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Abstract

Brownian motions and geodesic

flows on finite-volume manifolds

with pinched negative curvature

Jaelin Kim
Department of Mathematical Sciences

The Graduate School
Seoul National University

The geometry of manifolds governs behaviors of the geodesic flow and the
Brownian motion on manifolds. Likewise, the geodesic flow and the Brownian
motion on manifolds reflect the geometry of manifolds. Thus we can deduce
geometric properties of manifolds from behaviors of the geodesic flow and
the Brownian motion. In this thesis, we demonstrate such an ensemble of
the geodesic flow, the Brownian motion and the geometry of finite-volume
manifolds.

First, we establish the central limit theorem of Brownian motions, which
arises from the geometry of manifolds: pinched negative curvature and uni-
formly bounded first derivatives of sectional curvature. We prove the central
limit theorem of the Brownian distance and the Green distance of Brownian
points by solving a heat equation on the unit tangent bundle to obtain mar-
tingales with the same asymptotic distributions. The main ingredient for the
solution of the heat equation is foliated Brownian motions and their contrac-
tion property. The foliated Brownian motion is a lifted stochastic process of
the Brownian motion to the unit tangent bundle.

The last topic is asymptotically harmonic manifolds. We derive a list of
characterizations of asymptotically harmonic manifolds with pinched negative
curvature. These characterizations reveal that the asymptotic harmonicity is
closely related to the Brownian motion. In particular, we relate the asymp-
totic harmonicity with the central limit theorem of Brownian motions. As we
make use of ergodic properties of the geodesic flow and their relation with
the Brownian motion, we need additional assumption on the dynamics of the
geodesic flow, namely the existence of an equilibrium state for the harmonic
potential.

Key words: Foliated Brownian motions, geodesic flow in negatively curved
manifolds, thermodynamic formalisms, asymptotically harmonic manifolds
Student Number: 2015-22565
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Chapter 1

Introduction

The Brownian motion on manifolds attracted interest of many geometers due

to its reflection of the geometry since the ’70s. In the ’80s, it turns out that

in negative curvature the Brownian motion is closely related to the geodesic

flow. Thus the Brownian motion plays an important role in the research of the

geodesic flow and the geometry of negatively curved manifolds.

The main result of this thesis is the central limit theorem of random vari-

ables induced by the Brownian distance and the Green distance on a Cartan-

Hadamard manifold fM which is the universal cover of a finite-volume mani-

fold. The central limit theorem admits a characterization of a geometric prop-

erty, called asymptotic harmonicity, in negatively curvature.

Consider a simply connected complete Riemannian manifold fM of dimen-

sion d � 2 with pinched negative curvature. That is, fM has sectional curvature

bounded between two negative numbers. We assume that fM has uniformly

bounded first derivatives of the sectional curvature and it is the universal cover

of a finite-volume Riemannian manifold M.

The Brownian motion fM is a di↵usion process generated by the Laplace-

Beltrami operator �fM on fM (See Chapter 3 for the rigorous definition and

its properties). Since the Brownian motion (e!t)t2R+ on fM starting from x

is transient by negative curvature, the Brownian distance d(x, e!t) tends to

infinity as t ! 1 with probability 1. Moreover, its asymptotic growth is

linear ([Gu]): there is ` > 0 such that

` = lim
t!1

1

t
d(x, e!t).
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CHAPTER 1. INTRODUCTION

Due to the pinched negative curvature, the Green function G(x, y) on fM,

the fundamental solution of �fM, tends to zero as d(x, y) ! 1. Furthermore,

G(x, e!t) ! 0 as t ! 1 exponentially fast with probability 1 ([Kai1]): there

exists h > 0 such that

h = lim
t!1

�1

t
logG(x, e!t).

The logarithm of the Green function is called the Green distance. In Chapter

5, we prove our main theorem, the central limit theorem for the asymptotic

distribution of the Brownian distance and the Green distance.

Theorem (Central limit theorem of Brownian motions). ([K]) There are real

numbers �b,�K such that the random variables

1p
t
(d(x, e!t)� t`) ,

1p
t
(logG(x, e!t) + th)

asymptotically follow the centered normal distributionsN(0,�2b) and N(0,�2K),

respectively. Moreover, �2K � 2h.

While Brownian motions on manifolds with pinched negative curvature has

been studied for a long time, the majority of the results holds for either the

class of Cartan-Hadamard manifolds with pinched negative curvature or the

class of universal covers of compact negatively curved manifolds. Few results

are known for the cases in between, especially for universal covers of finite-

volume manifolds fM. Our main result is a generalization of the central limit

theorem for universal covers of compact negatively curved manifolds proved

by F. Ledrappier in [Le6].

We provide in Section 5.3 a lower bound for the expectation of the Gromov

product at Brownian points as in [Le6] using the C2-convergence of the nor-

malized distance functions to the Busemann function in pinched negatively

curved manifolds. The lower bound implies the contraction property of the

foliated Brownian motion, which plays an important role in the proof of the

central limit theorem. Although the resulting lower bound is less sharp than

the lower bound obtained in [Le6], it is su�cient to obatain the contraction

property. In the course of proving the contraction property, we also show an

on-diagonal estimate of heat kernels, i.e. a uniform bound of the heat kernel,

on finite-volume manifolds with pinched negative curvature.

As in [Le6], the contraction property of the foliated Brownian motion im-
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CHAPTER 1. INTRODUCTION

plies that the leafwise heat equation on the unit tangent bundle for the foliated

Laplacian has a solution unique up to additive constant. We construct Mar-

tingales from the solutions of the heat equation with the initial conditions of

the Busemann function and the logarithm of the Martin kernel of the Brown-

ian motion. We prove that they are asymptotically normal and have the same

distributions with the random variables of our interest.

Our second main theorem is a characterization of asymptotically harmonic

manifolds with pinched negative curvature. The characterization includes a

consequence of the central limit theorem of Brownian motions on finite-volume

manifolds with pinched negative curvature. We say that fM is asymptoti-

cally harmonic if the mean curvature of the horospheres of fM is constant.

We remark that a manifold whose geodesic spheres have constant mean cur-

vature is called harmonic manifolds. Since horospheres are limit spheres of

geodesic spheres (see Section 2.3), we can say that asymptotic harmonicity

means having limit spheres of constant mean curvature. For the characteriza-

tion of asymptotically harmonic manifolds, we need additional assumption on

the dynamics of the geodesic flow.

The Martin kernel of the Brownian motion defines a Hölder continuous

function FBM on SM. An equilibrium state of FBM is a geodesic flow-invariant

Borel probability measure on SM which maximizes the pressure of FBM. See

Chapter 4 for the definition and a necessary and su�cient condition for the

existence of equilibrium states. On compact manifolds, an equilibrium state

exists for each Hölder continuous function ([F]) while we cannot guarantee for

finite-volume manifolds.

In Section 5.4, we prove a characterization of asymptotically harmonic

manifolds with pinched negative curvature which are the universal covers of

finite-volume manifolds, where the existence of the equilibrium state for the

harmonic potential is guaranteed.

Theorem (Characterization of asymptotically harmonic manifolds). Suppose

that there is an equilibrium state for the harmonic potential on the unit tan-

gent bundle of M. The following conditions for fM are equivalent.

1. fM is asymptotically harmonic.

2. The harmonic measures and the Patterson-Sullivan measures are the

same.

3. The Martin kernel is the exponential of the Busemann function.

3



CHAPTER 1. INTRODUCTION

4. The bottom of the spectrum of the Laplace-Beltrami operator on fM is

h2top/4.

5. �2K = 2h.

The characterization of asymptotically harmonic manifolds reveal an inter-

play between the stochastic properties, the geometry and the dynamics of the

geodesic flow of fM and is motivated by works related to Katok’s conjecture

on measure rigidity.

Conjecture (Katok’s conjecture). If M is a compact manifold with negative

curvature whose Liouville measure on its unit tangent bundle is the measure

of maximal entropy for geodesic flow, then M is a locally symmetric space.

Katok’s conjecture is proved in 2-dimension by A. Katok [Kat1]. However,

even though there were attempts to solve the conjecture, it is still open in

higher dimension. Instead, the rigidity of asymptotically harmonic manifolds

has been established: a compact negatively curved manifold M, whose univer-

sal cover fM is asymptotically harmonic, is a locally symmetric space ([FL],

[BFL], [Le4]).

If fM is asymptotically harmonic, then the Liouville measure on the unit

tangent bundle of M has maximal entropy for the geodesic flow. Hence the

rigidity of asymptotically harmonic manifolds with finite volume and pinched

negative curvature gives progress on Katok’s conjecture in finite-volume man-

ifolds with pinched negative curvature.
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Chapter 2

Geometry of negatively

curved manifolds

In this chapter, we recall preliminaries of Riemannian geometry. We shall focus

on manifolds with negative curvature and their unit tangent bundles.

2.1 Riemannian manifolds

In this section, we recall basic notions in Riemannian geometry and some con-

sequences which are required for the study of Brownian motions and geodesic

flows on negatively curved manifolds.

A Riemannian manifold (M, g) is a Hausdor↵ and second countable C1-

manifoldM of dimension d, which is equipped with a symmetric non-degenerate

C1-bilinear tensor field g, called a Riemannian metric on M. That is, for

each p 2 M, gp is an inner product on the tangent space TpM of M at p

and p 7! gp(Xp, Yp) is a C1-map for any smooth vector fields X,Y on M.

We denote g(·, ·) by h·, ·ig or just h·, ·i if it causes no confusion. Likewise, we

denote the magnitude
p
g(v, v) of a vector v 2 T M by |v|g or |v| if there is

no possible confusion.

There is unique a di↵erential d-form vol = volM, called the volume form

of (M, g), such that for each point p 2 M and for each positively ordered

gp-orthonormal frame e1, . . . , ed of TpM, vol(e1, · · · , ed) = 1. Note that the

volume form defines a positive measure on M and the integration of the vol-

ume form on M, which is denoted by vol(M), is called the volume of the

Riemannian manifold (M, g).

5



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

Let f : M ! R be a smooth function. A Riemannian metric g defines the

gradient vector field rf of f by df(v) = g(rf, v) for each tangent vector v on

M. The Riemannian metric also induces a (0, 2)-tensor Hess f , called Hessian

of f : for any vector fields X,Y on M,

Hess f(X,Y ) :=
1

2
g(rXrf, Y ),

where LZ denotes the Lie derivative along a vector field Z. Note that Hess f

is a symmetric tensor.

Given a vector field X, since the Lie derivative LX vol of vol along X is a

top form, there is a unique smooth function divX, called the divergence of a

smooth vector field X, satisfying

LX vol = divX vol .

Definition 2.1.1 (Laplace-Beltrami operator). The Laplace-Beltrami oper-

ator � = �M on (M, g) is a di↵erential operator on the space C1(M) of

smooth functions on M given by for f 2 C1(M),

�f = divrf.

Note that if e1, . . . , ed form a local orthonormal frame,

(2.1) �f =
dX

i=1

Hess f(ei, ei).

We shall consider a di↵erentiation of a vector field called covariant deriva-

tive: for smooth vector fields X,Y on M, if Y 7! rY X is a (1, 1)-tensor and

X 7! rY X is a derivation, then we say rY X is a covariant derivative of X

in the direction of Y . Note that while the value of the Lie derivative LY X of

a vector field X in the direction of Y at a point p in M depends on the germ

of Y at p, the value of a covariant derivative rY X at p does depend only on

the value of Y at p.

A Riemannian metric g gives rise to a unique covariant derivative r such

that for smooth vector fields X,Y and Z on M,

rXY �rY X = [X,Y ],

Zg(X,Y ) = g(rZX,Y ) + g(X,rZY ).

6



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

It is uniquely determined by the relation called Koszul formula:

g(rY X,Z) = (LXg)(Y, Z) + d✓X(Y, Z),

where ✓X(Y ) := g(X,Y ).

A geodesic � on M is a smooth curve with zero acceleration; r�̇ �̇ = 0.

For every tangent vector v of M, there is a unique geodesic

�v : (�"1(v), "2(v)) ! M

for some "1(v), "2(v) 2 (0,1] such that �̇v(0) = v. Consider the set Dp of

tangent vectors v at p whose geodesics �v are defined on (�"1(v), "2(v)) with
"2(v) > 1. A manifold M is said to be complete if Dp = TpM for every

p 2 M. We define the exponential map expp : Dp ! M of M at p 2 M by

expp(v) = �v(1).

Definition 2.1.2 (Geodesic flow). For a complete Riemannian manifold M,

we define a flow g = (gt) on its tangent bundle T M, called geodesic flow :

gtv := �̇v(t),

where �v(t) = expp(tv) for v 2 TpM. Note that the geodesic flow preserves

the magnitude of vectors:
��gtv

�� = |v|.

We define the length `(c) of a smooth curve c : [0, t] ! M on a Riemannian

manifold M by

`(c) :=

Z
t

0
|ċ(s)|

g
ds.

It induces a distance d = dM on by the infimum of smooth curves joining two

points: for x and y in M,

d(x, y) := inf
c:[0,t]!M,

c(0)=x,c(t)=y

`(c),

where the infimum is taken among smooth curves. The distance d is called the

Riemannian distance of M. A smooth curve on M is a geodesic if and only if

it is locally length-minimizing.

7



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

The Riemannian curvature tensor R of (M, g) is a (1, 3)-tensor

R(X,Y )Z := rXrY Z �rY rXZ �r[X,Y ]Z,

for vector fields X,Y and Z on M. For a pair of independent tangent vectors

v,w 2 TpM, the sectional curvature of the plane spanned by v,w is

SecM(v,w) :=
g(R(v,w)w, v)

|v|2|w|2 � g(v,w)2
.

We say first derivatives of sectional curvature is uniformly bounded if

kr SecM k := sup
e1,...,ed,
k=1,...,d

|rek SecM(e1, e2)|

where e1, . . . , ed in the supremum is taken among local frames on fM, is finite.

A vector field along a curve � is a curve J on the tangent bundle T M
whose curve of base points is �; J(t) 2 T�(t)M.

Definition 2.1.3 (Jacobi field). A vector field J along a geodesic � is called

Jacobi field if it satisfies the linear second order di↵erential equation

(2.2) r�̇ J
0 +R(J, �̇)�̇ = 0,

where J 0 := r�̇ J = d

dt
J as a curve on the smooth manifolds T M.

Note that given an initial condition J(0) and J 0(0), the equation (2.2) has

unique solution.

Fix a pair of tangent vector v,w 2 TpM and let � be the geodesic with

�̇(0) = v. Then we have a geodesic variation c(s, t) := expp(t(v + sw)); c(s, ·)
is a geodesic for every s. Since c(0, ·) = �, it defines a smooth vector field

J(t) := @c

@s
(0, t) along �. Then it is a solution of the equation (2.2):

r�̇ J
0(t) = r�̇

@2c

@t@s
(0, t) = r�̇

@2c

@s@t
(0, t) = r�̇r @c

@s

@c

@t
(0, t)

= �R(J, �̇)�̇(t) +r @c
@s
r�̇

@c

@t
(0, t) = �R(J, �̇)�̇(t).

Therefore, there is a one-to-one correspondence of geodesic variations of � and

Jacobi fields along �.

Fix a point p 2 M. Let r(y) = rp(y) := | exp�1
p (y)| and @r be the gradient

8



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

vector field on TpM \ {0} of v 7! |v|. For some ball B(0, ") of TpM, the

exponential map expp is a di↵eomorphism and r is smooth with

rr = (T expp)@r

on U = exppB(0, ") \ {p}. Identifying TpM \ {0} with (0,1) ⇥ SpM where

SpM = {v 2 TpM : |v| = 1} ⇠= S
d�1, the exponential map expp endows U with

the polar coordinate: (r, v) 7! expp(rv). The Riemannian metric g is locally

g = dr2 + gr where gr = �p(r, ·)gS is a one-parameter family of Riemannian

metrics on SpM.

Theorem 2.1.4. (Rauch Comparison Theorem) If �b2  SecM  �a2 for

some b > a > 0, then

sn0
�a2

(r)

sn�a2(r)
gr  Hess r 

sn0
�b2

(r)

sn�b2(r)
gr,

where sn�a2(t) =
1
a
sinh (at).

If we take a local frame e1, . . . , ed with e1 = rr, it follows from the equation

(2.1) and the Rauch comparison theorem that

(2.3) (d� 1)
sn0

�a2
(r)

sn�a2(r)
 �r  (d� 1)

sn0
�b2

(r)

sn�b2(r)
.

2.2 Geometry of tangent bundles

Let (M, g) be a complete connected Riemannian manifold of dimension d

with canonical covariant derivative r. We shall define a natural Riemannian

metric gS , called the Sasaki metric, on the tangent bundle T M of (M, g). If

x = (x1, . . . , xd) is a local coordinate on a open set U of M and Xi =
@

@xi ,

then we have an induced local coordinate x̂ = (x, ⇠) on T U : for v 2 TpU ,

x̂(v) = (x(p), ⇠(v)), where ⇠(v) 2 R
d with dxpv = ⇠i(v) Xi|p.

To define the Sasaki metric, we introduce a decomposition ⌅ = ⇡⇤(T M)�
⇡⇤(T M) of the tangent bundle T T M of T M into Whitney sum of two copies

of pullback bundles. Note that ⌅v = TpM�TpM for v 2 TpM. For Z 2 T T M,

let V be a smooth curve on T M with V̇(0) = Z and c = ⇡V. Then we define

the map I : T T M ! ⌅ by

I(Z) = (ċ(0),rċV(0)).

9



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

We shall prove that I is an isomorphism of vector bundles of T M. If V has

the local expression x̂ � V(t) = (�(t), ⇠(t)) where �(t) = x � c(t) and V(t) =

⇠i(t)Xi

��
c(t)

, then

I(Z) =
⇣
�̇(0), ⇠̇k(0) + �k

ij(0)�
i(0)⇠j(0)

⌘

where �k

ij
denotes the Christo↵el symbol: rXiXj |c(t) = �k

ij
(t)Xk

���
c(t)

. It follows

from the local expression of I that I is a well-defined smooth map. Since

Z = (�̇(0), ⇠̇(0)), I is fiberwise linear. Thus as ⌅ is a vector bundle of rank 2d,

it su�ces to show that I is injective. The injectivity easily follows from the

following computations: for v 2 TpM,

I
✓

@

@⇠i

����
v

◆
= (0, Xi|p),

I (Xi|v) =
⇣
Xi|p ,rXiV(0)

⌘
.

