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Abstract

Fault Tolerant Control of Quadrotor based on
Barrier Lyapunov Function and Extended State Observer

Miae Kim
Department of Mechanical and Aerospace Engineering
The Graduate School

Seoul National University

A fault tolerant control scheme is proposed for a quadrotor under actuator fault
with state constraint, model uncertainty, and disturbance using barrier Lyapunov
function and nonlinear extended state observer. The proposed control system is di-
vided into two parts: outer loop controller for position tracking and inner loop con-
troller for attitude control. Using the time-varying and time-invariant barrier Lya-
punov function, both steady-state and transient performance are guaranteed. To at-
tenuate the effects of uncertainties due to the model uncertainties and disturbances,
a nonlinear extended state observer is utilized, which can estimate the total distur-
bances based on the estimated states of the system. Furthermore, a practical guideline
of gain tuning for the proposed control system is proposed considering the analogy
of the PID control laws. Numerical simulation is performed to demonstrate the effec-

tiveness of the proposed method.

Keywords: Actuator Fault, Barrier Lyapunov Function, Fault Tolerant Control,
Nonlinear Extended State Observer

Student Number: 2021-27861
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Nomenclature

a;,i € {z,y, 2}

4,1 € {¢,0,¢}
r2i,1 € {¢,0,1}
r3i,i € {¢,0,1}
Bisi € {6, 0,9}

X1is X2i, % € {¢, 0,7}

T1i,T2i, 36,1 € {6, 0,1}
é1i, €2i, €34, € {x,y, 2}
Aiyi € {1,2,3,4}

Tq = [¢d,04,%4]7

ds = [dsg, dsg, dsy]T

dp17 dp27 drla dr2

virtual control function of position tracking con-

troller

modified Euler angle

modified angular rate

total disturbance in angle

virtual control function of attitude controller

state of auxiliary system

design parameter of fal function

estimation of 7q;, Fo;, T3;

estimation of eq;, eg;, e3;

actuator effectiveness factor

desired Euler angle

system nonlinear term

unknown function



P1 = [l’,y,Z]T

P2

Pd = [%d, Yd, zd)T

ry = [Qb, 97 QMT

ra

ur = [UT(;S; Urg, uT’l/)]T

Up = [q:m Qy; QZ]T

Wp1, Wp2, Wr1, Wr2
Qi€ {1,2,3,4)

Qgivi € {1,2,3,4}

P0i Pocis Priyt € {T,Y, 2}
p1i,i € {$,0,9}

p2i,i € {4, 0,1}

pivi € {:Ev Y, Z}

position of the quadrotor with respect to inertial

frame

velocity of the quadrotor with respect to inertial

frame
desired position

Euler angle of the quadrotor with respect to in-

ertial frame

angular rate of the quadrotor with respect to

inertial frame
control input of attitude controller
control input of position tracking controller

control input (total thrust of the rotors and the

three control torques)
disturbance

rotor angular speed

actuar rotor angular speed
design parameter of rho;
prescribed Euler angle bound
prescribed angular rate bound

prescribed position error bound
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a; = [a1i, az;, a3
B

Cr

cf

eli,t € {z,y,z}

e9i, i € {x,y,z}

esi, i € {x,y,z}

I = diag(Lye, Lyy, 1:2)

k1iy ko, ksiyi € {z,y,2,0,0,1}
KPins kDin» ki € {2, Y, 2, 0,0,1}
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liai € {'Ia Y, z, qbv 9,¢}

S14, 52i,1 € {9, 0,9}

214, 22i, 1 € {2, Yy, 2}

design parameter of fal function

design parameter of ESO

control effectiveness matrix of quadrotor

drag moment coefficient

thrust coefficient

distance from the center of mass to the center of

each rotor

modified position error

modified velocity error

total disturbance in position

inertia matrix of the quadrotor

control gain

approximated PID gain

approximated PD gain

ESO gain

mass of the quadrotor

BLF state transformation of attitude controller

BLF state transformation of position tracking

controller



gravitational acceleration



Chapter 1

Introduction

1.1 Motivation

Recently, unmanned aerial vehicle (UAV) has attracted considerable interest in
various fields from industry to military [1]. Among them, quadrotor has been ex-
tensively used because of its vertical takeoff and landing, hovering capability, and
simple structure [2]. However, quadrotor dynamics may be vulnerable to external
disturbances, model uncertainties, and actuator faults due to its strong nonlinearity,
and coupling effects resulting from the interaction between aerodynamics, rigid body
dynamics, and rotor dynamics [3].

Especially, actuator fault may significantly affect system dynamics [4]. The un-
certainties and disturbances can lead to control input saturation and consequently
make the system unstable. In this regard, studies on fault tolerant control (FTC) for
a quadrotor have been extensively studied to achieve not only high performance but
also robustness and reliability. To deal with the problem, many researchers have devel-
oped various FTC schemes for quadrotor systems, based on backstepping control [5],
sliding mode control [6, 7], feedback linearization [8], and model reference adaptive
control [9]. Note that a minor level of uncertainties can be handled by robust control
methods. However, maintaining the stability of a quadrotor in case of faults cannot

be obtained by solely relying on the robustness of the controller [3].



On the other hand, the disturbance estimation performance of extended state
observer (ESO) is closely related to the controller, which influences the performance
of the desired controller. That is, poor estimation may yield control inputs that does
not properly compensate the disturbances and model uncertainties. If the value of the
observer gain is increased to improve the estimation performance, then the possibility
of the peaking phenomenon also increases, which leads to the peaking of control
inputs and degrading the system performance. Thus, the consideration of selecting
ESO parameters, and finding the relations between ESO parameters and control

performance are essential for the ESO-based controller.



1.2 Literature Review

An active disturbance rejection control (ADRC) [10] was developed to cope with
various kinds of uncertainty, including internal and external disturbances, and time-
varying and nonlinear dynamics, and was utilized for FTC design [11,12]. To estimate
and compensate for uncertainties and faults, the extended state observer (ESO) can be
used as a core part of ADRC, where ESO estimates the model states in that the system
states cannot be fully obtained. High-gain linear ESO has been used for the control
of nonlinear systems. In the typical high-gain linear ESO, the high-gain parameter
is usually powered up to n, which is the dimension of the observed states. The high-
gain parameter should be chosen large enough to achieve exact and fast estimation.
However, the large value of the high-gain parameter dominates the nonlinear system
term, thus could not accurately reflect the system property [13]. Also, high-gain ESO
exhibits the peaking phenomenon, which is the phenomenon that the state of the
observer showing the peaks of a magnitude when the external environment changes.
The high-gain ESO is also known for its sensitivity to high-frequency measurement
noise, which makes practical implementation difficult [14]. To cope with this problem,
fal-function-based nonlinear ESO was proposed [10,15,16]. It was indicated in [17]
that fal-function-based nonlinear ESO has a smaller peaking value, faster observation,

and better performance under measurement noise than the linear ESO.

Note that state variables are usually subject to various constraints depending
on flight conditions and environment. State constraints are usually imposed on the
system to guarantee stability [18]. A barrier Lyapunov function (BLF) is utilized
to handle the state constraint, which is a kind of control Lyapunov function whose
value approaches infinity near certain prescribed bound limits. Owing to the property,

BLF-based control guarantees prescribed transient performance, e.g., convergence



rate, steady-state error, and maximum overshoot, by using prescribed time-varying
bounds [19]. The time-dependent bound may be set as a monotonically decreasing
function of time, and then the transient performance can be specified. A BLF-based
FTC methods were proposed for Brunovsky normal form systems using arctangent
and logarithmic BLFs [20] and for strict feedback nonlinear systems [21,22]. In [23],
systems with time-varying constraints were considered.

