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Abstract 

Computational Study on the Microscopic 

Gas-Liquid Coexistence and the Macroscopic 

Universality in Supercritical Fluids 

 

Min Young Ha 

Chemical Convergence for Energy and Environment 

School of Chemical and Biological Engineering 

Seoul National University 

 

Supercritical fluids have a wide variety of applications in chemical industries as 

media for separation, extraction, and reaction, due to the anomalous blend of liquid-

like and gas-like traits. Supercritical fluid simultaneously manifests microscopic 

density inhomogeneities and macroscopic crossover phenomena, yet the concrete 

relation between the anomalies at different length scales remains vague. Therefore, 

to understand and predict the behavior of supercritical fluids, it is crucial to develop 

a theoretical framework that can capture the physics of the supercritical fluid at all 

relevant length scales, which is beyond the scope of conventional fluid theories. 

Furthermore, for efficient utilization of supercritical fluids, a unifying framework is 

required to describe the properties of different supercritical fluids, including the 

substances of industrial importance. This thesis aims to develop statistical-

mechanical theories and computational methodologies to understand and predict the 

anomalous behaviors of supercritical fluids, combining molecular simulation, local 

structure analysis, and data-driven machine learning algorithms. 
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The main contribution of this thesis is two-fold. First, a statistical-mechanical 

theory is developed to explain the microscopic origin of the macroscopic anomalies 

in supercritical fluids. Motivated by the mixture model approach on the local density 

distribution of supercritical fluid into gas-like and liquid-like sub-distributions, an 

artificial neural network classifier is trained to label individual particles in a model 

supercritical fluid as liquid-like or gas-like. Supercritical anomalies are found to be 

strongly correlated to the frequency of the transitions between the microstates, which 

is maximized when the number fractions of the two categories are even. Summing 

up the results, the thermodynamic Widom line, the traditional loci of macroscopic 

crossover phenomena, is redefined as the line of equal microstate fraction. Since the 

Widom line is enclosed in the deltoid region of microstate coexistence, the domain 

of supercritical coexistence is suggested to be called the “Widom delta.” 

Second, a novel corresponding states law is proposed, where supercritical states 

of different substances are described by a scaling relation derived from microscopic 

analysis. Here, the scaling function is defined as the gradient of the microstate 

fraction, which shows a power-law divergence behavior in the vicinity of the critical 

point. The liquid-gas critical point can be accurately located from the exponent of 

the scaling function, indicating that the macroscopic physics is effectively encoded 

in the microscopic partitioning of microstates. Isothermal curves at a range of 

temperatures can be collapsed by assuming the self-similarity of the structures of the 

fluid, leading to a data collapse onto a single master curve. Expansion of the density 

equalities results in an approximate scaling relation on bulk density, which is 

universal among simple fluids with the same exponent acquired from machine 

learning analysis, providing an efficient method to predict the macroscopic 

properties of different fluids from a simple argument. 
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Summing up the results, this thesis claims that two microstates of liquid-like 

and gas-like nature coexist in the supercritical fluid, and both the microscopic and 

the macroscopic anomalies originate from the vigorous fluctuations between the 

microstates. Predictions from the microstate hypothesis show substantial agreement 

with the computational and experimental results, implying that the statistical-

mechanical theory suggested in this thesis accurately captures the governing physics 

of supercritical fluids. Furthermore, data-driven local structure analysis techniques 

employed in this thesis can be extended to a variety of systems with salient density 

inhomogeneities, including the dynamic transition in high-pressure fluids, freezing 

behavior of supercooled liquids, or microphase transitions in soft matter, to name a 

few. It is expected that the application of the analysis techniques reported in this 

thesis would open new research opportunities in various fields of physical chemistry 

and chemical physics. 

 

Keyword : Supercritical fluid, Widom delta, molecular simulation, data-driven 

methods, scaling, corresponding states 

Student Number : 2016-21001  
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Chapter 1. Introduction 

 

1.1. Background 

Ever since its discovery two centuries ago [Cagniard de la Tour, 1822], 

understanding the critical phenomena at the liquid-gas critical point has been central 

to the progress of thermodynamics and statistical physics. Below the critical 

temperature, the boiling curve separates the liquid and the gas phases with a first-

order phase transition line. The boiling curve ends at the critical point, beyond which 

the two phases merge into a single phase of supercritical fluid. 

The supercritical fluid is characterized by thermophysical properties between 

gas and liquid, manifesting liquid-like density and solubility while possessing gas-

like viscosity and diffusivity. This unique blend of liquid-like and gas-like traits lets 

the supercritical fluid efficiently transfer heat and mass and renders it particularly 

useful in chemical engineering, enabling a wide range of applications as media for 

separation, extraction, and reaction [Savage et al., 1995; Eckert et al., 1996; 

Reverchon, 1997]. 

The supercritical fluid is conventionally perceived as a monotonic phase with 

its thermophysical properties smoothly varying as the temperature and the pressure 

change. However, two unusual aspects of the supercritical fluid have been recently 

brought up. First, mounting evidence was accumulated on macroscopic crossover 

phenomena in the salient features of the supercritical fluid, suggesting the existence 

of a boundary dividing the supercritical fluid into gas-like and liquid-like regions. A 

prominent candidate is the Widom line, introduced by H. E. Stanley and his 

coworkers as the locus of maximum correlation length [Xu et al., 2005; McMillan 
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and Stanley, 2010]. Thermodynamic response functions show local maxima at the 

Widom line [Xu et al., 2005; Brazhkin et al., 2011], and the sound dispersion 

undergoes a sharp transition as the line is crossed [Simeoni et al., 2010; Gorelli et 

al., 2013], reminiscent of the divergent discontinuity at the vapor-liquid equilibrium 

line. This idea led the Widom line to be regarded as a supercritical extension of the 

boiling curve: in this viewpoint, the Widom line divides the supercritical fluid into 

two bulk states, which are either entirely liquid-like or gas-like, although the 

singularity at the transition is weaker than that of first- and second-order phase 

transitions [Morita et al., 1997]. The physical nature of the boundary and the states 

it defines remain open, especially on the structural features at the atomistic level. 

Second, supercritical fluid exhibits significant microscopic inhomogeneities 

and density fluctuations. Ornstein—Zernike analyses on X-ray experiments 

[Nishikawa and Morita, 1998; Nishikawa and Morita, 2000] and radial distribution 

functions acquired from molecular simulations [Song et al., 2000; Skarmoutsos and 

Samios, 2007; Stubbs, 2015] showed substantial local density augmentation in 

supercritical fluids, implying that the density fluctuations lead to local clusters in the 

supercritical fluid. However, it was impossible to envision these clusters directly or 

determine whether they reflect distinct microphases rather than transient fluctuations. 

Moreover, the role of density inhomogeneities in the crossover behavior was not 

fully discussed, leaving the link between the macroscopic crossover and the 

microscopic inhomogeneities still missing. Therefore, developing a theoretical 

framework that can capture the physics of the supercritical fluid at all of the relevant 

scales is an important open problem. 

This thesis addresses these questions and proposes an alternative picture. In 

contrast with the view that liquid and gas can only be mingled during the 
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nonequilibrium transition process along the boiling curve, a coexistence is 

demonstrated of two local states of molecules, liquid-like and gas-like, within a wide 

region of the supercritical fluid enclosing the Widom line. The supercritical fluid 

appears as an inhomogeneous mixture of liquid-like and gas-like particles, and the 

continuous transition from supercritical fluid to pure liquid or gas can be understood 

as the gradual vanishing of this liquid−gas coexistence. The deltoid coexistence 

region emanates from the critical point, akin to a river delta emanating at the river 

mouth: one may therefore call it the “Widom delta.” It is proposed that the anomalous 

behaviors of the supercritical fluid at the tip of the delta, close to the liquid-gas 

critical point, have their roots in the fluctuation between liquid-like and gas-like 

microstates. Linking the macroscopic anomalies to fluctuations between the 

microstates, it is suggested that the number fraction of gas-like molecules, πgas, is a 

useful order parameter of the supercritical fluid [Ha et al., 2018]. 

In addition, this thesis reports on the universal scaling of the supercritical phase 

diagram obtained using the order parameter πgas. Unlike standard scaling laws, which 

are usually restricted to the vicinity of the critical point, the reported scaling relation 

spans through the whole Widom delta, from the critical point up to high temperature 

and pressure. The divergence of the scaling functions accurately pinpoints the 

liquid−gas critical point. Furthermore, the scaling exponents are found to be 

universal among three simple fluids examined, argon, carbon dioxide, and water. 

These results provide evidence that the physics of the supercritical fluid is governed 

by the scaling relation of microscopic inhomogeneity [Ha et al., 2020]. 

It is of particular interest that water is encompassed in the supercritical scaling 

law since due to its strong hydrogen bond network, water often behaves uniquely 

from simple fluids, including noble gases or hydrocarbons. By testing the IUPAC 
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criteria of the hydrogen bond published in 2011, it is shown that hydrogen bonds in 

condensed water phases disappear well below the critical point. The formation free 

energy of saturated liquid water gradually decreases under increased temperatures 

and falls below the thermal energy at a crossover temperature of approximately 425 

K. The decreased contribution of hydrogen bonds is also manifested in the trend of 

virial-potential energy correlation that quantifies the ‘simpleness’ of a fluid system. 

Unlike in simple fluids where the correlation coefficient monotonically decreases as 

the temperature increases, correlation in saturated water increases under temperature 

elevation, implying that the effect of hydrogen bonds is reduced in both structural 

and dynamic senses. These results claim that hydrogen bonds do not significantly 

contribute to the supercritical properties of water, agreeing with the properties of 

supercritical water that are determined by the same scaling principle that governs 

other simple fluids. 

 

1.2. Overview 

Chapter 2 provides theoretical backgrounds and detailed descriptions of 

computation methods for molecular simulations and machine learning analyses, 

which are two main workhorses of this thesis. It is also shown how the critical point 

can be located from finite-sized simulations, using either near-critical scaling law or 

van der Waals hypothesis in the NVT ensemble. 

Chapter 3 shows how mixture model approaches and machine learning 

analyses revealed the coexistence of liquid-like and gas-like particles in supercritical 

Lennard-Jones fluid. A deltoid region is identified and located, emanating from the 

liquid-gas critical point, where a significant fraction of liquid-like and gas-like 
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particles coexist. Since the coexistence region encompasses the thermodynamic 

Widom line of maximal response functions, the region is termed the Widom delta. A 

key concept in Chapter 3 is the introduction of the order parameter πgas, the number 

fraction of gas-like particles, that is used to describe the anomalies in thermodynamic 

response functions and solvation behaviors. 

Chapter 4 extends the discussions to find a scaling law of simple supercritical 

fluids, where different isotherms collapse onto a function of πgas. It is shown that the 

scaling law can be universally applied to supercritical fluids of simple molecules, 

including argon, carbon dioxide, and water: this is a surprising result since water 

often exhibits nontrivial behaviors distinct from simple fluids due to the strong 

hydrogen bond networks present in its condensed phase. By testing the 2011 IUPAC 

criterion of hydrogen bonds, It is further shown that the hydrogen bond network in 

saturated water completely disappears well below the critical temperature. The 

correlation between the virial and the potential energy shows that liquid water slowly 

converges to quasi-universal behavior predicted by the isomorph theory, suggesting 

that the behavior of the supercritical water would not be significantly different from 

other simple fluids. 

Finally, Chapter 5 summarizes the findings of this thesis and presents its 

significance and applicability. Outlook for future research directions is suggested, 

and numerous examples are provided where the atom-wise analyses techniques 

developed in this thesis are applied to various systems with microscopic 

inhomogeneities and multi-scale behaviors. 
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Chapter 2. Methods 

 

2.1. Simulation details 

A key ingredient in molecular simulations is the interatomic potential, which 

describes the interaction of particles as a function of the pairwise distances. In this 

thesis, molecular simulations were performed on Lennard-Jones fluid, carbon 

dioxide, and water. The details of the interatomic potentials are given in Section 

2.1.1. 

In this work, Monte Carlo (MC) and molecular dynamics (MD) simulations 

were performed to sample the configurations of liquid, gas, and supercritical fluid. 

Both simulation techniques are based on classical statistical mechanics: since the 

evaluation of the partition function is impossible even for the smallest systems, the 

distribution of physical properties are estimated either by the stochastic sampling of 

configurations (MC) or by the integration of the equation of motion governed by the 

classical mechanics (MD). Computational details of MC and MD simulations are 

given in Section 2.1.2 and Section 2.1.3, respectively. 

 

2.1.1. Interatomic potentials. 

In this thesis, pairwise interatomic potentials were used to describe the interaction of 

particles as a function of the interparticle distances. The simplest yet the most widely 

used form is the Lennard-Jones (LJ) 12-6 potential [Lennard-Jones, 1924a; Lennard-

Jones, 1924b]: 

𝑈LJ(𝑟) = 4𝜖 [(
𝜎

𝑟
)
12

− (
𝜎

𝑟
)
6

] (2.1), 

as shown in Fig. 2.1(a). The attractive r–6 term describes the London dispersion force 
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between noble gas atoms, and the repulsive r–12 term describes the Pauli repulsion at 

short distances due to the overlapping electron orbitals. Note that the exponent of 12 

is chosen for computational efficiency since this is calculated simply by squaring the 

r–6 term: repulsive terms with different exponent [Mie, 1903] or exponential form 

[Buckingham, 1938] were also suggested. 

It is often practical to restrict the range of interparticle interactions within a 

reasonable distance since the r–6 dispersion is a short-range force. In this case, the 

interatomic potential is truncated and shifted at a fixed cutoff distance rcut to ensure 

the continuity of the potential energy at the cutoff distance: 

𝑈LJ,tr(𝑟) = {
𝑈LJ(𝑟) − 𝑈LJ(𝑟cut), 𝑟 < 𝑟cut

0, 𝑟 ≥ 𝑟cut
(2.2) 

as shown in Fig. 2.1(b). Note that the truncation operation introduces a shift in the 

potential energy so that the interparticle forces are not affected. 

When comparing two systems with density differences, such as saturated vapor 

and liquid, the particles beyond rcut would have sufficiently large contributions to the 

potential energy and the pressure. This effect can be handled by a long-range van der 

Waals correction term to the energy and pressure by assuming that the distribution 

of particles is uniform beyond rcut. Since this bookkeeping term depends only on the 

bulk density of the simulation box, it does not alter the dynamics of the system unless 

NpT simulation is performed. 
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Figure 2.1. (a) Standard Lennard-Jones potential as described in Eq. 2.1. (b) 

Lennard-Jones potential truncated and shifted at rcut = 2.0σ, as in Eq. 2.2. Horizontal 

dashed lines denote the energy level of zero, U(r) = 0. 



 

 9 

LJ potential can describe a model fluid system, where ϵ, σ, and the particle unit 

mass m provide a novel LJ unit system. For example, the LJ unit of time, temperature, 

and pressure is given by (mσ2/ϵ2)1/2, ϵ/kB, and ϵ/σ3, respectively: their dimensionless 

quantities are expressed by a superscripted asterisk, e.g., T* = kBT/ ϵ. Otherwise, one 

can insert values for LJ parameters in real units. For example, by letting ϵ = 

148.0kB/K, σ = 3.73 Å, and m = 16.04 g/mol, one gets the united-atom model of 

methane in the Transferable Potentials for Phase Equilibria–United Atom (TraPPE-

UA) family [Keasler, 2012]. 

Rigid molecules with fixed bond length and angles are often used to model the 

behavior of simple fluids. In addition to the LJ fluid, molecular simulations of carbon 

dioxide and water were performed in this thesis. First, carbon dioxide was modeled 

by the elementary physical model 2 (EPM2), which was developed to describe the 

vapor-liquid coexistence and then scaled to reproduce the critical properties of 

carbon dioxide [Harris and Yung, 1995]. Figure 2.2(a) describes the molecular 

geometry of the EPM2 carbon dioxide molecule, and its potential function 

parameters are given in Table 2.1. 

There are a large variety of classical water models ranging from the coarse-

grained monatomic water model [Molinero and Moore, 2009] to the polarizable 

force fields [Cen et al., 2000], each designed to reproduce certain thermodynamic 

properties. Two rigid and non-polarizable water models are utilized in this thesis: 

extended simple point charge (SPC-E) model [Berendsen et al., 1987] and the four-

point transferable intermolecular potential modified in 2005 [Abascal and Vega, 

2005], of which molecular geometries are shown in Fig. 2.2(b-c), and the parameters 

are given in Table 2.2.  
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Figure 2.2. Molecular geometries of (a) EPM2 carbon dioxide, (b) SPC-E water, and 

(c) TIP4P/2005 water models. Note that TIP4P/2005 has a massless particle M on 

the bisector of the two OH bonds, which holds the negative charge of the O atom. 
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Table 2.1. Potential parameters of EPM and EPM2 force fields [Harris and Yung, 

1995]. 

 EPM EPM2 

𝜖C−C (K) 28.999 28.129 

𝜖C−O (K) 49.060 47.588 

𝜖O−O (K) 82.997 80.507 

𝜎C−C (Å) 2.785 2.757 

𝜎C−O (Å) 2.921 2.892 

𝜎O−O (Å) 3.064 3.033 

𝑙C−O (Å) 1.161 1.149 

𝑞C (e) +0.6645 +0.6512 
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Table 2.2. Potential parameters of SPC/E [Berendsen et al., 1987] and TIP4P/2005 

[Abascal and Vega, 2005] water models. Parameters for unlike atom pairs are derived 

from the Lorentz-Berthelot mixing rule, ϵij = (ϵiϵj)1/2 and σij = (σi + σj) / 2. 

 SPC/E Model TIP4P/2005 Model 

𝜖O (K) 78.45 78.30 

𝜖H (K) 0.0 0.0 

𝜎O (Å) 3.166 3.1536 

𝜎H (Å) 0.0 0.0 

𝑙O−H (Å) 1.0 0.9572 

𝑙O−M (Å) - 0.15 

𝜃HOH (°) 109.47 104.52 

𝑞H (e) +0.4238 +0.52 
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2.1.2. Monte Carlo simulations. 

MC simulations generate a sequence of configurations that do not exactly follow the 

time dependence of the system. Rather, a sequence of pseudo-random numbers is 

generated to introduce stochasticity in the evolution of the system. At each time, the 

system is perturbed by a trial move pre-defined in the system, which is either 

accepted or rejected depending on the change of the potential energy in the system. 

Given sufficiently many MC steps, the final distribution of the physical properties is 

expected to agree with the exact solution of the partition function within a 

controllable error bar depending on the system size and the number of MC steps. 

In this thesis, the Gibbs ensemble Monte Carlo (GEMC) simulations 

[Panagiotopoulos, 1987; Landau and Binder, 2009] were performed to generate an 

equilibrium between saturated liquid and saturated vapor phases. It is generally 

difficult to achieve vapor-liquid equilibrium in a finite-sized system due to the 

interface effect. Furthermore, considering that the periodic boundary condition is 

usually required to model the bulk properties of the given system, introducing an 

explicit vapor-liquid interface in a system requires an extremely large system size. 

