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Abstract

Characterizations of the plane and
the catenoid as free boundary

minimal surfaces

Eungbeom Yeon
Department of Mathematical Sciences

The Graduate School
Seoul National University

In this paper we prove that a capillary minimal surface outside the unit ball in
R
3 with one embedded end and finite total curvature must be either part of the

plane or part of the catenoid. We also prove that a capillary minimal surface
outside the unit ball with one end asymptotic to the end of the Enneper’s
surface and finite total curvature cannot exist if the flux vector vanishes on
the first homology class of the surface and the boundary of the surface is
embedded. Furthermore, we prove that a capillary minimal surface outside
the convex domain bounded by several spheres with one embedded end and
finite total curvature must be part of the plane. Focusing our subject more to
free boundary minimal surfaces, we provide a su�cient condition for a curve
on a surface in R

3 to be given by an orthogonal intersection with a sphere. This
result makes it possible to express the boundary condition entirely in terms
of the Weierstrass data without integration when dealing with free boundary
minimal surfaces in a ball B3. Moreover, we show that the Gauss map of an
embedded free boundary minimal annulus is one to one. By using this, the
Fraser-Li conjecture can be translated into the problem of determining the
Gauss map. On the other hand, we show that the Liouville type boundary
value problem in an annulus gives some new insight into the structure of
immersed minimal annuli orthogonal to spheres. It also suggests a new PDE
theoretic approach to the Fraser-Li conjecture.

Key words:Minimal surface, Free boundary minimal surfaces, Capillary min-
imal surfaces, Catenoid, Fraser-Li conjecture
Student Number: 2016-38416
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Chapter 1

Introduction

The plane and the catenoid are two important examples in minimal surface

theory. The plane is the only totally umbilic minimal surface in R
3 and the

catenoid is the only nonplanar rotationally symmetric minimal surface in R
3.

Beside these properties, various characterizations of the plane and the catenoid

have been studied in many years. For example, the plane is the only entire

minimal graph in R
3 [2]. A complete minimal surface of finite total curvature

with two annular ends must be the catenoid [27]. In fact, the catenoid is the

only embedded complete minimal annulus with finite total curvature [15]. It

is also known that a complete minimal annulus in R
3 whose intersection with

every z-plane are Jordan curves must be the catenoid [7]. There is also a

variational characterization of the catenoid in view of stability of the surface

[1]. In [1], it was proved that among all embedded minimal annuli in a slab,

maximally stable part of the catenoid in the same slab has the minimum area.

Such a catenoidal waist is said to be maximally stable since any proper subset

1



CHAPTER 1. INTRODUCTION

of the waist is stable and any subset of the catenoid containing such a waist

is unstable [1]. Among di↵erent maximally stable parts of the catenoid in a

slab, the surface is called a critical catenoid if a center of the slab becomes the

point of symmetry of the surface.

Various results on characterizations of capillary minimal surfaces are also

known. A capillary minimal surface ⌃ in a domain U is a minimal surface

⌃ which meets @U in a constant contact angle along @U . When the contact

angle is 90°, the surface is called a free boundary minimal surface. Nitsche [23]

proved that a disk type capillary minimal surface inside a unit ball must be

an equatorial disk. Ros and Souam [26] generalized the result to space forms

H
3, S3. Fraser and Schoen [11] showed that a free boundary minimal disk in

a higher dimensional ball in a space form must be a planar one. The critical

catenoid meets the boundary of the unit ball perpendicularly. Park and Pyo

[25] showed that the immersed minimal annulus with two planar boundary

curves along which the surface has constant contact angle must be a part of

the catenoid. A famous conjecture that asks if the embedded capillary minimal

annulus in the unit ball would necessarily be a critical catenoid still remains

unanswered. In this paper, we give some characterization results for capillary

minimal surfaces. The paper is organized as follows.

In chapter 2, we review some classical but very important results on min-

imal surfaces. Beyond the materials in chapter 2 one can consult an excellent

textbook [6].

In chapter 3, we characterize the plane and the catenoid as capillary

minimal surfaces with embedded ends. Instead of looking at the capillary

2



CHAPTER 1. INTRODUCTION

minimal surface in the unit ball B3, we consider the exterior problem that

generalizes the Nitsche’s theorem [23]. We study a capillary minimal sur-

face in R
3 \ B3 with one embedded end and with boundary lying on the

unit sphere S2. Let D denote the open disk {z 2 C
��|z| < 1}, D0 the punc-

tured unit disk {z 2 C
��0 < |z| < 1} and D

0
the punctured closed unit disk

{z 2 C
��0 < |z|  1}. Then a minimal surface with finite total curvature

and one embedded end can be conformally parameterized by z 2 D0 with the

puncture corresponding to the end of ⌃ and {z 2 C
��|z| = 1} to the boundary

@⌃. By the help of Osserman’s theorem [24], a complete minimal surface is

conformally equivalent to a compact Riemann surface with finite number of

punctures. If the metric of the surface diverges at a puncture, it becomes a

complete end of the minimal surface. Schoen [27] showed that if a complete

minimal surface with finite total curvature has an embedded end, the surface

is regular at infinity and the end must be a planar or a catenoidal one. Many

other geometric results on topological properties of the ends of minimal sur-

faces were studied by Jorge and Meeks [15]. We have the following theorem

and note that it is not only a generalization of Nitsche’s theorem but also an

exterior version of Fraser-Li conjecture which will soon to be described.

Theorem 1 (Theorem 3.2.1 in Section 3.2). Let X 2 (C2(D0,R3)\C1(D
0
,R3))

be a capillary minimal surface in R
3 \ B3 with finite total curvature and one

embedded end. Then it must be either part of the plane or part of the catenoid.

The Enneper’s surface is a minimal immersion of R2 in R
3 that has one

immersed end. It is well known that the only complete orientable minimal

surfaces with the total curvature 4⇡ are the catenoid and Enneper’s surface.

3



CHAPTER 1. INTRODUCTION

So it can be said that that the Enneper’s surface is the simplest complete

minimal surfaces in R
3 whose end is not embedded. The end of the Enneper’s

surface has multiplicity 3 and its height function has quadratic growth near the

end. We will say a surface has an end asymptotic to the end of the Enneper’s

surface if its end has multiplicity 3 and the height function of the surface has

quadratic growth at the end. There are a lot of examples of surfaces whose end

is asymptotic to the end of the Enneper’s surface because a slight change in the

Weierstrass data would give us uncountable number of those surfaces. Chen-

Gackstatter surface is an example with Enneper type end which is obtained

by adding arbitrary number of handles to the Enneper’s surface [4]. There are

also higher order Enneper’s surfaces in R
3 whose ends have odd numbered

multiplicity and quadratic growth. Now recall that the flux vector is defined

as follows.

Flux([�]) =

Z

�

⌫(s)ds.

Here, � is the closed curve on the surface and ⌫ is the outward pointing unit

normal vector field along �. Since two homologous closed oriented curves on

the surface have the same flux vector, we can see the flux vector as a flux

homomorphism defined on the first homology class of the surface. Since the

Enneper’s surface is simply connected, the flux vector vanishes on the first

homology class of the surface. But as there exists a complete minimal annulus

in R
3 with two ends asymptotic to the end of the Enneper’s surface joined by

the catenoidal neck ([16], p.40), it is not necessarily true that the surface with

4



CHAPTER 1. INTRODUCTION

the end asymptotic to the end of the Enneper’s surface has a vanishing flux

vector along the closed curve around the end. Consider a capillary minimal

surface in R
3 \ B3 with finite total curvature and one end asymptotic to the

end of the Enneper’s surface. With the additional assumption that the flux

vector vanishes on the first homology class of the surface, we have the following

nonexistence theorem.

Theorem 2 (Theorem 3.4.1 in Section 3.3). There does not exist a capillary

minimal immersion such that X 2 (C2(D0,R3) \ C1(D
0
,R3)) with finite total

curvature and embedded boundary, one end asymptotic to the end of the En-

neper’s surface, and vanishing flux vector on the first homology class of the

surface.

We exploit Hopf’s methods ([5], [12]) to prove the above theorem. In [5],

characterization of constant mean curvature capillary surfaces were studied by

generalizing Hopf’s methods. This generalized Nitsche’s theorem to domains

bounded by several number of spheres or planes. Motivated by this work,

we generalize 3.2.1 to the domain exterior to convex domains bounded by

several spheres. In this domain, the contact angle may be distinct along each

component of the spheres. We have the following theorem.

Theorem 3 (Theorem 3.4.1 in Section 3.4). Let U be a convex domain in R
3

which is bounded by k(k � 1) spheres. Let X 2 C2,↵(D
0
,R3) be a capillary

minimal surface in R
3 \ U with finite total curvature and one embedded end.

If k > 1 , the surface with a catenoidal end cannot exist. Furthermore, the

surface with a planar end must be part of the plane.

5



CHAPTER 1. INTRODUCTION

The chapter 3 will be organized in a way that it starts with some pre-

liminaries to the matter and then covers detailed proofs of theorems stated

above.

In chpater 4, we draw our attention to free boundary minimal surfaces

inside the unit ball B3 ⇢ R
3. Free boundary minimal surfaces, although more

constrained by the fact that it has the right contact angle with the boundary

of the domain, have been a very active field of research. One of the most widely

accepted conjectures is the following:

Fraser-Li conjecture ([9]). The critical catenoid is the only embedded free

boundary minimal annulus in B
3, up to rigid motions.

Fraser-Li conjecture deals with the free boundary analog of the Lawson

conjecture in which the Cli↵ord torus is the only embedded minimal torus in

S
3. Lawson’s conjecture was proved in [2] by applying a maximum principle

to a two-point function obtained from the geometric observation of the inner

and outer spheres of a surface in S
3. It is tempting to check whether a similar

method holds, but two boundary components of the surface make it di�cult

to apply a maximum principle type method to the Fraser-Li conjecture.

Instead, we use another useful tool called the Weierstrass representation

formula which is frequently expolited in the classical minimal surface theory:

Re

Z 
1

2
(1� g2)!,

i

2
(1 + g2)!, g!

�
,

where g is a meromorphic function and ! is a holomorphic one-form on a

Riemann surface. Since the Weierstrass representation formula is presented in

6



CHAPTER 1. INTRODUCTION

the integral form, it is di�cult to translate all the information related to free

boundary into the data g and !.

Meanwhile, two facts on boundary curves can be obtained from the free

boundary condition. More generally, let ⌃ be a surface in R
3 that meets a

sphere orthogonally along a curve �. As implied by the Terquem-Joachimsthal

theorem [28], � is a curvature line on ⌃. Moreover, as the conormal vector

of ⌃ along the curve coincides with the unit normal vector to the sphere,

the geodesic curvature along � computed on ⌃ is identical with the normal

curvature on the sphere equal to 1. It turns out that the converse is also true.