Therefore, we identify TvT M with TpM� TpM. Note that

ker (d⇡|v) =
⌧

@

@⇠1

����
v

, . . . ,
@

@⇠d

����
v

�
= 0� TpM.

The geodesic flow g acts on T T M by its di↵erential map. Let v 2 TpM
and Z 2 TvT M with Z = (X,Y ) 2 TpM�TpM. Consider a geodesic variation

c(s, t) = expp(t(X + sY )).

The curve V(s) := @c

@t
(s, t)

��
t=0

on T M tangent to Z; V̇(0) = Z. Moreover,

J(t) := @c

@s
(s, t)

��
s=0

is the Jacobi field along the geodesic �v with J(0) = X

and J 0(0) = Y . Since gt � V(s) = @c

@t
(s, t) and ⇡ � gt � V(s) = c(s, t),

(dgt)v(X,Y ) =
d

ds
gtV(s)

����
s=0

=

✓
@c

@s
(0, t),r @c

@s

@c

@t
(0, t)

◆

=

✓
@c

@s
(0, t),r @c

@t

@c

@s
(0, t)

◆

= (J(t), J 0(t)).

10



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

Definition 2.2.1 (Sasaki metric). The Sasaki metric on T M is a Riemannian

metric gS on T M: for (X1, Y1), (X2, Y2) 2 TvT M,

gS((X1, Y1), (X2, Y2)) = g(X1, X2) + g(Y1, Y2).

Tangent bundles are also equipped with a nondegenerate exact 2-form !,

called the Liouville form,

! ((X1, Y1), (X2, Y2)) = g (X2, Y1)� g (Y2, X1) .

The Liouville form ! is the exterior derivative of the canonical 1-form ↵, which

is defined by

↵((X,Y )) = g(v, X)

for (X,Y ) 2 TvT M.

Let SM := {v 2 T M : g(v, v) = 1} denote the unit tangent bundle of M.

Since the geodesic flow preserves the magnitude of vectors, SM is g-invariant.

For v 2 SpM, its tangent space at v is

TvSM = {(X,Y ) 2 TvT M = TpM� TpM : g(v, Y ) = 0}.

If J is the Jacobi field with J(0) = X and J 0(0) = Y for (X,Y ) 2 TvM, then

d

dt

�
dgt
�⇤
↵(X,Y ) =

d

dt
↵(J(t), J 0(t))

=
d

dt
g(�̇v(t), J(t))

= g(�̇v(t), J
0(t)) = 0,

where the last identity is due to g(�̇v(t), J 0(t)) is constant and g(�̇v(0), J 0(0)) =

0. Hence ↵ restricted to SM is g-invariant, so its derivative ! = d↵ is also

g-invariant on SM.

The Liouville measure, which is a measure on T M induced by ↵^!d�1, is

proportional to the Riemannian volume measure volSM of the Sasaki metric

on SM and is g-invariant. The following proposition provides an estimate of

the norm of the di↵erential of the geodesic flow for the Sasaki metric on SM.

11



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

Proposition 2.2.2. For v,w 2 SpM, let Rv(w) = R(w, v)v denote the direc-

tional curvature operator. Then

���dgt
�
v

�� 
Z

t

0
kId�Rgsvk ds

where k · k is the operator norm.

We now turn our attention to the unit tangent bundle of negative curva-

ture. In negative curvature, Jacobi fields have convex norm.

Lemma 2.2.3. Let M have sectional curvature not greater than �a2 < 0.

For v 2 SM, if J is a Jacobi field along �v perpendicular to �̇v, then

|J |00(t) � �a|J |(t),

for any t with J(t) 6= 0. In particular, M has no conjugate points.

For a > 0, we use the notations sn�a2(t) = 1
a
sinh(at) and cs�a2(t) =

1
a
cosh(at). We present Rauch’s comparison theorem for Jacobi fields.

Proposition 2.2.4. For v 2 SM, let J be a Jacobi field along �v with J(0) =

0, g(�̇v(0), J 0(0)) = 0 and |J 0(0)| = 1.

1. If SecM  �a2, then

|J(t)| � sn�a2(t) and |J |0(t) � cs�a2

sn�a2
|J(t)|.

2. If 0 � SecM � �b2, then

|J(t)|  sn�b2(t) and |J |0(t)  cs�b2

sn�b2
|J(t)|.

Lemma 2.2.5. Suppose that M has non-positive sectional curvature. Then for

v 2 SM and a Jacobi field J along �v, the following conditions are equivalent:

1. J is a parallel vector field along �v;

2. |J(t)| is constant on R;

3. |J(t)| is bounded on R.

These conditions implies g(R(J 0, �̇v)�̇v, J 0) = 0.

12
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For a unit vector v of a non-positively curved manifold M, a Jacobi field

J along � is said to be stable if |J(t)| is bounded on t > 0. The following

proposition guarantees the existence of stable Jacobi fields.

Proposition 2.2.6. Let M be a non-positively curved manifold and let v 2
SpM.

1. For each X 2 TpM, there is a unique Jacobi field JX with JX(0) = X.

2. Let (�n) be a sequence of unit-speed geodesics with �n ! � pointwise. If

Jn is a Jacobi field along �n such that Jn(0) ! X and there is a constant

C > 0 with Jn(tn)  C for some tn ! 1, then Jn ! JX and J 0
n ! J 0

X
.

The uniqueness part ensures us that the space of perpendicular stable

Jacobi fields is a (d� 1)-dimensional vector space.

Proposition 2.2.7. Let J be a stable Jacobi field along a unit speed geodesic

� on a non-positively curved manifold M such that J is perpendicular to �̇.

1. If SecM  �a2, then for all t � 0,

(2.4) |J(t)|  |J(0)|e�at and |J 0(t)| � a|J(t)|.

2. If SecM � �b2, then for all t � 0,

(2.5) |J(t)| � |J(0)|e�bt and |J 0(t)|  b|J(t)|.

2.3 Cartan-Hadamard manifolds of negative curva-

ture

Given a Riemannian manifold (M, g), we denote by p : fM ! M its univer-

sal cover with the lifted Riemannian metric, which we also denote by g. A

Cartan-Hadamard manifold is the universal cover fM of a complete connected

Riemannian manifold M with non-positive sectional curvature; SecM  0.

It follows from the following theorem that Cartan-Hadamard manifolds are

di↵eomorphic to Euclidean spaces.

Theorem 2.3.1. If a complete connected Riemannian manifold (M, g) has

non-positive sectional curvature, then the exponential map expp : TpM ! M
at p is a universal cover of M for any point p in M.

13
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Consider a geodesic triangle �(x, y, z) with vertices x, y and z in fM. The

comparison triangle of �(x, y, z) in the model space H
2
 with constant curva-

ture   0 is a geodesic triangle �(x̄, ȳ, z̄) in H
2
 with vertices x̄, ȳ, z̄ such

that d(x, y) = d(x̄, ȳ), d(y, z) = d(ȳ, z̄) and d(x, z) = d(x̄, z̄). Note that

comparison triangles in the model space of a geodesic triangle are isometric

to each other. The following comparison theorem of triangles allows us to

estimate geometric quantities of Cartan-Hadamard manifolds.

Proposition 2.3.2. 1. (Theorem II.1A.6 in [BrHa]) If SecfM  �a2, then

for any geodesic triangle �(x, y, z) with a comparison triangle ��a2(x̄, ȳ, z̄)

in H
2
�a2

, the angles at x, y and z is not greater than the angles at x̄, ȳ

and z̄, respectively.

2. (Proposition 1.2.2. in [Bo]) If SecfM � �b2, then for any geodesic tri-

angle �(x, y, z) with a comparison triangle ��a2(x̄, ȳ, z̄) in H
2
�b2

, the

angles at x, y and z is not less than the angles at x̄, ȳ and z̄, respectively.

For a fixed p 2 fM, recall that the exponential map expp induces the polar

coordinate on fM\ {p}:

(0,1)⇥ Sp
fM ! fM\ {p}

(r, v) 7! expp rv,

and the Riemannian metric is expressed as

g = dr2 + �p(r, v)gS,

where �p is a smooth function on fM \ {p} = (0,1) ⇥ Sp
fM. Note that if

SecfM = �a2, then �p(r, v) = sn�a2(r).

We denote by Ap(r, v) the density of the volume element with respect to the

polar coordinate at p, i.e., d volfM = Ap(r, v)drd volSd�1(v). Since @rAp(r, v) =

Ap(r, v)�r, by Rauch’s comparison theorem, we have the following volume

comparison theorem (See Lemma 7.1.2 in [Pe] for the detail).

Theorem 2.3.3. (Volume comparison) If �b2  SecfM  �a2 for some b >

a > 0,

(2.6) (d� 1) snd
�a2

(r)  Ap(r, ·)  (d� 1) snd
�b2

(r).

In particular, vol�a2  volfM  vol�b2.

14
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Let fM be a Cartan-Hadamard manifold of dimension d. Since fM is dif-

feomorphic to the unit open ball in the Euclidean space R
d, we shall define a

compactification cl(fM) of Cartan-Hadamard manifolds homeomorphic to the

closed ball in R
d and then we have a boundary at infinity @1fM, which is also

called the visual boundary, homeomorphic to the sphere S
d�1.

For x, y, and z in fM, b(x, y, z) = d(x, z)� d(y, z). Then b is a cocycle:

b(x, y, z)� b(x, y0, z) = b(y0, y, z),

b(x, y, z)� b(x0, y, z) = b(x, x0, z).

And it is Lipschitz continuous in each variable:

��b(x, y, z)� b(x0, y, z)
�� = |b(x, x0, z)|  d(x, x0),

��b(x, y, z)� b(x, y0, z)
�� = |b(y0, y, z)|  d(y0, y),

��b(x, y, z)� b(x, y, z0)
��  |d(x, z)� d(x, z0)|+ |d(y, z)� d(y, z0)|  2d(z, z0).

Fix a point x0 2 fM. We have an embedding of fM into the space C(fM) of

continuous functions equipped with compact-open topology: bx0(z) := b(x0, ·, z).
Since the embedding bx0 is a Lipschitz map and [bx0(z)](x0) = 0 for each

z 2 fM, the image bx0(fM) has compact closure in C(fM) due to Arzela-Ascoli

theorem. So we identify fM with its image bx0(fM), we define the Busemann

compactification cl(fM) of fM as the space of equivalence classes of sequences:

Definition 2.3.4 (Busemann compactification). The Busemann compactifi-

cation of fM is a set of equivalence classes of sequences in fM defined by

cl(fM) :=
n
(zn)

1

n=1 : bx0(zn) converges in C1(fM)
o
/ ⇠

where (zn) ⇠ (wn) if and only if lim
n!1

bx0(zn) = lim
n!1

bx0(wn).

Then identifying a point x in fM with the class of the constant sequence

(xn)1n=1 s.t. xn = x, fM is an open dense set of cl(fM). We define the boundary

of fM by the space of the equivalence classes of sequences that diverge in fM.

Definition 2.3.5 (Boundary at infinity). We define the boundary at infinity

of fM by

@1fM = cl(fM) \ fM.

@1fM is also called the Busemann boundary or the visual boundary of fM.

15



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

For a sequence (zn) converges to ⇠ 2 @1fM, we denote the limit function

limn!1 b(x, y, zn) by

(2.7) b(x, y, ⇠) = [bx(⇠)](y),

which is called the Busemann function at ⇠.

Definition 2.3.6 (Horosphere). A horosphere H⇠ based at ⇠ is a level set of

Busemann function;

(2.8) H⇠ = H⇠(x0, R) := [bx0(⇠)]
�1(R).

Since bx0(zn) converges to bx0(⇠) uniformly on compact sets and the level

set Hzn(x0, R) := [bx0(zn)]
�1(d(x0, zn)�R) is a sphere, the horosphere H⇠ is

the limit sphere of the sequence of sphereHzn . A sub-level set [bx0(⇠)]
�1(R,1)

is called a horoball at ⇠.

The boundary at infinity of a Cartan-Hadamard manifold fM is equivalent

to the set of asymptotic classes of unit speed geodesic rays. Two unit speed

geodesic rays �1, �2 : [0,1) ! fM are said to be asymptotic if

sup{d (�1(t), �2(t)) : t 2 [0,1)} < 1.

Note that given a point p 2 fM, any asymptotic class contains a geodesic ray

generated by a vector in Sp
fM. Since two geodesic rays generated by distinct

vectors in Sp
fM are not asymptotic at all, the space of asymptotic classes of

geodesic rays coincides with the unit tangent space Sp
fM which is homeo-

morphic to S
d�1. Hence we identify S fM with fM ⇥ @1fM via the following

homeomorphism:

S fM ! fM⇥ @1fM
v 7! (p, v+)

(2.9)

where p is the base point of v and v+ is the asymptotic class of �v.

For any geodesic ray �, bx(�(t)) converges in C1(fM) and bx(�1(t)) and

bx(�2(t)) converge to the same Busemann function if and only if �1 and �2 are

asymptotic. Therefore @1fM and the asymptotic classes of geodesic rays coin-

cide, so @1fM is homeomorphic to S
d�1. However, it is not smoothly attached

in general. Instead, it has a Hölder structure.

16



CHAPTER 2. GEOMETRY OF NEGATIVELY CURVED MANIFOLDS

Proposition 2.3.7. (Proposition 2.1 in [AS]) If �b2  SecfM  �a2 for some

b > a > 0, then @1fM has a well-defined Hölder structure; the natural map

Sx
fM ! @1fM ! Sy

is a/b-Hölder continuous with respect to the angle metrics.

Proof. Let v,w 2 Sx
fM and we denote by ✓ their angle. Then by the compar-

ison theorem (Proposition 2.3.2) and the law of cosine,

dt � 2t  2

b
log ✓ + C(b),

where dt := d(�v(t), �w(t)), for every su�ciently large t. If ✓t is the angle of

the geodesic triangle �(y, �v(t), �w(t)) at y, then

2

a
log ✓t  dt � 2t+ C(a, d(x, y))

for large enough t. Therefore we have ✓t  C 0(a, b, d(x, y))✓
a
b .

For ⇠, ⌘ 2 @1fM, let zn, wn be sequences in fM converging to ⇠ and ⌘,

respectively. Then for each x 2 fM, the following limit exists:

(⇠|⌘)x := lim
n!1

d(x, zn) + d(x,wn)� d(zn, wn),

which is called the Gromov product of ⇠, ⌘ with respect to x. For each su�-

ciently small ⌧ > 0, dx,⌧1 (·, ·) := exp[�⌧(·|·)x] defines a distance on @1fM.

For x 2 fM and ⇠ 2 @1fM, by the convexity of distance in fM, there is a

unique unit speed geodesic �x,⇠ whose asymptotic class is ⇠ and �x,⇠(0) = x. We

denote the tangent vector �̇x,⇠(0) by v⇠x. The following proposition ensures uni-

form C2-convergence of Busemann functions on compact sets and horospheres

are C1-submanifolds of fM.

Proposition 2.3.8. Fix x 2 fM and let zn 2 fM be with zn ! ⇠ as n ! 1.

Let fn := bx(zn) and f := bx(⇠). Then for each y 2 fM and X 2 Ty fM, we

have the following uniform convergences on compact sets:

lim
n!1

rfn(y) = v⇠y and lim
n!1

rXrfn(y) = J 0

X(0)

where JX is the stable Jacobi field along �y,⇠ with JX(0) = X. In particular,

Busemann functions are C2-functions.
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Let fM be an Hadamard manifold with �b2  SecfM  �a2 < 0. Then the

geodesic flow g on the unit tangent bundle S fM is an Anosov flow, i.e., there

is a constant C > 0 and the tangent bundle of S fM has the decomposition

T SM = eEs � eEc � eEu

into g-invariant distributions such that eEc := RX where X is the generator

of g, called the geodesic spray, and for each v 2 Sp
fM,

eEs

v :=
�
Z : |(dgt)vZ|  C exp(�at)|Z|

 
,

eEu

v :=
�
Z : |(dg�t)vZ|  C exp(�at)|Z|

 
.

From Proposition 2.2.6, it follows that

eEs

v =
n
(X,Y ) 2 TpfM� TpfM : X ? v, Y = J 0

v,X(0)
o
,

eEu

v =
n
(X,Y ) 2 TpfM� TpfM : X ? v, Y = �J 0

�v,X(0)
o
,

where Jv,Z(t) is the stable Jacobi field along the geodesic �v(t) with Jv,Z(0) =

Z. Note that J(t) := J�v,X(�t) is the unstable Jacobi fields along �v with

J(0) = X.

Thus both distributions eEs and eEu are (d � 1)-dimensional distributions

on S fM. We call eEs and eEu the stable distribution and the unstable distribu-

tion, respectively. We also consider d-dimensional distributions eEcs and eEcu,

called the central stable distribution and the central unstable distribution, re-

spectively, given by eEcs
v = eEs

v � eEc
v and eEcu

v = eEu
v � eEc

v.

Definition 2.3.9 (Dynamical foliations). We define dynamical foliations on

S fM for the geodesic flow. For v 2 Sx
fM, we denote unit normal bundles of

horospheres perpendicular to v by

fWs(v) :=
�
rbx(v

+)(y) : b(x, y, v+) = 0
 
,

fWu(v) :=
�
rbx(v

�)(y) : b(x, y, v�) = 0
 
,

where v± := lim
t!1

�v(±t). We call fWs(v) and fWu(v) the stable leaf and the

unstable leaf of v, respectively.

The stable leaves and the unstable leaves form foliations fWs and fWu,

called the stable foliation and the unstable foliation for the geodesic flow,

respectively.
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Note that due to the convexity,

fWs(v) =
n
w : lim

t!1
d(�v(t), �w(t)) = 0

o
,

fWu(v) =
n
w : lim

t!1
d(�v(�t), �w(�t)) = 0

o
.

It follows from Proposition 2.3.8 that they are C1-submanifolds of S fM and

T fWs(v) = eEs
v and T fWu(v) = eEu

v . Therefore it turns out that the stable and

the unstable distributions are integrable and stable and unstable leaves are

their integral submanifolds.

The central stable distribution and the central unstable distribution are

also integrable with the integral manifolds fWcs(v) and fWcu(v):

fWcs(v) := {w : v+ = w+},
fWcu(v) := {w : v� = w�}.

