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Abstract 
 

Determination of elastic constants  
of a transversely isotropic rock  

by strain inversion  
from a single-orientation core 

 

Juhyi Yim 
Department of Energy Systems Engineering 

The Graduate School 

Seoul National University 

 
This study proposes novel methods to determine elastic constants of a 

transversely isotropic rock using strain inversion from a single-orientation 

core. The proposed single strip load (SS) method is composed of laboratory 

experiments using strip load on a cylindrical core and strain inversion using 

numerical iteration. Strip load test using soft loading plate was invented in 

this study because it can generate various states of stress and strain in a 

single specimen from a conventional compression machine. Numerical 

modeling was used to simulate the complex stress field under strip loading; 

whereby the strain inversion optimized the elastic constants by minimizing 

the difference between numerically modeled and measured strains. In 

addition to SS method, two supplementary tests were also suggested for the 

laboratory experiment in order to complement the SS method; strip load test 
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combined with Brazilian test (SB method) and uniaxial compression test 

combined with Brazilian test (UB method). By supplementing the strip load 

test by the Brazilian test, the accuracy of determined elastic constants 

greatly improved. The UB method has a practical advantage, however, this 

method is incomplete in that the empirical relation relating the second shear 

modulus with other parameters has to be used with cores containing 

horizontal or vertical layers. 

The proposed methods were validated numerically and experimentally. 

Numerical validation using numerical experiments on homogeneous and 

heterogeneous anisotropic rock shows that the obtained five elastic 

constants compares well with true elastic constants confirming the validity 

of the proposed methods. Laboratory validation was carried out with Asan 

gneiss and most of the determined elastic constants were comparable with 

the elastic constants determined by conventional testing methods using at 

least two cores of varying coring angles. The SS method for a core with 

high coring angle showed fair accuracy, but large variations of one or more 

elastic constants were observed for a core with low coring angle probably 

owing to the limited direction of loading to a single specimen. The accuracy 

of determined elastic constants greatly improved by SB method, and UB 

method showed the similar accuracy with SB method. The outliers are 

considered to be within the range often observed during rock mechanics 

experiments. According to the Monte-Carlo analysis considering the 
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realistic heterogeneity, the linear elastic model for strain inversion was 

sufficient to explain the variation of determined elastic constants, whereas 

the UB method for a core with highly inclined plane of foliation 

underestimated the elastic modulus. However, the underestimation problem 

of UB method could be managed by the consideration of nonlinear stress-

strain relation in modeling of the Brazilian test. The application of the Saint 

Venant empirical relation was studied and showed that even little error of it 

can cause large variation and bias of elastic constants determined by the 

method using the uniaxial compression test with this empirical relation for a 

specimen with low coring angle. The Brazilian test for a transversely 

isotropic rock was comprehensively studied in terms of elastic behaviors, 

including anisotropic deformability, three-dimensional deformation, and 

nonlinear stress-strain relation. The indirect tensile strength of Brazilian test 

needs to be determined by three-dimensional modeling with anisotropic 

deformability, which can be determined by the proposed methods in this 

study, and the consideration of the nonlinearity at the initial part of the 

stress-strain curve can contribute to the more convincing indirect tensile 

strength despite the limitation of simple nonlinear model. This study also 

proposes an approximate formulae for the stresses at the center of the 

Brazilian disc to replace the three-dimensional numerical modeling for 

transversely isotropic linear material. The proposed methods can contribute 

to more convenient and accurate determination of the elastic constants and 
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indirect tensile strength for a transversely isotropic rock.   
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Chapter 1. Introduction 

1.1 Background 

Rock deformation and failure are often dependent on loading direction; as 

such, considering the mechanical anisotropy of rock is important in various 

civil, mining, and petroleum engineering applications. Direction-dependent 

properties of intact rocks originate from mineral foliation in metamorphic 

rocks, stratifications in sedimentary rocks, or the microscopic arrangement 

of grains (Amadei, 1996; Min et al., 2018), which is collectively referred to 

as ‘layer’ in this study. The discontinuities may critically contribute to the 

deformability anisotropy of rock mass; however, regarding rock deformation 

on a multi-scale, the deformability of intact rock remains important to 

analyze (Kayabasi et al., 2003; Gokceoglu et al., 2003; Zhang, 2017; Min et 

al., 2018). Instead of modeling the rock as fully anisotropic material 

requiring 21 independent elastic constants, transversely isotropy formulation 

with 5 elastic constants has been commonly used to characterize the 

deformability of rocks with notable layer such as schist, gneiss, and shales 

owing to its simplicity and applicability (Amadei, 1996; Exadaktylos, 2001; 

Gholami and Rasouli, 2014). For in-situ stress measurement in a 

transversely isotropic rock using the overcoring method, the anisotropic 

deformability in constitutive relation has to be used (Van Heerden, 1983; 
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Worotnicki, 1993; Hakala et al., 2007; Figueiredo et al., 2009). The 

anisotropy of deformation and failure must be carefully considered for 

tunnel design, excavation, and displacement control of rock (Sanio, 1985; 

Anyaegbunam, 2014; Jeong et al., 2016; Dutler et al., 2018; Entacher and 

Schuller, 2018; Hu et al., 2020). Recent studies have revealed the 

importance of anisotropic deformability for the numerical modeling of 

hydraulic fracturing (Kahn et al., 2012; Zeng et al., 2018, 2019). Knowledge 

of anisotropic strength, deformation, and seismicity properties is necessary 

for more accurate characterization of geothermal reservoirs (Condon et al., 

2020).  

The tensile strength is an essential parameter for rock engineering 

applications. In some cases, for safer design, the tensile strength of rock can 

be assumed to be zero; however, for the application mainly related to tensile 

failure of rock, this assumption is inappropriate. The tensile strength is 

crucial to stability analysis for underground structure, especially for the 

mine roof (Nova and Zaninetti, 1990; Kim et al., 2019; Zhang and Chen, 

2019). The brittleness is one of the fundamental rock properties in drilling 

and rock excavation, and some useful indices for brittleness consider the 

tensile strength (Yarali and Kahraman, 2011); which can affect the support 

design, leading to economic benefits (Diederichs and Kaiser, 1999). The 

tensile strength is also necessary for designing hydraulic fracturing along 
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with the fracture toughness (Haimson and Cornet, 2003; Ma et al., 2019; 

Yang et al., 2019).  

 

1.2 Motivation 

Mechanical behavior of a transversely isotropic material is defined with 

five independent elastic constants, and their determination is difficult 

because the developed methods have their own limitations, none of which 

are selected as standard. The available methods can be classified into three 

types. The first type of the method determines five elastic constants using 

multiple cores with different coring angles to obtain a sufficient number of 

independent strain measurements (Amadei, 1996; Chen et al., 1998; Chou 

and Chen, 2008; Cho et al., 2012). However, this approach is costly and 

time-consuming (Togashi et al., 2018), and necessarily contains errors 

induced by the heterogeneity between samples (Nejati et al., 2019). The 

second type of the method uses a single specimen with a special apparatus, 

such as a torsion loading machine or CSIRO triaxial cell (Worotnicki, 1993; 

Talesnick and Ringel, 1999; Nune et al., 2002; Gonzaga et al., 2008; Espada 

and Lamas, 2017; Togashi et al., 2017, 2018a, 2018b). In addition to 

conventional rock mechanics testing systems, these methods require special 

equipment whereby more elaborate experiments are necessary. The third 

type of method uses a single uniaxial compressive strength (UCS) test and 
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determines four independent elastic constants using the Saint Venant 

empirical relation relating the second shear modulus with other elastic 

constants (Barré de Saint-Venant, 1863; Nejati et al., 2019). However, the 

second shear modulus is a theoretically independent parameter, and an error 

can arise when this relation is applied to some moderately anisotropic rocks 

(Worotnicki, 1993). Furthermore, this method is not applicable to specimens 

with horizontal or vertical layer. Therefore, there is no existing method to 

determine five independent elastic constants of transversely isotropic rock 

from a single-orientation core under general laboratory condition.  

Several indirect tensile experiments were invented owing to the difficulty 

of reliable direct tensile experiment; as such, the Brazilian test has becomes 

one of the most popular indirect tensile strength tests (Nova, 1990; Wei and 

Chau, 2013). However, the Brazilian test for a transversely isotropic rock 

has encountered many issues because of its anisotropic deformability and 

strength. First, the transversely isotropic rock usually contains a weak plane, 

which is usually same with the layer of rocks (Min et al., 2017). It causes 

not only the anisotropy of tensile strength (Lee and Pietruszczak, 2015), but 

also shear failure during Brazilian test (Dan et al., 2013; Tan et al., 2015). 

Second, the determination of indirect tensile strength of a transversely 

isotropic rock from the Brazilian test requires five elastic constants 

(Lekhnitskii, 1968; Chen et al., 1999; Claesson and Bohloli, 2002). 
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However, as mentioned above, determining five elastic constants from a 

single-orientation core is a difficult task in itself. Third, there is an explicit 

equation for determining indirect tensile strength of the Brazilian test for a 

transversely isotropic rock (Claesson and Bohloli, 2002), but this does not 

reflect all the mechanisms revealed so far. This equation is an approximate 

formula under plane stress condition and line load. Apart from the accuracy 

of its approximation, the error of determined indirect tensile strength can 

arise from the ignorance of actual physical conditions, such as surface load 

(Hondros, 1959) and three-dimensional deformation (Yu et al., 2006; Wei 

and Chau, 2013; Liao et al., 2019). The incorrect determination of indirect 

tensile strength can even result in erroneous tensile strength anisotropy, 

which is important for predicting the initiation of tensile cracking in various 

engineering applications (Lee and Pietruszczak, 2015; Ma et al., 2019). 

Therefore, the reliable determination of indirect tensile strength of a 

transversely isotropic rock from the Brazilian test needs to be studied 

considering the various physical conditions. 

 

1.3 Objective 

The objective of this study is to suggest new methods for determining 

five elastic constants from a single-orientation core of a transversely 

isotropic rock. The proposed methods aim to be applicable to the core in all 
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directions without the empirical relation. The method using strip load 

(Single strip load (SS) method) was studied because the load applied to 

certain parts of the area can replace multiple UCS tests with one test by 

generating non-uniform stress field in a single specimen. Strain inversion 

based on numerical modeling was used to determine the elastic constants 

from the complex stress field under strip loading. To improve the accuracy 

of elastic constant determination from a single-orientation core, the strip 

load test was combined with the Brazilian test from the core in the same 

direction (Strip load and Brazilian (SB) method). The method using uniaxial 

compression and Brazilian tests (Uniaxial compression and Brazilian (UB) 

method) was additionally examined owing to its practical advantage 

although its application is limited to the core with inclined layer.  

The proposed methods were numerically and experimentally validated by 

comparing with the conventional methods using multiple specimens 

containing layers with different orientations. The variations of experiment 

results were analyzed in terms of heterogeneity and nonlinearity, and the 

applicability of the empirical relation relating the second shear modulus 

with other elastic constants was studied. The stress field in the Brazilian test 

was comprehensively investigated to rigorously analyze the elastic behavior 

and the indirect tensile strength; whereby the approximate formulae were 

suggested for fast and efficient determination of stresses at the center of the 
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Brazilian disc. Those methods are applicable to a single-orientation core 

with any direction using a conventional rock test system, such that those 

methods and the approximate equations are expected to make the procedure 

of geomechanical characterization for transversely isotropic rock more 

efficient.  
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Chapter 2.  Theoretical background 

2.1 Constitutive model of a transversely isotropic rock 

As shown in Fig. 2-1, three Cartesian coordinates were defined to depict 

the material, UCS test, and Brazilian test. The material properties are 

defined in a local system, xyz, which has xz-plane parallel to isotropy plane, 

which is considered to be the same as an observable layer in this study. The 

first elastic modulus, E1, and the first Poisson’s ratio, v1, are defined in 

isotropy plane, and the second elastic modulus, E2, and the second shear 

modulus, G2, are defined to be normal to the isotropy plane. The second 

Poisson’s ratio, v2, is defined as the ratio of x or z-direction strain to y-

direction strain if uniaxial stress is applied in the y-direction. vxy indicates 

the Poisson’s ratio of y-direction strain to x-direction strain if uniaxial stress 

is applied in x-direction, v2 = vyx = vyz = E2/E1*vxy = E2/E1*vzy and v1 = vxz = 

vzx. For UCS test, the first global coordinate system, x′y′z′, is defined by 

rotating the local system counterclockwise by coring angle, φ, on the z-axis 

so that x′z′-plane is parallel to the cross-section of the core. The 

corresponding cylindrical coordinate, rθy′, is defined by aligning z′-axis 

with r-direction of θ = 0°. The second global system, x″y″z″, specifies the 

behavior of Brazilian test, and is defined as a system in which the first 

global system is rotated counterclockwise by loading direction, ψ, on the y′-
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axis to align the direction of loading with x″-axis. The strike of the layer was 

defined as the intersection line between the isotropy plane and the cross-

section of the core, and the dip angle of the layer was defined as the angle 

measured counterclockwise around the z'-axis from the cross-section of the 

core to the isotropy plane. Eq. (2-1) defines the constitutive relationship for a 

transversely isotropic rock. (Jaeger and Cook, 2007; Cho et al., 2012). 
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where, E1 and E2 are the first and second elastic modulus, respectively, v1 
and v2 are the first and second Poisson’s ratio, respectively, G2 is the second 
shear modulus, σ and τ are the normal and shear stress, respectively, ε is the 
strain, and subscript denotes the direction where the parameter is defined. 
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Fig. 2-1. Definition of parameters, local coordinate, and two global coordinates of (a) material, (b) UCS test, and (c) Brazilian test for 

transversely isotropic rock. This figure is not to scale. 
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2.2 Stress-strain relation under uniaxial compression 

 Under uniaxial loading, the whole specimen is under the same stress 

state, which is that every principal stress except normal stress in y’-direction 

is zero. The symmetry of uniaxial compression and isotropy plane makes the 

shear strains in the y′z′ and x′z′ planes zero, so only four independent strains 

remain among the six strain components. Thus, the constitutive relation in 

Eq. (2-1) can be reformulated into Eq. (2-2) after axis transformation. The 

number of independent strains is two and three, for vertically and 

horizontally layered matrices, respectively. 

