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= FEEFANA FEIEAH Y FAA AEE AAIST

AT A 3& s NVAA AHA dulnAre} stAES] FES A
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3 FEH FHEVIEHA ARE AHIATE S At A S
=&
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3.1 TFEIEA
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2012)
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B35} o), &0 T-&(discourse), B&2 F(discursive approach)<]
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2 & g9 EAs sFH i Sfard, 2008). ©] ?/1 St T A FE o]
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II. FFE7IsH Y o83 &4

‘qo) 2o e shuo) ofF Fobivlsd AR Wz
IAL 1T 9= 22Eudoxu)] Mol Ee BhHL A4 sldel
A 71 (A%, 2017, p. 30202 1E]2e FR3F Aot o

7 @X}%% a8 Al FeFE7Hse o HAEs xR AUIY =
! ZW=(logical scandaD® Awst= ®HAKnorr, 1975, p. 307),
Dauben(1984)-& 9)7]|Hth= =8fo)] Z2¢l »

Bkt o]ef 2 AntE A= ETsta sAE %%%ﬂ%‘@
Fo] wro] FEALA FAT HAHo] HAT= Ade ods 2ol
Ela=g

T FeEIAEH L Fol AP Fx| oA AHTHY Aol
o) HAR ALgH olF HetAE Agsls Fo Adel HAUT 1)
AR o folt HoHA Sol® AHE, Aelsty 2 ThFg Fopol
A AEET Aok A Fotuse] 8 ANA FHEIST BE
Aole] ZEst dlaol U =it BANAWA FeFEIbsA L o
% @4 HYSE FaW Soizh FULk

B Aol ME oleF FoHEssA olo] S HYATES WES §F
s stk wlebd s1sere] §o) FopE sl ol A4HQl EAo]
53 9o Hopol X ALGEH GFL 7 HEAE Lopur] 3ol Fof
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shel@ich. w@ Fstots] ForErbsAel ojul, AMg o)
=

=
=
2 U9 S Heste], Jsksta o, A3te] Meirke, Ftuse HE 3
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1 HE7RsAY F8AE 99

B oe BBk FehA olelol tig HPATES HED
o FHEISAL  Aeld BAE UBhlE F3HgolgA, ol
BepAstels ol2E el 4 HAA efHOR AEIHAL,
A2 oA Fomsel =dsel wE @4S APsE Soizt HAULk
B de 3 9)9] B SERopEel ool FEIEAY oW ZHof
AFste] Y EE TE 1 TSNS EPSYEA] RO
2 AREAG FIA FHEAEHS ABOSA, oA o
mok ofUe} et whstAeh, auw Setmge] FeREsbsAel AR
FAS §ol8 A WE ofw fAHol glom, 1L BESE
Eqe ROl HAY & e Ao BoHE

L1l I8l Ad e &9 24

B He aglx A FEVFEI el w3 wkol g
Knorr(1975)¢} von Fritz(1945)2] +=2o]= ZAlo 2 A3t

.

I FE 7} s A(incommensurability) & ‘& 2
j

97t e & UYEE dojw, 22
2ol AAH| Ut

Az 1049 A 1

2 &Q(same measure)®2 FAHT F v FEL FY¥UbEsSitt st
(commensurable), &Z¢FE7}%3Hincommensurable) $E<L FEH(common

measure)E ZHA| &=t (Heath, 1956¢, p. 10)

FHEIHES Fe U 719 5H71 4 gelagls statol o) A
At FAHFHE=wKnorr, 1975, p. 298; von Fritz, 1945, p. 260), A
o] g 3

sk Asl= Atuitk Zolrb Q) von Fritz(1945)= I ERazt
18 T8 A4S 1Este Hezdge g Wz
2t Atole] FanlE Fele #Ad A FA] anthyphairesis W o=



o 7 A& 4do] BS A1°ﬂ 2 AAHE RSk &, BollA AS
¥ oA B—nA; =Bolal B, <Al HA wEAL o] AALS WHEF
< o, 4 dAdA o & Hol(o] HolE At A7 o #e 2
ol(B.2} stzhe] A<yt =W, B AE SAHseE 997 ¥4 Be=
& DAL HolE FAHY F Uv THVF Ha, = A dolql As

= = F Zo] A%} BY FF
o@$)7} | ckFowler, 1979, p. 817).

o3 FFYCS LWES ol F3e] FopbE
J_:,'___

= golrAl [2F 11-1]9 2ol A=2,
B=92} stab Bell g3 -5 skl AolA wlA A—nB=A ],
A, <B7} HA &A A—-2B=6°]a, A =62 dH A, <Bolt). &
B4E& g WA 9 AdPste] B—A, =303, B =38 3}9H, B, <A °|th

‘:& = _— A . ™ = - ‘Nz 6
9
B -—— "~ A—2B=A
9 9
B == = B <————= 3
m—p 3 3 —> B]/

7 ) ] i
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olwl, A, =2xB,°|t}. B-A, =B,°2]E&2 B=A, +B, =3B,°|=2& B2 B

o] ©fjoltt. A-2B=A,0]Em& A=2B+A =6B, +2B =8B |22 B

2 A9 T@9oltt. & B2 A%t BY FFHHolmE F ¢ At B F
k=

von Fritz(1945)= 28] At J2oztge g fy gjtie] 3599
7 §ltbe ARdol FEEE gl s HHHASS ASTh
von Fritz(1945, pp. 257-258)7} A|Qtgh wals [28 11-2]19 A7y
ABCDEE sl &otrz. ® AEe tizhd ADY F8d9E 3]

