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Abstract 

 
The finite element analysis has provided a powerful numerical technique to solve 

complex boundary value problems in engineering field. Despite the robustness and 

effectiveness of the finite element analysis, the cumbersome meshing procedure 

limits the efficiency of the overall analysis procedure. The quadrilateral element or 

hexahedral meshing is challengeable for geometrically complex objects. Adopting 

high-order elements might increase the computational costs. Moreover, 

determining the adequate mesh refinement level or proper interpolation order 

requires additional effort. It would be optimal if we could achieve high accuracy 

solution using small number of low-order triangles, which would make the 

meshing process much simpler. For this reason we adopt the recently proposed 

overlapping element which shows high accuracy and insensitive to the mesh 

distortion.  

The incompressible analysis is another challengeable subject in the aspect of 

computational efficiency, because when the displacement-pressure mixed 

formulation is introduced to solve eessible problem, the stability of mixed element 

becomes important. For this stability issue, the conventional mixed finite elements 

are, in general, confined to high-order elements, which could raise the 

computational cost. 

In this study, we incorporated the overlapping element with the displacement-

pressure mixed formulation to avoid the difficulty of meshing process and reduce 

the computational cost using low-order triangular meshes. In overlapping element, 

displacement-pressure mixed formulation is available using the low-order triangles 

or tetrahedrons due to its enlarged displacement space without breaking the 

stability. We present the available combinations of displacement and pressure 

variables, which are stable independent of mesh patterns. Also, we present the 

effective combinations which show more accuracy and efficiency compared to the 

conventional mixed finite elements. Finally, we present a practical three-

dimensional problem introducing the new procedure for the protein dynamics. By 

adopting the mixed overlapping element in protein dynamics, we could reduce the 

computational cost significantly without loss of accuracy. 

 

 

Keyword : Finite element analysis, Enhanced finite element, Overlapping element, 

Mixed formulation, Inf-Sup condition, Stability of mixed overlapping 

element 
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Chapter 1 

 

 

 

Introduction 
 

 
1.1 Background and objectives 
 

The finite element analysis is a well-established numerical procedure, which have 

been widely used to solve complex boundary value problems appearing in 

engineering and scientific fields. Starting from 1940s with the classical approach of 

solid mechanics problems by replacing small portions of continuum by 

arrangement of simple elements1-4, the method had been developed and simplified 

by considering small portions or ‘elements’ in a continuum behave in a simplified 

manner5, 6. Clough first used the term ‘finite element’ for such numerical methods7. 

Well known for its robustness and effectiveness in the solution of boundary value 

problems, the finite element analysis has been extensively developed in the past 80 

years ranging from analysis of solids, fluids, and multi-physics problems to 

solution of complex nonlinear problems8-13. 

Despite the success of the finite element analysis, obtaining a good conformal 

mesh for solving problems remains a challenge. In engineering practice, the 

refinement level of mesh should be carefully determined as certain regions should 

be meshed fine enough if those regions contain steep stress gradient or singularities 

in geometry. It should be avoided that all the regions meshed too fine to avoid the 

excessive burden on available computational resources8. For some cases where the 

adaptive meshing is required, for example a large deformation analysis or crack 

analysis, the mesh can be distorted which might affect the solution negatively14. 

For another example, although the hexahedral element is commonly used for its 
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accuracy and efficiency, discretizing the complex geometries using the hexahedral 

mesh with the desired level of mesh refinement level requires a large effort, 

sometimes not available at all, whereas the discretization is straight-forward for 

tetrahedral mesh. Therefore, the meshing process requires an effortful judgement 

by a skilled engineer, which might make the process inefficient. 

In order to avoid such difficulties in the meshing process, various alternative 

techniques have been presented. One way to avoid the difficult meshing process is 

using the meshless or meshfree method. Starting from the work of Belytschko et 

al.15, who presented the element-free Galerkin methods, the meshless technique 

have been developed until recently such as the smoothed particle hydrodynamics 

(SPH) method16 and the method of finite spheres17-21. However, these meshless or 

meshfree methods have limitations in directly adopting the standard numerical 

techniques well-established in traditional finite element analysis. For example, 

applying the boundary conditions or performing the numerical integration might 

require additional effort, and sometimes, the method might require additional 

artificial stability parameters. 

Another approach is to enhance the performance of conventional finite 

elements by adopting the special enrichment functions to the conventional finite 

elements. The first approach have been presented in 1980s by Bathe and Almeida22-

24 who adopted the enrichment function in pipe problems to describe the cubic 

behavior of ovalization. Later on, Bathe and Chaudhary25 adopted the enrichment 

function to effectively describe the warping effects of beams. Moes and 

Belytschko26 provided the concept of extended finite element (XFEM) which is 

based on the generalized finite element method (GFEM) and the partition of unity 

method (PUM)27, 28. The extended finite element method adopted the enrichment 

functions to account for the presence of cracks or material discontinuities. 

More recently, Kim and Bathe14 focused on a scheme to increase the 

convergence rate of the traditional low-order finite elements using 3-node 

triangular and 4-node tetrahedral elements in two- and three-dimensional domains, 

respectively. The authors adopt the underlying finite element mesh enriched by 
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interpolation covers to significantly increase the convergence rates of solution. 

Zhang and Bathe29 had presented the improved version of such method, the 

overlapping element. The overlapping element incorporates the concept of the 

method of finite spheres (one kind of a meshless method) and the traditional finite 

elements enriched by interpolation covers29-32. The overlapping element is proven 

to have more increased convergence rates and insensitive to the mesh distortions 

still using the low-order elements such as 3-node triangles and 4-node tetrahedrons. 

They also provided a new scheme of solution, so called ‘AMORE (automatic 

meshing with overlapping and regular elements)’ scheme. In AMORE paradigm29-

31, 33, 34, the traditional finite elements, such as low-order quadrilateral or hexahedral 

elements, are used for the interior domain and the triangular or tetrahedral 

overlapping element are used for the boundary domains in which the conventional 

quadrilateral or hexahedral meshing is restricted and still require a high solution 

accuracy regardless of the mesh distortion. Using the AMORE scheme, both the 

efficiency of meshing process and the accuracy of solution can be achieved. Since 

the overlapping element provides effective solutions using low-order meshes, it can 

provide effective tool for solving incompressible problems where the conventional 

low-order mesh are restricted. 

Mixed finite element analysis is another important research area that has been 

developed and analyzed ranging from the classical contributions35-37 to more recent 

references8, 38-45. Unlike the traditional finite element analysis incorporating the 

single variable (usually displacement) as unknown variables, mixed finite element 

analysis incorporates at least two variables as unknown variables (usually 

displacement and pressure). The mixed finite element formulation typically results 

in a linear algebraic system of the general form 

  
T     

    
    

x fA B

y gB C
 

(1.1) 

 

where A and B are matrices and x, y, f, and g are vectors. 

When the problem is discretized with the mixed formulation, another 
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important property apart from the solvability, should be considered to have a good 

solution, the stability. The stability of the linear system is assured by examining 

whether the matrix B appearing in Eq.(1.1) satisfies a certain condition. This 

stability condition have been presented by Brezzi and Babuška38, 46, 47, so called the 

inf-sup condition (or Brezzi-Babuška condition). Additionally, the numerical 

procedure have been presented by Chapelle and Bathe48 for testing the inf-sup 

condition in pursuit of easy access to inf-sup condition for various finite elements 

developed.  

By the strict requirements of the inf-sup condition, the available mixed 

combinations of number of unknown displacement variables and the number of 

pressure variables are confined to certain quantities. In general, this strict condition 

leads to use only the high-order elements for conventional mixed finite element, 

such as 4-node triangular, 10-node tetrahedral, 9-node quadrilateral, and 27-node 

hexahedral elements.  

In this study, we focus on applying the overlapping element using low-order 

meshes, such as 3-node triangular and 4-node tetrahedral meshes to the 

displacement-pressure mixed formulation where the usage of low-order meshes is 

strictly restricted. Using the overlapping element, we expect the meshing process to 

be much simpler by using only triangular and tetrahedral discretization on the 

analyzed object. Also, we expect the overlapping element, for its enlarged 

displacement function spaces, to embrace the mixed pressure variables without 

breaking the stability condition. We present the effective combinations of 

displacement-pressure mixed overlapping element by testing various combinations 

of mixed overlapping elements. In addition, to show the effectiveness of the mixed 

overlapping element, we present a practical example of a three-dimensional 

problem introducing the new procedure of protein dynamics simulation using the 

mixed overlapping element. We expect to reduce the computational cost 

significantly without the loss of solution accuracy. 
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1.2 Research outline 
 

In Chapter 2, we introduce the formulation of the overlapping element in two-

dimensional domain. Then we expand the concept of overlapping element to three-

dimensional domain using the similar process established in two-dimensional 

domain. Also, we present the new shape function vector calculated from the 

overlapping element for later use in construction of finite element matrices. 

In Chapter 3, we present the concept of displacement-pressure mixed 

formulation with the procedure for constructing finite element matrices involving 

the displacement field obtained from the overlapping element. We introduce some 

traditional mixed finite elements, which have been proven to be stable. Also, we 

present the possible combinations of number of displacement variables and 

pressure variables for the mixed overlapping element which we expect to show 

stable solutions. 

In Chapter 4, we introduce the numerical procedure for the inf-sup test 

applicable in the mixed overlapping element. Then, we examine the stability of 

presented mixed overlapping element by performing the numerical inf-sup test. In 

addition, we examine the pressure solution whether it shows a smooth and 

reasonable profile for each tested mixed overlapping element. The results for inf-

sup test shows consistency with the results for the pressure distribution test. The 

mixed overlapping elements which pass the inf-sup test show the smooth and 

reasonable pressure distribution, whereas the mixed overlapping element which 

failed in the inf-sup test show the unphysical pressure distribution. 

In Chapter 5, we present four numerical example problems in two-

dimensional domain. We solve the example problems by using the stable mixed 

overlapping elements filtered out in the Chapter 4. Apart from the stability point of 

view, we present example problems to evaluate the accuracy and efficiency of 

mixed overlapping element in comparison with the conventional mixed finite 

elements. The results show that the linearly enriched overlapping element mixed 

with a single pressure variable shows effectiveness in general. For extreme cases, 

such as when bending of thin structures are considered, the quadratically enriched 
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overlapping element mixed with the continuous pressure variables shows 

effectiveness. 

In Chapter 6, we show the effectiveness of the mixed overlapping element by 

applying it to a practical three-dimensional problem, a protein dynamics. The 

conventional finite element procedure for protein dynamics adopts the traditional 

high-order mixed finite elements for solving the incompressible solvent medium 

around the protein structure. However, by using the low-order mixed overlapping 

element for the incompressible model, we reduced the computational cost 

significantly without deteriorating the accuracy. This chapter provides the good 

example for showing the effectiveness of the mixed overlapping element. 
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Chapter 2 

 

 

 

Introduction to the overlapping element 

 

 

2.1 Introduction 

 

Although the traditional finite element analysis is a powerful numerical technique 

that provides robust solutions for various engineering problems, it is often less 

accessible to general users due to the difficulties in the meshing process. The mesh 

refinement level should be carefully treated as a finer mesh is required for the 

regions with concentrated stress gradients or the regions across the geometries with 

singularities such as corners or interfaces of different parts. Additionally, when the 

structure of interest is to be discretized into quadrilateral or hexahedral elements 

with the predefined refinement level, it is often restricted to obtain the conformal 

hexahedral mesh of the arbitrary geometries by only using the desired range of 

number of elements. Using a simple triangular or tetrahedral discretization can be 

an alternative option, which is more accessible in the meshing process. However, 

the performance of such elements are relatively poorer than quadrilateral or 

hexahedral element, sometimes not available at all when analyzing, for example, 

incompressible structures8. So using a higher order element is required occasionally 

for triangular or tetrahedral meshes, and this causes the raise of the computational 

cost8, 38. For these issues, generating a finite element model to solve engineering 

problem requires a careful judgement of a skilled engineer with severe amount of 

time. 
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To overcome the difficulties of meshing process without raising the 

computational cost, there have been many alternative approaches presented such as 

meshless methods, polygonal or polyhedral finite elements, etc15-18, 20, 21, 49, 50. 

However, these alternative numerical methods still have limitations in that, for 

example, treating the boundary condition or numerical integration requires 

additional effort.  

Overlapping element is another numerical technique that was proposed to 

reduce the effort of meshing process without raising the computational cost29-32, 34, 

51, 52. The overlapping is organized the combination of the traditional finite element 

method and the method of finite spheres (one kind of the meshless method). The 

simple triangular or tetrahedral mesh is used same as ones used in the lower-order 

triangular or tetrahedral element in the traditional finite element method. Since we 

use the simple triangular or tetrahedral mesh, the meshing process is as simple as 

the traditional finite element. Any arbitrary geometries can be discretized into 

triangular or tetrahedral mesh simply by using tessellation algorithms such as 

advancing front method53 and Delaunay triangulation54. The displacement field of 

overlapping element is approximated by using the modified local field functions 

adopting the concept of method of finite spheres. Since the displacement field can 

be expressed within a polynomial space, the numerical integration is straight 

forward as the traditional finite elements, which makes the integration process 

quite efficient. The newly proposed displacement field of overlapping element 

make it possible to have its solution to be more accurate even using the lower-order 

triangular and tetrahedral mesh. Also, the overlapping element is shown to be 

insensitive for the highly distorted meshes. The overlapping element can be used in 

combination with the traditional element. The finite element model can be 

generated computationally efficient even more by using the traditional element in a 

simple domain within a analyzed structure, and using the overlapping element in a 

complex domain, usually boundaries of geometry. The authors call this process the 

‘AMORE paradigm (automatic meshing with overlapping and regular elements)’, 

see for example31, 33. Regarding the advantages of overlapping element, it would be 
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a good alternative tool when solving the incompressible materials with complex 

geometry. 

In this chapter, we introduce the formulation of overlapping element in two-

dimensional domain presented most recently by Huang and Bathe31. Then, we 

expand the concept of overlapping element to three-dimensional domain using the 

similar process established in two-dimensional domain. Also, we present the new 

shape function vector calculated from the overlapping element for later use in 

construction of finite element matrices. 
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2.2 Approximation of the displacement field in 2D domain 

 

Overlapping element uses a modified displacement field adopting the concepts of 

traditional finite element method8 and the method of finite spheres17-19. We use the 

similar mathematical notations from the original paper most recently proposed by 

Huang and Bathe31. 

In the traditional finite element method, the displacement field is assumed to 

be the interpolation of several nodal unknowns attached to nodes of each element. 

In each local element, the displacement field is expressed as 

 

   
1

q

I I

I

u h u


x x

 
(2.1) 

 

where q denotes the number of nodes determined by the shape and the polynomial 

order of the element. The function,  Ih x , is the nodal shape function 

corresponding to the node I. The symbol, Iu , is the nodal unknown variable which 

usually means the displacement in most elasticity problems. 

In the overlapping element, the displacement field is expressed by the 

interpolation of local field functions,  I x . The local field functions are the 

spatial functions over a local domain with its center located at the node I. The local 

field functions are interpolated by the shape functions,  Ih x , which are the same 

shape functions for conventional three-node linear triangular element. 
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(2.2) 

 

The local field function,  I x , is used instead of Iu  in the overlapping element. 

The local field function is composed of the interpolated Shepard functions,  I

J x , 

and a series of nodal unknowns,  Ju x .  
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The interpolated Shepard function,  I

J x , is calculated by using nodal weight 

functions which will be described later on. The series of nodal unknowns  Ju x  

are nodal variables enriched by a set of predetermined polynomial basis and are 

expressed as following. 

 

  ˆ
J n Jn

n

u p ax

 

(2.4) 

 

Here, ˆ
Jna  is the nodal unknown variables of corresponding polynomial order n 

and node J, and np  is the polynomial term of n-th order polynomial basis.  
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T

T

np x y xy x y    p
 

(2.5) 

 

For example, the series of nodal unknowns corresponding to the node J using linear, 

bilinear, and quadratic polynomial basis can be expressed as Eqs.(2.6, 2.7, and 2.8). 

