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Abstract

This thesis is focused on theoretical studies of the possibility of applying Bose-
Einstein condensates (BEC) as laboratories for fundamental physics and metrology.

First topic is how one can get the value of the damping parameter in the modified
mean-field theory of the spinor BEC. Mean-field theory of BEC [11} 2] is widely used to
study behaviors and characteristics of BEC, but they have one major problem: it cannot
explain the collective damping of BEC. To remedy this problem, Pitaevskii introduced
dimensionless phenomenological damping parameter -y, [3] and Choi, Morgan, and
Burnett estimated v, ~ 0.03 [4] from the date of scalar 23Na BEC experiment [5].
Later, people tried to derive this phenomenological equations for scalar BEC [6] but
so far it has been done with introducing correction factor to match the value of ~, to
be 0.03 [Z, 8]. In other words, no complete microscopic derivation for -, is done yet.
Moreover, we find out that the damping parameter for spinor BEC is commonly set to
be 0.03 without any justifications, e.g. [9, [10], although there is a possiblity that the
damping parameter might be different on different systems and it may depend on spin
indices.

Based on our Physical Review A paper [[11], we show that one may get the value
of the damping parameter by measuring the switching time of the direction of the spin
of the spinor-dipolar BEC if its local spin orientation is homogeneous. By assuming
that the damping paramter for spinor BEC does not depend on spin indices [9} 10], we
were able to derive the Landau-Lifshitz-Gilbert equation which is phenomenological
equation to describe the behavior of the ferromagnets under external magnetic field.
We also obtain Stoner-Wohlfarth Hamiltonian if there is no dissipation in the spinor-
dipolar BEC and if local spin direction of the spinor-dipolar BEC is same everywhere.
It has been verified experimentally that spinor-dipolar BEC with homogeneous local

spin orientation can be made [[12]], so our suggestion to get damping parameter from



the switching time of the direction of the spin of the spinor-dipolar BEC is not just a
theoretical toy model.

Second topic is the possilibity of estimating the magnitude of the external per-
turbation by measuring the number of BEC molecules created by ultracold chemical
reaction. There are proposals that BEC can act as sensors for measuring the accelera-
tion [13]], for measuring the detection of gravitational waves (GW) [114, (15} 16} 117]], for
measuring the gravitational field gradient on a millimetre scale [18]], and for the de-
tection of dark matter [19]], but they do not calculate classical Fisher information and
hence the lower bound of the variance of the estimation could be bigger. Moreover,
those proposed sensors are based on measuring number of phonons in BEC but single
phonon detection in condensates has been achieved experimentally so far only in the
superfluid helium II [20] and there is no report of achieving single phonon detection
in BECs yet (it is difficult to measure the number of phonons in BEC, for example,
see [21]]).

In our to-be-submitted paper, we study scalar BEC system under ultracold chem-
ical reaction with homogeneous but time-dependent density perturbation being ap-
plied to that system at some time ¢ = 0. By calculating quantum Fisher information
(QFI) and the lower bound of the classical Fisher information (CFI) when estimat-
ing the maximum magnitude of that perturbation by measuring the number of BEC
molecules created by ultracold chemical reaction, we found out that the sensitivity of
this method can be close to the ultimate possible limit. In addition, since number of
BEC molecules created by ultracold chemical reaction can be measured (for example,
see [22, 23| 24} [25]]), our scheme implies that there could be BEC sensors more easy

to implement than previous BEC sensors based on phonons.

keywords: Bose-Einstein condensates, Damping parameter, Stoner-Wohlfarth switch-
ing, Ultracold chemical reaction, Fisher information

student number: 2014-21347
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Introduction

Ancient Greek philosopher Democritus (460 BC - 370 BC) thought that there are
fundamental particles (atoms) which consist everything in our world. John Dalton
(1766 - 1844) proposed the first atomic model that atoms cannot be cut and differ-
ent atoms have differnt size and mass. In 1897, Joseph John Thomson (1856 - 1940)
discovered that there are more smaller particles (electrons) in the atom and the exis-
tence of the nucleus is discovered by Ernest Rutherford (1871 - 1937) in 1909. People
continued to find fundamental particles which cannot be cut and which compose our
universe, and developed the Standard Model (see Fig.[T) to explain what consist ordi-
nary matter and energy.

MATTER PARTICLES
(6 quarks, 6 leptons, + antiparticles)

RE > ( J} ‘ Vr) (@(j (>

Spin ¥ Spin | Spin 0 Spin 2

T
FERMIONS BOSONS
(half-integer spin) (integer spin)

Figure 1: Standard model. This figure is from Science by degrees.


https://sciencebydegrees.com/2018/10/11/particle-primer-2/

In this model, the Higgs boson gives mass to particles. To verify its existence, the
Large Hadron Collider (LHC) is made and ATLAS and CMS experiments at the LHC
discovered Higgs bosons in 2012.

However, only about 5 percent of the matter in the universe is ordinary matter and
energy we know. About 27 percent is thought to be dark matter and 68 percent is dark
energy which we do not know yet. Weakly interacting massive particles (WIMPs)
is one of the candidate for dark matter and the European Organization for Nuclear
Reserach (CERN) plans to make more larger collider, Future Circular Collider (FCC)
in Fig.[2] which is expected to verify some of models of WIMPs.

~Euture
““Circular

- Collider

Figure 2: Schematic map of Future Circular Collider (FCC). Large Hadron Collider
(LHC) is also shown to illustrate the size of FCC. This figure is from |CERN (Conseil

Européen pour la Recherche Nucléaire).

However, finding fundamental particles using collider requires a lot of energy and
space since one has to accelerate particles with enough speed. This can be roughly
explained if we think of LEGO blocks. Suppose that there are spheres made of several
LEGO blocks like Fig. [3] If directly disassembling this LEGO sphere by hand is not
possible but we want to get LEGO blocks which consist this sphere, we may get them

by preparing two LEGO spheres and throwing them to each other so that two spheres

LR b


https://home.cern/science/accelerators/future-circular-collider
https://home.cern/science/accelerators/future-circular-collider

are broken into pieces. If each blocks are tightly joined together, one would need more

speed when throwing those spheres else they will just bounce.

Figure 3: A figure of a LEGO sphere from philohome.com.

One may ask whether using collider is the only way to study fundamental par-
ticles, and the answer is no. For example, [26] showed that quark confinement in
quantum chromodynamics can be simulated by using half-quantum vortices in BEC.
Fig. [4] shows that one may simulate au — @d + du — dd, @u — ad + du, and
tu — d + dd + du using half-quantum vortices in BEC where w is the up quark, d is
the down quark, @ is the antiparticle of u, and d is the antiparticle of d.

Fig. [5] shows that BEC can be also used to simulate early universe [27]. There are
also theoretical proposals using BEC to estimate the magnitude of the gravitational
wave [[14] [13],[16] and to detect dark matter [19]], so there are many possibilities of
using BEC to study fundamental physics.

One of the benefit of using BEC to study fundamental physics is that the size
of BEC is typically less than 1mm, which means it takes less money and space than
building a new collider. For example, half-quantum vortices is observed in spin-1 2*Na
BEC where the radius of the BEC is about 200um [28] (see Fig. [6).

In this thesis we show that (1) one can use BEC to measure the damping parameter

A & Tl 8} 3


https://www.philohome.com/sphere/sphere.htm

(a)

- -, e . A ®» 8 wle
(b) -

L P S Y ST R R
(c)

S e— . A A T s

Figure 4: Simulating quark confinement using half-quantum vortices in BEC. (a) cor-
responds to uu — ad + du — dd, (b) corresponds to uu — ud + du, and (c) corre-
sponds to wu — @d + dd + du where w is the up quark, d is the down quark, 4 is the

antiparticle of u, and d is the antiparticle of d. This figure is from [26]].

(d) A= Amiu

Figure 5: Simulating cosmic microwave background using BEC. (c) and (d) are

from [27], and the right figure is the cosmic microwave background from the

jpean Space Agency.
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Figure 6: Observation of the dissociation of single-quantum vortices into half-
quantum vortices in spin 1 23Na BEC. (b) Single-quantum vortices (black dots) when
the BEC is in polar phase state. (c) Observation of half-quantum vortices (black and
white dots) when the BEC is in antiferromagnetic phase state by applying external

microwave field to BEC. Figures are from [28]].

of the collective oscillation of BEC which has been estimated for only one specific
system so far, and (2) one can estimate the magnitude of the external time-dependent
homogeneous perturbation by measuring number of BEC molecules created by ultra-
cold chemical reaction. These two applications show that BEC can act as laboratories

for studying fundamental physics and metrology.

0.1 Structure of the Thesis and How to Read

This thesis is organized as three chapters and appendicies. Chapter 2] and [3] are inde-
pendent, so one may choose to read either of those chapters or both if interested.
First chapter is to introduce necessary theories to understand contents of this the-
sis. In section[I.T] we introduce general theories on multicomponent and spinor-dipolar
BEC including Hamiltonian [T.T.T] mean-field theory and its limitations[I.1.2] and Bo-

goliubov theory [I.1.3] Time evolution operator is introduced in section [I.2] with Dyson

] 2-t) &) 3

'||



series expansion and the symplectic formalism which enables one to calculate time
evolution operator with desired accuracy. Final section|1.3|is focused on the Cramér-
Rao theorem and Fisher information, which tells us how well one can estimate the
value of the physical quantity A by measuring other quantities which depend on A and
are more easy to measure than A.

For those who want to understand contents in the second chapter should check
section [[.1.2)and see if they are familiar with theories in there. For those who want to
understand contents in the third chapter, it is advised to check sections
and

Second chapter is about measuring the damping parameter by measuring the
switching time of the spin of the spinor-dipolar BEC with homogeneous local spin ori-
entation. We first introduce Stoner-Wohlfarth (SW) model and Landau-Lifshitz-Gilbert
(LLG) equation, which are basic theories on ferromagnets. Motivated by these theo-
ries, we consider a spinor-dipolar BEC where local spin direction is same everywhere,
like a single-domain. The difference to the single domain is that the magnitude of the
magnetic dipole moment may be inhomogeneous. We consider two cases: box trap
which makes our system homogeneous, and harmonic trap where the number density
and the magnitude of the magnetic dipole moment may depend on the position.

Third chapter is how well one can estimate the magnitude of the external pertur-
bation by measuring the number of molecules created by ultracold chemical reaction
in BEC. We first discuss the difference between usual chemical reaction and ultra-
cold chemical reaction. Then we show that there is a quasiparticle, reacton, which
describes the reaction rate of the ultracold chemical reaction. By writing our system in
terms of reactons, we calculated Fisher information when estimating the magnitude of
the external perturbation by measuring number of BEC molecules created by this per-
turbation and show that the accuracy of this estimation can reach 60% or more of the
ultimate limit given by the quantum Fisher information. Lastly, we discuss differences

between our work and previous papers on the theoretical possibility of using BEC as



sensors [13} 14,115,116, 17,18, [19].

Appendices are to show how we obtained formula we used to derive our results.
We tried to write those derivations in detail so that those who are determined to read
and follow lengthy equations can get same conclusions as we obtained. Those who are
not interested in checking every technical details may skip appendices. We tried our
best so that one may understand our work even if one does not read appendices.

We summarize symbols and abbreviations we used in Table[T|and 2]



Table 1: Table of symbols

Symbol Definition
R Set of real numbers
s Spin of the particle
m,, mi, ma, - Magnetic quantum number

m Mass of the particle

A A Quantum operator A and its expectation value
v Vector
h} Spin operator (% is the reduced Planck constant)
B External magnetic field
A Fourier transform of A
H Hamiltonian
U Time evolution operator
1 Identity matrix or identity operator

Subscript S Operator or state in the Schrodinger picture
Subscript 1 Operator or state in the interaction picture

Ony o Kronecker delta

o (r) Dirac delta function
V, Scaled magnitude of the external perturbation V/,

19 ex Quantum Fisher information using symplectic formalism

I ex The lower bound of the classical Fisher information using symplectic formalism
Ig Quantum Fisher information expanded up to Oth order in V,
Ic The lower bound of the classical Fisher information expanded up to Oth order in V,




Table 2: Table of abbreviations

Abbreviation Definition
BEC Bose-FEinstein condensates
h.c. Hermitian conjugate
QFI Quantum Fisher information
CFI Classical Fisher information
SW Stoner-Wohlfarth
LLG Landau-Lifshitz-Gilbert




Chapter 1

Theoretical Framework

This chapter is to introduce necessary theories to understand subjects of this thesis.
Readers who already know contents in following three sections may skip this chapter
and directly go to either chapter 2| (measuring the damping parameter of the collec-
tive oscillation of the spinor Bose-Einstein condensates from Stoner-Wohlfarth switch-
ing) or chapter 3| (estimating the magnitude of the external perturbation from ultracold
chemical reaction in Bose-Einstein condensates). If not, we recommend readers to go
to necessary sections and then continue to either chapter 2] or chapter 3]

First section [I.1] is about general theory on multicomponent and spinor-dipolar
Bose-Einstein condensates (BEC) including Hamiltonian|1.1.1} mean-field theory and
its limitations [I.1.2] and Bogoliubov theory [I.1.3] Section [I.1.2]is needed to under-
stand contents in chapter 2] Sections[I.1.T]and [I.1.3]are needed for chapter 3]

Second and third sections are needed to understand contents in chapter 3| Sec-
ond section [I.2]is about the time evolution operator, and in that section, Dyson series
expansion (section [I.2.T)) and symplectic formalism of the time evolution operator
(section will be introduced.

Third section [I.3]is about estimation theory focusing on the Cramér-Rao theorem
and the Fisher information. We will introduce classical Fisher information in[[.3.1]and

quantum Fisher information in|1.3.2

10



1.1 General Theory on Multicomponent and Spinor-Dipolar

Bose-Einstein Condensates

This section is to introduce theoretical description of Bose-Einstein condensates (BEC).
We will first consider a system of identical spin s bosons with mass m and then con-
sider multicomponent BEC. After presenting Hamiltonians in section[I.T.T} mean-field
description and its limitations will be discussed in section Bogoliubov theory
will be discussed at the end of this section, [I.1.3] including a specific example in
scalar atomic and molecular BEC under ultracold chemical reaction to illustrate how
one can apply Bogoliubov theory.

Most of the contents of this section are already thoroughly reviewed by others.
[2] is the standard reference for spinor BEC. There are textbooks for scalar BEC,

e.g., [1L 31,132

1.1.1 Hamiltonian

Let zﬂ (r) be the bosonic field operator at position 7 and m be the magnetic quantum

number. For spin s bosons, ¢ () has 2s + 1 components with

N T

V()= Ppoms (1), oy s (1) |- (1.1)

For convenience, we will denote ¢y, —p, (1) as 1, () where —s < m; < s. Fol-

lowing canonical commutation relations are satisfied:

[y (71) 0, (72)] = G a8 (71 = 72) [y (1) (72)] =0, (12)

where ., m, is Kronecker delta and 6 (71 — 72) is Dirac delta function.

Let h ]" =h Z fyel, be the spin s operator where e, is unit vector along +v
sz?sz
axis. By denoting orthonormal spinor basis with spin s and magnetic quantum number

m. = my as |s,my), we get f.|s,m1) = my|s,m1) and fy == f, + if, where

frls,mi) = /s(s+ 1) —my (mq £1)|s,mq £ 1).

11



Under an external magnetic field B and a microwave or a light field, quadratic
Zeeman effect occurs. Let gp be the quadratic Zeeman effect due to B, and g\rw be the
quadratic Zeeman effect due to a microwave or a light field. Since applying a linearly
polarized microwave field can change q\rw without affecting qp [33) 134], we will
assume that gy is set to be the value which enables one to neglect quadratic Zeeman
effect. Then the Hamiltonian of spinor-dipolar BEC in three-dimensional space can be

written as

o[ o R, .
H_/drw (1) |~ 5 V2 + Vi (1) = gripB - F| 4 ()
s S

/d3 /d3 ! Z V”(f (r,7") Z Z (s,mby; s, my| S, M) S, M|s,mi;s,msz)

§=0,2, m1,mg,m},mh=—s M==§

xif, (1) 6, <r> Yy (1) Ging (1)

S

| Cdd /d3 /d3 'y 3 <f”>m1,m2 Quw (r—1') (fl/) -

’ my,my
v, V'=x,Y,2 ml,mg,ml m27 S

b, (P01, (7) g, () oy (). (13)

where £ is the reduced Planck constant, V4, () is the trap potential, g is the Landé

g-factor, pp is the Bohr magneton, Vn(n ) (r,7") is a scalar function describing interac-

tions between particles, Q,,,/ (v) == (%8, — 3ry1) /1°, Caqg = o (grup)*/ (4r)
is the magnetic dipole-dipole interaction coefficient, and pg is the magnetic permeabil-
ity of free space.

Typical number density at the center of BEC is about 10'® to 102°m~3 [35, 36, I,
whereas number density of air at atmospheric pressure (1013hPa) and room tempera-
ture (27°C) is 2.4 x 10?°m~3 from the ideal gas law. It is usually assumed that BEC is

dilute, and in that case we may use s-wave scattering limit which gives Vngf) (

r,r') =
4th2agd (r — ') /m where ag is the s-wave scattering length of the total spin S

channel. In this approximation, Eq. (I.3]) can be written as

12



2
= [0 ) |-V 4 Vil - grnB -+ S )] 00

+§:C;j/d3r S Y @@ (faeh) G

©V=T,Y,2 M ,ma=—3§

Cdd/d3 /d3 ’Z Z Db, (r )(ﬂ) Quar (r = 1") By (r') thms ().

/ — mi,m2
vV'=x,y,2 Mm1,m2=—s

where 71 (r) = 9t (r) 1 (r) and F,, ... o, (r) =41 (r) fu, - fo, 0 (7).
Multicomponent BEC is a BEC with its bosonic field operator 1/3 (r) having mul-
tiple components but particles may not be identical. K - ’Rb BEC [37] or a system
of 8’Rb BEC atoms and 3"Rby BEC molecules (created by ultracold chemical reac-
tion) [38]] are examples of multicomponent BEC. By writing 1[)j (r) as a bosonic field
operator with mass m; and H j as a Hamiltonian of identical bosons with mass m,

total Hamiltonian H can be written as Z H ;i + ﬁim where ﬁim is the interaction

between different particles in BEC.

In chapter[3] we will consider ultracold chemical reaction. Let us consider a system
of scalar BEC atoms A and scalar BEC molecules A with A+ A <> As. By denoting
1, () as a field operator for A and v, (r) as a field operator for As, total Hamiltonian
H can be written as [30, 139, 140]

A A 2 ~ ~ A
o= [ @il { gV + i) ) | 0
Hum [ 0] (r) da (r) 0, () D )+ 5 [ {0 b ) du )+ e}
/d3r¢* { zmmv2+V (r) + et il (r )z,z?m(r>}¢3m<r>, (15)

where m,, is the mass of the atom, m,,, (~ 2m,,) is the mass of the molecule, V, ()
is the trap potential applied to atoms, V,,, () is the trap potential applied to molecule,
Jq 18 the contact-interaction coupling between two atoms, g,, is the contact-interaction

coupling between two molecules, g..,, is the contact-interaction couplings between

13



atom and molecule, € is the energy difference between two atoms and a molecule, « is
the coupling coefficient that determines the coherent conversion rate of the ultracold

chemical reaction, and h.c. is the hermitian conjugate.

1.1.2 Mean-field Description and Its Limitations

In Schrodinger picture we used so far, operators are constant in time and the state
|Wg (t)) follows Schrédinger equation ihd | Vg (t)) /ot = H |Wg (t)). However, to
show how mean-field theory can be obtained, it is better to start from Heisenberg pic-
ture where the state is constant in time and the observable operator A follows Heisen-
berg equation of motion with ihdA /ot = {A, H } . One can get mean-field theory by
replacing the field operator ) (v, t) with its expectation value v (7, t) = <1ﬂ (r, t)>
As an example, from Eq. (1.4)), one can get

9 2 : . N
mw = | Ve e () + D ey D By (038 (fuo fy) [ D 10)

7j=1 V1, ,Vj=T,Y,2

A~

— Z gFMBBV — Cdd Z {/d37‘/ Qu,u’ (’l" — T'/) FV/ (’l"/, t)} ,,1& (T,t) 5

V=2T,Y,2 V/:x7yaz
(1.6)
and thus mean-field equation for spinor-dipolar BEC is
L oY (r,t K2 5 . .
zhét> = —%V2 + Vie (r) + con (r,t) + ZCQj Z Fyow; (7,t) (f,,l e f,,j> P (r,t)
7j=1 V1,V =T,Y,2
— Z griBBy — cad Z {/d3r’ Quu (r—71") Fy (r’,t)} ot (r,t),
V=x,Y,z V/:x’yzz
1.7

where n (r,t) := 9 (r,t) ¢ (r,t) is the number density of the mean-field and Fyp o (rit) =
WL 8) (f- £y ) w0 (r,8),

14



In general, mean-field equation is written as

0 ,t K2
Zhl/}é;‘) — {—mv2+H0ther (’I‘,t)}zﬂ('r’t)7 (1.8)

where Hother (7, t) is Hermitian matrix which may contain ¢ (,t). From Eq. (L.8),

one can get following continuity equation:

an (r,1)

o + V- -{n(r,t)vs(r,t)} = %Im {wT (r,t) Hother (7, 1) 0 (r,t)} , (1.9)

where n (r,t) v, (r,t) = (h/m)Im {4y (r,t) V) (r,t) }. Therefore, as long as Hogper (T, 1)
is Hermitian, collective oscillation of BEC stays forever which is contradictory to the
finite lifetime of the collective oscillation of BEC (order of 10 seconds, e.g., [35]]).

To solve this discrepancy, Pitaevskii introduced dimensionless phenomenological

damping parameter -y, [3] where

2
20D (1 i) {—;nv? T Hoper (7 t)} G, (110)

which gives

on (r,t)
ot

N ‘2% {Po(rt)+ T2 )} n(rt) + Re {u! (r,0) Homer (r. )0 (r 1) }] , (11D)

+ V- {n(r,t)vs(r,t)}

where Py (r,t) = — {h*/(2m)} {V2 Vv (r, t)} /+/n (r,t) is quantum pressure.
Based on the rate equation for the n (, t) in [41], Choi, Morgan, and Burnett estimated
¥p == 0.03 [4] from the date of scalar >*Na BEC experiment [53].

Later, for scalar BEC, Zaremba, Nikuni, and Griffin expanded 1) (r, t) as 1 (r, t)+
¢ (v, t) where <(51/A1 (r, t)> = 0 and obtained [6]

%é?;,t) + V- -{n(r,t)vs(r,t)}
= Lf?lm [{1/1* (r, 1)} <1/1 (r t)¢ (r,t)> ot (1) @T (r,8) 0 () (r,t)ﬂ C(1.12)
-':lx‘-i "|" 1_ I: ":.lli _-:'
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Gardiner, Anglin, and Fudge managed to get [/]]

2
(i—") 3¢ét )—{ h—VQ—i-Vtr( )—i—con(r,t)—i—i’yunc}w(r,t), (1.13)

2m

with v = 4mgcorra kgT/ (th) where iy, is chemical potential of noncondensed
particles, gcorr = 3 1s correction term to make y to be order of 0.01, a is the scattering
length of the density-density interaction, kp is the Boltzmann constant, and 7" is the

temperature. From [6] and [7], Kasamatsu, Tsubota, and Ueda obtained []]

oY (r,t)

(i =7 h—p

2
={ T >+con<r,t>—u}w<r,t>, (1.14)

when . is independent of space and time. Here, 1 is chemical potential of BEC.

Note that Eq. (1.14) can be also written as

. 42
Z Mf(): 0 - z—Zv{ oV T Ve ( HCO”("J)—M}MM)
i 2

By comparing with Eq. , Y v if || < 1.

So far, there is no complete microscopic derivations for the damping parame-
ter since georr 1S an arbitrary term introduced to match the value of the damping
parameter to the estimation in [4]. And even though above derivations of v is for
scalar BEC, it is commonly used for spinor BEC by replacing i70v (7, t) /Ot with
(i — ) hOY (r,t) /Ot without proper justification, e.g., [9] and [10]. In chapter 2} we
show that v might be measured by Stoner-Wohlfarth switching if replacing ih0v (7, t) /Ot
with (¢ — ~) hov (r,t) /Ot is valid for spinor BEC. Measuring « will give us a way
to check theories on « and increase the accuracy of the numerical calculations on the

dynamics of BEC.

1.1.3 Bogoliubov Theory

To study effects beyond mean-field theory, one writes ) () = 1 () + 0t (r) where
Y (r) = <1ﬁ (r)> is the mean-field of the field operator ¢ () and expand the Hamil-
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tonian up to the second order in 0ty (r) by assuming that ¢ (r) < ¢ (r). Then the
expanded Hamiltonian can be diagonalized by Bogoliubov transformation [42], and
hence this approach is called as Bogoliubov theory. We will use Bogoliubov theory in
chapter 3| with homogeneous mean-field background. Thus we start from the Hamilto-
nian in Eq. with Vj (r) = 0 for j = a,m.

In Heisenberg picture, let

N, () = / P §l () o (r,8) . N (1) = / & Bl (0,8 (r,1), (116)

N, (t) = [ dF |tha (r,t)]?, and Ny, (t) := [ dr [t (r,t)|°. Then one can get

) ) . f
aNa » . 0 a \T, . 0 a\l N
i (’%(t) _ /d%« ) (r,t){mW}— {mW} Yo (7,1)

(1.17)

which shows that N := N, (t) + 2N, (t) is constant in time ¢. Note that one Ay
molecule is composed of two A atoms and thus N represents total number of A atoms
in the system.

Since we consider box trap case where V; (1) = 0, we will write v, (r,t) =

Y (t) + (5% (r,t) (homogeneous mean field). According to mean-field equations, we

get
O L (O + G i (O} 0 (1) + VB (85 1)
2 g o (OF + gum 0 P + €} v () + 502 (0), (118)

ot V2
which gives hON, (t) /0t = 2V av2Im {t, (t) 3% (£)} = — (1/2) hON,, (t) /Ot
where V' is the volume of the system and thus N := N, (t) + 2N, (¢) is constant in

time ¢.
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Letn = N/V, 10, (t) = x (t) /ne{$a@=1t/h} and o, (t) = y (t) /netem®—2ut/n}
where 1 is the chemical potential, = (t) := |ty (t)| /v/n > 0,y (t) = | (V)] /v/1 >
0, ¢4 (t) € R is the mean-field phase of the atom, and ¢, (¢) € R is the mean-field
phase of the molecule. Note that 22 + 2y? = 1 from the definition of N, (t), Ny, (t),
N, and n. From Egs. (I.18),

2 _ Oenlt), (t) = {Gmy® (t) + Jama® (t) + €= 20} y () + Q02 () ¢mieam(®),

ot ot 2
iagg)—8ﬁ§”m@>={f%®+gmw%w—4%+@M08%m@}wux (1.19)
2 ey s ), 20 = 22 @singan 1), 120
and
Q 22
2l 22 (1) 4 G {207 (0 = 2 0} = 3 (0 = 24 5 {0 ) = = b eosun (), 120

where ¢ = gont/h, Gam = Gam/9a> Im = Gm/Ga» & = aV2n/(gen), i =
11/ (gan), € = €/ (gan), and pam, (t) = @m (t) — 2¢q (1).

By replacing zﬂj (r,t) with ¢; (¢) in the Hamiltonian, the mean-field Hamiltonian
Hy (t) is obtained, which is

Hy(t 1 g - - ~

Ho ) _ 2ot 1) 4 3 (1) + 202 (0) 4 s ()07 (1) + 659 () (1) cosun (1), (122)
Nggn 2 2

andif g, > 0, Hy (t) is minimized when « cos @qm, (t) = — |a|. Note that sin gy, = 0

in this case. Then z (¢) and y (¢) are constant according to Egs. (T.20). Therefore we
will write x (¢) as x, y (t) as y, and @am (t) as @am from now on. Eq. (T.2T)) shows

that o cos @am (t) = — || can be achieved when

~ 2
~ - - o X
ezmﬁwm@f:ﬁ%f'%@y) (1.23)
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which gives

H 1
0_x4_

Ngan 2

from Egs. (1.22) and (T.23).

Since we set z, y, and ., to be constant in time, we may set ¢, (¢) and @y, () to

1 3
5 (m — 4gam) y'+ 22

- Q
y*—2laly’ - ‘2‘x2y, (124)

be also constant in time. These conditions can be achieved when (see Eqgs. (1.19))
~ 9~ 2 ~
=2+ Jamy” — |&]y. (1.25)

From Egs. (T.24) and (1.23),

0o— pNV 1 L ~ 4 ~ 2 _os |4
Ho—pN _ 1 [y Lo 2 _ il 1.26
Ngan 9 { + 5 (gm gam)} Y+ ( gam) Yy ’a‘ Yo+ 9 Y, ( )
which is minimized when
(8 + 2 — 8Gm) * + 3161 v — 2 (2 — Gum) y — 12 —
Im gam) Yy +3 ’a‘ Yy 2 (2 gam) ) 9 = 0, (1.27)

with y > 0 from the definition of y.
From above settings, we write 1@- (r,t) = v (t) + dubj (r,t) where 1, (t) =
zy/nelPa=nt/h) 4 (t) = yy/net(em=2ut/h),

5a (1) = W ST RIS (o) i (1) = e 2§ kT, (kg (1.28)
k0 k20

Note that ¢); () corresponds to k = 0 component of the Fourier transform of t); (r,t).
From canonical bosonic commutation relations {1[1] (r1,t) ,zﬁ (72, t)} =0;10 (r1 —72)
and | (r1,8) i (ra, 1) = 0 where j,1 = a,m, [09; (k1,1), 09 (o,t)| =
0310k ks and |8 (o1, 1), 00, (ka, 1)) = 0.
Let 0V (k,t) = [&i/a (k,t) 0U, (k,t) 6Uh(—k,t) 60l (—k,t) ]T and
OUT (kyt) = | 60l (k.t) 0Uf, (kyt) 0, (—kit) 00, (—k,t) |- Expanding

the Hamiltonian up to the second order in § W j gives
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H(t) — pN = Hy — uN —

g;n > My (k) + My ()} + O (5@;)))

k0
My (k) Mo M3 My
M Moo (K M M.
+% > 0wt (k1) 12 22 (k) H s k), (1.29)
k#£0 M, My My (k) M7,
M, M3, Mia M (k) |
where p is in Eq. (1.25), Hy — pV in Eq. (1.26),
h2k? - - .
My (k) = o=+ 207 + Gamy” — i = K+ 1= 2" +]aly, (1.30)
Mmagdan
h2k2 - I 2 - L oo, -~ o ~ 1
Mo (k) = ———— + €+ 20mY” + Gam@” — 200 = —k°ES + gmy” — ||y — — ), (1.31)
2Mm Gal 2 2y

Mg = {a — sign (&) Gamy} V'1 — 292,

and

My == —sign (&) Jamy/ 1 — 292,

Mz =1-2y* — |aly,

Moy = Gmy?>.

