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Abstract 

 
In this work, we experimentally investigate the turbulent flow in a vertical 

pipe where bubbles (size of 2.5-4.5 mm) are immersed with the volume void 

fraction in the range 0.2-1.8%. The Reynolds number (ReD) based on the bulk 

velocity and the pipe diameter increases from 5300 to 44000, allowing us to 

observe the turbulence enhancement and suppression of a liquid phase due to 

bubbles for the Reynolds number of 5300 and 44000, respectively. The two-phase 

particle image velocimetry has been conducted to measure the turbulence statistics 

of the turbulent bubbly flow by recognizing various turbulent structures interacting 

with each other. The turbulence structures are decomposed depending on length 

scales using the discrete wavelet transform. At ReD = 5300 where turbulence of a 

liquid phase is enhanced due to bubbles, both the deformable bubble surface and 

the near-wake region of bubble generate the energy-containing motions (whose 

length scale is larger than Taylor microscale). In addition, eddies that detach from 

bubble rear also induce the energy-containing motions, leading to the turbulence 

enhancement across the entire pipe even for the uniform distribution of vertical 

mean velocity near the pipe center. At ReD = 44000, the representative length scale 

of flow agitation due to the deformable bubble surface and the detached wake 

becomes significantly attenuated despite the similar bubble size with ReD = 5300. 

Meanwhile, the length scale of the bubble near the wake is still large enough to 

induce the energy-containing motions even for the enhanced wall-generated 

turbulence. The length scale of the bubble near the wake, however, becomes 



 

ii 

significantly reduced toward the wall. For the highest void fraction among tested, 

the mean velocity gradient is reduced near the wall due to bubbles, resulting in 

turbulence suppression near the wall. In order to provide a more detailed 

description of the interaction among various scales in the turbulent bubbly flow, 

Kármán-Howarth-Monin-Hill (KHMH) equation is adopted and modified for the 

present study. The quantitative analysis of the scale-wise energy transfer 

demonstrates that the bubble near wake introduce secondary structures resulting in 

the energy transfer from small to larger scales (inverse cascade) while energy 

involving in the eddies that detach from the bubble rear is transported toward 

smaller scales (forward cascade) through the scale-wise viscous diffusion. Near the 

wall, it is observed that, not only the near wake, the detached eddies also induce the 

secondary structures (larger than the eddy size), characteristics of which are 

discussed by using the probability density function. The structures induced by the 

interaction between the wall and bubble-induced turbulence are also decomposed 

using the discrete wavelet transform, helping us to understand the interaction 

between various scales residing through the pipe. We expect that the present work 

would be helpful for the design of the industrial applications where turbulent 

bubbly flows are frequently encountered. 
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Chapter 1 

 

Introduction 

 
In many applications used in the petroleum, energy-producing and chemical 

industries, the turbulent flow is frequently encountered laden with particles, drops 

or bubbles. The efficiency and safety of the industrial systems commonly rely on 

properties of the dispersed phase such as the velocity, the size and how much or 

many they distribute in the flow. In the case of the bubbly flow where bubbles are 

immersed in a liquid-phase flow, bubbles tend to rise at a larger velocity than that 

of the liquid phase owing to their buoyancy, leading to the turbulence modification 

of a liquid phase. Serizawa & Kataoka (1990) reported that a turbulent flow was 

always additionally perturbed by bubbles when the liquid velocity is lower than 

approximately 1 m/s. The liquid-phase turbulence, however, is found to be 

suppressed at the liquid velocity higher than 1 m/s, which is in agreement with 

other literature (Serizawa et al. 1975; Wang et al. 1987; Liu & Bankoff 1993). On 

the other hand, from the fact that turbulence is sustained by interaction among a 

wide range of length scales (Tennekes & Lumley 1972), bubble size can be also 

considered as one of the important parameters to control the liquid-phase 

turbulence. In fact, it has been reported that the performance of flow control is 

dependent on the ratio of the size of flow forcing source to the representative scale 

of uncontrolled flow (Park et al. 2006; Choi et al. 2008; Kim et al. 2015; Lee et al. 

2018). Gore & Crowe (1989) claimed that the liquid-phase turbulence is intensified 

(reduced) when the ratio of bubble size to the representative length scale of the 

liquid-phase flow is larger (smaller) than 0.1. 

For a more detailed description of the modification of the turbulence due to the 

bubbles, it is commonly assumed that, for not large Reynolds number based on the 

bulk velocity Ubulk of the liquid and hydraulic diameter, two-way coupling between 

the turbulence generated by the wall and that induced by the bubbles is negligible 

so that the liquid velocity fluctuations can be expressed separately in terms of the 

wall-generated turbulence and bubble-induced turbulence. In particular, many 

experimental investigations have been carried out to improve the insight into the 
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physical mechanism of bubble-induced turbulence. Lance & Bataille (1991) 

conducted an experiment for a bubbly, grid-generated turbulence and suggested 

that the bubble-induced turbulence can be divided into two regimes. When the 

contribution of wakes behind bubbles to the total turbulence kinetic energy is small, 

the bubble-induced turbulence is similar to the irrotational pseudo-turbulence 

because the equation obtained from the superposition of the inviscid pseudo-

turbulence provided a good prediction. For a situation where the effect of bubble 

wakes becomes dominant, the bubble-induced turbulence showed different 

characteristics. Although nature appeared to be important, the clear description of 

the physical characteristics for the wakes and their interaction was not provided 

from their experiment. The turbulence generated from the hydrodynamic 

interactions between wakes, however, has been found to scale as 0.4 from Risso & 

Ellingsen (2002) and these characteristics were also observed from other 

experimental investigations (Riboux et al. 2010; Roboux et al. 2013; Kim et al. 

2016). In this context, the wake interaction appears to play an important role in 

turbulence modification. Risso & Ellingsen (2002) also observed experimentally 

that the wake size behind an isolated bubble was attenuated due to the 

hydrodynamic interactions between various wake structures developed in a 

homogeneous swarm of ellipsoidal bubbles rising in water at void fraction up to 

1%. Roig & Larue de Tournemine (2007) provided a more detailed description of 

the wake attenuation from measurement in a situation where high-Reynolds-

number bubbles were rising in a uniform flow for void fraction up to 15%. They 

adopted a concept of wake intermingling (White & Nepf 2003; Eames et al. 2004), 

demonstrating that the wake attenuation is strongly related to the hydrodynamic 

interaction between the bubble wakes. Riboux et al. (2010) carried out the 

measurement in a homogeneous swarm where bubbles of diameter between 1.6 and 

2.5 mm are rising in stagnant water for moderate gas volume void fractions (0.005 

 0.1). The ellipsoidal bubbles are introduced from injectors homogeneously 

equipped at bottom of the configuration and the gas injection is suddenly 

interrupted so that the region where there are no bubbles but the only bubble-

induced agitation remains was observed. The statistical properties of the bubble-

induced agitation behind the bubble swarm were measured with PIV. The results 

showed that the integral length scale of the bubble-induced turbulence is 
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proportional to d/Cd0, where Cd0 is the drag coefficient of a single bubble rising in 

water, which is in agreement with Lance & Bataille (1991) who observed that a 

specific in power -3 of wavenumber , showing the signature of the bubble-induced 

turbulence, appears to begin at -1 = d/Cd0. 

While the statistical properties of fluctuating velocity perturbed by bubbles have 

been studied vigorously, the bubble-induced turbulence often takes place in the 

presence of surrounding turbulence. Bubbles rising within the incident turbulence 

lead to more complex turbulence due to the coupling of the two kinds of turbulence 

sources. In order to quantify the competition between the bubble-induced 

turbulence and the incident turbulence such as wall- and grid-generated turbulence, 

Rensen et al. (2005) b described as 

 where  and  is the rise velocity of bubbles in still water 

and vertical velocity fluctuation in absence of bubbles, respectively. However, they 

carried out experiments only for b < 1, restricting their understanding of the 

pseudo-turbulent regime where the turbulence energy is mainly dominated by 

rising bubbles. Alm ras et al. (2017) reported experimental investigation in the 

range 0 < b < 1.3 by controlling an active grid and varying the number of bubbles. 

Their work focused on a homogeneous bubble swarm rising within a homogeneous 

and isotropic turbulent flow. From the configuration, they found that the vertical 

velocity fluctuations evolved as b0.4 for 0 < b < 0.7 while the fluctuations are 

proportional to b1.3 for 0.7 < b < 1.3. Prakash et al. (2016) conducted experiments 

by using the same apparatus with varying b from 0 (sing-phase flow) to more than 

1.3. They could not observe any transient properties of the bubble-induced 

turbulence with varying the bubblance parameter b, and reported that the parameter 

is probably not suitable to characterize the bubble-induced turbulence within an 

incident turbulent flow. Alternatively, they proposed another parameter for an 

explanation of the turbulence induced by bubbles rising within an incident 

turbulence by balancing the energy produced by bubbles with the viscous 

dissipation in Fourier space. 

The relevance of the experimental investigations for many practical situations, 

however, have been limited to now because the interaction between the turbulence 

induced by bubbles and that generated by other sources, i.e. shear-induced 
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turbulence, was not fully understood. Many techniques such as Fourier transform, 

proper orthogonal decomposition (POD), discrete wavelet transform (DWT) have 

been proposed to extract the characteristic flow structures from the original flow 

where various length scale structures interact with each other. One of the well-

known tools to decompose the complex flow structures into organized ones on the 

basis of spatial or temporal scales is Fourier transform. Fourier transform that uses 

a trigonometric function as a basis has been widely used to analyze the energy 

cascade in the flow (Tennekes & Lumley 1972; Pope 2000). Since the 

trigonometric function oscillates infinitely in a wavenumber space, the information 

contained in each wavenumber is not localized in the physical space (Farge 1992). 

Thus, the Fourier transform is not capable of providing a clear description of 

turbulent flows where various structures reside in it. On the other hand, proper 

orthogonal decomposition uses the optimal basis function determined based on the 

flow itself (rather than the trigonometric function used in the Fourier transform), 

providing a mathematically optimized representation of a flow (Lumley 1967, 

Berkooz et al. 1993). However, it leads to computational intensiveness in its 

implementation. POD mode also identifies a coherent structure only if it contains a 

dominant percentage of energy (Lumley 1967; Bakewell & Lumley 1967; Payne 

and Lumley 1967), which is considered as another vulnerable point. Compared to 

these, wavelet transform is a relatively recent mathematical formulation and Farge 

(1992) showed that it can be used to decompose spatial filed data (or temporally 

fluctuating signals) into both space and scale, and with the information about 

directions together. Here, the basis, which is called a wavelet, is localized in space: 

it exhibits behaviors more like a localized pulse rather than an extended wave such 

as the trigonometric function used in Fourier transform (Addison 2002). Thus, the 

analysis via a wavelet transform is more focused on specific scales and suited to 

studying the intermittent structures as well. Compared to POD technique, wavelet 

transform is easier to use because a set of functions (i.e., scaling and wavelet 

function) is defined from a single equation that is known as a priori and 

independent on the type of a flow. In addition, when the multiresolution algorithm 

is applied (Addison 2002), the computational intensiveness of the decomposition is 

significantly reduced. Over the past decade, the wavelet transform has been 

considered as a powerful tool for the analysis of turbulence since it is able to give a 
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detailed explanation of how the various structures interact with each other, i.e. 

energy transfer of the turbulence from large scale structures to smaller ones, which 

is of great significance in studying the turbulence. With these advantages, the 

wavelet analysis has been adopted to identify the coherent flow structures and their 

contribution to energy transport in various flows, i.e. turbulence (Meneveau 1991; 

Camussi & Guj 1997; Farge et al. 2001; Seena and Sung 2011), jet flow (Everson 

et al. 1990; Li et al. 2002), and wake behind a bluff body (Hangan et al. 2001; 

Rinoshika & Zhou 2005; Perret 2009; Razali et al. 2010; Rinoshika & Omori 2011). 

In the present study, turbulent flow where bubbles are introduced in the vertical 

pipe (40 mm in inner diameter) has been experimentally investigated by means of 

two-phase particle image velocimetry. The Reynolds number, which is based on 

bulk velocity and the pipe diameter, is chosen to be 5300 and 44000 in order to 

consider both the turbulence enhancement and suppression due to bubbles. The 

volume void fraction and bubble diameter is varied between 0.2  1.8% and 2.5  

4.7 mm, respectively. Based on this configuration, we focus on the identification of 

the bubble-induced (additionally introduced) and the wall-generated (already 

existing) turbulence structure, and quantitative analysis of their interaction for a 

better understanding of the turbulence modification due to bubbles. The first way to 

achieve this goal is to decompose various turbulence structures that reside in the 

turbulent bubbly flow and interacting with each other. By applying the discrete 

wavelet transform to a two-dimensional velocity field measured by the two-phase 

particle image velocimetry, we succeed to decompose the flow field depending on 

its physical length scale. The quantitative analysis of the interaction between the 

decomposed fields is also provided, and we hope that the present work is useful for 

a deeper understating of the bubble-assisted transport phenomena like heat and 

mass exchange. 

This paper is organized as follows. In chapter 2, we introduce the experimental 

setup including the algorithms for two-phase particle image velocimetry. We also 

give an uncertainty analysis for the measured data in to validate our results, 

followed by the detailed explanation of discrete wavelet transform and its 

validation for the pipe (wall-bounded) flow. In chapter 3, the bubble condition used 

in the present study and its effect on the turbulence statistics is discussed. After that, 

the identification of various length scale structures interacting with each other in 
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the turbulent pipe flow and their statistical properties is detailed in chapter 4 and 5, 

respectively. In chapter 6, we also provide the quantitative analysis of the 

interaction, i.e., energy cascade from the largest to smaller scales. Finally, the 

summary and outlook are given in chapter 6.  
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Chapter 2 

 

Experimental method 

 
In this chapter, we introduce an experimental setup in order to develop turbulent 

bubbly flows in a vertical pipe and how to measure their velocity by means of 

particle image velocimetry (PIV). Conventional PIV, however, is not reliable for 

the two-phase flow since bubbles immersed in a liquid phase tend to cause a lot of 

errors. Thus, a pair of two images acquired by a camera should be post-processed 

in order to extract the PIV particles from the gas-phase image. In Sec. 2.2, we 

propose the image post-processing procedure for the phase separation, which is 

applied to the images acquired from the experimental setup detailed in Sec. 2.1. 

Validation and uncertainty analysis are carried out in Sec. 2.3 and it is found that 

turbulence statistics of a liquid phase is in agreement with other studies with 

uncertainty less than 2.0%. The uncertainty of bubble statistics is also estimated to 

be less than 4.1%. Finally, we introduce discrete wavelet transform (DWT) in Sec. 

2.4, allowing us to decompose various turbulent structures depending on their 

length scales and analyze their interaction in more detail. 

 

2.1. Experimental setup 

Figure 2.1 shows the experimental apparatus for an upward bubbly flow in a 

pipe of inner diameter D and height is equal to 40 mm and 1720 mm, respectively. 

Tap water at room temperature is supplied into the vertical pipe by using a pump 

(PM-403PI, WILO pump Ltd.). The flow rate of water is controlled with flow 

meters (KTM-800, KOMETER) and Reynolds number ReD (= ubulkD/ l) based on 

the bulk velocity ubulk without bubbles is varied from 5300 to 44000. Here, l is the 

kinematic viscosity of the working fluid. The vertical pipe is surrounded by a 

rectangular jacket with the same tap water filled in the gap between the jacket and 

the pipe in order to compensate for the refraction of light caused by the circular 

surface of the pipe. The water between the gap is stagnant, not flowing. At the inlet 

of the pipe, a mixing section is installed in order to develop the turbulent bubbly 
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flow. Bubbles are introduced in the mixing section where gas and water are mixed. 

The gas is supplied by an air compressor and dust in the gas is filtered before 

injected into the mixing section through four holes connected to the main-flow 

passage where water is supplied (Hosokawa & Tomiyama 2013). When 

considering the water temperature of 23oC at atmospheric pressure, the bubbles 

introduced at the inlet (mixing section) do not significantly contract or expand 

along the vertical direction because a phase change process does not occur. Thus, 

we quantified the amount of the injected bubbles at the field of view (z/D = 42) by 

using the volume void fraction < > defined as a ratio of volume of the pipe and 

that of the occupied bubbles. For ReD = 5300 and 44000, the gas flow rate is 

controlled for the volume void fraction to ranges between 0.3  1.8% and 0.2  

1.5%, respectively. In the range of volume void fraction, it is also observed that the 

equivalent bubble diameter  changes from 2.6 mm to 4.8 mm. Here, < > and 

upper bar denote the averaging over space and time, respectively.  

Figure 2.2 shows our measurement system for turbulent bubbly flows consisting 

of a camera and two illuminators. For the measurement of liquid phase velocity, we 

employ the two-phase PIV (Kim et al. 2016). Rhodamine B (size of 1- ) is 

used as a fluorescence trace particle, which is excited by a green laser (wavelength 

of 532 nm) and emit light having the wavelength of 584 nm. For ReD = 5300, 

continuous laser (RayPower 5000, Dantec Dynamics) is used together with a high-

speed camera (SpeedSense M310, Dantec Dynamics) capable of capturing images 

at 1100 frame per second. For ReD = 44000, however, the time separation between 

the two consecutive images is not short enough to evaluate velocities of the liquid 

phase. Due to the limit of the above configuration, we use a double-pulsed Nd-Yag 

laser (EverGreen, Quantel) and a CCD camera (pco. 1600, PCO) while keeping the 

other experimental components same. The double-pulsed laser and CCD camera 

are synchronized via a timing hub (Motion Pro X, IDT) at 15 Hz. In addition to the 

green-colored illumination exciting the PIV particles, a red-colored LED array is 

also installed behind the test section. Since the LED is located at the opposite side 

of the camera, shadow images of bubbles as well as the particle images can be 

acquired by the camera at the same time. Note that the LED is synchronized via a 

timing hub for ReD = 44000. The presence of bubbles, however, is expected to 
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make a significant noise for the liquid phase velocity due to the reflection of the 

green laser caused by the bubble surface. In order to prevent from the noise, the 

camera is equipped with an orange filter (high-pass filter with a cutoff wavelength 

of 570 nm) that obstructs the laser reflected by bubble surfaces, allowing us to 

obtain the image consisting of PIV particles and bubble shadow. Another problem 

caused by bubbles is that the laser sheet is blocked by bubbles when they exist on 

the laser sheet. The blockage effect, however, can be easily compensated by 

locating a mirror at the opposite side of the laser since the mirror can illuminate the 

blocked area by reflecting the incident laser sheet. The image obtained with the 

present configuration is shown in Fig. 2.3(a). It can be found that the bubble 

shadow and the seeding particles take a distinctively different gray value, enabling 

us to distinguish the gas and liquid phase to the naked eye.  