 

1
'

2
' ' '

1 1
'

2 2
' '

2

2 2

4 4 2 2

2 2 4 4 2

3 3

1/
/

1/
/

/
/

/
/

1 /

0 0 sin cos 0

sin cos 0 sin 2 / 2 sin 2 / 4

sin 2 / 4 sin 2 / 4 0 sin cos sin 2 / 4

sin cos sin cos 0 sin 4

rr y

y y y

y

y y at

E

E

A E

E

G

A

ϕ
θθ

θ θ

ϕ

ε σ
ε σ

ν
ε σ

νε σ

ϕ ϕ
ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ

=0

 
   
   
   =
   
    
   

 

− −
−

=
− − −

−

o

/ 4 sin 4 / 8ϕ ϕ

 
 
 
 
  − 

   (2-2) 

 

Eq. (2-2) shows that determining all five elastic parameters from four 

measured strains in a single UCS test is an ill-posed problem. On the other 

hand, these four measured strains can be regarded as the four conditions that 

the combination of elastic constants should fulfill. If one of the elastic 
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constants except G2 is assumed, other constants can be determined as shown 

in Eq. (2-3) and Eq. (2-4). These equations show that G2 can be determined 

independently if normal strains in axial, circumferential, and diagonal 

directions are measured at θ = 0° line. 
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2.3 Determination of elastic constants 

2.3.1 Methods using multiple specimens containing layers with 

different orientations 

Five elastic constants of transversely isotropic rock can be determined by 

several UCS tests with cylindrical specimens in various directions (Amadei, 

1996; Cho et al., 2012). All strains under uniaxial loading are linearly 

related to five parameters corresponding to five elastic constants as listed in 

Eq. (2-2), such that measurements of more than five independent strains can 

determine five parameters by applying the least square method to the (N × 

5) matrix, Aφ, by merging all N strain measurements as shown in Eq. (2-5). 

Because the number of independent strains for inclined-layer core specimen 

is four, this method requires UCS testing for at least two specimens in two 

different orientations while one should have an inclined layer, as shown in 

Fig. 2-2. This method is herein called the two-core (TC) method, and the 

normal strain in the diagonal direction was used instead of the shear strain 

by replacing the last row of Eq. (2-2) with the matrix B in Eq. (2-6).  
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Fig. 2-2. Examples of UCS tests for the two-core (TC) method. 

 

The diametral loading is also used for determining five elastic constants, 

which is represented by the Brazilian test (Amadei, 1996; Chen et al., 1998; 
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Chou and Chen, 2008). The advantage of this method is a simple specimen 

preparation from a given core. Chen et al. (1998) developed the code using 

the generalized reduced gradient method for optimization, and the analytic 

solution with anisotropic deformability under plane stress condition for 

calculating the stresses (Lekhnitskii, 1968). Chou and Chen (2008) 

suggested a simpler way of the iteration using numerical tools. Those 

suggested methods require one core with horizontal layer and the other core 

with vertical layer. 

The common disadvantages of those methods are the difficulties of 

preparing multiple specimens containing layers with different orientations. 

In addition to the time and cost for the sample preparation, the error can be 

induced by using the multiple cores from different regions owing to 

heterogeneity (Togashi et al., 2018; Nejati et al., 2019). Regarding the 

overcoring method of in-situ stress measurement, it is advantageous for in-

situ stress test to use the deformability parameters from the same overcore 

which even contains damages intrinsically generated by drilling (Nunes, 

2002). 

 

2.3.2 Methods using a single specimen with special apparatus 

True triaxial compression test for cubic specimens can be used for 

determining anisotropic elastic constants (Ko and Sture, 1974). This method 
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was designed to directly evaluate all 36 components of constitutive matrix 

from more than two differently oriented cubes even though 21 components 

of them are independent. This was possible because the true triaxial loading 

machine used by Ko and Sture (1974) was able to determine all six strains 

by three proximitors mounted on each wall of the machine. The detailed 

design of triaxial loading machine is depicted in Fig. 2-3. Unless the layer in 

the cubic specimen is parallel to any walls, five elastic constants of a 

transversely isotropic rock can be determined from one cubic specimen. 

 

 

Fig. 2-3. The exploded view of true triaxial compression test machine by Ko and 

Sture (1974). 

 

Some researchers used the triaxial compression to determine five elastic 

constants from a single specimen. Gonzaga et al. (2008) and Togashi et al. 

(2017; 2018a) used a conventional cylindrical specimen, while other 

researchers used hollow cylinder as a specimen (Nunes, 2002; Espada and 
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Lamas, 2017). Confining pressure in addition to axial compressive stress 

can generate various stress states in a single specimen during one test, such 

that five elastic constants can be determined. The direction of layer can also 

be estimated by analyzing the principal strain tensor under hydrostatic 

compression (Togashi et al., 2017, 2018a, 2018b). Nunes (2002) and Espada 

and Lamas (2017) used special strain-measuring probes, as shown in Fig. 2-

4, inserted through the hole of hollow cylinder because those methods were 

designed to be associated with overcoring method. The anisotropic elastic 

constants were determined from measured strains by the analytic solutions 

for rocks with low anisotropic degree (Nunes, 2002) or the optimization 

method with three-dimensional finite element code (Espada and Lamas, 

2017). 

 
Fig. 2-4. The exploded view of CSIR cell for measuring strain in the hole of hollow 

cylinder (Nunes, 2002). 
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The torsion test was also applied to determine all elastic properties from a 

single core (Talesnick and Ringel, 1999; Togashi et al., 2018b). Talesnick 

and Ringel (1999) first conducted torsion test to determine the second shear 

modulus, and performed triaxial compression test. The simple analytic 

solutions were used to determine all elastic constants. Togashi et al. (2018b) 

improved this methodology of torsion test in Fig. 2-5b to determine the 

direction parameters and elastic constants from the same specimen with any 

directional layer by combining it with the triaxial test as seen in Fig. 2-5a. 

 

(a) (b)

 

Fig. 2-5. The schematic diagram of (a) triaxial test and (b) torsion test (ξ = φ, Θ = 

θ) (Togashi et al., 2018b)  

 

These suggested methods need to overcome many practical issues. Apart 

from the cost of special equipment, the reliability of test result cannot be 

guaranteed without the elaborate testing procedure. The triaxial compression 

test with confinement can be categorized as a conventional test, but 
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measuring strain accurately under confining pressure remains challenging. 

Moreover, preparing a cubic and hollow cylinder specimen is practically 

difficult compared with preparing a cylindrical specimen. It is also 

impossible to determine second shear modulus as an independent parameter 

under triaxial compression if the specimen has horizontal or vertical layers.  

 

2.3.3 Methods using a single specimen with empirical relation 

Several methods have used the empirical relation for second shear 

modulus to reduce the number of independent elastic parameters. Nejati et al. 

(2019) performed the UCS test with an inclined-layer specimen to get four 

independent strains, as shown in Eq. (2-2). The empirical relation for second 

shear modulus in Eq. (2-7) (Saint Venant, 1863) was substituted into Eq. (2-

2) in the fifth row to determine five elastic constants. This method is called 

the ‘Saint Venant method’ in this study. However, the error of estimated G2 

from actual measurements was reported to be as high as 40% (Talesnick and 

Ringel, 1999, Cho et al., 2012); which can cause a large bias in other 

determined elastic constants (Nejati et al., 2019). It needs to be indicated 

that the second shear modulus is independently determined from the UCS 

test with an inclined-layer core; thus, the empirical relation works as an 

additional correlation for other four elastic parameters. Gonzaga et al. 

(2008) used this empirical relation to calculate the second shear modulus 
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directly from other four determined elastic constants, which cannot be 

determined from the core with horizontal layer. This empirical relation can 

be used for simplifying the analytic derivation (Nunes, 2002) or improving 

the convergence rate during optimization (Espada and Lamas, 2017). Eq. (2-

7) by Saint Venant (1863) is most widely used as an empirical relation; 

however, it can be replaced by Eq. (2-8) or Eq. (2-9) (Worotnicki, 1993; 

Talesnick and Ringel, 1999).  
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where, GSV is the second shear modulus estimated by Saint Venant empirical 
relation, G2 is the second shear modulus, E1 is the first elastic modulus, and 
v1 and v2 are the first and second Poisson’s ratio, respectively. 

 

Even though many experiments have demonstrated the validity of the 

empirical relation for second shear modulus, major exceptions still exist. 

Some moderately anisotropic rock reported by Worotnicki (1993) disobeyed 

the Saint Venant empirical relation. Furthermore, the Saint Venant method 

cannot be applied to both horizontally and vertically layered specimens.  
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2.4 Indirect tensile strength from Brazilian test 

The reliable tensile strength is difficult to be determined by the direct 

tensile test because a small eccentricity in loading can cause a large stress 

concentration and non-uniform stress in the specimen (Nova and Zaninetti, 

1990). Therefore, many kinds of indirect tensile tests have been developed, 

including the Brazilian test (Bieniawski and Hawkes, 1978), the point load 

strength test (Wei et al., 1999), and the double-punch test (Wei and Chau, 

2000). International Society for Rock Mechanics and Rock Engineering 

(ISRM) have authorized the Brazilian test as a suggested method to 

determine indirect tensile strength; it thereby gained popularity within the 

rock mechanics society.  

 

2
t

P

Dt
σ

π
=            (2-10) 

where, P is the load, D is the diameter, and t is the thickness. 
 

The stress field of the Brazilian test were evaluated by various researchers 

under different physical conditions (Table 2-1). With isotropic material and 

plane stress condition, ISRM suggested method (Bieniawski and Hawkes, 

1978) for the Brazilian test stated Eq. (2-10) to determine the tensile stress 

at the center of the disc for the Brazilian test under line load, which was 

derived by Hertz in 1883 (Timoshenko and Goodier, 1982) when the force, P, 
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is applied to the Brazilian specimen with diameter, D, and thickness, t. 

Hondros (1959) reported the solution of stress field under the uniform load 

within a certain extent of contact angle, 2α. Lekhnitskii (1968) derived the 

general solution for the diametral loading to two-dimensional circular 

material considering the anisotropic deformability; this solution was applied 

to determine anisotropic deformability or indirect tensile strength of the 

Brazilian test (Chen et al., 1998; Claesson and Bohloli, 2002). However, this 

solution is not expressed in the explicit form; as such, Claesson and Bohloli 

(2002) suggested the approximate formula for the tensile and compressive 

stresses at the center of the Brazilian disc for a transversely isotropic rock. 

Some researchers conducted three-dimensional simulation of the Brazilian 

test and revealed the effect of its thickness and the Poisson’s effect on stress, 

which countered the assumption of two-dimensional deformation (Yu et al., 

2006; Wei and Chau, 2013; Liao et al., 2019). Kurguzov and Demeshkin 

(2019) considered the nonlinear stress-strain relation to evaluate the tensile 

strength of the Brazilian test for isotropic but nonlinear elastic material, and 

they reported an increase in the evaluated tensile strength which they 

compared with the conventional formula in Eq. (2-10).  

Many physical limitations of the Brazilian test for determining the 

indirect tensile strength was studied. The failure can arise around the 

loading contact before crack initiation at the center of the disc by the stress 
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concentration caused by the frictional stress (Kourkoulis, 2013) or zero 

stress in the direction out of the plane (Fairhurst, 1964). However, failure 

due to local stress concentration may not necessarily result in the crack 

splitting the disc (Liao et al., 2019), and its effect on the stress at the disc 

center can be negligible owing to Saint Venant’s principle (Lavrov et al., 

2002; Yu et al., 2006; Markides et al., 2012). Furthermore, non-uniform 

distribution of load has a negligible effect (less than 5 %) on the stresses at 

the center of the disc if the contact angle is below 20° (Guerrero-Miguel et 

al., 2019). 

The tensile stress at the center of the Brazilian disc can be regarded as the 

tensile strength only if the tensile failure is initiated at the center of the disc. 

With contact angle 2α over 20°, tensile failure occurs at the center of the 

disc for isotropic or transversely isotropic rock considering Griffith’s 

criterion or the modified Hoek-Brown criterion, as shown in Fig. 2-6 

(Aliabadian et al., 2019). If the loading direction is oblique to the strike of 

layer on the cross-section, the maximum tensile stress can be located out of 

the center of disc or the failure mechanism can become shear failure instead 

of tensile failure, as indicated by Fig. 2-7 (Dan et al., 2013; Tan et al., 2015; 

Aliabadian et al., 2019). Therefore, this study focuses on the Brazilian test 

with the loading direction normal or parallel to the strike of the layer (ψ = 0° 

or 90°) and uses a loading jaw to ensure a large loading area. Thus, ‘indirect 
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tensile stress’ and ‘indirect tensile strength’ were defined as the maximum 

tensile stress at the center of the Brazilian disc under the applied load and 

the peak load, respectively. 

 

ω

ω

ω

 
Fig. 2-6. Distributions of normalized σm90 with respect to different contact angles 

2α and different loading angles ω (= ψ - 90°). σm90 is the mobilized strength based 

on the stress state at the point calculated by Hoek-Brown criterion. Red dashed 

lines enclose regions where normalized σm90 = 1 signifying the location of failure 

and crack initiations (Aliabadian et al., 2019). 

 

However, the load splitting the specimen can be larger than the load 

inducing the tensile crack initiation (Rocco et al., 1999). In contrast, the 

indirect tensile strength may be lower than the inherent tensile strength 

considering the failure criterion such as Griffith’s criterion (Fairhurst, 1964). 

These research indicated that the inherent tensile strength can be different 
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from indirect tensile strength. However, this study mainly considered the 

indirect tensile strength based on the elastic behavior of the Brazilian test 

instead of inherent tensile strength which requires further study related to 

the failure.  
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Fig. 2-7.  Schematic plot of typical failure modes in Brazilian tests: A pure tensile 

failure along weak plane; B pure shear failure along weak plane; C mixed-mode 

failure in weak plane and rock matrix (primary caused by shear failure); D mixed-

mode failure in weak plane and rock matrix (primary caused by tensile failure); E 

pure tensile failure across rock matrix (Tan et al., 2015).
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Table 2-1. List of analytic and approximate solutions of stresses at the center of the Brazilian disc under different physical conditions and input 

parameters. 

