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Abstract

While the deep learning model produces overwhelming performance in

many domains, it is not known what latent space the deep learning model

embedding, what features it learns, and how it separates features. An ac-

curate understanding of the learning process of deep learning is not perfect

until now and is still an open problem.

In this thesis, we try to broaden our understanding of the latent space of

the deep neural network in two ways. In the first chapter, we experimentally

investigate the relationships with the vision boundary in the latent space

of the deep neural network through several toy experiments. The decision

boundary is obtained by using and adversarial attack methods in the la-

tent space where deep neural network embeds. We analyze the relationship

between the decision boundary and the latent space manual obtained by

perturbing the image.

In the second chapter, the characteristics of the latent space is examined

by constraining a network architecture design. We propose a new network

module called an attention-style capsulenet with improved version of cap-

sulenet. The value of each capsules is perturbed to determine which image

feature is trained by the deep neural network.

Key words: Deep Learning, Latent Manifold, Adversarial Attack, Decision

Boundary, CapsuleNet

Student Number: 2017-28074
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Chapter 1

Introduction

In recent days, deep neural networks have achieved a state-of-the-art perfor-

mance in many domains and applications, including vision domain (i.e clas-

sification, object detection, segmentation and generation[38, 15, 14, 12, 20]),

natural language processing domain (i.e language translation, sentence gen-

eration and speech recognition[34, 29, 5]).

Deep learning methodologies used in a wide range of domains generally

learn internal parameters from data through the following processes 1.1. For

a more detailed example, the general learning process of the deep neural

model based on cnn is as follows.

1. The raw natural data(image) is extracted through a cnn-based model.

2. Convert the extracted feature to suit the task using mlp or another

cnn-based model. (i.e classification segments)

3. Both the feature extract model and the task model have trainable

weight and learn from data

1



CHAPTER 1. INTRODUCTION

All processes consist of differentiable structures and are trainable. De-

spite the great achievements in various fields of these deep learning models

and methodologies, it is not known how the deep learning model solves the

problem due to the nature of the black box.

Figure 1.1: Overview of deep learning architecture

There have been several representative attempts to understand the deep

learning methodology. One way to understand the deep learning model is to

try to interpret the learned model. These methods include [49, 35, 30]. It is

a method of visualizing the activation map to determine which features the

deep neural network learned and which features influenced the results. The

other attempt is universal approximation theorem. Universal approximation

theorem means that any function can be approximated using a natural net-

work composed of non-linear activation functions. Theorem was proved in

1989 by George Cybenko[10]. This proof of theorem guarantees that the nat-

ural network can approximate any function. However, it does not tell you

how to learn the weight of the deep learning network.

While the deep learning model produces overwhelming performance in

many domains, it is not known exactly what latent space the deep neural

network embedding, what features it learns, and how it separates features.

An accurate understanding of the learning process of deep learning is not

2



CHAPTER 1. INTRODUCTION

perfect until now and is still an open problem.

In this study, We try to broaden our understanding of the feature space

learned by deep learning in two ways. In the first chapter, it is an attempt to

understand, through several toy experiments, relationships with the vision

boundary in the feature space of the deep learning model that has already

been learned. The decision boundary is obtained using the manual and ad-

versarial attack methods in the feature space where deep learning embeds.

I analyze the relationship between the decision boundary obtained by ad-

versarial attack and the feature space manual obtained by perturbing the

image.

In the second chapter, the characteristics of the feature space is examined

by constraining the feature space as a architecture design of the deep learning

model. We proposed the network architecture which called an attention style

capsule capsulenet that was improved by imitating the capsule net. The

values of each capsule are perturbed to determine what the actual image

space feature does the deep learning model analyzes and maps to the capsule

feature space.

3



Chapter 2

Relation between Feature

Manifold and Decision

Boundary

There are some hints that led to assumption 1. Intuition is that adversarial

attacks can generate adversarial examples in most deep learning models

and in most image samples[13]. Here is even a study that suggests that the

prediction result can be manipulated with only one pixel[42]. Because the

noise is very small, the adversarial examples are located on the manifold

around the original feature. It means that the feature manifold and the

decision boundary are very close.

Assumption 1. The latent manifold is locally parallel to the decision bound-

ary.

Recent study[36] try to explain that there is a decision boundary in

4



CHAPTER 2. RELATION BETWEEN FEATURE MANIFOLD AND
DECISION BOUNDARY

Figure 2.1: Overview of perpendicularity between local manifold and decision
boundary normal vector

which the manifold has the same decision boundary in most areas and is

dimpled in the part where actual data are present. Figure 2.2 shows the

relationship between the decision boundary and the latent space assumed

in [36]. When dealing with the classifier of machine learning, when the data

of the red class and the blue class are embedded, the division boundary is

considered to appear between each class and classify. The [36] argue that

in three dimensions, the data manifold looks like Figure 2.2 (middle) in the

latency space, the decision boundary is formed very close to the manifold,

and only the part with actual data is formed in a dimpled shape to make

the dish boundary classify.

In this study, more intuitive and extensive experiments were conducted

on this assumption 1.

Figure 2.1 shows the overview of the experiments. First, prepare a deep

learning model that has learned classification task. This model is fixed in all

following processes. Choose Any source class(i.e number in MNIST dataset),

5



CHAPTER 2. RELATION BETWEEN FEATURE MANIFOLD AND
DECISION BOUNDARY

Figure 2.2: Classic visualization of the relationship between the late space
and the vision boundary(left). dimpled manifold version[36] visualiza-
tion(right). decision boundary visualization(middle). Red and blue mean
each class group.

and prepare data of the class. Determine an arbitrary target class. Obtain

an adversarial example that makes the deep learning model predict with the

target label. The adversarial example is feed forward to the deep learning

model to obtain the adversarial latent vector. The fa denotes the original

latent vector. Similarly, the original image is feed forward to the deep learn-

ing model to obtain original latent vector. The fo denotes the original latent

vector. We can get the direction vector of the decision boundary by subtract-

ing the adversarial latent vector and the original latent vector. We denote

this vector da.

da = fa − fo (2.0.1)

This decision boundary plane determines the model’s prediction between

the source class and the target class.

The local direction of the latent manifold is obtained in the following

way. The manifold vector is obtained in the following way. Several perturbed

6



CHAPTER 2. RELATION BETWEEN FEATURE MANIFOLD AND
DECISION BOUNDARY

samples are made by adding small Gaussian noise to the input image. The

σ denotes the Gaussian noise level. These sampled images are feed forward

to a deep learning model to obtain a perturbed latent vector. Because these

sampled images are perturbed with very small noise, the embedding latent

vectors by deep learning model are located on the on-latent manifold. Let

the latent vector sampled with noise be fs. We can get the direction vector

of the decision boundary by subtracting the perturbed latent vector and the

original latent vector. Let this latent manifold direction vector be dm.

dm = fs − fo (2.0.2)

In this experiment, we intend to experimentally demonstrate the as-

sumption 1 by the distribution of angles between direction vectors da and

ds according to multiple datasets and source class and target class.

2.1 Related Work

2.1.1 Manifold Hypothesis

The manifold hypothesis assumes that samples of high-dimensional space in

a natural data are distributed in the form of low-dimensional space. This

assumption is one of the core assumptions of deep learning methodology.

Through learning, the deep learning model can embed natural high dimen-

sional data (e.g., image, text, time series data, etc.) through various modules

(convolution neural network layer, recurrent neural network layer, long short

term memory layer, transformer layer, etc.) to low dimensional space. In ad-

7
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dition, the deep learning model is trained by configuring a model so that

output suitable for task (e.g., classification, segmentation, detection). For

example, in the case of image classification problems, natural images rang-

ing from size 28 x 28 x 1 to size 1024 x 1024 x 3 are given as inputs. The

output of model is one hot encoding vector that classified class of given

the input image. Most of these high-dimensional natural image spaces are

empty. This fact can be confirmed by the following thought experiment.

