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Abstract 
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Seoul National University 

 

 This thesis presents a reliable integrated model of Computational Fluid Dynamics (CFD) and 

Population Balance Model (PBM) for the gas-liquid stirred tank for predicting oxygen mass transfer 

rates. Three constructed meshes were compared: unstructured, structured with thickness resolved, and 

zero-thickness structured mesh. The structured with thickness resolved meshes were selected as the best 

mesh. Then, the adjustable parameters in PBM kernels were estimated. The grid search method was 

employed, due to the strong non-linearity of the CFD-PBM model, based on the Bayesian optimization 

(BO) to improve the efficiency of searching. The final model was validated with experimental 

measurement results, and the validated model and the uniform bubble size model were compared. The 



2 
 

results show that the PBM model reflects the heterogeneity of the system better, therefore better 

predicting the occurrence of dead zones in the stirred tank. Finally, a case study was conducted to 

examine changes in oxygen mass transfer according to changes in viscosity. As the viscosity was 

increased to 10 times that of water, the volume-averaged oxygen mass transfer rate decreased by 28% 

as the viscosity increased 10 times, and an increase in the mixing rate of 5% and the aeration rate of 

10% was estimated to recover 67% and 45% of reduced mass transfer rate, respectively. 

 

Keyword: Computational Fluid Dynamics, Multiphase, Population Balance Model, Oxygen Mass 

Transfer, Bioreactor, Viscosity 
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1. Introduction 

 Since the development of the fermentation tank of penicillin in the 1940s [1], the biotechnology sector 

has grown up like a billion-dollar industry. Stirred tank multiphase reactor is widely used for 

biotherapeutic products. In order to gain the advantage of economy of scale, scale-up must be achieved 

while maintaining productivity. This requires design consideration to ensure that the material delivered 

to the cell is always at an appropriate level, even if scale-up is achieved. Therefore, an appropriate 

understanding of interphase transport phenomena is required. Nevertheless, due to insufficient 

understanding of hydrodynamics, the scale-up of bioreactor is still a challenging task [2]. 

 The oxygen mass transfer rate is one of the most important materials delivered to the cell in the 

bioreactor. Sufficient oxygen supply is needed for cellular respiration, otherwise causes severe 

degradation of productivity [3]. Therefore, minimizing the insufficient oxygen supply area, called the 

‘dead zone’, is a primary object in bioreactor design and control. Reliable models, which are able to 

take account of oxygen mass transfer rate, are needed for scale-up, design, and control of the bioreactor. 

The oxygen mass transfer rate heavily depends on the hydrodynamics. The volumetric mass transfer 

rate (kL𝑎) is estimated by multiplication of interfacial area and mass transfer coefficient (KL). If the 

hydrodynamics of the system is accurately known, one can calculate interfacial areas explicitly from it. 

However, the mass transfer coefficient can only be estimated. There exist some empirical correlations 

[2-6], but they are only capable of calculating the total volume average KL𝑎 value of the reactor. They 

have obvious limitations since the hydrodynamics of the reactor are often highly inhomogeneous. 

Therefore, in order to predict and respond to the occurrence of dead zones, it is necessary to be able to 

simulate the inhomogeneous hydrodynamics of the reactor accurately.  
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Computational fluid dynamics (CFD) has found successful application on various chemical reactors 

with inhomogeneous hydrodynamics [4-6]. Bioreactors are generally gas-liquid 2-phase systems where 

the liquid is a continuous phase and the gas is dispersed phase. Those multiphase simulations are 

generally realized via an Eulerian-Eulerian two-fluid model due to its suitable prediction performance, 

with relatively small computational cost than other alternatives. In the 2-phase CFD model, several 

governing equations like phase continuities, momentum equations are solved simultaneously. The phase 

interaction forces are added in the governing equations of each phase as a source term. Several forces, 

like a drag, lift virtual mass, should be considered between the gas and liquid phase, and it is well-

known that the effect of the drag force is the most dominant [7]. As a result, many drag models are 

suggested and validated with experimental data. For dispersed gas bubbles within the liquid, Schiller-

Naumann, Ishii-Zuber, and grace models are widely used [2, 8] [9]. 

Based on validated drag laws, early researches on the gas-liquid mixing tanks was performed with 

uniform bubble size assumption throughout the tank [10, 11]. Their models achieve fairly good 

agreement with experiment data, except around impeller discharge. The bubble size distribution is not 

uniform inside the stirred tank, as several experimental research showed [12, 13]. Since the bubble size 

directly determines drag forces which is the dominant interphase force, the effect of uniform bubble 

size assumption can be significant. Therefore, a model that does not consider the bubble size distribution 

may yield inaccurate predictions.  

For the heterogeneous disperse phase system, the population balance model (PBM) is widely used as 

a framework to obtain the dynamics [14-16]. PBM represents systems of partial differential equation of 

number density distribution function (NDF), in which a function that represents the spatial distribution 

of any variable of the dispersed particle. (e.g. diameter) However, the full PDE requires a large amount 
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of computation and is difficult to converge. Therefore, many methodologies for simplification have 

been suggested, and each methodology has advantages and limitations [17]. Early studies for predicting 

the local bubble size in stirred tanks using a discretization based on the method of the class (MOC) [8, 

18]. However, for accurate prediction of the evolution of the moments of the bubble size distribution, 

MOC requires more than 20 classes which means heavy computational costs. Alternatively, the QMOM 

[19] has been widely used in modeling gas-liquid stirred tanks recently [2, 9, 20], since it requires 

considerably less computational cost than the MOC while offering accurate prediction. In this work, the 

QMOM method was employed to solve bubble dynamics in a stirred tank. 

In the preceding paragraphs, the research and methodologies for predicting accurate hydrodynamics 

of gas-liquid stirred tanks are described. Based on predicted hydrodynamics and local interfacial area, 

evaluation of local oxygen mass transfer has been performed. Laakkonen [8] suggested a model 

validated with the bubble size measurement data in 14 and 200L stirred tanks. Though, the model uses 

the MOC method to solve the PBM, which requires heavy calculation. Gimbun [2] proposed a model 

that fairly good agreement with experimental results. However, most of the prior studies have assumed 

that the viscosity of the liquid is the same as that of general water. Generally, it is known that the kL𝑎 

values decrease with increasing liquid viscosity [21,22]. Empirical correlations suggest that kL𝑎 

values are proportional to the order of -0.4 to -0.7 of liquid viscosity. According to the industry-scale 

fermentation bioreactor process data of Goldrick [23], the apparent viscosity of the reactor is the same 

as water, 1cp, at the beginning but increases up to 100cp at the end of the batch. From rigorous 

calculations using empirical correlations, it is concluded that kL𝑎 value can be reduced from 15% to 

4% of the water-viscosity level. Thus, compared to the significant effect of viscosity increase on 

bioreactor’s oxygen supply, there is a lack of case study for spatial changes.  
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In this research, a CFD-PBM model reflecting bubble size distribution was established, and the 

spatial variation of oxygen mass transfer rate due to changes in viscosity was analyzed. The QMOM 

method was implemented to solve the PBM and PBM kernels, proposed by Laakkonen, used to describe 

bubble’s coalescence and breakage phenomena. Various structures of mesh were explored to accurately 

simulate a given geometry, and sensitivity tests were conducted to determine the final mesh structure 

and refinement. The model was validated with experimental data [8]. Based on the validated model, the 

spatial variation of kL𝑎 was analyzed as viscosities increase to 10cp under the same conditions. 
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2. Modeling Approach 