In many cases, it is impossible to satisfactorily remove the size effect with a 

reasonable amount of computational cost. 

GEMC simulation of vapor-liquid coexistence requires two simulation boxes 

for the saturated vapor and liquid phases, respectively. Each box represents a 

microscopic region in the bulk phase, sufficiently far from the interface so that the 

phase boundary effect does not arise. The two boxes should have the same 

temperature, pressure, and chemical potential for the two phases to coexist: GEMC 

simulation is performed as a mixture of the NVT, NpT, and μVT ensembles. 

Three types of MC trial moves are required for GEMC simulations: roto-
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translational displacement of particles within each box, inter-box volume exchange, 

and inter-box particle exchange. Intra-box particle displacement, as usually 

employed in NVT ensemble MC simulations, ensures the internal equilibrium within 

one phase. The acceptance probability of the displacement from Ri to Rf is the 

Boltzmann factor of the corresponding change in the internal energy: 

𝑊(𝐑𝑖 → 𝐑𝑓) = min {1, exp−
Δ𝑈

𝑘𝐵𝑇
} (2.3) 

Inter-box volume exchange is used for the equality of pressure between the two 

phases, and this imposes NpT-like volume modification, where the pressure is not 

explicitly specified but constrained by the other box. Let V1 and V2 denote the initial 

volumes of boxes 1 and 2, then the acceptance criterion for the volume transfer of 

ΔV is given as: 

𝑊(𝑉1 → 𝑉1 + Δ𝑉, 𝑉2 → 𝑉2 − Δ𝑉)                                                          

= min {1, exp [−
Δ𝑈1 + Δ𝑈2

𝑘𝐵𝑇
+ 𝑁1 ln

𝑉1 + Δ𝑉

𝑉1
+ 𝑁2 ln

𝑉2 − Δ𝑉

𝑉2
]} . (2.4)

 

Finally, inter-box particle exchange ensures the chemical potential equality, as 

applied in the grand canonical MC simulations. For example, to delete a particle in 

box 2 and insert it in a random position in box 1, the transition probability is: 

𝑊(𝑁1 → 𝑁1 + 1,𝑁2 → 𝑁2 − 1) = min {1,
𝑁2𝑉1

(𝑁1 + 1)𝑉2
exp−

Δ𝑉1 + Δ𝑉2

𝑘𝐵𝑇
} (2.5) 

All GEMC simulations were performed using the Monte Carlo for Complex 

Chemical Systems (MCCCS Towhee) program [Martin, 2013]. GEMC simulations 

were performed to determine the critical temperature and pressure of the Lennard-

Jones system truncated at rcut = 3.0σ and tail-corrected. Eight temperature points 

were simulated, ranging from T* = 1.17 to T* = 1.27, and 20 independent simulations 

were performed with a different seed for the random numbers at each temperature 
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point. The system was initialized with two boxes containing 500 LJ particles each, 

arranged in 8 × 8 × 8 simple cubic (sc) lattice. The initial densities of the boxes were 

set to be equal to the saturated densities of methane acquired from NIST Chemistry 

Webbook [Lemmon et al., 2019], using the TraPPE-UA description of methane 

molecule as a single LJ particle with ϵ = 148.0 kB/K and σ = 3.73 Å [Martin and 

Siepmann, 1998]. Each simulation consisted of an equilibration run of 5,000 MC 

cycles and a subsequent production run of 5,000 MC cycles, where an MC cycle is 

defined as 1,000 MC trial moves. Inter-box volume exchange, inter-box molecule 

transfer, and intra-box molecule translation moves were tried with probabilities of 

0.002, 0.048, and 0.95, respectively. Move sizes were adaptively adjusted with a 

target acceptance probability of 50%. 

Using the GEMC simulation results, the critical point was derived relying on 

the law of rectilinear diameter and the scaling law of the order parameter. In the 

liquid-gas critical phenomenon, the order parameter is the density difference 

between the liquid and the vapor phases. Since a three-dimensional liquid-gas system 

belongs to the 3D Ising universality class, the near-critical behavior of the order 

parameter follows the scaling law as: 

𝜌L(𝑇) − 𝜌G(𝑇) = 𝐴(𝑇𝑐 − 𝑇)𝛽 (2.6) 

where Tc is the critical temperature, β = 0.325 is the critical exponent, and A is a 

numerical parameter. In addition, the law of rectilinear diameter states that: 

𝜌L + 𝜌G

2
= 𝜌𝑐 + 𝐵(𝑇𝑐 − 𝑇) (2.7) 

where ρc is the critical density and B is a numerical constant. The GEMC results 

fitted to Eqs. 2.6-7 are shown in Fig. 2.3. The critical temperature and density are 

estimated to be Tc
* = 1.303±0.001 and ρc = 0.315±0.003. 
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Figure 2.3. GEMC simulation results. (a) The variation of the order parameter as a 

function of temperature, as in Eq. 2.6. (b) The law of rectilinear diameter, as in Eq. 

2.7. (c) Temperature-density phase diagram and the critical point. In all three 

subfigures, red dots denote the critical point. The error bars denote the 95% 

confidence intervals. 
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Figure 2.4. Critical point estimation from the van der Waals hypothesis. (a) P – ρ 

isotherms from NVT MD simulations. The five curves denote T* = 1.30, 1.31, 1.33, 

1.35, and 1.37, respectively. (b-d) ∂P/∂ρ, ρ*, and P* at the inflection points of 

isothermal curves in (a). The dotted lines are linear regression results, and the dashed 

lines and the red dots denote the critical point. 



 

 18 

2.1.3. Molecular dynamics simulations. 

In MD simulations, the Newtonian equation of motion is integrated to generate a 

plausible time-dependent trajectory of the phase space vectors, i.e., coordinates and 

momenta of molecules in the system. Given the initial position and velocity of 

particles, the velocity-Verlet algorithm was used to integrate the equation of motion 

[Swope et al., 2006]: 

𝑥(𝑡 + Δ𝑡) = 𝑥(𝑡) + 𝑣(𝑡)Δ𝑡 +
1

2
𝑎(𝑡)Δ𝑡2 (2.8) 

𝑣(𝑡 + Δ𝑡) = 𝑣(𝑡) +
𝑎(𝑡) + 𝑎(𝑡 + Δ𝑡)

2
Δ𝑡 (2.9) 

In this thesis, all MD simulations were performed using the Large-scale Atomic/ 

Molecular Massively Parallel Simulator (LAMMPS) [Plimpton, 1995]. In NVT and 

NpT simulations, the Nosé–Hoover thermostat and barostat were used to maintain 

the system’s temperature and the pressure at the desired value [Parrinello and 

Rahman, 1981; Martyna et al., 1994; Shinoda et al., 2004]. The initial positions of 

the particles were randomly distributed and then relaxed using conjugate gradient 

energy minimization to avoid divergence of the potential energy. Velocities of the 

particles were initialized according to Maxwell-Boltzmann distribution with zero-

mean translational and rotational momentum. 

The critical point can also be estimated from MD simulations using the van der 

Waals hypothesis, or the flat-top proposal, which requires ∂P/∂ρ = ∂2P/∂ρ2 = 0 at the 

critical point [Heyes and Woodcock, 2013]. Finite-sized constant-volume MD 

simulation of an isotropic system does not spontaneously undergo liquid-gas phase 

separation, and unstable configurations with densities between saturated liquid and 

vapor can be sampled. In Fig. 2.4, five isothermal curves of P – ρ data are shown: 

the negative slope of low-temperature isotherms indicate the violation of the 
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thermodynamic stability condition, ∂P/∂ρ > 0, and is a sign of phase separation 

according to the Maxwell construction. In Fig. 2.4(b-d), ∂P/∂ρ, ρ, and P at the 

inflection point is shown. The critical point estimated from the linear fitting of these 

values is (Tc
*, Pc

*, ρc
*) = (1.34, 0.143, 0.311), comparable to the results from GEMC. 

In principle, finite-size scaling analysis is required to accurately determine the 

critical point in the thermodynamic limit since the restriction of correlation length in 

a finite-sized system leads to a shift in the apparent critical temperature, i.e., Tc(L) = 

Tc + λL-1/ν. However, this thesis focuses on the analysis of a finite-sized system with 

N = 2197, and the critical point is not determined in the thermodynamic limit. 

Considering the domain size fluctuation due to the volume exchange moves in 

GEMC, the results from the van der Waals hypothesis are adopted as the working 

definition of the critical point in the system of interest. 

 

2.2. Machine learning 

Machine learning is the study of algorithms that can improve automatically by data. 

Machine learning models often contain a large number of adjustable parameters, 

which are optimized to reproduce the desired outcome, guided by training data or 

interaction with the environment [Mehta et al., 2019]. Inspired by recent applications 

in physics [Cubuk et al., 2015; Schoenholz et al., 2016; Carrasquilla and Melko, 

2017; Van Nieuwenburg et al., 2017], machine learning classifiers were applied to 

identify distinct liquid-like and gas-like microstructures coexisting in the 

supercritical fluid. This section briefly introduces the machine learning methods used 

in this thesis. 

A classifier model is trained as a convolutional neural network (CNN) 
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[Goodfellow et al., 2016] motivated by VGGNet architecture [Simonyan and 

Zisserman, 2014], the winning model of the 2014 ImageNet Large Scale Visual 

Recognition Challenge (ILSVRC). The architecture of the neural network is shown 

in Fig. 2.5. To prevent gradient saturation in the deep layers and introduce 

nonlinearity of the learned function, rectified linear unit (ReLU) activation function 

was used: 

ReLU(𝑥) = {
𝑥, 𝑥 ≥ 0
0, 𝑥 < 0

 (2.10) 

After five CNN layers, the output was followed by a max-pooling operation of 

pool size 2 and a dropout operation of probability 0.25. The output was flattened and 

passed to a fully connected (FC) feed-forward neural network with 10 output nodes. 

Finally, the output from the FC layer was normalized using the softmax function: 

𝜎(𝐒)𝑖 =
𝑠𝑖

∑ 𝑠𝑗𝑗

(2.11) 

where the input S is a vector, and si denotes the ith element of the vector. 
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Figure 2.5. The architecture of the neural network. CNN and FC denote 

convolutional and fully connected neural networks, respectively. ReLU and Softmax 

denote rectified linear unit and softmax activation functions: see Eqs. 2.10-11. 

MaxPool and Dropout denote max pooling operation with pool size 2 and dropout 

operation with probability 0.25, respectively. 
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In general, the model was designed to handle (Nb + 1) × 3 matrices as its input, 

where Nb is the number of nearest-neighbor atoms to be considered. The input matrix 

encodes the local environment of a given particle, expressed in terms of Voronoi 

tessellation. Let the input matrix of a particle i be denoted Mi: 

𝑀𝑖 =

[
 
 
 

0 𝜌0 𝐹0

𝑑0,1 𝜌1 𝐹1

⋮ ⋮ ⋮
𝑑0,𝑁𝑏

𝜌𝑁𝑏
𝐹𝑁𝑏]

 
 
 

(2.12) 

The first row of Mi is for the particle i of interest, which is subscripted zero here. The 

second to the last rows are for the neighbor particles of i, indexed by j in {1, 2, ⋯, 

Nb} and sorted with respect to the distance from the particle i, i.e., d0,1 < d0,2 < ⋯ < 

d0,Nb. The first column is for d0,j, the distance from particle i to the jth nearest neighbor. 

The second column ρj is the inverse volume of the Voronoi polyhedron of the jth 

nearest neighbor, serving as a proxy of its local density. The third column Fj is the 

number of faces of the Voronoi polyhedron of the jth nearest neighbor, or the number 

of its (coordinated) neighbors in the sense of Voronoi tessellation. All Voronoi 

tessellation was performed using the Voro++ library [Rycroft, 2009]. 

In preliminary NpT MD simulation with N = 2,197 and T = 0.97Tc, stable vapor 

and liquid phases were found at PG
* = 0.1214 and PL

* = 0.1228, where the time-

averaged densities were 0.19 σ-3 and 0.45 σ-3, respectively. The training data was 

generated in NVT simulations of 2,197 LJ particles with saturated densities, where 

10,000 snapshots for each phase were generated: hence, the training data was 

composed of 43,940,000 input matrices. The distribution of the first five elements, 

ρ0, F0, d0,1, ρ1, and F1, are shown in Fig. 2.6.  
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Figure 2.6. Distribution of the training data. (a) ρ0, (b) F0, (c) d0,1, (d) ρ1, and (e) F1. 

The blue and red histograms denote vapor and liquid particles, respectively. (f) 

Bivariate histogram of ρ0 and F0. The left and the right basins denote vapor and liquid 

particles, respectively. 
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Matrices from vapor and liquid phases were labeled zero and one, respectively, 

and the model was trained to predict the ground truth of the labels from the input 

matrices. The model was trained using the Adam algorithm [Kingma and Ba, 2014], 

a stochastic optimization method with adaptive estimates of low-order moments. The 

Adam optimizer aims to minimize the parameters θ with respect to a loss function 

L(θ), in an iterative manner, indexed by subscript t. Before embarking on the iteration 

loops, the first moment m0 and the second moment v0 are initialized to zero. 

The Adam optimizer requires three hyperparameters: the decay rates of the first 

and the second moments β1 and β2, and the learning rate η. At each iteration, the 

parameter θt is updated by Eq. 2.13: 

𝜃𝑡 = 𝜃𝑡−1 −
𝜂�̂�𝑡

√𝑣𝑡 + 𝜖
, (2.13) 

where ϵ = 10-10 is a small number to avoid division by zero. The bias-corrected 

moments are given by 

[�̂�𝑡 , 𝑣𝑡] = [
𝑚𝑡

1 − 𝛽1
𝑡 ,

𝑣𝑡

1 − 𝛽2
𝑡] , (2.14) 

and the biased raw moments mt and vt are expressed as 

[
𝑚𝑡

 𝑣𝑡
] = [

𝛽1𝑚𝑡−1 + (1 − 𝛽1)∇𝜃𝐿(𝜃𝑡−1) 

𝛽2𝑣𝑡−1 + (1 − 𝛽2)(∇𝜃𝐿(𝜃𝑡−1))
2] . (2.15) 

Throughout this thesis, the hyperparameters were chosen as β1 = 0.9, β2 = 0.999, and 

η = 5 × 10-5. Using only Nb = 1 neighbor, i.e., input matrices of shape 2 × 3, the model 

achieved 95% training and validation accuracy without any sign of overfitting. 

The inclusion of the neighbor data (ρ1 and F1) is advantageous in two aspects. 

First, it provides information on the correlation between neighboring particles, which 

is of quintessential importance in critical phenomena. Second, it biases the model to 

focus more on the crowded region of the space: note that a particle may be the nearest 
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neighbor of more than one particle, or it may be the nearest neighbor of none. Hence, 

the distribution of ρ1 in the training data is slightly biased toward higher values and 

ρ0, by 9% and 15% on average for liquid and gas phases, respectively. 

The effect of including the neighbor information is shown in Fig. 2.7. When 

only ρ0 and F0 were provided, the model builds a hard threshold in the two-

dimensional data space. On the other hand, when the nearest neighbor information 

is used, the distribution is divided into two smoothly varying distributions that 

resemble the shape of the training data distribution shown in Fig. 2.6. 

To investigate the effect of the neural network architecture on the training and 

prediction performances, different architectures were tested by varying the numbers 

of convolutional and fully connected layers. The results reveal two trends. First, the 

training results are not sensitive to the model architecture, as revealed by the general 

agreement between different architectures shown in Fig. 2.8(a, c). This is acceptable 

considering the relatively small dimensionality of the data space and the large size 

of the training dataset: provided that the model contains sufficient nonlinearity, the 

phase boundary in the five-dimensional data space is easily captured. The results 

imply that an excessive fine-tuning of the model architecture would not be necessary. 

Second, excessive addition of fully connected layers tends to undermine the 

prediction performances of the model, as shown in Fig. 2.8(b, d). This agrees with 

the designing principle of VGGNet, which employed 16—19 convolutional layers 

to handle image classification tasks and avoid the gradient saturation of the neural 

network [Simonyan and Zisserman, 2014]. Therefore, for molecular classification 

tasks resembling the setup of this thesis, the model is suggested to be designed with 

numerous convolutional layers and a limited number of fully connected layers. 
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Figure 2.7. Classification results of supercritical fluid particles at T* = 1.41 and ρ* = 

0.31. (a-c) The model was trained using only ρ0 and F0. (d-f) The model was trained 

along with ρ1, F1, and d0,1, i.e., Mi of shape 2 × 3. (a) and (d) are for particles classified 

as gas-like; (b) and (e) are for particles classified as liquid-like; (c) and (f) are the 

superposition of the two distributions. 
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Figure 2.8. Prediction output of different classifier architectures, derived from the 

original architecture shown in Fig. 2.5. (a, c) Changing the number of convolutional 

layers has little impact on the prediction output. Validation accuracy is intact among 

different number of convolutional layers. (b, d) Adding fully connected layers leads 

to a systematic deviation of both the prediction output and the validation accuracy, 

mainly due to the gradient saturation in the deep layer. 



 

 28 

Chapter 3. Widom delta 

 

One of the most important features of the supercritical fluid is that its molecules 

show heterogeneity in its spatial distribution, especially when it is in the vicinity of 

the critical point [Tucker, 1999]. This feature, called the local density inhomogeneity, 

is one of the origins of the advantages of the sub- and supercritical fluid as separation, 

extraction, or reaction media [Savage et al. 1995; Revercho, 1997]. It is believed that 

the solvation structure of supercritical fluids originates from the short-range solute-

solvent interactions and density fluctuations of the solvent media. Hence, it is of both 

theoretical and practical importance to understand the nature of local density 

inhomogeneities in the supercritical fluid and search for a convenient and concise 

method of predicting its macroscopic properties from the microscopic distribution of 

molecules. 

Driven by the fact that the properties of supercritical fluids are between those 

of liquid and gas, a large amount of research has been dedicated to explaining the 

distribution of molecules in supercritical fluids. Experimentally, this has been sought 

by spectroscopic measurements and the Ornstein-Zernike relation [McQuarrie, 

2000], which quantifies the correlation between molecules and allows the 

measurement of density fluctuations [Nishikawa and Morita, 1998; Nishikawa and 

Morita, 2000; Saitow et al., 2004]. Computationally, MD and MC simulations have 

been applied to calculate the radial distribution function (RDF) [Martinez et al., 1996; 

Skarmoutsos and Samios, 2007; Stubbs, 2015] and the effective coordination 

number acquired as: 

𝑁𝑐(𝜌) = 4𝜋𝜌 ∫ 𝑑𝑟𝑔(𝑟)𝑟2
𝑅cut

0

, (3.1) 
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where g(r) is the RDF, and Rcut is the outer cutoff distance defining the first 

coordination shell. However, these methods are limited to the ensemble-averaged 

values of the system, and the fluctuation behaviors of the per-atom properties are 

difficult to access. 