The BLF-based control design is based on the backstepping method. However, the
backstepping method itself suffers from the control parameter tuning process due to
the repeated differentiation of virtual input commands when dealing with nonlinear
systems [24,25]. To address this issue, formulating a analogy between backstepping
control and proportional-integral-derivative (PID) control has been established. For
example, PID tuning guideline was proposed based on the backstepping analysis tool
n [26]. The backstepping with integral action was proposed in [27], which divides
the control law with feedback term and feed-forward terms. Especially, in [28], PID
controller was conjugated with BLF to consider the state constraints. However, study
on connecting the BLF-based control input to the PID control input has not been

done.



1.3 Contributions

In this study, the FTC method based on BLF and ESO is proposed to deal with
multiple actuator faults, large disturbances, and model uncertainties. The proposed
controller exploits ESO to compensate the uncertainties and faults and utilizes BLF to
address the time-varying constraints on position tracking error and the time-invariant
constraints on Euler angles and angular rates. Also, this study presents the analogy
and relationship between the PID gain structure and the proposed controller, and
provides the analysis of ESO parameter selection. The main contributions of this

study can be summarized as follows:

1. This study considers general class of nonlinear systems with large uncertainty.
With proper state transformation, ESO used in this study can estimate and

compensate both matched /mismatched uncertainties and faults.

2. ESO and BLF-based controller are combined to achieve prescribed tracking and
transient performance under state constraints and actuator faults. The proposed
controller ensures that the position tracking errors, Euler angles, and angular

rates are within the prescribed bound.

3. A PID-like control gain is constructed using a BLF-based controller. The anal-
ogy and relationship between PID gain and the proposed controller gain are

also presented.

4. The effect of ESO parameter is analyzed to the stability and convergence of the

System.



1.4 Thesis Overview

The remainder of this thesis is organized as follows. In Chapter 2, problem state-
ment is addressed. Mathematical preliminaries related to BLF are described, and
the dynamic models of the quadrotor, the method of system transformation, and the
ESO form used in this thesis are introduced. Chapter 3 explains the design process of
the proposed FTC control scheme. The proposed FTC scheme consisting of position
tracking controller and attitude controller, guarantees the prescribed performance
bounds. In Chapter 4, the reformulation of the proposed controller is introduced,
which provides the guidelines for gain tuning using the analogy between the proposed
FTC scheme and PID control. In Chapter 5, numerical simulations are performed to
demonstrate the performance of the proposed FTC scheme. In Chapter 6, concluding

remarks and future works are described.
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Chapter 2

Problem Statement

2.1 Mathematical Preliminaries

Lemma 2.1. For any positive constant p;, i = 1,2,...,n, suppose Z; := {z; € R :
—Chi <z < eyt CR,i=1,2,....,n, N :=R x Z c R*! is an open set. Consider
the following system.

1= h(t,n) (2.1)

where n = [w,2] € N, and h .= Ry x N — R is piecewise continuous in t and
locally Lipschitz in m, and uniformly continuous in t on Ry x N. Suppose that there
exist positive definite functions U :RIEXR = Ry and Vi : Z; = Ry, i=1,2,...,n,
continuously differentiable in their own domain, such that

Vi(zi)) > 00 as zj— —cqi Or zZ — Cp;

(2.2)
n(llwl]) < Ulw, t) < y2(|lwl])

where y1 and 72 are class Koo functions. Let V(n, t) == > 1", Vi(z) + U(w, t), and
2i(0) € Z;. If the inequality holds:

0V 1%
=—h+—<— 2.
v o + 51 S vV +C (2.3)

11 :



then z;(t) remains in the open set z; € (—cai, cpi), for ¥Vt € Ry.

Proof. This Lemma is the modified version of Lemma 1 in [21] and Lemma 1 in [30]
in which autonomous system is considered. Similar process in [21] and [30] is used to
prove Lemma 2.1.

The conditions on h ensure the existence and uniqueness of a maximal solution
n(t) on the time interval [0, 742 ), according to [29](p.476, Theorem 54). This implies
that V(n(t),t) exists for all ¢ € [0, Trmaz)-

Since V (5(t), t) is positive definite and V < —yV+C, V(n(t), t) < (V(U(O), 0) — %

N——

e‘”ﬂ—% < V(n(0), 0)—1—% for all ¢ € [0, Tpmaz). From V(n(t),t) := > Vi(z)+U(w, t)
and the fact that Vj(z;) and U(w,t) are positive functions, it is clear that V;(z;) is
also bounded for all ¢ € [0, T4 ). Consequently, from (2.2), |z;| # —cqi and |2;| # cpi-
Given that —cq; < z(0) < cp, it can be inferred that z;(¢) remains in the set
—Cai < 7z < cp; for all t € [0, Traz)-

Therefore, there exists a compact subset K C N such that the maximal so-
lution of (2.1) satisfies n(t) € K for all ¢ € [0,Tmqez). As a direct consequence
of [29](p.481, Proposition C.3.6), n(t) is defined for all ¢ € [0,00), which follows

that z(t) € (—cqi, cpi), Vt € [0, 00). O

Lemma 2.2. ( [30]) For any positive constant p and a scalar x, if |x| < p, the

following inequality holds.

2 2

p T
1 < 2.4
Og(pZ—x“")_p?—:ﬁ @4)

12



2.2 Quadrotor Dynamics
The schematic description and the configuration of the frame axes are illustrated

in Fig. 2.1.

Figure 2.1: Quadrotor model

The translational and rotational dynamic model of the quadrotor with respect to

the inertial frame can be represented as follows [32]:

.. uy
& = —(cpspcy + 3¢>3w)%

. U
§ = —(cgs08y — 8¢Cw)g
. U
E=g—coco
T R (2.5)
Y i ——
s Lp
o Too—T . d
0="2""201p+ —us
Iyy Iyy
v D=y s 1
et 1 R
V=g

where c(.) and s(.y denote cos(-) and sin(-), respectively. The scalar variable m denotes

the mass of the quadrotor, g is gravitational acceleration, d is the distance from the

13



center of mass to the center of each rotor, I = diag(/;s, Iyy, I.-) denotes the inertia
matrix of the quadrotor, p1 = [z, y, 2|7 and r1 = [¢, 0, ¥]T represent the position
and Euler angle of the quadrotor with respect to the inertial frame, respectively, and
u = [uq, ug, us, ug]T is the control input denoting the total thrust of the rotors and
the three control torques, respectively. The relation between the control input u and

the rotor speed can be written as follows [33]:

U g cpcf cf| |
uz| 0 —cf 0 cff [QF (2.6)
u3 cr 0 —cf 0] (93
uy | —¢; ¢  —Cr C Qi

where (2; is the rotor angular speed of the i-th actuator, ¢y is the thrust coefficient,
and ¢, is the drag moment coefficient. Equation (2.6) can be rewritten as u = BQ?,
where the matrix B denotes a control effectiveness matrix and Q2 = [Q%, Q2 02, Q2]T.

In this study, actuator fault representing constant partial loss of effectiveness (LoE)
of the rotors is considered. If structural damage in a propeller, such as partial loss
of propeller tip, occurs, then a partial loss of thrust is resulted in the correspond-
ing rotor [34]. The actual rotor speed 2,; can be expressed as Q4 = Vi, where
Ai € [0,1] represents the actuator effectiveness factor: A; = 1 represents a healthy

rotor, and 0 < \; < 1 represents a faulty rotor with a partial LoE.

14



2.3 System Transformation

2.3.1 Transformation to Normal form SISO System

Consider a following single input single output (SISO) nonlinear system with

uncertainties [15].

£1(t) = 2(t) + ha(1(t), di(?))