In the present study, we carry out the measurement at a distance of 42D from the 

pipe inlet, where the single-phase flows are fully developed for both the two 

Reynolds numbers. The entrance length, in fact, is estimated as 18.4D and 26.1D 

for ReD = 5300 and 44000, respectively. In addition, we also confirmed that 

turbulence statistics of the single-phase flow such as time-averaged velocity and 

root-mean-square (r.m.s) of velocity fluctuation are independent of the streamwise 

direction in the measurement location. The size of the field of view (FoV) is 40×40 

mm2, a spatial resolution of which is approximately 0.052  and 0.049  

for ReD = 5300 and 44000, respectively. 

 

2.2. Post-image processing for the phase separation 

Since both the trace particle and the bubble shadow image are captured at the 

same time, the trace particle image should be separated from the shadow image 

before liquid velocity is evaluated by means of PIV. Figure 3 shows the image post-

processing for the phase separation (Kim et al. 2016). Prior to the phase-separation, 

the background image in the absence of both the particles and bubble shadow (Fig. 

2.3b) should be acquired as well as the raw image (Fig. 2.3a). When the 

background image is subtracted from the raw image, the image where the global 

signal-to-ratio is enhanced can be obtained as shown in Fig. 2.3c. Then, the image 
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corresponding to the bubble shadow (white regions in Fig. 2.3d) can be extracted 

(Otsu 1979) to Fig. 2.3(c) and filling holes inside each bubble. As shown in Fig. 

2.3(d), both the isolated and overlapped bubbles are captured. For the accurate 

determination of the bubble properties, the overlapped bubbles should be divided 

into isolated ones. First, the overlapped bubbles can be sorted out based on the 

shape factor,  (Lau et al. 2013), where S and A is perimeter and 

area of the white region in Fig. 2.3(d), respectively; it is classified as overlapped if 

R0 > 1.34 (Fig. 2.3e). The identified overlapped bubbles, then, are separated into 

solitary ones by applying the watershed transform (Lau et al. 2013) which divides 

each overlapped bubble based on the dark spot inside the bubble image (Fig. 2.3c). 

The local dark spot is called minima and marked by using the minima imposition 

technique (Soille 2003). The separation of overlapped bubbles is presented in Fig. 

2.3(f). As the last step for the identification of gas-phase, it is required to detect the 

bubbles rising on the measurement plane only (laser sheet) since the focal depth of 

the camera is larger than the pipe diameter. To achieve this, we employ the Sobel 

filter that extracts the bubble edges when applied to the image where particle 

images are removed from the raw image using the median filter. The resultant 

image is shown in Fig. 2.3(g). Here, it can be observed that the bubble edge is more 

obvious when corresponding to the in-focused bubble. These characteristics of the 

in-focused bubbles can be used when we sort out the bubbles rising on the 

measurement plane. Figure 2.3(h) shows edges of the in-focused bubbles which are 

obtained by applying a binarization to the Sobel-filtered image. If a bubble in Fig. 

2.3(d) is overlapped with the in-focused bubble edge (Fig. 2.3h), the bubble can be 

considered to exist on the laser sheet. Figure 2.3(i) shows isolated and separated 

bubbles, all of which locate on the measurement plane. They are used to calculate 

the statistics of gas-phase such as local void fraction , bubble equivalent 

diameter , bubble velocity in a radial ur,b and vertical direction uz,b. In the 

present study, it is observed that the used bubbles take an oblate ellipsoid shape, 

which is in agreement with Clift et al. (1978) when taking into account their 

Reynolds number and Eötvös number ( 2
bEo g d , where  and  is 

density difference and surface tension, respectively). Thus, we express the 
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equivalent bubble diameter as , where dh and dv are lengths of 

major and minor axes of the ellipsoid, respectively. Bubble velocity can be also 

determined by applying a conventional PTV algorithm based on the bubble center 

positions of two consecutive images.  

To distinguish the particles from the raw image, we use the Laplacian of 

Gaussian (LoG) filter to the raw image to obtain both the particle and bubble edges 

with background removed (Fig. 2.3j). When the median filter is applied to the 

LoG-filtered image, most of the particle images disappear (Fig. 2.3k). Finally, the 

image containing only the particles can be obtained as shown in Fig. 2.3l by 

subtracting the bubble-edge image (Fig. 2.3k) from the LoG-filtered image (Fig. 

2.3j). The resultant particle image is used to calculate the velocity of the liquid 

phase. Here, we adopt the PIV algorithm to the particle image with 16  16 

interrogation windows (75% overlap). While evaluating liquid-phase velocities, a 

bubble image is used as a mask for each vector field to remove the velocities inside 

bubbles.  

 

2.3. Validation and uncertainty analysis 

Figure 2.4 presents the radial distribution of root-mean-square (r.m.s.) of 

velocity fluctuations for the single-phase flows. For comparison with other 

literatures, the r.m.s. distribution is normalized by the frictional wall-shear velocity 

u  that is expressed as , where w (  at the wall) is 

the wall-shear stress. In the present study, the frictional velocity is hard to be 

determined directly from the PIV measurement since the light scattering at the 

solid wall prevents the accurate detection of particles. However, we can estimate 

the frictional velocity by using the approach proposed by van Doorne & 

Westerweel (2007). From the fact that the total shear stress  

( ) tends to increase linearly toward the wall and the 

Reynolds stress  becomes negligible at the wall, the wall-shear stress can 

be estimated by extrapolating the total shear stress as a linear function of the pipe 

radial direction. As shown in Fig. 2.4, it can be found that the PIV algorithm we 
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used provides accurate velocity data from a good agreement with other reference 

data (Westerweel et al. 1996; Laufer 1954). 

Not only for the r.m.s. of velocity fluctuations, the turbulent dissipation rate  is 

also considered to be an important characteristic for a description of turbulent 

flows. In the present experiment, however, only two components (r and z direction) 

can be obtained from PIV even though three components of the velocity fluctuation 

are required to determine the dissipation rate. In order to overcome this drawback, 

the local isotropy assumption, suggested by Doron et al. (2001), is adopted. From 

this assumption, the dissipation rate  can be estimated only with fluctuations in the 

r and z direction as follow: 

  (2.1) 

According to Tanaka & Eaton (2007), the estimated dissipation rate e| x for the 

x can be expressed as follow: 

       (2.2) 

where N  and  is the number of samples and mean square error, respectively. The 

mean square error is dependent on optical magnification, images and interrogation 

window size. The last term can be removed simply by increasing the number of 

samples and the third term is always negative. The second term can be eliminated 

based on the fact that the mean square error  is independent of the overlap ratio of 

the interrogation window. As a result, the dissipation rate can be determined as 

follow: 

.                (2.3) 

The under-estimation of the dissipation rate due to the second term of Eq. (2.3) can 

be compensated by normalizing with the previously estimated u  (that is obtained 

based on the extrapolating of the total shear stress), as pointed out by Van Doorne 

& Westerweel (2007). Figure 2.5 shows the dissipation rate normalized by the pipe 

diameter D and the friction velocity  including other measurement data by 

Lawn (1971) and Lawfer (1954). It can be found that a reasonable estimation of the 

dissipation rate has been achieved.  
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In addition to the validation of turbulence statistics for the reference data (single-

phase flows), we quantify the level of uncertainty in the present two-phase PIV. 

From the fact that the PIV method evaluates a velocity based on the particle 

displacement during the time separation, the uncertainties of the liquid velocity can 

be defined as (Lawson et al. 1999) 

.              (2.4) 

Here, *(u), *(M), * t) and * s) is a percentage error concerned with PIV 

measurement, magnification factor M t and particle displacement 

s respectively. The magnification factor is determined during calibration and the 

percentage error corresponding to the factor is found to be about 0.68%. For the 

time separation between two consecutive images, we use the timing bub having a 

time resolution of 20 ns. This timing hub causes a percentage error of the time 

separation and the error increases up to 0.01% with increasing ReD since it requires 

less time separation between two consecutive. In order to evaluate the error in the 

particle displacement, on the other hand, the pixel resolution has to be determined. 

Raffel et al. (2007) found that the pixel resolution is influenced by several sources 

such as the particle image diameter and velocity gradient and so on. In the present 

experiment, the pixel resolution is estimated as 0.1 pixel, meaning that the error in 

measurement of the particle displacement is about 1.75%. Finally, by combing Eq. 

(2.4) with the three percentage errors, it can be found that the uncertainty of the 

PIV measurement is about 1.88%. On the other hand, the statistics of the bubble, as 

expected in Sec. 2.2, is varied depending on the threshold value that is used for the 

binarization of two-phase images. While varying the threshold within 10% around 

the used optimal value, we found that the length of the minor axis of a bubble is 

most affected by the threshold value. However, the deviation of the minor axis is 

less than 4.1%, meaning that the uncertainty corresponding to the bubble properties 

is negligible.  

    When considering that the present bubbles are rising along the spiral path, 

uncertainty caused by the three-dimensional motion of bubbles should be also 

taken into account since the two-dimensional laser plane is used as the 

measurement area. By using independent samples, the true time-averaged vertical 

mean velocity around rising bubbles can be expressed as  with 
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the 95% confidence interval (where s and N is variance and the number of the 

independent samples) because the difference between measured and true statistics 

follows a standardized normal distribution when normalized by (s2/N)0.5 (Benedict 

& Gould 1996; Valente & Vassilicos 2015). As a result, the uncertainty caused by 

the three-dimensional motion of bubbles can be quantified as . We 

found that the uncertainty is less than 8% and 2% for ReD = 5300 and 44000, 

respectively, meaning the negligible effect on our results owing to the sufficient 

number of the independent samples. 

 

2.4. Orthonormal wavelet multi-resolution decomposition 

The discrete wavelet transform is a kind of mathematical operator converting a 

discrete input signal into a more amenable form that enables us to describe the 

original data more succinctly. The reconstruction of original data is carried out 

based on the infinite summation of various functions factored by certain 

coefficients, one of which is called scaling function  and can be obtained by 

solving the scaling equation . Here, k is an integer step of 

the scaling function and ck is called scaling coefficient that must satisfy 

 and  (if k  = 0) or 0 (otherwise) in order to create an 

orthogonal system. When the scaling coefficients are determined, wavelet function 

 can be also defined as  where Nk is the number of 

scaling coefficients and bk is expressed as . If Daubechies 

wavelet is adopted for its ability to capture local features of the input signal, the 

scaling coefficients should follow another confining condition expressed as 

 for integers m  Nk/2-1. Prior to the discrete 

wavelet transform, the scaling and wavelet function is altered by dilating and 

translating them based on the control parameters m and n as follows: 

                    (2.5) 
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.                   (2.6) 

From the above equations, note that m and n controls the dilation and translation of 

wavelet (scaling) function, respectively. When considering the input signal x(t) of 

finite length N = 2M, the original data can be reconstructed by using both the 

approximation coefficient Sm,n and the wavelet (detail) coefficient Tm,n as follow: 

              (2.7) 

where the two kinds of the coefficient are determined by  

                     (2.8) 

.                    (2.9) 

In Eq. (2.7), the first term on the right-hand side is corresponding to the smooth 

signal at scale M (the largest scale) while another term is a combination of detailed 

signals (smaller scale than the largest scale). Eqs. (2.8) and (2.9) are likely to 

consume a lot of computing time but the multiresolution algorithm can solve the 

computational intensiveness in its implementation (Addison 2002). In practice, it 

can be assumed that S0,n is equal to the original data x(t) because it is a weighted-

averaging form of x(t) provided that the original data is not steeply varying 

between samples at this scale m = 0. From S0,n = x(t), other approximation and 

wavelet coefficients can be determined without calculating Eqs. (2.8)-(2.9) as 

follows: 

                   (2.10) 

.                  (2.11) 

Based on the multiresolution algorithm, we can simply reconstruct the original data 

as shown in Eq. (2.7).  

In the present study, since we obtain the two-dimensional velocity data by means 

of PIV, it is not possible to perform the discrete wavelet transform by using the 

above equations. In order to carry out the transform for the two-dimensional data, 

we can simply generate the two-dimensional scaling and wavelet functions (i.e., , 

scaling function; h, horizontal wavelet function; v, vertical wavelet function and 
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d, diagonal wavelet function) by using tensor products such as 

, ,  and 

. Here, the independent variables t1 and t2 is 

corresponding to our spatial coordinate r and z, respectively. By combining Eqs. 

(2.10)-(2.11) and these tensor products of their one-dimensional orthonormal 

counterparts, the multiresolution algorithm can be extended to the two-dimensional 

data as follows (Addison 2002): 

              (2.12) 

                (2.13) 

               (2.14) 

.               (2.15) 

Here, the factor 1/2 preceeding the matrix summation of Eqs. (2.12)-(2.15) results 

from square of the factor  of the corresponding one-dimensional functions 

in Eqs. (2.10)-(2.11). This two-dimensional multiresolution analysis has been 

conducted by Deshpande et al. (2008), Rinoshika & Omori (2011) and Feng & Ran 

(2018) for the decomposition of turbulence flows sustained by interaction among 

various scale structures. Rinoshika & Omori (2011) performed the two-

dimensional discrete wavelet transform of a 2M×2M array by defining 2M×2M matrix 

CM consisting of scaling coefficients and 2M×2M permutation matrix PM (that moves 

the odd rows of matrix to the first 2M-1 elements and the even rows of matrix to the 

last 2M-1 elements) as follow: 

1 1

1 1

v
TM M M M M M

h d

S D
T P C V P C

D D
.         (2.16) 

In Eq. (2.16), it can be found that the 2M×2M original data VM can be rewritten into 

two terms: one consisting of the approximation coefficient sub-matrix S1 (2M-1×2M-

1) and another combined by three wavelet coefficient sub-matrices (2M-1×2M-1) 

denoted as ,  and . Here the subscripts of S and D denote a scale index 
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(dilation parameter) m in Eqs. (2.5)-(2.6), and we can also notice that the 

decompositioon of VM can be achieved simply by using the scaling coefficients, 

which is corresponding to the multiresolution algorithm expressed as Eqs. (2.12)-

(2.15). The decomposition can be conducted to the sub-matrix S1 again with the 

same procedure as (note that the resultant matrix always takes the same size 

2M×2M): 

.      (2.17) 

This matrix manipulation is repeated up to the limit of data size (2M×2M) and finally 

we obtain the following equation. 

     

(2.18) 

Based on the fact that the product of the scaling and permutation matrix (W = 

P1C1 PM-1CM-1PMCM) satisfies WTW = I (here, I is a unit matrix) owing to the 

orthonormality between their basis functions, Eq. (2.18) can be rewritten as below. 
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(2.19) 

In the present study, since our data size is between 27×27 and 28×28, we need to 

extend the data size to 28×28 by (i) padding zeros to the left and right side of the 

raw data in order to consider the no-slip condition at the wall, and (ii) filling the 

space above (under) the raw data using the data that are the same distance apart 

from the top (bottom) of the raw data in order to take into account our flow 

condition. The flow charateristics are not expected to be altered significantly since 

another disturbance source is not introduced under and above the measurement 

area with the same pipe diameter. We also observed that spurious vectors near the 

upper and lower boundaries between the original and added data are not detected 

when the decomposition is performed. As a result, the preprocessed original data of 

size 28×28 can be decomposed as  where VS and  is the 

smooth signal at scale M (= 8) and the detailed signal at scale m, respectively. Here, 

VS is the two-dimensional scaling function multiplied by an approximation 

coefficient (of size 1×1) at M = 8 since the size of the scaling function is the same 

as the preprocessed data size. It implies that VS contains little physical information 

for a description of the largest turbulence structure representing the flow geometry 

(Rinoshika & Omori 2011; Feng & Ran 2018). Based on the Kolmogorov 

hypotheses (Kolmogorov 1991; Pope 2000), it is the well-known physical property 

of turbulent flows that most of the turbulent kinetic energy is generated at the 

largest scale and transported toward smaller scales. In order to express the energy 

cascade between the largest and small scales, we rewrite the velocity 
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decomposition as below. 

.             (2.20) 

Here, VL ( ) represents the largest scale structure at wavelet level 

(WL) 1 that dominates the turbulence characteristics of our turbulent flows while 

the other decomposed components ( , N = 4-1) belong to WL2-5, respectively. 

We defined VL by summing the flow corresponding to the approximation 

coefficient (VS) with four details of intermediate scales ( ). When we use 

less than four details, the vertical mean velocity of VL is found to be evidently 

different from that of the raw data, indicating that the largest scale structure 

representing the flow geometry (VL) should be determined by using more than four 

details as well as the VS. In addition, we also observe that interaction between the 

largest and the small scale structures, both of which are determined based on Eq. 

(2.20), follows well-known turbulence characteristics. This physical relationship 

among the scales is going to be discussed in the following section. 

 

2.5. Further discussion of discrete wavelet transform 

Of importance in performing the discrete wavelet transform is to choose what 

kind of wavelet is used to describe our turbulent flows. The wall-bounded 

turbulence such as turbulent pipe flows is considered as a tough condition for the 

discrete wavelet transform since various kinds of turbulence structures exist with 

interacting vigorously with each other. Kline et al. (1967), Kim et al. (1971) and 

Smith and Metzler (1983) revealed the streamwise long streaks near the wall, 

which is corresponding to relatively slow-moving fluid compared with the 

streamwise velocity between the steaks. The steak is considered as one of the 

important turbulence characteristics because it induces the ejection and sweep 

motion responsible for the turbulence production (Corino and Brodkey 1969). The 

long flow structures near the wall is expected to be distinguished at WL5 because 

the combination of small square elements is more suitable for the description of the 
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long flow structure rather than using larger square elements. This property of the 

wall-bounded turbulence is quite a contrast to Eqs. (2.5) and (2.6) indicating that 

large scale structures are decomposed at WL1. It means that the characteristic 

length scale tends to depend on its radial location even at the same WL. In order to 

take into account the property of wall-bounded turbulence, we define the 

representative length scale of each WL by applying the integral length scale. As is 

well known, the integral scale is related to the flow structure containing the largest 

turbulence kinetic energy and it is defined as the integral of an auto-correlation 

function f revealing how the correlation between velocity fluctuations of any two 

locations changes as they are separated from each other (Pope 2000). The 

representative length scale of each WL (lWLi i , 5), then, is expressed as 

below. 