 

  1 2 3
ˆ ˆ ˆ

J J J Ju a a x a y  x
 

(2.6) 

 

  1 2 3 4
ˆ ˆ ˆ ˆ

J J J J Ju a a x a y a xy   x
 

(2.7) 

 

  2 2

1 2 3 4 5 6
ˆ ˆ ˆ ˆ ˆ ˆ

J J J J J J Ju a a x a y a xy a x a y     x
 

(2.8) 

 

Here, x  (or y ) simply means the local coordinate attached to the node J 

(coordinates measured from node J), to avoid possible ill-conditioned matrices 

when calculating the stiffness matrices of large structures. 
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Calculation of the interpolated Shepard function in 2D domain 

 

The interpolated Shepard functions,  I

J x , can be any functions satisfying three 

criteria:  

 

    i) Displacement compatibility along elements. 

ii) Partition of unity property ( 1I

JJ
  ). 

iii) Function of three weight functions located at three corner nodes of triangle. 

 

In this study, we adopt the most recent version of interpolated Shepard 

functions which Huang and Bathe31 has presented. First, a circular region centered 

at node I with the radius defined by the maximum distance between the node I and 

the adjacent nodes (labeled as 
max

Ir  in the Figure 2.1) is defined. This circular 

region is called the local support I. Additionally the minimum distance between the 

node I and the adjacent nodes is labeled as 
min

Ir  for later use. 

 

 

 

Figure 2.1. The local support I corresponding to node I of triangular element 
e . 

The additional virtual nodes (nodes 4, 5, and 6) are marked as red dots. 
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Next, the weight functions,  JW x , are defined for each corner nodes of 

triangular element region, 
e , as following: 
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otherwise

     
 


x

 

(2.9) 

 

with s given as 

 

  max/J Js d r x
 

(2.10) 

where Jd  denotes the distance between node J and a point x  inside the 

triangular element 
e , and 

max

Jr  is the support radius of local support I. Here, 

three virtual nodes (nodes 4,5 and 6 in the Figure 2.1) are added to the triangular 

element 
e  as well as the original corner nodes (nodes 1, 2 and 3). These virtual 

nodes and the corner nodes are used temporarily for interpolating the approximated 

Shepard functions. The auxiliary Shepard functions,  I

J x , are obtained by 

following relation. 

 

   
6

1

ˆ ˆI I

J i Ji

i
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x x

 

(2.11) 

 

where  ˆ
ih x  are the shape functions of classical 6-node triangular element each 

corresponding to original corner nodes and additional virtual nodes. The 

coefficients, ˆ I

Ji , are evaluated at six virtual and original nodal points defined 

previously. The details of the coefficients, ˆ I

Ji  , are described in the Table 2.1. 

Finally, the auxiliary Shepard function is updated by following relation, which 

is designed for minimizing the effect of severe mesh distortion. 

 

 
min max

max min max min

I II I

J J IJ

I I I I
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r r r r
   

 
x

 

(2.12) 

 

Here, IJ  denotes the Kronecker delta symbol. 
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Table 2.1. Nodal values used in interpolating auxiliary Shepard functions on a 

triangular element. 

 

The final form of the displacement field defined in Eq.(2.2) can be expressed as 

following. 
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For simplification, we define a new function,  Jf x , as 
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which reduces the displacement field form of Eq.(2.13) to Eq.(2.15). 
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Using the newly defined function,  Jf x , and the polynomial term np , we define 

a vector JF  as 

 

  [1 ]J Jf x y xy F x
 

(2.16) 

 

The vector JF  can be considered as a new shape function vector for node J, 

derived by the overlapping element. The nodal unknown vectors corresponding to 

JF  can be written as  

 

1

1

ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ

u u u u u

J J Jx Jy Jxy

v v v v v

J J Jx Jy Jxy

a a a a

a a a a

   

   

a

a
 

(2.17) 

 

where the subscripts in, for example, ˆ u

Jxa , means that nodal unknown is related 

with node J and the enriched polynomial term x. Finally, we express the 

displacement field approximated by the overlapping element using the new shape 

function vector F and nodal unknown vector ˆ u
a  for later use in construction of 

finite element matrices. 

 

 

 

1 2 3 1 2 3

1 2 3 1 2 3

ˆ

ˆ

T
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T
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(2.18) 

 

The displacement expressed in the vector form comprised of the new shape 

function vector F and nodal unknown vectors ˆ u
a  and ˆ v

a , we can perform 

differentiation directly on this new shape function vector F to obtain strain-

displacement matrix and to finally construct the overlapping element stiffness 

matrices. 
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2.3 Approximation of the displacement field in 3D domain 

 

To expand our mixed overlapping element for three-dimensional problems, we use 

the same procedure for interpolating displacement field as we have proceeded in 

two-dimensional case (Section 2.2). 

The displacement approximation consists of interpolation functions of 

conventional linear tetrahedral element,  Ih x , and the local field function, 

 I x , defined for a node I in a tetrahedral element region. 

 

     
4

1

I I

I

u h 


x x x

 

(2.19) 

 

We define the local field function,  I x , composed of the interpolated Shepard 

functions,  I

J x , and a series of nodal unknowns,  Ju x . 
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(2.20) 

 

The interpolated Shepard function,  I

J x , is calculated by using nodal 

weight functions which will be described later on. The series of nodal unknowns 

 Ju x  are nodal variables enriched by a set of predetermined polynomial basis 

and are expressed as in the two-dimensional case of Eq.(2.4). 

 

  ˆ
J n Jn

n

u p ax

 

(2.21) 

 

Here, np  is the polynomial term of n-th order three-dimensional polynomial basis 

which are given, for example, as  
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(2.22) 

 



 

28 

Subsequently, ˆ
Jna  is the nodal unknown variables of corresponding polynomial 

order n and node J. The series of nodal unknowns corresponding to the node J 

using linear and trilinear polynomial basis can be expressed as Eqs.(2.23 and 2.24). 

 

 (2.23) 

 

  1 2 3 4 5 6 7
ˆ ˆ ˆ ˆ ˆ ˆ ˆ

J J J J J J J Ju a a x a y a z a xy a yz a zx      x
 

(2.24) 

 

Here, x  (or y , z ) means the local coordinate attached to node J (coordinates 

measured from node J). This was intended for avoiding ill-conditioned matrices 

when some material points are located far away from the global origin. 

 

 

Calculation of the interpolated Shepard function in 3D domain 

 

In this section, we develop the concept of the interpolated Shepard function treated 

in the two-dimensional case (Section 2.2) to the three-dimensional case. As we had 

proceeded in the two-dimensional case, we define a spherical region centered at 

node I with the radius defined by the maximum distance between the node I and 

the adjacent nodes. We de note radius of the sphere as 
max

Ir . The spherical region is 

called the local support I. The minimum distances between the node I and the 

adjacent nodes is denoted as 
max

Ir  for later use. 

First, we define six additional virtual nodes located on the middle of each 

edge of a tetrahedral element 
e  as described in the Figure 2.2. The six virtual 

nodes located on each edge and four original nodes located on each corner of 

tetrahedron are used, temporarily, to calculate the approximated Shepard function, 

 I

J x . The auxiliary Shepard function,  I

J x , are obtained by following 

relation. 
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(2.25) 
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where  ˆ
ih x  are the shape functions of classical 10-node tetrahedral element 

each corresponding to original corner nodes and additional virtual nodes. The 

coefficients, ˆI

Ji , are evaluated at all virtual and original nodal points. We illustrate 

the detailed calculation of the coefficients, ˆI

Ji , in the Table 2.2. We use the weight 

function,  JW x , same as the one defined in the two dimensional case Eq.(2.9). 

 

 

 

 

 

 

Figure 2.2. Additional nodes (marked as red) for interpolation of auxiliary Shepard 

functions on a tetrahedral overlapped region 
e . 
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Table 2.2. Nodal values used in interpolating auxiliary Shepard functions on a 

tetrahedral element. 
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Finally, we update the auxiliary Shepard function by following relation, which was 

designed for minimizing the effect of severe mesh distortion. 
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(2.26) 

 

The final form of the displacement field defined in Eq.(2.19) can be expressed as 

following. 
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To simplify the equation (2.27), we define a new function,  Jf x , as 
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which reduces the displacement field form of (2.27) to (2.29). 
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Using the newly defined function,  Jf x , and the polynomial term np , we define 

a vector JF  as 

 

  [1 ]J Jf x y z F x
 

(2.30) 

 

The vector JF  can be considered as a new shape function vector for node J, 

derived by three-dimensional overlapping element. The nodal unknown vectors 

corresponding to JF  can be written as 
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(2.31) 

 

where the subscripts in, for example, ˆ u

Jxa , means that nodal unknown is related 

with node J and polynomial term x. 

Finally, we express the displacement field approximated by the overlapping 

element using the new shape function vector F and nodal unknown vectors, ˆ u
a , ˆ v

a , 

and ˆw
a , for later use in construction of finite element matrices.  
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(2.32) 

 

The displacement expressed in the vector form comprised of the new shape 

function vector F and nodal unknown vectors ˆ u
a , ˆ v

a , and ˆw
a , we can perform 

differentiation directly on this new shape function vector F to obtain strain-

displacement matrix and to finally construct the overlapping element stiffness 

matrices. 
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Chapter 3 

 

 

 

Displacement-pressure mixed formulation of 

overlapping element 

 

 

3.1 Introduction 

 

In this chapter, we introduce the concept of displacement-pressure mixed 

formulation with the process of constructing finite element matrices involving the 

displacement field considered in the overlapping element. Also, we present the 

possible combinations of number of displacement variables and pressure variables 

for the mixed overlapping element which we expect to show stable solutions.  

The pure displacement-based finite element formulation might lead to 

volumetric locking phenomena when solving incompressible materials 8, 38. The 

solution might lead to severely deteriorated results regardless of the mesh 

refinement level if the displacement variable is used solely as the unknown variable. 

This volumetric locking phenomena occurs because the displacement variables are 

subject to a constraint such that the volumetric strain (divergence of the 

displacement) are very small (or zero) in nearly incompressible media while the 

pressure must be kept at the finite level of order of the boundary tractions. The 

displacement-pressure mixed finite element formulation can be a solution to this 

volumetric locking problem in incompressible analysis. 

Although the displacement-pressure mixed formulation provides an effective 

treatment to the volumetric locking of incompressible problem, additional stability 
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issue might arise in mixed finite elements formed by mixed formulation. For this 

stability issue, the number of displacement unknown variables and the number of 

pressure unknown variables for each element should be carefully determined. If the 

pressure variables are used excessively compared to the number of the 

displacement variables, the element will behave similar to the pure displacement-

based formulation showing volumetric locking problems. On the other hand, if the 

number of pressure variables are too low, the convergence rate of the solution can 

be too low. For this reason, conventional mixed finite elements are often confined 

to high-order elements to avoid that the ratio of the number of displacement 

variables and the number of pressure variables be too low. And this may result in 

increasing the computational cost. 

On the other hand, the overlapping element can be mixed with the pressure 

variables still using the low-order triangles due to its enlarged displacement 

function spaces. For this reason, mixed overlapping element can achieve the better 

efficiency compared to the conventional mixed finite elements. Here, we introduce 

the process for the displacement-pressure mixed formulation of the overlapping 

element. Then, we present several kinds of mixed overlapping elements with the 

possible combinations of the number of displacement degrees of freedom and the 

number of pressure degrees of freedom. 
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3.2 Construction of matrices for the mixed overlapping 

element 

 

In displacement-pressure mixed formulation, both the displacement and the 

pressure are involved as independent variables. Thus, the general weak form of 

governing equation for linear elasticity can be expressed in two separate equations. 

 

       2
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(3.1) 

 

   0h

V h h h h

p
q d q Q


    

 
 
 

 u

 

(3.2) 

 

Here, hV  and hQ  are the space of finite element spaces where we seek for the 

displacement and pressure solution. The symbols hu  and hp  denotes the finite 

element solutions of displacement and pressure respectively. 

In the first equation Eq.(3.1), the strain energy is divided into the deviatoric 

strain energy part and the volumetric strain energy part in the first equation. The 

deviatoric strain energy part involves the deviatoric strain which is only related to 

the displacement unknown variables. The volumetric strain energy part involves 

the volumetric strain and the pressure which is related to both the displacement and 

pressure unknown variables. The second equation Eq.(3.2) constrains the relation 

between the volumetric strain and the pressure. The bulk modulus ( ), shear 

modulus (G), volumetric strain ( V ), and deviatoric strain ( ij  ) are given as 
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where E is the Young’s modulus,   is the Poisson’s ratio, ij  is the ij-th 

component of the strain, ij  is the Kronecker Delta symbol. By using the 

equations from Eq.(3.1) to Eq.(3.6), we can construct the mixed finite element 

matrices for solving incompressible analysis.  

The governing equation of incompressible elasticity can be expressed in 

element-wise matrix form using the overlapping displacement field and the 

assumed pressure field. The resulting mixed overlapping element formulation 

typically has a linear algebraic system of the form 

 

ˆ
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ˆ 0
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pu pp
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(3.7) 

 

where â  denotes the unknown displacement variable vector of the overlapping 

element, p̂  denotes the unknown pressure variable vector. The entries of the 

system of stiffness matrix are 

 

pp D DdV
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(3.8) 
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(3.9) 

 
T
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(3.10) 

 

where DB  denotes the deviatoric strain matrix, VB  denotes the volumetric 

strain matrix, C  denotes the stress-strain matrix which relates the deviatoric 
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stress and strain components, pH  denotes the interpolation vector for the pressure 

field which will be introduced later in the Section 3.3. The load vectors are 

constructed as the classical way except for that it uses the new shape function 

vector, F, calculated from the overlapping element. 
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where F  denotes the new shape function vector for the displacement calculated 

from the overlapping element. The vectors, [ ]T

x yf f  and [ ]T

x y zf f f , 

denote the external surface traction vectors. 
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3.2.1 Matrices for 2D incompressible plane strain analysis 

 

The deviatoric strain matrix ( DB ) and the volumetric strain matrix ( VB ) for plane 

strain analysis can be built with differentiating the new shape functions (F) 

obtained from the overlapping element. The deviatoric strain matix, DB , is 

expressed as 
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(3.13) 

where ε  is the vector with its components of engineering strains, F denotes the 

vector with its components of new shape functions developed in the overlapping 

element, and ˆ u
a  (or ˆ v

a ) denotes the corresponding nodal unknown vector. 

The volumetric strain matix, VB , is expressed as 
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The stress-strain matrix for the deviatoric stress and strain components for the 

plane strain analysis is defined as 
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2 0 0 0

0 2 0 0

0 0 0

0 0 0 2

G

G

G

G

 
 
  
 
 
 

C

 

(3.15) 

 

where G is the shear modulus defined in Eq.(3.4). 

The final stiffness matrix for the overlapping mixed element can be calculated by 

plugging in the vectors and matrices described in Eq.(3.13 - 3.15) into Eq.(3.7). 
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3.2.2 Matrices for 3D incompressible solid analysis 

 

For three-dimensional analysis, the deviatoric strain matrix ( DB ) and the 

volumetric strain matrix ( VB ) can be built with differentiating the new shape 

functions (F) obtained from the overlapping element as we had done in the 

previous section (Section 3.2.1). 

The deviatoric strain matix, DB , for three-dimensional analysis is expressed 

as 
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(3.16) 

 

where ε  is the vector with its components of engineering strains, F denotes the 

vector with its components of new shape functions developed in the overlapping 

element, and ˆ u
a  (or ˆ v

a , ˆw
a ) denotes the corresponding nodal unknown vector. 

The volumetric strain matix, VB , is expressed as 
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ˆ
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(3.17) 

 

The stress-strain matrix for the deviatoric stress and strain components for the 

three-dimensional solid analysis is defined as 
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(3.18) 

 

The final stiffness matrix for the overlapping mixed element can be calculated by 

plugging in the vectors and matrices described in Eqs.(3.16 – 18) into Eq.(3.7). 
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3.3 The approximation of the pressure field 

 

The interpolation vector of the pressure depends on which vector space is used for 

the pressure approximation. For example, we can use the constant and linear 

polynomial basis to approximate the pressure. This constant and linear pressure 

approximation are conducted on each local element separately. The element-wise 

pressure approximation do not ensure the continuity of pressure between elements, 

but this discontinuous pressure approximation has the advantage in that the element 

pressure variables be statically condensed out at local element level prior to the 

element assemblage leading to the more efficient computation. 

