 

The pseudobinary III-V compound semiconductor Ga(As,Sb) has 

been widely used as a semiconductor channel and as an optoelectronic material 

with high carrier mobilities, high photon absorption coefficients, and easy 

tunability of the lattice constant and bandgap (Eg) [61,62,64]. In zinc-blende 

structured Ga(As,Sb), both As and Sb atoms occupy the anion sites, resulting 

in a tremendous number of atomic arrangements, called configurations. Various 

properties, such as atomistic energy [12], Curie temperature [103], dielectric 

constant [14], and piezoelectric constants [56] depend on the atomic 

configuration, as does the bandgap [104,105]. The bandgap is the most crucial 

material parameter that determines most of the critical device’s performance, 
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so controlling it is of utmost importance in the field. The bandgap of GaAsxSb1-

x has been adjusted mainly by tuning the composition (x), but the achievable 

bandgap has been limited to values ranging from 0.68 to 1.43 eV [61,106]. 

Configuration could be another crucial knob by which to control the bandgap. 

However, it has been studied less than composition control due to the 

difficulties of controlling and characterizing configuration in experiments. 

Nonetheless, a few recent studies have demonstrated the possibility of bandgap 

engineering through configuration control: III-V pseudobinary superlattice 

structures using atomic layer deposition (ALD) [3,4] and ordered Ga(As,Sb) 

using Bi catalyst [7]. 

The methodology in chapter 3 could be expanded to other 

configuration-dependent properties such as bandgap although chapter 4 focuses 

on evaluating the energetics. The cluster expansion is usually applied to 

examine the energy. However, many studies have used the cluster expansion 

method to study the bandgap [54–58]. 

In this chapter, the composition- and configuration-dependent 

bandgaps of Ga(As,Sb) are examined. The bandgap and energy of numerous 

configurations are calculated using the DFT and CE methods. The relationship 

between the bandgaps and the energetic stability of configurations is 

characterized by the ECIs and confirmed through correlations with the short-

range order parameters. Also, the bandgaps and energetics of individual 

configurations are combined within the grand canonical ensemble, with 

consideration for the compositional fluctuation, to examine the average 
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bandgap for a given composition and temperature. Bandgap engineering solely 

by compositional tuning in Ga(As,Sb) is found to be implausible due to limited 

tunability. The significant dependence of bandgaps on the atomic configuration 

shown in this chapter implies an unprecedented method of controlling the 

properties of multi-component materials. 

 

5.2. Computational details 

The calculation methods in this chapter are similar to chapter 4. Thus, 

this section focuses on the differences from section 4.2. 

 

5.2.1 Density functional theory  

Due to the well-known bandgap underestimation of LDA and PBE, 

DFT calculation was performed using the Heyd-Scuseria-Ernzerhof (HSE) 

hybrid functional [107] to calculate bandgaps. For Ga(As,Sb) bandgap 

calculation, spin-orbit coupling (SOC) was included to calculate Ga(As,Sb) 

bandgaps accurately [108,109], and the Hartree-Fock mixing parameter α and 

screening parameter w were adjusted to match the experimental bandgap [110]. 

However, no parameter set was found to reproduce the experimental bandgaps 

of GaAs and GaSb simultaneously. Because this chapter focused on the GaSb-

rich region for the intrinsic p-type semiconductor and the appropriate junction 

barrier [111–113], α and w were set as 0.27 and 0.2 Å-1 to preferentially match 

the experimental bandgap of GaSb. The Γ-centered grid scheme was used with 
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4×4×4 k-points for the zinc-blende unit cell. The cutoff energy for the plane-

wave basis function was 500 eV. The Δ𝐸𝝈 and 𝐸𝑔,𝝈 were calculated for 30 

configurations in a 2×2×2 supercell of GaAsxSb1-x. Strain energies were 

calculated by changing V/V0 for randomly selected configurations, which were 

at least three for each composition at regular intervals in the entire composition. 

The calculated strain energies were fitted to Birch-Murnaghan EOS in Eq. (3.1). 

 

5.2.2 Cluster expansion  

The cluster expansion (CE) method was performed using the LACOS 

package [84]. The CE method efficiently calculates the configuration-

dependent properties of numerous configurations without sacrificing accuracy. 

In the CE method, the particular property of a configuration is described as the 

sum of contributions from various clusters, where a cluster refers to a group of 

interacting atoms. A cluster composed of k atoms is called a k-site cluster. The 

contribution of each cluster is called the effective cluster interaction coefficient 

(ECI). Using the properties of configurations calculated by DFT as training data, 

the ECI of each cluster is iteratively evaluated. Then, the ECIs enable the 

prediction of the properties of any arbitrary configurations without expensive 

electronic calculations. The orthogonal matching pursuit method implemented 

in the LACOS package was used to calculate ECI for the database [84]. After 

obtaining ECI, the properties of 10,000 configurations for every possible 

composition at interval 0.03125 (= 1/32) in the 2×2×2 supercell were evaluated, 

for a total of 330,000 configurations. The properties of configurations were 
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used to obtain the average properties using Eq. (2.7). 

 

5.2.2 Short-range order parameters and correlations 

The degree of ordering was quantified using the Warren-Cowley 

short-range order (SRO) parameter [114]. The SRO parameter of the mth 2-site 

cluster, SRO(2,m), in a particular configuration is defined as  

SRO(2,m) = 1 −
PAB

𝑥𝜎(1−𝑥𝜎)
 (5.1) 

, where PAB denotes the probability that the first site is occupied by atom A (As 

atom), and the second site is occupied by atom B (Sb atom) for a pair of sites 

forming the (2,m) cluster. The possible range of SRO(2,m) is -1 ~ 1 by Eq. (5.1). 

The geometry of the cell, 𝑥𝜎 , and cluster (2,m) further limits the possible 

SRO(2,m) range. A positive SRO indicates clustering of atoms of the same kind, 

whereas a negative SRO indicates a pairing of different atoms. An SRO of zero 

describes a completely random state. It should be noted that SRO(2,m) is related 

to ∏ 𝜃(𝜎�̇�){�̇�}∈(2,m)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ in Eq. (2.6), as follows: 

∏ 𝜃(𝜎�̇�){�̇�}∈(2,m)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 1 + 4𝑥𝝈(1 − 𝑥𝝈)(SRO(2,𝑚) − 1) (5.2) 

The SRO(2,m) for 10,000 configurations were calculated for 𝑥𝜎= 0.25, 0.5, and 

0.75. Then, correlations between the pairs of 𝐸g,𝝈 , Δ𝐸𝝈 , and SRO(2,m) were 

measured by Pearson correlation coefficient [115]. 
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5.3. Bandgaps and energies of configurations 

𝐸g,𝝈 , Δ𝐸𝝈  and 𝐸𝝈
𝑠𝑡𝑟𝑎𝑖𝑛  are required to predict 𝐸𝑔

̅̅ ̅  using the grand 

canonical partition function. To achieve CE-based predictions of 𝐸g,𝝈  and 

Δ𝐸𝝈 , as derived in Eq. (2.6), 𝐽𝑘,𝑚

𝐸𝑔
  and 𝐽𝑘,𝑚

Δ𝐸   are calculated based on DFT 

results, as shown in Fig. 5.1 (a) and (b), respectively. The corresponding 

clusters are presented in Fig. 5.1 (c). They are relevant to the low cross-

validation (CV) score for both 𝐸g (18 meV) and Δ𝐸 (1 meV/atom), which 

are less than 3% of their variation ranges (> 1 eV for 𝐸g and > 40 meV/atom 

for Δ𝐸 ). For both 𝐸g  and Δ𝐸  in Fig. 5.1, the magnitude of ECIs of 2-site 

clusters are larger than those of many-body clusters except 𝐽2,3

𝐸𝑔
 . Thus, the 

effects of 2-site clusters are more dominant than those of many-body clusters 

on 𝐸𝑔,𝝈 and Δ𝐸𝝈, although ∏ 𝜃(𝜎�̇�){�̇�}∈(𝑘,𝑚)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, which is multiplied by ECIs in 

Eq. (2.6), is needed to quantify the exact contribution of each cluster. This 

tendency is also consistent with the 𝐽𝑘,𝑚
Δ𝐸  values calculated using local density 

approximation (LDA) in Fig. 4.1. 
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Figure 5.1 Calculated ECIs and corresponding clusters. ECIs of (a) bandgap, 

(b) mixing energy of GaAsxSb1-x, and (c) corresponding clusters. 