.                     (2.21) 

Here, the auto-correlation function is defined  as 

 where  is a vertical distance 

from the reference position (z0: bottom of the evaluation region). 

For the physical description of the wall-bounded turbulence, we must check the 

locality of the used wavelet. If the locality is not enough, the discrete wavelet 

transform is not capable of providing a physical description of the wall-bounded 

turbulent flows. However, there is no clear criteria for deciding what wavelet to 

employ, which is one of the drawbacks of the wavelet transform. In the present 

study, we adopt Daubechies 20 wavelet as a basis function, meaning that twenty 

scaling coefficients is used in Eqs. (2.12)-(2.15). In previous studies, it was 

reported that Daubechies 20 wavelet function has a good localization (Indrusiak et 

al. 2005; Rinoshika and Omori 2011; He et al. 2018). In addition, small scale 

structures as well as the largest scale representing the flow geometry is 

decomposed based on Eq. (2.20). In order to validate the wavelet transform for our 

pipe flows and the preprocessing of raw data, we must confirm that interplay 

between the largest scale structure VL (WL1) and the smaller scales  (WL2-5) 

follows typical turbulence characteristics. In Figs. 2.6(a) and 2.7(a), it can be found 

that the vertical mean velocity of WL1 is almost equal to that of the raw data for 
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both the Reynolds numbers. Reynolds stress of WL1 for ReD = 5300 is also close to 

that of the raw data as shown in Fig. 2.6(b), but the contribution of WL1 to the 

Reynolds stress becomes reduced but still most significant when ReD increases to 

44000 as presented in Fig. 2.7(b). It indicates that most of the turbulent kinetic 

energy is produced at the largest scale structure (WL1) representing the flow 

geometry. Figures 2.6(c) and 2.7(c) shows radial distribution of the turbulent 

kinetic energy k ( ) together with the decomposed flow fields from 

WL1 to 5. As indicated from Figs. 2.6(a)-(b) and 2.7(a)-(b), most of the energy is 

found to involve in WL1 especially at the pipe center. For ReD = 44000, however, 

the relative contribution of WL1 at r/D = 0 is reduced while WL2 starts to contain 

more energy compared with the low Reynolds number in spite of 

 at r/D = 0. It means that some portion of the energy 

produced at WL1 begins to be transported to WL2 when ReD increases to 44000. 

This enhanced energy transfer from WL1 to 2 can be understood based on the 

turbulence dissipation rate  of each decomposed flow fields (estimation of  was 

already detailed in Sec. 2.3). In Fig. 2.6(d), it can be observed that the most 

vigorous dissipation occurs at WL1 for ReD = 5300, resulting in less energy 

transfer toward WL2. For ReD = 44000, however, the dissipation at WL1 

significantly decreases as shown in Fig. 2.7(d), meaning that more energy is 

transferred to WL2 compared with ReD = 5300. Near the wall, the energy cascade 

from WL1 to 5 begins to be more pronounced compared with the pipe center. In 

fact, the dissipation rate at WL2-5 tends to increase toward the wall for both the 

Reynolds numbers (Figs. 2.6d and 2.7d). Based on the energy balance at each scale, 

it indicates that the energy transfer from large to small scales (energy cascade) 

becomes more vigorous near the wall, which leads to the intensified contribution of 

WL2-5 to the turbulence energy as shown in Figs. 2.6(c) and 2.7(c). Here, note that 

less energy is directly generated near the wall at WL3-5 even for the large ReD due 

to their 0l r zu u .  

For more quantitative validation of the decomposed flows, we employ the model 

spectrum (Pope 2000). The model for the energy spectrum E( ), which is varied 

depending on the wavenumber  (  where l is a characteristic length scale) 



 

22 

is  

,               (2.22) 

where the specified non-dimensional functions fL( ) and f ( ) is determined by 

 and , 

respectively. The function fL( ) determines the shape of the energy-containing 

range with p0 = 2 and cL = 6.78. Similarly, the shape of the dissipation range is 

determined by f ( ) with the positive constant c  = 0.40 and  = 5.2. In the model 

spectrum expressed as Eq. (2.22), the length scale characterizing the large eddies L 

and the dissipative motion  (called Kolmogorov length scale) scale is defined as L 

= k3/2/  and  = ( 3/ )1/4, respectively. With the specified value of k and , as a 

result, we can estimate the energy involving in a specific length scale l ( ) by 

using the model spectrum with the constant C = 1.5. Besides, we can quantify the 

scales of the dissipative motion by defining the dissipative spectrum as ) = 

2 2E( ). From Figs. 2.8 and 2.9, it can be found that turbulence energy involved in 

WL1 near the pipe center is dominant compared with the other small scales (WL2-

5). The energy belonging to the small scale structures, however, starts to be 

enhanced with increasing ReD and toward the wall. These scale-wise properties of 

turbulent kinetic energy were also observed in Figs. 2.6(c) and 2.7(c). Contrary to 

the energy of WL1-5 proportional to their length scales, the dissipation spectrum 

), which is related to the energy transfer between scales, shows more 

complicated tendencies compared with the energy spectrum. For ReD = 5300 (see 

dashed lines in Fig. 2.8), WL1-2 show the strongest dissipative motion at the pipe 

center (r/D = 0) compared with the other small scales, but the contribution of small 

scale motions corresponding to WL2-3, which were negligible at the pipe center, 

begins to be more dominant than WL1 near the wall (r/D = 0.45). This 

intensification of dissipative motion at WL2-3 due to the wall can be also observed 

in Fig. 2.6(d). For ReD = 44000 (see dashed lines in Fig. 2.9), the dissipation at 

WL1 showed the attenuated contribution compared with ReD = 5300 while WL2-3 

become responsible for the dissipation of the energy generated at the largest scale 

(WL1). In Fig. 2.9(b), WL4 also exhibits active dissipative motions near the wall. 

Interestingly, these turbulence properties of each scale in terms of the dissipation 
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rate for ReD = 44000 are presented in Fig. 2.7(d). Based on the close relationship 

between our experimental data (i.e., turbulence kinetic energy and dissipation rate 

at WL1-5) and the model spectrum, it is plausible that the decomposed flow fields 

take the physical, not artificial, information in spite of the usage of the data 

preprocessing, Daubechies 20 wavelet and complicated interaction between various 

scale structures populated near the wall. This spatial decomposition of the wall-

bounded turbulence is expected to fail if the Fourier transform is used due to their 

non-localized basis function, which is one of the advantages of the discrete wavelet 

transform. 
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Figure 2.1. Experimental apparatus for an upward bubbly flow in a circular pipe 
with a diameter of D = 40 mm. 
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Figure 2.2. System of two-phase particle image velocimetry to measure both of 
the gas- and liquid-phase velocity simultaneously. 
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Figure 2.3. Post-processing of an image acquired by the camera for the phase 
separation: (a) image containing both of the bubble shadow and trace particles; 
(b) background image in the absence of bubbles and particles; (c) image 
resulting from (a)  (b) and minima for the watershed transform; (d) all the 
bubbles existing in the field of view; (e) overlapped bubbles and (f) their 
separation based on the watershed transform as well as other isolated bubbles; 
(g) bubble edges via Sobel filter and (h) those of the in-focused bubbles among 
them; (i) in-focused bubbles whose edges are corresponding to (h); (j) both of 
the particles and bubble edges extracted by LoG filter; (k) image resulting from 
application of median filter to (j); particle image for PIV measurement. 
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Figure 2.4. Comparison of turbulence statistics between the present study 
(closed symbols) and other data from the literature (open symbols) at (a) ReD = 
5300; (b) 44000. 
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Figure 2.5. Dissipation rate  versus r/D for single-phase flows: closed symbols, 
present study; open symbols: data from the literature. 
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Figure 2.6. Radial distributions of (a) vertical mean velocity, (b) Reynolds 
stress, (c) turbulence kinetic energy and (d) dissipation rate for ReD = 5300 

and : , original data; , WL1; , WL2; , WL3; , WL4; 

, WL5. 
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Figure 2.7. Radial distributions of (a) vertical mean velocity, (b) Reynolds 
stress, (c) turbulence kinetic energy and (d) dissipation rate for ReD = 44000 

and al data; , WL1; , WL2; , WL3; , WL4; , 

WL5. 
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Figure 2.8. Spectrum of energy E( ) and dissipation ) (Pope 2000) 
normalized by the maximum value (a) at r/D = 0 and (b) 0.45: black thick line, 
energy spectrum; black dashed line, dissipation spectrum. Wavenumbers 
corresponding to lWL1-5 are also plotted as vertical colored lines: black, WL1; 
red, WL2; blue, WL3; green, WL4; brown, WL5. All profiles are given at ReD 

= 5300 and . 
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Figure 2.9. Spectrum of energy E( ) and dissipation ) (Pope 2000) 
normalized by the maximum value (a) at r/D = 0 and (b) 0.45: black thick line, 
energy spectrum; black dashed line, dissipation spectrum. Wavenumbers 
corresponding to lWL1-5 are also plotted as vertical colored lines: black, WL1; 
red, WL2; blue, WL3; green, WL4; brown, WL5. All profiles are given at ReD 

= 44000 and . 
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Chapter 3 

 

Turbulence statistics modification due to bubbles 

 
In this chapter, the condition of the bubble used in the present experiment is 

provided based on the post-image processing for gas-phase separation from a liquid 

phase (detailed in Sec. 2.2). In Sec. 3.1, statistical properties of the gas phase 

(bubble) are given and discussed for their physical explanations. Then, a 

description of the turbulence modification of the liquid phase, which is closely 

related to the gas-phase condition, is provided in Sec. 3.2. 

 

3.1. Bubble (gas-phase) conditions 

Figure 3.1 shows the radial distributions of time-averaged properties of bubbles 

used in the present study, i.e., local void fraction , equivalent diameter  and 

mean vertical velocity  with varying the volume void fraction  in the 

range 0.3-1.8% and 0.2-1.5% for ReD = 5300 and 44000, respectively. As reported 

by previous studies, it is observed that more bubbles accumulate near the wall, 

showing the typical wall-peaking condition where the local peak occurs at r/D 

0.43. According to Tomiyame et al. (2002), the transverse lift force moves bubbles 

toward the wall for Eo < 5.0, resulting in the wall-peaking condition where more 

bubbles accumulate near the wall. When ReD increases from 5300 to 44000, it can 

be found that the bubble motion migrating toward the wall is more pronounced. 

This is due to the intensified gradient of mean vertical velocities with increasing 

ReD (velocity at the wall is always zero regardless of ReD while velocity at the pipe 

center increases with increasing ReD). In terms of equivalent bubble diameter, 

larger bubbles tend to move away from the wall while smaller ones toward the wall 

for ReD = 5300. This kind of bubble size distribution was reported by Shawkat et al. 

(2008). For ReD = 44000, however, the size of larger bubbles existing in the high-

speed flow is not comparable with that of ReD = 5300 since high shear stress 

exerted near the holds where gas are injected in the bubble generator is likely to 
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destroy bubbles more vigorously with increasing ReD. The bubble rise velocity, on 

the other hand, shows a similar tendency regardless of ReD: it is reduced toward the 

wall since the vertical velocity of the liquid surrounding bubbles decreases toward 

the wall due to the no-slip condition at the wall. Of difference in the velocity 

distribution depending on ReD is the observation that the deceleration of bubble 

rise velocity starts earlier for ReD = 44000 when the volume void fraction increases 

more than 0.5%. This is attributed to the enhanced interaction among bubbles 

(wall-peaking void fraction distribution is more obvious for this higher ReD), 

resulting in the reduction of bubble velocity as reported by Riboux et al. (2010) 

suggesting that the bubble rising velocity  is proportional to . On the 

other hand, as other parameters for a description of the bubbles immersed in liquid, 

the Reynolds and Weber numbers are defined as  and 

, respectively. For ReD in the range 5300-44000, it is 

observed that Reb and We varies between 830  1370 and 3.4  7.5, respectively. 

This implies that the introduced bubbles would rise along the oscillating path and 

experience a substantial deformation because the dynamic pressure exerted on it, 

, is larger than the surface tension pressure, , as reported 

by Clift et al. (1978). 

 

3.2. Liquid-phase statistics with varying ReD 

Figure 3.2 and 3.3 shows a radial distribution of time-averaged vertical velocity 

, r.m.s. of velocity fluctuations in a radial  and vertical direction  

and Reynolds stress  (the overbar denotes the time-averaging.) for the 

change of volume void fraction for ReD = 5300 and 44000 respectively. In the case 

of ReD = 5300, the radial distribution of the time-averaged velocity in the vertical 

direction becomes uniform, in particular in the core region of the pipe. For 

, however, the mean velocity profile is skewed toward the right side, 

indicating that the effect of an asymmetric distribution of the bubbles at the inlet of 

the pipe still exist (the frequencies at which bubble is generated at four holes in the 
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bubble generator is different from each hole due to their manufacturing tolerance). 

The asymmetric distribution of the bubbles is recovered to the uniform distribution 

at z = 42D due to the bubble agitation for  and 1.8% while the 

agitation of the bubbles for  = 0.3% is not strong enough to distribute the 

bubbles uniformly. Although the shear-induced turbulence is observed to be 

suppressed from the fact that the mean velocity gradient in the core region is 

reduced, the turbulence intensity is enhanced by the bubbles across the entire pipe. 

For ReD = 5300, the bubble-induced turbulence appears to have a more significant 

effect than the shear-induced turbulence, as reported by Theofanous & Sullivan 

(1982) proposing that the bubble-induced turbulence is dominant if centerline 

liquid velocity  is much smaller than . Thus, it is observed that 

the turbulence of the two-phase flow is enhanced with the volume void fraction. 

The relative magnitude of the shear-induced turbulence near the wall, however, is 

likely to increase compared with the core region from the fact that both the 

Reynolds stress and the mean velocity gradient are enhanced due to the bubbles 

rising near the wall. The increase in the Reynolds stress has been focused by a 

large amount of researches and found to be closely related to the gradient of the 

mean vertical velocity of the liquid phase (Sato & Sekoguchi 1975), the relative 

velocity between the liquid and bubbles and local void fraction (Hosokawa & 

Tomiyama 2013; Kim et al. 2016). Lee & Park (2020) reported that the normal 

stresses are collectively affected by flow disturbances by local bubbles and 

gradients of the mean bubble rise velocity ( ) and local void fraction 

( ). As compared to the single-phase flow, additional flow disturbances by 

bubbles will increase both at the core and wall regions, while effects by gradients 

of mean bubble velocity and local void fraction are intensified near the wall (Figs. 

3.1a,c). Therefore turbulence intensities in both directions are basically higher than 

single-phase flow, which increases with  and is larger near the wall region 

(|r/D| > 0.35) (Figs. 3.2b,c). On the other hand, Reynolds stress is found to purely 

influenced by the spatial gradient of the physical quantities (e.g., , 

 and , where  is relative velocity expressed as 
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), instead of their absolute magnitudes (Sato & Sekoguchi 1975). 

Thus the contributions are most significant in the vicinity of the wall (|r/D| > 0.35) 

where more bubbles are populated and an intense liquid variation occurs due to the 

no-slip condition, which increases with  (Figs. 3.1a, c). As a result, Reynolds 

stress is dominantly enhanced near the wall but suppressed at the core region (Fig. 

3.2d). 

Once the Reynolds number increases up to 44000, the bubbles appear to 

influence the turbulence of the liquid phase differently from the case of ReD = 5300. 

The extent of the influence of bubbles on the turbulence is attenuated with the 

suppression of a standard deviation of the vertical fluctuation near the wall. This 

suppression has been encountered so frequently that a large amount of researches 

has been conducted. It has been found that the turbulence suppression can be 

observed in the specific cases where the liquid velocity is higher than 

approximately 1 m/s (Serizawa & Kataoka 1990) or ratio of characteristic length 

scale between the flow disturbed by bubbles and the flow through a large amount 

of the bubbles exceeds a certain value (Gore & Crowe 1989). Kataola et al. (1993) 

provided a more detailed description of the turbulence suppression for the high-

speed flow. They suggested that the turbulence suppression would result from the 

bubble-eddy interaction through which eddies around a bubble are fragmented into 

smaller ones due to the strong distorted bubble surface. However, So et al. (2002) 

and Fujiwara et al. (2004) reported the turbulence suppression near the wall even 

for low-speed flows. This kind of turbulence suppression is likely to be related to 

their small bubble size (1-2 mm) when taking into account the discussion given by 

Gore & Crowe (1989). In spite of their efforts, there is no consensus because a 

clear account of the turbulence suppression, actually resulting from the interaction 

between the bubble-induced and wall-generated turbulence, is not given so far. In 

this study, the various turbulence structures are decomposed into several length 

scales based on discrete wavelet transform (DWT) and the contribution of each 

scale on the turbulence modification is analyzed with the aim to enhance our 

understanding of turbulence modification. 
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Figure 3.1. Bubble statistics versus r/D with varying the volume void fraction at 
ReD = 5300 (a,c,e) and 44000 (b,d,f): (a,b) void fraction; (c,d) equivalent 
diameter; (e,f) rise velocity normalized by bulk liquid velocity. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2. Liquid-phase turbulence statistics versus r/D with varying the 
volume void fraction at ReD = 5300: (a) mean vertical velocity; r.m.s. of (b) 
vertical and (c) radial velocity fluctuations; (d) Reynolds stress. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.3. Liquid-phase turbulence statistics versus r/D with varying the 
volume void fraction at ReD = 44000: (a) mean vertical velocity; r.m.s. of (b) 
vertical and (c) radial velocity fluctuations; (d) Reynolds stress. 