We call fWcs(v) and fWcu(v) the central stable leaf and the central unstable

leaf of v, respectively. The central unstable leaf of v is the unions of stable

leaves of vectors w asymptotic to v. Likewise, the central unstable leaf of v is

the union of unstable leaves of vectors w negatively asymptotic to v. With the

identification (2.9), fWcs(v) = fM⇥ {v+}.
For 0  k  2d � 1, the Grassmannian bundle Grk(T S fM) ! S fM of

rank k of the tangent bundle T S fM ! S fM of the unit tangent bundle is

a fiber bundle over the unit tangent bundle whose fiber at v 2 S fM is the

Grassmannian manifold Grk(TvS fM) of k-dimensional subspace in the tangent

space TvS fM at v. We endow Grk(T S fM) with a distance by measuring the

Hausdor↵ distance between unit spheres in subspaces: if E,F 2 Grk(T S fM)

are subspaces of tangent spaces and SE and SF are the unit spheres in E and

F , respectively, then

dGr(E,F ) := max
v02SE ,w02SF

⇢
min
w2SF

dS(v0,w), min
v2SE

dS(v,w0)

�
.

Note that the stable and the unstable distributions are sections of the Grass-

mannian bundle Grd�1(T S fM) of rank d� 1. Likewise, the central stable and

the central unstable distributions are sections of Grd(T S fM). Hence we can

measure regularities of these distributions with respect to dGr.
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Theorem 2.3.10. If the first derivatives of the sectional curvature of fM is

uniformly bounded, that is, kr SecfM k < +1, then the distributions eEs and
eEu are Hölder continuous sections of the Grassmannian bundle Grd�1(T S fM)

of rank d� 1.

Since the geodesic spray X is perpendicular to eEs and eEu, the central stable

and the central unstable distributions are also Hölder continuous. Uniformly

boundedness of the first derivatives of sectional curvature is necessary. There is

a finite-volume complete Riemannian surface with pinched negative curvature

whose stable distribution is not Hölder continuous (see [BB]).

Let p : fM ! M be the universal cover of a complete finite-volume Rie-

mannian manifold M with �b2  SecM  �a2 for some b > a > 0. Then the

group � of deck transformations is a lattice in fM, that is, � acts isometrically

and properly discontinuously on fM and the quotient by � has finite volume.

Due to the following proposition, the action of � on fM is free.

Proposition 2.3.11. (Corollary 6.2.4. in [Pe]) The fundamental group � of

M is a torsion-free group. Thus it acts freely on fM by deck transformations.

Definition 2.3.12 (Dirichlet domain). Fix a point x 2 fM. The Dirichlet

domain for � with center x is

M(x0) = {y : d(x0, y)  d(�x0, y) 8� 2 �}.

Note that M(x0) is indeed a fundamental domain for �; [�2��M(x0) and

each intersection M(x0)\ �M(x0) is a subset of boundary of M(x0) and has

zero volume.

Given an isometry � of fM, the displacement function of � is a function

⇢� : fM ! [0,1), ⇢�(x) = d(x, �x),

which gives a characterization of isometries.

Definition 2.3.13. Let � be an isometry of fM.

1. If there exists x 2 fM such that ⇢�(x) = 0, � is called elliptic;

2. If there is x 2 fM such that ⇢�(x) = inf ⇢� , � is called loxodromic;

3. If ⇢�(x) > inf ⇢� for any x, � is called parabolic.
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Note that � is elliptic if and only if � has a fixed point in fM, hence elements

of � are not elliptic.

Proposition 2.3.14. (Lemma 6.2.7 in [Pe], Proposition 3.3 in [Ba]) If an

isometry � has positive displacement, i.e., t� := inf ⇢� > 0, then there is

unique a geodesic c(t) = c�(t) such that (� � c)(t) = c(t+ t�). In particular, �

is loxodromic.

Since an isometry � sends geodesics to geodesics and the boundary at

infinity is the set of asymptotic classes of geodesics, the action of � by isometry

on fM extends to an action on @1fM by homeomorphism; For each isometry

� of M and ⇠ 2 @1fM, if a geodesic c(t) in fM represents ⇠, we define �⇠ as

the asymptotic class of (� � c)(t). This action is well-defined since an isometry

preserves asymptotic classes of geodesics.

For a non-elliptic �, an orbit {�nx}n2Z of � is unbounded (Proposition 3.2

in [Ba]), it has accumulation points in @1fM (Lemma 6.2 in [EO]). Any orbit

of � has the same accumulation points and each accumulation point is fixed

by �. Fix points in @1fM allows us classifying non-elliptic isometries of fM.

Proposition 2.3.15. Let � be a non-elliptic isometry of fM.

1. (Theorem 6.5 in [EO]) If � is parabolic, then it fixes a single point in

@1fM and if loxodromic, then it fixes a pair of points.

2. (Proposition 7.8 in [EO]) If � is parabolic with fixed point ⇠ 2 @1fM,

then it leaves horospheres based at ⇠ fixed.

3. (Proposition 6.7 in [EO]) If � is loxodromic with two fixed points ⇠+ and

⇠� in @1fM, then for every x,

lim
n!±1

�nx = ⇠±.

Since � is torsion-free, every element of � is either parabolic or loxodromic.

A point at infinity ⇠ is called a parabolic (conical) fixed point if it is a fixed

point of a parabolic (loxodromic) element of �. We denote the set of parabolic

(conical) fixed points of � by @p� (@c�).

Since M is a finite-volume manifold with pinched negative curvature, by

Margulis-Gromov lemma, the number of ends of M is finite and there is a

one-to-one correspondence between ends and �-equivalence classes of parabolic

fixed points:
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Theorem 2.3.16. (Theorem 3.1 in [E]) Fix a point x0 in fM. Let M0 be the

Dirichlet domain for � with center x0.

1. There are only finitely many geodesic rays c1, . . . , cN : [0,1) ! fM
staying in M0. Thus the closure of M0 in clfM contains only finitely

many points ⇠1, . . . , ⇠N at infinity and ⇠k = lim
t!1

ck.

2. For each ⇠, any elements of the stabilizer group Stab�(⇠) has the same

fixed points.

3. If H is a horosphere based at ⇠k then Stab�(⇠k) acts co-compactly on H.

Furthermore, there exists a finite set of horoballs eB1, . . . , eBN in fM whose

projections B1, . . . ,BN to M are disjoint and the complement of their union

Mc = M\ [N

k=1Bk is compact.

The �-equivalence class of ⇠k is called a cuspidal point ofM and a projected

horoball Bk is called a cuspidal region of ⇠k.
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Chapter 3

Brownian motions in negative

curvature

In this chapter, we introduce a construction of the Brownian motion on mani-

folds. We recall properties of the Brownian motion on negatively curved man-

ifolds and the lifted process on the unit tangent bundle, called the foliated

Brownian motion.

3.1 Brownian motions on manifolds

In this section, we construct Brownian motions on Riemannian manifolds in

two di↵erent ways. First, we want to define the Brownian motion as a di↵usion

process generated by the Laplace-Beltrami operator. So we embed manifolds

into Euclidean spaces and exploit the theory of stochastic di↵erential equa-

tions. The second construction makes use of heat kernels as the transition

density of Brownian motions. We refer to Chapter 3 and 4 of [Hs] for the

proofs and details.

LetM be a connected Riemannian manifold of dimension d � 2. By Nash’s

embedding theorem, there is a Riemannian isometric smooth embedding of

M into a Euclidean space R
N . Thus we consider M as a closed Riemmanian

smooth submanifolds of R
N . Let (⇠↵)N↵=1 be an orthonormal basis of R

N .

By translating this basis, we identify the basis with a parallel orthonormal

frame field on R
N . For each x 2 M, we denote the orthogonal projection of

R
N = TxRN onto TxM by P (x). Then the Laplace-Beltrami operator on M
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satisfies the equation

�Mf =
NX

↵=1

P↵(x)
2f,

for every f 2 C2(M) where P↵(x) = P (x)⇠↵. With the identity, the Laplace-

Beltrami operator extends to an elliptic operator on R
N .

If x = (x1, . . . , xN ) is the standard coordinate of RN with respect to the

basis (⇠↵) and f↵(x) = x↵ are the coordinate functions, then the functions

a↵� := �M(f↵f�)� f��Mf↵ � f↵�Mf� ,

b↵ := �Mf↵,

smoothly extends to functions ea↵� ,eb↵ on R
N . Consider a second order elliptic

di↵erential operator on R
N

e� :=
1

2

X

↵,�

ea↵� @

@x↵@x�
+
X

↵

eb↵ @

@x↵
.

Then for each f 2 C1(M) and ef 2 C1(RN ) with ef
���
M

= f ,

e� ef = �Mf.

Note that since the matrix-valued function a = (a↵�) on M is symmetric and

positive definite, we may assume that ea on R
N is also symmetric and positive

definite. We fix a symmetric matrix-valued function e� on R
N such that ea = e�2.

The sample path space of M, denoted by W (M), is the set of continuous

paths ! : [0, T ) ! M for some 0 < T  1 such that !t = !(t) diverges as

t ! T if T < 1. We denote by e(!) the upper bound T of the domain of !.

Consider the one-point compactification cM = M[{@1} of M and correspond

any path ! with !t diverges as t ! e(!) to the path b! : [0,+1] ! cM such

that b!t = !t if t < e(!) and b!t = @1 otherwise. This admits an identification

of W (M) and the subset {b!1 = @1} of C
⇣
[0,+1], cM

⌘
. We equip W (M)

with the topology induce by the compact-open topology of C
⇣
[0,+1], cM

⌘
.

Let B = B(W (M)) be the Borel �-algebra of W (M). For each t 2 R+,

the projection map Xt : W (M) ! M at t is the evaluation map at time t:

Xt(!) := !t. Consider a �-subalgebra Bt := �{Xs : 0  s  t} of B generated

by Xs, for s 2 [0, t]. Then (Bt)t�0 forms a filtration of B and the family of
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projection maps defines a stochastic process adapted to the filtration (Bt)t�0

forms a filtration of B and the family of projection maps defines a stochastic

process.

Definition 3.1.1 (Canonical process). The canonical process on M is a

stochastic process X : W (M) ⇥ R+ ! M on the filtered measurable space

(W (M), (Bt)t�0).

The following theorem allows the construction of Brownian motions on

manifolds using stochastic di↵erential equations.

Theorem 3.1.2. For each Borel probability measure µ on M, there is a unique

Borel probability measure P = Pµ on W (RN ) such that the canonical process

X on the filtered probability space (W (RN ), (B(W (RN ))t)t�0,P) is a solution

of the stochastic di↵erential equation

dX↵

t = e�↵�(Xt)dW
�

t
+eb↵(Xt)dt,

with initial distribution P � X�1
0 = µ, where Wt = (W 1

t , . . . ,W
N
t ) be an N -

dimensional Euclidean Brownian motion. Moreover, Xt 2 M, P-a.e.

Due to the last statement, we consider X as the canonical process on

the filtered measurable space (W (M), (Bt)t�0) with a probability measure

Pµ|W (M) which we also denote by Pµ.

Definition 3.1.3 (Brownian motion). The Brownian motion on M with ini-

tial distribution µ is the canonical process X on (W (M), (Bt)t�0,Pµ).

For each x 2 M we denote the probability measure P�x whose initial

distribution is the point mass �x at x by Px. By Itô’s formula, for any f 2
C1(M),

(3.1) Mf

t
:= f(Xt)� f(X0)�

Z
t

0
�Mf(Xs)ds

is a semi-martingale defined up to a stopping time e(X). For f, h 2 C1(M),

the quadratic variation of two semi-martingales Mf and Mh is

(3.2) hMf ,Mhit = [�M(fh)� h�Mf � f�Mh](Xt) = hrf,rhi(Xt).

We denote by D1,2(R+,M) the space of continuous functions u : R+ ⇥M
such that u(t, x) is C1 in t 2 (0,1) and C2 in x 2 M. We define di↵erential

25



CHAPTER 3. BROWNIAN MOTIONS IN NEGATIVE CURVATURE

operators on D1,2(R,M) by

@tu(t, x) =
@

@t
u(t, x),

�xu(t, x) = �M[x 7! u(t, x)].

We denote by LMu = @tu��u.

Definition 3.1.4 (Heat kernel). A heat kernel } on M is a fundamental

solution of LM; } : R⇥M⇥M such that

@t}(t, x, y)��x}(t, x, y) = 0,

lim
t!0

Z

M

f(y)}(t, ·, y)d vol(y) = f(·),

where the last limit is in the space Cb(M) of bounded continuous functions

equipped with compact-open topology, for each f 2 Cb(M).

The following theorem guarantees the existence of heat kernels.

Theorem 3.1.5. (Theorem 4.1.4, 4.1.5 and 4.1.6 of [Hs]) There exists a heat

kernel }M 2 C1((0,1)⇥M⇥M) such that

1. }M(t, x, y) = }M(t, y, x);

2. (Champman-Kolomogorov equation)

(3.3) }(t, x, y) =

Z

M

}M(t, x, z)}M(t, z, y)d vol(z);

3.
R
M
}M(t, x, y)d vol(y)  1;

4. It is minimal in the sense that for any heat kernel } on M, }M(t, x, y) 
}(t, x, y).

Furthermore, it is the transition density of Brownian motion on M: for every

O 2 B(M) and t > 0,

Px [Xt 2 O, t < e] =

Z

O

}(t, x, y)d vol(y).

Before we prove the theorem, we need to solve the Dirichlet problem for

the heat equation on a bounded domain with smooth boundary of M.
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Proposition 3.1.6. If D ⇢ M is a relatively compact domain with smooth

boundary, then there is a continuous function }D(t, x, y) on (0,1) ⇥D ⇥D

which is C1 on (0,1)⇥D ⇥D such that

1. @t}D(t, x, y) = �x}D(t, x, y) and for every f 2 Cb(D),

uf (t, y) :=

Z

D

}D(t, x, y)d vol(x)

is the unique solution of the Dirichlet problem for heat equation on D:

LMuf = 0 on (0,1)⇥D, uf = 0 on (0,1)⇥@D and lim
t!0

uf (t, x) = f(x);

2. }D(t, x, y) = }D(t, x, y) for each x, y 2 D and }(t, x, y) = 0 if y 2 @D;

3. }D(s+ t, x, y) =
R
D
}D(s, x, z)}D(z, y)d vol(z);

4.
R
D
}D(t, x, y)d vol(y)  1 and the inequality is strict if M\D 6= ;.

Note that for every bounded domain D of M, �D := �M : L2(D) !
L2(D) is a closed self-adjoint operator with discrete spectrum Spec(�D) which

consists of eigenvalues with finite multiplicity. If we write

Spec(�D) = {�D0 = 0  �D1  · · ·  �Dk  · · · }

where eigenvalues are repeated with its multiplicity, then there are eigenfunc-

tions �D
k
2 C1(D) of �D

k
with �D

k
= 0 on @D which form an orthonormal basis

of L2(D). Then we have the Sturm-Liouville decompostion of the Dirichlet heat

kernel

}D(t, x, y) =
1X

k=0

e��
D
k t�Dk (x)�

D

k (y),

where the series in the Right-handed side converges uniformly on compact

sets. We recommand [C] for details.

Proof of Theorem 3.1.5. Given a relatively compact smooth domain D of M,

we denote by ⌧D the first exit time of Brownian motion from D:

⌧D := inf{t : Xt /2 D}.

Lemma 3.1.7. (Proposition 4.1.3 of [Hs]) For every Borel set C in D,

Px[Xt 2 C, t < ⌧D] =

Z

C

}D(t, x, y)d vol(y).
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Let {Dn}1n=1 be a relatively compact smooth exhaustion of M, i.e., each

Dn is a relatively compact domain with smooth boundary, Dn ⇢ Dn and

[Dn = M. For every nonnegative function f 2 C(M),

Z

M

�
}Dn+1(t, x, y)� }Dn(t, x, y)

�
f(y)d vol(y)

= Px[f(Xt) : ⌧Dn  t < ⌧Dn+1 ] � 0.

Thus }Dn+1 � }Dn and we define

}M(t, x, y) = lim
n!1

}Dn(t, x, y).

This limit is independent of the choice of the exhaustion {Dn}.

We say thatM is stochastically complete if Px[e = 1] = 1 for every x 2 M.

It means that every Brownian path does not explode in finite time. One can

verify that M is stochastically complete if and only if for any (t, x) 2 R+⇥M,

Z

M

}M(t, x, y)d vol(y) = 1.

Note that the minimal heat kernel }M is the unique heat kernel if M is

stochastically complete.

Definition 3.1.8 (Recurrence and transience).

1. A subset K of M is called recurrent if for every x 2 M,

Px[! : 9tn " e(!) such that !tn 2 K] = 1;

It is called transient if for every x 2 M,

Px[! : 9T < e(!) such that 8t > T, !t /2 K] = 1.

2. Brownian motion on M is called recurrent if every nonempty open set

is recurrent and is called transient if every compact set is transient.

We characterize recurrence and transience of Brownian motion on M using

the Green function G(x, y) :=
R
1

0 }(t, x, y)dt of M.
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Proposition 3.1.9. (Proposition 4.4.8 of [Hs]) If Brownian motion on M
is recurrent, then GM(x, y) = 1 for all x, y 2 M. If Brownian motion is

transient, then GM is locally integrable.

3.2 Brownian motions in negative curvature

In this section, we study Brownian motion on a Cartan-Hadamard manifold

and finite-volume manifold with pinched negative curvature. We begin with the

stochastic completeness of Brownian motion on a Cartan-Hadamard manifold.

Proposition 3.2.1. A Cartan-Hadamard manifold fM with �b2  SecfM  0

for some b > 0 is stochastically complete.

Let M be a finite-volume manifold with �b2  SecM  �a2 for some

b > a > 0 with universal cover p : fM ! M. Then fM is a Cartan-Hadamard

manifold with pinched negative curvature. The deck transformation action on
fM of the fundamental group � = ⇡1(M) is an isometric action. Let M0 ⇢ fM
be a fundamental domain of �-action on fM. We identify M0 with M.

Since Brownian motion is stochastically complete, we may assume that our

sample path spaces are e⌦ = C(R+, fM) and ⌦ = C(R+,M) instead of W (fM)

and W (M).

For  < 0, if }(t, x, y) = }Hd()(t, x, y) is the heat kernel on the d-

dimensional hyperbolic space H
d() of constant curvature , }(t, x, y) de-

pends only on t and ⇢ = dHd()(x, y):

}(t, ⇢) ⇠
(1 + ⇢+ t)

d�1
2 �1(1 + ⇢)

td/2
exp

✓
�⇢

2

4t
� (d� 1)⇢

2
� (d� 1)22t

4

◆
,

where f ⇠ g means that there exists c > 1 such that c�1 
���f(s)
g(s)

���  c for each

s [DM].