The set of numbers (k,m) denotes m-th k-site cluster.10  
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To predict 𝐸𝑔
̅̅ ̅  in the framework of the grand canonical partition 

function according to Eq. (2.7) and (3.4), both 𝐸g,𝝈  and Δ𝐸𝝈  should be 

calculated for an individual 𝝈. With the ECIs obtained in Fig. 5.1 (a) and (b), 

𝐸g,𝝈 and Δ𝐸𝝈 for 330,000 configurations are calculated, as shown in Fig. 5.2 

(a). The x- and y- coordinates of each data point denote the set of Δ𝐸𝝈/2N and 

𝐸g,𝝈 for each configuration. Furthermore, the color of each dot indicates the 

composition from red for GaSb to violet for GaAs. On the other hand, the 

circles with a black edge indicate the results obtained by DFT calculations, 

where the inner color of each circle indicates the composition. Δ𝐸𝝈 and 𝐸g,𝝈 

vary with different configurations even in a given composition. For 

GaAs0.5Sb0.5, which is represented by green dots, the chalcopyrite structure in 

Fig. 5.2 (b) interestingly has the highest 𝐸g,𝝈  of 0.93 eV and the lowest 

Δ𝐸𝝈/2N  of 16 meV/atom, while the CuPt structure in Fig. 5.2 (c) has the 

lowest 𝐸g,𝝈  of 0.02 eV and the highest Δ𝐸𝝈/2N  of 44 meV/atom. Even 

without the extreme example of the specific configurations, it is clear that a 

configuration with lower energy has a higher bandgap for a given composition, 

and this tendency is observed in all composition ranges. This tendency can be 

explained by the ECIs in Fig. 5.1, where the signs of 𝐽𝑘,𝑚

𝐸𝑔
  and 𝐽𝑘,𝑚

Δ𝐸
  are 

opposite for all 2-site clusters. The inverse relationship between the bandgap 

and energetic stability is consistent with the general feature that a stable 

structure with a strong bond has a higher bandgap. In other words, the inverse 

or proportional relationship between a particular property and energetic 

stability can be estimated based on the sign and magnitude of ECIs. For 
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example, from the ECIs of both 𝐸g  and Δ𝐸  for other II-VI and III-V 

compounds in the literature, such as (Cd,Zn)S, Zn(O,S), (GaN)1-x(ZnO)x [52], 

and GaInP2 [116], the inverse relationship between the bandgap and energetic 

stability can be deduced although the literature did not focus on the sign of 

dominant clusters’ ECI and the relationship between 𝐸g and Δ𝐸. 
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Figure 5.2 Configuration-dependent bandgap. (a) Bandgap versus mixing 

energy graph. Crystal structure of (b) chalcopyrite and (c) CuPt. 

Each point represents a configuration, and the color of each point 

denotes the composition x. The open black circles represent the 

results obtained by DFT calculations. 2N is the total number of 

atoms in a 2×2×2 supercell.11 
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The SRO(2,m) are calculated for more quantitative analysis. The 

calculated SRO(2,m) is plotted in Fig. 5.3 as a function of 𝐸g,𝝈 and Δ𝐸𝝈. Table 

5.1 represents the Pearson correlation coefficients between the pairs of 

properties (𝐸g,𝝈  and Δ𝐸𝝈 ) and SRO(2,m) at 𝑥𝝈  = 0.25, 0.5, and 0.75. The 

correlation does not change significantly with 𝑥𝝈 . The correlation between 

𝐸g,𝝈 and Δ𝐸𝝈 shows a strong negative linear relationship, which is consistent 

with the relationship between 𝐸g,𝝈 and Δ𝐸𝝈 shown in Fig. 5.2 (a). In addition, 

the correlation between an SRO(2,m) and a property has the same sign as the ECI 

of the (2,m) cluster in Fig. 5.1. This enhances the inference that the relationship 

between properties can be deduced from the signs of ECIs. It is also pointed out 

that the correlations between SRO(2,1) and the examined properties are not 

apparent despite the large 𝐽2,1

𝐸𝑔
 , and 𝐽2,1

Δ𝐸 . In contrast, SRO(2,2) shows a stark 

negative (positive) relationship with 𝐸g,𝝈 (Δ𝐸𝝈), and SRO(2,4) shows a clear 

positive (negative) relationship with 𝐸g,𝝈 (Δ𝐸𝝈). This is because the possible 

ranges of SRO(2,2) and SRO(2,4) are more than twice that of SRO(2,1) (see the 

unshaded area in Fig. 5.3). According to Eq. (5.2), the limited range of SRO(2,m) 

indicates the confined range of ∏ 𝜃(𝜎�̇�){�̇�}∈(2,m)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, which is multiplied by ECIs 

in Eq. (2.6). Thus, the correlations of properties with SRO(2,1) become weaker 

than the correlations of properties with SRO(2,2) and SRO(2,4). 
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Figure 5.3 Eg,σ (upper panel) and ΔEσ (lower panel) of 10,000 configurations 

as a function of SRO(2,m). xσ = (a) 0.25 (yellow), (b) 0.5 (green), 

and (c) 0.75 (blue) The shaded area indicates the forbidden range 

of SRO(2,m). 12  
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Table 5.1 Correlations between pairs of bandgap, energy, and SRO(2,m) of 

10,000 configurations at xσ = 0.25, 0.5, and 0.75.1 

xσ=0.25 Eg,σ ΔEσ SRO(2,1) SRO(2,2) SRO(2,3) SRO(2,4) 

Eg,σ 1.000 -0.844 0.309 -0.853 -0.163 0.471 

ΔEσ  1.000 -0.549 0.609 0.485 -0.579 

SRO(2,1)   1.000 -0.267 -0.627 -0.271 

SRO(2,2)    1.000 -0.261 -0.099 

SRO(2,3)     1.000 -0.254 

SRO(2,4)      1.000 

       

xσ=0.5 Eg,σ ΔEσ SRO(2,1) SRO(2,2) SRO(2,3) SRO(2,4) 

Eg,σ 1.000 -0.946 0.295 -0.804 -0.174 0.632 

ΔEσ  1.000 -0.470 0.662 0.410 -0.648 

SRO(2,1)   1.000 -0.262 -0.630 -0.237 

SRO(2,2)    1.000 -0.247 -0.137 

SRO(2,3)     1.000 -0.274 

SRO(2,4)      1.000 

       

xσ=0.75 Eg,σ ΔEσ SRO(2,1) SRO(2,2) SRO(2,3) SRO(2,4) 