La(t) = w3(t) + ha(x1(t), 22(t), da(t))

(2.7)
l"nfl(t) = l’n(t) + hnfl(l'l(t), $2(t), PPN l’nfl(t), dnfl(t))
in(t) = gu(t) + hn(x(t), dn(t))
y(t) = 1(t)
where x(t) = [z1(t), x2(t), ..., xn(t)]T € R™ is the state vector, u(t) is the control
input, y(¢) is the system output, ¢ is constant control effectiveness, d;, (i = 1,2,...,n),
are the external disturbances, and h;, (i = 1,2,...,n) are unknown functions.
Let us define new system variables as
T1(t) = z1(t)
To(t) = w2(t) 4+ ha(z1(t), da(t))
T3(t) = w3(t) + ha(z1(t), 22(t), da(t)) + ha (21 (2), di (1)) 2.8)
n—1 )
Za(t) = wat) + Y 0" @a(0), w2(0), - @ilt), dil)
=1
where 1) denotes the j-th time derivative of h;. Let the total disturbances of the

7
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system be denoted by

and X(t) = [z1(¢), Z2(t), ..., Tn(t)]T. Then, Eq. (2.7) can be rewritten as the following

normal form SISO system.

(2.10)
y(t) = x1(2)
where
0 Infl n—1 T
n= (== ga=To o 01
0 0

2.3.2 Transformation of quadrotor Dynamics

Consider the quadrotor dynamics (2.5) with wp and wy, which represent all the
disturbances effecting the quadrotor, such as disturbance, model uncertainty, and
fault, and dp(p1, p2, Wp) and dy(r1, r2, wy) are unknown functions, with nonlinear
term of the system ds = [dsg, dsp, dsy|T, where p1 = [z, y,2]T, r1 = [¢,0,¢]T. Now,

Eq. (2.5) can be represented as

P1 = P2
p2 = Up + dp(pla P2, Wp)
(2.11)

I"1:I'2

rp =u, + ds + dr(rla ra, Wr)

16



Where up = [qxa an QZ]Ta Ur = [UT¢7 uT@a U7—¢]T,

I, —1I

dep = 2220y
so Ixa: ¢
I, — 1. - -
deg = Z=— 1) (2.12)
Ly,
Tpw — Iy - -
IZZ
and
U
gz = —(cgscy + Sqﬁ%)al
n
qy = —(Coso5y — secy)
(151
9z =9 — Cdﬁea
J (2.13)
Urp = TUQ
T
d
Urg = Tu?)
vy
1
Uryp = E”ﬁl

Assumption 2.1. For the external disturbances and reference signal, we assume that

there exist constants My, My > 0 such that
sup ||pall < M, sup ||w|| < My (2.14)

te[0,00) t€[0,00)

where Pa = [Pd, Pa] and W = [Wp, Wy, Wp, Wy

By means of calculation, the actual input u; can be obtained as follows:

wn =my[g2 + 2+ (g2 - 9) (2.15)

17



Also, the desired Euler angles ¢4 and 8; can be obtained as follows:

6a =arcsin (- (q.5(60) - aelva)
! (2.16)

z

0q =arctan ( (gzc(va) + qys(l/fd)))

Let us define the position error as ey = [e1,, €1y, €12]T = P1—Pd; €2 = [€22, €2y, €2:]T
= p2 —Pda+dp1, and let the total disturbances eg = [e3, €3y, €3.]T = dpl +dp2 — P4,
where pq = [%4,Yd, 24]T is the desired position. The position error dynamics of the
quadrotor can be transformed into the following normal form subsystem.

él = €2
(2.17)

é2 =e3 + up
SimilaIIY7 let ry = [Tld)?Tl@ale]T = [¢797¢]T7 ro = [7"2(;5,7’2977’277[)]1- = [p,q,"f’]T7 and
define new state variable for total disturbances of rotational dynamics as rg =
(736,730, 734)T = ds + dy. Then, the rotational dynamics of the quadrotor can be
transformed into the following normal form subsystem.

I"l =TI9
(2.18)

rg =r3+u;

18



2.4 Extended State Observer

In order to estimate and compensate total disturbances, ESO is constructed for
each SISO subsystem of the modified position error dynamics (2.17), and rotational
dynamics (2.18). Throughout this paper, (-) represents the estimate of (-). The ESO
dynamics can be represented as [16].

2 A a1 5
€1; = €2 + % fal(17 (e1; — 17))
7

éQi = égi + Upi + a9; fal(liz(eli — élz)) ’ i = T, Y, % (2'19)
égi = agil@' fal(l?(eli — éh))

and
i o aiq 2 A
T1i = To; + T fal(l3 (ri — 711))
3
Poi = Pai + Uri + ag; fal(I2(ry; — 71y)) > 1= 0,0 (2.20)
;’31 = agili fal(lf(rh — 7211))
where the design parameter, a; = [a1;, a9, as;], are chosen so that the following matrix

is Hurwitz [16]:

—ai; 1 0
—ay; 0 1 (2.21)
—a3z; 0 0

Note that [; is the tuning parameters according to accuracy requirement and the

variation of the total disturbances. The ‘fal’ function is defined as [10],

x, 2| <§
fal(z) = (2.22)

2 sign(@), o] >0

19



where 6’ € (0,1) is constant, which affects the measurement accuracy, and ¢ > 0 is
a design parameter. By using ‘fal’ function, the designed ESO is less sensitive to the
measurement noise for large I; because the noise is magnified to be (26’ —1,26',26'+1),

less than (1,2,3) of the Linear ESO [16].

20



Chapter 3

Fault Tolerant Controller Design

The objective of the controller in this study is to design a control input, u, such
that the quadrotor, in the presence of internal and external disturbances and actuator

faults, can satisfy the following conditions.
1. Position tracking error e; remains in the predefined performance bound.
2. Euler angle r1 and angular rates rs remain in the predefined constraint bound.

In this section, the FTC method proposed in this study is explained. The overall

configuration of the proposed FTC method is shown in Fig. 3.1.
Actuator
Fault
Par ¥ Kposition Tracking “ \

Controller
Q Control Quadrotor
) Allocation System
T R g
Controller

&1,82,8&3

Iy, T, T3

ESO ESO
K Proposed Controlly

P r

Figure 3.1: Block diagram of the proposed control system
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3.1 Position Tracking Controller

The purpose of the position tracking controller is to make the position tracking

error e satisfy the following inequality to guarantee the prescribed performance.

_pi(t) < eli(t) < Pi(t), 1=,y 2 (31)

where p;(t) is predefined strictly decreasing, differentiable, and bounded functions,
given by pi(t) = (poi — poci)e P*i' 4 pocis limg soo pi(t) = poci- By selecting the
appropriate parameters such as pg, poo, and py,, the desired transient performance
can be guaranteed. Note that pg constrains the maximum overshoot, p., constrains

the steady-state error, and py, adjusts the convergence rate.

The control design proposed in this study is based on backstepping with symmetric
time-varying BLF. Let us define z1; = e1;/p;, 29; = e9; — vy, for i = x,y, z, where

a;’s are virtual control inputs. The controller design process is given as follows [23]:

Step 1: Define the Log-BLF as follows:

1 p? 1 1
; 2°g<p2—ei~> 20g<1—z%,-> (32)

It is clear that Vy; is positive definite and continuously differentiable in the set |z1;| <

1. Differentiating Vy; and using Eq. (2.17) yields

. 21 1 ) 21 1 )
Vi = —+ o hemr) — & . RSPV, 3.3
=g (e pini) = 7t o i) (3.3)
Now, let us define o; = p;21; — pik1i214, with k1; > 0. Then, we have Vi = 1?;2 %(221-—
14 P
pikiizii).
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Step 2: Define the quadratic functions Va; = 23,/2. Design control input g; as:

. z1; 1
Qi = —e3; + 0y — kojzo; — %77 ki >0 (3'4)
1 —2{; pi

Using (2.17), (3.3), (3.4), and Lemma 2.2, the time derivative of V; = V3;4V5; becomes

Vi =—ky—L — ky23;
Al (3.5)

where Yi = min{2k‘1i, 2]{321}

Theorem 3.1. Consider the position error dynamics of the quadrotor (2.17) with
control input (3.4) and observer (2.19), and Assumption 2.1. If the initial condition
satisfies |e1;(0)| < pi(0), the symmetric time-varying constraint is not violated, i.e.,
le1i(t)] < pi(t) for all t > 0, and the closed-loop signals z1; and za; are uniformly

bounded.