 

discontinuous / constant :   1
ˆ 1pp p H p

 
(3.19) 

 

discontinuous / linear :  1 2 3
ˆ ˆ ˆ[1 ]T

pp x y p p p H p
 

(3.20) 

 

Here, pH  is the interpolation vector for pressure approximation, and p  is vector 

of unknown pressure variables. 

On the other hand, we can also approximate the pressure using classical linear 

shape functions. Since the shape functions are attached to nodes, and has the 

compatibility property between the elements, the continuity of the approximated 

pressure is ensured at the expense of more computational loads compared to the 

discontinuous pressure approximation. 

 

continuous / linear :    1 2 3 1 2 3
ˆ ˆ ˆ

T

pp h h h p p p H p
 

(3.21) 

 

There can be another option, which is to use the modified shape functions derived 

from the overlapping element in interpolating the pressure instead of using 

classical linear shape functions. However, our numerical experience suggest that 

we cannot expect further enhancement from using the modified shape functions 

derived from the overlapping element in interpolating the pressure instead of using 
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classical linear shape functions. The details of numerical tests are presented in the 

Appendix A1. For this reason, we choose to use classical linear shape functions.  

We listed, for example, several kinds conventional mixed finite element in the 

Figure 3.1, whose stability are already analyzed by other authors. The elements 

labeled ‘Tri7/3’, ‘Tri6/3c’, ‘Quad9/3’, and ‘Quad9/4c’ are the conventional mixed 

finite elements which have been proven to be stable over periods of time. The 

element ‘Tri7/3’ is a triangular element using seven nodes to represent the 

displacement variables (three nodes located at each corner and edge, and one node 

located at the center). The displacement is approximated with quadratic space 

enriched with a cubic bubble function ( 2P
). The pressure is approximated in a 

discontinuous sense that each element uses three pressure variables with linear 

polynomial basis, (1, x, and y). The details of the element are analyzed in 55. 

The element ‘Tri6/3c’ and ‘Quad9/4c’ is also a well known stable element, 

also known as Taylor-Hood element of ( 2 1P P ) and ( 2 1Q Q ) type, respectively. 

A 6-node triangular element expanded by a quadratic space ( 2P ) is used for 

‘Tri6/3c’ and a 9-node quadrilateral element expanded by a biquadratic space ( 2Q ) 

is used for ‘Quad9/4c’. Both element use continuous shape functions for the 

pressure approximation. The shape functions same as the ones used in classical 

linear triangular element ( 1P ) is used for ‘ 2 1P P ’ element and the shape functions 

same as the ones used in classical bilinear quadrilateral element ( 1Q ) is used for 

‘ 2 1Q Q ’ element for approximating pressure field. These elements were first 

found by Taylor and Hood56 in an experimental way, and the stability were 

analyzed by Bercovier and Pironneau 57. 

The ‘Quad9/3’ element, also denoted as ( 2 1Q Q ) element with discontinuous 

pressure field, is probably the most popular quadrilateral element showing a fair 

error convergence rate with a reasonable computational cost. The biquadratic space 

( 2Q ) is used over 9-node quadrilateral element for the displacement field, and a 

bilinear space ( 1Q ) is used over the elementwise domain for the pressure field. The 

element is known to be stable, proved by Bercovier and Pironneau 57. 
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Figure 3.1. List of the conventional mixed finite elements. 
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In Figure 3.2 and 3.3, we present the possible combinations of displacement 

and pressure variables of mixed overlapping element. The notations used for the 

mixed overlapping elements shown in the Figure 3.2 and 3.3 are determined by 

following rules. 

 

i) ‘OL’ means the abbreviation for the overlapping element 

ii) The first number which follows after the letter ‘OL’ means the number of 

polynomial terms used for enriching the overlapping displacement. i.e. 

OL4/x element uses the overlapping displacement field enriched by 4 

polynomial terms (1, x, y, xy). 

iii) The last number which follows after the letter ‘OLx/’ means the number 

of polynomial terms used for approximating the pressure field. i.e. OLx/3 

element approximate the pressure using 3 polynomial terms (1, x, y). 

iv) The last number with the letter ‘3c’ means that we use the continuous 

pressure approximation using the shape function of classical 3-node 

linear triangular element. 

 

For three-dimensional overlapping element which is to be used in the practical 

example problem in Chatper 6, we use the combination of linear polynomial basis 

for the enriching the displacement field and a constant pressure field, which can be 

considered equivalent to the ‘OL3/1’ element in the two-dimensional case. We call 

it ‘OL4/1’ element for three-dimensional analysis, meaning that four polynomial 

terms (1, x, y, z) are used in the enrichment of displacement field and one constant 

variable is used for the pressure field. We use the ‘OL4/1’ for three-dimensional 

analysis in application to protein dynamics problem treated in the Chapter 6. 
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Figure 3.2. List of the combinations of mixed finite overlapping elements with the 

discontinuous pressure field. 

 

 

 

 

 

 

Figure 3.3. List of the combinations of mixed finite overlapping elements with the 

continuous pressure field. 
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Chapter 4 

 

 

 

Stability of mixed overlapping element 

 

 

4.1 Introduction 

 

The error bound of the pure displacement-based formulation is known to be 

guaranteed once the fundamental conditions such as ellipticity and continuity are 

satisfied. This certified error bound ensures the consistent monotonic convergence 

and convergence rate according to the mesh refinement. Huang and Bathe also 

showed that the displacement-based overlapping element also shows monotonic 

convergence and consistent convergence rate, which was derived by using the 

concept of the Taylor series expansion on each local support domain I 32. 

However, when it comes to the mixed formulation, whether the formulation is 

based on the traditional or the overlapping elements, the convergence is not always 

guaranteed depending on what interpolation is used for both the displacement and 

pressure approximation8, 38, 41. An excessive number of pressure degree of freedoms 

is subject to cause volumetric locking problem. When the pressure is approximated 

at too high order, the constraint for the displacement variables, whose divergence 

must be small or zero, is too strong causing the element to act almost like the pure 

displacement-based formulation. On the other hand, if the pressure is approximated 

with the insufficient amount of pressure degree of freedoms, the rate of 

convergence of pressure as the mesh is refined is confined up to lower level, which 

affects the final solution to be poor. Therefore, the appropriate combinations of 

displacement and pressure degree of freedom should be carefully determined. 
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Therefore, another condition for the stable solution is required, the inf-sup 

condition, in addition to continuity and ellipticity conditions. 

In this chapter, we introduce the procedure of the testing the stability of mixed 

overlapping element. We examine the stability of each presented mixed 

overlapping element by performing the numerical inf-sup test and investigating the 

pressure solution whether it shows a smooth and reasonable profile. 
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4.2 The inf-sup test 

 

The inf-sup condition, so called the Brezzi-Babuška condition, provides an 

effective measure whether a certain mixed element is stable or not38, 46, 47. If the 

finite element or overlapping element satisfies the basic continuity, ellipticity, and 

inf-sup condition, the element is assessed as a stable element, thus uniform 

accuracy is ensured. The general form of the inf-sup condition presented by Brezzi 

and Babuška is given as 

 

0
(div )

div
inf sup 0

h h h
h h

h h

h h

q P v V h hV Q

q d

v q


 


 


v

v

 

(4.1) 

 

where 
0  is an inf-sup constant, a positive constant bounded above zero. Here, 

hV  is the space of finite element spaces where we seek for the displacement 

solution, and hP  means an L2-projector onto an auxiliary space hQ  where we 

usually seek for the pressure solution. The norm, 
hQ

, means the L2-norm and 

the norm, 
hV
, is measured by 

 
2

3
2

, 1

i

V
i j j

v
d

x


 
    

v

 

(4.2) 

 

While the inf-sup condition Eq.(4.1) provides the effective assessment for the 

consistency and robustness of a mixed element, the evaluation of inf-sup constant 

itself is challengeable in testing various form of mixed element, sometimes 

requiring special techniques such as finding the Fortin’s operator. To address this 

problem, we adopt the method of the numerical inf-sup testing which was 

previously presented by Chapelle and Bathe 48. 

The numerical inf-sup test provides us to evaluate various problems, meshes, 

and elements quickly by evaluating the inf-sup value, 
h , in the numerical sense. 

For a well-chosen set of meshes with a proper boundary condition, the numerical 
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inf-sup value is determined by following matrix equation 48. 
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(4.3) 

 

Here the norm matrix, 
hS , is defined by 

 
2

t i
h h h h V

j

v
d

x

 
     

V S V v

 

(4.4) 

 

and 
hG  is defined by 

 

 div divt

h h h h h hP d


 W G V w v
 

(4.5) 

 

where hP  means an L2-projector onto an auxiliary space hQ . The detailed 

procedure of obtaining 
hG  and 

hS  are described in the Section 4.3. Once the 

matrices 
hG  and 

hS  are evaluated, the inf-sup value can be obtained by solving 

following generalized eigenvalue problem. 

 

h h h hG V S V
 

(4.6) 

 

If we let the first non-zero eigenvalue as p , then the corresponding inf-sup value 

h  is simply p . The reader is recommend to refer to the work of Chapelle and 

Bathe (1993) 48 for the detailed proof. 

For the mixed elements using continuous pressure approximation, computing 
hG  

matrix is quite challengeable since the matrix 
hG  is cannot be computed in a 

local element level and then assembled to a global matrix. Following alternate form 

can be used for the continuous pressure case. 
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h h pp h G Q K Q
 

(4.7) 

 

where 
h
G  is simply 

 
1 T

h h h h

 G B S B
 

(4.8) 

 

The generalized eigenvalue problem of Eq.(4.7) is equivalent to Eq.(4.6), so 

Eq.(4.7) can also be applied to the discontinuous pressure case. 

 

Matrices for the numerical inf-sup test 

 

The matrix 
hS  is simply a matrix to represent the norm 

h V
v , and it can be 

computed by following equation. 

 

0

0

t T h

h h h h h

h

TT

h

d
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V S V v v

S

F F F F
S

 

(4.9) 

 

where F denote the modified new shape functions calculated from the overlapping 

element. 

The matrix 
hG  for the discontinuous pressure case is obtained by following 

process. By the definition of 
hG  matrix shown in Eq.(4.5), we need to express 

div hw  and  divh hP w  with hw  being an arbitrary vector of displacement 

variables. The divergence is simply expressed as Eq.(4.10) where VB  is the 

volumetric strain matrix provided in Eq.(3.14). 

 

  

ˆ ˆ
h V h h

d d
w

dx dy

 
   

 

F F
div B w w

 

(4.10) 
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By the definition of  divh hP w , an L2-projection of div hw  onto space hQ , the 

relation between  divh hP w  and div hw  can be expressed in following form. 

 

 div div 0h h h hP q d


     w w  for all h hq Q  (4.11) 

 

Here,  divh hP w  which is lying on a space hQ  can be expressed as 

 

    0 1 2
ˆˆ ˆ ˆdiv 1 [ ]T T

h h h hP x y p p p w q p
 

(4.12) 

 

here ˆ
ip  denote the independent variables for the pressure. 

Since the Eq.(4.11) should be satisfied for all h hq Q , the relation Eq.(4.11) 

can be rewritten as Eq.(4.13) with vectors and matrix. 

 

   ˆ ˆ 0T

h h h h V hd d
 

   q q p q B w
 

(4.13) 

 

Solving the Eq.(4.13) for ˆ
hp  results in Eq(4.14). 

 

   
1

ˆ ˆT

h h h h V hd d


 
   p q q q B w

 
(4.14) 

 

Subsequently, by plugging Eq.(4.14) into Eq.(4.12), we obtain the vector-matrix 

form of  divh hP w  as Eq.(4.15). 

 

     
1

ˆ ˆT T

h h h h h h V h h hP div d d


 
    w q q q q B w D w

 
(4.15) 

 

In Eq.(4.15), we introduced a new matrix 
h

D  for simplification. 

Finally, using the newly introduced matrix, 
h

D , the definition of hG  in Eq.(4.5) 

can be rewritten as Eq.(4.16). 
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(4.16) 

Finally, the matrix, hG , can be evaluated as following. 

 

T

h h hd


 G D D
 

(4.17) 
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4.3 Numerical inf-sup test for a simple mechanical system 

 

We show the inf-sup values and pressure distribution plots for the conventional 

mixed finite elements. Referring to the results of the conventional mixed finite 

element, the optimal combinations of mixed overlapping element are filtered out 

through the pass-fail results of the numerical inf-sup test, and then we investigate 

the pressure profiles to suggest the candidates for stable combinations. 

The mechanical systems used for the numerical inf-sup test and pressure 

distribution test are described in Figure 4.1. To perform the numerical inf-sup test, 

a cantilever plate of unit thickness with its upper left corner fixed in all directions 

and the left edge fixed in horizontal direction. To investigate the pressure 

distribution, we use the same geometry, but with the boundary conditions of left 

edge clamped. The clamped boundary condition is used to reveal more 

distinguishable pressure change along the solution domain. The upper side of the 

structure is enforced by a normal pressure p. The Young’s modulus of 10 and the 

Poisson’s ratio of 0.4999 are used. A plane strain condition is considered in both 

the numerical inf-sup test and the pressure distribution test. 

The inf-sup values of conventional mixed finite element is shown in the 

Figure 4.2. The numerical inf-sup values, 
h , are plotted versus and 1/N where N 

is the square-root of total number of elements. As can be seen in the Figure 4.2, the 

numerical inf-sup values for presented conventional mixed finite element are 

bounded from below away from zero as the mesh refines. This is true for all three 

mesh patterns given, so can say that ‘Tri7/3’, ‘Tri6/3c’, ‘Quad9/3’, and ‘Quad9/4c’ 

had passed the numerical inf-sup test for given mesh patterns. 

The pressure over the solution domain, plotted in the Figure 4.3, are also 

stable for most cases. The pressure distribution for ‘Quad9/3’ case shows some 

discontinuity across the elements. However, this can be considered as an intrinsic 

property that most discontinuous pressure approximation have. Since the severe 

instability (such as wiggles or checkerboard patterns with alternating plus-minus 

signs) is not observed, the element can be considered stable in the overall sense. 
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Figure 4.1. The mechanical systems used for the numerical inf-sup test and the 

pressure distribution test. 
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Figure 4.2. The numerical inf-sup values, 
h , of the conventional stable mixed 

finite elements depending on the mesh refinement. The letter ‘N’ denotes the total 

number of elements. 
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Figure 4.3. The pressure solutions of the conventional mixed element. Three 

different mesh patterns (striped, crossed, and Union-Jack pattern) are plotted for 

the triangular elements (Tri7/3 and Tri6/3c). A square pattern is used for the 

quadrilateral elements (Quad9/3, Quad9/4c). 
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Now we can refer to the stability test results of the conventional elements to 

evaluate our mixed overlapping element whether a certain combination is whether 

or not expected to be stable. The Figure 4.4 plots the inf-sup values of the mixed 

overlapping element with discontinuous pressure approximation. Firstly, the inf-

sup values of ‘OL3/1’ and ‘OL4/1’ show boundedness. The values are converging 

to no lower than 0.8 for both striped and crossed patterned meshes, and 0.4 for 

Union-Jack mesh. The pressure distribution of ‘OL3/1’ and ‘OL4/1’ show the 

consistent results as the inf-sup test, where no severe instability occurs. 

 

 

 

 

 

 

Figure 4.4. The numerical inf-sup values, 
h , of the mixed overlapping element 

formulated with the discontinuous pressure approximation, depending on the mesh 

refinement. The letter ‘N’ denotes the total number of elements. 
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Figure 4.5. The pressure solutions of the mixed overlapping element with the 

discontinuous pressure approximation. Three different mesh patterns (striped, 

crossed, and Union-Jack pattern) are tested for each combination of mixed 

overlapping element.  

 

 

The inf-sup values of ‘OL3/3’, ‘OL4/3’, and ‘OL6/4’ are clearly converging to 

zero as the mesh refines, which means that the mentioned elements are exposed to 

the risk of solution instability. As expected, those elements, regardless of mesh 

patterns, show severely wiggled distribution across the solution domain (Figure 

4.5), which can lead to deteriorated solutions. 