To directly calculate per-atom properties, a flow of computational studies has 

focused on partitioning the space and allocating each cell to one of the molecules. A 

prominent method is the Voronoi tessellation. Given a set of seed points 

corresponding to point particles in molecular systems, the two-dimensional plane or 

the three-dimensional space is partitioned into regions that are close to each point. 

Formally, given a set of seed points {Pk} in a metric space (X, d) with a distance 

function d(x, x’) [Ash, 2009], the Voronoi cell of a seed point Pi is the set of points 

in X closer to Pi than any other Pj≠i: 

𝑅𝑖 = {𝑥 ∈ 𝑋 | 𝑑(𝑥, 𝑃𝑖) ≤ 𝑑(𝑥, 𝑃𝑗)  for all 𝑗 ≠ 𝑖 }. (3.2) 

Note that the tessellation might change if a different distance metric is given. For 

example, one might proceed with the radical Voronoi tessellation with a power 

metric as the distance function: given a seed point with radius ri, power distance of 

a point P to the seed point Oi, h(Oi, P), is defined as the square of the length of the 

tangential line to the circle with center Oi and radius ri: 

ℎ(𝑂𝑖 , 𝑃) = 𝑑(𝑂𝑖, 𝑃)2 − 𝑟𝑖
2, (3.3) 

where d is the Euclidean distance function. Radical Voronoi tessellation, or the 

Laguerre tessellation, can be employed to perform Voronoi tessellation of a system 

with polydisperse particles, such as the model glass and the all-atom molecular 

system [Yoon et al., 2019a]. 

Given a Voronoi tessellation of the simulation box with particle positions as 
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seed points, the volume of each cell is the local volume of the corresponding particle, 

and one can naturally calculate its local density as the inverse of the Voronoi cell 

volume: in this thesis, unless otherwise mentioned, local density refers to the inverse 

volume of the Voronoi cells. It has been reported that the local density distribution 

of ethanol vapor from MD simulation is left-skewed, whereas that of ethanol liquid 

is symmetric [Fern et al., 2007]. Another MD simulation of carbon dioxide and 

Voronoi analysis showed that upon increasing temperature along the critical isochore, 

the local density distribution shifts from a normal distribution at low temperature to 

a left-skewed distribution with long tails at high temperatures [Idrissi et al., 2010]. 

The authors of the above study claimed that the skewed distribution at high 

temperatures could be fitted to a sum of two normal distributions, yet the physical 

origin of the two modes remained elusive, especially in the gas phase at high 

temperatures. 

 

3.1. Mixture model 

Since the intermolecular interaction can be ignored in gas phases with sufficiently 

low densities, it is assumed that the Voronoi tessellation of gas phases would be 

comparable to the Poisson Voronoi diagram (PVD), which is a Voronoi diagram with 

randomly distributed seed points. It has been shown that the distribution of the cell 

volumes in PVD follows the gamma distribution [Kumar et al., 1992; Jarai-Szabo 

and Neda, 2004; Kumar and Kumaran, 2005], implying that the local density 

distribution of low-density gases would follow the inverse gamma distribution fgas: 

𝑓gas(𝑡; 𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
𝑡−𝛼−1 exp (−

𝛽

𝑡
)  with Γ(𝛼) = ∫ 𝑑𝑡

𝑡𝛼−1

exp(𝑡)

∞

0

. (3.4) 

Figure 3.1. shows the local density distribution of saturated vapor and liquid 
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phases of carbon dioxide at T = 0.85Tc, sampled by MC simulations using the EPM2 

model. The fit to the histogram of local densities fit nicely to the model distributions, 

with mean squared error (MSE) of 5.9 × 10-5 and 1.2 × 10-5 for the vapor and liquid 

phases, respectively. Even though the simulated vapor phase did not exactly belong 

to the ideal gas limit, the results show that the inverse gamma distribution is a 

sufficiently good model in describing the local density distribution of gaseous 

systems. 

The mixture model was further tested with the data of supercritical carbon 

dioxide. The key assumption here is that the local density distribution of supercritical 

fluid can be described by a superposition of liquid-like and gas-like distributions. 

Note that for a binary mixture at its upper critical solution temperature, undergoing 

critical phenomena of Ising universality class, yield a one-phase system with local 

concentration inhomogeneity: it is hypothesized that the supercritical fluid behaves 

similarly in the vicinity of the critical point, where the significant density fluctuations 

lead to small regions of liquid-like and gas-like particle distribution, yet not stable 

enough to lead to spontaneous phase separation. In that case, the local density 

distribution of a supercritical fluid would be best described by a mixture model of 

inverse gamma and normal distributions.  
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Figure 3.1. Local density distribution of saturated phases of carbon dioxide at T = 

0.85Tc. (a) Vapor phase. (b) Liquid phase. For both subfigures, bars denote the 

histogram acquired from Voronoi tessellation of MC simulation results. Red and blue 

lines are expectation-maximization fit to the inverse gamma and normal 

distributions, respectively. 
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The local density distribution of supercritical carbon dioxide was sampled at a 

near-critical condition of T = 1.02Tc. Then, using the expectation-maximization 

algorithm [McLachlan and Peel, 2000], the empirical distribution of local density 

was fitted to a mixture model of the inverse gamma and the normal distributions to 

describe the structural transition between liquid, gas, and the supercritical fluid 

phases: 

𝑓(𝜌) = 𝜋gas𝑓gas(𝜌) + 𝜋liq𝑓liq(𝜌), (3.5) 

where ρ is the local density of a particle, and πgas and πliq denote the weighting factor 

of gas-like (inverse gamma) and liquid-like (normal) distributions, respectively, 

satisfying πgas + πliq = 1. 

Figure 3.2 shows three samples of the application of the mixture model, 

following a transition from low-density to high-density supercritical fluid. The 

results show that the fraction of gas-like distribution, πgas, decreases as the density 

and pressure increase. This is expected since the pressure increase would shift the 

preference to the high-density local structures in a process resembling the boiling 

and condensation in subcritical conditions [Banuti, 2015]. The inverse gamma-

normal model significantly outperforms the likelihood of the two-normal mixture 

model [Idrissi et al., 2010], as shown in Table 3.1.  
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Figure 3.2. Mixture model fit of the local density distribution of supercritical fluids. 

(a) Low-density supercritical fluid with a bulk density of 0.6ρc. (b) Critical isochore, 

where the bulk density equals the critical density. (c) High-density supercritical fluid 

with a bulk density of 1.4 ρc. Red and blue lines denote the fitted distribution of gas-

like and liquid-like distributions, respectively. The black dashed line is the sum of 

the two sub-distributions. Bars denote the histogram of local density acquired from 

the MC simulation. 
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Table 3.1. Log-likelihood comparison of inverse gamma-normal and two normal 

mixture models. The inverse gamma-normal mixture model outperforms the two-

normal mixture model in all bulk density conditions. 

𝜌bulk (𝜌𝑐) 

Negative log likelihood (−𝐿 × 105) 

Inverse gamma and 

normal distributions 

Two normal distributions 

0.2 4.589 4.381 

0.4 8.167 7.073 

0.6 10.240 8.438 

0.8 11.333 9.163 

1.0 11.696 9.491 

1.2 11.619 9.539 

1.4 11.332 9.344 

1.6 11.137 9.186 

1.8 11.006 8.950 

2.0 10.717 8.718 
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Extending the mixture model approach, the solvation structure was further 

studied of a model supercritical solution, namely, naphthalene in carbon dioxide, via 

MD simulations [Yoon et al., 2017b]. The Lennard-Jones parameters for the atoms 

in carbon dioxide and naphthalene were adopted from the TraPPE-UA model [Wick 

et al., 2000; Potoff and Siepmann, 2004] as in Table 3.2, and the parameters for the 

atom pairs were calculated using the Lorentz-Berthelot mixing rule: 

𝜖𝑖𝑗 = √𝜖𝑖𝜖𝑗 and 𝜎𝑖𝑗 =
𝜎𝑖 + 𝜎𝑗

2
. (3.6) 

Seed points for Voronoi tessellation were given as the center-of-mass of the 

molecules. Given the three-dimensional Voronoi diagram of the solution system, the 

local density of each carbon dioxide molecule was calculated as the inverse of the 

volume of its Voronoi cell. The histogram of the local density was fitted to a mixture 

model of Eq. 3.5 using the expectation-maximization algorithm. 

First, the partial molar volume of naphthalene in supercritical carbon dioxide 

was calculated as: 

�̃�2
∞ = (

𝜕𝑉

𝜕𝑁2
)

𝑇,𝑃,𝑁1

, (3.7) 

which experimentally diverges at the critical point and is largely positive or negative 

in supercritical fluid in the vicinity of the critical point. The partial molar volume 

was calculated from the time- and ensemble-averaged volume of the carbon dioxide-

naphthalene solutions with 2,000 carbon dioxide molecules acquired in NpT 

simulation. The system volumes with 0, 1, 2, and 3 naphthalene molecules were 

fitted to a linear equation, then the slope of the line is the partial molar volume. The 

experimental trend and the equation of state results are well reproduced in MD 

simulation, as shown in Fig. 3.3.  
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Table 3.2. Forcefield parameters for carbon dioxide-naphthalene solution, adopted 

from the TraPPE-UA model [Wick et al., 2000; Potoff and Siepmann, 2004].  

Atom 𝜖/𝑘𝐵 (K) 𝜎 (Å) 𝑞 (e) 

C (CO2) 27.0 2.8 0.700 

O (CO2) 79.0 3.05 -0.350 

C (Naphthalene) 30.0 3.7 0.0 

CH (Naphthalene) 50.5 3.695 0.0 
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Figure 3.3. Partial molar volume of naphthalene in supercritical carbon dioxide, at 

T = 1.03Tc. Filled circles (●) denote the partial molar volume from the MD 

simulation at P/Pc = 0.87, 1.02, 1.15, 1.49, 2.25, and 3.72, respectively. Open circles 

(○) indicate the partial molar volume experimentally measured [Van Wasen and 

Schneider, 1980]. The solid line denotes the partial molar volume estimated from the 

modified Redlich-Kwong equation of state. 
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To understand the effect of solvent-solute interactions in the divergence of the 

partial molar volume, further study was performed on the repulsive version of carbon 

dioxide-naphthalene solution. Instead of using the standard rcut = 2.5σ cutoff distance 

for interatomic distances, a reduced distance of rcut = 21/6σ was applied, which renders 

the Weeks-Chandler-Andersen (WCA) potential [Weeks et al., 1971]: 

𝑈WCA(𝑟) = {
4𝜖 [(

𝜎

𝑟
)
12

− (
𝜎

𝑟
)
6

+
1

4
] , 𝑟 < 𝑟WCA

0, 𝑟 ≥ 𝑟WCA

(3.8) 

which removes the attractive part of the LJ potential. Interestingly, partial molar 

volume behavior of repulsive naphthalene molecules showed an opposite trend when 

compared to the application of standard LJ potential, as shown in Fig. 3.4. Under the 

addition of standard naphthalene molecules where the partial molar volume shows a 

large decrease, the gas-like fraction from the application of Eq. 3.5 also decreases 

due to the local condensation of carbon dioxide molecules near the solute. The strong 

attraction between the naphthalene solutes draws its nearby gar-like carbon dioxide 

molecules and transitions them into liquid-like local states, in a process like the bulk 

condensation in the subcritical fluid. On the other hand, when a repulsive 

naphthalene molecule enters the carbon dioxide medium, the repulsive interaction 

between the solute and the solvent pushes its nearby carbon dioxide molecules, 

distorting the local coordination network. This results in an opposite phenomenon 

by increasing the local fraction of gas-like molecules. In general, the addition of 

strongly attractive or repulsive solute can induce a localized transition between 

liquid-like and gas-like states of solvent molecules.  
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Figure 3.4. Gas-like fraction under the addition of naphthalene molecules. φWCA 

denotes the addition of repulsive naphthalene molecules with WCA interactions, 

whereas φtr indicates the addition of standard naphthalene molecules with LJ 

interactions.  
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The above discussions with the mixture model of gas-like inverse gamma and 

liquid-like normal distributions provide a useful viewpoint in understanding the 

anomalous behaviors of supercritical fluid. However, there are some issues to be 

discussed. 

First, the gas-like fraction in supercritical fluid does not decay to zero in the 

high-pressure limit, as shown in Fig. 3.5. Under extremely high pressures, it is 

unlikely that a significant fraction of the particles in such phase shows gas-like 

behaviors or gas-like distribution of local density, especially when nearing the 

jamming transition point. However, the gas-like fraction seems to converge to a 

surprisingly high value of approximately 20%, which does not disappear in the high-

pressure limit. 

Second, the underlying assumption of the mixture model, that local density 

distributions of saturated liquid and vapor phases follow normal and inverse gamma 

distributions, is not well justified in the vicinity of the critical point. The bulk density 

of the near-critical vapor phase is too high to expect ideal gas behavior. Considering 

that the liquid-gas critical point is hallmarked by the self-similar structure of multi-

scale bubbles and droplets, there would be a crossover temperature where the 

saturated vapor phase starts to deviate significantly from the ideal gas behavior. In 

addition, the origin of the normal distribution for the local density of the saturated 

liquid phase is unclear. Although the inverse gamma-normal mixture model is simple 

and theoretically tempting, a more rigorous explanation is required to explain the 

supercritical phases thoroughly. 

Finally, although the mixture model implies that there are liquid-like and gas-

like microstates coexisting in the supercritical fluid, the mixture model approach 

provides no means to directly classify the individual particles in the phase as liquid-
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like or gas-like, since the model works only on time- and ensemble-averaged 

histogram of local density, and is not capable of analyzing individual snapshots, not 

to mention the particle. The mixture model indeed captures the macroscopic trends, 

including the crossover from high-density to low-density supercritical fluids or the 

divergence of partial molar volume, yet the microscopic origin of these phenomena 

is difficult to address. To overcome these issues, data-driven classification methods 

were applied to directly identify liquid-like and gas-like molecules coexisting in the 

supercritical fluid. 
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Figure 3.5. Gas-like fraction of supercritical carbon dioxide at different densities. 

Filled circles denote the results from MC simulation and expectation-maximization 

algorithm. Empty triangle indicates the point of πgas = 0.5. Solid line denotes the fit 

to a sigmoidal function. 
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3.2. Per-atom classification 

Because liquid-like and gas-like particles are mixed in a single phase of supercritical 

fluid, the local states cannot be classified by standard order parameters, such as the 

density in the liquid−vapor phase transition. Traditionally, the local states and the 

resultant clusters were defined in terms of the effective coordination numbers or hard 

cutoff distances to analyze the density inhomogeneity of supercritical fluids [Yoshii 

and Okazaki, 1998; Xu et al., 2021]; more recent works have employed advanced 

clustering algorithms such as DBSCAN (density-based spatial clustering application 

with noise). However, all these methods require user-defined input parameters that 

yield a hard threshold in the data space, suffering from bias due to the parameter 

selection. 

To overcome this obstacle, a machine learning approach was adopted using a 

deep neural network, which allows capturing subtle structural features by combining 

multiple parameters of local arrangement. The neural network was trained with local 

structure data of near-critical liquid and gas particles, acquired from MD simulation 

of Lennard-Jones fluid at T = 0.97Tc, performed using a system of 2,197 particles in 

canonical ensemble. The potential was truncated at 3.0σ, and the standard tail 

correction was applied, assuming the homogeneous particle density beyond the 

cutoff distance. Nosé−Hoover thermostat was used to maintain the temperature at 

the desired value. No significant size effect was observed upon increasing the system 

size up to 64,000 particles in the bulk properties. 

The neural network was designed to capture the local structure of a given 

particle. The input is an (N + 1) × 3 array, where N is the number of nearest neighbors 

to observe. The first row of the array is for the “host” particle, and (j + 1)th row is for 
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the jth nearest neighbor (1 ≤ j ≤ N). The first column is for the distance between the 

host particle and particle j. The second and third columns are for the Voronoi density 

and number of Voronoi neighbors of particle j. 

Considering that the fluid structure is scale-invariant at the liquid-gas critical 

point, sizes of liquid-like and gas-like clusters in the supercritical fluid cannot be 

estimated a priori. Thus, the neural network should not be trained with large N, or it 

will “cheat” from the bulk or collective properties instead of learning from the 

localized information. This requires minimizing N without significantly 

undermining the training accuracy; N = 0 will reduce to the statistical mixture model 

in Section 3.1, and N → ∞ will only return the bulk information. Notably, even the 

choice of N = 1 showed satisfactory training accuracy, implying that the 2 × 3 array 

provided enough information to classify near-critical liquid and vapor particles. 

To avoid the overfitting problem, the neural network was trained with only one 

epoch, i.e., no training data point was fed twice to the network in the training 

procedure. To compensate for the small-epoch training, a huge training set was used. 

The training set was generated from the vapor and liquid phases in equilibrium at T 

= 0.97Tc. From both phases, 5,000 independent snapshots were sampled, summing 

up to 10,985,000 particles for each phase. The training was performed on 80% of the 

set, and 20% was reserved for validation: the training and validation accuracies were 

94.74% and 94.75%, respectively, implying that the generalization was successful. 

The trained network was further tested with liquid and vapor particles, simulated at 

the temperature of T = 0.8Tc. The neural network was able to distinguish a total of 

21,970,000 liquid and vapor particles with 100% accuracy. 

Considering the strong volume fluctuations in the near-critical liquid and vapor 

phases, the performance of the neural network is satisfactory. In near-critical 
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temperature, thermal fluctuations might possibly lead to instantaneous generations 

of bubbles and droplets in liquid and gas phases, respectively, which fail to grow and 

are immediately destroyed. These transient particles serve as noises in the training 

set, hampering the neural network from achieving 100% training accuracy. 

To map and characterize the coexistence region, the trained neural network was 

employed to label individual particles in supercritical LJ fluid as liquid-like or gas-

like. A representative snapshot is shown in Figure 3.6, where the two types of 

particles form distinct domains: microstates of intertwined clusters, which are not 

phase-separated nor uniformly mixed. Keeping in mind that no collective input was 

used to train the neural network, but only the labels of individual particles, the 

patterns observed in the simulation hint at an underlying physical origin of the 

particle-based classification. Moreover, these structural patterns suggest that liquid-

like clusters are the origin of local density augmentation, a hallmark of the 

supercritical fluid. 