Indeed, we gained the below observation as the two conditions are so powerful:

Theorem 4 (Theorem 4.2.3 in Section 4.2). Let � be a compact connected

real analytic curve on a surface ⌃ in R
3. Assume further that � is a line of

curvature along which the principal curvature vanishes only at finitely many

points. If � has constant geodesic curvature c on ⌃, then there exists a sphere

S of radius 1
|c| (if c = 0, it means a plane) where ⌃ intersects S orthogonally

along �. When � is a piecewise real analytic curve, the same result can be

obtained once a sphere is replaced by a union of spheres.

This theorem generalizes the well-known fact that if a surface contains a

principal geodesic, then it meets the plane containing the geodesic perpendic-

ularly.

If ⌃ is a minimal surface, then the condition on the principal curvature

can be equivalently stated that � contains only a finite number of umbilic

points. Since curvature lines on a nonplanar minimal surface are real analytic

and contain possibly a finite number of umbilic points, the proposition is

7



CHAPTER 1. INTRODUCTION

applied to both a curve on the interior of a minimal surface and real analytic

boundaries. It should be noted that the conditions in the proposition can be

expressed in terms of the Weierstrass data (g,!) without undergoing a process

of integration. In this way, Theorem 4 solves di�culties associated with using

the representation formula for free boundary minimal surfaces in a ball.

In Section 4.3 we prove the following theorem that states the Gauss map

of a free boundary minimal annulus in B
3 with embedded boundary is a one

to one map.

Theorem 5 (Theorem 4.3.1 in Section 4.3). Let F : A(1, R) ! R
3 be a

free boundary minimal annulus in a ball B3 whose boundary curves F (@A1)

and F (@A2) are embedded, where @A1 and @A2 denote boundary circles {z 2

C | |z| = 1} and {z 2 C | |z| = R}, respectively. Then the Gauss map g(z) :

A(1, R) ! C of the surface is a one to one map that sends A(1, R) to the

doubly-connected region bounded by g(@A1) and g(@A2).

The theorem enables us to globally parametrize the surface via the Gauss

map. Analyzing the Hopf di↵erential, the Fraser-Li conjecture eventually be-

comes the problem of determining holomorphic functions on concentric annuli

with boundary conditions from the geodesic curvature. As a conformal di↵eo-

morphism from a doubly-connected region to a concentric annulus is uniquely

determined up to scaling and rotations, the conjecture becomes the problem

on the shape of the Gauss image. However, the boundary conditions depend

not only on the geometric term (curvature of the boundaries of the Gauss

image) but also on the parametrization itself. This fact is discussed in Remark

4.3.2. It remains the main di�culty with this approach.

8



CHAPTER 1. INTRODUCTION

On the other hand, we observe that the Liouville equation gives some

new insight into the conjecture. More specifically, the Liouville type boundary

value problem in an annulus (E[R, ✏, C0] in Section ??) can be obtained

from the Simons identity on a free boundary minimal annulus. Conversely, we

construct a minimal immersion from the Liouville solution by using the above

proposition and the Weierstrass representation formula as follows.

Theorem 6. [Theorem 4.4.1 in Section 4.4] Suppose that v is a solution

of E[R, ✏, C0]. There exist a minimal immersion X : HR,✏ ! R
3 and unit

spheres SO1, SO2 (centered at O1 and O2, respectively) satisfying the following

conditions:

(1) For the conformal factor ⇤ of X given by ds2 = ⇤2|d⇠|2,

v(e�i⇠) = log
1

⇤2(⇠)|e�i⇠|2 , 8⇠ 2 HR,✏.

(2) SO1 and SO2 intersect X(HR,✏) orthogonally along level curves Im⇠ = 0

and Im⇠ = logR, respectively.

(3) X(HR,✏) =
S
n2Z

Tn · X(H0
R,✏

) for some rigid motion T in R
3 such that

T ·X(H0
R,✏

) = X(H0
R,✏

+ 2⇡).

We call X(H0
R,0) ⇢ X(H0

R,✏
) a fundamental piece.

This minimal immersion is defined on the universal cover of the annulus

and orthogonal to unit spheres. As a corollary, it follows that an immersed

free boundary minimal annulus in a ball can be divided into congruent pieces,

9



CHAPTER 1. INTRODUCTION

which we call a fundamental piece. Studying the geometry of fundamental

pieces will be an interesting future direction. See Section ?? for more details.

It should also be mentioned that Jiménez [14] solved the Liouville equation

in an annulus to classify constant curvature annuli. Although it was successful

to deal with the boundary in [14] by considering the Schwarzian derivative of

a meromorphic function (for instance, h in (4.10)), the free boundary condi-

tion does not work well with this method. Hence only using the holomorphic

function theory is a di�cult approach. In this regard, considering the Liouville

equation suggests a new PDE theoretic approach to the Fraser-Li conjecture.

Chapter 4 is organized as follows. In Section 4.1 the Weierstrass representa-

tion and the well-known fact on a characterization of spherical space curves

are reviewed. In Section 4.2 we prove that a necessary condition obtained from

the orthogonal intersection with a sphere also become a su�cient condition

for the existence of a sphere that meets the surface orthogonally. Then we

show in Section 4.3 that the Gauss map is one to one on an embedded free

boundary minimal annulus in a ball. In the final section, the relation between

the Fraser-Li conjecture and the Liouville equation is addressed.

10



Chapter 2

A brief introduction to

minimal surface theory.

In this chapter, we review some of classical results in minimal surface theory.

Minimal surfaces have been studied since 18-th century by Eulere and La-

grange in a deep relation with the theory of calculation of variations. Contin-

ued by Enneper, Riemann, Weierstrass and many other great mathematicians

the subject has fascinating aspects in which a lot of mathematical techniques

become alive.

2.1 A definition of Minimality and a few classical

results.

Before goIng into theory of minimal surfaces, we review a few equivalent defi-

nitions of minimality in this section.

11



CHAPTER 2. A BRIEF INTRODUCTION TO MINIMAL SURFACE
THEORY.

Definition 2.1.1. Let X = (x1, x2, x3) : ⌃ ! R
3 be an isometric immersion

of a Riemannian surface into three dimensional Euclidean space. X is said to

be minimal if xi is a harmonic function on ⌃, i.e. �xi = 0 for i = 1, 2, 3

where � stands for the notation that represents Riemannian Laplacian on ⌃ .

Definition 2.1.2. Let X : ⌃ ! R
3 be an isometric immersion. X is said to

be minimal if and only if its mean curvature vanishes identically.

Since any regular surface locally can be view as a graph Gu defined on a

domain ⌦ 2 R
2 where Gu = {x, y, u(x, y)|(x, y) 2 ⌦}, we can easily see that

the above definition is equivalent to the surface locally satisfying the following

equation.

(1 + u2x)uyy � 2uxuyuxy + (1 + u2y)uxx = 0.

This is equivalent to the following diverece form.

div

✓
rup

1 + |ru|2

◆
= 0.

Recall that the area of the graph is given by

Area(Gu) =

Z

⌦

p
1 + |ru|2.

Now after taking one parameter family of graphs Gu+tF where t is a parameter

12
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THEORY.

and F a function satisfying F |@⌦ = 0, we get the follwing first variation.

d

dt t=0
Area(Gu+tF ) =

d

dt t=0

Z

⌦

p
1 + |ru+ trF |2

=

Z

⌦

hru,rF ip
1 + |ru|2

=�
Z

⌦
Fdiv

✓
rup

1 + |ru|2

◆
.

Slightly improving the above description, we have the following important

equivalent definition.

Definition 2.1.3. Let X : ⌃ ! R
3 be an isometric immersion. X is said to

be minimal if and only if it is a critical point of the area functional for all

compactly supported variations.

Gauss map of the minimal surface plays crucial role in the theory of min-

imal surfaces as the following definition is also equivalent.

Definition 2.1.4. A surface ⌃2 ! R
3 is minimal if and only if its stereo-

graphically projected Gauss map g : ⌃! C[{1} is meromorphic with respect

to the underlying Riemann surface structure.

In case where ⌃k ⇢ (Mn, g) is a k dimensional submanifold of an n dimen-

sional Riemannian manifold (Mn, g), we can define minimality of the surface

along with the Riemannian connection r. Indeed, we can define locally a nor-

mal vector field at p on ⌃ as

BX,Y =
�
rXY

�N

13
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where X,Y 2 Tp(⌃) and (X)N 2 Np(⌃). Then a mean curvature vector field

~H is defined as a trace of a symmetric bilinear map Bp of Tp(⌃) into Np(⌃).

Definition 2.1.5. An immersed submanifold ⌃k ! Mn is minimal if and

only if its mean curvatue vector field ~H vanishes identically at every point of

⌃k.

There are beautiful theorems regarding the subject, one might look into

the following references [1,1]. Among those vast literatures, we present the

famous theorem of Bernstein [2] in this section.

Theorem 2.1.6. If a minimal graph ⌃ ⇢ R
3,⌃ = {~x, u(~x)|~x 2 R

2} is defined

on all of R2, then u is a linear function and ⌃ is a plane.

Sketch of the proof. It is well known that the Gauss map N : ⌃ ! S2 ⇢

R
3 of the minimal surface is a conformal and orientation reversing map [6].

Furthermore, we see that |rvN |  1p
2
|A||v| and N⇤(!S2) = �1

2 |A|2 where |A|

denotes the norm of the second fundamental form and ! denotes the volume

form of the surface. We then have the following inequality for some positive

constant C and compactly supported Lipschetz function ⌘.

Z

⌃
|A|2⌘2  C

Z

⌃
|r⌘|2.(2.1)

The above inequality holds in more general cases where the image of the Gauss

map of the surface lies in the upper hemisphere, i.e. N(⌃) ⇢ S2
+. Indeed, As

the upper hemisphere S2
+ is a simply connected region, the closed volume form

14
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!S2 is an exact form so that !S2 = d for some function  . Accordingly,

Z

⌃
|A|2⌘2!⌃ = �2

Z

⌃
⌘2d(N⇤ ) = 4

Z

⌃
⌘d⌘ ^N⇤ 


Z

⌃
|⌘||r⌘||N⇤ |!⌃.

Since  is a compactly supported function, we have

|N⇤ |  |A|| |  C|A|

for some positive constant C. Now the inequality (2.1) follows. We also can

observe that ⌃ being a minimal graph, |⌃\BR(0)|  4⇡R2 for all R > 0. The

reason that the surface has at most a quadratic area growth can be deduced

from area minimizing property of minimal graphs. Appropriate selection of the

Lipschetz function ⌘R shows that
R
⌃ |r⌘R|2 ! 0 as R!1. (2.1) implies that

the surface must have vanishing second fundamental form forcing the entire

minimal graph to be a plane in R
3.

Two important facts were revealed in the proof of the Bernstein’s theorem.

One is the conformality of the Gauss map of minimal surfaces and the other

is the area bound of minimal graphs. In this regard, the theorem of Bernstein

is a fundamental characterization result for minimal surfaces which motivated

a lot of deep results in minimal surface theory such as [24]. In rest of this

section, we review second variation and stability of minimal surfaces.

15
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Theorem 2.1.7 (The Second Variation Formula).