Proof. The initial condition requirement is equivalent to |21;(0)] < 1, V¢. Then,
Lemma 2.1 ensures that |z1;(¢)| < 1, which means that |e1;(¢)| < pi(t).
Integrating both side of the inequality of Eq. (3.5) yields V;(t) < V(0)e 7, Vt > 0,

which leads to

1 1
21 <V —it .
5 og (1 Z%z) < Vi(0)e (3.6)

Taking the exponent arithmetic on both sides and reformulating yield:

211 € V1 — e=2Vi@e i <1 V>0 (3.7)

Furthermore, since 323, < V;(0)e ™, it can be shown that [[z9]| < /2Vi(0)e ¢,

23
=
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3.2 Attitude Controller

The purpose of the attitude controller is to make the Euler angles and angular

rates satisfy the following inequality to guarantee the prescribed performance.

—p1i <7115 < pri,  —p2i <roi < pri, 1=¢, 0,9 (3.8)

where p1; and po; are predefined positive scalars.

When an actuator fault occurs in the system with disturbances, it may lead to in-
put saturation and cause unstable. Considering control effectiveness matrix of quadro-
tor in Eq. (2.6), the roll and pitch moments, ug and us, are determined only by the
second and fourth rotors and the first and third rotors, respectively. It means that
if the fault occurs at rotor 1, the fault will affect pitch moment more than others
such as thrust or yaw moment. To compensate the effect of the input saturation, let
us introduce an auxiliary system, which considers the difference between the actual

control input and the desired control input, i.e., Au = sat(u) — u [31,35,36].

Assumption 3.1. Consider the situation that the input saturation occurs. Now, if
the difference of input Au,; is infinite, the system becomes out of control. Therefore,

the difference of input NAur; is assumed to be bounded.

|Auri| < ¢ (3.9)

The following auxiliary system is constructed for each subsystem of rotational
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dynamics of the quadrotor system.

X1 —c; 1 X1/ 0
o= ’ | Augy
ng 0 —ng ng 1 (3.10)
=A\ X + ByAurj

where c¢; and c9; are positive constants, and y1; and xo; are the outputs of the

auxiliary system.

Remark 3.1. Note that if no input saturation exists, the auxiliary system does not

affect the control input and the system stability.

Again, the control design is based on backstepping with asymmetric BLF. Let us

define the new parameters as

813 = T1i — Tdi — X1is S2i = T2i — Bi — X2i, 1= 0,0, (311)

where rg; are the desired Euler angles, and ; are the virtual control inputs. The

controller design process is given as follows:

Step 1:Define the Log-BLF as follows:

p(s1i) piyi 1 — p(s15) Pla; 15
Vii = log < L + log a + =X (3.12)
2 p%bi - S%i 2 %ai - S%i 27
where
Plai ‘= Tdi + X1i T PLi
(3.13)
Plbi = Pl — Tdi — X1i
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p() = (3.14)

With the following error coordinate changes,

1ai = SM,, 1bi = sh", &1 = p(s13)&wi + (1 — p(513))€1ai (3.15)

lai 1bi

The BLF in Eq. (3.12) can be rewritten as a following simple form.

1 1 1
;= -log [ —— —\2 1
Vi 5 log (1 _5%) + X (3.16)

Differentiating V1; and using Eq. (3.10) in the resulting equation yield.

. S14 . . A7 -
Vii — Plowbun 11)5”;@ <32i + Bi — Tai + crix1i — Slipun)
plbi(l - glbqj) P1bi (3 17)
1 — (s, ) _ o ] ’
+ Lu))fm <52i + Bi — Tai + crix1i — S1i pm) + X1iX1i
plai(l - glai) lai
Define 3; as
Bi = —(k1i + k15(t))s15 + Fai — crixu (3.18)

where k1;(t) is given by

N2 N2
fui(t) = \/<p1“'f> + (m’”) + ki (3.19)
Plai Plbi

where k; > 0 ensures that the time derivative of [3; is nonzero even when pi4; and

P1b; are both zeros.
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Step 2: Define the Log-BLF as follows:

2 2
S9; , 1—p(s2 ; 1
V% _ Vli + p( 21) 10g ( . Pabi : > + p( 22) log < . P2ai - ) 4 7)(%1 (320)

2 Pop; — 524 2 205 — 524 2
where
P2qi = Bi + x2i + p2i
(3.21)
Pavi = p2i — Bi — X2i
and
S9i S9i
boai = ——, i = ——, Eo = p(s2i)&ami + (1 — p(s2:))E2ai (3.22)
2ai 2bi
Design control input u; as
Upi = —T3; + fi — (Kai + ko) s2; — pis1i — c2iX2i (3.23)
where
p(s1i 1 —p(su
py = o) 1 plsn) (3.24)
Pivi — 51 Plai — 1
and

. 2 . 2
Egi(t) = \/<P2az> + <,02bz> + K (325)
P2ai P2bi
Using (2.18), (3.17), (3.18), (3.23), and Lemma 2, the time derivative of V5; can be
represented as

2 2
&1 ‘ 3

‘./2' §—]{31' —]4}2
1 g =g

— c1iXT; — C2iX3; + X1iX2i + X2iAUr; (3.26)
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From Eq. (3.9), the following inequalities hold.

Lo 1o
Xtix2i < S X1 T 5X2i
(3.27)
Lo 1, 9 Lo 1o
x2iluri < X2 QAUn' S Xt 5@‘
Equation (3.26) satisfies the following inequality:
- 3t &
Vai S —kiim—"5 — ko=
Z -gg -
1 1
- (Clz’ - 2) Xt — (2 — 1)x3; + §Cz2 (3.28)
< —7Vei + G

where c1; > 1/2, coi > 1, v = min{2k1¢, 2ko;, 2(611' — 1/2), 2(62i — 1)}, and C; = C?/Q

Theorem 3.2. Consider the rotational dynamics of the quadrotor (2.18) with control
input (3.23) and observer (2.20), and Assumptions 2.1 and 3.1. If the initial condition
satisfies |r1;(0)] < p1i and |rei(0)| < poi, the symmetric constant constraint is not
violated, i.e., |r1;(t)| < p1i and |rai(t)| < p2i, and the closed-loop signals z1i, z2i, X1i,

and x2; will be uniformly bounded.

Proof. The initial condition requirement is equivalent to —p14;(0) < 51;(0) < p15;(0)
and —p2q;(0) < s2;(0) < papy;(0). Then, Lemma 2.1 ensures that |{1;(¢)] < 1 and
|£2;(t)| < 1, Vt > 0. At the same time, from Assumption 3.1 and Eq. (3.10), x1;, and
X2; are all bounded as A, is Hurwitz.

Taking the integral of Eq. (3.28) yields 0 < V5;(t) < (ng (0) — %”) e it 4 %] <
V3;(0) + 52, ¥t > 0, which leads to

1 1 C
—1 < Voi =1 2
2 °g<1—§%j> < VO + 2 (3.29)

J
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Taking the exponent arithmetic on both sides and reformulating the resulting

equation with Eq. (3.15), we have

—plas V1 — e 2025 (0+C5 /%) < s15 < pipj V1 — e—2(V2;(0)+C5 /7)) (3.30)

for all £ > 0. In a similar way, we have

.y \/1 — o—2(V2;(0)+Cj /7)) < 52, < Pt \/1 — e—2(V2;(0)+C;j/v5) (331)

In Egs. (3.30) and (3.31), it can be shown that —p1q; < s1; < p1y; and —pag; < s25 <

panj- With Egs. (3.11), (3.13), and (3.21), the following inequalities can be inferred.