Based on the MNIST[23] dataset, for example, a vector of 784 dimensions

is randomly sampled. The randomly sampled vector is reshaped to a size of

28×28×1 to check as the image. Most of the sampled image will look like

meaningless noise. As can be seen from this thought experiment, most of

the high-dimensional data spaces in the natural image are empty.

It can be conjectured that there are very few areas where actual data is

distributed, and meaningful features can be fully explained by low-dimensional

space. The manifold hypothesis means that samples of such a high-dimensional

space in a high dimensional natural image can be mapped in the form of

a low-dimensional distribution and that data can be sufficiently explained

only with a low-dimensional latent vector.

2.1.2 Manifold Learning Methods

Manifold In short, a manifold is a space that can appear as a linear space

locally. Figure 2.3 is in a three-dimensional space, but it is actually two-

dimensional. The reason is that the rectangle is only rolled up in a round

shape, and the cross-section is only a simple plane locally viewed. Unlike in

topology, machine learning deals conceptually. The low-dimensional space

8



CHAPTER 2. RELATION BETWEEN FEATURE MANIFOLD AND
DECISION BOUNDARY

Figure 2.3: Manifold learning methods[28],

inherent in the high-dimensional space is called a manifold. The manifold

usually has a nonlinear structure, and it is close to a linear structure if you

look around a specific point. In machine learning, the sample in train dataset

is on or near the manifold.

Isomap [43] Isomap is one of the oldest and most basic manual learning

algorithms. Graph representation is learned based on linear distance between

data points. The process is as follows.

1) Find the k-nearest neighbor for each point, calculate the Euclidean

distance, and write it in the distance matrix M .

2) Calculate the values of 0 of M using the Floyd algorithm for the

shortest path between the two points.

Find the eigen vectors of M, and select dlow eigen vectors in the or-

der in which the eigenvalue is large. This eigen vector creates a new low-

9
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dimensional space. Isomap should properly set k to obtain distance matrix

M . If it’s too big, you have to use the shortest path, but if you set it too

small, there will be a problem of using the Euclidean distance, and if it’s too

small, there will be no path between sample pairs, making it a discontinuous

space.

Locally Linear Embedding(LLE) [32] LLE has many similarities to

Isomap, but it is a way to improve it. Instead of the distance matrix M , we

use a weight matrix W that minimizes the function l(W ).

l(W ) =

n∑
i=1

‖xi −
∑

xj∈Nxi

wijxj‖22 (2.1.1)

We denote Nxi is neighbor of xi. Choose k points adjacent to xi and find

the weight W where the weighted sum is closest to xi. The weight matrix W

obtained in this way can be said to contain nonlinear structural information

of data distributed in the original dlow-dimensional space. LLE uses W to

find a point y in a new space in the dimension.

φ(X′) =

n∑
i=1

‖yi −
∑

yj∈Nyi

wijyj‖22 (2.1.2)

We denote Nyi is neighbor of yi. In this case, we use the equation 2.1.2 to

find the set X′ of points that minimize the objective function φ.

t-Distributed Stochastic Neighbor Embedding(t-SNE)

[16] It is an algorithm that shows superior performance in various data ex-

10
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periments. t-SNE measures the similarity between xi and xj as a conditional

probability. This equation resembles a Gaussian distribution, which gives a

high probability for samples close to xi and a probability close to zero for

distant samples.

pj|i =
exp(−‖xi−xj‖

2
2

2σ2
i

)∑
k 6=i exp(−

‖xi−xk‖22
2σ2

i
)

(2.1.3)

σi is determined by the distribution of data around xi, and the more

dense the data, the smaller the value. Based on this equation 2.1.2, redefine

the equation to satisfy pj|i = pi|j .

pij = pji =
pj|i + pi|j

2n
(2.1.4)

Similarity in the transformation space uses the t-distribution instead of

the Gaussian distribution. If the point in the transformation space is marked

y, the similarity between yi and yj can be defined as follows.

qij =
(1 + ‖yi − yj‖22)−1∑
k 6=l(1 + ‖yk − yl‖22)−1

(2.1.5)

Since the data structure in the original space must be maintained in the

transformation space, it should be close to the P probability distribution of

the original space and the Q probability distribution of the transformation

space. Therefore, we use KL-divergence of two probability distributions as an

objective function. We denote transformed sample set is X′ = y1, y2, · · · , yn.

11
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KL(P‖Q) =

n∑
i=1

n∑
j=1

pijlog(
pij
qij

) (2.1.6)

To find X′ that minimizes equation 2.1.2, we use the gradient descent

method.

2.1.3 Adversarial Attack

Adding very small noise to the input image with adversarial attacks can

easily change the output of the deep learning network. It is known that

the results can be manipulated even with high confidence score. Adversar-

ial attacks can be classified into black box attacks and white box attacks

according to attack scenarios. A targeted adversarial attack is a case of de-

termining a target class to be changed. Untargeted adversarial attacks does

not determine the target class, and the prediction of deep neural network

will be an arbitrary class, not the original class. An image that adds noise

obtained by a adversarial attack to the original image is called a adversarial

example.

Many adversarial attack methodologies have been developed, and ad-

versarial defense methodologies have been developed to prevent or mitigate

this attack. Some white box adversarial attack methodologies are introduced

below.

Fast Gradient Sign Method (FGSM) [13]

In 2014, [13] show how well the adversarial example generated in a very

12
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linear attack scheme deceives the known deep neural network as nonlin-

ear. The attack method used in this paper is called the Fast Gradient Sign

Method.the equation is as follows.

η = ε · sign(∇xJ(θ, x, y))

Let J(θ, x, y)) be the cost function for a neural network, η the perturba-

tion, ε the parameters, x the input, and y be the targets to the model. The

image obtained by adding η to the original image becomes an adversarial

model, and the equation is as follows.

x̃ = x+ η

Projected Gradient Descent (PGD)[27] This is a application of the

FGSM method introduced above, and it is to perform inner maximization

under the specified norm by repeating the attack as many as n steps. In

addition to the change in the number of steps, the size of the step called the

learning rate was used to specify the size of the movement for each step.

xt+1 = πx+S(xt + ε · · · sign(∇xJ(θ, x, y))

Local maxima, which was found through PGD-based attacks introduced

in the paper, experimentally proved that it converges to similar loss values

regardless of model or dataset. Based on this fact, they argue that PGD is the

most effective of attacks using first-order alone to find the optimal solution

to find local maximuma to induce misclassification of the model. In fact, it

13
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(a) Grad-Cam [35]

(b) LIME[30]

Figure 2.4: Visualization methods. Each methodology visualizes which part
of the input influenced the input of the model.

can be seen that the adversarial training model, which trained PGD samples

in several papers, demonstrates consistent performance in any attack.

2.1.4 Explain AI (Visualization methods)

There are an interesting experimental attempt, and there was something like

a Grad-CAM or a LIME, and the purpose was to visualize how the model

makes an output. An overview of cam and lime methodology is shown in

Figure 2.4. It can be divided into three ways to visualize how the deep

learning model generates an output.

1. Backpropagation based methods

2. Activation based methods

3. Perturbation based methods

Backpropagation based method The backpropagation based meth-

ods are methods of expressing the importance of each pixel by calculating the

loss of the deep learning model after feed forward the given image. Layer-

wise Relevance Propagation[1], DeepLIFT[37], SmoothGrad[39] belong to
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this method. Backpropagation based method have fast computational power

and productivity to express detailed importance or relevance, but the quality

of the image is poor and difficult to interpret. In order to evaluate confidence,

it is necessary to pre-process, but it is difficult to obtain accurate results.

Activation Based Methods Activation based methods use a linearly

combined weight of the activations from each convolutional layer for explana-

tion. The most well-known method is the class activation map[49], followed

by gradient class Activation Map(Grad-CAM) and Grad-CAM++[35][7].