The ‘OL6/3’ case shows a quite interesting behavior. When a striped pattern is 

used, the inf-sup values of ‘OL6/3’ element seems to be bounded from below, 

which behaves similar to the stable ‘Tri7/3’ case. However, the inf-sup values 

converge to zero when the crossed and the Union-Jack patterns are used. From this 

fact, we can postulate that the element a strong dependence on what mesh pattern 

are used. In agreement with the insight from the inf-sup test, the mesh dependency 

of stability can be observed in the pressure distribution plotted in Figure 4.5. The 

pressure is smooth across the body in striped pattern case, whereas the pressure is 

distorted in the crossed and the Union-Jack cases. So, we can conclude that 
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‘OL6/3’ is inadequate for practical use. 

Moving our focus onto the case of continuous pressure approximation case, 

the inf-sup values of ‘OL3/3c’, ‘OL4/3c’, and’OL6/3c' show a clear boundedness 

for all the three mesh patterns (Figure 4.6). We can tell that the mixed overlapping 

element with the continuous pressure approximation pass the inf-sup condition and 

the stability is ensured. The same conclusion can be derived by investigating the 

pressure plots shown in the Figure 4.7, which show perfectly smooth distribution 

across the elements. 

In summary, we filter out the stable mixed overlapping elements by 

performing the numerical inf-sup test and the pressure distribution test. The 

candidates for elements that can be used in a general problem are ‘OL3/1’, ‘OL4/1’, 

‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’ which are turn out to be stable, whereas ‘OL3/3’, 

‘OL4/3’, and ‘OL6/3’ are not suitable for general use. 

 

 

 

 

Figure 4.6. The numerical inf-sup values, 
h , of the mixed overlapping element 

formulated with the continuous pressure approximation versus the mesh refinement. 

The letter ‘N’ denotes the total number of elements 
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Figure 4.7. The pressure solutions of the mixed overlapping element with the 

continuous pressure approximation. Three different mesh patterns (striped, crossed, 

and Union-Jack pattern) are tested for each combination of mixed overlapping 

element.  



 

62 

4.4 Conclusion 
 

The inf-sup test is the most general way to judge the stability of traditional mixed 

finite elements. We followed the procedure of inf-sup test to judge the stability of 

the proposed mixed overlapping elements. 

We have performed the stability test for several mixed finite element 

presented in this study. The tested elements, with different combinations of 

displacement and pressure variables, were ‘OL3/1’, ‘OL4/1’, ‘OL6/3’, ‘OL3/3’, 

‘OL4/3’, ‘OL6/4’, ‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’ elements. 

To examine the stability of mixed overlapping elements, first we performed a 

numerical inf-sup test, an efficient way of checking the stability of mixed finite 

element. Results of the inf-sup test showed that the mixed overlapping elements of 

‘OL3/1’ are ‘OL4/1’ inf-sup stable among the mixed overlapping elements with 

discontinuous pressure approximation. The mixed overlapping element, ‘OL6/3’, 

seemed to be inf-sup stable when a striped patterned mesh is used, but the stability 

is not confirmed when a crossed or Union-Jack patterned mesh is used. All the 

mixed overlapping elements using continuous pressure field, ‘OL3/3c’, ‘OL4/3c’, 

and ‘OL6/3c’, passed the inf-sup test which we can conclude those elements are 

stable. 

We performed an additional test by investigating smoothness of the pressure 

distribution of the solution of simple example problem. We obtained the results in 

consistency with the results of inf-sup test. The inf-sup stable elements, ‘OL3/1’, 

‘OL4/1’, ‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’ showed relatively smooth pressure 

profile over the domain, whereas the other elements show severe wiggled pattern in 

pressure distribution. The mesh dependency of ‘OL6/3’ element is also well 

captured in pressure distribution, same situation as in the inf-sup test. The pressure 

distribution of the element, ‘OL6/3’, seemed smooth enough when striped 

patterned mesh is used, but the pressure distribution is deteriorated when a crossed 

or Union-Jack patterned mesh is used. 
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Chapter 5 

 

 

 

Numerical examples in 2D domain 

 

 

5.1 Introduction 
 

In this chapter, we present four numerical example problems in two-dimensional 

domain. We solve the example problems by using the stable mixed overlapping 

elements, which had already been filtered out in the Chapter 4 by performing some 

stability tests. The stable mixed overlapping elements chosen are ‘OL3/1’, ‘OL4/1’, 

‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’ elements. Apart from the stability point of view, 

in this chapter, we present some numerical examples to evaluate the accuracy and 

efficiency of mixed overlapping element in comparison with the conventional 

mixed finite elements. 

First, we present and compare the results for the simple cantilever plate 

problem under normal pressure loading. Then we add harsher condition by 

applying shear loadings at the free end of the Cook’s membrane problem. 

Subsequently, we examine the bending behavior of a thick circular beam in which 

the classical triangular element has its weakness in expressing such bending 

behavior. Finally, we extend this bending problem to a very thin circular beam 

structure to examine the behavior of mixed overlapping elements in such the 

extreme case. By investigating these numerical problems, we expect to provide 

insights into which choice of element is optimal in a practical application. Through 

all the numerical examples, we consider a plane strain configuration with unit 

thickness. 
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5.2 Cantilever plate 

 

In a first example, we investigated a cantilever plate problem to evaluate the 

efficiency of our mixed finite element, where the geometrical and material 

characteristics are given in the Figure 5.1. Three mesh models with different mesh 

refinement level are used to see the error convergence as described in Figure 5.1. 

The external pressure is applied uniformly normal to the top surface of clamped 

body.  

 

 

 

Figure 5.1. Description of the cantilever plate problem. The cantilever plate is 

under the normal pressure on the upper side with clamped boundary on the left side. 

A set of meshes used in the numerical test is also plotted below the problem 

description. 
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We tested using the stable elements chosen in the previous section, which are 

‘OL3/1’, ‘OL4/1’, ‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’. The solution of the mixed 

overlapping elements and the conventional mixed finite elements converges in a 

similar convergence rate (Figure 5.2A and B).  

The accuracy of ‘OL3/1’ shows more accurate results than ‘OL4/1’ for all 

mesh refinement levels, see Figure 5.2B. This implies that the linear enrichment of 

displacement field makes a better pair with the constant pressure assumption than 

the bilinearly enriched displacement field. A pressure assumed with a single 

variable seems not sufficient for ‘OL4/1’ element, degrading the solution accuracy 

of ‘OL4/1’ element. Comparing with the conventional elements, the ‘OL3/1’ 

element showed better performance than the ‘Tri7/3’ and ‘Tri6/3c’ elements, but 

slightly poorer than the quadrilateral elements (‘Quad9/3’ and ‘Quad 9/4c).  

In the Figure 5.2C and D, we plotted the percent error of tested elements 

depending on the number of displacement degree of freedoms implying the size of 

the problem. We can investigate the efficiency of the tested elements. The results 

are also listed in the Table 5.1 for more detailed numbers. The OL3/1’ can achieve 

a percent error within 2 percent with 150 degree of freedoms, whereas the ‘Tri7/3’ 

and ‘Tri6/3c’ elements show 2.1 percent and 3.47 percent error with 226 and 162 

degree of freedoms, same mesh. The ‘OL3/1’ achieves better accuracy with lower 

degree of freedoms. This trend is consistent for more refined mesh. The ‘OL3/1’ 

element shows 0.28 percent error with 1,734 degree of freedoms, whereas the 

‘Tri7/3’ and ‘Tri6/3c’ element have 0.41 and 0.63 percent error with 3,202 and 

2,178 degree of freedoms. However, the ‘OL3/1’ element is not as accurate or 

efficient as the quadrilateral elements. From this result, we can summarize that if 

we need to solve problems of complex geometry using the triangular elements 

where the quadrilateral meshing is restricted, the ‘OL3/1’ element might be a fair 

choice.  

The mixed overlapping elements using the continuous pressure field, such as 

‘OL4/3c’ and ‘OL6/3c’ showed the accuracy level similar to the quadrilateral 

elements. However, it is hard to tell that ‘OL4/3c’ and ‘OL6/3c’ have more 
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distinguishable efficiency than the quadrilateral elements, but have similar level of 

efficiency. Referring to the Figure 5.2C and D, and the Table 5.1, the number of 

degree of freedoms incorporated into ‘OL4/3c’ and ‘OL6/3c’ are similar to the 

quadrilateral elements to achieve certain accuracy order. Let us compare the 

computational efficiency of ‘OL4/3c’ with ‘Quad9/3’ element, which is the most 

accurate one confined to current example problem. The ‘OL4/3c’ requires 200 to 

648 degree of freedoms to achieve the percent error between 0.26 to o.56, while 

‘Quad9/3’ requires 162 to 578 degree of freedoms to achieve the percent error 

between 0.21 to 0.44. The quadrilateral element ‘Quad9/3’ is slightly more efficient 

than ‘OL4/3c’. Likewise, ‘OL6/3c’ requires 300 to 972 degree of freedoms to 

achieve 0.15 and 0.36 percent error, which are slightly poorer than the ‘Quad9/3’ 

element. Still, having that the ‘OL4/3c’ and ‘OL6/3c’ are the most accurate among 

the triangular elements, those can provide nice options to achieve high accuracy 

versus computational loads. Lastly, the performance of ‘OL3/3c’ is not impressive 

showing the error level similar to ‘OL4/1’ element already mentioned above. It will 

be better choice to use ‘OL3/1’ element providing more accurate result. Also, 

‘OL3/1’ has more benefit than ‘OL3/3c’ in the aspect of computational efficiency, 

because ‘OL3/1’ uses a single variable for pressure approximation. This single 

variable pressure approximation, in comparison with the continuous pressure 

approximation, provides us the diagonal stiffness matrix related to the pressure 

variables ( ppK  in Eq.(3.7)), which results in more efficient sparsity of overall 

stiffness matrix during the solution process.  

Additional test data are available in Appendix A2 and A3, which reinforce the 

effectiveness of mixed overlapping elements. In Appendix A2, we present the 

results for the same cantilever plate problem, but for the case when the material 

discontinuity are present inside the domain. In Appendix A3, we present the 

additional post processing results such as pressure profiles and xx-stress profiles.
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Figure 5.2. The strain energy error of cantilever plate problem. The convergence 

curve of (A) the conventional mixed finite elements and (B) the mixed overlapping 

elements in log scale. The percent error in strain energy of (C) the conventional 

mixed finite elements and (D) the mixed overlapping elements versus total number 

of the displacement degree of freedoms. 
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Percent error [%] 

Number of displacement 

degree of freedoms 

M1 M2 M3 M1 M2 M3 

Tri7/3 -2.10 -0.94 -0.41 226 834 3,202 

Tri6/3c -3.47 -1.46 -0.63 162 578 2,178 

Quad9/3 -0.44 -0.21 -0.09 162 578 2,178 

Quad9/4c -0.93 -0.38 -0.16 162 578 2,178 

OL3/1 1.76 0.69 0.28 150 486 1,734 

OL4/1 3.42 1.41 0.62 200 648 2,312 

OL3/3c -3.44 -1.48 -0.66 150 486 1,734 

OL4/3c -0.56 -0.26 -0.11 200 648 2,312 

OL6/3c 0.36 0.15 0.07 300 972 3,468 

 

Table 5.1. The percent error of the cantilever plate problem compared with the 

number of displacement degree of freedoms. 
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5.3 Cook’s membrane 

 

For the second example, we analyzed a Cook’s membrane benchmark test 58. The 

details of the geometrical and the material characteristics are described in the 

Figure 5.3. A uniformly distributed shear load is applied at the free end of the 

trapezoidal plate with its left boundary clamped on the wall. Overall situation is 

similar to the previous cantilever plate case, but the difference is that we expect 

more shear strain involved induced by the external shear loading. 

 

 

 

Figure 5.3. Description of the Cook’s membrane problem. The Cook’s membrane 

is under the tangential traction on the right side with clamped boundary on the left 

side. A set of meshes used in the numerical test is also plotted below the problem 

description. 
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In the accuracy of ‘OL3/1’ element shows more accurate result compared to 

‘OL4/1’ element as shown if the convergence plot in the Figure 5.4B. We can 

develop similar logic to the previous cantilever plate example that using linear 

enrichment for the overlapping displacement field works better than the bilinear 

enrichment when a single variable is used for the pressure. In comparison with the 

conventional elements, the ‘OL3/1’ element is more accurate than the conventional 

triangular element, ‘Tri7/3’ and ‘Tri6/3c’. The ‘OL3/1’ element has 3.21 percent 

error in the coarsest mesh, whereas ‘Tri7/3’ and ‘Tri6/3c’ elements show 14.90 and 

15.54 percent errors the Table 5.2. Having that the number of degree of freedoms 

involved in ‘OL3/1’ elements are similar to those traditional triangular elements, 

we can address that ‘OL3/1’ is more efficient than those traditional triangular 

elements (Table 5.2). Actually, ‘OL3/1’ element is as accurate and efficient as the 

traditional quadrilateral element such as ‘Quad9/3’ and ‘Quad9/4c’ element. 

Although the accuracy might be slightly poorer than traditional quadrilateral 

element in the coarsest mesh, we can reach the accuracy of those quadrilateral 

element as the mesh is refined (Table 5.2). The ‘OL3/1’ element requires 150 

degree of freedoms to achieve the accuracy below one percent, while the 

quadrilateral elements require 162 degree of freedoms to reach the accuracy below 

one percent. It is noticeable that the error convergence of ‘OL3/1’ element is faster 

than ‘OL4/3c’ element. However, we hesitate to claim that the ‘OL3/1’ element is 

superior to the ‘OL4/3c’ element since the performance of those elements highly 

depend on the problems considered. 

The ‘OL6/3c’ element, as expected, was the most accurate element, which 

show more accurate solution than any other elements including the conventional 

elements. The error of ‘OL6/3c’ were kept under one percent in all mesh set tested. 

In the aspect of efficiency, we can also argue that ‘OL6/3c’ is as efficient as other 

conventional quadrilateral elements. The ‘OL6/3c’ requires 108 degree of freedoms 

to achieve 0.99 percent error, while the ‘Quad9/4c’ element requires 162 degree of 

freedoms to reach 0.82 percent error. According the investigation, the mixed 

overlapping elements with the choice of ‘OL3/1’, ‘OL4/3c’, and ‘OL6/3c’ may 
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provide the competitive efficiency compared to the traditional finite elements. 

 

 

Figure 5.4. The strain energy error of Cook’s membrane problem. The 

convergence curve of (A) the conventional mixed finite elements and (B) the 

mixed overlapping elements in log scale. The percent error of strain energy of (C) 

the conventional mixed finite elements and (D) the mixed overlapping elements 

versus total number of the displacement degree of freedoms. 
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Percent error [%] 

Number of displacement 

degree of freedoms 

M1 M2 M3 M1 M2 M3 

Tri7/3 -14.90 -4.56 -1.56 66 226 834 

Tri6/3c -15.54 -5.00 -1.91 50 162 578 

Quad9/3 -1.85 -0.75 -0.33 50 162 578 

Quad9/4c -1.73 -0.82 -0.32 50 162 578 

OL3/1 3.21 0.81 -0.31 54 150 486 

OL4/1 12.18 3.10 0.81 72 200 648 

OL3/3c -16.33 -5.51 -2.48 54 150 486 

OL4/3c -2.48 -1.48 -0.81 72 200 648 

OL6/3c 0.99 0.11 -0.01 108 300 972 

 

Table 5.2. The percent error of the Cook’s membrane problem compared with the 

number of displacement degree of freedoms. 
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5.4 Thick circular beam 

 

The triangular element is known to have its weakness in expressing the bending of 

slender bodies compared to the quadrilateral elements, not to mention the beam 

elements devised for this special case. The displacement field approximated in the 

triangular element is frequently not sufficient to express the large shear strain or 

stress occurring during the bending process 8. In this example problem, we 

investigated a thick circular beam problem to examine the performance of the 

mixed overlapping elements when a severe bending is involved to a slender 

structure. We investigate the performance of the mixed overlapping element how 

well those elements capture the bending of slender bodies. The geometrical and 

material characteristics are described in the Figure 5.5. A set of tested meshes are 

also given in the Figure 5.5. A uniformly distributed shear load is applied at one 

free end of the structure while the other end clamped on the floor. 