—p1j <T15 < prj,  —p2 <125 < P2 (3.32)
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Chapter 4

Practical Guideline for Gain Tuning

4.1 Analogy of Proposed Controller to PD Controller

This section presents the analogy between the proposed controller and PD con-
troller. The proposed control input can be formulated as the PD-like form so that the
control gain parameters can be properly chosen.

4.1.1 Position Tracking Controller

Let us consider the position tracking control system. Substituting z1; = e1;/p;,

29; = €9; — Oy, and ay = pzzh — piklizh- into Eq. (3.4) yields:

¢ = —kpieli — kpiezi — €3, 1 =1x,y,2 (4.1)
where
pi p? 1 ki pi
kpi= —|——% -5+ + k1ikai (4.2a)
pi Py Py T €Y Pi
kpi = —% + (k1i + k2i) (4.2b)
(2

Now, the control law (4.1) can be seen as the combination of an error-based PD
feedback components with gains kp; and kp;, and disturbance compensation compo-

nent. The PD-like gains, kp; and kp;, should be positive. Due to the definition of p;,

31 :



—pi/pi + ,012/,012 > 0, and Eq. (3.1) with p;/p; < 0, ke; > 0, kp; is always positive.
Also, pi/pi < 0 makes ky;, ko; > 0, kp; always positive.

In case of e1; goes to 0 and t goes to 0o, i.e., steady state, the first term of kp; and
kpi goes to 1/ pgoi and 0, respectively. Then, the control gains can be approximated
as follows:

1
]{pi ~ kukigi + pT, kDi ~ kli + in (4'3)

4.1.2 Attitude Controller

Let us consider the attitude control system. Substituting s1; and sg; in Eq. (3.11),

and f; in Eq. (3.18) into Eq. (3.23) yields

Uy = — kpie1; — kpies; — 13 + T + li(Xlia X2i)a i=¢,0,¢ (4'4)
where e1; = 71; — Ta;, €2i = 2 — i

Li(xiis x2i) = <(/€12 + k1) (ki + ko) — (k1i + k1i)eri — (ki + kai)ens
i+ ey + Ci) X1i (4.5)

+ < — (ki + ko) — 201i> X2i

and

kp; = Eli + pi + (k1i + k) (koi + ka;)
(4.6)

kpi = (ki + k1) + (k2i + kaq)
Similarly, the control law (4.4), can now be seen as a combination of an error-based
PD feedback component with gains kp; and kp;, disturbance compensation compo-
nent, model reference compensation component, and input saturation compensation

component. The PD-like gains, kp; and kp;, should be positive. Assume that input

32
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saturation does not occur, x1; = 0 and xo; = 0. Then kp; and kp; are always positive
value. Especially, in case of e1; and es; go to 0, the control gains can be approximated

as follows:

kp; = kiko; + (klz + k?ZZ)\//‘?z + Ki, kpi = k1i + ko; + 2\/’{7 (47)

; Rk AT



4.2 Analogy of Modified Controller to PID Control

This section presents the analogy of the proposed controller to the PID controller.
By adding additional integral action to the proposed control input, the controller
proposed in Chapter 3 can be changed to the PID-like form, so that the control gain
parameter can be properly chosen. The tuning guideline for both position tracking
and attitude controllers are given and a mathematical analysis of control parameters
is shown below.

4.2.1 Position Tracking Controller

The position tracking virtual control input «; can be modified as:
a; = pzzh - piklizu — /€3in(1 — Zi) /eudt, = T, Y,z (4.8)

Theorem 4.1. Consider the position error dynamics of the quadrotor (2.17) with
control input (3.4) with o in (4.8), observer (2.19), and Assumption 2.1. If the ini-
tial condition satisfies |e1;(0)] < pi(0), the symmetric time-varying constraint is not
violated, i.e., |e1;(t)] < pi(t) for all t > 0, and the closed-loop signals z1; and zo; are

uniformly bounded.

Proof. From the initial condition requirement, Lemma 2.1 ensures that |2z1;(¢)] < 1,

which means |eq;(t)| < pi(t). Consider the following barrier-Lyapunov function:

1 1 1 1 2

Then, the time derivative of V; satisfies the following inequality equation:
Vi < =iV + C; (4.10)
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where 7; = min{2ky;, 2ko; }, and C; = koiks; (f elidt)Q /2. Integrating both side of the

inequality of Eq. (4.10) 0 < V;(t) < (Vi(O) - (j;.i

3

)e—%‘“r% < Vi(0) + &, vt > 0,

3

which leads to:
C;

1 1
—1 — | < V(0 — 4.11
20g<1—2i) ()+7i (411)

Taking the exponent arithmetic on both sides and reformulation yield:

|z13] < V1 — e 2Vi0+Ci/n) <1, Wt >0 (4.12)

Furthermore, since 122, < V;(0) + %, it can be shown that ||z2|| < 1/2(Vi(0) + %),

vt > 0. U

Substituting z1;, 2z2;, and «; in Eq. (4.8) into Eq. (3.4) yields:
¢ = —kpi,,e1i — kpi,,e2 — kri,, /elidt — e3; + 2kzierien; / e1idt (4.13)

where
kpi, = kpi+ ksi(1— 23;)p?
kpi,, =kpi (4.14)
ki, =2ksipipi + (1 — 22 kaiksip?.

The control law (4.13) now becomes a combination of error-based PID feedback com-

ponent with gains kp;, ., kpi,,, and kp;,,, and disturbance compensation component.

Note that kp;,, and kp;, are always positive. If the following inequalities hold, the

integral control gain, kr;,,, is guaranteed to be positive for ¢ > 0.
(p? — e3)kai + 2pip; > 0. (4.15)
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This implies that ko; needs to be large enough to make kj;  be positive.
In case of ej; and ey; go to 0, the second term of kp;,, goes to kgl-pgoi and the first
term of kr;,, goes to 0 as ¢ — oo. Then, the control gains can be approximated as

follows:

1
kpi,, & kiika; + ksipi; + 2 kpin, = kv + kois ki, ~ kaiksipi;.  (4.16)

oot

By solving the following third-order equation with respect to ko;, which is derived
from Eq. (4.16), the set of equivalent ky;, k2;, and ks; gains can be deterimined as

follows:
3 2 1
k2i — kD’lkaZ + <kP’Lm - 2 > k?i - k]’im = 0

k1i = kpi,, — ka2 (4.17)
1
hyi = ———kpi. .
T kup

Equation (4.15) represents conditions that guarantee PID gains of Eq. (4.14) positive,
and Eq. (4.17) provides the analogy of the proposed controller to the PID gains.

To investigate the meaning of Eq. (4.17), the result with kp; = 60 and ky;, =1
is presented in Fig. 4.1a), and with kp;,, = 50 and ky;,, = 1 is presented in Fig. 4.1b),

where pg; = 1m, po; = 0.5m, pg; = 0.5, p1; = 45deg, and p1; = 100deg/s.
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— ki -=== kai -

k3;

kpsi,
(a) kps,, =60 and ky;,, =1

-=== ki

ks;

(b) kDim = 50 and k[z’m =1

Figure 4.1: Coupled controller gains, ky;, ko;, and ks;, for
kr;, . (Position tracking controller)
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Remark 4.1. Tuning Guideline for position tracking controller

1. For a given value of kp;,,, the ki;, k2, and ks; values can be determined for any

desired value of kp;,, .

2. For a given value of kp;,,, the ki;, k2i, and ks; values can be determined for

any desired value of kp;,, .

3. Since kpi,, is the summation of ki; and ko;, one of their values determines the

other.