(1.32)

(1.33)

Here, for convenience, we set ¢, = 0 and define sign (o) = 1 if & > 0 and sign (a) =

—lifa <0.

For notational convenience, let us define 4 x 4 matrix M (k) as

M (k)
My
My
My

Mo
Moo (k)
M7y
M3,

M3
My
M (k)
M

20

My
Moy
M,

Mg (k) , (1.34)
Mg,

M22 (k) i



with Mp  being 2 X 2 matrices (¢ = 1, 2).

From Bogoliubov expansion [} 2], let

[ 60, (k1) | [ by (kot) ]
o0, (k, U(k) V* ,
A (ki) | _ | Uk) V" (k) Abg(k t) | 135
Sl (—k,t) V (k) U* (k) bl (—k,t)
| 00T, (<K, t) | | b (—k,t) |

where U (k) and V' (k) are 2 x 2 matrices and b,, (k, ) are bosonic annihilation oper-

ators (p = 1, 2). Then they should follow bosonic commutation relations, i.e.,

~ ~

[Bp(kl,t),ég (Ko, 1)| = 6,40, o [bp(kl,t),bq (ko,t)] =0,  (1.36)

forp,q =1,2.
From [2]], by writing

UR) = ar (k) uwsk) |, V)=o) vak) ], (1.37)

T T
where u), (k) = [ upy (k) upa (k) } and v, (k) = [ vp1 (k) vpe (k) } are 2 x 1
matrices (p = 1,2), Eq. (I:33)) can also be written as

00 (ki) = > {qu(k)éq(k,t)+ugc(k)z§;(—k,t)},
q=1,2

SO (ko) = 3 {uge (W] (kat) o (R)By (k)| (138)
q=1,2

where ( = a, m.

Using Egs. (I.36) leads us to

[5\@(1 (kla t) 76@22 (k2> t):| = Z {UQCl (kl) u;@ (kZ) - U;Q (kl) Vq¢o (kQ)} 5k1,k2
q=1,2
- {U* (k) UT (k) = V (k) VT (lﬁ)}C Ok (139)
2,01
and
] 11 =1 —
L1 ol
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[5\@(1 (klat) 75@42 (k2>t)} = E {UQQ (kl) 'U:]k(g (k2) - U;Q (kl) Ug¢a (kQ)} 5k1,—k2
q=1,2

= VU ) U R VIR G (140

2,61

which give

Oy ez {U (k1) U (k) = V* (k) VT (k1) } = s e
Ors ks {U (k) VI (k1) = V" (k) UT (k) } =0, (141)

where [ is the identity operator. By following conventions, we set
URVU R -V ()VT (k) =1, UKV (k)-V* K UL (k):=0, (1.42)

which is the first constraints of U (k) and V' (k).
Then Eq. (I.35) can be written as

by (ki) ] [ 50, (kt) |
by (K Tk =V U, (k,
ba(ko) | | U V)| by |
bl (—k, 1) VT (k) UT (k) S (—k,t
| b (k1) | |00 (—k,t) |
which gives
by(kyt) = > {ugg (k) 6 (K, 1) — vl (k;)axig(—k,t)},
(=a,m
(k) = Y {qu(kz)é\i!Z(k,t)—vqc(k)é\ilg(—kz,t)}, (1.44)
(=a,m
[éfh (kbt) ?822 (k2>t):| = Z {u;( (kl) Ugo¢ (kQ) - U;kl( (kl) Uga¢ (k2)} 5k17k2
(=a,m
= {Ut k) U () -V (kl)V(krl)}q Bk, (149)
2] 2 U &) 7
-'x_! -|: 1__i |_ '!'Il
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and

[3q1 (k1,t) , by, ("32%)} = = > {unc (k) vie (ko) — vl ¢ (k1) wie (B2) } Ok ks
(=a,m
- {UT (k1) V* (k1) — VT (k) U* (kl)}ql Ok ke (146)

Therefore, we get the second constraints of U (k) and V' (k),

UNRYU k)= VIR)V(E)=1I, UL (k)V (k) -V (k)U([E)=0. (1.47)

By following the approach in [2]], suppose that Mp ,,, U (k), and V' (k) satisfy

Mpa(k)  Mppe U (k) U (k)
gant = E(k),
—Mp, Mg, (k) | [ V(K) V (k)
) w1 (l{f) 0
where € (k) = h : (1.48)
0 w2 (ki)
1 0 U (k
Leto, = . Then, from Eq. (I.48), V (k) = *) is the 4 x 2
0 -1 V (k)
eigenmatrix of o, M (k) and Eq. can be written as
I 0
Vi (k) V(k)=1. (1.49)
0 -1
Note that, if Eq. (.48) is satisfied,
Mp (k M, V*(k V*(k
un B1 (k) B2 (k) _ (k) £ (k).
—Mp, Mg, (k) | [ U™ (k) U= (k)
(1.50)
1T
SO [ Vik) U (k) is also eigenmatrix of o, M (k).
However,
-i- -
V*(k I 0 V*(k *
) B {UT (k) U (k) — V1 (k)V(k)} -1, (15D
U* (k) 0 —I || Uk
-":lx_-i '\.I_- 1_ I ‘.I.i_ —
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and thus it does not satisfy Eq. (1.49). Therefore, half of eigenvalues are unphysical
values (in the sense that their eigenmatrices ) (k) do not satisfy Eq. (I.49) and hence
bosonic commutation relations are not satisfied).

After neglecting those unphysical eigenvalues, Eq. (1.29) can be written as

B(1) ~ u = Ho — uN 4 5 37 [hfior (8) + w2 (B)) — gan {(Myy (k) + Moo (1))
k+£0

+hy [Re (w1 (k)} B (R, 1) by (e, t) + Re {ws (k) } b (K, £) bo (K, t)} +0 (5@?) . (1.52)
k40

Here, by defining @), (k) = hwy, (k) / (9an), ©p (k) satisfy

MBJ (k) MBQ Up (k‘)
~Mp, —Mpg, (k) vp (k) vp (k)
(1.53)

according to Eq. (I.48). Note that, if Mp; (k), Mp 2, and @, (k) are all real, then
uyp (k) and v, (k) should be also real from Eq. (I.53). In terms of the above eigenvec-

tors, the 4 x 4 eigenproblem reads

My (k) Mo M3 My Up1

(k)
M, My (k M M. k
b 22 (k) 14 24 upa (k) — G, (k) Up2 (154
-Mjy  —M{, My (k) M vp1 (k)
(k)

—My, M, —Miz  —Maa (k) | | vp2(k

where M¢,, is defined from Eqs. (I.30) to (I.33)) (¢, = 1, 2). Based on the approach
of [43], we show analytic expressions of @, (k), upq (k), and vy, (k) in Appendix [D}

1.2 Time Evolution Operator

In Schrédinger picture, operators are constant in time and the state |Ug (¢)) follow
Schrodinger equation ihd | U g (t)) /0t = H |¥g (t)). It can be also written as | U g (t)) =

Us (t) |[Wg (0)) where Ug (t) is the time evolution operator in Schridinger picture

- . . "
1 i 11 =k —

] L-t)] &)
T || 1

| ) | =
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which satisfy ihdUs (t) /Ot = HUs (t), UL (t)Us (t) = Us (t) UL (t) = I, and
Us (0) = I where I is the identity operator.

In Heisenberg picture, the state |¥) = |¥Ug (0)) is constant in time and opera-
tors A (t) change in time as A (t) = UT (t) AgUsg (t) where Ag is the operator A in
Schrodinger picture. Note that (Ug (t)| Ag |¥s (£)) = (U] A(¢)|¥) and hence ob-
servable values are same in both pictures.

If one adds time dependent perturbation (Vs (t) in Schrédinger picture) to the orig-
inal Hamiltonian (time independent operator Hy in Schrodinger picture), it is con-
venient to use interaction picture where the state is |y (t)) == Up (t) |¥s (¢)) with
Uo (t) = eflot/hLet us define the time evolution operator Up (t (t) in the interaction
picture where |¥; (£)) == Uz (t) [¥s (0)), UF (t) Uz (t) = Uz (t) Ul (t) = I, and

U; (0) = I. Then we get

ih({)'% (t)) 3U1( )

s e W5 (0))
- —Ho<> O (£) 15 (£)) + T (&) { o + Vs (1) } 1% (1))
= {G Vs U@} U1 1) 1ws (0)), (1.55)
which gives ihdU; (t) /0t = Vi (¢) Uy (t) where the operator Ag in Schrodinger

picture is written as A; (t) = Uy (t) ASUg (t) in the interaction picture. Note that
(U7 ()| A7 () |97 (t)) = (Ug (t)| As |¥s (t)) and hence observable values are also
same in the interaction picture.

To get the time evolution operator to calculate dynamics of the observable values,
one has to solve the differential equation of the form ihdU (t) /ot = H (t) U (t) with
Ur@)U(t) = U@#)UT(t) = I and U (0) = I. We will introduce two methods to

solve this equation.
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U(t)

1.2.1 Dyson Series Expansion

Dyson showed that

11 [ ) +z(—> Ry R Ay TRV (R TN S

is the solution of ihAU (t) /Ot = H (t) U (t) with UT (¢t) U (t) = U (t) Ut (t) = I and
U (0) = I [44]. If the magnitude of the perturbation Vs (¢) is small, using interaction
picture is advisable since higher order terms in V; (t) would be negligible (Note that in
the interaction picture, H (t) — V7 (t)). However, this method requires one to perform
infinite summation and hence it is mainly used to get the approximate expression of
the time evolution operator (such as first order or second order expansion of U (t) in

Vs (t)) . See Appendix for more detailed calculations.

1.2.2 Symplectic Formalism

Wei and Norman showed that if H (¢ (t) can be written as H Z ¢ (t G where

c; (t) are a set of linearly independent functions, there are 1 llnearly independent
operators Gj with 1y > ny which enables us to write U (t) = Uy (£) Uy () - - - Uy, (t)
with U; (t) = exp {—z’Fl (t) Gl} [43]. Since our time evolution operator U (t) should
satisfy Ut () U (t) = U (t) Ut (t) = I, we set G; to be Hermitian which makes
F; (t) € R. F; (t) satisty

OFL () »  OF(t - OF,, (t) . o .
10, 4 2205, ) 6ot (1) + -+ 22Oy (08, (1) By (4GB, ()03 (0
ot ot ot

ni
= Cj(t)Gja

with £} (0) = 0 from U (0) =
From Baker-Campbell-Hausdorff (BCH) theorem [46, 47, 48}, 149, 150, 51,

ABe A = B+ [A,B] + ; AJA B+ A A A B o, (158)

n—,—/

n times
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and thus

U, (1) GOt (t) = G —iF;(t) [@,G,M%{—Ufj ()} [GJ[GJGZH

+%{*Z’Fj O} [G), (G- L (G G+ (1.59)

n times

For more detailed calculations, see Appendix[G.1]
In section by comparing with results from symplectic formalism, we show in
Fig. that Dyson series expansion up to second order in H (t) is enough for small

perturbations such as the density modulation due to the gravitational wave.

1.3 Parameter Estimation Theory

Suppose that we want to estimate the temperature of the system by measuring speed of
particles in the system. We get v; at the first measurement, vy at the second measure-
ment, and so on where v; can be same as v; for some j # [. Let P (v) be the probability
that the particle with speed v is measured. If P (v) follows Maxwell-Boltzmann dis-

tribution as Fig. [I.T}

m i 2 2/(2kpT)
— —mu B
P(v) =4r <2ﬂ'kBT> vie , (1.60)

one may estimate the temperature I" by calculating the mean speed of particles from
N measurements and then compare with [ dv vP (v) = \/8kgT/(wm). These
estimations on 7' will be more accurate as N increases.

There are textbooks on this parameter estimation theory, for example, [52} 53 54,
55, 156]]. We will focus on Cramér-Rao theorem and Fisher information which are used

in section[3.31
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P (v)

Figure 1.1: Schematic figure of the probability distribution P (v) as a function of the
speed v of particles.
1.3.1 Cramér-Rao Theorem and Classical Fisher Information

Suppose that we want to estimate the value of 6 by measuring x whose probability
distribution P () depends on 6. Let 6 be the estimator which estimates § from z. We
assume that the mean value of 6 (z) is equal to 0, i.e., we assume that our estimator is

not biased. Then the variance Var (é) is bounded by

{W}Zl : (1.61)

where E (y) is the mean value of y, N is the number of measurements, and I (6) is

Var (é) > NI;(@’ Ic () =FE

the classical Fisher information (CFI) [57, 58]]. As Eq. (T.61)) shows, CFI depends on
the way of measurements: If one measures y whose probability distribution is P (y)
and then tries to estimate #, CFI will be changed in general. Also, as expected, our
estimation becomes more accurate as N increases.

[59] showed that there is a lower bound in CFI,

1 (0E(x))?
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which is more easy to calculate when one does not know P (z). From now on, we
will use this lower bound of CFI as we know that F (z) = (¥|z |¥) and Var (z) =
(U] #2|W¥) — E? (z) for the quantum state |¥) but it is in general difficult to express

the probability distribution of % in that state.

1.3.2 Quantum Cramér-Rao Theorem and Quantum Fisher Information

Quantum Cramér-Rao theorem is similar to the Cramér-Rao theorem:

Var (0) > NI;@)’ I (0) =Tr (zZ,s), # = gg, (1.63)
where / is the density operator and I (¢) is the quantum Fisher information (QFI) [60].
The difference to the Cramér-Rao theorem is that QFI does not depend on the way of
measurements. It depends on the density operator and thus QFI gives ideal limit of our
estimation for the given system.

By writing the density operator as p = Z pj |¥;) (1| where p; is the probability

J
that the state is in [¢);), QFI can be written as [61]]

2

(1.64)

<91/Jj>_8 PjpL
00 jlpj+pl

_ 1 (9p;\? /Oy |9
a0 =3 () + 2 (5 (4[5

For a pure Gaussian state |¢)pure,q), there is a simple expression for QFI [62].
A pure Gaussian state is defined as the state which makes the Wigner function as
Gaussian, and the Wigner function is defined as follows: In D-dimensional space with
position 7 and momentum p, for a pure state |ure), the Wigner function W (7, p) is
defined as

1
(2m)”

W (r,p) = / P11 (1 — 1| Gpure) (Wpurel 7+ 1) €PTL (165)

For X := (7, ﬁ)T and the symmetrized covariance matrix I' with I'; ; := < {Xj, Xl } > —
2 <X]> <§§l>, QFI can be written as
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00 00 00

~ T ~
Io(0) = 8<X> r-! 8<X> +iTr{<8Fr—1>2}. (1.66)

In section [3.3] we will use Eqs. (I.62)) and (1.66)) together with symplectic formal-
ism to calculate exact values of QFI and the lower bound of CFI. We will also
use Egs. (1.62)) and (1.64) together with Dyson series expansion[I.2.T]up to the second
order and show that they are consistent for small external perturbations. For those who
want to see detailed calculations how QFI and CFI can be calculated by using Dyson
series expansion, see Appendix [F} For those who want to see detailed calculations how
QFI and CFI can be calculated by using symplectic formalism, see Appendix

This ends the introduction to the theoretical framework of this thesis. Now we will
begin our first topic, measuring damping parameter 7y using Stoner-Wohlfarth switch-

ing in spinor-dipolar BEC where its spin always points to the same direction.
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Chapter 2

Stoner-Wohlfarth Switching and Damping Parameter

Measurement

As we discussed in damping parameter -y is introduced to solve the problem that
the mean-field theory of BEC cannot explain the damping of the collective oscillation.
We could not find complete microscopic derivations for this -, especially for spinor
BEC, and there is only one estimation of +y for scalar 23Na BEC. In this chapter, based
on our paper [11], we propose a way to measure -y by Stoner-Wohlfarth (SW) switching
in the spinor-dipolar BEC whose spin orientation is homogeneous.

If the conventional assumption (the mean-field correction for the scalar BEC also
holds for the spinor BEC) is true, one may measure the value of v by measuring SW
switching time. If this assumption does not hold, then SW switching time would be
different from what we obtain here. Thus our method not only enables one to mea-
sure -y but also gives us a way to check the validity of the conventional mean-field
corrections for the spinor BEC.

We will first introduce SW model and Landau-Lifshitz-Gilbert (LLG) equation,
which are basic theories on single-domain ferromagnets. Then we will show how one
can measure v by measuring SW switching time. Readers who already know what SW

model is and what LLG equation is may skip the first section and directly go to the
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section

2.1 The Stoner-Wohlfarth Model and the Landau-Lifshitz-

Gilbert Equation

Stoner-Wohlfarth Model

In magnetism, single-domain state means that the magnetization is homogeneous: not
only its orientation but also its magnitude is same everywhere. Stoner and Wohlfarth
studied the single-domain ferromagnet and obtained hysteresis curve which shows
that irreversible change of magnetization can occur by changing external magnetic

field [29].

¢=0+9y. e f

05

-0 ==
Ficure 1. Symbols. B i

Figure 2.1: (Left) Schematic figure of the single-domain ferromagnet under external
magnetic field H on z axis. I is the magnetization. (Right) Hysteresis curve obtained
from SW model. cos ¢ is the mean value of cos ¢ over solid angle of the ferromagnet,
ie,cosd = (2m [df sinfcos¢) /(2 [df sinf),and h := |H| /{(Ny — Na) Io}
where N, and NV, are demagnetization coefficients along the polar axis (a axis in the

left figure) and equatorial axis (b axis in the left figure). Figures are from [29]].

The Hamiltonian of the SW model is H = K sin? ¢y—H I, by following notations
in Fig.[2.1] and it is widely used, for example, in hard disk storage.
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Landau-Lifshitz-Gilbert Equation

Landau, Lifshitz [63], and Gilbert [64] (based on his unpublished Ph.D thesis in 1956)
introduced the following Landau-Lifshitz-Gilbert (LLG) equation:

oM oM
W—’YQMXH—BMXW, (21)

where . is the electron gyromagnetic ratio, M is the magnetization, H is the external
magnetic field, and 3 is the damping parameter. It is phenomenological equation which
is not derived from microscopic theories.

In the next section, we will show that one can derive both SW model and LLG
equation from the mean-field theory of the spinor-dipolar BEC provided that correc-
tions to the mean-field equation of the scalar BEC (replacing i70/0t — (i — «y) hd/0t)
is also valid for the mean-field equation of the spinor-dipolar BEC. From these results,
we propose a way to measure y by measuring the SW switching time (introduced in

the next section).

2.2 Spinor-Dipolar Bose-Einstein Condensates as Detector

We suggest that those who are not familiar with the mean-field equation of the spinor-
dipolar BEC read section|I.1|first (at least until section|1.1.2)) and continue to read this
section.

First two parts (section [2.2.1] and [2.2.2) of this section is deriving LLG equa-
tion and the Hamiltonian of the SW model from conventional mean-field equation
of spinor-dipolar BEC with damping parameter. This shows the possibility that the
phenomenological LLG equation might be derivable from the miscroscopic theories
such as the Heisenberg equations of motion.

Third part (section is how in principle one can measure the damping param-

eter v by using spinor-dipolar BEC with homogeneous local spin orientations. One
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can not only measure the value of v but also check the validity of the conventional
mean-field equation of the spinor-dipolar BEC with damping parameter since our re-
sults are based on this conventional mean-field equation. Measuring v would help us
to make theoretical simulations of the dynamics of BEC more accurate and broaden

our understandings on the finite lifetime of the collective oscillation of BEC.

2.2.1 Derivations on Landau-Lifshitz-Gilbert equation

Let ¢, (1) be the mean field of the spinor-dipolar BEC with the spin s and magnetic
quantum number m, = m;j. From Eq. (I.7) with replacing ih0/0t — (i — ) hd /0t
(see section|l.1.2)), we get conventional mean-field equation of the spinor-dipolar BEC

with damping:

oY (r,t) h?

o = —%Vz + Vie (r) + con (7, t) + j:ZlCQj Z Fyp v (r,t) (fyl -~ﬁ,].) v (r,t)

Vi, Vi=2,Y,2

- Z gF:U’BBl/ — Cdd Z {/ d37,/ QV,V’ (’l" - ’l"/) F (’l"/, t)} fuw (’l", t) ) (2.2)

V=2,Y,2 v'=x,y,z

where ¢ (r,t) = [ Vg (P ), s (7,1 }T, h is the reduced Planck constant,
m is the mass, Vi, (r) is the trap potential, ¢ is the density-density interaction co-
efficient, n (r,t) = T (r,t) 4 (r) is the number density of the mean-field, A f is
the spin operator, Fy, .. ,, (7,t) = T (r,t) (fyl e f,,j) ¥ (r), B is the external
magnetic field, g is the Landé g-factor, up is the Bohr magneton, @, ,/ (r) =
(r26,,0 — 3rury) /15, caa = po (grup)” / (47) is the magnetic dipole-dipole in-
teraction coefficient, and po is the magnetic permeability of free space. For the unit
vector e, in +v axis, we define A, := A - e, for any vector A.

From now on, we will consider a quasi-1D spinor-dipolar BEC on z axis where
Vir (1) = (m/2)w} (2% +4?) + V (2) and the magnetic dipole moment d (z,t) =
grupF (7, t) points to the same direction everywhere, i.e., M (t) :=d (z,t) / |d (z,t)| =
(sin @ (¢) cos ¢ (t),sin @ (t)sin¢ (t),cos (t)) (see Fig.[2.2).
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Figure 2.2: Schematic figure of the quasi-1D spinor-dipolar BEC we used in [11], rep-
resented as the ellipsoid. Red arrows represent the magnetic dipole moment d (z,t) =

grupF (7, t) with their length being proportional to |d (z, t)|.

Using the ansatz
2 2
e P /(211_) _ Aty 7 _if
e VDG (TR Gy (8) = (| 00 ) @)

where p = /22 +y2, 1, = \/h/(mw_) is the harmonic oscillator length in zy
plane, and ¢ (¢) ¢ (t) = 1, we get

Y, (’I“, t) =

—p? /13
hE, (r,t) = hsS 2 0 (2, )2 e 21/ (07) gin 6 () cos ¢ (1) ,
1
e PR ) )
hE, (rt) = s [W (z,0)]2 e 2%/ (147 sin 6 () sin 6 (¢) ,
il
e P 11A )
WE. (r.t) = hs—g— W (z0)f e 1/ (147*) cos 0 (1) 2.4)
Ty

which is consistent with our definition of M (t).
By integrating out the = and y directions, the mean-field equation of our quasi-1D

spin-S BEC can be written as (for a detailed derivation, see Appendix [A)

. H .*Fr-1_'_]| 8k 3y
35 =3 e



U () Y [ RO
(i=7)h ot —{‘zmazz

TV () +—n (z,t)} U (2,1) Gy ()
1

S

+h[=b+ s {M (t) = 3M. (t) e:} Paa (2.)]- { > (F)

mo=—s

mi,m2

S S

+22c2;2 n(z,t) > SMyy vy, v (t){ > (fyl Fo - fyj)
7j=1

V1,12, Vi =T,Y,2 ma=—s

Y (z,1) Gmy (t)} , (25)

mi,ma2

where b := gpupB/h is the Larmor frequency vector and we defined the two func-

tions

Moo, == 3 ) (0 G, 6

mi,ma=—s8

c -, , |z — 2| 4 (z—2
P (z,t) = 2};@/ dzn(z,t){G( " >—35< n >} 2.7

with the axial density n (z,t) == [*_dx [*_dy [ (r, > = | (Z’t)ﬁe—?vwﬂ/(Hf)’

and

G(\) = \/Z (A2 + 1) N /?Exfe (\%) — A (2.8)

By applying normalization condition on ¢ (t), we get (see Appendix [B]for details)

Mgt(t) = M (t) x {b+sAy, (t) M (t) e, } — yM (t) x J\gt(t), (2.9)
where A’ (t) = {3/N (t)} [ dz n (2,t) Pag (2,t) and N () = [ dr |4 (r,1)]* =

J75_dz n(z,t). Note that A/, (t) is connected to the dipole-dipole interaction contri-
bution Vg (t) by Vaq () = (h/2) s*N (t) A, (8) {(1/3) — cos? 0 (¢) }.

Eq. (2.9) has the same form as Eq. 2.I) with v — ¢grup/h, H — B +
hsAL, (t) M. (t)e./ (9ruB), and 8 — ~. Thus we managed to derive LLG equa-
tion if conventional mean-field equation of the spinor-dipolar BEC with damping is

valid.
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2.2.2 Derivations on the Hamiltonian of the Stoner-Wohlfarth Model

When there is no damping in collective oscillation, i.e., v = 0, and if we set B =

Bie, + B,e., Eq. (2.9) can be written as

do (t

o ) =bysing (t), ——= =b,cotl(t)cose(t) —b, —sAL,(t)cosd(t). (2.10)

By using the Lagrangian formalism introduced in [63], the Lagrangian L of this

system can be written as

L(t)=nh [a%it) cos O (t) + by sinf (t) cos ¢ (t) + b, cos O (t) + ZA:M (t) cos {260 (t)}] ,  (2.11)

and the equations of motion are

% [ ¢ (t)sin@ (t) + by cosf (t) cos ¢ (t) — b, sinf (t) — gA/dd (t) sin {20 (t)}} )
M = M = — sin sin M = hcos
o0~ 0 hiby sin 8 () sin ¢ (1) , %50 hcosf (1) . (2.12)

where ¢ (t) == ¢ (t) /Ot and 0 (t) = 90 (t) /dt. One can verify that Eq. is
indeed the Lagrangian which gives Eqgs. (2.10). Let p¢ () be the conjugate momentum
of the coordinate £. Since py (t) = 0 and py (t) = hcos 6§ (t) (i times the z component
of M), the Hamiltonian H can be written as

h? — 2p7 (t)

H (t) = —by\ /R — pi (t)cos ¢ (t) — bopg (t) + i

s, (). (2.13)

Since Al (t) does not explicitly depend on 6 (t) and ¢ (), we may express the Hamil-
tonian as H (t) :== H (t) + hsA/,, () /4, which gives

H(t)=h {—b M () + %A;d (t) sin2 0 (t)} . 2.14)

This has the same form as the SW hamiltonian with K — sA/,, (¢) /2, and thus we

also managed to derive the SW hamiltonian.
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2.2.3 Measuring the Damping Parameter

For simplicity, we will assume that B is on the z axis. Then Eq. (2.9) becomes

OM (t OM (t
T oM (1) x e (O (1) = (M) (0} =70 (0 x 2220 15
where (M), (t) = —b./ {sAy, (t)}.
Since |M| := /M (t) - M (t) = 1, by taking the cross product with M (¢) on
both sides of Eq. (2.15)), we get
OM(1) _ 5B D) oy~ r,), (1) (M2 (1) — 1), (2.16)

ot 1+~2
which shows that there are two stationary stable solutions M, (t) = £1. If (M), (%)
does not depend on t, M, (t) = (M), would be a stationary unstable solution. Ex-
cluding these unstable solutions, M, (¢) will switch to either 1 or —1 and we will name
this switching as the Stoner-Wohlfarth (SW) switching.

If the damping parameter  is small, we may assume that A/, (¢) (and thus (M), (t))
does not change until SW switching occurs. Since the time dependence of A/, (¢) is
due to the time dependence in the axial density n (z,¢) (see section 2.2.1)), this as-
sumption is equivalent to assuming that the number of BEC does not change until SW
switching occurs. We will show later that our SW switching time is below 10 per-
cent of the typical lifetime of the collective oscillation of BEC for the typical value of
~v =~ 0.03, which justifices our assumptions.

When A/, (t) does not depend on ¢, the solution of Eq. (2.16)) is

) 1 ln{(Mz)m*(Mz)cr} _ 1 ln{ 1—M-(t) }
1 + fY {(MZ) }2—1 Mz(t)_(Mz)cr 2{1_(Mz)cr} 1_(Mz)in
;- / o . (2.17)
")/SAdd + 1 In { I+ (Mz);, }
2{1+(Mz),, } 14+M (¢)
where (M), = M. (0) is the initial value of M. To avoid the divergence in our

solution (Eq. (2.17)), we define a critical switching time t., to be the time when

38



M., (tey) = £0.99. Note that even though we chose the spatial dimension of our sys-
tem to be quasi-1D for convenience, Eq. (2.17) is still valid for other dimensions by
suitably changing A/, (¢) (see Appendix [A]and [B).

If v < 1 and the magnetic dipole-dipole interaction is large so that |(M;),,| < 1,

we get

1 5y/2(1 = (M2)) 018

ter = In

’YSAZM |(MZ)in - (Mz)

el

Eq. (2.18) clearly shows that the magnetic dipole-dipole interaction accelerates the de-
cay of M, (t). Hence, by using a dipolar spinor BEC with large magnetic dipole mo-
ment such as produced from 154Dy or '%Er, one may observe the relaxation of M, (t)
to the stable state before the collective oscillation of BEC breaks down, enabling the
measurement of y in BEC experiments.

The homogeneous-local-spin-orientation approximation is valid when the system
size is on the order of the spin healing length &, or less, which has been experimentally
verified in in [12]. Using cg ~= 100 |co| [212], & ~ 10 &, where &5 = /h?/ (2mecon)
is the density healing length and & = \/W is the spin healing length
where 7 is the mean number density. Thus, if the size 2L, of our quasi-1D spinor-
dipolar BEC is on the order of 10 {4, the homogeneous-local-spin-orientation approx-
imation is justified.