Self-similar characteristics of a cluster can be analyzed by calculating the fractal 

dimension, which is derived from the scaling exponent calculated from the bivariate 

distribution of the size and the mass of liquid-like and gas-like clusters. Following 

the procedure for the fractal analysis of molecular aggregates [Mulholland et al., 

1988; Brasil et al., 2000], the mass of the microstate clusters N should scale with the 

radius of gyration Rg as follows: 

𝑁 = 𝑘𝑔(𝑅𝑔/𝑎)
𝐷𝑓

, (3.9) 

where Df is the fractal dimension, kg is a pre-factor, and a is the characteristic length 

scale of an individual particle.  

  



 

 47 

 

 

 

  

Figure 3.6. Snapshot of the Lennard-Jones supercritical fluid at T = 1.05Tc and P = 

1.24Pc, showing an inhomogeneous mixture of gas-like (blue spheres) and liquid-

like (red spheres) particles, as classified by the neural network. The two species form 

loosely connected and intertwined clusters. For clarity, a single snapshot is 

represented in two different manners: eighter gas-like (right) or liquid-like (left) 

particles are rendered semi-transparent. The histograms below depict the local 

density distribution of gas-like (blue) and liquid-like (red) particles in the 

supercritical fluid acquired from the inverse volumes of the Voronoi cells. 
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Clusters of liquid-like and gas-like particles are defined and counted as follows. 

First, two particles are considered as neighbors if they share a face of their Voronoi 

diagram. If two neighboring particles are classified to the same microstate, the two 

particles belong to the same cluster. The enumeration of liquid-like and gas-like 

clusters in periodic boundary condition was performed by declaring two index 

registers [Stoll, 1998], which facilitates the concatenation of two sub-clusters into a 

larger cluster. Cluster size distributions for different thermodynamic conditions are 

shown in Fig. 3.7. Percolated clusters were excluded from the size distribution since 

the size of such clusters cannot be estimated in a finite-sized simulation box.  

Figure 3.7(a, c) shows the size-mass scaling relations of liquid-like clusters in 

low-density supercritical fluid dominated by gas-like microstates. The size 

distribution shows a clear power-law dependence on the cluster mass, with an 

average Df of 2.16. This fractal dimension is smaller than Df = 3.0 of space-filling 

spherical droplets, yet it is significantly larger than Df = 1.82 of particle aggregates 

[Brasil et al., 2000]. Such dimensionality implies that the microstate domains in 

supercritical fluids resemble neither droplets observed in the first-order phase 

transition nor aggregated particles formed in nucleation processes, highlighting the 

density inhomogeneity in supercritical conditions. 

Figure 3.7(b, d) also shows the size distributions of gas-like clusters in high-

density supercritical states. The average Df is 2.16, yet the small-sized gas-like 

clusters exhibit a noticeably smaller radius of gyrations below the power-law 

behavior. This shift reflects the high-density tails in the left-skewed local density 

distribution of gas-like particles shown in Fig. 3.6, where the local volume of gas-

like particles is suppressed by the surrounding liquid-like environment. 
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Figure 3.7. Cluster size distribution of gas-like and liquid-like clusters at T / Tc = 

1.05 and different bulk densities. (a) Liquid-like clusters, ρ / ρc = 0.5. (b) Gas-like 

clusters, ρ / ρc = 1.5. (c) Liquid-like clusters, ρ / ρc = 0.75. (d) Gas-like clusters, ρ / 

ρc = 1.25. 
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The supercritical coexistence can further be examined in terms of a simplified 

two-state model. Considering the supercritical fluid as a mixture of two 

interchangeable particle types as is in the semi-grand-canonical ensemble with 

particle type exchange moves, the dominant parameters are number fractions of gas-

like and liquid-like particles, πgas and πliq = 1 - πgas, respectively. The overall free 

energy of the supercritical fluid is augmented with the entropy of mixing: 

𝐺 = 𝜋liq𝐺liq + 𝜋gas𝐺gas + 𝑘𝐵𝑇(𝜋liq ln 𝜋liq + 𝜋gas ln 𝜋gas), (3.10) 

where Gliq and Ggas are the energies of the two states. Inserting πliq = 1 - πgas and 

rewriting G as a function of πgas only, 

𝐺 = (1 − 𝜋gas)𝐺liq + 𝜋gas𝐺gas + 𝑘𝐵𝑇 ((1 − 𝜋gas) ln(1 − 𝜋gas) + 𝜋gas ln 𝜋gas)

= 𝐺liq + 𝜋gasΔ𝐺 + 𝑘𝐵𝑇 (ln(1 − 𝜋gas) + 𝜋gas ln
𝜋gas

1 − 𝜋gas
) , (3.11)

 

where ΔG = Ggas - Gliq. If thermal equilibrium is reached between the two states, the 

minimization of the free energy with respect to the gas-like fraction yields the 

familiar Fermi—Dirac form:  

𝜋gas =
1

1 + exp(−Δ𝐺/𝑘𝐵𝑇)
,

𝜋liq =
1

1 + exp(Δ𝐺/𝑘𝐵𝑇)
. (3.12)

 

Near the critical point, ΔG can be linearly expanded around the critical pressure and 

density along the critical isochore as ΔG ≈ P – Pc ≈ ρbulk – ρc and obtain a sigmoidal 

curve of the fraction πgas as a function of the bulk density: 

𝜋gas(𝜌bulk) =
1

1 + 𝐴 exp(𝐵𝜌bulk)
, (3.13) 

where A and B are parameters acquired from numerical fitting. 

Equation 3.13 predicts that in the vicinity of the critical point, the gas-like 

fraction πgas acquired from any two-state model should follow a sigmoidal curve as 
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a function of the bulk density, where πgas in the limit of low and high density should 

converge to unity and zero, respectively. Recall that in Section 3.1, the behavior of 

gas-like fraction indeed was a sigmoidal function of the bulk density yet did not 

converge to the correct low- and high-density limits. On the other hand, Fig. 3.8 

shows that the simulation average of πgas collected at different density points along 

the isothermal lines, acquired from the neural network classifier, strictly follows the 

prediction from Eq. 3.13. Despite the simplicity of the coarse-grained two-state 

model, it exhibits an excellent fit (R2 > 0.99) up to a temperature of T = 9.0Tc. This 

demonstrates a well-defined dependence of πgas and πliq on the bulk condition and 

serves as supporting evidence that gas-like and liquid-like particles represent two 

physically distinct microstates. 
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Figure 3.8. Isothermal fraction of gas-like particles, πgas, for T = 1.05Tc (filled 

circles) and T = 9.0Tc (empty circles). The solid and dotted lines are fit to the 

sigmoidal curve.  
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3.3. Widom delta and the supercritical gas-liquid boundary 

Note that the results from the mixture model in Section 3.1 also supported the 

supercritical coexistence in carbon dioxide. However, it was impossible to directly 

observe the inhomogeneity via the mixture model since it was unable to assign 

individual particles to either gas-like or liquid-like microstates; the approach focused 

on partitioning the averaged distribution of local density into two sub-distributions 

in a statistical manner. In contrast, the present machine learning approach can label 

every molecule as liquid-like or gas-like, and the microstates’ thermodynamic and 

kinetic characteristics can be quantified and compared. 

Figure 3.9(a) shows the average potential energy difference between particles 

labeled as liquid-like and gas-like, and Fig. 3.9(b) shows the frequency of label 

exchange events, i.e., from liquid-like to gas-like and vice versa. The trends reveal 

some vital physics governing the energetics and the kinetics of the supercritical 

coexistence. First, given the same πgas, the potential energy difference decreases, and 

the frequency of the microstate transition increases as the temperature increases, 

which is expected by the enhanced fluctuation of atomic configurations as the 

thermal energy increases. This implies that in the high-temperature limit, the 

supercritical coexistence would have a vanishingly small effect in the governing 

physics of the fluid state and that the supercritical anomaly would be strongest in the 

vicinity of the critical point. 
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Figure 3.9. Energetics and kinetics in the supercritical coexistence region. (a) The 

difference in potential energy of liquid-like and gas-like particles, along the 

isotherms T = 1.05Tc (circles), 1.2Tc (triangles), and 2.0Tc (squares). The units are 

expressed in the Lennard-Jones energy parameter ϵ. The solid lines are the visual 

guide. (b) Counts of label exchange events for 50τ for the same isotherms, for LJ 

unit time τ = (mσ2/ϵ)1/2 with particle mass m and LJ length parameter σ. 
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Second, and more importantly, the lower potential energy barrier is associated 

with more frequent transitions between the microstates. Assuming that the 

microscopic separation between gas-like and liquid-like domains originate from the 

competition between entropy-driven (gas-like) and energy-driven (liquid-like) 

microstates, the potential energy difference should be a proxy for the free energy 

barrier separating the two microstates. Within each isotherm, as the potential energy 

difference is decreased, the fluctuation between the microstates gets more vigorous, 

leading to the extrema near πgas = 0.5, where the number fraction of gas-like and 

liquid-like microstates are even. For both the energy difference and the transition 

frequency, and for all the isotherms with different temperatures, the extrema occur 

at πgas = 0.5. 

The importance of the loci of πgas = 0.5 in the macroscopic anomaly of the 

supercritical fluid is further tested with the particle molar volume as defined in Eq. 

3.7, of which divergence is a hallmark of supercritical solutions in the vicinity of the 

critical point. Both experimental and computational studies showed that the partial 

molar volume of attractive solutes exhibits a largely negative value, i.e., the total 

volume of the solution substantially decreases upon the addition of solute molecules. 

As presented in Section 3.1, this divergence phenomenon is interpreted as the 

transition between microstates induced by an external perturbation, namely, the 

addition of solutes. Thus, it is expected that the extremum of the partial molar volume 

is observed around πgas = 0.5. 
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Figure 3.10. The macroscopic anomaly of the supercritical fluid. (a) Partial molar 

volume of attractive solute (circles), repulsive solute (triangles), and solvent 

(crosses) particles in supercritical fluid at T = 1.05Tc. (b) Radial distribution 

functions of liquid-like (red) and gas-like (blue) solvent particles around attractive 

solute particles (solid lines) and another solvent particle (dotted lines). 
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Figure 3.10 shows the simulation results from the dilute LJ solution of 

attractive and repulsive solute particles, with a control group for calculating the 

partial molar volume of the solvent particle. The attractive and repulsive solutes were 

also modeled as Lennard-Jones particles, with the same length parameter σatt = σrep = 

σsolvent. The LJ energy parameters were differed to describe the class of the solute, by 

using ϵatt = 2.0ϵsolvent and ϵrep = 0.5ϵsolvent, so that the solvent particles prefer to be in 

contact with the attractive solute over the solvent, and the solvent over the repulsive 

solute. As in Section 3.1, the Lorentz-Berthelot mixing rule was used, and the partial 

molar volume was calculated in the NpT ensemble at T = 1.05Tc, with the addition 

of zero, one, two, and three solute particles. Each system consisted of 2,197 solvent 

particles, and the system volume was averaged for 107 time steps after the thermal 

equilibration. Six parallel simulations with different initial velocities were performed 

to estimate the ensemble average of the volume. Interpolating the average volume 

against the number of solute particles, the partial molar volume was calculated as the 

slope of the linear regression.  

Figure 3.10(a) is consistent with the prediction, showing that the partial molar 

volume magnitude of both the attractive and repulsive solutes is indeed maximal at 

πgas = 0.5. Attractive solute particles induced negative partial molar volume with 

substantial magnitude, i.e., the total volume of the solution significantly decreases 

as the attractive solute particles are added. On the other hand, the addition of 

repulsive solute particles resulted in a large increase in the total volume. The 

magnitude of the partial molar volume of both particle types was substantially larger 

than that of the solvent particles, highlighting the anomaly of the partial molar 

volume behavior at πgas = 0.5. 



 

 58 

The bulk anomaly of partial molar volume is also structurally manifested in the 

radial distribution functions of liquid-like and gas-like solvent particles, as shown in 

Fig. 3.10(b). The concentration of liquid-like particles was greatly enriched around 

an attractive solute particle, whereas the gas-like solvent particles showed a slight 

yet noticeable decrease in the local density. This could result from an effective 

pressure exerted by the solute, inducing the transformation of nearby gas-like solvent 

particles into liquid-like states. This mechanism also drives the negative partial 

molar volume by increasing the local density, as was qualitatively discussed in 

Section 3.1. 

Summing up the above discussions, it is hypothesized that the supercritical 

anomaly originates from the frequent transition between significantly different 

microstates. If the transition event is not frequent enough, as in high- or low-density 

states in Fig. 3.9, the behavior of the system would resemble those of monotone 

phases such as subcritical liquid or gas. If the structural or energetic difference 

between the microstates is not sufficiently large, as in the high-temperature isotherms 

in Fig. 3.9, then the transition between the similar states would not result in behaviors 

significantly different from liquid or gas phases. In addition, as supported by the 

partial molar volume response in Fig. 3.10, the point of πgas = 0.5 is where (1) the 

fluctuation between microstates is most vigorous and, as a result, (2) the fluid is most 

susceptible to external perturbations. The latter implies that the thermodynamic 

response functions should have their maxima at πgas = 0.5, reminiscent of their 

divergence at the boiling line and the critical point. Hence, the line of πgas = 0.5 is 

suggested to be called the supercritical gas-liquid boundary, the extension of the line 

dissecting the subcritical liquid and gas phases. 

The discussion of the supercritical gas-liquid boundary, as the loci of the 
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maximal susceptibility of the fluid upon perturbations, is in line with the concept of 

the Widom line, the local maximum of the thermodynamic response functions and 

the correlation length. This leads to an alternative, practical definition of the Widom 

line as the supercritical gas-liquid boundary, the loci of πgas = 0.5. Figure 3.11 depicts 

the phase diagram of LJ fluid, where the Cp-Widom line, the critical isochore, and 

the line of πgas = 0.5 are shown. It was previously demonstrated that the Cp-Widom 

line follows the critical isochore [Artemenko et al., 2017; Brazhkin et al., 2011], and 

the supercritical gas-liquid boundary lies close to both. However, unlike the Cp-

Widom line that rapidly smears out at high temperatures, the πgas = 0.5 line remains 

observable even in the deeply supercritical region, introducing a global line in the 

phase diagram.
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Figure 3.11. Widom delta in the pressure-temperature phase diagram, which shows 

points of πgas = 0.5 (circles), local maxima of the isobaric specific heat Cp (crosses), 

and the critical isochore (solid line). The dashed lines denote the loci of πgas = 0.95 

and 0.05, and the critical point is denoted as the red circle. White triangles show the 

local maxima of Cp reported by Brazhkin et al. [Brazhkin et al., 2011] 
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Furthermore, the boundary between the supercritical gas and the gas and liquid 

phases can be marked by the effective disappearance of the liquid-gas coexistence. 

As discussed above, the supercritical fluid is hallmarked by the significant 

coexistence of gas-like and liquid-like particles. In Fig. 3.11, the borders are marked 

by the lines of πgas = 0.05 (to liquid) and πgas = 0.95 (to gas). Note that these values 

were chosen because the training accuracy was approximately 95%, so the 

classification beyond these lines is not robust enough. Therefore, it is impossible to 

rule out the possibility that the supercritical coexistence region further extends. 

Within the supercritical coexistence model, liquid and gas can be continuously 

transformed into each other by detouring the critical point. Along this pathway, the 

system crosses two mild boundaries without latent heat, where the smooth change of 

πgas and πliq allows one to avoid the abrupt first-order transition across the boiling 

line. 

As shown in Fig. 3.11, the deltoid region of supercritical coexistence emanates 

from the critical point, akin to a river delta emanating at the river mouth. Since this 

region encloses the Widom line, it is suggested to be called the Widom delta. It is 

proposed that the anomalous behavior of the supercritical fluid at the tip of the delta 

is maximized at the supercritical gas-liquid boundary of πgas = 0.5 and have their 

roots in the fluctuation between liquid-like and gas-like microstates. The continuous 

transition from the supercritical fluid to pure liquid or gas can be understood as the 

gradual vanishing of this liquid-gas coexistence. 
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3.4. Summary 

In the present thesis, it is demonstrated that the supercritical fluid can be seen as an 

inhomogeneous mixture of liquid-like and gas-like particles, enabled by the 

application of a statistical mixture model approach that partition the local density 

distribution into two sub-distributions and a machine learning technique that 

allocates individual particles to one of the two microstates. Below the critical point, 

large surface energy prohibits the mixing of liquid and gas phases, which are 

completely separated by the boiling line after equilibration. However, as the 

temperature exceeds the critical point, the boiling line broadens into a two-

dimensional region (the “Widom delta”) in which the supercritical fluid emerges as 

an inhomogeneous mixture of coexisting liquid-like and gas-like molecules. In the 

Widom delta, liquid-like and gas-like particles form distinct yet intertwined 

microscopic domains, and the number fraction of microstates gradually changes 

under external operations. Hence, the supercritical fluid shows mild and continuous 

responses to temperature and pressure variations without latent heat or jump 

discontinuities. 

The Widom line can be quantitatively reinterpreted on a microscopic basis as a 

collection of points where the proportion of liquid-like and gas-like molecules is 

even. From a structural basis, the Widom line is the boundary separating gas-like-

dominant and liquid-like-dominant states. On a dynamic basis, it is where the 

transitions between the two microstates are most vigorous, leading the fluid to be 

maximally susceptible to external perturbations. This might be the origin of the bulk 

crossover and response function maxima observed at the Widom line, reminiscent of 

the subcritical boiling line and the critical point.  
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Chapter 4. Universality in supercritical fluids 

 

In Chapter 3, machine learning classifiers were used to identify distinct liquid-like 

and gas-like microstructures coexisting in the supercritical fluid. Linking 

supercritical anomalies to fluctuations between the microstates, the number fraction 

of the gas-like molecules, πgas, is proposed as a useful order parameter for the 

supercritical fluid. 

This chapter reports on a universal scaling of the supercritical phase diagram 

obtained using the order parameter πgas. Unlike standard scaling laws usually 

restricted to the vicinity of the critical point, the reported scaling relation spans 

through the whole Widom delta, from the critical point up to high temperature and 

pressure. The divergence of the scaling functions accurately pinpoints the liquid-gas 

critical point. Furthermore, the scaling exponents are found to be universal among 

three simple fluids examined, namely, argon, carbon dioxide, and water. With some 

assumptions on the local density variation of supercritical fluids, a corresponding-

states law is derived to predict the density of the supercritical states of the above 

fluids with high accuracy, effectively reducing the two-dimensional Widom delta 

onto a single line. These results provide evidence that the physics of the supercritical 

fluid is governed by the scaling relation of the microscopic inhomogeneity. 

One remaining question is the applicability of the universal scaling relation to 

water, which is often difficult or even impossible to capture via simple 

correspondence arguments since the extensive hydrogen bond network drives water 

away from universal liquid-state arguments based on the isotropic hard-sphere model. 