 

 

Chapter 4 

 

Identification of the turbulence structures induced by 

bubbles and their interaction with the background 

flow 

 
In this chapter, the turbulence modification of the liquid phase due to bubbles is 

described in more detail by decomposing the turbulent bubbly flow into several 

length scales (Sec. 4.1) and recognizing various kinds of bubble-induced 

turbulence. Here, the decomposition of an instantaneous flow field for the single- 

and two-phase flow is carried out using DWT (detailed in Sec. 2.4). Before 

identifying the bubble-induced turbulence having various length scales, its 

qualitative properties are discussed from instantaneous flow fields in Sec. 4.2. Then, 

we determine various length scales representing several sources for the bubble-

induced turbulence (i.e., bubble front, rear part and eddy that detaches from bubble 

rear) and apprehend the interaction between the bubble-induced turbulence and the 

background flow in Sec. 4.3. We observe that the interaction is significantly altered 

depending on the Reynolds number, allowing us to understand the turbulence 

modification of the liquid phase caused by bubbles. In Sec. 4.4, we also discuss the 

relation between the turbulence attached to the bubble rear and the detached eddies, 

confirming our observation in Sec. 4.2. 

 

4.1. Qualitative description of instantaneous flow fields 

decomposed by DWT 

Figures 4.1 and 4.2 present an instantaneous single-phase flow field at ReD = 

5300 and 44000, respectively, together with its five decomposed fields from WL1 

to WL5. In the figures are fluctuating velocity vectors ( ) and contour 

denoting their vorticity ( z ru r u z ) normalized by ubulk and D. In 

order to recognize various turbulence structures and their interaction in the pipe 

flows, the discrete multiresolution decomposition is applied to the instantaneous 



 

 

single-phase flow field (Figs. 4.1a, 4.2a), reconstructing it into five decomposed 

flow fields. Here, it is observed that the size of turbulence structures distinguished 

at each WL decreases with increasing WL, meaning that the decomposition is 

performed depending on the length scale. In the instantaneous flow fields in the 

absence of bubbles, turbulence structures generated by the wall are observed near 

the wall. For ReD = 5300, turbulence structures elongated in the streamwise 

direction are detected in the raw data (Fig. 4.1a), but they appear to be fragmented 

into smaller ones and become more complex near the wall as ReD increases up to 

44000 (Fig. 4.2a). When it is decomposed, the largest scale structures are 

distinguished at WL1 as shown in Fig. 4.1(b). From the fact that vertical mean 

velocity at WL1 is close to the original data with other WLs showing zero mean 

velocity except for small oscillation near the wall, the largest scale structure 

represents the geometry of the largest eddies that is determined by the mean flow 

field. Figure 4.3 shows the radial distribution of the Reynolds stress  of 

the raw data together with those of decomposed flow fields (WL1-5). Here, it can 

be found that the Reynolds stress totally vanishes from WL2, meaning that most of 

the turbulence energy is generated only at the largest scale structure (WL1) and 

transfers toward smaller scales (WL2-5). This kind of interplay between large and 

small scales agrees very well with the Kolmogorov hypothesis (Kolmogorov 1991; 

Pope 2000). Small scale structures, the energy of which are transferred from WL1, 

tend to accumulate near the wall and their number density becomes more skewed 

to the wall as WL increases as shown in Figs. 4.1(c-f). Here, the coherent vortical 

structures can be observed up to WL3 for ReD = 5300, but they also distribute in 

more small scales close to WL4 with more randomized motion when ReD increase 

up to 44000 (Figs. 4.2b-f). Judged by these differences in the dominant scales 

depending on ReD, it is plausible to use these two cases of single-phase flows as a 

reference background flow for the study on how the bubbles interact with and 

modify the turbulence characteristics of a liquid phase. 

Figures 4.4 and 4.5 show the instantaneous flow fields representing our bubbly 

flows where bubbles are immersed in the two reference pipe flows (single-phase 

flow) at ReD = 5300 and 44000, respectively, including their decomposition in 

terms of WL. In order to identify the bubble-induced agitation, vectors evaluated as 



 

 

 (the instantaneous two-phase flow velocity subtracted by the 

time-averaged single-phase flow velocity) are used together with their vorticity 

expressed as . In the figures, areas occupied by bubbles 

that locate on or in front of the laser sheet are denoted as a grey region and the 

bubble velocity is plotted only for the in-focused bubbles. For both ReD

found that the length scale of  decreases gradually with increasing WL from 1 to 

5, but their characteristics are likely to be different depending on ReD. At ReD = 

5300, the bubble-induced turbulence is clearly observed in the raw data as shown 

in Fig. 4.4(a). Here, their vorticity is significantly large and covers the whole 

domain compared with the single-phase flow where turbulence structures are 

mainly confined to the near-wall region. In fact, flow field is strongly agitated 

around the in-focused bubbles and the pairs of counter-rotating vortices, a typical 

kind of wake structure behind a bubble (Reb > 700) rising along the spiral (or 

zigzag) path (Zenit & Magnaudet 2008; Lee & Park 2017), are also detected in the 

bubble wake regions. When the raw data is decomposed in terms of the length scale, 

the fluctuating velocities in the vicinity of the in-focused bubbles are distinguished 

at WL1 (Fig. 4.4b) while smaller scales distributed away from bubbles are 

identified from WL2 (Fig. 4.4c) to WL3 (Fig. 4.4d). The other smaller scales from 

WL4 to 5, on the other hand, are distributed near the wall (Figs. 4.4e,f), indicating 

that they are related to the secondary structure induced by the interplay between the 

bubble-induced turbulence and the wall. When ReD increases up to 44000, it can be 

found that the bubble-induced turbulence is attenuated significantly from the fact 

that the strength of vorticity is similar to the single-phase flow even for the 

presence of bubbles. Contrary to ReD = 5300, the turbulence structures that is 

expected to be generated by bubbles such as the turbulence localized around 

bubbles or pairs of counter-rotating vortices become obscure, indicating the 

enhanced contribution of the fluctuating velocity of a high-ReD flow. In fact, 

coherent structures around the in-focused bubbles are not distinguishable at WL1 

(Fig. 4.5b) and count-rotating vortices are not also clear at WL2-5 (Figs. 4.5c-f). As 

shown, the scale-wise decomposition of a turbulent bubbly flow shows the 

different characteristics depending on the ReD, as expected from the difference in 

the single-phase flow cases (Figs. 4.1, 4.2).  



 

 

 

4.2. Recognition of bubble-induced agitation and its 

characteristics 

The scale-dependent bubble-induced turbulence discussed above implies that the 

bubble-induced agitation of the liquid phase plays a major role across a range of 

scale, meaning that it is required to identify the physical mechanism responsible for 

the observed properties at a specific scale. When the ReD is not high enough (ReD = 

5300), the bubble-induced agitation is clearly distinguishable even with the 

presence of the wall-generated turbulence, down to the scales of WL1 and WL3 

(Fig. 4.4). Figure 4.6 shows instantaneous flow fields over non-dimensional time t* 

( ) for ReD = 5300 and . As detailed in Sec. 4.1, turbulence 

structures localized in the vicinity of bubbles are clearly observed at WL1 while 

smaller scale structures at WL2 exist far away from bubbles. From the figure, 

relation between WL1 and WL2 can be identified. First, Let us highlight a bubble 

as a black arrow when vortices that were accumulated at the bubble surface are 

about to shed from it at the instant of t* = to (Fig. 4.6a). When the shedding occurs 

from the highlighted bubble (t* = to + 0.10), a pair of counter-rotating vortices that 

detach from the bubble wake region (highlighted as a black window in Figs. 4.6b 

and c) can be distinguishable at WL2 but absent in WL1. These detached eddies 

still remains and convects even after the corresponding bubble departs from the 

measurement area of 41.55 < z/D < 42.55 (Fig. 4.6d). Based on these observations, 

it can be found that turbulence energy corresponding to the small eddies at WL2 is 

transferred from WL1 where turbulence structures are localized close to bubbles. In 

fact, the flow agitation induced by the bubble surface, which is likely to give birth 

to the detached eddies as shown in Fig. 4.6, can result from different sources such 

as the potential flow (Ellingsen & Risso 2001; Bouche et al. 2014; Roig & Larue 

de Tournemine 2007; Risso 2016), deformable bubble surface (Groen et al. 1999; 

Liu et al. 2005; Liu & Zheng 2006) and the entrainment of surrounding liquid 

behind a bubble (Risso & Ellingsen 2002; Riboux et al. 2010; Riboux et al. 2013; 

Bouche et al. 2014). Thus, a more detailed description of the turbulence structure in 

the vicinity of the bubble is considered to be an important issue for a better 



 

 

understanding of our turbulent bubbly flow. 

For further analysis, figure 4.7 shows an image processing procedure to 

determine the area containing the flow agitated by the bubble vicinity. We extend 

the methodology by Roig & Larue de Tournemine (2007) to our two-dimensional 

flow field. First, from the bubble shadow image (binarized image based on Otsu 

algorithm) having both in-focused and out-of-plane bubbles (Fig. 4.7a), only the 

in-focused bubbles are extracted by applying Sobel filter (Fig. 4.7b). Then, we sort 

out the bubbles rising at a certain radial location rb with a spatial tolerance less than 

5% ( ). For example, let us pick a bubble(s) located at rb/D = 0 at 

the instant of Fig. 4.7(a), as shown in Fig. 4.7(c), and define a rectangular area 

(12db 4db) around the bubble where the bubble is located at the center (Fig. 4.7d). 

Similarly, the rectangular regions around the other in-focused bubbles can be 

defined as shown in Figs. 4.7(e,f). Finally, some portions that are overlapped by 

others are removed, as shown in Fig. 4.7(g), to solely take into account the flow 

perturbation by the bubble of interest. Here, let us denote this final area as domain 

turbulence statistics involved in 

was found to be altered significantly near the bubble but their modification 

becomes negligible at the vertical distance of  from the bubble center as 

shown in Fig. 4.8

The , on the other hand, is based on the fact that the horizontal distance 

between adjacent bubbles needs to be at least 2db such that the effect of side-by-

side bubbles on the flow around them becomes quite small (Lee & Park 2020). For 

all the liquid velocities e bubble front part or rear part 

a uz,b = -|a||uz,b| where a is a relative location to an in-focused bubble having a 

velocity vector uz,b, the liquid velocity can be considered to involve in bubble rear. 

On the other hand, a uz,b = |a||uz,b| means liquid velocity in front of bubbles. Figure 

4.9 presents the probability density function (PDF) of velocity fluctuations in front 

of and behind the bubble, respectively, which are located near the pipe center (-0.1 

< r/D < 0.1). The PDFs is found to show a similar distribution regardless of the 

magnitude of a. However, the PDFs of vertical fluctuations in front of and behind 

bubbles are highly skewed to the positive direction while the radial PDFs are 



 

 

symmetric: the skewness of the vertical PDFs is about 0.7 while that of the radial 

PDFs is almost zero. The positive skewness of the vertical PDFs corresponding to 

the region behind the bubble has been reported by various researchers suggesting 

that the entrainment of surrounding bulk liquid caused by the interplay between 

counter-rotating vortices in the near wake is responsible for the positive skewness 

(Riboux et al. 2013; Risso 2016; Amoura et al. 2017; Risso 2018). The vertical 

PDFs in front of the bubble, however, also show asymmetrical distributions, which 

is not in agreement with other reports claiming that velocity field located above a 

bubble can be described by the potential flow around a single rising bubble 

(Ellingsen & Risso 2001; Risso & Ellingsen 2002). Risso (2016) reported that PDF 

of liquid velocity fluctuations induced by the potential flow becomes symmetric 

provided bubble number density is high enough. The difference between our 

asymmetric vertical PDFs of the bubble rear part and Risso (2016) can be 

explained from the fact that our bubbles take We larger than 6.04, meaning that 

bubbles introduced in our pipe wobble significantly. Figure 4.10 shows an in-

focused bubble rising at -0.1 r/D < 0.1 (highlighted as a black arrow) and its time 

history of instantaneous flow fields with locally enhanced fluctuating velocity in 

front of it when its aspect ratio has the maximum value. In these figures, the bubble 

is found to keep on the laser sheet from the fact that strong vorticity starts to be 

generated around the bubble (t* = t0) and remains around the bubble up to t* = t0 + 

0.12 (Figs. 4.10a-e). When the aspect ratio of the corresponding bubble becomes 

close to the maximum value (Figs. 4.10d,e), vertical liquid velocity in front of the 

bubble starts to be accelerated strongly (Figs. 4.10i,j). In fact, it has been 

previously reported that the drag coefficient of an elliptical object immersed in a 

flow increases as its aspect ratio increases (Blevins 1984). Although the drag 

coefficient of the bubble highlighted in Figs. 4.10(d,e) is expected to increase, it is 

observed that velocity magnitude of the bubble is not reduced. This behavior of the 

bubble means that the force exerted by the bubble front, which pushes water 

vertically, is enhanced as the aspect ratio increases. This physical relation between 

the wobbling bubble surface and the acceleration of vertical velocity is responsible 

for the skewed PDF of vertical velocity fluctuation in front of a bubble (Fig. 4.9b). 

Radial velocity induced by bubble front, on the other hand, shows the symmetric 

PDF distribution (Fig. 4.9a). Although the radial velocity fluctuations induced by 



 

 

both the bubble front and rear part are also significant at the moment of maximum 

vertical fluctuations, they are not skewed to a certain direction (Fig. 4.9o), leading 

to the symmetric PDF since the magnitude of each region change alternatively due 

to the path instability of a bubble rising along a spiral or zigzag path (Fan & 

Tsuchiya 1990; Ellingsen & Risso 2001; Mougin & Magnaudet 2002, 2006; Yang 

& Prosperetti 2007; Zenit & Magnaudet 2008; Ern et al. 2012). 

In this section, we recognize various kinds of bubble-induced turbulence for ReD 

= 5300 where the bubble-induced turbulence is dominant compared with the wall-

generated turbulence. Turbulence structures localized in the vicinity of bubbles 

were distinguished at WL1 where liquid fluctuations induced by the bubble wake 

and wobbling bubble surface are combined. Small eddies far away from bubbles 

(WL2) are also observed to develop and detach from the bubble rear by means of 

the high-speed two-phase PIV (Fig. 4.6). These kinds of turbulence induced by 

bubbles, however, become obscure with increasing ReD up to 44000 due to the 

significant effect of the wall. Even for their obscurity and large increase in the 

wall-generated turbulence, the turbulence generated by bubbles appears to remain 

and influence the turbulence of liquid phase as shown in Fig. 3.3 (turbulence 

modification, i.e., turbulence enhancement in the pipe center, is clear). In order to 

understand how the turbulent structures induced by bubbles change with increasing 

ReD, we are going to first define their length scale for ReD = 5300 and then estimate 

how their length scale is modified with increasing ReD up to 44000. The 

determination of the length scale will be detailed in the next section. 

 

4.3. Determination of representative length scale 

To detail our discussion, it is required to determine the representative length 

scale of each scale-wise turbulence structure induced by bubbles since it allows us 

to notice what kind of bubble-induced turbulence (i.e., agitation around a bubble 

and small eddies detached from bubble rear which is expected to vary depending 

on the Reynolds number or their local position in the pipe) resides in a specific 

decomposed flow field. As presented in Fig. 4.7

order to describe characteristics of the localized turbulence structures close to 



 

 

bubbles and it has been found that liquid velocities above and behind a bubble are 

accelerated in a vertical direction due to the wobbling effect of bubble surface and 

bubble wake, respectively. Figure 4.11 shows r.m.s. of vertical velocity fluctuations 

around bubble, which is evaluated by conditionally averaging liquid velocities in 

r/D from 0 to 0.45 (here, bubbles more than 

1000 are averaged and ^ D 

= 5300, the contours imply that the wall-generated turbulence is obscure compared 

with the bubble-induced turbulence and this small contribution of the wall can be 

also confirmed in Fig. 4.11(d) showing the distribution of the r.m.s. difference 

between the bubble vicinity and background flow  (= 

) along the bubble centerline 

. It can be found from the figure that, for ReD = 5300, the velocity 

fluctuations induced by the bubble front part ( ) and wake ( ) are not 

significantly modified even for the bubble rising near the wall (rb/D = 0.45). When 

ReD increases up to 44000, however, velocity fluctuation due to the bubble wake is 

reduced toward the wall (Fig. 4.11h). In order to determine the length scale 

representing the interaction between the bubble-induced turbulence and wall, let us 

define the length scale for the turbulence generated by the bubble front (lfront) and 

bubble rear part (lfront) as follows: 

           (4.1a) 

.          (4.1b) 

Here, the superscript front and rear indicate  at the location close to bubble 

front and rear surface, respectively. In other words, the terms  

and  in the Eq. (4.1) imply how the turbulence developed near the 

bubble surface decays away from the bubble, which is close to 1 at the surface but 

becomes 0 as away from the surface. Since the term is also corresponding to the 

autocorrelation function of integral length scale that is typically used in the study 

of turbulent flow (Tennekes & Lumbley 1972; Pope 2000), we decided to employ 



 

 

the Eq. (4.1) to determine the representative length scale of the turbulence structure 

generated by the bubble front and rear, respectively.  

The detached wake vortices from bubble rear have been identified as one of the 

sources of bubble-induced flow agitation (Fig. 4.6), and its length scale is to be 

determined. Figures 4.12 shows vorticity PDFs of the single- and two-phase flows 

from the pipe center (r/D = 0) to the near-wall location (r/D = 0.4) with void 

fraction of  for ReD = 5300 and  for ReD = 44000, 

all of which are large enough for turbulence to be altered significantly (Figs. 3.2, 

3.3). When vorticity PDFs of the two-phase flows are compared with those of the 

single-phase flow, it can be found that vorticity generated by bubbles tends to be 

stronger than wall-generated vorticity. This tendency also gives us intuition that the 

vorticity can be used to identify the detached wake vortices from bubble rear. Then, 

we assume turbulence structure to be induced by bubbles if vorticity involving in 

the structure ( s) is stronger than off that satisfies the following equation: 

         

(4.2a) 

.         