Eg,σ 1.000 -0.818 0.148 -0.501 -0.082 0.712 

ΔEσ  1.000 -0.470 0.705 0.351 -0.579 

SRO(2,1)   1.000 -0.250 -0.628 -0.267 

SRO(2,2)    1.000 -0.276 -0.097 

SRO(2,3)     1.000 -0.259 

SRO(2,4)      1.000 
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To analyze the relationship between the configuration and 𝐸g,𝝈, on the 

other hand, the partial density of states (PDOS) of several configurations 

including GaSb, chalcopyrite structure at GaAs0.5Sb0.5, CuPt structure at 

GaAs0.5Sb0.5, and GaAs are also calculated in Fig. 5.4. Except for the variations 

in 𝐸g , the PDOSs do not show any apparent variations according to 

composition and configuration. This is presumably because the effects of 

composition and configuration on PDOSs decrease drastically with increasing 

atomic distance, and the distance between significant pairs of atoms in 𝐸g are 

much farther than the nearest neighbor distance. For example, (2,2) cluster is 

aligned along the <110> direction, and its atomic distance is 3.3 times the 

nearest neighbor distance, while (2,4) cluster is aligned along the <100> 

direction, and its atomic distance is 2.3 times the nearest neighbor distance, 

respectively. To check whether the notable low Eg of CuPt structure is induced 

by local strain, Eg of GaAs and GaSb with the same bonding environment as 

the cations in the CuPt structure are calculated. The Eg of strained GaAs is 0.58 

eV and that of strained GaSb is calculated as 0.85 eV. Though the Eg under 

strain is much lower than Eg of the free relaxed system for both GaAs and GaSb, 

a bandgap as low as CuPt cannot be achieved without mixing GaAs and GaSb. 
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Figure 5.4 Partial density of states (DOS) projected on atoms. (a) GaSb, (b) 

chalcopyrite structure, (c) CuPt structure, and (d) GaAs. Zero 

energy denotes the Fermi level. For CuPt structure, Ga1 indicates 

Ga atom having three bonds with As atoms and one bond with Sb 

atom, and Ga2 indicates Ga atom having one bond with As atom 

and three bonds with Sb atoms.13 
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5.4. Average bandgap of Ga(As,Sb) 

𝐸g,𝝈  and Δ𝐸𝝈  are calculated in the previous section. The last 

component for calculating 𝐸𝑔
̅̅ ̅, the 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 of GaAsxSb1-x, is also calculated as 

a function of V/V0 in Fig. 5.5. 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 is described by the Birch-Murnaghan 

equation of state, as in the previous chapter. Whereas the previous chapter uses 

the LDA functional to demonstrate that the Birch-Murnaghan equation of state 

reproduces 𝐸𝑠𝑡𝑟𝑎𝑖𝑛  of Ga(As,Sb) in Fig. 4.2, 𝐸𝑠𝑡𝑟𝑎𝑖𝑛  calculated using 

HSE+SOC also well fitted by Birch-Murnaghan equation of state as shown in 

Fig. 5.5. From the fitting, B0 values are calculated as 70.8 GPa for GaAs and 

56.8 GPa for GaSb. These B0 values show feasible agreements with the 

experimental B0 values, 74.8 GPa for GaAs and 57.0 GPa for GaSb [86], which 

means this calculation has high reliability.  
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Figure 5.5 Strain energy as a function of the relative volume V/V0. The 

symbols denote the unit cell of GaAsxSb1-x with various relative 

volumes, and the black curve is fitted to the Birch-Murnaghan 

equation of state.14 
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It should be noted that the explicit effect of 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 on an individual 

𝐸g,𝝈 is not considered; rather, the implicit effect of 𝐸𝑠𝑡𝑟𝑎𝑖𝑛 on 𝐸𝑔
̅̅ ̅ is included 

when calculating the probability that a configuration will occur, as shown in Eq. 

(2.9) and (2.11). Figure 5.6 (a), (b), and (c) show the probability mass function 

(PMF) in systems with the average compositions x = 0.1, 0.5, and 0.9 at 300, 

600, and 900 K, respectively. The mean (average) value of 𝑥𝝈 is equal to x 

regardless of temperature. The difference between x and the mode of each PMF 

is 0.03125 (= 1/32) or less. Mode is a term in statistics that refers most frequent 

event which corresponds to the 𝑥𝝈  with the highest value. Figure 5.6 (d) 

represents the sum of the PMF in the shaded regions of Fig. 5.6 (a–c), where 

the deviation of 𝑥𝝈 from x is 0.1 or less. In other words, the compositions of 

most configurations are concentrated near x. This is because the 𝐸𝑠𝑡𝑟𝑎𝑖𝑛/2N 

in the right y-axis of Fig. 5.5 is higher than Δ𝐸𝝈/2N in the x-axis of Fig. 5.2 

by approximately one order of magnitude; thus, it leads most of 𝑥𝝈  to 

approach x, lowering the 𝐸𝑠𝑡𝑟𝑎𝑖𝑛  in Δ𝐸𝝈
𝑡𝑜𝑡𝑎𝑙 . As the temperature increases, 

the peaks in Fig. 5.6 (a–c) become broader, and the sum of the probability in 

the shaded region decreases at each x value, as shown in Fig. 5.6 (d). Figure 5.6 

(e) shows 𝐸g,𝝈 of the unit cell configurations calculated using DFT when 𝑥 −

𝑥𝝈  are -0.1, 0, and 0.1, which correspond to ~1.02, 1, and ~0.98 of V/V0, 

respectively. This shows that the maximum change of 𝐸g,𝝈 for this variation in 

V/V0 is less than 0.17 eV and that 𝐸g,𝝈 decreases if 𝑥 − 𝑥𝝈 is negative and 

vice versa. Therefore, in the 𝐸𝑔
̅̅ ̅ calculation, the variation of 𝐸g,𝝈 by the local 



 

73 
 

strain induced by the local compositional fluctuation would compensate for 

each other. As a result, the change in 𝐸𝑔
̅̅ ̅ caused by the local strain is much 

smaller than that caused by the configuration. Therefore, the change in 𝐸𝑔
̅̅ ̅ by 

the local strain was ignored. 
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Figure 5.6 Probability mass function (PMF) of xσ and bandgap under strain. 

PMFs at 300, 600, and 900 K for (a) GaAs0.1Sb0.9, (b) GaAs0.5Sb0.5, 

and (c) GaAs0.9Sb0.1. (d) Sum of the PMFs in the shaded area where 

the deviation of xσ from x is less than 0.1. (e) Bandgap of a 

hydrostatically strained unit cell with a local composition xσ = 0, 

0.25, 0.5, 0.75, and 1 as a function of x-xσ.15 
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Figure 5.7 shows the individual 𝐸g,𝝈 values and the calculated 𝐸𝑔
̅̅ ̅ at 

300, 600, and 900 K as a function of the average composition x of GaAsxSb1-x. 