2= g ES 2834, AE=AB o]l &
AD—AE=AD—-AB =DB'=AC’¢|t}. AD9} AES ZTEWYE= AE 9}
AC 9 ZETS 9} FaRey a8 AE=AB’ A

AE—-AC'=AB'—AC'=B'C’olt}. W} AES AC'e FTFEHE
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27k HH, oA o]Zl& C'E'# BC'9 35999 2ok &, & AL
ZtY ABCDES] 3 Wi} tizAe) s5e@9= & o4y ABCDE
°of g W el FFELek 2 I olgA FFEHE Fe
AL @2 Aol 78] wiEse] HEHER A FTEHE
s & ok i Fe7d ABCDES @ W tizti e F5dsle

Y
ofo
ol
ol
£

<] Zde] frEHE dugEs
FFEISS o] AL S FASH D Knorr+= Hellerd] 45
AT FEH= dugFY WHES gs3 2ol AlbstH tiKnorr,

D G
s
E
d
s=s'ed’
s' d'+s !
H C
d’ s
A . B F

S

(28 11-3] AAL oA FEF = &g F(Knorr, 1975, p. 32)

(28 [-31914 AAGS ABCHO| g Wi tizpde] dolg 77 '3
dolgta 3=k 2a W BC weol oA 3 wel dolrt s’ +d
ol AAZE BFGDE 18]&. AALZFE BFGDY 3 WS s=s+d'2 3}
3 A e dol= dE‘r stAk oAl ABCHO iz ACE dA3 A&
o] A& FD¢ whi+= e E=t std, + 423 ABC® CED+= &5<d

2) Knorr(1975)°] 2]3l¥ Heller= 3F =&ol|A+ von Fritz(1945)2} Zo] o7zt
S T3 FHEIIST Fol HHHUSTS FASIAAT E =EdAE
AAZ ol g W A FEYE dagss FA8FoE2N FdEIHS
g o] EAE BHISFES TSI

v ) " Rl
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B=BC=CE=DE=s'o]t}, = % 27}
AEFS} DBFE &3¢ Azbaztgo|mn2 BF=EF 7} o] EF=d +5 9|
BFGDe] thztA el ZAole d=2s"+d 7} "t AF7HA

A
2 Wt 747t s=g'+d, d=25+d 2 BAZE BFGD
< TAste AAES BAA o] 3A4E wilE HEsto F HASE
BFGDZ ¥ 22 GAZd ABCHE 19 4 ok

Knorr(1975, p. 320 $¢ 2o wxog FA3Z HAZHE BFGD 3
W3 AAe] FEEL7E 1SS Holy] YA, FEIE dugEFS
A g3ttt "Wk BFGDO] 3k W 59} dAbolo] ZETY s EAshE,
d—s=02s'+d)—(s+d)=s°0]E2 do} s9 FBTEE s9 §'9
4ol A ol s—s'=(d+s5)—s'=dolRZE 58 9o F
5

(s
21= sy
ST A9 FERSG 2Tk F, d} 59 FEUE S do) FE
o} 2Tk AAE

7}
WHES ook g3 o] gA a9 AAMAREES] 3 A g F
T = BFGD2| ds} s FEEet 2A o webA sok do] T F
o E e AL 735 AEE Aot & AAAFY 3 W iz
Aol F3ERE e AAH L FI9] ALKHER O FFEHAE IS F

= fit
olAH FEFYE FAuYFS Tl FFEIFST Fo FHo] o] FoH
o= 40 Ao 2H Y Knorr(1975) < 3 ¢FE7Hs3E ol ol2gk W
of oaf o]FAF = oA wrigth. Knorr(1975)+ ©] + WY =25
2 9 78ty 7leS ol&stet 1RTE B A#E YR 9
£3]
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w53 AHIE 2AR FdEVFsAY TS AR 3
28] =olo oAt A¢ERth 1Al Knorr(1975)E =
=13 olgl2E"# 29 [De lineis insecabilibus] ¢ =2]

2 FEstY AR & W el tig Fret E9
o] g3ste] FoETFsAFol AN SS AP ATHY

E F
D ¢ H
A G
B
(28 11-4] B9} E55 o8& FFE7IsAd =2 (Knorr, 1975, p. 26)

Knorr(1975)= &&t&9 (W=l & SAZ [O9 141 T3 ZAZ
¥ DBHI®| & W] Zo| DBst tiztale] o] DH7} FE/l53he
RHolE= W) thsf] Aleksldth. Knorr(1975, pp. 27-28)8] =9E AA|
5 ARz WA A2 $Aste] DBS DH7F Ferbssitta 7448t
W DB} DHE ol®l FEw9le Asulz w39 4 9ot o|4 DB}

3) 23U Knorre @A fF8 & ¢ g]Z(anthyphairesis )o] 43 A i
AHEEA S FASIAE etk O5 FU4E/ES 4o dHo] o] Fo A
< A7l FEEE duEEe FgEIES o wAH HIsrt ofd v
of ZAtgS Tk WO R ARRHASS T HKnorr, 1975, p. 22).