Solution 
type 

Physical conditions 
Tensile stress 

Compressive stress 
Input parameters Authors 

Dimensio
n 

Anisotropic 
deformability 

Load 
  

Load,
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Constants 

Contact 
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Wei and Chau (2013) o o o Wei and Chau (2013) 

Approximate 3D o 
Uniform 
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Chapter 3. Methodology of elastic constant 

determination 

3.1 Strip load test 

3.1.1 Experimental setup of strip load test 

Strip loading was applied to generate various stress states in a single 

specimen. This allows a single specimen to replace several specimens for 

determining the elastic constants of a transversely isotropic rock. The 

loading plate covering only certain part of the core cross-section was placed 

on the top of the cylindrical specimen, and the load was applied on top of 

the loading plate. The loading plate was aligned parallel or normal to the 

strike of the layer with lower or higher coring angle φ than 45°, respectively, 

to improve accuracy of elastic constant determination.  
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Fig. 3-1. Schematic diagram of strip load test and Brazilian test for coring angle of 20° and 70°. 
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3.1.2 Soft loading plate for strip load 

The shape of the strip loading was selected among radially asymmetric 

geometries such as rectangular or ellipse because of experimental 

convenience and numerical reproducibility. The radially symmetric shape of 

the loading for horizontally layered specimen is challenging for 

independently determining first elastic modulus and first Poisson’s ratio 

which are defined within a layer. This is because the strain change on the 

side surface due to the change of first elastic modulus can be almost 

completely complemented by the strain change due to the change of first 

Poisson’s ratio. The strip shape of loading plate is radially asymmetric and 

simple to be made experimentally. In addition, the uncertainty of location 

occurs only in the direction perpendicular to the longitudinal direction of 

strip. The plate shape can be rectangular and longer than the diameter of the 

specimen for convenience of production. Fig. 3-2 shows the actually 3D-

printed soft loading plate. The round side was used on the loading plate 

because 3D printing material could be saved by fitting it to the core cross-

section and the shape of the plate could be easily made with a 3D printer. 

The numerical reproducibility is also important because the methods 

suggested in this study assume that the experiment is identical to the 

numerically reproduced model. The uniform stress as loading is numerically 

stable and easy to be simulated, and this can be likely to happen under the 
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strip load owing to its symmetry.  

To avoid unwanted failure along the edge of the strip load, a highly 

deformable but strong loading plate is required (Fig. 3-3) (Yim et al., 2021). 

The loading plate and the cylindrical specimen were modeled in two 

different objects which had isotropic properties, and the contact area was 

defined as the frictionless contact sharing only the normal displacement and 

the normal stress. Fig. 3-3a shows that the uniform load can be generated if 

the loading plate is much more deformable than the sample. The loading 

plate in this study was made by a 3D printer using Veroclear from Stratasys, 

of which the elastic modulus and uniaxial compressive strength were 

approximately 2 GPa and 70 MPa, respectively (Stratasys, 2021). 

Considering the rock which has elastic modulus of 50 GPa and uniaxial 

compressive strength of 110 MPa, for instance, Fig. 3-3b shows that elastic 

modulus of loading plate needs to be less than 18 GPa to prevent the rock 

failure before applying a load corresponding to a uniform stress of 70 MPa 

on the contact area. If the strength dependent on the confining stress is 

considered by the Mohr-Coulomb failure criterion in Fig. 3-4a, Fig. 3-4b to 

Fig. 3-4d shows the distributions of normalized first principal stress, 

calculated by Eq. (3-1), by linear elastic modeling with frictionless contact 

between the loading plate and the specimen. Those results show that the 

stress concentration around the edge of loading plate can induce the local 
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failure in the specimen if the loading plate is not sufficiently more 

deformable than the specimen.  
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Fig. 3-2. Soft loading plate made of Veroclear. 

 
 

The loading plate with extensive width results in a loading similar to the 

uniaxial loading while with narrow width cannot transfer enough load to the 

specimen. The loading plate should also be thick enough to achieve uniform 

load in spite of the possibly uneven contact. In this study, 2.2 cm wide and 2 

cm thick loading plate was fitted to the cross-section of the rock core. With 

specimen diameter of 5.4 cm, contact area becomes almost half of the cross-

section of the specimen, such that the compressive stress at the bottom of 

the specimen can be up to 35 MPa if the loading plate in this study is used.
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Fig. 3-3. (a) Distribution of normalized axial stress along z′-axis. (b) The maximum normalized axial stress on contact area between 

the loading plate and the sample depending on the ratio of elastic moduli (Esample = 50 GPa, vsample = 0.25, vplate = 0.25, σy’,norm = 

(Load)/(Contact Area)). 
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Fig. 3-4. (a) The assumed Mohr-Coulomb failure criterion for the specimen. The distribution of normalized first principal stress 

σ1,norm of Eq. (3-1) on the surface of specimen with (b) soft, (c) specimen-like, and (c) stiff loading plates (Yellow). The view is 

around the frictionless contact between the loading plate and specimen. The red area indicates the area of failure.
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3.1.3 Strain gauge distribution 

Due to a non-uniform stress field under strip load, the optimal positions 

of the strain gauge were chosen based on sensitivity analysis by numerical 

study (Yim et al., 2021). Eight strain gauges with a grid width of 3 mm and 

length of 10 mm were attached to the optimal positions with the 

consideration of the distance from the top surface and circumferential 

orientation. Because the stress field in the lower part of the specimen is 

almost uniaxial owing to the Saint-Venant principle (Gere and Goodno, 

2009), two to four strain gauges were attached to the lower part to obtain the 

necessary number of independent strain measurements under uniaxial load. 

To obtain five independent strains, one to three strain gauges were attached 

to the optimal positions in the upper part of the specimen. Those strain 

gauges were attached 2 cm below the top of the specimen to ignore the 

possible perturbation around the loading area, such as friction. If the friction 

is strong enough, there is no relative displacement between the loading plate 

and the top of the specimen. The results from restricting the relative 

displacement along the contact area in comparison with the modeling result 

with frictionless contact area are shown in Fig. 3-6 and Fig. 3-7. Even with 

the strong friction, the stress on the surface at 2 cm from the top was 

affected by approximately 10%, and the effect of friction kept decreasing in 

areas farther than 2 cm from the top. The SS method with strong friction 
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may generate up to 17% bias of first elastic modulus and 0.5 bias of first 

Poisson’s ratio for a specimen with a low coring angle, as shown in Fig. 3-5; 

which indicates that the friction effect was not significant in this study 

because this extent of bias was not observed in the experiment result shown 

in Fig. 5-5. If the friction is negligible, the loading plate expands in lateral 

direction, such that the contact area can increase. However, in the case of 

extremely expanding loading plate denoted by vplate = 0.4, (Load) = 50 MPa, 

the determined elastic modulus and Poisson’s ratio by SS and SB methods 

can differ less than 2% and 0.015, respectively. In addition, those strain 

gauges were located at points where the compressive stress was larger than 

70 % of the applied load divided by the cross-section of the specimen, 

thereby excluding the deformation data at excessive low stress level. While 

the minimum number of strain gauges for the determination of five elastic 

constants is five, the additional strain gauges were attached to enhance 

accuracy. Table 3-1 lists the positions of the strain gauges for various coring 

angles, independent of the height of the specimen. Fig. 3-8 shows the 

locations of attached strain gauges for the experimental validation. 
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Fig. 3-5. Determined elastic constants by (a) SS method and (b) SB method with 

the model without friction between the loading plate and specimen. The measured 

strain was from the homogeneous model with the strong friction based on elastic 

constants of Yeoncheon schist, indicated by dashed lines. 
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Fig. 3-6. Stress distribution along x′-axis comparing the cases of contact with and 

without friction under load of 1 kN. dtop: Distance from the top of the specimen, c: 

circumferential, a: axial.  
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Fig. 3-7. Stress distribution along z′-axis comparing the cases of contact with and 

without friction under load of 1 kN. dtop: Distance from the top of the specimen, c: 

circumferential, a: axial. 
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Table 3-1. Optimal locations and directions of strain gauges on the specimen for SS 

method and their priority  

strain gauge attachment priority (Type 1) 
φ (°) 1st – 4th  5th  6th  7th  8th  
0 see Fig. 3-1, φ = 0°  
5 

LoA0 
LoC0 
LoD0 
LoC270 

20C270 20A90 20A270 LoA270 
10 20C270 20A90 20A270 LoA270 
15 20C270 20A90 20A270 LoA270 
20 20C270 20A270 20A90 LoA270 
25 20C270 20A270 20A90 LoA270 
30 20C270 20A270 20C90 LoA270 
35 20C270 20A270 25C90 LoA270 
40 20C270 25C90 30C90 LoA270 
45 20C270 30A0 25C90 LoA270 
50 20A90 25A90 25C90 LoA270 

strain gauge attachment priority (Type 2) 

φ (°) 1st – 4th 5th  6th  7th  8th  
45 

LoA0 
LoC0 
LoD0 
LoC270 

35A270 40A90 40A270 LoA270 
50 38A270 30A270 LoA270 LoA180 
55 33A270 40A270 LoA270 LoA180 
60 33A270 40A270 LoA270 LoA180 
65 20C0 33A270 20C180 LoA270 
70 20C0 33A270 20C180 LoA270 
75 20C0 28C0 20C180 LoA270 
80 20C0 28C0 20C180 LoA270 
85 20C0 28C0 20C180 LoA270 
90 see Fig. 3-1, φ = 90°   
* Each expression is in the order of (Location)(Direction)(Axial line). For 
example, 20C270 stands for circumferential strain at 20 mm from the top 
along θ = 270° line. (Lo : Lower, A : Axial, C : Circumferential, D : 
Diagonal) Note that the circumferential orientation (θ) is symmetric and 0° 
can be replaced by 180°. 
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Fig. 3-8. Unfolded circumferential view of the strain gauge setups for a strip load 

test and the load indicated by the arrow. This figure is not to scale. 
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The optimal sets of location and direction for strain gauge attachment in 

the upper part were determined by keeping two strategies to improve the 

accuracy of elastic constant determination in mind. The first strategy is to 

find the set of location and direction in which the strain varies most 

sensitively when variations in the elastic parameters are invoked in the 

numerically modeled strip load test. The optimal sets at certain coring angle 

were derived to cover the realistic ranges of elastic constants which were 

from 1 to 2 of E1/E2 and G1/G2, and from 0.1 to 0.3 of v1 and v2. For 

simplicity, the optimal positions were searched along lines of θ = 0°, 90°, 

180°, and 270°, and the directions of strain gauge were fixed to 

circumferential and axial directions. For the assumed combination of elastic 

constants, the strains under uniaxial compression, which is analogous to the 

stress condition of lower part of the specimen under the strip load, can be 

calculated by Eq. (2-2). Then, the combinations of elastic constants 

equivalent to the assumed one were calculated by Eq. (2-3) and Eq. (2-4) for 

coring angle below and over 45°, respectively. The strain fields generated by 

those equivalent combinations are almost identical at the lower part of the 

specimen under the strip load but relatively different at the upper part. The 

strain difference by ±5% perturbation of assumed elastic modulus can be 

numerically computed at the surface of the upper part under strip load, and 

the set of position and direction of strain corresponding to the maximum 
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strain difference can be selected. This set was regarded as the optimal set of 

strain gauge for the assumed elastic constants. Within the realistic range of 

elastic constants, those optimal sets of strain gauge were collected and are 

listed in Table 3-1, and the range of maximum strain difference were plotted 

in Fig. 3-9. Fig. 3-9 also shows that loading plate needs to be aligned 

differently depending on the coring angle. However, the first strategy was 

not sufficient to achieve adequate accuracy for all elastic parameters in 

some cases. In these cases, the second strategy was applied to find the set of 

location and direction where the strain is only affected by a single elastic 

parameter showing the low accuracy by the first strategy. The important 

thing is that the suggested locations and directions of strain gauges can be 

modified depending on the experimental condition such as inclusion or 

gauge malfunction. 
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Fig. 3-9. The range of maximum strain difference due to ±5% perturbation of 

assumed elastic modulus for the realistic range of elastic constants. The loading 

plate is aligned (Red) parallel and (Blue) perpendicular to the strike of the layer. 

 

3.2 Brazilian test 

For a specimen from a single-orientation core, the Brazilian test applies the 

diametral load which is perpendicular to the axial load of strip load or UCS 

tests. The accuracy of determining elastic constants can be enhanced by 

analyzing the strains measured from two completely different stress states 

generated by axial and diametral loads. The Brazilian test essentially 

follows the ISRM suggested method (Bieniawski and Hawkes, 1978). The 

load is applied parallel or normal to the strike of the layer with coring angle 

φ below or over 45°, respectively, in order to prevent other failure 

mechanisms except tensile failure and achieve the high accuracy for 

determining the elastic constants by complementing the strip load test (Fig. 
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5-8 and Fig. 3-1). To ensure the crack initiation at the center of the disc, the 

large contact angle 2α of approximately 20° between the Brazilian disc and 

the loading apparatus is recommended. The strain gauges are located at the 

center of the cross-section on both sides to measure normal strains in the 

direction parallel and normal to the direction of the load. 

 
 

3.3 Numerical modeling of laboratory tests  

To obtain strains and stresses of Brazilian and strip load tests for a 

transversely isotropic rock, it is necessary to perform the three-dimensional 

numerical modeling due to the absence of the simple forms of analytic 

solution considering 3D deforming effect. Any numerical tool that 

accommodates the linear elastic behavior of transversely isotropic rock can 

be used for this purpose, and a finite element code was used for the current 

study (Comsol, 2019). Rock specimen was modeled in the same geometric 

configuration with actual experiment, and the loading on the top of testing 

specimen was mainly defined as uniform stress boundary in the direction 

normal to the surface, but the loading direction in the Brazilian test was 

parallel to the center line. The friction between the loading plate and 

specimen was ignored because considering the friction coefficient in 

numerical modeling caused significant numerical instability and a big bias 

in Poisson’s ratio as seen in Fig. 3-5; this was not observed in experiment 



 

 46

results illustrated in Fig. 5-5. The bottom of testing specimen was modeled 

as roller boundary, and very small area at the center of the bottom surface 

was defined to be fixed owing to numerical reason. A 10 mm × 3 mm size 

strain gauge was modeled, so the measured strain was regarded as the 

surface average of the strain gauge. The interpolation function in a cubic 

serendipity element was used as the basic discretization in order to depict 

the curved distribution of the strain efficiently. 

 

3.4 Strain inversion 

3.4.1 Optimization method using numerical modeling 

The elastic constant determination of the transversely isotropic material 

with the given strain gauge distribution under strip loading is a 

mathematically nonlinear, multi-variable, back-calculation problem because 

the stress distribution changes as the elastic parameters change (Yim et al., 

2021). The strain inversion consists of optimizing elastic constants by 

iteratively matching numerically modeled and measured strains. The Gauss-

Newton method using finite difference was used as the optimization method 

to minimize the objective function, which is the square sum of the 

differences between the numerically modeled and measured strains. This 

function is the square of root mean square error (RMSE) of strains in Eq. (3-

2). The Jacobean matrix is composed of finite difference value of strain for 
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elastic constants because the numerically modeled strain cannot be 

differentiated directly. The number of strains is larger than the number of 

elastic constants, such that the Jacobean matrix is not a square matrix. The 

pseudo inverse is used to update the parameters. Whole process of Gauss-

Newton method is expressed as flow chart in Fig. 3-10. 