Each color bar indicates the 10,000 calculated values of 𝐸g,𝝈  for each 

composition using the CE method, showing a wide range of bandgap variation, 

such as ~0.9 eV at x = 0.5. On the other hand, 𝐸𝑔
̅̅ ̅ at each temperature was 

predicted using Eq. (2.9) and presented with solid lines. The dashed line, on the 

other hand, denotes the experimental bandgap [106,117]. In the GaSb-rich 

composition, the calculated 𝐸𝑔
̅̅ ̅ values at 600 K and 900 K are well matched 

with the experimental bandgap, reproducing the well-known bandgap bowing 

in III-V solid solutions [106,117]. However, the discrepancy between the 

calculated and experimental values becomes larger as the composition becomes 

closer to GaAs. This can be attributed to the HSE parameters, which were 

adjusted to match the experimental bandgap of GaSb, as discussed in section 

2.1. According to Eq. (2.9), 𝑃𝝈 of a configuration with low energy is high when 

the temperature is low. However, the difference between 𝑃𝝈 of configurations 

with different energy decreases as temperature increases. This fact, combined 

with the inverse relationship between 𝐸g,𝝈  and Δ𝐸𝝈  discussed in Fig. 5.2, 

means that 𝐸𝑔
̅̅ ̅  at a lower temperature is higher than 𝐸𝑔

̅̅ ̅  at a higher 

temperature, which implies that the bandgap bowing depends on the deposition 

or annealing temperature. This temperature dependence of bandgap is different 

from the temperature dependence of bandgap caused by the lattice thermal 

expansion and electron-phonon interaction [118], which can be applied to unary 

materials and ordered compound materials, such as Si, Ge, GaAs, and GaSb.  
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Figure 5.7 Bandgap of GaAsxSb1-x as a function of composition x. Bar 

symbols represent the bandgap of each configuration calculated 

using the cluster expansion method. The solid line denotes the 

calculated average bandgap at various temperatures, and the 

dashed line denotes the conventional experimental bandgap.16 
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The calculation results in this chapter reveal that the bandgap 

engineering in Ga(As,Sb) solid solution by composition tuning appears unlikely 

to be successful because the bandgap varies significantly depending on the 

configuration, even within a given composition. In addition, phase separation, 

which occurs in various III-V materials including Ga(As,Sb) [12,69], makes 

bandgap engineering by composition tuning even more challenging. However, 

it may be possible to obtain a specific configuration by manipulating the 

experimental method and conditions [7,119–121]. Therefore, once a method to 

obtain a specific configuration is established, the tunable bandgap range will 

extend beyond the range obtained by controlling composition alone. For 

example, 𝐸g,𝝈 of a (111)-oriented superlattice is expected to be lower than the 

experimental bandgap for a given composition because this structure has a high 

SRO(2,2) decreasing 𝐸g,𝝈 , and a low SRO(2,4) increasing 𝐸g,𝝈 . This chapter 

provides the community with an efficient and accurate methodology to predict 

the properties of solid solution systems by taking into account innumerable 

configurations through the use of density functional theory calculations and 

cluster expansion, which will contribute greatly to the versatile design of 

properties. 

 

5.5. Conclusion  

The bandgap (𝐸g), the mixing energy (Δ𝐸) of Ga(As,Sb), and their 

relationship are examined in this chapter. 𝐸g,𝝈  and Δ𝐸𝝈  of 330,000 

configurations are calculated by implementing a cluster expansion method with 
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DFT calculations to overcome the high computational cost of accurate DFT 

calculations. In all compositions, 𝐸g  and Δ𝐸  vary depending on the 

configuration, and a configuration with a higher bandgap has lower mixing 

energy and vice versa. This inverse relationship between 𝐸g,𝝈  and Δ𝐸𝝈  of 

Ga(As,Sb) can be inferred from the sign and magnitude of the ECIs of 𝐸g and 

Δ𝐸. This discovery can be extended to general cases: if the dominant ECIs of 

two properties have the same sign, the properties are proportional. Conversely, 

if the dominant ECIs of two properties have different signs, the properties have 

an inverse relationship. The correlations of 𝐸g,𝝈  and Δ𝐸𝝈  with the short-

range order parameters (SRO) quantitatively demonstrate the relationship 

between properties, which is inferred from the sign of ECIs. The correlations 

show, however, that the magnitude of ECIs is not directly related to the 

variations of a property because the possible range of the SRO for each cluster 

is different. The average bandgap at a certain composition and temperature (𝐸𝑔
̅̅ ̅) 

of Ga(As,Sb) is also calculated using grand canonical ensemble, taking into 

consideration compositional and configurational fluctuation. The calculated 

𝐸𝑔
̅̅ ̅ agrees with the experimental bandgap, reproducing the bandgap bowing. 

Due to the inverse relationship between 𝐸g and Δ𝐸, 𝐸𝑔
̅̅ ̅ decreases as growth 

or annealing temperature increases. In addition, the tunable bandgap range of 

Ga(As,Sb) could be extended by controlling the configuration. 
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CHAPTER 6 

   (Be,Mg)O SOLID SOLUTION 

 

 

 

 

 

 

6.1. Introduction 

As fabrication of integrated circuits approaches the scaling limit, 

leakage current through the thin high-κ dielectric layer has arisen as the main 

obstacle to further improvement. The tunneling leakage current is determined 

by the physical and electrical properties of dielectric films and exponentially 

decreases with increases in the dielectric constant (κ), bandgap (Eg), and film 

thickness [122]. Since the increase in thickness is limited by the device 

shrinkage, there have been extensive attempts to discover new dielectric 

materials with both high κ and high Eg. However, achieving the high 

polarization of an ionic crystal for a given electric field requires relatively weak 

bonding between the cations and anions, which must be accompanied by a 
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lower Eg value. Due to this undesirable inverse relation between κ and Eg, the 

development of a high κ material has remained as a challenging task. The 

wurtzite (WZ) structure BeO is a feasible candidate for next-generation 

dielectric material owing to its high Eg (10.6 eV) and the second-highest 

thermal conductivity (330 W/K·m) among oxide insulators, which mitigates the 

potential self-heating problem [123–125]. However, its κ value of 6.76 is not 

an exception from the above-mentioned general tradeoff between the κ and Eg, 

and thus its high-κ applications seem to have limitations. 

Recently, however, ab initio-based high-throughput screening 

predicted that rock salt (RS) BeO would have an extremely high κ (275) as well 

as an Eg of 10.1 eV [122]. Also, the dynamical stability of RS BeO was 

identified through phonon calculations. This finding is an important exception 

from the general κ - Eg relationship, which triggered the following theoretical 

and experimental studies. However, it should be noted that this previous work 

on the simultaneous high κ and Eg values regarded the crystal structure of BeO 

as that of the high-pressure phase of RS, assuming that the RS structure retains 

at the atmospheric pressure. In contrast, other theoretical studies reported 

conflicting findings that RS BeO is dynamically unstable under atmospheric 

conditions [126–128]. Experimentally, the stable structure of BeO under 

ambient conditions is identified as WZ, and the transition to RS occurs only at 

extremely high pressure (over 126 GPa) [129,130]. A theoretical study 

predicted that this transition pressure could be reduced by high temperature 

[131]. Despite the suggestions that RS BeO could be a highly desirable material 

as high-κ dielectrics, experimental achievement of RS BeO film has not yet 
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been reported under ambient conditions even as a metastable phase. 

As an alternative to RS BeO in the pursuit of high-κ materials, a 

BexMg1-xO solid solution was proposed. The well-known RS lattice of MgO 

enables to provide an oxygen octahedral framework for Be atoms, stabilizing 

the octahedral bonds in RS with a longer Be-O bond length than the tetrahedral 

bonds in WZ BeO [132]. A previous experiment using atomic layer deposition 

(ALD) reported that the RS structure forms when the content of Be (x) in 

BexMg1-xO is lower than 0.21, while the WZ structure is achieved when x is 

higher than 0.3 [132]. For the RS phase, the measured κ and Eg were 

approximately 18 and 8 eV, respectively. The same authors also calculated the 

energetic stability of BexMg1-xO and confirmed that RS is more stable than WZ 

at x < 0.2. Other theoretical studies estimated the transition composition of the 

BexMg1-xO phase: One study predicted the transition composition as x = 0.11 

by calculating only the representative configurations in RS and WZ [133], and 

the other used the SQS method to predict that a phase transition from RS to WZ 

occurs at x = 0.17 [134]. On the other hand, it was noted that the phase of 

BexMg1-xO could not be simply distinguished as either RS or WZ. Be atoms 

slightly deviate from the octahedral sites even in RS (Be,Mg)O [134], which is 

plausible considering the much smaller size of Be ion compared to Mg ion. In 

this chapter, therefore, this deviated phase, referred to as modified RS (m-RS), 

is further examined theoretically. Unlike the predictions of the phase stability 

of BexMg1-xO, very few calculations of the dielectric constant have been done 

to date, despite its crucial role for device applications. Therefore, this chapter 

also focuses on the evolution of the κ value according to the specific 
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arrangement of the Be and Mg ions in the m-RS structure. 