�2⌃(X,X) ⌘ d2

dt2

����
t=0

|⌃t|

=

Z

⌃
[|r?X|2 � |h ~A,Xi|2 �

kX

i=1

RM (ei, X, ei, X)],

where {e1, · · · , ek} is an o.n. basis tangent to ⌃, and X is compact supported

and normal vector field on ⌃.

Theorem 2.1.8 (Hypersurfaces version). ⌃n�1 ⇢ Mn is a 2-sided minimal

submanifold and let X = '⌫ and ' 2 C1
c (⌃).Then

�2⌃(',') =

Z

⌃
[|r'|2 � (|A|2 + RicM (⌫, ⌫))'2]

.

In hypersurface cases where k = n � 1 and '⌫ is defined as usual we can

define

I(',') := �2⌃(',') = �
Z

⌃
'L',

where L is the following Jacobi operator

L' = 4'+ (|A|2 +Ric(⌫, ⌫))| {z }
Q

'.

When boundary of the surface exists denoted as @⌃, L has discrete eigenvalues
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�j and eigenfunctions uj(j = 1, 2, 3 · · · ). It means that

uj = 0 on @⌃

Luj + �juj = 0 in ⌃

for j = 1, 2, 3 · · · . We also can define the first eigenvalue to be �1 where

�1 < �2  �3  · · ·

holds with �n ! +1. Following are two important properties of the first eigen-

value �1. We easily see that �1 has multiplicity 1 and if u1 is an eigenfunction

of �1, u1 does not change sign. In fact, by the variational characterization of

the eigenvalue u1 minimizes I(',') among all ' which vanish on @⌃ and
R
⌃ '

2 = 1. Since I(|'|, |'|) = I(','), if u1 is the first eigenfunction, so is |u1|.

So u1 = |u1|. The fact that u1 does not change sign shows that the dimen-

sion of the eigen space of �1 is 1, or we can always form some eigenfunction

changing sign.

Definition 2.1.9. ⌃ is called to be stable if �1 � 0, i.e. I(',') � 0, 8',

with ' = 0 on @⌃. Morse Index of ⌃ is defined as the number of negative

eigenvalues counted with multiplicity.

Second variation of minimal surfaces along with stability have been playing

major roles to give us variety of classical and modern results. We conclude this

section with generalization of Bernstein’s theorem which characterize the plane

as a complete stable minimal surface [6].
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Theorem 2.1.10. Any complete 2-sided stable minimal immersion ⌃2 ⇢ R
3

is a plane.

2.2 Weierstrass representation formula and its ap-

plications

In this section we present the Weierstrass representation formula for minimal

surfaces in R
3. Taking third coordinate function x3 defined on the surface, we

have the holomorphic di↵erential dh = dx3 + idx⇤3. After taking stereographic

projection, Gauss map of minimal surfaces can be considered as a meromorphic

function g(z) : ⌃! C[1 where z is the conformal coordinate on the surface.

Theorem 2.2.1 (Enneper-Weierstrass representation formula). The minimal

surface X : ⌃ ! R
3 can be represented by the real part of the holomorphic

curve as follows.

X(p) = Re

Z
p

p0

✓
1

2

✓
1

g
� g

◆
,
i

2

✓
1

g
+ g

◆
, 1

◆
dh.

The pair (g, dh) = (g, g!) is called the Weierstrass data. Conversely, if

the Weierstrass data (g, dh) is given, the above representation give rise to a

conformal minimal immersion if zeroes of dh coincide with the zeroes and poles

of g with the same order, and for any closed curve � 2 ⌃,

Z

�

gdh =

Z

�

dh

g
, Re

Z

�

dh = 0
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holds. With the Weierstrass data, various geometric invariants can also be

represented by the data. More details are presented in the next section. Even

in the case where an immersion X : ⌃ ! R
n is given and ⌃ is a Riemann

surface with complex coordinates z, we can see that @ 

@z
is a holomorphic

vector valued function. Then we can represent X as

X(z) = Re

Z
z

z0

 (s)ds.

As in the figure 2.1, catenoid is one of the important examples in minimal

surface theory. Weierstrass data can be given by

g(z) = z, dh =
1

z
dz, z 2 C \ {0}.

Enneper’s surface is simply connected minimal surface that is not embedded.

Figure 2.1: Catenoid

Weierstrass data can be given by

g(z) = z, dh = zdz, z 2 C \ {0}.
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The end of the Enneper’s surface has multiplicity 3 as in the figure 2.2. The

Figure 2.2: Enneper’s surface

Costa surface was the first embedded minimal torus. It has two catenoidal ends

and one planar end and total curvature �12⇡. Observe that it has two straight

lines passing through the origin as in the figure 2.3. It was an astonishing result

Figure 2.3: Costa surface

that Costa found the complete minimal torus in 1983 [8]. Existence of the

surface led to the generalization of Ho↵man-Meeks surfaces [?]. They proved

that Costa surface is actually an embedded one and found a neat Weierstrass

representation of the surface based on the symmetry of the surface. Weierstrass

data of the Costa surface is set as follows. Let ⌃ be the Riemann surface where
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the function w(z) given by

w2(z) = z(z2 � a2),

is well defined. Here a represents a positive real constant. The surface can be

realized as a genus one closed surface as follows. We can arrange the surface so

Figure 2.4: Riemann surface w2(z) = z(z2 � a2)

that the Gauss map is vertical at the ends. We can take ⌃ = ⌃ \ {a,�a,1}.

Setting a meromorphic function g : ⌃ ! C [ {1} as a Gauss map, we can

observe the following from the geometric property of the surface.

• g has 3 poles of order one, precisely at z = 0, z = a, z = �a

• g has zero of order three at z =1

• ! has a double zero at z = 0 and a unique double pole at z =1

As a result, we can give a Weierstrass data as follows.

g =
C

w

! = z
dz

w
.
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Furthermore, we can directly calculate the real constant C to kill the real pe-

riod. As Costa surface was a surprising discovery, Weierstrass representation

is also frequently exploited to construct immersed minimal surface. Another

fascinating discovery was done by Nadirashvili in [22], they used the Weier-

strass representation to get a complete immersed minimal surface in the unit

ball in R
3 resulting that the surface is not proper.

Figure 2.5: Generating curves of ⇡1(⌃)

Among the family of complete minimal surfaces in R
n, those with finite

total curvature have been the most extensively studided. Minimal surfaces with

finite total curvature can be seen as compact algebraic objects allowing us to

use deep methods on them. The following theorem of Osserman [24] shows

that complete minimal surface having finite total curvature is very special.

Theorem 2.2.2. Let ⌃ 2 R3 be a complete immersed minimal surface with

finite total curvature. Then,

• ⌃ is conformally a compact Riemann surface ⌃ with a finite number of

points removed (called the ends of ⌃).

• The Weierstrass data (g, dh) extends meromorphically to ⌃. In particu-

lar, the total curvature of ⌃ is a multiple of �4⇡.
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2.3 Capillary minimal surfaces and Nitsche’s theo-

rem

In this section, we introduce the following Nitsche’s theorem.

Theorem 2.3.1 ([23]). Let X : M ! R
3 be a smooth constant mean curvature

disk-type surface inside a unit ball B satisfying

|Xu|2 = |Xv|2, hXu, Xvi = 0

in B. In other words, it is parameterized with an isothermal coordiantes. More-

over, assume that @M is contained in a sphere S = @B and that the normal

derivative @X

@⌫
is orthogonal to S along @B. Then X(M) is a spherical cap. In

particular, when X is minimal, X(M) is a plane disk.

Throughout history, the above theorem has been fundamental material for

dealing with capillary minimal surfaces inside the unit ball in R
3. Proof is very

elegant and includes a lot of fruitful information regarding capillary minimal

surfaces. See [23] for the proof.
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Characterizations of the plane

and the catenoid as capillary

minimal surfaces

3.1 Preliminaries

In this section we present the Weierstrass representation formula for minimal

surfaces in R
3. We know that the Gauss map of a complete minimal surface

of finite total curvature ⌃ can be considered as a meromorphic function g(z) :

⌃ ! C [ 1 where z is the conformal coordinate on the surface. Taking the

third coordinate function x3 defined on the surface, we have the holomorphic

di↵erential dh = dx3 + idx⇤3. Here, we have to be aware that the harmonic

conjugate x⇤3 can be a multi-valued function since the conformal coordinate

could be defined on a multiply connected domain. The pair (g, dh) is called
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the Weierstrass data and the minimal surface X : ⌃! R
3 can be represented

by the real part of the holomorphic curve as follows.

X(p) = Re

Z
p

p0

✓
1

2

✓
1

g
� g

◆
,
i

2

✓
1

g
+ g

◆
, 1

◆
dh.

Conversely if the Weierstrass data (g, dh) is given, the above representation

gives rise to a conformal minimal immersion if the zeroes of dh coincide with

the zeroes and poles of g with the same order, and for any closed curve � 2 ⌃,

Z

�

gdh =

Z

�

dh

g
, Re

Z

�

dh = 0

holds.

With the Weierstrass data, various geometric invariants can also be repre-

sented by the data. In particular, the first and second fundamental forms of

the surface are given by

ds2 =

✓
1

2
(|g|+ |g|�1)|dh|

◆2

= ⇤2|dz|2,(3.1)

b(v, v) = Re

✓
dg

g
(v) · dh(v)

◆
(3.2)

where v is a tangent vector to the surface ⌃. Also, the Gaussian curvature of

the surface is given by

K = �

0

@
4
���dg
g

���
(|g|+ |g|�1)2|dh|)

1

A
2

.(3.3)

Exploiting the Weierstrass data, minimal surface theory flourishes in R
3.
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For example, the Enneper’s surface and the higher order Enneper’s surface

have the following Weierstrass data defined on C.

g(z) = zk

dh = zkdz.

We can deform the Gauss map to get a surface with the Weierstrass data as

follows.

g(z) = zk + P (z)

dh = g(z)dz

where P (z) is a polynomial of degree n  k � 1. Then the surface wouldn’t

have rotationally symmetric metric but still has the end asymptotic to the

end of the Enneper’s surface. As in [16], we can also consider the following

Weierstrass data defined on C \ {0}.

g(z) = z
z2 �R2

R2z2 � 1

dh =
�
1� 1

R2 +R�2
(z2 + z�2)

�dz
z
.

The above Weierstass data represents two Enneper’s surfaces joined by the

catenoidal neck. As it is geometrically observed that the flux vector along

the closed curve on the catenoidal neck is a nonvanishing vector Weierstrass

data gives the same observation. Indeed, the above height di↵erential in the

Weierstrass data shows that the flux vector cannot be trivial since it has
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nonzero residue around the origin [10, p. 31].