 

2

1

1
RMSE of X (X - X )

n

i ref
in =

= 
        (3-2) 

where, n is the number of data and Xref is the reference value of parameter X    
 

In some cases, the convergence was poor owing to a large strain error, so 

single variable optimization method was combined with the Gauss-Newton 

method (Fig. 3-10). When optimizing all parameters, the non-converged 

parameter is selected as a variable, and the objective function is the least 

RMSE optimized by the Gauss-Newton method with unselected parameters. 

Any method for single variable optimization such as Golden section search 

or Newton-Raphson technique can be used. This study used interval halving 

search or the method of substituting candidates of variable in turn owing to 

the simplicity of application. For example, the optimum value was found in 

a group of candidates composed of 1-degree intervals from -6 to 6 from the 

measured coring angle, as shown in Fig. 3-10.  
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Fig. 3-10. The flow chart of Gauss-Newton method combined with the method of substitution. 
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Depending on the number of measured independent strains, the factors 

defining the core direction or the nonlinear stress-strain relation are 

theoretically possible to be optimized along with elastic parameters. 

However, the usefulness of the optimization including those factors needs to 

be assessed in terms of computing time and the accuracy of optimized 

elastic parameters and factors. 

 

3.4.2 Comparison with pre-existing iterative method 

The iterative method in Fig. 3-11 was suggested by Chou and Chen 

(2008), but it was different from the current method. According to Chou and 

Chen (2008), their method only optimizes E2, G2, and v2 from the Brazilian 

test with vertical layer (Disc type P) because E1 and v1 was assumed to be 

determined from the Brazilian test with horizontal layer (Disc type N). First, 

the stress state at the center of the Brazilian disc was assumed, and three 

elastic constants were determined from the constitutive relation between 

measured normal strains in axial and lateral directions, measured shear 

strains, and assumed stresses at the center. As a second step, the stress state 

at the center is computed by a numerical program considering the 

determined elastic constants from the previous step. As a third step, the 

elastic constants were again determined from the constitutive relation 

between measured strains and computed stresses. The optimal elastic 
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constants can be determined by iterating the second and third steps until the 

elastic constants converge. This method can be straightforward to apply but 

requires the physical relation. Thus, it is only appropriate for Brazilian tests. 

However, the method of inversion in this study is purely mathematical 

which is so far well developed. Therefore, a pre-developed optimization 

code can be used, and the process of determining elastic constants can be 

applied to any kinds of tests. 

 

 

Fig. 3-11. Flow chart of iterative method developed by Chou and Chen (2008). 
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3.5 Suggestion of novel methods for elastic constant 

determination 

The methods using the strip load test were suggested in this study. The 

strip load test measures over five independent strains; as such, five 

independent elastic constants can be determined from a core with any coring 

directions by iterative method with numerical modeling, as shown in Fig. 3-

12. This method can be executed in two different ways, ‘single strip load 

(SS) method’ (Fig. 3-12a) and ‘strip load and Brazilian (SB) method.’ (Fig. 

3-12b) SS method is based on only the strip load test for a single specimen, 

so it is simple. SB method is designed to enhance the accuracy of SS 

method by acquiring additional strain measurements from Brazilian test. In 

addition, ‘UCS and Brazilian test (UB) method’ (Fig. 3-12c) was newly 

developed in this study by replacing strip load test with UCS test in SB 

method. This method has a practical advantage in that it requires only the 

conventional rock tests even though this method is not applicable to the 

horizontally or vertically layered specimens. Due to its novelty and practical 

advantage, UB method is additionally discussed in detail in section 5.4.3. 
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Fig. 3-12. Flow chart of (a) SS method, (b) SB method, and (c) UB method to determine the elastic constants of transversely isotropic rock 

using single core.
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Chapter 4. Numerical validation of suggested method 

4.1 Validation with homogeneous transversely isotropic 

material 

 
Fig. 4-1. Distribution of E2 on homogeneous specimens for (a) UCS, (b) strip load, 

and (c) Brazilian tests. Axial stress distribution of (d) UCS, (e) strip load, and (f) 

Brazilian tests. The coring angle is 20°. 
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The proposed methods were first validated by using a numerical 

experiment against a transversely isotropic rock with a homogeneous linear 

elastic model in Fig. 4-1. Fig. 4-2 shows that five elastic constants obtained 

by all suggested methods agree perfectly with the true elastic constants after 

four to five iterations. With the actual set of five elastic constants of 

Yeoncheon schist in Table 4-2, Fig. 4-3 shows how the inversion process 

optimizes the elastic constants to the true values. These results confirmed 

the validity of the suggested methods: SS method, SB method, and UB 

method. 

 

 
Fig. 4-2. Variation of elastic constants with number of iterations for (a) SS method, 

(b) SB method, and (c) UB method. The dashed lines indicate the true values in 

Table 4-1, and the coring angle is 20°.  
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Fig. 4-3. (a) Variation of elastic constants of Yeoncheon schist with number of 

iterations for SS method. Distribution of (b) circumferential and (c) axial stresses. 

(φ = 75°) 



 

 56

4.2 Validation with heterogeneous transversely isotropic 

material 

 

 
Fig. 4-4. Distribution of E2 on heterogeneous specimens for (a) UCS, (b) strip load, 

and (c) Brazilian tests. Axial stress distribution of (c) UCS, (b) strip load, and (e) 

Brazilian tests. The coring angle is 45° with the heterogeneity followed Case 1 in 

Table 4-1. 
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To make a more realistic representation of real rock, the numerical 

validation considering the heterogeneity was performed. Heterogeneity of 

elastic constants was realized by conducting a Monte-Carlo analysis by 

assigning different elastic constants at each 2 mm size element, as shown in 

Fig. 4-4. The distributions of elastic constants obeyed the normal 

distribution with two heterogeneous cases (Case 1 and Case 2), as shown in 

Table 4-1, where the coefficients of variation of the elastic and shear 

modulus were 11.6% and 5.8%, respectively. Fig. 4-4 also shows the 

distribution of the axial stress owing to the strip and diametral loading. The 

uncertainty in the direction parameters, such as the coring angle, φ, and the 

rotating angle, θ, which can affect the measurement, were also considered in 

this numerical validation. The direction uncertainty followed a normal 

distribution, but a uniform distribution was used for the rotating angle 

uncertainty of the 0° coring angle cases owing to the rotational symmetry. 

The strain gauge distribution followed Table 3-1. In this analysis, the 

maximum strip load was 80 kN, and the Brazilian test used up to 25 kN of 

diametral load. A total of one hundred specimens of heterogeneous 

cylindrical models and Brazilian disc models were generated for each coring 

angle. Five elastic constants and coring angles were determined by the 

Gauss-Newton method and substitution method, respectively. For 

comparison, TC method was used to determine five elastic constants from 
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two UCS tests with horizontal layer and 45° inclined layer with the 

heterogeneity model of Case 1. For the TC method in this validation, six 

strain gauges were modeled; these were circumferential and axial strains at 

θ = 0° and θ = 90° lines of the inclined layer model and one point of the 

horizontal layer model. 

 
Table 4-1. Heterogeneity of elastic constants and the uncertainty of direction. 

(Element size : 2 mm) 

Case Parameter E1
* (GPa) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) φ (°) θ (°)† 

 Average 75.00 60.00 17.00 0.2600 0.2400 0-90 0 

Case 1 Standard Deviation  9.03  6.98  1.98 0.0388 0.0388 2 3 

Case 2 Standard Deviation  4.95  3.49  0.99 0.0194 0.0194 2 3 
* E1 follows the resultant distribution of E1/E2 ~ N (1.25, 0.0388) and E2. 
† If the coring angle φ is close to 0°, the uncertainty of rotating angle θ 
follows the uniform distribution from 0 to 360°.  
  

Fig. 4-5 shows the elastic constants determined by the suggested methods 

together with the true elastic constants and the elastic constants determined 

by the conventional TC method. In both SS and SB methods, the average 

elastic constants agreed with true elastic constants thereby demonstrating 

the validity of suggested methods, even in heterogeneous rock. The 

variations of determined parameters by SS method depended greatly on the 

coring angle (Fig. 4-5b). As the coring angle increased, the variations of E1 

and ν1 declined and the variation of E2 augmented. With coring angle closer 

to 0° or 90°, the variation of G2 increased. The SS method was more 
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accurate with high coring angles than with low coring angles because the 

core with highly-inclined layer is close to the vertically layered core, which 

have three independent strains under uniaxial load, while the horizontally 

layered core has only two independent strains.  

The dependence of the elastic parameter variation on the coring angle 

may be due to the use of loading in only one direction. Considering the 

distribution of forces by direction against the layer, elastic parameters in 

directions close to the loading direction contribute more significantly to the 

measured strains, but elastic parameters in other directions have a small 

effect on the measured strains. The heterogeneity or many kinds of practical 

error factors are combined and perturb the strain at a point; the perturbation 

occurs differently at each strain gauge. Thus, it is difficult to determine the 

elastic parameters with a less effect on the measured strains from the 

complicatedly combined strain perturbation. 

In this regard, a number of remedies are possible. The first remedy is to 

perform a sufficient number of strip load tests. This may be available if a 

long core can be extracted from the ground. The second remedy involves 

using a sufficient number of strain measurements. Digital image correlation 

(DIC) and the use of many strain gauges allow for the simultaneous 

measurement of strains at multiple points on the specimen surface at the 

same time. However, DIC devices with sufficient resolution are expensive. 
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In addition, the number of simultaneously usable strain gauges is 

constrained by the number of channels in the data acquisition system. The 

third remedy is to limit its application to the rock under certain conditions. 

Other than careful experimentation and the use of state-of-the-art equipment, 

it may be necessary to apply this method to certain rocks only with little 

heterogeneity and nonlinearity. As Fig. 4-5c shows, this can ensure the 

accuracy of the determined elastic constants. The fourth remedy is to 

perform a test with a load in a direction different from the axial direction to 

obtain different sets of stress-strain data in addition to the strip load test.  

Diametral loading with a loading jaw for the Brazilian test can be readily 

applied because the specimen can be obtained by cutting a part of the long 

cylindrical core. Therefore, this study investigated the Brazilian test to 

complement the strip load test by adopting the fourth remedy. 

According to Fig. 4-5d, the performance of the SS method was improved 

by the additional Brazilian test. The accuracy of the SB method was 

comparable to or even better than that of the TC method. The SB method for 

cases of a coring angle below 30° showed narrower variation of elastic 

constants than the TC method, except G2. Compared with the SS method, 

the accuracy of G2 determination was not as enhanced as the others because 

the Brazilian test designed in Fig. 3-1 has little effect on the shear 

component. The variations in the determined elastic constants were 
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relatively large for cases of 45° coring angle. However, the overall accuracy 

was still acceptable. UB method has the relatively larger variation of 

determined elastic constants around 45° coring angle than this by SB 

method, but variations in other coring angles were similar.  

 

Table 4-2. Heterogeneity of elastic constants based on Yeoncheon schist (Cho et al., 

2012) and the uncertainty of direction. (Element size : 2 mm)  

Case Parameter E1
* (GPa) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) φ (°) θ (°)† 

 Average 72.10 21.20 13.70 0.2500 0.1600 0-90 0 

Case 1 Standard Deviation  8.42  2.47  1.59 0.0388 0.0388 2 3 
* E1 follows the resultant distribution of E1/E2 ~ N (3.4, 0.0388) and E2. 
† If the coring angle φ is close to 0°, the uncertainty of rotating angle θ 
follows the uniform distribution from 0 to 360°.  
 

The numerical validation was completed for the elastic constants of 

Yeonchen schist (Cho et al., 2012) by applying the assumed heterogeneity in 

Table 4-2, which shows similar relative degree of heterogeneity with 

heterogeneity model in Table 4-1. The angle was not optimized in this case. 

Fig. 4-6 shows that the proposed method succeeded in finding the true 

elastic constants, and the variation of elastic constant for each coring angle 

and each method was similar to the corresponding variation of elastic 

constant in Fig. 4-5. In conclusion, the current methods can be applied to the 

material which have actual combination of elastic constants, and the current 

direction uncertainty is not critical to the accuracy of those methods. 
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Fig. 4-5. Box plots of elastic constants determined by (a) TC method, (b and c) SS method, (d) SB method, (e) UB method, and (e*) UB method 

associated with Saint Venant empirical relation. The dashed lines represent the average elastic constants in Table 4-1. 
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Fig. 4-6. Box plots of elastic constants determined by (a) TC method, (b) SS method, (c) SB method, (d) UB method, and (d*) UB method associated 

with Saint Venant empirical relation. The dashed lines represent the average elastic constants in Table 4-2. 
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4.3 Parametric study 

* Error in measured coring angle 

Measurement error can arise when measuring the dip angle of layer, 

which is identical to the coring angle. Based on elastic constants of 

Yeoncheon schist in Table 4-2, Fig. 4-7 shows that an error of 5° for the 

measured coring angle can induce an error of determined elastic constants 

up to 30%. The previous Monte-Carlo analysis showed that 2° of standard 

deviation for the coring angle variation can still attain a reasonable 

estimation of elastic constants. Thus, the angle measurement should be 

performed with an accuracy of few degrees. This degree of accuracy can be 

achieved by the ordinary protractor.  
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Fig. 4-7. Errors of elastic constants due to ±5° difference of coring angle. 
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* Applicability for various combinations of elastic constants 

For combinations of elastic constants in Table 4-3, the Monte-Carlo 

analysis using heterogeneous model as illustrated in Table 4-4, which is 

equivalent to Case 1 in Table 4-1, was performed to verify the general 

applicability of proposed methods. Fifty cases for each method and each 

coring angle were tested. Fig. 4-8 shows that the relative variations of 

elastic constants augment as the anisotropy ratio of E1 over E2 becomes 

higher. According to Fig. 4-9, as G2 over GSV becomes higher, the variation 

of elastic moduli declines but the variation of shear modulus augments. In 

Fig. 4-10, the first Poisson’s ratio did not significantly affect the accuracy, 

but the increase in the second Poisson’s ratio decreases the accuracy 

dominantly. This trend of accuracy change depending on the coring angle 

was distinct for SS method. SB method also showed the similar trend, but 

the overall accuracy was still high.   

 

Table 4-3. The combinations of elastic constants. GSV is the second modulus 

estimated by Eq. (2-7). 