Using the s = 6 element '°Er, we can provide numerical values which satisfy both
the quasi-1D and homogeneous-local-spin-orientation limits, as well as they enable us
to explicitly show how ¢, depends on (A1, )., in a realizable setup. We consider below

two cases: (A) box trap along z and (B) harmonic trap along z.

Box traps

We set V' (z) = 0 for |z] < L, and oo otherwise. For small -, we may write n (z,t) =

N/ (2L.) and hence we estimate yu ~ (co + 2ms%cqq/3) N/ (4713 L) (see Appendix.

3 " i i
x _'-;.-_ 1 =
- | T
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In this case, we get A/, = Agq (L. /1)) with

_ 3Negg 1 [ [ v 2] _ Newl B
Agg (\) = o A{/o v (1—5)0@)—g ~ for \=L,/l, > 1.
(2.19)

Fixing B, = —0.03mG and N = 100, we consider the following two cases: (1)
wi/(27) = 2.4 x 10*Hz and L, = 3.125 um. Then L./l = 62.03, u/ (hw,) =
0.1692, and L, /&4 = 29.55. Thus, the system is in both the quasi-1D and homogeneous-
local-spin-orientation limit. sAgq (L. /1) = 4.074x 103 Hz, hsAgqq (L./11) / (9ruB) =
0.3969 mG, and 0, == cos™! (M), is 85.67°.

Q) w, /(27) = 1.2x10*Hzand L, = 6.250 um. Then L. /1, = 87.72, ju/ (hw, ) =
0.0846, and L,./&; = 29.55. Thus, again the system is in both the quasi-1D and
homogeneous-local-spin-orientation limits. Specifically, sAgq (L. /l1) = 1.028x 103 Hz,
hsAgq (L./11) / (9rpp) = 0.1002mG, and 0., = 72.57°. Fig.shows the relation
between t., and (M), .

Harmonic traps

We set V (z) = mw?z?/2. Using the Thomas-Fermi approximation, 1 = mw?2L? /2

where (see Appendix [C)

1/3
3 27ms%cqq/3) N
L. — { (co—i- TS Cdd/ ) } 7 (2.20)

4rmw?l?

and for small ~, we may write (co + 2ms?cqq/3) n (2,t) / (7l3) = mw? (L2 — 2?)
for |z| < L, and n(z,t) = 0 for |z| > L. From this n (z,t), we performed a numer-
ical integration to calculate A/,,. Fixing B, = —0.03mG, we consider the following
two cases:

(1) N = 240, w, / (2mr) = 2000Hz, and w,/ (2) = 50Hz, for which L, =
5.703 um and L/l = 32.68. We obtain again the quasi-1D and homogeneous-local-
spin-orientation limits since p/ (fuw; ) = 0.3337 and L,/€; = 17.85. Furthermore,
sA!; = 1.644 x 103 Hz, hsAl,/ (grpup) = 1.602 x 107! mG, and 6., = 79.21°.

40
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wy/(2m) = 2.4 x 104 Hz, L, = 3.125 um, and [; = 0.0504 um where
N/ (4wL.13) =10.03 x 102 m~3 ((M.),, = 0.0756).

ter (8)

0.6

-
-
-
.-
-
-

-1.0 -05 : 0.5 1.0

wy/(27) =1.2 x 10*Hz, L, = 6.250 um, and [; = 0.0712 um where
N/ (4wL.13) = 2.508 x 102 m~3 ((M.),, = 0.2995).

Figure 2.3: t. as a function of (M), when B = B.e, where B, = —0.03mG
and particle number N = 100. v = 0.01, 0.03, and 0.09 for red, black, and blue
lines respectively. Lines are calculated from exact analytic formula in Eq. (2.17)), and
dot-dashed are from asymptotic expression in Eq. (2.18). These figures are from our

paper [[L1].
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(2) N = 340,w, / (2m) = 1000Hz, and w,/ (27) = 25 Hz, where L, = 8.070 um
and L,/l; = 32.70. Again, we have the quasi-1D and with homogeneous-local-spin-
orientation limits fulfilled due to p/ (hw ) = 0.3341 and L, /{; = 17.87. In addition,
sAl, = 8.230 x 10? Hz, hsA!,;/ (grpp) = 8.019 x 1072 mG, and 6., = 68.03°.

in*

Fig. shows for the harmonic traps the relation between t., and (M)

Measurability of critical switching time

Figs. @] and @ demonstrate that the critical switching time %, is much smaller than
the lifetime of the collective oscillation of BEC (several seconds [66]) and thus, by
measuring t., by varying (M), , one will be able to obtain the value of « provided
that v indeed does not depend on spin indices as [9, [10] have assumed. Conversely,
if one obtains from the measurements a different functional relation which does not
follow Eq. (2.17), it implies that v may depend on spin indices.

Note that both figures, Figs. [2.3] and [2.4] show that ¢, is inversely proportional
to the mean number density N/ (47L.13) . Eq. states that t., is inversely
proportional to A/, but except for the box trap case, in which one can analytically
calculate A, = Agq(L./11), the dependence of A/, and the mean number density
N/ (477Lzli) is not immediately apparent. Thus, at least for harmonic traps, and in
the Thomas-Fermi approximation, one may use the box trap results to provide an ap-
proximate estimate of the behavior of ¢.;.

This ends our first topic. In the next chapter, we will show our to-be-submitted
work on the theoretical possibilities of BEC as sensors using its ultracold chemical

reaction.
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where N/ (4mL.13) = 1.010 x 10* m~3 ((M.),, = 0.1873).
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-1.0 -0.5

0-5 1-0 N:340,

wy/(2m) = 1000Hz, and w,/ (27) = 25Hz. L, = 8.070 yum and I = 0.2468 um
where N/ (4w L.13) = 0.550 x 102 m~3 ((M.),, = 0.3741).

Figure 2.4: t., as a function of (M), when B = B.e, where B, = —0.03 mG, for

two particle numbers N as shown. v = 0.01, 0.03, and 0.09 for red, black, and blue

lines respectively. Lines are calculated from exact analytic formula in Eq. (2.17)), and

dot-dashed are from asymptotic expression in Eq. (2.18). These figures are from our

paper [L1].
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Chapter 3

BEC as Detector — Ultracold Chemical Reaction

Now we will show how accurately one can estimate the magnitude of the external
perturbation by measuring number of BEC molecules created by ultracold chemical
reaction.

Previous work on the possibility of using BEC as sensors to measure various phys-
ical quantities [[13} [14} [15} 16, 17, [18| [19] rely on measuring number of phonons in
BEC. However, it is difficult to measure number of phonons in BEC [21]]. So far, it has
been only achieved in the superfluid helium II experiment [20]. Measuring number
of BEC molecules under ultracold chemical reaction can be done with spectroscopic
techniques [22} 23] and already achieved in, for example, Cs - Cso BEC under ultra-
cold chemical reaction [25]]. Thus we focus on the theoretical limit of estimating the
magnitude of the external homogeneous density perturbation by measuring number of
BEC molecules.

This chapter is composed of three sections. First section, [3.1] is to introduce the
difference between ordinary chemical reaction and ultracold chemical reaction. Start-
ing from the Hamiltonian in Eq. (I.5]), we define the reaction rate operator R (t) =
{1/ (gan)} ON, (t) /Ot which describes the change of the number of BEC atoms as
a function of time ¢ and show that R (t) can be written as pair creation and annihila-

tion of quasiparticles which we will name as reactons. In the final section [3.3| we set
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our system so that mean-field contributions to the ultracold chemical reaction is zero
to see characteristics of reactons. Then we calculate Fisher information for estimat-
ing the magnitude of the external perturbations to see its theoretical accuracy. At the
end of this chapter, we briefly discuss benefits of our approach by comparing previous

theoretical works on BEC as sensors by measuring number of phonons in BEC.

3.1 Short Introduction on Ultracold Chemical Reaction

Ordinary chemical reaction has activation energy which should be overcome to make
chemical reaction occur as is shown in Fig. Note that due to thermal energy in the
background, forward and backward reactions occur at the same time and they eventu-

ally reach the dynamical equilibrium where the ratio of atoms does not change.

Energy Number

A Transition State
Total number of A

Molecule A,

Atom A

Reaction Progress

time

Y

Figure 3.1: Schematics of ordinary chemical reaction A + A — A, (left) and the
change of ratio as a function of time (right). In the right panel, red line represents the
number of atoms (excluding atoms in molecules), blue line represents the number of
molecules, and black line represents the total number of A which is conserved (one

molecule has two A).

In the BEC ultracold chemical reaction, bound state (BEC molecules) and free state
(BEC atoms) can be in resonance by changing external magnetic field. We call this
as Feshbach resonance, and in this state, number of atoms and number of molecules

oscillate as time goes on (see Fig. . [25]] observed that Cso BEC molecules are

":l"\-_i _'-;.': ok 11
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created by ultracold chemical reaction in Cs BEC.

~ 40800 sk 8 AR
sy 5 A W
<< 40600 [} i
§4D4UD
¥ 40200
S 40000 iE
g )
<r! 39800

i A 4

Molecules |é4,|?

Figure 3.2: Number of atoms and molecules in ultracold chemical reaction as a func-

tion of time. This figure is from [30].

3.2 Reaction Rate Operator and Reactons

In Heisenberg picture, let Nj (t) = [d® 7,/3; (r,t) @Zj (r,t) where j = a, m. From

Eq. (L),

p 2
iha'(paa—(;»t) = {—%VQ + Ve (T7 t) + gaz/;:g (’l", t) 772)@ (ra t) + gam'&;rn (Ta t) i’m (7'7 t)} '(;;a (’l", t)
V208 (1) Y (1),
P 2
p2mrt) {—277; V2 4 Vi (1) + €+ gnly (1) G (71 0) + gamd], (1) D (r,t)} B (1)
. 2
+% {dja (’I", t)} ) (31)
and we get

R L
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ihaNa ®) = Oé\/§/d37’ {@l (r,t) zﬁl (r,t) Ui (r,t) —h.c.}

ot
0Ny, (t)
—2ih . 2
i 5 3.2)
We define the dimensionless reaction rate operator R (t) by
sy o D ONa(t) _ONa(t) _ av2 . .
RU) = s = e =it [ {da () g () 9 (0) ~ e}, B3)

where t := g,nt/h is dimensionless time. This R (t) describes how many atoms are

converted into molecules per time.

By using expansions in Egs. (1.28)),

R(t) = 2N a2y sin am
~2idry {e—waa@g (k1) 00, (k. t) — %260, (k,t) 001 (K, t)}
k+£0
—iay > {ewm(s\irg (k) 0UT (ke 1) — e~ m 80, (K, t) 5, (—k, t)}
k;éO

_ZT > {5@3 (1, ) 60 (oo, t) 60y (o1 + ko, t) — h.c.}, (3.4)
k10 ka0

and the mean-field contribution 2N a2y sin @, can be set to be zero by minimizing

the mean-field Hamiltonian (see Eq. (I.22)).

Let
Ro(t) = —2mz{ ~i0a gt (k1) S, (K, 1) — €980, (K, 1) 60T (k,t)}
k40
—iay > {ewm(s@; (k1) 00T (ke 1) — e m 8, (k, ) 5, (—k, t)} . (35
k+£0

Then for N >> 1 and neglecting mean-field contribution to R (), R (t) ~ Ry (¢).

¥ ey
-":lx_! _'q.l.- ok .
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7 0.001
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Figure 3.3: (Left) @, (k) as a function of k&, where &, is the density healing length
of the BEC atom. Red line shows @, (k) and blue line shows w; (k). The expansion of
@1 (k) up to O (k) (black dotted) and @2 (k) up to O (k?) (green dot-dashed) are also

shown. (Right) Bogoliubov mode amplitudes in Egs. (I.53) as a function of k&,,.

Imposing Bogoliubov transformation in Eq. (T.33]) leads us to

£)=a Y tm{Zn (k) {20 (e, 6) by (k1) + 1} +G D 1m {Zas ()} {26 (ke ) b (e, 1) + 1]

k40 k40
~2ia Y {_12 )bl (e, t) by (K, 1) — h.c. } —iay {43 k)b (e, ) b1 (—k, t) — h.c.}
k0 k0
~2iay" {514 (k) bF (K, £) b, (—k, t) — h.c. } —iay. {44 )bl (e, ) B (—ke, t) — h.c.}, (3.6)
k0 k0

where we define =, (k) in Appendix [E]

To simplify the expression in Eq. (3.6), we choose our parameter to be gy, = 100,
gm = 0, and & = 1 which gives y = 0.0026 and w; (k) < wa (0) within our k range
(see Fig. i such that effects of by (k,t) can be neglected. Then we have

=& Im{Zu (k)} {213{ (., t) by (K, ) + 1} —iay {513 (k) bl (k) b1 (—k,t) — h.c.} .G
k#0

k#£0
With our parameters where Bogoliubov excitation energies are all real, p, = 0,
and cos ¢, = —sign (a), Z11 (k) = 0 and Z13 (k) is real (see Appendix E.1l More

= 0] o} 1
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specifically, Eqs. (E.19) and (E.29)). We plot aZ13 (k) as a function of g, and & in

Fig.[3.4] Note that reaction rate is symmetric in ce, which implies that the sign of « does
not change the direction of ultracold chemical reaction and only the magnitude of « is
important. This effect cannot be seen if mean-field contribution (which is proportional

to «) is not zero.

2 ,—r' ! 2
A ‘
1 ' 0 1
s o - | 00002 , G
. -0.0004
\ - . M _50006 ;
2B 2 e
2.0 2.5 3.0 3.5 4.0 45 5.0 20 25 3.0 35 4.0 45 5.0
g”’” !7’””

Figure 3.4: a=13 (k) as a function of g,y and & for k = 27/ L (left) and k = 207/ L
(right) where L is the length of one-dimensional BEC system with L/, = 161.3.
System is not stable in grey regions (number of BEC atoms or molecules are negative

or Bogoliubov excitation energies are imaginary in those regions).

3.3 BEC as Detector - Estimating External Perturbation

After applying Bogoliubov transformation and neglecting effects of by (k,t) as previ-

ous section, in Schrédinger picture, our Hamiltonian H is (see Eq. (T.32))
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which is constant in time .

In Schrodinger picture, if we apply external perturbation Vs (t) from ¢t = 0 where

Vs (t) = Vaf (03 [Vl (k) + Va (k) b1 (k) by (k) + {V3 (k) bl (k) b1 (—k) + h.c.}] , (3.9)
k£0

it would affect the ultracold chemical reaction and hence the number of molecules
created by ultracold chemical reaction will change.

As an example, we consider density perturbation

Vs () =Vaf 0 [ @ {3 ) du(r) 420}, ) dn ()}, G0

and define V, := V,/ (gan). Then we calculate quantum Fisher information I () and
the lower bound of the classical Fisher information I (¢) when estimating the value
of V, = 1075 by measuring number of BEC molecules created by ultracold chemical
reaction.

In the Appendix (specifically, in Egs. and (F.69)), we show that if the
perturbation is sinusoidal in time, & component which satisfy w, = 2w; (k) dominates
in the calculation of I¢ (t) or I¢ (t). And Fig. 3.3 shows that magnitudes of Bogoli-
ubov U (k) and V' (k) have maximum value as & — 0. Thus, for f (¢) = sin (w,t), we
set w, = 2wy (k= 2m/L) = 2.7 x 10°Hz to maximize both I (¢) and I¢ (t). Then
our calculation shows that the Fisher information calculated by using Dyson series
expansion of the time evolution operator up to O (V;2) is within 0.06% of the Fisher
information calculated by using symplectic formalism of the time evolution operator
(see Fig.[3.5)), and as ¢ increases, Fisher information calculated by using Dyson se-

ries expansion and Fisher information calculated by using symplectic formalism gives
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Figure 3.5: QFI (red line) and the lower bound of the CFI (blue line) calculated by us-
ing Dyson series expansion up to O (Vaz) , and QFI (green dashed) and the lower bound
of the CFI (orange dot-dashed) calculated by using symplectic formalism as functions
of dimensionless time £ := g,nt/h with perturbation profiles f (t) = sin (wqt). (Inset)
(Fisher information from Dyson series expansion up to O (VC?) - Fisher information
from symplectic formalism) / (Fisher information from symplectic formalism) as a

function of dimensionless time ¢.

same value. Hence one may use Dyson series expansion to see long-time-behavior of
Fisher information (For example, Egs. and imply that I (t) o t2 as

t — oo if the perturbation is sinusoidal in time ¢).

In Fig. we calculated I (t) and I (t) for various f (t). It shows that I (%) /Ig (%)

oscillates and its maximum value is about 0.6 for every f (¢) we considered. As we
only calculated the lower bound of the CFI, CFI can be within 0.6 QFI < CFI < QFL
From Cramér-Rao theorem, for single measurement, the variance of estimating V,, by
measuring number of BEC molecules created by ultracold chemical reaction is equal
to or greater than 1/CFI, and the ideal variance of this estimation is equal to or greater
than 1/QFIL. Thus our result implies that measuring number of BEC molecules created

by ultracold chemical reaction might be an ideal method to estimate the magnitude of

2 2 8!

51

‘.l ] T_I I|



1000

Figure 3.6: The lower bound of the CFI (I (t)) over QFI (I (t)) for density per-
turbation as a function of dimensionless time ¢ := g,nt/h with perturbation profiles
f(t) = sin(wqgt) for t > 0 (Red line), f (t) = cos (wqt) for ¢ > 0 (Blue line),
f(t) = {1 —cos(wat)} /2 for t > 0 (Yellow line), f (t) = {1 + cos (wut)} /2 for
t > 0 (Purple line), f (t) = 6 (t) for t > 0 (Black line), and f (¢t) = § (¢) (Orange
line). Here, we set w, = 2wy (k = 27/L) = 2.7 x 10°Hz to maximize both I (¢)
and I (f)

A&t 8t
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the homogeneous density perturbation.
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Conclusion

In this thesis, the theoretical possibilities that Bose-Einstein condensates (BEC)
can act as a sensor for measuring damping parameter and estimating the magnitude of
the external homogeneous density perturbation are discussed.

In chapter 2] we have studied the limitation of the conventional mean-field theory
in BEC with dissipation and proposed a new method to measure the damping parame-
ter by using Stoner-Wohlfarth swithing in spinor-dipolar BEC with homogeneous local
spin orientation [[11]. By starting from the conventional mean-field theory and assum-
ing that it is valid for spinor-dipolar BEC with homogeneous local spin orientation,
we derived Landau-Lifshitz-Gilbert (LLG) equation and Stoner-Wohlfarth Hamilto-
nian and show that the direction of the magnetization is switched to £z axis when the
external magnetic field is applied on z axis. By solving LLG equation, we obtained the
formula for the switching time as a function of the damping parameter ~ and it sug-
gests that (1) v can be measured by measuring the switching time and (2) the validity
of the conventional mean-field theory on spinor-dipolar BEC can be checked by com-
paring the measured swtiching time and our formula for the switching time. This will
help us to see whether ~ is the universal parameter as is usually assumed (v ~ 0.03
and does not depend on spin) and it will provide useful information on studies with
BEC simulations.

We show in chapter [3] that the magnitude of external perturbation can be estimated

by measuring number of BEC molecules created by ultracold chemical reaction. Start-
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ing from the Hamiltonian for ultracold chemical reaction suggested in [30], we obtain
reaction rate operator and show that it can be expressed as pair creation and annihi-
lation of quasiparticles, which we named as reactons. To show its characteristics, we
set our system such that mean-field effects are zero and then calculate Fisher infor-
mation for estimating the magnitude of external homogeneous density perturbation by
measuring number of BEC molecules created by ultracold chemical reaction. As it is
difficult to measure number of phonons in BEC experiment [21]], our proposal is ex-
pected to be more easy to apply than previous suggestions which rely on measuring
number of phonons in BEC [[13} 14, 15, 16} 17, 18 [19].

As we mentioned in the introduction, BEC can be used to study quark confine-
ment simulation [26]], simulate early universe [27],and measure various physical quan-
tities [113}, 14} (15, (16}, 17, (18}, [19]. So there would be many other possibilities to apply
BEC as laboratories for fundamental physics. We hope that our thesis contribute to

spread this application.
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Chapter A

Quasi-1D Gross-Pitaevskii equation with dissipation

We start from our conventional mean-field equation for the spinor-dipolar BEC with

dissipation in Eq. (2.2)):

o (r,t K2 5 . .
(2_7) h¢é:) = _%VZ‘FVU (T)+Con(rvt)+262j Z Fl/l;",Vj (Tvt) (fl/1 "‘fl/j) w(r7t)
7j=1 V1, Vi=T,Y,2
- Z gF:U’BBl/ — Cdd Z {/ dST/ QV,V’ (T‘ - 'I”/) F (’l"/, t)} f:ﬂ/) (’l", t) - (AD
V=T,Y,2 V'=xy,z

We will use the following trap potential

Vie () = %mwi (2 +y) +V(2), (A.2)

and set our ansatz for the wavefunction ¢ (7, t) as (see Eq. (2.3))
2 2
e P /(Qll) . 5
)= W (2,8) ¢ () e FNent/(1477) A3
Yir ) = (e , (A3)
where [} = y/h/ (mw_ ) is the harmonic oscillator length in zy plane. Therefore, to
get quasi-1D equations, we have to multiply e—r?/(211) / (11 /7) (zy plane component
of the wavefunction) before integrating out contributions of xy components.

From Eq. (2.4)),

_ 2/12L )
F(rt) = sttt [0 (o, )2 e 22 (52 M (1) = sM () (r,8) . (A4)

2
w4
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A.1 Step 1. Dipole-Dipole Interaction Term

From the definition of bgq (7, t), one can get

1 _ 2/(972 ’ / / ;
/dp me p?/(211) Cdd Z {/d% Quu (T_T)FV’ (T7t)}f’/¢(r’t)

v'=zy,z

1 2 2 N
Z/dp /() {ﬁbdd (’r)-f}d;(r,t)
/7
Cdd L\lf , , e/ 1|2 2wt/ (1492)
:ﬂ_li/dz/dp/dp E Q,j,,,/(r—r)s ﬂ_li |‘1f(2,t)’e WL Yy

vV =x,y,2

XM (1) f,e P TR (2,) ¢ (1) e~ +Dwrt/(1477)

Cdd /dz’n(z’,t)/dp/dpl Z Quu (1 —7") My (1)

= 57d
w2l
1 vV =x,y,2

/ _ ity
e PP IR (2, 1) e T2 s 1, ¢ (1), (A.5)

where p = (z,y) with p := /22 + y%, tan ¢, == y/x, and [dp = [do, [dp p =
[ dx [ dy.

Due to the symmetry, after performing angular part of [ dp [ dp’, nonzero term

of Z Qv (r — r') M, (t)is

V’:x,y,z

2w 1 . 21 1 . . w1
{ TE)%\/ésmH (t)cos @ (t) oy o + 1—5$\f681n0 (t)sing (t) 6py — 4\/;773 cos @ (t) (5,,7Z} Yy (en)
2r 1 _ 2r 1 . . w1
= { ﬁ173\/631n9 (t)cos @ (t) 6y o + E$\/€SID9 (t)sing (t) dyy — 4\/;”3 cos 0 (t) 5,,72}

1[5 (.02
"V <3772 - >
= {1sin9(t) cos ¢ (t) 0y z + lsine(t) sin ¢ (t) 0,y — cos 8 (t)d } 1 <3n§ — )
2 v, 2 vy v,z ,,73 772
1 n?
= {My (1) = 3M: (1) bz} 5 5 (3772 - 1> , (A.6)

where n := r — 7/ and Y} (e, are the usual spherical harmonics.
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Therefore,
[ o lllﬁe—ﬂ?/(”i) {baa () - 6 (1)

—(p?+0?) /12 _ 12
= C§d4/dznzt/dp/ 372 3 ’/22 7 5 — 1
2214 ‘2> lp—p'|" + |z — 72|

\p PP+ 12—
WU (2, 8) e T2 (M (1) — 3M. (t) e} - FC(1). (A7)

It is not easy to directly calculate double integration with [ dp [ dp’ in Eq. (A7),

so we will make a detour. Final result is in section|[A.1.2l

A.1.1 Fourier Space Representation

The magnetic dipole-dipole interaction V4 (¢) can be written as

Vag (1) = Cdd/d3 /d3/ Z rtoyr(T‘—T‘)Fyl(’P,,t)

v,V =x,Y,z

C / /
= 5227T§Clljl_/dz/dz n(z,t)n(,t)
X /dp/dp’ e (PP+02)/11 Z M, (t) Qv (7‘ —T‘,) M, (t), (A.8)

V/:%?J,Z

and from Eq. @,nonzerotermof/dp/dp e—(P+02)/13 Z M, (t) Quy (r — ") M, (t)

Vi=xy,z
is
2+P/2)/12 _ 2
7{1—30050 }/dp/dp ( |2~ 7] 2-1). (A.9)
(lo— o+ 1= )" \lo = o Pl =]
Therefore, V4 (t) can be written as
Via (1) = 244 / dz / 2 n(z,t)n (2,1) Veg (2 — 1) , (A.10)

with

Vet (2, 1) —{1—3cos 0 (t

p +p/2)/l2 22
d 3 —-1]. (A.11)
2l4/ / p lp—p'|> + 22

3/2
(Io =o' +22)
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Thus, calculating Vg (z,t) will make us to calculate Eq. (A.7). We will first calcu-

late V4 (t) in Fourier space and then perform the inverse Fourier transform to get

Vet (Z, t).
Note that V4 (¢) can also be written as
_ Cdd 3 3,/ / '
Vaa (t) = 2/d r/d ' n(r,t)n (r',t) Ug (r — 7', t)

. c;d(2w)3/2/d3kﬁ(k,t)ﬁ(—k,t) Uga (k,t),  (A12)

where

Udd (’I‘,t) = 82 Z M, (t) Qu,u’ (T) MV’ (t)

V'=xy,z
sz [6r | {YF (er) e~ 290 1+ V72 (e,) €2i¢(t)} sin? 6 (t)
VS v (en) 790 — Yy (e,) €90} sin {20 (1)}

61
+r3 5 —Y9 (e,) \[{3511& 6 (t)—2}, (A.13)

and § (k) = (2m)~%/? [ d3r =7 g (r) is the Fourier transform of the function g (r).

Fourier Transform of n (r, )

Since p - k, = pk,cos (¢, — d,) where k, = (kg ky) with k, = /k2 + k2,
tan ¢, = ky ke, and [ d2k, == [ doy, [ dk, k.

n(kt) = (2 3/2/ / =z 7(/)/[”2”(2’:10 e iPkreits
~ 271'
=k t) 1 [T s e vk cos(6,=0,) (A1)
27 7rl2 0 0 P
We know that
o~ tPkpcos(dp—di,) _ Z (=)™ Jum (pk,) e—im(¢p—¢kp>, (A.15)
.-':Ix_-i: '%I-. ] ii
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which is Jacobi-Anger expansion (J,,, (z) is Bessel function of the first kind). Since
f027r do, P T 270 0 for any integer m where 4, v is Kronecker delta

function, Eq. (A.T4) can be written as

1 e 1
i (k) = i (ks t) / dp p eI Ty (phy) = i (ks t) e~ (ALL6)
ﬂ'lJ_ 0 27

Fourier Transform of Uy, ()

It is known that
/ dQy e FTY™ (e,.) = 47 (—i)' jy (kr) Y™ (ex,) (A.17)

where [ d€Q,. is the integration of the angular part of r and j,, () is the m-th spherical

Bessel function. Hence, the Fourier transform of Ugg (7) (see Eq. (A.13)) is

- 2 © 1 sin? o (t Y2 (er) e 20 4 Yy ezid) A
Usa (k) = _832\/§/ dr = / s, { ( } pikr
(2m) / 5 Jo T —sin {26 (t) }{Y2 er) —id 7,¢}

s fér [2 [ 1 :
+W 5\/;/0 dr r/er {3SIH29(t)—2}Y20(6T)€kT

B A7 6m 5 | sin 20 (t) { Y2 (er) e 2% + Yy 2 () €%} /Oo i Jo (kr)
¢} 0

- (2?2 V5 ’ —sin {20 (¢)} {Y5 (ex) e — Y, r
> (ex) (ek)
47 67 o go(kr)
_W = ,3 {BSm 0 (t —2}Y2 ek)/o dr et (A.18)

Since [° dr jo (kr) /r = 1/3, we get

Uga () \/12?82 [sin? 0 sin® 0 () cos {2 (¢ — ¢)} + sin (20, sin {20 ()} cos (¢x — ¢)]
—1—(27:)3/24; 2{1—35111 9()} (300520k—1). (A.19)

Fourier Transform of Vg (2, ¢) and Its Inverse Fourier Transform

From Eqgs. (A.10), (A.12)), (A.T6), and (A.19), we get
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Vaa (t) = Cdd/dz/dznzt zt)\/;ﬁc(z—z t)

= L;d(z )3/2/d3kn(k t) 7 (—k,t) Uaa (, 1)

_ Cdd 32 [ > 1 g - k22 /2
= (2m) dk‘z dk, k, 27 5 n (ks t)n(—k,,t)e "r'L
0 Y

1 4772 3., }( k2 >
1-— 0t 3 z —1
(zﬂ)w 3 { gy (3

Cdd - - 82 2 3 )
= 7\/27r dkzn(kz,t)n(—kz,t) = 1—§sm 0 (t)

Vo3
x /  k k, e Fo1/2 (3 ks _ 1> (A.20)
0 r k2 + k2 ’ '

Hence the Fourier transform of Vg (2, t) is

_ 2 2 00 k‘2
Vgt (s t) = — {1—gsin29(t)}/o dk, k, e Kot/ (3k2+k —1) (A21)
p

Lett = (kf) + k%) 13 /2. Then dt = I3 k,dk, and

~ 82 2 3 o0 1 272 k2l2
Vog (ko 1) = 1— sin?6 (¢ dt —etekzl1/2 (322°L
aht) = <=2 {1 Dsim ()}/@@/z Fee =

252 o k221
= - i {1—3sin29(t)}ekzli/2/ dt e”* <”—>
I5V2m 2 K212 /2 2t 3

3 . 272
= lim{l—zsmzﬁ(t)}{(k% /2) FL2Ey (K22 /2)—}, (A22)

where B (z) = [ du e™"/u is exponential integral. Then we have

Vet (2,t) = \ﬁ/ z\/22—7r

From the definition of the exponential integral F; (z),

/ dz ¢ By (22) e / dz e / dt . (A.24)
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Let s> = t — 2. Then 2sds = dt and Eq. (A24)) can be written as

00 —k i 2 00 N 1 i
/ dx e* E1 “‘—/ d:l:e””/ ds ———e :2/ dsses/ dazﬁe’x.
—oo e +s 0 o e+ s

(A.25)
Using contour integral, [*_dz e=*%/ (22 + s?) = (r/|s|) e~I**| and thus Eq. (A-24)
becomes
/00 dx eszl (x2) e T = o /OO ds e~ e Hls — o7 /00 ds e~ {sH(kI/2)}* k2 /4
—00 0 0
()% ¥/ 4Erfe (|k| /2) . (A.26)
By differentiating Eq. (A:23)) with respect to k two times,
e ) oo 0o 2 )
/ dx $26’”2E1 (x2) - 2/ ds 8682/ dx %eﬂkx
—00 0 PN xr“+s
00 5 00 82 "
= 2/ dsses/ dx (1— 5 2)6””
0 o e +s
= 4rd (k:)/ ds se™* — 27T/ ds s2e5 e IHls
0 0
= 276 (k) — 27r/ ds s2e > e IKls, (A.27)
0
Note that
0 2 es] 2 00 )
277/ ds s2e=5 e IHls  — g 27r/ ds e e kls = 82/ dx 6$2E1 (332) et
0 a|k? 0 dk|” J -
— ()32 > {ek2/4Erfc (k| /2)}
0 [k[? 7
(A.28)
9 {ex2/4Erfc (x/2)} = T (3)2) — Lent/a L et
ox 2°¢ 2° Nis
1
= gex2/4Erfc (2/2) = =, (A.29)
and
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92 2 1 2 z [z 2 1
e x2/4 _ ., z°/4 L) x4 o
502 {e Erfc (x/Q)} 5¢ Erfc (x/2) + 5 {26 Erfc (z/2) ﬁ}
1 /22 2 T
= — —_— z /4 _
2 < 5 + 1> e® /“Erfc (x/2) N (A.30)

Therefore, from Eqgs. (A.27) and (A.28)), one can get
> ; 1 [ k? k
/ dz 22" By (z?) e~ = 2rs (k) — ()2 {2 (2 + 1> "’/ 4Erfc (k| /2) — 2’\/;}

= —(m)%? {; (’“; + 1) M /*Exfe (k| /2) — 2’\’“/’7,7 - 5% (k:)}, (A31)

and

2

\/ﬂ/ zi@
_ 732{35111 0(t) — }{qu;/zl) - ga(z/u)}, (A32)

where G (\) == /7/2 (A2 4 1) e*’/2Erfc (\/v/2) — X and § (z) is the Dirac delta

Veit (2,t) = {1— ;)sinQQ(t)} {(kgli/z) MR (K42 )2) — } —iksz

function.