4. Selecting too small value of ko; can make kr;,, < 0, which makes whole system

unstable, due to Eq. (4.15).

Remark 4.2. Note that the parameters for prescribed performances, po;, Pooi, and
Pki, also affect the PID gains. If these values vary, feasible solutions to Eq. (4.15)
and kp;,,, kpi,,, and kr;,, will also change. In Eq. (4.16), we can see that the propor-
tional and integral gains of the proposed controller are changed when pso; change. The
proportional gain kpy,, significantly increases when pso; goes to 0, which is a tighter
performance criterion. This means that if we want less tracking error, the value of
gains ki; and ko; should be decreased to keep the value of kpp,,. Similarly, the integral
gain decreases when peo; decreases so that the ks; should be chosen properly to keep

the desired integral gain value.

Remark 4.3. By approzimating the proposed control gain to PID-like gain consid-
ering asymptotic tracking performance, it can be expected that e1() and €.y go to
0 and t — oco. However, at the beginning of the control, control inputs are relatively
vulnerable to the prescribed performance bound p;. Note that the initial gain effects

can be made small by selecting suitable performance bound. For example, consider
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an integral gain in Eq. (4.14). When t = 0, kr; (0) = —2ksipoipri(poi — poci)- By

selecting small pr;, Pooi, OT Poi — Poci, the effect of the ignored terms can be decreased.

4.2.2 Attitude Controller
Now, let us consider an attitude controller. The attitude virtual control input 5;

can be modified as:
Bi = — (ki + k1i(t))s1i + ra; — c1ixai — ksi(1 — 5%i)/elidt7 i=9,0,¢  (418)

Theorem 4.2. Consider the rotational dynamics of the quadrotor (2.18) with control
input (3.23) with B; in (4.18), observer (2.20), and Assumptions 2.1 and 3.1. If the
initial condition satisfies |r1;(0)] < p1; and |re(0)| < p2i, the symmetric constant
constraint is not violated, i.e., |r1;(t)| < p1i and |r2(t)] < p2i, and the closed-loop

signals s1;, S2i, X1i, and x2; will be uniformly bounded.

Proof. From the initial condition requirement, Lemma 2.1 ensures that |£1;(¢)] < 1
and [£2;(t)] < 1, V¢, and at the same time, from Assumption 3.1 and Eq. (3.10), x1;,

and x2; are all bounded as A, is Hurwitz.
1 2
Vi="Vy + §k3i (/ 61idt> (4.19)
Then, the time derivative of V; satisfies the following inequality equation:
Vi < —Vi+ C; (4.20)

where ; = min{2ky;, 2k2;, 2(c1;—1/2),2(c2;—1)}, and C; = C?/Q—i-k‘%kgi (f elidt)2 /2.

The rest of the proof is the same as the proof of Theorem 3.2. O
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Substituting s1;, s2;, and 5; in Eq. (4.18) into Eq. (3.23) yields:

uri = —kpi, e — kpi,e2 — kri, /elidt — T3
(4.21)
+ Li(Xx1is X2i) + (k2i + koi)T1i — (kv + kui) 71 + 2k3i&1ioi / eqidt
where
kpi, = kp;+k3i(1 — &)
kpi,, =kpi (4.22)

kri, = (kai + kai)ksi(1 — £3)).
Similarly, the control law (4.21), can now be understood as a combination of an
error-based PID feedback component with gains kp;,,, kpi,,, and ky;,,, disturbance
compensation component, and input saturation compensation component. The second
term of kp;,, and kr;,, are always positive, and therefore all PID-like gains are always
positive. Assume that input saturation does not occur, and ey; and eg; go to 0, then

the control gains can be approximated as follows:

kpi,, = kiikoi + ksi + (k1i + k2i)v/ki + ki
kpi,, = ki; + koi + 2y/Ki (4.23)

kri,, = (k2i + \/Ki)ksi.

By solving the following third-order equation with respect to ko;, which is derived

from Eq. (4.23), the set of equivalent ky;, ko;, and ks; gains can be determined as
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follows:
K3j — (kDjy — 3\R1KS; (Kpj,, — 2kDj,/Rj + 355) ko
+ (kPju/Ej = kDjim ki — kLj + Kjy/Ej) =0

kij = kpj,, — koj — 2\/k;
1
- kyj,.
Faj + R "

(4.24)

k3;

Equation (4.24) represents relations between PID gains and controller gains.
To investigate the meaning of Eq. (4.24), the result with kp;,, = 100 and ky;,, =1

is presented in Fig. 4.2a), and with kp;,, = 45 and ky;,, = 1 is presented in Fig. 4.2b).
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— ki

70 4

60 -

50

40

ki, kai, K3

20 A

10+

(a) kp;,, =100 and ky;,, =1

— ki -=== kaj == ks

40 A

301

]

101

ki, K2i, K3i

- e———

kpi,
(b) kDim =45 and k‘jim =1

Figure 4.2: Coupled controller gains, ki;, k2;, and ks;, for specific kp;,,, kpi,,, and
kr;, . (Attitude controller)
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Remark 4.4. Contents 1-8 in Remark 4.1 can also be used for attitude controller

gain tuning.

Remark 4.5. Note that the prescribed performance bound pi; influences the values
of the PID-like gain. For the gain kp; of kpi,, in Eq. (4.23), the term p;, which
is represented as Eq. (3.24), is inverse proportional to pi;. Therefore, if the desired
bound p1; is too small, the gain kp; , increases significantly. To compensate this effect,

k1; and ko should be decreased.

Remark 4.6. By approximating the proposed control gain to PID-like gain, it can be
expected that e1(.) and es(y go to 0 and the input saturation does not occur. However,
the term kg; significantly changes i) at the beginning of the control, or ii) when the
actuator fault occurs, because of the effect of the term ki;81; in Bl The term $1; =
71, — Tq; inevitably has nonzero value at the transient state of the control or at the
time of the fault occurs. Therefore, with the gain ki;, absolute value of B; increases
and the value of kp;, —and kp;, increases (See Eq. (4.24)). Note that, unlike the
position tracking controller, the PID-like gain of the attitude control is only applied

to the steady-state phase with exact fault information, not the transient phase.
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4.3 Guideline for ESO Parameter Tuning

This section analyzes the effect of changes in ESO gain parameters on control

performance.

1. Increasing the observer gain [; in Eq. (2.19) yields a faster estimation of state
parameters and disturbances. However, because the magnitude of the peak is
determined in proportion to the magnitude of the observer gain, the high ob-
server gain may degrade the control performance in the case of a fault. There
exists a trade-off between the estimation response time and the magnitude of
peaking. For example, the peak of state variables may occur, which leads to
the large control input. More specifically, if the observer gain of the position
tracking controller is too large, the magnitude of the peak rapidly increases,
resulting in an abrupt change of position tracking control input ¢;, which yields
big changes in desired Euler angles (see Eq. (2.16)). If the desired Euler angles
increase and are close to the prescribed performance bounds p1, p1p;(Or piaq)
becomes smaller (see Eq. (3.13)), resulting in large attitude control input wu,;.
Therefore, it is recommended that the observer gain should be chosen less than

a certain value in the position tracking controller.

2. Consider a;’s in Eq. (2.19), which are chosen such that Eq. (2.21) is Hurwitz.
Increasing the absolute real value of the poles of the matrix Eq. (2.21) yields a
faster estimation of the state parameters and disturbances, but the magnitude

of the peak increases, yielding similar results as described in 1.

3. Consider 0 in Eq. (2.22). Decreasing ¢ yields faster estimation, but the magni-

tude of the peak increases and the oscillation in the estimation may occur.
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Chapter 5

Numerical Simulation

In this chapter, numerical simulation is performed to demonstrate the effectiveness
of the proposed control method. The model parameters of the quadrotor used in the
simulation are summarized in Table 5.1 [37]. The initial position and Euler angle
values of the quadrotor for the simulation are set as [0,0,0]”m and [0,0,0]7 deg,

respectively.