2.1 CFD Modeling of Gas-Liquid Multiphase Flow 

 The Eulerian-Eulerian approach is employed for multiphase simulation in this work. In this approach, 

the continuous and disperse phases are assumed as interpenetrating media, having their local volume 

fractions with cumulative sum as one. The volume fractions are governed by the following continuity 

equations: 

 
∂(αk𝜌𝑘)

𝜕𝑡
+ ∇ ∙ (𝛼𝑘𝜌𝑘𝒖𝑘) = 0  (1) 

where 𝛼𝑙, 𝜌𝑙, 𝒖𝑙 are the volume, the density, and the velocity of the kth phase, respectively. Noted that 

the interphase mass transfer is negligible thus not included in Eq. (1). The momentum equation of the 

liquid phase is following: 

 
∂(αl𝜌𝑙𝒖𝑙)

𝜕𝑡
+ ∇ ∙ (𝛼𝑙𝜌𝑙𝒖𝑙𝒖𝑙) = −𝛼𝑙∇𝑃 + ∇ ∙ 𝜏𝑙 + 𝐹𝑙𝑔  + 𝛼𝑙𝜌𝑙𝑔  (2) 

where 𝜏𝑙 is the stress-strain tensor of the liquid phase, 𝑔 is the gravity acceleration, and 𝐹𝑙𝑔 is the 

interaction force between the gas and liquid phase, respectively. Forces acting between phases include 

drag force, virtual mass, lift force, etc. The effect of other than the drag force is secondary in gas-liquid 

stirred tanks [7]. Therefore, the effect of the virtual mass and lift force is not included in this work to 

reduce the computational cost, thus Flg is simplified by a simple term for the drag force. The drag force 

term is following: 

 Flg = −
3𝜌𝑙𝛼𝑔𝛼𝑙CD|𝑢𝑙 − 𝑢𝑔|(𝑢𝑙 − 𝑢𝑔)

4𝑑32
  (3) 

where CD is a drag coefficient and d32 is the bubble Sauter mean diameter. 



11 
 

 In CFD simulation, the drag model determines the drag coefficient. The effect of the drag model on 

the flow field is significant. Various drag models have been used for stirred tank reactors. Buffo [24] 

and Petitti [9] employed a drag model formulated in terms of the terminal velocity of a rising bubble in 

a stagnant liquid [25]. The drag coefficient equation is following: 

 CD =

4
3𝑑𝑏(𝜌𝑙 − 𝜌𝑑)𝑔

𝜌𝑙𝑈𝑇
2   (4) 

 

UT = √
2𝜎

𝑑𝑏𝜌𝑙
+

𝑔𝑑𝑏

2
 

 (5) 

where UT is the terminal velocity for isolated air bubbles in distilled water, and σ is surface tension, 

respectively. Those equations are known to apply in the typical bubble size range, from 2 to 10 mm, for 

a stirred tank. Yet, a quite rigorous assumption included, that all the bubbles are spherical thus have the 

same constant terminal velocity. Drag coefficient depends on the non-spherical shape of bubbles, and 

also on swarm [26]. The correlation of Ishii and Zuber (Eq. (4)) and Tomiyama [27] (Eq. (5)) for taking 

into account those effects are following:  

 CD = max {𝑚𝑖𝑛 (
24

𝑅𝑒
(1 + 0.15𝑅𝑒0.687),

72

𝑅𝑒
) ,

8

3

𝐸𝑜

𝐸𝑜 + 4
}   (4) 

 
CD = max {

24

𝑅𝑒
(1 + 0.15𝑅𝑒0.687),min  (

8

3
,
2

3
√𝐸𝑜} 

 (5) 

where Re and Eo are the bubble Reynolds number and Eotvos number which represents the ratio 

between gravitational to surface tension forces, respectively. The effect on drag for the ellipsoidal 

bubble regime is accounted for by the Eotvos number. Furthermore, the local bubble density also affects 

the drag coefficient. Behzadi [28] suggested a correlation for the drag coefficient of dense dispersion of 

bubbles: 
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 CD,dense = 𝐶𝐷 (𝑒3.64𝛼𝑔 + 𝛼𝑔
0.864)  (6) 

 The formation of the bubble cavity behind the impeller blade also has to be considered. According to 

Lane [10] and Gimbun [2], it is possible to model the gas cavity by providing a certain modification to 

the drag coefficient. For the region of high gas volume fraction, the drag coefficient for an isolated 

bubble is used. Therefore, the cavity behind the blade is treated as an isolated bubble, rather than the 

dense bubble dispersion. Noted that using correlation of dense dispersion of bubbles for the cavity 

region resulting in the disappearance of the bubble cavity and over prediction of the gassed power 

number [2]. Gimbun employed the Ishii and Zuber drag model and the Gimbun’s drag factor was 

employed with cavity modification for the void fraction higher than 70%. However, severe 

discontinuous points exist around 0.7 gas volume fraction (see Figure 1). In this work, in order to 

promote stability, a switch function is introduced in the range of gas volume fraction 0.6 to 0.8 to deal 

with discontinuity (see Figure 2). The drag model described above has been implemented via a 

FLUENT user-defined MACROS. 
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Figure 1 Drag factor plot of Gimbun [2], based on the correlation of Behzadi [28] 
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Figure 2 Drag factor plot with switch function applied.  

(Switch function: 𝟎. 𝟔 ≤ 𝒈𝒂𝒔 𝒗𝒐𝒍𝒖𝒎𝒆 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏 ≤ 𝟎. 𝟖) 
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2.2 Turbulence Modeling 

 The Reynolds averaging Navier-Stokes (RANS) approach for turbulence is used. In Reynolds 

averaging, the flow variables in exact Navier-Stokes equations are decomposed into the ensemble-

averaged and fluctuating components. As a result, The RANS equations are as following: 

 
∂ρ

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(𝜌𝑢𝑖) = 0 

 

(7) 

 ∂

𝜕𝑡
(𝜌𝑢𝑖) +

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑖𝑢𝑗)

= −
𝜕𝑝

𝜕𝑥𝑗
[𝜇 (

𝜕𝑢𝑖

𝜕𝑥𝑗  
+  

𝜕𝑢𝑗

𝜕𝑥𝑖 
−

2

3
δij

𝜕𝑢𝑙

𝜕𝑥𝑙  
)] +

𝜕

𝜕𝑥𝑗
 (−𝜌𝑢𝑖

′𝑢𝑗
′ ) 

 

(8) 

Additional terms, −𝜌𝑢𝑖
′𝑢𝑗

′, appear that represent the effects of turbulence, called Reynolds stresses, 

which must be modeled to close Eq. (9).  