Now we review some facts in [12] for completeness. A field of line elements

is a vector field defined on a region that is a family of curves such that at each

point the vector field is tangent to a curve through that point. We assume all

fields of line elements in this paper is smooth. In case a field of line elements

cannot be extended to a single point p then the point p is called a singularity

of the field of line elements. An index of an isolated singularity p of the field of

line elements is defined as j where 2⇡j is a rotation number around a singular

point p. We can see that j is of the form n

2 where n is an integer. The index

number does not depend on what curve we choose or what metric we use on

the surface. Figure 1 shows that for arbitrary integer n, we can consider a field

of line elements with isolated singularity of index n

2 . We review two important

theorems.

Figure 3.1: Examples of field of line elements with isolated singularities of
index 1, 5

2 and �1
2 .

Theorem 3.1.1 ([12]). Let S be a closed, orientable surface of genus g with
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a Riemannian metric defined on S and denote K as the Gaussian curvature

defined on S. Given a field of line elements F on S, assume that it has finite

number of singularities pi for i 2 I where I is a finite index set. And denote

jpi as the index of pi. then

Z Z

S

KdA = 2⇡
X

i2I
jpi .

Using the above Theorem, we have

Theorem 3.1.2 (Poincaré-Hopf Theorem, [12]). If F is a field of line elements

on a closed surface S of genus g with finite number of singularities. If we use

same notations as Theorem 2.1, then

X

i2I
jpi = 2� 2g.(3.4)

3.2 Capillary minimal surfaces outside the unit ball

with an embedded end

In this section, we prove the following theorem.

Theorem 3.2.1. Let X 2 (C2(D0,R3) \ C1(D
0
,R3)) be a capillary minimal

surface in R
3 \ B3 with finite total curvature and one embedded end. Then it

must be either part of the plane or part of the catenoid.

As mentioned in the sectrion 1, we parameterize the surface with a con-

formal parameter z = u+ iv in a punctured disk D0 = {z 2 C|0 < |z| < 1} so

that we get a conformal immersion X : D0 ! ⌃.
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Since the surface D0 ! ⌃ has finite total curvature, we know the fact

that the Gauss map of the surface can be meromorphically extended to the

puncture [24]. Indeed, we see from [27] that the surface must have a catenoidal

end or a planar end. After rotation, we can assume that the Gauss map points

the south pole so the mero morphic function g(z) : D0 ! C has the value 0 on

z = 0.

Following Nitsche’s method as in [23], we can consider the Hopf di↵erential

�(z)dz2 on the surface. It is well known that the complex function �(z) is

holomorphic on the minimal surface [12]. Estimating the Gaussian curvature

near the end of the surface, we have the following lemma.

Lemma 3.2.2. Let a minimal surface ⌃ be as in the main theorem. Then the

harmonic functions ↵,� satistifes

↵ = � = 0

on the whole surface when the surface has the planar end. In case the surface

has the catenoidal end,

↵ = A, � = 0

for some nonzero constant A.

Proof. Since conformal parameter z = u + iv is given on the surface, we

can consider the function f(z) = z2�(z) = ↵ + i� as in [23]. The Terquem-

Joachimsthal theorem [28] shows that the boundary meeting @B3 with con-

stant contact angle implies that the @⌃ is the line of curvature. When we put

z = ⇢ei✓, we get by direct calculation that

(3.5)
1

⇢
N✓ =

�

⇢2⇤
X⇢ +

1

⇤

✓
↵

⇢2
� ⇤H

◆
1

⇢
X✓
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where N is the Gauss map of the surface and ⇤ is defined as in (3.1). Since

the boundary of the surface becomes the line of curvature, we have � = 0

along the boundary of the surface. We now describe the surface in terms of

the Weierstrass data. To be more specific, the Weierstrass data of the surface

is given by

g(z) = zn + cn�1z
n�1 + · · ·+ c1z (n � 1)(3.6)

dh

g
=

d�2

z2
+

d�1

z
+ d0 + d1z + · · · .(3.7)

The reason that the Gauss map can be represented as a holomorphic function

of z is that we assumed the Gauss map points the south pole at the puncture.

Note that the surface has the planar end for n > 1, the catenoidal end when

n = 1. Representation of dh follows from the growth of the height function,

x3, which is given by

x3(z) = Re

Z
dh

in the Weierstrass representation formula.

Let us denote

0

B@
L M

M N

1

CA the second fundamental form of the surface as

usual.

Here,

L = � < Nu, Xu >, M = � < Nv, Xu >, N = � < Nv, Xv >

where N : ⌃ ! S2 is the Gauss map of the surface. In terms of the above
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notation, the holomorphic function � can be written as

�(z) =
L�N

2
+ iM.

Since

0

B@
L M

M N

1

CA is similar to the matrix

0

B@
⇤21 0

0 ⇤22

1

CA, it follows that

|f(z)|2 
��z2�(z)

��2  C|z|4⇤4
�
21 + 22

�
 2C|z|4⇤4|K|

for some fixed constant C.

Now we restrict the surface to near the boundary or near the puncture in

D0. By (3.1),(3.3),(3.5),(3.6) and (3.7) we have

|f(z)|2  2C|z|4⇤4|K|  C1|z|4|z|�8|z|2n+2 = C1|z|2n�2(3.8)

near z = 0.

When the surface has the planar end or, n > 1, (3.8) implies that |f(z)|2 !

0 as z ! 0. For the case n = 1, we see that |f(z)|2 is bounded as z ! 0. It

means that the harmonic function ↵ and � are bounded in a punctured disk

so that ↵,� have removable singularity on the puncture.

As a result, for arbitrary n � 1, we get � ⌘ 0. Furthermore, we see that

↵ ⌘ 0 when the end of the surface is planar, and ↵ ⌘ A in case the surface

has the catenoidal end for some nonzero constant A. This completes the proof

of the lemma.
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Remark 3.2.3. We note here that in case the surface has an end with multi-

plicity, f(z) could have a pole in the puncture. In fact, if the surface has the

end asymptotic to the end of Enneper’s surface, f(z) has a pole of order 2.

Lemma 3.2.4. Let a minimal surface D0 ! ⌃ be as in the 3.2.1 and assume

that it has the catenoidal end. Then all concentric circles centered at the origin

of D0 become lines of curvature of the surface and there is no umbilic point on

the surface.

Proof. If there were an umbilic point X(z1), we would have �(z1) = 0 since

the surface has mean curvature 0 and z is the conformal coordinate on the

surface.

Since we have z21�(z1) ⌘ A 6= 0 as seen in the Lemma 3.1, it follows that the

surface has no umbilic point.

Concentric circles being lines of curvature can be seen easily. Lemma 3.1

implies that (3.5) becomes

1

⇢
N✓ =

✓
↵

⇢3⇤

◆
X✓.

It means that the vector for all p 2 D0, N✓

��
p
is parallel to the vector X✓

��
p
which

implies that every circle centered at the origin becomes the line of curvature.

Remark 3.2.5. Note that the Enneper’s surface X : C ! ⌃ has the Weier-

strass data (g, dh) = (z, zdz) defined on C. As (2) shows, the second fundamen-

tal form of the surface is given by Re (dz(v) · dz(v)). Thus two perpendicular
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rays X(rei·0), X(rei·
⇡
2 ) become lines of curvature and the harmonic function

� is zero on those rays.

Remark 3.2.6. Regarding the Gauss map g(z) = ⇡ � N(X(z)) : D0 ! C

of the surface, there is an important conclusion that follows from the above

lemma. Since the surface in the Lemma 3.1 is foliated by lines of curvature and

on each point X(z), @

@✓

��
z
, @
@r

��
z
become eigenvectors. It means that since two

vector fields form an orthonormal basis in each tangent space, dN : TX(z)⌃!

TN(X(z))S
2 6= 0 for all z 2 D0. It means that there is no such a point that

makes the derivative of the Gauss map zero i.e. g0(z) 6= 0 for all z 2 D0.

Proof. We start with the planar end case. By Lemma 3.1, we know that the

harmonic functions ↵ and � both vanish throughout the whole surface. It

implies that the surface is totally umbilic. By the condition that the surface

being minimal and the boundary angle being constant, the surface must be a

part of the plane through a great circle of the unit sphere.

Recall that the Gauss map of the surface can be meromorphically extended

to the puncture [24]. And we can assume that the limit normal of the end

points the south pole of the unit sphere. It means that we can assume the

stereographically projected Gauss map g(w) is holomorphic. Since we have

that the derivative of the Gauss map does note vanish at z = 0, i.e. g0(z) 6= 0

at z = 0, we can set a new conformal coordinate w so that we have g(z) =

w, 8z 2 @D✏ where D✏ = {z : |z|  ✏}. We can now write down the Weierstrass
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data of the surface as follows.

g(z) = z + b2z
2 + b3z

3 · · · ,
dh

g
= (

e�2

z2
+

e�1

z
+ e0 + e1z + · · · )dz.

We can also put

g�1(w) = w + a2w
2 + a3w

3 · · ·

so that with new coordinate w, we can express the surface with the new

Weierstrass data as follows.

g(w) = w,

dh

g
= (

d�2

w2
+

d�1

w
+ d0 + d1w + · · · )dz.

Here the coe�cient d�1 is actually zero since coordinate functions of the sur-

face in R
3 are well defined functions. We also can see that the above coe�cient

d�2 2 R in order for the surface not to have real period therefore we can as-

sume that d�2 > 0. Also note that by Lemma 3.3 we have that for every ✏ > 0,

X(@D✏) on z-plane becomes a line of curvature of the surface ⌃. It follows that

for every ✏ > 0, g(@D✏) on w-plane also represents the line of curvature via the

Weierstrass data given above. We now calculate tangent vectors on the lines

of curvature with the new coordinate w. From elementary calculation we have

g✓ = izg0(z).
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It means that the gauss map pushes forward a tangent vector @

@✓
on z-plane

to a tangent vector ~vz of the line of curvature g(@D✏) which has following

expression.

~vz = Re

✓
g

|g| izg
0(z)

◆
@

@⇢
+Re

✓
�ig
|g|2 izg

0(z)

◆
@

@�

= Re

✓
g

|g| izg
0(z)

◆
@

@⇢
+ Im

✓
g

|g|2 izg
0(z)

◆
@

@�
.(3.9)

Here w = ⇢ei� is a polar coordinate in the w-plane. By elementary calculation

on low order terms, we have

g0(g�1(w)) = 1 + 2b2w + · · · .

Accordingly, we get

g

|g| izg
0(z) =

w

|w| i(w + a2w
2 + · · · )(1 + 2b2w + · · · )

= |w|i(1 + a2w + · · · )(1 + 2b2w + · · · )

= |w|i(1 + c1w + c2w
2 + · · · ).

For the later convenience, let us denote the above holomorphic functions as

follows.