The hydrogen bond formation free energies were calculated to show that saturated 
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water at elevated temperature does not qualify for the IUPAC definition for the 

hydrogen bond. In addition, the evolution of the correlation coefficient between the 

virial and the potential energy shows that the structure-dynamics relations of water 

converge to that of simple Lennard-Jones-like behaviors as the temperature is 

increased. The results substantiate that the disappearance of hydrogen bonds drives 

the transition of water from anomalous liquid behaviors at room temperature to the 

universal description at high temperature and supercritical states, validating the 

corresponding states law discovered from the scaling argument. 

 

4.1. Critical divergence 

Motivated by the investigations of supercritical scaling in systems with Ising 

[Anisimov et al., 1995] and quantum criticality [Terletska et al., 2011; Vučičević et 

al., 2013; Furukawa et al., 2015], the variation of πgas was examined in the phase 

diagram of Lennard-Jones fluid. As a reference line, the supercritical gas-liquid 

boundary is defined as the loci of equal liquid and gas fractions, πgas = πliq = 0.5, in 

the supercritical domain (T > Tc).  

Taking the supercritical gas-liquid boundary, which is also the line of maximal 

instability, as a reference line is based on two observations: (1) near the liquid-gas 

critical point, the Widom line and the supercritical gas-liquid boundary closely 

coincide [Ha et al., 2018], and (2) the boiling line, the liquid-gas critical point, and 

the Widom line can be framed together within an extended corresponding states 

principle [Banuti et al., 2015]. Therefore, a postulate is employed that the 

supercritical gas-liquid boundary is the extension of the boiling line and the liquid-

gas critical point into the supercritical region of the phase diagram. 
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Figure 4.1. Supercritical phase diagram of LJ fluid, expressed by the order parameter 

πgas. (a) Phase diagram of πgas. Below the liquid-gas critical point (LGCP, red dot), 

πgas jumps discontinuously across the vapor-liquid equilibrium (VLE) line. Beyond 

the LGCP, πgas varies continuously across the Widom delta. The red dashed line 

denotes the supercritical gas-liquid boundary (SGLB), the loci of πgas = πliq = 0.5. (b) 

Phase diagram of the pressure derivative of πgas. Note that the map is expressed in 

log-scale, with the range restricted to 4 orders of magnitude. The derivative diverges 

at the LGCP and decays in the deeply supercritical regime. 
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As shown in Fig. 4.1, the phase diagram of the order parameter πgas as 

computed by the machine learning classifier exhibits discontinuity across the boiling 

line. In contrast, beyond the LGCP, πgas is continuous throughout the Widom delta, 

the deltoid liquid-gas coexistence region emanating from the LGCP. Figure 4.1(b) 

shows the diagram of the pressure derivative, ∂πgas/∂P, highlighting the singularity 

at the LGCP. 

It is instructive to define functions ft and fp, the derivative of πgas with respect to 

temperature and pressure, respectively, at the SGLB: 

𝑓𝑡(𝑇) =
𝜕𝜋gas

𝜕𝑃
|
SGLB

,

𝑓𝑝(𝑃) =  
𝜕𝜋gas

𝜕𝑇
|
SGLB

. (4.1)

 

Following the standard scaling procedure, the temperature and pressure were 

reduced with respect to the critical point, i.e., τ = (T – Tc)/Tc and ϕ = (P – Pc)/Pc. As 

shown in Fig. 4.2, in these reduced coordinates, the functions ft(τ) and fp(ϕ) nicely fit 

to power laws: 

𝑓𝑡(𝜏) = 𝐴𝑡𝜏
−1/𝜈𝑡 ,

 𝑓𝑝(𝜙) = 𝐴𝑝𝜙−1/𝜈𝑝 . (4.2)
 

The prefactors, At and Ap, and the exponents, νt and νp, were extracted from the linear 

regression of the log-log plot shown in Fig. 4.2. The estimated exponents were νt = 

1.097 ± 0.027 and νp = 1.053 ± 0.024, with the prefactors At = 0.256 ± 0.014 and Ap 

= 6.10 ± 0.13; the ranges denote 95% confidence intervals. 
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Figure 4.2. Scaling analysis of the order parameter πgas. (a) The isothermal scaling 

function ft(τ) for 1.01Tc < T < 10.0Tc; see Eq. 4.2. (b) The isobaric scaling function 

fp(ϕ) for 1.26Pc < P < 6.16Pc. (c, d) Raw (c) and rescaled (d) curves of πgas along 

different isotherms, 1.2Tc < T < 3.8Tc. The inset color bars denote the temperatures. 

In part d, Pavg = 2.30 × 10-3 with νt = 1.097; see Eq. 4.3. 
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The second postulate is that different isothermal curves of πgas are all 

isomorphic, with scales determined by the scaling function ft. Figure 4.2(c) shows 

isotherms of πgas as a function of δP(T) = P – PSGLB(T), the isothermal pressure shift 

from the SGLB. Rescaling δP by 𝜏−1/𝜈𝑡 yields a collapse into a single master curve 

(Fig. 4.2(d)). 

The scaling exponent can also be extracted by defining a suitable measure for 

the quality of data collapse and minimizing it with respect to the exponent. Define 

𝜋(𝛿𝑃, 𝜏) = ℱ(𝜏−1/𝜈𝑡𝛿𝑃) for some unknown function ℱ. Following Bhattacharjee 

and Seno, a measure is defined for the quality of data collapse [Bhattacharjee and 

Seno, 2001]: 

𝑃avg(𝜈𝑡) =
1

𝑁data
∑ ∑ ∑|𝜋𝑞,𝑖 − ℰ𝑝 (𝜏𝑞

−1/𝜈𝑡𝛿𝑃𝑞,𝑖)|

𝑖𝑞≠𝑝𝑝

, (4.3) 

where p and q are indices for τ, and the innermost summation over i runs within the 

isothermal dataset, i.e., 𝜋𝑞,𝑖 = 𝜋(𝛿𝑃𝑞,𝑖, 𝜏𝑞) . ℰ𝑝  is an interpolant function for ℱ 

using isothermal dataset τp; hence, Pavg is the average mismatch between collapsed 

isothermal curves when using Eq. 4.2 with the given exponent νt. An optimal 

exponent for the best data collapse can be acquired as: 

𝜈𝑡
† = argmin𝜈𝑡

𝑃avg(𝜈𝑡). (4.4) 

Minimizing Pavg with respect to νt yields Pavg = 1.86 × 10-3 at νt = 1.1111 ± 0.037, 

agreeing with the exponent obtained from linear regression in Fig. 4.2 within the 

error bar. 

The scaling relation can also be expanded to predict the behavior of the 

supercritical gas-liquid boundary. Let 𝜋gas(𝜏, 𝜙) = ℱ(𝜏−1/𝜈𝑡𝛿𝜙)  with δϕ = ϕ - 

ϕSGLB. Noting that ℱ(0) = 0.5, and expanding about a point (τ, ϕ1) on the supercritical 



 

 69 

gas-liquid boundary as in Fig. 4.3(a), the scaling relation leads to the divergence of 

∂πgas/∂P with exponent νt: 

𝑓𝑡(𝜏) =
𝜕𝜋gas

𝜕𝑃
|
SGLB

= lim
Δ𝜙→0

𝜋(𝜏1, 𝜙1 + Δ𝜙) − 𝜋(𝜏1, 𝜙1 − Δ𝜙)

2Δ𝜙

= lim
Δ𝜙→0

ℱ (𝜏1
−1/𝜈𝑡Δ𝜙) − ℱ (−𝜏1

−1/𝜈𝑡Δ𝜙)

2Δ𝜙
= ℱ1𝜏1

−1/𝜈𝑡 , (4.5)

 

with ℱ1 =
𝑑ℱ(𝑥)

𝑑𝑥
|
𝑥=0

. Similarly, ∂πgas/∂T can be expressed as: 

𝑓𝑝(𝜙) =
𝜕𝜋gas

𝜕𝑇
|
SGLB

= lim
Δ𝜏→0

𝜋(𝜏1 + Δ𝜏, 𝜙1) − 𝜋(𝜏1 − Δ𝜏, 𝜙1)

2Δ𝜏

= lim
Δ𝜏→0

𝜋(𝜏1 + Δ𝜏, (𝜙1 + Δ𝜙) − Δ𝜙) − 𝜋(𝜏1 − Δ𝜏, (𝜙1 − Δ𝜙) + Δ𝜙)

2Δ𝜏

= lim
Δ𝜏→0

ℱ(−(𝜏1 + Δ𝜏)−1/𝜈𝑡Δ𝜙) − ℱ((𝜏1 − Δ𝜏)−1/𝜈𝑡Δ𝜙)

2Δ𝜏

= −ℱ1𝜏1
−1/𝜈𝑡 lim

Δ𝜏→0

Δ𝜙

Δ𝜏
. (4.6)

 

Figure 4.3(b) shows that the pressure and temperature at the supercritical gas-

liquid boundary follow power law, 𝜙SGLB ∝ 𝜏SGLB
𝑥  with exponent x = 0.981 ± 0.013. 

Substituting this into Eq. 4.6 and using 𝑓𝑝(𝜙) ∝ 𝜙−1/𝜈𝑝 , 

𝑥 =
1 + 1/𝜈𝑡

1 + 1/𝜈𝑝
. (4.7) 

Substituting νt = 1.097 ± 0.027 and νp = 1.053 ± 0.014 from Fig. 4.2, x = 0.979 ± 

0.011, agreeing within the error bar with the value of x obtained in Fig. 4.3(b). 
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Figure 4.3. (a) Supercritical phase diagram, showing a narrow range of temperature 

about a point (τ, ϕ1) on the supercritical gas-liquid boundary. (b) Supercritical gas-

liquid boundary in temperature range 1.2Tc < T < 9.0Tc. The dashed line is the linear 

fit on the log-log data to extract the exponent x.: see Eq. 4.7. 
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The scaling functions ft and fp diverge at the critical point, as evident from their 

power-law dependence shown in Fig. 4.2(a, b). So far, however, the critical values, 

Tc and Pc, used to obtain the power laws in Eq. 4.2, were not fitting parameters but 

rather predetermined from molecular simulation results in Section 2.1. To test if the 

model can capture the critical point itself, more flexible forms of ft(T) and fp(P) are 

tried: 

𝑓𝑡(𝑇) = 𝐴𝑡(𝑇 − 𝑇𝑐
†)

−1/𝜈𝑡
,

 𝑓𝑝(𝑃) = 𝐴𝑝(𝑃 − 𝑃𝑐
†)

−1/𝜈𝑝
, (4.8)

 

where 𝑇𝑐
†
  and 𝑃𝑐

†
  are free parameters to be determined from regression. 

Numerical results were νt = 1.092 ± 0.006, νp = 1.046 ± 0.024, and (𝑇𝑐
†, 𝑃𝑐

†) = (1.34, 

0.128), comparable to the critical point from molecular simulations, (1.34, 0.143). It 

is worth noting that the liquid-gas classifiers were trained with information only on 

the local structure of individual particles. Considering the strong volume fluctuations 

in the supercritical state, the classifiers are blind to the macroscopic state of the 

system, which is only loosely encoded in the ensemble average of πgas. Nevertheless, 

the reported results put forth the number fraction of the two particle types as a 

measure that captures the critical behavior and the bulk characteristics of the system, 

which are collectively determined by the spatiotemporal dynamics of the 

microstructure. 

 

4.2. Scaling and universality 

At this point, one might naturally question the relation between πgas and experimental 

observables, e.g., the bulk density, since πgas is only accessible via molecular 

simulations [Yoon et al., 2018a]. This issue is handled by developing and verifying 
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an approximate relation that links πgas with the bulk density. 

Since the machine learning classifier labels individual particles as liquid-like or 

gas-like, it is possible to calculate the averaged properties of the two microstates, as 

in Section 3.3. Let vi denote the Voronoi volume of the ith particle and let integer li 

express the label of the particles: li is 0 and 1 for gas-like and liquid-like particles, 

respectively. The densities of gas-like and liquid-like states are defined as follows: 

𝜌gas =
𝑁gas

𝑉gas
=

∑ 𝛿𝑙𝑖,0
𝑁
𝑖=1

∑ 𝑣𝑖𝛿𝑙𝑖,0
𝑁
𝑖=1

, 𝜌liq =
𝑁liq

𝑉liq
=

∑ 𝛿𝑙𝑖,1
𝑁
𝑖=1

∑ 𝑣𝑖𝛿𝑙𝑖,1
𝑁
𝑖=1

, (4.9) 

where δi,j is the Kronecker delta symbol. Note that the sum of Voronoi volumes 

equals the system volume, i.e., ∑ 𝑣𝑖
𝑁
𝑖=1 = 𝑉 . Along with the conservation of 

particles, Ngas + Nliq = N, bulk number density 𝜌bulk can be expressed as: 

1

𝜌bulk
=

𝑉

𝑁
=

𝑉liq

𝑁
+

𝑉gas

𝑁
=

𝑉liq

𝑁liq

𝑁liq

𝑁
+

𝑉gas

𝑁gas

𝑁gas

𝑁
=

𝜋liq

𝜌liq
+

𝜋gas

𝜌gas
 , (4.10) 

i.e., of the reciprocal weighted sum of 𝜌liq and 𝜌gas. 
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Figure 4.4. Approximate relation between 𝜌gas , 𝜌liq , and 𝜌bulk , as in Eq. 4.11. 

Markers with different colors denote isotherms with different temperatures. The 

temperature range is 1.2Tc ≤ T ≤ 3.8Tc 1.2𝑇𝑐 ≤ 𝑇 ≤ 3.8𝑇𝑐. (a) 𝜌bulk is expressed 

as a weighted mean of 𝜌gas and 𝜌liq, see Eq. 4.11. The black dotted line denotes 

Eq. 4.11. (b) Difference between 𝜌liq and 𝜌gas, plotted against 𝜌bulk. (c) Error in 

the approximation by Eq. 4.11: see also Eq. 4.13. 
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Studying the microstate densities at different points of the phase diagram, an 

interesting relation is found regarding 𝜌bulk, 𝜌liq, and 𝜌gas. Fig. 4.4(a) shows that 

the bulk density of the system approximately satisfies the following: 

𝜌bulk = 𝜌liq𝜋liq + 𝜌gas𝜋gas. (4.11) 

Note that this relation need not be satisfied by the two-state thermodynamics model, 

since the volume and the number leads to Eq. 4.10. Equating 𝜌bulk in Eq. 4.10 and 

Eq. 4.11,  

𝜌liq𝜌gas = (𝜋liq𝜌liq + 𝜋gas𝜌gas)(𝜋liq𝜌gas + 𝜋gas𝜌liq)

= (𝜋liq
2 + 𝜋gas

2 )𝜌liq𝜌gas + 𝜋liq𝜋gas(𝜌liq
2 + 𝜌gas

2 )

= (1 − 2𝜋liq𝜋gas)𝜌liq𝜌gas + 𝜋liq𝜋gas(𝜌liq
2 + 𝜌gas

2 ). (4.12)

 

Transposing the left-hand side of Eq. 4.12, 

0 = 𝜋liq𝜋gas(𝜌liq
2 + 𝜌gas

2 − 2𝜌liq𝜌gas) = (0.25 − Δ𝜋2)Δ𝜌2, (4.13) 

where Δπ = πliq – 0.5 = 0.5 – πgas and Δρ = ρliq – ρgas. Hence, for Eq. 4.10 and Eq. 

4.11 to be consistent, the right-hand side of Eq. 4.13 should be small. Figure 4.4(c) 

shows the values of (0.25 – Δπ2)Δρ2. From the data shown in Fig. 4.4(a), Eq. 4.11 is 

accurate with an average error of 0.7%. 

Eq. 4.11 can be separated into several terms, some of which are described as a 

function of πgas only. Defining the supercritical gas-liquid boundary as the loci of πgas 

= 0.5, liquid-like and gas-like densities can be expressed by isothermal deviation 

from the boundary: 

𝜌liq(𝑇, 𝑃) = 𝜌liq
o (𝑇) + Δ𝜌liq(𝑇, 𝑃),

 𝜌gas(𝑇, 𝑃) = 𝜌gas
o (𝑇) + Δ𝜌gas(𝑇, 𝑃), (4.14)

 

where 𝜌liq
o   and 𝜌gas

o   denote the gas-like and liquid-like densities at the 

supercritical gas-liquid boundary of a given temperature T, and Δ𝜌liq and Δ𝜌gas 

denote the isothermal deviations from 𝜌liq
o  and 𝜌gas

o , respectively. Substituting Eq. 
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4.14 into Eq. 4.11, 

𝜌bulk = 𝜌gas𝜋gas + 𝜌liq𝜋liq = 𝜌gas(0.5 − Δ𝜋) + 𝜌liq(0.5 + Δ𝜋)

=
𝜌gas + 𝜌liq

2
+ Δ𝜋(𝜌liq − 𝜌gas)

=
𝜌gas + 𝜌liq

2
+ Δ𝜋(Δ𝜌liq − Δ𝜌gas) + Δ𝜋(𝜌liq

o − 𝜌gas
o ). (4.15)

 

The three terms in Eq. 4.15 are shown in Fig. 4.5. It should be noted that the 

first and the second terms, shown in Fig. 4.5(a-b), are approximately functions of 

πgas only. The mutual deviation in the collapsed data is on average 0.5% of the bulk 

density for both cases. However, 𝜌liq
o − 𝜌gas

o  in the second term of Eq. 4.15 shows 

nontrivial dependence on temperature. The data is fitted to an exponential function 

with a constant shift: 

𝜌liq
o − 𝜌gas

o ≈ 𝐴−𝜏/𝜏0 + 𝐶, (4.16) 

where A, τ0, and C are acquired from numerical fitting. Hence, if the reduced 

temperature is larger than τ0, the variance from the third term of Eq. 4.15 is negligible, 

hence 𝜌bulk can be expressed as a function of πgas only. Since 𝜋gas = ℱ(𝜏−1/𝜈𝑡𝛿𝑃), 

it is concluded that 𝜌bulk = ℱ𝑑(𝜏−1/𝜈𝑡𝛿𝑃) for some ℱ𝑑 in this temperature range. 
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Figure 4.5. The three terms in Eq. 4.15, with data acquired in the temperature range 

of 1.2Tc < T < 3.8Tc. (a) (𝜌gas + 𝜌liq)/2  plotted against πgas. (b) Δ𝜋(Δ𝜌liq −

Δ𝜌gas) plotted against πgas. (c) 𝜌liq
o − 𝜌gas

o  plotted against τ = (T – Tc) / Tc. The 

dotted line is a fit to an exponential curve, A exp(τ/τ0) + C, with τ0 = 0.54 ± 0.06 and 

C = 0.065. 
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This conjecture was first tested in supercritical LJ fluid, as shown in Fig. 4.6(a-

c). To minimize the effect of machine-learning-related methods, the pressure shift 

here is defined as δP = P – Pic, where the subscript “ic” denotes the critical isochore 

that lies close to the supercritical gas-liquid boundary. Figure 4.6(b-c) shows that 

different isothermal density curves collapse into a single curve once the reduced 

temperature τ is higher than τ0 = 0.54. In addition, Fig. 3(d-f) shows that this 

rescaling is also possible for supercritical argon (data acquired from the NIST 

database [Lemmon et al., 2019]) with the same exponent νt: this result is easily 

expected, since the LJ potential models the interatomic interaction between noble 

gas atoms. 