 

Figure 5.5. Description of the thick circular beam problem. The thick circular 

beam is under the tangential traction on the upper left end with clamped boundary 

on the lower right end. A set of meshes used in the numerical test is also plotted 

below the problem description. 
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The performance of ‘OL6/3c’ provides the most accurate solutions compared 

to other mixed overlapping elements Figure 5.6. It is remarkable that the accuracy 

‘OL6/3c’ element is superior to all other triangular elements including both the 

conventional and overlapping finite elements, and comparable to the conventional 

quadrilateral elements. However, the loss of efficiency using ‘OL6/3c’ element is 

unavoidable compared to the conventional quadrilateral elements. The percent 

error of strain energy is 0.62 percent using 252 degree of freedoms, while the 

percent error is 0.39 percent with 130 degree of freedoms for ‘Quad9/4c’ elements 

(Table 5.3). Roughly speaking, nearly twice the degree of freedoms is required for 

the ‘OL6/3c’ element compared to the ‘Quad9/4c’ element. A user might have to 

consider the tradeoff between the convenience in triangular meshing for ‘OL6/3c’ 

element versus the computational efficiency of ‘Quad9/4c’ element. 

The ‘OL4/3c’ element also showed a reasonable solution accuracy which are 

distributed along the similar level to solution accuracy of ‘Quad9/4c’ and ‘OL6/3c’. 

However, in the aspect of the convergence shown in the Figure 5.6B, the rate of 

convergence is not as fast as other elements investigated. This slow convergence 

makes us hesitate to claim that the ‘OL4/3c’ element is an optimal choice, and 

more investigation is required which is provided in the following section, with 

extreme case. 

On the other hand, ‘OL3/1’ element, regarding to the accuracy, shows 

relatively poor solutions compared to previous example problems. The 

convergence rate, shown in the Figure 5.6B seems reasonable, but the error levels 

in the coarse meshes is higher than the conventional mixed finite elements even 

including the conventional triangular elements. It seems that the linear enrichment 

of overlapping displacement field is insufficient for describing the bending 

behavior of thin structures. 

In summary, when a bending is involved in slender structures, the optimal 

choice of mixed overlapping finite element is ‘OL6/3c’. 
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Figure 5.6. The strain energy error of thick circular beam problem. The 

convergence curve of (A) the conventional mixed finite elements and (B) the 

mixed overlapping elements in log scale. The percent error of strain energy of (C) 

the conventional mixed finite elements and (D) the mixed overlapping elements 

versus total number of the displacement degree of freedoms. 

 



 

76 

 

 

 

 

 

 
Percent error [%] 

Number of displacement 

degree of freedoms 

M1 M2 M3 M1 M2 M3 

Tri7/3 -3.81 -1.39 -0.44 178 642 2434 

Tri6/3c -2.98 -0.82 -0.30 130 450 1,666 

Quad9/3 -1.34 -0.49 -0.19 130 450 1,666 

Quad9/4c -0.39 -0.08 -0.03 130 450 1,666 

OL3/1 12.93 2.66 0.50 126 390 1,350 

OL4/1 14.36 3.35 0.87 168 520 1,800 

OL3/3c -3.66 -1.24 -0.58 126 390 1,350 

OL4/3c -0.29 -0.20 -0.15 168 520 1,800 

OL6/3c 0.62 0.22 0.07 252 780 2,700 

 

Table 5.3. The percent error of the thick circular beam bending problem compared 

with the number of displacement degree of freedoms. 
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5.5 Thin circular beam 

 

To further investigate the performance of mixed overlapping element in bending 

problem, we generate an extreme case of previous circular beam bending problem 

by introducing a very thin circular beam under shear loading. The details of 

geometrical and material characteristics are displayed in the Figure 5.7 as well as a 

set of meshes used in the numerical test. 

The error convergence results given in the Figure 5.8A and B solidifies the 

conclusion derived in the previous thick circular beam problem. 

 

 

 

Figure 5.7. Description of the thin circular beam problem. The thin circular beam 

is under the tangential traction on the upper left end with clamped boundary on the 

lower right end. A set of meshes used in the numerical test is also plotted below the 

problem description. 
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The ‘OL6/3c’ is the only element that shows comparable result to the 

conventional quadrilateral elements. The convergence rate of ‘OL6/3c’ element is 

faster than any other tested elements including ‘Quad9/4c’ element, and the 

accuracy level is also comparable to those of conventional quadrilateral elements. 

The computational cost of ‘OL6/3c’ is roughly twice those of the conventional 

quadrilateral elements. The numbers of degree of freedoms are distributed between 

120 and 312 to achieve 0.01 to 2.48 percent error in ‘OL6/3c’ element, while the 

numbers of degree of freedoms are distributed between 54 and 150 to achieve 0.54 

to 2.89 percent error in conventional quadrilateral element (Table 5.4). There exists 

a tradeoff between the convenience in triangular meshing for ‘OL6/3c’ versus the 

computational efficiency of the quadrilateral elements. 

The other mixed overlapping elements, including ‘OL3/1’, show poor 

solutions. The results imply that a linear or bilinear enrichment in overlapping 

displacement field is not sufficient for expressing bending behavior of thin 

structures, regardless of how many variables are used for the pressure 

approximation. 

From the insights from the Sections 5.3 and 5.4, we conclude that the 

‘OL6/3c’ should be selected when an extreme case such as bending of thin 

structures are treated, and that we can expect the accuracy level equivalent to those 

of conventional quadrilateral finite elements at the expense of some computational 

efficiency. 
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Figure 5.8. The strain energy error of thin circular beam problem. The convergence 

curve of (A) the conventional mixed finite elements and (B) the mixed overlapping 

elements in log scale. The percent error of strain energy of (C) the conventional 

mixed finite elements and (D) the mixed overlapping elements versus total number 

of the displacement degree of freedoms. 
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Percent error [%] 

Number of displacement 

degree of freedoms 

M1 M2 M3 M1 M2 M3 

Tri7/3 -2.88 -1.30 -0.81 70 134 198 

Tri6/3c -8.57 -3.84 -2.43 54 102 150 

Quad9/3 -2.69 -1.06 -0.54 54 102 150 

Quad9/4c -2.89 -1.23 -0.72 54 102 150 

OL3/1 -66.20 -47.64 -32.81 60 108 156 

OL4/1 46.94 82.00 96.53 80 144 208 

OL3/3c -79.88 -71.62 -59.56 60 108 156 

OL4/3c -25.68 -9.85 -3.63 80 144 208 

OL6/3c 2.48 0.30 0.10 120 216 312 

 

Table 5.4. The percent error of the thin circular beam bending problem compared 

with the number of displacement degree of freedoms. 
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5.6 Conclusion 

 

We investigated the accuracy and efficiency of mixed overlapping element by 

solving four numerical example problems in two-dimensional domain. The mixed 

overlapping elements used for the test are ‘OL3/1’, ‘OL4/1’, ‘OL3/3c’, ‘OL4/3c’, 

and ‘OL6/3c’ elements whose stability have been proven in Chapter 4 by 

performing numerical inf-sup test and examining the smoothness of the pressure 

distribution.  

In general problems, such as cantilever plate problem and Cook’s membrane 

problem, the mixed overlapping element ‘OL3/1’ outperforms in the aspect of 

efficiency. The element, ‘OL3/1’, is more accurate than the conventional triangular 

mixed finite elements, such as ‘Tri7/3’ and ‘Tri6/3c’, even using smaller number of 

degree of freedoms. It is remarkable that ‘OL4/1’ element using a bilinear 

enrichment in displacement is poorer than ‘OL3/1’ element using a linear 

enrichment din displacement. This is contrary to the case of pure displacement 

based formulation where the bilinear enrichment is expected to be more accurate 

than the linear enrichment. In the case of displacement-pressure mixed formulation, 

the solution of ‘OL4/1’ can be degraded with a constant pressure space over-

constraining the biliearly enriched displacement space. Therefore, a linear 

enrichment of displacement is more adequate than a bilinear enrichment when a 

single pressure variable is used. 

The element ‘OL6/3c’ showed the most accurate results. The accuracy of 

‘OL6/3c’ element is similar or slightly better than the conventional quadrilateral 

mixed finite elements such as ‘Quad9/3’ and ‘Quad9/4c’, not to mention the 

conventional triangular elements. However, the quadratic enrichment in 

displacement can raise the total number of degrees of freedom and the continuous 

pressure assumption might raise the bandwidth of resulting stiffness matrix. For 

these reasons, ‘OL6/3c’ can be useful for the situations when the triangular 

meshing is only available, such as the case where the automatic meshing process is 

demanded for complex geometries where the quadrilateral meshing is restricted. 
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In particular problems, such as bending of a thick or thin circular beams, the 

mixed overlapping element, ‘OL6/3c’, solely outperforms the other elements. The 

accuracy of ‘OL6/3c’ is as accurate as the conventional mixed quadrilateral 

elements with slightly larger number of degrees of freedom. This implies that the 

linear and bilinear enrichment of displacement are still insufficient to express 

behavior of bending of thin structures. Only the quadratic enrichment well captures 

the bending behavior. This is the intrinsic limitations of linear and bilinear 

enrichment in displacement regardless of the mixed pressure variables. For 

example, the linearly and bilinearly enriched overlapping elements also show 

locking behavior in bending problem when the pure displacement based 

formulation is used. 

In summary, the element ‘OL3/1’ is an accurate and efficient in general 

problems. However, if the analyzed system involves extreme cases like bending of 

a thin structure, using ‘OL6/3c’ element is preferable for those regions. 
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Chapter 6 

 

 

 

Application to 3D problems : Protein dynamics 
 

 

6.1 Introduction 

 

Since the conformational dynamics of proteins plays an important role in 

determining their biological functions, it is important to predict the dynamics of 

proteins and to finally understand their functions. A lot of computational 

approaches for protein dynamics simulation have been suggested, such as the 

molecular dynamics simulation, all-atom based normal mode analysis, elastic 

network model, etc 59-62. Molecular dynamics (MD) simulation is a classical and 

widely-used method to accurately predict the time-dependent trajectories of atoms 

by solving equations of motion based on full interatomic potential function 61. 

Although the method provides the solutions in quite a detailed manner, its demand 

for heavy calculation confines to analyzing only the small systems with the limited 

size of molecules and the limited time-scale. Instead, researchers concentrated on 

searching only the possible dominant motions by performing a normal mode 

analysis (NMA) perceiving that only the large collective motions of proteins 

participate in actual functioning. All-atom based NMA and elastic network model 

belong to this category 63. However, NMA based models are performed in the 

environment of vacuum condition, neglecting the possible effect of the solvents.  

On the other hand, finite element approach, which is of major interest in this 

study, can provide itself a prominent coarse-grained model 64-67. Also, the effect of 
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highly viscous solvent can be modeled simultaneously 68. Since the motions of 

proteins occur in nanoscale level, intricate physics such as, elasticity of proteins in 

consideration with nonlocal theory or fluid dynamics considered at subcontinuum 

level, might enhance the quality of prediction. However, based on the knowledge 

that the conformal shapes of proteins are the major factor in determining those 

dynamic properties, we can generate a finite element protein model by considering 

the geometrical features of proteins. Once a finite element model is generated with 

its characteristic shapes well reflected, the stiffness and mass matrices can be 

calculated by assuming the proteins as homogeneous, isotropic linear elastic 

continua. The normal mode analysis can be performed using these stiffness and 

mass matrices by simply solving a generalized eigenvalue problem. The efficiency 

of finite element approach arises from the fact that the computational complexity 

can be controlled by adjusting the number of nodes of existing in the finite element 

protein models regardless of the size of the proteins. Since the boundary of proteins 

can be defined explicitly in the finite element model, we can consider the 

interaction between the boundary surface of protein and the solvent around the 

protein with more ease than the conventional atom-based models. That means, we 

can calculate the friction matrix, which can be used in Brownian mode analysis and 

Brownian dynamics simulation taking the effect of solvent into consideration. 

The overall finite element procedures for the protein dynamics simulation is 

illustrated in the Figure 6.1. From the molecular structure of interest, we generate a 

molecular surface representing the molecular structure. Then, we generate a solvent 

finite element model and a protein finite element model. The solvent finite element 

model reflects the viscous incompressible solvent environment around the protein’s 

molecular surface, and the protein finite element model reflects the protein which 

is assumed as a compressible elastic body.  

In this study, we generate two different procedures for finite element protein 

dynamics. The conventional procedure adopts 10-node tetrahedral mesh for both 

solvent and protein finite element models. In the new way of procedure, we adopt 

4-node tetrahedral mesh for both solvent and protein model.  
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Since we perform an incompressible analysis in the solvent finite element 

model, using the 10-node tetrahedral mesh is an optimal option, which shows a 

stable solution when mixed with a constant pressure variable. The other options, 

such as 4-node tetrahedral mesh or 8-node hexahedral mesh, is not available in 

solvent finite element model. The 4-node tetrahedral mesh when mixed with a 

constant pressure variable behaves exactly same as the 4-node tetrahedral element 

with the pure displacement based formulation leading to volumetric locking 

phenomenon. The 8-node hexahedral mesh is often challengeable to discretize the 

complex regions of protein’s molecular surface. Also 8-node hexahedral mesh 

when mixed with a constant pressure variable does not satisfy the inf-sup condition 

which leads to unstable checker-boarding pattern of pressure distribution. So, we 

should use the 10-node tetrahedral mesh mixed with a constant pressure variable 

for the solvent finite element model, which shows a stable solution. However, the 

use of 10-node tetrahedral mesh in solvent model confines us to use a 10-node 

tetrahedral mesh in protein model to match nodal coordinates of the surface nodes 

of proteins used in the solvent model and the protein model. Since a 4-node 

tetrahedral mesh is sufficient for a protein finite element model where compressible 

analysis is performed, the use of 10-node tetrahedral mesh in the protein finite 

element model leads to the loss of computational efficiency involving 

unnecessarily higher order elements. 

To address this cost issue, we adopt the mixed overlapping element to the 

solvent finite element model. Since the stability of the mixed overlapping element 

with linear enrichment in displacement and a constant pressure variable was 

confirmed (in Section 4.4), we adopt a 4-node tetrahedral overlapping element with 

linear enrichment in the displacement and a constant pressure assumption. We label 

this element as ‘OL4/1’ element for it uses four polynomial terms for enrichment (1, 

x, y, z) and one pressure variable for pressure approximation. Once we calculate the 

friction matrix using the solvent finite element with 4-node tetrahedral mixed 

overlapping element, we can generate the protein finite element model using 4-

node tetrahedral mesh also, which we expect the more enhanced efficiency in the 
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aspect of computational cost. 

For convenience, we label the conventional procedure as ‘Tet10/1+Tet10’ 

which means that a conventional 10-node mixed tetrahedral element with a 

constant pressure variable is used for the solvent finite element model, and a 

conventional 10-node displacement-based tetrahedral element is used for the 

protein finite element model. Also, we label the new procedure as ‘OL4/1+Tet4’ 

which means that a 4-node mixed tetrahedral overlapping element with linearly 

enriched displacement and a constant pressure variable is used for the solvent finite 

element model, and a conventional 4-node displacement-based tetrahedral element 

is used for the protein finite element model. 
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Figure 6.1. Finite element framework for the protein dynamics simulation. The X-

ray crystal structure of Taq polymerase (Protein Data Bank ID 1TAQ) (top) is 

obtained from the Protein Data Bank and its molecular surface is calculated. Then, 

the finite element models for solvent and protein body are defined to calculate the 

friction matrix and stiffness matrix (middle). The matrices can be used for the 

calculation of diffusion coefficients, Brownian dynamics simulation, and Brownian 

mode analysis (bottom). 
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6.2 Generating finite element models for protein dynamics 

 

6.2.1 Finite element modeling of protein 

 

Finite element modeling consists of several steps including the construction of a 

molecular surface, generation of a three-dimensional volumetric mesh, and the 

calculation of stiffness and mass matrices. It begins with defining a molecular 

surface of the target protein, typically solvent-excluded-surface (SES), that is used 

to build a three-dimensional finite element model. The molecular surface is 

calculated by rolling a spherical probe, representing a solvent molecule, over the 

Van der Waals surface of the target protein structure 69. We obtain the initial 

molecular surface using a freely available, MSMS version 2.6.1 70 

(http://mgltools.scripps.edu/packages/MSMS/), that calculates the analytic surface 

first and then generates a triangulated surface mesh from the input atomic 

coordinates.  