(4.2b) 

Here, pSP and pTP is PDF corresponding to the single- and two-phase flow, 

respectively, so | | > | off| indicates that the corresponding structure is generated by 

bubbles with a 99% probability. Figures 4.13(a, b) show areas containing the 

bubble-induced turbulence (| | > | off|) and bubble, respectively, both of which are 

extracted from Fig. 4.4(a). When these two kinds of areas are attached, the bubble-

induced structure is considered as the turbulence localized around a bubble and 

then it is removed as shown in Fig. 4.3(c). As a result, the turbulence structure 

involving in Fig. 4.3(c) can be assumed to belong to the detached wake vortices. 

Then, we sort out the areas that is positioned at -0.05 < r/D < 0.05 and normalize  

by the maximum vorticity max at each area in order to conditionally average 



 

 

/ max with time. As a result, the turbulence structure corresponding to the 

detached wake at -0.05 < r/D < 0.05 can be visualized as shown in figure 4.14(a). 

Here,  and  are a radial and vertical distance from the location of max, 

respectively. In figure 4.14(b), we also plot a vertical distribution of the normalized 

vorticity at  with varying the radial location of detached eddy from the 

pipe center (-0.025  r/D < 0.025) to the near-wall region (0.425  r/D < 0.475). 

The vorticity distribution  takes the maximum value at 

 and is reduced steeply away from the location. In the figure, it can be 

also found that  decays to be close to zero at  

regardless of the radial location of detached eddy. These charaterisitics of the 

detached eddy for ReD = 5300 are observed to hold even for the large Reynolds 

number as shown in figures 4.14(c, d), except the wall effect that attenuates the 

vorticity strength near the wall. Then, we apply the decaying vorticity distribution 

in order to determine the representative length scale of the detached wake structure 

 as bellow. 

                (4.3) 

Here,  represents the degree of correlation with the center of a 

detached turbulence structure ( ), which is corresponding to 

 and  in Eq. (4.1).  

For the determination of the representative length scale of WLs, we employ the 

definition of integral length scale due to the fact that integral length scale is related 

with the turbulent structure containing most of the turbulence kinetic energy. The 

integral length scale can be described as 

   
WL 0

, , 1,2...,5ii f r z dz i                (4.4) 

where f is an autocorrelation function expressed as  



 

 

.        

(4.5) 

Here, Nt is the number of data during the measurement and z  is a vertical distance 

from the bottom of the PIV measuring area z0. The definition of the autocorrelation 

function is a kind of time-averaged parameter where t0 and t are initial time of 

measurement and time resolution between each velocity data. The function , 

which has a value of 1 for a liquid phase and 0 for a gas phase, is also employed to 

consider only the data corresponding to a liquid phase. 

 Following the above definitions, we have calculated the radial distribution of 

length scales of bubble-induced flow agitations and wavelet levels, including other 

physical length scales such as Taylor microscale l , Kolmogorov length scale  (= 

( l
3/ )1/4, where the dissipation rate  has been detailed in Sec. 2.3) and pipe radius 

(Fig. 4.15). Here, the Taylor microscale (l  = [- 2f 2(0)]-1/2) is defined by using 

the autocorrelation function f expressed as Eq. (4.4) and pipe radius can be adopted 

as the representative length scale of the flow geometry. The turbulence structure 

whose characteristic length scale is larger than the Taylor microscale, especially, 

can be referred to as energy-containing motion from the fact that the Taylor 

microscale is intermediate in size between energy-containing large and dissipative 

small scale (Pope 2000). Figures 4.15(a, b) show the radial distributions of the 

physical length scales of both the single- and two-phase flows (  and 

1.5% for ReD = 5300 and 44000, respectively) from the pipe center (r/D = 0) to the 

wall (r/D = 0.5). For both the Reynolds numbers in absence of bubble, the length 

scale of WL1 (lWL1) has the largest value that is close to the pipe radius. Therefore, 

it turns out that WL1 contains most of the turbulence energy generated by the mean 

flow instability. In fact, lWL1 becomes closer to the pipe radius even at the pipe 

center (r/D = 0) with increasing ReD up to 44000 due to the fact that the increase in 

ReD leads to the enhancement of the wall effect on turbulence. Except for lWL1 that 

stays beyond l  across the entire pipe, the length scale of the other wavelet levels 

from WL2 to 5 (lWL2-5) is comparable with or smaller than l . At r/D < 0.25 in Fig. 

4.15(a), it is only the WL1 that stays in the energy-containing regime (lWL1 > l ). It 



 

 

implies that most of the turbulence energy at the largest scale (WL1), which is 

bound to transfer to smaller scales (WL2-5), is already dissipated in WL1. When 

ReD increases up to 44000, however, lWL2 begins to be comparable with l  in the 

pipe core region (Fig. 4.15b). This increase in lWL2 relative to l  can be explained 

representative length scale of energy-containing range and that of the dissipation 

range is more pronounced with increasing ReD (Kolmogorov 1991; Pope 2000). For 

ReD = 44000, in other words, lWL2 l  at r/D < 0.25 indicates that energy dissipated 

in WL1 is reduced compared with ReD = 5300 and the remaining energy induces 

another energy-containing motion that is distinguished at WL2. The small energy-

containing motions at WL2 can be also observed from Fig. 4.2(c) showing strong 

vortical structures in the pipe core region that is relatively obscure for ReD = 5300 

(Fig. 4.1c). At r/D > 0.3 in Figs. 4.15(a, b), it is found that the wall generates at 

least two kinds of energy-containing motion (lWL1 and lWL2) that are regardless of 

ReD. The length scales smaller than l , on the other hand, is found to be distributed 

across the entire pipe for both the single-phase flows; however, they tend to 

increase sharply in the near-wall region, meaning that the vigorous motion of 

small-scale structures is generated by the solid wall. It is likely to be related to the 

strong vortical structures near the wall, which are observed at scales as small as 

WL4 (Figs. 4.1 and 4.2). 

Figures 4.15(c) and (d) show radial distributions of length scales for the wavelet 

levels and bubble-induced turbulence when bubbles are introduced up to 

 for ReD = 5300 and  for ReD = 44000, respectively, 

both of which present the clear turbulence modification of a liquid phase at each 

ReD (Figs. 3.2 and 3.3). The length scales representing turbulence induced by the 

bubble front (lfront), rear (lrear) and detached wake (ldw) are determined based on Eqs. 

(4.1) and (4.3). Here, ldw is based on the fact that the vorticity corresponding to the 

detached wake tends to be stronger than wall-generated turbulence (Fig. 4.12). By 

applying this property of the detached wake, we recognized areas covering the 

turbulence structures developed by the detached wake if (1) their vorticity is 

stronger than off and (2) separated from the bubble surface (Fig. 4.13). This 

procedure, however, is likely to remove some portion of the detached wake. Then, 



 

 

we changed the areas in Fig. 4.13(c) and calculated ldw again with Eq. (4.3). As a 

result, it was found that ldw is altered by 14.7  24.3% depending on a radial 

position r. We considered these changes as a kind of measurement uncertainty and 

this uncertainty is taken into account by including it in Figs. 4.15(c, d) as error bars. 

For ReD = 5300 (Fig. 4.15c), the largest scale (lWL1) is reduced closer to the length 

scale representing bubble-induced turbulence localized around a bubble (lfront and 

lrear) when  increases up to 1.8%. The reduced lWL1 due to bubbles indicates 

that the wall-generated turbulence at ReD = 5300 is not that strong enough to resist 

the bubble-induced turbulence. Contrary to the decrease in lWL1, the most 

noticeable difference from the single-phase flow due to bubbles is that the relative 

magnitude of lWL2 to l  significantly increases across the entire pipe. Especially, it is 

found that lWL2 is close to ldw at 0 < r/D < 0.3. This observation indicates that the 

introduction of bubbles generates another energy-containing motion (lWL2) that 

results from the detached wake, which was absent in the single-phase flow. The 

smallest scale of WL5 is found to be close to the Kolmogorov length scale at 0 < 

r/D < 0.4 for ReD = 5300. It means that all of the remaining energy is dissipated at 

WL5 since Kolmogorov length scale is corresponding to the smallest length scale 

of a flow. For ReD = 44000, however, WL5 is deviated from Kolmogorov length 

scale (Fig. 4.15d), indicating that energy transfer from WL5 to other smaller scales 

still exists. Near the wall, however, lWL3-5 as well as lWL2 starts to increase more 

than l . When taking into account the observation at  that lWL3-5 stay 

below l  even near the wall, the small scale structures that once existed in the 

single-phase flows are expected to be stretched by bubbles, which is noticeable 

from the strong vorticity near the wall in Figs. 4.4(d-f).  

When ReD increases up to 44000 (Fig. 4.15d), the turbulence of a liquid phase is 

modified in a different manner from the low ReD. Although lWL1 is reduced due to 

bubbles, it is still close to the pipe radius. It implies that the largest scale structure 

at WL1 is dominated by the wall even for the presence of bubbles, which is one of 

the different characteristics from ReD = 5300. Another difference due to the 

intensified wall effect is the suppression of characteristic length scales for the 

bubble-induced turbulence. The length scale lfront is found to be significantly 

reduced from the energy-containing to the dissipative length scale (< l ). lrear also 



 

 

decreases but is large enough to induce the energy-containing motions at r/D < 

0.35 (lrear lWL2). At r/D > 0.35, however, it is found that lrear is significantly 

suppressed much smaller than l . The magnitude of ldw relative to l  is also reduced 

for the large ReD and the reduction becomes clear toward the wall. From this 

observations, we can understand that it is only the bubble wake region (lrear) that 

generate the energy-containing motion for ReD = 44000 and it is why a large 

number of the bubble is required to alter the turbulence of a liquid phase compared 

with ReD = 5300. At r/D > 0.35, however, all of the length scale representing the 

bubble-induced turbulence are steeply suppressed. In fact, the bubble wake is not 

able to develop the energy-containing motion at r/D lrear << l ) and any 

turbulence structure due to bubbles is not detected at r/D > 0.4 for the large ReD. 

Due to the disappearance of the bubble-induced turbulence near the wall, 

distribution trend along length scale according to WL (lWL2 > l  lWL3 lWL4 > lWL5 

at r/D -phase flow (Fig. 4.15b), is not 

modified even for the presence of bubbles. 

 

4.4. Relation between the bubble wake and detached eddy 

Figure 4.16 describes (a) eddies existing far away from wake regions and (b) 

their evolution in the corresponding bubble wake region before their detachment. 

This relation between the detached eddy and bubble wake was experimentally 

observed in Fig. 4.6. Based on a two-dimensional vortex described by Oseen 

(1911), Fan & Tsuchiya (1990) proposed that the vortex size growing in the bubble 

wake region (lv) is proportional to , where  is the time elapsed from the 

moment of the vortex generation. Since time-averaged liquid velocity ( ) in the 

 in Fig. 4.11, the 

time required for the vortex growth right before its detachment from the bubble 

rear ( ) can be assumed to be proportional to . If we assume 

that the characteristic length scale of WL2 (lWL2) at r/D = 0 for ReD = 5300 is close 

to that of the detached eddy from the fact that the eddy is clearly distinguished at 

WL2 as shown in Figs. 4.6 and 4.15, the representative length scale of the detached 



 

 

wake (ldw) for the other ReD and radial locations can be expressed as follow: 

.        (4.6) 

Figure 4.17 shows the radial distribution of length scale for the detached wake 

determined by Eq. (4.3) as well as (4.6), including other representative length 

scales of decomposed flow fields from 1 to 5. From the figure, we can observe that 

both of the ldw are between WL3 and WL4 for ReD = 44000 even though the 

constant to complete the proportional relation of ldw to 1/2 is extracted from the 

low Reynolds number. This consistency between Eqs. (4.3) and (4.6) indicates the 

energy produced in the bubble wake region for the duration of 1/2 transfers to a 

smaller scale as a form of the detached wake without any attenuation in size after 

its detachment from bubble rear. 

 



 

 

 

 

 

 

 

 

 

 

Figure 4.1. Discrete wavelet transform of an instantaneous single-phase flow 
field for ReD = 5300: (a) raw data; (b) WL1; (c) WL2; (d) WL3; (e) WL4; (f) 
WL5. Shown in the figures are fluctuating velocity vectors and their spanwise 
vorticity contour. 



 

 

 

 

 

 

 

 

 

Figure 4.2. Discrete wavelet transform of an instantaneous single-phase flow 
field for ReD = 44000: (a) raw data; (b) WL1; (c) WL2; (d) WL3; (e) WL4; (f) 
WL5. Shown in the figures are fluctuating velocity vectors and their spanwise 
vorticity contour. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3. Radial distribution of the Reynolds stress 

data; , WL1; , WL2; , WL3; , WL4; , WL5. 
 



 

 

 

 

 

 

 

 

 

Figure 4.4. Discrete wavelet transform of an instantaneous two-phase flow 

( ) field for ReD = 5300: (a) raw data; (b) WL1; (c) WL2; (d) 

WL3; (e) WL4; (f) WL5. Shown in the figures are fluctuating velocity vectors 
and their spanwise vorticity contour. 



 

 

 

 

 

 

 

 

Figure 4.5. Discrete wavelet transform of an instantaneous two-phase flow 

( ) field for ReD = 44000: (a) raw data; (b) WL1; (c) WL2; (d) 

WL3; (e) WL4; (f) WL5. Shown in the figures are fluctuating velocity vectors 
and their spanwise vorticity contour. 



 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.6. Temporal variation in the instantaneous flow for ReD = 5300 and 

 at |r/D|  0.25: (a) t* = to; (b) to + 0.10; (c) to + 0.16; (d) to + 0.35. 

Here, WL1 and WL2 are paired at each figure.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.7. Procedure to define a region around an in-focused bubble. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.8. Vertical derivatives of turbulence statistics at the frame of a fixed 
bubble rising at r/D: (a) r/D = 0; (b) 0.1; (c) 0.20; (d) 0.30; (e) 0.40; (f) 0.45.   



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.9. Probability density function (PDF) of (a) radial and (b) 
vertical velocity fluctuations around the bubble rising at |r/D| < 0.1 

in figure 12): black line, bubble rear; gray line, 

bubble front. Here, ReD = 5300 and . 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.10. Time history of instantaneous flow fields with the contours of (a-
e) vorticity, (f-j) vertical velocity and (k-o) radial velocity for ReD = 5300 and 

 at |r/D|  0.25: (a,f,k) t* = to; (b,g,l) to + 0.03; (c,h,m) to + 0.06; 

(d,i,n) to + 0.09; (e,j,o) to + 0.12. Here, the velocity and vorticity represent 
bubble-induced agitation (u . 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11. Turbulence intensity along the vertical direction ( ) around a 

rb) at 

(a-d) ReD = 5300 and (e-h) 44000: (a,e) contour of   around a bubble 

rising at rb/D = 0; (b,f) 0.2; (c,g) 0.4, and (d, h) profile of  along the 

bubble centerline ( ). In (d) and (h), , rb/D = 0; , 0.05; , 0.1; 

, 0.15; , 0.2; , 0.25; , 0.3; , 0.35; , 0.4 and , 0.45. The 

volume void fractions are 1.8% (a-d) and 1.5% (e-h) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.12. PDF of vorticity with varying  depending on the radial 

position: (a,b) r/D = 0; (c,d) 0.3; (e,f) 0.4. (left) ReD = 5300 and (right) ReD 
= 44000. In each figure, the dashed vertical line denotes the critical vorticity 

crit. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.13. Extraction procedure for the turbulence structure that detaches 
from bubble rear: (a) turbulence structures induced by bubbles (| | > | crit|); 
(b) bubbles; (c) turbulence structures that detach from bubble rear. Here, 
figure 4.4(a) is used as an exampled instantaneous flow field. 
 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.14. Turbulence structure of the shed vortices from bubbles for (a,b) 

ReD = 5300 ( ) and (c,d) 44000 ( ): (a,c) contour of 

dimensionless vorticity (origin denotes the position of maximum vorticity) at -
0.025 < r/D < 0.025; (b,d) vertical distribution of dimensionless vorticity along 

 with varying a radial position r of the detached wake.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.15. Radial distribution of length scales representing each decomposed 

flow fields ( ) and bubble-induced turbulence at (a) single-phase flow (ReD 

= 5300); (b) single-phase flow (ReD = 44000); (c) two-phase flow (ReD = 5300 

and ); (d) two-phase flow (ReD = 44000 and ). , 

; , ; , ; , ; , ; , ; , 

. Here, the pipe radius (---), Taylor microscale (+) and Kolmogorov length 

scale ( ) are plotted together. 



 

 

 

 

 

 

 

 

 

 

Figure 4.16. Schematic representation of (a) bubble wake regions and eddies 
detached from the wake regions and (b) instantaneous vortex growing inside the 
wake region behind a bubble. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.17. Radial distribution of the representative length scale: , 

detached eddy described by Eqs. (4.3) (4.6); , ; , ; , 

; , ; , . 



 

 

Chapter 5 

 

Statistical properties of the decomposed turbulence in 

bubbly flow 

 
In this chapter, we discuss the turbulence modification due to bubbles by 

evaluating the turbulence kinetic energy of each decomposed flow field and 

investigating how the various length-scale structures interact with each other or the 

wall with increasing the Reynolds number. In Sec. 5.1, the scale-wise distribution 

of turbulent energy shows different trends with the Reynolds number and how far it 

is away from the wall. A more detailed description of the interaction with the wall 

is also provided in Sec. 5.2, followed by other evidence for the mechanism of the 

turbulence modification in terms of the probability density function (PDF) of 

velocity fluctuation in Sec. 5.3. Furthermore, we also discuss intermittency and 

turbulence dissipation rate at each decomposed flow field in Sec. 5.4 and 5.5, 

respectively, followed by effect of bubble breakup/coalescence and subcooling near 

the bubble surface causing the bubble contraction (Sec. 5.6). 