Interestingly, it is found that the exponent νt can be universally used to collapse 

the supercritical densities, at least for three simple fluids of argon, carbon dioxide, 

and water. Figure 4.6(g–l) shows results for carbon dioxide and water, where the 

isothermal density curves of τ > 0.54 are well collapsed into their master curves. 

Overall, these results suggest that supercritical scaling in the Widom delta is 

universal in simple fluids. The observed scaling also supports the framework 

proposed in this thesis, of understanding the supercritical fluid as an inhomogeneous 

mixture of two microstates. 
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Figure 4.6. Rescaling of supercritical density by the exponent νt, applied to (a–c) LJ 

fluid, (d–f) argon, (g–i) carbon dioxide, and (j–l) water. Data for argon, carbon 

dioxide, and water were acquired from the NIST database. The first row (a, d, g, j) 

shows raw density isotherms before rescaling. The second row (b, e, h, k) shows 

rescaled density in the temperature range τ < 0.54; see Eq. 4.16. The third row (c, f, 

i, l) shows rescaled density in the temperature range τ > 0.54. 
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In conclusion, by analyzing the behavior of the order parameter πgas, material-

independent scaling relations were found for the supercritical state of several simple 

fluids. The supercritical gas-liquid boundary serves as the reference line of the 

supercritical fluid, from which the supercritical properties can be rescaled into a 

master curve. The reported results put forth a picture of the supercritical fluid as an 

inhomogeneous mixture of microstates that collectively determine both microscopic 

and macroscopic features. 

Finally, it is worth pointing out that the Widom delta in Figure 4.1 is akin to 

the “fan-shaped” quantum critical region found near metal-insulator transitions, 

where universality and scaling are expected [Terletska et al., 2011; Furukawa et al., 

2015] with respect to the quantum Widom line defined as the line of maximum 

instability. [Vučičević et al., 2013] In the language of quantum critical phenomena, 

systems in deeply critical regions of the Widom delta cannot “know” whether they 

are liquid or gas. Only when the system comes closer to the LGCP, it “notices” to 

which phase it belongs and then bifurcate into the liquid-like and gas-like branches. 

Below the critical temperature, the system is divided into liquid/gas states separated 

by the first-order phase transition, analogous to the quantum ground states at zero 

temperature. One potential direction for future study would be to test whether the 

“scaling region” universally exists for both quantum and classical phenomena. 

 

4.3. Isomorph theory 

Section 4.2 showed that the macroscopic behavior of Lennard-Jones fluid, argon, 

carbon dioxide, and water in the supercritical state can all be collapsed onto a single 

master curve derived from the supercritical scaling law. However, due to the strong 
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hydrogen bond networks, condensed phases of water often exhibit behaviors distinct 

from simple fluids. Hydrogen bonds in water provide tetrahedral molecular 

arrangement [Russo and Tanaka, 2014; Russo et al., 2018] and two distinct 

intermolecular length scales [Xu et al., 2006; de Haro et al., 2018], leading to 

anomalous behaviors, including the temperature of maximum density [Vega and 

Abascal, 2005] or the putative liquid-liquid phase separation behavior [Soper, 2011; 

Nilsson and Pettersson, 2015; Anisimov et al., 2018]. 

An important question that needs to be addressed is whether the hydrogen bond 

persists in elevated temperatures, including the supercritical water, and to what 

extent if it does. Due to the increased thermal energy in supercritical temperatures, 

hallmarks of hydrogen bonds are largely reduced in supercritical water [Gupta et al., 

1992; Chialvo and Cummings, 1994; Hoffmann and Conradi, 1997; Andreani et al., 

2020]. The hydrogen bond will play no role in the high-temperature limit: hence, the 

question is at what temperature range does the condensed phase of water undergo a 

transition into a region where hydrogen bond is insignificant in a thermodynamic or 

dynamic sense. In this regard, the International Union of Pure and Applied Chemistry 

(IUPAC) recently revised the definition of hydrogen bond to explicitly require that 

the formation free energy of H-bond be larger than the thermal energy of the system 

[Arunan et al., 2011a; Arunan et al., 2011b]. If the formation free energy is 

significantly smaller than the thermal energy of the system, the hydrogen bond would 

not be an important factor in describing the properties of SCW as it is in the ambient 

water. 

The existence and the extent of the hydrogen bond are intimately related to the 

question of to what degree the water is ‘anomalous’ as its temperature is increased. 

Recently, Dyre and his coworkers proposed the isomorph theory to explore the 
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hidden scale invariance and quasi-universality in simple liquid systems, aiming to 

understand the relationship between thermodynamic, dynamic, and structural 

characteristics in an integrated manner. Isomorph theory defines two state points, not 

configurations, are isomorphic if there is a bijective scaling operation between pairs 

of configurations that have the same canonical probability [Ingebrigtsen et al., 2012; 

Dyre, 2013]. Let two configurations R1 and R2 be sampled from two different state 

points in the temperature-density phase diagram, (ρ1, T1) and (ρ2, T2). If the two 

configurations are identical after density rescaling, 𝜌1
1/3

𝐑1 = 𝜌2
1/3

𝐑2, the two state 

points are isomorphic if 

exp(−
𝑈(𝐑1)

𝑘𝐵𝑇1
) = 𝒞12 exp(−

𝑈(𝐑2)

𝑘𝐵𝑇2
) , (4.17) 

where 𝒞12 is a constant independent of the configuration, only determined from the 

state points 1 and 2. 

It is practically difficult to directly verify Eq. 4.17, for example, via molecular 

simulations. However, it has been shown [Gnan et al., 2009] that the condition of 

having a good isomorph is equivalent to having a strong correlation between the 

thermal fluctuation of the potential energy U(R) and the virial V(R) = pV - NkBT. 

The correlation coefficient ℛ is expressed as: 

ℛ =
〈Δ𝑉Δ𝑈〉

√〈(Δ𝑉)2〉〈(Δ𝑈)2〉
, (4.18) 

and a liquid with ℛ > 0.9 are called a R-simple liquid [Ingebrigtsen et al., 2012]. 

Recently, a systematic study on the structural and dynamic behavior of modified 

water revealed that by tuning the electrostatic interaction among water molecules, 

water can be gradually transformed to have the quasi-universal behavior of 

condensed fluids [Prasad and Charusita, 2014]. This implies that the condensed-
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phase anomalies of water originate from strong electrostatic interactions among 

water molecules, i.e., hydrogen bonds. Recall that in Section 4.2, it was shown that 

the thermodynamics of supercritical water can be scaled onto its master curve by the 

same scaling exponent with simple non-associating fluids, including Lennard-Jones 

fluid, argon, and carbon dioxide: a quantitative analysis is required to locate the 

crossover of water from anomalous into simple and quasi-universal behavior. 

Molecular dynamics simulations were performed using two rigid water models 

with fixed partial charges as described in Section 2.1, the extended simple point 

charge (SPC/E) model [Berendsen et al., 1987] and the TIP4P/2005 four-point model 

[Abascal and Vega, 2005]. All simulation systems contained 512 water molecules, 

initialized as metastable cubic ice (Ic) structure with randomized hydrogen atom 

arrangements obeying the ice rules [Buch et al., 1998]. To obtain the liquid phase of 

water, the initial ice was melted by gradually increasing the temperature from 250 K 

to 1,000 K for 10 picoseconds, after which the fluid was slowly cooled to the target 

temperatures for 1 nanosecond, where the temperature was controlled using the Nosé 

-Hoover thermostat with the time constant of 100 femtoseconds. Heating and cooling 

runs were both performed with fixed volume to avoid transition into the gas phase. 

After reaching the target temperature, the system was further equilibrated for 1 

nanosecond in NpT ensemble with saturated pressure at the temperature using 

modified Parrinello-Rahman barostat [Shinoda et al., 2004]. The production run was 

performed for 50 nanoseconds, during which the configurations of molecules were 

saved every 10 picoseconds. For the SPC/E model, pressure at the saturated liquid 

was estimated with preliminary Gibbs-ensemble Monte Carlo (GEMC) simulations, 

whereas for the TIP4P/2005 model, the pressures were adopted from the literature 

[Vega et al., 2006]. 
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Figure 4.7. Representation of inter-oxygen distance R and HOO angle β of a water 

molecule pair. 
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In this section, the definition of the hydrogen bond is based on inter-oxygen 

distance R and HOO angle β [Luzar and Chandler, 1996], as shown in Fig. 4.7. 

According to this definition, two neighboring water molecules are considered to be 

hydrogen-bonded if R < 3.5Å and β < 30°, which requires that hydrogen-bonded 

neighbors should have a linear arrangement of O—H⋯O atoms, complying with the 

modified definition of H-bond published by IUPAC in 2011 [Arunan et al., 2011a].  

The new criterion requires six types of ‘evidence’ that a hydrogen bond should 

qualify. These include the electrostatic nature of interactions (1), geometric criteria 

(2-3), spectroscopic criteria (4-5), and the thermodynamic criterion (6). Rigid water 

models naturally satisfy criteria 1-3, and spectroscopic criteria cannot be evaluated 

due to the classical nature of the interactions and the rigidity of the bond lengths and 

angles. Hence the key factor is the thermodynamic criterion, which states that the 

Gibbs energy of formation of the hydrogen bond should be greater than the thermal 

energy kBT of the system since only then the hydrogen bond will contribute 

significantly to the system without being dissociated by thermal noises. 

The formation free energy can be calculated from the potential of mean force 

(PMF) of changing a reference state into the statistical distribution of β and R [Sapir 

and Harries, 2017]. The reference state of (β, R) is the ideal gas state of water, i.e., 

the ensemble of interaction-free water molecules with rigid molecular shapes at the 

specified number density. The angle β is chosen to be the minimum of all four 

possible pairs of β for a given pair of water molecules. Along with the uniform spatial 

density, the reference distribution Pref(β, R) is shown in Fig. 4.8. 
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Figure 4.8. Pref(β, R), the reference distribution of β between a randomly oriented 

pair of (a) SPC/E and (b) TIP4P/2005 water molecules. 
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The free energy of hydrogen bond formation is calculated as follows. First, the 

potential of mean force (PMF) of the hydrogen bond is defined as: 

PMFHB = −𝑘𝐵𝑇 ln
𝑃(𝛽, 𝑅)

𝑃ref(𝛽, 𝑅)
, (4.19) 

where P(β, R) is the bivariate distribution of β and R acquired from MD simulations. 

Representative cases are shown in Fig. 4.9, showing P(β, R) and PMFHB calculated 

at 310 K and 590 K. Figure 4.9 (a, b) shows a notable basin at the lower left part of 

the figure, which corresponds to water molecules that are strongly hydrogen-bonded 

to their neighbors, as expected for the room-temperature water. It is also noteworthy 

that the molecule pairs with broken hydrogen bonds are broadly expressed in a 

weaker basin at β ≈ 50° and R > 3.0, separated by a free energy barrier from the 

hydrogen-bonded basin. Figure 4.9(c) shows the PMF of SCW at 590 K, with a very 

weak basin of hydrogen bonds and a broadened basin of broken hydrogen bonds. 

The transition path between the two basins is notably wide, implying enhanced 

breakage of hydrogen bonds in high-temperature water. 

Since the free energy of hydrogen bond formation, ΔG, is determined from the 

integration of PMF, it is necessary to define the range of integration [Rmin, Rmax]. 

Sapir and Harries chose the integration range as the first solvation shell, which they 

defined as the region of nonzero PMF at the limit of β → 0. In this work, to clarify 

the definition, Rmax was chosen to be the first R where the radial distribution function 

(RDF) of oxygen atoms becomes smaller than unity: see Fig. 4.10. 
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Figure 4.9. Distribution of β and R in the saturated liquid phase of TIP4P/2005 water 

at different temperatures. (a) P(β, R) at 310 K. (b) PMFHB at 310 K. (c) P(β, R) at 

590 K. (d) PMFHB at 590 K. 
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Figure 4.10. Radial distribution function (RDF) of TIP4P/2005 water molecules at 

(a) 310 K, and (b) 590 K. 
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The free energy of hydrogen bond formation is: 

Δ𝐺 = −𝑘𝐵𝑇 ∫ 𝑑𝛽 ∫ 𝑑𝑅 𝜁𝑃(𝛽, 𝑅) ln
𝜁𝑃(𝛽, 𝑅)

𝜁ref𝑃ref(𝛽, 𝑅)

𝑅max

𝑅min

𝜋

0

, (4.20) 

where ζ is the normalizing constant in the integration range: 

1

𝜁
= ∫ 𝑑𝛽 ∫ 𝑑𝑅

𝑅max

𝑅min

𝑃(𝛽, 𝑅)
𝜋

0

. (4.21) 

Hence, the free energy of formation is the integral of the PMF weighted by P(β, R). 

For the TIP4P/2005 model, ΔG was calculated for saturated liquid water at 

temperatures from 310 K to 590 K, with an interval of 20 K. For the SPC/E model, 

simulations were performed from 300 K to 525 K, with an interval of 25 K. The 

results are shown in Fig. 4.11: The hydrogen bond formation free energy gets smaller 

than the thermal energy at approximately 425 K, well below the critical temperature 

of 647.1 K. According to the IUPAC definition of hydrogen bonds revised in 2011, 

water at elevated conditions does not qualify to have fully developed hydrogen bonds 

even in condensed densities. 

The disappearance of hydrogen bonds is also supported by a very recent report, 

encompassing experimental and computational results: the reference O-H-O angle 

of ‘hydrogen-bonded’ structure in supercritical water is not linear and distorted 

[Andreani et al., 2020]. Again, the geometric criterion by IUPAC 2011 required that 

the hydrogen-bonded structure be linear in its equilibrium state. Summing up the 

results, intermolecular arrangements of high-temperature or supercritical water 

satisfy neither geometric nor thermodynamic criterion of H-bond definitions, hence 

it is just strongly electrostatic interactions without the hallmarks of H-bond. 
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Figure 4.11. Gibbs free energy of hydrogen bond formation (ΔG) of TIP4P/2005 

water model. Black circles denote simulation points, and the black line is a numerical 

fit by piecewise cubic Hermite interpolating polynomial (PCHIP). Black dashed line 

is a guide to the eye, expressing the thermal energy criterion of –kBT. 
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The gradual disappearance of hydrogen bonds results in a continuous transition 

from an anomalous behavior of room-temperature water to more universal behaviors 

at elevated temperatures. As noted by many authors, hydrogen bonds play a central 

role in the non-simple characters of low-temperature waters due to the anisotropic 

angular distribution and the two distinct length scales provided by the Hydrogen 

bonds. This implies that as the H-bond is lost in higher temperatures, the unique 

character of water is lost in its course: this transition is quantified in terms of the 

correlation between the virial and the potential energy correlation (ℛ), a central tool 

in the isomorph theory. 

ℛ  quantifies the correlation between structures (energy) and instantaneous 

dynamics (virial) in an atomistic system. If ℛ  is sufficiently strong in a liquid 

system, the thermodynamics and the dynamics of the system can be framed into a 

quasi-universal isomorph; then the liquid is called to be R-simple [Ingebrigtsen et 

al., 2012; Dyre, 2013]. The correlation coefficient ℛ is defined as the covariance of 

the virial and the potential energy of a given atomic configuration, as in Eq. 4.18. 

This value is exactly 1.0 (perfectly correlated) in the inverse-power law liquid system 

(pairwise U(r) ~ r–n system) and is higher than 0.99 for simple fluids such as dense 

Lennard-Jones liquid at moderate temperatures. Additional NVT simulations were 

performed for saturated liquid water at different temperatures to calculate their ℛ. 

Saturated Lennard-Jones liquid simulations were also performed as a benchmark, 

where the saturated pressures were acquired from the literature [Vrabec et al., 2006]. 
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Figure 4.12. Virial-potential energy correlation of (a) LJ liquid, and (b) liquid water. 

Black solid lines denote correlations at saturated liquid condition, and back dashed 

lines denote correlations at constant density of (a) 0.85𝜎−3 and (b) 1.0 g/cm3. Red 

dotted line denotes the crossover temperature of TIP4P/2005 water, Tcross = 417.8 K. 
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Figure 4.12 shows the gradual change of ℛ in LJ liquid and water at different 

temperatures approaching the critical temperature. Variation of ℛ in the LJ liquid 

shows two important characteristics. First, if the density is fixed at 0.85σ-3, ℛ is 

almost invariant in all temperatures, signifying the quasi-universal nature of the LJ 

interaction at condensed density. Second, saturated LJ liquid at higher temperatures 

shows a gradual decrease of ℛ , reaching as low as 0.2 in high temperatures. 

Combined with the first point, this implies that the loss of R-simplicity in high-

temperature LJ fluid is not due to the thermal noise introduced but decreased density 

at the saturated condition. 

However, the ℛ of water shows completely different trends compared to the 

LJ fluid. First, the ℛ  of water at a constant density of 1.0 g/cm3 increases with 

elevated temperature, unlike the constant ℛ  shown in constant-density LJ fluid. 

This implies that the increased thermal energy in high-temperature water leads to a 

gain of simplicity: this is attributed to the loss of hydrogen bonds, accompanied by 

the loss of anisotropy in the radial interaction of water molecules. Second, the ℛ of 

water at saturated conditions also increases as the temperature increases. Note 

especially that near the critical temperature, both saturated LJ fluid and saturated 

water show ℛ  of approximately 0.2: from the perspective of isomorph theory, 

structure-dynamics relation of water is not significantly different from that of LJ 

fluid at this temperature range. 

In Section 4.2, applying the machine-learning order parameter on supercritical 

fluids, a scaling relation is reported with a universal exponent that can collapse the 

supercritical phase diagram of LJ fluid, argon, carbon dioxide, and water. It was first 

unexpected that water and LJ fluid shared the same exponent since it is a general 

belief that the structure and the dynamics of water are significantly different from 
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other simple fluids due to the H-bonds and the resultant anisotropic nature of 

interactions. Results in Fig. 4.12 imply that the structure of supercritical water might 

not be vastly different from other simple fluids, substantiating the previous claims 

on the quasi-universal scaling law in supercritical fluids. 