A.1.2 Final Result

Since we get Ve (2,t) in Eq. (A:32)), one can get

p er/Q)/l2 |Z . 21‘2
2z4/ /dp 2 3, gt
|2) lp=pP'|" + |z =7

Ip PP+ 2 —

lo-am- 3}

and

/dp liﬁelﬁ/(mi) {ﬁbdd (r) - f} Y (r,1)

=55 [ 7 n) e (BE) =30 (550 o e 5t i - s e - Fe ).
(A.34)
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A.2 Step 2. Final Result

We have
) o (r,t) er/(21) . 0 Yt
= h—pg— = NG = hg (¥ (= C (e
e*f’?/(QZi) Ly (9{\11 (Z,t)((t)} efp2/(21f_) 9
= e T - n R 60 - ) g {
2 2 2 2
e M) s (U (¢} e/ =2
—WC +v (Z—’y)h ot + ll\/f]? \IJ(Z,t)C(t)MLB 1+
—P2/(23) i 94U (2. 8)C (¢
_ ¢ NG e 142 Lt(i—’y)h { (Zét)(()}‘f‘mﬂ/)(ryt),
W oo R 1 Hwitg §—p?/(22)
o V) = 5 (e Y {e 1 \I/(z,t)}
K2 1 B “”2th I 10 0 _/’2/(2@) _pz/(212)82\1’ (z,t)
—%7llﬁ<(t)€ I+y W(z,t);% {p ap +e L 02’2
21 T 10 0> —02/(22) _pz/(%z)aQ\I’ (z,1)
_%llﬁC(t)e I+y \I/(Z,t);aip {_li L }+ + 82’2 :|
21 T 1 (p? —02/(212) —p2/(2l2)82‘1' (z,1)
= Tomiyme e [P ’t)li<li_2> D= ]
I s W ) i B2 9P{W (2,0)C (1)
o2ml? \? ’ lim c 2m 022
1 \L L1
_ 2/(2l2) it 2 02
_ (M 9 9 e P ——ngithia {V () (1)}
_( Swlp +M>zp(r,t) T T - . (A36)
1] © 11
S Y
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e /(20) iy
ST
PO [_71232 {v (z,t)C(t)}}

_l’_

e_pQ/(QlQ ) _ ity

We 11,291 {V(z)—l—con(%t)}q’('zat)((t)

e_p /(Qli) _ ity

Therefore, Eq. (A.T)) can be written as

it 0{V (z,t)C(t)}
e (i—7v)h 5

T+
IRVZS ¢ 2m 022
e—p2/li
2
ml§

_p /(212 _ ity ein li

lj_f = ! ZCZJ Z Sﬁn(zvt)MVl,l/Q, WV ()fvlfvz"'f

V1,V2, ", Vj=T,Y,%

TV WLt (_nb-f)\y(z,t)g(t)mbdd(r,t).fw(r,t),

where

Ml/1,l/2wnl/j (t) = 1 Z C:gu (t) (fm fV2 e fl/j> Gma (t) : (A.38)

S mi,ma2
mi1,ma=—=S

Since n (r,t) = (1/x%) e=P*/"n (z,1), to integrate out x and y directions, we have
to multiply (1/1, /) e=P*/(21) 1o Eq. (A:37) and integrate in x and y axis. The result

is
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O{W (2 t) (D)}

B _2232{\11(2,15)(@)} + V() —hb-f+ec /d ﬂn(zt) W (z,t) C(t)
— 5 822 0 P 7_(_2l4l ) ’
Y 1 _ 2 2 7
+el? t/dp ZL\/TTe p /(2l ) {ﬁbdd( ) f} 1/) (’l“,t)
s _292/li Po7 £
+e X s [l g e My (0 fu o B ¥ (20 C0)
J=1 U1,V Vj=T,Y,2 L1
h2 82 l2
_{ %824—‘/( ) hb f+CO 2[4 2 (z,t)}\I/(z t)C(t)

1 w2 PO R
+ZCQJ Z SW#" (Z,t) MV17V27“'7Vj (t) fV1fV2 ”'ij\I/(Z7t)C(t)

V1,02, Vj=XT,Y,2

h? 02
:{ 2m822+v() fib - f+2 l2 (zjt)}\ﬂ(z,t)ﬁ(t)

+hPyq (Z,t)\If(z,t)S{M (t) _SMZ( )ez} ’ fC (t)

+Z 202;2 n(z,t) > §Myy e s () o o -+ Fo, W (2,8) C (1)

V1,2, Vi=T,Y,2

h2 82 X ‘o
- [—zmazz+V<z>+h[—b+s{M<t>—3Mz<t>ez}Pdd<z,t>]-f+2ﬂin<z,t>] W (2,8) C (t)
¢
P LICU N DI IS % A A TR OF 439
Jj=1 V1,V2, Vi =T,Y,2
where
Cdd > ’ ’Z—Z,|> 4 <z—z/>}
F 1) = d )1 G S
ad (2,1) QMSL/—OO Z'n(z ){ ( m . -
Cdd
_ ds t a >
hS2 {3sm 6 (t —2}/ o Z Vﬁ( )
(A.40)
.-':l-\__-i; '“'I" 1_ Ii "_.i =1
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Chapter B

Derivation of the Landau-Lifshitz-Gilbert Equation in
Spinor-Dipolar BEC with homogeneous local spin ori-

entations

From now on, if there is no ambiguity, and for brevity, we drop the arguments such as

x,y, z, t from the functions. From Eq. (A.39), we get

Ol h O +1 R 1 0°0
h m, =———Cmy — LQ 5T aa T 2 Cmy
ot v ot 14+~ 2m W 0z 2 i
v+ i .
+1+72 {hb — s (M — 3M_e,) hPyq} { ; ( )ml’mz }

. S
Y+ 02] A
1 + 72 27rl2 Z §My, vy, Wi { Z <fV1fV2 e 'ij>ml’m2 Cmg} . (B.1)

V1,12, Vi =T,Y,2 ma=—s

Since A |¢|* /8t = 0 due to the normalization |¢|* = 1, we have

2 2 ; 2 2 2\ *
OZQRe{_ha\P_ 7 (_h1M+V+C()n)}+Zh<18\I’_18‘1/)

U ot 1442\ 2mV 022 272 1++22m \W 922 U+ 922
Y €25 S22
+1 723 {hb — s (M —3M.e.) hFsq} - M — 1+ 72 Z 27rl]2 Z MV1,V2, Vi
Vl,VQ,"',Vj:I,y,Z
(B.2)

Hence the dynamics of the magnetization direction follows the equation
:l &

—
|
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M, y ; O
s s :2Re{ > (fv),ﬁ,“m2 (ﬁ ot )}

mi1,ma=—S

2y
= s*M, {hb — s (M — 3M,e,) hPy} - M

1492
2y - €25 B2
M, M,
i + 72 Zm? VWV'ZV;IW VLV2, Y
” 5 > (b, - — 3M.5,,..) hPag} 5 {0, + (25 — 1) M,,M,}
,u Y,z

.S s
fy + 2 62 A A ~ ~
—2Re 1 T 72 271'[]2 n E 3Ml/1,1/2,~~- Vj E CrTnl (fl/fulfuz e ij) sz
j=1 1

— _ mi,ma2
V1,V2, 0,V =T,Y,2 mi,ma2=—s8

> {hby — s (M, — 3M.6,..) hPua} €y nsMy, (B.3)

1 + ’7 /’L7H x?y7

since the scalar product ¢ (fafg + fgfa) ¢ =5{dap+ (25 — 1) MMz} [10].

By direct comparison, we can identify Eq. below as being identical to Eq. (B21)
in [10], the only difference consisting in the definition of M, ,, ... ,,: We employ a
scaled version of M), ,, ... , , Which is normalized to s in [10]. From Eq. (Z.3) in the

main text,

S My Y G (Bhada£)

_ _ mi,ma2
V1,V2, 0, Vj=T,Y,2 mi,ma2=—s

= > M, .M, (B.4)

Wi
V1,12, Vi=T,Y,2

which is real. Therefore, Eq. (B.3) can be written in the following form

M
a@t = 1_:7M><[M><{b—s(M 3M.e.) Py}] + T M x {b—s(M — 3Me.) Pu}
2
— M PyM,e,) — ——M x |[M PyMe,
1_‘_72 X (b4 3sPgqMe) 1+ 2 X [M x (b+ 3sPiqMe.)]
oM
= M x (b+ 3sPyMse.) — yM x — =, (B.5)
1] _© 11 &1 —
-'x_! :"li'll_” -'l -.'ll
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since M - 88—];/[ = 0 holds.

As P is a function of z and ¢, but M is independent of z [ M is the scaled local
magnetization and our aim is to study a dipolar spinor BEC with unidirectional local
magnetization (the homogeneous-local-spin-orientation limit)], by multiplying with

n (z,t) both sides of Eq. and integrating along z, we finally get the LLG equation

M M
a@t =M x (b+s\;;M.e.) —yM x a@t’ (B.6)
where A/, (t) = {3/N (¢)} [72 dz n(z,t) Pyq (2, 1).
3 1
"':l"\-_i 'a.l.- ] ::
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Chapter C

Description of magnetostriction

For a dipolar spinor BEC without quadratic Zeeman term, when there is no dissipation

(v = 0), the mean-field equation in Eq. (1.7 can be written as

h2
o (1) 8) = { =392 4 Vi () + ol (O b (1)
+ Zc2j Z Z Fl/1,l/2,---,1/j ('I",t) (flllfllz e fl/j> wmz (T’,t)
j=1

. my,ma
V1,2,V =T,Y,Z Ma=—5
b —bua(r.0}- D (F) s (), (€1
mo=—s e

where we have substituted 20V, (7,t) /Ot = pim, () Ym, (7,1).
Since we consider the homogeneous-local-spin-orientation limit, we may write

Ymy (1, 1) = Wi (7, 1) G, (t). In this limit, we have

0 (r, ) =T (r, 1) ¢ Z Uhy (1,8) Gy (7,8) = [ (7,8)[7, (C.2)

mi=-—s

S
since Z |G, ()2 = 1 from the definition of ¢,y,, () in Eq. (T7). Thus | ¥y (7, t)]?
mi=-—s
is equal to the number density.

By introducing the chemical potential () as yu (¢ Z fimy () |Gy ()]

mi=—s

bl

one obtains
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2
% (t) \Iluni (r, t) = [_;TLVZ + Vtr (’I‘) + [(I)dd (r, t) — Sh{b -M (t)}]] \Iluni (7‘, t)

S
+aa+s7) o > M2y ey () ¢ Wi (7,0)]* Wi (r,8) - (C.3)
7j=1

V1,V2, Vi =T,Y,2

where

Dyq (r,1) = s>cqq /d3r’ Z M, () Quur (1 —7") My (t) p [Wuni (77, 1) ‘2 (C4)

v =xy,%
is the dipole-dipole mean-field potential [67].
Since we set our system so that M, (t) = sin @ (t) cos ¢ (t), M, (t) = sin 6 (t) sin ¢ (),
and M, (t) = cos 6 (t), from Eq. (A.19), @44 (7, t) can be written as

"2 _ r—7r). 2
Dus (1) = s%cas [ /dgr, r=r=3{e=r)-MOP ), (T,,t)f]

o
_ 212 _ —y 2
2 s, [T —7|"=3{(F—7) M (1)} N2
= s°Cqq [/d 7 \F—F'[S ‘\Iluni (T,,t)‘

1
i
—3s%cqqsin {26 (t)} / B Vs (7 + 7, 1) % {Nzcos @ (t) +nysing (t)}

3 . . L L, o .
= —2820ddsm29(t)/d377 Wi (77 + 7, 1) [772 — 72— 2{fpsing (t) — 7, cosqﬁ(t)}Q]

1 1
+§s2cdd {1—3cos’0(t)} /d377 Wi (77 + 7, ) 5 (3m2 —7%) . (C.5)

where 7 := r /L with L being some length which scales r (so that 7 is a dimensionless
vector). For example, in quasi-1D with trap potential (Eq. (A.2)), L = [, . Note that,
in the special case where M (t) = M., (t) e, the form of Eq. (C.5)) becomes identical
to Eq.(6) in Ref. [68].

Since we concentrate on quasi-1D gases with trap potential in Eq. (A.2)), we will

explicitly compute the form of ®44 (7, t) for the quasi-1D setup. By writing
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and integrating out x and y directions, one can get the quasi-1D dipole-dipole-interaction

mean-field potential ®44 (z,t) as

Bua (2,1) = it (13012 1) {[Caweranore-weor}. ©

Now, let us consider box trap in quasi-1D case, i.e. V (z) = 0 for |z| < L, and

V (z) = oo for |z| > L. Then we may write

T (2 ) = N/ (2L,) for|z| < L., C8)
’ 0 for|z| > L.,

since V (z) = 0for —L, < z < L,. Thus, ®44 (2, t) can be written as

) (La=2)/L 4
Bg (1) / dzC(|zl) 5 ¢ for|2| < L

~(Lat2)/11
Paq (2,1) = (C.9)

_ (Lz—2)/lL
By (t)/ ZG(E)  for|d| > L,
L —(L.+2)/11

where ®gq(t) == NcggS* {1 —3MZ2(t)} / (2L.13). ®aq (2,t) is discontinuous at
z = =L, because of the sudden change of the density at the boundary (¢ = £L,) due
to box trap potential.

Defining the scaled density-density mean-field potential @44 (2) = ®gq (2,t) /Paa (t),
we obtain Fig. for two different axial extensions, L/l = 10 and 30. As Fig.
clearly illustrates, in a box-trapped quasi-1D gas, ®44 (z,t) becomes approximately
constant for |z| < L. and L. — L, for L,/l; > 1. Depending on the value of
M (t), ®g4q (7, t) will introduce either a repulsive or an attractive force. This force
will however exist only near the boundary for a box trap, where it can lead to a slight
modification of the density of atomes. Its relative influence decreases with increas-
ing extension of the trapped gas along the z axis, and can therefore be consistently

neglected in the approximation of constant particle-density.
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Figure C.1: Scaled dipole-dipole mean-field potential ® 44 () as a function of z for a
quasi-1D box trap. (Left) L,/l; = 10. (Right) L./l; = 30. These figures are from
our paper [[L1].

However, to assess whether significant magnetostriction occurs, one has to con-
sider, in addition to @44, the trap potential V4, and the ‘quasi’ density-density interac-

tion mean field potential ®( defined as

S

Qo (r,t) =S co+5>Y ey > My () 0 Wi (7,0)]2. (C.10)

j=1 V1,12, Vi =XT,Y,2

We can coin ®( (7, t) a ‘quasi’ density-density interaction mean field potential be-
cause only cg is a density-density interaction coefficient (co; are interaction coeffi-
cients parametrizing the spin-spin interactions for spin-s gas where j is an integer
with 1 < j < s. For example, co is the spin-spin interaction coefficient of a spin-one

gas). In our quasi-1D case, this ®( (r, t) potential is ®q (z,t) where

S
Co C24 2
O (2,1) = i D » M7y, () 2 1 (2,0). (C1D)
29 — 27l B 7
Jj=1 V1,12, Vi =XT,Y,2
S
In the main text, we assume that co > s° E 25 E thl,%,_ v (t).

]:1 V1,V2, 0, Vj=T,Y,2

For spin-1 2>Na or 87Rb, s = 1 and ¢ ~ 100 |c| [2} [12], so this is an appropriate

assumption (note that |M (t)| = 1). The values of the cy; are not yet established

.-:r..h—-! _'-.JI.'ZI . ]_']i '-:'f_l I

I
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for %Er. We therefore tacitly assume in the main text, when calculating concrete
numerical examples for '%Er, that the above condition also still holds, despite the
prefactor s? enhancing the importance of spin-spin interactions in ® (z,t). When this
assumption is not applicable, one is required to take into account the time dependence
of ®¢ (2,t) due to M () together with magnetostriction due to ®44 (2, t), which will
change the system size L, as a function of ¢. This will in turn change the integration
domain and quasi-1D density n (z,t) = |¥ (2,t)|?, and incur also a changed time
dependence of A/, (t), and the solution of the coupled system of equations and
(C.3) needs to be found self-consistently.

For a harmonic trap, due to the resulting inhomogeneity of |¥ (z,t)|%, ®4q (2, t)

will have more significant spatial dependence than its box trap counterpart shown in
Fig. [C.I] Here, we note that Ref. [68]] has already shown (for a spin-polarized gas,
cor, couplings not included), that magnetostriction occurs in a harmonic trap. The ef-
fect of magnetostriction is generally expected to be larger in a harmonic trap when
compared to a box trap with similar geometrical and dynamical parameters for large
relative system size L./l >> 1, at least under the above condition that the s2cop, /co

are sufficiently small.
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Chapter D

Analytic Expressions of @, (k), u,, (k), and v,, (k)

Based on the approach of [43], we show analytic expressions of @y, (k), upq (k), and
Upg (k) in Eqgs. (I.54) where p, ¢ = 1, 2. The basic idea is rotating U (k) and V' (k) in
Egs. (1.37) to make eigenvalue problem have more simple form. We define
v k) wv k

ra1 (k) orar (K) ] o

vg12 (k) vgas (k)

up11 (k) uro21 (k)

Ur (k) = |: , Vg (k) = |:

up12 (k) up22 (k)

andset U (k) = © (k) Ur (k) and V (k) = © (k) VR (k) where

o (k) = [cos¢(k) —sin ¢ (k) ' 02
sing (k) cos¢ (k)

Then Eq. can be written as
!MB,1 (k) Mpg2 ] Utk) | _ | UK) £ (k) £ (k) = [@(k) 0
—Mpo, Mg, (k) | | V(K) V (k) 0 @2(k) |
N o) o | [ Msi(k) Mps ok) 0 U (k) |
0 ©(k) —Mp, —Mpg, (k) 0 ©Of(k) Vr (k) |
_ IR . (D.3)

Vi (k)
Jx_'é _u;:l 1 II = T_il
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Let

Ok) 0 lllMg,l(k) Mp» ] (D.4)
k)

0 Of Mg,  —Mp, (k)

Since ©~! (k) = ©T (k), we need to calculate ©7 (k) Mp ;1 (k) © (k) and ©T (k) Mp 20 (k)

to get components of Mg (k).
D.0.1 Partl-07 (k) Mg, (k)O (k)

O (k) My (K)© (k) — [ cos¢ (k) sing (k) ] |:M11 (k) Mo ] |:cosd>(k) —sin ¢ (k) ]

| —sing (k) cos¢ (k) My, Mo (k) sing (k)  cos¢ (k)

_ [ Ay (k) A1 (k) (D.5)
| AL (k) An (k) |

where
Ay (k) == My (k)cos?® ¢ (k) + Moo (k) sin® ¢ (k) + Re (M) sin {2¢ (k)}

= M@ x Ml M B =M ) o (26 () + Re (M) sin (26 (1)},
Agy (k) = My (k)cos® ¢ (k) + My (k)sin® ¢ (k) — Re (Mia) sin {26 (k)}

= M@ x Ml M B2 ) o (26 () - Re (M) sn (26 (1)},
Aia (k) = Migcos® ¢ (k) — Miysin® ¢ (k) — % {Mi1 (k) — Mz ()} sin {2¢ (k)}

— iIm (Mia) + Re (M) cos {26 (k)} — % (M (k) — Mys ()} sin {26 (k)} . (D.6)

D.0.2 Part2-07 (k) Mp,0 (k)

O7 (k) Mp (k) © (k) = [ s Siw(’“)] {Ml?’ MM] {COSWC) sincb(k)]

| —sing (k) cos¢ (k) My Moy sing (k)  cos¢ (k)

_ [ A13 (k) A14 (k) (D.7)
| Au(k) Au(k) |
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where

Mg+ Moy Mz — Moy

A13 (]{3) = 9 + 9 COS {2¢ (k’)} + M14 sin {ZQZ) (k‘)} y
Agy (k) = Mis ;L Mas _ Mis ; Mot cos{2¢ (k)} — My4sin{2¢ (k)},
Awa (k) = Miscos {26 (k)} — % (Mg — Mag) sin {26 (k)}. (D.8)

D.0.3 Determining Rotation Angle ¢ (k)

Note that, from Egs. (D.6) and (D-8)), we get

{My (k) — Mig} + {Mag (k) — Mo}

An (k) = 5
1M (k) — Mg} ; {Ma2 (k) — Maa} (26 ()}
+ {Re (Mi2) — My4}sin{2¢ (k)} + Ais (k),

Ao (K) = {M (k) — My} -QF {Mas (k) — Mo}
_{Mu (k) — Mis} = {Maa (k) — Maa} (26 ()

— {Re (M12) — Mia}sin{2¢ (k)} + A2a (F) ,
A12 (k) = 4Im (M12) + {RC (M12) - M14} COS {Q(b (k)}
1 .
—3 [{Mi1 (k) — Mis} — {Maa (k) — May}]sin{2¢ (k)} + A14 (k). (D.9)
When the system is stable, Bogoliubov excitation energies w, (k) are real. These
conditions are satisfied if every M, are real (see Eqs. (I.54)). In that case, we can

make A2 (k) = Ay (k)) by setting

_ 2 (Mo — M)
~ {Muy (k) — Mig} — { Mo (k) — Mas}

tan {26 (k)} (D.10)

Then Egs. (D.3) (or equivalently Egs. (I.48))) become

urp () = &, (k) urp (k) . (D11
vRp (k) vR,p (k)

A (k) Az (k)
— A (k) —Ai (k)
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T r T
where wpp () = | wppr (K) wngs (k) | 0o (8) = | vpp () vrgpa (K) |

do (k)= | AW A w1 | o
A4 (k) Agy (k) 0 Wa2 (k)

- _ AMu (k) — Mis} + {Maa (k) — May}

wal(k;) =

2

LM (R) — Ml?»} Moz (k) — Moy }cos{2<;5(k:)}+(Mlz—M14)Sin{2¢<k)}

k) + @q (k +\/{wc ) —@a ( } +4(M12—M14)

{Miy (k) — Mug} + { Mo (k ) Moy}
2
M (k) — Mas} — {M22( ) — Mo}

W2 (k) =

cos {2¢ (k)} — (Mi2 — M) sin {2¢ (k)}

B k) + @q (K \/{wc ) — @q (k)}? + 4 (Mg — Myg)? D.13)
where we defined @, (k) := M1 (k) — M3 and @q (k) == Maa (k) — Moay.
By plugging Egs. (T.30), (T.31)), (T.32), and (T.33)), we get &.. (k) = k262 +2]a| y,
wq (k) = (k2€2/2) + |a| (1 — 2y?) / (2y), and M1 — Mg = /1 — 292
D.1 Analytic Expressions of @, (k)
From Egs. (D.11)), (D.12)), and (D.13), one can get
J 33 (k) + @3 (k) + (20— 3) /{03 (k) - w )+ 1648, ()50 B2 ()

which is same as [43] where @2 (k) = ©a1 (k) {©@a1 (k) + 2413 (k)} and &% (k) =
Da2 (k) {@a2 (k) + 2424 (k) }.
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D.2 Analytic Expressions of u,, (k), and v,, (k)

From Eqgs. and (L47), as U (k) = © (k) Ug (k) and V (k) = © (k) Vg (k),

Ug (k) and Vg (k) satisfy Bogoliubov constraints where

Ur (k) UL (k) = Vi (k) VE (k) =1, Ur (k) VL(k) — Vi (k) UE (k) = 0,
UL, (k) Ur (k) = Vi (k) Vi (k) = I, UR (k) Ve (k) = Vi (k) Ug (k) = 0. (D.15)

Since we consider stable solution where w,, (k) are all real, from Eqgs. (D.I1), (D.12),
and (D.13)), ug,p (k) and vg , (k) are also real where

wipn (k) = {@a1 (k) + wp (k) } [Ara (k)] v/ @az (K (D16
%vp(m (401 (k) @z (k) A2, (k) + {&3 (k —w%(@ﬂ

Wq w W, 2
upp2 (k) = —sign{A4 (k)} {Gaz (k) + & (k)} {6, “ ()} (D.17)
2\/@a2 (k) @p (k) [45a1 (k) Gz (K) A§4 )+ {33 (k) - 33 ()]
vrpr (k) = {01 () — & (B)} A1 (B)] W ., (D.18)
\/a;p (k) [ 421 (K) @az () A3, (k) + {33 (k) - 33 (K))]
and

Wq —@p ( W, @2

VRrp2 (k) = —sign { A4 (k)} 2 (1) D) {a % ()} . (D.19)

2\/wa2 (k) @y (k) |A@a1 (k) Daz (k) A3, (k +{wa1 (k) - &3 (k) )]
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Chapter E

Definitions of =, (k)

By applying Eqs. (T.28) to Ry (t) in Eq. (3.3)), we get

. M M
Ro(t) = —iay oWikey| ~ 0 T | sw(k),  (ED
k40 —Mp, —Mp,
where
0 e ¥Pa ye'm™ 0
Mg = , , Mg =
—xe'¥e 0 0 0
(E.2)
Imposing Bogoliubov transformation in Eq. (1.35]) leads us to
[ 81 (k7t) ]
. N . . . . 9 (k,t)
Ry (t) = —zozz [ bl (k,t) DY (k,t) by (—k,t) bo(—k,t) ]MR,B (k) o . (E3)
k#0 bl (_ka t)
| b (—k,t) |
where
.-':l-\__i-l -"';: ] !: ‘.l| T'.I
| I | I I -
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Mg (k) — Ut (k) VT(k) Mp1 Mgy Uk) V*(k)
. - | VI(k) U (k) —Mj, —Mj, V(k) U* (k)
Mrpa (k) Mpps (k) ] -
| M po (k) —Mp g, (k)

Mppa (k) = U' (k) MgaU (k) = V1 (k) M,V (k) + U (k) MgaV (k) — VT (k) Mj U (k)
(E.5)
and
Mppa (k) = U (k) MpaV* (k) — VT (k) My ,U* (k) + U' (k) MpoU* (k) — V1 (k) Mf V™ (k)
(E.6)

Since MIT% ;= —Mpg; and M}; g = Mﬁ,z’ M}; g = —MEg p. Thus, we may write

Mg g (k) = { B k) Ere (k)

_ _ 5 MR,B;Z (k)
—El9 (k) E2a (k)

{513 (k) ZEia(k) ] (ET)
Eoa (k)

with Z¢¢ (k) being pure imaginary (( = 1,2) as MIT% g1 (k) =
M}, iy (K) = M g (k).
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E.1 Analytic Expressions

From@ by using M}, = —Mj, | and M;r” = M}, 5, Eqgs. (E.5) and can be

written as

My s (k) = Ufy (&) © (k) M1 © (K) Ur (k) — Vi (k) O () M40 (k) Vi (k)
UL () O () M2 (k) Vi () — {U}y (0) 7 (k) M 2© (k) Vi (1)}
My (k) = Ul (K) O (k) My 1 (k) Vi (k) + { U, (&) ©7 (k) M0 (k) Vi ()}

+U, (k) O (k) Mp2® (k) Uy, (k) = Vi (k) O (k) M7z 00 () Vi (k). (ES)
E.1.1 Part1-07 (k) Mp,0 (k)

O (k) Mp10 (k) = cos¢ (k) sing (k)
| —sing (k) cos¢ (k)

B i —ix sin g sin {2¢ (k) } x [cos g — isin p, cos {2¢ (k)}] E9)
| [cOs g + i 8in g cos {2¢ (k)}] iz sin @, sin {2¢ (k) } . .

e~ %asing (k) xe " cos e (k) }

—zeacosp (k) we'Pesing (k)