 

5.1. Scale-wise turbulence modification due to bubbles 

In order to describe the turbulence modification caused by bubbles in more detail, 

we determine the turbulent kinetic energy k of each decomposed flow field by 

expressing the energy as . Figure 5.1 shows radial 

distributions of turbulence kinetic energy k for the single-phase flows, including 

the energy of decomposed flow fields. Near the pipe center (|r/D| < 0.4), turbulence 

kinetic energy involved in WL1 is found to be close to the original data, indicating 

that most of the turbulence energy mainly distributes in WL1. This observation is 

related with the fact that the energy-containing motion whose length scale is larger 

than l  only exists at WL1 in a pipe core region (Fig. 4.15a). Near the wall, 

however, turbulence kinetic energy of WL1 begins to be smaller than that of the 

original data while relative contributions of the other WLs to the original data 



 

 

begin to be clearer. The increase in the relative contribution of small scales is also 

expected from Fig. 4.15(a) showing that lWL3-5, which were close to the 

Kolmogorov length scale, becomes close to l  toward the wall. When ReD increases 

to 44000 (Fig. 5.1b), the contribution of WL1 is reduced even near the center of the 

pipe but that of WL2 is enhanced compared with ReD = 5300. This is because the 

energy-containing motion (> l ) existing in the pipe center is also extracted at WL2 

for the large ReD (Fig. 4.15b) and this kind of smaller coherent structure was 

already visualized at Fig. 4.2c. Turbulence kinetic energy of the other small scales 

(WL3-5), however, is still enhanced toward the wall but their energy becomes more 

obvious compared with ReD = 5300, indicating that energy transfer from the 

energy-containing to dissipative turbulence structure is intensified for ReD = 44000. 

Evidence of the enhanced energy transfer to small scales was already provided 

from Figs. 4.15(a, b) showing that the difference between the largest scale structure 

(WL1) and Kolmogorov length scale becomes larger with increasing the Reynolds 

number. This enhanced energy cascade toward small scales for the single-phase 

flow has been described well based on the Kolmogorov hypothesis (Kolmogorov 

1991). 

Figure 5.2 presents how bubbles influence the decomposed structures when they 

are injected into the single-phase flow up to  and 1.5% for ReD = 

5300 and 44000, respectively. For ReD = 5300 (Fig. 5.2a), the most pronounced 

difference from the single-phase flow (Fig. 5.1a) is that the turbulence energy of 

WL2 is significantly enhanced due to bubbles. It can be found from Fig. 4.15(c) 

that the energy enhancement of WL2 is mostly attributed to the detached bubble 

wake at r/D < 0.35 (lWL2 ldw). WL3 at r/D < 0.3, meanwhile, is expected to obtain 

energy from WL2 since it is smaller that ldw without any additional production 

between them (Fig. 4.15c). Near the wall, it is observed that the turbulence energy 

of WL3-5 is intensified significantly, which is related to the small scale structure of 

which length scale suddenly increases more than l  at r/D > 0.45 (Fig. 4.15c). The 

extracted structure larger than l  near the wall is expected to be related with the 

secondary flow structures caused by the interaction between the bubble-induced 

turbulence and the vertical wall and their interaction has been experimentally 

observed by Lee & Park (2017). When ReD increases to 44000, turbulence energy 



 

 

contained in WL3 becomes similar to WL2 (Fig. 5.2b) in spite of lWL2 > lWL3 (Fig. 

4.15d). The other small scales of WL4-5 are also found to be stronger compared 

with the single-phase flow. It implies that bubbles perturb WL3-5 directly, which is 

confirmed by lrear > lWL3 > ldw and suppression of lfront below WL5 at r/D < 0.3 (Fig. 

4.15d). As close to the wall, however, the steep increase of WL3 as well as WL4 

and WL5 is not observed anymore due to bubbles. This is because energy involving 

in the largest scale structure (WL1), which is originally bound to be transported to 

smaller scale structures (WL2-5), is suppressed due to the decrease in  

(main source for the shear-induced or wall-generated turbulence) caused by 

bubbles (Fig. 3.3a) and bubbles are not able to generate any energy-containing 

motion near the wall (l  >> ldw > lrear > lfront at r/D > 0.35 in Fig. 4.15d). The 

negligible bubble-induced agitation on the energy-containing motion as well as the 

suppressed shear-induced turbulence finally result in the turbulence reduction near 

the wall as shown in Fig. 3.3. 

 

5.2. Further discussion on the turbulence suppression near 

the wall 

In Sec. 5.1, we understood that the disappearance of bubble-induced turbulence 

with the attenuated shear-induced turbulence is the main mechanism for the 

turbulence suppression near the wall for ReD = 44000. This wake attenuation is 

likely to be related to the fragmentation of the bubble wake into small scale 

structures due to the strong behavior of the small scale motion near the wall. The 

small scale structures for ReD = 44000 is much stronger than ReD = 5300 because 

turbulence energy is transferred more significantly into the small scale structures 

with increasing the Reynolds number as pointed out in Sec. 5.1. The wake 

attenuation means that a contribution of the bubble wake is no longer important 

and shear-induced turbulence begins to play an important role in the turbulence 

modification near the wall. This description can be confirmed from a tendency in 

Fig. 3.3 showing that the turbulence suppression occurs in the same region where 

the mean velocity gradient begins to decrease. In this context, it can be assumed 

that the wake behind a rising bubble can be attenuated if most of the turbulence 



 

 

energy produced by the large scale eddies at the bubble rear is dissipated due to the 

small scale eddies near the wall. When the dissipation rate due to the wall is 

denoted by w, the condition for the wake attenuation can be defined as  

       ,                          (5.1) 

where Pb is the turbulence energy additionally produced by bubbles. The 

turbulence kinetic energy dissipated by the wall has been estimated by Kada & 

Hanratty (1960) based on the energy conservation in the pipe. The dissipation rate 

was expressed as 

                 (5.2) 

where w,TP is the wall shear stress of a two-phase flow. For the single-phase flow 

through the pipe with a smooth surface, the shear stress w,SP can be estimated based 

on the well-known Blasius friction law 

   .                   (5.3) 

The wall shear stress for the single-phase flow, however, can be altered 

significantly if the injection of bubbles accelerates considerably the velocity near 

the wall. Marie (1987) has been focused on the effect of bubbles on the wall shear 

stress and suggested the expression given as 

               (5.4) 

where u  is a terminal velocity of an isolated bubble rising in an infinite medium. 

Based on these expressions, the ratio between energy produced by bubbles and 

dissipated by the wall can be estimated. If the ratio is much smaller than 1, most of 

the turbulence induced by bubbles is dissipated by the wall, leading to the wake 

attenuation. When the mean velocity gradient also decreases due to the bubbles as 

well as Pb/ w << 1, the vertical fluctuation is reduced as shown in Fig. 3.3 near the 

wall (|r/D| < 0.3) for . 

On the other hand, there is a specific case where the influence of the bubble 

wake is not considerable in itself. For an isolated bubble immersed in a fluid, the 

flow agitated by the turbulent wake behind the bubble is expected to have an 

influence to a greater extent than it does in the laminar wake due to the 



 

 

characteristics of the turbulent wake representing the vortex shedding and the open 

structures exchanging liquid with the external flow. The laminar wake, however, is 

hydrodynamically stable and has a well-defined boundary layer. Then, liquid 

confined in the laminar wake is not exchanged with the external flow, leading to 

less effect on the turbulence compared with the turbulent wake. Ishii & Zuber 

(1979) suggested the condition for the transition from the laminar to the turbulent 

wake with the following expression given as 

            (5.5) 

where l  are dynamic viscosity of the liquid, surface tension and density 

difference between the liquid and gas phase with Reb defined based on the relative 

velocity and equivalent diameter of the corresponding bubble. For the bubbles 

representing the laminar wake and rising in the turbulent flow through the pipe, the 

turbulence generated within the laminar wake is not significant compared with that 

within the turbulent wake, resulting in the situation where the turbulence induced 

by the bubbles is not significant and the shear-induced turbulence finally has a 

larger contribution than the bubble-induced turbulence. Figure 5.3 shows the map 

distinguishing each regimes where either the shear- or bubble-induced turbulence is 

dominant for the turbulence modification while experiment data of other literature 

studies are plotted for the demarcation between these regimes (the relative velocity 

is estimated from Ishii & Zuber 1979). In the figure, the open symbols denote the 

case where the shear-induced turbulence has a large contribution relative to the 

bubble-induced turbulence and the turbulence suppression is observed in regions 

where the mean velocity gradient decreases. The solid symbols, on the other hand, 

represent the situation where the turbulence induced by the bubble wake plays a 

major role, resulting in turbulence enhancement. For a horizontal axis smaller than 

1 (regime 1), the wake behind a bubble involves the laminar wake. On the other 

hand, the turbulent wake of bubbles is brought about for the horizontal axis larger 

than 1 (regime 2) and then turbulence is enhanced due to the obvious bubble 

agitation. However, when the turbulence kinetic energy is dissipated more near the 

wall than it is generated due to the bubble wakes (regime 3), the bubble wake is 

attenuated and the shear-induced turbulence becomes a key parameter for the 



 

 

turbulence modification. Due to the fact that the mean velocity of the two-phase 

flow becomes uniform relative to the single phase flow, all the open symbols 

plotted in the map show the turbulence suppression, in particular near the wall. 

Other data of which horizontal axis is larger than 5 is not able to be presented 

because it involves in a churn turbulent flow, not bubbly flow, regime. 

 

5.3. Probability density function of velocity fluctuations  

In this section, we analyze the probability density function (PDF) of velocity 

fluctuation according to the wavelet level in order to provide a detailed description 

of the scale-wise turbulence alteration owing to bubbles. Figures 5.4 and 5.5 shows 

PDFs of the radial and vertical velocity fluctuations for ReD = 5300 at |r/D| < 0.1 

and 0.38 < r/D < 0.40, respectively, and their modification when bubbles are 

injected ( ). Here, the near-wall region defined as 0.38 < r/D < 0.40 is 

based on the fact that turbulence is enhanced but significantly suppressed with 

increasing ReD from 5300 to 44000 in the region (Figs. 3.2 and 3.3). For each case, 

the skewness (s) corresponding to each PDF is included. At |r/D| < 0.1 (Fig. 5.4), 

turbulence structures distinguished at WL1 that are strongly affected by bubble 

vicinity (lWL1 lfront lrear at |r/D| < 0.1 as shown in Fig. 4.15c) show symmetric 

PDFs in a radial direction both for the single- and two-phase flow. The PDF of 

vertical velocity fluctuations, however, is skewed strongly to the right due to 

bubbles. Here, the skewness of the two-phase PDFs of vertical fluctuation is altered 

significantly from -0.7 to 0.8. Especially, both of the radial and vertical PDFs of the 

two-phase flow are similar to those of the turbulence developed by the bubble front 

and rear (Fig. 4.9) and this similarity reinforces our suggestion that turbulent flow 

extracted at WL1 is dominated by the bubble vicinity. At WL2, meanwhile, the 

symmetric PDFs of radial and vertical velocity fluctuations is preserved even for 

the presence of the clear agitation by eddies that detached from bubble wakes (Fig. 

4.4c). These symmetric PDFs at WL2 are in agreement with other researchers 

proposing that bubble-induced turbulence in the absence of turbulence localized 

around a bubble shows the symmetricity of PDFs in a horizontal and vertical 

direction (Riboux et al. 2013; Amoura et al. 2017; Risso 2018). The symmetric 

PDFs at WL2 also provide evidence that most of the turbulence energy at the 



 

 

largest length scale (WL1) is already dissipated before transfers to WL2. As a 

result, WL3 obtains energy from nothing but WL2 (turbulence agitated by the 

detached wake), leading to the symmetric PDFs of radial and vertical velocity 

fluctuations as shown in Figs. 5.4(c, f). Figure 5.5 shows radial and vertical PDFs 

of velocity fluctuations at 0.38 < r/D < 0.40. Turbulence induced by the bubble 

vicinity is likely to exist in WL1 from the fact that the vertical PDF which is 

strongly skewed to the right is still observed in WL1 (Fig. 5.5d) but it is expected 

to be affected by the wall. In fact, the symmetricity of radial PDF of WL1 is 

slightly broken due to the wall (Fig. 5.5a) and the skewness of the vertical PDF of 

the two-phase flow is reduced from 0.8 (Fig. 5.4d) to 0.6 (Fig. 5.5d). On the other 

hand, the smaller structures of WL2-3 which are probably associated with the 

secondary structures induced by the interaction between bubbles and the wall show 

the significant enhancement of vertical fluctuating velocity with the preserved 

symmetricity of radial velocity fluctuations.   

Figures 5.6 presents PDFs of the radial and vertical velocity fluctuations for ReD 

= 44000 at |r/D| < 0.1 where only the turbulence attached to the bubble rear is large 

enough to develop the energy-containing motions as shown in Fig. 4.15(d). The 

indication for the attached wake can be found at WL2, not WL1, from the 

observation that the vertical PDF of the single-phase flow that was inclined to the 

left becomes skewed to the right (Fig. 5.6d) while the radial PDF becomes 

symmetric owing to bubbles (Fig. 5.6a). The footprint of the attenuation of 

attached wake with increasing ReD was also explained in Fig. 4.15(d) showing that 

the length scale of the attached wake lrear matches that of WL2 for ReD = 44000. At 

the scale of WL3 whose representative length scale is close to ldw (Fig. 4.15d), PDF 

profiles of both the radial and vertical velocity fluctuations are not significantly 

skewed (Figs. 5.6c,f) even though WL3 is expected to be agitated directly by the 

detached wake. This symmetricity of WL3 implies that the detached wake disturbs 

the flow evenly in all directions in spite of the reduction in their size to WL3 with 

increasing ReD to 44000. Near the wall (0.38 < r/D < 0.40), figure 5.7 shows that 

except for WL1 the alteration of PDF profiles for the other small scales is 

negligible, indicating that the bubble-induced turbulence vanishes due to the strong 

dissipative motions of small scale structures (generated by the wall), as discussed 

in Sec. 5.2. This vanishment of the bubble-induced turbulence was also confirmed 



 

 

from Fig. 4.15(d) showing that bubbles would not induce energy-containing 

motions anymore from the fact that all of the length scales of turbulence induced 

by the bubble front, rear and detached wake are significantly reduced below Taylor 

microscale l . The largest scale structure (WL1), however, is found to be modified 

although any kind of bubble-induced turbulence do not exist near the wall (Figs. 

5.7a,d). This alteration of WL1 near the wall due to bubbles is likely to result from 

the decrease in  (Fig. 3.3a), which is typically considered as one of the 

sources for turbulence production. Finally, the decrease in  as well as the 

disappearance of the turbulence additionally produced by bubbles appears to lead 

to the turbulence suppression near the wall for ReD = 44000 as shown in Fig. 3.3(b). 

 

5.4. Intermittency of the turbulence structure induced by 

bubbles 

The connection between turbulence structures and intermittency has motivated 

several studies because of its importance for flow control problems. Many 

researchers used the flatness fact (FF) of an intermittent random variable eF for the 

quantitative measurement of the intermittency and the flatness factor is defined as 

below (Kuo & Corrsin 1971; Meneveau 1991; Camussi & Gju 1997; Li & 

Meneveau 2006).  

                         (4.7) 

As early as 1949, it was reported by Batchelor & Townsend (1949) that the 

instantaneous dissipation rate int (= ui/ xj + uj/ xi)2) intermittently attains 

very large values. She et al. (1991) suggested that the intermittent nature of 

turbulence is corresponding to the presence of rare but coherent structure that 

causes the strong velocity gradient. Unfortunately, it is impossible to measure the 

instantaneous dissipation rate from the present study due to the lack of the 

instantaneous velocity component corresponding to the out-of-plane motion. 

However, the wavelet coefficient has been used as the indicator of the coherent 

structure at a scale r instead of the instantaneous dissipation rate, allowing us to 



 

 

define the flatness factor as follows (Meneveau 1991; Camussi & Guj 1997; 

Addison 2002) (see Sec. 2.4 for the detailed descriptions of the wavelet coefficients 

used in the present study): 

                   (4.8) 

      (4.9) 

where the submatrices of the wavelet coefficients are varied with time because the 

wavelet coefficient is determined from an instantaneous flow field. Note that the 

increase in the flatness factor indicates the increase in the intermittency of 

turbulence structure at considered length scale Figure 5.8 shows the distribution of 

the flatness factor with the wavenumber  defined as below (Meneveau 1991): 

,                    (4.10) 

where h is the spatial resolution. Here, the wavenumber  is normalized by the 

Kolmogorov scale  to compare with other literature. The results of other studies 

reveals that the flatness factors gradually increase from FF = 3 in the inertial scale 

as their length scale becomes close to the Kolmogorov scale. The flatness factor 

close to 3 can be also observed from the present study in the inertial subrange (l  > 

l > ). In addition, it is also found that the flatness factors becomes larger than 3 as 

their length scales become close to the Kolmogorov length scale, which is similar 

with the other studies. The flatness factors in the large scales, however, are 

different from the literature because the turbulence nature of the large scales tends 

to reflect the flow geometry. Thus, the similarity in the intermediate-small scales 

between the present turbulent flow and that of the other studies indicates that the 

intermittency corresponding to each length scales follows the general nature of 

turbulence. 

    Figure 5.9 shows the effect of bubbles on the intermittency depending on the 

wavelet level for ReD = 5300. Although the bubble-induced agitations localized 

around a bubble mainly exist at WL1 (lWL1 lfront and lWL1 rear in Fig. 4.15c), their 

existence rarely influences the intermittency due to the wall-generated turbulence 

structures that are vigorously developed at the WL1. Contrary to the agitation 



 

 

induced by the bubble vicinity, it can be found from the figure that the detached 

wake enhances the intermittency at WL2 (lWL2 ldw in Fig. 4.15c). In addition, the 

enhanced intermittency at WL3-5 implies that the energy cascade from the 

detached wake leads to the development of small-scale structures between ldw and . 

When the Reynolds number increase to 44000, the effect of bubbles on the 

intermittency changes as shown in Fig. 5.10. At the pipe center (r/D = 0) where the 

mean void fraction gradient ( ) is equal to zero, intermittency related to scales 

smaller than WL3 is intensified due to the detached wake (lWL4 ldw in Fig. 4.15d) 

while the other scales (WL1-3) shows the negligible effect of the attached wake on 

the intermittency (lWL2 ldw in Fig. 4.15d). On the other hand, the intermittency at 

WL3 increases toward the wall due to bubbles. From the fact that the magnitude of 

, which was early suggested as main source of the bubble-induced turbulence 

(Hosokawa & Tomiyama 2013; Kim et al. 2016; Lee & Park 2020), starts to 

increases toward the wall (Fig. 3.1b), we may expected that the increase in 

intermittency at WL3 for r/D > 0 is related to the turbulence structures induced by 

the mean void fraction gradient. At r/D = 0.45, in addition, the enhanced 

intermittency at WL > 3 due to bubbles (Fig. 5.10c) is likely to be attributed to the 

void fraction gradient because the length scales corresponding to the bubble-

induced agitations are significantly reduced near the wall as shown in Fig. 4.15(d). 