 In this work, the SST k − ω  mixture model was used for the modeling Reynolds stresses. The 

standard model parameter was used (i.e. 𝜎𝑘,1 = 1.176, 𝜎𝜔,1 = 2.0, 𝜎𝑘,2 = 1.0, 𝜎𝜔,2 = 1.168, 𝛼1 =

0.31, 𝛽𝑖,1 = 0.075, 𝛽𝑖,2 = 0.0828).  
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2.3 Population Balance Modeling 

 Due to bubble coalescence and breakage, the local values of bubble size and interfacial area can be 

changed. Since the interaction forces between phases directly depend on the interfacial area, those 

changes are an important aspect to be modeled. The population balance equation (PBE), in terms of a 

Number Density Function (NDF), is widely used to describe the bubble size evolution [29]. The number 

of particles has the value of internal coordinate (i.e. chemical composition, temperature, bubble size, 

etc.) within the range (L, L + dL) , and within the volume d𝐱 = 𝑑𝑥1𝑑𝑥2𝑑𝑥3  around the point 𝐱 =

(𝑥1, 𝑥2, 𝑥3) are expressed as: 

 n(L; 𝐱, t)d𝐱dL  (9) 

And the PBE can be expressed as: 

 

∂n(L; 𝐱, t)

∂t
+ ∇ ∙ [�⃑� n(L; 𝐱, t)]

= 𝐵𝑎𝑔(L; 𝐱, t) − 𝐷𝑎𝑔(L; 𝐱, t) + 𝐵𝑏𝑟(L; 𝐱, t) − 𝐷𝑏𝑟(L; 𝐱, t) 

 

(10) 

where n(L; 𝐱, t) is the NDF; L is the bubble size; x is the bubble velocity vector; 𝐵𝑎𝑔(L; 𝐱, t) and 

𝐷𝑎𝑔(L; 𝐱, t) are the birth and death term arising from bubble coalescence; 𝐵𝑏𝑟(L; 𝐱, t) and 𝐷𝑏𝑟(L; 𝐱, t) 

are the birth and death terms due to bubble breakage, respectively. The change rate of bubble size mass 

transfer was neglected on the left side of Eq. (11). 

 Further assumptions for simplification are as follow [30]. In this work, the bubbles have the same 

chemical composition within the isothermal system. Moreover, the bubble velocity is assumed that 

linked to the bubble size with a known algebraic relationship. As a result, the bubble size only remains 

an internal coordinate. Then, the final PBE becomes: 
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∂nL

∂t
+ ∇ ∙ [�⃑� nL] = 𝑆𝐿  =  𝐵𝑎𝑔,𝐿 − 𝐷𝑎𝑔,𝐿 + 𝐵𝑏𝑟,𝐿 − 𝐷𝑏𝑟,𝐿 

 

(11) 

The source term in Eq. (12) consists of birth and death terms due to breakage and coalescence. A detailed 

description of those source terms are followed, first, the birth and death term due to coalescence can be 

calculated as [29]: 

 Bag,L =
𝐿2

2
∫

𝐾 ((𝐿3 + 𝜆3)
1
3, 𝜆)

(𝐿3 − 𝜆3)
2
3 

𝑛 ((𝐿3 + 𝜆3)
1
3)𝑛(𝜆)𝑑𝜆

𝐿

0

 

 

(12) 

 Dag,L = ∫ 𝐾(𝐿, 𝜆)𝑛(𝐿)𝑛(𝜆)𝑑𝜆

∞

0

 

 

(13) 

where K(L, λ) is the coalescence kernel (coalescence frequency) related to two bubbles of size L and 

λ. 

 The birth and death term due to breakage are as follow: 

 Bbr,L = ∫ 𝛽(𝐿, 𝐿′)𝑔(𝐿′)𝑛(𝐿′)𝑑𝐿′

∞

𝐿

 

 

(14) 

 Dbr,L =  𝑔(𝐿)𝑛(𝐿) 

 

(15) 

where g (L’) is the Coalescence kernel of two bubbles with size L; and β(L, λ) is the daughter size 

distribution (DSD) distribution function for the formation of a daughter bubble L by the breakage of the 

mother bubble L’. The source term in moment space is unknown, therefore further modeling of the 

source term, called a kernel, is needed. It was covered in section 2.3.2. 
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2.3.1 Formulation of Method of Moments (MOM) 

 The above PBE (Eq. (12)) is a partial differential equation (PDE), which requires excessive 

computation and subroutines in the numerical process to be solved directly. Therefore, many 

simplification methods have been proposed, to practically solve PBE within the Eulerian-Eulerian 

framework. Early studies focused on the MOC method, which simplified PBE by discretizing the 

internal coordinate into appropriate intervals, and then integrating each interval. However, the MOC 

required dozens of bins, which required burdensome computations despite being simplified. Thus, the 

MOM was proposed by Randolph [31], which approximating the overall distribution of internal 

coordinates through moments. The advantage of the MOM is that its capability of reconstructing a 

relatively accurate distribution of internal coordinates, even with less than 6 moments. Hence, in order 

to predict the evolution of the moments of the bubble size distribution (BSD), the MOM is widely 

employed [31]. The moments of the bubble size distribution (BSD) with the above simplifications are 

defined as: 

 mL,k = ∫ 𝑛

∞

0 L

𝐿𝑘𝑑𝐿  𝑘 = 0, 1,∙∙∙ ,2𝑁 − 1, 

 

(16) 

where k is the specified number of moments. 

 The PBE can be rewritten with this definition of moments: 

 
∂mL,k

𝜕𝑡
+ ∇ ∙ [�⃑� mL,k] =  SmL,k

 

 

(17) 

 SmL,k
= ∫0

∞
𝑆𝐿𝐿

𝑘 𝑑𝐿  

 

(18) 
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where SmL,k
  is the source term of moment space due to bubble coalescence and breakage. The 

limitation of early studies of MOM is the closure problem, where the source terms are not well defined 

in moments space. This was overcome by the introduction of QMOM [19], which will be explained in 

the next section.  
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2.3.2 Formulation of QMOM 

 As mentioned above, the QMOM has been overcome the closure problem of MOM [29, 32]. In QMOM, 

the sequence of polynomials orthogonal to the unknown NDF is determined from its moments. A 

Gaussian quadrature approximation is exploited. The source terms are estimated through the quadrature 

approximation. The roots of the polynomial of order N, orthogonal to the NDF, are the same as the 

nodes of the quadrature approximation. The approximation can be written as: 

 ∫ f(θ)𝑛(𝜃)𝑑𝜃 ≈  ∑𝑓(𝜃𝑖)𝑤𝑖

𝑁

𝑖=1

 

 

(19) 

where f (θ) is the polynomial orthogonal to the NDF, n(θ) is the unknown NDF, θi and wi am i th 

node and weight of the quadrature approximation, and θ is an internal coordinate, respectively. If f (θ) 

is a polynomial of order 2N -1 or smaller, this approximation (Eq. (20)) is exact [33]. 

 By tracking the first 2N moments, a quadrature of order N can be constructed. However, while 

increasing the number of nodes in quadrature increases the accuracy, there is a trade-off that increases 

the computation cost and even makes the numerical problems. Therefore, in many gas-liquid systems 

such as bubble columns and stirred tanks, the use of three nodes with solving six-moment equations is 

widely employed as a choice that guarantees both accuracy and stability of CFD model [30, 32, 34]. 