Due to the pinched negative curvature, we have a comparison theorem of

the heat kernel on fM.

Proposition 3.2.2. (Heat kernel comparison theorem, Theorem 4.5.2 of [Hs])

}�b2(t, d(x, y))  }fM(t, x, y)  }�a2(t, d(x, y)).

By the volume comparison and the heat kernel comparison, we have a
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super-exponential moment of heat kernels. For any ⌧ > 0,

Z

fM
e⌧rx(y)}fM(t, x, y)d volfM(y)


Z

Hd(�b2)
e⌧r}�a2(t, r)d vol�b2(r, v)

 C(d, a, t)

Z

Sd�1

Z
1

0
r

d�1
2 exp


�r2

4t
+

✓
(d� 1)a2

2
+ ⌧

◆
r

�
snd�1

�b2
(r)drd volSd�1(v)

 C 0(d, a, b, t).

As a corollary of the heat kernel comparison, we have the finite Green

function on fM. Thus it follows from Proposition 3.1.9 that Brownian motion

on fM is transient.

For each x 2 M and its lift ex 2 fM, we also denote the push-forward

measure of Pex by Px: for each U ⇢ M, if eU := p�1 U , then

Px[!t 2 U ] := Pex[e!t 2 eU ].

Then the canonical process of (⌦, (Ft(M))0t1,Px) is the Brownian motion

on M started from x. Note that the heat kernel }M on M is

}M(t, p(x̃), p(ỹ)) =
X

�2�

}fM(t, x̃, �ỹ),

for each x̃, ỹ 2 fM.

The stationary measure of the Brownian motion is the probability measure

which defines the Brownian motion with initial distribution m = 1
vol(M) vol:

for ! 2 ⌦, we define a shift map S t!s = !t+s, then the measure

Pm =

Z

M

Px dm(x)

is invariant under the shift map: by Champman-Kolomogorov equation (3.3),

Pm[S
�t{! : !s 2 U}] = Pm[!t+s 2 U ] =

Z

M

Z

fM
}fM(t+ s, x, y)1eU (y)dydm(x),

=

Z

M

Z

fM

Z

fM
}fM(t, x, z)}fM(s, z, y)1eU (y)dydzdm(x),
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hence using Fubini type argument,

Pm[S
�t{! : !s 2 U}] =

Z

M

Z

fM

Z

fM
}fM(t, x, z)dx

�
}fM(s, z, y)1eU (y)dydm(z)

=

Z

M

Z

fM
}fM(s, z, y)dydm(z)

= P[!s 2 U ].

The shift dynamical system on the path space (⌦,S t,Pm) is ergodic since M
is connected.

Let r(!, t) = d(e!0, e!t) where e! is a lift of !. Since the Brownian motion

on fM is transient, r(!, t) ! 1 as t ! 1, Px-a.e. Moreover, the rate of escape

is linear in t, Px-a.e.

Definition 3.2.3 (Linear drift). There exists a positive constant `, called

the linear drift of the Brownian motion, such that for every x 2 fM and for

Pp(x)-a.s. ! 2 ⌦ or Px-a.s. e! 2 e⌦,

(3.4) ` = lim
t!1

1

t
r(!, t) = lim

t!1

1

t
d(x, e!t).

Since r is a sub-additive cocycle, that is, r(!, t+ s)  r(!, t) + r(S t!, s)

for every s, t > 0, by the subadditive ergodic theorem ([Ki]) the limit (3.4)

exists and is identical almost everywhere.

By Itô’s formula for the distance function r(y) = rx(y) := d(x, y), the

radial process rx(e!t) = d(x, e!t) is written as

rx(e!t) = rx(e!0) + �t +

Z
t

0
�rx(e!s)ds,

where �t = M rx
t

is the 1-dimensional Euclidean Brownian motion. Hence, for

Px-a.e. e!, we have

` = lim
t!1

1

t

Z
t

0
�Mrx(e!s)ds.

Thus it follows from the Laplacian comparison theorem 2.3 that

(d� 1)a  `  (d� 1)b.

In particular, if M has constant negative curvature �a2, then ` = (d� 1)a.

For e! 2 e⌦, we define the angular process ✓x(e!, t) by the angular part of e!t
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in the polar coordinate at x, i.e., the unit vector in Sx
fM such that

expx [rx(e!t)✓x(e!, t)] = e!t.

The angular process converges almost surely.

Proposition 3.2.4. ([Pr], [Pi]) For every x 2 fM and Px-a.e. e!, the limit

lim
t!1

✓(e!, t) exists.

Proof. Consider a geodesic triangle in fM with vertices x, e!j and e!j+1 for a

positive integer j. If we denote by �j the angle of the triangle at x and the

radial process rx(e!t) by rt, then by comparison,

1� cos�j 
cosh(ad(e!j , e!j+1))

sinh(arj) sinh(arj+1)
.

Note that by Itô’s formula,

d(e!j , e!j+1) = �j+1 � �j +

Z
j+1

j

�rx(e!s)ds

where �t is a 1-dimensional Euclidean Brownian motion. Since �j+1 � �j 
(log j)

1
2 and the integral term is uniformly bounded by Laplacian comparison,

if j is su�ciently large, then

1� cos�j 
C(log j)

1
2

sinh
⇣
(d�1)a2j

2

⌘
sinh

⇣
(d�1)a2(j+1)

2

⌘

 C(log j)
1
2 exp

�
�(d� 1)a2j

�

for some positive constant C > 0. Thus we have
P

1

j=1(1 � cos�j) < 1. If

d
Tx fM is the distance on the tangent space TxfM, then since

d
Tx fM(✓x(e!, j), ✓x(e!, j + 1))  1� cos�j ,

we have
1X

j=1

d
Tx fM(✓x(e!j), ✓x(e!j+1)) < 1.
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Due to a similar argument, since

1X

j=1

Px

"
sup

jtj+1
d(e!t, e!j) � C(log j)

1
2

#
< 1,

it follows from the Borel-Cantelli lemma that for Px-a.s. !,

lim
j!1

sup
jtj+1

d
Tx fM(✓x(e!, t), ✓x(e!, j + 1)).

Therefore, ✓x(e!, t) converges a.s.

Since r(e!, t) ! 1 as t ! 1 for Px-a.e. e!, the limit e!1 := lim
t!1

e!t exists for

Px-a.e. e!. In addition, the Brownian path roughly follows the geodesic �✓(e!,1).

Proposition 3.2.5. (Proposition 5 in [Le2]) For each x 2 fM and Px-a.e. e!,

lim
t!1

1

t
d (e!t, expx [r(e!, t)✓x(e!,1)]) = 0.

Since we can replace r(e!, t) by `t, We denote i.e.,

Definition 3.2.6 (Harmonic measure). The harmonic measure is the family

(⌫x)x2fM of the asymptotic distribution ⌫x of Brownian paths starting from x,

given by for U ⇢ @1fM,

⌫x(U) := Px [e! : e!1 2 U ] ,

called harmonic measure at x for x 2 fM.

Since the family (Px) is �-equivariant, (⌫x)x2fM is also �-equivariant: for

each � 2 �,

�⇤⌫x = ⌫�x.

Moreover, (⌫x)x2fM is an absolutely continuous family.

Definition 3.2.7 (Martin kernel). The Martin kernel of the Brownian motion

on fM is a function K : fM⇥ fM⇥ @1fM ! R defined by the Radon-Nikodym

derivative of the harmonic measure; for x, y 2 fM and ⇠ 2 @1fM,

K(x, y, ⇠) :=
d⌫y
d⌫x

(⇠).
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The Martin kernel is also characterized by the limiting behavior of the

Green function.

Theorem 3.2.8. ([AS]) For each sequence (zn) in fM with zn ! ⇠ 2 @1fM,

K(x, y, ⇠) = lim
n!1

G(y, zn)

G(x, zn)
.

For v 2 Sx
fM, the cone at v of angle ✓ is

C(v, ✓) := {�w(t) : w 2 Sx
fM such that\x(v,w) < ✓}.

We have Hölder continuity of the directional derivative of the Martin kernel

on the boundary of a cone.

Proposition 3.2.9. (Lemma 3.2 in [Ha1]) For v 2 Sx
fM, let C = C(g1v,⇡/4)

be the cone at g1v of angle ⇡/4 and we denote its boundary at infinity by

@C = {w+ : w 2 S�v(1)
fM such that\�v(1)(g

1v,w) < ⇡/4}.

Then the directional derivative of the Martin kernel

⇠ 7! d

dt

����
t=0

K(�v(0), �v(t), ⇠)

is Hölder continuous on @C.

Proof. Let z = �v(1) and z" = �v(") for " 2 [0, 1/2]. By Cheng-Yau type

Harnack inequality ([CY]), for every y 2 C and " 2 (0, 1/2],

(3.5)
|G(y, z")�G(y, x)|

"
 C0G(y, x).

By Theorem 6.2 in [AS], for any " 2 (0, 1/2), the map

'"(y) =
"�1|G(y, z")�G(y, x)|+ C0G(y, x)

G(y, x)

is ↵-Hölder continuous on C for some ↵ = ↵(a, b, d), i.e., for each y, y0 2 C

distant away from z, |'"(y)� '"(y0)|  \z(y, y0)↵'"(z). From (3.5), it follows
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that

|'"(y)� '"(y
0)| =

����
1

"

✓
G(y, z")

G(y, x)
� G(y, x)

G(y, x)

◆
� 1

"

✓
G(y0, z")

G(y0, x)
� G(y0, x)

G(y0, x)

◆����

 2C0\z(y, y
0)↵.

Letting y and y0 tend to ⇠ and ⌘ in @C, respectively, then

����
K(x, z", ⇠)� K(x, x, ⇠)

"
� K(x, z", ⌘)� K(x, x, ⌘)

"

����  2C0\z(⇠, ⌘)
↵.

Thus the proposition follows by "! 0.

We introduce another invariant of the Brownian motion called the stochas-

tic entropy of the Brownian motion denoted by h.

Definition 3.2.10 (Stochastic entropy). The stochastic entropy of the Brow-

nian motion on fM is a constant h such that for each x 2 fM, Px-a.e. e!,

h = lim
t!1

�1

t
log}(t, x, e!t)

= lim
t!1

�1

t
logG(x, e!t).

The stochastic entropy was first introduced by V. Kaimanovich in [Kai1]

for co-compact manifolds with negative curvature. Kaimanovich proved that

the Poisson boundary is trivial if and only if the stochastic entropy is zero.

The argument in [Le3] proving the well-definedness of the stochastic entropy

in co-compact manifolds with negative curvature easily extends to manifolds

with finite volume. Note that h = (d� 1)2a2 when SecM = �a2.

There is another characterization of the stochastic entropy analogous to the

definition of the topological entropy as the exponential growth of dynamically

separated sets (see [Kai1], [Le3]).

Proposition 3.2.11. For x 2 fM, T > 0 and 0 < � < 1,

h = lim
T!1

1

T
logN(x, T, �),

where N(x, T, �) := inf {Card(E) : Px[d(e!T , E)  1] � �}.
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Proof. Fix " > 0. Let

CT,x := {e!0 = x,}(T, e!0, e!T )  e�T (h�")},

DT,x := {e! : d(e!t, �✓(e!,1)(`T ))  "T,}(T, x, �✓(e!,1)(`T )) � e�T (h+")}.

Choose a su�ciently large T such that 1 � �

2  Px(CT,x) = Px[e!T 2 ⇡TCT,x].

We denote by Ex the expectation with respect to Px. For each finite set E

such that Px[d(e!T , E)  1] � �,

�  Ex[d(e!T , E)  1] = Px[{d(e!T , E)  1} \ CT,x] + Px[{d(e!T , E)  1} \ CT,x]

 e�T (h�")
X

y2E

volB(y, 1) + 1� (1� �

2
)

 Ce�T (h�")Card(E) +
�

2
,

where C = supz volB(z, 1). Thus, �

2C e
T (h�")  Card(E) and we have

h  lim
T!1

1

T
logN(x, T, �).

For the converse inequality, Let E be a minimal set satisfying d(e!T , E)  1

for every e! 2 DT,x and F ⇢ {�✓(e!,1)(`T ) : e! 2 DT,x} a maximal 1
2 -separated

set. Note that Card(E) � N(x, T,Px(DT,x)) and Card(F )  C 0eT (h+"). For

each f 2 F ,

N(f) := {e 2 E : 9 e! 2 DT,x s.t. d(f, �✓(e!,1)(`T )) 
1

2
, d(e!T , e)  1}.

Then CardN(f)  eC
00
"T . Therefore, we have

N(x, T,Px(DT,x))  Card(E)  eC
00
"T Card(F )  C 0eT [h+(2+C

00)"].

Given �, for each T large enough, N(x, T, �)  N(x, T,DT.,x).

The stochastic entropy is related to the spectral information of fM, the

bottom of the spectrum �0 := inf Spec(�fM) of the Laplacian on fM. Note

that �0 � (d � 1)2a2/4 ([M]). In particular, �0 = (d � 1)2a2/4 if fM has

constant negative curvature �a2. It was proved in Proposition 3 of [Le4] for

co-compact manifolds. The proof is valid for pinched negative curvature and

even the co-finiteness is not required.
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Proposition 3.2.12. For any Cartan-Hadamard manifold fM, we have

4�0  h.

Proof. Since }(t, x, y) is a solution of the heat equation,

}(t, x, y) log}(t, x, y) =

Z
t

0

@

@s
(}(s, x, y) log}(s, x, y)) ds

=

Z
t

0
(1 + log}(s, x, y))

@

@s
}(s, x, y)ds

=

Z
t

0
(1 + log}(s, x, y))�y}(s, x, y)ds.

By applying this equation,

h = lim
t!1

�1

t

Z

fM
}(t, x, y) log}(t, x, y)d vol(y)

= lim
t!1

1

t

Z
t

0

Z

fM
hr log}(s, x, y),r}(s, x, y)igd vol(y)ds

= lim
t!1

4

t

Z
t

0

Z

fM

���r
p
}(s, x, y)

���
2
d vol(y)ds

� 4

t

Z
t

0
�0ds = 4�0.

The inequality is due to Rayleigh’s theorem.

3.3 Foliated Brownian motions

In this section, we introduce a Markov process on the unit tangent bundle

of a finite-volume manifold with pinched negative curvature, called foliated

Brownian motion. The foliated Brownian motion was first introduced in the

way to develop the ergodic theory of foliations (See [CC], [Ga]). It is also used

to prove the central limit theorem for the geodesic flow on hyperbolic manifolds

([LeJ], [EFL]). It plays a crucial role in the proof of the central limit theorem

of Brownian motion.

Let M be a finite-volume manifold of dimension d with �b2  SecfM 
�a2 < 0 for some b > a > 0. We denote by p : fM ! M its universal

cover and by � the deck transformation group of the universal cover acting

isometrically on fM. Recall that we identify the unit tangent bundle S fM
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with fM⇥@1fM in (2.9). With such identification, we have that for v = (x, ⇠),
fWcs(v) = fM⇥{⇠} andryb(y, x, ⇠) = (y, ⇠). Furthermore, we shall identify the

unit tangent bundle SM ofM withM0⇥@1fM. Since fWcs(v) is di↵eomorphic

to fM via ⇡ : S fM ! fM for v 2 S fM, we endow central stable leaves of fWcs

with a metric gs induced from the metric g on fM: for v 2 Sx
fM, define gs on

eEcs
v from g on TxfM.

Let X : S fM ! eEcs be a section of the central stable distribution which is

leafwise C1, i.e., the restriction X|fWcs(x,⇠)
is C1 on fWcs(x, ⇠) for each (x, ⇠) 2

S fM. We identify the restriction X|fWcs(x,⇠)
with a C1-vector field X⇠ on fM

for each ⇠; X⇠(x) := X(x, ⇠). We define the gs-divergence divs by

divsX(x, ⇠) = divX⇠(x).

Let u 2 C(S fM) be a leafwise C2-function; u|fWcs(v)
is a C2-function on fWcs(v)

for each v. Thus for each ⇠ 2 @1fM, u⇠(x) := u(x, ⇠) is C2 on fM. We define

the foliated Laplacian �s by

�su = divsru,

where ru(x, ⇠) := ru⇠(x).

Fix a fundamental domain M0 ⇢ fM of �. We identify M, SM with M0,

M0⇥@fM, respectively. Note that the central stable leaf fWcs(x, ⇠) = fM⇥{⇠}
is projected onto

Wcs(x, ⇠) := {(y, ��1⇠) 2 SM : y 2 M0, � 2 �}.

The central stable foliation Wcs = {Wcs(v) : v 2 SM} of SM is the col-

lection of the projected stable leaves. Similarly, we define the central stable

distribution Ecs of SM. The central stable leaves of Wcs inherit the Rieman-

nian metric from gs on the leaves of Wcs which is also denoted by gs. We

denote the inherited di↵erentials by divs and �s.

Definition 3.3.1 (Foliated Brownian motion). Let P(SM) be the space of

probability measures on SM. We define a transition semigroup P : (0,1) ⇥
SM ! P(SM) by

dP[t, v](w) =
X

�2�

}(t, x, �y) d���1⇠(⌘) d vol|M0
(y),
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for v = (x, ⇠),w = (y, ⌘) 2 SM. The transition semigroup defines a unique

family {P(x,⇠)}(x,⇠)2SM of Borel probability measures on the space

S⌦ := C(R+,SM)

of sample paths on SM. The canonical filtration is the collection of the small-

est �-algebras

Ft = Ft(SM) := �{⇡s : 0  s  t}

for which the projection ⇡s(!) = !s on S⌦ is measurable for each 0  s  t.

The canonical process Zt(!) = !t of the filtered space

⇣
S⌦, {Ft}0t1

,P(x,⇠)

⌘

is a Markov process which is called the foliated Brownian motion for Wcs with

initial distribution �(x,⇠), for each (x, ⇠) 2 SM.

We define the Markov operator Qt : Cb(SM) ! Cb(SM) on the space of

bounded continuous functions on SM by

(3.6) Qtf(v) :=

Z

SM

fdP[t, v] =
X

�2�

Z

M0

f(y, ��1⇠)}(t, x, �y)d vol(y).

Note that the foliated Brownian motion for Wcs is the projected process of a

Markov process, called the foliated Brownian motion for fWcs, with the tran-

sition semigroup

(3.7) d eP[t, v](w) = }(t, x, y)d�⇠(⌘)d vol(y).