 

5.5. Scale-wise effect of bubbles on the turbulence dissipation  

    As discussed in Sec. 2.5, we already confirmed that the dissipation rate of 

turbulence at each decomposed flow field for the single-phase flows followed the 

general characteristics of turbulence. In this section, furthermore, we are going to 

see the effect of bubbles on the turbulence dissipation rate depending on length 

scales. Figure 5.11 shows the radial distributions of turbulence dissipation rate at 

each WL with varying the volume void fraction < > from 0% to 1.8% for ReD = 

5300. When bubbles are introduced, it can be found that contribution of WL2 on 

the total dissipation rate is enhanced compared with the other scales, indicating that 

the turbulence energy produced by the detached eddies is imposed at WL2 (see lWL2 

ldw in Fig. 4.15c) and dissipated at the same scale. In fact, the time scale for 

dissipation rate of the energy imposed by the detached eddies ( D) is expressed as 



 

 

D w)1/2, where the dissipation rate related to the detached eddies w can be 

estimated as  

) should be balanced with the dissipation rate w. In the present study, we 

found that D is much smaller than time scale for the spectral energy transfer T 

l /(turbulence kinetic energy at WL2)0.5 because lWL2 is similar with l  as shown in 

Fig. 4.15c and d). It implies that most of the energy generated by the detached 

eddies is dissipated by liquid viscosity before the spectral transfer takes place ( D 

<< T), leading to the enhancement of dissipation rate at WL2 as shown in Fig. 5.11. 

The increase in dissipation rate at WL2 also means that the energy imposed by 

small-scale structures between WL3 and WL4 is negligible although their 

intermittency is enhanced due to bubbles (see Fig. 5.9). When Reynolds number 

increases to 44000 and the representative length scale of the detached eddies is 

attenuated from WL2 to WL4 (Fig. 4.15), D is still much smaller than T, resulting 

in the intensified dissipation rate at WL4 as shown in Fig. 5.12. 

 

5.6. Effect of the bubble breakup/coalescence  

    In the present study, we discussed the relation between the bubble-induced 

and the wall-generated turbulence and its effect on the turbulence modification of 

the liquid phase. Especially, we determined the representative length scales of 

agitation induced by the bubble rear, front part and the detached eddies and 

revealed how their length scale changes as the incident turbulent flow is altered 

with increasing ReD. In order to understand the turbulence modification due to 

bubbles, we should take into account the relative length scale of the bubble-

induced agitation to that of the incident turbulent flows. In this context, bubble 

breakup and coalescence are expected to influence the liquid-phase turbulence 

significantly because the bubble size increases/decreases as the bubble 

breakup/coalescence occurs frequently. When bubbles merges more dominantly 

compared with the bubble breakup, all the representative length scales 

corresponding to the bubble-induced agitation are related to the energy-containing 

motion (lfront > l , lrear > l  and ldw > l ). In addition, most of the turbulence energy is 

likely to dissipate in the energy-containing scales because the turbulence 



 

 

dissipation tends to be enhanced by the detached eddies as shown in Sec. 5.5. 

When the bubble mergence is attenuated, it is expected that the agitation localized 

around the bubble vicinity imposes energy into the energy-containing scales while 

most of the energy is dissipated at small scales related to the detached eddy as 

shown in Fig. 4.15 (see lrear > ldw for ReD = 44000 and < > = 1.5%) and Fig. 5.12. 

When a bubble is fragmented into smaller ones more frequently, however, the 

effect of bubbles would be negligible because the representative length scale of the 

bubble-induced agitation is proportional to the bubble size. In this case, the 

turbulence modification is determined by the mean velocity gradient ( ) like 

the near-wall region for ReD = 44000.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.1. Distributions of the turbulence kinetic energy ( ) 

from the pipe center (r/D = 0) to the wall (r/D = 0.5) for the single-phase 

flows ( ): (a) ReD = 5300; (b) ReD , 

WL1; , WL2; , WL3; , WL4; , WL5. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.2. Distributions of the turbulence kinetic energy ( ) 

from the pipe center (r/D = 0) to the wall (r/D = 0.5) for the two-phase flows: 

(a) ReD = 5300 ( ); (b) ReD = 44000 (

data; , WL1; , WL2; , WL3; , WL4; , WL5. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3. Map denoting the criteria for the turbulence enhancement and 
suppression due to bubbles. Closed and open symbols indicate the 
turbulence enhancement and suppression, respectively. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4. PDFs of (left) radial and (right) vertical velocity fluctuations at |r/D| 
< 0.1 for ReD = 5300: (a,b) WL1; (c,d) WL2; (e,f) WL3. Dashed lines, single-

phase flow; solid lines, . Skewness (s) for each distribution is 

included. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.5. PDFs of (left) radial and (right) vertical velocity fluctuations at 0.38 
< r/D < 0.4 for ReD = 5300: (a,b) WL1; (c,d) WL2; (e,f) WL3. Dashed lines, 

single-phase flow; solid lines, . Skewness (s) for each distribution 

is included. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.6. PDFs of (left) radial and (right) vertical velocity fluctuations at |r/D| 
< 0.1 for ReD = 44000: (a,b) WL1; (c,d) WL2; (e,f) WL3. Dashed lines, single-

phase flow; solid lines, . Skewness (s) for each distribution is 

included. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7. PDFs of (left) radial and (right) vertical velocity fluctuations at 0.38 
< r/D < 0.4 for ReD = 44000: (a,b) WL1; (c,d) WL2; (e,f) WL3. Dashed lines, 

single-phase flow; solid lines, . Skewness (s) for each distribution 

is included. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.8. Scale-wise distribution of the flatness factor FF for the single-phase 
flow: open symbols, ReD = 5300; closed symbols, ReD = 44000; black symbols, 
r/D = 0; red symbols, r/D = 0.2; blue symbols, r/D = 0.45; circle symbols, 
WL1; triangle symbols, WL2; inverted triangle symbols, WL3; square symbols, 
WL4; diamond symbols, WL5; + and ×, data from the literature. 



 

 

 

 

 

 

 

 

Figure 5.9. Flatness factor FF for ReD = 5300 at (a) r/D = 0, (b) 0.2 and (c) 
> = 0%; , < > = 0.8%; , < > = 1.8%.  



 

 

 

 

 

 

 

 

 

 

Figure 5.10. Flatness factor FF for ReD = 44000 at (a) r/D = 0, (b) 0.2 and (c) 
> = 0%; , < > = 0.2%; , < > = 0.5%; , < > = 1.5%.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.11. Radial distributions of the dissipation rate  for ReD = 5300 with 
volume void fraction < > of (a) 0% and (b)  , WL1; , 
WL2; , WL3; , WL4; , WL5. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.12. Radial distributions of the dissipation rate  for ReD = 44000 with 
volume void fraction < > of (a) 0% and (b) 1.5  , WL1; , 
WL2; , WL3; , WL4; , WL5. 



 

 

Chapter 6 

Quantitative analysis of the interaction among 

various length scale structure 

 
6.1. Introduction to KHMH equation 

The second-order structure function expressed as  was 

used by other researchers in order to define the evolution equation that describes 

the scale-by-scale or spatial energy transfer (Deissler 1961; Hill 2002; Danaila et al. 

2012; Valente & Vassilicos 2015). In the second-order structure function, i is the 

difference between velocity fluctuations at x+ = X + r/2 and x  = X - r/2, where X 

and r is the centroid of the two distinct locations and the separation vector with the 

magnitude of r = |r|, respectively. Based on the Navier-Stokes and 

incompressibility equation at both locations x+ and x , the energy balance equation 

consisting of a number of local spatial and time-derivative energy flux terms, 

which is referred to as the Kármán-Howarth-Monin-Hill (KHMH) equation can be 

derived by standard mathematical manipulations without assumption of statistical 

homogeneity and isotropy (Hill 2002; Danaila et al. 2012; Valente & Vassilicos 

2015). Figure 6.1 shows the coordinate system where turbulence energy belongs to 

the spherical shell of diameter |r|. Generation, dissipation and transfer of the energy 

distributed on the shell can be quantitatively explained using the KHMH equation. 

In this chapter, we express the velocity fluctuations at x+ and x  by using 

superscript + and -, respectively, for a better understanding of KHMH equation. 

Then, the KHMH equation is written as follow: 

,    (6.1) 



 

 

where the fluctuating pressure ( ) and the mean velocity ( ) are also considered 

by defining  = + -  and . Each of the terms in the KHMH 

equation can be interpreted as follows.  

(i) 4 t(X,r) =  is the time derivative term indicating the change rate of 

 in time at a given physical location X and separation distance r. 

(ii) 4 (X,r) =  is the advection term indicating the 

change of  caused by the mean flow. 

(iii) 4 (X,r) =  represents the nonlinear interscale transfer of 

fluctuating energy. The differentiation of the energy flux  in terms of the 

separation vector r is related to the energy transfer from a spherical shell of radius r 

positioned at X either to (a) another spherical shell of a different radius or to (b) 

other orientations within the same shell.  

(iv) 4 U(X,r) =  represents the linear energy transfer by mean 

velocity gradient. Similar to 4 , the linear energy transfer 4 U occurs between two 

spherical shells which are centred at the same location but different in radius from 

each other. 

(v) 4 (X,r) =  represents the scale-

wise production of  by mean velocity gradient at a given physical location.  

(vi) 4 (X,r) =  is related to the energy transfer in 

physical space due to fluctuating velocity. It quantify the transport of energy 

involving in a spherical shell at X to other adjacent shells. 

(vii) 4 p(X,r) =  is the term related to another transfer of 

energy in physical space like 4 (X,r). The difference between them is that 

4 p(X,r) is caused by pressure. 

(viii) 4 (X,r) =  represents the scale-wise viscous diffusion 

between spherical shells at the same X but having different radius r from each other. 



 

 

The scale-wise diffusion term is close to the turbulence dissipation rate in the limit 

of r  

(ix) 4 ,X(X,r) =  represents the viscous diffusion in the 

physical space. 

(x) 4 *a =  is the sum of turbulence 

dissipation rate at x+ and x . 

As shown in Eq. (6.1), the KHMH equation requires a three-dimensional 

velocity field to be evaluated. However, assumptions valid at the pipe center allow 

us to manipulate the KHMH equation so that the equation is dealt with the two 

velocity component. Thus, we discuss how to calculate the various terms in the 

KHMH equation using two components of velocity in the next chapter. 

6.2. Modification of KHMH equation 

In the measurement plane (z/D = 42), the single-phase flow is found to be fully 

developed as shown in Fig. 2.4, meaning that turbulence statistics is homogeneous 

in the flow direction ( ). Not only for the single-phase flow, when 

bubbles are injected to  and 1.5% for ReD = 5300 and 44000, 

respectively, turbulence statistic of a liquid also shows symmetric distributions as 

presented in Figs. 3.2 and 3.3. At the pipe center (r/D = 0), the symmetric profile in 

the fully developed region leads to  and . The 

velocity component perpendicular to the flow direction can be assumed to be equal 

to zero near the pipe center, compared with the streamwise center velocity ( , 

). This negligible spanwise velocity also means  and . 

When consider the spherical shell located at the pipe center, meanwhile, energy 

distributed on the spherical shell can be assumed to be axisymmetric with respect 

to the pipe center line ( ). These assumptions valid for the pipe center 

region, however, is not enough to determine  and  using the two 

velocity component obtained in the present study. Based on DNS data obtained at 

the centerline (Laizet & Vassilicos 2015), Gomes-Fernandes et al. (2015) assumed 



 

 

, which indicate . They also approximated the 

interscale flux vector as . Even though they used a 

square channel, the assumptions were found to be valid for their study. On the other 

hand, we use the circular pipe, enhancing that the approximations would be 

reasonable for our study. Based on the assumptions and approximation, the KHMH 

equation at the pipe center can be rewritten as follows: 

4 4 p 4  - 4 *a                   (6.2) 

where 

   4 t = 4 4 U = 4 4 ,X (6.3) 

4 ,      (6.4) 

4 ,         (6.5) 

4  ,              (6.6) 

and the energy transfer caused by the pressure in a physical space can estimate as 

4 p 4 4 4  + 4 * since the energy transferred from the specific shell 

should be balanced with the production, dissipation and interscale energy flux for 

the steady state.  

 

6.3. Validation of the modified KHMH equation 

Figure 6.2 shows distributions of  and the energy budgets expressed 

as Eqs. (6.3)-(6.6) for  and ReD = 5300. In Fig. 6.2(a),  is 

distributed on the r1-r2 space, magnitude of which is inversely proportional to the 

degree of correlation between data at x+ = X + r/2 and x  = X - r/2. In addition, the 

distribution of  indicates that turbulence structure at the pipe center takes an 

ellipsoidal shape elongated in the flow direction due to the vertical flow in the pipe 

(see elongated turbulence structures in Figs. 4.1a and 4.2a). Figure 6.2(b) is a plot 

in r1-r2 space of  showing the stratified contour in the r2 direction. As showing in 

Figs. 2.6(a,b), the vertical mean velocity and the Reynolds stress, both of which are 

the major source of turbulence generation, increase toward the wall, which is 



 

 

responsible for the stratified distribution of . Similarly, it was also observed in 

Figs. 2.6(d) and 2.7(d) that the turbulence dissipation increases toward the wall, 

leading to the stratified contour of * in the r2 direction as shown in Fig. 6.2(c). 

Figure 6.2(d) presents the nonlinear energy transfer  between scales where the 

direction of energy flux is different depending on the location of r1-r2 space. The 

negative flux (  < 0) means the forward energy cascade from large to small scales 

while the positive one (  > 0) is corresponding to the inverse cascade from small 

to large scales. On the other hand, the pressure-driven energy transfer p shows 

that most of the energy is injected from other physical spaces ( p > 0) at large 

scales (|r| Figure 6.3 shows distributions of  and the energy budgets 

in the KHMH equation of the single-phase flow for ReD = 44000. Similar with ReD 

= 5300 (Fig. 6.2), the r2-directional stratified distributions of and * are also 

observed since turbulence structures responsible for the turbulence generation and 

dissipation tend to accumulate near the wall as shown in Figs. 2.7(a,b). The region 

where the inverse cascade (  > 0 in Fig. 6.3d) is dominant, however, moves to the 

right side (closer to the wall) with increasing the Reynolds number. When the 

scale-space orientation angle (angle between the r1 and r2 axis) is denoted as  (= 

cos-1(2r2/|r|)), the inverse cascade was dominant at  . The distribution of p 

appears to be closely related with , but energy flux toward other physical space 

( p < 0) is negligible.  

Given the coexistence of forward and inverse energy cascade between scales 

along different scale-space orientation depending on Reynolds number, of 

importance is that the interscale distribution of energy budgets (Figs. 6.2 and 6.3) 

should be averaged over the scale-space orientation angle  in order to characterize 

the energy transfer in both the physical and scale space, as below (Gomes-

Fernandes et al. 2015; Valente & Vassilicos 2015; Alves Portela et al. 2017; Yasuda 

& Vassilicos 2018).  

a = (6.7)

a =
2

0
d (6.8)

p
a = p                       (6.9) 



 

 

a =                       (6.10) 

*a = *                      (6.11) 

Here, superscript a denotes the averaging over the scale-space orientation angle 

Figure 6.4 shows a normalized by *a plotted along physical length scales 

normalized by the Taylor microscale l  for each Reynolds number. From the figure, 

it can be found that the interscale energy transfer, which was negligible at large 

scales, becomes close to *a at l/l  , but gradually decreases as the scale is 

smaller. This kind of scale-wise distribution of the energy transfer is in agreement 

with the typical characteristic of turbulent flow (Pope 2000). The difference 

between ReD = 5300 and 44000 is that the length scale where the interscale energy 

transfer begins to be significant is larger with increasing the Reynolds number, 

which is related with Figs. 4.15(a,b) showing that the largest scale structure (lWL1) 

at the pipe center becomes longer with varying ReD from 5300 to 44000. Although 

error inherent in the determination of  is expected to be larger than other terms 

due to its high-order statistics subjected to mathematical differentiation (see Eq. 

6.4), figure 6.4 indicates that the mathematical manipulation and assumptions for 

the evaluation of KHMH equation are plausible. 

 

6.4. Energy transfer between scales 

Figure 6.5 shows the scale-by-scale energy budgets expressed as Eqs. (6.7)-

(6.11) for the single-phase flows, all of which are normalized by *a and distributed 

with respect to |r|/l  (see Fig. 6.1 indicating that |r| is the representative length scale 

of spherical shell) in order to provide the quantitative description of the energy 

cascade from large to small scales. From the figures, it can be found that regardless 

of ReD little energy at the pipe center is produced at any scales ( a/ *a ), which 

agrees very well with Figs. 2.6(a,b) and 2.7(a,b) showing  and 

 at r/D = 0 for all the WLs. However, turbulence energy that belongs 

to large scales and transfers toward small scales is transported from other physical 

space due to pressure as shown in p
a/ *a at |r| R. It means that turbulence 

structures at the pipe center are not created at that location but is transmitted by the 



 

 

pressure difference from the wall. Then, the energy at large scales, which is 

physically transported from the wall, begins to transfer scalewisely and dominantly 

toward small scales at |r l  for both the Reynolds numbers (see open circles in 

Fig. 6.5). As explained in Sec. 6.2, a/ *a  at |r| l  for both the Reynolds 

numbers is in agreement with the typical characteristic of single-phase turbulent 

flows (Pope 2000). At |r l , the scale-wise viscous diffusion a/ *a, which was 

negligible at |r| > l , starts to influence the interaction among large and small scales. 

Valente & Vassilicos (2015) demonstrated that the scale-wise viscous diffusion 

increases close to the turbulence dissipation in the limit of |r| tending toward zero, 

which is clearly observed in Fig. 6.5 (l  at the pipe center is reduced with 

increasing ReD to 44000 as shown in Figs. 4.15a and 4.15b, leading to the difficulty 

of resolving into the normalized length scale smaller than that of ReD = 5300). 