K(w) = i(1 + c1w + c2w
2 + · · · ),

H(w) = d�2 + d0w
2 + · · · .(3.10)

35



CHAPTER 3. CHARACTERIZATIONS OF THE PLANE AND THE
CATENOID AS CAPILLARY MINIMAL SURFACES

It follows from (3.9) that ,

~vz = |w|Re(K(w))
@

@⇢
+ Im(K(w))

@

@�
.(3.11)

Recall that the second fundamental form is given by (3.2). So we have that

for every point p = g(z) on g(@D✏),

Im

 
dg

g
(~vz)

����
p

· dh (~vz)
����
p

!
= 0.(3.12)

By direct calculation we have

1

g
dgdh =

1

w
(
d�2

w
+ d0w

2 + · · · )dw2

=
1

w
(
d�2

w
+ d0w

2 + · · · )(ei✓d⇢+ irei✓d�)2

=
1

w
(
d�2

w
+ d0w

2 + · · · )( w

|w|d⇢+ iwd�)2

= H(w)(
1

|w|d⇢+ id�)2

= H(w)(
1

|w|2d⇢
2 +

2i

|w|d⇢d�� d�2).

The above calculation together with (3.11) give us

dg

g
(~vz)

����
p

· dh (~vz)
����
p

= H(w) (K(w))2 .

Now we have by (3.12)

Im
�
H(w) (K(w))2

�
= 0.(3.13)
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Note that two functionsH(w) andK(w) are holomorphic functions soH(w) (K(w))2

is also a holomorphic function defined on the simply connected region g(D✏).

Now (3.13) implies that the function H(w) (K(w))2 must be a real constant.

Consequently, we get

H(w) (K(w))2 = H(0) (K(0))2 = �d�2.(3.14)

On the other hand, (3.13) can be expressed as follows.

Im(H(w))
�
(Re(K(w)))2 � (Im(K(w)))2

�
+ 2Re(H(w))(Re(K(w))Im(K(w))) = 0.

(3.15)

Note that when |z| is su�ciently small, |w| is also su�ciently small since

g(z) is a conformal map near the origin. Therefore if H(w) and K(w) were

not constant functions, we have Re(H(w)) > 0 and Im(K(w)) > 0 for all

w 2 g(D✏) by taking ✏ small enough. Observing (3.15), we see that whenever

Re(K(w)) = 0, (3.15) reduces to

� (Im(K(w))2 Im(H(w)) = 0.

Since Im(K(w)) > 0, we have Im(H(w)) = 0 if Re(K(w)) = 0. We easily see

that the converse is also true. It means that when we go around the closed

curve around the origin g(0) = 0 in g(D✏), the holomorphic function K(w)
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and H(w) change sign simultaneously. In that sense, we can also see that

Im(H(w)) > 0 () Re(K(w)) > 0(3.16)

holds since
�
(Re(K(w)))2 � (Im(K(w)))2

�
can obviously have negative values

regardless of what sign the term Re (K(w)) has. In fact, the term
�
(Re(K(w)))2�

(Im(K(w)))2
�
must only have negative values by (3.14) and (3.15) since other-

wise the left hand side of (3.13) would have positive values whenever Re(K(w)) >

0. It means that the zero sets of two harmonic functions Im(H(w)) and

Re(K(w)) coincide. (3.11) implies that whenever ~vz becomes zero on w0, ~vz is

tangent to the circle {|w| = w0}. However (3.10) shows that when ✏ is small

enough, Im(H(w)) has at least four zeroes going around the circle {|w| = ✏}.

So the zero set of the function Im(H(w)) forms at least four continuous curves

emanating from the origin, so is for the zero set of the function Re(K(w)).

These four curves must meet concentric circles in w-plane orthogonally. Since

two principal vectors must be perpendicular, we just showed that there must

be at least four radial lines emanating from the origin which are immersed to

be lines of curvature on the surface. Nevertheless, convexity of lines of curva-

ture near the origin yields that these lines cannot exist since near the origin,

each line of curvature being tangent to the straight line at a point other than

the origin is not possible.

Now, from (3.10), we see that the function

H(w) = d�2 + d0w
2 + · · · .
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must have real values along four distinct radial lines. We can see that this

condition forces the function H(w) to be a constant function. Indeed, Consider

We conclude that

K(w)) = d�2, H(w) = i.(3.17)

By (3.17), we get the Weierstrass data for the surface as follows.

g(w) = w,

dh

g
=

d�2

w2
dw.(3.18)

We now can finish the proof since (3.18) shows that the surface is indeed part

of the catenoid near the end of the surface implying that the whole surface

must be part of the catenoid.

Remark 3.2.7. Recently Park and Pyo [25] obtained a similar result assuming

the boundary and the end of the minimal surface to be in the same half space

and imposing embeddedness condition to the surface [23].

Remark 3.2.8. The proof strongly depends on the facts that the surface is

foliated by lines of curvature and that the parameterizing domain has isolated

singularity at the puncture because we could reparameterize the surface near

the puncture with the inverse of the Gauss map. We can see that the capillary

condition on the boundary is very strong that it controls the first and second

fundamental forms of the surface.
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Remark 3.2.9. Instead of taking enbedded end, we can also consider a capil-

lary minimal surface in R
3 \B3 with finite total curvature and one end asymp-

totic to the end of the Enneper’s surface as described in the introduction. In

the following section we prove the nonexistence of the surface with the as-

sumption that the surface has zero flux vector along the closed curve around

the end of the surface. It is yet unknown that such surface could exist in gen-

eral cases. When the surface has a nonzero flux vector, it shows much more

complicated behavior along the boundary of the surface.

Remark 3.2.10. The famous conjecture regarding this problem is whether

the annular free boundary minimal surface inside the unit ball is necessarily a

part of the catenoid. Di↵erence between the above theorem and the conjecture

is that the assumption with the embedded end. When we parameterize the

surface with a complex coordinate around the end of the surface, the embedded

end corresponds to the removable singularity of complex functions defined on

the surface.

3.3 Capillary minimal surfaces outside the unit ball

with an end asymptotic to Enneper’s surface

In this section, we prove the following theorem.

Theorem 3.3.1. There does not exist a capillary minimal immersion such

that X 2 (C2(D0,R3) \ C1(D
0
,R3)) with finite total curvature and embed-

ded boundary, one end asymptotic to the end of the Enneper’s surface, and

vanishing flux vector on the first homology class of the surface.
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Proof. We begin with Hopf’s arguments ([5], [12]). Let  denote the principal

curvature of the surface and ~v the corresponding principal vector. Then it

satisfies

�

0

B@
L M

M N

1

CA~v = ⇤2~v.

Given the complex coordinate z = u+iv on the suraface, the complex function

�(z) =
L�N

2
+ iM(3.19)

is holomorphic on the surface since the surface is minimal [12]. Then we get

the di↵erential equation of the lines of curvature as follows.

Mdu2 + (N � L)dudv �Mdv2 = 0.

Here,

0

B@
du

dv

1

CA is set to be the infinitesimal tangent vector. Indeed, the above

equation can be represented in the form

Im(�dz2) = 0.

On an isolated umbilic point p, the rotation index of the lines of curvature is

given by

Irot(p) = �
1

4⇡
�(arg�).
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Note that if �(z) has a zero (a pole, respectively) of orderm(�m > 0, respectively)

at p,

Irot(p) = �
m

2
.(3.20)

The surface having finite total curvature and the end asymptotic to the

end of the Enneper’s surface allows us to write down the Weierstrass data of

the surface as follows.

g(z) = z + b2z
2 + b3z

3 · · · ,
dh

g
= (

f�4

z4
+

f�3

z3
+ · · · )dz =: F (z)dz.

Note that the function g(z) can be expressed as the holomorphic function

since we can assume that the Gauss map points southpole at the puncture.

And we also can see that the holomorphic function g(z) has the zero of order

1 at the puncture as the surface has the end asymptotic to the end of the

Enneper’s surface. Furthermore, the di↵erential dh is set for the surface to

have the quadratic growth at the end. We know from (3.20) that if there is

an interior umbilic point, the rotation index must be negative. As for the

boundary umbilic points, the rotation index must be negative as well.(see

[5] for more details). In fact, the rotation indices of boundary umbilic points

must either be �1
4 or �1

2 ([4, Lemma 2]). From (3.4), we must have sum of

the rotation indices of the surface equal to 1. Note that (3.20) shows that the

rotation index at the puncture becomes 2 since the function �(z) has the pole

of order 4 at the puncture and �(z) does not have any other singularity on
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the closed disk.

Part A

P

Part B

Part C

Figure 3.2: Behavior of the line of curvature near the boundary umbilic point
P with rotation index �1

4 .

It can be first shown that there cannot be a boundary umbilic point of

rotation index �1
4 . Suppose there is a boundary umbilic point P 2 @D with

rotation index �1
4 . Since the line of curvature either becomes parallel or or-

thgonal to the boundary, the line of curvature at the umbilic point P must be

like as presented in the figure 2. We instantly find out that there are umbilic

points in Part A, Part B and Part C respectively. Umbilic points in Part A

and Part C have positive rotation indices. It is a contradiction since there

cannot be any other umbilic point with positive rotation index other than the

puncture otherwise implying that �(z) has a pole on the closed disk other

than the puncture.

Now, assume that the boundary umbilic point has a rotation index �1
2 .

We denote z2�(z) = ↵+ i� the holomorphic function defined on the surface as

in (3.19). We see that the �(z) acts like it has a double zero at the boundary

umbilic point. In other words, if we extend �(z) holomorphically to �(z) across

the boundary near the umbilic point, �(z) exactly has a double zero at the
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umbilic point([5]). It follows that the points on the boundary near the umbilic

point is mapped under �(z) to the real axis in a manner that the function ↵

does not change near the umbilic point. We just showed that the harmonic

function ↵ does not change sign along the boundary.

Elementary calculation shows that the boundary curve X(@D) ⇢ S3 has

constant normal curvature 1 with respect to the unit normal vector field on

the sphere. In fact, any smooth curve on the unit sphere shares the above

property since we can develop the curve C ⇢ S3 in a plane to get a circular

arc C̃, and the normal curvature of the curve C corresponds to the curvature

of the planar curve C̃. Also, (3.5) implies that the geodesic curvature of the

curve X(@D) ⇢ S3 is given by ↵

⇤ . It means that the geodesic curvature of

the boundary curve of the surface does not change sign. However it is well

known that the smooth curve on the sphere with positive geodesic curvature

only turns left with respect to the positively oriented tangent great circle at

every point. We now conclude that the boundary curve of the surface stays

in a certain hemisphere, namely the hemisphere whose boundary curve is the

great circle tangent to the X(@D) at a point on which ↵

⇤ attains its minimum.

Finally, recall that we are assuming the surface has zero flux vector. However,

X(@D) being in the hemisphere and the capillary surface implies that the flux

vector has a nonzero component parallel to the vector pointing the north pole

of the hemisphere. It’s a contradiction and we are done.

Remark 3.3.2. We can also generalize the above theorem to surfaces whose

ends are asymptotic to higher order Enneper’s ends. Note that higher order

Enneper’s surfaces can have odd numbered multiplicities at the end. Since the
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function �(z) defined on the surface has a pole of degree m + 3 when the

surface has multiplicity 2m + 1 at the end, similar theorem holds. Namely,

a capillary minimal surface outside the unit ball with finite total curvature

whose end is asymptotic to the end of the higher order Enneper’s surfaces

cannot exist in case the flux vector vanishes on the first homology class of the

surface.