Activation Based Method is an easy-to-see method of overlapping heat-

map for areas that affect the existing image. However, it is not suitable

for expressing more fine-grained evidence or color dependencies. It also has

a disadvantage that it is difficult to guarantee that the results can be fully

explained or that the decision-making process has been shown.

Perturbation Based Methods Perturbation based methods are a

method of measuring importance through how predicted values change ac-

cording to a small variation in input values. There is Local Interpretable

Model-Agnostic Exploration (LIME)[30]. LIME explains which variables af-

fect the input value through the variation perturbation, and obtains a re-

gionally specific linear model near the input value. In the case of images,

when predicting an image covering a part in a learned model, it can be seen

that if the predicted value drops a lot, the hidden part has a great impact

on actual prediction.
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2.2 Distribution of angles between latent manifold

and the decision boundary

2.2.1 Experiment detail

In this experiment, we focus on deep learning models trained for classifi-

cation tasks on MNIST and CIFAR10 datasets. Simple CNN model, VGG-

16[38], and ResNet-18[15] is used in this experiment. The Simple CNN model

consists of the following. It consists of the 3x3 kernel 16 channels output, the

3x3 kernel 32 channels, the max pooling layer, the 3x3 kernel 64 channels,

the 3x3 kernel 128 channels, the max pooling layer, the fully connected layer

128x64, and the fully connected layer 64x10. Learning rate is 0.1, epoch size

is 20, SGD optimizer[31] is used for training. Step scheduling is used, and γ

is 0.5.

FGSM[13], BIM[21], PGD[27], PGDL2[27], EOTPGD[25], FFGSM[46],

TPGDM[48], and MIFGSM[11] are used as adversarial attack methods.

The α value is set to 2/255 which means that perturb step size is two

pixels each iteration. The ε value is set to 32/255 which means that the max

perturbs size is 32 pixels.

The latent vector f is extracted before the fully connected layer. The

σ for obtaining manifold vector is 10−5. The entire process is described

in Algorithm 1. All experiments in this chapter use the above-described

hyperparameter in the same way.
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Algorithm 1 An process of finding the angular distribution.

Prepare : Xtrain, Ytrain, Xtest, Ytest,M,Attack, σ
. M is a model, Attack is an adversarial method

Train M with Xtrain, Ytrain
fori ←M(Xtest)

Get decision boundary direction
Xadv ← Attack(Xtest, Ytest) . if untargeted attack
set source class : cs and target class ct . if targeted attack
Xadv ← Attack(Xtest, Ytest, cs, ct)
fadv ←M(Xadv)
dadv ← fadv − fori

Get manifold direction
Xperturb ← Xtest +N(0, σ2)
fperturb ←M(Xperturb)
dperturb ← fperturb − fori

Angle between manifold and decision boundary

A← arccos−1(
dadv ·dperturb
||dadv ||||dperturb||)

17
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2.2.2 Experiment results

Table 2.1 shows the distribution of angles between the manifold vector and

the decision boundary vector. The adversarial attack to obtain the decision

boundary normal vector was performed in an untargeted target manner. As

can be seen from the data, there are variations depending on the datasets,

models, and attack methods, but it is distributed on average near 90 de-

grees. As a result of this, it can be inferred that the decision boundary is

located almost close to that of the latent manifold. Figure 2.6 is a diagram

visualizing the distribution of angles between the manifold vector and the

decision boundary normal vector as a histogram.

Although there are variations depending on the source and target, it

can be seen that it is distributed on average near 90 degree similarly to the

target manner attack results.

As a result, we can confirm that assumption 1 is experimentally true.

The latent manifold is locally parallel to the decision boundary. It can be

assumed that the composition of the manifold and the decision boundary of

the latent space is shown in Figure 2.5.

Figure 2.5: The configuration between the latent manifold and the decision
boundary
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Dataset Model Attack Method Angle mean Angle std

MNIST Simple CNN

FGSM 92.2 19.2
BIM 92.5 19.3
PGD 93.9 19.2

PGDL2 89.0 19.9
EOTPGD 93.0 19.0
FFGSM 92.2 19.8
TPGD 92.6 18.9

MIFGSM 92.8 19.1

CIFAR10 Simple CNN

FGSM 85.3 7.7
BIM 85.0 9.8
PGD 85.1 9.9

PGDL2 90.3 9.6
EOTPGD 82.8 10.3
FFGSM 87.8 10.2
TPGD 79.4 5.0

MIFGSM 84.7 10.0

CIFAR10 VGG-16

FGSM 88.3 9.9
BIM 88.6 11.3
PGD 89.6 12.0

PGDL2 91.5 13.3
EOTPGD 89.1 12.4
FFGSM 92.2 10.8
TPGD 86.5 11.9

MIFGSM 88.4 11.5

CIFAR10 ResNet-18

FGSM 88.9 5.4
BIM 89.3 6.2
PGD 89.6 6.3

PGDL2 89.9 8.7
EOTPGD 88.9 6.8
FFGSM 88.6 8.8
TPGD 90.3 8.3

MIFGSM 89.1 6.2

Table 2.1: The mean and standard deviation of angle between manifold
vector and decision boundary normal vector.
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(a) MNIST, simple CNN

(b) CIFAR10, simple CNN

(c) CIFAR10, VGG16

(d) CIFAR10, ResNet18

Figure 2.6: Histogram of angle between manifold vector and decision bound-
ary normal vector.
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Figure 2.7: The angle distribution between manifold vector and decision
boundary normal vector on targeted adversarial attack. x-axis is the source
class and y-axis is the target class. Simple CNN, MNIST. FGSM attack.
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Figure 2.8: The angle distribution between manifold vector and decision
boundary normal vector on targeted adversarial attack. x-axis is the source
class and y-axis is the target class. Simple CNN, CIFAR10. BIM attack.
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2.3 Near-local manifold curvature

2.3.1 Experiment detail

In Chapter 2.2, we intuitively hypothesized the relationship between the

decision boundaries and the latent manifolds in a local area and experimen-

tally confirmed that the assumptions were true. In this section, we would

like to experimentally check the relationship between a wider range of latent

manifolds and the decision boundaries. A manifold in a near-local area can

be obtained by adjusting the degree to which the input image is perturbed.

In Chapter 2.2, the degree of Gaussian noise is fixed to σ = 10−5. In this ex-

periment, the distribution of angles between manifold and boundary normal

vectors is experimentally obtained by adjusting the degree of this Gaussian

noise. Through the results, we check how the latent manifold is configured

with the decision boundary. The experimental conditions excluding Gaus-

sian noise are the same as in Chapter 2.2. Gaussian noise is set as follows.

(10−5, 10−4, 10−3, 10−2, 10−1, 100, 101, 102)

2.3.2 Experiment results

Figures 2.10 and Figures 2.11 show the distribution of angles between the de-

cision boundary normal vector and the manifold vector according to the de-

gree of Gaussian noise, respectively. The color depends on the attack method.

The left side of Figure 2.10 is the result of the Simple CNN model in the

MNIST dataset. The top distribution shows the distribution of angles when

the σ is 10−5. The bottom distribution shows the distribution of angles when

the σ is 102. Figures 2.10 and Figures 2.11 are the results of Cifar10-Simple
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CNN, Cifar10-VGG, and Cifar-ResNet, respectively. Looking at the results

of figures 2.10 and figures2.10, although there are variations depending on

the attack method, data set, and model type, the angle tends to decrease at

90 degree when noise is increased.

Figures 2.12 show the results of plotting the average of angles according

to the degree of noise, respectively. The color of the graph means the attack

method.

Figure 2.9: Configuration near local latent manifold

As a result of this experiment and the experiment result in Chapter 2.2,

manifolds tend to be the same as decision boundaries in the local area, and

It can be estimated that there is curvature in areas that are a little far away.