Then the kth moment can be expressed as: 

 mk = ∫ 𝑛(𝐿)𝐿𝑘𝑑𝐿
∞ 

0

 ≈  ∑ 𝑤𝑖𝐿𝑖
𝑘

N=3

i=1

 

 

(20) 

An orthogonal polynomial family Pα(𝐿) are obtained using the recursive formula following [29]: 

 Pα+1(𝐿) = (𝐿 − 𝑎𝛼)𝑃𝛼(𝐿) − 𝑏𝛼𝑃𝛼−1 (𝐿); α = 1 ∙∙∙ N  
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(21) 

 
aα =

∫ 𝐿𝑛(𝐿)𝑃𝛼  (𝐿)𝑃𝛼  (𝐿)𝑑𝐿

∫ 𝑛(𝐿)𝑃𝛼  (𝐿)𝑃𝛼  (𝐿)𝑑𝐿
 

 

(22) 

 
bα =

∫ 𝑛(𝐿)𝑃𝛼  (𝐿)𝑃𝛼  (𝐿)𝑑𝐿

∫ 𝑛(𝐿)𝑃𝛼−1 (𝐿)𝑃𝛼−1 (𝐿)𝑑𝐿
 

 

(23) 

The nodes of the quadrature approximation are the same as the zeros of PN (𝐿) . By similarity 

transformation, a matrix called the Jacobi matrix can be transformed from the systems of recursive 

equations above (Eq. (22)): 

 J =

[
 
 
 
 
 
 
 a0 √b1     

√b1  a1  √b2    

  √b2 a2 √b3   
  ⋱ ⋱ ⋱  

   √bN−2 aN−2 √bN−1

     √bN aN ]
 
 
 
 
 
 
 

  

 

(24) 

The weights and nodes can be calculated from the above Jacobi matrix. Conversely, the Jacobi matrix 

can be calculated from moments efficiently by the Product-Difference algorithm [35] or Wheeler 

algorithm [36]. 

 From the above QMOM formulation, the source term in Eq. (18) can be rewritten as: 

 Smk =
1

2
∑ 𝑤𝑖

𝑁=3

𝑖=1

∑ 𝑤𝑗ℎ𝑖𝑗

𝑁=3

𝑗=1

[(𝐿𝑖
3 + 𝐿𝑗

3)
𝑘
3 − 𝐿𝑖

𝑘 − 𝐿𝑗
𝑘] + ∑ 𝑤𝑖𝑔𝑖 (𝑏𝑖

𝑘 − 𝐿𝑖
𝑘)

𝑁=3

𝑖=1

 

 

(25) 

where Li and Lj are the nodes, wi and wj are the weights of the quadrature approximation; function 

hij and gi are the coalescence kernel between bubbles of size Li and Lj and the breakage kernel of 

bubbles size LI; 𝑏𝑖
𝑘 is the kth moment of the daughter distribution function of daughter bubble size L, 

generated by the mother bubble size Li, respectively. 𝑏𝑖
𝑘 can be calculated as follow: 
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 𝑏𝑖
𝑘 = ∫ 𝛽(𝐿, 𝐿𝑖)𝐿

𝑘𝑑𝐿
L𝑖 

0

 

 

(26) 

This explains most of the background theories of PBM modeling over QMOM. The next section covers 

the coalescence and break kernel and concludes the PBM part. 
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2.3.3 Kernels for Bubble Dynamics 

Coalescence kernel 

 As a result of bubble collision, bubble coalescence may occur. Not only the interactions between 

bubbles but also interactions with continuous phases involve bubble coalescence. The coalescence 

kernel was introduced to describe such a phenomenon. The Coalescence kernel can be expressed as: 

 h(𝐿1 , 𝐿2) = ℎ0(𝐿1, 𝐿2)𝜆 (𝐿1, 𝐿2) 

 

(27) 

where h(𝐿1 , 𝐿2) is the coalescence kernel; ℎ0(𝐿1, 𝐿2) is the collision frequency and 𝜆 (𝐿1, 𝐿2) is the 

coalescence efficiency. 

 The collision frequency term describes the number of collisions per bubble per unit time and has units 

of m3/𝑠 . The actual number of collisions between bubbles per unit time is expressed as a product of 

the number of particles per unit volume and the collision frequency. The collision efficiency term 

describes the fraction of collision events that result in coalescence and is a dimensionless number. 

  



24 
 

Coalescence frequency 

 Generally, the total collision frequency is considered as the sum of the contributions of several 

mechanisms (i.e. Turbulent fluctuations, buoyancy, wake-entrainment, etc.). Those mechanisms cause 

relative motion between bubbles. At medium superficial gas velocity, the turbulent fluctuations are the 

most important and the others are negligible [29]. In this work, only the contributions of turbulent 

fluctuation were considered. Thus, the collision frequency ℎ0(𝐿1, 𝐿2)  is simplified to the turbulent 

collision frequency ℎ0
𝑇(𝐿1, 𝐿2). 

 By analogy with the gas kinetic theory, Prince and Blanch calculated the bubble collision frequency 

due to turbulent eddies [37]. The turbulent collision frequency is calculated as follows 

 ℎ0
𝑇(𝐿1, 𝐿2) = S12𝑢𝑟𝑒𝑙 

 

(28) 

where S12  is the collision sectional area, 𝑢𝑟𝑒𝑙  is the relative approach velocity of two colliding 

bubbles. 

 The collision sectional area can be calculated as: 

 S12 =
π

4
(𝐿1 + 𝐿2)

2 

 

(29) 

where L1 and L2 are the diameters of the colliding bubbles. 

 The most common assumption for calculating the relative velocity is that the colliding bubbles have 

the same velocity with an equal-sized eddy [38]. Therefore, the relative velocity is: 

 urel = √2𝜖
1
3√𝐿1

2/3
+ 𝐿2

2/3
 

 

(30) 

The turbulent collision frequency can be rewritten as: 
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 h0
𝑇(𝐿1, 𝐿2) = √2

π

4
(𝐿1 + 𝐿2)

2𝜖
1
3√𝐿1

2/3
+ 𝐿2

2/3
  

 

(31) 

Above expression modified by Prince and Blanch with an adjustable parameter C1 [37]: 

 h0
𝑇(𝐿1, 𝐿2) = 𝐶1(𝐿1 + 𝐿2)

2𝜖
1
3√𝐿1

2/3
+ 𝐿2

2/3
  

 

(32) 
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Coalescence efficiency 

 Not every collision leads to coalescence events. There are three first-principle models representatively. 

the film-drainage model [39], the energy model [40], and the critical velocity models [41]. In this work, 

the coalescence efficiency based on the film-drainage model was used, and therefore, only the theory 

of the film-drainage models was covered. According to Coulaloglou, the coalescence efficiency can be 

expressed as [38]: 

 λ(L1, 𝐿2) = e
−
tD
𝑡𝐶 

 

(33) 

where tD  is the drainage time, and tC  is the contact time. Based on the film-drainage model, 

Coulaloglou and Tavlarides developed the following model for collision efficiency assuming that 

surface tension and inertial forces only control the drainage of an immobile bubble surface [38]: 

 λ(L1, 𝐿2) = exp (−𝐶2

𝜇𝑙𝜌𝑙𝜖

𝜎2
(

𝐿1𝐿2

𝐿1 + 𝐿2
)
4

) 

 

(34) 

where C2 is an adjustable parameter. 

 Finally, coupled with Eq. (19), (24), and (26), the total coalescence kernel can be rewritten: 

 h(𝐿1 , 𝐿2) = 𝐶1(𝐿1 + 𝐿2)
2𝜖

1
3√𝐿1

2/3
+ 𝐿2

2/3
exp(−𝐶2

𝜇𝑙𝜌𝑙𝜖

𝜎2
(

𝐿1𝐿2

𝐿1 + 𝐿2
)
4

) 

 

(35) 
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Breakage kernel and daughter distribution function 

 A balance between external stresses caused by the continuous liquid phase, surface stresses of the 

bubble, and viscous stresses determines the bubble breakage phenomenon [42]. The main mechanisms 

involved can be divided into four groups: turbulent fluctuations and collisions, viscous shear forces, 

shearing-off process, interfacial instability. In the turbulent system, similarly to the coalescence 

phenomenon, the turbulent fluctuation is the most important.  