3.4 Capillary minimal surfaces outside the domain

bounded by several spheres

In this section, we prove the following theorem.

Theorem 3.4.1. Let U be a convex domain in R
3 which is bounded by k(k �

1) spheres. Let X 2 C2,↵(D
0
,R3) be a capillary minimal surface in R

3 \ U

with finite total curvature and one embedded end. If k > 1 , the surface with a

catenoidal end cannot exist. Furthermore, the surface with a planar end must

be part of the plane.

Proof. We continue with the notations of the holomorphic function �(z) and

the rotation index I given in the previous section. Let us look at the order of

the holomorphic function �(z) at the puncture. As in the proof of the Lemma

3.1 in the previous section, we have

���(z)
�� ⇠ |z|n�3(3.21)
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near the puncture.

Assume that the surface has a catenoidal end. Since n = 1 in this case, we

have
���(z)

�� ⇠ |z|�2 near the puncture by (3.21). Thus we have that

Irot(z = 0) = 1.(3.22)

As in the proof of Hopf’s theorem [12], at an isolated interior umbilic point q,

Irot(q)  �
1

2
(3.23)

since �(z) has a zero on z = q.

Let t 2 @⌃ denote the boundary umbilic point or the vertex point of the

boundary. By the estimation of the rotation index of the boundary umbilic

points([5], Lemma 2), we have

Irot(t)  �
1

4
(3.24)

since domain S is convex.

From (3.4), we have that the sum of rotation indices of umbilic points in

D = {z 2 C
��0  z  1} is equal to the Euler characteristic �(⌃) = 1 if

the set of umbilic points is finite. Since the surface cannot be totally umbilic,

set of umbilic points which is a descrete set in a compact set is a finite set.

(3.22),(3.23) together with (3.24) imply that if k > 1,

X

p

Ip  1� 1

4
< 1.
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This is a contradiction thus it follows that if k > 1, the surface with catenoidal

end cannot exist.

Now assume that the surface has a planar end. Since n > 1, (3.21) implies

that
��z�(z)

��  C for some fixed constant C. We see that

Irot(z = 0)  1

2
.

In the same way, the surface cannot exist unless it is totally umbilic. This

completes the proof.

Remark 3.4.2. From the fact that the zeroes and poles of the nonzero holo-

morphic function �(z) give isolated umbilic points, we can geometrically see

that the upper bound of the order of the pole of f(z) as calculated in (3.21)

actually becomes the exact order.
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Chapter 4

A new approach to Fraser-Li

conjecture via Weierstrass

representation formula

4.1 Preliminaries

4.1.1 Weierstrass representation

We recall the Weierstrass representation of a minimal surface in R
3. Since co-

ordinate functions are harmonic, it can be expressed as a conformal harmonic

immersion from a Riemann surface C into R
3:

Re

Z 
1

2
(1� g2)!,

i

2
(1 + g2)!, g!

�
,
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where g is a meromorphic function and ! is a holomorphic one-form on C such

that g has order n pole at p 2 C if and only if ! has order 2n zero at p 2 C.

Note that g corresponds to the Gauss map and (g,!) is called a Weierstrass

data.

The induced metric is

ds2 =
1

4
(1 + |g|2)2|!|2

and the second fundamental form is given by

Re{dg · !}.

To obtain a well-defined immersion from C, it should satisfy the period con-

dition:

Re

Z

�


1

2
(1� g2)!,

i

2
(1 + g2)!, g!

�
= 0

for every closed curves � on C. Otherwise, the Weierstrass data only gives a

well-defined minimal immersion on the universal cover of C.

4.1.2 Characterization of spherical space curves

We may recall an elementary fact on spherical curves, which is one of the

main ingredients of the paper. Since a curve in R
3 is determined (up to a rigid

motion) by the curvature and torsion, it is possible to characterize spherical

space curves in terms of them as follows.
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Let ↵ = ↵(t) : I ! R
3 be an arclength parametrized curve such that

⌧(t) 6= 0 and 0(t) 6= 0 for all t 2 I. Here,  is the curvature and ⌧ is the

torsion. Then ↵(I) ⇢ S
2(R) if and only if

✓
1



◆2

+

✓✓
1



◆0◆2✓
1

⌧

◆2

= R2.(4.1)

Moreover, if ↵(I) ⇢ S
2(R), then the unit normal vector of the sphere can be

expressed as

� 1

R
n+

0

R2⌧
b,(4.2)

where n and b are the normal and binormal vector of ↵, respectively.

4.2 Su�cient condition to meet a sphere orthogo-

nally

In this section, we discuss a su�cient condition for a surface to meet a sphere

orthogonally. We first prove two lemmas that describe the local nature of

orthogonal intersections. Then by combining two lemmas and some global

arguments, we prove the main result.

Lemma 4.2.1. Let � be a line of curvature on a surface ⌃ with constant

geodesic curvature c 6= 0. Suppose that the principal curvature along � does not

vanish. Moreover, assume that � has a non-vanishing torsion as a curve in R
3.

Then there exists a sphere of radius 1
|c| such that it intersects ⌃ orthogonally

along �.
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Proof. Let t be the unit tangent vector of �. Let us denote the unit conormal

along � as ⌫ and the unit normal to ⌃ as N such that {N, t, ⌫} is positively

oriented in R
3. Also we write the unit normal and binormal of � by n and b,

respectively. Here b is given by t ^ n.

As {N, ⌫} and {b, n} form oriented orthonormal bases for the normal plane

of the curve, we may write

(4.3)

8
>><

>>:

b = cos ✓N + sin ✓⌫

n = � sin ✓N + cos ✓⌫

for some function ✓ defined on �.

Let  and ⌧ be the curvature and torsion of � as a space curve. Since � is

a line of curvature on ⌃,

hrtN, ⌫i = �hN,rt⌫i = 0,(4.4)

and we obtain from (4.3) that

hrtN,ni = cos ✓hrtN, ⌫i = 0,

hrt⌫, ni = � sin ✓hrt⌫, Ni = 0.

Here r means the Riemannian connection in R
3. Then it follows from the
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Frenet-Serret formulas and (4.3) that

�⌧ = hrtb, ni

= hrt(cos ✓N + sin ✓⌫), ni

= (Dt✓)h� sin ✓N + cos ✓⌫, ni+ cos ✓hrtN,ni+ sin ✓hrt⌫, ni

= Dt✓,

where Dt denotes the directional derivative. Hence ⌧ = �Dt✓.

Again by (4.3) and the Frenet-Serret formulas, the geodesic curvature of

� computed on ⌃ is given by

c2 = hrtt, ⌫i2 = hn, ⌫i2 = 2 cos2 ✓.(4.5)

Since the principal curvature along � is nonzero and c 6= 0, we have

 6= 0, cos ✓ 6= 0, sin ✓ 6= 0.

The constancy of the geodesic curvature along � implies that

0 = Dt( cos ✓) = (Dt) cos ✓ �  sin ✓(Dt✓) = (Dt) cos ✓ + ⌧ sin ✓,

where we used ⌧ = �Dt✓ in the last step. Therefore we obtain

Dt

⌧
= � tan ✓ 6= 0.(4.6)
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Now we compute

1

2
+

✓
Dt

✓
1



◆◆2 1

⌧2
=

1

2

✓
1 +

(Dt)2

⌧22

◆

=
1

2
(1 + tan2 ✓)

=
1

c2

so that the characterization result in Section 4.1 shows that � lies on a sphere

of radius 1
|c| . Moreover, we deduce from

⌧
�1


n+

Dt

2⌧
b,N

�
= �1


hn,Ni+ 1


· Dt

⌧
hb,Ni

=
1


sin ✓ � 1


tan ✓ · cos ✓

= 0

that the sphere intersects ⌃ orthogonally.

Next we have the following lemma for a vanishing torsion case:

Lemma 4.2.2. Let � be a line of curvature on a surface ⌃ with constant

geodesic curvature c 6= 0. If the torsion of � is identically zero, then � is a

part of a circle. Therefore ⌃ is orthogonal to a sphere of radius 1
|c| along �.

Proof. We may use the same notation as in the proof of Lemma 4.2.1. Since

the torsion is identically zero, � lies on a plane orthogonal to b. Moreover,

⌧ = �Dt✓ = 0 implies that ⌃ has constant contact angle ✓ with the plane

along �. Now (4.5) shows that � has constant curvature on the plane and the

result follows.
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Combining Lemma 4.2.1 and 4.2.2, we obtain the theorem:

Theorem 4.2.3. Let � be a compact connected real analytic curve on a surface

⌃ in R
3. Assume further that � is a line of curvature along which the principal

curvature vanishes only at finitely many points. If � has constant geodesic

curvature c on ⌃, then there exists a sphere S of radius 1
|c| (if c = 0, it means

a plane) where ⌃ intersects S orthogonally along �. When � is a piecewise

real analytic curve, the same result can be obtained once a sphere is replaced

by a union of spheres.

Proof. It is well known that if there exists a principal geodesic on ⌃, then it

is a plane curve and ⌃ intersects that plane orthogonally. So we may assume

that the geodesic curvature is nonzero, i.e., c 6= 0.

We will consider the real analytic case first. Since � contains finitely many

points where the principal curvature vanishes, it divides into finite pieces by

those points: � = �1 [ �2 [ · · · [ �k. Moreover, by the analyticity, the torsion

of � satisfies either one of the following: it is identically zero, or it vanishes

only at finitely many points.

In the first case, we may apply Lemma 4.2.2 to each �i and obtain a sphere

Si of radius
1
|c| for each �i. Then we can conclude that all Si’s must be the

same by the continuity of the curvature of �.

For the second case, each �i divides into finite pieces by torsion-vanishing

points. Then Lemma 4.2.1 implies that we can find a sphere of radius 1
|c| for

each piece, and again by the continuity, we complete the proof.

If � is a piecewise real analytic curvature line, then it is not possible to use

the continuity argument at singular points to obtain only one sphere as in the
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above. Instead, a similar argument shows that there exists a union of spheres

that intersects ⌃ orthogonally along �.

4.3 The Gauss map of a free boundary minimal an-

nulus

In this section, we show that the Gauss map of a free boundary minimal

annulus in a ball B3 with embedded boundary curves is necessarily a one to

one map. Let ⌃ be a free boundary minimal annulus represented by a minimal

immersion F : A(1, R)! R
3 from A(1, R) := {z 2 C | 1 < |z| < R}.

We begin by observing the Hopf di↵erential �(z)dz2 := (Fzz ·N)dz2. Here

N is the unit normal to the surface ⌃. As in [23], we may consider the holo-

morphic function

f(z) := z2�(z).