The results of this experiment were schematized and visualized in figure 2.9.
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(a) MNIST, simple CNN (b) CIFAR10, simple CNN

Figure 2.10: Distribution of angles between manifold and boundary normal
vectors according to manifold range(Gaussian noise level). Top noise level is
10−5, bottom is 102
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(a) CIFAR10, VGG (b) CIFAR10, ResNet

Figure 2.11: Distribution of angles between manifold and boundary normal
vectors according to manifold range(Gaussian noise level). Top noise level is
10−5, bottom is 102
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(a) MNIST, simple CNN

(b) CIFAR10, simple CNN

(c) CIFAR10, VGG

(d) CIFAR10, ResNet

Figure 2.12: Trend of average angle between manifold and boundary normal
vectors according to manifold range(Gaussian noise level) Top noise level is
10−5, bottom is 102
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2.4 Miscellaneous experiments

In this section, we consider some interesting questions about adversarial

attacks and high-dimensional spaces and try to find the answers experimen-

tally or mathematically.

2.4.1 Does adversarial attack really mean a vulnerability in

deep learning models?

As machine learning becomes increasingly popular, privacy and security is-

sues of deep learning methodology are important. But does adversarial at-

tack really mean a vulnerability in deep learning models? To answer this

question, let’s look at the adversarial attack methodology. Whitebox at-

tacks are difficult to apply in reality because of the constraints that all

structures and parameters of the model must be known. So, many black-

box attack methodologies[4][6][8], which are attacks in situations where the

structure of the model and weights are not known, are also being studied.

However, it is also questionable whether a blackbox attack is practically

possible in a general situation rather than a malicious attack situation in

that it uses multiple queries. In this section, we examine whether the deep

learning methodology is actually vulnerable to small random noise.

First, we propose a simple thought experiment. To simplify the prob-

lem, let’s deal with the classification problem. D(XN×N , Y K) is a dataset

consisting of XN×N and Y K . N denotes the width and higtht of the image

and K denotes the number of classes in dataset. Let Xi, Yi denote the i-th

image of dataset and the i-th ground truth class. Suppose that there is only
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Noise Level Misclassification rate (%)

0.01 0.856
0.02 2.218
0.03 4.256
0.04 6.626
0.05 7.97284

Table 2.2: Misclassification rate of random perturbed samples (adding noise
of 0.01 to 0.05 uniform random noise).

one direction when an adversarial attack is performed with any class other

than ground truth Yi. Then, the probability that the deep learning model

will produce incorrect results for any input noise is 1/2N×N .

Of course, the above thinking experiment presupposes the assumption

that there is only one way to change the class. Therefore, an experiment is

conducted to determine whether the results of deep learning can actually be

changed with random noise. The specific experimental setting is described

below.

A model in which CIFAR-100 data is learned with Resnet 50 is used.

Prepare 25 samples accurately predicted by deep learning. 100,000 perturbed

samples are prepared for each sample by adding noise of about 0.01 to 0.05

uniform in the input space. Check if the predictions of the perturbed samples

are different from the original prediction. The experimental result table 2.2

shows that the adversarial attack cannot be successful with random noise.
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2.4.2 Is the manifold’s shape related to the performance of

the model?

In this section, we would like to check the possibility of using the manifold’s

shape as an indicator to evaluate the performance of the model. First, we

prepare two models learned through augmentation using flip augmentation

and a no augmentation vanilla model. The manifold near local curvature

was checked using the methodology used in the section 2.3 for each model.

Figure 2.13 shows the manifold near local curvature of each model. Although

there are variations depending on the adversarial attack methodology, the

curvature of the augmentation model tends to be flatter. In general, it is

known that the generalization performance of deep learning improves when

learning using augmentation. Therefore, we can expect that the flat the

curvature, the better the generalization performance.

Further research is needed on the correlation between the manifold near

local curvature and the performance of the deep learning model
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(a) Vgg16 Cifar Vanilla model
(b) Vgg16 Cifar Vanilla model (flip aug
train)

Figure 2.13: The manifold configuration of vanilla model and flip augmen-
tation model
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Chapter 3

Attention style Capsulenet

This chapter is based on the paper[9] accepted in ICCV 2019 workshop.

The convolutional layer is an effective method to extract local features

due to its local connectivity and parameter sharing with spatial location.

However, the convolutional layer has a limited ability to encode a trans-

formation. For example, if the convolutional layer is combined with a max-

pooling layer, the extracted feature is local translation invariant. As CNN

models become deeper [15] [41], the receptive field of each feature is get-

ting larger. Then, the information loss from the translation invariance also

increases.

To overcome the transformation invariance of CNNs, the transforming

autoencoder[17] uses the concept of ”capsule”. A capsule is a vector repre-

sentation of a feature. Each capsule not only represents a specific type of

entity but also describes how the entity is instantiated, such as precise pose

and deformation. In other words, the capsules are transformation equivari-

ant.
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The CapsuleNet[33] is a novel method that implements the idea of the

capsules. By introducing the dynamic routing algorithm and squash activa-

tion function 3.0.1, CapsuleNet uses vector-output capsules as a basic unit

instead of scalar-output features.

squash(sj) =
||sj ||2

1 + ||sj ||2
sj
||sj ||

(3.0.1)

where sj is a pre-activation capsule. However, CapsuleNet has a room for

development. The number of parameters of CapsuleNet is much larger than

that of comparable performance CNN-based models. Also, the dynamic

routing is an iterative process. The reported accuracy of CapsuleNet on

the benchmark datasets like CIFAR-10 is inferior to state-of-the-art CNN

models[47].

In this Chapter, we propose a convolutional capsule network architec-

ture comprised of building blocks of CNNs. We substitute the dynamic rout-

ing and squash capsule-activation function of CapsuleNet[33] with attention

routing and capsule activation. In the attention routing, the log probabilities

of agreement coefficients between the lth layer and the (l + 1)th layer are

learned by a scalar-product between the capsules of the lth layer and the

kernel of convolution. The kernel of convolution serves as an approximation

of the reference vector to perform routing. By replacing an iterative process

of the dynamic routing with forward-pass convolution, the attention rout-

ing is fast while maintaining spatial information. Two important properties

of squash activation function 3.0.1 is that the squash activation function

preserves a vector orientation and is a capsule-wise activation function, not
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an element-wise activation function such as ReLU or tanh. The dynamic

routing is an unsupervised algorithm to find a centroid-like output capsule

of the prediction capsules. Therefore, the squash activation function and its

variant 3.0.2 [47] focus on preserving a capsules orientation.

squash variant(sj) =

(
1− 1

exp (||sj ||)

)
sj
||sj ||

(3.0.2)

However, we focus on the capsule-wise operation rather than preserving ori-

entation. The capsule activation performs an affine transform on the capsules

and then applies an element-wise activation function. The capsules on the

same capsule channel share parameters used in the affine transformation.

Thus, the capsules on the same capsule channel are mapped to the same

feature space, and the operation is parameter efficient. Therefore, the cap-

sule activation is a capsule-wise function that does not preserve a vector

orientation. Since the capsule activation applies a nonlinear transformation

to a linear combination of the prediction capsules, parametrizing the rout-

ing process through the attention routing is compatible. We refer to our

proposed model as Attention Routing CapsuleNet (AR CapsNet).

We evaluate the AR CapsNet on three datasets (MNIST, affNIST, and

CIFAR-10). The AR CapsNet significantly outperforms CapsuleNet in the

affNIST and CIFAR-10 classification task and shows a comparable perfor-

mance in the MNIST dataset while being faster and using less than half pa-

rameters than CapsuleNet. Moreover, the AR CapsNet preserves the trans-

formation equivariant property of CapsuleNet. As we perturb each element

of the output capsule, the decoder attached to the output capsules shows
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global variations as in [33]. Further experiment showed that the affine trans-

formations on an input image cause the feature capsules to change in the

significantly aligned direction. From these experiments, we prove that the

AR CapsNet encodes an affine transformation on the input image in some

basis of capsule space. In addition, our proposed architecture is constructed

in a convolutional manner so that it can be easily extended to a deeper

network structure.