Let eQt be the Markov operator on S fM. For any f 2 Cb(SM) and for each

(x, ⇠) 2 M0 ⇥ @fM,

Qtf(x, ⇠) =

Z

fM
ef(y, ⇠)}(t, x, y)d vol(y) = eQt ef(x, ⇠),

where ef is the �-invariant lift of f to S fM. Note that the infinitesimal generator

of the Markov operator is the foliated Laplacian:

d

dt

����
t=0

Qtf = �sf.
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L. Garnett proved in [Ga] that the Markov operator eQ admits an invariant

measure m
eQ on S fM of the form

dm
eQ(x, ⇠) = d⌫x(⇠)dem(x) = K(x0, x, ⇠)dem(x)d⌫x0(⇠),

where em = 1
vol(M0)

vol and ⌫x is the harmonic measure. We have an induced

probability measure mQ := m
eQ|

M0⇥@ fM on SM. By �-equivariance of ⌫x,

Z

SM

QtfdmQ =
1

vol(M0)

Z

M0

Z

@ fM

X

�

Z

M0

ef(y, ��1⇠)}(t, x, �y)d vol(y)d⌫x(⇠)d vol(x)

=
1

vol(M0)

Z

M0

X

�

Z

M0

Z

@ fM
ef(y, ⇠)}(t, ��1x, y)d⌫��1x(⇠)d vol(x)d vol(y).

Since we know d⌫��1x(⇠) = K(y, ��1x, ⇠)d⌫y(⇠), the integrand in the right-

handed side is:

X

�

Z

M0

Z

@ fM
ef(y, ⇠)}(t, ��1x, y)d⌫��1x(⇠)d vol(x)

=

Z

@ fM
ef(y, ⇠)

X

�

Z

M0

}(t, ��1x, y)K(y, ��1x, ⇠)d vol(x)d⌫y(⇠)

=

Z

@ fM
ef(y, ⇠)

Z

fM
}(t, x, y)K(y, x, ⇠)d vol(x)d⌫y(⇠)

=

Z

@ fM
ef(x, ⇠)d⌫y(⇠).

We used the harmonicity of the Martin kernel in the last equality:

Z

fM
}(t, x, y)K(y, x, ⇠)d vol(x) = K(y, y, ⇠) = 1.

Therefore, we have the Qt-invariance of mQ. The stationary measure of the

foliated Brownian motion is PmQ =
R
SM

P(x,⇠)dm
Q(x, ⇠) and is ergodic for the

shift map on S⌦.
We have an integral expression of the linear drift and the stochastic en-

tropy. Proposition 2.9 and 2.16 in [LS2] prove the same descriptions for the

Brownian motion on co-compact negatively curved manifolds. The identities

for co-finite manifolds follow in the same way.

Proposition 3.3.2. The linear drift and the stochastic entropy have integral
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expressions:

` =

Z

M0

Z

@ fM
�yb(y, x, ⇠)d⌫y(⇠)dem(y)

=

Z

M0

Z

@ fM
h�ryb(y, x, ⇠),ry logK(x, y, ⇠)ig d⌫y(⇠) dem(y),

and

h =

Z

M0

Z

@ fM
|ry logK(x, y, ⇠)|2 d⌫y(⇠) dem(y).

Moreover, `2  h.

Proof. We only verify the second equality. The other equalities follow imme-

diately from the same argument as in [LS2].

` =

Z

M0

Z

@ fM
�yb(y, x, ⇠)d⌫y(⇠)dem(y)

=

Z

@ fM

Z

M0

�yb(y, x, ⇠)K(x, y, ⇠)dem(y)d⌫x(⇠)

=

Z

@ fM

Z

M0

h�ryb(y, x, ⇠),ryK(x, y, ⇠)igdem(y)d⌫x(⇠)

=

Z

M0

Z

@ fM
h�ryb(y, x, ⇠),ry logK(x, y, ⇠)id⌫y(⇠)dem(y).
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Chapter 4

Equilibrium states in negative

curvature

Let M be a finite-volume Cartan-Hadamard manifold of dimension d with

pinched negative curvature; �b2  SecM  �a2 for some b > a > 0. We also

assume that the first derivatives of sectional curvature is uniformly bounded;

kr SecM k < +1. We denote by p : fM ! M the universal covering of M
and denote by � the group of deck transformations.

In this chapter, we recall basic notions in thermodynamic formalisms for

the geodesic flow on SM. Thermodynamic formalism is a study of invariant

measures of geodesic flow, called equilibrium states. It is defined by variational

principle for a dynamical quantity called pressure, which is a generalization of

a dynamical invariant, entropy. Hence the equilibrium state is a generalization

of a measure of maximal entropy. We shall study the existence, uniqueness

and construction of equilibrium states and applications to Liouville measures

and harmonic measures.

4.1 Construction of Gibbs measures

In this section, we introduce preliminaries of thermodynamic formalisms in

negative curvature. Especially, we construct Gibbs measures and explain how

they are related to the existence of equilibrium states. Most results in this

section can be found in [PPS].

A potential on SM is a bounded Hölder continuous function F : SM ! R.

We denote the lift of a potential F on SM to S fM by eF . We define a line
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integral of a lifted potential by

Z
y

x

eF :=

Z d(x,y)

0

eF (gtvyx)dt,

for x, y 2 fM where vyx 2 Sx
fM is the unit vector at x pointing y, i.e., gd(x,y)vyx 2

Sy
fM.

Let x 2 fM. The Poincaré series of a potential F on SM is a function

QF,x : R ! [0,1],

QF,x(s) =
X

�2�

exp

Z
�x

x

( eF � s).

Note that the convergence of QF,x(s) is independent of the choice of x.

Definition 4.1.1 (Critical exponent). The critical exponent �F of F is the

abscissa of convergence for QF,x, that is,

�F = lim sup
t!1

1

n
log

X

n�1<d(x,�x)n

exp

Z
�x

x

eF .

It is known that �F > �1 and �F�◆ = �F , where ◆ : S fM ! S fM is the flip

map ◆(v) = �v (Lemma 3.3 in [PPS]).

Given a potential F , due to pinched negative curvature and the Hölder

continuity of F , for each x, y, z 2 fM and ⇠ 2 @1fM, the following limit exists:

CF (x, y, ⇠) := lim
z!⇠

Z
z

y

eF �
Z

z

x

eF .

This map CF : fM⇥ fM⇥@1fM ! R is called a Gibbs cocycle for F . It indeed

satisfies a cocycle condition: for any x, y 2 fM and ⇠ 2 @1fM,

CF (x, z, ⇠) = CF (x, y, ⇠) + CF (y, z, ⇠), CF (x, y, ⇠) = �CF (y, x, ⇠).

For s 2 R, CF�s(x, y, ⇠) = CF (x, y, ⇠) + sb(x, y, ⇠). In particular, when F is

a constant potential s, CF (x, y, ⇠) = �sb(x, y, ⇠). From the �-invariance of

the lift eF , we have the �-invariance property of the Gibbs cocycle: for each

x, y 2 fM and ⇠ 2 @1fM,

CF (�x, �y, �⇠) = CF (x, y, ⇠).
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Definition 4.1.2 (Patterson-Sullivan density). A Patterson-Sullivan density

for F is a family (µx)x2fM of finite Borel measures absolutely continuous to

each other on @1fM satisfying

�⇤µx = µ�x,

dµy(⇠) = eCF��F
(x,y,⇠)dµx(⇠),

for each x, y 2 fM, � 2 �.

We have the existence of a Patterson-Sullivan density whenever the critical

exponent is finite and the uniqueness if the set @c� of conical fixed points has

positive measure.

Proposition 4.1.3. Suppose that �F < +1.

1. (Proposition 3.9 in [PPS]) There is a Patterson-Sullivan density for F

whose support is @1fM.

2. (Corollary 5.10, 5.12 in [PPS]) If µx(@c�) > 0, then it is a unique

Patterson-Sullivan density up to multiplicative constant.

Note that if (µx) is a non-atomic Patterson-Sullivan density, then it is a

unique Patterson-Sullivan density up to multiplicative constant since the set

@p� = @1fM\ @c� of parabolic fixed points is at most countably infinite due

to the co-finiteness of �.

Fix a point x0 in fM and a �-fundamental domain M0. Let @21fM be the

set of distinct pairs of boundary points. The Hopf parametrization at x0 is a

homeomorphism from S fM onto the product @21fM⇥ R:

S fM ! @21fM⇥ R

v 7! (v�, v+, b(x0,⇡(v), v
+)).

Definition 4.1.4 (Gibbs measure). Let (µx) and (µ◆
x) be Patterson-Sullivan

densities for F and F �◆, respectively. We define a gt-invariant and �-invariant

Borel measure eµF on S fM via the Hopf parametrization at x0:

eµF (v) := eCF�◆��F
(x0,⇡(v),v�)+CF��F

(x0,⇡(v),v+)dµ◆

x0
(v�)dµx0(v

+)dt.

We define the Gibbs measure µF of F by the push-forward measure of eµF |SM0 .
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Note that the definition of eµF does not depend on the choice of x0. Due to

the �-invariance of eµF , the Gibbs measure µF does not depend on the choice

of M0. It indeed has a Gibbs property:

Proposition 4.1.5. (Proposition 3.16 in [PPS]): For each compact set K 2
S fM, there exist r > 0 and cK,r > 0 such that for every T, T 0 � 0 and for

every v,

(4.1) c�1
K,r

 µF (B(v, T, T 0, r)

exp
R
T

�T 0 (F (gtv)� �F ) dt
 cK,r,

where B(v, T, T 0, r) is the Bowen ball around v:

B(v, T, T 0, r) := {w 2 SM : sup
t2[�T 0,T ]

d(�ev(t), �ew(t)) < r, 9 a lift ew 2 S fM}.

Now we shall recall the definition of equilibrium states. Given a potential F

on SM, let Pg
F
(SM) be the space of gt-invariant Borel probability measures

µ such that Z

SM

F�dµ < 1,

where F� := max{�F, 0} is the negative part of F . For each µ 2 Pg
F
(SM),

the metric pressure of µ for F is a weighted metric entropy:

PF (µ) := hµ(g
1) +

Z

SM

Fdµ,

where hµ(g1) is the metric entropy of µ with respect to the time-1 map of g.

Note that it is the metric entropy of µ for the zero potential F = 0.

The equilibrium state of F is a measure µmax in Pg
F
(SM) which attains

the supremum of metric pressure for F :

PF (µmax) = sup
�
PF (µ) : µ 2 Pg

F
(SM)

 
.

The supremum of metric pressure, which is denoted by PF , is called the topo-

logical pressure of F . If F is the zero pressure, the topological pressure is the

topological entropy. The Gibbs measure determines whether an equilibrium

state for F exists or not.

Proposition 4.1.6. (Theorem 6.1 in [PPS]) Let F be a potential such that

�F < 1.
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1. �F = PF .

2. If the Gibbs measure µF on SM is finite then the normalized Gibbs

measure is the unique equilibrium state for F . Furthermore, it is ergodic.

Otherwise, there is no equilibrium state for F .

If the zero potential admits an equilibrium state, its equilibrium state is

the measure of maximal entropy, also called the Bowen-Margulis measure.

The Patterson-Sullivan density for the zero potential is called the Patterson-

Sullivan measures and the measure class of the Patterson-Sullivan measures

for the zero potential is called the visibility class.

Two potential F and F 0 on SM is said to be cohomologous to each other

if there is a Hölder continuous functions eG : S fM ! R such that for each

v 2 S fM,

eF (v)� eF 0(v) =
d

dt

����
t=0

eG(gtv).

Let F and F 0 are cohomologous via eG. Since

����
Z

�x

x

F �
Z

�x

x

F 0

���� =
��� eG(gd(x,�x)v�xx )� eG(v�xx )

���  sup
Sx fM

2| eG|

for every � 2 �, we have �F = �F 0 . We further have

CF (x, y, ⇠)� CF 0(x, y, ⇠) = eG(v⇠x)� eG(v⇠y).

If (µx) is a Patterson-Sullivan density for F , then we have a Patterson-Sullivan

density (µ0
x) for F from µx:

dµ0

x(⇠) := e�
eG(v⇠x)dµx(⇠).

Using this Patterson-Sullivan density, we conclude that the Gibbs measure

mF 0 coincides with mF .

V. Pit and B. Schapira found a necessary and su�cient condition for the

finiteness of Gibbs measure in [PS]. One can find the same statement also in

[PPS].

Proposition 4.1.7. A Hölder continuous potential F admits an equilibrium

state if and only if for every maximal parabolic subgroup ⇧ of �, the following
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series converges:
X

�2⇧

d(x, �x) exp

Z
�x

x

( eF � PF ).

We denote by µT
x the spherical measure at x, the push-forward measure

of µx via the inverse of homeomorphism Sx
fM ! @1fM for each x 2 fM. We

have an ergodic theorem for the geodesic flow for spherical measures. We also

derive a Gibbs property for spherical measures (see [Le2]).

Proposition 4.1.8. If a bounded Hölder continuous potential F admits an

equilibrium state µ then for every � 2 Cb(SM), x 2 M and for µT
x -a.e. v in

SM,

1

t

Z
t

0
�(gsv)ds !

Z

SM

� dµ as t ! 1,(4.2)

lim
t!1

�1

t
logµT

x (B(v, t, 0, ")) = hµ for some " > 0.(4.3)

Proof. Since µ is ergodic, the set G of the vectors for which the convergence

(4.2) holds is a union of central stable leaves with µ(G) = 1. Thus for any

x, y 2 M, the projections G+
x := {ev+ : v 2 SxM} and G+

y of fiber onto

the boundary at infinity @1fM are identical. Since µT
x (G \ SxM) = µx(G+

x ),

G \ SxM is a µT
x -full set if and only if G \ SyM is a µT

y -full set. Therefore

G \ SxM is a µT
x -full set for every x 2 M.

From the Gibbs property (4.1) of µF , for µT
x -a.e. v 2 G \ SxM,

lim
t!1

�1

t
logµ(B(v, t, 0, ")) = PF � lim

t!1

1

t

Z
t

0
F (gsv)ds = PF �

Z
Fdµ = hµ.

(4.4)

A local central stable manifold of v 2 SM is

Wcs

" (v) := {w : d(gtv,gtw) < ", 8t � 0}.

The spherical measure is a transversal measure, so it can be defined by local

central stable manifolds:

µT

x (S) = µ ([w2SWcs

" (w)) .

Since the Bowen ball consists of local central stable manifolds, (4.4) holds

when we replace µ with µT
x .
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Definition 4.1.9 (Geometric potential). The geometric potential F su is a

Hölder continuous function on SM induced by a �-invariant function on S fM
defined by

gF su(v) = � d

dt

����
t=0

log det dvg
t| eEu(v),

where dvgt : TvS fM ! TgtvS fM is the tangent map of the flow map gt at v

and eEu(v) = TvfWu(v) is the unstable distribution.

From the pinched negative curvature and uniform bound on the first deriva-

tives of sectional curvature, since the unstable distribution is Hölder continu-

ous (Theorem 2.3.10), gF su is Hölder continuous.

From the identity fWu(◆v) = ◆fWs(v) for the flip map ◆ which is a Rieman-

nian isometry on S fM, we have det dvg�t| eEu(v) = det d◆vgt| eEs(◆v). Since the

geodesic flow preserves the Liouville measure,

det dvg
t = det

⇣
dvg

t| eEu(v)

⌘
det
⇣
dvg

t| eEs(v)

⌘
= 1

and hence det dvgt| eEu(v) = det d�vg�t| eEu(�v). Therefore it follows that

gF su � ◆ = gF su.

Ruelle’s inequality holds for a finite manifold with pinched negative cur-

vature and uniformly bounded first derivatives (Theorem 1.1 in [R]), which

implies nonpositive pressure of F su: for each µ 2 Pg
F su(SM),

PF su(µ)  0.

From Ruelle’s inequality and Chapter 7 of [PPS], it follows that the normalized

Liouville measure is the equilibrium state for F su.

Theorem 4.1.10. (Theorem 7.2 in [PPS]) The normalized Liouville measure

m = 1
vol(SM) volSM is the equilibrium state for F su and PF su = 0.

The measure class determined by the Patterson-Sullivan density for the

geometric potential is called the Lebesgue class. The spherical measure of F su

is the Lebesgue measure on the unit sphere.
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4.2 Ergodic properties of Brownian motions

In this section, we discuss the thermodynamic formalisms for the harmonic

potential, which arises from the Brownian motion and an equidistribution

theorem of Brownian paths. Using such ergodic properties of the Brownian

motion, we also provide a characterization of the asymptotic harmonicity as

an application of the central limit theorem to the ergodic theory of the geodesic

flow on M.

Recall that given x 2 fM we identify (r, v) 2 (0,1)⇥Sx
fM with expx(rv) 2

fM \ {x} and g = dr2 + �x(r, v)gS. Now we denote the density of volume at

z = (r, v) with respect to the polar coordinate at x by Ax(z):

d vol(z) = Ax(z)drd volS(v).

Note that Ax(z) = �d�1
x (r, v). We denote by ✓(e!, t) the unit vector in Sx

fM
such that e!t = (r, ✓)(e!, t) := (r(e!, t), ✓(e!, t)).

We introduce another natural potential on SM induced from the Brownian

motion. which we call the harmonic potential.

Definition 4.2.1 (Harmonic potential). Define a function ]FBM on S fM by

]FBM(v) = � d

dt

����
t=0

logK(�v(0), �v(t), v+)

for v 2 S fM. Since ]FBM is �-invariant, there is an induced function FBM on

SM, called the Harmonic potential.

Note that the �-invariance ]FBM follows from the �-invarince of K:

K(�x, �y, �⇠) = K(x, y, ⇠),

for each x, y 2 fM, ⇠ 2 @1fM and � 2 �. Since ry logK(x, y, ⇠)|y=x is smooth

in y, by Proposition 3.2.9, ]FBM is Hölder continuous on S fM, hence FBM is

indeed a potential on SM. Note that FBM is cohomologous to FBM � ◆ via

e⇥(v) := lim
t!1

G(�v(t), �◆v(t)

G(�v(t), �v(0))G(�◆v(0), �◆v(t))
,

which is called the Näım kernel (see [LL]). The limit in the definition of the

Näım kernel exists (see [N], [Kai2]).
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Note that FBM has the harmonic measure (⌫x)x2fM as a Patterson-Sullivan

density of dimension 0. Since the harmonic measure does not have atom ([KL],

[BeHu]), the set ⇧� of parabolic fixed points on � in @fM has countably many

points, ⇧� is a null set for the harmonic measure. As the set of conical fixed

points ⇤c� = @fM \ ⇧� has positive measure with respect to the harmonic

measure, the topological pressure of FBM vanishes; PFBM = 0 (Corollary 5.10

of [PPS]). We denote by e⌫ the Gibbs measure on S fM of FBM and (⌫x).