E.1.2 Part2-07 (k) Mp»O (k)
O (k) Mrs® (k) = yeton cos¢ (k) sing (k) cos¢ (k) —sing (k)
| —sing (k) cos¢ (k) 0 0
3+ 3cos{20(k)} —5sin{2¢(k)}
—3sin{20(k)} 5 —§cos {20 (k)}

= yeigpm

] . (E.10)

E.1.3 Final Results - =, (k) and =y, (k)

From Egs. (E.g)), (E.9), and (E.10), we get

U, () ©7 (k) Mis© (k) U (k) = | 7 0011 () MRl’”(k)], E11)

Mpi21 (k) Mg (k)
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where

MRipp (k) = —izsing,sin{2¢ (k)}|urp1 (k) |2 + x [cos pg — 1sin @, cos {2¢ (k)}] UE,;ﬂ (k) urp2 (k)
— [cos g + i sin 4 cos {20 (k) } ur p1 (k) ug po (k) + iz sin pq sin {2¢ (k) } [ur p2 (k) |2
= —ixsiny,sin{2¢ (k)} {‘URJ):L (k;)|2 — JuRrp2 (k)]Q} + 2ix cos p,Im {u*R,pl (k) up,p2 (k)}

—2ix sin ¢, cos {2¢ (k)} Re {u} 1 (k) urpo (k) } (E.12)

Mp1,12 (k) = —izsin g, sin {26 (k) } ug 11 (k) ur21 (k) + 2 [cos pq — isin p, cos {2¢ (k) }] ug 11 (k) ur22 (k)
—1 [c08 Qg + i 8in Qg c0s {26 (k) ] uf 10 (k) ur 21 (k) + iwsin g sin {2¢ (k) } uf 15 (k) up22 (k)
= —iwsingqsin {26 (k)} {upu (k) urar (k) = up 10 (k) urs (k) }
+a cos 9o {uf 11 (k) ur22 (k) — uk 1o (k) urpr ()}

—ia sin @q cos {2¢ (k)} {up 11 (k) ur22 (k) + ufk 19 (k) ur2 (K)} (E.13)

and

MEpi21 (k) = —ixsin g, sin {26 (k) } up o1 (k) ur 11 (k) + 2 [cos g — isin 4 cos {2¢ (k) }] ug 01 (k) ur 2 (k)
— [c08 Qg + i 8in Qg €08 {26 (k) }] uR 2 (k) ur,11 (k) + iwsin g sin {2¢ (k) } uk 0 (k) up12 (k)
= —iwsin g, sin {26 (k)} {uj 11 (k) upar (k) — uf 1o (F) uros (k) )
—2cos Pa {11 (k) uras (k) — uh o (k) uror (k)}°

—iz sin @ cos {20 (k)} {uf 11 (k) upaz (k) + uh 10 (K) uror (k)} = =My 10 (k). (E.14)

Also,

k k
U, () 67 (k) M0 (1) Vig (1) = | et (B Mz (B g )

Mpooi (k) Mpgaa (k)
where

e-:rn-! _CI:I_ 1_]| '-f;]_ T_III-
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Mg (k) = S [+ cos {26 ()} whpn (k) vrpr (K) = 5™ sin {26 ()} wpn (k) v (K)
—Jetem sin {26 ()} wh o () vign (k) + S [1 = cos {26 ()} uf o (F) oo (K)
= S {uhpn (K) vrgn (k) + ko (K) vrge (R)}

+%e“"m cos {2¢ (k) } {ufp1 (k) vRp1 (K) — uf o (k) vrypo (k) }

— et sin {26 ()} {ufn (k) vz (K) + o () v (R)} (E.16)
Mpoz (k) = Se'#m [L+ cos {26 ()} wfp 1 (k) von (k) — Se'#m sin {26 (k)} wf 11 (k) vpoo (K)
—Jetemsin {26 ()} uh 1o (k) vran (k) + S [1 = cos {26 ()} uf 1o (k) vpoo (k)
= St {ufyn (k) vran (K) + 1z () vr2 (k) }
et cos {26 ()} {uf i (k) vrar (K) = o (k) vz (k)}
et sin {20 (k) {ufy 11 (k) vz (k) + wh o (K) vran (k) ) (E17)
and
Mpoar (k) = S [L+cos {26 (W)} ar (k) vrar (k) = S sin {20 (k) iy o1 (k) vraz (k)

—%ewm sin {26 (k) } uk 20 (k) vr11 (K) + %ewm [1 —cos {2¢ (k) }] ug 20 (k) vr,12 (K)
- gew’” {ura21 (k) vi1y (k) + ura2z (k) vip ()}
+%ei‘pm cos{2¢ (k)} {UR,21 (k) vg 11 (k) — ur22 (k) vR 10 (k)}*

Y eten sin (26 (1)} {ura1 (1) V1o (K) + wnza (K) vy (1)} (E.18)

Therefore, from Egs. (E.7) and (E-g)), we get

M 2- 1_'_” <1
| — I
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= —izsinggsin (26 ()} {lurpn (0 + [ompn (B) = [urp (B)* = lomp (F) |
21 cos galm {ufypn (k) wrgo () = 0 () vr o ()}
—2ix sin g cos {2¢ (k)} Re {uf 1 (k) urpe (k) + vk (k) vrpe (k) }
(k) vrp1 (k) + ukpo (k) vrp2 (k) }]
iy cos {26 ()} Im [ {ufy 1 (k) vRp (K) = Wiy (K) Vi pe (0)}]
—iysin {26 (k)}Im [ {ufy 1 () vrpz (K) + o (k) vrpr (K) ]
= —isingasin {26 (1)} {[urp (W) + [vrp (1) = [unps (6) = lompo (k)]
(

—2ix sin ¢, cos {2¢ (k) } Re {uRpl k)urp2 (k) +vpp (k) VR po (k)}

+iylm |e [ ipm {uR Pl

+2ix cos p,Im {u*RJ,l (k) urp2 (k) — vRp1 (k) R p2 (k)}
+iylm [eiipm {UE,pl (k) UR,p1 (k) + u?{,p? (k VR p2 }]
iy cos {2¢ (k)} Im [ {ufy 1 (k) vr 1 (k) = ko () 0 po (k) }]

—iysin {26 (k)} Im e {uf 1 (k) vrge (k) + whpn (k) vt (0)}], (E19)

which is always imaginary and

M 2- 1_'_” <1
| — I
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Whay () urar (k) + v 1y (K) vrar (k) }
—uf 1o (k) ur22 (k) — v 19 (k) vR,22 (K)

whyy (k) uroz (K) + vy (k) vr a2 (k) }

+uf 1o (k) ur21 (k) + vg 19 (k) vr21 (K)
+1 cos 0q {uk 11 (k) ur2s (k) — vi 11 (k) vz (k) — uk 1o (k) ur 21 (k) + vk 1o (k) vro1 (k) }

E12 (k) = —izsinp, sin {26 (k) } {

—ix sin pq cos {2¢ (k)} {

+%€wm {uh 11 (k) vror (k) 4+ uf 1o (k) vr22 (K)}
et cos {26 ()} {wh (k) vrar (k) — whia (F) vras (k)
JQJeW’m sin {26 (k)} {uf 11 (k) vR 22 (k) + uf 1o (k) vro1 ()}
_%e_wm {ur2 (k) vy (k) + uras (k) vi 1o (k) }

e~i#m cos {26 (k)} {una1 (k) vy (k) — g s (K) vh 1o (k) }

+%e_wm sin {2¢ (k)} {ur21 (k) v 1o (k) +ur2 (k) vi 1y (k)}

= —ixsin @, sin {2¢ (k) } “7%,11 (k)upo1 (k) + ”7%,11 (k) vr21 (k)
—uf 19 (k) ur22 (k) — v} 19 (k) vR22 (k)

—ix sin @, cos {2¢ (k)} UR 11 (k) ur22 (k) + Uk (k) vr 22 (k)
+uk 19 (k) ur21 (k) + v 1o (k) vr21 (K)

+i% sin @ {up 11 (k) vr21 (k) +ura1 (k) Ry (k) + uf 1o (k) vroo (k) + uroz (k) vk 1o (k) }

+i sin oy, cos {2¢ (k)} { w1 (B) Va1 (F) + wror (k) Vg o ( }

: —UR 12 (k) vr22 (k) — ur22 ( UR 12 (

u kK)v k) 4+ u¥ )v
—i% sin o, sin {26 (k)} R,11 (k) vga22 (k) R, 12 (k) vR.21 (
+UR,21 (k) U}k{l? (k) + ’LLR 22 UR 11

+ COS Pq {UE,H (k) ur,22 (k) — vg 11 (k) vr22 (k) — uk 12 (k) up 21 k) + Vg 12 (k) vR 21 (k)}

+% cos m {up 11 (k) vra21 (k) —ur21 (k) vk 1y (k) + uh o (k) vRa2 (k) — uras (k) v 1o (k) }

Y cos o cos {26 (k) ui 11 () vra2t (K) — urar (k) v 4y (K)
2 —UR 19 (k) VR 22 (K) + uR,22 (K) v} 15 (k)
x k k * k k
_gcowmsin{% (k:)}{ Ug 11 (k) vR22 (k) + uf 1o (K) vR1 (K) } (E20)
—ur21 (k) Vg 1o (k) — ur22 (k) v n (k)] _k;ﬁl- 1_]| el =
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E.1.4 Final Results - =3 (k), =14 (k), and =54 (k)

From Egs. (E-8)), (E.9), and (E.10), we get
M k) M k
UL (k) ©7 (k) Mp1© (k) Vi (k) = | ~ 1 (B) Mz (k)| o)
Mp3 o1 (k) Mgz (k)

where

M pp (k) = =iz sin o sin {26 (k) } up p1 (k) Vg1 () + 2 [cos pa — isin @q cos {26 (k) } up p1 (k) VR po (K)
— [C08 pq + i sin @4 c0s {20 (k) } uR o (k) VR p1 (F) + i sin @q sin {26 (k) } ug o (k) VR o (K)

= —izsinp, sin{2¢ (k)} {urpr (k) vrpr (k) — urp2 (k) vrp2 (k)}

—ix sinpq cos {26 (k) } {urp (k) vrp2 (k) + urp2 (k) vep ()}

+x cos g {urp1 (k) vRp2 (k) — urp2 (k) vrpr (k)}, (E.22)

Mz a2 (k) = —izsin g sin {26 (k) } ug 11 (k) vg 21 (k) + @ [cos pa — isin g, cos {2¢ (k) } ug 11 (k) vR oo ()
— [c08 q + i sin g cos {2¢ (k) }] ug 12 (k) vR 21 (K) + i sin @q sin {26 (k)} up 19 (k) vR 22 (k)

= —izsinggsin {2¢ (k)} {ur1 (k) vr21 (k) — ura2 (k) vr22 (K)}

—iz sin pq cos {2¢ (k) } {ur,11 (k) vr22 (k) + ur12 (k) vror (K)}

+x Ccos @ {UR,H (k‘) UR,22 (k}) — UR,12 (kﬁ) VUR,21 (k)}* s (E.23)

and

Mz (k) = —izsin g sin {26 (k) } ug 91 (k) vg 11 (k) + @ [cos pa — isin g, cos {26 (k) }] uk 91 (k) vR 12 ()
— [c0os Qa + i sin@q cos {2 (k) }] uR 2 (k) VR 11 (K) + iz sin e sin{2¢ (k) } ukg 99 (k) vR 12 (k)
= —iwsine sin {2¢ (k)} {ur21 (k) vra1 (k) — ur2 (k) vraz (k)}
—ix sin g cos {20 (k) } {ur1 (k) vra2 (k) + ur2z (k) vran (K)}
+x cos pq {ur21 (k) vri2 (k) —ura2 (k) vr11 (k)}". (E.24)
ALt &
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Also,

k k
U () ©F (K) Mio® () U (k) = | 10t ) Maaaz 0 g o)
Mpaoi (k) Mpaas (k)

where

Mrign (k) = Se#m [L+ cos {26 ()} wippr (k) i pn (k) = S sin {26 (k) (k) wh o (K)
—Jetem sin {26 (k)} wh o () iy (K) + 3¢ (1= cos {26 (k)] wr o (k) wh o (K)
= S fub (k) + b (W)} + 56 cos {26 (1)} {udpn (K) — w0 (R}
e sin {26 (k) {urp () unpo (k)" (E26)

Mpaaz (k) = S [L+cos {26 ()} oy (k) who () = e sin {26 ()} uh 1y () w00 (k)
—Jeterm sin {26 (k)} uh 1o () iy o1 (K) + 3¢ [1 = cos {26 ()} w1 (k) wh 0 (K)

= Zeiom {ur11 (k) ugo1 (k) + uri2 (k) ur2e (k)}

2
+%6wm cos {2¢ (k)} {ur11 (k) ur21 (k) — ur2 (k) ugro2 (k)}*
_%ewm sin {26 (k) } {ur11 (k) ur22 (k) + ura2 (k) ugo1 (k)}", (E:27)
and
Mpaor (k) = 56 [L4cos {26 (k) wip o1 (k) iy (k) = 56 sin {26 (k) ko (k) wh o (K)

—%ei‘p’" sin {26 (k)} w00 (k) wfory (k) + %ewm [1—cos{2¢ (k)} up a2 (k) ug 12 (F)
= %e""m {ur11 (k) upa1 (k) +ura2 (k) ur2z (k)}"
+g€wm cos {2¢ (k)} {ur11 (k) ur 21 (k) — ur 2 (k) ur 22 (k)}"

*%Bﬁpm sin {2¢) (k‘)} {uR’H (k‘) ’LLR722 (ki) + UR,12 (k‘) ’LLR721 (kﬁ)}* = MR4’12 (k) . (E28)

Therefore, from Egs. (E.7) and (E:g)), we get

A L] & 1
| & il A

88



E13 (k) = —2izsin g, sin {2¢ (k) } {ur 11 (k) vr11 (k) — uri2 (k) vraz (k)}
—2ixsin p, cos {20 (k)Y {ur.11 (k) vra2 (k) + uriz (k) vri1 (k)}F
+2x cos o {up11 (k) vra2 (k) —uga2 (k) vra1 (k)}*
e {udy 1y (k) + wh o (K)} + S cos {26 (1)} {ufy 1y (k) — s (k)
—ye'?m sin {26 (k)} {ur11 (k) ura2 (k)}"
—Zemom o1y (k) + vk ()} = S cos {26 (1)} {vh 11 (K) — o1z ()}
+ye " sin {2¢ (k) } {vr 1 (k) vz (K)}
= —2ixsin @, sin {2¢ (k) } {ur1 (k) vr1 (k) —uri2 (k) vrae (k)
i sin 0, cos {26 (k)} {ur,u1 (K) vms () + urie (B) vran (k)
S sin o {uf i (k) +vh 1 (k) + s (k) +vh o ()
i3 sin o c0s {26 ()} {u 1 (k) +vh () = o (k) = vhpo ()}

—iysin o, sin {26 (k) } {ur11 (k) uri2 (k) + vr11 (k) vz (k)"

ES

+i

*

+2x cos g {ur,11 (k) vra2 (k) — ura2 (k) vr11 ()}

*

Yy
+5 COSPm {U%z,n (k) — U%,n (k) + U%z,m (k) — U12%,12 (k)}

2
+5 cos o cos {26 (K)} {uh 11 (K) = v 11 (k) = uhy 1z (k) + v 1o ()}
—Y COS Pm sin {2¢ (k)} {UR711 (k}) uR712 (k) — UR,11 (k)) 'I}R712 (k)}* N (E.29)

J—'! .?FI : 1_'_“ < ]I
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324 (k) = —2ix sin Pa sin {2¢ (k)} {’U/R’Ql (k}) VR,21 (k) — UR,22 (k)) VR,22 (k)}*

and

—2ix sin g cos {20 (k) } {ura1 (k) vr22 (k) + ur2z (k) vror (k)}
+Z§ SN @, {U%%,m (k) + 7)1%2,21 (k) + U%%,m (k) + 7)%2,22 (k)}
+Z§ sin ¢, cos {2¢ (k) } {U%%,m (k) + Ule,21 (k) — U%mz (k) — z’12%,22 (k)}

*Z.y sin ©m sin {2¢ (k‘)} {’U,R’21 (k‘) ’U/R’QQ (k‘) + ’UR721 (ki) UR722 (k‘)}*

*

+2x cos pq {ur21 (k) vr22 (k) — upr2e (k) vro1 (k)}

Yy *
+§ COS Pm {u%%,m (k) — U%{,Ql (k) + u%ﬁ,ZQ (k) — U%z,zz (k)}

Y
+§ cos pm cos {2¢ (k)} {U%ml (k) — U%%Ql (k) — qu,22 (k) + U%%,m (k)}

—y €08 pm sin {2¢ (k) } {ur 21 (k) ur22 (k) — vr21 (k) vr 22 (k)}", (E.30)

*

H .I*Fr- T}
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514 (k) = —ixsin Pa sin {2¢ (/{7)} {UR711 (k) VR,21 (k) — UR,12 (k‘) VR,22 (]{7)}*

—iz sin pq cos {2¢ (k) } {ur,11 (k) vr22 (k) + ura2 (k) vror (K)}

+a cos q {ur11 (k) vr22 (k) — ura2 (k) vro1 (k) + ura21 (k) vrae (k) — ur2e (k) vean ()}

—izsin g, sin {2¢ (k) } {uro1 (k) vra1 (k) — ur2z (k) vz (K)}

—ix sin @q cos {2¢ (k) } {ur21 (k) vra2 (k) + urg2 (k) vea (k)

+% [ {upar (k) urar (k) + uraz (k) ur gz (k)} — e~ {vg 11 (k) vrar (k) + vra2 (k) vr22 (k)]
+%ei¢m cos {2¢ (k)} {ur11 (k) upo1 (k) — ur12 (k) upoz (k)}*

—%ewm sin {2¢ (k) } {ur,11 (k) ur22 (k) + ura2 (k) upor (k)}

—ZeTom cos {26 ()} {vran (k) vrar (k) = vrao (k) vraz (k)

+%67i(‘0m sin {2gf) (k)} {UR711 (k}) UR,22 (k) + UR,12 (k) UR,21 (k)}*

—iz sin g, sin {2¢ (k)} ur,11 (k) vgo1 (k) — ur12 (k) vr22 (k) ’
' +up21 (k) vra1 (k) — ug22 (k) vri2 (k)

—ix sin g cos {2¢ (k) } ur,1 (k) UR,22 (k) + UR,12 (k) UR,21 (k) "
' +upo1 (k) vga2 (k) + uroz (k) vri1 (k)

+7;% sin o, {ur11 (k) upo1 (k) +vg11 (k) vra1 (k) + ur2 (k) ug22 (k + o2 (k) vr22 (k)}

u k)u k) + v v
—i—i% sin @, cos {2¢ (k)} ru (k) ur 2 (B) 4 vg (k) vr.ar (
—upr2 (k) ur 22 (k) — vr12 (k) vR22 (
(% k)u k)+ov ’U
—i% sin @, sin {2¢ (k) } Rt (B)ur2 (k) + vran (k) vroa (
+ur12 (k) ur21 (k) +vr12 (k) vr21 (

+x cos g {ur,11 (k) vr22 (k) — ura2 (k) vr21 (k) + ur21 (k) vr 12 k) —uro22 (k) vpai (k)}
—I—% cos pm {ur1 (k) uro1 (k) —vr11 (k) vro1 (k) + uri2 (k) ur2e (k) — vz (k) vr2 (k) }"
upr,11 (k) ur 21 (k) —vr11 (k) vr21 (k)
—up2 (k) ur22 (k) + vr12 (k) vr22 (k)

ur11 (k) ur22 (k) —vr11 (k) vr22 (K) }*
) A <

+% cos pu, cos {2¢ (k) } {

+upr2 (k) ur21 (k) —vri2 (k) vr o1 (k

—% cos pm sin {2¢ (k) } {
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Chapter F

Fisher Information Calculated by Using Dyson Series

Expansion

In the Schrodinger picture, we start from the time dependent bilinear Hamiltonian

Hg (t) where
Hs(t)=hY_wi (k)b (k) by (k) + Vs (¢), (E.1)

and

VS (t) =Vuf (t) Z

{ Vy () + Va (k) b} (k) by (k) + Vs (k) b1 (k) B (—k) }
k40

+V3 (k) by (k) by (=)

Here, V,, f(t), Vi (k), and V3 (k) are real and f (t) = 0 for t < 0 so that our
Hamiltonian is time independent operator at ¢ < 0. We assume small perturbation, i.e.
0 <V, < hwy (k) for k # 0, and also assume that Bogoliubov excitation energy

w1 (k) is real and positive so that the system is in stable state.
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F.1 Time Evolution Operator

To solve this perturbation problem with time dependent perturbation Vs (t), we will

use interaction picture. Let Hy g = thl (k) IA)I (k) by (k). By denoting states in
k0
Schrodinger picture as [)g (t)), states in interaction picture as [¢07 (t)) == Up (t) |15 ())

where U (t) = exp (iﬁo,st / h), and the time evolution operator as U; (t) where

W1 (t)) = Up (t) |11 (0)), we get

R . t R t R t1 R R
Or) =1~ [d Vi) =55 [dn i) [Cdntiw)co (7 0), @
h 0 h 0 0

where V; (t) :== Up (t) Vs (t) U
With our 1%,5,

o

(t).

it > wi (k) b} (k1) by (K1), by (k)| = —iwy (k) by (), (F4)
k1#0

and from Baker-Campbell-Hausdorff formula,

Uo (t) by (k) UJ (t) = e ™10, (k). (E5)

From Egs. (E2)) and (E),

. Vi (k) + Vo (k) b (k) by (k) + €21 0I5 (k) bl (k) b} (—k
T ok o L AU L [ RS
k0 +e WYy (k) by (k) by (—k)
as @1 (k) := hwy (k) / (gon) and  := gont/h. This leads us to
.-':Ix_-i: "%;: | !: ‘-'I T'II
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+iV, Z

k40

o (ED

where V,, := V,,/ (gan) and h.c. represents Hermitian conjugate.

For convenience, we define

i i )
Tip () = / diy f (), Tis (ki,t) = / dfy X2 kDb (F) . (E8)
0 0

Then we get

h /0 iy Vi (1) = iVaTio (8) D { Vi (k) + Va (k) B] () by (k) }

k£0

+iV, {TL+ (k,7) Vs (k) b (k) b (—k) + Ty (k, 7) V3 () by () by (fk)} . (F9)
k0
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F.1.1 Second Order Terms

Vi () Vi (t2) = V2F (1) D [V (ha) + Va (k) ] (k) by (ko) {2280V (ko) B] (k) B (k) + e |

k17$0
<f(t2) 3 [Vl (ka) + Va (ko) b1 (K2) by (ka) + {e%wﬂkﬁwg (o) bl (ko) BT (— k) + h.c.H
k2#0
S Vi (k2) + Va (ko) b] (k) by (ka) + 21022V (k) b (ko) b (—keo)
=V2f(t) f(¢ Vi (k1) , . .
(1) (2) kl,%z:;éo 1{rF { +6_2W1(1c2)t2V§ (k2) by (ko) by (—ks2)
Vi (ka) + Vo (k2) bl (k2) by (k2)
V2§ Vo (k1) bl (K1) by (K R
+ kl%:#o 2 (k1) by (k1) b1 ( 1)[ +{ 2iwy k‘z)t2V3( 2) i( )bJ{(kg)Jrh.c.}]

S . ) ) V1 (ka) + Va (k2) BT (K2 ) by (K2)
2 § : 2iw1 (k1)1 T T
+Va f (tl) f (tZ) e € V?) (kl) bl (kl) bl ( kl) _+ {€2iw1(k‘2)t2V3 ( )

- - . R R [ A (k‘g) + Vs (k'Q)B
V2R T () 5 e 20 b (k)i (k) |
o oo +{ wi (k)2 (ky

— =
—~
??‘
V
S
[y
—~
X
DN
~

Simplifying above equations gives
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V2f ZVI
k0
HV2F () f (F2) D {
k#0 | k1#0
+V2 f ) D Va(ki)V
k1,20
HV2F(0) f(R2) D
k1,ka#0
V2 (0) f(R2) D
k1,ka0
V2 (0) f(R2) D
k1,20
HV2F(0) f(R2) D
k1 ,ka#0
HV2F(0) f(R2) D
k1,20
+V2f (f1) f (£2) Z
k1,0
V2 (0) f(R2) D
k1,0
HV2F(B) f(R) D
k1,ka7#0
Now, let

> Vi (k)

e 2iwkn)h e=2ion () (| )V (ko) by () by (—k1) by (K2) by (—k2) .

2V, (k) bl (k) by (K)
+ {e2iwl(k)t1 + €2iw1 (k’)tg } Vg (

}Z

Yy (k
Zi{kg 2 1)} k)ﬂ(k)ﬂ(k)”
} {e2ta0ns g =2a 02} 7 (k) by (k) by (—h)

(2) ] (K1) by (k1) bl (Ke2) by (K2)

H )2y (k) Vs (k2) B} (k1) by (k1) B (ko) b (—k2)

e 222, (oy) V5 (ko) b (1) by (K1) by (o) by (ko)

e MYy (k) Vy (k) b (1) B (—k1) b] (o) by (K2)
ekt 2ir (k2)t27 (k) Vi (k) B (Fer) B] (—kn) B (ko) B (—eo)
e (k)i o201 (k)25 (kg ) V3 (ko) b (Fey) B (— k) by (Kea) by (— ko)
e~ 21kt (k1) Vy (ko) by (K1) by (—k1) ZA?I (k2) by (K2)

e~ 2w (kn)ts Zion (k)2 E (1) Vy (ko) by (Fer) by (—k1) b (Ka2) bl (— ko)

(E.11)

7 i 7 Y
Tooo ()= [ di 1 (0) [ dia g (8). Toso (k)= [ di @00 p (@) [y (&) 12

t t -
T270’:|: (k, g) = / di'l f ({1) / 1 di,2 e:l:szz1(k)t2f (52) ,
0 0

0

(F.13)

E g E .~ 7 ~
Tos v (kis ko, f) = / diy e kh 1 (7)) / iy EIEF (F) | (F14)
0 0

_= _'q.;.'\-' '| | _.-ﬂ i
11 =
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and

i X f o
Doy (K1, ko, t) = / dy eF2er k)l g (7)) / diy e 21t £ (F,) . (R15)
0 0

Then we get

1 t t1 R 7/ t R 7/ t1 N
n?/ it 7, (tl)/ dts U (t2) = h/ it U (tl)h/o dts V7 (1)
0

= —Va2 |:T2707() (a {ZVI (k)} +2T200 a Z { Z \%i kl } )bJr (k)b (k)]

k#0 k#0 | k1#0

k#£0 | k1£0

-2y { RS <k1>} {To0 (kD) + Toos (k,0)} Vs (k) B (k) D] (—k)

~V? Z { Z \%i (kl)} {To—o (k,T) + Top,— (k,t)} V5 (k) b1 (k) by (k)

k40 | k120

~V2T300 () > Va (k) Va (k2) bl (k1) by (k1) b} (k2) by (K2)

k1,ko7£0
~VZ2 " Do (ko f) Va (k1) Vs (ko) b () by (k1) b (k) b] (—ko)
k1,ko#0
“VZ DT oo (ko) Vo (k1) V3 (k2) B (k1) b (k1) by (2) b (—k2)
k1,ko#0
—VZ2 N T (kD) Vs (k1) Va (ko) b () BT (—ke1) ] (K2) by (ko)
k1,ko#0
—VZ Z Tos+ (Ku, ko, 1) Vs (k1) Vs (o) ] (k1) b (—k1) b (k) b} (—ko)
k1,ko#0
—V2 N Do (ka ko, E) Vi (k) V3 (ko) b () B (=) by (o) by (—ka)
k1,ko#0
V2 D" Moo (ki,B) V3 (k1) Va (ko) by (k1) by (—k1) b (ko) by (ko)
k1,ka£0
“V2 ST oy (ks ko, ) V3 (ki) Vs (ko) by () by (—Fr) B (K2) b (—k2)
k1,k2£0
—V2 > o (ka, ko ) V5 (k1) V5 (ko) by (ki) by (—k1) by (ko) by (—k2) . (F.16)
k1,ka#£0
r 3 L, 11! =] —7
A= S a
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Now, we order operators so that annihilation operators position right hand side,

whereas creation operators position left hand side (normal-ordered).