• We propose a new architecture called AR CapsNet by introducing

two modifications to the CapsuleNet [33]. These modifications are the

attention routing and capsule activation.

• The capsule activation expands the concept of the existing capsule-

wise activation functions such as the squash activation. The capsule

activation performs an orientation-nonpreserving transform on the pre-

activation capsules. The performance of the AR CapsNet demonstrates

that the transformation equivariant features can be extracted even if

the routing process is not restricted to the clustering approach and the

capsule activation is not limited to the normalization.

• The AR CapsNet shows better results on the affNIST, and CIFAR-10

classification tasks and comparable results on the MNIST classification

task while using much smaller parameters than CapsuleNet. Also, the

AR CapsNet preserves the transformation equivariant property of the

CapsuleNet. As we perturb each element of the output capsule, the

decoder attached to the output capsule shows global variation as in

[33].
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• To investigate the transformation equivariance further, we suggest

a new experiment. We observe the difference in the output capsule

caused by applying transformations on an input image. In the AR

CapsNet, these difference vectors are significantly aligned compared

to a set of random vectors. These results demonstrate that transfor-

mation on an input image is encoded in some basis vector.

3.1 Related Works

Figure 3.1: Overview of Capsulnet[33].

Let T be a transformation. A function f is invariant if f(T (x)) = f(x).

A function f is equivariant if f(T (x)) = T (f(x)). CNN(with maxpooling) is

translation invariant. Max pooling ignores feature spatial information, espe-

cially in the deep layer. The CNN models that consist of convolutional lay-

ers and max-pooling layers have a local translation invariance. To overcome

transformation invariance, CapsuleNet [33] uses vector-output capsules and
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Figure 3.2: Overview of AR CapsNet. AR CapsNet is composed of primary
caps layer, conv caps layer, and fully conv caps layer. BN denotes the batch
normalization. Conv Transform and Caps Activation denotes the convolu-
tional transform and capsule activation respectively.

the dynamic routing in place of scalar-output features and max-pooling. The

[33] argues that scalar neurons are not suitable to contain more information

like position, angle, affine transform information.

By demonstrating that the dimension perturbation of digit capsules leads

to a global transformation of the reconstruction image, CapsuleNet claims

to have transformation equivariance.

A number of methods to improve the performance of CapsuleNet have

been proposed in [18] [45] [2] [22] [24]. In [45], they interpreted the routing-

by-agreement process as an optimization problem of minimizing clustering

loss. They proposed another routing process from the point of view of clus-

tering. Their approach achieved better results on an unsupervised percep-

tual grouping task compared to [33]. The matrix capsules with EM routing

[18] proposed another routing method called EM routing. The EM routing

measures compatibility between matrix capsules by clustering matrix cap-

sules through Gaussian distributions. The matrix capsules with EM routing

achieved the state-of-the-art performance on a shape recognition task using

the smallNORM dataset. The spectral capsule networks [2] is a variation of
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[18]. Spectral capsule networks use a singular value to compute the activa-

tion of each capsule instead of the logistic function in [18]. Spectral capsule

networks achieved better performance on a diagnosis dataset compared to

[18] and deep GRU networks while showing faster convergence compared to

[18].

The SegCaps [22] applied a capsule network to the object segmentation

task. The SegCaps introduced two modifications to the CapsuleNet and de-

vised the concept of deconvolutional capsules from these modifications. The

two modifications are the locally connected dynamic routing and the sharing

of transformation matrices within the same capsules channel. The sharing of

transformation matrices is equivalent to the convolutional transform of our

conv caps layer except for the addition of biases. The EncapNet [24] per-

forms a one-time pass approximation of the routing process by introducing

two branches. The master branch extracts a feature from the locally con-

nected capsules as in [22] and the aide branch combines information from

all the remaining capsules. Also, they introduced a Sinkhorn divergence loss

which works as a regularizer. The EncapNet achieved competitive results on

CIFAR-10/100, SVHN, and a subset of ImageNet.

Our proposed model uses attention architecture as a routing algorithm.

The attention architecture learns a compatibility function between low-level

features and high-level features. In [3], the output of attention architecture

is a weighted sum of input features, and the weights are the compatibilities

based on the input features and the RNN hidden state. The compatibility

function is a feedforward neural network with a softmax activation func-

tion. In [26], they experimented on various kinds of attention architectures

38



CHAPTER 3. ATTENTION STYLE CAPSULENET

Conv
Transform

Attention Routing
through capsule channelInput capsule layers

Capsule
Activation

x N output capsule channel

Outputput capsule layers

Figure 3.3: Detailed operation process of conv caps layer. Conv Transform
denotes the convolutional transform. The convolutional transform performs
a locally connected affine transform on each capsule channel. The attention
routing learns the agreement between the convolutional transformed cap-
sules for each spatial location. The capsule activation applies a capsule-wise
activation function on each capsule channel.

from global attention to local attention and three compatibility functions.

One of the three compatibility functions was a softmax output of the scalar-

products between a target hidden state vector and source hidden state vec-

tor. The transformer network [44] uses a similar attention architecture as in

[26]. Transformer performs a scaled scalar-product between the keys and val-

ues and then applies a softmax activation function. Our proposed attention

routing computes the scalar product between capsules and a kernel.

3.2 Proposed Method

Our proposed architecture consists of primary caps layer, conv caps layer,

and fully conv caps layer. We denote the lth capsule layer as ulw,h,d,n, where

w, h, d, and n index the spatial width axis, spatial height axis, capsule di-

mension axis, and capsule channel axis, respectively. We refer to the capsules
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with the same capsule channel index as a capsule channel ul(:,:,:,n)
1.

3.2.1 Primary Caps Layer

We denote the primary capsule layer as the 0th capsule layer. Before entering

the primary caps layer, we extract local features x̃ from the input image x by

performing the convolution blocks composed of convolution layer and batch

normalization.[19] We consider the local features x̃ as a single capsule layer.

In our primary caps layer with N channels of D dimensional output capsules,

3x3 convolution with kernels of filter size D and stride 2 is performed on the

input capsules x̃ N times independently. Each output of a convolution layer

is a capsule channel.

s0(:,:,:,n0)
= ReLU (Conv3×3 (x̃)) (3.2.1)

Note that this is equivalent to performing a 3x3 convolution of N×D kernels

and then reshaping the features to (B,W,H,D,N) where B denotes the

batch size and (W,H) denotes the spatial size of the capsule layer. Then, the

capsule activation is applied to each capsule channel instead of the squash

activation function in [33].

3.2.2 Capsule Activation

The capsule activation takes an affine transformation on each capsule chan-

nel and then applies tanh activation function. The capsules on the same

capsule channel share parameters of the affine transformation. Thus, the

1ul
(:,:,:,n0)

:= {ul
w,h,d,n|n = n0}
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capsule activation is equivalent to taking 1x1 convolution with a kernel of

filter size D and tanh activation function on each capsule channel.

u(:,:,:,n0) = tanh
(
Conv1×1

(
s(:,:,:,n0)

))
(3.2.2)

Each element of the output capsules of the capsule activation depends on the

corresponding input capsule. Therefore, the capsule activation is a capsule-

wise activation function. The tanh activation function normalizes each ele-

ment of capsules, thus stabilizes the lengths of the capsules.

3.2.3 Conv Caps Layer

We denote the input to the lth conv caps layer as ul−1w,h,d,n which is the output

of the (l− 1)th conv caps layer. We first perform a convolutional transform

on each capsule channel. The convolutional transform is a locally-connected

affine transformation sharing parameters within the same capsule channel.

In particular, the convolutional transform is a 3x3 convolution of Dl kernels

without activation function, where Dl denotes the capsule dimension of the

lth conv caps layer.

s̃l,n(:,:,:,m) = Conv3×3

(
ul−1(:,:,:,m)

)
(3.2.3)

Each output of the convolutional transform is fed to the attention routing.