In this theoretical study based on ab initio calculations, the phase 

stability, as well as the key properties required for high-κ dielectric (κ and Eg) 

of BexMg1-xO, are thoroughly examined for WZ, RS, and m-RS phases. In order 

to reflect various atomic arrangements in solid solution depending on the 

experimental conditions, temperature dependencies of the properties are 

investigated for various configurations. As a result of this extensive search for 

a phase with the highest possible κ value, while maintaining the high Eg value, 

several candidates with the superlattice-like arrangement of the BeO and MgO 

layers are suggested as feasible atomic configurations. These configurations are 

stable up to the process and operating temperatures of the relevant devices. The 

proposed superlattice-like configurations, therefore, are prominent candidates 

as next-generation high-κ dielectric materials for semiconductor devices.  

 

6.2. Computation details 

Ab initio calculations were performed using the Vienna Ab-initio 

Simulation Package (VASP) [80,81]. Blöchl’s projector augmented wave (PAW) 

approach [82,83] was used to describe the electron-core interaction. The local 

density approximation (LDA) was used for the exchange-correlation potential 

[19,85] because LDA was reported to be better than the generalized gradient 

approximation (GGA) for the prediction of the dielectric constant [122]. The 

lattice constant calculated by LDA is 1.2% smaller for RS MgO and 1.0% 
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smaller for WZ BeO compared to their experimental counterparts. The energy 

cutoff for the plane-wave basis function was 600 eV. The k-points were sampled 

as 8×8×8 for the RS and m-RS unit cell and 12×12×8 for the WZ unit cell. All 

atomic structures were fully relaxed until all forces were below 0.02 eV/Å. The 

initial configurations for the m-RS structure were prepared by perturbing the 

position of Be atoms from the ideal RS lattice sites by less than 0.15 Å. 

For the calculations of energy and Eg, all configurations were 

randomly generated by DBmaker in the LACOS package [84] in 64-atom 

supercells. The mixing energy ΔE is defined as: 

ΔE = E(BexMg1−xO) − xEWZ(BeO) − (1 − x)ERS(MgO) (6.1) 

, where x denotes the BeO fraction, and E(BexMg1-xO) is the energy of BexMg1-

xO. EWZ(BeO) and ERS(MgO) indicate the energies of WZ BeO and RS MgO, 

respectively. ΔE values were obtained for the RS, WZ, and m-RS structures and 

represented with respect to the most stable structure of the binary oxides, WZ 

BeO and RS MgO. 

The static permittivity tensor 𝜀𝛼𝛽
0  was calculated as Eq. (2.17) and 

Eq. (2.20) using DFPT implemented in VASP. In most relevant applications, 

the voltage is applied along the out-of-plane direction of thin films; hence, the 

only κzz was focused in this chapter. The Born effective charge and harmonic 

phonon were calculated at 0 K using density functional perturbation theory 

(DFPT) [29,34]. The convergence tests for phonon dispersion were carried out 

up to 256-atom supercells, and 64-atom supercells were shown to be sufficient. 
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For phonon calculations, structures were more strictly relaxed until all forces 

were below 0.001 eV/Å. 

To predict the temperature-dependent dielectric constant, the phq 

package [37] was employed, in which the anharmonic phonon contribution was 

extracted from the ab initio molecular dynamics (AIMD) calculations. The 

AIMD simulations were carried out for the configurations in the 64-atom 

supercells using only the Γ point. While controlling the temperature with a 

Nosé-Hoover thermostat, the AIMD was performed three times at each 

temperature (100, 200, 300, 400, 500, and 600 K) for 100 ps with a time step 

of 2 fs. The temperature-dependent thermal expansion was considered by 

tuning the lattice constants to minimize the absolute pressure during the AIMD 

simulations at each temperature. Another approach, called the fluctuation 

method, was used to predict the temperature-dependent dielectric constant.  

 

6.3. Structure stability 

RS BeO is the high-pressure phase. However, the high-throughput 

calculation, where the high dielectric constant of RS BeO was predicted, 

neglected lattice contraction by pressure [122]. Figure 6.1 shows the calculated 

κzz values of RS BeO are calculated as a function of pressure. The calculated 

κzz drastically decreases as the pressure increases: from 188 at 0 GPa to 16.1 at 

100 GPa (91% decrease). At the same time, the Be-O bond length, 

corresponding to half of the lattice parameter, decreases almost linearly from 
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1.794 Å at 0 GPa to 1.657 Å at 100 GPa (7.6% decrease). As the high dielectric 

constant of RS BeO is supposed to come from the phonon softening due to the 

long Be-O bond length [122], the decrease in κzz with increasing pressure is 

attributed to phonon hardening (calculated as 4.19 THz at 0 GPa and 17.6 THz 

at 100 GPa) caused by the shortening of the Be-O bond length. Notably, the 

slight decrease in the Be-O bond length by 0.021 Å (1.2%) at 10 GPa leads to 

a drastic decrease in κzz (64%), implying that even a slight shortening of the Be-

O bond length results in a substantial decrease in κzz. Given that RS BeO is 

stable at extremely high pressure (over 126 GPa) [129,130] and the dielectric 

constant of RS BeO is drastically reduced under high pressure, RS BeO is 

excluded from further investigation. 
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Figure 6.1 κzz (black filled square with solid line) and Be–O bond length 

(green open square with dotted line) of RS BeO with respect to the 

pressure.17 
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As an alternative to RS BeO, the solid solution, BexMg1-xO, is 

investigated. The x value is set as 0.25 considering the transition composition 

reported in previous studies [132–134], and the 8-atom cell, which is the 

smallest conventional cell in this composition, is examined. Figure 6.2 depicts 

several structures of BeO and corresponding phonon dispersion. The negative 

value in the phonon dispersion graph indicates the imaginary frequency, not the 

negative real value. Imaginary phonon frequency implies that energy becomes 

lower as the atom moves along the corresponding phonon mode and thus, a 

structure is dynamically unstable. All phonon frequencies of WZ Be0.25Mg0.75O 

are real, as shown in the right panel of Fig. 6.2 (a), which implies the dynamical 

stability of WZ Be0.25Mg0.75O. In contrast, the phonon dispersion of RS 

Be0.25Mg0.75O in Fig. 6.2 (b) has imaginary frequencies, indicating that the RS 

structure is dynamically unstable. This instability can be explained by Pauling’s 

first rule [135]: The ratio of the ionic radius of Be to that of O is 0.32, which 

means that the Be atom prefers to reside within the tetrahedral configuration 

(tetrahedral site in WZ lattice) rather than the octahedral configuration 

(octahedral site in RS lattice). In contrast, Mg atoms, for which the ratio of the 

ionic radius over O is 0.51, prefer to reside within the octahedral configuration 

of oxygen ions (octahedral site in RS). Accordingly, the octahedral 

configuration is formed as a base lattice by Mg atoms in RS Be0.25Mg0.75O, 

which provides too large space for Be atoms to reside. As a result, the Be-O 

bond length increases from 1.794 Å in RS BeO to 2.025 Å in RS Be0.25Mg0.75O. 