1. 4th line in Eq. (F.16)

bl (Fer) by (Fex) BT (K2) by (o) = g, 1oy ) (K1) by (o) + b] (Fex) b (K2) by (K1) by (ko)
= > Vo (k) Va (ko) b] () by (K1) b (K2) by (ko)

k1,k2#0
=Y VB(k) b (k) by (k) + > Vo (ki) Va (ko) ] (k1) ] (K2) by (K1) by (K2),
k=40 k1,k2#0
2. 5th line in Eq. (F16)
bl (k1) b (K1) b] () b] (—ha) = Ok, kb1 (1) B (—hoa) + Ok, kB (K1) B (o)
+b] () b (ko) b (—Feo) by (Fer)
= Z TQO+(I€2,£)V2 k‘l Vg (kig) J{(kl)bl (kl)g{ (kz) i)J{ (*kz)
k1,k27#£0
=23 T (k1) Va (k) Vs (k) b] (k) b} (—k)
k+£0
+ Y Do (ko f) Vo (k1) Vs (ko) b] (Fa) b (k) B (—k2) by (K1), (F18)
k1,ka7#0
3. 10th line in Eq. (FI6)
b1 (k1) by (—k1) ] (ko) by (k2) = 0k, kb1 (K1) bi (Ka) + Ok, kyb1 (—Fe1) by (k2)
+b] (k2) by (1) by (—k1) by (ko)
= > Do o (k1, 1) V3 (k1) Va (k2) by (K1) by (— k1) b] (a) b (K2)
k1,k2#0
=2) To_o (k1) V5 (k) Vy (k) by (k)b (—k)
k=40
- Ty, o (ko, ) V3 (ko) Vo (k1) b (k1) by (K1) by (K2) by (—k2), (F19)
2,—,0\F2,1) Vg (r2) V2 (Kk1)0)(K1)01(K1)01(Rk2)01 2),
k1,ka7#0
¥ ] LI 11
A= U
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4. 11th line in Eq. (E.16)

by (K1) by (—ke1) b (k) ] (—k2)
= Ok b1 (K1) B] (—k2) 4 Oy kb1 (—K1) B (—Ka) + Oy ky ) (K2) b1 (K1) + Oy iy bl (K2) by (—k1)
+b] (k2) B (—k2) by (1) by (— k1)
= (G s + O, a) {1 B () by () + B (—Fer) by (—ken) b+ B (o) B (—ke2) by (Rr) by (k1)
= Y o (ki ko, 1) V3 (k1) Vs (ko) by (k1) by (—k1) b (o) b} (—ko)

k1,k270
=23 Do (kkE) Vs (k {1+26{(k)61(k)}
k=0
+ > Do (ko ke £) V5 (ko) Vs (k) B () b (—Fe) b (o) by (—ke2) (F.20)
2,—+ 2,1,3231111 1) 01 (k2) 01 2). .
k1,ka£0
Now we get
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1 t t1 R i t R i t1 .
h2 / dtq V[ (tl)/ dts Vi (tg) = h/ dt1 Vi (tl) h/ dto Vi (tz)
0 0 0

2
= —Vf [TQ,O,O (1?) {ZVl (k‘)} + 2T2’070 (E) Z { Z A\ (k‘l)} Vo (k‘) Z;J{ (k}) i)l (k})]

k70 k#0 | k170

~V? Z { Z Vi (kl)} {To0 (k1) + Too+ (kD) } Vs (k) b] (k) D] (—k)

k10

~V2y { > (kl)} {To—0 (k. ) + To0,— (k,7) } V5 (k) by (K) by (—F)

k#0 | k1#0

V2300 (£) S° V3 (k) 0] (K) by (k) — V2To00 (F) S Va (k1) Va (ka) 0] (K1) b (o) by (K1) by (K2)

k#0 k1,ka#0

202" oo (k1) Va (k) Vs (k) b] (k) b (—k)
k#£0

V2 ST Taoq (kaif) Vo (k1) Vs (ko) b] (k) b (ko) b} (—k2) by (K1)
k1,ka#0

—VZ > Too- (ko) Vo (k) V3 (ko) b (1) by (1) by (Ke) by (—k2)
k1,ka#0

V2 ST Toio(k1E) Vs (k1) Va (ko) B] (k) ] (—k1) b] (K2) by (ko)
k1,ka#0

—VZ > Do (k1 ko, £) Vs (k) Vs (ko) b (er) b (—ke1) b (K2) B (—k2)
k1,ka#0

—VZ2 > Do (ka ko, ) Vs (k) V3 (ko) b (Fer) b (—ke) by (K2) by (—k2)
k1,ka#0

—2V2N Ty o (k1) V5 (k) Vo (k) by (k) by (—k)
k#0

—V? Z To. o (@,E)V§(@)%(kﬂ6{ (k1) by (k1) by (k2) by (—ks)
k1,k2#0

202 To o (kR E) Vs (k {1+21§§ () by (k:)}
k#0

—VZ2 " Ty (ko ke, 8) V5 (ko) Vs (k) B (Fer) b (—Fe) b (K2) by (—k2)
k1,k2#0

—VZ Y o (ki ko, £) V3 (k1) V3 (ko) by (k1) by (— k1) by () by (—k2) (F21)
k1,ko#0

We re-order terms from 4th to 15th lines in Eqs. (E21):
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V2 Doy (k1) [V (B)? = V2D { Tooo (1) VB (k) + 4Ts, i (kb ) [V (R) } B (k) b (R)

k£0 k#£0
—2V2> " Tho4 (k.T) Va (k) Vs (k) b] (k) bl (—k) — 2V2 > " To o (k. ) Vo (k) V3 (k) by () by (—k)
k0 k#0
—ViTa00 (1) D Valk) Va (ko) bl (k1) b (o) by (k1) by (ko)
k1,k2#£0
V2 " {Tor— (kr ko f) + To— s (ko, b, 8) } Vs (ka) V5 (ko) b (Fex) B (=) by (K2) by (—k2)
k1,k270
—VZ > Tao (ko) Vs (ko) Vo (k) b (o) b (—kea) B (K1) by (K1)
k1,k270
V2 > Doy (ki D) Va (k1) Vo (ko) b] (1) B] (<) b] (Ka) b (Ke)
k1,k270
—VZ > ATo— o (ko f) + Too— (ka.f) } V3 (ko) Va (k1) b] (k1) by (K1) by (o) by (—kea)
k1,k2#0
V2 3" Doy (ku ke, ) Vs (k) Vs (ko) B () b (k) B (o) ] (—k2)
k1,k270
V2 > To (ki ke, ) Vi (k) V5 (kg) by (1) by (—F1) by (ko) by (—ka) - (F.22)
k1,k270

From (F22), Eqs. (F21) can be written as
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1 t t1 R i t . i t1 R
h2/ it vf(tl)/o dts U, (tg):h/ it m(tl)h/O dts V7 (1)

T27070(£) {Zvl(kﬁ)} —i-QZTQ_ k ki)’Vg

k#0 k+#0

_ 2

k+#0 k17#0

Z {T2 0,0 E) VZ + 2T27070 (ﬂ A\ (k‘) Z A\ (k‘l) + 4T27,’+ (k, k, 7?) |V3 (k)Q} ISJ{ (k) i)l (k)

~V7 Z {To 10 (k,0) + Top0+ (K, 1)} Z Vi (k1) + 2To0,+ (k1) Vo (k)| V3 (k) bl (k) bl (k)
kA0 | k1£0

V2 A { o0 (B, T) + Too— (ki) } D Vi (k) +2To o (k. £) Vo (k) | V5 (k) by () by (—k)

k+#0 L k1#0 ]
~ViToo0 (F) Y Va(ki) Va (ko) b (k1) b (o) b1 (1) by (ko)
k1,k27#0
V2 N Ao (By ko) + Tom i (ko ka, ) } Vs (ki) V3 (ko) B (1) B (—F1) by (K2) by (—k2)
k1,ka7£0
—V? Z {To0 (k&) + Too4 (k1,1)} Vs (k1) Va (ko) ] () b1 (—k1) b (K2) b (K2)
k1,ka£0
—V? Z {T5— o (F1,t) + Too,— (k1,1) } V3 (k1) Va (k2) b (ko) by (k2) b (K1) by (—k1)
k1,ka£0
-V; Z Tyt v (K1, ko, ©) Vs (k1) Vs (ko) B (Fex) b (— k1) b] () ] (—k2)
k1,ka7£0
V2 Y Do (k1 ko T) V5 (k1) V5 (ko) by (k1) by (= k1) by (ko) by (—k2) . (F.23)
k1,ka7£0

Combining Egs. (F9) and (F.23) gives our time evolution operator
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U[ (f) =1- iVaTl,O (E) ZVI (k) - Vag

2
Th,0 (1) {ZW (/f)} + QZTz,—,+ (k. k., %) [V (k)|

k0 k40 k40
_ _ T27070 (tN) Vo (k) Vo (k) + 2 \ (kl) R R
—iVa > | Tho (F) Vo (k) — iV ,c%;o bl (k) by (k)
k0 +4Ty ¢ (k, k,7) [V3 (K)[?
B ( ) [ {To0 (k,t) + Top+ (k1) } Z Vi (k1) ] X X
~iVa > | Tat (k7)) — iV k170 Vs (k) bl (k) bl (—k)
k#0 | 42T 04 (k1) Vo (k) 1
B ( ) [ {To—o (k,T) + Tap— (k, 1)} Z Vi (k1) ] R X
—iVa Y | T (kE) — iV k170 Vi (k) by (k) by (—k)
k#0 | 2Ty (k) Va () |
—V2To00 (£) D > Va (ki) Va (ko) b () b (o) by (ko) by (Fea)
k170 k2#0
—VIN TS {Tos = (ko ko B) + To s (ko b, 8) } Vs (k) V5 (Ko) b (Fx) ] (= k1) by (k) by (—ko)
k17#0 k2#0
~V;} Z Z {To,4.0 (k1, ) + Too 4 (k1,T) } Vs (k) Vo (ko) ] (K1) b] (—Fe1) b] (K2) by (k2)
k17#0 k2#0
—V;? Z Z {To—0 (k1,t) + To0,— (k1,t) } V3 (k1) Va (k2) bl (k2) by (o) by (K1) by (—k1)
k17#0 k2#0
V2N oy (k1 ko, ) Vs (k1) Vs (k2) ] (K1) b} (k1) ] (ko) b (—k2)
k17#0 k2#0
V23S Do (kuka ) V (k) V3 (k2) b (k) by (—Fer) b (ko) by (—k2) + O (V2) . (F24)
k170 k270

F.2 Reaction Rate - Initially in Bogoliubov Vacuum State

Since by (k) |vac) = 0, from Eq. (E24), | W0 (t)) := U; (t) |vac) is

- w . -
1 i =11 =k —7
.-"\.—! '|-.'1_,| '-'! 114
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B 2
) ) Ty,0,0 (£) {ZV1 (k)}
To (1)) = [1—iVaTio (£) Y Vi (k) =V k#0 |vac)

k70 +2> To -y (kK £) Vs (K

\ [ k#0 1

) | ATor0 (R ) + Too 4 (k1) } Z Vi (k1) A A
—iVo > | Tt (k,T) — iV, k1 £0 Vs (k) bl (k) bl (—k) |vac)
k#£0 +2T2707+ (k, f) VQ (k

)
—Va2 Z T2,+7+ (kl, kz, t~) Vg (kl) V3 (kg) 811- (kl) I;J{ (—kl) ZA)]; (kg) I;J{ (—kg) ‘V&C) + O (Vag) . (F.25)
k1,ka#0

For convenience, we will define

)

Yo,1 (1) = Tho () ZV1 (k), o2 (t) =Too0 () {ZV1 (k)} + QZT2 —t (kK 0) Vs (K

k#0 k#0 k+£0

Vo (k) = Tiw (k1) g (B,E) = {Togo (k,8) + Toor (k) } Y Vi (k1) + 2T20,+ (k1) Va (k)

k1£0

Va2 (ki ko, t) = Toy 4 (K1, k2, 1), (F.26)

|k, —K) = bl (k) bl (—k) [vac), ki1, —k1, ko, —ka) == bl (k1) bl (—k1) b (k2) b} (—k2)
and |k1, —ki1, ko, —ko, k3, —ks) = b] (k1) bl (—k1) bl (k2) b} (—k2) b (K3) ] (—ks3)
With this state,

k10

by (k) by (—k) [Wo (1)) = —iV, {81 (k) b1 (—k) > 1 (ki,8) Vs (k1) b] (k) b] (—k1) [vac) + O (Va) }

= —iV,

Z Vo1 (k1,t) Vs (k1) {51@1,—1@31 (k) b} (—K1) + Opy b1 (—k) b (—kl)} [vac) + O (Vo)
k120

= —2iV, [¢2 1 (k' ﬂ Vs (k) [vac) + O (Va)] :

(F27)

In interaction picture, using Eq. (E.5)), reaction operator Ro becomes
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U (8) [i6 " Z1s (k) {br (k) by (—k) — B () B (—) }
k0
= i& Z =13 (k) {6721'(.:)1(]{?){61 (k) by (—k) — 2
k0

—_—

(k) bl (—k:)} . (F28)

Therefore,

<R2(t)> - 24 Elg(knm{e—%l(@f@o(t)yél(k)él(—k)\xpo(t»}

F.3 Quantum Fisher information

Our state in Eq. (F.25)) can be written as

To (t)) = Uy (t) |vac)
= {1 — Z'Vaiﬂo,l (f) — Va2¢(],2 (E)} |vac> — 2iVa Z {¢2’1 (k‘, f) — Z'Vaﬂ,bzg (k‘, f) } V3 (k‘) |k, —k>

k>0

= \Z Z Z Paz (k1 ko, t) Vs (k1) Vs (ko) [k, —k1, ka, —k2) + O (V) (F.30)
k1>0k2>0

since |k, —k) = IA)J{ (k) IBJ{ (—k) |vac) = |-k, k) and
k1, —k1, ko, —ka) = b (k1) bl (—k1) b] (k2) Bl (—k2) |Vac)
= |k1,—k1,xks, Fko) = |—k1, k1, £ko, Fko).  (E31)

. Hence, each state in Eq. (F:30) are orthogonal.
Let Py (t) == [(Wg(¢)|vac)|®, Py (k,t) == |(Uq(t)| k,—k)* for k > 0, and
Py (K1, ko, t) = [(Ug (t)| k1, —Fk1, k2, —k2)|? for k1 > 0 and ky > 0. Then we get

Po) = {1+ iV () — V2050 () + 0 (V) {1 — iVavn () — V2woa () +0 (7))

= 1=V [2Re {02 ()} — |vox (O] +0 (V). (F32)
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2

Py (k,t) = AV2| > {21 (k1) — iVatboz (k1,7) } Vs (kr) (vac| by (k) by (—k) b] (k1) ] (—k1) |vac)

k1>0
+0 (V)
2
= 4Va2 Z {¢271 (kl, i) — iVai/Jgg (kl, f) } V3 (kl) (VaC’ 5]@17,](,,?)1 (k) IA)I (—kl) + 5]4,1’/(,,?)1 (k) IA)I (kl) |VaC>
k1>0
+0 (V)
— 4V ooy (kD) V3 (B)|* + O (V3), (F.33)

since we defined P (k, t) for k > 0, and Py (k1, ko, t) = O (V,}).
When measuring V., using formula in [61], quantum Fisher information I (Va, ﬂ

is
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_ 1 (0P ( 1 Py (k,t)\? _
IQ(Vaﬁi):PO(t)< 0 > ZPQ k,t) ( 23‘_/& ) +O(Va2)

0 {1+ iVt (1) = V2055 () + O (V3)} 0 {1 — Watia (1) — Vvna () + 0 (V)
+4P, (t) { vac o o vac
+4) P (1) <k»— 21¥e 195, (51 +zVaz§%/2 A

k>0
O [20Va fna E)—zvgz/;iz(k 1) +0 (V2)} Vs (k)] k,_k>

2

1- iva¢0,1 (f) - ‘_/aQwO,Z (E) +0 (Vag)}

v,
k, —k>

( [1 - V? [QRG {vo2 (t)} — [v0. @ﬂ +0 (Vag)] )

OV,

—4P (t) {1+ iVaus, (1) — Vo () + O (V7)) } il

< vac

—4> Py (t)|(k, —k | [2iVa {v51 (k,%) + iVarsy (K, ) + O (Vi2)} V3 ()]

k>0

vac >

O [20%a {1 (kD) — Vatbnn (k1) +O (V2)} Vs (8)
v,

1—v2[2Re{wm<f>} o mhou
+kz>o4v2{!w21 kﬂvg )P+ 0 (V, (
+4 (vae [{iwis, (7) = 2Vt () + O ( v2 {=it0.1 (D) = 2Varoz (D) + O (V2)}| vac)
—4|(vac [{1 + Va5 (F) = Vi (f)+0(V§’)}{ —itho, (1) = 2Vatboz (1) + O (V) } | vac) [
= (1472 [2Re funz () — [vox O] + 0 (7)) (~2V% [2Re {02 (0} — [voa (] +0 (V)] )
+5— ! 5 {1-0 (V) } [8Va {0 (k,t)vg(/g)f+o(va)}]2+o(va2)

]

k>0 4V2 |1/’2’1 (k7 i) Vs (k)|
+4 [Wo,l (f) ‘2 + 2V, Im {1?871 (f) o2 (E)} - ‘—iwo,1 (L:) -V, {21#072 (f) _ }wo’l (L:) ‘2} ) (Va2)

= > 16[wa (k) Vs (k)] +0 (Vo). (F34)
k>0

2{ | kf)vg 2+o<va)}}>2
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F.4 Lower bound of Classical Fisher Information

Let Mg = >~ { M (k) + Ma (k) b (k) by (k) + M (k) b} (k) ] (—k) + M3 (k) by (k) by (k) }
k40
be the physical operator which we will measure in order to estimate the value of V.

From Eq. (F3), M () := Uy (t) Mgﬁg (t)is

Using our state in Eq. (F:30), we get

’\I/() (t)> = {1 — iva@/)(),l (E) — Va2¢072 (f)} ’V&C) — 2“7@ Z {1/)2,1 (]6, t~) — iva1b272 (k‘, 7?) } Vg (k) ’k, —k>

k>0

—4V? Z Z Va2 (K1, ko, t) Vs (k1) Vs (ko) [k1, —k1, k2, —k2) + O (V) (F.36)
k1>0 k2>0
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Nz (0) o (7))

= 2{1— Vo (D) — Voo ()} Y {vn (k) +

k>0

~4iVe > {21 (k,E) — iVatho (k, 1) } Vs (k)

k>0

—4iV, Z 2o (k1) tMs k1) Z {tha,1 (k1) — iVarhao (k, 1) } Vs (k I

k1>0 k>0
—4iV, Z e—2iw1(k1)EM§ (k1) Z {le (k’a
k1>0 k>0

—8V2 Z My (k3) Z Z Yo (k1 ko, ) V3 (k1) Vs (ko) b (k1) b

ks3>0

—8V2 Z M (k3)
ks3>0

k1>0k2>0

X Z Z Va2 (k1 k2, ) Vs (k1) Vs (ko) b (k3) by (ks) bl (Fey) b

k1>0k2>0
_8Va2 Z e—2io31(k3)£M§ (/{33)
ks3>0

X 30D tha (ko) Va (ki) Vs (ko) b (ks) by (k) B] (1) B

k1>0k2>0

—8Va2 Z ezia;l(kg){Mg (k)
ks3>0

k1>0k2>0

1. 2nd line in Eq. (F37)

bl (K1) by (k1) bl (k) b} (k) |vac)

2. 4th line in Eq. (F.37)

a

2@ Wy (k) B (k) B] (k) | [vac) + O (V)

k1>0

Voo (k1) } Vs (k

Q“>
A
??‘
—
~—
>
=k
—~
o
no
~—
S
——k
—
|
o
N
~—
<
¥}
o
S~

®n>
/-\
??‘
—
S~—
>
——t
—~
E
[}
~
S
——t
—~
|
x
]
~—
<
o
o
~

Q“)
/\
??‘
iy
N—
S
—_—
—~
X
[N}
SN—
(bl
——t
—~
|
X
[N}
SN—
<
)
O
~

= g, kbl (K1) bl (—K) |vac) + Og, kbl (k1) B! (k) |vac)

= (Okyk + Ok k) B (K) B (—K) |vac) . (F.38)
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by (k1) by (k1) bl (k) b} (—k)|vac) = Ok, kb1 (k1) bl (—k) [vac) + 6k, kb1 (k1) bl (k) |vac)

= (5k17k + 5]‘,1,,]6) ‘VaC> . (F.39)

3. 6th line in Eq.

bl (e3) by (Re3) bf (Fex) BY (— K1) BT (Ke2) b1 (—ke2) [vac)
= Ok by 0] (R3) B (—k1) B (Keo) BT (—Kea) [vac) + Oy, b (K3) b1 (K1) b1 (o) bl (—k2) [vac)
Oy kb1 (Fe3) B (1) B} (—k1) b] (— k) [vac) + Ok, —k, 01 (K3) b (k1) b] (—k1) bl (Ko) |vac)

= (O oy + Okg—ter + Ok e + O —1ez) b] (k1) BT (—Fe1) B (o) B (—ke2) [vac) . (F.40)

4. 7th line in Eq. (E37)

110



by (k3) by (—ks) bl (k1) b] (—k1) b1 (ko) b1 (—ky) |vac)
= Ok —ky 01 (K3) b1 (—Fe1) b (K2) bl (—k2) [vac) + gy g, b1 (K3) b] (K1) b) (k2) b1 (—k2) [vac)
6k ko1 (R3) B (K1) BT (—ky) BT (— b

b

= Oky,—k: {5k3,—klbi (Ko ) (—k2) + Ok, ka (— kl)bT( k2) + Ok, —szT (—k:1

= Oky,—ky {BI (k2) b} (—ko) + Ok, —k, 0} (—k1) bi (—k2) + Oy ke, 0] (—e1)
+0ks key {51 (o) b (—k2) + Ok 1oy b (K1) b} (—k2) + Oy —key 0] (K1) b} (k2)} |[vac)
s, { Ok kb (—K) B (—h2) + O, B (

+6k3,k2 {6162 klb ( kl) b (k2) + 6k2,—k1bJ{ (kl

+0ks ks {(%,kl + Oy —key ) b} (kl)?) (—k1) + bl (k1) b (— kl)} |[vac)
= { (O s + Og—tea) + (kg tor + Okeg—koy + Ok oy + kg ) (Thea e + Ok 1y )} 0] (1) B (— 1) |vac)

+ (O oy + Okg,—tey ) O] (Fo2) B (—ke2) [vac) . (F41)
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Hence, we get

M (@) o (7))
—2{1—1‘/@1/}01({) V2¢02 E)}ZMl |VaC>+O(V)
k>0
+2{1 = iVatbo1 (£) — Voo (1)} Y 21BN (k) b (k) b} (—k) |vac)
k>0
—4iV, Y (o (ko 8) — iVatbop (K, 1) } Vs (k) D My (k) b (k) b] (—k) [vac)
k>0 k1>0
—4iV, Y {a (k. E) — iVatbap (k, 1) } V3 (k) M (k) ] (k) b (—k) |vac)
k>0
—4iV, Y DN (k1) S {1 (k. ) — iVatoo (k,T) } Vs (k) b (1) b (—k1) b] (K) b} (k) |vac)
k1>0 k>0
~4iVa 3" {21 (k,E) — iVatha (k1) } Vs (k) e 21BN (k) [vac)
k>0

V25" S s (b, ko) {Z M (ks) }V3 (k1) Vs (ko) b1 (k1) bl (—k1) b (ko) B (—ky) |vac)

k1>0ko>0 ks3>0

—8V2 DT> thuy (K ko 1) Vg (k1) Vs (k) {Mia (k1) + My (ko) } b1 (k1) b (—k1) bl (o) b] (—k2) [vac)
k1>0ko2>0

—8V2 D" > thua (ki ko, ) Vs (k1) Va (ko) e~ E2)INS (k) b (K ) b (—1 ) [vac)
k1>0ko>0
—16V2 )" wpas (kr, b, €) Vs (k1) Vs (k) e 29 EOINES () b (o) ] (—kex) [vac)
k1>0
—8V2 D" " b (K, ko, 1) Vs (k1) Vs (ko) e 21 EDIM (ky ) ] (K2) b (—k2) vac)
k1>0k2>0

—8‘7&2 Z e27§¢7)1(k3)t~M3 (k’g)
ks3>0

k1>0ky>0

Ordering Eq. gives
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M (@) o (7))
_, Z M (k) — iV, {1/}0,1 () My (k) + 26~ 281"y 3 (k, ) M (k) Vs (k‘)}
ko | V2 {wo,z (1) My (k) + 2e~ 2@ ®R)apy o (k, 1) M (k) V3 (k)}

+2 Z {eQiQ1(k)EM3 (k‘) o iVa62i®1(l€)f¢0’1 (L:) M (k‘) o Va2€2i&1(k)£¢0,2 (E) M (k‘)} 81 (k) 31 (—k) |vac>
k>0

] |vac) + O (Vf’)

+2) " {=2iVatpaq (k1) — 2V, 200 (k1) } {M2 (k)+ > My (k:l)} Vs (k) bl (k) b1 (—k) |vac)

k>0 k1>0

—2U2 " 8e7 2 (W)l o (k, k, ) M5 (k) V3 (k) b (k) b} (—k) |vac)

k>0

2V 4y e 21T Ly o (K, ke, T) + a2 (k ki, 1)} MG (k1) Vs (k1) Vs (k) b () b (—k) |vac)
k>0 k10

—4iV, Z Z 2 EVE Ly 1 (ka, E) — iVatbao (Ko, ) } M3 (k1) Vs (k2)
k1>0k2>0

XDl (For) b1 (—ke1) B (Feo) BT (—k2) |vac)

—AV2 ST ST 2 (ka, ke, D) { > My (kg)} Vs (k1) Vs (ko) b (K1) b (—k1) bl (ko) bl (—ks) [vac)

k1>0ky>0 k:3>0

—AV2 "N 2us (kr, ko, €) {M (k1) + M (ko) } Vs (k1) Vs (ko) b (1) b] (—k1) ] (K2) bl (—k2) vac)
k1>0ko>0

-8V DY 210y, o (Ko, ks, T) M3 (k1) Vs (ko) Vs (ks)

k1>0k2>0k3>0
bl (k1) bl (—k1) bl (k2) b (—ka) b1 (k3) bl (—ks3) [vac) . (F.43)

From Eq. (E39), (k, —k| k1, —k1) = (vac| by (k) by (—k) b} (k1) b} (—k1) |vac) =
(0ky ke + Ok, —k)- Hence, from Eq. (F43) and our state ‘\ilo (t~)> in Eq. (E30),
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(o ()| M1 (1) |0 (7))
M, (k) — iV, [mm {01 (F)} My (k) + 2e~ 20y 1 (e, ) M5 (k) Vg (k)]
=23 | +V2 [[o1 (B)]° M (k) — 2Re {2 (D)} M (k)]
2 [267 290 Wy (F) s (k) M (k) Vi (k) — 22010900 (k, ) M (k) V3 (k)]
[ 2iV, ey | (k, ) My (k) V3 (k) ]
+V2 {22 Wiy (1) w3, (k,F) Ma (k) V (k) — 25205 ) (k,7) Mg (k) V5 (k) |

F0 +4Va2 W2,1 (k‘,LZ) ‘2 {M2 (k> + Z M, (kQ)} ‘V3 (k)’2

ko>0

M (k) + 4V,Im {e—m“f)%,l (k, ) M5 (k) Vs (k)}
=2 " |+V2| [t (7) |? M, (k) — 2Re {402 (1) } My (k) + 4 |21 (. 7) |2{M2 (k) + > M, (/<72)}V3 (k)2]

k>0
+4V2 [0 (1) Re { e 2@ 0y, (k,7) M (k) Vs (k) | — Re {291 My 5 (k,8) M5 (k) Vs (k) }
+0 (V) (F.44)

since 10,1 (ﬂ =T (f) ZVl (k) is real (see Eq. (E8)).

k20
From Eq. (E43),
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(o (B)] 873 (7) | %0 (7))
[ M (k) + Ve { o1 (1) M (k) + 2629 Oy | (1, 1) M (k) V3 (k) }
V2 {5 (B) M (k) + 265210y, (i, 7) Mg (k) V5 () |
{ M (1) = iVa { 0,1 () My (ky) + 2¢=2@0 600 1 (ke 7) MG (k) Va (hr) } ] .
—V;2 {1/)0,2 (1) My (ky) + 2291 (E0)Epy o (K, ) M (k1) V3 (’ﬁ)}

( o211 (k)fMEI;’ (]{)

iV, [e 29 Wty ) (1) M (k) + 205 4 (K, ) { (k) + Z M (kl)}VE (k)
L k1>0
+4kz>% (k, —K| o= 2in ( k)t% o (8) M3 (k) + 245 5 (K, 1) { (k) + kZOMl (kl)} Vi (k)
_ 1>
fVQQ ) Z 62i®1(k1)f {wzz (kla k, f) + ¢Z72 (k, k1, f) } M (kl) VE';) (k‘l) V; (k)
k1>0
I +8e;@1<‘“>fwz,2 (k. k. 7) M (k) {V3 (k)}* I
( 201 ()N (k)
iV, |2y, | (£) M5 (K') + 2421 (K',7) {M2 Z M (K } (k )}
k>0

x> Oy o () My (K) + 200 (K, 1) {M2 (K) + 3 My (k) } Vs (k) || 1)

k>0
_ k>0
2
Yo'l N e 2 W Ly (KK T) + an (K K5, T) M (K)) Vs () Vs (K)
k1>0

| 8¢ 2@y, o (KK, 8) M (k') V3 (K) 1
+16V2 3 N (kr, ke, o, —ko] e X 0T (g £) M5 (k1) V3 (k2)
k1>0ko>0
x 3757 (W) 1 (k), 1) My (k) Vs (Kb) |k0, —K4, kb, —Kb) + O (V). (F.45)
K\ >0k5>0

Now, we divide Eq. into 3 parts:
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Eq. (E45) - Part 1

12

k>0

[ )+ iV {1 () M (k) + 26 s | (k,7) M (k) V3 (k) } ]
—V2 {0 () My (k) + 2¢%91 Oy, (1, 7) My (k) V3 (k) }
! M (1) = iVa { Yo, () My (ky) + 2¢=2@0 00 1 (1, 7) M3 (k1) Vs (k1) } ]
V2 {02 (1) Mix (ky) + 2622100 5 (e, 7) MG (k1) Vi (kr) }

>

k1>0
2 ~
{ZMl } a4V, Y tm e Wy, | (k) 15 () Vs (6) b S M (k)
k>0 k>0 k1>0

2
—2V7Re {102 (£) } {Z M (k)} — 4V Z Re {efziwl(kﬁ%,z (k, ) M3 (k) V3 (k)} Z M (k1)

k>0 k>0 k1>0

— 4 )
+Va2w871 (f) {Z M, (k‘)} + 4Va2w071 (f) Re {Z e_2i®1(k)t~w271 (k‘, i’) M§ (k‘) Vs (k)} Z M, (k'l)
k>0 ) k>0 k1>0
+4V2 S e 2 Wy, | (k, ) M (k) Vs (k)
L k>0
+0 (V)
. 2
{Z My (k)} + 4V, Z Im {6_%&1(@%2,1 (k, 1) M3 (k) V3 (/‘C)} Z My (k1)
k>0 k>0 ) k1>0 )
1/1371 (7?) {Z M (k)} + 41#071 (ﬂ Re {Z 6_2i®1(k)£’¢271 (kﬁ, t“) M§ (kﬁ) Vs (k)} Z M, (kl)
=4 k>0 I§>0 ) k1>0
+Va2 14 Z e—2i@1(k)f¢271 (k, E) M§ (k) Vs (k — 2Re {7#072 (E)} {Z M (k)}
k>0 k>0
43 Re {6_%@1@)%2 (k, ) M3 (k) Vs (k)} 3" My (k)
L k>0 k1>0
+0 (V)

(F.46)