The output of attention routing is a linear combination of the convolutional
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transformed capsules with the same spatial location.

sl(w,h,:,n) =
∑

m=1,··· ,N l−1

cl,n(w,h,m) · s̃
l,n
(w,h,:,m) (3.2.4)

where the capsules sl(w,h,:,n), s̃
l
(w,h,:,m) ∈ RDl

. The weights cl,n(w,h,m) ∈ R are

computed by the attention routing. The log probabilities bl,n(w,h,m) are the

scalar-product between a concatenation of capsules

[ũlw,h,:,1, ũ
l
w,h,:,2, · · · , ũlw,h,:,N l−1 ] and a parameter vector wln ∈ RDl×N l−1

.

This operation can be implemented efficiently by 3D convolution on the

convolutional transformed capsule layers with kernels

wln ∈ R1×1×Dl×N l−1
, stride=(1,1,1), and valid padding.

bl,n(:,:,:) = Conv3D1×1×Dl

(
s̃l(:,:,:,:)

)
(3.2.5)

The weights cl,n(w,h,m) are softmax outputs of the log probabilities bl,n(w,h,m)

along the capsule channel axis.

cl,nw,h,m =
exp(bl,n(w,h,m))∑

1≤m≤N l−1 exp(bl,n(w,h,m))
(3.2.6)

Note that the attention routing adjusts the weight cl,nw,h,m for each spa-

tial location (w, h) corresponding to the convolutional transformed capsules

{ũl(w,h,:,m)}m with the same spatial location.

Finally, the capsule activation is performed on each capsule channel

sl(:,:,:,n). A set of convolutional transform, attention routing, and capsule

activation is performed independently N l times. (i.e., each output of the
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convolutional transform, attention routing, and capsule activation is a cap-

sule channel ul(:,:,:,n) )

ul(:,:,:,n) = tanh
(

Conv1×1

(
sl(:,:,:,n)

))
(3.2.7)

Intuitively, the dynamic routing uses a centroid of the transformed cap-

sules as the reference vector to measure agreement by scalar-product. As the

dynamic routing process iterates, the capsule with the higher agreement has

a larger weight, and the reference vector evolves in that capsule direction.

On the other hand, since the capsule activation in the conv caps layer do not

preserve vector orientation, the output capsule ul(:,:,:,n) cannot approximate

the centroid of transformed capsules {ũl(w,h,:,n)}. Instead of measuring agree-

ment between the transformed capsules and the output capsule ul(:,:,:,n), the

attention routing parametrizes the routing process. The parameter vector

wln which is the kernel of convolution serves as an approximation of the

reference vector to perform routing.

We propose replacing the dynamic routing of [33] with the convolutional

transform and attention routing. Compared to dynamic routing, our pro-

posed operation is faster and more parameter efficient. Since dynamic rout-

ing is constructed in a fully connected manner, the transform weight ma-

trices are assigned for each pair of the input capsule and output capsule.

We share the weight matrices across the spatial location and keep the trans-

lation equivariance by performing 3x3 convolution on the lth layer in the

convolutional transform. Besides, the dynamic routing has an iterative rout-

ing process to compute the weight clw,h,n. On the other hand, by introducing
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a trainable parameter vector, our proposed operation is a fast forward-pass.

Moreover, dynamic routing applies a softmax activation function along

the capsule channel axis of output capsule.2 In attention architectures [3] [26]

[44], the softmax activation function is applied on the input channel axis in

order to keep the scale of higher features stable. By treating capsule layers

in a convolutional manner, attention routing applies a softmax activation

function along the input capsule channel axis. By applying the softmax

activation function for each spatial location along the input capsule channel,

the spatial information is preserved and the scale of capsule values becomes

stable.

3.2.4 Fully Conv Caps Layer

The fully conv caps layer is almost the same as the conv caps layer and serves

as the output layer of AR CapsNet. The convolutional transform combines

capsule features from the all spatial location by applying a kernel of the

same spatial size as the input with valid padding. Therefore, the output of

the fully conv caps Layer has a shape of (1, 1, DL, NL).

3.2.5 Margin Loss and Reconstruction Regularizer

We adopt the margin loss and reconstruction regularizer in [33]. Since the

output capsules of capsule activation have a length of up to
√
DL where DL

denotes the capsule dimension, we use the normalized length to predict the

2If cli,j denotes the weight between capsule i in the (l− 1)th layer and capsule j in the
lth layer,

∑
j c

l
i,j = 1.
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Algorithm 2 The process of Attention Routing

while ` = 1, · · · , L do
while n = 1, · · · , N ` do
Convolutional transformation for each capsule channel
while m = 1, · · · , N `−1 do s̃`,n(:,:,:,m) ← Conv2D3×3(u

`−1
(:,:,:,m))

Attention through capsule channel
bl,n ← Conv3D1×1×D`(s̃`)

while w, h = 1, · · · ,W `, H` do
cn,l
w,h,:N`−1 ← softmax(b`,n

w,h,:N`−1)

s`w,h,:,n ←
∑

m=1,··· ,N l−1 c
n,l
w,h,m · s̃

`,n
(w,h,:,m)

Capsule activation for each capsule channel
u`(:,:,:,n) ← tanh(Conv2D1×1(s

`
(:,:,:,n)))

probability of the corresponding class of the dataset.

||uLn ||nor =
||uLn ||√
DL

(3.2.8)

where ||uLn || denotes the output capsules of the fully conv caps layer and n

indexes the capsule channel axis. We applied the Margin loss, Ln, for each

class n on the ||uLn ||nor.

Ln = Tn max(0,m+ − ||uLn ||nor)2

+ λ(1− Tn) max(0, ||uLn ||nor −m−)2
(3.2.9)

where Tn = 1 iff the corresponding class of output capsule is present and

m+ = 0.9 and m− = 0.1.

The output capsules {uLn}n=1,··· ,N are fed to the reconstruction decoder.

We used a decoder consisting of 3 fully connected layers as in [33] except

that our decoder has (512, 512, the number of input image pixel) nodes. We
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refer to the mean of L2 loss between an input image and the decoder output

as a reconstruction loss. We add the reconstruction loss that is scaled down

by 0.3 to the margin loss as a regularization method.3

3.3 Experiments

We evaluate our model on the MNIST, affNIST, and CIFAR-10 datasets.

For each dataset, we split the training images into a training set (90%) and

a validation set (10%). We choose the model with the lowest validation error

and evaluate the model on the test set. Then, we compare the results with

CapsuleNet [33]. We use a Keras implementation4 for CapsuleNet.

Before training the model on the image dataset, we divide each pixel

value by 255 so that it is scaled in the range of 0 to 1. Then, we extract

the local features x̃ from an input image through two convolutional layers

with batch normalization(BN) [19] and ReLU activation function. These two

convolutional layers use 3x3 kernels with a stride 1. Then, the features go

through the AR CapsNet to obtain vector outputs. For each conv caps layer

and fully conv caps layer, the dropout layer [40] of keep probability 0.5 is

applied to the input capsules before the convolutional transform.

We use the RMSprop optimizer with rho of 0.9 and decay of 1e-4 to

minimize the loss defined in Section 3.2.5. We set the learning rate as 0.001

and batch size as 100

3CapsuleNet [33] scaled the reconstruction loss by 0.392. Since we use the mean of L2
loss and CapsuleNet use the sum of L2 loss, 0.392 = 0.0005 × 784.

4https://github.com/XifengGuo/CapsNet-Keras
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Method MNIST MNIST+ affNIST C10 C10+

CapsuleNet[33] 99.45∗ 99.75 (99.52∗) 79.0 63.1∗ 69.6∗

CapsuleNet+ensemble(7) - - - - 89.4
Ours 99.46 99.46 91.6 87.19 88.61
Ours+ensemble(7) - - - 88.94 90.11

Table 3.1: Test accuracy (%) on the MNIST, affNIST, and CIFAR-10 clas-
sification tasks. C10 represents the CIFAR-10 dataset. + denotes training
with data augmentation. We adopted translation for MNIST+ and transla-
tion, rotation, and horizontal flip for C10+. ∗ indicates the results from our
experiment.