4) EHEY TvWl=l 9 WE Foll a7t oAl “AAZE Y] wolg
F ol HolE z2te AALE S BEER’ e REo] Jrh kdE Yol

7h 5 ol A e @ e 3] e Al=stA T dufjst=d oju &=
S 2= woolAl BAAE S 3 W digAdo]l FEvHsEE AT

(Knorr, 1975, p. 26).
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DHE BEWSIE ol gt 52 HASAL (29 11-4] o4 HZol
B AN7+g AGFES] Weol: BAZE DBHIS F wlolx webs HA2d

AGFE®| ol =47} 55, 1 & we| Zo] DH oA =4olt. me
N RAZEE AGFES] Hlolt de] w47k ul, FAo] ABCDe| o9
gfelmE HAZE ABCDO Hol= H47h ®rh 1du ALY
DBHI®| Wolt Az ABCDO| gole| T wlolm2 3Az-a DBHI
o Yol= #A%7h Hvl 1 & wWe o] DB €A A5 Ak 3,

DBHI®| § o] o] DBS} hztde] Zo] DHE =% =47} Hoh,

of

N

=ikl 7(4/\]-71-6:] AGFEQ]- 24/\]-71-6‘:] DBHI«] A= ;g/\]-z]-—a‘g DBHIQ]- 2
AMZFE ABCDO] #AI9L FLstr] dj&old mrbA F8< 288t A
Arzbe ABCDO| 4lol= AAMZHE DBHIC| Holef Hiolw A FAld &4
7} "tk =3 ABCDS] tizde] o] DB9 & W] o] AB =% &
S7b Atk aelm olge e RAd A%D 5 dnh F 3 we
Bol7} A5 AL FAAPL PRI A% HE 5 Joh 1dH AL
HAZHY AGFES] Yol= #33tu, uleba] o] 3go] Ras) A%d

FE Qith websd Agol DB DHYF 397bssta F Aol ns
SHE vekd S oo @ sbgol Aotk &, JAZE DBHIC
W3} )zt DB} DHE FE7b53sith,

Knorr(1975, pp. 27-28)= o] 9Jol%=, ofg|x=E"H =9 AA [De
lineis insecabilibus| ol AAH =S TAHAZ FFEIAHY TH o
Sk =9 WAlS FEIA tg3 Zo] AAEAT. [O2" 11-5]9F 2ol
ABE 3o g &= AAZ4E ABCDE 18]W, ACE AAZAE ABCD
ok wkek ABS} AC7F Fepbwditia AHAEE T AR
FHl2 382 £ ok oA H BellA Bzt ACel W
Aol we Egt shxh. ACS} BE: 4:%loln Aztal AEBE 27bo)

l

[‘-?i‘a )

e
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5) A +2+E AGFE+= A AH2+E DBHIS| o zhAd % Sk WMoz 3k HALZHE o]
AH+s DBHI= AAME ABCDe thizZbd-& gk o=z 3t AALE 1E‘r
Aol A [JAGFE$} [IDBHIY A 7} DDBHIs?Jr (JABCDe] #AeF #Atia
A3t o

B oﬁ
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Aatztgo) Hh a¥d ACSF ABO FovbsAdel 714 AESH AB
o] FtsAe] HHes AAEY, mekd AES ABE AFHIZ E

99 4 9k o4 AESt ABE FERIUE ol 83t Y52 HUHAL.
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Zro)Swiatztgolth. weka AE’=AF +F A
a-dd o] S [I9 II-5]elA HZo] 753 wrEd 4 o w
R Agofol 3y o) Bilsdith &

F AR ABS} ACY FeteAS 7HEE Aol EAlon, meks ABg

>
%
o
o=
=
=
rir

IHG F

D (o
[ 11-5] obg]2E"#y 2 =29 A7-4dKnorr, 1975, p. 28)

2] Z(Knorr, 1975)3} Knorr(1975)7} A <+st w2l

dold Felol A ol RF F ool FkR bsITHE A8S s B
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2 de IYEVME
Knorr(1975)¢] =9l& FASE Ay

dole] Fofrtedt 3
o dE =91, F & a®} b9 M7
c7t A5 av cE 3WH TS}
AT LHY ot b7t FHFEIHSE
goug o]zt a4 E7lest

AR FFE7Hs e FEY HWolHl 9A FEERE MY
o g2 Al l—“’17} 2 7 A4Ee 4
O ARdo]l 4 A AAAT, o= F 4
ddste AEo| l:t 17V 2& F 443
T A71s A, Be Yol Hl&= A =
F a$t b7F a:b=3:2Y uj, [1%1. 1-6]7} Zo] e Aolr}
3 T Nt 2o Zolvt ol 4™ IMVF A4 Eolde F
AzpstH 7 A4E Y gole o & 24=3B9]
A, B9 Holo] HlE A:B=3:27} Ho] HWH9 3194- o}
(Toeplitz, 1967, p. 14). 13y} 182 Al FFE7153E ok WA
=39 vof BEH Ay sol ool ArIEHNeH FAES FkETL
T Y=Y Pl a:bd YHE B9A A Farh AAHToeplitz,
1967, p. 15; von Fritz, 1945).

FHAEL MEL H] o] &0l thall LR AT I A T2 Ao
%94 XU'U} 1—|—°i§i‘3}. Knorr(1975)= fEdl= 423 Agd+
o|9 WIS IAA F HAE U=s F U
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Al A ale\g

a a ] 0

b
(29 11-6] FFE7ls4de Hd7 =89 Hl(Toeplitz, 1967, p. 14)

HA = o =42~ (Eudoxus)oll &k v] o] &9 wdolth

9 J—:l:—
FEUE dEds &9 Bl o e H ol&e A F JHA W

o]Eo] EAgt) S5HL A FA20 H] o]0 F o g H| o]E
H, 742 AAe v ol&olty. Iy Knorr(1979)= €&l HAIH S
= =9

IN
[o
o
fo
_?_l,
19,
Lo
R
o
rf
o
I
)
9|L
4%/
o
i
N
o}
_O,E
4%/
v

6) Fowler(1979, p. 821)¢} Knorr(1975, p. 258)= fEdt ¢ug&S Higow
3l 1] o]2o] ALEEHYYS S ol ~E- Y 22 Topics(158b-29)2 ZAZ A Al
St T

.. it is not easily proved (ypadeodtar), for instance, that the line parallel to the side
and cutting the plane figure (énineSov) divides similarly (6poiwg) the base (ypauun
v) and the area (xwplov). But once the definition is stated, the said becomes
immediately clear. For the areas and the bases have the same antanairesis; such is
the definition of the same ratio(Knorr, 1975, p. 257 A ¢1-&).