The initial molecular surfaces frequently contain several defects including 

self-intersection, non-manifolds, and isolated components that hinder the creation 

of clean and closed surfaces prerequisite to generate the volumetric mesh. Also, the 

initial molecular surface of proteins often consists of excessively many faces 

deteriorating the computational efficiency. Hence, successive mesh cleaning and 

reduction are usually performed in practice using a carefully designed sequence of 

mesh filtering algorithms available in an open source program, MeshLab 71 

(https://meshlab.sourceforge.net). Automated mesh cleaning procedure used in this 

study is illustrated in detail in the Appendix A4. 

The three-dimensional finite element model consisting of tetrahedrons is then 

constructed from the clean molecular surface using tessellation algorithms such as 

advancing front method and Delaunay triangulation. We use the commercial finite 

element analysis software, ADINA version 9.0.1 72 (ADINA R&D, Inc., Watertown, 

MA, USA), for the volumetric meshing. Here, the characteristic shapes of proteins 

should sufficiently be depicted to effectively capture the functional motions of 

proteins 67. For example, a complex geometry shown in Figure 6.2 (left) should be 

http://mgltools.scripps.edu/packages/MSMS/
https://meshlab.sourceforge.net/
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used because it well depicts the characteristic shapes of proteins, painted red in the 

figure, whereas the characteristic shapes are neglected in a simple geometry shown 

in the Figure 6.2 (right). Tetrahedral meshing is unavoidable to describe the 

complex geometry of proteins because hexahedral meshing is often challengeable 

in complex geometry.  

 

 

 

 

 

 

 

 

Figure 6.2. Molecular surface of C-terminal domain of bamC protein (Protein Data 

Bank ID: 2YH5) modeled with different surface parameters. The protein modeled 

with finer surface parameter (left) captures the detailed characteristic shapes of the 

protein than the protein modeled with coarse surface parameter (right). ① 

 

                                            
① This Figure is reproduced from: Giseok Yun, Jaehoon Kim, Do-Nyun Kim, A critical assessment of finite 

element modeling approach for protein dynamics, Journal of Computer-Aided Molecular Design, 2017, Springer 
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Since the incompressible analysis is not necessary in constructing the stiffness 

matrices from the protein finite element model, we use a pure displacement based 

formulation not the displacement-pressure mixed formulation. As a consequence, 

we use 10-node tetrahedral discretization for the conventional procedure, and we 

use 4-node tetrahedral discretization for the new procedure. 

The stiffness and mass matrices are then calculated by assuming the proteins 

as homogeneous, isotropic, linear elastic bodies. The mass density of the protein 

model is defined to be the molecular mass per unit volume, and Poisson’s ratio is 

set to 0.3. Young’s modulus of the protein model is an adjustable parameter, which 

is obtained here by fitting the fluctuation profiles of the alpha-carbon atoms 

obtained using the finite element method to those calculated by performing the 

atomistic block normal analysis using a molecular dynamics simulation program, 

CHARMM 73.  
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6.2.2 Finite element modeling of solvent 

 

We generate the solvent finite element model by meshing the empty space around 

the protein geometry. The molecular surface is generated using the program MSMS 

ver. 2.6.170 (http://mgltools.scripps.edu/packages/MSMS/). Then, the surface is 

coarsened using the surface simplification algorithm QSLIM, as implemented in 

MeshLab71 (https://meshlab.sourceforge.net). We embed the molecular surface in 

the voids represented by eleven layers of spheres whose radii vary from 1.4 to 400 

times the largest dimension of a protein. The coarsened molecular surface and the 

spheres are imported into the finite element analysis program ADINA version 

9.0.172 (ADINA R&D, Inc., Watertown, MA, USA) for meshing (Figure 6.3). Here, 

as we have done in protein body modelling, we generate two different meshes for 

the solvent finite element model. First, we mesh the solvent geometry composed of 

molecular surface and the spheres with 10-node tetrahedral elements for the 

conventional procedure. We generate another mesh by using 4-node tetrahedral 

elements to mesh the solvent geometry. The 4-node tetrahedral model is used for a 

new procedure implementing the mixed overlapping element. Note that the protein 

body itself is not modeled, but the space around the protein is used. 

 

Figure 6.3. The cross-section of the mesh between the protein (Taq Polymerase) 

surface and the sphere. (A) All the eleven layers of the mesh are shown. (B) Only 

the two innermost layers of the mesh are shown. ② 

                                            
② This figure is reproduced from: Computers and Structures, 196, Reza Sharifi Sedeh, Giseok Yun, Jae Young 

Lee, Klaus-Jürgen Bathe, Do-Nyun Kim, A framework of finite element procedures for the analysis of proteins, 

pp.24-35, Copyright Elsevier. 

http://mgltools.scripps.edu/packages/MSMS/
https://meshlab.sourceforge.net/
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6.2.3 Calculation of Friction matrix 
 

For the calculation of the stiffness matrix, we consider following governing 

equations of the Stokes flow8. 
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When the finite element approach is adopted to express these equations, we 

obtain the coefficient matrix identical to the matrix obtained in the incompressible 

analysis of a solid material considering that [mu] is equal to the shear modulus and 

velocities are interpreted as displacements. So, we can perform a three-dimensional 

structural analysis with implementing the displacement-pressure mixed finite 

element formulation since an incompressible analysis is considered.  

For the conventional procedure, 10-node tetrahedral elements are used where 

the displacement are interpolated using 10 nodes (4 at the corners and 6 on the 

edges of a tetrahedron) and the element pressure is assumed to be constant. We use 

the notation “Tet10/1” element for the displacement-pressure mixed element which 

means that the element uses ten displacement degree of freedoms and one pressure 

degree of freedom. 
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For the new procedure, 4-node tetrahedral elements are used where the 

displacement are interpolated using linearly enriched overlapping displacement 

field (presented in the Section 2.3) and the element pressure is assumed to be 

constant. We use the notation “OL4/1” element for the displacement-pressure 

mixed element, which means that the overlapping displacement field is enriched 

with four polynomial terms (1, x, y, z) and one pressure degree of freedom is used. 

Using the solvent finite element model (generated in the Section 6.2.2), we 

apply unit velocities in succession, to each of the nodal degrees of freedom on the 

protein surface, with each time all other degrees of freedom on the protein surface 

set to zero. The resulting nodal forces acting onto protein surface nodes for a unit 

velocity applied to a surface node are corresponding column entries in the friction 

matrix Z 68.  
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6.3 Diffusion coefficients 

 

The diffusion coefficient can provide an effective measure for validating the entries 

of the finite element friction matrix Z. We proceed the validation by comparing the 

diffusion coefficients calculated from the friction matrix with analytical solution 

(for simple geometries) and data obtained in physical experiments. The detailed 

procedure for calculating the diffusion coefficients is described in the Appendix A5. 

 

 

6.3.1 Diffusion coefficient of a reference sphere 

 

We calculate the diffusion coefficients of a sphere of radius 
inr = 25 Å  located in 

20 oC  water. We embed the sphere in an incompressible medium, modeling water, 

of spherical geometry with radius outr  as shown in the Figure 6.4. Poisson's ratio 

of the medium is set to 0.4999 and its shear modulus is chosen equal to 60.34 

Da/(ps Å ), which is the viscosity,  , of water at 20 oC . Considering the dynamic 

behavior and molecular properties of proteins, dalton, angstrom, and picosecond (1 

ps=10-12 s) are chosen as units for the mass, length, and time scales, respectively. 

As described in the Section 6.2.2, we generate two different versions of solvent 

finite element model using ‘Tet10/1’ and ‘OL4/1’ elements. 

The reference values of the translational and rotational diffusion coefficients 

of the sphere with the radius of 25 Å  in 20 oC  water obtained from analytical 

solutions74 are  
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Figure 6.4. The cross-section of the mesh between the inner and outer spherical 

surfaces. (A) All the eleven layers of the mesh are shown. (B) Only the two 

innermost layers of the mesh are shown.③ 

 

We use the same mesh discretization for both ‘Tet10/1’ and ‘OL4/1’ for 

validation meaning that the same number of elements are used for both finite 

element models consisting of 37,670 elements. However, the number nodes is 

different because ‘Tet10/1’ element uses additional midpoint nodes located at edges 

of each tetrahedron, while ‘OL4/1’ element uses only the nodes located at the 

corners of each tetrahedron. The solvent finite element model for ‘Tet10/1’ uses 

171,865 nodes and the solvent finite element model for ‘OL4/1’ uses 6,380 nodes. 

The difference in the number of nodes results in the difference in the size of 

stiffness matrices used for calculating the friction matrix Z. The size of stiffness 

matrices (lengths of column vectors of symmetric stiffness matrices) of the solvent 

finite element model are 515,595 for ‘Tet10/1’ version and 76,560 for ‘OL4/1’ 

version. Since the size of stiffness matrix for ‘Tet10/1’ is about seven times higher 

than the size of matrix for ‘OL4/1’, we can expect that ‘OL4/1’ be more 

computationally efficient when calculating the friction matrix. Additionally, final 

size of the friction matrix depends the number of nodes located on the surface 

boundary of the inner sphere (or protein) where the resulting nodal forces are 

                                            
③ This figure is reproduced from: Computers and Structures, 196, Reza Sharifi Sedeh, Giseok Yun, Jae Young 

Lee, Klaus-Jürgen Bathe, Do-Nyun Kim, A framework of finite element procedures for the analysis of proteins, 

pp.24-35, Copyright Elsevier. 
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measured and collected. The numbers of surface nodes are 2,812 for ‘Tet10/1’ 

model and 463 for ‘OL4/1’ model. As a consequence, the resulting size of the 

friction matrix of ‘OL4/1’ model is reduced to one-sixth to the friction matrix size 

of ‘Tet10/1’. The detailed numeric information of finite element models for 

‘Tet10/1’ and ‘OL4/1’ are also given in the Table 6.1. 

Although the computational cost is reduced largely in ‘OL4/1’ model, the 

percent errors in the rotational and translational diffusion coefficients were not 

significantly deteriorated compared to ‘Tet10/1’ model (Table 6.2). The error in the 

translational diffusion coefficient is 0.21 percent in ‘OL4/1’ model, while the error 

in the translational diffusion coefficient is 0.04 percent in ‘Tet10/1’ model. 

Likewise, the error in the rotational diffusion coefficient is 0.6 percent in ‘OL4/1’ 

model, while the error in the rotational diffusion coefficient is 0.47 percent in 

‘Tet10/1’ model. 

In summary, we can achieve a friction matrix with reasonable accuracy and 

enhanced computational efficiency by using ‘OL4/1’ elements for the solvent finite 

element model. 
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 Tet10/1 OL4/1 

Number of elements 37,670 37,670 

Number of nodes 171,865 6,380 

Size of stiffness matrix 515,595 76,560 

Number of surface nodes 2,812 463 

Size of friction matrix 

(surface node x 3) 
8,436 1,389 

 

Table 6.1. The comparison of solvent models for ‘Tet10/1’ and ‘OL4/1’. 

 

 

 

 

 

 Tet10/1 OL4/1 

Translational diffusion coefficient 

(10-2 Å 2/ps) 
8.58 8.59 

Rotational diffusion coefficient 

(10-5 ps-1) 
1.03 1.02 

Percent error 

(translational) 
0.04 0.21 

Percent error 

(rotational) 
0.47 0.60 

 

Table 6.2. The diffusion coefficients and percent errors of a reference sphere model 

calculated by ‘Tet10/1’ and ‘OL4/1’ models. 
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6.3.2 Diffusion coefficients of other proteins 

 

Using the same procedure as the Section 3.4.1, we calculated the rotational and 

translational diffusion coefficients of ten different proteins (Table 6.3) calculated 

by ‘Tet10/1’ model and ‘OL4/1’ model. The molecular surface of the protein is 

embedded in the incompressible medium (water) modeled with about 100,000 

tetrahedral elements. The calculated diffusion coefficients are compared with the 

experimental values. All the experimental and calculated diffusion coefficients are 

given for the viscosity of water at 20 oC , except for two proteins (Protein Data 

Bank ID : 2DN2, 1DWR) which are provided for the viscosity of 66.24 Da/(ps Å ). 

All the reported experimental diffusion coefficients are obtained from the work of 

García de la Torre 75, except for those of two proteins (Protein Data Bank ID : 

2DN2, 1DWR) from the work of Miller 76. As shown, the calculated diffusion 

coefficients both from ‘Tet10/1’ model and ‘OL4/1’ model match very well with 

the experimentally measured data, particularly considering the case of translation. 

To compare the computational costs of ‘Tet10/1’ model and ‘OL4/1’ model, 

we listed, in the Table 6.4, the size of the stiffness matrix of the solvent finite 

element model and the size of resulting friction matrix calculated from ‘Tet10/1’ 

model and ‘OL4/1’ model. Ten different proteins are considered for the comparison 

of the computational cost. 

The stiffness matrices calculated from ‘Tet10/1’ model have the size of 

556,995 to 635,817, whereas the stiffness matrices calculated from ‘OL4/1’ model 

have the size of 78,972 to 106,176. The stiffness matrices from ‘Tet10/1’ model 

have approximately six to seven times the stiffness matrices from ‘OL4/1’ model. 

This implies that the required computational time for ‘OL4/1’ model is much less 

than the time required for ‘Tet10/1’ model when solving the solvent finite element 

model and calculating the friction matrix. 

In addition, the size of the friction matrix, which is three times the number of 

protein’s surface nodes, play an important role in the Brownian dynamics 

simulation. The number of protein’s surface node determines the number of nodes 

inside the protein’s body, and eventually determines the final size of the stiffness 
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matrix of finite element protein model used in the Brownian dynamics simulation. 

The friction matrices calculated from ‘Tet10/1’ model have the size of 4,674 to 

12,060, whereas the friction matrices calculated form ‘OL4/1’ model have the size 

of 1,173 to 3,021. The friction matrices calculated from ‘Tet10/1’ model have 

approximately four times the friction matrices calculated from ‘OL4/1’. This means 

that using the overlapping element scheme is advantageous in computational 

efficiency when performing the Brownian dynamics simulation, which will be 

treated again in the next section 6.4. 
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Rotational  

diffusion coefficient 

(10-5 ps-1) 

Translational 

diffusion coefficient 

(10-2 Å 2/ps) 
Weight 

(kDa) 

PDB 

ID 

Tet10/1 OL4/1 Experiment Tet10/1 OL4/1 Experiment 

4.87 4.67 4.17 1.46 1.46 1.29 7 4PTI 

2.46 2.35 N.A. 1.17 1.16 1.07 14 1RBX 

2.63 2.56 2.6 1.17 1.18 1.09 14 193L 

1.97 1.86 1.72 1.08 1.07 1.02 18 1DWR 

1.36 1.28 N.A. 0.95 0.94 0.93 26 2CGA 

0.84 0.80 0.75 0.81 0.80 0.78 37 1BEB 

0.61 0.59 0.44 0.72 0.71 0.69 65 2DN2 

0.23 0.22 N.A. 0.52 0.52 0.5 143 2GPD 

0.18 0.18 N.A. 0.49 0.49 0.45 158 1ADO 

0.16 0.15 N.A. 0.46 0.46 0.4 233 2MIN 

 

Table 6.3. The diffusion coefficients calculated by conventional ‘Tet10/1’ model 

and ‘OL4/1’ model. The experimental values are also included for 10 different 

proteins whose atomic structures are obtained from Protein Data Bank (PDB). 
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Size of stiffness matrix 

of the solvent FE model 
Size of friction matrix Structure 

weight 

(kDa) 

PDB 

ID 

Tet10/1 OL4/1 Tet10/1 OL4/1 

556,995 78,972 4,674 1,173 7 4PTI 

616,092 93,216 9,186 2,301 14 1RBX 

603,603 97,740 10,914 2,733 14 193L 

575,382 84,636 7,254 1,818 18 1DWR 

599,718 87,840 8,970 2,247 26 2CGA 

635,817 104,700 12,000 3,000 37 1BEB 

612,900 90,276 14,520 2,304 65 2DN2 

629,265 106,176 12,060 3,021 143 2GPD 

624,774 103,440 11,982 3,000 158 1ADO 

620,535 100,260 10,887 2,727 233 2MIN 

 

Table 6.4. The size of the stiffness matrix of the solvent FE model, and the size of 

the friction matrix of resulting friction matrix. The matrices calculated from 

‘Tet10/1’ model and ‘OL4/1’ model are compared for ten different proteins. 