3.3.1 Classification Results on MNIST and affNIST

Dataset The MNIST dataset is composed of 28 × 28 handwritten digit

images. We adopted 0.1 translation as a data augmentation for the MNIST

dataset. The affNIST dataset consists of 40×40 images, which are obtained

by applying various affine transformations such as rotation and expansion

to the images from MNIST. For the affNIST classification task, we trained

our model with randomly translated MNIST images in horizontal or vertical

directions up to shift fraction 0.2 as in [33]. Any other affine transformations

like rotations were not used in the training process. The affNIST dataset has

a separate validation set, thus we chose the model with the lowest validation

error based on the affNIST validation set. Then, we tested our model with

the affNIST test set.

Implementation For the MNIST and affNIST datasets, we used the AR

CapsNet which consists of a primary caps layer, one conv caps layer and

fully conv caps layer. Before entering the AR CapsNet, an input image goes

through two convolutional layers of 64 channels (3x3 Conv - BN - ReLU).
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The primary caps layer has eight channels of 16-dimensional capsules, the

conv caps has eight channels, and the fully conv caps layer has ten channels.

Each capsule channels in the conv caps layer and fully conv caps layer has 32

dimensions in the MNIST and 16 dimensions in the affNIST. We decreased

the spatial size of the capsule features by applying a 3x3 convolution of

stride 2 in the convolutional transform of the conv caps layer. We trained

our model for 20 epochs.

Accuracy Our model shows a comparable accuracy with the substantial

decrease in the number of parameters and training time. Our model with

5.31M parameters achieved 99.45% accuracy on the MNIST dataset without

any data augmentation and 99.46% accuracy with data augmentation. (Ta-

ble 3.1) The CapsuleNet with 8.21M parameters achieved 99.45% accuracy

without any data augmentation and 99.52% with data augmentation. The

reported accuracy of CapsuleNet on the MNIST dataset with translation

augmentation is 99.75% [33]. Also, the training took 37.2 seconds per epoch

for our proposed model and 199.5 seconds per epoch for CapsuleNet when

we experimented on GTX 1080 GPUs.

In the affNIST experiments, there are two options to generate train-

ing images from the MNIST dataset. The first option is to create a larger

dataset by generating a set of all the possible augmented data before train-

ing. The second option is to apply translation over the original dataset for

each epoch. The reported accuracy of CapsuleNet is 79% and that of the

baseline CNN model is 66% in [33]. The experiment is performed on the

former option.5 Our proposed model achieved 91.6% accuracy for the lat-

5https://github.com/Sarasra/models/tree/master/research/capsules
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ter option. Under the comparable experiment, our model outperformed the

CapsuleNet and the baseline CNN model. Since our model is transformation

equivariant (Section 3.3.4), our model is robust to affine transformations.

3.3.2 Classification Results on CIFAR-10

Dataset The CIFAR-10 dataset is a 32× 32 colored natural images in 10

classes. We adopted 0.1 translation, rotation up to 20 degrees, and horizontal

flip as a data augmentation for CIFAR-10.

Implementation For the CIFAR-10 classification task, we added four

conv caps layer between a primary caps layer and fully conv caps layer.

We decreased the spatial size of the capsule features in the first conv caps

layer as in Section 3.3.1. Each conv caps layer has eight channels of 32-

dimensional capsules and is connected to the next conv caps layer with a

residual connection [15]. Note that the residual connection in [15] connects

the lth layer and (l + 2)th layer, but our residual connection connects the

lth conv caps layer and (l + 1) conv caps layer. We trained our model for

200 epochs.

Accuracy The results in Table 3.1 show that our model outperforms

CapsuleNet with and without data augmentation. CapsuleNet with 11.74M

parameters shows 63.1% accuracy in C10 and 69.6% accuracy in C10+.

However, our proposed model with 9.6M parameters shows 87.19 % accuracy

in C10 and 88.61% accuracy in C10+. In [33], an ensemble of 7 models

achieves 89.4% accuracy when the models are trained with 24× 24 patches

of images and the introduction of a none-of-the-above category. However, an

49



CHAPTER 3. ATTENTION STYLE CAPSULENET

Conv caps layer Caps dim Params C10 C10+

0
16 7.3M 77.51 81.89
32 12.6M 77.44 81.97

1
16 3.5M 81.96 82.83
32 7.7M 82.39 83.92

2
16 3.7M 84.48 84.77
32 8.4M 85.46 87.01

3
16 3.8M 85.56 86.93
32 8.9M 86.56 87.91

4
16 4.0M 86.37 87.21
32 9.6M 87.19 88.61

Table 3.2: Test accuracy (%) on the MNIST and CIFAR-10 for various hy-
perparameters. In each experiment, we trained a model for 200 epochs and
chose the model with the lowest validation error. For each hyperparame-
ter setting, AR CapsNet shows stable performance without showing severe
degradation.

ensemble of 7 AR CapsNet models trained with C10+ achieved 90.11% test

accuracy. Note that C10+ only uses rotation, shift, and horizontal flip as

data augmentation and not the cropping or the none-of-the-above category.
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3.3.3 Robustness to hyperparameters

Implementation The AR CapsNet requires a set of hyperparameters,

such as the number of conv caps layer and the capsule dimension of each

capsule layer. To test the robustness to hyperparameters, we evaluate the

AR CapsNet in the CIFAR-10 classification tasks according to the various

setting of hyperparameters. The evaluated AR CapsNet architecture is the

same as the models mentioned in Section 3.3.1 and 3.3.2. The primary caps

layer has eight channels of 16-dimensional capsules, and the conv caps layer

has eight capsule channels. In the setting of hyperparameters, the Conv caps

layer denotes the number of conv caps layer between the primary caps layer

and fully conv caps layer. In every model with at least one conv caps layer,

the first conv caps layer decreases the spatial size of the capsule layer by

adopting a 3x3 convolution of stride 2 in the convolutional transform. The

Capsule dim denotes the capsule dimension of the conv caps layer and fully

conv caps layer.

Robustness All the AR CapsNet models trained with CIFAR-10 dataset

show decent performance in Table 3.2. Increasing capsule dimension and the

number of conv caps layer lead to an improvement in the test accuracy. The

AR CapsNet model with four conv caps layer shows 86.37% accuracy with

16-dimensional capsules and 87.19% accuracy with 32-dimensional capsules.

The AR CapsNet with four conv caps layer and 32-dimensional capsules

shows the best results of 87.19% in C10 and 88.61% in C10+. Also, the AR

CapsNet model with no conv caps layer has more parameters than the model

with four conv cap layer and shows the worst performance. The features in
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Figure 3.4: Decoder outputs according to dimension perturbations. We ob-
served the variations of decoder output as we perturbed one dimension of the
output capsules by steps of 0.05

√
DL from −0.25

√
DL to +0.25

√
DL. The

perturbation leads to the combination of variations in the decoder output
images. (e.g., rotation, thickness, etc.).

the primary caps layer has a large spatial size. Thus, the fully conv caps

layer connected to the primary caps layer assigns excessive parameters, and

this causes overfitting.

3.3.4 Transformation Equivariance

Dimension perturbation To prove that our proposed model is trans-

formation equivariant, we executed experiments on the MNIST model as

in [33]. We observed the variations of decoder output as we perturbed one

scalar element of the output capsules (Figure 3.4). The experiments in the

[33] perturbed one scalar element from -0.25 to 0.25. Since the output cap-

sules of the AR CapsNet have lengths of up to
√
DL compared to 1 in [33],

we perturbed one scalar element from −0.25
√
DL to 0.25

√
DL where DL de-

notes the capsule dimension of output capsules. Figure 3.4 shows that some

dimensions of the output capsules represent variations in the way the digit

of the corresponding class is instantiated. Some dimensions of the output
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Digit Rot+ x+ y+ Rot- x- y-

8 0.89 0.89 0.91 0.86 0.87 0.86
5 0.89 0.78 0.73 0.84 0.88 0.86

avg
0.88 0.86 0.84 0.83 0.83 0.84

(0.89) (0.88) (0.80) (0.81) (0.84) (0.84)

Table 3.3: The average of relative ratio {ri} for each combination of digit and
transformation. The avg represents the average of all 10,000 test samples for
each affine transformation. We report the results of models trained on the
MNIST+ dataset. A high relative ratio implies the difference vectors are
strongly aligned. For random vectors, the average of relative ratio {ri} is
0.311 and standard deviation is 0.262.

capsules represent the localized skew in digit 0, the rotation and the size of

the higher circle in digit 8, and the rotation, thickness, and skew in digit 9.