Alexander: olg] ~E" g 2~ 9] Topicsell S43t= o] ‘antanairesis’ 7} &
Aol M= zol7t AAT, FFIYU= Sy EFE 7FEl7l=  ‘anthyphairesis’ <F
2o GolgSS AASE UtkKnorr, 1975). 9 olg]~EdH 2o FH| o3}
A AAAE S MRS By dECE HARS wW tES wWHol e
‘antanairesis’ & 7}A9H, 159 HlE Ao 331 9}1:} olg| ~EH” g 2~
9] o] FE2 FEFHYE ¢ Fol O}EV\E*E g2 Altjel]l HIE Fote e
24 &HA dAeS AAGHKnorr, 1975).

dE 10489 ®EH 5 ‘FEd o HES

T T HEo
o+’ (Heath, 1956¢, p. 2 SHE o FEH=v 49 HE EAE 4A=9 9]
£ 79 A 207 & ARSI Knorr(1975)E ol & ZARZ AAEH 1
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zﬂ*l?s}%ﬂr. EHEXJ.QE “A:C=B:Co|H 2 &=
Fow FHE d, 73T HAo] ALHAT o]E FA9 o]
AT 4+ gtk Knorr(1975)= S8 & =

o] 29| olgd &AE sMastr] AsiA A&l 1089 BF U&=/
539 Ao 4(et27vu 2 de)7t AAHAFS FASAT

S

= =3 =]
A of] A Xétﬂ o Z FE wY o] AAHES ﬂl% HHESHH Ao 2 gETh
o Ze oo] @

F=ol e A sl ¥Es JHvs A2, 58 W gE dEH AAA
< 4 Avk= Aol (Heath, 1956b, p. 114)

A FEhat ofF 1 €L HE JUsA FY3sel FFY= 9
£ 570] erd vzlol 8¢ FARYT, mehd AR v oj2o] B
ek

A& 589 4o 5
Magnitudes are said to be in the same ratio, the first to the second and the
third to the fourth, when, if any equimultiples whatever be taken of the
first and third, and any equimultiples whatever of the second and fourth,
the former equimultiples alike exceed, are alike equal to, or alike fall short

[e)
T
Kno (9;5)/] T%LO]T:]-



of, the latter equimultiples respectively taken in corresponding order. (Heath,

1956b, p. 114)
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o] 8 o] EAlst=Adl sl A&Esta o]o thal FHata @3t
= Aol F8sItE QX o= ol K tth(Harari, 2003, p. 3)
2150 AE 8 e EAd FHoE <l

Zeuthen2 1€ = %]
2= et T8% 98 P& AsHZeuthen,
1896). Zeuthen& B34 HIgkEd Q] FE7EsT o SAEE B
o]7] 3= 4kEo] ofd T E P99 WHS o] &sfoF Fa, ojm
7 3 988 3 AeRE BYtHKnorr, 1975, p. 71). WA Zeuthen
gl gojel m1zlel A
T EReH, 3

Asted A5k F9% 4L s Fdnka
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¢) TH(Harari, 2003). o] 2A =1 2
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o] HA 17 22 d8E lJé}oiD}(Knorr 1975)

=4, F &Y FAETFsAY BAH O FEoE FPAR] FtelA
o]2ARl Fgore M 5l AGH tholjojaie] o] WMIHHAT
(Szabo, 1978). Szabo(1978, p. 215)= ‘F & Aol FFTEHE 2&
lee dAs= 2 A T F Abololl FEEAVE EAEHA e &
Hole 27 & 2A o T on 2ot dee AAZF vk AT
Az @A ol AAAY AFoNA F & Atoldl FFEE S F
fee dudn. Bt S FAF oA o] &3 RN FEES
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oS ARESHAIT, Sjulidel ztolE AW ZARJA ] gk oFo] A7]d
o o] RS0 W g2 fs WA Fof FHEIFEH Sfarde] F
f=7hsde ofmlet EA4S WD she AL Fasith wEA 2 A
X FekErbeded td =g 45, FFErtsde] EHo|
7HR A AFEE FolA ElEta, FItugoA wA FEe At
71 917k =2 AREshr] ffs) ebeEvbsd el ovlE st AA s
A .