This large space for Be atoms triggers the Be atom to move from the center of 
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the octahedral site toward the oxygen ions. The resulting atomic configuration 

resembles the tetrahedral coordination of the Be ion with four neighboring 

oxygen ions. The structure containing this modified configuration is termed as 

the m-RS structure. Therefore, relaxation after a very slight perturbation of the 

Be atom induces the transition from the RS to the m-RS structure, resulting in 

increased dynamical stability, as shown in Fig. 6.2 (c). With the transition from 

RS to m-RS of Be0.25Mg0.75O, the bond length of Be-O decreases from 2.025 Å 

to 1.573 Å. This Be-O bond length in m-RS Be0.25Mg0.75O is even shorter than 

the 1.636 Å in WZ BeO, and the number of bonds for each Be atom is reduced 

to 3. As a result, the phonon softening effect due to the long Be-O bond length 

in RS can no longer be expected in m-RS, and, indeed, the κzz of m-RS 

Be0.25Mg0.75O is calculated to be 8.6. Since the m-RS structure is energetically 

and dynamically more stable than the RS structure at all compositions in the 8-

atom cell and the energy difference between RS and m-RS increases as the BeO 

fraction increases as shown in Fig. 6.3., the RS BexMg1-xO structure is ruled out 

from further discussions. 
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Figure 6.2 Atomic structures and phonon dispersion of the 8-atom cell of (a) 

WZ, (b) RS and (c) m-RS structures of Be0.25Mg0.75O. Be–O bond 

is indicated by the thick black line.18 

  



 

90 
 

 

 

 

 

 

Figure 6.3 Calculated ΔE of WZ, RS, m-RS BexMg1-xO in 8-atom cell.19 
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6.4. Energetics and bandgap 

On the basis of diverse previous studies on composition-induced phase 

transition [132–134], the energetic stability and properties of various 

configurations in WZ and m-RS BexMg1-xO are examined. A total of 645 and 

148 configurations are investigated for m-RS and WZ, respectively, using a 64-

atom supercell with an interval of x of 1/32 (= 0.03125). Since the m-RS 

structure cannot be maintained when x is higher than 0.5, m-RS BexMg1-xO is 

investigated only for x < 0.5. Figure 6.4 shows the mixing energy (ΔE) defined 

as Eq. (6.1) and bandgap (Eg) of m-RS and WZ BexMg1-xO in the 64-atom cell 

as a function of the x-value. The blue and red symbols indicate the properties 

of individual configurations in the m-RS and WZ structure, respectively. As 

shown in Fig. 6.4 (a), the configuration-dependent variation in ΔE for a given 

composition is not negligible. For instance, the configuration-dependent 

fluctuation of ΔE at x = 0.25 is ~50 meV/atom, which is higher than the thermal 

energy under ambient conditions (25 meV/atom). Owing to this configuration-

dependent ΔE, the energetic stabilities of m-RS and WZ compete in the 

composition range 0.25 ≤ x ≤ 0.3125, as more clearly shown in the inset of Fig. 

6.4 (a). When x is higher than ~0.3, WZ becomes energetically more stable than 

m-RS. This is one explanation for the differences in transition composition 

reported in previous experimental and calculation studies [132–134]. 
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Figure 6.4 Calculated (a) ΔE and (b) Eg of WZ and m-RS BexMg1−xO in 64-

atom cells.20 
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The calculated bandgaps of the stable structures of WZ-BeO and RS-

MgO are 7.9 eV and 5.0 eV, respectively. These values are ~2.8 eV lower than 

the experimental bandgap of WZ-BeO, 10.6 eV [136], and RS-MgO, 7.8 eV 

[137], because of the well-known bandgap underestimation problem of the 

LDA method used in this chapter. Thus, the calculated bandgaps of BexMg1-xO 

are corrected by adding 2.8 eV, which is also the case in a previous report [133]; 

the results are plotted in Fig. 6.4 (b). In the composition x ≤ ~0.3, where m-RS 

is more stable than WZ, the bandgap of all m-RS configurations ranges between 

7.3 and 7.9 eV. The bandgaps of m-RS are always higher than those of WZ in 

the range x ≤ ~ 0.3 irrespective of the configurations. Regardless of 

composition and configuration, m-RS BeO has the Eg higher than the Eg of the 

common insulating materials, such as 7.1 eV of amorphous Al2O3. Because the 

bandgap of m-RS BexMg1-xO does not significantly depend on composition and 

configuration and is enough high to be an insulator, the following calculations 

are focused on the possibility of increasing κzz by the configuration control in 

m-RS BexMg1-xO. 

 

6.5. Temperature-dependent dielectric constant 

The κzz of the m-RS Be0.25Mg0.75O calculated in an 8-atom cell, as 

shown in Fig. 6.2 (c), is 8.6, which is as low as that of MgO. Moreover, this 

value is much lower than the experimentally observed dielectric constant of 18 
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in this composition range [132]. Therefore, the variation of a dielectric constant 

by configuration was further examined by using larger supercells. Because of 

the high computational cost for calculations of the dielectric constant, x is set 

to 0.25, where the m-RS phase is still more stable than the WZ phase, and the 

structure is expected to have a high dielectric constant. First, a relatively small 

supercell (1×1×2) composed of 16 atoms is adopted to calculate the dielectric 

constant as well as the static and dynamic stability, as shown in Fig. 6.5. Total 

14 configurations are allowed to be expressed within 1×1×2 supercell of m-RS 

Be0.25Mg0.75O, which are depicted in Fig. 6.5 (a). The last three configurations 

marked with the gray background in Fig. 6.5 (a) have imaginary phonon 

frequencies. Therefore, they are excluded from further consideration owing to 

their dynamic instability. In Fig. 6.5 (b), κzz is plotted as a function of Be-O 

bond length along the z-axis, which is referred to as apical bond length. The 

configurations are divided into two groups by κzz value (higher or lower than 

14), which is mainly determined by the apical bond length: When the apical 

bond length is longer than 1.85 Å, κzz is higher than 14. Among the estimated 

configurations, configuration #1 shows a κzz value as high as 64. It is interesting 

to note that this configuration does not involve imaginary phonon modes, so it 

is dynamically stable. However, this does not necessarily mean that this 

configuration is readily achievable. Figure 6.5 (c) shows the relationship 

between κzz and dE, the relative energy with respect to the lowest energy 

configuration (configuration #11) among the 14 configurations. As shown in 

Fig. 6.4, the configurational dependency of energy is not negligible. 

Unfortunately, the configurations with low energy tend to have low κzz values, 
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whereas the configurations with high κzz have dE values higher than 20 

meV/atom. This implies that it could be difficult to experimentally demonstrate 

a high-κzz configuration. Nonetheless, the first three configurations 

(configurations #1, #2 and #3) in Fig. 6.5 (a) have superlattice-like 

arrangements of an alternate stacking of one BeO layer and three MgO layers 

and show relatively high κzz (64, 28 and 19, respectively) as plotted with 

distinguishable colors in Fig. 6.5 (b) and (c). These characteristic arrangements 

might provide an opportunity to grow films with such configurations using 

ALD, given the layer-by-layer growth mechanism, despite their slightly high 

dE values (29, 20, and 38 meV/atom, respectively). Therefore, we focus on the 

first three configurations in Fig. 6.5 (a).  
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Figure 6.5 (a) Side views of all possible configurations in 1×1×2 supercell 

composed of 16 atoms of m-RS Be0.25Mg0.75O. The last three 

configurations with a gray background have a negative frequency 

at Γ-point. (b) κzz vs. apical bond length (c) κzz vs. dE. dE is the 

relative energy of a certain configuration with respect to the lowest 

energy configuration (configuration #11). The symbols for 

configurations with superlattice-like structure are colored.21 
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For more precise estimation, the three selected configurations 

obtained in 1×1×2 supercells are simply enlarged to 2×2×2 supercells without 

atomic relaxation, as shown in Fig. 6.6 (a-c). According to the shape of the Be-

O bonds viewed from the z-direction (left panel of the atomic configuration 

figures), represented by thick lines, the configurations are named high-κ zigzag-

type (HZ) (Fig. 6.6 (a)), high-κ armchair-type (HA) (Fig. 6.6 (b)), and rhombus-

type (R) (Fig. 6.6 (c)), respectively. Unexpectedly, the phonon dispersions 

calculated in the 2×2×2 supercell of HZ and HA without atomic relaxation show 

imaginary frequencies, as shown by the phonon dispersions below the atomic 

configuration. These two configurations are further relaxed after a small 

perturbation along the atomic displacement induced by the phonon modes with 

the most negative eigenvalue at Γ point, which is 000 point in reciprocal space. 