Alignment ratio Each scalar element of the output capsules represents

a combination of variations such as rotation, thickness, and skew. (Digit 9

in Figure 3.4) Since the length of the output capsules is basis-invariant, the

transformation on an input image could be represented in coordinates of any

basis. To further test the transformation equivariance of the AR CapsNet,

we tested whether the difference in the output capsules caused by applying

a transformation on an input image is aligned in one direction.

Let {Ti}i=1,··· ,N be a set of affine transformations on an input image x.

We denote the difference between the output capsules uLn(Ti(x)) and uLn(x)

as vi(x) where n denotes the corresponding class of x.

vi(x) = uLn(Ti(x))− uLn(x) (3.3.1)

We denote the concatenation of vi(x) along the row axis as V. In order to

53



CHAPTER 3. ATTENTION STYLE CAPSULENET

obtain a representative unit vector ṽ of {vi(x)}, we apply a Singular-Value

Decomposition(SVD) on matrix V.

c, ṽ = arg min
ci,ṽ

∑
i

||vi(x)− ci · ṽ||22 (3.3.2)

= arg min
ci,ṽ
||V − c · ṽT ||2F (3.3.3)

where F denotes the Frobenius norm, c = (c1, · · · , cN )T , and ci ∈ R. The ex-

act solution of this low rank approximation problem is the first right-singular

vector ṽ of V. This experiment is similar to the Principal Component Anal-

ysis(PCA) except that we do not subtract the mean for each columns of V.

The align vector ṽ corresponds to the principal vector of PCA. We observed

the relative ratio ri of principal component of vi(x) to the vector norms

||vi(x)||2.

ri =
|vi(x) · ṽ|
||vi(x)||2

(3.3.4)

We randomly chose 10,000 images from the test set. For each test image,

we generated five images by applying an affine transformation and observed

the relative ratio ri. In Table 3.3, Rot(±) represents ±{5, 10, 15, 20, 25} de-

grees rotations and x(±) represents a horizontal translation up to ±5 pixels.

y(±) represents a vertical translation up to ±5 pixels as well. We observed

the average of relative ratio ri for each combination of digit and transforma-

tion. Table 3.3 shows the average of relative ratio ri for two digits (highest

: digit 8, lowest : digit 5) and the average for 10,000 test samples for each

transformation. As a reference, we generated five random vectors from the

standard multivariate normal distribution. We conducted the same exper-
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Figure 3.5: Distribution of cosine similarity between unit align vectors ṽ of
positive and negative affine transformations.

iment for random vectors for 1,000 times as well. We obtained an average

of 0.311 and a standard deviation of 0.262 for random vectors. Even for the

worst-case digit 5, every transformation shows a significantly higher relative

ratio ri of 0.73 in y+ than the random vectors. This result implies that

the difference vectors are strongly aligned in one direction. Therefore, AR

CapsNet encodes affine transformations on an input image by some vector

components. Also, we report the results of models trained on the MNIST+

dataset in the (). The models trained on the MNIST+ show comparable

relative ratio ri to those trained on the MNIST. This result shows that AR

CapsNet encodes affine transformations even without observing transforma-

tions during training.

An interesting observation is that AR CapsNet is transformation equiva-
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Figure 3.6: Output capsules uLn when the cosine similarity between align
vectors of positive and negative transformations is -1 or 1. T+ and T− rep-
resent the positive and negative transformation. Left: cosine similarity -1.
Right: cosine similarity 1.

lent but do not distinguish the positive and negative transformations. Figure

3.5 shows the histogram of the cosine similarity between the align vectors of

positive and negative transformation.6 We observed two peaks around -1 and

1. The cosine similarity of -1 and 1 imply that positive and negative trans-

formations are encoded in one dimension. However, the cosine similarity of

1 suggests that the difference vectors of positive and negative transforma-

tions have the same direction.(Figure 3.6) We leave the explanation of this

observation to future work.

6The direction of the first right-singular vector ṽ is given by vi(x) · ṽ > 0 in for each
positive and negative transformation.
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Conclusion and Future

Works

In this thesis, We try to broaden our understanding of the latent space of

the deep neural network. In the first chapter, We experimentally investigate

the relationships with the decision boundary in the latent space of the deep

neural network through several toy experiments. The decision boundary is

obtained by using and adversarial attack methods in the latent space where

deep neural network embeds. We analyze the relationship between the de-

cision boundary and the latent space manual obtained by perturbing the

image. As a result, we can experimentally confirm that The latent manifold

is locally parallel to the decision boundary. It can be estimated that there

is curvature in areas that are a little far away from the original manifold.

In the second chapter, the characteristics of the latent space is examined

by constraining a network architecture design. We proposed a new network
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module called an attention-style capsule net with improved capsulenet. By

introducing the attention routing and capsule activation, AR CapsNet ob-

tained a higher accuracy compared to CapsuleNet while using fewer param-

eters and less training time. The attention routing is an effective way to

route between capsules because it only compares capsules of the same spa-

tial location. The values of each capsule are perturbed to determine what

the actual image space latent does the deep neural network model analyzes

and maps to the capsule latent space. The capsule activation is based on

the assumption that the capsule-scale activation can extract transformation

equivariant features even if it is not orientation-preserving. This assumption

distinguish the capsule activation from the squash activation function and

its variant. By showing that the difference vectors are strongly aligned in one

direction, we proved that AR CapsNet encodes transformation information

in some dimensions.

We experimentally analyze the relationship between latent space and de-

cision boundaries. Based on the experimental results, the theoretical analysis

of the latent space of the deep learning network remains.
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국문초록

딥러닝 모델이 많은 도메인에서 압도적인 성능을 내는데 반해 딥러닝 모델

이 어떤 잠재 공간을 만드는지, 어떤 특징를 학습 하는지 정확히 알려지지 않고

있다. 딥러닝의 학습 과정에 대한 정확한 이해는 현재까지 완벽하지 않고 열린

문제이다.

이번 연구에서는 크게 2가지 방법으로 딥러닝이 학습한 잠재공간에 대해

이해를넓히고자하였다.첫번째챕터에서는딥러닝모델의잠재공간에서결정

경계를 이용하여 잠재공간의 특성을 여러 실험들을 통해 분석하였다. 적대적

공격 방법을 이용해서 결정경계 벡터를 구하고 인풋에 노이즈를 추가하여 잠

재공간의 다양체 벡터를 구하였다. 결정경계 벡터와 잠재공간의 다양체 벡터

사이의 관계를 통해 잠재공간의 다양체의 구성을 분석하였다.

두번째 챕터에서는 캡슐이라는 특수한 설계로서 잠재공간을 제한하여 학

습된잠재공간의특징을살펴보았다.네트워크구조는캡슐넷을개선한어텐션

스타일의 캡슐넷을 제안하고, 각 캡슐들을 값을 변동시켜 딥러닝 모델이 실제

이미지공간의 어떤 특징을 분석하여 캡슐 잠재공간으로 매핑하는지 확인하고

인풋 데이터에서의 변형에 대한 캡슐값의 변동을 분석하였다.

주요어휘: 잠재공간 다양체, 적대적 공격, 결정 경계, 캡슐넷

학번: 2017-28074
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