Figure E1/E2 (-) E2 (GPa) G2/GSV (-) ν1 (-) ν2 (-) 

Fig. 4-8(1) 1 20 1 0.4 0.1 
Fig. 4-8(2), Fig. 4-9(2), Fig. 4-10(2) 2 20 1 0.4 0.1 

Fig. 4-8(3) 4 20 1 0.4 0.1 

Fig. 4-9(1) 2 20 0.5 0.4 0.1 

Fig. 4-9(3) 2 20 1.5 0.4 0.1 

Fig. 4-10(1) 2 20 1 0.1 0.1 

Fig. 4-10(3) 2 20 1 0.4 0.3 

Fig. 4-10(4) 2 20 1 0.1 0.4 
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Table 4-4. Heterogeneity of elastic constants based on Table 4-3 and the 

uncertainty of direction. (Element size : 2 mm)  

Parameter E1/E2 (-) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) φ (°) θ (°)† 

Average E1/E2 E2 G2 ν2 ν2 0-90 0 

Standard deviation  0.0388  0.116*E2 0.116*G2 0.0388 0.0388 2 3 
† If the coring angle φ is close to 0°, the uncertainty of rotating angle θ 
follows the uniform distribution from 0 to 360°.  
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(1) E1/E2 = 1 (2) E1/E2 = 2 (3) E1/E2 = 4

 

Fig. 4-8. Box plots of (Top) elastic and shear moduli normalized by true values and (Bottom) Poisson’s ratio (G2/GSV = 1, v1 = 0.4, 

v2 = 0.1). 
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(1) G2/GSV= 0.5 (2) G2/GSV= 1 (3) G2/GSV= 1.5

 

Fig. 4-9. Box plots of (Top) elastic and shear moduli normalized by true values and (Bottom) Poisson’s ratio (E1/E2 = 2, v1 = 0.4, v2 

= 0.1). 

 



 

 70

(1) v1 = 0.1, v2 = 0.1 (2) v1 = 0.4, v2 = 0.1 (3) v1 = 0.4, v2 = 0.3 (4) v1 = 0.1, v2 = 0.4

 

Fig. 4-10. Box plots of (Top) elastic and shear moduli normalized by true values and (Bottom) Poisson’s ratio (E1/E2 = 2, G2/GSV = 

1). 
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Chapter 5. Laboratory validation of suggested 

method 

5.1 Specimen preparation and experiment 

5.1.1 Specimen preparation 

NX-sized cores from the three blocks of Asan gneiss were drilled at 0°, 

20°, 40°, 70°, and 90° in the normal direction of their visual foliation. This 

foliation was regarded as the weak plane and the visual layer of this rock. A 

total of twenty eight long cylindrical specimens and twenty two Brazilian 

specimens were sampled for the experiment; then, their coring angles were 

measured carefully. All samples were prepared following the ISRM 

suggested methods for the UCS and Brazilian tests, (Bieniawski and 

Hawkes, 1978; Bieniawski and Bernede, 1979) and were oven-dried for 24 

hours at 105 °C. Among them, fifteen long cylindrical specimens were 

selected for the strip load test, and twelve long cylindrical specimens were 

selected for the UCS test. In Fig. 5-1, one specimen with 40° coring angle 

was divided into two Brazilian discs, and one with 90° coring angle was 

discarded owing to experimental mistakes. 
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Fig. 5-1. Asan gneiss cores grouped by the coring angle φ.
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5.1.2 Laboratory test  

The strain gauges with a grid width of 3 mm and length of 10 mm were 

used for Asan gneiss specimens. This size of strain gauge is more than 10 

times the size of the largest ordinary grain. However, some specimens 

contained large inclusions of 10 mm or more, but the same size of gauge 

was used for all specimens for experimental consistency. Instead, the gauge 

was attached to avoid the inclusion. 

The strip load and Brazilian tests were performed as designed in Chapter 

3. For the strip load test, a servo-controlled loading machine was used to 

meet the recommended loading rate for the UCS test using the ISRM 

suggested method (Bieniawski and Bernede, 1979). For the Brazilian test, 

the loading rate recommended in the ISRM suggested method (Bieniawski 

and Hawkes, 1978) was applied by the same loading machine. The curved 

loading jaw was used to obtain the large contact angle 2α between the 

Brazilian disc and the jaw, which was measured at an average of 

approximately 20°. 

The UCS test was also executed to apply the TC method. The basic 

procedure of UCS tests followed the ISRM suggested method (Bieniawski 

and Bernede, 1979), and four to eight strain gauges were attached depending 

on coring angle φ of each core, as defined in Fig. 2-1b. For the specimen 

with inclined layer, the normal strains in circumferential, axial, and diagonal 



 

 74

directions at θ = 0° and 180° lines, as defined in Fig. 3-1, were measured by 

strain rosettes, and circumferential strains at θ = 90° and 270° were 

measured by strain gauges, as shown in Fig. 2-1b. The diagonal strain 

gauges were excluded for the vertically layered specimen. For the specimen 

with horizontal layer, four strain gauges measured axial and circumferential 

strains at two arbitrarily defined sides that were symmetric to each other 

because of axial symmetry. 

 
5.1.3 Strain sampling 

Under the assumption of linear elastic material, the strains for the UCS, 

Brazilian, and strip load tests were sampled using linear approximation at a 

certain range of compressive stress. This study mainly focused on the 

compressive stress range from 20 MPa to 35 MPa indicated by thick lines in 

Fig. 5-2, which was approximately half of the stress at failure of most 

Brazilian tests. The clear nonlinearity was observed at the initial part of the 

stress-strain curve. To mimic the nonlinear stress-strain relation in numerical 

modeling, it was approximated by a quadratic polynomial considering only 

the compressive strain as shown in Fig. 5-3. For the analysis considering the 

nonlinear stress-strain relation, the strains at approximately 30 MPa were 

also sampled.
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Fig. 5-2. Typical stress-strain curves of gneiss specimens under (a) UCS test and (b) Brazilian test. Indirect tensile stress was 

calculated by Eq. (2-10). 
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Fig. 5-3. Approximation of nonlinear stress-strain relation using second-order polynomial. Measured strains were obtained as the 

mean of two symmetrically placed strains. 
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5.2 Elastic constant determination from multiple 

specimens containing layers with different orientations  

5.2.1 Elastic constant determination 

Using multiple cores, five elastic constants of Asan gneiss were 

determined by the TC method; this method was regarded as a conventional 

in this study. This is because the standard method for determining 

anisotropic elastic constants is absent. A reference case in this study was 

determined by the TC method based on twelve cores in various orientations 

because larger number of cores can provide more reliable results (Cho et al., 

2012; Li et al., 2019). Table 5-1 lists the results and the second row is 

selected as the reference sets of elastic constants in Chapter 6. Table 5-1 

shows the stress dependency of elastic constants. As the stress increases, 

every elastic constant increases, but deformability anisotropy ratio E1/E2 

decreases. The stress dependency is pronounced in the direction normal to 

the layer where E2 and v2 are defined, but is insignificant for E1, G2, and v1. 

The similar stress dependency of elastic constants was also observed in 

other transversely isotropic rocks, e.g., slate and schist (Lérau et al., 1981; 

Condon et al., 2020). 
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Table 5-1. Elastic constants determined by TC method at different stress ranges 

Stress range E1
 (GPa) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) 

5-25 (MPa) 55.20 27.41 15.67 0.1333 0.0831 

20-35 (MPa) 57.54 32.30 16.19 0.1363 0.1151 

~50% of peak stress 64.97 48.67 16.86 0.1980 0.2572 
 

5.2.2 Determination of Dynamic elastic constants 

Anisotropy of dynamic elastic constant which is directly related to wave 

velocity is also important for geophysical exploration. In the current study, 

the ultrasonic measurement without confinement was performed; whereby 

the wave velocities were measured in each long cylindrical sample used for 

UCS or strip load tests. Dynamic elastic constants were determined by Eq. 

(5-1) and Eq. (5-3) (Lo et al., 1985, Kim et al., 2012) while C12 was 

computed by fitting the square of P-wave velocity depending on coring 

angles with Eq. (5-2), as shown in Fig. 5-4. Table 5-2 shows that they were 

similar to static elastic constants determined in the range of 20-35 MPa in 

Table 5-1. The dynamic elastic constants were slightly larger than the static 

elastic constants in the lowest stress level in Table 5-1. This may be due to 

the low porosity of Asan gneiss which is only 0.6-0.8%. Wang et al. (2021) 

reported that the static and dynamic elastic properties of sandstone 

assimilate after the crack porosity is closed, and Condon et al. (2020) also 

showed that the schist with low porosity had similar values for static and 

dynamic elastic properties. 
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where, VP, VSH,and VSV are P-wave, SH-wave, and SV-wave velocity, 
respectively, ρ is the core mass density, φ is the coring angle, and Cij is the 
stiffness matrix component in i-th row and j-th coloumn.  
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Table 5-2. Determined dynamic elastic constants  

Elastic constants E1 (GPa) E2 (GPa) G2 (GPa) v1 v2 

Static (20-35 MPa) 57.54 32.30 16.19 0.1363 0.1151 

Dynamic 56.56 31.34 15.75 0.3581 0.1211 
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Fig. 5-4. Variation of wave velocity against the coring angle φ. Solid lines are 

theoretical line based on Table 4-1. 

 

5.3 Elastic constant determination from a single-

orientation core 

The elastic constants in Fig. 5-5 were determined by the suggested 

methods based on linear stress-strain relation, the TC method, and the Saint 

Venant method, for comparison. During optimization of the suggested 

methods applied to the laboratory results, the parameters defining the 

direction of the core were fixed as measurements. This was because the poor 



 

 81

estimation of elastic constants was caused by the large difference between 

the optimized and measured directions. The results of the suggested 

methods were comparable with those of the existing methods, although 

larger variations were observed in some orientations. The results of all 

determined elastic constants revealed a few notable outliers that may need to 

be discarded in actual experiments. However, this degree of outliers is often 

observed in rock mechanics tests even for an isotropic rock, especially when 

rock is more heterogeneous. The variation or outliers of the determined 

elastic constants appear to depend on the orientation, and their overall trends 

are similar to the results of the numerical validation. 

In detail, the SS method showed the highest accuracy for cores with a 

coring angle of approximately 70°. However, the determined E1 and ν1 with 

lower coring angle showed a large variation, and the determined E2 and G2 

for a coring angle of 90° were significantly different from those obtained by 

the TC method. Overall, the SB method significantly improved the accuracy 

by the supplementary Brazilian test for low coring angle cases, but the 

variation was slightly larger than that determined by the TC method 

probably owing to the smaller number of strain measurements. The variation 

in the elastic constants was the largest in cases with a coring angle of 

approximately 40°, as shown in the numerical validation. For the SB method, 

cases with 70° coring angle showed the highest overall accuracy. Detailed 
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discussions on the UB and Saint Venant methods are presented in section 

5.4.2 and 5.4.3. 
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            (5-4) 

where, n is the number of data and Xref is the reference value of parameter X.  
 
 

Table 5-3. Variation of determined elastic constants for 70° coring angle cases with 

respect to the reference values in Table 5-1. 

Method 
RRMSE (%) RMSE (-) 

E1 E2 G2 v1 v2 
SS 11 43 21 0.05 0.03 
SB 23 23 12 0.05 0.08 
UB  8 37 29 0.08 0.07 
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Fig. 5-5. Determined elastic constants by (a) TC method, (b) SS method, (c) SB method, (d) UB method, (d*) UB method associated with Saint Venant 

empirical relation, and (e) Saint Venant method with linear stress-strain relation model. The dashed lines represent the elastic constants determined 

from twelve cores in Table 5-1. The result of TC method is plotted against the difference of coring angle between two cores. 
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5.4 Discussion 

5.4.1 Monte-Carlo analysis considering realistic heterogeneity  

Additional Monte-Carlo analysis using the realistic heterogeneous model 

was conducted to analyze whether the variations of the elastic constants 

actually determined by the proposed methods for experiments could be 

expected. The average and standard deviation in Table 5-4 were calculated 

from the elastic constants determined by the TC method for twelve reliable 

sets of two actual UCS tests in order to prevent overestimating the standard 

deviation by the outliers generated by the sets with similar coring angles. 

The realistic heterogeneity model in Table 5-5 was calibrated to reproduce 

the statistical parameters in Table 5-4 from the twelve sets of corresponding 

numerical tests, as shown in Fig. 5-6. Monte-Carlo analysis was then 

performed by assigning different elastic constants at each 4 mm size 

element following the calibrated heterogeneity model in Table 5-5 and 

applying the TC, Saint Venant, SS, SB, and UB methods under the 

assumption of linear elastic behavior. One hundred cases for each method 

and each coring angle were tested. The expected variations of the elastic 

constants were represented by box plots in Fig. 5-7, and were compared 

with the actual experimental results, expressed by scatter plots in Fig. 5-7.  

Most elastic constants determined by methods using strip load test were 

within the simulated range of elastic constant considering the realistic 
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heterogeneity (Fig. 5-7b and c). However, there were some major exceptions 

out of the range indicated by the box plot in Fig. 5-7b and c, but these were 

expected at the experimental stage. Some of the exceptions were caused by 

the smaller number of attached strain gauges owing to practical issues, such 

as malfunction of the strain gauges. There were also elastic constants 

especially underestimated by the SB method below the range. This was 

because the Brazilian tests with 20° and 70° coring angle cores from the first 

gneiss block showed 0.3 to 1.0 times higher strains than the corresponding 

tests from other blocks. The inherent heterogeneity of rock may be the main 

cause of those exceptions, since this extent of strain variation occurs 

sometimes and may not be necessarily related to the Brazilian test itself. 
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Table 5-4. Average and standard deviation of elastic constants for calibration. 

Elastic constants were determined by the TC method for twelve reliable sets of two 

UCS tests from Asan gneiss.  

Parameter E1 (GPa) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) 
Average* 57.54 32.30 16.19 0.1363 0.1151 
Standard Deviation  3.98  2.12  0.98 0.0455 0.0195 
* The values in Table 5-1 were used. 

 

Table 5-5. Calibrated average and standard deviation of elastic constants direction 

parameters to reflect the observed heterogeneity (Element size: 4 mm)  

Parameter E1
* (GPa) E2 (GPa) G2 (GPa) ν1 (-) ν2 (-) φ (°) θ† (°) 

Average 57.54 32.30 16.19 0.1363 0.1151 measured 0 

Standard Deviation 19.40 10.89  5.84 0.0070 0.0891 2 3 
* E1 follows the resultant distribution of E1/E2 ~ N (1.7814, 0.0388) and E2. 
† If the coring angle φ is close to 0°, the uncertainty of rotating angle θ 
follows the uniform distribution from 0 to 360°.  