 The breakage resulting from turbulent fluctuation and collision can be classified into four cases: Case 

1: the bubble has greater turbulence kinetic energy than a critical value; Case 2: the bubble surface is 

exposed to a velocity fluctuation larger than a critical value; Case 3: velocity fluctuation around the 

bubble surface greater than a critical value; Case 4: the inertial force of the hitting eddy 

 In order to describe breakage completely, not only the breakage frequency but also the number and the 

size of the generated bubbles are required to be considered. The daughter distribution function β 

includes that information. The daughter distribution functions are classified into three categories: 

empirical, statistical, phenomenological model. 
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Breakage kernel (frequency) 

 The research on breakage frequency has been studied in various multiphase systems. Coulaloglou and 

Tavlarides first proposed a breakage kernel for bubbles [38]. The theory of liquid-liquid dispersion was 

extended to bubbles. The breakage kernel of Coulaloglou and Tavlarides is following [38]: 

 g(L) = 𝑐′𝐿−
2
3

𝜖
1
3

1 + 𝛼𝑔
exp [−

𝑐′′𝜎(1 + 𝛼𝑔)
2

𝜌𝑔𝜖
2
3𝐿

5
3

] 

 

(36) 

Prince and Blanch (1990) reported that the breakage kernel above generally results in an underpredicted 

breakage frequency. Therefore, the density of the gas is replaced by the density of liquid [43].  

 For drops in liquid, Alopaeus obtaining the following breakage kernel [44]: 

 𝑔(𝐿) = 𝐶3𝜖
1
3erfc  (√𝐶4

𝜎

𝜌𝐿𝜖
2
3𝐿

5
3

+ 𝐶5

𝜇𝑔

√𝜌𝐿𝜌𝐺𝜖
1
3𝐿

4
3

) 
 

(37) 

From the similarity between mechanisms of bubbles and droplets, Laakkonen (2006)  [45] modified 

the above kernel (Eq. 29) for a gas-liquid system. 

 𝑔(𝐿) = 𝐶3𝜖
1
3erfc  (√𝐶4

𝜎

𝜌𝐿𝜖
2
3𝐿

5
3

+ 𝐶5

𝜇𝑙

√𝜌𝐿𝜌𝐺𝜖
1
3𝐿

4
3

) 
 

(38) 

The C3 is a constant adjustable; the constants C4 and C5 are obtained by the turbulence theory, and 

have the magnitude of 0.04 and 0.01, respectively. In this work, the Laakkonen breakage kernel (Eq. 

30) was employed to describe breakage frequency. 
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Daughter distribution function 

 Let the number of daughter bubbles produced as a result of breakage be N. The daughter distribution 

function must satisfy the following constraints: 

 ∫ β(L, λ)dL
∞

0

 = N 

 

(39) 

 
∫ β(L, λ)L3dL

∞

0

 = λ3 
 

(40) 

where L is the size of the daughter bubble and λ is the size of the mother bubble. 

Based on β-distribution, the daughter distribution function of Laakkonen (2007) [8] is as follow: 

 

β(L, λ) =
1

2
 (1 + 𝐶6) (2 + 𝐶6) (3 + 𝐶6) (4

+ 𝐶6) (
𝐿2

𝜆3)(
𝐿3

𝜆3)

2

(1 −
𝐿3

𝜆3)

𝐶6

 

 

(41) 

Coupled with Eq. (31) and (33), a correlation between C6 and N is: 

 N =
4

3
+

𝐶

3
 

 

(42) 

Considering binary breakage, the value of C6 is assumed to 2. Then, the daughter distribution function 

β can be rewritten as: 

 β(L, λ) = 180(
𝐿2

𝜆3)(
𝐿3

𝜆3)

2

(1 −
𝐿3

𝜆3)

2

 

 

(43) 

In this work, Eq. (44) was employed as a daughter distribution function. In FLUENT, the user can 

choose Eq. (35) as a built-in option. According to Laakkonen (2007), the best-fitted value of three 

adjustable parameters in Eq. (36) and (39) (C1, C2  and C3 ) are 2.65, 5.17, and 2.52, respectively. 
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However, Laakkonen employed the MUSIG method, one of the MOC methods, was used for PBM 

solving, hence those parameter values are not adequate for this work. In this work, parameter 

exploration of C1 𝑎𝑛𝑑 𝐶3 has been conducted. The results will be covered in Chap. 3. 
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2.4 Modeling of the Volumetric Mass Transfer Rate 𝐤𝐋𝒂 

 For aerated stirred tanks bioreactor, many empirical correlations have been developed to calculate kL𝑎 

[21, 46, 47]. Generally, obtaining equations such as the following [48]: 

 KL𝑎 = 𝐶𝑉𝑠
𝑎 (

𝑃

𝑉
)
𝑏

𝜇𝑎
𝑐  

 

(44) 

where C is a geometrical constant; P/V is the average power input per volume, Vs is the superficial gas 

velocity, μa is the liquid effective viscosity. The exponent values show a wide variation by different 

authors, for the liquid effective viscosity the range of exponent value is: −0.4 ≤ c ≤ −0.7. 

 However, correlations above are for the average kL𝑎 of the entire reactor, not for the local value. In 

order to maintain optimal productivity of a bioreactor, the occurrence of dead-zone, where the sub-

minimum level of oxygen was transferred, should be well understood and managed, especially for 

larger-scale tanks. 

 For spherical bubble, the local interfacial area per unit volume can be calculated from Sauter mean as: 

 a = ∑𝜋𝑑𝑏,𝑖
2 𝑛𝑖

i

≈
6𝑎𝑔

𝑑32
  

 

(45) 

For ellipsoidal bubbles with diameters greater than around 3mm, the aspect ratio R from the correlation 

of Wellek [49]: 

 R = 1 + 0.163Eo
0.757 

 

(46) 

where Eo  is the Eotvos number. Though the above correlation was developed for liquid-liquid 

dispersion, Guet [50] reported that Eq. (47) is applicable for bubbles. In this work, for bubbles with 
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Sauter mean larger than 2mm, the local interfacial area was calculated using Eq. (46) and (47). 

 For calculating the volumetric mass transfer coefficient kL , two models are widely used, the 

penetration model [51], and the eddy cell model [52]. The penetration model is based on Higbie’s 

penetration theory, assuming that the contact time can be approximated as the Kolmogorov length scale. 

The penetration model varies slightly depending on the way the contact time is approximated. As one 

of the penetration models, the slip velocity model approximates contact time through slip velocity.  