Proposition 4.1.6 for FBM demonstrates that FBM admits an equilibrium state

⌫ on SM for FBM if and only if e⌫ (SM0) is finite and ⌫ agrees with the induced

measure on SM by e⌫. From Proposition 4.1.7 it follows that FBM admits an

equilibrium state if and only if for every parabolic subgroup ⇧ of �,

X

�2⇧

d(x, �x)

K(x, �x, (v�xx )+)
< 1,

where vyx 2 T 1
x
fM such that gd(x,y)vyx 2 Sy

fM. We shall provide dynamical

aspects of Brownian motions using the ergodic theory of ⌫.

The following theorem demonstrates how dynamical invariants and stochas-

tic invariants are related to each other. We follow the argument in [Le2], but

we complete the proof by showing the inequality h  `h⌫ using the idea in

[Le1]

Theorem 4.2.2. If FBM admits an equilibrium state ⌫, then

h = `h⌫ .

Proof. Let x 2 fM, � 2
�
0, 12
�
and 0 < ", "0. We denote for each T > 0,

CT := {e! : d(e!T , (`T, e!1))  "T and

µT

x {v : d`T (v, ✓(e!,1))  "0}  e�(`h⌫�")T },
DT := {e! :d(e!T , (`T, e!1))  "T and

µT

x {v : d
�
�v(`T ), �✓(e!,1)(`T )

�
 "0} � e�(`h⌫+")T }.

For every T large enough, Px(CT ) � 2� for some "0 > 0 by Proposition

3.2.5. Thus if we fix a su�ciently large T and choose E ⇢ fM with CardE =

N(x, T, 1� �),

Px{d(e!T , E)  1} � 1� �.
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We note that E1 := {✓(e!,1) : e! 2 CT , d(e!T , E)  1} has the µT
x -measure

greater than � and {�✓(e!,1)(`T ) : e! 2 CT , d(e!T , E)  1} is covered by balls on

the sphere of radius "0 less than N(x, T, 1� �)C"T . (C is the maximal cardinal

of covers for the intersection of the sphere of radius `T and ("+ 1)T balls by

"0 balls on the sphere.) Such ball O in the sphere of radius "0 is the set of base

points of vectors in g`TV where V = {v : d`T (v,w)  "0} for some w. We

conclude that since such V has the µSM-measure less than e�(`h⌫�")T ,

�  µT

x (E1)  N(x, T, 1� �)e�T [`h⌫�"�" logC].

Thus we have `h⌫  limT!1
1
T
logN(x, T, 1� �).

Choose a smallest set E ⇢ fM such that d(e!T , E)  1 for each e! 2 DT

and a maximal "0-separeted set F ⇢ {�✓(e!,1)(`T ) : e! 2 DT }. Since DT ⇢ {e! :

d(e!T , E)  1}, Card(E) � N(x, T,Px(DT )) and Card(F )  C 0e`h⌫T+"T . (C 0

is the maximal number of overlappings.) For every f 2 F if we denote

N(f) := {e 2 E : 9 e! 2 DT s.t. d(f, �✓(e!,1)(`T ))  "0, d(e, e!T )  1}.

Since [e2N(f)B(e, 1) ⇢ B(f, "T + "0 + 1), there exists C 00 > 0 such that

CardN(f)  sup
e2E,f2F

vol (B(f, "T + "0 + 1))

vol(B(e, 1))
 eC

00
"T .

Therefore,

N(x, T,Px(DT ))  Card(E)  exp(C 00"T ) CardF  eT [`h⌫+(1+C
00)"].

The following proposition proves the equidistribution of Brownian paths

with respect to ⌫. To be precise, the equidistribution means that geodesics

which Brownian paths roughly follow are generic for ⌫. The proof follows the

argument for compact manifolds ([Le2]).

Proposition 4.2.3. Assume that FBM admits an equilibrium state ⌫. For

every x 2 fM, for each bounded continuous function � 2 Cb(SM) and for

Px-a.e. e!, Z
� d⌫ = lim

t!1

1

`t

Z
r(e!,t)

0

e�(gs✓(e!, t)) ds.
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Proof. For v,w 2 S fM, let dt(v,w) be the distance on the geodesic sphere

S(x, t) between gtv and gtw. Then

dt(v,w)  ds(v,w)
sinh(at)

sinh(as)

for every 0 < t < s due to the curvature upper bound secfM  �a2 < 0.

Since the Sasaki distance is Hölder equivalent to the distance d0(v,w) :=

sup0t1 d (�v(t), �w(t)),

����
Z

t

0

e� � gs(v)ds�
Z

t

0

e� � gs(w)ds

����  C(a,�)d(�v(t), �w(t)).

Hence the proposition follows from of Proposition 4.1.8 and Proposition 3.2.5:

for Px-a.e. e!,

lim
t!1

�����
1

`t

Z
r(e!,t)

0

e�(gs✓(e!, t))ds�
Z
�d⌫

�����

 lim
t!1

1

`t

�����

Z
r(e!,t)

0

e�(gs✓(e!, t))ds�
Z

`t

0

e�(gs✓(e!,1))ds

�����

+ lim
t!1

����
1

`t

Z
`t

0

e�(gs✓(e!,1))ds�
Z
�d⌫

����

= lim
t!1

1

`t

�����

Z
r(e!,t)

0

e�(gs✓(e!, t))ds�
Z

r(e!,t)

0

e�(gs✓(e!,1))ds

�����+ 0

 lim
t!1

C(a,�)

`t
d(e!t, (r, ✓)(e!, t)) = 0.

We used (4.2) of Proposition 4.1.8 in the equation and Proposition 3.2.5 in

the last inequality.

The equidistribution of Brownian paths provides another stochastic in-

variant, namely, the exponential growth along Brownian paths. It helps to un-

derstand the relation between the harmonic measure class and the Lebesgue

measure class. The proof in [Le2] extends to the finite-volume case.

Theorem 4.2.4. For each x 2 fM and for Px,-a.e. e!, if there is an equilibrium

state ⌫ of FBM, the following limit exists:

⌥ = lim
t!1

1

t
logAx(e!t) = �`

Z
F sud⌫.
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Proof. Let (dgt)v be the tangent map of the flow map gt at v = (x, ⇠) 2 S fM.

Since the angle between stable distribution eEs(v) and (dgt)v(TvSx
fM), where

TvSx
fM is the tangent space of the sphere Sx

fM, is bounded away from zero

uniformly on v and t > 0,

lim
t!1

1

t
logA⇡v(⇡g

tv) = lim
t!1

1

t
log det dgt|

TvSx fM

= lim
t!1

1

t
log det dgt| eEu(v)

= lim
t!1

�1

t

Z
t

0
F su(gsv)ds.

Therefore, by Proposition 4.2.3, for Px-a.e. e!,

lim
t!1

1

t
logAx(e!t) = lim

t!1
�1

t

Z
r(e!,t)

0
F su(gs✓(e!t))ds = �`

Z
F sud⌫.

Since h⌫  htop and h⌫ +
R
F sud⌫  PF su = 0, from Theorem 4.2.2 and

Theorem 4.2.4, we have the following theorem as a corollary.

Theorem 4.2.5. Suppose that FBM admits an equilibrium state ⌫. Denote

the topological entropy of (SM, (gt)) by htop.

1. We have h  `htop. The equality holds if and only if the harmonic mea-

sure class and the visibility class coincide.

2. We have h  ⌥ = �`
R
F su d⌫. The equality holds if and only if the

harmonic measure class and the Lebesgue class agree.

Proof. It follows from Theorem 4.2.2 that h = `htop is equivalent to htop = h⌫ .

This equality happens if and only if ⌫ is the measure of maximal entropy.

By Theorem 4.2.4, the equality ⌥ = h is equivalant to

PF su(⌫) = h⌫ +

Z
F sud⌫ = 0,

which holds if and only if ⌫ is the equilibrium state for F su.

Remark 4.2.6. If there is an equilibrium state of FBM, then since `2  h 
`htop, we have `  htop and

(4.5) 4�0  h  `htop  h2top.
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Chapter 5

Central limit theorem of

Brownian motions

Let M be a finite-volume Riemannian manifold with �b2  SecM  �a2 < 0

and kr SecM k < +1 for some b � a > 0. We denote by p : fM ! M its

universal cover and � is the group of deck transformations of the universal

cover. We identify M and SM with a �-fundamental domain M0 in fM and

M0 ⇥ @1fM, respectively.

In this chapter, we prove the central limit theorem of random variables

Y `

t (e!) = d(x, e!t)� t`,

Y h

t (e!) = logG(x, e!t) + th.

We know that for almost every path e!, these random variables asymptotically

grow slower than t pointwise. We prove that they asympototically grow as fast

as
p
t in distribution.

Theorem 5.0.1. There are constants �b,�K such that the random variables
1
p
t
Y `
t and 1

p
t
Y h
t asymptotically follow normal distributions N(0,�b) and N(0,�K),

respectively. More precisely, for every x 2 fM,

Px


Y `
t

�b
p
t
 r

�
,Px


Y h
t

�K
p
t
 r

�
! 1p

2⇡

Z
r

�1

exp

✓
�s2

2

◆
ds, as t ! 1,

where Px is the probability measures on the space C(R+, fM) of continuous

sample paths which defines the Brownian motion on fM starting from x.
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In the last two sections, we establish characterizations of asymptotically

harmonic manifolds with pinched negative curvature as an application of the

central limit theorem and we introduce the related problems.

5.1 Leafwise heat equation

In the proof of the central limit theorem of Brownian motions, the heart of the

proof is the contraction property on rotationally Hölder spaces of the foliated

Brownian motion. Let ⌧ > 0.

Definition 5.1.1 (Rotationally Hölder space). For f in the space Cb(SM) of

bounded continuous functions, the rotational ⌧ -Hölder norm of f is

kfkL⌧ = kfk1 + sup
x2M0

sup
⇠,⌘2@ fM

| ef(x, ⇠)� ef(x, ⌘)|
dx,⌧1 (⇠, ⌘)

.

We define the rotationally Hölder space by

L⌧ = {f 2 Cb(SM) : kfkL⌧ < 1}.

The following statement corresponds to the uniqueness of a Qt-invariant

measure for compact negatively curved manifolds (see [Le6]). In [H2], it was

shown that the uniqueness for the (�s + Y )-di↵usion on compact negatively

curved manifolds holds for a stably closed vector field Y on SM with positive

pressure.

Proposition 5.1.2. For every Qt-invariant measure ⌘ on SM and for each

f 2 L⌧ , Z
fd⌘ =

Z
fdmQ.

Proof. If ⌘ is a Qt-invariant measure on SM, its �-invariant lift e⌘ to S fM is

disintegrated into de⌘(x, ⇠) = de⌘x(⇠)dem(x) over the fibration S fM = fM⇥ @fM
where e⌘x are the conditional measures on the unit spheres Sx

fM = {x}⇥ @fM
of e⌘ ([Ga]). As in the proof of Proposition 4.1.8, we can consider e⌘x as a

probability measure of the union of local leaves; for some su�ciently small

� > 0,

e⌘x(A) := e⌘([w2AWcs

� (w))/e⌘([
v2Sx fMWcs

� (v)).
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We denote by Ex the expectation with respect to Px. From the Qt-invariance,

we have
Z

SM

fd⌘ =

Z

M0

Z

@ fM
Qtf(x, ⇠) de⌘x(⇠) dem(x)

=

Z

M0

Z

@ fM

Z

fM
}(t, x, y) ef(y, ⇠) d vol(y) de⌘x(⇠) dem(x)

=

Z

M0

Ex

Z

@ fM
ef(e!t, ⇠) de⌘x(⇠)

�
dem(x).

Note that given " > 0, x 2 M0 and f 2 L⌧ , there is ✓0 = ✓0(") > 0 for

every y 2 fM and ⇠, ⌘ 2 @fM with \y(⇠, ⌘) < ✓0, | ef(y, ⇠)� ef(y, ⌘)| < ". Given

⇠ 2 @fM, we set for T, ✓ > 0,

⌥(x, ⇠, ✓) :=

⇢
e! : \x(e!1, ⇠) <

✓

3

�
,

⌅(x, T, ✓) :=

⇢
e! : d(x, e!t) �

`

2
t,\x(✓(e!, t), ✓(e!,1)) <

✓

3
, 8t � T

�
.

Then if ✓ 2 (0, ✓0) is small enough, than for any x and ⇠, Px(⌥(x, ⇠, ✓)) <
"

2kfk1
(by [BeHu]). Choose such a small ✓. There is T0 = T0(x, ✓) such that

if t > T0, | ef(e!t, ⇠) � ef(vxe!t
)| < "

2kfk1
for each e! 2 ⌅(x, t, ✓) \ ⌥(x, ⇠, ✓) and

Px(⌅(x, t, ✓)) > 1� "

2kfk1
. Hence if t > T0, then

����Ex

Z

@ fM
ef(e!t, ⇠)� ef(vxe!t

) de⌘x(⇠)
�����


Z

@ fM
Ex

h��� ef(e!t, ⇠)� ef(vxe!t
)
���
�
1⌅(x,t,�)\⌥(x,⇠,✓) + 1⌅(x,t,�)\⌥(x,⇠,✓) + 1⌅(x,t,�)c

�i
de⌘x(⇠)

 "+ 2kfk1
✓Z

@ fM
Px [⌥(x, ⇠, ✓)] de⌘x(⇠) + Px [⌅(x, t, �)

c]

◆

< 3".

Since �t(x) := Ex

hR ef(e!t, ·)d⌘x
i
and  t(x) := Ex

h
ef(vxe!t

)
i
are bounded by

kfk1, it follows that �t �  t ! 0 as t ! 1 in L1(M0, em) and hence

lim
t!1

R
 tdem =

R
fd⌘. Thus we have

Z
fd⌘ = lim

t!1

Z

M0

Ex

Z

@ fM
ef(e!t, ⇠) de⌘x(⇠)

�
dem(x) = lim

t!1

Z

M0

Ex

h
ef(vxe!t

)
i
dem(x).
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From the �-invariance of ef and the heat kernel, it follows that

Z

M0

Ex

h
ef(vxe!t

)
i
dem(x) =

Z

M0

Z

M0

X

�2�

}(t, x, �y) ef(vx�y) d vol(y) dem(x)

=

Z

M0

Z

M0

X

�2�

}(t, y, ��1x) ef(v��1
x

y ) d vol(x) dem(y)

=

Z

M0

Ey

h
ef(ve!t

y )
i
dem(y).

Letting t tend to infinity, we have

Z
fd⌘ =

Z

M0

Ey

h
ef(y, e!1)

i
dem(y)

=

Z

M0

Z

@ fM
ef(y, ⇠) d⌫y(⇠) dem(y).

Therefore,
R
fd⌘ =

R
fdmQ.

Definition 5.1.3 (Integration operator). The integration operator is an op-

erator N : Cb(SM) ! Cb(SM) defined for f 2 Cb,

N (f) :=

Z

SM

f dmQ.

The Markov operator Qt converges to N on L⌧ . Furthermore the following

theorem shows the rate of convergence is exponentially fast. We prove the

theorem in Section 5.3.

Theorem 5.1.4. (Contraction property of foliated Brownian motions)

Qt : L⌧ ! L⌧ defines a one-parameter semigroup of continuous operators for

small enough ⌧ > 0. Furthermore, there is C = C(⌧) > 0 such that for every

t > 0,

kQt �NkL⌧  e�Ct.

Given f 2 L⌧ , if
R
fdmQ = 0, then the L⌧ -limit of

R
T

0 Qtfdt exists by the

contraction property. The limit u := limT!1

R
T

0 Qtfdt is a weak solution of

the leafwise heat equation �su = �f , thus a strong solution in L⌧ . Since a

leafwise harmonic u is Qt-invariant, the uniqueness also follows from the con-

traction property (See [Le6] for the detail). Therefore we obtain the following

corollary.
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Corollary 5.1.5. For small enough ⌧ > 0 and every f 2 L⌧ with
R
fdmQ = 0,

there exists a solution u 2 L⌧ to the leafwise heat equation �su = �f which

is unique up to additive constants. In addition, u is C2 along the stable leaves.

Let ↵ : SM ! Ecs⇤ be a continuous section of the dual bundle Ecs⇤ of

the central stable distribution Ecs of SM and e↵ : S fM ! eEcs be the lift of

↵. The section ↵ is called a leafwise closed 1-form of class C1 if e↵|fWcs(v)
is a

closed 1-form on fWcs(v) of class C1 for any v 2 S fM. For each (x, ⇠) 2 S fM,

since fWs(x, ⇠) = fM⇥ {⇠} is di↵eomorphic to fM, there is a 1-form e↵⇠ on fM
which agrees with the pull-back of e↵|fWs(x,⇠)

. Furthermore, if ↵ is a leafwise

closed 1-form of class C1, then there exists A⇠ 2 C1(fM) such that dA⇠ = e↵⇠.

Hence if ↵ is a leafwise closed 1-form of class C1, we define for each foliated

Brownian path ! 2 S⌦ starting from (x, ⇠) 2 SM,

Z
!t

!0

↵ := A⇠(e!t)�A⇠(e!0)

for every t � 0, where e! is a Brownian path on S fM such that (e!t, ⇠) 2 S fM
is a lift of !t.

We denote by �s the leafwise co-di↵erential gs-dual to �divs, that is, �s↵ =

�divs↵# where ↵# : SM ! Ecs is the continuous section gs-dual to ↵. Since

�se↵(x, ⇠) = �divse↵#(x, ⇠) = �divrA⇠(x) = ��A⇠(x) = ��sA(x, ⇠),

by (3.1),

(5.1) Xt(!) =

Z
!t

!0

↵+

Z
t

0
�s↵(!r)dr = A⇠(e!t)�A⇠(e!0)�

Z
t

0
�A⇠(e!r)dr

is a martingale on (S⌦, {Ft(SM)}0t1,PmQ) having the quadratic variation

dhX,Xit(!) = (�(A⇠)2 � 2A⇠�A⇠)(e!t)dt = 2|↵#(!t)|2dt.