 

 
Fig. 5-6. Histogram for standard deviations of elastic constants determined by TC 

method using twelve reliable sets of numerical UCS tests corresponding to the 

actual tests. (Number of data: 500) 
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Fig. 5-7. Box plots of elastic constants determined by (a) TC method, (b) SS method, (c) SB method, (d) UB method, (d*) UB method 

associated with Saint Venant empirical relation, and (e) Saint Venant method and scatter plots of rearranged experiment results in Fig. 5-5. The 

dashed lines represent the elastic constants in Table 5-1. The result of TC method is plotted against the difference of coring angle between two 

cores. 
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As a result, the linear elastic model in SS and SB methods were validated 

by comparison with the variations of elastic constants based on the realistic 

heterogeneity model. Most of the determined elastic constants by the 

proposed methods were within the simulated range while those out of the 

range might result from exceptional factors observed in the experimental 

stage. Therefore, the factors causing the elastic constant variation by most 

suggested methods and the TC method had comparable effects on the 

determined elastic constants even if they were not necessarily alike.  

 

5.4.2 Application of Saint Venant empirical relation  

In experimental validation for Asan gneiss, most of the results obtained 

by the Saint Venant method associated with the Saint Venant empirical 

relation were consistent with the results of the TC method according to Fig. 

5-5. This was mainly because a second shear modulus of Asan gneiss is only 

10% smaller than the Saint Venant approximation of 18 GPa, which is 

consistent with the study on quartzfeldspathic rock reported by Worotnicki 

(1993). However, Nejati et al. (2019) showed that this amount of error 

caused by the Saint Venant empirical relation can lead to a large bias in E1 

and ν1 determined by the Saint Venant method for cores with a low coring 

angle. This was also observed in the additional Monte-Carlo analysis in Fig. 

5-7e, which significantly underestimated the elastic parameters for a low 
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coring angle. The expected ν1 was even negative. In addition, the variations 

of determined E1 and ν1 were too large for a low coring angle to rely on the 

experimental results. Therefore, the bias and variation caused by the usage 

of Saint Venant empirical relation should be considered in terms of the 

reliability of the Saint Venant method with a low coring angle. 

 

5.4.3 Suggestion of UB method 

The UB method is designed by replacing the strip load test with the UCS 

test in the SB method, as shown in Fig. 5-8. This was because four and two 

independent strain measurements from the UCS and Brazilian tests, 

respectively, are sufficient to determine five elastic constants for an 

inclined-layer core. For the horizontally or vertically layered cores, however, 

the shear component cannot be independently measured from the UCS test; 

as such, G2 cannot be determined. It is possible to determine G2 from the 

Brazilian test for vertically layered specimen if the loading is applied in the 

direction oblique to the strike of the layer on the cross-section surface, but 

this way of Brazilian test was excluded in this study to prevent shear failure. 

Instead, the Saint Venant empirical relation in Eq. (2-7) associated with the 

UB method was investigated in order to extend the applicability of the UB 

method to horizontally or vertically layered cores. Gonzaga et al. (2008) 

suggested the UB method only for horizontally layered core to supplement 
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his methodology, but this study extended its application to cores with 

various coring angles. When applying strain inversion, the modeled strains 

can be calculated analytically under some assumptions as shown in Eq. (2-

2) or Table 2-1, but both tests were numerically modeled in three-dimension 

to consider various physical conditions in this study.   
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Fig. 5-8. Schematic diagram of UCS test and Brazilian test for coring angle of 20° 

and 70°. 

 

UB method showed similar accuracy with SB method for a single-

orientation core with inclined layer. The numerical validation in Fig. 4-5d 

and Fig. 4-6d and parametric study in Fig. 4-7c to Fig. 4-10c consistently 

shows the similar accuracy for any coring angle between UB and SB 

methods. The laboratory validation in Fig. 5-5d also showed the same trend 

for the result of numerical validation for every coring angle except 70°, and 
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the simulated range of elastic constants by UB method also included most of 

determined elastic constants in Fig. 5-7d. However, the E2 was notably 

underestimated for 70° coring angle cases in Fig. 5-5d, and Fig. 5-7d shows 

that those data were out of the simulated range of elastic constants estimated 

by the linear elastic model. Those exceptions could not be linked to the 

experimental errors. This indicates the limitation of the linear elastic model; 

therefore, the nonlinear elastic model was investigated in section 5.4.4. 

If the Saint Venant empirical relation in Eq. (2-7) is acceptable, it can 

allow the applicability of the UB method to horizontally or vertically 

layered cores with high accuracy. During optimization, this empirical 

relation was adopted, and it worked as the additional condition for elastic 

constants. In Fig. 4-5e*, determined G2 showed large bias in 0° and 90° 

coring angle cases. This was because 17 GPa of the true second shear 

modulus was largely different from the value estimated by Saint Venant 

empirical relation, which was 26.3 GPa. E2 and v2 also showed large bias in 

only the 90° coring angle case because the 3D deforming effect for the 0° 

coring angle case was independent regarding G2 as shown in Fig. 5-14. 

However, numerical validation with an actual set of elastic constants of 

Yeoncheon schist in Fig. 4-6d* and laboratory validation with Asan gneiss 

in Fig. 5-5d* cases showed high accuracy because Asan gneiss adequately 

satisfied the Saint Venant relation. Fig. 5-7d* shows that the determined 
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elastic constants by UB method associated with the Saint Venant empirical 

relation were reliable according to the narrow variation and small bias of 

determined elastic constants. This contrasts with the fact that the Saint 

Venant methods for Asan gneiss core with low coring angle in Fig. 5-7e 

caused the large variation and bias of elastic constants. 

 

5.4.4 Consideration of nonlinear stress-strain relation 

If the reference elastic constants in Table 5-1 are used (Fig. 5-9a), the 

current linear elastic model significantly underestimates the strain at the 

center of the Brazilian disc. This may be one of the main causes for the 

underestimation of elastic moduli comparing to the reference elastic 

constants in Fig. 5-5c&d. This study examined the nonlinear relation at the 

initial part of the stress-strain curve as the cause of the strain 

underestimation for Brazilian test. This was because the nonlinear elastic 

behavior was significant in Fig. 5-2, and modeling the nonlinearity makes 

the elastic modulus at zero stress different from the elastic modulus under 

certain degree of compression. Furthermore, the Brazilian test generates the 

various stress states in a single specimen at low stress level; as such, it can 

be erroneous to model it with a single modulus if the material is highly 

nonlinear in that stress level. 

There were some existing models for modeling the initial part of 
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nonlinear stress-strain curve. Stefanov (2018) stated the bulk modulus 

depending on both stress and strain. This formula is for isotropic rock, and 

requires the volume of cracks and crack closure pressure. Corthesy et al. 

(1993) depicted the nonlinear behavior of transversely isotropic rock by four 

different functions relating the strain and stress by dividing them into 

volumetric and deviatoric components. This function can be determined by 

the biaxial reloading test with the hypotheses of equality of v1 and v2, and 

Saint Venant empirical relation. Finally, those functions were derived by the 

regression with a third-degree polynomial, which necessitates a number of 

parameters. Koroshun and Nazarenko (2014) studied the nonlinear 

deformation of composite material composed of nonlinear isotropic matrix 

and linear transversely isotropic inclusions. One may apply this model to 

transversely isotropic rock. Then, the validity of this model should be 

demonstrated, and determining all virtual parameters for elastic 

deformability and distribution of inclusion in the matrix is required. 

However, none of those models could be adopted in this study because Asan 

gneiss was not isotropic, the tests necessary to determine related parameters 

were not performed, and the analysis of Asan gneiss as the composite of two 

different materials is questionable.  

The current goal is to check how the determined elastic constants are 

affected by the fact that the elastic modulus increases as the material is 
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compressed. This study adopted the simple model, using strain-dependent 

elastic modulus. This model is based on the simple assumption, ‘The elastic 

modulus in certain direction for low stress level linearly increases as the 

compressive strain in that direction increases.’ If the strain in that direction 

is tensional, the elastic modulus is constant as the value at zero stress. The 

elastic moduli according to this model can be expressed as Eq. (5-5) which 

is derived from the approximate quadratic polynomials in Fig. 5-3. This 

model is not for suggesting the advanced theory of nonlinearity, but explains 

the observation from the Asan gneiss experiments. Even with this simple 

model of nonlinear stress-strain relation by Eq. (5-5), Fig. 5-9 shows that the 

consideration of nonlinearity enhances the accuracy of strain modeling for 

the Brazilian test. Therefore, the applicability of this simple model for 

nonlinear stress-strain relation was shown.  
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Fig. 5-9. Comparison between measured and modeled strains in axial and lateral 

directions at the center of Brazilian disc based on (a) M3 and (b) M4 models. 

Measured strains were obtained as the mean of two symmetrically placed strains.  

 

To consider the nonlinearity in proposed methods by the simple model, 

the nonlinear factor k was adopted to approximate the initial part of the 

nonlinear stress-strain relation by the second-order polynomial as follows:  

2
2 2, 4 ( 0)y y ref ref yE E k E kε σ ε= = + − <

         (5-6) 
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where, E2,ref is the second elastic modulus at the compressive stress of σref, 

which was 30 MPa in this study. The detailed derivation of Eq. (5-6) is 

presented in Appendix B. This nonlinear elastic model was only applied to 

the Brazilian test modeling. If the nonlinearity is also included in modeling 

the UCS or strip load tests, the convergence rate and the accuracy of 

iterative method decreased. This may be because the nonlinear factor and 

corresponding elastic modulus cannot be determined independently from the 

measured strains. For example, the measured εy under uniaxial compression 

for horizontally layered specimen cannot determine E2 and k at the same 

time. In this analysis, the strain sampled at the compressive stress of 30 MPa 

was used for the Brazilian test. To combine the strip load or UCS tests with 

the Brazilian tests, it was assumed that the set of five elastic constants in 

nonlinear elastic model of Brazilian test, including E2,ref, is the same with 

the average sets of elastic constants at the stress range of 20-35 MPa in 

other tests. Thus, a total of six parameters including k could be optimized. 

Due to the limited number of independent strains for the UB method, the 

nonlinear factor k for 0° coring angle was fixed as 7419.96 GPa, and the 

nonlinearity was considered in only the y-direction where the nonlinearity 

was most pronounced, as seen in Fig. 5-2 and Table 5-1. During 

optimization with nonlinear factor k, the minimum value of Poisson’s ratio 

was set to be zero. As a numerical validation, the numerical experiments 
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with elastic constants of Asan gneiss was conducted with the nonlinear 

stress-strain relation defined by Eq. (5-5). Fig. 5-10a&b shows that the SB 

and UB methods with the linear stress-strain relation can overestimate the 

first Poisson’s ratios for low coring angles and underestimate the second 

elastic modulus for high coring angles, which was also observed in the 

experimental results illustrated in Fig. 5-5. According to Fig. 5-10c&d, SB 

and UB methods considering the nonlinear factor k can be effective for 

reducing the error induced by the nonlinear stress-strain relation. 
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Fig. 5-10. Result of numerical validation. Determined elastic constants by (a) SB 

and (b) UB methods with linear stress-strain relation and (c) SB and (d) UB 

methods with nonlinear stress-strain relation. The dashed lines represent the 

reference elastic constants of Asan gneiss in Table 5-1. 
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The elastic constants in Fig. 5-11 were determined considering the 

nonlinear stress-strain relation, such that the problems of overestimation of 

the first Poisson’s ratio and underestimation of the elastic modulus in Fig. 5-

5 were relieved. One result from a core of 40° coring angle was excluded 

because it generated an outlier in determining Poisson’s ratio owing to the 

lack of measured strain. Table 5-6 shows that the accuracy for determining 

the elastic constant by the UB method was improved while this 

enhancement was not clear for the SB method. Especially for high coring 

angles, the underestimation problem for the UB method was relieved 

significantly. This indicates that the nonlinear stress-strain relation can be 

one of the mechanisms to overcome the limitation of the linear model, as 

indicated in Fig. 5-7d, and the UB method for cores with high coring angles 

has better to be associated with the consideration of the nonlinearity. 

However, the improvement in accuracy was not as large as that in Figure 5-

10, probably owing to other factors such as heterogeneity and friction. 

 

Table 5-6. Variation of determined elastic constants for 70° coring angle cases with 

respect to the reference values in Table 5-1. 

Method Stress-strain relation 
RRMSE (%) RMSE (-) 

E1 E2 G2 v1 v2 
SS Linear 11 43 21 0.05 0.03 
SB Linear 23 23 12 0.05 0.08 
SB Nonlinear 17 27 17 0.04 0.03 
UB Linear  8 37 29 0.08 0.07 
UB Nonlinear  4 20 16 0.05 0.05 
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Fig. 5-11. Determined elastic constants by (a) SB method and (b) UB method with 

nonlinear stress-strain relation model. The dashed lines represent the elastic 

constants determined from twelve cores in Table 5-1.  

 

5.4.5 Initial values for optimization 

 The current methodology enables the finding of true values if the initial 

values for optimization are within the realistic ranges for the deformability 

of the rock, as shown in Fig. 5-12. However, it is recommended to use a 

reasonable estimation for the elastic constants for better convergence. 

Because the stress in lower parts of specimen under strip load can be 

regarded as uniform, the initial inputs of elastic constants can be determined 

from the strain measurement at the lower part under the assumption of 

isotropic material. 
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Fig. 5-12. Variation of elastic constants with number of iterations by SS method. 

Initial sets of elastic constants are (E1 (GPa), E2 (GPa), G2 (GPa), v1, v2) = (a) (1, 1, 

0.5, 0, 0), (b) (50, 50, 20, 0.25, 0.25), (c) (100, 100, 50, 0.5, 0.4). The dashed 

horizontal lines indicate the true values. The dashed vertical lines indicate the 

number of convergence. The coring angle is 75°. 

 
 

5.4.6 Effect of 3D deformation in Brazilian test 

The three-dimensional deformation of the Brazilian disc affects the stress 

state on the surface, herein called ‘3D deforming effect’. This is because the 

deformation in the direction normal to the cross-section of disc induces 

additional stresses on the surface comparing with the stresses modeled 

under plane stress condition (Fig. 5-13). The extent of additional stress is 

not negligible for the disc with the diameter-to-thickness ratio, D/t, of 

around 2 which is too small to achieve the plane stress condition. Therefore, 

the tensile stress on the surface of the Brazilian disc is larger than this inside 

the disc, which can also be affected by the thickness and Poisson’s ratio. For 

isotropic Brazilian disc, the tensile stress can be up to 15% larger than the 
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analytic estimation under plane stress condition (Yu et al., 2006; Wei and 

Chau, 2013). If the rock is transversely isotropic, the 3D deforming effect 

can be negative or positive depending on parameter a and parameter b in Eq. 