The slip velocity model results in kL as: 

 kL =
2

√𝜋
√

𝐷𝐿𝑣𝑏

𝑑𝑏
  

 

(47) 

where DL is diffusivity and vb is slip velocity 

 The eddy cell model results in kL as: 

 kL = K√DL√
𝜖

𝜈
  

 

(48) 

where K is the constant with a value of 0.4, theoretically; DL  is diffusivity; and ν  is kinematic 

viscosity, respectively. The diffusivity of oxygen in water is set as 1.92 × 10−9 𝑚−2𝑠. According to 

Maltby [18] the slip velocity model provides the best fit to experimental kL𝑎 data. Therefore, in this 

work, the slip velocity model was employed to calculate the oxygen mass transfer rate. 
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2.5 Parameter Estimation with Bayesian Optimization (BO) 

 The CFD-PBM coupled model is highly non-linear because the hydrodynamics of CFD and the 

moments of PBM have a mutual effect. The coalescence and breakage kernels have a non-linear 

function form in many flow variables, adding unpredictability to the model. Parameter estimation of 

the above models with strong nonlinearity generally uses grid search-based methods, such as random 

search, since the gradient-based methodologies are not available. However, grid search is inefficient 

therefore inappropriate if the cost to obtain objective function values for the parameters is expensive 

such as CFD. Hence, the grid search should be carried out by constructing an efficient design of 

experiments by exploiting the prior knowledge of the model as much as possible. In this work, 

parameter estimation was conducted using BO for the efficient design of experiments [53]. 

 BO is a type of nonlinear optimization that analyzes the stochastic surrogate model based on the 

iterative sampling of unknown objective functions [54]. The Gaussian process (GP) is the most accepted 

methodology for constructing the surrogate model. Concerning the N sample points and their objective 

function value f(x1)…𝑓(𝑥𝑛), a Gaussian distribution whose mean and covariance matrix are expressed 

as: 

 f1:N ~ 𝑁 (𝑚1:𝑁, 𝐾) 

 

(49) 

where the objective function value of the samples: f1:N = (𝑓(𝑥1)…𝑓(𝑥𝑛))
𝑇
 ; the mean function: 

m1:N = (𝑚(𝑥1)…𝑚(𝑥𝑛))
𝑇
; the covariance kernel function: K(xi, 𝑥𝑗). The covariance kernel functions 

reflect a prior belief of the objective function. In this work, the Isotropic Matern 5/2 kernel applied: 
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 k(x𝑖 , 𝑥𝑗) = 𝜎𝑓
2 (1 +

√10𝑟

𝜌
+

10r2

3𝜌2 )exp  (−
√10𝑟

𝜌
) 

 

(50) 

where σf  and ρ  are the hyper-parameters. Eq. (51) indicates the closer the distance between two 

sample points in the sample space is, the stronger the correlation is between their objective function 

values. The prediction of the unknown objective function value at point x′  is conducted using the 

characteristic that f1:N and fx′ have a joint Gaussian distribution also: 

 (
f1:N

fx′
) ~ 𝒩 ((

m1:N

mx′
) , (

K Kx′

Kx′
T Kx′x′

))  

 

(51) 

where fx′ = 𝑓 (𝑥′); mx′ = 𝑚(𝑥′); Kx′ ≡ (𝑘(𝑥1, 𝑥
′)…𝑘(𝑥𝑁, 𝑥′))

𝑇
; and Kx′x′ = 𝑘(𝑥′, 𝑥′).  

 By receiving an objective function value at the newly added sampling point, the surrogate model is 

updated. The acquisition function provides a criterion to determine the next sampling point. The 

expected improvement (EI) is widely used as the acquisition function [55]. The definition of the 

improvement I is as follow: 

 I(f(x′)) ≡ (min(𝑓1:𝑁) − 𝑓(𝑥′)) ∙ 1[min(𝑓1:𝑁)>𝑓(𝑥′)] 

 

(52) 

where the indicator function, 1[E], has a value of 1 if E is true and 0 for else. The expectation of the 

improvement is as: 

 

EI ≡  E[I(f(x′))]

= (min(𝑓1:𝑁) − 𝜇′)Φ(
min(𝑓1:𝑁) − 𝜇′

𝜎′ )

+ 𝜎′𝜙 (
min  (𝑓1:𝑁 − 𝜇′)

𝜎′
 

 

(53) 
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where E[∙]  is the expected value; Φ (∙)  is the cumulative distribution function; ϕ (∙)  is the 

probability density function of a normal distribution, respectively. 

 The BO process is implemented in MATLAB. The object function was chosen as square mean error 

from the local bubble size measurement at 390rpm, 0.7vvm, 200L stirred tank [8].  
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3. Geometry, Grid, and Numerical Strategy 

 In CFD models, the mesh has a significant impact on model results and convergence. In general, the 

number of elements in geometry and accuracy tends to trade-off. Therefore, in order to obtain accurate 

model results, the appropriate level of grid refinement is required so that the model reaches the grid-

independent solution. In this work, a grid sensitivity test was performed using meshes with various 

structures and refinement to reach the grid-independent solution. 

 In 3D CFD modeling, the mesh structure used can be divided into two types: unstructured and 

structured. The unstructured mesh consists mainly of volume elements of tetrahedral or polyhedral, 

while the structured mesh consists of hexagonal volume elements strictly. Volume elements in each 

form are illustrated in Figure 3. The unstructured meshes are relatively easy to construct, but due to 

their inconsistent element shape, numerical instability can occur. On the other hand, the structured 

meshes promise relatively robust results due to their consistent element form, but they may require 

significant user effort to construct or even fail to generate depends on the geometry complexity. 

Generally, the structured meshes are preferred because they require relatively less computation to reach 

precise results. 

 Previous works have presented various criteria for mesh structure and refinement when CFD is used 

to simulate stirring tanks with blades and baffles. Derksen [56] concluded that at least eight grids must 

be used for impeller blade height to accurately resolve the vortex core structure by the blade. According 

to Gimbun, the model using 11 nodes for impeller blade height did not differ from the model using more 

nodes.  

 In order to resolve the thickness of blades and baffles, remarkable mesh refinement is required and 
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thus the computation cost increases significantly. As a kind of circumvent method, many studies have 

been conducted that assume the blades and baffles as zero thickness [57]. Coroneo showed good 

agreement with the results of the liquid-liquid dispersion experiment. However, the blade thickness is 

known to be a factor that influences the hydrodynamics of the system [58, 59]. Hence, Zadghaffari [60] 

pointed out that the zero-thickness assumption is not realistic. 

 In this work, a grid sensitivity test was conducted to find grids that guarantee accurate prediction and 

convergence stability. In order to compare structured mesh and unstructured mesh, both meshes were 

constructed and compared. And to test the zero-thickness assumption, the structured mesh was 

constructed and compared in geometry with thickness and zero-thickness. The comparison of structured 

and unstructured mesh was conducted with the geometry with thickness. In non-zero-thickness 

geometry, the thickness of blades and baffles is set to 4 mm, similar to the realistic value of the Rushton 

turbine [58]. The PBM is implemented using the built-in framework in FLUENT, however, the built-in 

kernels within the framework are limited, so the desired kernels were implemented using the USER 

DEFINE FUNCTION in FLUENT. 

 For CFD modeling, a 200L aerated stirred tank with 6-blades Rushton turbine, studied by Laakkonen 

[8], were considered. The turbine has a mixing rate of 390rpm and a gas was injected through a ring 

sparger at a flow rate of 0.7vvm, which is set to be the same as experimental conditions of Laakkonen. 