21 29 AT o8] FHEAEA

& 1962d T3t e x| & ERstAA HEHAalel bk 2
AL At o] EAHR ofoltjole HATto] HHo|u FHH
Hog wddts Aol ofd S F3j o|&o] Wit Aot o]
e Aws 98 F& Hgto] AXAHI s A AVIE AN
NAZ, o]8o] AEFHT gz W3yt dojus A7E Hstggo
2, 283 g9 o3 ol ®IE it sz AWsiit
(Kuhn, 1962).
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7} Wsted A @AY E= Aol th(Hacking, 2012, p. 40). o]8 T o)A
FEIIEAH L HOEES AEE 22 AUE H W3

o7} flow, A M2 & AU AstAES oAt ES
e By ofydg AEE olsid & glA H
1983). o] =it 519?37}%

=Aloltt. wkef v A

7 Fetd, €99 5o

32 TR Fov) §17] otz , 2018).

o] ZFEIISA ouE o AAF Tty YSHE 19623 =
] &

w8 2o AA A T2 oA S Al FAA PPEF
TRV, SqUEd  FOE/EA, BEA - EARH TR
4 (e, 2018 AnE Bast Aok AA, PHEH TR
e of@ FAEo] slAHolol & FAUA, oW WHOE Ao}
stedel tal e Y9Fe ZE AL AL o8 S, FHe Ut
2EFAEAE dusolol @ WA, FEFASAL A
Hol Wa g AT AN AZEYTHEAY, 2018). A, o] &
FoFRbsA e A4 B0 JE AHTYo] FFY wolE AFTA Y
=, 0 o5 7 ety SolA T go] o o]2EW WHT
Ag 27 =M, webd 02 £2 20 HE 2e v oF So,
AT B wole] A% AT HEHN BT AEHE gojo|X
% onzh vk AEAe] AP 149 ANE e $42 713
A AN AgFHE ATE BFS FHOD ol 5L 7}
At wol ‘Z7 GA FEIG oflFEllY o|goN 1 ojmz} 2z
gEoh FHe Fhe WP 5L 2AT olIFEA FZHe o]
A glong ¥ goji oush &4olM thErhEelw, 2018). nhAvRe
2 B3F . 2ARA FFRsHOlR AZ OE AGTYS wHA
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p. 229)
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38 713 FEo] Qlojor gtk Az, oo wek 18939
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Ao TFE = el 59 sy 7jdEs THES TS T
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Hol Stk Ad5Q014)2 A8 d e a3 HEFES stz A
<4 WMFE FAsHAA, At A7l ERs dd2 A2 W
Fo] Wstel WA #dFH dve FASAS L Chi(1992)}
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< A3 gA @ Sfarde 134 SIS0l Wil A4te] AdE EF
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t}(Sfard, 1991, p. 11-13)

<FE 11-2> 4 Mde] 724, 222 A d(Sfard, 1991, p. 5

TEA 223
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U | st mqe 54 st =g W
@‘@-9} Aé%—_] == 0 == E}% ;(]_ﬂ_{’\_oﬂ 1_%
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FsEd agan 242 el Rsk7 } WS, = 5 71

S is 7H“‘°£«l Ao w AWstiaA AAGA A= tE2va 51
o}. Smith et al.(2005, p. 134+ A2 G4 3 o= /)’ o /ds &
I s Aozt ANt 9 FRIA OCFE, G2TE’ 9 B2 FITE
A He AHE AASAT E 92 Y FFol At AMEE A
e e Aol g Ade 725 HIATIA Zed AZE Y F
Fol sl €A FHAAT, mEgsE ESAU MY AEE 93, A7E
2o, JtAHAA NRTER 7]t Mo A9 WSt =3 dojuA
gatom @ AR & A9 ke HFQ FFol FIHEHIAS #ol
o oluf HMFE JIEAEZE olFoly WFEY TFol A Fsk
o} Smith et al.(2005, p. 134)> o]} thEAH 2 AT Fel+=2
Md W3k, 2] gurh AleE AT oA RE ‘Ul o AR=E
Hat, 7)o §lld 132 39 F5% =47 €S LIkAh 374 1/3
BT AR FEHI, oldddle ‘Ale AT 0E AZAHY Adre o
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T CUAl Adte] wWAlE SEC H AL A A A S AES =g
dojtr}. Vosniadou et al.(2008, p. 3)-& o]2]3+ Careyd] 7R dWH3l= 3
Mads ‘8 EAEZ HFo AIstAY NEE SAEF HF9
A & 2= AeLdS LIAT &, Carey(2009)7F 7HL§5<]74]
14

(conceptual system) Abole] FofEZHsAHY Atelz AAAE 7Hd
(conceptual change)= EA&2 HF2o] W37l DAst= wWdto|t)

Merenluoto & Lehtinen(2002)= FFE71s4S AR AF3HA
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Lehtinen(2002)-& &5l A A4z = Md 84 AFNA A2 g
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The viewpoint of the experts in mathematics

Logically developed, coherent and structured
theory of real numbers

Argumentation based
on logical consistency
not on intuition of reality

The preliminary concept of real numbers: the
hierarchy of numbers, the compact nature of the
number line, concept of limit

Integration of two
different kinds of

knowledge

Numbers and Limit and continuity
Number line

Development of

scientific The compact nature Continuity based on

understanding of the number line the limit

of advanced : :

numbers and ;

the concept of limit Prior thinking Prior thinking
based on coherent Based on identifving
understanding of the mechanism
whole numbers or cause of continuity

The viewpoint of the learners in mathematics

(2" 11-13] A4 AdolA EAE4 WsHMerenluoto & Lehtinen, 2002, p. 253)
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Kitcher(1984, p. 163)o <]stH = =
L, M, Q" ,R,S > 54 3P| WHlo
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st=x Awstth



q o] tH(Kitcher, 1984).

| e}

é—l_

Hr}h 14 AA 2 Kitcher(1984)= Elo] A A

©
[

)

stk 9o 7zt

2007, 2008). ol a 2]}

wr

i
wAO

Ly

ol

<

ol

N

iy
o

™

%

oju

I
—
o
B
22!

— o

ol
~

s o

or

73 9-o] tH5)(Southwell, 2013,

e

177-178).