(5-7) and direction of layer, as shown in Fig. 5-14. By using the apparent 

elastic constants in x′′ and z′′ directions based on a, b, and direction of layer, 

this effect can be estimated by the normal strain in y′′ direction expressed in 

Eq. (5-8), as shown in Fig. 5-13. According to Fig. 5-14, the error caused by 

the plane stress condition can be up to 40% in the realistic range of related 

parameters. When the diameter-to-thickness ratio D/t ranges from 1.75 to 

2.5, the relative difference in lateral stress with respect to the case where the 

ratio is 2 can reach approximately 10% (Fig. 5-15). For horizontal layer, 3D 

deforming effect is independent of b which is related to second shear 

modulus. Therefore, three-dimensional modeling is generally essential for 

assessing the stresses of the Brazilian test for a transversely isotropic rock. 
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Fig. 5-13. The distribution of normalized strain in the direction normal to the cross-

section of Brazilian disc with different b and corresponding additional tensile stress 

by 3D deforming effect. (a = 1, v1 = v2 = 0.1, ψ = 0°, φ = 45°, 2α = 20°, D/t = 2, 

εy’’,norm =εy’’  πDtE1/2P) 
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Fig. 5-14. Relative error of lateral stress at the center of the disc calculated by two-dimensional analytic solution in comparison 

with three-dimensional modeled lateral stress. (2α = 20°, D/t = 2) 
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Fig. 5-15. Relative error of three-dimensional modeled lateral stress varying the thickness with respect to the lateral stress with the 

diameter-to-thickness ratio of 2. (a = 1, 2α = 20°) 
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5.4.7 Determination of indirect tensile strength by three-dimensional 

modeling 

The indirect tensile strengths for all Brazilian tests were calculated by 

four models considering different physical conditions for comparison. 

Model M1 was an isotropic linear model under line load and plane stress 

condition, which corresponds to Eq. (2-10) and black line in Fig. 5-16. 

Model M2 was a two-dimensional anisotropic linear model under uniform 

stress within contact area in Appendix A (Lekhnitskii, 1968); for which the 

reference elastic constants in Table 5-1 were adopted. The difference of 

indirect tensile strength between models of M1 and M2 with 0° coring angle 

was solely due to the loading condition difference, which indicates that the 

wide contact area reduces the indirect tensile strength under the same peak 

load. The additional decrease and increase of indirect tensile strength were 

observed for φ < 45°, ψ = 90° and φ > 45°, ψ = 0°, respectively. This was 

the result of a complex combination of elastic constants and direction 

parameters, but the main reason of the trend in Fig. 5-16 was the change of 

b, which depended mainly on the apparent and approximated b in Eq. (5-9).  
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where, E1,a and E2,a is the apparent first and second elastic modulus, 
respectively, and G2,a is the apparent second shear modulus (Appendix C). 
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Model M3 was based on three-dimensional modeling to reflect the 3D 

deforming effect in addition to the second model. The indirect tensile 

strength increased by approximately 10 % owing to the 3D deforming effect, 

but this effect was negligible at a coring angle of approximately 40°. Model 

M4 considered the nonlinear strain-stress relation for three-dimensional 

modeling by adopting the strain-dependent elastic modulus in each direction, 

as expressed in Eq. (5-5). The nonlinear stress-strain relation increased the 

indirect tensile strength by less than 10% for cases of φ < 45°, ψ = 90°, and 

this effect was not significant in cases of φ > 45°, ψ = 0°. 
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where, Tmax, and Tmin are the maximum and minimum tensile strength, 
respectively. 

 

The anisotropy of the indirect tensile strength was analyzed by Eq. (5-10), 

which was for the anisotropy of the tensile strength by direct tensile test 

(Nova and Zaninetti, 1990). Li et al. (2020) showed that Eq. (5-10) captures 

the orientation-dependent tensile strength of the Brazilian tests well. The 

average line of model M4 matched most with its fitted line, which followed 

the physical intuition; the indirect tensile strength is almost analogous for 

cases where the tensile failure plane occurred perpendicular to the weak 
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plane (φ =0°, ψ = any, or φ > 45°, ψ = 0°) while this with ψ = 90° gradually 

decreased as the weak plane became close to tensile failure plane. Compared 

with model M4, model M1 evaluated the maximum indirect tensile strength 

as low as 10% while the minimum indirect tensile strength was evaluated as 

high as 25%. Thus, the difference between the minimum and maximum 

indirect tensile strength was almost half.  

 

Table 5-7. Information of model for Brazilian test. ID, physical conditions, and 

maximum and minimum indirect tensile strength fitted to the experimental results 

with Eq. (5-10). 

ID Load 
Anisotropic 

Deformability 
Modeling 
Dimension 

Stress-Strain 
Relation 

Elastic 
Constants 

Tmax 
(MPa) 

Tmin 
(MPa) 

M1 Line Isotropy 2D Linear Table 5-1 18.14 13.28 

M2 Area Anisotropy 2D Linear Table 5-1 18.55  9.51 

M3 Area Anisotropy 3D Linear Table 5-1 20.16  9.10 

M4 Area Anisotropy 3D 
Nonlinear 
(Eq. (5-5)) 

Table 5-1 20.38 10.70 

 

The deformability anisotropy influenced the determination of the tensile 

strength anisotropy by increasing the difference between maximum and 

minimum indirect tensile strength by approximately two times while the 3D 

deforming effect had much less effect on its difference. The nonlinear stress-

strain relation slightly increased both the maximum and minimum tensile 

strength. To sum up, in the order of anisotropic deformability, 3D 
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deformation, and nonlinear stress-strain relation, the effect on tensile 

strength and its anisotropy is large, and the anisotropy considering all of 

those physical conditions is consistent with physical intuition. However, the 

variation from the fitting line in Fig. 5-16b is relatively large, so more 

experimental validations may be necessary. 

As a result, the indirect tensile strength needs to be calculated by three-

dimensional modeling considering the elastic model of transversely 

isotropic rock. This elastic model, including anisotropic deformability and 

nonlinear stress-strain relation, can be determined from a core in single 

orientation by previously developed methods using torsion test or triaxial 

test, or by novel methods proposed in this study. Therefore, even with only a 

core in a single orientation, the indirect tensile strength of the Brazilian test 

can be reliably determined by three-dimensional modeling considering the 

anisotropic elastic model determined using the same core.   
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Fig. 5-16. Indirect tensile strength determined by models of M1-M4 in Table 5-7 against the coring angle. (a) Average lines and (b) 

lines fitted with Eq. (5-10). Scatter plot indicates the determined indirect tensile strength for all Brazilian tests. 
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5.4.8 Approximate formulae of stresses at the center of the Brazilian 

test 

The approximate formulae for two-dimensional analytic solution of stress 

distribution in the Brazilian test (Lekhnitskii, 1968) are suggested as 

denoted in Eq. (5-11). These formulae are in explicit and simple forms, such 

that they can be used with certain combinations of elastic constants and 

direction parameters showing negligible 3D deforming effect. Compared 

with the approximate formulae by Claesson and Bohloli (2002), these 

formulae can consider the contact angle with higher accuracy for a larger 

range of parameters, as shown in Table 5-8, whereas the loading direction is 

limited to 0° and 90°. The direction of layer can be considered by adopting 

the apparent modulus in Eq. (C-4). 

 

( )2
4

2 ,

1

2

1 1
4 4

2 ,

2 2

6 sin 2
0.96 3 1 1

3sin

2 sin 2 35 15 3 5 9 35

sin 64 32 4 4 4 256

D axial

D lateral

EP
b

Dt E

E EP
b b

Dt E E

α α
σ

π α

α α
σ

π α

+
= − + + − −

−
= − + + − − +

  
  
  

        
    

(5-11) 

 

Table 5-8. Relative error of approximate formulae, Eq. (5-11), with respect to two-

dimensional analytic solution. (Lekhnitskii, 1968) (2α = 0.2°-24°) 

Parameter range 
Maximum relative error (%) 

σ2D,axial σ2D,lateral 

a∈(0.75,1.25), b∈(0.75,1.25) 0.6 0.9 
a∈(0.5,2), b∈(0.5,2) 3.4 2.5 
a∈(0.25,4), b∈(0.5,2) 5.2 4.9 
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Fig. 5-5 shows that the five elastic constants of transversely isotropic rock 

were able to be determined even without the consideration of the nonlinear 

stress-strain relation, and it has minor effect on the maximum and minimum 

indirect tensile strengths fitted with Eq. (5-10) in Table 5-7. Thus, Eq. (5-12) 

was suggested as an approximate formula for three-dimensional modeling 

with the linear elastic model. A total of 16800 Brazilian models were 

generated with diameter-to-thickness ratio of (1.75, 2.5), a of (0.5,4), b of 

(0.5,2), v1 of (0.1,0.4), v2 of (0.1,0.4), and coring angle of (0°, 90°). The 

axial and lateral stresses were obtained from the center point of the disc 

surface. The contact angle 2α was assumed to be 20°, and loading direction 

ψ was limited to 0° and 90°. The numbers of coefficients for axial and 

lateral stress in Eq. (5-12) are 432 and 1080, respectively, and they were 

determined by the least square method. Table 5-9 shows that Eq. (5-12) can 

alternate the numerical modeling with high accuracy. This formula allows 

much faster determination process considering 3D deforming effect, and it 

can also be useful if the material is almost linearly elastic, such as limestone 

(Gonzaga et al., 2008). 
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Table 5-9. Relative error of approximate solution, Eq. (5-12), with respect to three-

dimensional modeling. 

Parameter range 
Maximum relative error (%) 
ψ = 0° ψ = 90° 

σ3D,axial σ3D,lateral σ3D,axial σ3D,lateral 
a∈(0.75,1.25), b∈(0.75,1.25) 0.5 1.2 0.5 1.3 

a∈(0.5,2), b∈(0.5,2) 1.4 3.4 0.6 1.7 
a∈(0.5,4), b∈(0.5,2) 2.0 3.4 1.0 6.1 

 
 

5.4.9 Influence of anisotropy for fracture-initiation pressure 

prediction – engineering application 

As an engineering application, the influence of anisotropic deformability 

on fracture-initiation pressure (FIP) prediction was analyzed in the virtual 

formation of Asan gneiss. This transversely isotropic formation is assumed 

to follow the linear elasticity and the wellbore is under the plane strain 

condition. Seepage and gravity around the wellbore are neglected. For 
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simplicity, FIP is defined as the wellbore pressure causing the wellbore 

breakout (Ma et al., 2019), and the tensile failure on the surface satisfying 

Eq. (5-13) (Ma et al., 2019) was considered as the only cause of the 

wellbore breakout initiation. The first principal stress is the maximum 

principal stress because the tensile stress is positive in this analysis. Table 5-

10 shows the given parameters and the calculated parameters based on 

isotropic and anisotropic models. The anisotropic deformability model has 

five elastic constants as demonstrated in Table 5-1. The isotropic 

deformability model only used E1 and v1 in Table 5-1 as elastic modulus and 

Poisson’s ratio, respectively. The deformability model was used for 

calculating the indirect tensile strength from the Brazilian tests for the 

available core and the FIP in the given formation. As a condition of this 

example, only single-orientation core with vertical foliation was available, 

as shown in Fig. 5-17a, and the Brazilian tests were performed with the load 

parallel (ψ = 90°) or perpendicular (ψ = 0°) to the strike of the layer. 
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      (5-13) 

where, σeff,p1 is the effective first principal stress, σp1 is the first principal stress, β is 
the angle between the foliation and the first principal stress, Pp is the Pore pressure 
in matrix, α is the Biot’s coefficient, and T is the tensile strength. 
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Table 5-10. Input parameters for FIP prediction in Asan gneiss formation. 

 Object Parameter 
Deformability model 
Isotropy Anisotropy 

Given 
Formation 

Horizontal stress, σz (MPa) 47.60 
Vertical stress, σy (MPa) 61.20 
Biot's coefficient, α (-)  0.80 
Pore pressure in matrix, Pp (MPa) 30.50 
Well diameter (mm) 54.00 

Brazilian 
test 

Applied load, P (kN) 
ψ = 0° 40.80 
ψ = 90° 25.37 

Calcul
ated 

Brazilian 
test 

Indirect tensile 
strength (MPa) 

Tmax (ψ = 0°) 17.81* 20.16 
Tmin (ψ = 90°) 11.08* 9.10 

Formation Wellbore pressure, Pw (MPa) 74.79 70.78 
*: Calculated by Eq. (2-10) 

z

x

y

(a)

61.2 MPa 

47.6 MPa 

z

y

Pw

Pp = 30.5 MPa

61.2 MPa 

47.6 MPa 

θ

(b)

α = 0.8

* Plane strain in x-direction

 
Fig. 5-17. (a) Diagram of Asan gneiss formation under in-situ stresses and 

corresponding core with vertical foliation. (b) Cross-section of borehole in yz-plane. 
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This analysis shows the importance of anisotropy in deformability and 

tensile strength and the proposed method for determining the elastic 

constant. For both isotropic and anisotropic models, Eq. (5-13) was fulfilled 

on the well surface at θ = 90° & 270° in Fig. 5-17b, which indicates the 

tensile failure initiation. According to Table 5-10, the isotropic model 

overestimated FIP by +4.01 MPa, of which -2.35 MPa was due to the 

difference in estimated tensile strength from the Brazilian test, and +6.36 

MPa was due to the difference in constitutive relation of formation. Ma et al. 

(2019) studied the influences on FIP by the anisotropic deformability, the 

tensile strength anisotropy, and the in-situ stress anisotropy, separately. This 

analysis indicates that the anisotropic deformability has complex influences 

on FIP by affecting the determination of other factors such as tensile 

strength anisotropy. However, if only core with vertical foliation is available, 

there is no pre-existing method to determine five independent elastic 

constants except for methods using torsion test; the accurate torsion test is 

practically difficult. In this case, the method proposed in this study may be 

the only available method to determine five independent elastic constants. 
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Chapter 6. Conclusion and suggestion 

6.1 Conclusion 

This study suggests a novel method using strip load test to determine five 

elastic constants from a single-orientation core of transversely isotropic rock. 