Eq. (E45) - Part 2

Below Eq. (F43), we show that (k, —k| ki, —k1) = (0k, k + Jk,,—&)- Hence, we get
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e—ziwl(k)fM§ (k)
iV, [e 2@y (1) MG (k) + 205, (k,T) { My (k) + > My (k1) p V5 (k)
k1>0
4];)(’6,—]?’ —21w1 t¢02(7f~) M3 +2w22(k f) M2 )—|— Z M, (/-cl)}W (k)
k1>0
2 . -
Va +4 Z e2zw1(k1)t {17[)172 (k.l’ k:’ i) + 17[11‘72 (k;7 k'h t~) } Mg (k‘l) Vg (k‘l) Vg (k?)
k1>0
\ | +8eX Wy (ke k, ) Mis (k) {V3 (k)} 1)
e2z‘@1(k’)£M3 (kz’)

M3

(

—iV,

2@ (K0T 4 () M3 (k") + 221 (K1) {MQ (k) + Z My (k1) } Vs (')

k>0

€2i&1(1f’)f¢0’2 (i’) M ( ) + 2w2 9 (k‘ i[) {Mg Z Ml kl } ]{) }k/, _k;/>
k1>0
| DD ey (WKL) i (KK E) ) S (R]) Vs (K) Vs ()
K/ >0
+8e7 2@ (by, o (K K, 7) M (K') V3 (K)

(k)| + 47, {M2 (k) + Y My (k:l)} m {2 Wy 1 (1, 8) M3 (k) Vs (k) |

k1>0

—2Re {1/]0 2 (1?)} ’Mg | —4 {Mg ) -+ Z Ml (kl)} Re {@*Qioﬁl(k)t~¢272 (k, i[) M; (k) V3 (k‘)}

k1>0
-8 Z Re [6_%{&1(@%1%)}{ {¢a2 (K1, k,t) + a2 (k, k1, 1) } M3 (k) M3 (k1) Vs (k) V3 (kl)}
—16Re [e 5 Wy (k, k) {15 (1)) V3 (8)]

k1>0

+'¢10 1 (f) |M3 | + 4w0 1 f) {M2 Z Ml kl }Re |: QiL:Jl(k)wal (k’,f) M;; (k‘) Vg (k)i|

2
+4 {M2 (k) + Z M (k'l)} V2,1 (k,t) Vs (k)‘z

k1>0
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Eq. - Part 3

From Eq. (F-39), we have

(vac| by (k1) by (—k1) b (k2) b] (K1) ] (k) b] (—k) [vac)
= Ok, (vac| by (k1) by (k) Bl (Kb) b] (—kb) [vac) + by ., (vac|by (k1) by (—k1) b] (—k}) b (—Kb) [vac)
+0ky ey (vac| by (k1) by (—k1) b] (—K4) ] (Kb) vac)
= 0k —ks (5k’ ki + Ok, 4:1) + Ok ey (51:’ ky T Ok, k1> + Oty ko <5k’1,k1 + 5k’2,7k:1)
= Okt ks <5k’2,k1 + 5k’2,7k:1) + Oy ( K, ki T 5k2,k1) + Okl —ko <5k’1,k1 + 5k2,k1)

= 0kl ke <5k/ ko T Ok —k:2> + Okt —ks (5k’ ki + Ok —kl) + Oky ke <5k' ko T 5k’2,—k2) . (F.48)

Therefore,
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(k, —k1, koo, —ks| K, — K, K, —Kb)
= Oy s (vac| by (k1) by (—k1) by (ko) b (—k}) B (K5) b] (—k5) [vac)
+041 1y (vac| by (1) by (—ky) by (k) ] (K1) B (K5) b] (—kb) [vac)
00—t (vac] by (k) by (—her) b (ko) O] (K%) B} (—4) O] (—K5) |vac)
+04y 1y (vac| by (1) by (—k1) b (ka) 0] (KY) b (—k}) b (K5) [vac)
= 0t s { Ok (Tayen + Oy k) + Oy ks (Ot + Okt ) + Okatr (O + 0k ) |
ey {001 (s + O i) + O s (s & Ot ) + ks (ks + O ) |
0o { O (O s + 00y ) + 0 (O Ok ) + Okas (O + Ok )
+0ky {5,@,27_,“ (5k,1 o+ Okt ,_kz) + O 1, (5k,1 oo+ Ok ,_kl) + Gt (5k,1 o+ Okt ,—kz) }
= 0t o { Oka s (Ot Ok ) + (T + Gy ) + G (T + Oy i)
s {0k (s + 0 i) + (O + Ot ) + Okas (O + 0k ) §
01ty { Ok kr (O Ok ks ) + (Ot + Oyt ) + Ok (O + 00 k)
e {00t (s O ) (B 00 iy ) + O (O s + 004 ) |
= Oty ko { Ot + Ok k1) (G + Gy ) + (T + O s ) |
05 ey { O + ) (Okt + 0k ) + (Oks + 00y k) }
01—ty { Ok + Oha i) (g o + O ) + (g ks + O ) |
iy s { O + O t) (Ok i+ 00 ) + (Ok s + 00 k) }
= (G5 s + 0t ) { O+ Frs ) (Tigen + By + (Ot + O ) |
- (Ougies + Oy ) { Orbs + k) (Ot s + 00y i) + (Okies + Oy ) | (F49)

and we get
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16V2 3" 3" (ke ke, ko, —ka| e 2@ 0003 | (y, 8) M5 (k1) V3 (k2)
k1>0k2>0

x 3757 (W) 1 (k) T) My (K) Vs (Kb) |kY, —K4, kb, —Kb)

k[ >0k5>0
= 16V Z Z Z Z 64@1(161){62@1(ki)%;g (Ko, 1) P21 (Ko, ) M3 (k1) Mz (k7) V3 (k2) Vs (K5)
k1>0k2>0 K} >0 k>0

X <5k’1,k2 + 51@’1,4:2) {(5k2,k1 + Oy, k1) <5k’2,k2 + 5k’2,7k:2> + (6k:/2,k:1 + 51@’2,%1)}
2 Y Y Y 6—21'@1(’91)5@2“1(ki)%;,l (K2, 1) 2,1 (Ko, 1) M3 (k1) M3 (k7) V35 (ko) V3 (k3)

k1>0k2>0 K} >0 k>0
X <5k’2,k2 + 51@’2,4:2) {(5k2,k1 + Oy, k1) <5k’1,k2 + 6k’1,7k2> + (Ot ey T 51@’1,%1)}
BLZIDIDIDY 6—2@1(161)562“1(’“,1){1#5,1 (k2,t) 2,1 (Ko, 1) M3 (k1) M3 (k7) V35 (ko) V3 (k3)

k1>0k2>0 K} >0 k>0
X0k ks <6k:/2,k:25k2,k1 + 5k/2,k1>
2 Y Y Y 6—21'@1(’91)5@2“1(ki)%;,l (K2, 1) 2,1 (Ko, 1) M3 (k1) M3 (k7) V3 (ko) V3 (k3)

k1>0k2>0 K} >0 k>0
XOky ks <6k:/1,k:25k2,k1 + 6k:/1,k:1>
= 2
= 16Va2 Z ‘1[)271 (/{71, E) M (k1) V3 (]{71)‘

k1>0
+16V,2 " e 20l o (ky, 1) M (k1) Vs (k1) D X100y (g, £) Mg (k2) V3 (k2)

k1>0 k2>0
+16V,2 Z |21 (k1) M (k1) Vs (/~€2)‘2 + 16V, Z M (k1) Z 12,1 (K2, ) V3 (k‘2)‘2
k1>0 k1>0 k2>0
2
16 > e 21 Wy 1 (6, 8) Mg (k) Vs (k)| +32 |¢an (k) M (k) Vs (k) |
— f/a2 k>0 k>0 . (F50)
16y v (ke 0) Vs (k)| D7 M (k)
k1>0 k2>0
Final Result of Eq.

By combining Egs. (F.46), (F47), and (F.50), we get
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(o (2)] 827 (7) | %0 (7))

r 2
{ZMl (k)} + ) M3 (k)
—4 k>0 k>0
+AV, > {M2 (k) +2) My (k:l)} Im {6—2%'@1(’“)%271 (k) M5 (k) Vs (k)}
k>0 k1>0 J
2
U5 (f) HZMl } + > M (k)
k>0 k>0
+4g0.1 ()Y {M2 (k) +2 3" M (k) p Re {e*m“’“)%l (k, ) M (k) Vs (k)}
k>0 k1>0
2 2
+8 Z ef2i®1(k)£w271 (k’, E) M§ (k) V3 (k) +4 Z {Mg (k) + Z M (kl)} W2,1 (k, E) V3 (k)‘Q
k>0 k>0 k1>0
8D e (k) M (k) Vs (B) P+ 4 [wa (B, E) Vs (k)P Y M (ko)
+4Va2 k>0 , k1>0 k>0
—2Re{¢02 f)} !{ZMl } +Z‘M3 (k) 2]
k>0 k>0
4y {Mg (k)+2 3 My (k:l)} Re {e—%@l(’f)%m (k, ) M (k) Vs (k)}
k>0 k1>0
=3 Re[ “2E®FE RON Ly o (ky, b, D)+ paz (K ki, )} M (k) MG (k1) Vs (k) Vs (k1)
k>0k1>0
~16 ) Re [674"“31(’“)%4,2 (k, k. £) {M3 (k)}* V3 (k)}
k>0
+0 (V)

F.4.1 Final Results

From Eq. (F.44), we can express

(E51)

<@0@;MI@;¢O(g)>zzz{Ml<k>+m< (k0)) + V2 (a1 <kt~)>} 0(73). E)

k>0

where
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(31 (k1)) o= Tm {2100, (k, 1) b5 (k) Vs (B)}
(31 (1,8 o= [0 (B)* M (k) — 2Re {2 ()} M () + 4 [ (k. ) 2{M2 (k) + 3 My (@)}vg (k)P
ko>0
+44)o1 () Re {e—%l(k)%,l (k,7) M3 () Vs (k:)} ~ 4Re {6—21'@1(’“)%2,2 (k,7) M3 () Vs (k)} . (E53)
The expectation value of the variance of the M in interaction picture is

(o ()] 317 (B) |00 (B)) — (o ()] 20 (1) [0 (1))
{Zm <k>} + > [Ms (k)

k>0 k>0

+47, 3 {M2 k) +2 5 M (kl)} m { =22 Oy (i, 1) M (k) Vs (k) }
k>0 k1>0 J

_42 Z {M1 (k) + 4V, <M (k:,f)>/ + V2 <M (k',f)>”}

k>0k'>0

‘ {I\\/Jh () + 4V, (01 (K.0)) + V2 (a1 (k’,f)>”}

+0 (V)
—4 {ZMl (k)} + 3 M (k)] + 4T,y {M2 (k)+2> M (;ﬁ)} <M (k,g)>, ]
k>0 k>0 k>0 k1>0
43y {M1 (k) M (K) -+ 4V,My (k) (8 (K, ﬂ>/ + 4V, (T (k, ﬂ>/M1 (k’)} +0(V2)
kE>0EK'>0
_ 4{ S M (B2 + 47, 3" 1 (1) (1 (k) } Lo(72). 54
k>0 k>0

Then lower bound of Fisher information /¢ (Va, ﬂ to measure V, is [59]
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Ic (Va,t) = - - - ! - - - 5 (? @0@ ]\Z/I(g) @,0@ ?
<‘Ifo(ﬂ\M?@\% (D)) - (o E)‘MI f)‘\llo(ﬂ> {5Va< ‘ ’ >}
[ Bty
Siymer ) s mer 0
[22{ (a1 k£)> +2VG<M(1€,5>"}+O(V&2) 2
S M (k) (1 (k. )) .
=M 1_V“k>OZ|M3<k>|2 +0(V7) 16{’§<M(k,f)>}
> (i 1)
x {147,520 - - +0 (V2
> (0 (k7))
{Z<M(k’a>/} () om0 (2 (1,7)) _
Uy | s @ey T swmer (00

2

[Z Im {6—21'&31(:’9)517[}2,1 (k‘, i’) Mj;, (k‘) Vs (/{7)}
k>0
> M (k)|

k>0

=16

+0 (Va). (F.55)

F.5 Summary and Specific Examples

From Eq. (E26), ¥2,1 (k,t) :== T3+ (k,t) where T} 4 (k,t) is defined in Eq. (E3).

Since
i .
T+ (k1) = / diy 2B f (7)) (F.56)
0

Eq. (E34) gives
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_ _ . P 2 _
IQ (Va,f) = 16 Z ‘7#271 (k,LZ) V3 (k?)‘Q +0 (Va) =16 Z ‘e_Qlwl(k)tqul (k,f)’ ’Vg (k)‘Q +0 (Va)
k>0 k>0
2

Vs (B)]> + O (Va) , (F57)

= 16) e

k>0

and Eq. (F33) gives

—2i01 (k)t / dt eszl k)t1f (tl)

2

[Z Im {6721‘&1(16)57#271 (k, f) M;;, (k) Vs (k)}

Ic (V,, 1) = 16+>0 +0(V,
e (e S My (k)P (%)
k>0
2
[ZIm{ —2icn (k /0 diy 2100 g (F) M (k) Vs (k)}
— 16220 +0 (V). (E58)
M3 (k)?
Note that

oot -
e—?i@l(k‘)t/ d.El €2i®1(k)t1f (fl)
0

= [cos {21 (k) T} — isin {201 (k) 7}]

{ T t~ .~ g ~
Re{ / dfy XD f(fl)}Jrz’Im{ / diy HE D f(tl)}]
0 0

— Re {/t i, eziwl(k)flf (fl)} cos {2@; (k) t} + Im {/t d e2iw1(k)t"1f @ } sin {2, (k) £}
0 0

- {/t dfl einl(k)flf (fl) } Ccos {2(:}1 (k) tN} — Re {/t d£1 @2i®1(k)flf (El) } sin {2@1 (k) f}] . (F.59)
0

0

+i

F.5.1 Delta Function Perturbation

Suppose that f (t) = § (t — t,,) for ¢ > 0 (assuming ¢, > 0). Then

t - -
/ dfy s (F) 1) =0 (I —1,) 2Bl (F.60)
0
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where 6 (t) = 1if t > 0 and 0 otherwise. Thus

Iq (Va, ) =160 (F—1,) > [Vs (k) + O (V) ,
k>0

Ie (Vo) = 166 (i — 1,)

2
Z [Re {M3 (k) V3 (k)} sin { 2@ (k) (f — t,) } — Im {M3 (k) V5 (k)} cos {2@1 (k) (£ —tp) }]
k>0
> IM (k)|
k>0
+0 (Va) . (F61)
Note that I ( s ﬂ is constant in scaled time ¢ for ¢ f
F.5.2 Step Function Perturbation
If f(t) =0(t—t,) fort > 0 (assuming ¢, > 0).
E L E g2 (k)E _ 2idn (k)
/0 dhy PN (3 —1,) =6 (F- 1)) /gp diy 0N =9 (7 1) —— s
B o (k) () =i (k) (1) - o s {~ (k) (gfg )}
_ i (k) (T+1p) B e e _im (k) (P45 B sin W »
e 0 (F—1,) s (7 1B () (7 — 1) 2 . (F62)
Hence,
- 2100 (k) (-t _
to (72:8) =160 (- 5) - S HZ IO 1 o0 1),
k>0
Ic (Va, t) =160 (t — ) x
L 2
inqwp (k) (t—1t -
3 Sm{“’la()l )(]S') ”)}[R (M5 (k) Vs (k) sin{@y () (£ — 1)} —Im {M3} (k) Vs (k) } cos{@1 (k) (F — ,)}]
k>0
> IM; (k)|
k>0
+0 (Va) . (F.63)
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F.5.3 Sinusoidal Perturbation

If f (t) = cos (wqt + ) for t > 0, we have to calculate

~ E ~ ~ .~ g E ~ .~ s ~
e_Qi‘r’l(k)t/ dt, eziwl(k)tlf (51) = 6_2“"1(]“)15/ diy 1Bt cog (d)atl + 5a) , (F.64)
0 0

where @, = wq/ (gan).

After some calculation,

t
6—220.)1 (k)t / dt 62%01 (k)i cos (Watl ) )
0

@q Sin (Wt + 8,) + 2iw1 (k) cos (&)af—i- 8a) — e 2B LG, sin (8,) + 2 (k) cos (34)}

— et (k)
_ Wgsin ((Daf—i- ) ) + 2iw; (k) cos (wat + 5 )
B — 47 (k)
_ Wa cOS {2w1 t} sin 5a) + 2idy (k) cos {21 (k) t} cos (6q)
— 47 (k)
201 (k) sin {20 (k) £} cos (8a) — iwq sin {201 (k) } sin (3a)
22— 4 ()
@q sin (@at) €os (6a) + @q cos (Dat) sin (64) + i@ (k) cos (Dat) cos (6,) — 2iw1 (k) sin (Dqt) sin (6,)
- 22— 437 ()
@q cos { 2wy (k) } sin (85) + 2@1 (k) sin {21 (k) t} cos (0a)
- — 47 (k)
_Z_2d;1 (k) cos {2a; (k) t} (iosiézzv%—(f;;; sin {201 (k) ¢} sin (6,) . (E65)
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Now, let € (k) := 201 (k) — @,. Then we get
@q sin (@at) cos (0a) + @q cos (Dat) sin (6,) + 2iwn (k) cos (Dat) cos (6,) — 2iwr (k) sin (Dqt) sin (6,)
—@q cos {201 (k) €} sin (6,) — 21 (k) sin {2 (k) t} cos (8,) — 2iar (k) cos {21 (k) T} cos (0a)
+1@q sin {207 (k) T} sin (6,)
= @y sin (Wqt) cos (6q) + Wq €08 (Wat) sin (0q) + i€ (k) cos (@qt) cos (84) + i@, cos (Wqt) cos (6q)
—ie (k) sin (@qt) sin (8a) — i@q sin (@at) sin (65) — @q cos [{e (k) + @q} ] sin ()
—e (k) sin [{e (k) + @a} ] cos (da) — @ sin [{€ (k) + @a} ] cos (6a) — i€ (k) cos [{e (k) + @a} ] cos (3a)
—iwg cos [{e (k) + @q} t] cos (84) + i@q sin [{e (k) + @q} T] sin (6,)
— Ga (sin (@ad) = sin [{e (k) +@a} ] ] cos (8) +@a (cos (@af) — cos [{e (k) + @4} 7] ) sin (30)
—e (k) sin [{e (k) + @a} 7] cos (34) + ica (cos (@af) — cos [{e (k) + @} 7] ] cos (64)
i [sm (@af) — sin [{e (k) + @} 1] ] sin (8,) — ie () cos [{e (k) + @a} ] cos (84) + ie (k) cos (Duf + 8)

_ 93, cos H Wy wa} } sin {“2"”%} cos (6,) + 2 sin H ® w} f} sin { au f} sin (6,)

—e (k) sin [{€ (k) + @} ] cos (84) + 2id, sin H ‘ (2’“) + w} f} sin { ‘ (2’“) f} cos (34)

124, cOs HE(:) o H si {6 ;k) E} sin (02) — de (k) [cos [{e (k) + @a} 7] cos (8) — cos (@af + 6 )]
= — 20, cos H ‘ (Qk) + a)a} i+ 5a] sin { ‘ (Qk)f} — e (k) sin [{e (k) + @a} ] cos (5,)

420, sin H ‘ (Qk) n a;a} i+ 5a] sin { ‘ (Qk)f} — e (k) (cos [{e (k) + @0} 7] cos (84) — cos (@af + 6, ] .

(F.66
Since @2 — 4% (k) = —e (k) {e (k) + 204}, we get
o [ " iy PO cos (50 +50)
_ 2ancos [{ 4o} T 0 sin {0} in (e () + @) ] cos 3)
e (K) {e (k) + 2, (k) + 22,
~ ~ s e(k ~ g . e(k)r

127



and

T (V) = 165" e 1@ (1,8)[* 10 ()2 + 0 (V).

k>0
I (Vaa E) =

2
> tm {0 Bl 1 (1, 7) | Re (M (K) Vs (k)} + Re { e 2@ Oy (k,7) | Im M5 (k) Vg <k>}]
k>0

3 M (k)2

k>0
) (F.68)

16

+0 (

where

cos 64 sin [{@q + € (k) } 1] N Wq COS H@a + E(Qk) } t+ 54 sin {e (k) ¢/2}

Re {6721‘@1(1{){%71 (ha} _

20, + € (k) ~2¢Da +e(k) e(k)/2
Im {6_2i®1(k)£¢2,1 (k, f)} _ €080, cos [{@a —255?}6?@_ cos (Dot + )
Gasin {0+ BVE 46, gin fe ()7
Gusin [{an + 2T+ in (e 9 712} o
%0 + ¢ () e (&) /2

Note that both Im {6*2"‘:’1(’“){1/1271 (kz, a} and ‘6727@1(]6){1#2,1 (k, f)‘ have maximum

value at 2w (k) = @, (Where € (k) = 0).
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Chapter G

Fisher Information Calculated by Using Symplectic For-

malism

Suppose that the Hamiltonian Hg (t) in Schrodinger picture is given as H. g( )

Us (1)

Z H. (k,t). Time evolution operator Us (t) in Schrdinger picture satisfy zh 8t =
k>0
Hs () Us (1)
G.1 Time Evolution Operator
From Appendix A of [69], let Ug (t) = Uy (t) Us (t) Us (t) with
U; (t) = exp {—i > Fy(k,t) G, (k)} , (G.1)
k>0
for j = 1,2, 3. Then we get
2 8F1(kvt)A 8F2(k7t)A A ot
() = 1y {atel (k) + “2 200 (1) G () O] (1)
k>0
OF; (k, t A . “ N
HhY 3 (1) U2 (1) Gs (k) UF (1) U (1) G2)
k>0

Let ny, (k) be the number of particles with momentum k > 0. From now on,

we will order positive momentum as 0 < k; < ko < --- < k. where k. is the
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cutoff. For the state |ny, (k1) ,np (k2), - -1y (kc)) where the number of particles with
momentum k; (which is n;, (k;)) is same as the number of particles with momentum

—k; for k1 < k; < k., by defining

R (k) o= 3 (B ) b (k) 51 (k) B (k) R (k) o= 3 B (k) B (k) + B (R) B (k) )
€y (k) = o {50 B () — by (R) by ()} G3)

Ky (Kj) Iny (kr) oy (ke)) = b (k) BT (—k;) [ng (K1) -+ (Ke))
= o ) + 1y (k) + Ul () - () + 1,y ()

with b (k) with b! (—k;)

K_(kj) Iny (k1) .-y (ko)) = by (Ky) by (=) [np (k1) -~ (Ke))
=\ J (k) frn (k) g (Ra) o (Ry) = 1, ()

N—— e N——
with by (k;) with by (—k;)
= ny (kj) [np (k1) , -+ -np (ky) — 1, ny (ke)) (G.5)
and
. 1 (- . . .
B () I (v - omo () = 5 {81 Ueg) by () + b (=) B (=) } Iy () -y (ko))
1
= ot mlky)  + (k) + 1 Flng(ke),-omp (kj),-onp (Ke))
5’-/ 5/A—’
with b1 (k)b (kj)  with by (—k;)bi (—k;)
1
= {nb(kj)-i-2}]nb(k1),-~nb(kc)). (G.6)

Therefore, we get
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~ ny(k;)
5 (Kt} vae), @)
i

1
e (k) -y (ke)) = jl;[nzb k

where |vac) is Bogoliubov vacuum state.

For k1 > 0 and ko > 0, we have

[Kz(kl),Kx(kQ)} = 0k ko Ky (K1), [Kz(kl)aky(kQ) = —ilp, ey Ko (1),

(Ko (1) By (o) = ik, K (),
[f{z(kl)vffi(kﬁ)} = 0k, ko Ky (K1) £ Oy iy K (K1) = £0k, 1 K+ (K1), (G.8)

which gives

—iFl(kl,t)f(z(h)f(i (k) iFy (k1 ,t) K- (k1)

[ (k) (K (R) (K (R1) - K (R, K (R)) -]

n times
=K+ (k) + Opy > (_nzl) FP (ky,t) (£1)" Ky (k) = [(1 = Oppy ) + Okoky exp {FiF1 (K, t)}] K+ (k). (G.9)
n=1

N e—iFl(kl,t)kz(kl)Kx (k) oiF1 (k1)K (k1)

= (1~ dk) Ko (B) 4 0, [oxp (=B (b 1)} Ko () + exp (iFs (k. 1)) K (W)

= (1= Oppy) Ko (K) + Opoy [cos (Fy (K, 8)} Ky (k) + sin {1y (k,t)} K, (k)] :
o—iF1(k1 VK. (k1) 1 , (k) ez'Fl(kl,t)Kz(kl)

= (1 dp) Ky (k) + %5,@,,@1 [exp (=i (k,t)} Ky (k) — exp {iFy (k,8)} K_ (k)}

= (1= Oppy) Ky () + Oy [f sin {Fy (k, 1)} Ky (k) + cos {Fy (k, 1)} K, (k)} . (G.10)

and
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—iFg(kl,t)kz(kl)K

g (k:) iFa(k1,t) Ko (k1)

? (k) (Ko (k) (Ko (k) - [ (R, Ky (R)] -]

n times

oo 2541 P (=N . .
= Ry (k) + b S %FSM () (007 () 4 S, 3 OB (a0 (0% K (1)
j= j=1 '
. > 1 ' 1 ; .
= (1= 6ppy) Ky (k) — Oty ;0 m Fy T (k,t) K. (k) + Op e, ;0 @Ff (k,t) K, (k)
= (1= Oosey) Ky (K) + Oty [cosh (Fy (k,t)} K, (k) — sinh {F (k, )} K. (k:)] . (G.11)

Here, we used

[Kx (kl) ) [Kx (kl) ’ T [Kw (k1)7 Ky (kQ)] T H - 5’61,162 (_ ) K (k2) (G.12)

2n times

and

(Ko (K1), [Ka (K1), [ Ko (k) Ky (k)] -] = Oy ey (=)7K (ko). (GL13)

2n + 1 times

Since [K (k1) K. (k:Q)} —0, [Kx (k1), K, (kQ)} —0, and[ L (k1) | y(kzg)] —

0, we have

exp {—i Y Rkt K. (k)} = [ e ®0R®) | exp {—i > Pk t) K, (k)} = [ e Pek0Rath),

k>0 k>0 k>0 k>0
exp {—i > Fy(k,t) K, (k:)} =11 e Fs(kD Ky (k) (G.14)
k>0 k>0

where order of product of each k component does not matter.