=
W

5
ol
o
N

—_—

°
il

)

£ o7}

ME olf

2006, p. 114), 2loj7} =

& 5

g5

L
) By

Bl

ol Al

=]
2]

Al =™, 2 5

3L
o

14) Kitcher(1984)= 4=&}o]

wEeta Bhel WEy 2o Heteigel Adsh fA1

al

2 tHSouthwell, 2013)

1=}
=

_56_



fhRorty, 1979, pp. 204-206). ©1x & Atwel Q19 #AES FaAT
BN AL oo S ME o] FHE gt sl Fasim, of
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Aoty Bt=dBoyer & Merzbach, 1991, p. 528), ol&= @A) 2535t
A WA e yolg Abste AW fFARSE FEjo|th2D

CEVFEEO] W & 39k Ao g IR Fhitg o g](Cavalier) =
< FYP3 AEEE FHAHJL, YA+ BPF AEE 747 HAU
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T+ YA Faelx= £22 H7F Y3t (Boyer & Merzbach, 1991, p. 536)
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o Z, shdeleee AR He $HYOR WMe Mol §HYeE, 1
21)
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2l YA= e $xgo 7 AAATGT A7 oHBell, 2019, p. 47).
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(Newton)3}+ E‘rO]&HZ_(Leibniz)v‘: 29 FAol i ‘dolst
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‘Eelel Me U gy e A0 olgkal A&t thHorvath,
1986, p. 60).
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If all points of the straight line fall into two classes such that every point
of the first class lies to the left of every point of the second class, then
there exists one and only one point which produces this division of all points
into two classes, this severing of the straight line into two portions. (Dedekind,
1872, p. 11
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olty. &, ‘degenerate’ T2 3 HOo=E o] Fojxl Fgtolm Hol&=
o] tHGriinbaum, 1952, p. 296).
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.
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°olF Zt= ¥ A JAFDY Aol "dlA AAHZ & JHGrinbaum,
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o sbrte] zhth aEAM ko] $Ad Aebd glold WA, AU 1
&S doyAx don, AARZ I FE AE g=rh (Newton, 1687/1998, p.

55)

olHYH wHE £WIES ‘TFH HE olgtal FEH, ojAS&
TFA FY M BA BRA T AL FAS A, H7E ggle]l Bt
= FHozA ALY &, wHS vEASTE T v 2A
AZyskA w3 ‘nle] 23 ozmA ALY AL AzIET
Cajori(1917)= F8tAtEo]l wHS & ‘=271s4” o sl =9
g Zlol disl A5 vk Aok ol2HE FElo] [Z™AFoH] oA =
o] ‘=g VM’ AR didiAe HWEEA EHuA gL A=
FZ9t} Cajori(1917, p. 1499 oJstH AlZto] whe} HAH e Wyt 3l
71 A9 FAJurin)& E*-/l [ZP AT o}] o THE F3hol] T3}
= 2o 2 AT HtH 2RI ~(Robins)= 3o =R Y=t
Bkt o] A7) FsAES 7o ofeltojrl FelQIA, i wH
o] ‘WMFIt ST 22T & JeAE WA AR o tiE] &<l
st =ae A= s tHCajord, 1917, p. 149).

golzUze wHA e F33] ZE FS AT 53] ghol=
Uz 713188 oF Aol AN FaaE o] gt FE3ATE T
2 I™olA ge AA4d AECe XYCe BAk

[ M-2] o]z =] g2 AN

lr

°](Leibniz, 1702, p. 545)
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of % azyge 7+ EACSH 2z YXC/b zZ Azbold,
AC= c, XC=x—co] 11, AE=¢e, XY =yo]|T}. o] ] g9 IR
r—C
)
7b okyetal 7HgskAl wkef YEZF 712718 #AIstaA H Ex AR, 1
g1 H YE X2 /MAEE gAY &x o, AE=e9}
AC=cE Zo}At} go]|TU=: YEV} o}fd $AAE 9} e (9]
Tr—C

92 eree ARt wek c=e=00d —
Y Y

257} sty L AEC= £XYColt}. oA ~LAECS}£XYCE 45°

=—=1°] o]
ol

2ol WHAlSHY] wjFolth oz 2= o7]oA 9} o= 02 E F
A F3Aao Zo] HFgHE Aoz Ay} ol5e ‘=zFAd =
(momentary increment)’ ¢} ‘<32 <l ZrA(momentary decrements)’
2A At A3 o e ‘WiFE AT H HIE e g
thLeibniz, 1702, p. 545).

golZU =& dx, dyst 22 7159 ARRH HAS Fote A=

D@3 Ao Fe AT

= THE olgd Al Aol AU F2 AF/AE FESA ETEHA
e AFoAE, dx, dy, dv, dw, dz&

=2+A zFol(momentary differences),
P e A4S 183HE 4. A

A& = AL T35 22 A (nfinitely small distance)oll A =A19o] =
e dAdste Ae 1ge AS gusiAY, A4S dilste Ao=A 73
3] B2 o s e g4 ¥ AFAdE Jge As 9Hdth o
F3ts] 22 Age &4 dvel 22 ¢z v E(differential) == 29 ot
A, & 8z JAHowE 3dE 4 Jrkleibniz, 1684, p. 276)



oA oYzt AL FAd we fo A4 s nrow
ZHSAL, d dysh 2 J1EE wnAd Folt 24 AFEAY
WE RE e AL 2 A LFY G Lol AFSHAT
(Leibniz, 1684). W7+ ohuel eol=u= dy, dxel thsl ol 59 HE