The interphase drag coefficient was estimated using the Ishii-Zuber model with the Behzadi correlation 

with switch function as drag factor. In order to model the impeller movement, a multiple reference 

frame was used. For turbulence and multiphase modeling, the Eulerian-Eulerian approach and SST k −

ω model were employed. The coupled algorithm, with the pseudo-transient setting, was used. A Green-

Gauss node-based formulation is considered for calculating gradients. QUICK scheme for the 
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momentum equation, PRESTO! Scheme for the pressure, and the 1st order upwind scheme for other 

equations were used. Rather than using a fictitious degassing outlet, a pressure outlet was used for the 

outlet boundary condition. For the inlet boundary condition, the gas is set to be released homogeneously 

in the sparger. The 12 holes in the actual sparger are omitted for geometry simplification. Inlet moments 

are also set to form boundary conditions in moments space. Moments were calculated to be the normal 

distribution with 19mm bubble size on average and 3.04mm deviation, according to observation data 

and the correlation of Gary and rice. Inlet boundary moments can be found in Table 1. Lastly, the overall 

gas holdup, inlet-outlet gas flow balances, and volume-average Sauter mean for the PBM model were 

used as convergence indicators. 

 A grid sensitivity study was performed using 7 different meshes: meshes with unstructured polyhedral 

volume elements (coarse: 288k, fine: 522k elements), meshes with structured hexagonal volume 

elements (419k, 666k, 729k, 930k elements), hexagonal structured mesh with zero-thickness blades and 

baffles (670k). It was found that the 666k non-zero-thickness structured mesh showed the best 

performance and was applied to simulations after. The grid features are summarized in the following 

figures. (Figure 6, Figure 7, Figure 8, Figure 9, Figure 10, Figure 11) 
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Table 1 Inlet boundary moments 

 

 

 

  

m0 258586.3

m1 4913.1

m2 93.3497

m3 1.7736

m4 0.0337

m5 6.40E-04

Inlet boundary moments
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Figure 3 Tetrahedral volume elements (Left), 

hexagonal volume elements (Right) 
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Figure 4 Side view of the ring sparger reactor. 

(The axial points configuration, for which measurement data are available, are marked) 
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Figure 5 Top view of the ring sparger reactor 
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Figure 6 Grid of unstructured mesh, side view (polyhedral, 288k) 
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Figure 7 Grid of unstructured mesh, rotor and top view (polyhedral, 288k) 



45 
 

 

 

  

Figure 8 Grid of structured mesh, side view (hexagonal, 666k) 
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Figure 9 Grid of structured mesh, rotor and top view (hexagonal, 666k) 
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Figure 10 Grid of structured mesh, zero-thickness, side view (hexagonal, 

670k) 
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Figure 11 Grid of structured mesh, zero-thickness, rotor and top view (hexagonal, 670k) 
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4. Simulation Results and Discussion 

4.1 Sensitivity Test 

 Sensitivity tests were conducted assuming a uniform bubble distribution of 3.5mm, and the volume-

integrated turbulence dissipation rate (ϵ) and gas-holdup were adopted as criteria for mesh performance 

evaluation. In conclusion, the unstructured mesh and the structured mesh with zero-thickness models 

showed inferior performance compared to the normal structured mesh model. The unstructured mesh 

model was not able to reach convergence when QUICK scheme was used in the momentum equation. 

Even when QUICK scheme was mitigated to 1st order upwind scheme, the volume-integrated turbulence 

dissipation rate was predicted to be less than 30% compared to the structured mesh using QUICK 

scheme. On the other hand, zero-thickness mesh model also showed under predicted results compared 

to the structured mesh with thickness, with overall gas-holdup as 3.98% and NP,diss as 1.2. As shown 

in Figure 12, the zero-thickness mesh model predicts relatively fewer cavities behind the blades than 

the structured mesh with thickness. Therefore, the structured mesh was chosen as the appropriate mesh 

form for this work. Then, the additional sensitivity test for the refinement of the structured, thickness 

mesh was performed. There was no significant difference for more than 729k elements, hence a 729k 

mesh was used for subsequent simulations. The results for each mesh are summarized in Table 2. 

 



50 
 

 

 

 

Figure 12 Contours of gas volume fraction around the impeller (Left: zero-thickness, Right: 4mm-thickness) 
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구분 elements # momentum scheme Overall gas-holdup[%] Np,diss

419k QUICK 4.44% 0.96

1st 5.39% 0.67

QUICK 4.35% 1.55

729k QUICK 4.52% 1.66

930k QUICK 4.38% 1.70

288k QUICK

522k QUICK

hexagonal, Zero-

thickness
670k QUICK 3.98% 1.20

hexa
666k

Poly
Divergence

Divergence

Table 2 Results of mesh sensitivitiy test 
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Figure 13 Contours of gas volume fraction (Left: side view, Right: impeller view) 
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4.2 Parameter Estimation 

 Parameter estimation of the coalescence and breakage kernel parameter C1, 𝐶3 (Eq. (36), (39)) was 

conducted. The root means square (RMS) error between local bubble size measurement and simulation 

bubble size results at 5 points (See Figure 4) was selected as the objective function. The EI was selected 

as the acquisition function. BO was performed on a sampling space discretized with 51 and 101 points 

for C1 and C3, respectively. The sampling range for each parameter is set to 0.5 ≤ C1 ≤ 1.5 and 3 ≤

C2 ≤ 6. It was considered that the theoretical value of C1 is 0.88, and the range of C3 values used in 

earlier studies ranged 2.52 to 6 [8, 24]. The sampling process was performed with the following 

sampling points recommended as a result of BO and intuition-based exploration grid search. After 10 

sampling points were identified, the EI was lowered from the initial value 6.8e-2 to 4.93e-3, and the 

RMS error with the measurement was lowered from 2.73 to 0.7. This is a smaller error than existing 

research results  [2, 8, 9]. The final values of parameters were determined to be 0.88 for C1, and 5.6 

for C3, respectively. The changes in the sampling space’s EI and the predicted objective function values 

as BO progresses are shown in Figure 14, Figure 15, Figure 16.  
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Figure 14 BO progress 1 
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Figure 15 BO progress 2 
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Figure 16 BO progress 3 
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Figure 17 Changes in local d32 during BO process 
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4.3 Model Validation 

 The results of the final model with parameter estimation completed are as follows: Overall gas hold-

up 4.35 %, Np,diss  1.60. The predicted overall gas holdup is in fairly good agreement with the 

experimental measurement value, 6% [8]. The power number (Np) depends on the type of turbine, 

aeration rate, and even the blade thickness [61, 62]. In this work, the aeration rate is 0.7vvm and the 

ratio of blade thickness and turbine diameter of the Rushton turbine tank is 0.02. The Np of this system 

is estimated as 2.2 [2]. However, it is well known that Np,diss can have an under-estimated value of 

Np. According to Laakkonen, models shown good agreement with experimental data has Np,diss value 

around 1.2. Therefore, in this case, the Np,diss value of 1.6 is acceptable.  

 Local bubble size experimental measurement results and simulation results are compared. The RMS 

error of the model and measurement results is 0.7, which is improved over the results of the previous 

works using the same QMOM method [9]. The comparisons with prior studies are summarized in Figure 

18. 

 The volume-averaged KL𝑎 is 0.0465, which shows good agreement with measurement results  [8]. 