It follows from the free boundary condition that |z| = 1 and |z| = R are

curvature lines on ⌃. If we put z = rei✓, this gives

Im
n
�(rei✓)dz2( @

@✓
, @
@✓
)
o
= Im{�f(rei✓)} = 0

when r = 1 and r = R. Since Ref and Imf are conjugate harmonic functions

on the annulus, we can conclude that

Imf(z) ⌘ 0, Ref(z) ⌘ C0
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for some real constant C0. Therefore the second fundamental form � is given

by

� = Re
�
�(z)dz2

 
= Re

�
C0
z2
dz2

 
.(4.7)

This implies that all concentric circles centered at the origin of A(1, R) become

curvature lines of ⌃, and there are no umbilic points on the surface up to the

boundaries. Therefore the normal curvature of the boundary computed on ⌃ is

never zero. Consequently, it follows from the free boundary condition that the

geodesic curvature of the boundary computed on the unit sphere @B3 never

changes its sign. So the boundary curve is locally convex on @B3.

To show that the Gauss map g : A(1, R) ! C is a one to one map, it is

enough to show that it is one to one on each of the boundaries |z| = 1 and

|z| = R of the domain A(1, R), denoted as @A1 and @A2, respectively. Indeed, if

the Gauss map is one to one on @Ai(i = 1, 2), then we can show that the Gauss

map sends A(1, R) univalently onto an annular domain bounded by two closed

curves g(@A1) and g(@A2) as follows. After rotating the surface if necessary,

we can assume that the Gauss map omits a north pole so that g can be viewed

as a holomorphic function defined on A(1, R). It is well known by Cauchy’s

integral formula that winding number n(g(@Ai), a) tells us total number of

zeroes of g(z)� a enclosed by a closed curve @Ai and can be computed as the

integral 1
2⇡i

R
@Ai

g
0(z)

g(z)�a
dz. It follows that

n(g(@A2), a)� n(g(@A1), a) =
1

2⇡i

Z

@A2

g0(z)

g(z)� a
dz � 1

2⇡i

Z

@A1

g0(z)

g(z)� a
dz
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is the number of points whose image under g become a so that its value is

bigger than or equal to 0 for a 2 C. On the other hand, since g0 is never zero

on the domain A(1, R) as the surface is foliated by lines of curvature and g is

one to one on each of the boundaries,

n(g(@A2), a)� n(g(@A1), a) =
1

2⇡i

Z

g(@A2)

1

w � a
dw � 1

2⇡i

Z

g(@A1)

1

w � a
dw.

We now see that g(@A1) must lie inside of g(@A2) since otherwise must have

a point a such that the above equation has a negative value. Accordingly, we

can conclude that the Gauss map sends A(1, R) univalently onto the annular

domain bounded by two closed curves g(@Ai)(i = 1, 2).

Theorem 4.3.1. Let F : A(1, R) ! R
3 be a free boundary minimal annulus

in a ball B3 whose boundary curves F (@A1) and F (@A2) are embedded, where

@A1 and @A2 denote boundary circles {z 2 C | |z| = 1} and {z 2 C | |z| = R},

respectively. Then the Gauss map g(z) : A(1, R)! C of the surface is a one to

one map that sends A(1, R) to the doubly-connected region bounded by g(@A1)

and g(@A2).

Proof. As discussed above, it is enough to show that the Gauss map g is one

to one on each @Ai (i = 1, 2). Assume the contrary that g(z1) = g(z2) where

z1 and z2 are two distinct points on @Ai. For the sake of simplicity, let us

assume that they are on @A1. The free boundary condition implies that the

normal vector of the surface is perpendicular to the position vector along the

boundary (see Figure 4.1). So we can find a great circle C1 on the unit sphere

@B3 such that F (@A1) is tangent to C1 at both F (z1) and F (z2).
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Let us denote S1 as an open hemisphere whose boundary is the great

circle C1. Near two points F (z1) and F (z2) the curve stays in the hemisphere

S1 because the geodesic curvature along the boundary curve does not change

its sign as described earlier. Now we denote � an arc on @A1 connecting z1 and

z2 such that the length of � is less than or equal to ⇡. Note that if z1 and z2

are antipodal points then there should be two choices of �. Fix two points on

C1 in a way that two points are end points of a diameter of C1 and a geodesic

arc on a sphere connecting two fixed points contains F (z1) and F (z2). Now we

can consider a variation of the great circle passing through two fixed points by

rotating the circle along the diameter connecting two fixed points in a sense

that as rotation starts great circles intersect F (�) transversally. Here two fixed

points may be F (z1) and F (z2).

As variation proceeds, we can see that there are cases where the last touch-

ing point with a great circle and the boundary curve F (�) exists on the hemi-

sphere S1 as denoted as P in Figure 4.1. However, the last touching point may

not exist on the hemisphere as in Figure 4.1. We first look at the former case.

In either case, the same argument can be adopted to show the contradiction.

Accordingly, let us first consider when the last touching occurs while the great

circle rotates with an angle less than ⇡ as in Figure 4.1. Assume that the last

touching point P does exist in S1 and is on a great circle C2 as in Figure 4.1.

As conormal vectors on F (z1) and F (z2) point opposite direction compared

to the conormal vector defined on P , we see that geodesic curvatures have

di↵erent sign at F (zi)(i = 1, 2) and P . But since the geodesic curvature of the

curve cannot change its sign so we have a contradiction.
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Now we deal with the case where the last touching point does not exist

in S1 (see Figure 4.1). We denote B1 a segment of the curve given by the

immersion of � under F and B2 the complement of B1 in the boundary curve

together with two points F (zi)(i = 1, 2). As we are assuming that we cannot

find the last touching point as in the previous case, B1 must meet C1 at some

point q1 other than two points F (z1) and F (z2). Without loss of generality, we

assume that the point q1 is the closest one to F (z2). Consider a curve B1
0 ⇢ B1

which joins F (z2) and q1. Then we join from q1 to F (z2) with the geodesic arc

on the sphere to get a closed curve D. A region SD bounded by D cannot be

the whole hemisphere S1 since q1 is di↵erent from the point F (z1). Because of

the embeddedness of the boundary curve, B2 must either stays in SD or meets

the geodesic arc connecting F (z2) and q1 at some point q2. The former case

cannot happen as B2 must contain the point F (z1). In the latter case let us

denote the boundary curve connecting F (z2) and q2 as B2
00. Since the curve

B2
00 is trapped in the domain SD which itself is not the whole hemisphere S1,

we easily see that we can rotate the great circle C1 along some axis to find

the last touching point with some great circle and the curve B2
00. As in the

previous case, we have a contradiction to the fact that the geodesic curvature

of the boundary curve does not change sign. We have shown that the Gauss

map of the surface is actually a one to one map on each of the boundaries of

the annuls A(1, R).

Remark 4.3.2. As the above theorem indicates, we can parametrize the sur-

face with the inverse of the Gauss map. There are a few advantages to such a

parametrization. First, the Weierstrass data now can be arranged as (w, dh)
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234.png

Figure 4.1

where w = g(z) and dh is a holomorphic height di↵erential expressed in a new

coordinate w. It means that calculation with the data becomes much simpler

dealing with the boundary conditions. As we now can view the Fraser-Li con-

jecture as determining whether the image of the Gauss map of the surface

would be a concentric annulus in the complex plane or not, the holomorphic

method exploiting the Weierstrass data may help to deal with the unique-

ness of the surface. Also, there are interesting calculation results regarding

the geodesic curvature of the boundary curve on the surface actually being

constant. Indeed, one can find out calculating with the conformal coordinate

z given in the domain A(1, R) that the geodesic curvature can be expressed in
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terms of the gauss map as follows:

g =
1

|c|


2

1 + |g|2
1

|g✓|
Im

✓
g✓✓
g✓
� 2|g|2

1 + |g|2
g✓
g

◆�
|g✓|2.

We see that a term |g✓|2 is dependent on the parameterization. However, after

some calculation one can deduce that
h

2
1+|g|2

1
|g✓| Im

⇣
g✓✓
g✓
� 2|g|2

1+|g|2
g✓
g

⌘i
is a term

independent on the parameterization as it is indeed equal to �2||~||, where

~ is a curvature vector of the Gauss image of a boundary curve on the unit

sphere S
2, and � is a conformal factor. The above calculation together with

Proposition ?? shows that determining the shape of the Gauss map is actually

a key to solve the Fraser-Li conjecture. Note that the critical catenoid has a

property that g✓ is of constant modulus.

4.4 The Liouville equation and a free boundary min-

imal annulus

Let F : A(1, R) ! R
3 be a conformal harmonic immersion from A(1, R) :=

{z 2 C | 1 < |z| < R}, which represents an immersed free boundary minimal

annulus ⌃ in a ball B
3. The theorem of Lewy [19] implies that F can be

extended as a minimal immersion defined in a slightly larger annulus A(1 �

✏, R + ✏) for some ✏ > 0. By abuse of notation, we also denote it as F :

A(1� ✏, R+ ✏)! R
3.

Recall (4.7) that the second fundamental form � is written as

� = Re
�
C0
z2
dz2
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for some real constant C0. From this we compute

|�|2 = 2C2
0

r4�4
,

where � is the conformal factor defined by ds2 = �2|dz|2. Then Simons’ identity

�⌃ log |�|2 = �2|�|2(cf. [6], p. 71) gives

1

�2
� log

2C2
0

r4�4
= � 4C2

0

r4�4
.(4.8)

Here we used � = 4 @

@z

@

@z̄
.

Now let v := log 1
r4�2

. Since log r is a harmonic function, we deduce from

(4.8) that v satisfies the Liouville equation in A(1� ✏, R+ ✏):

�v + 2C2
0e

v = 0.

Moreover, as ⌃ intersects @B3 orthogonally, the geodesic curvature of level

curves r = 1 and r = R are equal to 1. This can be expressed as

� 1

r�

✓
1 +

r

�

@�

@r

◆
= 1 if r = 1,

� 1

r�

✓
1 +

r

�

@�

@r

◆
= �1 if r = R.

Hence we obtain

@v

@n
= 2e�

1
2v � 2 if r = 1,

@v

@n
=

2

R2
e�

1
2v +

2

R
if r = R,
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where n is the inner unit normal to A(1, R).

Combining all things above, we observe that v gives rise to a solution of

the following Liouville type boundary value problem:

8
>>>>>><

>>>>>>:

�v + 2C2
0e

v = 0 in A(1� ✏, R+ ✏),

@v

@n
= 2e�

1
2v � 2 if |z| = 1,

@v

@n
= 2

R2 e
� 1

2v + 2
R

if |z| = R.

(E[R, ✏, C0])

We now prove that the solution of E[R, ✏, C0] also gives rise to a minimal

surface orthogonal to spheres. Let HR,� ⇢ C (0  � < 1) be a horizontal slab

given by

HR,� = {⇠ 2 C | log(1� �) < Im⇠ < log(R+ �)}

and let H0
R,�

:= HR,� \ {⇠ 2 C | 0  Re⇠  2⇡}. Note that HR,✏ is the

universal cover of A(1� ✏, R+ ✏) with the covering map z = e�i⇠, and H0
R,✏

is

a fundamental domain.