 

4.4. Summary 

Chapter 4 reports the universal scaling law in simple fluids to describe critical 

phenomena and macroscopic properties from microscopic number fraction of gas-

like molecules, πgas. The scaling exponent was estimated from the divergence of the 

scaling function and located the critical temperature and pressure with high accuracy 

without resorting to any macroscopic properties except πgas. Different isotherms of 

πgas showed an excellent quality of data collapse onto the master curve, and the 

scaling operation could also be applied to experimentally accessible macroscopic 

properties, namely, the bulk density. Especially, data from the NIST database showed 

that simple fluids including Lennard-Jones fluid, argon, carbon dioxide, and water 

could all be scaled onto their master curves with the same exponent found in the 

Lennard-Jones system, implying that the supercritical scaling law originates from 

the universal physics governing the microscopic inhomogeneity, the macroscopic 

crossover, and the critical phenomena. 

The fact that water can also be framed into the extended corresponding states is 

a surprising result since water often exhibits nontrivial behaviors distinct from 

simple fluids due to the strong hydrogen bond networks present in its condensed 

phase. By testing the 2011 IUPAC criterion of hydrogen bonds, it is further shown 

that the hydrogen bond network in saturated water completely disappears well below 
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the critical temperature. The correlation between the virial and the potential energy 

shows that liquid water slowly converges to quasi-universal behavior predicted by 

the isomorph theory, suggesting that the behavior of the supercritical water would 

not be significantly different from other simple fluids. 
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Chapter 5. Concluding remarks 

 

5.1. Conclusion 

In this thesis was developed an extended corresponding states principle to be applied 

for the supercritical fluids, where the macroscopic properties of different 

supercritical fluids can be universally described from the microscopic features 

encoding the local density inhomogeneity. Starting from the statistical mixture model 

to partition the local density distribution of supercritical carbon dioxide to gas-like 

and liquid-like distributions, the main hypothesis in this thesis is that the supercritical 

fluid can be understood as an inhomogeneous mixture of liquid-like and gas-like 

molecules. Anomalous behaviors of supercritical fluids are described in terms of the 

fluctuations and transitions between liquid-like and gas-like microstates, and the 

number fraction of gas-like or liquid-like particles is a key order parameter in 

describing the behavior of the supercritical fluid. This order parameter provides a 

novel method of collapsing the supercritical phase diagram onto a single line, where 

a simple scaling law describes the macroscopic behaviors along different isotherms. 

Given the critical temperature and pressure, one can accurately estimate the bulk 

density from the scaling arguments, ranging from model Lennard-Jones fluids to the 

supercritical water widely utilized for hydrothermal processing. 

Chapter 3 provided evidence that the supercritical fluid exists as a mixture of 

gas-like and liquid-like microstates. First, the local density distribution of 

supercritical carbon dioxide, acquired from Monte Carlo simulations and Voronoi 

tessellation, could be nicely fitted to a mixture model of inverse gamma and normal 

distributions, which are gas-like and liquid-like distributions, respectively. Under the 
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addition of attractive and repulsive solute molecules, the weight fraction of gas-like 

distributions showed substantial variations, leading to supercritical anomalies such 

as the divergent partial molar volume. To overcome the limitation of the mixture 

model as a statistical evaluation on ensemble averages, machine learning classifiers 

were applied to directly identify gas-like and liquid-like molecules coexisting in the 

supercritical fluid. Trained with molecules in saturated vapor and liquid phases at 

near-critical temperature, the classifier model allowed dynamic and thermodynamic 

analyses of the two microstates. The transition frequency between the microstates 

was maximized when the number fraction of gas-like and liquid-like molecules were 

even, where the energy difference and the magnitude of the partial molar volume 

were also at their extremum. It was found that the supercritical gas-liquid boundary, 

the loci of πgas = 0.5, closely lies to the thermodynamic Widom line where the 

response functions show local maxima. Noting that the deltoid coexistence region 

encloses the Widom line, it is suggested that the region be called the Widom delta. 

In Chapter 4, focusing on the importance of the supercritical gas-liquid 

boundary in describing the supercritical anomalies, scaling laws were introduced for 

a universal description of the supercritical fluids. The gas-like fraction πgas is the key 

order parameter in this approach. Taking the derivative of πgas with respect to the 

temperature and pressure, one gets the scaling functions that have a power-law 

divergence at the liquid-gas critical point. It was found that different isothermal 

curves of πgas were all isomorphic with the scales determined by the scaling functions, 

where the exponent could be acquired either by the regression of the scaling 

functions or by the minimization of the quality of the data collapse. The scaling laws 

could accurately locate the critical point without any macroscopic data fed into the 

model, implying that the macroscopic properties and the critical phenomena are 
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determined by the spatiotemporal dynamics of the transitions between the 

microstates. Further expanding the scaling region, an approximate scaling relation 

was derived that is applicable to an experimentally measurable quantity, namely, the 

bulk density. By ruling out several terms invariant among different isotherms, it was 

found that if the temperature is sufficiently higher than the critical point, isothermal 

curves of density could be accounted for by the same scaling exponent as in the 

scaling law of πgas. It was found that a range of simple fluids, ranging from model 

Lennard-Jones fluid to supercritical water, could all collapse onto their master curves 

by the same exponent, highlighting an extended corresponding states principle that 

work universally among simple fluids. Finally, arguments based on quasi-universal 

isomorph theory and the free energy calculation revealed that the structure-dynamics 

relation of supercritical water is not significantly affected by the hydrogen bond 

network, supporting the discovery of the universal scaling relation for the 

supercritical fluids. 

 

5.2. Outlook 

This thesis employs molecular simulations, local structure analyses, machine 

learning techniques, and scaling laws to draw a governing principle of supercritical 

fluids. The interplay of the methods can be applied to a variety of systems in the field 

of physical chemistry and chemical physics, where local inhomogeneity is essential 

in describing the origin of the behaviors. Below are described several research 

directions where the core methodologies of the current thesis can be extended to 

resolve physicochemical systems within and beyond the supercritical fluid. 
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5.2.1. The Frenkel line of supercritical fluids from Voronoi topology 

In addition to the thermodynamic Widom line where the response functions are 

locally maximized, another important crossover line in supercritical fluids was 

suggested. The Frenkel line, the loci of crossover between rigid and nonrigid 

dynamics of fluids, where the liquid or the fluid phase is understood as an 

intermediate phase between the solid-like oscillatory dynamics and the gas-like 

ballistic motions [Brazhkin et al., 2012; Brazhkin et al., 2013]. However, the notion 

of the Frenkel line was challenged due to the inconsistency among different criteria, 

differing up to a factor of two [Bryk et al., 2017a; Bryk et al., 2017b]. Another key 

issue was that although Brazhkin and his coworkers initially claimed that the Frenkel 

line demarcates the extended liquid-gas boundary in the supercritical region 

[Brazhkin et al., 2013], the Frenkel line first appears below the critical temperature 

[Yoon et al., 2018b], and exists even in systems without liquid-gas criticality, 

including the hard-sphere and the purely repulsive Weeks-Chandler-Andersen 

system. Furthermore, the structural interpretation of the Frenkel line remained vague, 

where the microscopic and mesoscopic structure-dynamics relation was yet to be 

understood. 

To resolve these questions, a topological method was suggested to understand 

the rigid-nonrigid transition across the Frenkel line from a structural basis, where the 

graph topology of the Voronoi cells was classified into solid-like and gas-like classes 

[Yoon et al., 2018c]. The information on the nodes and the edges of a convex 

polyhedron can be uniquely mapped to a vector of integers, called a Weinberg vector 

[Weinberg, 1966; Lazar et al., 2015]. The reference structures of the gas-like and 

solid-like states were sampled from the ideal gas and the maximally random jammed 

(MRJ) [Torquato et al., 2000; Jiao et al., 2010] states, respectively, the two opposite 
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limits of amorphous fluid configurations regarding the particle dynamics. The 

Weinberg vectors of the ideal gas and the MRJ states were discrepant, where the 

likelihood for the most frequent cells differed by a factor of 10: see Fig. 5.1. 

After obtaining the Voronoi tessellation of a supercritical fluid via MD 

simulation, the Weinberg vector for each Voronoi cell was acquired using the 

VoroTop package [Lazar, 2018]. If the Weinberg vector is more frequently observed 

in the MRJ state, it is classified as the solid-like state (state 1); otherwise, it was 

labeled as the gas-like state (state 0). To reduce the noise of the classification, the 

state number of the ith particle, �̅�𝑖 , was relocated by the following mean-field 

strategy: 

�̅�𝑖 =
1

𝑁𝑖
∑

1

𝑁𝑗
∑ 𝑠𝑘

𝑁𝑗

𝑘=0

𝑁𝑖

𝑗=0

, (5.1) 

where sk is the state number of the kth neighbor of the ith molecules, and Nk is the 

number of the Voronoi neighbors of the kth particle: see Fig. 5.2.  

Analyzing the fraction of solid-like particles, Πsolid, several significant results 

were found. First, the dynamic crossover located by the two-phase thermodynamics 

method [Yoon et al., 2018b] consistently occurred at the solid-like fraction of Πsolid 

≈ 0.02. Although the topological characterization relied on the instantaneous 

configuration of the molecules, it accurately predicted the dynamic transition 

occurring in the dense fluids, highlighting the structure-dynamics relations in liquid 

states. Second, the percolation threshold of the solid-like particles, Πsolid
c =

0.116 ± 0.008 , agreed with the thermodynamic and the dynamic criteria for the 

Frenkel line, where the oscillatory mode starts to contribute to the particle dynamics. 

The comparisons of the different lines are given in Fig. 5.3. The topological approach 

was successfully generalized to soft- and hard-sphere fluids [Yoon et al., 2019b]. 
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Figure 5.1. Schlegel diagrams of the eight most common grain topologies (Weinberg 

vectors) in the ideal gas and MRJ systems. Listed for each topological type are the 

observed frequency f, the p-vector, the number of faces F, and the order S of the 

associated symmetry group. When possible, Schlegel diagrams were drawn to 

highlight their symmetries. 
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Figure 5.2. A two-step strategy for the topological classification of a configuration 

of N atoms: see Eq. 5.1. After the topological types of the Voronoi cells are obtained, 

the probability of finding the type of the Voronoi cell in the ideal gas (fig) and that in 

the MRJ state (fmrj) are compared. After the initial classification, the state number of 

each atom is averaged, considering the first and second nearest neighbors with a 

weight. For visualization, two-dimensional Voronoi cells were used to represent the 

scheme. 
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Figure 5.3. Crossover densities estimated from the topological classification method 

and other thermodynamic and dynamic criteria [Brazhkin et al., 2012; Brazhkin et 

al., 2013; Yoon et al., 2018b]. VLE and SFE denote the vapor-liquid and solid-fluid 

equilibrium lines, respectively [Yoon et al., 2018b]. 
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5.2.2. Structure-dynamics relations and the extension to the isomorph theory 

The topological approach is naturally in line with the isomorph theory, which states 

that if two configurations R1 and R2 can be rescaled by their number densities ρ1 and 

ρ2 to have the same canonical probability P(R), they are isomorphic: 

𝜌1
1/3

𝐑1 = 𝜌2
1/3

𝐑2 ⇒ 𝑃(𝐑1) = 𝑃(𝐑2). (5.2) 

Since the topological description is independent of the distance between the particles, 

two local configurations can be considered the same if their Voronoi cells are 

topologically identical, regardless of the volume. Extending this argument, it was 

suggested that the information entropy of the distribution of the Voronoi cell 

topology provides a scaling law for the transport properties of soft-sphere fluids 

[Yoon et al., 2019c], comparable to the excess entropy scaling [Rosenfeld, 1977; 

Dzugutov, 1996]. 

The diversity of the categorical distributions can be measured using the 

Shannon entropy [Cover and Thomas, 2006]. The Shannon entropy of the 

distribution of Voronoi cell topology was calculated as: 

ℋ = −∑𝑝𝑖 ln 𝑝𝑖

𝑖

, (5.3) 

where pi is the probability of finding a topological type i in the system. The entropy 

was estimated by the ‘UNSEEN’ algorithm [Valiant and Valiant]; the estimated 

entropy is denoted by ℋ̃. 

Figure 5.4 shows that the dimensionless diffusivity and viscosity of simple 

fluids can be collapsed onto a single function of the Voronoi entropy, as the isomorph 

theory of R-simple fluids predicts. The dynamic properties were calculated from 

simple fluid systems with n – 6 potential forms: 
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𝜙𝑀(𝑟) = [
𝑛

𝑛 − 6
] (

𝑛

6
)
6/(𝑛−6)

𝜖 [(
𝜎

𝑟
)
𝑛

− (
𝜎

𝑟
)
6

] , (5.4) 

where n is the repulsive exponent of the potential: note that substituting n = 12 yields 

the standard Lennard-Jones potential. The dimensionless Rosenfeld diffusivity and 

viscosity are defined as: 

�̃� = 𝐷𝜌1/3 (
𝑚

𝑘𝐵𝑇
)
1/2

,

�̃� = 𝜂𝜌−2/3 (
𝑚

𝑘𝐵𝑇
)
−1/2

. (5.5)

 

This result substantiates that the information entropy of the distribution of the 

Voronoi cell topology encodes the structure-dynamics relations, as predicted by the 

isomorph theory. 

Furthermore, in simple fluids with isotropic interactions potentials, the Voronoi 

entropy was found to be uniquely determined by the solid-like fraction, Πsolid. Figure 

5.5 shows that the Voronoi entropy with different repulsive exponents and 

temperatures are described only by Πsolid. This supports the view that Πsolid is the key 

order parameter for predicting the structural and dynamic characteristics of dense 

fluid systems. 
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Figure 5.4. Voronoi entropy scaling of (a) diffusivity (�̃�) and (b) shear viscosity (�̃�) 

of fluids modeled with repulsive n – 6 potentials. The dotted lines denote the 

dynamic crossover line. 
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Figure 5.5. The relation between the Voronoi entropy (ℋ̃) and the fraction of solid-

like molecules (Πsolid). ℋ̃  has a one-to-one correspondence with Πsolid. This 

correspondence relation enables a re-definition of the Frenkel line as a set of 

isomorphic states, which demarcate the fluid region into the nonrigid and the rigid 

regions. 



 

 108 

Bibliography 

 

Abascal, J. L. F.; Vega, C. (2005) J. Chem. Phys. 123, 234505. 

Andreani, C.; Romanelli, G.; Parmentier, A.; Senesi, R.; Kolesnikov, A. I.; Ko, H.-

Y.; Calegari Andrade, M. F.; Car, R. (2020). J. Phys. Chem. Lett. 11, 9461—

9467. 

Anisimov, M. A.; Povodyrev, A. A.; Kulikov, V. D.; Sengers, J. V. (1995). Phys. 

Rev. Lett. 75, 3146—3149. 

Anisimov, M. A.; Duška, M.; Caupin, F.; Amrhein, L. E.; Rosenbaum, A.; Sadus, 

R. J. (2018). Phys. Rev. X 8, 011004. 

Artemenko, S.; Krijgsman, P.; Mazur, V. (2017). J. Mol. Liq. 238, 122—128. 

Arunan, E.; Desiraju, G. R.; Klein, R. A.; Sadlej, J.; Scheiner, S.; Alkorta, I.; Clary, 

D. C.; Crabtree, R. H.; Dannenberd, J. J.; Hobza, P.; Kjaergaard, H. G.; Legon, 

A. C.; Mennucci, B.; Nesbitt, D. J. (2011a). Pure Appl. Chem. 83, 1619—

1636. 

Arunan, E.; Desiraju, G. R.; Klein, R. A.; Sadlej, J.; Scheiner, S.; Alkorta, I.; Clary, 

D. C.; Crabtree, R. H.; Dannenberd, J. J.; Hobza, P.; Kjaergaard, H. G.; Legon, 

A. C.; Mennucci, B.; Nesbitt, D. J. (2011b). Pure Appl. Chem. 83, 1637—

1641. 

Ash, R. B. (2009). Real Variables with Basic Metric Space Topology. Dover 



 

 109 

Publications (Mineola, NY, USA). 

Banuti, D. T. (2015). J. Supercrit. Fluids 98, 12—16. 

Banuti, D. T.; Raju, M.; Ihme, M. (2015). Phys. Rev. E 95, 052120. 

Berendsen, H. J. C.; Grigera, J. R.; Straatsma, T. P. (1987). J. Phys. Chem. 91, 

6269—6271. 

Bernadi, R. C.; Melo, M. C. R.; Schulten, K. (2015). Biochim. Biophys. Acta, Gen. 

Subj. 1850, 872—877. 

Bhatacharjee, S. M.; Seno, F. (2001). J. Phys. A: Math. Gen. 34, 6375—6380. 

Brasil, A. M.; Farias, T. L.; Carvalho, M. G. (2000). Aerosol Sci. Technol. 33, 

440—454. 

Brazhkin, V. V.; Fomin, Y. D.; Lyapin, A. G.; Ryzhov, V. N.; Tsiok, E. N. (2011). J. 

Phys. Chem. B 115, 14112—14115. 

Brazhkin, V. V.; Fomin, Y. D.; Lyapin, A. G.; Ryzhov, V. N.; Trachenko, K. (2012). 

Phys. Rev. E 85, 031203. 

Brazhkin, V. V.; Fomin, Y. D.; Lyapin, A. G.; Ryzhov, V. N.; Tsiok, E. N.; 

Trachenki, K. (2013). Phys. Rev. Lett. 111, 145901. 

Bryk, T.; Gorelli, F. A.; Mryglod, I.; Ruocco, G.; Santoro, M.; Scopigno, T. 

(2017a). J. Phys. Chem. Lett. 8, 4955—5001. 

Bryk, T.; Huerta, A.; Hordiichuk, V.; Trokhymchuk, A. D. (2017b). J. Chem. Phys. 

147, 064509. 



 

 110 

Buch, V.; Sandler, P.; Sadlej, J. (1998). J. Phys. Chem. B 102, 8641—8653. 

Buckingham, R. A. (1938). Proc. Royal Soc. B 168, 264—283. 

Cagniard de la Tour, C. (1822). Ann. Chim. Phys. Ser. 2 21, 127—132. 

Carrasquilla, J.; Melko, R. G. (2017). Nat. Phys. 13, 431—434. 

Chen, B.; Xing, J.; Siepmann, J. I. (2000). J. Phys. Chem. B 104, 2391—2401. 

Chialvo, A. A.; Cummings, P. T. (1994). J. Chem. Phys. 101, 4466. 

Chueh, P. L.; Prausnitz, J. M. (1967). Ind. Eng. Chem. Fundam. 6, 492—498. 

Cover, T. M.; Thomas, J. A. (2006). Elements of Information Theory. John Wiley & 

Sons (Hoboken, NJ, USA). 

Cubuk, E. D.; Schoenholz, S. S.; Rieser, J. M.; Malone, B. D.; Rottler, J.; Durian, 

D. J.; Kaxiras, E.; Liu, A. J. (2015). Phys. Rev. Lett. 114, 108001. 

De Haro, M. L.; Rodríguez-Rivas, Á.; Yuste, S. B.; Santos, A. (2018). Phys. Rev. E 

98, 012138. 