From the figure, it can be found that turbulence structure at WL2 for ReD = 5300 

exhibits the dissipative motion dominated by viscosity while the dissipative 

motions at WL2 are not identified anymore with increasing ReD to 44000. The 

vanishment of dissipative motion at WL2 with increasing ReD was already 

observed from Figs. 4.15(a,b) showing that lWL2 < l  for ReD = 5300 but lWL2 l  for 

ReD = 44000 at the pipe center. 

Figure 6.6 presents the modified scale-by-scale energy budgets when bubbles are 

injected to  and 1.5% for ReD = 5300 and 44000, respectively. Here, 

representative length scales are given as dashed lines while those of the bubble-

induced turbulence determined by Eqs. (4.1a), (4.1b) and (4.3) are given as thick 

lines. For ReD = 5300, energy transfer from small to large scales (inverse cascade) 

is observed at scales larger than lrear. In addition, there is some correlation between 

- a and p
a at the scales where the inverse cascade takes place. The correlation was 

reported by Alves Portela et al. (2017) from the turbulent flows in the near wake of 

a square prism. They anticipated that the relation between -  and p reflected the 

presence of the coherent structures associated with the shedding that induce a 

strong pressure gradient in the flow. As shown in Fig. 6.6(a), the inverse cascade (-
a < 0) is found to begin from the length scale related with the bubble vicinity (lfront 

and lrear) and still exists at |r lWL1. For ReD = 44000 where only the bubble rear 

induces energy-containing motions (see lrear > l , lfront l  and ldw l  at r/D = 0 in 



 

 

Fig. 4.15d), the inverse cascade is also observed even though the bubble front part 

is not capable of producing the energy-containing motions. It indicates that the 

bubble rear part is responsible for the inverse cascade. Especially, evidence for the 

inverse cascade was also revealed from Figs. 5.4(d) showing the long tail for 

upward fluctuations at WL1 (resulting from the presence of the bubble rear) even 

though the length scale of the bubble rear part is smaller than that of WL1 (Fig. 

4.15c). Based on the observations, we anticipate that for ReD = 5300 (i) some 

portion of the energy generated in the near wake of a bubble is used to induce 

secondary structures around the low pressure region ( p
a < 0 at |r| lrear) and (ii) 

the pressure-driven secondary structures is strong enough to agitate larger scales 

( p
a > 0 at |r| > lrear). At |r| lrear (or lfront) for ReD = 5300, on the other hand, energy 

generated in the vicinity of a bubble is found to be scalewisely transported to 

smaller scales (- a > 0), resulting in the detached vortices as shown in Fig. 4.6. At 

|r ldw (or |r lWL2 since the decomposed flow field at WL2 is closely related 

with the detached wake of the bubble as explained in the PDFs of velocity 

fluctuations at WL2 (see Figs. 5.4b, e), energy cascade toward small scales starts to 

be dominated by the scale-wise viscous diffusion a while energy transfer caused 

by velocity fluctuations - a and surrounding flows p
a becomes negligible. It 

means that the turbulence structures distinguished at WL2 involves in the 

dissipative motions where most of the information related with the flow geometry 

or characteristics disappears (Kolmogorov 1991; Pope 2000), leading to the 

symmetric PDFs at WL2 even for the skews PDF of vertical velocity fluctuation at 

WL1 (Fig. 5.4). Unfortunately, a detailed discussion of the energy transfer among 

scales that are altered depending on physical length scales is hard to be achieved 

for ReD = 44000 because the structures induced by bubbles tend to take length 

scales much smaller than ReD = 5300 (Fig. 4.15d). However, one may expect that 

the inverse cascade toward the largest scale (WL1) becomes strong with increasing 

ReD in order to resist the dominant effect of the wall-generated turbulence. In Fig. 

4.15(d), we observed that lrear is reduced to lWL2 but lWL1 becomes larger with 

increasing ReD to 44000. However, it was found from Fig. 5.6(d) that the bubble 

rear still affects larger turbulence structures of WL1 (see the thick line that is more 

skewed to the right compared with the dashed line), indicating the strong inverse 

cascade. As shown in figure 6.6, the inverse cascade appears to be intensified when 



 

 

ReD increases to 44000. 

 

6.5. Secondary structures induced by the interaction between 

the wall and the bubble-induced turbulence 

As pointed out in Sec. 4.3, it was found that for ReD = 5300 the representative 

length scales of bubble-induced turbulence is not altered near the wall but 

turbulence properties of a liquid phase is significantly modified due to the 

interaction between the bubble-induced turbulence and the wall. Due to bubbles, 

small scale motions (of which length scale is smaller than Taylor microscale) 

which existed in the absence of bubbles disappears near the wall as shown in Fig. 

4.15. Unfortunately, the modified KHMH equation is not valid for a description of 

the interaction between the bubble-induced turbulence and the wall because the 

assumptions used for the mathematical manipulation are not satisfied near the wall. 

The circular pipe wall is expected to induce vigorous three-dimensional motions, 

indicating  and . We also anticipate that the 

circular surface of the wall deforms turbulence structures near the wall, leading to 

their turbulence characteristics changing depending on  (see the coordinate in Fig. 

6.1). This modified turbulence structure near the pipe wall means . The 

difficulty in simplification of the terms in the KHMH equation demands us to adopt 

another method to explain the effect of the wall on the turbulence.  

Figure 6.7 shows domains corresponding to the region containing the velocity 

v) and the eddy that detaches from 

the dw). The s v dw is 4db × 12db and 0.25D × 0.25D, 

respectively, both of which are large enough to describe the turbulence structure 

induced by the bubble vicinity and the detached eddy as discussed in Sec. 4.2 and 

v dw, two-point velocity 

correlation is defined by conditionally averaging the fluctuating velocities in the 

domains, as follows: 

 ,              (6.12) 

                      (6.13) 



 

 

where the reference location  in v (or  in dw) for the velocity correlation 

is expressed as gray dashed lines in Fig. 6.7 and the separation distance from the 

reference location in a vertical direction is denoted as . As shown in Fig. 6.7(a), 

v is defined as a rectangle box where a bubble is fixed at the center. In order to 

v, the location of the bubble surface is denoted 

as  = 0 that changes depending on a horizontal direction while the region occupied 

by the bubble is not taken into account for the calculation of velocity correlation. 

On the other hand, w dw is determined, we fit the domain center to the position 

where u z takes the maximum value. By combining Eqs. (6.12) and (6.13) with 

v dw, the coherent structures generated in 

the vicinity of a bubble or by the detached wake can be recognized as shown in 

Figs. 6.8 and 6.9, respectively. These coherent structures are evaluated from the 

pipe center to the near-wall region, and ReD is only considered for 5300 since the 

bubble-induced turbulence of ReD = 44000 was found to vanish near the wall as 

shown in Figs. 4.11 and 4.15(d). In Fig. 6.8, it is observed that the coherent 

structure corresponding to the bubble rear part is modified due to the wall, the 

degree of which appears to be more pronounced compared with the bubble front 

part. Another coherent structure related with the detached eddy, meanwhile, is 

given in Fig. 6.9. Here, two coherent structures at r/D = 0 are distributed 

symmetrically with respect to the vertical line of  dw. When considering 

dw, the 

symmetric distribution of two coherent structures is expected to be related with the 

counter-rotating vortices (which was highlighted as a black dashed box in Fig. 4.6). 

However, the closer proximity of the wall destroys the symmetric distribution and 

the magnitude of coherent structure close to the wall is intensified compared with 

its counterpart.  

For a more detailed description of the wall effect on the bubble-induced 

turbulence, Fourier transform is conducted on the velocity correlation as below.  

,            (6.14) 

           (6.15) 



 

 

,           (6.16) 

where (= 2 /l, where l is a length scale) is wavenumber while the coefficient of 

velocity correlation at  is denoted as . In order to evaluate the wall effect on 

various length scale structures, front, rear and dw are normalized as 

front front,max, rear rear,max and dw dw,max. Here,  is the difference of 

 between the pipe center (r/D = 0) and the near-wall region (r/D = 0.45), and the 

subscript max is the maximum value of  in a -  (or - ) space. Figure 

6.10(a) shows contour denoting front front,max for the bubble front part (  > 0 in 

Fig. 6.8) where the positive/negative value means that the turbulence structure at 

given length scale is intensified/attenuated due to the interaction between the 

bubble-induced turbulence and the wall. From the figure, it can be found that only 

the length scales larger than lfront is significantly enhanced due to the wall proximity. 

For a more detailed description of the interaction between the wall and the 

turbulence induced by the bubble front, we zoom in front front,max in a  

direction as shown in Fig. 6.10(b). Here, the representative length scales of WL1-5 

involve in the range of  between 1.4 and 8. From the figure, the interaction 

between the wall and bubble front part is likely to induce large scale structures 

close to WL1 or WL4-5, all of which are larger than lfront. Similarly, the bubble rear 

part (  < 0 in Fig. 6.8) develops turbulence larger than its length scale lrear owing to 

the interaction with the wall as shown in Fig. 6.11(a). The length scale of 

turbulence agitated by the interaction is close to that of WL1 and WL4-5 as 

detailed in Fig. 6.11(b). The difference between the bubble front and rear part is 

that the interaction between the wall and the bubble rear part tends to generate 

larger scale structures close to WL1, compared with the bubble front part. Figure 

6.12 presents the result of Fourier transform on Rdw( , ), explaining the 

interaction between the wall and the detached eddy. Contrary to the detached eddy 

rising at the pipe center, an inverse cascade near the wall is observed from Fig. 

6.12(a) showing that structures larger than ldw are significantly enhanced owing to 

the wall. Interestingly, turbulence distinguished at WL1 and WL4-5, which were 

intensified by the bubble vicinity, is attenuated while the interaction between the 

wall and the detached wake enhances turbulence corresponding to WL2-3. As 



 

 

shown in Fig. 6.10 and 6.11, note that the bubble vicinity is not capable of agitating 

the turbulent structure at WL2-3 even for the presence of the wall. Previously, we 

observed from Fig. 4.15(c) that various energy-containing motions are induced 

near the wall (lWL1 > lWL4,5 > lWL3 > lWL2 > l ) even though the representative lengths 

of the bubble front, rear part and the detached wake is not altered at r/D > 0.4. 

Based on Figs. 6.10-6.12, it can be claimed that the interaction between the wall 

and the bubble vicinity introduces the secondary structure corresponding to WL1 

and WL4-5 while the detached wake develops the secondary structures 

corresponding to WL2-3 by interacting with the wall. All of the secondary 

structures are observed to be larger than the sources causing them to occur. In 

addition, the turbulence characteristics of turbulent bubbly flow near the wall 

which were already discussed in Fig. 5.5 is expected to be equal to that of the 

secondary structures caused by the wall interaction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.1. The coordinate system. The X1 and X2 axis lie on the measurement 
PIV plane. The spherical shell contains turbulence energy that transfers to other 
spherical shell of different radius but at the same location X.  



 

 

 

 

 

 

 

Figure 6.2. Contours denoting (a) the second-order structure function, (b) the 
scale-wise production, (c) the sum of turbulence dissipation at two different 
locations x+ and x-, (d) the nonlinear scale-wise transfer of energy and (e) 
energy transfer in a physical scale due to pressure. All of the contours are given 

at r/D = 0 for ReD = 5300 and  (single-phase flow). 



 

 

 

 

 

 

 

 

Figure 6.3. Contours denoting (a) the second-order structure function, (b) the 
scale-wise production, (c) the sum of turbulence dissipation at two different 
locations x+ and x-, (d) the nonlinear scale-wise transfer of energy and (e) 
energy transfer in a physical scale due to pressure. All of the contours are given 

at r/D = 0 for ReD = 44000 and  (single-phase flow). 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.4. Circumferentially averaged nonlinear interscale energy transfer 
normalized by *a versus two times the magnitude of separation vector |r| 
normalized by Taylor microscale l . As shown in figure 6.1, |r| is corresponding 
to the characteristic length scale of spherical shell containing the fluctuating 

energy . 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.5. Circumferentially averaged scale-by-scale energy budget normalized 
by *a at the pipe center. Plots are given at the single-phase flow for (a) ReD = 
5300 and (b) 44000. In figures, dashed lines denote physical length scales. 



 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.6. Circumferentially averaged scale-by-scale energy budget 
normalized by *a at the pipe center. Plots are given at the two-phase flow for 

(a) ReD = 5300 ( ) and (b) 44000 ( 1.5% ). In figures, dashed 

and thick lines denote physical length scales corresponding to the decomposed 
flow fields and the bubble-induced turbulence, respectively.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.7. Definition of the separation distance  used for the two-point 
velocity correlation. Domains v and dw denote regions containing the 
fluctuating velocities induced by (a) the bubble vicinity and (b) the eddy that 
detaches from the bubble rear, respectively. The reference location for the 
separation distance (  = 0) is given as grey dashed lines. Determination of v 
and dw is detailed in Sec. 4.2 (see Fig. 4.7) and Sec. 4.3 (see Fig. 4.13), 
respectively. 



 

 

 

 

 

 

 

 

 

 

Figure 6.8. Two-point velocity correlations in the vicinity of bubble when the 
bubble rises at (a) r/D = 0, (b) 0.2, (c) 0.4 and (d) 0.45. The contours are given 

for ReD = 5300 and . 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.9. Two-point velocity correlations corresponding to a detached eddy 
when the eddy rises at (a) r/D = 0, (b) 0.2, (c) 0.4 and (d) 0.45. The contours are 

given for ReD = 5300 and . 



 

 

 

 

 

 

 

 

 

Figure 6.10. (a) Contour quantitatively describing the interaction between the 
wall and the turbulence generated in front of a bubble (for ReD = 5300 and 

), where positive/negative value is corresponding to the turbulence 

enhancement/suppression at given scales. The wavenumbers of physical length 

scales are included as dashed lines. The detailed contour for  < 8 is also 

give in (b). 



 

 

 

 

 

 

 

 

 

 

Figure 6.11. (a) Contour quantitatively describing the interaction between the 
wall and the turbulence generated by bubble rear (for ReD = 5300 and 

), where positive/negative value is corresponding to the turbulence 

enhancement/suppression at given scales. The wavenumbers of physical length 

scales are included as dashed lines. The detailed contour for  < 8 is also 

given in (b). 



 

 

 

 

 

 

 

 

Figure 6.12. (a) Contour quantitatively describing the interaction between the 
wall and the turbulence generated by detached eddies (for ReD = 5300 and 

), where positive/negative value is corresponding to the turbulence 

enhancement/suppression at given scales. The wavenumbers of physical length 
scales are included as dashed lines. The detailed contour for D <110 is also 
given in (b). 



 

 

Chapter 7 

 

Summary and Conclusion 

 
Turbulent bubbly flows where bubbles are dispersed in a liquid flowing through 

a pipe and modify turbulence properties of the liquid can be encountered frequently, 

drawing a lot of attention from researchers around the world due to their significant 

effect on general industrial applications. In fact, bubbles dispersed in a liquid can 

be expected to agitate turbulence but also suppress the turbulence generated by the 

wall. In the present study, we experimentally investigated the turbulent bubbly flow 

in a vertical pipe in the range of Reynolds number (which is based on the pipe 

diameter and bulk velocity) between 5300 and 44000 and the volume void fraction 

between 0 and 1.8%. From the experiment, we observed that, for the Reynolds 

number of 5300, turbulence kinetic energy was intensified due to bubbles in spite 

of the reduced mean vertical velocity gradient in the pipe core region. It means that 

agitation caused by bubbles produces additional energy, which is different from the 

wall-generated turbulence. When Reynolds number increased to 44000, however, 

turbulence energy near the wall was attenuated even for the presence of a large 

number of bubbles.  

In order to understand satisfactorily the turbulence modification due to bubbles, 

it is required to visualize and separate various turbulence structures induced by the 

wall and bubbles depending on their representative length scale. This is because 

turbulence characteristics can be described based on the competition between the 

largest and smaller length scale structures. Thus, we visualized the turbulent bubbly 

flow by means of particle image velocimetry and identified various length scale 

structures based on discrete wavelet transform. The discrete wavelet transform 

allows us to recognize various turbulence structures separately depending on their 

length scales from the largest to other smaller scales. We also distinguished 

different sources of the liquid agitation induced by bubbles: (1) the bubble frontal 

and (2) rear part, and (3) the vortical structure that detaches from the bubble rear. 

When the Reynolds number is 5300, it has been found that all of the bubble-

induced turbulence has large length scales enough to induce the energy-containing 



 

 

motions across the entire pipe, resulting in turbulence enhancement. When the 

Reynolds number increases up to 44000, on the other hand, the length scales 

representing the turbulence induced by the bubble front and detached wakes are 

significantly reduced, meaning that they cannot generate any energy-containing 

motions. It is only the bubble rear part that produces turbulence energy additionally 

for the large Reynolds number. The agitation induced by the bubble rear, however, 

is also suppressed near the wall. In the near-wall region, the turbulence generated 

by the wall is also expected to be suppressed since the vertical mean velocity 

gradient with respect to a radial direction, which is one of the sources for 

turbulence, is reduced due to bubbles. As a result, the reduced wall-generated 

turbulence as well as the disappearance of the bubble-induced agitation lead to 

turbulence suppression near the wall.  

In the present study, statistical properties of the turbulence induced by the bubble 

vicinity and detached wake are provided by using the probability density functions 

at each decomposed flow field. As a result, we could distinguish the turbulence 

localized in the vicinity of a bubble and induced by the detached wake, respectively, 

from the real turbulent bubbly flow, not configurations depicting a turbulent bubbly 

flow such as a random array of the fixed spheres or a homogeneous swarm of 

bubbles rising within a thin gap. In addition, we also quantitatively analyze the 

interaction between various length scales, including the secondary structures 

induced by the interaction with the wall. The present work is also expected to be 

feasible for other gas-liquid systems such as a bent pipe or a pipe with a sudden 

expansion where bubbles are dispersed in a liquid. This feasibility gives us 

confidence that our work would be helpful for designs of various industrial 

applications where the effect of a two-phase flow is important for their safety or 

efficiency.  
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