While the oxygen concentration equilibrium is typically achieved over 100s, the equilibrium of 

hydrodynamics reaches within 10s, therefore, the dynamics of the oxygen mass transfer rate is 

negligible. Under the assumption of a well-mixed liquid phase, the volume-averaged oxygen 

concentration, Co (𝑡), can be evaluated as follows: 

 Co(𝑡) = 𝐶𝑜
∗(1 − 𝑒−<𝑘𝐿𝑎>𝑡) − 𝐶𝑜(0)𝑒−<𝑘𝐿𝑎>𝑡 

 

(54) 

where Co
∗  is the oxygen solubility in water. Comparison of the volume-averaged oxygen concentration, 
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Co(𝑡) in this model and prior studies was shown in Figure 21.  
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Figure 18 Comparison of local bubble Sauter mean (d32) with previous 

works and this work(CFD-PBM) 
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Figure 19 Contour of Bubble size (Left: side view, Right: Impeller view) 
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Figure 20 Contour of gas volume fraction (Left: side view, Right: Impeller view) 
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Figure 21 Comparison of evaluated DOs.  

The Laakkonen model was fitted to the DO measurements data. 
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4.4 Comparison between Uniform Size Model and PBM Model 

 Comparison between the uniform, 3.5mm, bubble size model and PBM model was performed. 

Although the overall gas holdup was underestimated by the PBM model is closer to the volume-

averaged oxygen transfer measurement. The overall gas holdup of the PBM model and the uniform 

bubble size model was 4.35% and 4.47% respectively, and the volume-averaged oxygen mass transfer 

were 0.0465 and 0.0455 s−1. The reason for this difference is considered to be that the PBM model can 

reflect the effect of bubble size changing, such as local interfacial area.  

 The volume-averaged d32 of the PBM model was 3.22mm, similar to that of the uniform bubble size 

model. To analyze the difference between spatial distribution, the tank was divided into three regions: 

top, impeller, and bottom to compare the region-averaged d32 and KL𝑎. The analysis showed that the 

two models differed, especially in terms of predicting the occurrence of dead zones. The dead zone is 

defined as the place where the local oxygen mass transfer is lower than half of the volume-averaged 

KL𝑎, 0.025. The PBM model predicted that the dead zone was 37.93% of the reactor, while the uniform 

size model was 35.36%. In the bottom and top regions, the PBM models predicted 61.92% and 43.68% 

dead zones, and the uniform bubble size model predicted 65.25% and 40% dead zones, respectively. 

Consequently, since the larger volume fraction of dead zones could be predicted even at the larger 

volume-averaged oxygen mass transfer level, the PBM model better reflects the heterogeneity of the 

system. 

 In addition, the uniform bubble model is based on the estimation that the volume-averaged bubble size 

of the tank is 3.5mm. This is not only an estimated hypothesis based on the results of existing PBM 

researches but also an assumption that varies significantly depending on the target system. On the other 
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hand, the PBM model is based on the inlet bubble size distribution measured in the sparger, thus it is a 

more universal model that is not affected by the target system. 
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Figure 22 Comparison of region-averaged d32 and 𝑲𝑳𝒂 results 

(Left half: uniform bubble model, Right half: PBM model) 
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4.5 Oxygen Mass Transfer Rate Results in Viscosity Changes 

 The previous results of models and prior studies focused only on predicting a general water-air system 

with a viscosity of 1cp. However, according to Goldrick [23], the viscosity of the solution at the 

industrial scale bioreactor increases more than 10 times as the operation progresses, at an initial level 

of 1 cp. [48]. Furthermore, the empirical expressions of the volume-averaged oxygen mass transfer rate 

suggest that the volume-averaged oxygen mass transfer is inversely proportional to the 0.4 to 0.7 order 

of viscosity. In this work, based on the validated CFD-PBM model, a case study was conducted on how 

the oxygen mass transfer pattern changes according to the viscosity change.  

 The results were analyzed 7 different viscosity, 1, 2, 3, 4, 5, 7, 10 cp, and summarized in, Figure 24, 

Figure 25. As the viscosity increased, the mass transfer rate decreased. The mass transfer was inversely 

proportional to the 0.653 order of viscosity. These results are consistent with the existing empirical 

correlations. The dead zone increased from 40% to 90% of the entire reactor as the viscosity increased.  

 <KL𝑎   and <d32  were found to decrease in all regions. Additional analyzes were performed to 

determine how much reduced mass transfer was recovered with increasing mixing speed or aeration 

rate. At 3cp liquid, it was estimated that 67% and 45% of the mass transfer loss were recovered for an 

increase in mixing rate of 5% or an increase in aeration rate of 10%, respectively. 
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Figure 23 Case study summary 

1 2 3 4 5 7 10

4.35 4.41 4.31 4.11 3.56 3.24 3.21

Total 3.22 3.2 5 7.09 11.51 12.72 12.91

Top 3.23 3.52 5.78 8.18 13.97 14.55 15.03

Mid 3.88 3.34 5.23 6.78 8.25 9.53 9.49

Bot 2.91 2.45 3.2 4.81 7.44 10.01 9.62

Total 0.0465 0.039 0.0284 0.0224 0.0156 0.0127 0.0129

Top 0.0364 0.0278 0.0206 0.0167 0.0111 0.00905 0.00827

Mid 0.103 0.0842 0.067 0.052 0.0488 0.0398 0.0426

Bot 0.0444 0.0442 0.0289 0.0219 0.0121 0.0096 0.011

d32 [mm]

Kla [s
-1]

Viscosity [cp]

Gas hold-up [%]
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Figure 24 Change in volume-averaged mass transfer rate according to viscosity.  

The mass transfer rate was inversely proportional to the -0.653 power of the viscosity, 

and the results are consistent with known empirical correlations. 
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Figure 25 Change in dead-zone occurrence according to viscosity.  

The dead-zone, which was 38% at 1 cp, increased to 85% at 10 cp. 
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5. Conclusion 

A CFD-PBM coupled model that can reflect the heterogeneous hydrodynamics of the 200L baffled, 

stirred tank. Comparison and analysis of various mesh structures confirm that the results and stability 

of numerical methods are significantly influenced by mesh structure. The higher-order momentum 

discretization scheme, QUICK, was employed to simulate turbulence at a suitable level, and the mesh 

that can give stable results was also selected. During the mesh sensitivity test, it was found that the 

unstructured and zero-thickness structured meshes cannot provide sufficient performance, such as 

diverging or predicting severely under-estimated turbulent dissipation rate value. 

 Parameter estimation was carried out for accurate bubble dynamics simulation. Due to the non-

linearity of the CFD-PBM model, a time-consuming grid search was inevitable. However, as a result of 

conducting an efficient design of experiments using Bayesian optimization, suitable parameters could 

be found even with about 10 searches. The final model showed better agreement than those reported in 

previous studies with 5 points of local bubble size measurement data, and the volume-averaged oxygen 

mass transfer rate also showed good agreement with the measurement. Compared with the uniform 

bubble size model, the PBM model predicts the heterogeneity of the system more strongly. Furthermore, 

PBM models have better generality since it only requires the bubble size distribution of the input while 

the uniform bubble size model requires the average bubble size of the system, which often unmeasurable. 

 Based on the validated model, a case study was conducted to predict the change in the volume-

averaged oxygen mass transfer rate change with a change in viscosity. It was found that the volume-

averaged oxygen mass transfer rate decreased by 28% as the viscosity increased 10 times, and an 

increase in the mixing rate of 5% and the aeration rate of 10% was estimated to recover 67% and 45% 

of reduced mass transfer rate, respectively.  
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