 



 

102 

6.4 Brownian dynamics simulation 

 

We perform the Brownian dynamics simulation for two different procedures, the 

conventional and the new way. In conventional procedure, we use the friction 

matrix calculated from ‘Tet10/1’ model, and use the stiffness matrix calculated 

using 10-node tetrahedral element. We label this procedure as ‘Tet10/1+Tet10’ 

model. In the new procedure, we use the friction matrix calculated from ‘OL4/1’ 

model, and use the stiffness matrix calculated using 4-node tetrahedral element. We 

label this new procedure as ‘OL4/1+Tet4’ model. 

To present and compare the results from Brownian dynamics simulation from 

two different procedures, we considered three sample proteins with different 

molecular weights: Lysozyme (14.4 kDa), Taq polymerase (94.4 kDa), and GroEL 

(810.1 kDa). The initial structures of Lysozyme, Taq polymerase, and GroEL are 

taken, respectively, from the works by M. Vaney et al. 77 (Protein Data Bank ID 

193L), by Y. Kim et al. 78 (Protein Data Bank ID 1TAQ), and by C. Bartolucci et al. 

79 (Protein Data Bank ID 1XCK). 

 

 

6.4.1 Procedures for Brownian dynamics 
 

We follow the same procedure of previous work done by Sedeh et al.68 for 

calculating Brownian dynamics trajectories. The equations of Brownian dynamics 

simulation is given as following neglecting the inertial forces of classical Langevin 

equation 80. 

 

 tZx + Kx = f
 (6.6) 

 

Here, the friction matrix, Z, is calculated from the solvent finite element 

model, and the stiffness matrix K, is calculated from the protein finite element 

model as illustrated in the section 6.2. The force vector, f(t), is an vector composed 

of external stochastic forces with the following conditions. 
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  0if t 
 

     2i j B ijf t f t k TZ t t   
 

(6.7) 

 

The bracket notations in above equation (eq.2) means the time-averaged value, 

kB is Boltzmann’s constant, T is the temperature,  t t   is the Dirac delta 

function,  if t  is the i-th component of f(t), and Zij is the ij-th component of the 

friction matrix Z.  

We perform the time integration for the Brownian dynamics equation (eq.20) 

using the predefined simulation duration and time step size to obtain the time 

trajectories of a protein finite element model 68. We illustrate the detailed 

procedures for time integration in the Appendix A6. 

 

 

6.4.2 Results 

 

We determine the duration and the time-step size of the simulation, for each sample 

protein, by following the rules established in the works by Sedeh et al. 68. First, the 

largest relaxation time of Taq polymerase is ~537 ps. We simulated the time 

trajectories for the time duration of 300,030 ps, which is about 559 times the 

relaxation time. The time duration was defined for the simulation data to be 

compared with the experimental dynamic form factor data, which are available up 

to ~30,000 ps. We excluded the results of the first 50 ps and used the results for the 

next 300,000 ps for sampling the time trajectory of atom coordinates. We use the 

time-step size of 1 ps. The appropriate duration and the time-step size for 

Lysozyme and GroEL are determined by employing the same ratios from the 

maximum relaxation time as we used in the Taq polymerase simulation. For 

example, the simulation time is the 559 times the largest relaxation time, and the 

time step size is 1/537th of the largest relaxation time. The largest relaxation time of 

Lysozyme and GroEL are ~119 ps and 60,792 ps. We perform the Brownian 

dynamics simulation for 66,492 ps with the time-step size of 0.22 ps for Lysozyme, 
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and simulation for 33,967,671 ps with the time-step size of 133.21 ps for GroEL. 

We performed a total of ten Brownian dynamics simulations for each sample 

protein and collect the average values. We present the root-mean-square 

fluctuations of residues from calculated from the Brownian dynamics simulation 

and compared with those calculated using the molecular dynamics simulation in 

Figure 6.5, 6.6, and 6.7. The root-mean-square fluctuations of each residue are 

calculated at the location of its corresponding α-carbon atom. Root-mean-square 

fluctuations is the quantity to characterize the conformational variance of a protein 

structure, and can be computed from the molecular trajectories obtained using a 

molecular dynamics or Brownian dynamics simulation. The root-mean-square 

fluctuation values of atom i can be expressed as 

 

        
1/21/2 2 2 22

i i i i i i ir x t x y t y z t z       ) (6.8) 

 

where , and , and  denote the atomic coordinates of atom i at time t 

with translational and rotational rigid body motions removed, and , , and  

denote the mean position of atom i over the simulation time. As can be seen in the 

Figure 6.5, 6.6, and 6.7, the root-mean-squared fluctuation calculated from the 

Brownian dynamics simulation with the new procedure (‘OL4/1+Tet4’) and the 

conventional procedure (‘Tet10/1+Tet4’) show high correspondence with each 

other. In addition, the root-mean-squared fluctuation from both the conventional 

and new Brownian dynamics procedures well follow those calculated from the 

molecular dynamics simulation. To illustrate the quantities in detail, we also 

calculated the Pearson correlation between the root-mean-square fluctuation 

calculated from the Brownian dynamics simulation and the molecular dynamics 

simulation to compare the accuracy of the results for the Brownian dynamics 

simulation. Pearson correlation coefficient is defined as  

 

   

   
22

i X i Yi
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i X i Yi i

X Y

X Y

 


 

  


 



   

(6.9) 
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where Xi and Yi indicate the root-mean-square fluctuations amplitudes at atom i 

with their mean values, X  and Y , obtained using the Brownian dynamics and 

molecular dynamics trajectories, respectively. We list the values of calculated 

Pearson correlation coefficients in the Table 6.5, 6.6, and 6.7, which show high 

correlation between different approaches. 
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Figure 6.5. The root-mean-square fluctuations (RMSFs) of residues of Taq 

polymerase obtained using the Brownian dynamics (BD) trajectories compared 

with those calculated using the molecular dynamics (MD) simulation. The 

Brownian dynamics trajectories are obtained from (A) the conventional procedure 

(Tet10/1+Tet10) and (B) the new procedure (OL4/1+Tet4). 

 

 

 
BD simulation 

(Tet10/1+Tet10) 

BD simulation 

(OL4/1+Tet4) 
MD simulation 

BD simulation 

(Tet10/1+Tet10) 
1 0.99 0.88 

BD simulation 

(OL4/1+Tet4) 
0.99 1 0.89 

MD simulation 0.88 0.89 1 

 

Table 6.5. Pearson correlation of root-mean-square fluctuations of Taq polymerase 

obtained using the Brownian dynamics simulation with two different procedures 

and the molecular dynamics (MD) simulation. 
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Figure 6.6. The root-mean-square fluctuations (RMSFs) of residues of Lysozyme 

obtained using the Brownian dynamics (BD) trajectories compared with those 

calculated using the molecular dynamics (MD) simulation. The Brownian 

dynamics trajectories are obtained from (A) the conventional procedure 

(Tet10/1+Tet10) and (B) the new procedure (OL4/1+Tet4). 

 

 

 
BD simulation 

(Tet10/1+Tet10) 

BD simulation 

(OL4/1+Tet4) 
MD simulation 

BD simulation 

(Tet10/1+Tet10) 
1 0.99 0.73 

BD simulation 

(OL4/1+Tet4) 
0.99 1 0.73 

MD simulation 0.73 0.73 1 

 

Table 6.6. Pearson correlation of root-mean-square fluctuations of Lysozyme 

obtained using the Brownian dynamics simulation with two different procedures 

and the molecular dynamics (MD) simulation. 
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Figure 6.7. The root-mean-square fluctuations (RMSFs) of residues of GroEL 

obtained the molecular dynamics (MD) simulation. The Brownian dynamics 

trajectories are obtained from (A) the conventional procedure (Tet10/1+Tet10) and 

(B) the new procedure (OL4/1+Tet4). 

 

 
BD simulation 

(Tet10/1+Tet10) 

BD simulation 

(OL4/1+Tet4) 
MD simulation 

BD simulation 

(Tet10/1+Tet10) 
1 0.90 0.59 

BD simulation 

(OL4/1+Tet4) 
0.90 1 0.65 

MD simulation 0.59 0.65 1 

 

Table 6.7. Pearson correlation of root-mean-square fluctuations of GroEL obtained 

using the Brownian dynamics simulation with two different procedures and the 

molecular dynamics (MD) simulation. 
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6.4.3 Computational efficiency 

 

In the aspect of computational efficiency, the finite element based Brownian 

dynamics simulation has several advantages over the classical molecular dynamics 

simulation. In a classical molecular dynamics simulation, the degrees of freedom 

increase with the molecular weight of analyzed proteins, which often limits the 

molecular size and the simulated time scale. 

On the other hand, in finite element Brownian dynamics, we consider only the 

representative molecular surface of analyzed proteins, which means that users can 

control the total number of degrees of freedoms by adjusting the refinement level 

of triangular discretization of molecular surface. Since the low mode response of a 

protein is largely governed by only its overall shape 64-67, appropriate finite element 

models are constructed using a similar number of nodes for proteins of similar 

shapes regardless of the size and weight of the proteins. Hence, the number of 

atoms comprising a protein is not a direct consideration in the finite element 

modeling of a protein for a Brownian dynamics simulation. 

Despite this efficiency of finite element based Brownian dynamics, the 

conventional procedure for the Brownian dynamics simulation still has a 

disadvantageous factor, the usage of 10-node tetrahedral elements, which affects 

the computational cost in negative way. In conventional procedure, ‘Tet10/1’ 

element is an optimal choice among the conventional mixed finite elements to treat 

the incompressible analysis involved in the solvent model. The lower order mixed 

tetrahedral element, such as ‘Tet4/1’ element, behaves exactly same as the pure 

displacement based element (Tet4), which is not appropriate for the incompressible 

analysis. The lower order mixed hexahedral element, such as ‘Hex8/1’ element, 

still has an instability issue showing the checkerboard patterns in pressure 

distribution. Also the meshing process might be laborious to generate hexahedral 

discretization for the complex geometries of proteins. The adoption of ‘Tet10/1’ 

element for the solvent model confines the pairing protein model to use ‘Tet10’ 

element only, since the surface nodes of the solvent and the protein models should 

be matched. Using the higher order element (Tet10) for the protein model (where 
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the linear tetrahedral element is sufficient) causes unnecessarily large number of 

nodes generated in the protein model. 

In the new procedure, however, we can treat both the solvent and protein 

model using 4-node tetrahedral meshes. For the incompressible analysis in the 

solvent model, the mixed overlapping element, ‘OL4/1’, can provide a reasonable 

solution using 4-node tetrahedral meshes. Subsequently, we can use 4-node 

tetrahedral (Tet4) elements for the paring protein model, still matching the surface 

nodes of the solvent and the protein models. Therefore, the number of nodes 

generated in the protein model can be reduced largely by using only the ‘Tet4’ 

elements for the protein model.  

We compare the number of nodes generated by two different procedures for 

three analyzed proteins in the Figure 6.8A. The detailed numbers are also listed in 

Table 6.8, 6.9, and 6.10. In the conventional procedure, the number of nodes 

generated are, respectively, 11,279, 9,756, and 12,827 for Lysozyme, Taq 

polymerase and GroEL. In the new procedure, the number of nodes generated are, 

respectively, 2,053, 1,808, and 2,235 for Lysozyme, Taq polymerase and GroEL. 

The conventional procedure generates the nodes for about five times the new 

procedure. 

Subsequently, we compare the computational time taken in two different 

procedures for three analyzed proteins in the Figure 6.8B. The detailed numbers are 

also listed in Table 6.8, 6.9 and 6.10. The conventional procedure requires 31.5 to 

49.37 hours per simulation whereas the new procedure requires only 0.83 to 1.84 

hours per simulation. The new procedure, roughly speaking, is about thirty times 

faster than the conventional procedure. 
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Figure 6.8. The comparisons of (A) the number of nodes and (B) the 

computational time between two different procedures for the Brownian dynamics 

simulation. Brownian dynamics for both procedures were simulated using the same 

computational machine (Intel®  Xeon®  CPU E-5-2407 with 2.2GHz (CPU)). 
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Lysozyme (14.4 kDa) 

Brownian dynamics simulation 

Intel®  Xeon®  CPU E-5-2407 with 2.2GHz (CPU) 

 
Conventional procedure 

(Tet10/1+Tet10) 

New procedure 

(OL4/1+Tet4) 

Simulated physical time (ps) 66,492 66,492 

Time step size (ps) 0.22 0.22 

Number of nodes 11,279 2,053 

Computational time (hr) 45.79 1.42 

Molecular dynamics simulation 

GPU-cluster: Intel®  Xeon®  CPU-E5-3630 with 2.4GHz 

+ NVIDIA®  Tesla®  K80, 6EA 

Number of atoms 27,536 

Time step size (ps) 0.002 

Computational time for 10,000-

ps-long simulation (hr) 
4.96 

 

Table 6.8. Analysis information of Brownian dynamics simulation and molecular 

dynamics simulation for Lysozyme. 
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Taq polymerase (94.4 kDa) 

Brownian dynamics simulation 

Intel®  Xeon®  CPU E-5-2407 with 2.2GHz (CPU) 

 
Conventional procedure 

(Tet10/1+Tet10) 

New procedure 

(OL4/1+Tet4) 

Simulated physical time (ps) 300,050 300,050 

Time step size (ps) 1.0 1.0 

Number of nodes 9,756 1,808 

Computational time (hr) 31.50 0.83 

Molecular dynamics simulation 

GPU-cluster: Intel®  Xeon®  CPU-E5-3630 with 2.4GHz 

+ NVIDIA®  Tesla®  K80, 6EA 

Number of atoms 162,761 

Time step size (ps) 0.002 

Computational time for 10,000-

ps-long simulation (hr) 
19.68 

 

Table 6.9. Analysis information of Brownian dynamics simulation and molecular 

dynamics simulation for Taq polymerase. 
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GroEL (810.1 kDa) 

Brownian dynamics simulation 

Intel®  Xeon®  CPU E-5-2407 with 2.2GHz (CPU) 

 
Conventional procedure 

(Tet10/1+Tet10) 

New procedure 

(OL4/1+Tet4) 

Simulated physical time (ps) 33,967,671 33,967,671 

Time step size (ps) 133.21 133.21 

Number of nodes 12,827 2,235 

Computational time (hr) 49.37 1.84 

Molecular dynamics simulation 

GPU-cluster: Intel®  Xeon®  CPU-E5-3630 with 2.4GHz 

+ NVIDIA®  Tesla®  K80, 6EA 

Number of atoms 535,480 

Time step size (ps) 0.002 

Computational time for 10,000-

ps-long simulation (hr) 
68.55 

 

Table 6.10. Analysis information of Brownian dynamics simulation and molecular 

dynamics simulation for GroEL. 
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6.5. Conclusion 

 

The finite element procedures for the Brownian dynamics simulation provides an 

efficient way of analyzing the dynamic properties of proteins compared to the 

classical molecular dynamics simulation. Still the conventional procedure for the 

Brownian dynamics simulation has its limitations in the aspect of computational 

cost, since that the adoption of higher order tetrahedral element is enforced in 

analyzing the incompressible solvent model. The use of higher order element in the 

solvent model leads to the use of higher order element in the protein model, which 

finally causes the resulting finite element model to be computationally burdensome. 