Consequently, dynamically stable configurations are once again obtained, as 

shown in Fig. 6.6 (d) and (e). As clearly shown by the view along with the 

[11̅0] direction in Fig. 6.6 (d) and (e), half of the Be atoms move along the 

[001] direction while the other half moves along the [001̅] direction, breaking 

one of the previously apical Be-O bonds. This structural change results in a 

decrease in the coordination number of Be from 4 to 3 and a shortening of the 

remaining Be-O bonds. As a result, the phonon dispersions become stable, but 

κzz substantially decreases from 64 to 12 for the zigzag-type and from 28 to 13 

for the armchair-type configuration. Accordingly, these configurations are 

named low-κ zigzag-type (LZ) (Fig. 6.6 (d)) and low-κ armchair-type (LA) (Fig. 
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6.6 (e)), respectively. Unlike the drastic decrease in κzz, the decrease in dE and 

Eg is not significant: 4.8 meV/atom and 0.3 eV for zigzag-type, and 1.5 

meV/atom and ~0 eV for armchair-type. On the other hand, even when R is 

relaxed in the 2×2×2 supercell, the atomic structure of R is maintained without 

imaginary frequency in its phonon dispersion, and κzz remains 19. The bond 

length and κzz of the five configurations shown in Fig. 6.6 (f) imply the explicit 

relation that the long apical Be-O bond is crucial for high κzz; for HZ, HA, and 

R, the κzz are 64, 28, 19 and the apical bond lengths are 1.891 Å, 1.872 Å, 1.854 

Å, respectively. These bond lengths are longer than the corresponding value of 

1.794 Å in RS BeO at 0 Pa (Fig. 6.1). On the contrary, the equatorial Be-O bond 

lengths and κzz do not show any clear relationship. Thus, the significant 

reduction in κzz to below 14 in LZ and LA is presumably attributed to the 

shortening of the apical Be-O bonds (i.e., loss of phonon softening).  
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Figure 6.6 Top view, side view, and phonon dispersion of Be0.25Mg0.75O in 

2×2×2 supercell of (a) HZ, (b) HA, (c) R, (d) LZ, and (e) LA. (f) 

Be–O bond length and κzz for each configuration. Solid triangle 

indicates the apical bond length, while the open triangle indicates 

the equatorial bond length.22 
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The κzz values of the LZ and LA configurations with stable phonons at 

0 K in Fig. 6.6 (f) are slightly lower than the experimental value of 18 [132]. 

This discrepancy could have resulted from the different temperatures used for 

the ab initio calculation (0 K) and experiment (room temperature). Therefore, 

the temperature dependence of the dielectric constant is further examined by 

adding the anharmonic phonon effects calculated by the AIMD simulations on 

these three superlattice-like configurations. Figure 6.7 shows the atomic 

positions along the [100] direction, which are averaged over the AIMD 

trajectory at temperatures from 100 to 600 K in comparison with those at 0 K. 

According to the average atomic positions, the transition from low-κ to high-κ 

occurs in the temperature range of 200–300 K for the zigzag-type configuration 

in Fig. 6.7 (a), while that for the armchair-type in Fig. 6.7 (b) occurs in the range 

of 0 – 100 K. The dynamically unstable structure is bound to be changed into a 

stable structure due to the perturbation during the AIMD simulation. Thus, the 

transitions of zigzag-type and armchair-type from low-κ to high-κ imply that 

the high-κ structures are dynamically stable over the transition temperature. 

Meanwhile, the rhombus shape in Fig. 6.7 (c) does not show any notable change 

up to 200 K. As the temperature increases further, HZ and R become identical 

to HA over 500 K and 200 K, respectively. All the structures are maintained 

within the considered superlattice-like types up to 600 K, indicating that the 

suggested superlattice-like structures will be useful in actual semiconductor 

device applications.  
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Figure 6.7 Side views of the atomic configuration at 0 K and the average 

atomic position at 100, 200, 300, 400, 500, and 600 K calculated 

by AIMD calculations for (a) zigzag, (b) armchair, and (c) 

rhombus-type.23 
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The temperature-dependent κzz values estimated from the structures 

shown in Fig. 6.7 are plotted in Fig. 6.8 (a). The κzz at 0 K is calculated by 

harmonic phonons for the configurations with stable phonons in Fig. 6.6 (c-e) 

(R, LZ, and LA), while κzz at non-0 K is obtained by anharmonic phonons. The 

κzz of the zigzag-type configuration abruptly changes between 200 and 300 K, 

while that of the armchair-type configuration changes between 0 and 100 K, 

which corroborate the structural transition from low-κ to high-κ configurations 

with increasing temperature as shown in Fig. 6. κxx and κyy vary within 9-12 

across the entire range of calculated temperature, and are lower than κzz. 

Considering that the deposition temperature of BeO and BexMg1-xO by ALD is 

over 400 K [125,132,138] and that the transition from R to HA occurs at 200 – 

300 K (Fig. 6.7), the rhombus shape is unlikely to be achieved in the experiment. 

Thus, the observable κzz may correspond to the average value between the 

zigzag- and armchair-type configurations because the two types have similar 

energetic stabilities. The average κzz value is 18 – 20 in the temperature range 

of 300 to 600 K, which is comparable to the experimental results [132]. This 

implies that the experimentally achieved dielectric constant of 18, which is 

higher than those of the end members (BeO and MgO), must be attributable to 

the specific bonding geometry of BexMg1-xO as suggested in this chapter. The 

κzz plotted in Fig. 6.8 (b) is calculated using fluctuation method using Eq. (2.22). 

The κzz in Fig. 6.8 (b) is higher than κzz shown in Fig. 6.8 (a), but the overall 

trend is in good agreement. 
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Figure 6.8 Temperature dependency of κzz for Be0.25Mg0.75O superlattices 

calculated using (a) phonon frequency extracted with phq, and (b) 

fluctuation method.24 
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6.6. Conclusion 

The phase stability, bandgap, and dielectric constant of BexMg1-xO, a 

next-generation high-κ dielectric material, are investigated by ab initio 

calculations. Be atoms located at the center of the large octahedral sites in RS 

BexMg1-xO are not stable and have a tendency to move toward the oxygen atoms, 

resulting in m-RS BexMg1-xO, in which the local structure surrounding the Be 

atoms resembles the tetrahedral site. The m-RS BexMg1-xO has a much lower κ 

value than the previously reported value (275) for RS BeO, which did not take 

into account the structural transition of the local atomic configuration. Due to 

the configuration-dependent energetic stability, the transition from the m-RS to 

the WZ phase is predicted to occur near x = 0.3 as the x-value increases in 

BexMg1-xO. When the m-RS phase is stable, the bandgap is calculated to be in 

the range of 7.3 eV to 7.9 eV. The variation in the bandgap caused by 

compositional and configurational dependence is not significant. Among many 

atomic configurations with the composition Be0.25Mg0.75O, three configurations 

(zigzag-, armchair-, and rhombus-type) with superlattice-like structures 

composed of one BeO and three MgO layers are intensively examined, as they 

have the potential to show a higher κ value than those of pure BeO, MgO and 

the other configurations. At 0 K, all three structures showed κzz values of ~12, 

which is significantly lower than the experimentally achieved value of 18 of a 

film with a similar composition. As temperature increases, however, their 

configurations change to include longer apical Be-O bond lengths, which leads 

to an increase in κzz to over 18. These superlattice-like structures show high 
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thermal stability up to ~600 K. Therefore, these structures could prove to be 

useful as high-κ dielectric layers for next-generation semiconductor devices. 