Table 5.1: Quadrotor Parameters

Parameter Name Value
m Mass 0.65kg
Lo Moment of inertial about x-axis 7.5 x 1073kgm2
Iyy Moment of inertial about y-axis 7.5 x 10~ *kgm?
I.. Moment of inertial about z-axis 1.3 X 1072kgm2
cy Thrust coefficient 3.13 x 107 °Ns?
Ccr Drag moment coefficient 7.5 x 10~ "Ns?
d Arm length 0.23m
Qmax Maximum rotor speed 1,000rad/s
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5.1 Case 1: Multiple Faults without ESO

First, to demonstrate the performance of the proposed BLF-based controller itself,
the numerical simulation is performed without the use of ESO. The normal backstep-
ping (BS) controller with two different gain settings is selected for comparison: i) the
first one has the same control gains as the proposed controller, which is denoted as
BS, and ii) the second one has tuned control gains, which is denoted as BS (tuned).
Note that the tracking performance of BS (tuned) is better than that of BS. The
reference trajectory is constructed as pq = [1, cos(t), —t]7. The scenario of actuator
effectiveness losses are: 20% effectiveness in rotor 1 at 5 s and 50% effectiveness in
rotor 2 at 7 s. In this simulation, ESOs are not used, and it is assumed that the fault
detection is provided by a fault detection and identification module with a time delay
of 0.2 s. The disturbance and model uncertainty are not considered.

The parameters of the proposed controller are selected as k1; = 0.1, ko; = 6, and
ks; =0, fori =z,y, 2, and k1; = 8, ko, = 18.75, and k3; = 0, for i = ¢, 6,1. The same
gain parameters are used in BS. The predefined bounds for the position errors are
selected as po; = 1.5, pooi = 0.2, and py, = 1, for ¢ = x,y, 2, so that the position error
cannot exceed 0.2m even if actuator fault occurs. For Euler angles and angular rates,
p1; = 45 deg and py; = 150 deg/s, for i = ¢, 0, and py; = 45 deg and po; = 180 deg/s
for i = 1. The parameters of the BS (tuned) are selected as ki; = 0.5, ko; = 6, and

ks; =0, for i = z,y, 2, and ky; = 8, ko; = 18.75, and k3; = 0, for i = ¢, 6,.
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The simulation results are shown in Figs. 5.1-5.5. As shown in Fig. 5.1, only the
proposed controller maintains the prescribed position tracking bounds when the fault
occurs. BS (tuned) maintains prescribed bounds before fault, but shows tracking error
fluctuations when the first actuator fault occurs and the x position gets out of the
bounds for a while. Figures 5.2-5.4 show the Euler angle, angular rate, and Euler angle
tracking error histories, respectively. When the first fault occurs at 5 s, the angular
rates of the proposed controller have been maintained within the system constraints.
Meanwhile, as shown in Fig. 5.3, the pitch rate overshoot, which is bigger than the
prescribed bounds, can be seen in both BS controllers. As shown in Fig. 5.4, the
proposed method has oscillation and slow convergence rate in angular rate after the
fault occurs, which will be treated by using the ESO. The control input signals are

displayed in Fig. 5.5, and the fluctuations are shown when the fault occurs.
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Figure 5.1: Position tracking error responses (Case 1)

48

5 2Tt

]
F



¢ [deg]

6 [deg]

w [deg]

-- BS —-— BS (tuned) —— Proposed =~ e Prescribed Bound
go T e ]
20

oA
—20-
A
0.0 25 5.0 75 10.0 125 15.0 175 20.0
PN I et
20
o \ —
I
—20 A 1’
A
0.0 25 5.0 75 10.0 125 15.0 175 20.0
D I S e e O KO B, I
20
0 ~~— B i
—~20-
A
0.0 25 5.0 75 10.0 125 15.0 175 20.0
Time [s]

Figure 5.2: Euler angle responses (Case 1)

49



p [deg/s]

q [deg/s]

r [deg/s]

-- BS —-— BS (tuned) —— Proposed =~ oo Prescribed Bound

150 A

100 A

50 4

—50 A

—100 A

—150

150 A
100 A
50 4

—50 4
—100 A
—150 A

0.0 2.5 5.0 7.5 1(;40 12I.5 15.0 17.5 20.0
Time [s]

Figure 5.3: Angular rate responses (Case 1)

50

Ralks L



ey [deg]

e1p [deg]

e1y [deg]

--- BS —-— BS (tuned) —— Proposed

151

101

|
v
L

—10

—15 -

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0

N
o
s

-
o
L

|

=

o o
L L

| I
w N
o o

L L

—-——
e

15.0 17.5 20.0

w
IS)
~
»
=
o
o
=
N
0

0.0 2.5

2.0 4

154

1.04

0.5 1

—0.51

-1.01

-1.51

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time [s]

Figure 5.4: Euler angle tracking errors (Case 1)

i Rk AT



--- BS —-— BS (tuned) —— Proposed

124

114

10

uy
o

0.0 25 5.0 7.5 10.0 12.5 15.0 17.5

20.0

0.4 4

0.2 1

uz

0.0 1 A\

-0.2

—0.4 1

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5

20.0

0.0 2.5 5.0 7.5 10.0 125 15.0 175

20.0

0.050 A

0.025 4

0.000 A

—0.025
<
3 -0.050 1
—0.075 A
—0.100

—0.125 4

0.0 25 5.0 7.5 10.0 125 15.0 17.5

Figure 5.5: Control input responses (Case 1)

52

20.0



Table 5.2: The comparison of the STD (Case 1)

Proposed BS BS (tuned)
1o [m]  0.1675  0.2748 0.2129
ely [m] 0.1643 0.2624 0.2014
1. [m]  0.0182  0.0508  0.0335
e1e [deg] 3.2414 1.8608 2.2052
e1g [deg] 4.1954 3.7861 4.3764
e1y [deg]  0.3516  0.2190  0.2190

Table 5.3: The comparison of the largest fluctuation (Case 1)

Overshoot (fault 1)

Proposed BS BS (tuned)
1 [m]  0.0981 . 0.2408
ey [m]  0.0142 - -0.0326
e1- [m] 0.1005 0.1715 0.1255
e1s [deg]  2.3501 1.9420 2.1463
eip [deg] -18.9789 -34.6177 -36.0392
e1y [deg]  2.0224 2.2918 2.2918
p [deg/s]  -13.2171 -10.8501 -11.6662
q [deg/s] 136.9195 174.1044 183.2829
r [deg/s] 11.0615 -8.5397 -8.6573

Overshoot (fault 2)

Proposed BS BS (tuned)
€1, [m]  -0.0463 0.0120 0.0783
ey [m]  0.0622 -0.1038 0.1103
e1z [m] 0.0359 0.1525 0.0775
e1o [deg]  13.5692 14.4542 14.9398
e [deg]  -7.5145 0.3210 0.7663
e1y [deg] -0.9989 -0.5990 -0.5990
p [deg/s] -80.2664 -70.7518 -74.2080
q [deg/s]  44.0333 -2.0740 -3.3816
r [deg/s]  -6.7852 -3.9188 -4.0077
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The comparisons of standard deviation (STD) of the tracking error of position and
Euler angle are summarized in Table 5.2. The comparison of the largest fluctuation
after the fault in the position tracking error, Euler angle tracking error, and angular
rate are summarized in Table 5.3. As shown in Table 5.2, the proposed controller
can achieve the best robust position tracking performance among the considered
controllers, although the STD of the tracking performance of Euler angle is higher
than BS, due to the oscillation. As seen in Table 5.3, only the proposed controller
maintains all the prescribed system constraints under actuator faults. More specially,
the first fault affects the pitch angle/rate of the quadrotor, and the second fault affects
the roll angle/rate of the quadrotor. After the first fault (see Overshoot (fault 1)), the
fluctuation level of the pitch angle and rate has the smallest value in the proposed
controller. Also, after the second fault (see Overshoot (fault 2)), the fluctuation level
of the roll angle has the smallest value, even though the fluctuation level of the roll rate
is the highest in the proposed controller. Finally, it can be stated that the proposed

controller keeps the system states to maintain the prescribed bounds.
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5.2 Case 2: Multiple Faults
under Disturbances and Model Uncertainties.
To demonstrate the effectiveness of the proposed FTC scheme, multiple faults
are considered for the system with disturbances and model uncertainties. The distur-

bances are chosen as [38,39]:

0.1sin(t) — 0.2 + iy
dp = 0.2sin(7t) + y2

0.2sin(3t) — 0.1sin(0.57t) + e sin(t + %)
(5.1)

—0.2sin(0.57t) 4+ 0.1
dr = 0.1 cos(v/2t)
0.1cos(2t + 1) +0.05

Suppose that the output of position tracking controller e1; for ¢ = z,y, z and the out-
put of attitude controller ry; for j = ¢, 6,1 are contaminated by the noise 0.001N/(t),

where N (t) is the standard Gaussian noise. The reference trajectory is constructed

as:
T
t t t t
pd = Sin(i)cos(%)cos(%), Sin(i)sin(%) cos(%), —t (5.2)
The scenario of actuator efficiency losses is shown in Fig. 5.6.
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5.2.1 Case 2A

In this scenario, model uncertainties are considered as:

Am, Alye, Aly,, Al =0.1
(5.3)

Acy=0.1, Ac, =-0.1
The parameter of the proposed controller are selected as ki; = 2, ko; = 0.8, and
ks; = 0.5, for ¢ = x,y, z, and k1; = 15, ke; = 50, and ks; = 0.5, for j = ¢,0,4. The
predefined bounds for position errors are selected as pg; = 0.5, pooi = 0.25, and pg, =
0.6, for i = z,y, z, so that the position error cannot exceed 0.25m even if actuator
fault occurs. For Euler angles and angular rates, p1; = 45 deg and pg; = 150 deg/s, for
Jj = ¢,0, and p1; = 45 deg and py; = 180 deg/s, for j = 1. For the auxiliary system
in Eq. (3.10), [c1i, c2i] = [20,20]. The parameter of ESOs are selected as a; = [3, 3, 1],
for i = z,y,2z and j = ¢,0,¢, 0/ = 0.7 for all ESOs, [l;,1,,l;] = [31,31,46], and
[lg, g, lp]) = [153,194,55].

Simulation results are shown in Figs. 5.7-5.14. Figures 5.7-5.9 show the position
tracking error, Euler angle, and angular rate, respectively. The different levels of
fluctuations are shown due to the rapid changes of actuator effectiveness. Meanwhile,
it can be shown that the proposed controller can maintain the system states within
the prescribed bounds under actuator faults. Figure 5.10 shows the rotor command
and the true rotor input. The control input signals are displayed in Fig. 5.11. The
fluctuations occur at 5, 7, 10, 14, and 15 s, similar to the system states. The actual
total disturbance values and their estimated value for both no-fault and fault cases
are shown in Fig. 5.12. The estimates of total disturbances follow the time-varying
actual values well, and the disturbances due to the faults are well estimated, even

though some peaks exist when the faults occur. The change of actuator efficiency

57



affects disturbance estimation, leading to the peaking phenomenon of ESO, the control
inputs, and consequently, the state variables.

The actual gain of the proposed controller and the approximated PID-like gain
of position tracking controller and attitude controller are shown in Fig. 5.13 and Fig.
5.14, respectively. In Fig. 5.13, the actual gain value approaches the PID-like gain
value as time increases, as discussed in Chapter 4.2.1 and Remark 4.3. Also, as shown
in Fig. 5.14, the actual gain value is similar to the PID-like gain value except i) at
the beginning of the control and ii) when the actuator fault occurs, as discussed in

Chapter 4.2.2 and Remark 4.6.
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Figure 5.14: Real and PID-like gain of attitude
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5.2.2 Case 2B

In this scenario, the model uncertainties are considered as:

Am, ALy, AL, AL.=-0.1
(5.4)

Acy =01, Ac, =-0.1

The parameter of the proposed controller are selected as ki; = 2, ko; = 0.8, and
ks; = 0.5, for ¢ = x,y, z, and k1; = 15, ke; = 50, and ks; = 0.5, for j = ¢,0,4. The
predefined bounds for position errors are selected as pg; = 0.5, pooi = 0.25, and pg, =
0.6, for i = z,y, z, so that the position error cannot exceed 0.25m even if actuator
fault occurs. For Euler angles and angular rates, p1; = 45 deg and pg; = 150 deg/s, for
Jj = ¢,0, and p1; = 45 deg and py; = 180 deg/s, for j = 1. For the auxiliary system
in Eq. (3.10), [c1i, c2i] = [20,20]. The parameter of ESOs are selected as a; = [3, 3, 1],
for i = z,y,2z and j = ¢,0,¢, 0/ = 0.7 for all ESOs, [l;,1,,l;] = [30,30,40], and
[lg, g, lp]) = [153,194,55].

Simulation results are shown in Figs. 5.15-5.22. The overall results are similar
as in Case 2A. Figures 5.15-5.17 show the position tracking error, Euler angle, and
angular rate, respectively. The different levels of fluctuations are shown due to the
rapid changes of actuator effectiveness. Meanwhile, it can be shown that the proposed
controller can maintain the system states within the prescribed bounds under actuator
faults. Figure 5.18 shows the rotor command and the true rotor input. The control
input signals are displayed in Fig. 5.19. The fluctuations occur at 5, 7, 10, 14, and 15 s,
similar to the system states. The actual total disturbance values and their estimated
value for both no-fault and fault cases are shown in Fig. 5.20. The estimates of total
disturbances follow the time-varying actual values well, and the disturbances due to

the faults are well estimated, even though some peaks exist when the faults occur. The
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change of actuator efficiency affects disturbance estimation, leading to the peaking
phenomenon of ESO, the control inputs, and consequently, the state variables.

The actual gain of the proposed controller and the approximated PID-like gain
of position tracking controller and attitude controller are shown in Fig. 5.21 and Fig.
5.22, respectively. In Fig. 5.21, the actual gain value approaches the PID-like gain
value as time increases, as discussed in Chapter 4.2.1 and Remark 4.3. Also, as shown
in Fig. 5.22, the actual gain value is similar to the PID-like gain value except i) at
the beginning of the control and ii) when the actuator fault occurs, as discussed in

Chapter 4.2.2 and Remark 4.6.
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Chapter 6

Conclusions

Fault tolerant control method based on barrier Lyapunov function and nonlinear
extended state observer was proposed for a system subject to state constraints, distur-
bances, and model uncertainties. The system considered in this study is the quadrotor
under actuator fault. Nonlinear extended state observer estimates the system states
and total disturbances to compensate the effects of uncertainties and faults. Barrier
Lyapunov function-based controllers was designed for guaranteeing the boundness
of the position tracking errors, Euler angles, and angular rates. Furthermore, the
analogy between the proposed control law and proportional-integral-derivative (PID)
control law is analyzed. The relationship between the proposed control gains and
PID control gains were shown in the form of a third-order polynomial. The effects
of nonlinear estimator gains on the system responses were also proposed. Numerical
simulations demonstrated that the proposed control method can achieve prescribed
tracking performance and transient performance under disturbances and faults.

Reducing the peaking phenomenon of the extended state observer when fault

occurs and real implementation remain as the future work.
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