Theorem 4.4.1. Suppose that v is a solution of E[R, ✏, C0]. There exist a

minimal immersion X : HR,✏ ! R
3 and unit spheres SO1, SO2 (centered at O1

and O2, respectively) satisfying the following conditions:

(1) For the conformal factor ⇤ of X given by ds2 = ⇤2|d⇠|2,

v(e�i⇠) = log
1

⇤2(⇠)|e�i⇠|2 , 8⇠ 2 HR,✏.

(2) SO1 and SO2 intersect X(HR,✏) orthogonally along level curves Im⇠ = 0
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and Im⇠ = logR, respectively.

(3) X(HR,✏) =
S
n2Z

Tn · X(H0
R,✏

) for some rigid motion T in R
3 such that

T ·X(H0
R,✏

) = X(H0
R,✏

+ 2⇡).

We call X(H0
R,0) ⇢ X(H0

R,✏
) a fundamental piece.

Proof. We apply the same method as in [14]. Consider the function ṽ defined

by

ṽ(⇠) = v(e�i⇠) + 2Im⇠

in the universal cover HR,✏. Then a simple computation shows that ṽ satisfies

the following Liouville equation:

8
>><

>>:

�ṽ + 2C2
0e

ṽ = 0 in HR,✏,

@ṽ

@n
= 2e�

1
2 ṽ if Im⇠ = 0 or logR.

(4.9)

Here we used � = 4 @

@⇠

@

@⇠
, and n is the inner unit normal to HR,0. Since HR,✏

is simply-connected, we observe that the solution ṽ is given by

ṽ = log
4|h⇠|2

(1 + C2
0 |h|2)2

(4.10)

for some locally univalent meromorphic function h in HR,✏.

Now we consider a minimal immersion X : HR,✏ ! R
3 defined by the
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Weierstrass data (g,!):

g = C0h, ! = � 1

h⇠
d⇠.

As h is locally univalent, it can only have simple poles. Therefore the Weier-

strass data satisfies the condition concerning the order of zeros and poles

mentioned in Section 4.1. Moreover, there are no period problems as HR,✏ is

simply-connected, so we obtained a well-defined minimal immersion.

The induced metric is given by

⇤2|d⇠|2 = 1

4
|!|2(1 + |g|2)2 = (1 + C2

0 |h|2)2

4|h⇠|2
|d⇠|2,

which implies that

⇤2 =
(1 + C2

0 |h|2)2

4|h⇠|2
.

Hence we obtain

log
1

⇤2(⇠)|e�i⇠|2 = log
4|h⇠|2

e2Im⇠(1 + C2
0 |h|2)2

= ṽ(⇠)� 2Im⇠ = v(e�i⇠),

and this proves (1).

On the other hand, it follows easily from the boundary condition in (4.9)

that the geodesic curvature of level curves Im⇠ = 0 and Im⇠ = logR are equal
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to 1. Moreover, the second fundamental form is

Re{dg · !} = Re{�C0d⇠
2}(4.11)

so that each level curve of Im⇠ is a line of curvature on the minimal surface.

Then Proposition ?? implies that there exist unit spheres SO1 , centered at O1,

and SO2 , centered at O2, such that SO1 and SO2 intersectX(HR,✏) orthogonally

along level curves Im⇠ = 0 and Im⇠ = logR, respectively. Thus (2) is obtained.

To prove (3) we first observe that ṽ is 2⇡-periodic:

ṽ(⇠ + 2⇡) = v(e�i(⇠+2⇡)) + 2Im(⇠ + 2⇡) = v(e�i⇠) + 2Im⇠ = ṽ(⇠).

This gives

⇤2(⇠ + 2⇡)|d(⇠ + 2⇡)|2 = e�ṽ(⇠+2⇡)|d⇠|2 = e�ṽ(⇠)|d⇠|2 = ⇤2(⇠)|d⇠|2,

and we also have

Re{�C0d(⇠ + 2⇡)2} = Re{�C0d⇠
2}.

Therefore the first and second fundamental forms are 2⇡-periodic. By the

fundamental theorem of surfaces, X(H0
R,✏

+ 2n⇡) 8n 2 Z are congruent to

X(H0
R,✏

). If we denote by T a rigid motion sending X(H0
R,✏

) to X(H0
R,✏

+2⇡),
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i.e., T ·X(H0
R,✏

) = X(H0
R,✏

+ 2⇡), then one may deduce that

X(HR,✏) =
[

n2Z
Tn ·X(H0

R,✏).

We should mention that the minimal surfaces constructed in Theorem

6 contain all immersed free boundary minimal annuli in a ball. It is clear

from the argument at the beginning of this section with the aid of (4.11) and

condition (1) since d⇠ = i

z
dz. Also, minimal annuli orthogonal to two spheres

are contained in these examples.

Condition (3) implies that a minimal immersion obtained from the Liou-

ville equation E[R, ✏, C0] can be divided into pieces congruent to the funda-

mental piece. Therefore we have the following result concerning the structure

of immersed free boundary minimal annuli:

Corollary 4.4.2. Let ⌃ be an immersed free boundary minimal annulus in

B
3. After rotating the surface, one can find ⌃0 ✓ ⌃ such that

⌃ =
[

n2Z
(Rot 2k

N ⇡
)n · ⌃0

for some N 2 Z>0 and 0  k  N � 1, where Rot 2k
N ⇡

means the rotation by

2k
N
⇡ with respect to the x3-axis.

Proof. By (3) in Theorem 6, there exist ⌃0 ✓ ⌃ corresponds to the fundamen-
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tal piece X(H0
R,0) and a rigid motion T such that

⌃ =
[

n2Z
Tn · ⌃0.

This implies that ⌃ is invariant under T , and therefore T must preserve the

sphere @B3 since @⌃ ⇢
T
n2Z

Tn · @B3. Hence T is an element of the special

orthogonal group SO(3). First, assume that ⌃0 is simply-connected. To obtain

an annulus by gluing congruent pieces Tn · ⌃0, we should have TN = id for

some N . Thus T is a rotation by 2k
N
⇡ with respect to some axis. After rotating

the surface, we may take T = Rot 2k
N ⇡

. If ⌃0 is doubly-connected, then T = id,

and we complete the proof.

Remark 4.4.3. For a minimal annulus orthogonal to two spheres, centered

at O1 and O2, a similar result holds with T a rotation with respect to
 ��!
O1O2.

The above corollary shows that studying fundamental pieces obtained from

Liouville solutions will make us have a deeper intuition on free boundary

minimal annuli in a ball. However, some Liouville solutions give rise to the

case O1 6= O2.

To reduce the case, we may impose the following condition to the solution

v of E[R, ✏, C0]:

2

Z 2⇡

0

Z
R

1

1

r3
e�vdrd✓ =

Z 2⇡

0
e�

1
2v(1,✓)d✓ +

Z 2⇡

0

1

R
e�

1
2v(R,✓)d✓.(4.12)

This relation comes from the fact that every free boundary minimal surface ⌃

in B
3 satisfies 2|⌃| = |@⌃|.
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Proposition 4.4.4. Let v be a solution of E[R, ✏, C0] satisfying (4.12) and

let X : HR,✏ ! R
3 be a minimal immersion obtained from v as in Theorem 6.

Denote by ⌃0 = X(H0
R,0) a fundamental piece. If O1 6= O2, then

Z

�1

⌫1ds = 0,

Z

�2

⌫2ds = 0,(4.13)

where ⌫1 and ⌫2 are outward unit conormal vectors to �1 := ⌃0 \ SO1 and

�2 := ⌃0 \ SO2, respectively.

Proof. Let ⇢ := O2 �O1 and let Y be the position vector with respect to O1.

We may write @⌃0 = �1 [ �2 [ C1 [ C2, where C1, C2 = ; if ⌃0 is doubly-

connected. Then, by (4.12), we have

2|⌃0| = |�1|+ |�2|.(4.14)

The divergence theorem and the minimality of ⌃0 imply that

2|⌃0| =
Z

⌃0

divY dA =

Z

�1

Y · ⌫1ds+
Z

�2

Y · ⌫2ds+
Z

C1[C2

Y · ⌫ds.(4.15)

Here we used ⌫’s for outer unit conormals. Moreover, if we compute the torque

with respect to O1, then

0 =

Z

@⌃0

Y ^ ⌫ds =
Z

�1

Y ^ ⌫1ds+
Z

�2

Y ^ ⌫2ds+
Z

C1[C2

Y ^ ⌫ds.(4.16)

On the other hand, by Corollary 4.4.2 and Remark 4.4.3, X(HR,0) is given

by rotating ⌃0 and gluing them along Ci’s. This shows that the outer unit
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conormal to C1 corresponds to the inner unit conormal to C2 of the adjacent

piece. Therefore we can conclude that

Z

C1[C2

Y · ⌫ds = 0,

Z

C1[C2

Y ^ ⌫ds = 0.(4.17)

Since the surface and spheres intersect orthogonally, we have Y = ⌫1 on

�1 and Y = ⇢+ ⌫2 on �2. Then (4.14), (4.15) and (4.17) give

⇢ ·
Z

�2

⌫2ds = 0,

and from (4.16) and (4.17) we get

⇢ ^
Z

�2

⌫2ds = 0.

Thus we obtain
R
�2
⌫2ds = 0 as ⇢ 6= 0. Similarly,

R
�1
⌫1ds = 0 can be proved

by using the position vector with respect to O2, instead of Y .

Therefore we have proved that each Liouville solution satisfying (4.12) pro-

vides a (partially) free boundary fundamental piece ⌃0 with two possibilities:

• ⌃0 in a ball (O1 = O2)

• ⌃0 orthogonal to two spheres (O1 6= O2) and satisfying (4.13)

Each of the cases provides natural research problems regarding the minimal

annuli orthogonal to spheres as listed below. We first remark that the second

case is not possible if O1 and O2 are far enough, or if the boundary curves

on spheres are closed and embedded (in this case, (4.13) cannot be achieved
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as each curve lies in a hemisphere). However, when O1 and O2 are su�ciently

close to each other and the boundary is immersed, one can try to find an

example corresponding to the second case:

Question 4.4.5. Can we find an example for the second case?

This example, if it exists, may degenerate when O1 and O2 are equal. More-

over, one can ask how many pieces that an immersed free boundary minimal

annulus can have. Note that this question is closely related to symmetries of

a surface. For example, if we assume that a minimal annulus is symmetric to

two orthogonal vertical planes, then it should consist of an even number of

fundamental pieces.

Question 4.4.6. If a free boundary minimal annulus orthogonal to spheres

is not a part of the catenoid, can it be divided into more than one congruent

piece?

We also recall that a rotationally symmetric free boundary minimal an-

nulus in a ball is known to be the critical catenoid. On the other hand, a

rotational symmetry of the Liouville solution implies that the metric has a ro-

tational symmetry. Since the second fundamental form is also rotational in our

case, the intrinsic rotational symmetry would lead to the extrinsic rotational

symmetry on the surface. Thus, in order to prove the Fraser-Li conjecture or

to find an immersed counter-example, we may study:

Question 4.4.7. On what conditions the Liouville solution or the fundamental

piece have rotational symmetry?
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