If � is a leafwise closed 1-form of class C1 such that �s� is Hölder contin-

uous on SM, applying Corollary 5.1.5, there is u 2 L⌧ such that �su =

�s� �
R
�s�dmQ. Hence, due to the equation (5.1) for ↵ = � + du, we have a
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martingale

(5.2)

Xt =

Z
!t

!0

(�+du)+

Z
t

0
�s(�+du)(!r)dr =

Z
!t

!0

�+u(!t)�u(!0)+t

Z
�s�dm

Q

with the quadratic variation hX,Xit(!) = 2
R
t

0 |↵
# +ru|2(!t)ds.

5.2 Proof of the central limit theorem of Brownian

motions

For (x, ⇠) 2 S fM, let B(x, ⇠) := b(x, x0, ⇠), K(x, ⇠) := logK(x0, x, ⇠). Note

that

�sB(x, ⇠) = �xb(x, x0, ⇠)

is Hölder continuous due to uniform bounds of the first derivatives of curvature.

On the other hand,

�sK(x, ⇠) = �|rx logK(x0, x, ⇠)|2

is Hölder contiunous by Proposition 3.2.9. By Corollary 5.1.5 for f = �sB,

and �sK, there exist ub, uK 2 L⌧ for which we obtain square-integrable mar-

tingales

Bt(!) = b(e!t, e!0, ⇠)� t`+ ub(!t)� ub(!0),

Kt(!) = logK(e!0, e!t, ⇠) + th+ uK(!t)� uK(!0),

for ! 2 S⌦ with a lift (e!, ⇠) 2 S fM, by the Itô formula (5.2) for �(x,⇠) = dB⇠
x,

dK⇠
x, respectively. Their quadratic variations are

hB,Bit(!) = 2

Z
t

0
|rB +rub|2(!s)ds,(5.3)

hK,Kit(!) = 2

Z
t

0
|rK +ruK|2(!s)ds.(5.4)

We denote by E(x,⇠) the expectation with respect to P(x,⇠). From the equal-
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ities (5.3) and (5.4) of quadratic variations,

E(x,⇠)


1

t
hB,Bit(!)

�
=

2

t

Z
t

0
Qs|rB +rub|2(x, ⇠)ds,

E(x,⇠)


1

t
hK,Kit(!)

�
=

2

t

Z
t

0
Qs|rK +ruK|2(x, ⇠)ds.

Due to the ergodicity of mQ, for mQ-a.e. (x, ⇠),

lim
t!1

E(x,⇠)


1

t
hB,Bit(!)

�
= 2

Z
|rB +rub|2dmQ,(5.5)

lim
t!1

E(x,⇠)


1

t
hK,Kit(!)

�
= 2

Z
|rK +ruK|2dmQ.(5.6)

Using Markov property, we have

E(x,⇠)


1

t+ 1
hM,Mit+1

�
= E(x,⇠)


t

t+ 1
E!1


1

t
hM,Mit

��

=
t

t+ 1
E(x,⇠)


1

t

Z
t

0
QrF (!)dr

�
.

for M = B or K and F = 2|rB+rub|2 or 2|rK+ruK|2, respectively. Given

x 2 fM, for ⌫x-a.e. ⇠ and P(x,⇠)-a.e. !,

lim
t!1

1

t

Z
t

0
QrF (!)dr =

Z
FdmQ.

Hence for each x, there is ⇠ for which we have the limits (5.5) and (5.6). We

denote the square root of the limits by �b and �K, respectively. Note that

both of �b,�K are positive since B and K are unbounded while ub and uK are

bounded. We have �b,�K < 1 since both of 2|rB+rub|2 and 2|rK+ruK|2
are bounded. Thus for every x, there is ⇠ such that the distributions of Bt

�b
p
t

and Kt

�K
p
t
under P(x,⇠) converge to N(0, 1) as t ! 1 due to the following

lemma :

Lemma 5.2.1. ([He]) Let (Mt)0t1 be a continuous, centered, square-integrable

martingale on a filtered probability space with stationary increments. If M0 = 0

and there is � > 0 such that

(5.7) lim
t!1

E

 ����
1

t
hM,Mit � �2

����

�
= 0,

60



CHAPTER 5. CENTRAL LIMIT THEOREM OF BROWNIAN MOTIONS

then the distribution of 1
�
p
t
Mt is asymptotically normal.

Let W `
t (!) := d(e!0, e!t)� t`. Since the distribution of W `

t under P(x,⇠) and

the distribution of Y `
t under Px coincide, it is enough to show that W `

t and Bt

have the same P(x,⇠)-distribution. For P(x,⇠)-a.e. !, since

B(!t)�B(!0)� d(e!0, e!t) = b(e!t, e!0, ⇠)� d(e!0, e!t) ! �2(⇠|e!1)e!0

as t ! 1 and |(⇠|e!1)e!0 | < 1,

lim
t!1

1

�b
p
t
[B(!t)�B(!0)� d(e!0, e!t)] = 0.

Hence the distribution of 1
�b

p
t
W `

t under P(x,⇠) also converges to the normal

distribution since

W `

t (!) = [d(e!0, e!t)�B(!t) +B(!0)]� [ub(!t)� ub(!0)] +Bt(!),

and
1

�b
p
t
|ub(!t)� ub(!0)| 

2

�b
p
t
kubk1 ! 0, as t ! 1.

LetW h
t (!) := logG(e!0, e!t)+th. Since the P(x,⇠)-distribution ofW h

t and the

Px-distribution of Y h
t are the same, to verify that 1

�K
p
t
W h

t is asymptotically

normal, it is su�cient to show that for P(x,⇠)-a.e. ! with a lift (e!, ⇠) to S fM,

(5.8) lim sup
t!1

|logG(e!0, e!t)�K(!t) +K(!0)| < 1.

Note that for P(x,⇠)-a.e. ! with a lift (e!, ⇠), K(!t) �K(!0) = logK(e!0, e!t, ⇠)

and e!1 6= ⇠. We denote by zt the closest point to e!0 on the geodesic ray [e!t, ⇠)

generated by (e!t, ⇠), zt converges to a point z1 2 fM on the geodesic (e!1, ⇠)

joining two boundary points e!1 and ⇠. We have that for every y on [e!t, ⇠),

| logG(e!0, e!t)� logK(e!0, e!t, ⇠)| 
����log

G(e!0, e!t)

G(zt, e!t)

����+

������
log

G(zt, e!t)⇣
G(y,e!t)
G(y,zt)

⌘

������
+

������
log

⇣
G(y,e!t)
G(y,zt)

⌘

K(e!0, e!t, ⇠)

������
.

Applying the Harnack inequality to the first term in the right handed side,

since {d(e!0, zt)}t�0 is bounded, it follows that
���log G(e!0,e!t)

G(zt,e!t)

���  C1 for some

constant C1 = C1(e!) > 0 dependent of e! but not t. And by the Ancona

inequality ([A]), the second term in the right handed side is also bounded by
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C2(e!). Letting y tend to ⇠, we see that the last term converges to
���log K(zt,e!t,⇠)

K(e!0,e!t,⇠)

���
which is also bounded by C1(e!) due to the Harnack inequality. Therefore we

have (5.8) and this completes the proof of Theorem 5.0.1.

We have an explicit formula of the variance �2K of the asymptotic distribu-

tion of the random variable 1
p
t
Y h
t .

Theorem 5.2.2. The variance �2K has an explicit expression:

�2K = 2h+

Z
|ruK|2dmQ.

In particular, �2K � 2h and the equality holds if and only if |r logK|2 = h.

Proof. We begin with the proof of the integral equation for the foliated Lapla-

cian ([Y]): for every bounded function ' uniformly C2 on stable leaves,

(5.9)

Z
2hr logK,r'idmQ = �

Z
�s'dm

Q.

Consider the function �(y) :=
R
@ fM '(y, ⇠)d⌫y(⇠) =

R
@ fM '(y, ⇠)K(x, y, ⇠)d⌫x(⇠).

Applying the Laplacian, since �yK(x, y, ⇠) = 0 we have

��(y) =

Z

@ fM
K(x, y, ⇠)�s'(y, ⇠) + 2hry'(y, ⇠),ryK(x, y, ⇠)id⌫x(⇠)

=

Z

@ fM
�s'(y, ⇠) + 2hry'(y, ⇠),ry logK(x, y, ⇠)id⌫y(⇠).

Thus integrating with respect to vol and using Green’s formula, since � is

uniformly C2,

Z

SM

�s'(y, ⇠) + 2hry'(y, ⇠),ry logK(x, y, ⇠)idmQ(y, ⇠)

=

Z

M

��(x)d vol(x)

= lim
"!0

Z

M"

��(x)d vol(x)

= lim
"!0

Z

@M"

hr�,n"i = 0,

where M" = {x 2 M : inj(x) � "} and n" is the unit normal vector on @M✏.
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From the integral formula (5.9) for the foliated Laplacian, it follows that

�2K = 2

Z

SM

|r logK(x, ·, ⇠) +ruK|2dmQ = 2

Z
|r logK|2 + |ruK|2dmQ,

since
R
�suKdmQ = 0. Since

R
|r logK|2dmQ = h (Proposition 3.3.2),

�2K � 2h = 2

Z
|ruK|2dmQ � 0,

and the equality holds if and only if uK is constant. It follows from the equation

�suK = |r logK|2 � h that uK is constant if and only if |r logK|2 is constant

and equal to h.

5.3 Proof of the contraction property

In this section, we prove the contraction property on Hölder spaces of the

foliated Brownian motion. For the Hölder semi-norm, we prove a lower bound

of the expectation of the Busemann functions at Brownian points which de-

pends only on the dimension and the curvature bounds and linearly on time

T . The lower bound follows from the fact that the Laplacian of the Busemann

function has the same lower bound with the Laplacian of the distance function

due to the Rauch comparison theorem. We also show the Doeblin property of

the Brownian motion for the estimate of the uniform norm.

Proposition 5.3.1. For su�ciently small ⌧ , there exists C1 > 0 such that for

each t > 0,

sup
x2M0

sup
⇠,⌘2@ fM

|Qtf(x, ⇠)�Qtf(x, ⌘)|
dx,⌧1 (⇠, ⌘)

 kfkL⌧ e�C1t.

Proof. Since we have that

|Qtf(x, ⇠)�Qtf(x, ⌘)|
dx,⌧1 (⇠, ⌘)


Z

fM
}(t, x, y)

��� ef(y, ⇠)� ef(y, ⌘)
���

dx,⌧1 (⇠, ⌘)
d volfM(y)

 kfkL⌧

Z

fM
}(t, x, y)

dy,⌧1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)
d volfM(y)

= kfkL⌧Ex

"
de!t,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
,
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it is su�cient to find C1 > 0 such that

sup
x,⇠,⌘

Ex

"
de!t,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
< e�C1t.

Due to the Markov property of the Brownian motion,

sup
x,⇠,⌘

Ex

"
de!t+s,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
= sup

x,⇠,⌘

Ex

"
de!s,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)
Ex

"
de!t+s,⌧
1 (⇠, ⌘)

de!s,⌧
1 (⇠, ⌘)

�����Fs(fM)

##

 sup
x,⇠,⌘

Ex

"
de!t,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
sup
x,⇠,⌘

Ex

"
de!s,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
.

Let us write g(e!t) := (⇠|⌘)e!t � (⇠|⌘)x. Applying the Taylor theorem to the

function R 7! exp(�⌧R) and substituting g(e!t) for R, we have

de!t,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)
 1� ⌧g(e!t) + ⌧2d(x, e!t)

2e2⌧d(x,e!t).

By Proposition 3.2.2, for some constant C 0

1 > 0,

(5.10) sup
x

Ex

h
d(x, e!t)

2e2⌧d(x,e!t)
i
< C 0

1.

Therefore, with (5.10) and Lemma 5.3.2 below, we have

sup
0tT

sup
x,⇠,⌘

Ex

"
de!t,⌧
1 (⇠, ⌘)

dx,⌧1 (⇠, ⌘)

#
 1� ⌧(d� 1)a+ ⌧2C 0

1.

Fix T � 1 and su�ciently small ⌧ such that 1�⌧(d�1)a+⌧2C 0

1 < 1. For such

small ⌧ , put C1 = (1� a(d� 1)⌧ + C 0

1⌧
2)

1
T and the inequality follows.

Lemma 5.3.2. For every T � 0,

inf
x2M0

inf
⇠ 6=⌘

Ex[(⇠|⌘)e!T
� (⇠|⌘)x] � (d� 1)aT.

Proof of Lemma 5.3.2. Due to the equation

(⇠|⌘)x � (⇠|⌘)y =
1

2
b(x, y, ⇠) +

1

2
b(x, y, ⌘),
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it su�ces to show that

Ex[b(e!T , x, ⌘)] � (d� 1)aT.

Choose zn 2 fM such that zn ! ⇠ as n ! 1 and write

fn(y) := b(y, x, zn) = d(y, zn)� d(x, zn).

By the Laplacian comparison (2.3),

�fn(y) = �yd(y, zn) � (d� 1)
sn0

�a2
(d(y, zn))

sn�a2(d(y, zn))

= a(d� 1) coth (a d(y, zn))

(5.11)

where sn�a2(t) =
1
a
sinh(at).

Let f(y, ⇠) = b(y, x, ⇠). Then, since�s is the generator ofQt and�sf(y, ⇠) =

�yf(y, ⇠),

Ex[b(e!T , x, ⇠)] = QT f(x, ⇠) =

Z
T

0
Qt�sf(x, ⇠)dt =

Z
T

0
Ex[�b(e!t, x, ⇠)]dt.

Due to (5.11) and Proposition 2.3.8,

Ex[b(e!T , x, ⇠)] � (d� 1)aT

for every x 2 fM and every ⇠ 2 @fM.

Let }M(t, x, y) =
P

�2� }(t, x, �y) for x, y 2 M0 be the heat kernel on

M. We have lim
t!1

}M(t, x, y) = 1
vol(M) , in particular, }M(t, x, x) decreases as

t ! 1 (see [CK]). We also have that

1

vol(M)

✓Z

M

����}M(t, x, y)� 1

vol(M)

���� d vol(y)
◆2


Z

M

����}M(t, x, y)� 1

vol(M)

����
2

d vol(y)

=

✓
}M(2t, x, x)� 1

vol(M)

◆
.

(5.12)

Hence the integral on the left-handed side decreases to zero as t goes to infinity.

Indeed, it decays exponentially fast (see [Don]). The following lemma shows

65



CHAPTER 5. CENTRAL LIMIT THEOREM OF BROWNIAN MOTIONS

that it has uniform exponential decay rate.

Lemma 5.3.3. There exists a constant C2 = C2(d, b) > 0 such that for each

x 2 M, Z

M

����}M(t, x, y)� 1

vol(M)

���� d vol(y)  C2e
�

�1
2 t,

where �1 = inf{� > 0 : � 2 Spec(�M)}.

Remark 5.3.4. Since the bottom of the (L2-)esssential spectrum �ess :=

inf Specess (�M) of the Laplacian is positive ([Dod]) and Spec (�M)\ [0,�ess)

is discrete ([Don]), the smallest nonzero the spectrum �1 is also positive.

Proof. If we consider Ptf(x) :=
R
(}M(t, x, y) � vol(M)�1)f(y)d vol(y) as a

self-adjoint operator acting on the space L2
0(M) of square-integrable functions

with zero integral, �|
L2
0(M) is the generator of Pt with the bottom of the

spectrum �1. Therefore the operator norm satisfies

(5.13) kPtk  e�
�1t
2

for every t > 0 (see the proof of Proposition V.1.2 in [EN]).

For every x 2 M0, if we denote ft(y) = }M(t, x, y)� 1
vol(M) , then ft+t0(y) =

Ptft0(y). It follows from (5.12) and (5.13) that

Z

M

����}M(t+ t0, x, y)�
1

vol(M)

���� d vol(y) 
✓
vol(M)

Z

M

|ft+t0(y)|
2 d vol(y)

◆1/2

 kPtk kft0k2  e�
�1t
2 |f2t0(x)|1/2

= e�
�1t
2

����}M(2t0, x, x)�
1

vol(M)

����
1/2

.

Thus it su�ces to prove that the diagonal supremum sup
x2M

}M(2t0, x, x) of the

heat kernel on M is finite for some t0 > 0.

Fix x0 2 M0 and let M0 = M(x0) be the Dirichlet domain for � with

center x0. In order to estimate the diagonal supremum sup
x2M

}M(t, x, x) of the

heat kernel on M, we shall use the Gaussian upper bound of the heat kernel

on fM (Corollary 5 in [Gr]): there is a constant C = C(d, b) such that for each

t > 1,

(5.14) }(t, x, y)  C

✓
d(x, y)2

t

◆1+ d
2

exp

✓
�d(x, y)2

4t
� �0t

◆
.
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For a cuspidal point ⇠ 2 ⇧(M0) := @fM \ M0, we denote the cuspidal

region of level n based at ⇠ by

H(⇠, n) := {y 2 M0 : b(x0, y, ⇠) � n}.

Let xn = x⇠n 2 H(⇠, n) be the point in the geodesic ray joining x0 and ⇠ with

b(x0, xn, ⇠) = n. If � is in the stabilizer �⇠ of ⇠, then x0 and �x0 are in the

horosphere of the same level based at ⇠. This implies that for every � 2 �⇠,

(5.15) e�b(n+1)d(x0, �x0)  d(xn, �xn)  e�and(x0, �x0).

Applying (5.15) to the Gaussian bound (5.14), for each � 2 �⇠,

}(t, xn, �xn)  Ce��0td(x0, �x0)
d+2

⇥ exp

✓
� d(x0, �x0)2

4te2b(d�1)(n+1)
� a(d+ 2)n

◆
.

(5.16)

We want to show that given � > 0, there is t > 0 such that for every su�ciently

large n,

the right-hand side of (5.16)  e��d(x0,�x0).

To simplify the notation, we put

fn,⇠(R) := Rd+2 exp

✓
� R2

4te2b(d�1)(n+1)
+ �R

◆
.

Since its derivative is

f 0

n,⇠(R) = Rd+1

✓
d+ 2� R2

2t
e�2b(d+2)(n+1) + �R

◆

⇥ exp

✓
�R2

4t
e�2b(d+2)(n+1) + �R

◆
,

the positive nonzero extreme point of fn,⇠ is

Rn := t�e2b(n+1) +
q
t2�2e4b(n+1) + 2t(d+ 2)e2b(n+1).
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Thus fn,⇠ has the maximum on R+ at Rn:

fn,⇠(R)  fn,⇠(Rn)

= Rd+2
n exp

✓
�R2

n

4t
+ �Rn � a(d+ 2)n

◆


⇣
3t�e2b(n+1)

⌘d+2
exp

 
� t�2e4b(n+1)

2
+ 3t�2e2b(n+1) � a(d+ 2)n

!