Therefore, by choosing Gy (k) = K. (k), Go (k) = K, (k), and G3 (k) =
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K, (k), from Eq.(A.3) in [69], we get
%ﬁc (k1) = Fy (k.t) K, (k) + Fb (k, 1) [cos{Fl (k. )} K, (K) + sin {Fy (k. 1)} K, (k)]
+Fy (K, t) U (k:,t){U2 (k,t) K, (k) US (k, 1) }U1 (K, )
= Fy (k,t) K, (k) + Fy (k,t) cos {Fy (k,t)} K, (k) + Fy (k, t)sin {Fy (k,t)} K, (k)
+Fy (k, t) cosh {F (1)} [~ sin {Fy (1)} K, (k) + cos {Fy (k, 1)} K ()]
—Fy (k,t)sinh {F (k,t)} K, (k)
- [Fl (k. 1) — Fy (k, 1) sinh {F (k, t)}] K. (k)
+ [Fg (k. t) cos {F (k, )} — B (k. t)sin {F} (k,t)} cosh {F (k, t)}] K, (k)
+ [FQ (k,t)sin {Fi (k, )} + F3 (k,t) cos { Fi (k, )} cosh { F} (K, t)}] K, (k)
- [Fl (k,t) — F3 (K, ¢)sinh { Fy (k, t)}] K. (k)
4= F2 (k. t) cos {Fy (k,t)} — By (k. t)sin {Fy (k, 1)} cosh { F (k, t)}} {fg (k) + K_ (k)}
L F2 (k,t)sin {F1 (k,£)} + By (K, t) cos {Fy (k, )} cosh { F% (k. t)}} {fg (k) — K_ (k:)}
- [Fl (k, 1) — Fy (k, 1) sinh { Fy (k, t)}] K. (k)

ik F2 (k, ) exp {—iFy (k,t)} — iFy (k,t) exp {—iFy (k, {)} cosh {F (k, t)}} Ky (k)

4= [y (ko) exp {iFy (k1)) + iE (K, t) exp {iFy (K, )} cosh {F (k, t)}] K_(k). (G.15)
Since we have

(R, 1) = [hwn (k) + Vaf (8) {udy () + oy (k) }] {B] (k) by (k) + B (~k) by () }
F2Vaf (t) uns (K) v (k) {b] (k) B () + b1 (k)b (—k) }
=2 [hwy (k) + Vo f () {udy (k) + 7y (k) }] f(z(k:)+2Vaf(t)U11(k)vn(k){K+(k)+K_(k)}, (G.16)

we have

Fy (k,t) — F3 (k,t)sinh {F, (k,t)} = g1 (k,t),
Fy (k,t) exp {—iFy (k,t)} —iF3 (k,t) exp {—iF} (k,t)} cosh {F, (k,t)} = 295 (k,t),
Fy (k,t)exp {iFy (k,t)} + iF3 (k,t) exp {iF} (k,t)} cosh {Fy (k,t)} = 2g2 (k,t), (G.17)
.-':lx_-i; -"'I'.:_ -] Ii "‘.l.i_ T_'I.I_
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where

g1 (k,t) = 2 [w (k) + (Va/h) £ (1) {udy (k) + 0y (K)}] g2 (K, t) == 2(Va/h) £ () uas (K) vr1 (k). (G.18)

By introducing dimensionless time ¢ := g,nt/h, dimensionless values & (k) =

hwy (k) / (gan), and Vy, = Vo / (gan), we get

aFla(tlcaﬂ . 8F38(§7£) sinh {FQ (k E)} _ gl (k,?g) ’

OF;, (k: t) cos {Fy (k7)) — OF;3 (k: t)

D sin (1 (kD)) +

sin {F1 (k: i)} cosh {Fg (k: f)} = 23G9 (k i)

OF, (k: i)

ot
3(k cos { Fy (k,©)} cosh {5 (k, )} =0, (G.19)

g1 (k1) _ {qaﬂ (. %) } _ {QW}SM{FQ (k) = IBRD IR R o ep (7)),

oV, ot IV, ot IV, ot oV,
8 k,t 0 0Fs (k,t OFy (k,t) OFy (k,t
e et ) - P D 1 )
0 OF; (k1)) OF; (k1) OF, (k, i
- {a{?:?g/)}sm{fﬂ (kD)) + 365{ ) g(v ) cos {Fi (k,f)}] cosh { Fy (k. )}
3F k. t) OF; (k
36(t 1) g(v D n{F (k,7)}sinh {F, (k,0)},
0 OF, (k1)) | OF, (k1) OF, (k, i
:{%ZM}SIH{Fl( )+ 220 ggf ) cos {F1 (k1))
0 OF; (k,i OF; (ki) OF (ki
; {%W}COS{Fl (k1)) — 38(t ) ggf ) sin {7 (k. a}] cosh {5 (k, 1)}
8F3a(tk 1) aFgE/k D o {Fy (k,7)} sinh { Py (k, D)}, (G.20)
where g; (k,t) == hg; (k,t) / (gan) are dimensionless (j = 1, 2).
From Egs. (G.19), we can get
W — 31 (kD) — 242 (k,7) sin {1 (k, D))} tanh { (k,a},‘%(tf“’a — 9, (I, 1) cos { Fy (k. )},
‘W — 24y (k,7) sin {Fy (ky 1)}/ coshi {F (k) ), G21)
] 1]
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and thus Egs. (G.20) can be written as

091 (k1) _ {a‘m(ki)} _ {Qw}smh{g ()} + 2 (k. ) sin {7 (k, 7)) 2220

% ot oV, ot oV, v,
892 k,t 0 OFy (k,t o OF; (k,t .
3&/‘ t) {37585@3} cos { F1 (k,t)} — {853&/)} sin { Fy (k,t)} cosh {F> (k, 1)}

073 (1)

+2go (k, 1) sin® { Fy (K, ) } tanh { F (k 7}

0 0F, (k,ﬂ ) 0 OF3 (k:,f)
= {8{8‘7@} sin {F1 (k,f)} + {858‘7} cos {F1 (k,f)}cosh {Fg (k,f)}
0F (k,f)

ZACh!
v (G.22)

4232 (k, 1) — 22 (k,t) sin { F\ (k,t)} cos { F} (k,t)} tanh { F, (k, ﬂ} ,

which gives

ot oV, oV, oVa
oF; (k o

{8 OF: (&, 5} _ kD) 05 (R1) in {F\ (k,f)} tanh {F, (k,7)}

0s {Fy (k.7)} tanh {Fy (k. 7))

- sin{ Iy (k,t OFy (k,t
—2q9 (k’i[) cosh2{{F2( (k?ﬂ}} ({9% ~) ’

0 0F, (kD)) 05 (k.7) OF, (k f)
{atav} gava cos { 1y (k, 1)} — 24 (k, 1) sin {1 (k1))
{ 0 OF; (k,{t)} 002 (k) sin {Fy (k.1)} 5 (5.1 OF; (k i) cos {F (k,7)}

o v, 0V, cosh {F2 (k:, ﬂ} cosh {Fg (k:7 ﬂ}
tanh {FQ (k,f)} 0Fy (k,f)
cosh {Fg (k:, f)} oV,

=242 (k1)

Il
DO

(G.23)

+2g2 (k,t) sin {Fy (k,?)}

Solving coupled differential Eqs. (G.21)) and Egs. (G.23)) gives time evolution op-
erator via Egs. (G.1).
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G.2 Quantum Fisher Information
For positive k1 and k2, we have

N . . 1.
(8] (k) by (1) + by (—k) B (—kn) b (k)| = =0, o (ha)
. . . . N 1.
(0] (1) B (=) + b (lr) by (k1) s b (k)| = =0y s 58] (Fea)
% [[;J{ (kl) 611- (—kl) — i)l (kl) 61 (—kl) ,i)l (ikg)} = 5k1,k2%’g{ (:Fkg) . (G.24)

Let§ (£k) = \}i {l} (1K) + by (ik)} and p (£k) =
Then we have [§ (k1) ,p (k2)] = i0k, ks

% {1 (k) — br (k) }.

K. (k1) (k)| = 0, b, \f{ (k) — by (k) } =~ k22 b (£ks)

K. (k1) 5 (k)| = 5k1,k2¢2\7 (8] (he2) + by (ka) | = Oy a5 (o)

0 (1) ()] = by {bn (Fa) = B (o) | = i 5 ().

Kx (k1),p (ik2): = 5k1,k2i2\1[ {bl (Fk2) + b] (¢k2)} = %,ké(i (Fka),

Ky (k1) q (£ha)| = Ok ko 572 2\[ {b1 (Fk2) + b} (?’@)} = 5k1,k22 G (Fka),

Ry ) (k)| = = {Br (o) = 8] ()} = —bi 5 (k). (G25)

So we get

zFl(kl, VK, (k1) 4 (:Ek ) —iFy (k1,t) K. (k1)

R 00 Z.Qn 1 2n R . o] i2n+1 1 2n+1 .
= G (£k2) + Ok, ks nz::l @) {2F1 (k:l,t)} G (+ks) — ZT;M {2F1 (k:l,t)} p (k)
1 1
= (1 = Ok ko) G (£K2) + Ok ks [COS {2F1 (Ko, t)} G (k) + sin {2F1 (k2, t)}ﬁ (ikz)} , (G.26)
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eiFl(kl,t)f{z(kl)ﬁ (£ks) e—iFl(kl,t)Kz(k1)

X 00 Z.gn 1 2n . . o] Z.Qn_H 1 2n+1 R
= p (+k2) + O, ks Zl i {2F1 (k:l,t)} P (£ko) + zgw {2F1 (kl,t)} G (+k2)

n=

(1= O, py) D (k) + g, ks [ sin {;Fl (ks t)} § (4ks) + cos {;Fl (Ko, t)}p (j:kg)} G2

eiFg(kl,t)f(z(kl)q (ko) efiFg(kzl,t)f(z(kl)
o0 i2n 1 2n
Z (2n)! (_l)n{2F2 (kbt)} q (ko)
— (j(:l:k:Q) + (5k1,k2 n=1 % i2n+1

1 2n+1
+i7§) TR (=" {2F2 (kzl,t)} P (Fk2)

1 1
= (1 D) () By [cosh {57 ) ) s { 5 P (aat) £ )| (028)

i (k1) Ka(k1) 5 (ks) o iF2(k1,t) Ko (k1)
0 ,l'Qn 1 2n
> o (UM S m a0 ]k
= p(Fka) + 57@17’02 =t O 2+l

1 2n+1
43 Gy U R0 | a6k

n=0

1 1
=(1- 5k1,k2)]§ (tk2) + Oky koo |:— sinh {QFQ (k2, t)} G (Fk2) + cosh {2FQ (k2, t)}ﬁ (:l:k?g):| , (G.29)

eiFg(kl,t)f(y(kl)(j (+ko) e—iFg(kl,t)f(y(kl)

2n
> (;n)! (=1)" {;Fs (kl,t)} G (k2)

= (j(:l:k2) —+ 6k1,k2 n=1 0 i2n+1 1 2n+1
HY e CUM {3 k0 aGk
n=0 ’

1 1
= (1 — 5k1,k2) (j (:tkg) + 6k1,k2 [COSh {2F3 (kg, t)} (j (:i:kg) — sinh {2F3 (kg, t)} q (:Fkig):| N (G.30)

-":lx_! _'q.l.-._ 1_..Ii "‘.ll_ T._III
1 = | | —
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and

eiFg(kl,t)f(y(kl)ﬁ(j:kz) o iF3(k1,t) Ky (k1)
e e} Z-Qn 1 2n
> CUM R0} sk
=p(£k2) + 0k ks | " o0 j2ntl

2n+1
Y ey GO GRG0 ] Gk

n=0

= (1 — 5k1,k2)ﬁ (:l:kg) + 6k1,k2 |:COSh {;Fg (kz, t)}ﬁ (:EkQ) + sinh {;Fg (kg, t)} ]3 (:Fkg):| . (G31)

From above equations (Egs. (G.26)) to Egs. (G.31)),

eiFg(k1,t)Ky(k1)eiF2 (kl,t)f(x (kl)eiFl (k1,t)kz (kl)(j (:l:kQ) e—iF1 (kl,t)f(z (k1)e—iF2(k1,t)f(x(kl)e—iF3(k17t)f(y(k"1)

= (1 — Oy ko) G (£k2)
+0k, ko cos {F1 (ka,t) /2} oiF3 (k1) Ky (1)
X [cosh {F (k2,t) /2} G (£ko) — sinh {F (ko,t) /2} p (Fk2)] o—iFs (k1) Ky (k1)
Ok S0 {F) (Koo, 1) /2) €3 (RLOKy (k)
x [—sinh {Fy (K2, t) /2} § (Fks) + cosh {Fy (ka, t) /2} p (1ks)] e~ FakrD Ky (k1)

= (1 - 5k1,k2) q (ik2)

cos {Fy (ka,t) /2} cosh {Fy (ko,t) /2} cosh {F3 (ka,t) /2} .
+5k1,k2 q (ikQ)
i + sin {Fl (kQ, t) /2} sinh {FQ (kg, t) /2} sinh {Fg (kg, t) /2}

sin {Fy (ke,t) /2} cosh {F; (ka,t) /2} cosh { F3 (ka,t) /2} X
+5k1,k2 p(:l:kg)
— cos {F} (k2,t) /2} sinh {F; (k2,t) /2} sinh {F} (k2,1) /2} |

cos{Fy (ka,t) /2} cosh {F5 (ka,t) /2} sinh { F3 (ko,t) /2} A
_5’61,’02 q (:Fk2)
+ sin {Fl (kg, t) /2} sinh {F2 (kg, t) /2} cosh {Fg (kz, t) /2}

. sin {Fy (ka,t) /2} cosh { F5 (ka,t) /2} sinh { F3 (ko,t) /2} pranny G.32)
| —cos {F} (ka,t) /2} sinh { F» (k2,t) /2} cosh { F5 (ka,t) /2} |

and
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eiF3(k1,t)f<y(k1)eiF2(k1,t)f{z(kl)eiFl(kl,t)f{z(kl)ﬁ (ko) o~ iF1 (k1)K (k1) ,—iFa(k1,t) K (k1) ,—iF3 (k) Ky (1)
= (1 = Oy ky) P (£k2)
— Ok sin { Fy (Feg, 1) /2} o (k1K (1)
x [cosh {F (Ko, t) /2} G (£ks) — sinh {F (Ko, t) /2} p (Fhko)] e FalkrD Ky (k)
FOgy oy 08 { Fy (g, t) /2 e Fs(ker Ky (k)
X [—sinh {F; (ka,t) /2} G (Fk2) + cosh { F» (ko,t) /2} p (+k2)] o iFs (k10 Ky (k1)
= (1 = Oy ky) P (£k2)

_5k . sin {F1 (kg,t) /2} cosh {FQ (kz,t) /2} COSh{Fg (kg,t) /2} R j:k;2
T —cos {Fy (Ko, t) /2} sinh { By (Ko, t) /2) sinh {F (ko t) /2}

[ cos {F} (ka,t) /2} cosh {Fy (ka,t) /2} cosh { F5 (ka,t) /2} .

+5k1,k2 +ko
L + sin {Fl (kQ, t) /2} sinh {FQ (kg, t) /2} sinh {Fg (ktz, t) /2} ]
[ sin {F) (Ko, ) /2) cosh {Fy (ka, 1) /2) sinh {Fy (ka,?) /2) |

+0k1 ko q(Fk2)
| —cos {F} (ka,t) /2} sinh {F} (k2,t) /2} cosh {F5 (K2, ) /2} |

. cos {F} (ka,t) /2} cosh {Fy (ka,t) /2} sinh { F5 (k2,t) /2} b (k). G33)
| +sin{F (k2,t) /2} sinh {F, (k2,t) /2} cosh { F} (k2, ) /2} |

~ T
By defining X (k) = [ 4 (k). p(k). d(-k), D(-k) | .weget

{H eiFg(kl,t)f(y(kl)e’iFQ(kil,t)kz(kl)eiFl (kl,t)f(z (kl)}X (k) {H e*iFl (kQ,t)Kz (kg)efin (k:g,t)f(z (kz)eiFg(kg,t)Ky(kQ)}
k1>0 ko>0

= A(k,t)X (k), (G.34)

where
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At (k,t)  Ara(kt)  Ais(kt)  Ava(k,t)
A t) Mzt Aot Mgkt Mgk |
Avs(kt)  Ara(kt)  Avg(kt)  Ars (k1)
Ava(k,t)  —Ars(kot) —Aro(k,t) Avg(k,t)
with
Avi (k,t) = cos {Fy (k,t) /2} cosh {Fy (k,t) /2} cosh { 3 (k. ) /2}
tsin {F (k. t) /2) sinh {F (k, t) /2) sinh {F} (k, 1) 2},
Avs (k,t) = sin {Fy (k,t) /2} cosh {F (k. t) /2} cosh {F (k. t) /2}
—cos{Fy (k,t) /2) sinh {F, (K, ) /2) sinh { Fy (K, ) /2}
A (k,t) = — cos {Fy (k,t) /2} cosh {Fy (k,t) /2} sinh {F} (k, ) /2}
—sin {F} (k,t) /2} sinh {F (k,t) /2} cosh { Fy (k, 1) /2} ,
A (k,t) = sin {Fy (k,t) /2} cosh {Fy (k,t) /2} sinh {F3 (k. t) /2}
—cos {F} (k,t) 2} sinh {Fy (k. t) /2} cosh {Fs (k. ) /2} . (G.36)
For nonzero k,
i (k) (+k) :%{3{ () ] (k) + bl (K) by (k) + by () b] () + by (R) by (k) }
Q(k:)p(ik:):%{z}{ (k) bl (k) — bl (k) by (k) + by (k) BT (k) — by (K) by ik:}
B (k) G (+k) :%{8{ (k) b} (k) + b] (k) by (k) — by (k) b} (k) — by () by ( ik}
B (k) p (£k) :—% {B{ (k) bl (£k) — bl (k) by (k) — by (k) b (k) + by (K) by (ik)}, (G.37)
and hence, for j = 1,2, 3,4,
(vac| K1 (k) K (k) Jvac) = 1 (830 +i032), {vacl K (R) K, (k) [vac) = — & (550 + i652),
(vac| X3 (k) X, (k) |vac>=%(5j,3+z'5jv4), (vac| X4 (k) X; (k) |vac>:—%(5j73+¢5j74). (G.38)
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Let T, (k,t) == <{X k), X, (k)}> < > > From Eq. (G34),
with our state | W g (¢ H e i1k ) =il (k, t)Kz(k)e—lFa(k t)Ky (k) Ivac), <§§j (k')> _

k>0
0 and we get

Lt = 3 (Ao (6ot) Mgy (k) Ay (k) vy O, 1)) (vl 5, (k) () )

J1,J2=1

4
= (A1 (R t) Ay, (k1) + Ay gy (Reyt) Ay (K, )} (vac| Xy (k) X, (k) |vac)
Jo=1

4
+ ) (Ao (ko) Mgy (K1) + gy (k1) Ara (R, £)} (vac| Ko (k) X, (K) |vac)
Jo=1

4
+ > {Ns (ko) Ay, (ko t) + Ajj, (ko t) Ays (k. 1)} (vac| X3 (k) X, (k) |vac)
jo=1
4
> {0 (k) Ay, (o t) + Aj g, (ko t) Ay (K, 1)} (vac| Xy (k) X, (K) vac)
Jo=1

4
1 .
=35 D A0 (R t) Mgy (Rot) + Ajg (Ko t) Ay (R 0)} (87,0 + 073.2)
jo=1

.4
7 .
=5 D {02 (k) Mg, (ks t) + Ay (K t) M (ks )} (31 +0,2)
jo=1

4
1 .
+§ Z {Aj,3 (k,t) Al,jz (k,t) + AJJQ (k,t) Al,3 (k,t)} (5j2,3 + 25j2,4)
Jjo=1

.4
(3 .
~3 > {0 (k1) Argy (kyt) + Ay (s t) Aua (ks 6)} (82,3 + i0j5.4)
Jo=1

= ZAM (k,t) Ay (Rot) = {A (R, ) AT (K1)} (G.39)

Jj1=1

From [62], quantum Fisher information (QFI) is

_ 1 or (k,t) ., 2
Io(Ve,t) == 3T (k)b |, 4
@ (Vart) =32 r[{ v T )} (G.40)
k>0
where I (k,t) = A (k,t) AT (k,t) as is shown in Eq. (G.39).
1] O 1 =L —
A= S
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As we can get Fj (k,t

) from Egs. (G21)), T (k, t) and I ~! (k, t) can be calculated

from Egs. (G:33) and (G.36). Also, I (k,t) /0V, can also be calculated by using
Egs. (G.23). Specifically, from Eqs. (G.36),

OA1 (K
ov,

7t) _

10F (k,t)
2 0V,

2

oV,

2

oV,

. laFQ (kvt)
2 9V,

2 9V,

10F; (k,t)

2

OA1o (k,t)
oVy

a

_laFZ (kat)
2 9V,

1 6F3 (k t)

o

18F2 kt
2

18F1 k' t

10F, (k,t)

10Fs (k,t)

sin {Fy (k,t) /2} cosh {F» (k,t) /2} sinh {F3 (k,t) /2}
+cos{Fy (k,t) /2} sinh {F5 (k,t) /2} cosh {F35 (k,t) /2}

cos{Fy (k,t) /2} cosh{Fs (k,t) /2} cosh { F5 (k,t) /2}

sin {F\ (k, t) /2} cosh {F (k, £) /2} cosh { F (k, 1) /2} }

—cos {Fy (k, 1) /2} sinh { F (k, t) /2} sinh {F} (K, t) /2}

[ sin {F) (k. t) /2} cosh {Fs (k, {) /2) sinh { Fs (k, ¢) /2} |

| cos {Fy (k, 1) /2) sinh {F (k, ) /2} cosh {F} (k.t) /2}

[ cos {Fi (k,t) /2} cosh {F (k, ) /2) sinh {Fy (k. £) /2} |
| +sin{Fy (k,t) /2} sinh { Py (k,t) /2} cosh {F} (k. ) /2}

laFg (kat)

A s
12 2 9V,

(k’t) -

A1,3 (k7 t) )

4 sin{Fy (k, 1) /2) sinh {Fy (K, £) /2} sinh { Fs (k, {) /2} ]
[ cos {Fi (K, t) /2 cosh {F (k, ) /2) sinh {Fy (k. £) /2} |
| —sin{F} (k. t) /2} sinh {F) (k, ) /2} cosh { Fy (k,1) /2} |

i sin {Fy (k,t) /2} cosh{F5 (k,t) /2} sinh {F5 (k,t) /2}
| —cos{Fi (k1) /2} sinh {F; (k,1) /2} cosh {F5 (k,t) /2} |

|

cos{Fy (k,t) /2} cosh{Fs (k,t) /2} sinh {F5 (k,t) /2}
—sin{F (k,t) /2} sinh {Fb (k,t) /2} cosh {F5 (k,t) /2}

19F; (K, t)
27 oV,

1 (k,t) + Aig (K 1),

(G.42)
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sin {F} (k,t) /2} cosh {Fy (k,t) /2} sinh { F5 (k,t) /2}
—cos{F} (k,t) /2} sinh {F5 (k,t) /2} cosh { F5 (k,t) /2}

108 (k,t) [ sin {F (k, 1) /2} cosh {F, (k, 1) /2} cosh {Fy (k, ) /2}
2 9V, | +cos{Fy (k,t) /2} sinh {F, (K, t) /2} sinh { F3 (k, t) /2}

10F; (k1) | cos {Fy (k.1) 2} cosh {F, (k.t) /2} cosh {Fy (k.1) /2) ]

2 0Va | sin{F (k,t)/2) sinh {F (k,t) /2) sinh {F; (k,t) /2}
_ 1 OF, (7]<;’ t) | sin{F (k,t)/2}cosh{Fs (k,t)/2} cosh {F3 (k,t) /2}
2 OVa +cos {Fy (k,t) /2} sinh {F, (k,t) /2} sinh { F3 (K, t) /2}
+;aF18§_/IZ,t)AL4 (o t) — ;aFg‘(_//:,t)AL1 (k.1),

(G.43)

and

OALa (kt)  1OF (k1)

ov, 2 0V,

cos {F} (k,t) /2} cosh {Fy (k,t) /2} sinh { F5 (k,t) /2}
+sin{F} (k,t) /2} sinh {F; (k,t) /2} cosh {F5 (k,t) /2}

_10F (_k;, t) i cos {F (k,t) /2} cosh {F; (k,t) /2} cosh { F5 (k,t) /2}
20 Ve | —sin{F (k,t)/2} sinh {F, (k,t) /2} sinh {F} (k,1) /2}

10F; (k1) | sin{Fy (k,) /2) cosh {Fy (k. 1) /2} cosh {Fs (k. ) /2} ]

2 OVa | —cos{Fi (k,t)/2} sinh {F} (k, 1) /2} sinh {Fs (k,t) /2}
_ 1 OF, (_k;, t) | cos{Fi (k,t)/2}cosh{Fy(k,t)/2} cosh{F3 (k,t)/2}
2 0Va —sin{Fy (k,t) /2} sinh {F (k,t) /2} sinh {F3 (k,t) /2}
—;BFE%”AM (. t) + ;WAM (k.t). (G.44)

Thus, by combining above equations, we can calculate QFI as is discussed below

Eq. (G.40).
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G.3 Lower bound of Classical Fisher Information

In Schrodinger picture, suppose that we want to measure the physical operator M

given by

N =3 My (k) + Mo () B] () by (R) + Mg (k) B (k) B (—k) + Mg (k) by (k) by (k) |
k+£0

-y {le (k) — My (k) + 2M, (k) K., (k) + 4M; (k) K, (k)} . (G.45)
k>0

Since

Ky (k1) K ()| = i, 0o Kr (R2) | Ky (Ra) s [Ry (k1) R (R2) || = =0k o K (R2), (G46)

[Ky (kl) ) [Ky (kl) » T [Ky (kl)v KZ (k2)] o ]] = 6k1,k2 (71)71, KZ (kQ) >
2n times
[KZ/ (kl) ) [Ky (kl) s [Ky (kl)a KZ (k2)] T ]] = 6k1,k2i (_1)n KJL“ (kZ) ) (G-47)

2n 4+ 1 times

which gives

efiFg(kzl,f)f(y(kl)KvZ (k) i F2 (k1) Ky (k1)

2 - ( i)2j+ 2]+1 - (_i)ZJ 2]

=K, (k) + 5k,k1 ]z: (2 + 1)| 2 (k E) ) + 5k,k1 ]Z; (2])' (kl’ E) K (k)
R e’} 1 ) ) 0 1 ) )

= K. (k) + Op, ; ] Fyoth (k,8) Koy (k) + Ok g, ; @ FY (k1) K, (k)

= (1= Ok pey) K () + Ok s, [cosh {F> (k, 1)} K. (k) + sinh { F5 (k, 1) } K, (k)} : (G.48)

From Eq. (G.48)),

eiFs(khf)ffy(kl)j( (k) o~ iFs (k1,0 Ky ()
= (1= k) K= () + Gy [cosh {F (1, 8) } K. (k) — sinh { By (k1) } K. (R)|

= (1 — Ok py) K- (k) + Opo ey {—;sinh {F5 (k,t)} {fg (k) + K_ (k)} +cosh {Fs (k1) } K. (k)| . (G.49)

- =
¥ '-.- 11 =L —7
-"'H._i 1_ | 5 .'! !':.

1 = [ ] -
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From

Ry (k)[R (1) = TRy (), R (k)] 1) = ()" Sk, (R (o) + K ()}
(K, (K1), [Ky (K1), [Ky (K1), Kg (k2)] -] = i (—1)" 0g, ko K (K2) (G.50)

2n + 1 times

we can get

ZF3(k1 t)KU k:l) ( ) —iF5(k1,t) Ky(kl)
TL
nl

:K:I: Z kl t (kl)v[Ky (ki1),"' 7[Ky (k1)7f{:|: (k)]“
=Ky (k e F2 4 (q,t)d 1"(; K. (k
= ﬂ:()+ SEcTESyL (k1,t) i (=1)" 0p ey K- (K)
+3 ¢ e ) (1) S { K ) + K ()
. > 1 1 =1 . .
= K4 (k)—5k,k1nz_%(2 1 )FQ”“ (k,t) K (k)+25k,k1;WF32n(k’t) {K+ (k) + K— (k)}

= (1= Opy) K (K) + O, B cosh {F (K, t)} {fg (k) + K_ (k:)} — sinh {Fy (k, 1)} K. (k:)} . (G.51)
From

K, (k). K. (kg)} = i, 1 Ky (K2) | [Kx (k1) , [Km (k1) K. (kQ)H = O, K (K2) , (G.52)

(Ko (k1) [ (k1) oo (K (B1), K (R2)] -] = Oy g (1) K (R2),

2n times

[IA(JJ (kl) ) [Rﬂ? (k:l) L) [kl (kl)v RZ (kQ)} o H = 5/61,’62 (_Z) (_1)n IA{ZJ (k:Q) ) (G.53)

2n + 1 times

which gives
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e—iFl(klyg)kx(kl)K (k) eiF1(k1 f)Kx(kﬂ

. >, (=) o (=) 1y

= K, (k) + 0k k, ]E: G T FPHY (k) (— K, (k) + 0k, ; o FP (k1,1) (-1) K, (k)
= K. (k) — Ok, 2@ i 1)!F12j+1 (k,t) Ky (k) + Ok, ; (21]),1712] (k%) K. (k)

= (1= k) K () + G, [cosh {Fy (1, 0) } K. (k) — sinb { Py (k1) } K, (R)| (G.54)

By rewriting A; (k) = 2M; (k) — Ma (k), Aa (k) = 2M> (k), and A3 (k) =
4M3 (k), from Eq. (G.10), Eq. (G.11), Eq. (G48), Eq. (G.31), and Eq. (G.34),

{ H eiFg(kl,t)f(y(kn)eiFQ(kl,t)Kz(kl)eiFl(kht)Kz(kﬂ}M { H e*iFl (k:g,t)f{z(kz)eiFQ(kQ,t)Rz(kg)eiFg(kQ,t)f(y(kg)}

k1>0 ko>0

= 3" A (k) + 3 As () cos {Fy (K, 1)} [cosh{pg (k, )} K, (k) — sinh {Fs (k, )} K, (k:)]

k>0 k>0

+ Z [Ag (k)sinh {F, (k,1)} — Ag (k) sin {F} (k,t)} cosh {F5 (k,t)}] K, (k)
k>0

+> " [Ag (k) cosh { Fy (k,T) } — A (k) sin {F} (k,t)} sinh {F} (k,1)}]
k>0

x| sinh { By (k, 1) } Ky (k) + cosh { Fy (k, D)} K. (k)|

= 3 A ()~ 5 D Ao (k) [cosh {Fy (K, £)} sinh {Fy (k,8)} + isinh {5 (k,7)}] K, (k)

k>0 k>0
+% ZA?,( sin { F} (k,t)} sinh { F (k:,t)}sinh.{ljﬁg (k,7)} ] 7 (k)
k>0 +cos {F} (k,t)} cosh {F5 (k,t)} + isin {F} (k,t)} cosh {F> (k,t)}
5 7 Ao (k) [eosh { B (k. 1)} sinh {F (k. )} — isinh {F, (k,D)}] K (k)
k>0
+EZA3( ) sin {F} (k,t)}sinh {F; (k,t)} sinh { F5 (k,1) } K (k
2 5% +cos{F} (k,t)} cosh {F5 (k,t)} — isin {F} (k,t)} cosh {F> (k,t)}

— " Ag (k) [sin {Fy (k,t)} sinh {F} (k,t)} cosh { F (K, ) } + cos {F} (k,t)} sinh {F} (k,t)}] K. (k)

+> " Ay (k) cosh { F, (k, ) } cosh { F (k, 1)} K. (k). (G.55)
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For convenience, let

By (k,1) = — Ao (k) [cosh { Fy (K, £)} sinh { B (k. ) } +isinh {5 (k. )}]

1
+§A3 (k)

[ sin {F) (k. )} sinh {F, (k. )} sinh {F (K, T)}
| +cos {Fy (k,t)} cosh{F5 (k,t)} + isin{F} (k,t)} cosh {F> (k,t)} |

= —M, (k) [C()_Sh{FQ (k,7) } sinh {F3 (k,1) } + isinh {F (k,7) }]

sin {F} (k,t)}sinh {F; (k,t)} sinh { F5 (k, ) }

oM (k) . (G.56)
| +cos {F1 (k,t)} cosh {F5 (k,t)} + isin{F} (k,?)} cosh{F; (k,?)} |
and
B3 (k,t) = %Ag (k) cosh { F, (k,t) } cosh { F3 (k, 1) }
N | sin {Fy (k. )} sinh {F, (k. )} cosh {Fy (k,7)} |
— A3 (k)
| tcos{Fi(k,t)}sinh {F; (k,?)}
= M (k) cosh {Fg (k:, f)} cosh {F3 (k:, ﬂ}
oM (k) sin {F} (k,t)}sinh {F; (k,t)} cosh { F5 (k, ) } G5T)
| +cos{F1(k,t)}sinh {F}5 (k,t)}
Then we get
(Ts (O M [Tg () = > {A1(k)+Bs(k,t)}, (G.58)
k>0
(Ws (M2 [Ts (1) = 3 S (vac] {A1 (k1) + BS (k1 t) K_ (ky) + 2B3 (ki1,t) K, (k:l)}
k1>0k2>0
X {Al (ko) + By (Ko, t) Ky (ko) + 2B3 (ko t) K. (k2)} Ivac)
2 2
— {ZAl (k)} +23  Ar(k) Y Bs(kat) + {21533 (k,t)} + > By (k, 1)
k>0 k1>0 k2>0 k>0 k>0
= Lws (181 1w ()} + 3 Ba (k) (G:59)

k>0
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and the lower bound of classical Fisher information I (Va, t) is

. 1 OB (k, t
Ic (Vo t) = { =
> B2 (k1) kz:?) OV

k>0
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