The strip load test was designed to determine five elastic constants 

independently from a single specimen with layer in any orientations because 

the load applied to a certain part of the core cross-section can generate 

various stress states in one test. The method using strip load test can be 

executed with a single specimen or complemented by the additional 

Brazilian test for the disc specimen sampled from the same core. Numerical 

modeling was performed to simulate the complex stress field under strip 

loading, and strain inversion is followed to determine five elastic constants 

by minimizing the difference between numerically modeled and measured 

strains. Numerical validation and experimental validation with Asan gneiss 

were performed. The proposed methods were validated with respect to the 

conventional method using multiple cores because most determined elastic 

constants were within the ranges often observed during rock mechanics 

experiments. The SS method for a core with high coring angle showed fair 

accuracy, but large variations of one or more elastic constants were observed 

for a core with low coring angle probably owing to the limited direction of 
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loading to a single specimen. By supplementing the strip load test by the 

Brazilian test (SB method), the accuracy of determined elastic constants 

greatly improved. The UB method was additionally investigated owing to 

practical advantage, but this method is incomplete in that the empirical 

relation relating the second shear modulus with other parameters can only 

be applied to cores with horizontal and vertical layers. The UB method 

exhibited similar accuracy as the SB method for a core with inclined layer. 

Further improvement for determining the elastic constant was attained by 

considering the nonlinear stress-strain relation in modeling of the Brazilian 

test. The application of Saint Venant empirical relation was examined for 

experiments involving Asan gneiss in this study. Even little error of this 

empirical relation can lead to unreliable estimation of elastic constants by 

Saint Venant method owing to large variation and bias. By comprehensively 

studying the Brazilian test for transversely isotropic rock in the view of 

elastic behavior, it turned out that three-dimensional modeling with 

anisotropic deformability is necessary to determine the indirect tensile 

strength in order to avoid error of as large as 40% owing to the plane stress 

condition. Moreover, for determining the indirect tensile strength of the 

Brazilian test for Asan gneiss, the effect of nonlinear stress-strain relation is 

smaller than the effects of 3D deformation and deformability anisotropy, but 

consideration of nonlinear stress-strain relation together can result in a more 
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rigorous indirect tensile strength following physical intuitions, which exhibit 

similar values with failure plane perpendicular to the layer of the rock and 

decreasing trend with the decreasing angle between the failure plane and 

layer of the rock. The approximate formulae for stresses at the center of the 

Brazilian disc model was proposed based on two-dimensional and three-

dimensional linear elastic modeling considering anisotropic deformability. 

This can replace the numerical modeling or excessively complex analytic 

solution. These formulae will allow faster and more efficient determination 

process of mechanical properties. Especially for the UB method, the 

numerical tool modeling the stress and strain can be unnecessary for the 

quick determination of elastic constants and indirect tensile strength 

allowing some extent of errors.
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6.2 Comparison of suggested methods  

Table 6-1. Comparison among TC method and suggested methods  

  
Conventional TC method SS method SB method UB method 

# of core ≥2 1 1 1 
# of specimen ≥2 1 2 2 

Test 
UCS test 

Brazilian test 
Strip load test 

Strip load test 
Brazilian test 

UCS test 
Brazilian test 

Empirical relation Unnecessary Unnecessary Unnecessary 
Partly necessary  
(φ = 0° or 90°) 

Accuracy 
for 
Elastic 
constants 

φ≤45° Very high High for E2, G2, v2 High High 

φ>45° Very high High for E1, v1, G2, v2 High 
High with nonlinearity in 

deformation 

Numerical 
tool 
 

Elastic 
constant 
determination 

Unnecessary Necessary Necessary 
Necessary  

(X with approximate 
formulae) 

Indirect tensile 
strength 
determination 

Necessary 
(X with approximate 

formulae) 
- Necessary 

Necessary  
(X with approximate 

formulae) 

Stress range Wide Limited Limited Limited 

Compressive strength 
anisotropy determination 

Available - - 
Compressive strength for 

only one direction  
Tensile strength anisotropy 
determination 

Available - Partly available Partly available 
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6.3 Suggestion 

This study proposes two methods to determine elastic constants from a 

transversely isotropic rock core in a single orientation. The SS method was 

developed to determine five elastic constants from a single specimen with 

any direction of layer by using the conventional rock testing system and 

strain inversion. The soft loading plate is required, but it is cheap and easy 

to fabricate by 3D printer. This method is advantageous if the heterogeneity 

of material is low or the coring angle is high. The SB method was designed 

to increase the accuracy of the SS method by supplementing it with the 

Brazilian test. The accuracy of this method was even comparable to the 

conventional method using two specimens containing layers with different 

orientations. The UB method was also developed by integrating the uniaxial 

compression and Brazilian tests to determine elastic constants, but this 

method is incomplete because its application to the horizontally or vertically 

layered cores requires an empirical relation for second shear modulus. The 

indirect tensile strength can be determined rigorously by three-dimensional 

modeling, which can be determined from a single-orientation core by the SB 

and UB methods. To model the deformation of Brazilian disc better, the 

nonlinearity in the initial part of the stress-strain curve can be considered by 

the proposed simple model if the nonlinearity in the direction perpendicular 

to the layer is pronounced. For future study, the bi-modularity differing the 
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tensional and compression moduli can be considered instead of nonlinearity 

as per the results of some researchers, who explained the deformation of 

isotropic Brazilian disc by the bi-modularity (Patel et al., 2018; Wei et al., 

2021; Li et al., 2021). 

The proposed methods have several advantages compared with the 

conventional method using multiple specimens containing layers with 

different orientations. First, the elastic constants and corresponding indirect 

tensile strength can be determined only with a single-orientation core. 

Second, the local heterogeneity of elastic constants can be captured at the 

sample size level. Third, the expense or time for additional coring in 

different direction can be saved. This advantage is especially important for 

the condition where it is difficult to get intact core, such as damaged or 

weathered rocks. 

Strain inversion using numerical modeling in this study has two major 

hurdles for general application in the rock mechanics society. The first 

hurdle is that the hands-on programs are not currently available and one 

needs to develop such program in practice. This can be overcome by 

developing a user-friendly program. The second hurdle is the requirement of 

a numerical tool. This can be at least partially solved when it comes to the 

UB method which can use the approximate solution for the Brazilian test 

developed in this study. 
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Appendix A Two-dimensional analytic solution for 

Brazilian test by Lekhnitskii (1968) 

 

 

The two-dimensional analytic solution for Brazilian test was derived by 

Lekhnitskii (1968). The derivation here rearranged the work by Claesson 

and Bohloli (2002). Airy’s stress function defined by Eq. (A-1) makes the 

stress fulfilling the force balance. By applying constitutive equation and 

compatibility equation with Eq. (A-1), Eq. (A-2) is derived. 

2 2 2

1 1 1 12 2
, ,z z x x z x z x

F F F

z xx z
σ σ σ σ τ τ′ ′ ′ ′ ′ ′ ′ ′

∂ ∂ ∂= + = + = +
′ ′′ ′ ∂ ∂∂ ∂       (A-1) 

4 4 4

11, 13, 66, 33,4 2 2 4
2( ) 0
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S S S S

z z x xϕ ϕ ϕ ϕ
∂ ∂ ∂+ + + =

′ ′ ′ ′∂ ∂ ∂ ∂        (A-2) 

Using the general solution of Airy’s stress function, the stresses are 

expressed as Eq. (A-3) associated with (A-4)-(A-7) and (A-10) where (z′, x′) 

= (r cosθ, r sinθ) and Zj= z′ +μjx′.  
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Am and Bm (m ≥ 2) can be derived by solving Eq. (A-8) associated with Eq. 

(A-9) and (A-12).  
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By applying the boundary condition in Eq. (A-10), (A-11) and (A-12) are 

derived. Eq. (A-10) represents the uniform stress boundary with 20° contact 

angle. 
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Appendix B Derivation of nonlinear model at the 

initial part of stress-strain curve 

The nonlinearity model Eq. (5-6) was derived by assumptions as follows: 

( )0 0y yσ ε = =   

2,

y ref

y
ref

y

d
E

d
σ σ

σ
ε

=

=           (B-1) 

2

2
2y

y

d
k

d

σ
ε

=  

According to first and third conditions in Eq. (B-1), the second-order 

polynomial becomes Eq. (B-2) 

2
y y yk Cσ ε ε= +            (B-2) 

By adopting the reference strain εref corresponding to reference stress σref, 

Eq. (B-3) is formed. The parameter C can be obtained by solving Eq. (B-3), 

and Eq. (B-4) is derived. 

2

2, 2
ref ref ref

ref ref

k C

E k C

σ ε ε
ε

 = +
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          (B-3) 

2 2
2, 4y y ref ref yk E kσ ε σ ε= + −

        (B-4) 

Elastic modulus as an input parameter for the numerical code in this study 

should be the gradient of straight line passing the origin and the point in 

stress-strain plot instead of the gradient of the tangent line. 
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Appendix C Transformation of axis 

 

In two-dimensional analysis under plane stress, the constitutive matrix of 

transversely isotropic rock is transformed depending on the direction of 

isotropy plane. If xyz coordinate is transformed into x′y′z′ coordinate, the 

components of constitutive matrix on x′z′ plane are expressed as Eq. (C-2).  
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If x′y′z′ coordinate is transformed into x″y″z″ coordinate, the components 

of constitutive matrix on x″z″ plane are expressed as Eq. (C-3). 
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If loading direction ψ is equal to 0° or 90°, components of S16,ψ and S36,ψ 

become zero, so apparent elastic constants in Eq. (C-4) can be used for two-

dimensional analytic or approximate solution. 
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Appendix D Uniaxial compressive strength from Asan 

gneiss 

 

Uniaxial compressive strength for transversely isotropic rock has the 

anisotropy due to the weak plane. Assuming either shear failure along 

preexisting weak plane or across the weak plane, Eq. (D-1) can be derived. 

Sw is the inherent shear strength of the weak planes, and μw is the coefficient 

of internal friction along those planes. (Jaeger and Cook, 2007)  

 

3

3
1 3 max

0

2( )
min ,

(1 cot )sin 2
w w

w

S
UCS

σ

µ σσ σ
µ ϕ ϕ

=

  +
 = + 
 −  

       (D-1) 

 

Asan gneiss clearly shows the strength anisotropy as shown in Fig. D-1. 

The uniaxial compressive strength with shear failure along observed layer 

matched with Eq. (D-1) almost perfectly while the uniaxial compressive 

strength with compressive failure regardless of layer had some extents of 

variations. It shows that the observed layer worked as a weak plane. In 

addition, it may indicate that the strength property along weak plane is more 

homogeneous than the strength property within rock matrix.  
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Fig D-1. Variation of uniaxial compressive strength against the coring angle φ. The 

fitting line was fitted with Eq. (D-1) except for the outliers marked with the star. 

The point with the circle indicates the two data are overlapped. (Sw = 33.00 MPa, 

μw = 0.5396, UCSmax = 211.90 MPa, σ3 = 0 MPa) 
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초  록 

 

본 논문은 횡등방성 암석에서의 단일 방향 코어를 이용하여 탄성정수

를 측정하는 새로운 방법을 제시하고 이를 기존에 여러 방향 코어를 이

용한 방법과 비교함으로써 검증하였다. 대상하중(帶狀荷重)시험과 변형

률 역산을 이용한 방법(SS법)이 제시되었는데, 이는 대상하중시험이 다

양한 응력 분포를 한 시료 내에서 생성할 수 있기 때문이다. 연성가압판

은 대상하중시험이 기존 암석 시험 기기에서 수행될 수 있도록 제작되었

다. 대상하중하에서 생성된 복잡한 응력 상태를 모사하기 위해 수치해석

이 이용되었고, 변형률 역산을 이용하여 측정된 변형률과 수치모사된 변

형률의 차이를 최소화 시킴으로써 탄성정수를 산정하였다. 추가적인 방

법으로써 대상하중시험을 압열인장시험과 결합하여 탄성정수 산정 정확

도를 개선시킨 방법(SB법)도 제시되였다. 단축압축시험과 압열인장시험

을 결합한 방법(UB법)은 수평이나 수직의 등방면을 가지는 시료에 적용

할 수 없는 불완전한 방법이나 본 방법의 편의성과 실용성으로 인해 추

가적으로 검토되었다. 본 방법들을 검증하기 위해 비균질성을 고려한 수

치적 실험과 아산 편마암에 대한 실험이 진행되었다. SS법은 높은 코어

링 각도를 가지는 시료에 대해서 준수한 정확도를 보였으나, 하중의 제

한된 방향으로 인해 낮은 코어링 각도를 가지는 시료에서 한 개 이상의 

탄성정수에서 큰 분산이 관측되었다. 압열인장시험을 통해 SB법은 SS법

에 비해 정확도가 크게 개선되었고, UB법은 SB법과 유사한 정확도를 보

였다. 여러 방향 코어에 대한 기존 방법과의 비교를 통해, 제시된 방법

들로 결정된 탄성정수의 분산이 일반적인 암석 실험에서 관측되는 수준

임을 확인하였다. 실험적으로 결정된 탄성정수의 범위는 대부분 선형 탄

성 모델로 설명이 가능했으나 UB법을 고각의 등방면을 가지는 코어에 
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대해서 적용할 때는 탄성 계수가 저평가되는 문제가 발생하였다. 이는 

압열인장시험을 모사할 때, 응력-변형률 초기곡선에서 비선형성을 고려

함으로써 보완될 수 있었다. 생베낭 (Saint Venant) 경험식을 직접적으

로 단축압축시험과 결합하여 탄성정수를 산정할 경우, 낮은 코어링 각도

의 시료로부터 산정된 탄성정수는 낮은 신뢰성을 가지게 되었다. 횡등방

성 암석에 대한 압열인장시험에 대하여 탄성적 변형의 측면에서 종합적

으로 연구되었고, 압열인장시험에서의 간접 인장 강도 산정에 변형 이방

성을 고려한 3차원 모델링이 필요하다는 것이 보여졌으며, 이때 필요한 

탄성계수는 현재 제시된 방법으로 구할 수 있다. 비선형적 응력-변형률 

초기 곡선을 추가적으로 고려하는 경우, 단순한 비선형 모델의 한계에도 

불구하고 압열인장시험의 변형을 더 잘 모사하면서 물리적 직관과도 일

치하는 간접인장강도를 산정할 수 있었다. 압열인장시험에서 시편 표면 

중심에서의 응력을 선형 탄성 모델로 구한 근사식이 제시되었는데, 이는 

압열인장시험을 모사하기 위한 수치해석 프로그램을 대체할 수 있다. 본 

연구를 통해, 횡등방성 암석에 대한 탄성정수와 간접인장강도가 보다 효

율적이고 정확하게 산정될 수 있을 것으로 기대된다.   

 

주요어: 이방성, 횡등방성, 간접인장강도, 탄성정수, 변형률 역산, 

대상하중, 압열인장시험 
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