To address this issue, we adopt 4-node tetrahedral mesh and use the mixed 

overlapping element, ‘OL4/1’, to solve the incompressible problem of the solvent 

model. Adopting the ‘OL4/1’ element to the solvent model makes it possible to use 

a lower order element, ‘Tet4’ element, for the pairing protein model. Using this 

new procedure, we can obtain the similar Brownian dynamics trajectories of 

proteins with high accuracy. By using the lower order element for the protein 

model, in the new procedure, we can reduce the number of nodes largely compared 

to the conventional procedure, which uses higher order element for the protein 

model. This new procedure of Brownian dynamics simulation is presented as an 

application example of mixed overlapping element examined in this study. 
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Chapter 7 

 

 

 

Concluding remark 

 

 

We presented the procedure for the displacement-pressure mixed formulation using 

the overlapping element for the incompressible analysis. Unlike the conventional 

mixed finite elements, which were confined only to the high-order elements for the 

stability issue, we could achieve the mixed formulation of the overlapping element 

using lower-order triangles or tetrahedrons. In overlapping element, using the low-

order triangles or tetrahedrons was possible due to its displacement function spaces 

enlarged by the local field functions and the enrichment functions. The stability 

tests proceeded by the numerical inf-sup test and the examination of pressure 

solutions imply that the mixed overlapping elements of ‘OL3/1’, ‘OL4/1’, 

‘OL3/3c’, ‘OL4/3c’, and ‘OL6/3c’ show the stability regardless of the mesh 

patterns. Subsequent performance test, by solving the numerical example problems 

using those stable mixed overlapping elements, show that the ‘OL3/1’ element 

outperforms in general problems compared to the conventional high-order 

triangular elements. The ‘OL6/3c’ element was the mixed overlapping element 

showing the best accuracy even when the extreme case, such as bending of think 

structures, are considered at the expense of some computational efficiency. So in 

general, ‘OL3/1’ would be a fair choice, but for extreme case where the higher 

accuracy is required, ‘OL6/3c’ could be a good choice. 

Moreover, we showed a practical example of three-dimensional problem 

introducing the finite element procedure of protein dynamics. The conventional 
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procedure adopted the high-order tetrahedral element to solve the incompressible 

media around the protein structure which causes the increase of computational cost. 

However, the new procedure adopting the mixed overlapping element of linearly 

enriched overlapping element mixed with a constant pressure has achieved in 

reducing the computational cost significantly without the loss of accuracy. 

We expect our study can provide a guideline for selecting the proper mixed 

overlapping element for the incompressible analysis. 

For further studies, we expect to enhance the performance of mixed 

overlapping elements by reducing the computational cost even more which have 

been raised due to the degrees of freedom corresponding to the enriched 

polynomial terms or by enhancing the displacement approximation itself. Although 

the concept of overlapping element is established upon the solid backgrounds such 

as meshless methods, there remains demands for the overlapping element to be 

much more enhanced in the aspect of displacement approximation. For example, 

enlarged displacement function space of overlapping element lets the mixed 

formulation to be possible. However, for discontinuous pressure group, our study 

shows that higher order pressure assumptions, other than constant pressure 

assumption, are not available due to the inf-sup instability. It will be worth 

developing the overlapping element further to achieve the higher order mixed 

formulation to be possible without further increasing the enrichment order of 

overlapping element. For this reason, alternative methods using different 

interpolation scheme, such as isogeometric analysis, enhanced assumed strain 

method, etc. In addition, in order to achieve more efficiency, additional stability 

tests can be done for the coupling elements, which lie between the traditional finite 

element and the overlapping element, so we can use the mixed traditional finite 

element in combination with the mixed overlapping element as in the AMORE 

paradigm. 
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Chapter A 

 

 

 

Appendix 
 

A1. Remarks on pressure interpolation 
 

We used standard linear shape functions in approximating pressure field for the 

mixed overlapping elements of continuous pressure type, such as ‘OL3/3c’, 

‘OL4/3c’, and ‘OL6/3c’. Since we adopt the concept of overlapping element to 

approximate the displacement field, it is natural to question whether it is possible to 

use the new shape functions derived from the overlapping element also in 

approximating the pressure field instead of using standard shape functions. 

In addition to the mixed overlapping elements with those pressure interpolated 

by standard linear shape functions (the ones presented in the Section 3.3), we 

organized additional test set of mixed overlapping elements whose pressure fields 

are approximated by overlapping element with linear and bilinear polynomial basis.  

We present the inf-sup test results, in the Figure A1.2 and Figure A1.3, when 

the new shape functions derived from the linearly and bilinearly enriched 

overlapping element are used in pressure approximation. The test result of 

‘OL3/3c’ element clearly show that the inf-sup values are converging to zero when 

the pressure field of ‘OL3/3c’ element is modified by the linearly or bilinearly 

enriched overlapping element. Also, the inf-sup values of ‘OL4/3c’ and ‘OL6/3c’ 

elements with those pressure field interpolated by the overlapping shape functions 

are highly dependent on the mesh patterns which we cannot tell that those elements 

are stable. 

We also compared the convergence curve of the strain energy error of 

cantilever plate problem dealt in the Section 5.2. The convergence curves 

compared in Figure A1.4 clearly shows that the mixed overlapping elements with 

those pressure field interpolated by the standard linear shape functions is superior 

to the other test set using overlapping pressure interpolation. 

The inf-sup test and convergence test suggest that we cannot expect further 

benefits from using the modified shape functions derived from the overlapping 

element instead of using standard linear shape functions. 
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Figure A1.1. The numerical inf-sup values of the mixed overlapping element 

formulated with the continuous pressure approximated by the standard linear shape 

functions. 

 

 

 

 

Figure A1.2. The numerical inf-sup values of the mixed overlapping element 

formulated with the continuous pressure approximated by the overlapping element 

enriched by linear polynomial basis. 
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Figure A1.3. The numerical inf-sup values of the mixed overlapping element 

formulated with the continuous pressure approximated by the overlapping element 

enriched by bilinear polynomial basis. 

 

 

 

 

 

Figure A1.4. The convergence curve of the mixed overlapping element formulated 

with the continuous pressure approximated by (A) the standard linear shape 

functions (B) the modified shape function of linearly enriched overlapping element 

(C) the modified shape function of bilinearly enriched overlapping element. 
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A2. The profiles of pressure and xx-stress 
 

We plotted the pressure distribution in Figure A2.1, and the xx-stress (τxx) 

distribution in Figure A2.2. The pressure and the xx-stress distribution are obtained, 

respectively, from the pressure solution and the displacement solution of the 

cantilever plate problem treated in the Section 5.2. The xx-stress distribution 

obtained from the displacement solution also show smooth profile along the 

solution domain as well as the pressure distribution directly obtained from the 

pressure solution. 

 

 

Figure A2.1. The distribution of pressure calculated from the pressure solution. 

 

 

 

Figure A2.2. The distribution of xx-stress (τxx) calculated from the displacement 

solution. 
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A3. The cantilever plate with material discontinuity 
 

In addition to the simple cantilever plate problem introduced in the Section 5.2, we 

further examined the performance of each mixed overlapping elements when the 

material discontinuity are present inside the problem domain. We describe the 

geometrical and material characteristics of such example problem in the Figure 

A3.1. The cantilever plate is divided vertically into two different regions with 

different material properties. 

 

 

Figure A3.1. Description of the cantilever plate problem with material 

discontinuity. A set of meshes used in the numerical test is also plotted below the 

problem description. 
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The result of the numerical test presented in the Figure A3.2 implies that the 

proposed mixed overlapping elements also work efficiently compared to the 

conventional mixed finite elements. The mixed overlapping element ‘OL3/1’ is 

superior to conventional ‘Tri7/3’ and ‘Tri6/3c’ elements. The accuracy of ‘OL4/3c’ 

and ‘OL6/3c’ is comparable to conventional quadrilateral mixed finite elements. 

The pressure profiles (Figure A3.3) of mixed overlapping elements seem stable as 

the conventional finite elements. 

 

Figure A3.2. The strain energy error of cantilever plate problem with material 

discontinuity. The convergence curve of (A) the conventional mixed finite elements 

and (B) the mixed overlapping elements in log scale. 

 

 

Figure A3.3 The distribution of pressure when material discontinuity are present. 



 

124 

A4. Mesh filtering steps 
 

Molecular surfaces constructed by MSMS usually contain some mesh defects that 

makes the molecular surfaces inappropriate for FE analysis. Furthermore, surfaces 

of large molecules tend to have enormous number of faces requiring a large amount 

of computational time and resources. Therefore, reduction of the number of faces is 

additionally required for these large structures. The removal of defects and the 

reduction of the faces are conducted by a bundle of mesh filtering processes. These 

processes are often repetitive and laborious since each filtering operation 

frequently induces other types of defects. We use a sequence of filtering algorithms 

implemented in an open-source mesh processing program: MeshLab version 1.3.3. 

The filtering processes start with “Merge close vertices” filter to merge all the 

vertices nearer than the preset threshold. The intersecting faces are removed by 

“Select self-intersecting faces” and “Delete” options. Likewise, faces attached to 

the non-manifold edges and non-manifold vertices are removed with “Select non-

manifold edges”, “Select non-manifold vertices”, and “Delete” options. 

Consequently, the surface with holes where the defected faces removed is obtained. 

The surface with holes is to be filled with proper faces with “Close holes” option. 

Faces on the boundaries are examined, deleted, and again filled with “Select 

borders” and “Delete” options in case that the faces are not perfectly filled with 

“Close holes” option. Lastly, “Remove isolated pieces” filter is applied to eliminate 

isolated floating components. This filter searches for and eliminate the components 

whose number of connected faces are less than the user-set value. These series of 

filtering process is repeated until the input surface meets the condition for proper 

FE model. The surface conditions for proper FE model are following: non-

intersecting, manifold, singlecomponent, and fully closed. In addition, “Quadric 

edge collapse decimation” filter can be added ahead if the size of the mesh is 

desired to be reduced. This filter reduces the number of faces as a percentage of the 

initial size. Since the sudden drop of the mesh size causes many defects, it is 

recommended to use the percentage value of 0.8 or higher and executed repeatedly 

until reaching the target number of faces. 
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A5. Calculation of the diffusion coefficients 

 

The first step is to establish a 6×6 global resistance tensor, Ξ . The resistence 

tensor is usually defined to express the hydrodynamic resistance of an object 74. To 

calculate Ξ  from the local nodal actions, we partition the 3M×3M friction matrix 

Z  into M2 3×3 blocks, 
( , )i j

Z , where i and j denote surface nodes. ( , )i j

mnZ
 
is the 

mn component of the 3×3 matrix 
( , )i j

Z , and gives the friction force generated at 

node i in the m direction (m=1, 2, 3) for the unit velocity applied at node j in the n 

direction (n=1, 2, 3).   

 

Then Ξ  can be obtained using the following equations 
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where 
iU  is the matrix converting the force components in ( , )i j

Z  to moment 

components in 
trΞ  about the coordinate axes.   
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(A5.5) 

 

Thus 
ttΞ , 

rrΞ , and 
trΞ  are the 3×3 blocks of Ξ  which correspond to the 

friction forces and moments generated for the protein in translation, rotation, and 

translation-rotation coupling, respectively, and xi, yi, and zi are the coordinates of 
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node i in the stationary Cartesian reference frame.  

  

The 6×6 diffusion matrix D that we seek is obtained from Ξ  using the 

generalized Einstein relationship 

 
T

1tt tr

tr rr

Bk T 
 

 
 

D D
D = Ξ

D D
 

(A5.6) 

 

where D, like Ξ , has been also partitioned into 3×3 blocks 74. The translational 

(Dt) and rotational (Dr) diffusion coefficients are then obtained as follows 

 

 t tt
1 Tr

3
D  D

 
 

(A5.7) 

 

 r rr
1 Tr

3
D  D

 
 

(A5.8) 

 

where the symbol Tr indicates the trace of a tensor. Consequently, translational (
tf ) 

and rotational (
rf ) friction coefficients can be obtained using the following 

equations 74. 
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A6. Integration of Brownian dynamics equation 

 

The Brownian dynamics equations are obtained by neglecting the inertial forces of 

classical Langevin equation 80. 

 

 tZx + Kx = f
 (A6.1) 

 

The Brownian modes are computed solving the generalized eigenvalue 

problem. 

 

i i iZφ Kφ
 (A6.2) 

 

where iφ  is the ith Brownian mode, and i  is the ith eigenvalue, that is, the 

relaxation time associated with iφ . 

The Brownian dynamics equation Eq.(A6.1) is solved using the trapezoidal 

rule, an implicit time integration scheme. For the solution, we rewrite the Brownian 

dynamics equation into the form  

 

dZx + Kx = C w  
 

(A6.3) 

  

 
 
 

C 0
C =

0 0
  

 

(A6.4) 

 

where  tf  is expressed in a form that we can more easily deal with in the 

numerical integration. 

In Eq.(A6.4), C is a 3N × 3N matrix and C  is a 3M × 3M matrix, where N 

denotes the total number of nodes in the protein finite element model. The matrix 

C  is given by the Cholesky decomposition of 2 Bk TZ . 

 

T 2 Bk TCC Z
 

(A6.5) 
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The vector dw  is a random vector of Gaussian distribution with zero mean 

and variance of 1/ t , where t  is the time-step size used in the step by step 

solution. Since this vector is a random vector, we performed multiple Brownian 

dynamics.  

The calculation of the displacement and the velocity vectors is now achieved 

through the following steps: 

1) Calculate the effective load vector ˆt t
R  at time t t  using  

 

 ˆ d 2 /t t t t t tt       R C w Z x x
  

(A6.6) 

 

2) Solve for the displacement vector 
t t

x  at time t t  using  

 

ˆ ˆt t t t K x R  (where  ˆ 2 / t  K K Z ) 
(A6.7) 

 

3) Compute the velocity vector 
t t

x  at time t t  using 

 

  2 /t t t t t tt    x x x x
  

(A6.8) 

 

The time trajectories of a protein finite element model are thus obtained for a 

predefined simulation duration and time step size.  
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국 문 초 록 
 

유한요소법은 공학 분야의 복잡한 미분 방정식을 해결하는데 유용한 

견고하고 효율적인 수치 기법이다. 하지만 유한요소법의 필수 절차인 

메쉬 생성 과정은 많은 번거로움이 수반된다. 복잡한 형상을 갖는 

물체를 사각형 또는 육면체 메쉬로 구성하는 것은 매우 어려우며, 

때로는 불가능하기도 하다. 한편 원하는 정확도의 결과를 얻기 위해 

고차 요소를 사용한다면 계산 비용 측면에서 불리해진다. 또한 메쉬의 

세밀도 및 적절한 보간 차수를 결정하는 것은 추가적인 노력이 수반된다. 

간단한 삼각형 또는 삼각뿔 메쉬를 이용하면서 동시에 높은 정확도를 

달성할 수 있다면, 메쉬의 생성 측면 그리고 계산의 효율성에 있어서 

이상적일 것이다. 본 연구에서는 최근 제시된 오버래핑 요소를 활용하여 

이러한 메쉬의 어려움과 계산 비용 문제를 극복하고자 한다. 

비압축성 구조 해석은 계산 효율 측면에 있어 또 다른 어려운 

과제이다. 비압축성 해석은 변위-압력 혼합법을 활용하는데, 이러한 

혼합요소는 요소의 정확성에 더불어 안정성의 측면도 고려해야 한다. 

혼합요소의 안정성을 고려하면 고전적인 방법으로는 높은 차수의 요소의 

활용이 불가피하며 이는 계산 효율에 불리하게 작용한다. 

본 연구에서는 오버래핑 요소를 변위-압력 혼합법과 조합하여 

효율적인 비압축성 구조 해석법을 제시하고자 한다. 오버래핑 요소는 

간단한 낮은 차수의 삼각형 또는 삼각뿔 메쉬를 활용하되, 변위의 함수 

공간이 로컬 필드 함수와 확장 함수에 의해 확장되기 때문에 요소의 

안정성을 유지하면서 변위-압력 혼합법 적용이 가능하다. 이에, 

혼합오버래핑 요소에 활용될 수 있는 변위/압력 변수 개수의 조합들을 

제시하고 각각의 조합에 대한 안정성 테스트를 진행하여 안정적인 

조합들을 도출한다. 더불어 선정된 안정적인 혼합오버래핑 요소에 대한 

예제 문제 풀이를 통해 고전적 혼합요소 대비 정확하고 효율적인 

요소들을 선정한다. 마지막으로 단백질 동역학을 다루는 3차원 문제에 

혼합오버래핑 요소를 적용하여 개발된 요소의 활용 예시로 소개한다.  

해당 문제에 혼합오버래핑 요소를 적용하여 정확성을 유지한 채 높은 

계산 효율을 달성할 수 있다. 

 

주요어 : 유한요소법, 향상된 유한 요소, 오버래핑 요소, 

혼합유한요소법, 혼합오버래핑 요소의 안정성 
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