Furthermore, this chapter suggests that the local atomic configuration of an 

experimental Be0.25Mg0.75O film with a κ value of approximately 18 must have 

a superlattice-like arrangement, which requires further experimental 

confirmation. 

 

6.7. Appendix 

In this dissertation, the temperature-dependent dielectric constant is 

calculated based on the fact that the dielectric constant can be calculated from 

the phonon dispersion using Eq. (2.17). However, it is hard to confirm that 

phenomenon such as degradation of dielectric constant induced by the thermal 

fluctuation of the dipole can be reproduced with this method. There are two 

other methods for calculating the temperature-dependent dielectric constant 

having the literature where the decrease of dielectric constant as temperature 

increases was reported [39,41]. One is the fluctuation method based on Eq. 

(2.22), and the other is the external field method based on Eq. (2.24). The 

external field method requires MD simulation under an electric field which is 

not supported by the VASP package while the MD simulation for the fluctuation 

field method does not require an electric field. Both methods are briefly 

introduced in section 2.5. The equation for the fluctuation method (Eq. (2.22)) 

can be derived from Eq. (2.23) as follows: 
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𝐹𝑖 = 𝑈𝑖 − 𝑉�⃗� 𝑖�⃗�  (2.23) 

𝑍 = ∑ exp (−
𝐹𝑖

𝑘𝐵𝑇
)𝑖  (6.2) 

⟨�⃗⃗� ⟩ = 𝑉⟨�⃗� ⟩ = 𝑘𝐵𝑇
1

𝑍

𝜕𝑍

𝜕�⃗� 
 (6.3) 
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𝜀
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=

1
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=

1
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1
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1
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2
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[⟨�⃗⃗� 2⟩ − ⟨�⃗⃗� ⟩

2
]

 (6.4) 

From the derivation, the reason why the variance of dipole moment is related 

to the dielectric constant can be understood. When the electric field is applied, 

the free energy of each microstate in Eq. (2.23) changes. As microstate has 

larger polarization, the change of free energy becomes larger. It results in a 

larger change of occurrence probability. Thus, a large variance of polarization 

along the electric field direction results in a high dielectric constant. However, 

it should be noted that the dielectric constant calculated from Eq. (6.4) deals 

with small changes in an electric field.  
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ABSTRACT IN KOREAN 

 

유사이성분계는 원하는 물성을 얻기 위해 널리 사용되어 왔다. 

유사이성분계가 고용체 상태일 때는 대개 조성을 조절함으로써 

유사이성분계의 물성을 조정해왔다. 최근에는 원자배열을 조절하는 

방법들이 발전하면서 배열에 따라 크게 바뀌는 에너지, 밴드갭, 

유전율과 같은 특성들을 배열의 관점에서 조사해볼 필요성이 

커지고 있다. 이 논문에서는 트랜지스터에 사용될 후보 물질들인 

Ga(As,Sb), (In,Ga)As, (Be,Mg)O 의 배열과 조성에 의존하는 

물성에 대하여 이론적으로 연구하였다. 

그러나 유사이성분계가 가질 수 있는 엄청난 수의 배열들은 

유사이성분계, 특히 고용체 형태의 유사이성분계를 이론적으로 

연구하는 것을 어렵게 만드는데, 이를 배열 문제라고 부른다. 배열 

문제를 해결하고 고용체의 물성을 계산하기 위해 효율적이고 

정확한 계산 방법을 제시하였다. 이는 (1) 밀도범함수이론(DFT)를 

활용하여 많은 배열들의 에너지를 포함한 물성들을 계산하고, (2) 

DFT 데이터를 바탕으로 클러스터전개모델을 세워 DFT 만으로는 

계산하기 힘든 막대한 배열 및 조성 공간을 탐색할 수 있게 된 후, 

(3) 전체 시스템을 많은 수의 미시상태들로 다룰 수 있는 

통계열역학을 활용하여 평균 물성을 구하는 방법이다. 통계열역학 

부분에서는 조성변동을 허용하며 연속된 조성을 다룰 수 있게 
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해주어 더 현실적인 모사를 할 수 있는 대정준 앙상블을 

사용하였다.  

제시한 방법이 새로운 물질에 적용할 수 있음을 확인하기 위해 

Ga(As,Sb)와 (In,Ga)As 의 상태도와 Ga(As,Sb)의 밴드갭을 실험 

문헌들과 비교하여 방법론을 검증하였다. 그 과정에서 대정준 

앙상블을 사용할 때는 국부 조성 변동에 의해 발생하는 미시상태 

간의 격자불일치로 인한 국부 변형이 고려하여야만 실제 나타나는 

현상을 모사할 수 있음을 찾아내고 수학적으로 증명하였다. 

Ga(As,Sb)의 배열들에 대한 계산을 통해 조성과 배열을 모두 

조절할 시 조성만을 조절하였을 때보다 더 넓은 밴드갭을 얻을 수 

있다는 사실을 확인하였다. 또한, Ga(As,Sb)에 밴드갭과 에너지 

사이의 역관계가 있음을 확인하였고, 문헌들에 나와있는 유효 

클러스터 상호작용 계수(ECI)로부터 밴드갭과 에너지 사이의 

역관계가 다른 물질에서도 나타날 것임을 예측하였다. 

고유전율 물질로 사용될 후보 물질인 (Be,Mg)O 에 대해서는 

고유전율 물질에 요구되는 높은 유전율과 높은 밴드갭을 얻기 

위하여 계산을 수행하였다. 작은 셀에 대한 DFT 계산으로 

(Be,Mg)O 는 Be 원자가 암염구조에서 제자리를 약간 벗어나서 

수정된 암염구조가 되면 암염구조보다 더 안정함을 확인하였다. 

많은 배열들에 대한 DFT 계산을 통해 수정된 암염구조인 

(Be,Mg)O 의 유전율은 배열에 따라 크게 바뀌는 반면 밴드갭은 
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배열에 관계없이 높은 것을 확인하였다. 따라서 높은 유전율을 갖는 

배열을 찾는 방식으로 연구를 진행하였고, 그 결과 ALD 를 이용해 

증착할 수 있는 초격자 구조를 갖는 배열들이 300 K 이상의 

온도에서 높은 유전율을 가지게 될 것임을 확인하였고, 이는 긴 

수직 방향으로의 Be-O 결합길이를 통하여 설명할 수 있었다. 

이번 학위 논문에서는 계산하기 어렵다고 알려진 유사이성분계를 

배열을 관점에서 연구하였다. 이를 위해 개발한 유사이성분계 

시뮬레이션하기 위한 방법은 다른 유사이성분계의 물성을 예측하고 

조절하는데 많은 도움이 될 수 있을 것이며, 기존에는 

유사이성분계의 물성을 조성으로만 조정하였지만 배열과 조성을 

모두 조절한다면 얻을 수 있는 물성의 범위가 훨씬 넓어짐을 

확인한 것은 배열 조절을 통한 물성 연구에 중요한 밑거름이 될 

것이다. 
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