AH37| = SR

z)(D %

[ m-3] ghe]=y=2] dx2} dy (Leibniz, undated, p. 151

golxuze y=-—a9 MUY 71&1E FIHUA dy, deE FO2

HFstRoen o=
AX=z, XY=yol

, & dy:dz® WIE AASISETE 1Rl A
X, Y 2k E*‘E A2 FAolgtal skxb. IEal

uich

9
H,

XX=AX-AX=dr oli DY=XY—XY=dy & 3. o,
y=xr:a° B2 y+dy=xr+2zxdr+dodr, :a; ©|TF. FRHAA yE wjH 2
dy _ 2z+dx
de a

dy:dr=2x+dx: a;°] AR = 7} A Y3t} (Leibniz,

undated, p. 151).
golZzyz=E XY XY7F whd W7A] X, Y7F (XY & 7h7ke] 74,
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a 4= 9JtHLeibniz, undated, p. 151). Bto]Z Y=+ F=3 o7]o| A Algt
=] ©

|

ARk, dy/dx

g3tk 31

A A & <H(non-evanescent quantities)o] 2=
o] Alato] AAFA A R kol Mo F=3 A

-
il

do
2
bt

=2
= gholzY =& mAESto|A F3Hs] A2 S ARSI, ol &
A 715 dyldxe] onlel e AT 4 735 Ze F9
B2 A4S 7R E¥ R AAAN, dy, dxe 47 7t oz w
2hA dyldxe= T3] 71271 obd e BT 24 oAA-A = T
ojFA Tl ARG mA LT FES ATEI AL golzy=
7F 7t o5 4549 WA (Law of Continuity)oll A St

In any supposed transition, ending in any terminus, it is permissible to
institute a general reasoning, in which the final terminus may also be
included.(Leibniz, undated, p. 147)

golZUze A& HRow Wsle] HFTAQ eyl derd
£(general reasoning)’ 3toll Z3E = Jtk= AFE dATE F, A%
deol Mlow A¢t Be| F ol Wis A7} BRU =i, A7} Beof ot
A w72 Ag ZFASoa & o, A= Bet Y JHVF Aok gl
ZUzE o] HES EAY 5H 7158t FEoE HEsHon o
o 738 A Fo AdolE AREst] EASAT golzUzE F3F
= EAVY AAE o, A F33 A 55 VIR A0®E AR,
a9 AR BP7F VA9 HastA @ wi7bA g2 oA P72 F
o1 sgom olw VARt AP Aol Z+e BEE| e mr|w wE st
ATk T AdEo] & AR Aoyt & wWx, 154 Aol Aelrt

F33] 22 Ao g x5k tHLeibniz, undated, pp. 147-148).
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Abstract
A Study on the Penomenon of

Incommensurability in School

Mathematics

-Focusing on the infinitesimal discourse and the

limit discourse-

Baek Seung Ju
Department of Mathematics Education
The Graduate School

Seoul National University

It is difficult to communicate effectively between people with different
theories. Science explains this phenomenon as incommensurability
between paradigms. Even if people with different paradigms seem to
speak the same language, they do not understand each other and it is
difficult to communicate. A similar situation occurs in mathematics
classrooms. Sometimes in classrooms, although a teacher and students
are talking about the same subject, they do not understand each other.
If communication is not done properly in a mathematics classroom, it is
difficult to learn mathematics effectively. Therefore, The purpose of
this study is to understand the phenomenon of incommensurable
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discourses in mathematics education.

This study explored incommensurability theoretically. First this study
identified the context and implications of the Greek discovery that
there are quantities that cannot be measured in common measure,
which is the origin of the term incommensurability. As a result of the
historical analysis of incommensurability, it was identified that the
discovery of the incommensurable quantity was a significant event that
brought fundamental changes in Greek mathematics, beyond the
discovery that there was a previously unknown quantity. Second, a
theoretical ~ study was conducted on Kuhn'’s concept of
incommensurability. Kuhn’s incommensurability had three aspects which
are methodological incommensurability, semantic incommensurability, and
observational-ontological incommensurability. However, in the later
period, the focus was on the semantic incommensurability between
paradigms, which was characterized by taxonomic shift. It was also
identified that this can be generalized to ontological transformation.
Third, the meaning of incommensurability used from the discursive
approach to mathematics education were reviewed. In this perspective
the transition between incommensurable discourses is essential for a
qualitative leap. In mathematics learning, it was identified that the
change of a mathematical object and the change of the meta-rule
bring a leap in the level. As a result of the theoretical investigation, it
was identified that the incommensurable phenomenon occurs when
meta-rules change and when the ontological transformation of
mathematical objects occurs between discourses, and this was used for
the analysis of the incommensurable discourses.

Based on the theoretical analysis of incommensurability, the students’
discourse on infinitesimal was examined. Although students learn the
curriculum of limit discourse, it is reported that they still have an
infinitesimal discourse. The research on the students’ infinitesimal
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thinking was focused on in what context the students showed the
infinitesimal perspective and what form it appeared in. This study
focused on the fact that students have infinitesimal discourse while
they communicate with teachers of limit discourse and study textbooks
of limit discourse. Therefore, this studied explored this phenomenon
focusing on the incommensurability of discourse.

First, to understand the origin of the students’ perspective on
infinitesimal, this study explored the composition and infinite division of
the continuum and limit concept in the history of mathematics. Through
this, it was identified how the concept of infinitesimal appeared in
history. Also, from the fact that the concept of infinitesimal, which had
been steadily appearing to mathematicians since the Greek era, was
excluded due to analysis in the 19th and 20th centuries, it was
identified that it is natural for students to have the infinitesimal
conception and the concept of infinitesimal is difficult to overcome.
Next, the relationship between infinitesimal discourse and limit discourse
was analyzed focusing on the ontological transformations of
mathematical objects and meta-rules. As a result, it was shown that
the infinitesimal discourse and the limit discourse are incommensurable.
In addition, two cases of incommensurability of the infinitesimal
discourse and the extreme discourse appearing in mathematics
education were presented.