=
h
(3t�)e2b(n+1)�an

id+2
e�

9�2t
2 exp

✓
��

2t

2
(e2b(n+1) � 3)2

◆
.

Therefore, there isN⇠(�, t) such that if n > N⇠(�, t), then fn,⇠(R)  C�1t�1� d
2 e�0t,

hence }(t, xn, �xn)  e��d(x0,�x0). We conclude that

X

�2�⇠

}(t, xn, �xn) 
X

�2�⇠

e��d(x0,�x0) = Q�⇠,x0(�),(5.17)

where QG,x(�) :=
P

g2G
e��d(x,gx) denotes the Poincaré series of a discrete

group G of isometries on fM. We denote the abscissa of convergence of QG,x,

which is called the critical exponent of G, by �G.

Put N⇠ := N⇠ (�� + 1, t) and choose N larger than max⇠2⇧(M0)N⇠. We

define a truncated domain in the fundamental domain M0 by

MN := M0 \
[

⇠2⇧(M0)

H (⇠, N) .

Note that MN is a pre-compact domain. Take x0 2 MN and x 2 H (⇠, N) for

some ⇠ 2 ⇧(M0). Then we can replace x by xn = x⇠n for some n � N : there is

n � N such that x 2 H(⇠, n) \ H(⇠, n+ 1) and d(x, xn) is bounded uniformly

on n � N .

We may assume that given t > 0, g(R) =
⇣
R

2

t

⌘1+ d
2
exp

⇣
�R

2

4t

⌘
is de-

creasing and g(R)  exp(�(�� + 1)R) for every R > 0. Assume that xn
is on the geodesic ray [x0, ⇠) joining x0 and ⇠ and d(x0, xn) = n. From

d(xN , �xN ) � 2(n � N)  d(xn, �xn), writing Rn = d(xn, �xn) for n � N ,
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there exists C 0 = C 0(d) > 1 such that

g(Rn)  g(RN � 2(n�N))

=

✓
(RN � 2(n�N))2

t

◆1+d/2

exp

✓
�(RN � 2(n�N))2

4t

◆

 C 0g(RN )gN (2(n�N)),

where gN (T ) :=
⇣

T
p
t

⌘d+2
exp

⇣
�T

2
�RNT

4t

⌘
. By the similar computation as in

(5.17),

gN (T )  gN (TN ) 
✓
RNp
t

◆d+2

exp

✓
15

64t
R2

N

◆
,

where TN the critical value of gN . Thus we have

g(Rn)  C 0

✓
RN

t

◆2d+4

exp

✓
� 1

16t
R2

N

◆
 C 00e�(��+1)d(xN ,�xN ),

for some C 00 > 1 independent of N . Then it follows that

P (t, x, x) C
X

�2�

✓
d(x, �x)2

t

◆1+ d
2

exp

✓
�d(x, �x)2

4t
� �t

◆

CQ�⇠,x0(�� + 1) + CC 00
X

� /2�⇠

e�(��+1)d(xN ,�xN )

C(1 + C 00)max
n
Q�,x0(�� + 1), Q

�,x⇠
N
(��)

o
.

Hence we have supx2H(⇠,N) P (t, x, x) < 1 for every ⇠ 2 ⇧(M0). Therefore,

since ⇧(M0) is a finite set, supx2M P (t, x, x) < 1.

We are ready to verify the exponential decay of uniform norm and complete

the proof of Theorem 5.1.4. It is enough to show that the exponential decay

of the supremum norm since we have already proved the exponential decay of

Hölder norm in Proposition 5.3.1.

Proposition 5.3.5. There exists a constant C2 > 0 such that for every f 2 L
and t > 0,

kQtf �N fk1  kfkL⌧ e
�C2t.
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Proof. Denote Ft(x) :=
R
Qtf(x, ⇠)d⌫x(⇠).

����Q
tf(x, ⇠)�

Z
fdmQ

���� =
����Qtf(x, ⇠)�

Z
Q

t
2 fdmQ

����


���Qtf(x, ⇠)�Q

t
2F t

2
(x)
���+
����Q

t
2F t

2
(x)�

Z
Q

t
2 fdmQ

����


���Q

t
2

⇣
Q

t
2 f(x, ⇠)� F t

2
(x)
⌘���+

����Q
t
2F t

2
(x)�

Z
Q

t
2 fdmQ

���� .

By Lemma 5.3.3, the last term of the last inequality decays exponentially:

����Q
t
2F t

2
(x)�

Z
Q

t
2 fdmQ

���� =
����
Z

M0

P (t/2, x, y)F t
2
(y)d vol(y)�

Z

M0

F t
2
(y)dem(y)

����

 kF t
2
k1
Z

M0

����P (t/2, x, y)� 1

vol(M0)

���� d vol(y)

 kfk⌧e�
�1t
4 .

For the first term, it follows from Proposition 5.3.1 that
���Q

t
2

⇣
Q

t
2 f(x, ⇠)� F t

2
(x, ⇠)

⌘���  sup
y2M0

���Q
t
2 f(y, ⇠)� F t

2
(y, ⇠)

���

 sup
y2M0

Z ���Q
t
2 f(y, ⇠)�Q

t
2 f(y, ⌘)

��� d⌫y(⌘)

 kfk⌧e�
C1t
2 .

5.4 Asymptotically harmonic manifolds

In this section, we study characterizations of asymptotically harmonic mani-

folds with pinched negative curvature and uniformly bounded first derivatives

of sectional curvature as a corollary of the central limit theorem of Brownian

motions.

Definition 5.4.1 (Asymptotically harmonic manifold). An asymptotically

harmonic manifold is a complete, connected and simply connected manifold

N with SecN < 0 such that every horosphere has constant mean curvature H

for some constant H.
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Note that fM is asymptotically harmonic if and only if for each (x, ⇠) 2
S fM = fM⇥ @1fM,

�[bx(⇠)](x) = H,

where [bx(⇠)](y) = b(x, y, ⇠).

Remark 5.4.2. While we shall focus on the negatively curved case, one can

generalize the definition of asymptotic harmonicity for complete simply con-

nected manifolds without conjugate point (see [KP1], [KP2]). For an asymp-

totically harmonic manifold N with uniformly bounded curvature tensor and

their first derivatives, the following statements are equivalent (see [KP1]):

1. N has rank one;

2. The geodesic flow on the unit tangent bundle of N is an Anosov flow;

3. N is a Gromov hyperbolic space;

4. Volume growth in N is purely exponential and its exponential growth rate

is the mean curvature of horospheres.

It follows from �[bx(⇠)](x) = �F su(x, ⇠) that asymptotic harmonicity im-

plies that F su = �hm(g1); since

PF su = PF su(m) = hm(g
1) +

Z
F sudm = 0,

hm(g1) = H. Every constant potential has the same Gibbs measure, so the

Liouville measure and the Bowen-Margulis measure coincide. Therefore we

conclude that H = htop, where htop denotes the topological entropy of (gt) on
fM.

Remark 5.4.3. It is shown in [CS] that the topological entropy htop coincides

with the volume entropy hvol of fM and the L2-spectrum of �fM is

Spec(�fM) =
⇥
h2top/4,1

�
.

Combining with the results in Section 4.2, we have some properties of

asymptotically harmonic manifolds. It is a generalization to the co-finite case

of an elegant work by F. Ledrappier on characterization of co-compact asymp-

totically harmonic manifolds with negative curvature [Le4].
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Proposition 5.4.4. Suppose that M admits an equilibrium state for F su.

Then the following statements are equivalent:

1. for each x 2 fM, µx = ⌫x;

2. for each x, y 2 fM and ⇠ 2 @1fM,

K(x, y, ⇠) = exp(htopb(x, y, ⇠));

3. fM is asymptotically harmonic;

4. 4�0 = h2top.

In particular, �y logK(x, y, ⇠) = |ry logK(x, y, ⇠)|2 = h2top.

Proof. It is clear that 1 and 2 are equivalent to each other. By Theorem 4.2.5,

1 or 2 implies h = `htop. Since 2 also implies that |ry logK(x, y, ⇠)|2 = h2top,

we have

`htop = h =

Z
|r logK(x, ·, ⇠)|2(x)dmQ(x, ⇠) = h2top.

Hence we deduce that ` = htop and h = h2top. Therefore, it follows that

�[bx(⇠)] = �h�1
top� logK(x, ·, ⇠) = h�1

top|r logK(x, ·, ⇠)|2 = htop.

Asymptotic harmonicity implies 4�0 = h2top by Remark 5.4.3.

Now we suppose that 4�0 = h2top. It follows from (4.5) that h = `htop =

h2top, which implies coincidence of the visibility class and the harmonic class

by Theorem 4.2.5. Now we denote the Radon-Nikodym derivative of ⌫x with

respect to µx by U(x, ·): for ⇠ 2 @1fM,

d⌫x
dµx

(⇠) = U(x, ⇠).

Then for each x, y 2 fM and ⇠ 2 @1fM,

logU(x, ⇠) = log
d⌫x
dµx

(⇠)

= log
d⌫x
d⌫y

(⇠) + log
d⌫y
dµy

(⇠) + log
dµy

dµx

(⇠)

= � logK(x, y, ⇠) + logU(y, ⇠) + htopb(x, y, ⇠).
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Hence logU(x, ⇠) is smooth in x and Hölder continuous in ⇠. Taking the gra-

dient and Laplacian in the variable y, we have

ry logK(x, y, ⇠) = ry logU(y, ⇠) + htopX(y, ⇠);(5.18)

�|ry logK(x, y, ⇠)|2 = �y logU(x, ⇠)� htopF
su(y, ⇠),(5.19)

where X(x, ⇠) := (x, ⇠). Comparing the squared modulus of the first equation

with the second equation,

h2top + 2htophX(y, ⇠),ry logU(y, ⇠)i+ |ry logU(y, ⇠)|2

= htopF
su(y, ⇠)��y logU(y, ⇠).

(5.20)

If we integrate both sides of (5.20),

h2top +

Z
2htophX,r logUi+ |r logU |2dmQ = `htop.

Due to h2top = h = `htop, the equation is reduced to

Z
2htophX,r logUi+ |r logU |2dmQ = 0.

Note that from (5.18) and Proposition 3.3.2, since X(y, ⇠) = ryb(x, y, ⇠),

Z
hX,r logUidmQ =

Z
hX,r logKidmQ � htop = `� htop = 0.

Therefore, |r logU | = 0 and logU(·, ⇠) is a constant function for each ⇠. As

logU(x, ⇠) is continuous in ⇠ and there is a dense central stable leaf of SM,

we conclude that logU is constant on S fM and ⌫x = µx.

As a corollary of the central limit theorem of Brownian motions, we also

have another characterization of asymptotically harmonic manifolds with pinched

negative curvature and uniformly bounded first derivatives of sectional curva-

ture.

Proposition 5.4.5. Suppose that M admits an equilibrium state for FBM.

Then fM is asymptotically harmonic if and only if �2K = 2h.

Proof. First we verify that |r logK|2 = h implies the asymptotic harmonicity
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of M. It follows from Proposition 3.3.2 and Theorem 4.2.5 that

h  `htop  sup
µ

�`
Z

FBMdµ

= sup
µ

`

Z
hX,r logKidµ  sup

µ

`

����
Z

|r logK|2dµ
����
1/2

= `
p
h  h,

where X(x, ⇠) := (x, ⇠) and µ in the supremum is taken among invariant

measures. Hence inequalities are equalities and ⌫ is the measure of maximal

entropy since the second inequality holds if and only if µ = ⌫.

Replacing the supremum of integrations by integrations with respect to ⌫,

we have Z
hX,r logKidµ =

����
Z

|r logK|2dµ
����
1/2

,

which occurs if and only if X = r logK. Therefore we have

divX = � logK = �|r logK|2 = �h.

Conversely, if M is asymptotically harmonic, by Proposition 5.4.4,

K(x, y, ⇠) = exp(htopb(x, y, ⇠))

and kr logKk2 = h2top. From h = `htop and ` = htop, it follows that h = h2top =

kr logKk2. Therefore we have �2K = 2h. This completes the proof.

We have the following corollary from Proposition 5.4.4 and the proof of

Proposition 5.4.5.

Proposition 5.4.6. Suppose that M admits an equilibrium state for FBM.
fM is asymptotically harmonic if and only if 4�0 = h.

Proof. It is enough to show that if 4�0 = h then fM is asymptotically harmonic.

For each � < �0, since �+ � is coerceive, it has finite Green function and the

Martin boundary of �+� coincides with @1fM and is equipped with a Hölder

structure (see [A], [S]). If K�(x, y, ⇠) is the Martin kernel of �+ �,

h� 4� =

Z
|2r logK� �r logK|2dmQ.

From the equation, it follows that
R
|2r logK��r logK|2dmQ ! 0 as �! �0.

We shall show that |r logK|2 = 4�0. Fix a point x 2 fM. There is an increasing
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sequence �n ! �0 such that for ⌫Tx - a.e. v = (x, ⇠) 2 Sx
fM and for every R > 0,

lim
n!1

Z

B(x,R)
|2ry logK�(x, y, ⇠)�ry logK(x, y, ⇠)|2d vol(y) = 0.

Thus it follows that for gmQ-a.e. v,
p
K(�v(0), ·, v+) is a weak �0-eigenfunction

of � and since
p
K is smooth, |ry logK(x, y, ⇠)|2 = 4�0 = h. As the proof of

Proposition 5.4.5, since

htop  sup
µ

Z
hX,r logKidµ  sup

µ

����
Z

|r logK|2
����
1/2


p
h,

it follows that |r logK|2 = h and fM is asymptotically harmonic.

5.5 Further study

In this section, we discuss questions derived from the central limit theorem of

Brownian motions and the characterization of asymptotically harmonic man-

ifolds.

The first question is about an application of the central limit theorem to

the ergodic theory of geodesic flow. We can extend the central limit theorem

to the stochastic line integral of leafwise 1-forms on SM of class C4.

Let ↵ be a leafwise 1-form of class C4 on SM with its lift e↵ to S fM. Then

for each central stable leaf fWs(x, ⇠), we identify the restriction e↵|fWs(x,⇠)
to

the leaf with a 1-form e↵⇠ on fM.

The orthonormal frame bundle O(fM) of fM is the set of orthogonal trans-

formations u : Rd ! TxfM. Fix an orthonormal basis e1, . . . , ed of Rd, we define

a scalarization of a 1-form � on fM by the R
d-valued 1-form

� := {�k}dk=1,

where �k(u) := �(uek) for u 2 O(fM). Note that if � is of class C4, then �k
is of class C3 for each k = 1, . . . , d. Fix a d-dimensional Euclidean Brownian

motion wt := {wk
t }k=1,...,d. Let e�t be a horizontal lift of the Brownian motion

e!t on fM to O(fM).

The stochastic line integral of a leafwise 1-form ↵ is defined by Stratonovich
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stochastic integration

Z

![0,t]
↵ =

Z

e![0,t]
e↵⇠ =

Z
t

0
e↵⇠

k(e�s) � wk

s =

Z
t

0
e↵⇠(e�sek) � dwk

s ,

if !t is lifted to (e!t, ⇠). Then the random variable

(5.21) M↵

t (!) :=

Z

![0,t]
↵+

Z
t

0
�s↵(!s)ds

is a Martingale with quadratic variation 2|↵(!t)|2dt.
By the same arguement as in Section 5.2, we obtain the following central

limit theorem for Martingales of the form (5.21).

Theorem 5.5.1. Let ↵ be a leafwise 1-form on SM of class C4 with �s↵ 2 L⌧

for some ⌧ . Then there is a solution u in L⌧ such that �su = �s↵�
R
�s�dmQ

and the random variable
Z

![0,t]
↵+ t

Z
�s�dm

Q + u(!t)� u(!0)

is a martingale with quadratic variation 2|↵# +ru|2(!t)dt. Furthermore, the

random variable

X↵

t (!) :=
1p
t

 Z

![0,t]
↵+ t

Z
�s↵dm

Q

!

is asymptotically centered normal with variance �2 =
R
2|↵# +ru|2dmQ.

We can ask whether it is possible to prove the central limit theorem of

geodesic flow using the central limit theorem as in [LeJ].

Question 1. Given a function f on SM of class uniform C4, can we construct

a leafwise 1-form ↵f on SM for which the the Birkho↵ random variable

1p
t

✓Z
t

0
f(gtv)dt� t

Z
fd⌫

◆

on the probability space (SM, ⌫) and X↵
t on (S⌦,mQ) have the same asymp-

totic distribution?

In results related to the characterization of asymptotically harmonic man-

ifolds, we require the existence of the equilibrium state for the harmonic po-
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tential FBM on SM. While there are works for conditions under which the

measure of maximal entropy exists and counter-examples ([DPPS2], [DPPS1]),

few are known for harmonic potentials. We can ask when the equilibrium state

⌫ for the harmonic potential FBM on SM.

Question 2. 1. Is there a finite-volume manifold with pinched negative

curvature M and uniformly bounded first derivatives of sectional cur-

vature whose Gibbs measure of FBM on SM is not finite?

2. If it exists, for which family of finite-volume manifolds with pinched neg-

ative curvature M and uniformly bounded first derivatives of sectional

curvature, we can guarantee the existence of the equilibrium states for

its harmonic potential?

The last question is related to the rigidity of asymptotically harmonic

manifolds. The rigidity of asymptotic harmonicity gives us a partial solution

on Katok’s conjecture since every asymptotically harmonic manifold has its

Liouville measure as a measure of maximal entropy for the geodesic flow on

the unit tangent bundle of a finite-volume quotient.

Question 3. If fM is an asymptotically harmonic manifold, then is fM a

symmetric space?

For a compact negatively curved manifold M, it is proved that if fM is

asymptotically harmonic, then it has smooth stable and unstable distribu-

tions for the geodesic flow [FL]. Since any contact Anosov flow on a compact

manifold with smooth Anosov distribution is C1-conjugate to a reparametriza-

tion of the geodesic flow of a locally symmetric space, [BFL] the rigidity of

asymptotically harmonic manifolds holds for the co-compact negatively curved

case.

We expect that we can generalize [FL] and [BFL] to co-finite manifolds

with pinched negative curvature and uniformly bounded first derivatives of

sectional curvature.
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á distributions stable et instable di↵érentiables. J. Amer. Math. Soc. 5
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