Dyre, J. C. (2013). Phys. Rev. E 88, 042139. 

Dzugutov, M. (1996). Nature 381, 137—139. 

Eckert, C. A.; Knutson, B. L.; Debenedetti, P. G. (1996). Nature 383, 313—318. 

Fern, J. T.; Keffer, D. J.; Steele, W. V. (2007). J. Phys. Chem. B 111, 13278—

13286. 



 

 111 

Furukawa, T.; Miyagawa, K.; Taniguchi, H.; Kato, R.; Kanoda, K. (2015). Nat. 

Phys. 11, 221—224. 

Gnan, N.; Schrøder, T. B.; Pedersen, U. R.; Bailey, N. P.; Dyre, J. C. (2009). J. 

Chem. Phys. 131, 234504. 

Goodfellow, I.; Bengio, Y.; Courville, A. (2016). Deep Learning, MIT Press 

(Cambridge, MA, USA). 

Gorelli, F. A.; Bryk, T.; Krisch, M.; Ruocco, G.; Santoro, M.; Scopigno, T. (2013). 

Sci. Rep. 3, 1203. 

Gupta, R. B.; Panayiotou, C. G..; Sanchez, I. C..; Johnston, K. P. (1992). AIChE J. 

38, 1243—1253. 

Ha, M. Y.; Yoon, T. J.; Tlusty, T.; Jho, Y.; Lee, W. B. (2018). J. Phys. Chem. Lett. 9, 

1734—1738. 

Ha, M. Y.; Ryu, J. H.; Cho, E. N.; Choi, J.; Kim, Y.; Lee, W. B. (2019). Phys. Rev. 

E 100, 052502. 

Ha, M. Y.; Yoon, T. J.; Tlusty, T.; Jho, Y.; Lee, W. B. (2020). J. Phys. Chem. Lett. 

11, 451—455. 

Harris, J. G.; Yung, K. H. (1995). J. Phys. Chem. 99, 12021—12024. 

Heyes, D. M.; Woodcock, L. V. (2013). Fluid Phase Equilib. 356, 301—308. 

Hoffmann, M. M.; Conradi, M. S. (1997). J. Am. Chem. Soc. 119, 3811—3817. 

Idrissi, A.; Vyalov, I.; Damay, P.; Kiselev, M.; Puhovski, Y. P.; Jedlovszky, P. 



 

 112 

(2010). J. Mol. Liq. 153, 20—24. 

Ingebrigtsen, T. S.; Schrøder, T. B.; Dyre, J. C. (2012). Phys. Rev. X 2, 011011. 

Jarai-Szabo, F.; Neda, Z. (2004). Phys. A: Stat. Mech. Appl. 385, 518—526. 

Jiao, Y.; Stillinger, F. H.; Torquato, S. (2010). Phys. Rev. E 81, 041304. 

Keasler, S. J.; Charan, S. M.; Wick, C. D.; Econonmou, I. G.; Siepmann, J. I. 

(2012). J. Phys. Chem. B 116, 11234—11246. 

Kingma, D. P.; Ba, J. (2014). arXiv preprint 1412.6980, 

https://arxiv.org/abs/1412.6980. 

Kumar, S.; Kurtz, S. K.; Banavar, J. R.; Sharma, M. G. (1992). J. Stat. Phys. 67, 

523—551. 

Kumar, V. S.; Kumaran, V. (2005). J. Chem. Phys. 123, 114501. 

Kumar, A.; Molinero, V. (2017). J. Phys. Chem. Lett. 8, 5053—5058. 

Kumar, A.; Molinero, V. (2018). J. Phys. Chem. B 122, 4758—44770. 

Laio, A.; Parrinello, M. (2002). Proc. Natl. Acad. Sci. U. S. A. 99, 12562—12566. 

Landau, D. P.; Binder, K. (2009). A Guide to Monte-Carlo Simulations in 

Statistical Physics. Cambridge University Press (New York, NY, USA). 

Lazar, E. A.; Han, J.; Srolovitz, D. J. (2015). Proc. Natl. Acad. Sci. U. S. A. 112, 

E5769—E5776. 

Lazar, E. A. (2018). Modell. Simul. Mater. Sci. Eng. 26, 015011.  



 

 113 

Lemmon, E. W.; McLinden, M. O.; Friend, D. G. “Thermophysical Properties of 

Fluid Systems", in NIST Chemistry WebBook, NIST Standard Reference 

Database Number 69, Eds. P. J. Lindstrom and W. G. Mallard; National 

Institute of Standards and Technology, Gaithersburg MD, 20899, 

https://doi.org/10.18434/T4D303, retrieved April 4, 2019. 

Lennard-Jones, J. E. (1924a). Proc. Royal Soc. A 106, 441—462. 

Lennard-Jones, J. E. (1924b). Proc. Royal Soc. A 106, 463—477. 

Luzar, A.; Chandler, D. (1996). Phys. Rev. Lett. 76, 928—931. 

Martin, M. G.; Siepmann, J. I. (1998) J. Phys. Chem. B 102, 2569—2577. 

Martin, M. G. (2013). Mol. Simulat. 39, 1212—1222. 

Martinez, H. L.; Ravi, R.; Tucker, S. C. (1996). J. Chem. Phys. 104, 1067—1080. 

Martyna, G. J.; Tobias, D. J.; Klein, M. L. (1994). J. Chem. Phys. 101, 4117—

4189. 

McLachlan, G.; Peel, D. (2000). Finite Mixture Models. John Wiley & Sons, Inc. 

(Hoboken, NJ, USA). 

McQuarrie, D. A. (2000). Statistical Mechanics. University Science Books 

(Melville, NY, USA). 

Mehta, P.; Bukov, M.; Wang, C.-H.; Day, A. G. R.; Richardson, C.; Fisher, C. K.; 

Schwab, D. J. (2019). Phys. Rep. 810, 1—124. 

McMillan, P. F.; Stanley, H. E. (2010). Nat. Phys. 6, 479—480. 



 

 114 

Mie, G. (1903). Ann. Phys. 316, 657—697. 

Molinero, V.; Moore, E. B. (2009). J. Phys. Chem. B 113, 4008—4016. 

Morita, T.; Nishikawa, K.; Takematsu, M.; Iida, H.; Furutaka, S. (1997). J. Phys. 

Chem. B 101, 7158—7162.  

Mullholland, G. W.; Samson, R. J.; Mountain, R. D.; Ernst, M. H. (1988). Energy 

Fuels 2, 481—486. 

Nilsson, A.; Pettersson, L. G. M. (2015). Nat. Commun. 6, 8998. 

Nishikawa, K.; Morita, T. (1998). J. Supercrit. Fluids 13, 143—148. 

Nishikawa, K.; Morita, T. (2000). Chem. Phys. Lett. 316, 238—242. 

Panagiotopoulos, A. Z. (1987). Mol. Phys. 61, 813—826. 

Park, S.; Khalili-Araghi, F. (2003). J. Chem. Phys. 119, 3559—3566. 

Parrinello, M.; Rahman, A. (1981). J. Appl. Phys. 52, 7182—7190. 

Plimpton, S. (1995) J. Comput. Phys. 117, 1—19. 

Potoff, J. J.; Siepmann, J. I. (2004). AIChE J. 47, 1676—1682. 

Prasad, S.; Charusita, C. (2014). J. Chem. Phys. 140, 164501. 

Reverchon, E. (1997). J. Supercrit. Fluids 10, 1—37. 

Rosenfeld, Y. (1977). Phys. Rev. A 15, 2545—2549. 

Russo, J.; Tanaka, H. (2014). Nat. Commun. 5, 3556. 



 

 115 

Russo, J.; Akahane, K.; Tanaka, H. (2018). Proc. Natl. Acad. Sci. U. S. A 115, 

E3333—E3341. 

Rycroft, C. H. (2009). Chaos 19, 041111. 

Saitow, K. I.; Kajiya, D.; Nishikawa, K. (2004). J. Am. Chem. Soc. 126, 422—423. 

Sapir, L.; Harries, D. (2017). J. Chem. Theory Comput. 13, 2851—2857. 

Savage, P. E.; Gopalan, S.; Mizan, T. I.; Martino, C. J.; and Brock, E. E. (1995). 

AIChE J. 41, 1723—1778. 

Schoenholz, S. S.; Cubuk, E. D.; Sussman, D. M.; Kaxiras, E.; Liu, A. J. (2016). 

Nat. Phys. 12, 469—471. 

Seo, B.; Ha, M. Y.; Yu, J. W.; Lee, W. B. (2020). Soft Matter 16, 659—667. 

Shinoda, W.; Shiga, M.; Mikami, M. (2004). Phys. Rev. B 69, 134103. 

Simeoni, G. G.; Bryk, T.; Gorelli, F. A.; Krisch, M.; Ruocco, G.; Santoro, M.; 

Scopigno, T. (2010). Nat. Phys. 6, 503—507. 

Simonyan, K.; Zisserman, A. (2014). arXiv preprint 1409.1556, 

https://arxiv.org/abs/1409.1556. 

Skarmoutsos, I.; Samios, J. (2007). J. Chem. Phys. 126, 044503. 

Song, W.; Biswas, R; Maroncelli, M. (2000) J. Phys. Chem. A 104, 6924—6939. 

Soper, A. K. (2011). J. Phys. Chem. B 115, 14014—14022. 

Stoll, E. (1998). Comput. Phys. Commun. 109, 1—5. 



 

 116 

Stubbs, J. M. (2015). J. Supercrit. Fluids 108, 104—122. 

Swope, W. C.; Andersen, H. C.; Berens, P. H.; Wilson, K. R. (1982). J. Chem. 

Phys. 76, 648. 

Terletska, H.; Vučičević, J.; Tanasković, D.; Dobrosavljević, V. (2011). Phys. Rev. 

Lett. 107, 026401. 

Torquato, S.; Truskett, T. M.; Debenedetti, P. G. (2000). Phys. Rev. Lett. 84, 2064—

2067. 

Torrie, G. M.; Valleau, J. P. (1977). J. Comput. Phys. 23, 187—199. 

Tucker, S. C. (1999). Chem. Rev. 99, 391—418. 

Valiant, P.; Valiant, G. (2013). Estimating the Unseen: Improved Estimators for 

Entropy and Other Properties, in Adv. Neural Inf. Process. Syst. 26, edited by 

C. J. C. Burges, L. Bottou, M. Welling, Z. Ghahramani, and K. Q. Weinberger. 

Van Nieuwenburg, E. P. L.; Liu, Y.-H.; Huber, S. D. (2017). Nat. Phys. 13, 435—

439.  

Van Wasen, U.; Schneider, G. M. (1980). J. Phys. Chem. 84, 229—230. 

Vega, C.; Abascal, J. L. F. (2005). J. Chem. Phys. 123, 144504. 

Vega, C.; Abascal, J. L. F.; Nezbeda, I. (2006). J. Chem. Phys. 125, 034503. 

Vrabec, J.; Kedia, G. K.; Fuchs, G.; Hasse, H. (2006). Mol. Phys. 104, 1509—

1527. 



 

 117 

Vučičević, J.; Terletska, H.; Tanasković, D.; Dobrosavljević, V. (2013). Phys. Rev. 

B 88, 075143. 

Weeks, J.; Chandler, D.; Andersen, H. C. (1971). J. Chem. Phys. 54, 5237. 

Weinberg, L. A. (1966). IEEE Trans. Circuit Theory 13, 142—148. 

Wick, C. D.; Martin, M. G.; Siepmann, J. I. (2000). J. Phys. Chem. B 104, 8008—

8016. 

Xu, L.; Kumar, P.; Buldyrev, S. V.; Chen, S.-H.; Poole, P. H.; Sciortino, F.; Stanley, 

H. E. (2005). Proc. Natl. Acad. Sci. U. S. A. 102, 16558—16562. 

Xu, L.; Ehrenberg, I.; Buldyrev, S. V.; Stanley, H. E. (2006). J. Phys.: Condens. 

Matter 18, S2239—S2246. 

Xu, J.; Wang, Y.; Ma, X. (2021). Phys. Rev. E 104, 014142. 

Yang, Y. I.; Shao, Q.; Zhang, J.; Yang, L.; Gao, Y. Q. (2019). J. Chem. Phys. 151, 

070902. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W. (2017a). J. Supercrit. Fluids 119, 

36—43. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W. (2017b). J. Supercrit. Fluids 130, 

364—372. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W. (2018a). J. Chem. Phys. 149, 

014502. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W. (2018b). J. Phys. Chem. Lett. 9, 



 

 118 

4550—4554. 

Yoon, T. J.; Ha, M. Y.; Lazar, E. A.; Lee, W. B.; Lee, Y.-W. (2018c). J. Phys. Chem. 

Lett. 9, 6524—6528. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W. (2019a). J. Chem. Phys. 150, 

154503. 

Yoon, T. J.; Ha, M. Y.; Lee, W. B.; Lee, Y.-W.; Lazar, E. A. (2019b). Phys. Rev. E 

99, 052603. 

Yoon, T. J.; Ha, M. Y.; Lazar, E. A.; Lee, W. B.; Lee, Y.-W. (2019c). Phys. Rev. E 

100, 012118. 

Yoshii, N.; Okazaki, S. (1999). Fluid Phase Equilibr. 114, 225—232. 

Yu, J. W.; Ha, M. Y.; Seo, B.; Lee, W. B. (2021). arXiv preprint 2110:14374. 

  



 

 119 

초   록 

초임계유체의 미시적 기액 공존 현상과 

거시적 보편 거동에 관한 전산 연구 
 

서울대학교 대학원 

공과대학 화학생물공학부 

에너지환경화학융합기술전공 

하 민 영 

 

임계점 이상의 온도와 압력에서는 기체와 액체 상의 경계가 사라지

며 단일상 물질인 초임계유체가 관찰된다. 초임계유체는 기체와 액체의 

중간 특성을 나타내어 독특한 용해 및 수송 물성을 갖기 때문에 분리· 

추출·반응 매질로 산업 공정에서 널리 사용되고 있다. 

초임계 상태의 분자들은 강한 열적 요동으로 인해 미시적 수준에서 

비균질한 밀도 분포를 갖고 있으며, 잠열을 동반하는 1차 상전이가 나타

나지 않으면서도 거시적 물성의 현저한 전이 현상을 보인다. 초임계유체

의 거동을 효과적으로 이해하고 예측하기 위해서는 미시적 영역에서 거

시적 수준에 이르는 모든 길이 규모에서의 독특한 현상을 통합적으로 기

술하는 이론 틀이 필요하지만 전통적인 액체 계 물리학으로는 이를 다루

기 어렵다. 또한 산업 현장에서 이산화탄소·물·메탄올 등 다양한 물질

의 초임계유체가 활용되고 있기에 효율적인 응용을 위해서는 서로 다른 

초임계 물질의 물성을 간단하게 예측하는 확장된 형태의 대응상태원리가 

필요하다. 이 논문에서는 분자 시뮬레이션, 국부 구조 분석, 데이터기반 
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기계학습 알고리즘을 종합하여 초임계유체의 특이한 거동을 이해하고 예

측하는 계산과학적 방법론을 보고한다. 

이 논문의 주요 기여점은 두 가지이다. 첫째, 초임계유체가 거시적 

수준에서 나타내는 변칙적인 물성을 미시적 수준에서의 기·액 공존으로 

설명하는 통계역학적 이론을 제안하였다. 통계적 혼합 모델과 인공신경

망 분류 알고리즘을 사용하여 초임계유체 상태의 분자를 기체·액체에 

해당하는 미소상태로 분류함으로써 개별 미소상태의 구조적·열역학적 

특성을 분석하는 방법론을 개발하였고, 분석 결과로부터 거시적 규모의 

변칙 물성이 미소상태 간의 전이 확률과 밀접하게 연관되어 있으며 거시

적 이상 현상은 두 미소상태의 비율이 1:1일 때 최대가 됨을 보였다. 전

통적으로 초임계유체의 거시적 전이 현상은 열역학적 위덤 선(Widom 

line)에서 일어난다고 알려져 있었는데, 이상의 연구 결과를 종합하여 

위덤 선을 미소상태 비율이 1:1인 지점으로 재정의하였으며, 위덤 선을 

포함하고 기체·액체 미소상태가 유의한 비율로 공존하여 액상 및 기상

과 구별되는 초임계유체의 존재 영역을 위덤 델타(Widom delta)로 정의

하였다. 이상의 결과로부터 초임계유체의 미시적·거시적 이상 현상이 

기·액 미소상태의 공존으로 인한 공간 분할 및 열적 요동에서 기원한다

는 사실을 제안하여 서로 다른 길이 수준에서의 이론을 통합하였다. 

둘째, 미소상태 간의 비율에 대한 미시적 분석으로부터 서로 다른 

초임계 물질의 거동을 보편적으로 기술하는 눈금 바꿈 이론을 개발함으

로써 새로운 대응상태원리를 제안하였다. 2차 상전이가 일어나는 임계점 

근처에서는 자유에너지의 2계 미분이 발산하는데, 이와 유사하게 기체 
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미소상태에 속하는 분자의 개수비 역시 임계점 인근에서 그 미분계수가 

발산하였다. 기체 미소상태의 개수비가 온도에 대해 보이는 멱급수 법칙

을 이용하여 임계온도를 정확하게 추정하였으며, 온도가 서로 다른 등온 

곡선에서의 미소상태 개수비를 예측하는 단일 곡선을 얻을 수 있었다. 

또한, 각 미소상태의 평균 밀도를 미소상태 개수비의 함수로 전개하여 

초임계유체의 거시적 밀도를 기술하는 근사적 관계식을 도출하고, 이를 

바탕으로 아르곤, 이산화탄소, 물 등 초임계 상태의 여러 유체의 평균 

밀도를 예측하는 보편적 방법론을 보고하였다. 

이상의 결과를 종합하여 이 논문에서는 초임계 상태의 유체에는 기

체·액체의 두 가지 미소상태가 존재하며, 미시적·거시적 규모의 변칙 

물성이 모두 미소상태 간의 활발한 전이 현상에서 유래함을 주장한다. 

미소상태 가설로부터 예측한 보편 거동이 시뮬레이션 결과 및 실험 결과

와 상당히 일치하기에, 이 논문에서 제안한 통계역학적 이론은 초임계유

체의 물성을 결정하는 물리적 원리를 상당한 수준에서 포착하고 있다고 

논증할 수 있다. 또한 이 논문에서 사용된 국소 구조 분석 및 데이터기

반 학습 방법론은 고압 유체의 동역학적 전이 현상, 과냉각수의 결빙 거

동 예측, 연성물질의 상전이 현상 분석 등 비균질한 입자 분포를 보이는 

제반 물리화학계에 확장 적용될 수 있을 것으로 기대된다. 

 

주요어 : 초임계유체, 위덤 델타, 분자 시뮬레이션, 데이터기반학습법, 

눈금 바꿈, 대응상태이론 
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