Finally, this study tried to empirically examined whether pre-service
teachers and high school students have an infinitesimal conception.
Even though they had already learned analysis, some pre-service
teachers stayed in the infinitesimal discourse. In this case, the
meta-rules of pre-service teachers were different from those of
analysis. Also, since some pre-service teachers had the view that
infinitesimals and infinitely large numbers exist, it was shown that they

could not transfer to the Ilimit discourse and remained in the

- 184 - A -*;-‘-.1-:5 o |



infinitesimal discourse. In the case of high school students, some
students also showed the thought that infinitesimals and infinitely large
numbers exist, and specific narratives were identified. In particular, this
study showed that the students had doubts about the meta-rules of
school mathematics and thought that the meta-rules of school
mathematics were a provisional and temporary convenient method for
teaching.

This study showed that meta-rules change and ontological
transformation of mathematical objects are factors of
incommensurability of discourse through theoretical exploration of
incommensurability. In addition, this study showed incommensurability
can be used as a tool to analyze the phenomenon of mathematics
education.

Keywords : Incommensurability, ontological transformation, meta-rule,

infinitesimal, discourse
Student Number : 2015-30420

- 185 - M E2-}



	Ⅰ. 서론  
	1. 연구 목적 및 필요성 
	2. 연구 문제  
	3. 용어 정의  

	Ⅱ. 공약불가능성의 이론적 탐색  
	1. 공약불가능성의 수학사적 의의  
	1.1. 그리스 시대 공약불가능한 양의 발견 
	1.2. 새로운 비 이론과 무한과정에 대한 정리 등장 
	1.3. 경험적 수학에서 이론적 수학으로의 전환 
	1.4. 수학적 대상의 존재성에 대한 질문의 중요성 인식 
	1.5. 결론 

	2. 공약불가능성의 철학적 논의  
	2.1. 쿤의 패러다임 이론의 공약불가능성 
	2.2. 존재론적 범주와 과학의 개념변화  

	3. 수학학습의 공약불가능성 
	3.1. 수학학습의 담론적 접근 
	3.2. 담론적 접근의 공약불가능성 
	3.2. 수학적 개념의 존재론적 변화 
	3.3. 메타규칙의 변화 

	4. 공약불가능성 논의의 결론  

	Ⅲ. 무한소 담론과 극한 담론의 공약불가능성 
	1. 무한소의 수학사적 분석  
	1.1. 연속체의 구성과 무한분할의 이해 
	1.2. 극한과 순간변화율의 이해 
	1.3. 논의 

	2. 무한소 담론과 극한 담론의 공약불가능성 
	3. 수학학습의 공약불가능성 사례 
	3.1. '제논의 역설'의 이해 
	3.2. 순간속도의 이해 


	Ⅳ. 예비교사 및 고등학생들의 담론 분석 
	1. 예비교사들의 담론 분석 
	1.1. 연구 방법 
	1.2. 연구 결과 
	1.3. 논의 

	2. 고등학생들의 담론 분석 
	2.1. 연구 방법 
	2.2. 연구 결과 
	2.3. 논의  


	Ⅴ. 요약 및 결론 
	1. 요약 
	2. 결론 

	참고문헌
	Abstract


<startpage>12
Ⅰ. 서론   1
 1. 연구 목적 및 필요성  1
 2. 연구 문제   3
 3. 용어 정의   4
Ⅱ. 공약불가능성의 이론적 탐색   7
 1. 공약불가능성의 수학사적 의의   8
  1.1. 그리스 시대 공약불가능한 양의 발견  8
  1.2. 새로운 비 이론과 무한과정에 대한 정리 등장  18
  1.3. 경험적 수학에서 이론적 수학으로의 전환  21
  1.4. 수학적 대상의 존재성에 대한 질문의 중요성 인식  23
  1.5. 결론  26
 2. 공약불가능성의 철학적 논의   28
  2.1. 쿤의 패러다임 이론의 공약불가능성  28
  2.2. 존재론적 범주와 과학의 개념변화   34
 3. 수학학습의 공약불가능성  38
  3.1. 수학학습의 담론적 접근  38
  3.2. 담론적 접근의 공약불가능성  41
  3.2. 수학적 개념의 존재론적 변화  45
  3.3. 메타규칙의 변화  57
 4. 공약불가능성 논의의 결론   62
Ⅲ. 무한소 담론과 극한 담론의 공약불가능성  66
 1. 무한소의 수학사적 분석   66
  1.1. 연속체의 구성과 무한분할의 이해  67
  1.2. 극한과 순간변화율의 이해  77
  1.3. 논의  84
 2. 무한소 담론과 극한 담론의 공약불가능성  86
 3. 수학학습의 공약불가능성 사례  89
  3.1. '제논의 역설'의 이해  89
  3.2. 순간속도의 이해  98
Ⅳ. 예비교사 및 고등학생들의 담론 분석  102
 1. 예비교사들의 담론 분석  102
  1.1. 연구 방법  103
  1.2. 연구 결과  105
  1.3. 논의  117
 2. 고등학생들의 담론 분석  121
  2.1. 연구 방법  121
  2.2. 연구 결과  124
  2.3. 논의   152
Ⅴ. 요약 및 결론  156
 1. 요약  156
 2. 결론  162
참고문헌 166
Abstract 183
</body>

